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Abstract

Approximate methods are presented for cal- .

culation of intrinsic total-absorption- and double-
cscape-peak efficiencies of Ge(Li) detectors.
These methods utilize '"average' characteristics
of gamma-ray photon interactions with matter,
and, while developed in this paper for specific

application to the Ge(Li) detector efficiency prob-

lem, should be applicable to any gamma-ray de-
tector or absorptive medium. The technique for
total -absorption~-peak efficiency determination
includes the use of an '"average-photon energy-
degradation curve' and of the Dirac chord
method for calculation of collision probabilities.
The average-photon energy-degradation curve is
obtained from differential Compton collision
cross sections and detector material total-cross-
scction characteristics; it is independent of de-
tector size and shape. The Dirac chord method
is then used to determine the probability of fur-
ther collisions for photons ' generated' within
the detector volume. In the model theae proba-
bilities are functions only of a characteristic de-
tectors dimension, sp, where s is the average
chord length and B is the total linear attenua-
tion coefficient. Double-escape-peak efficiencies
are determined through the calculation of the
average probability of occurrence of the follow-
ing three phenomena: (1) pair production,

(2) electron-positron absorption, and -

(3) annihilation-photon double escape. Complete
working curves and expressions are included to
enable convenient utilization of these techniques.
Example results are compared with efficiency
determinations made experimentally and by
Monte Carlo calculations.

Introduction
The use of Ge(Li) detectors is becoming in-
creasingly widespread, not only for nuclear

spectroscopy studies, but alao as an analytical

*
Present address:

~

tool for material analysis. In nearly all applica-
tions of the detector, knowledge of its efficiency
(or relative efficiency) characteristics is essen-
tial. For detector design purposes it is also of
interest to understand how a detector's efficiency
is influenced by its size and shape. Since the
work of Ewan and Tavendale! there have been a
number of reports in the literature of efficiency
determinations for Ge(Li) detectors.

At present the experimental and the computa-
tional approaches to Ge(Li)-detector~efficiency
determination require considerable effort to ob-
tain reasonably accurate results. The experi-
mental determination requires that calibrated
sources be available throughout the energy range
of interest, and that the intensities of the gamma
rays be known to a high degree of accuracy. Each
separate detector must be individually calibrated
for the entire range of energies. The Monte
Carlo calculations require considerable computer
time. Also, the results obtained are confined to
a specific detector.

Described herein is a simplified model of the
gamma-ray interaction process that permits rel-
atively rapid and convenient hand calculations of
intrinsic total-absorption- and double-escape-
peak efficiencies. The simplifications introduced
in the model consist in part of parameterizations
of some of the functions required in the calcula-
tion, in part of averaging certain functions, and
in part of making simplifying geometrical assump-
tions.

In the following section the calculations
methods are described. Numerical values and
curves are provided to allow the reader to make
use of the method if he 8o wishes. In the next
section example results are compared with re=
ported measurements and Monte Carlo calcula-
tions. In the final section limitations and possi-
ble further applications are discussed.

Hewlett-Packard Co., Santa Clara, California.
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Method

Part I — Total Absorption Peak'

Total energy absorption of an incoming
gamma-ray photon occurs in a detector when .
there is either: (1) a photoelectric¢ collision of
the incoming photon with an electron or (2) a
sequecnce of Compton collisions terminated by a
photoelectric colligion. It is assumed here that
all scattered electrons are contained in the de-
tector volume. Also, for photons less than 1.5
MeV in energy, pair-production effects can be
neglected. The probability of an incoming pho-
ton interacting within a detector of depth x is

. ~ -px
Peollision™17¢ " (1)
where p(E) is the total linear attenuation coeffi-
cient. Of the collisions that do occur, (T/4) are -
photoelectric interactions, and [ 1-( 7/p)] are
Compton interactions. These coefficients, ob-
tained from the tabulation of Chapman, 3 are
shown in Fig. 1.
! .

The Compton-scattered photons will undergo
further collisions within the sensitive detector
volume or escape. The scattered photons that
do interact with the detector will themselves be
subject to either Compton or photoelectric inter-
actions. Each incoming photon traces a path
through the detector volume which ultimately
terminates in a photoelectric collisionoran escape.
The total-absorption probab1l1ty can be repre-
sented by the expresemn

Total—absorptmn probablhty P0 +C P1

+ COC1P2.+ e + C0C1C2_- . cn-1Pn+' e,
()
where PO = probability that the incoming photon,
of energy Eg, undergoes photoelec-
tric collision, .
C0 = probability that.the- -incoming photon
undergoes Compton collision,
P1 = probability that the singly-Compton-
scattered photon of reduced energy
E, has a photoelectric collision,
C;1-1 = probability that an (n-1)th-scat-

tered photon of reduced energy
E, has a Compton collision,
= pro"bablhty that an (n)th-scattered
n photon of reduced energy E_has a
. ‘s n
photoelectric collision.

