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QUASI-FUCHSIAN MANIFOLDS CLOSE TO THE FUCHSIAN LOCUS ARE
FOLIATED BY CONSTANT MEAN CURVATURE SURFACES

DIPTAISHIK CHOUDHURY, FILIPPO MAZZOLI, AND ANDREA SEPPI

ABSTRACT. Even though it is known that there exist quasi-Fuchsian hyperbolic three-
manifolds that do not admit any monotone foliation by constant mean curvature (CMC)
surfaces, a conjecture due to Thurston asserts the existence of CMC foliations for all
almost- Fuchsian manifolds, namely those quasi-Fuchsian manifolds that contain a closed
minimal surface with principal curvatures in (—1,1). In this paper we prove that there
exists a (unique) monotone CMC foliation for all quasi-Fuchsian manifolds that lie in a
sufficiently small neighborhood of the Fuchsian locus.
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1. INTRODUCTION

Quasi-Fuchsian manifolds are an important class of complete hyperbolic three-manifolds,
largely studied in geometric topology. If ¥ a closed orientable surface of genus g > 2, the
deformation space of quasi-Fuchsian manifolds homeomorphic to ¥ xR, which we denote here
by QF(X), is known to be homeomorphic to the product of two copies of the Teichmiiller
space T(X) of ¥ by Bers’ simultaneous uniformization theorem, and is therefore a manifold
of real dimension 12g — 12. Those quasi-Fuchsian manifolds that contain a closed totally
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QUASI-FUCHSIAN MANIFOLDS FOLIATED BY CMC SURFACES 2

geodesic surface are called Fuchsian, and they bijectively correspond to points of the diagonal

of T(X) x T(X) through Bers’ parameterization.
The investigation of quasi-Fuchsian manifolds has been tackled both with a combinatorial
flavour, for instance through the notion of pleating laminations | , , ,
, , , , , , , , , | and with a more
analytic approach, for example using minimal surfaces | , , , , ,
, , , , ]. In this paper we continue the analytic study of quasi-

Fuchsian manifolds, and in particular of foliations whose leaves are surfaces of constant mean
curvature (CMC), as in the following definition:

Definition 1.1. A Riemannian three-manifold M homeomorphic to ¥ x R is (smoothly)
monotonically foliated by CMC surfaces with mean curvature ranging in the interval (a, b)
if there exists a diffeomorphism between ¥ x (a,b) and M which, for every H € (a,b), is an
embedding of constant mean curvature H when restricted to ¥ x {H}.

Historical pespective. Let us give a brief historical perspective to the problem. It is known
that there exist quasi-Fuchsian manifolds containing several closed minimal surfaces homo-
topic to ¥ x {x}, see | ] and | ]. In particular, this implies that there exists
quasi-Fuchsian manifolds M that do not admit a global monotone CMC foliation. Indeed
if M 2 % x R admits a monotone CMC foliation (as in Definition 1.1), then by a simple
application of the geometric maximum principle, the closed embedded minimal surface in
M homotopic to ¥ x {*} would be unique.

Concerning uniqueness of minimal surfaces, the work of Uhlenbeck | ] highlighted
the importance of a class of quasi-Fuchsian manifolds, which has been later called almost-
Fuchsian in | ], defined by the existence of a closed minimal surface with principal
curvatures in (—1,1). This condition actually implies that the minimal surface is unique,
and that the equidistant surfaces from the minimal surface provide a global foliation of M.
However, the leaves of this equidistant foliation do not have constant mean curvature, except
in the trivial case where M is Fuchsian.

Thurston conjectured that every almost-Fuchsian manifold is foliated by CMC surfaces.
However, to the best of our knowledge, Fuchsian manifolds are so far the only known exam-
ples of quasi-Fuchsian manifolds that are (monotonically) foliated by CMC surfaces.

Before stating our result, let us turn our attention to some positive results in this direction.
By a special case of the results of Mazzeo and Pacard in | ], each end of any quasi-
Fuchsian manifold (namely, each connected component of the complement of a compact set
homeomorphic to ¥ x I for I a closed interval) is smoothly monotonically foliated by CMC
surfaces, with mean curvature ranging in (—1,—1 + ¢) and (1 — ¢,1). This result has been
reproved by Quinn in | |, using an alternative approach which is extremely relevant for
the present work. Moreover, the recent work of Guaraco-Lima-Pallete | ] showed that
every quasi-Fuchsian manifold admits a global foliation in which every leaf has constant sign
of the mean curvature, meaning that it is either minimal or the mean curvature is nowhere
vanishing on the entire leaf.

