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Using Pulsar Parameter Drifts to Detect Sub-Nanohertz Gravitational Waves

William DeRocco and Jeff A. Dror
Department of Physics, University of California Santa Cruz, 1156 High St., Santa Cruz, CA 95064, USA
and Santa Cruz Institute for Particle Physics, 1156 High St., Santa Cruz, CA 95064, USA

Gravitational waves with frequencies below 1 nHz are notoriously difficult to detect. With periods
exceeding current experimental lifetimes, they induce slow drifts in observables rather than periodic
correlations. Observables with well-known intrinsic contributions provide a means to probe this
regime. In this work, we demonstrate the viability of using observed pulsar timing parameters to
discover such “ultralow” frequency gravitational waves, presenting two complementary observables
for which the systematic shift induced by ultralow-frequency gravitational waves can be extracted.
Using existing data for these parameters, we search the ultralow frequency regime for continuous-
wave signals, finding a sensitivity near the expected prediction from supermassive black hole mergers.
We do not see an excess in the data, setting a limit on the strain of 1.3 x 1072 at 466 pHz with a
sensitivity dropping approximately quadratically with frequency until 10 pHz. Our search method
opens a new frequency range for gravitational wave detection and has profound implications for

astrophysics, cosmology, and particle physics.

I. INTRODUCTION

In the era of gravitational wave (GW) astronomy, ex-
tending our observational capacity over the frequency
spectrum has become a top priority. Existing experi-
ments cover a large range of frequencies; tests for cosmic
microwave background (CMB) tensor modes [1] probe
the 107'® Hz— 10716 Hz range, existing pulsar timing ar-
ray (PTA) analyses search the 1 nHz— 100 nHz range [2—
5], and laser interferometers are already detecting GWs
in the 10 Hz — 1 kHz range [6]. Future space-based inter-
ferometers, such as the Laser Interferometer Space An-
tenna, will cover 1 mHz—1 Hz [7], while underground ex-
periments [8, 9] aim to target the region between ground-
based and space-based interferometry. To fill our GW
frequency coverage, there has been significant discussion
on potential observational techniques in the yHz — mHz
range [10-19] and above the kHz range [20-22].

Despite these efforts, a significant gap in our exper-
imental efforts remains in the spectrum between CMB
polarization and PTA analyses, 10716 Hz — 10~ Hz.
This “ultralow-frequency” range is strongly motivated by
the expectation of GWs from supermassive black hole
(SMBH) binary mergers [23, 24] (see also Refs. [25-28]
for examples of possible cosmic sources).

The detection of ultralow-frequency GWs is a signif-
icant experimental challenge since their period exceeds
experimental timescales (e.g., up to thirty years for ex-
isting PTAs). In the context of PTAs, the effect of GWs
at these low frequencies is to induce secular drifts in pulse
arrival times instead of oscillatory features. Traditional
pulsar timing searches fit a set of timing model param-
eters to the times of arrival, then subtract away this fit
to search for correlations in the residuals. In this paper,
we demonstrate that rather than searching for signal in
the residuals, one can instead perform a search using the
measured values of the fit parameters themselves. This
provides a powerful alternative analysis strategy for the
detection of ultralow-frequency GWs.

We perform a search using existing data for two com-

plementary timing model parameters: the second deriva-
tive of the pulsar period with respect to time and the or-
bital decay of pulsars in binary systems. Our work builds
on existing literature [29-38] in multiple key ways [76].
Firstly, we use an array of pulsars to search for GWs
rather than a single, well-measured pulsar, as cross-sky
correlations provide a critical ability to discriminate over
noise sources. Secondly, we simultaneously use informa-
tion from binary pulsar orbital parameters and single pul-
sar parameters. As we will show, these observables are
sensitive to different powers of signal frequency; detect-
ing a signal with both methods gives critical information
about the source. Finally, we apply our strategy to ex-
isting data to search for signatures of continuous GWs
sourced by individual SMBH binaries. While we do not
find any significant evidence for GWs in our data, the
results are the first to reach sensitivities to GWs within
the expected range for these sources.

II. GRAVITATIONAL WAVES IN PTAS
A. Influence on Pulsar Timing

Pulsar timing array experiments measure periodic ra-
dio emissions from millisecond pulsars over timescales of
decades, with data taken for each pulsar approximately
once every few weeks and observed for around 1 hour.
The pulses in each observation period are folded together
to produce a single time of arrival (TOA) associated with

that observation, denoted ¢!, . for observation i.

Existing PTA analyses proceed as follows: the ob-
served TOAs {t!, .} for a given pulsar are fit to a timing
model #()\), where we use A to denote the set of model
parameters. We assume the timing model is extensive,
meaning it has sufficient parameters to encapsulate all
secular drifts. (We elaborate on the influence of trun-
cating the timing model to a non-extensive parameter

set in Sec. IIB.) The output of the fitting procedure
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FIG. 1: Sensitivity of pulsar timing arrays to continuous wave sources from supermassive black hole mergers using P

and P, analyses (red). A likelihood analysis was carried out for frequencies below (30 yr)~!
) [39], PPTA (blue) [40

traditional PTA searches shown by EPTA (

. Constraints from

], and NANOGrav (dark blue) [41].

We also show a previous search using statistical analysis of P [35] (green). Finally, we plot the output from a

simulation of SMBH mergers (

is a set of best-fit parameters ), such that the differ-
ence between the observed TOAs and expected TOAs is
minimized. These differences are the timing residuals,
ti,. — t*(\). The periodic oscillations of GWs with fre-
quencies above the inverse time span of the experiment,
faw = T~! ~ 1 nHz, induce correlations in these timing
residuals. These correlations are the target of all tradi-

tional PTA analyses.

GWs with frequencies below the inverse time span of
the experiment, fqw < T~ !, manifest as low-frequency
changes in the TOAs, also known as “secular drifts.” If
the pulsar timing model is extensive, ultralow-frequency
GWs are removed from the residuals by the fitting proce-
dure. Nevertheless, one can still search for GWs through
the induced biases in the best-fit parameters.