The basis of this calculation is to treat each

term in the above expression as the product of :

independent average probabilities. The first
probabilities of the collision chain are, from

(1),
= (1/) (1-e ") and C = (1-T)(1-e7HF),

(3)

where x is the detector depth. For the
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Fig. 1. Germanium linear attenuation coeffi-
. cients, showing the total, (i), photo-
electric only, (7), and the ratio of photo-
electric to total (1/u). (From Chapman,
Ref. 3).

2.0

remainder of the P and C probability determina-
tions another approach must be utilized.

The average cross section for a second col-
lision is determined for all Compton-scattered
photons resulting from the initial collision of a
particular-energy gamma ray, E,. It can be ob-
tained from the following expressuon

]") Y [E(o Eo)] 5 (Eg)deé
- . 4
04 (Bl = v (Ey) @
where O ¢ = average total cross section seen by
: a Compton-scattered photon,
o, = total cross section seen by photons
of reduced energy E after being scat-
tered into angle 6,
-g—g = differential Compton cross section



for incident photons of energy EO’
o, = total Compton cross section.

. Numerical integrations were performed for
a number of incident photon energies, using the
cross-section values of Nelms. * As each ¢y is
unique to a particular energy photon, the ¥,' s may
be used to define the energy of an ''average'' de-
graded photon.. A plot of average-degraded-pho-
ton energy as a function .of incident photon energy
is given in Fig. 2. The once-scattered photon ob-
tained from this plot can the, in turn, be con-
sidered to the incident photon for another collision
for which a twice-scattered average-photon energy
can be determined.. An '"average-photon energy-
-degradation chain" can therefore be established
with this curve for any initial gamma-ray photon
energy up to 2 MeV.

For the calculation of subsequent collision
probabilities we assume each Compton-sacattered
photon to have a characteristics '""average'' energy
as determined aboVe and, on the average, to
originate uniformly throughout the detector volume
with an isotropic angular distribution.

i
!
|

The calculation of the probability of a colli-
sion, or successive collisions, by averaging
methods has received considerable attention in
nuclear reactor ahalysis particularly with re-
gard to fast-neutron collisions in fuel ele-
ments. We have adopted such a methoc}_’ here,
the chord method, first used by Dirac.

We use t escape probability curves of
Dresner, = given als a function of a "characteristic
dimension]' By, where ¥ is the average chord

length of a volumeé and y is the linear attenuation
coefficient. The quantity, §, for a volume with
a nonreentrant surface, has the simple form

B = 4V/A,- (5)

where V is the volume and A is the total surface
area of the bodv . Thus, the ''characteristic
dimension, " §u, can be determined readily for

a specific detector and photon energy. The
results of Dresner are given in Fig. 3 for a
sphere, an infinite cylinder, and an infinite slab.,
For the results reported here the sphere data
were used

The steps, then for determining each of the
Pp and C,, values of Eq. (2) are as follows:

1) The energy, E,, of the average nth scattered
photon is found from E,.4 and Fig, 2 (where Eg
is the energy of the incident photon).

2) For the photon of energy En,  and (1/n)
are then obtained from Fig. 1.

3) The interaction probability, P., is read as
a function of 8u from Fig. 3(using the curve
labeled "sphere'), where § was calculated from
Eq. (5).

‘Energy of primary photon

20

( Mev )
-

o pd
-0 . 0I5 0.30 0.45 0.60

Averoge scottered-photon energy {(MeV)
XBLE9I0-3969

Fig, 2. A\}erage-enel;gy-degradation curve
for Ge,
4) Then,
pn = (T/P') pc'
Cn = [1 '(7/“)] Pc

Finally, the P, and Cp, values are combined
in Eq. (2) to give the total absorption probability.
The sum [Eq. (2)] typically converges to within
1% of its total value in a maximum of six to seven
terms,

Part II — Double-Escape Peak

‘of the positron-annihilation gamma rays,

Double -escape -peak efficiencies are calcu-
lated as the product of the probabilities of (a)

‘pair production, (b) total absorption of the

electron-positron pair, and (c) complete escape
It is
assumed in the calculation that these three prob-
abilities can be treated independently,

Thus,
Paep = Ppp " Pa ' Fae’ (6)
where Pd = probability of a double-escape-peak
€ event,
ppp = probability of pair production,
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Fig. 3, Collision probability as a function of the characteristic dimension, Sy, for a

sphere, an infinite cylinder, and an infinite slab.