We also remark that existence results for CMC surfaces in the hyperbolic three-space with
a given boundary curve at infinity, and in quasi-Fuchsian manifolds, have been obtained in

[ ; ; I
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Main result and outline of the strategy. Let us now state the main result of this paper.

Theorem A. Let X be a closed oriented surface of genus > 2. Then there exists a neighbour-
hood U of the Fuchsian locus in quasi-Fuchsian space QF (X) such that every quasi-Fuchsian
manifold in U is smoothly monotonically foliated by CMC surfaces, with mean curvature
ranging in (—1,1).

The monotone CMC foliation of a quasi-Fuchsian manifold M = ¥ x R, when it exists,
is automatically unique by a standard application of the geometric maximum principle.
More precisely, the leaf of the foliation with mean curvature H is the unique closed surface
homotopic to ¥ x {x} in M having mean curvature identically equal to H.

Observe that, if a quasi-Fuchsian manifold admits a monotone CMC foliation, then the
mean curvature necessarily ranges in (—1,1). Indeed, any leaf of the foliation must neces-
sarily have mean curvature in (—1,1), see | , Lemma 2.2]. Moreover, by the aforemen-
tioned result of Mazzeo-Pacard, the mean curvature converges to —1 and 1 as the foliations
approaches the ends.

We remark that the methods of our proof, which we outline below, also provide a direct
proof of the existence of closed embedded CMC surfaces of mean curvature H € (—1,1) in
the quasi-Fuchsian manifolds M within the neighbourhood U. (See Theorem 3.8.) Our proof
is independent of previous result in the literature, and does not rely on geometric measure
theory techniques.

The rough idea of the proof of Theorem A is to “combine” foliations of the ends, which
have been provided in the works of Mazzeo-Pacard and Quinn for every quasi-Fuchsian man-
ifold, with foliations of the compact part that we obtain by a “deformation” from Fuchsian
manifolds. For the foliations of the ends, we adapt the proof given by Quinn in | 1,
which relies on the Epstein map construction (] , ]), that associates to a con-
formal metric defined in (a subset of) the boundary at infinity of H? an immersed surface
in H? by “envelope of horospheres”. One can then translate the condition of constant mean
curvature into a PDE on the conformal factor, to which we apply an implicit function theo-
rem method in an infinite-dimensional setting. The fact that the obtained solutions provide
a smooth monotone foliation of the complement of a large compact set in the quasi-Fuchsian
manifold M follows from another application of the implicit function theorem. The main
difference with respect to Quinn’s proof is that we refine his method in order to achieve the
existence of monotone foliations by CMC surfaces of mean curvature (=1, —1+¢€)U(1—¢,1)
for any quasi-Fuchsian manifold in a neighbourhood Uy, of a given M € QF(X), where the
constant € is uniform over Ups (Theorem 3.1).

For the compact part, we again obtain the existence of CMC surfaces, for H € (—1,1),
with an implicit function theorem method in infinite-dimensional spaces, using the Epstein
construction. In this case, however, the initial solution to which we apply the implicit
function theorem is not “at infinity”; it is instead the umbilical CMC surface in a Fuchsian
manifold. In other words, we “deform” CMC surfaces in a Fuchsian manifold M’ to nearby
quasi-Fuchsian manifolds in a neighbourhood Uy, . Similarly as above, the main technical
difficulty is to have a uniform control of the constants, which must not depend on the
quasi-Fuchsian manifold as long as we remain in the neighbourhood Uj;s. See Theorem 3.7.

The proof of Theorem A is then concluded by showing that these surfaces patch together
to a global smooth monotone foliation (Section 4), by means of a combination of a careful
analysis of the constructed open sets in QF(X) and of several geometric arguments, for
instance applications of the geometric maximum principle, relying on the observation that
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the CMC surfaces obtained as deformations from the Fuchsian locus can be assumed, up to
restricting to smaller neighbourhoods, to have principal curvatures in (—1, 1).