The list of model parameters used is extensive and
pulsar-specific [43], though it includes the pulsar period
(P), its rate of change (P), and potentially higher deriva-
tives. If the pulsar is in a binary, the timing model
will additionally include the binary period (P,) and its
derivative (P,). The observed values of these parameters
are modified in the presence of ultralow-frequency GWs.
Their dominant effect can be described through an appar-
ent relative motion between the solar system barycenter
(SSB) and the pulsar. We write this effect in terms of
a relative velocity (more commonly known as redshift in

) [42].

the literature),

FA(ﬁ) (hA(t7 0) -
A=+,%

vew(t) = ha(t —da,da)), (1)

where the subscript A = X,+ denotes the cross/plus
polarization of the wave and we use d, to denote a dis-
placement vector from the SSB to pulsar-a in a frame
with the SSB is at the origin. We work in units such
that the speed of light is set to unity. The h4 «(¢,x)
functions describe a periodic GW source at position x.
The quadrupolar nature of the wave imprints a particu-
lar pattern of contraction or expansion, captured in the
“pattern functions,”

o didiefi(n)
PO =y dy

(2)

where €;; are the polarization tensors and 7 is the unit
vector pointing toward the source. We provide a deriva-
tion of Eq. (1) to clarify its identification as a velocity in
App. S-1I.

Due to the strong astrophysical motivation in this fre-
quency band, in this paper we search for a signal from
an individual SMBH binary. The form of ha(t,x) for
this source is well-known and is given approximately as a



sinusoid with frequency fqow and amplitude set by the
dimensionless strain hg. The full form and a discus-
sion of the associated orbital parameters are presented
in App. S-TA.

B. GWs as Secular Drifts

The fitting procedure captures induced accelerations
and jerks as systematic shifts in the observed parame-
ter values; we explicitly include the subscript “obs” to
remind the reader that the best-fit parameters are not
equal to the true physical parameters. For the pulsar
period (P) and binary period (F,), the observed values
are close to the fundamental values and we do not include
this subscript on their symbols. The observed parameters
contain known contributions that be generically broken
into three main classes:

(1) dntrinsic contributions, which are due to physical
effects within the pulsar system such as electro-
magnetic or gravitational radiation liberating en-
ergy from the system,

(2) observational contributions, which are effects in-
duced due to relative motion between the SSB and
pulsar, and

(3) galactic contributions, which are induced by the
Milky Way potential.

The timing model parameters can also be biased if pul-
sars have an unknown wide binary companion, are in
a globular cluster, or carry mischaracterized ultralow-
frequency red noise. We search for such effects in the
App. S-IB.

We now consider the known contributions to these pul-
sar timing model parameters, starting with the observed
pulsar spin-down rate,

Pobs_ﬁ)int Ui
P - P *difaMVV*aGV\W (3)

a

The first contribution on the right-hand side is the intrin-
sic spin-down of the pulsar due to electromagnetic radi-
ation. The second term is a kinematic term arising from
the motion of the pulsar (the “Shklovskii effect” [44])
proportional to the relative motion of the pulsar perpen-
dicular to the line of sight (v,). The third term is a
relative acceleration induced by the Milky Way poten-
tial. The fourth term is a relative acceleration induced
by a passing GW (which we aim to observe and can be
calculated from Eq. (1)).

While the effect of GWs is contained within Pobs,
it is necessary to subtract off the intrinsic, kinematic,
and galactic contributions to P,ns to extract it. De-
spite the observed value of this parameter being pre-
cisely measured (typical uncertainties on Ppp,s/P reach
10724 sec™!), extracting the GW contribution is not fea-
sible due to the inherent uncertainty in the intrinsic spin-
down contribution. Predicting P, of a millisecond pul-

sar, whose value is of order a million times larger than
the uncertainty on P,s, requires modeling the complex
magnetic structure surrounding the pulsar, a procedure
subject to large systematic uncertainties. These uncer-
tainties make any extraction of a GW signal on a pulsar-
by-pulsar basis impossible. Since GWs have a charac-
teristic pattern across the sky that is uncorrelated with
P, GWs can still be extracted from P,s statistically,
as proposed and studied in Refs. [35-38].

Statistical measurements of GWs using P are limited
since we have precise measurements of approximately one
hundred stable millisecond pulsars. A more sensitive ap-
proach is to consider model parameters with relatively
small known contributions that can be precisely esti-
mated. Two such parameters are the derivative of the
binary period P, and the second derivative of the pul-
sar spin period P. The contributions to their observed
values are

Pyobs Py 02
) % L _ 4
D, P, d, aMwW — GGW (4)
Pobs
= ] . 5
P JGw (5)

Eq. (4) is identical in structure to Eq. (3), but the intrin-
sic contribution is now driven by gravitational radiation
emitted by the binary system. Observed Py obs/ Py can
reach uncertainties similar to those on Pobs /P but has
a critical difference: the value of Pb,int /Py is predictable
once the properties of the binary components are deter-
mined. The dominant uncertainty in isolating Eq. (4)
for a passing GW for many of the most sensitive pul-
sars is in estimating the Shklovskii term. This requires
an independent measurement of v; and d, and can be
achieved through very-long-baseline interferometry, as-
trometry, and pulsar timing. The Milky Way potential is
typically an insignificant contribution to Eq. (4), though
it can be modeled. With all these contributions esti-
mated, we can extract GW-induced acceleration.

In the case of P, there are a set of corrections anal-
ogous to those in Eq. (4). However, the current uncer-
tainty on pobs is too large to detect their values for old
millisecond pulsars. Models of magnetic dipole braking
suggest the intrinsic contribution to Eq. (5) should be
of order (P/P)? [45], which is typically on the order of
10735 sec ™2, much below typical uncertainties on the ob-
served value and below the gravitational wave strength
we wish to target. Furthermore, since kinematic and
galactic contributions to P,ps are suppressed due to the
non-relativistic nature of the galaxy, they can be ne-
glected. We review the form of corrections to Eq. (5)
and estimate their size in the App. S-I1I.

The sensitivity of PTA analyses to ultralow-frequency
GWs is not limited to the timing model parameters pre-
sented here. Firstly, one could consider higher-order
derivatives of P or Py,. Since the non-relativistic nature of
the galaxy suppresses intrinsic, observational, and galac-



tic effects, these will have negligible known contributions,
as was the case for P. While these searches will not im-
prove the signal sensitivity, their relative contributions
can be used to learn about the frequencies present within
a passing GW [77].