The parameter 5 is the

average cord length of a volume and u is the total linear attenuation coefficient.

probability for elec tron-positron

P, =
A absorption,
4
Pye = probability of anhihildtion photon

double escape.

(a) Pair Producti:_r:—/-——‘ ]

The probability for pair production, P, in
a detector of thickness x is given by Eq. (ﬂ),
multiplied by k/p

K . -HX
P = - (1-e 7

T ) (7
where x is the partial at.c_.uation coeificient for
a pair-production interaction. The linear attenu-
ation coefficients for germanium in the energy
range of interest here are given in Fig, 4,

(b) Electron-Positron Absorption

Whereas the probability of electron escape
was neglected in Part I, here, because of the
- higher electron energies, it is a much more im-
portant factor and must be considered in some
detail. It is, however, assumed that the electrons
are emitted in the forward direction, This sim-

plifies the problem to one-dimensional geometry.

For a photon of energy 'Ey, the total energy
available to the electron-positron pair is E
=Ey- 1. 022 MeV. If the higher energy-of ‘the two
electrons_is.E 4-then the probability of total ab-
—sorption of the pair is

- : x
PA(x, Ey) 505

PAe

where S(x') , =

PAe(x',.E) =

 B(E))

PA(x, Ey) =

-4-

E
P v :
j S(x')PAe(x'Ei)
Eore
(x',E_- E)) P(E,) dx'dE,, (8)

relative probability of pro-
duction of particle pairs at x!',

absorption probabilitiy of e
(or et) produced at x' with
energy E,

probability of the higher energy
particle having energy E4,

probability of two-particle
absorption in detector of
width x.
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In the evaluation of this expression the following
simplifying approximations are made:

1)
is neglected. Hence
S(x'y = 1/x.

2) All values of e-(e+) energy are assumed

equally likely. Hence

-P(Ei) = 2/E.

3) The probability of electron containment,
Pa(x', E), was parameterized by using as
a guide the electron absorption data of
Marshall and Ward8 ang the range relation-
ship given in Siegbahn, The simplified
forms used were .

Attenuation of the incident gamma-ray beam

-5.

x!' < 0,24 R

P:A(x', E) (o]

(x'-0.24 R)/(0.76 R) 0.24 R<x'<€R,
where R,

the maximum electron range, was taken
to be - ’

R = 0.1087E(Mev)

The calculated Palx, Ey) is shown in Fig. 5
(top curve) as a function of x/R)q, where Ry is
R(Ey-1.022 MeV), ' '

v In addition, bremsstrahlung effects were -

congidered. At these energies there is a signifi-
cant probability that electrons emit bremsstrah-

lung and thatthe bremsstrahlung escape.

To parameterige this effect it was assumed
that the probability per unit path length of emis-
sion of a bremsstrahlung of energy Eg was Pp
=a/EB,where a is a constant,

The Iprobability per unit path length that an
electron of energy E' will produce a bremsstrah-
lung of energy greater than ¢ then becomes

J
If PR(y) is defined asvthevp'robabilitby that an electron
travels a distance y without producting a brems -
strahlung of energy greater than ¢ and it is
assumed that the total path length traveled by an

electron of energy E is its maximum range, R,
then :

P5(R) = exp [-(aRG/E)(E/g InE/e - Efe + 1)].(9)

a/EB dEB = aftnE'/e .

For the results presented here ¢ has been
set equal to 0.4 MeV. This means that, for the
purposes of these calculations, all bremsstrahlung
of lower energy are assumed to be contained by
the crystal and all of higher energy are assumed
to escape (cf, Fig. 1). The constant, a = 4~
where f R i8 the rad'f.tion length in Ge, was taken
tobe a =_0.423 cm~1, 10 When the factors
PE[R(E4)] and PE[R(E, - E4)] [Eq. (9)] are in-
cluded inside the intergal [Eq. (8)] we obtain, by
numerical integration, a P(x, Ey) that is expli-
citly energy dependent. A émily of curves for
Ey=2, 4 6, 8, and 10 MeV is shown in Fig. 5.