Acknowledgements. The authors are indebted to Zeno Huang for many discussions related to
CMC surfaces and quasi-Fuchsian manifolds and for useful comments on a previous version of
this manuscript. The authors are grateful to Jean-Marc Schlenker for useful discussions and
for his encouragement, and to an anonymous referee for several comments that improved the
exposition of this paper. Finally, the second author would like to thank Gennady Uraltsev,
for helpful conversations on some of analytic aspects of this work.

2. PRELIMINARIES

2.1. Quasi-Fuchsian manifolds. Given a discrete subgroup I' of PSLy(C), the limit set Ar of
I is defined to be the set of accumulation points in the boundary at infinity d..H? of the
orbits of T' in H3. An oriented hyperbolic three-manifold M is said to be a quasi-Fuchsian
manifold if it is isometric to the quotient H3/T", where I' 2 7y (M) is a discrete subgroup of
PSLy(C) acting freely on H? and such that the limit set Ar is a quasi-circle in 9,,H?. We
will also call I' a quasi-Fuchsian group, and the hyperbolic metric induced in the quotient
H3/T by the metric of H® a quasi-Fuchsian metric. In this case, M is homeomorphic to
Y x R, where ¥ is an oriented surface.

2.1.1. Deformation spaces. Let us now fix closed oriented surface ¥ of genus g > 2. The
deformation space of quasi-Fuchsian manifolds is defined as:

QF(X) = {quasi-Fuchsian metrics on ¥ x R}/Diff((X x R) ,

where the identity component Diffq(3 x R) of the diffeomorphism group acts by pull-back
on the space of quasi-Fuchsian metrics.

An important subset of QF(X) is the Fuchsian locus, which we denote by F(X). It
consists of those quasi-Fuchsian manifolds which are isometric to H?/I, such that the limit
set Ar coincides with the boundary of a totally geodesic plane P in H3. It follows that
I' leaves invariant the totally geodesic plane P whose boundary is Ar, and therefore the
quotient H3/T" contains a totally geodesic surface homeomorphic to ¥. The induced metric
on the totally geodesic surface can thus be considered as a point of the space of hyperbolic
metrics on ¥, which will be denoted by M_;(3). By means of this construction F(X) has
a natural identification with the Teichmiiller space of ¥, which we define here as

T(%) = M_1(5)/Diff(5) |
where Diffg(X x R) acts again by pull-back on M_; ().

2.1.2. Conformal compactification. If T" is a quasi-Fuchsian group, then the maximal domain
of discontinuity of the action of I' on 9, H? is the complement of the limit set Ap. Since
Ar is a quasi-circle, hence in particular a Jordan curve, the domain of discontinuity has two
connected components, which we denote by Q7 and Q~, both homeomorphic to an open
disc.

Observe that the orientations of M and of ¥ allow to canonically distinguish Q7 and
Q7. Indeed, the orientation of ¥ induces an orientation on its universal cover, which is
homeomorphic to an open disc and, picking a lift of £ inside H?, can be compactified to
a closed disc by adding the limit set Apr. The curve Ar then naturally comes with an
orientation, and thus we can canonically label 2~ the connected component on the left with
respect to the orientation of Ar and with the respect to the inward pointing normal vector to
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OscH?, and Q7 the one on the right. With this convention, it turns out that (H*UQTuUQ~)/T
is orientation-preservingly homeomorphic to 3 x I, for I = [—1,1] a closed interval, in such
a way that Q% /T" is mapped homeomorphically to ¥ x {£1}.

Remark 2.1. From now on, when S is an embedded surface in H?/T" homotopic to 3 x {x},
we will refer to the (unit) normal vector to S as the one chosen according to the following
convention. We lift S to a surface S in the universal cover H?3, whose asymptotic boundary
is the limit set Ap. Then S disconnects H3 in two components. We declare that the unit
normal vector to S lifts to the unit normal vector to S pointing towards the component
whose closure contains Q7.