So far, we have assumed the pulsar timing model in-
cludes P (and its derivatives) such that the entire signal
of ultralow-frequency GWs is fit into the timing model
parameters. An alternative approach is to only incorpo-
rate parameters in the timing model fit that are expected
to have significant non-GW contributions. In our con-
text, this would correspond to fitting for P and P, but
avoiding fitting for P. With this approach, the resid-
uals can be used to search for GWs. In fact, theoret-
ical projections for PTA capabilities occasionally incor-
porate this effect in their sensitivity estimates (see, e.g.,
Refs. [46, 47]), even though PTA collaborations have
refrained from extending their existing curves into the
ultralow-frequency regime. However, our approach has
a few major advantages over the conventional analysis
strategy. Firstly, by comparing the fitted parameters
across multiple pulsars in the array, we can identify out-
liers that may suggest the presence of mismodeled red
noise or an unknown wide binary companion. Secondly,
timing model parameters for which additional internal
contributions can be independently measured (e.g. the
three non-GW contributions to Pb,obs in Eq. (4)) allow
us to exploit our knowledge of their values to boost sensi-
tivity, a procedure that has no direct analog in a conven-
tional residual search. This ability to subtract off known
contributions will become even more critical as PTA sen-
sitivity improves to the point where experiments will de-
tect kinematic corrections to P,ps. Thirdly, our analysis
can be extended to search for stochastic signals in the
ultralow-frequency regime [48], a region that is difficult
to study via residuals alone. Finally, studying the timing
model parameters themselves offers a significant compu-
tational benefit since it does not require simultaneously
analyzing the residuals for all the pulsars in the array;
each timing model parameter can be determined individ-
ually, and their biases can be subsequently used to search
for GWs.

III. DATASET DESCRIPTION

We use different sets of pulsars for the two parameters
of interest. For the P, search, we use a set of 14 binary
pulsars compiled in Ref. [49] to detect the Milky Way
potential. (See Ref. [50] for a similar analysis.) These
pulsars were selected as they possess well-estimated in-
trinsic and Shklovskii contributions to the observed pa-
rameter, P, ons (first and second terms on the right-hand
side of Eq. (4)). We must additionally include an esti-
mate of the contribution from the Milky Way potential
(the third term on the RHS of Eq. (4)), which we cal-
culate using the MWPotential2014 model implemented
in the galpy Python package [51]. We take a 20% un-

certainty on the value for every pulsar, which is roughly
at the order of the uncertainties on galactic fit param-
eters in MWPotential2014 [51]. We then subtract these
three contributions from Pb,obs /Py, giving an estimate of
the residual line-of-sight acceleration agw for each pul-
sar. A summary of all the pulsars used in both analyses,
including the size of the intrinsic, Shklovskii, and MW
contributions, can be found in App. S-IB.

Measurements of P are not published by the pulsar
timing collaborations for most pulsars. Instead, we use a
study carried out in Ref. [52], which searched for evidence
of jerk within 49 pulsars from EPTA [53] and PPTA [54]
data (with additional timing data from Ref. [55]). Of the
49 pulsars, 3 are unsuitable for searching for ultralow-
frequency GWs, and we omit these in our analysis (see
App. S-I1B).

The measured values of P,y,s provided by Ref. [52] in-
clude the effects of dispersion measure (DM) variation
and red noise. The effect of DM variation was assumed
to arise as a Kolmogorov turbulence spectrum with an
amplitude extracted by earlier fits done by the pulsar
timing collaborations. The red noise was modeled as a
broken power-law with a spectral index and amplitude
measured above 1 nHz by the pulsar timing collabora-
tions, the parameters of which influence the fit value and
contribute to the uncertainty on Py,s. We note that since
the red noise spectrum is only measured above 1/T, it re-
mains possible that the extrapolated spectrum deviates
at ultralow frequencies. However, such mismodeling for
specific pulsars would result in outliers in our P dataset
(see discussion in App. S-I1B). This suggests that the red
noise parameters measured at higher frequencies do not
change significantly in the ultralow-frequency band.

Given that all non-GW contributions are either already
accounted for in the measured P values (as is the case for
DM and red noise) or are significantly below the current
uncertainties on these values (as is the case for the intrin-
sic, kinematic, and Galactic contributions), we produce a
set of line-of-sight jerk estimates by taking jaw = Pops /P
for these 46 pulsars.

Note that at this time, the published datasets we use
are 6-7 years outdated; our limits would be improved
by an updated analysis. Furthermore, adding existing
NANOGrav data to the analysis could provide a signifi-
cant improvement in sensitivity.

IV. RESULTS AND DISCUSSION

We conduct two separate analyses using the agw and
jaw datasets, performing log-likelihood ratio tests for the
presence of a gravitational wave signal within each (see
App. S-1 for details). We do not find significant evidence
for a continuous wave signal using the datasets described
in the previous section. Consequently, we set limits on
ho as a function of fgw and find the results shown in
Fig. 1 (red) for the P, and P analyses. For compar-
ison, we also show limits for continuous wave sources



from EPTA (light blue) [39], PPTA (blue) [40], and
NANOGrav (dark blue) [41], as well as previous limits set
using all-sky correlations of P [35] in green. We extend
the PTA curves according to the expected scaling be-
havior of conventional analyses in the ultralow-frequency
regime [47], however we note that none of the collabora-
tions have published limits in this frequency range. To
emphasize the power of exploring the ultralow-frequency
regime for SMBH mergers, we also show the results of
a simulation of individual SMBH sources [42]. The low-
frequency cutoff of simulated sources depends sensitively
on the astrophysical assumptions about SMBH binaries
at separations near 1 pc; the P, and P analyses are a
novel probe into physics on these scales.

For frequencies 10 pHz < faw < 400 pHz, we find the
sensitivity

2.1 x 10710 (40})sz) (P, analysis)
aw
h() ~ 2 (6)
4 H .
1.5 x 10712 (()J(c)pz) (P analysis)
ey

The scaling of the limits with frequency can be under-
stood by observing that, in this range, agw o hofow
and jow o< ho f&w. The scaling of the P-analysis agrees
with the scaling of projections for searches using the
residuals directly at ultralow frequencies when the timing
model excludes P [46, 47]. (This is to be expected since,
in such an analysis, the unfit P signal is contained in the
residuals.) The P analysis reaches a smaller strain for
foaw Z 3.5 pHz, while the B, analysis reaches a smaller
strain for fow < 3.5 pHz. We note that a simultaneous
observation of GWs in this range using both P, and P
would break the degeneracy of hg and fgqw. As such,
including both may prove a critical tool for upcoming
analyses.