(¢) Annihilation-Photon Double Escape

The probability of annihilation-photon double
escape, Pge. is obtained by using Fig. 3. Whereas
previously the parameter of interest was the
probability of collision, now the parameter of in-
terest is the probability of complete photon escape
from the detector volume. The procedure, then,
is to determine the characteristic dimension Sy
for the 0.511-MeV photon for the detector studied.
With the characteristic dimension, the probability
of collision is determined ("sphere' curve). The
probability of escape, Pegc’ is
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Average electron-positron energy absorption probabilities as a functmn of the
ratio of detector depth to maximum electron range (x/Rpp).

In the top curve

the effect of bremsstrahlung is not included and the results are energy

independent,

P

esc 1-P.

The probability of double escape then is

: _ 2 _ 4 2
Pie = Pesc ~ (1'Pc)

To review: the steps for determining the double -

_slightly different reported thickness (3.5 mm vs.

4.0 mm). The upper data points (Ewan and
Tavendale 1) and the lower experimental curve of
Cline, 11 (d), are compared with {a) Monte Carlo
calculations of Wainio and Knoll, 12 (b) Monte
Carlo calculations of de Castro Faria and
Levesque, 3 and 1 {c). results, of this.paper™ In

~ escape -peak efficiency for a gamma ray of energy _ _both-cases the'c curve shapes calculated by the

E are: e ———

1) For E,, find p and «/p (Fig. 4) and calcu-
late Ppp [Eq. (7)].

2) Evaluate x/Rpq

x/[0.1087 (Ey-1.022)]
and obtain Pp from Fig.

5.
3) Evaluafe B (p.o 544 MeV = 0.42 cm'i).
obtam R from Fig. 3, and evaluate P

= (1-P_)2. de

4) The efficiency is then determined as the
product of the above three results [Eq. (6)) .

Results

Figure 6 presents a comparison of the in-
trinsic total-absorption-peak-efficiency values
of two planar Ge(Li) detectors of the same re-
ported cross section area (2. 5 ¢cm?) but of

method given here agree quite well with experi-
ment. Although the Monte Carlo calculations fit
the upper data more closely, ours fit more
closely to the lower, both in value and in shape.
In both cases the differences between the effi-
ciences calculated here and the experimental
measurements are less than, or on the order of,
0.5 mm detector -thickness equivalent.

In Figure 7 calculations are compared with
reported measurements on three larger detectors.
The upper set of data (d) shows the experimental
curve of Clinel? (the r forted area of his detec-
tor was actually 4.9 ¢m?) and two data points of
Ewan and Tavendale. The lower set of data
points is from Michaelis. 14 The authorship of
the calculated curves is indicated by the same
letter symbols used in Fig. 6. The X's on curve
{a) show the energy values at which the Monte
Carlo calculations were made. Again the curve
shapes calculated here agree quite well with
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Fig. 6. Total-absorption-peak efficiencies

for two detectors, each of cross-
section area 2.5cm?2., The experi-
mental measurements of Ewan and
Tavendale (Ref. 1) are shown as
data points, The curves represent
the following: '
(a) the Monte Carlo calculations of
Wainio and Knoll (Ref. 12).
(b) the Monte Carlo calculations of
de Castro Faria and Levesque
(Ref. 13).
the present calculations,
the experimental measurements
of Cline (Ref. 11).

(c)
(d)

experiment; however, the absolute values calcu-
lated are in somewhat greater disagreement than
for the smaller detectors (Fig. 6). It should be
pointed out, though, that in the upper set of data
the reported experimental results for two detectors
of the same thickness and cross-section area differ
from each other by an even larger amount, and the
calculated curve of this work lies between them.

Figure 8 presents a comparison of intrinsic
double -escape -peak -efficiency values of a 2.5 cm?
% 0.35 cm planar Ge(Li) detector. The data points
are those of Wean and Tavendale. 1 Curves (a)
and (b) are the Monte Carlo-calculated results of

{
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Fig. 7. Total-absorption-peak efficiencies for

two detectors. The experimental
measurements of Ewan and Tavendale
(Ref. 1) are shown as data points in i !
the upper group of curves, while the
measurements of Michaelis (Ref. 14)
are shown beneath the lower curve. .
The Monte Carlo-calculated’ efficiency
" values of Wainio and Knoll (Ref. 12)
are indicated by crosses, x. The
curves represent the following:
(a) the Monte Carlo calculation of
Wainio and Knoll (Ref, 12).
(b) the Monte-Carlo calculations of
de Castro Faria and Levesque
(Ref. 13). ’
the present calculations.
the experimental measurements
of Cline (Ref. 11).