Since T' acts by biholomorphisms on the subsets QF of 9,,H? = CP!, the above con-
struction endows ¥ with two Riemann surface structures which we denote by X*. We will
denote (¥, X*) by 0L M, which allows us to write M = M UdL M U d M, the conformal
compactification of M. By the celebrated Bers’ simultaneous uniformization theorem, the
pair of Riemann surface structures (X, X ) uniquely determines M in QF(X). However,
since we have defined the Teichmiiller space as a quotient of the space M_1(X) of hyper-
bolic metrics, we will instead consider the pair (h*, ™), where h* is the unique hyperbolic
metric on ¥ in the conformal class X+, whose existence is guaranteed by the uniformization
theorem. Hence the Bers’ simultaneous uniformization theorem provides a homeomorphism
between QF(X) and T (X) x 7(X). However, for our purposes it will be more convenient to
work with another (at least local) parameterization of QF (%), which we now describe.

2.1.3. Schwarzian derivatives. Given a connected open set 2 C C and a locally injective
holomorphic map f : 2 — C, the Schwarzian derivative of f is a holomorphic quadratic
differential on (2 defined as:

Ny N
o (£ 1(5))
This definiton has two fundamental properties:
e Given two locally injective holomorphic maps f: Q2 — C and g : f(2) — C,
S(go f)=f"5(g)+5(f) - (1)
e S(f) =0if and only if f is the restriction of an element of PSL(2, C).

In particular, if ¢ is an element of PSL(2, C), then S(o f) = S(f); conversely, if f,g: Q — C
are such that S(f) = S(g) then g = ( o f for some ¢ in PSL(2,C).

Given a quasi-Fuchsian group I', consider the biholomorphic map f : D — Q7 given by the
Riemann mapping theorem, where I is now the unit disc. (Of course we could perform the
same construction with Q= but we will focus on 7 for the sake of definiteness.) Conjugating
the action of I' on QT by f, we obtain a subgroup I'y := f~!T'f acting by biholomorphisms
on ID. Hence the quotient of D by I'y is homeomorphic to ¥ and is endowed with a hyperbolic
metric induced by the Poincaré metric on D, which is nothing but the first Bers’ parameter
h* on ¥ 2 D/T's. (The map f is unique up to pre-composition with a biholomorphism of
D, therefore the conjugacy class of I'y, and consequently its associated point in 7(X), is
independent of the choice of the map f.)

Moreover, S(f) induces a holomorphic quadratic differential in the quotient D/T'f = 3.
Indeed, for any v € T'y, set ( := foyo f~! € . Using (1) twice we get

S(f)=5(Cof)=5(for)=7"5(f)
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because v acts on D as the restriction of a Mébius transformation of CP!. Hence S(f) is
I'f-invariant and passes to the quotient by I'y. We can therefore construct a well-defined
map

S:QF(X)— 9(X) . (2)
Here Q(X) denotes the bundle of holomorphic quadratic differentials over 7(X), whose
fiber over a point (X, [h]) coincides with the vector space H°((2, h), K?), where K denotes
the canonical divisor of (X, [h]). Consequently, the space Q(X) is a complex manifold of
dimension 3g — 3, where g denotes the genus of . In fact, the map S turns out to be
injective (see also the discussion below on the construction of its inverse) and, being QF (%)
and Q(X) manifolds of the same real dimension, the invariance of domain theorem implies
that its image is an open subset of Q(X).

2.1.4. Constructing the inverse. We will often use the the inverse map of S, defined on the
image of QF(X). Hence it will be useful to quickly discuss its explicit construction. In
general, given a holomorphic quadratic differential ¢ on a connected open set Q2 C C, there
exists a locally injective holomorphic map f, : Q@ — C such that S(f;) = ¢, see | ] and
[ , Proposition 6.3.7]. By the fundamental properties discussed above, f, is unique
up to post-composition with a M&bius transformation. One can also see that f;, suitably
normalized, depends smoothly on ¢. See | , Section 3.2] for more details.

To apply this in our setting, we consider a hyperbolic metric h on ¥ and ¢ € H°((X, h), K?),
and realize (3, h) as the quotient of the Poincaré disc D by a discrete group I'y, of biholo-
morphisms. We can then lift ¢ to a I'p-invariant holomorphic quadratic differential 45 on
D, and find a locally injective holomorphic map f 3:D— C whose Schwarzian derivative is

equal to ¢~) Since é is invariant under the action of I'y, we have

S(foy) =7"S(f) =76 =¢=5(f)
for every v € T',. We deduce that for any « € I'j, there exists a Mobius tranformation
¢ = ((7) such that f o~y = ((v)o f, providing us with a representation ¢ : I', = PSL(2, C).
This construction is exactly the inverse of the map S, in the sense that if f : D — Q% is the
biholomorphic map associated to a quasi-Fuchsian manifold H?/I" as in Section 2.1.3, and h

and ¢ are the induced hyperbolic metric and holomorphic quadratic differential on X, then
f7 = f and the image of the representation { coincides with the quasi-Fuchsian group I'.