The behavior of the limits changes outside this fre-
quency range. For fow < 10 pHz, the GW frequency
is below d;! for the most sensitive pulsars such that
the GW influences both the solar system barycenter and
the pulsar similarly. This causes a partial cancellation
between the two terms in Eq. (1). This only holds at
leading order in fgw such that the sensitivity in each
case falls off as an additional power of frequency, i.e.,

agw o hodaféw and jow hodaféw in this regime.
For frequencies near or above T~1, P, and P are not well
approximated by time derivatives of vgw. For this rea-
son we cutoff our analysis at fow = (4T)~! with T = 22
(17.7) yr, corresponding the longest pulsar observation
time in the P, (P) dataset.

The sensitivity achieved by searching for drifts in the
timing model parameters is competitive with current
PTA strategies near 1 nHz. If the common process cur-
rently observed by the pulsar timing collaborations [2-5]
is from SMBH mergers, then a corresponding signal is
also expected in the sub-nHz band. Consequently, corre-
lated timing model drifts should appear in the near future
and may be the key to uncovering the physics of SMBH
binaries at separations near 1 pc. Such correlations may
already be detectable by NANOGrav or with more cur-
rent EPTA and PPTA observations, strongly motivating
the case for the collaborations to perform measurements
of P with their existing data.

While the focus of our work has been on continu-
ous wave sources, our study can be extended to search
for a stochastic ultralow-frequency GW background [48].
Apart from the signal induced by SMBH mergers, a
stochastic signal in this frequency range could also be an
indication of a turbulent QCD phase transition [27, 28]
or a consequence of new global [26] or gauge symme-
tries [56]. If stochastic background were present, it could
in principle be distinguished from a continuous source
through the different correlations in the timing model pa-
rameters. We leave the viability of discriminating these
two for future work. By studying biases in the timing
model parameters, we open a new frequency range for
exploration for PTA analyses, with profound implica-
tions for astrophysics, cosmology, and particle physics.
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SUPPLEMENTARY MATERIAL
“GW Detection Below 1 nHz with Pulsar Timing Model Drifts”

Jeff A. Dror, William DeRocco

S-I. METHODS

In this section, we give further details of the datasets and describe the methods used to carry out the analysis.

A. SMBH Binary Signal

Eq. (1) applies to any GW source h4(t,x). In light of the strong observational potential provided by supermassive
black hole (SMBH) mergers, we take the continuous-wave signal induced by an individual, circular, SMBH binary as
our fiducial target. An SMBH binary source is described by eight parameters: two angles corresponding to the source
direction, two angles (i and 1) corresponding to the normal vector of the binary, the chirp mass (M) and luminosity
distance (dy,), an approximately-constant angular frequency of the binary (wp), and its orbital phase offset (®g). With
these parameters specified, the resulting h4(t,x) has a known form. Defining the amplitude, hg, as

5/3
ho = ngﬂ”” (S-1)
dr,
~ s [ M 53 1 wo/m %% 500 Mpe 5:2)
B 1010 M 1 nHz dr, ’

where G denotes Newton’s constant, the GW signal is [61],

hy _ cos 2y sin2y (14 cos? i) sin 20 (5-3)
hy |~ 0| sin2ty —cos24 2cosicos2d |’ ;

where ® = & + wyt. The frequency of GWs is related to the orbital angular frequency, fow = wo/m. For ultralow-
frequency GWs, fawt < 1 (any time of interest is less than the total observation time), such that we can expand the
cosine and sine of ®(t) resulting in an instantaneous relative velocity (vagw ~ ho), acceleration (agw ~ wohg), and
jerk (jaw ~ wiho).

B. Analysis Datasets and Validation

In our analysis, we used two different datasets to measure continuous source GWs. In this section, we provide the
data for each analysis. Furthermore, we check our data for unmodeled contributions to B, or P. As discussed in
the main text, these may arise from unldentlﬁed wide binary companions to the pulsar or mischaracterized ultralow-
frequency red noise. We emphasize that, while our datasets are well-suited to place a limit on the presence of
gravitational waves, any claim of a positive signal would require additional scrutiny to ensure the signal is arising as
a correlated signal within the dataset.

In Tab. S-1, we show the set of binary pulsars used to carry out the P, analysis. We chose this set since each pulsar’s
proper motion and distance were independently measured. These are needed to measure the Shklovskii term in Eq. (4)
and hence isolate for the GW contribution to Pb’int /Py. In addition to the coordinates and distance for each pulsar,
we list Pb,obS/Pb and its constituent contributions, with APb/Pb denoting the estimate of a potential background
GW contribution using Eq. (4). When possible, the intrinsic values were extracted from the cited reference. For
PSR J0613-0200, PSR J1614-2230, and PSR J1713+0747, we used the quadrupole radiation formula to estimate the
intrinsic value ourselves. A summary of the ten most sensitive pulsars is presented in Fig. S-1 (Left).

To validate the dataset, we search for individual outliers and compute the x? per number of pulsars. By removing
any outliers, we ensure any prospective signal arises primarily from the correlations within the dataset, as opposed to
a single pulsar driving the fit. This process weakens our limit on the strain, but makes the analysis robust to unknown
contributions within a single pulsar. We observe a single pulsar with AP, away from zero at above two standard
deviations, PSR J2129-5721, with a value of significance of 2.16. Computing the x*/N,, for the dataset yields a value
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FIG. S-1: Difference between the observed and expected P,/P, (Left) and P/P (Right), neglecting background

gravitational waves, for the ten most sensitive pulsars in each dataset. Shown are the 1-sigma error bars assuming
correlations between errors are negligible. The marker type denotes the dominant contribution to the uncertainty
(always the observed value for P). Also shown is the ratio of x? to the number of pulsars (N,) for each dataset (46

for P and 14 for Pb).

of 1.4 (the p-value for a x? this large is 0.14), hence we conclude the pulsar set appears consistent with agw = 0 up
to Gaussian statistical fluctuations.

We show the data for the pulsars used in the P analysis in Tab. S-2. In addition to the longitude, latitude, and
distance to the pulsar, we provide the Pos/P as calculated in Ref. [52] using data from Refs. [53, 54]. Since there are
no known contributions to P /P at the level of the observed uncertainties (see Sec. S-III for details), we only report
the observed value. The data set contained two pulsars with known contributions to their second derivatives: PSR
J1024-0719 and PSR B1821-24A. PSR J1024-0719 is believed to be in a wide binary orbit with a period between
2000-20000 years that is inducing an unexpectedly large P [71], while PSR B1821-24A is known to be in a dense
cluster [72], and hence we exclude both these pulsars from our study. The dataset also includes a pulsar with a
Pois significantly away from zero, PSR B1937+21, that requires more scrutiny. The pulsar does not appear to be
in a binary orbit nor in a dense cluster but still appears to have an unusually large value of Pu,s/P [52]. Given
measurements of the other pulsars in the dataset, this value cannot be explained by a background gravitational wave.
There has been some discussion in the literature if its P value might be due to mismodeled ultralow-frequency red
noise [55]. Instead of incorporating PSR B1937421 in our analysis, we take it as an outlier and omit it from our
analysis. Given the sensitivity of PSR B1937+21 relative to the other pulsars in our set, this does not significantly
degrade our sensitivity.