{c)
(d)

de Castro Faria and Levesque13 and Wainio and
Knoll, 12 respectively. Curve (c) presents the
results obtained by the method of this work.

Figure 9 presents further comparisons of the
results of this work [curve (b)]' with the calculated
results of de Castro Faria and Levesquel3 and the
experimental-measurement results of Cline,. 11
Monte Carlo-calculated data points of Wainio and
Knolli2 are indicated as circles, O. ‘

The results of the method of this work more
closely resemble the Monte Carlo-calculated re-
sults of Wainio and Knoll12 (this agreementis
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Fig. 8. Double-escape-peak efficiencies for

a 2.5 cm2x%x0.35 ¢m detector. The

experimental measurements of Ewan

and Tavendale (Ref. 1) are shown as

data points. The curves represent

the following: /'~ ’

(a) the Monte Carlo calculations of
de Castro Faria and Levesque
(Ref. 13). :

{(b) the Monte Carlo calculations of
Wainio and Knoll (Ref, 12).

(c) the present calculations.

remarkable in Fig. 9), who considered bremsstrah-
lungeffects intheir calculation, than the results of
de Castro Fariaand Levesque, 13 who did not. The
present hand-calculation technique gave results
very close to the measured values of Ewan and
Tavendale, * buthigher thanthe measured values of
Clinellfor a pair of detectors not too different in size.
In order to ease the calculational effort in the
further application of this method to testing the
effects of various parameter adjustments, a com-
puter program has been written that will calculate
and plot efficiencies in the manner described here,
The results for a sampleé family of detectors-are
shown in_Figs. 10,~11and 12. Figures 11 and
12 show double -escape results with and without
consideration of bremsstrahlutig effects.

Discussions and Conclusions

The semianalytical approximation method
described here produces results in good agreement
both with Monte Carlo calculations and experi-
ment. Differences from Monte Carlo calculations
are comparable to the differences between two
Monte Carlo calculations., Furthermore, the
method reliably reproduces the shape of measured
Ge( Li) efficiency curves, Where differences exist
between calculation and measurement they are
almost proportional over the entire range of ener-
gies considered.

Absolute -value disagreements with experiment
may be related to certain approximations. How-
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Fig. 9. Double-escape-peak efficiencies for
two detectors. The Monte Carlo cal-
culations of Wainio and Knoll (Ref. 12).
for a 2.5 cm2x 0.8 cm detector are
shown as circles, O. The curves
" represent the following:
(a) the Monte Carlo calculations of
‘*de Castro Faria and Levesque
(Ref. 13).
{(b) the present calculations.
(c) the experimental measurements
‘ of Cline, (Ref. 11).
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Fig. 41, Calculated Ge(Li) intrinsic double-
escape -peak efficiencies for a family
of cylindrical planar detectors,
Losses due to bremsstrahlung are
neglected,

ever, on the average the Monte Carlo disagree-
ment with experiment is even greater, Other
possible sources of this disagreement lie in the
interpretation of experimental data. The calcu-
lation assumes a parallel beam uniformly illumi-
nating the front surface of the detector and that
the detector is sensitive at its surface and over
the entire reported volume. Nonparallel incidence,
a surface dead layer, and a somewhat reduced
sensitive volume can each contribute to disagree-
ment between experiment and calculation. [A
slight correction was included here for the 0.5-
mm dead layer reported by Michaelis (Fig, 7);
the correction was observable only at energies
below 0.2 MeV]. The true sensitive dimensions
of a detector are not easily determined. This
question is considered in some detail by Walford
and Doust.

At present the method is applicable only to
materials with nonreentrant surfaces. Therefore,
excluded from the present analysis are five-sided
and coaxial detectors. However, it is hoped that
with some modification the method will eventually
lend itself to this analysis also. In addition, it
should be pointed out that for detectors with di-
mensions comparable to gamma-ray collision
mean free paths, one of the assumptions, that of
uniform volume distribution of secondary sources,
is no longer valid. Hence, calculations using the
methods described here are expected to be less
applicable for very large detectors.
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Fig. 12. Calculated Ge(Li) intrinsic double-
escape efficiencies for a family of
cylindrical planar detectors. IL.osses
due to bremsstrahlung are included.

- In summary, the methods developed here
should considerably ease the fairly precise deter-
mination of theoretical efficiencies for detectors
of various siges and shapes. It is further hoped
that the use of the technique will lead to greater
qualitative understanding of the relative importance
of various aspects of photon-energy containment
by gamma-ray detectors. The Dirac chord
method should prove especially useful for photon
detection and attenuation problems.
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