Remark 2.2. For the reader familiar with complex projective structures on surfaces, S is
simply the map that associates to a quasi-Fuchsian manifold M the Schwarzian parameteri-
zation of the complex projective structure that is naturally defined on 9% M, using the fact
that the quasi-Fuchsian group I' acts by Mobius transformations on 7. By the construc-
tion described above, we are considering here the Schwarzian parameterization with respect
to the Fuchsian section 7(X) — CP(X), where CP(X) denotes the deformation space of
complex projective structures. Indeed, S can be extended to a map from CP(X) to Q(X)
which is a homeomorphism; the construction above provides the inverse Q(¥) — CP(X).
We remark that the map f 3 is not univalent in general; it is univalent when it arises from a
pair (h, ¢) in the image of QF(X). However, we will not need to deal with general complex
projective structures in this paper, hence we will not adopt this language.

2.2. Epstein surfaces. In this subsection we describe a construction due to Epstein in | 1,
which naturally associates to certain conformal metrics on a domain of CP' = 9, H? an
immersion into H?, that we will call the Epstein surface.
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2.2.1. The Epstein map. Given any point p € H3, we define a map G, : Tle3 — CP', by
sending (x,v) to the endpoint at infinity of the unique geodesic of H? starting at x with
tangent vector v. Then we define the visual metric V,, as the metric obtained by pushforward
via G, of the canonical spherical metric of Tleg’ . One can easily check that the metric V,,
is conformal, namely compatible with the Riemann surface structure of CP'. Indeed, if o
is the origin in the unit ball model, then V, is just the usual spherical metric on the unit
sphere. For the general case, if M is an isometry of H? sending o to p, then V,, = M.V, and
is therefore in the same conformal class, since M extends to a biholomorphism of CP!.
The fundamental result is the following:

Proposition 2.3 (| ) ). Let Q be a connected open domain in CP' and let ¢ :
Q — CP! be a locally injective holomorphic map. If o is a C* conformal metric on Q, then
there exists a unique continuous map Eps, 5y : 2 — H? such that

(QD*VEpsw'g)(z))(Z) = U(Z)
for all z € Q. Moreover, if o is C*, then Epsi,.o) 18 Cck-1,

We remark that Eps(, ,) is in general not an immersion. As an example, if o is the
standard spherical metric on the unit sphere, then the associated Epstein map is constantly
equal to the origin o in the unit ball model.

In | , Section 3] Dumas introduced an explicit formula for Eps(,,») in the upper
half-space model of H?, which will be useful for our purposes. Let p be the point in the
geodesic joining 0 and oo in the upper half-space model such that the visual metric V,, at 0
equals |dz|?. Concretely, p = (0,0,2). If we write the conformal metric as o = €2"|dz|?, and
to simplify the notation we let 2 be a connected open subset of C so as to take ¢ = id, then
the expression for Epsq ) : D — H? is the following:

1 2\ (1 0\ (/e %2 0
Bosan)= (o 1) (1 1) (0 )7 ®

2.2.2. Schwarzian tensors. The last fundamental preliminary step that we will need in our
paper is an expression for the mean curvature of Epstein maps. For this purpose, we first
need to introduce the notion of Schwarzian tensor, due to Osgood and Stowe | ]. Given
two conformal metrics o7 = €2"|dz|? and o3 = e?™|dz|?> on a domain Q@ C CP!, the
Schwarzian tensor of o1 with respect to o3 is the quadratic differential (which is not neces-
sarily holomorphic, in general) defined as

B(o1,02) = ((12) 22 — (772)22 —(M)2z + (m)ZQ)sz (4)

This definition generalizes the classical Schwarzian derivative, in the sense that, if f: Q — C
is a locally injective holomorphic function, then