After removing the three suspect pulsars, there are two pulsars with Py discrepant from zero at greater than
two standard deviations: PSR J06214+1002 (2.20) and PSR J1022+1001 (2.30). This is well within expected level
of statistical fluctuations; for a 46 pulsar dataset, the mean number of pulsars with fluctuations at this level is 2.1.
Furthermore, we compute the x?/N,, finding a value of 1.2 (the p-value for a x? this large is 0.17), which suggests
that the dataset variability is consistent with statistical fluctuations as opposed to additional contributions such as
mismodeled red noise.



TABLE S-1: Pulsars used for P, analysis. ([,b) is the galactic longitude and latitude, d, is the distance between the
Earth and the pulsar (a), T is the observation time, Pb,obs /Py is the observed value of the line-of-sight acceleration,
Pb,int /Py is the intrinsic relative change in the binary period induced by gravitational emission, vf_ /dy, is the
estimated contribution from the Shklovskii effect, anw is the estimated contribution from Galactic accelerations
(taken with 20% error bars), AP,/P, is the leftover contribution to the orbital pulsar derivative when the prior
three are subtracted from aops, and Ref. is the reference with pulsar parameters from which these accelerations can
be computed. All contributions to P,/ P, listed below are in units of 10~18 s~1. Pulsars for which the intrinsic
contribution has been estimated using the quadrupole approximation to binary radiation are demarcated with a
(*) with inputs taken from Ref. [62] ([63]). Intrinsic entries denoted by ‘0(0)’ do not have individually well-measured
binary masses, however we have confirmed these the intrinsic values are negligible for all pulsar masses below the
maximum known value, 2.1 M.

Pulsar [ (deg) b (deg) d, (kpc) T (yr) Pb’obs/Pb Pb,int/Pb vi/d,  amw APb/Pb Ref.
J0437-4715  253.39 -41.96 0.1570(22) 4.76  7.533(12) -0.00552(10) 7.59(11) -0.055(11) 0.0(1)  [54]
J0613-0200 21041 -4.10 0.80(8)  16.10 0.46(11) -0.02(5)"  0.215(22) 0.046(9)  0.2(1)  [53]
J0737-3039AB 245.24 450 1.15(18) 2.67 -142.0(1.9) -141.565(15) 0.053(16) -0.056(11) -0.5(19) [64]
JO7514+1807 20273 21.09 1.22(25) 17.60 -1.54(11) -1.91(17)  0.56(12) 0.048(10) -0.24(23) [53]
J101245307  160.35 50.86 1.41(34) 16.80 1.17(8)  -0.1955(33) 2.3(5)  -0.070(14) -0.8(5) [53]
J10224+1001 23179 51.50 0.719(21) 5.89 0.82(34) -0.0021(19) 0.512(15) -0.130(26) 0.4(3)  [54]
J153741155 19.85 48.34 1.16(24) 22.00 -3.766(3) -5.3060(8)  1.8(4)  -0.19(4)  -0.09(38) [65]
J1603-7202 316.63 -14.50 0.9(7) 6.00 0.57(28) 0.0(0) 0. 13(10) -0. 039( ) 0.5(3) [54]
J1614-2230  352.64 2.19  0.65(4) 880 2.10(17) -0.000558(5)* 1.66(12) 0.079(16) 0.4(2)  [66]
JI713+0747  28.75 2522 1.15(5)  21.00 0.058(26) -1.03(6)e-06! 0.111(5) -0.060(12) 0.007(28) [67]
J173840333  27.72 17.74 1.47(11) 10.00 -0.56(10) -0.91(6) 0.270(20) -0.0049(10) 0.09(12) [68]
J1909-3744  359.73 -19.60 1.161(18) 15.00 3.8645(10) -0.02111(23) 3.88(6) 0.034(7)  -0.02(6) [69]
J2129-5721  338.01 -43.57 0.53(25) 5.87 1.4(6)  0.0(0) 0.19(9) -0.121(24) 1.3(6)  [54]
J2222-0137  62.02 -46.08 0.2672(11) 4.00 0.9(4)  -0.0365(19) 1.324(5) -0.098(20) -0.2(4)  [70]

C.

Statistical Analysis

In order to compute a limit, we work with a test statistic ¢ that we define via a log-likelihood ratio. We begin by
defining a likelihood £ as a multivariate Gaussian over the dataset under the assumption of uncorrelated uncertainties
between pulsars:

Np

:H\/ﬂ

L(ho, faw. 0] {ya})

exp [_ (Ya — Fa(ho, faw, 0))* (S-4)

202
Here, we have denoted the measured data (either jow.. or agw..) as y, with associated uncertainty o,, where a
indexes the N, pulsars in the dataset. The model prediction, gq(ho, faw, @), is given by the time derivatives of the
line-of-sight velocity induced by a GW, Eq. (1) in the main text. We adopt an instantaneous approximation to the time
derivatives, hence take g, (ho, faw,0) = (7faw)" vaw,q(ho, faw, 8) where n = 1(2) for acceleration (jerk). In both
cases, the model contains seven independent parameters, given by faw, ho, and five angular parameters corresponding
to sky position and orbital orientation, which we group into a set of nuisance parameters 8 = (1, b, 1,1, ®g). Note that
these parameters refer to the source binary black hole merger, not the pulsar system. The coordinates [ and b are the
Galactic longitude and latitude of the GW source, while 7,1, and ®( are orbital parameters of the SMBH defined in
Sec. S-TA.

In order to place a limit, we marginalize over these nuisance parameters by integrating the likelihood over a prior
distribution on the nuisance parameters, denoted (), that is uniform on the celestial sphere and over orientations



TABLE S-2: Pulsars used for P analysis. [ is galactic longitude, b is galactic latitude, d is the distance between the

Earth and the pulsar, T is the observation time, P,ps/P is the observed line-of-sight jerk, and Ref. is the reference

with pulsar parameters from which these jerks can be computed. The three pulsars at the bottom of the table were
not used to in the gravitational wave search (see main text for further details).

Pulsar [ (deg) b (deg) d (kpc) T (yr) Pous/P (10730 s72) Ref.
J0030+-0451 113.141 -57.611 0.324 15.1 4(4) 53
J0034-0534  111.492 -68.069 1.348 13.5 0(20) 93
J0218+4-4232 139.508 -17.527 3.150 17.6 2(5 93
J0437-4715  253.394 -41.963 0.157 14.9 121 54
J0610-2100  227.747 -18.184 3.260 6.9 0(50) 53
J0613-0200  210.413 -9.305  0.780 16.1 - 0.6(6) 53
J06214-1002 200.570 -2.013  0.425 11.8 70(30) 53
JO711-6830  279.531 -23.280 0.106 17.1 -1(1) 54
JO751+1807 202.730 21.086 1.110 17.6 0(2) 93
J0900-3144  256.162 9.486 0.890 6.9 10(20) 93
J1012+4-5307 160.347 50.858 0.700 16.8 - 0.4(7) 93
J102241001 231.795 51.101  0.645 17.5 251 53
J1045-4509  280.851 12.254  0.340 17.0 2(7 54
J1455-3330  330.722 22.562 0.684 9.2 -6(20) 53
J1600-3053  344.090 16.451 1.887 9.1 -4(5) 54
J1603-7202  316.630 -14.496 0.530 15.3 -1(4) o4
J1640+2224 41.061  38.271 1.515 17.3 0.9(9) 53
J1643-1224  5.669 21.218  0.740 17.3 2(2) 93
J171340747 28.751  25.223 1.311 17.7 0.5(5) 93
J1721-2457  0.387 6.751 1.393 12.7 30(70) 53
J1730-2304  3.137 6.023 0.620 16.9 0(2) 54
J1732-5049  340.029 -9.454 1.873 8.0 -20(20) 54
J17384-0333 27.721 17.742 1471 7.3 30(90) 53
J1744-1134 14.794  9.180 0.395 17.3 -0.8(8) 53
J1751-2857  0.646 -1.124  1.087 8.3 10(50) 53
J1801-1417  14.546  4.162 1.105 7.1 30(100) 93
J1802-2124  8.382 0.611 0.760 7.2 -10(60) 93
J1804-2717  3.505 -2.736  0.805 8.1 40(40) 53
J1843-1113  22.055 -3.397  1.260 10.1 7(20) 53
J1853+1303 44.875  5.367 2.083 8.4 30(20) 53
B1855+09 42.290  3.060 1.200 17.3 -1(2) 53
J1909-3744  359.731 -19.596 1.140 9.4 -0.6(9) 53
J1910+1256 46.564  1.795 1.496 8.5 -30(20) 93
J1911+1347 25.137  -9.579  1.069 7.5 -14(8) 93
J1911-1114 47518  1.809 1.365 8.8 -20(50) 593
J1918-0642  30.027 -9.123  1.111 12.8 0(8) 53
B1953+29 65.839  0.443 6.304 8.1 20(50) 53
J2010-1323  29.446  -23.540 2.439 7.4 -20(20) 53
J2019+42425 64.746 -6.624  1.163 9.1 500(900) 53
J2033+1734 60.857 -13.154 1.740 7.9 -40(100) 53
J2124-3358  10.925  -45.438 0.410 16.8 0(3) o4
J2129-5721  338.005 -43.570 3.200 15.4 1(2 o4
J2145-0750 47777 -42.084 0.714 17.5 2(1 593
J2229+42643 87.693 -26.284 1.800 8.2 20(20) 53
J231741439 91.361 -42.360 1.667 17.3 1(3) 53
J23224-2057 96.515 -37.310 1.011 7.9 -30(70) 53
J1024-0719  251.702 40.515 1.220 15.1 20(3) 53
B1821-24A  7.797 -5.578  5.500 5.8 -89(49) 53
B1937+21 57.509  -0.290  3.500 24.1 -14(3) 93




of the SMBH:
(l)—i' 0° <1< 360°
= o -
m(b) = %sin(b); 0° < b < 180°
(i) = %cos(i); —T/2<i<T/2 - (5-5)
1
W(?/J)—%, —m/2 < ) < 3m/2
1
W(@O):%; 0< ®g <27
We compute the marginalized likelihood,
Luilho, few) = [ (b, fow, 6)7(6) db (5-6)

using Monte Carlo integration with 10® samples.At a given fixed frequency faw, we introduce the test statistic using
the marginalized log-likelihood ratio,

(S-7)

i(ho) = 2log (cMmfGW)) |

L:M (07 fGW)

where the numerator is evaluated at a signal strength, hg, and the denominator is evaluated under the null hypothesis
of no GW signal (hg = 0).

Our goal is to find value of hgy for which §(hg) is inconsistent with the null distribution. According to Wilks’
theorem, the asymptotic probability distribution of ¢(hf) should approach a (X%D + 1)/2 distribution, where X%n is
the chi-squared distribution with a single degree of freedom [73]. In performing a maximum likelihood estimation,
the corresponding 95% confidence interval corresponds to the hg region for which G(hg) < 2.71.

To check the validity of Wilks’ theorem, we study the behavior of the test statistic by creating mock data with
a true value of hg set to zero. We generate 103 samples of {y,} from a Gaussian distribution with mean zero and
standard deviation {o,}. We study the resulting ¢(hg) null distribution, where hj is the best fit value. The results are
shown in Fig. S-2 at a reference frequency of faw = 107! Hz over the pulsars in the jow dataset. The ninety-fifth
percentile of this particular distribution is §(h§) = 2.68, which coincides with the expectation of approximately 2.71
from Wilks’ theorem. While we show this result only for the jow analysis for a fixed frequency, we confirmed the null
distribution maintains this form over the frequency range of our analysis for both the agw and jgw datasets.

Given the excellent agreement between the expected and analytic null distributions, we use G(hg) = 2.71 to set
a limit for our analysis. Performing this analysis only once introduces numerical effects owing to the Monte Carlo
integration procedure. As a result, we perform an identical analysis 100 times at each frequency with different random
samples of the nuisance parameter sets used in the integration. We then take the median of the resulting limits as
our stated limit. The resulting limits are shown in Fig. 1 of the main text. Additionally, we check that there is no
statistically-significant preference towards a signal by computing §(h§) at each frequency. We find that the maximum
likelihood estimate never exceeds a p-value of 0.83, hence there is no significant preference for signal at any frequency.
Our results for the statistical analysis are shown in Tab. S-3.