S(f) = 2B(|d=|?, f*|d=|*) . (5)
Clearly B(o3,01) = —B(01,02). Similarly to the Schwarzian derivative, the Schwarzian
tensor has a number of naturality properties. For any metrics o1, 02,03 on Q C CP!,
e Given a locally injective holomorphic map f,
f*B(o1,09) = B(f*o1, ffo2) . (6)
e The cocycle property holds:
B(oy,03) = B(o1,02) + B(os,03) . (7)
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In particular, (6) implies that if oy and o9 are invariant by an automorphism of €, then
so is the quadratic differential B(oy,02). If a group I' acts on Q by biholomorphisms with
Q/T = ¥, thus inducing in quotient surface ¥ a Riemann surface structure, and o1, 09 are
I-invariant conformal metrics, then B(o1,02) induces a well-defined quadratic differential
in the quotient.

2.2.3. Mébius flat metrics. A conformal metric o is said to be Mébius flat if B(o,|dz|?) =
0. From (5), for example, when f is itself a Mobius transformation, then the pull-back
metric f*|dz|? is always Mobius flat. This is not the only case. Indeed, one can show that
B(o,|dz|?) = 0 if and only if o is the pull-back by a Mébius transformation of one of the
following metrics:

e the flat metric |dz|? on C,
e a positive multiple of the Poincaré metric on D,
e a positive multiple of the spherical metric on CP!.

Now, given a metric o, we will denote by
B(o) = B(gcp,0)

the Schwarzian tensor of o with respect to a Mo6bius flat metric gep:. By the definition of
Méobius flat and the cocycle property (7), B(o) is independent of the chosen Mébius flat
metric gcp1. Hence if f is a Mobius transformation, then

B(f*o) = f"B(o) (8)
by (6). As another consequence of the independence of the definition of B(o) from the choice
of gcp1, together with the definition (4) applied to B(e* o) = B(|dz|?, e*' ), we have that if

€% is any positive constant then

B(e*o) = B(o) . (9)
Finally, given a quadratic differential ¢ = \(2)dz? and a conformal metric o = €27|dz|?,
we define the norm of ¢ with respect to o as:

18]lo(2) == e~ > A(2)] -
Since both |¢| and o follow the same transformation rule under a biholomorphic change
of coordinates, ||¢|, is as well-defined function, meaning that if f is a locally injective
holomorphic function, then
1170l o = l[dllo o f - (10)
In particular, if o = e?“hg is a conformal metric on (X, k) and ¢ is a quadratic differential
on (3, h), then ||¢||, is a function on ¥. From (9), we also obtain:

H(b”ezta = e_QtH(b”U ) (11)

for any constant ¢t € R.

2.2.4. Mean curvature. We are now ready to provide the formula for the mean curvature of
Epstein maps. Let o be a C? conformal metric on an open set . To simplify the notation,
we first suppose ¢ = id. Assume moreover that Epsq ,) is an immersion. In this case,
it turns out that Epsgq ) at z is tangent to the unique horosphere through Eps 4 ,) with
point at infinity 2. Then, the mean curvature of Epsjy ,) equals the function

K(0)® —1-16]B(o)|3

H(Eps(ia,0)) = (K(c) —1)2 - 16| B(o)|% ’

(12)
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where K (o) denotes the curvature of . See | , Equations 3.2, 3.3] and | , Lemma
3.4]. Here the mean curvature is defined as one half the trace of the second fundamental
form with respect to the first fundamental form. It is computed with respect to the unit
normal vector pointing towards 2. We will then apply the formula (12) when the Epstein
map induces an embedded surface in H?/T for T' a quasi-Fuchsian group, and for = Q*.
Hence the convention of the mean curvature here is consistent with Remark 2.1.

To write the general formula for Eps,, ), since the computation is local, we may restrict
to an open subset 2 on which ¢ is a biholomorphism onto its image. Let o be a metric on
Q and & be such that ¢*6 = 0. Then we observe that K (&)o@ = K(o), whereas by (5), (6)
and (7),

* ~ * * 1
¢"B(6) = B(¢"gcpr,0) = B(¢"gepr, gepr) + Blgepr, o) = B(o) — 55(90) :
Hence we can deduce the expression:
K(0)? —1-16||B(0) — S(¢)/2l3
(K(0) —1)* —16[B(0) — S(¥)/2[3
2.2.5. A technical point. The rough idea to prove the existence of CMC surfaces using the