S-II. GW-INDUCED ACCELERATION AND JERK

Our results all follow from the expression for the relative SSB-pulsar velocity (vgw) induced by a GW (Eq. (1)).
For completeness, we derive this result from first principles. We refer the reader to Ref. [74] for additional details.

To derive vgw (t), we work in the transverse-traceless frame where coordinates are fixed as the GW passes through
the system and the observed time of arrival of a pulse (tons) is emitted at time t.. The metric is,

ds® = —dt® + [6:; + hij(t,x)] da'da’ . (S-8)

The geodesic is determined by setting ds? = 0, which gives the differential distance. In the transverse-traceless frame,
spatial coordinates are held fixed such that the integral over this distance equals the SSB-pulsar distance (d,). For



TABLE S-3: Results of statistical analysis. We show at each frequency the 95% confidence limit on hg, the best fit
value hY!"E and the p-value associated with that MLE value given the null distribution for both the P and P,

analyses.
p P,

faw (Hz) ho (95%) hy'™® P ho (95%) e P

3.39E-13 2.33E-05 1.36E-06 0.56 2.66E-06 1.92E-07 0.58
3.69E-13 1.82E-05 9.93E-07 0.56 2.23E-06 1.69E-07 0.58
4.03E-13 1.27E-05 6.44E-07 0.55 1.96E-06 1.24E-07 0.57
4.39E-13 1.04E-05 5.45E-07 0.55 1.48E-06 1.09E-07 0.58
4.78E-13 8.44E-06 4.76E-07 0.56 1.30E-06 1.05E-07 0.58
5.21E-13 6.07E-06 3.75E-07 0.56 1.13E-06 8.41E-08 0.57
5.68E-13 5.03E-06 2.84E-07 0.55 9.76 E-07 8.87TE-08 0.59
6.19E-13 3.59E-06 2.15E-07 0.56 8.20E-07 6.50E-08 0.59
6.74E-13 2.68E-06 1.63E-07 0.56 7.39E-07 4.57E-08 0.57
7.35E-13 2.33E-06 9.57E-08 0.54 5.79E-07 5.02E-08 0.58
8.01E-13 1.77E-06 1.05E-07 0.56 4.76E-07 3.53E-08 0.58
8.73E-13 1.32E-06 7.66E-08 0.56 4.65E-07 3.10E-08 0.57
9.51E-13 9.94E-07 5.34E-08 0.55 3.71E-07 2.04E-08 0.57
1.04E-12 8.31E-07 4.04E-08 0.55 2.81E-07 2.12E-08 0.57
1.13E-12 6.59E-07 3.81E-08 0.56 2.57TE-07 1.77E-08 0.58
1.23E-12 5.57TE-07 3.05E-08 0.56 2.01E-07 1.46E-08 0.57
1.34E-12 4.06E-07 2.15E-08 0.55 1.65E-07 1.49E-08 0.59
1.46E-12 3.03E-07 1.69E-08 0.56 1.47E-07 1.03E-08 0.57
1.59E-12 2.49E-07 1.63E-08 0.57 1.22E-07 8.78E-09 0.58
1.74E-12 1.82E-07 1.18E-08 0.57 1.06E-07 6.91E-09 0.57
1.89E-12 1.51E-07 1.08E-08 0.58 8.32E-08 6.34E-09 0.58
2.06E-12 1.16E-07 6.94E-09 0.57 7.07E-08 5.81E-09 0.57
2.25E-12 9.65E-08 5.98E-09 0.57 5.56E-08 5.34E-09 0.59
2.45E-12 9.11E-08 4.35E-09 0.56 4.98E-08 3.26E-09 0.57
2.67E-12 6.79E-08 4.83E-09 0.58 4.36E-08 3.74E-09 0.58
2.91E-12 5.46E-08 3.93E-09 0.59 3.91E-08 2.75E-09 0.57
3.17E-12 4.20E-08 2.88E-09 0.58 3.21E-08 2.52E-09 0.58
3.46E-12 3.53E-08 2.59E-09 0.60 2.93E-08 2.31E-09 0.59
3.77TE-12 2.67TE-08 2.09E-09 0.59 2.34E-08 1.59E-09 0.58
4.11E-12 2.08E-08 2.30E-09 0.61 2.14E-08 1.46E-09 0.58
4.48E-12 2.08E-08 1.59E-09 0.60 1.85E-08 1.34E-09 0.58
4.88E-12 1.65E-08 1.36E-09 0.62 1.61E-08 1.23E-09 0.58
5.32E-12 1.14E-08 1.24E-09 0.62 1.40E-08 1.13E-09 0.58
5.79E-12 1.03E-08 8.12E-10 0.60 1.20E-08 8.28E-10 0.57
6.31E-12 1.00E-08 1.11E-09 0.65 1.18E-08 6.65E-10 0.57
6.88E-12 8.11E-09 9.67E-10 0.66 1.01E-08 7.27TE-10 0.58
7.50E-12 6.06E-09 1.09E-09 0.70 1.04E-08 6.80E-10 0.59
8.17E-12 5.58E-09 1.12E-09 0.77 9.54E-09 7.34E-10 0.59
8.91E-12 4.70E-09 9.37E-10 0.73 1.17E-08 6.74E-10 0.60
9.71E-12 4.13E-09 7.67TE-10 0.75 1.24E-08 4.94E-10 0.58
1.06E-11 3.49E-09 7.41E-10 0.76 1.16E-08 5.67E-10 0.60
1.15E-11 2.21E-09 5.54E-10 0.79 1.17E-08 5.20E-10 0.58
1.26E-11 1.78 E-09 5.82E-10 0.83 9.02E-09 4.77TE-10 0.61
1.37E-11 1.57E-09 3.51E-10 0.75 7.96E-09 4.38E-10 0.62
1.49E-11 1.27E-09 3.41E-10 0.79 6.43E-09 4.02E-10 0.63
1.63E-11 1.04E-09 2.39E-10 0.80 5.06E-09 3.69E-10 0.61
1.77E-11 8.99E-10 1.75E-10 0.74 4.59E-09 3.38E-10 0.61
1.93E-11 7.69E-10 1.52E-10 0.75 4.98E-09 3.11E-10 0.61
2.11E-11 6.81E-10 1.41E-10 0.76 5.60E-09 2.85E-10 0.61
2.29E-11 6.26E-10 1.21E-10 0.75 4.66E-09 2.61E-10 0.62
2.50E-11 4.45E-10 8.28E-11 0.74 3.81E-09 2.24E-10 0.60
2.73E-11 3.48E-10 8.09E-11 0.77 3.38E-09 1.76 E-10 0.59
2.97E-11 3.25E-10 6.10E-11 0.76 2.89E-09 1.55E-10 0.59
3.24E-11 2.48E-10 4.81E-11 0.77 2.56E-09 1.05E-10 0.57
3.53E-11 2.00E-10 3.78E-11 0.73 2.44E-09 1.70E-10 0.62
3.85E-11 1.74E-10 2.73E-11 0.71 1.98E-09 1.14E-10 0.58
4.19E-11 1.43E-10 2.99E-11 0.79 1.94E-09 1.07E-10 0.60
4.57E-11 1.34E-10 2.29E-11 0.72 1.95E-09 1.23E-10 0.59
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FIG. S-2: Null distribution of ¢ for the pulsars in the jow dataset at a reference frequency of fow = 107'° Hz
(blue) compared to the analytic prediction from Wilk’s theorem, (1 + X%’l)(q)) /2 (red). The ninety-fifth percentile

of this distribution lies at ¢ = 2.68, which agrees well with the analytic prediction of 2.71. [73].

an incoming GW along the X direction we have,

1 tobs
do = tops —te — 3 / At h (', %()) . (5-9)
t

e

Since hg, is small, we can drop higher order terms within the x(¢') argument in h,, and set it equal to the unperturbed
path, x(t') = (tons — t')Nq. Furthermore, we can extend Eq. (S-9) to a generic direction,

ind
nana

tobs:tc+da+ 9

tobs
/ dt’ hij(t', (te + dog — t')Ng) . (S-10)
te

The observed time-of-arrival of successive pulses is related to the vgw/(t) by the Doppler shift formula, T, (1 + vaw),
such that,

1 . . [tetda o
vaw (t) ~ §ngné /t dt’ [Whij(t’,x)}x_xo(t/) , (S-11)
where x¢(t') = (to + dq — t')74. For a monochromatic GW propagating along the 7 direction,
hij = Aij(n) cos [w(t — n-x)], (5-12)
we have,

vaw(t) = FAMR) [ha(t,x =0) — ha(t — da,Xa)] - (S-13)
A=+,Xx

Here we set the SSB at the origin and substituted to,s with . The first term is the impact of the GW on the SSB,
and the latter is on the pulsar. This is Eq. (1) in the main text.



S-III. KINEMATIC AND GALACTIC CONTRIBUTIONS TO P

The observed second derivative of the period has intrinsic, kinematic, and galactic corrections to Eq. (5) of the
main text, neglected in this work. In this section, we calculate each of these and argue they are small relative to the
uncertainty in the observations.

To calculate the second derivative we follow the formalism used in Ref. [75]. The detected period of the pulsar is
related to the true period (FPp), the relative position of the SSB-pulsar system, r, and its time derivative, ¥, through
the Doppler shift,

B

p=—2_
I—1 ¢

(S-14)

To derive the observed P and P, we first take derivatives of Eq. (S-14):

: 1 . P
P B D) (5-19)
. 1 . 2P, . 2P, . Py . - p

Pys and Py are given by evaluating Egs. (S-15) and (S-16) at the reference time, ¢t = 0. To this end, we assume
changes in the parameters and positions are small such that we can expand Py = Py + Pt + %Pinttz and r =
d + vt + zat?. Using, & = r/|r| and working to second order in time,

. 1 ~v2 2
f:d+”t+(“—d“¢— ”'VL)R. (S-17)

d 2\ d d? d?

Here we introduced the subscript notation, v = v - dv, =v-— v, and similarly for accelerations. Inserting these
expressions into Egs. (S-15) and (S-16), and evaluating the final expression at ¢t = 0 gives,

Pobs 1 pint 1 Ui
— L S-18
P 1-— UH { P + 1-— ’UH (a” + d ’ ( )

pobs 1 jjint 2Rnt/P Ui SUJ_/d v|vL 2 'Ui ? ]H
v L == — L v -1
P 1-— U” { P + 1— ’U” (al + d + 1-— UH <aL d ) + (1 — U”)2 a” + d + 1-— UH ’ (S 9)

where in the final step we have redefined Py — P to keep with the convention in the main text.

Our goal is to estimate the size of the galactic and kinematic contributions to Pobs /P. With current data, the
uncertainty of Poos /P reaches 10730 sec™2. The Py /P term is the intrinsic contribution. This value is expected
to be of order O((Pyy/P)?) [45], which is typically O(10735 sec=2), well below current experimental uncertainties
on Py, /P. The contribution to the jerk from the galactic potential was estimated in Ref. [75]. They found this is
highly subdominant for each pulsar relative to the observed parameter uncertainty. For the rest of the contributions,
taking typical values for pulsars in our dataset, v; ~ v ~ 100 km/sec, d ~ kpc, anw ~ 1071 sec™!, and Pint/P ~
10718 sec™!, we find the leading correction to our approximation that P,p,s/P = 0 arises from the —3vi v /(1—v))?d?
term. For our benchmark values, we find this term is O(1073% sec™!). This is about two orders of magnitude below
our target sensitivity, justifying our decision to neglect these contributions.

While the various kinematic and galactic contributions to P are currently negligible, this will not be the case in
the future as growing pulsar observation times reduce the uncertainties in P to a level at which these effects become
detectable. At that point, maximizing the pulsar timing array sensitivity to ultralow-frequency gravitational waves
will require modeling or measuring each of the corrections in Eq. (S-19), as was done in the main text for P,. We
emphasize that this challenge is present whether a search for ultralow-frequency GWs is conducted using the timing
model (as done in our work) or using the residuals, but using the timing model provides a clear way to incorporate
this effect into the analysis.

In this discussion, we neglected mention of the influence of a background of GWs on Eq. (S-19). GWs will primarily
contribute to j, as denoted by jow in the main text. Additionally, GWs appear as an acceleration and can, in
principle, have a secondary contribution from other terms in Eq. (S-19). The term proportional to aﬁ is small as it is



O(h2). Furthermore, when fow > vd~', Py /P (the case everywhere in our analysis), the remaining contributions
are also negligible.
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