H(Eps(tp,o)) = (13)

implicit function theorem is the following. Consider quasi-Fuchsian manifolds H? /T, where
OF are the connected components of the complement of the limit set Ap. We would like
to write the solutions of the CMC condition H = ¢, for ¢ € (—1,1), as the level sets of
a function G which depends on the hyperbolic metric A on ¥ in the conformal class of
Q7T /T (that is, it represents the first Bers parameter h* of M), on a holomorphic quadratic
differential ¢ on (X, h) which is (the quotient of) the Schwarzian derivative of the conformal
isomorphism between D and €2, and finally on the conformal factor of a metric of the form
e2"h on ¥. This last function u is an element of the infinite-dimensional functional space
C*(3,R). A priori the pair (h, @) varies in an infinite-dimensional space as well, since h
varies in the space M_1(X) of hyperbolic metrics. Although this is not really necessary,
it will be convenient to use the action of Diff(X) to reduce ourselves to representatives of
pairs (h, ¢), now varying in the finite-dimensional space Q(X). The following lemma will
serve to formalize this approach.

Lemma 2.4. Let 7 : M_1(X) — T(X) be the quotient map by the action of Diffo(X) on
M_1(X). There exists a smooth section s: T(X) = M_1(X) of 7.

We remark that the section s that we are looking for is not “canonical” in any manner.
We believe that Lemma 2.4 is well-known and there are actually several ways to achieve it.
For convenience of the reader, we sketch a proof relying on the theory of harmonic maps of
hyperbolic surfaces, see | |

Sketch of proof of Lemma 2.4. Fix a hyperbolic metric Ay on X, and consider the vector
space H°((X, hg), K2) of holomorphic quadratic differentials on (3, hg). Then for every q €
H((3, ho), K?) there exists a unique hyperbolic metric h, such that id : (X, ho) — (2, hy)
is harmonic, with h, depending smoothly on g. The correspondence ¢ — h, therefore
gives a map HY((X, ho), K?) — M_1(X) that, when post-composed with m, provides a
homeomorphism from HY((X, hg), K2) to T(X). This proves the existence of the desired
section. O

Remark 2.5. Wolf’s approach via harmonic maps actually led to the construction of a global
parameterization of 7(X) by means of the space HY((3, ho), K?), once the metric hg is
fixed. This allows us to identify the space Q(X) with a very concrete finite-dimensional
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manifold of real dimension 12g — 12, namely the total space of the smooth vector bundle &£
over HY((X, ho), K?) whose fiber over a quadratic differential ¢ is equal to HO((Z, hy), K?),
the space of holomorphic quadratic differentials of the hyperbolic surface (X, hq). In rest of
our exposition we will identify with abuse any pair (h, ¢) with its corresponding point in the
total space of £. (Notice that the identification with Q(X) heavily depends on the choice of
the section s from Lemma 2.4.)

3. EXISTENCE OF CMC SURFACES

The purpose of this section is to prove two existence results for CMC surfaces, morally
one (Theorem 3.1) “in the ends” and the other (Theorem 3.7) “in the compact part”. Then
in Theorem 3.8 we combine them to obtain the existence of CMC surfaces for h € (—1,1)
for quasi-Fuchsian manifolds close to the Fuchsian locus, which is for the moment weaker
than our main result, Theorem A.

3.1. Existence in the ends. It has been proved in | ] that the ends of every quasi-
Fuchsian manifold are monotonically foliated by CMC surfaces; another proof has been
provided recently in [ |. Here we will need an improved statement, in order to have a
local (in QF (X)) uniform control on the value of the mean curvature along the leaves of the
foliation.

Theorem 3.1. Let ¥ be a closed oriented surface of genus > 2 and m € QF(X). Then there
exists a neighbourhood Uy of m in QF (X) and a constant € = e(m, Uy) such that the ends of
every quasi-Fuchsian manifold in Uy are smoothly monotonically foliated by CMC' surfaces
whose mean curvature ranges in (—1,—14¢€) and in (1 —¢,1).

We say that the ends of M = 3 x R are the connected components of the complement of
a compact submanifold with boundary in M homeomorphic to X x I for I a closed interval.

3.1.1. Outline of the CMC existence for a fixred manifold. We now quickly review, using our
notation and set-up, the proof given in [ | and later we will explain how it adapts in
order to prove Theorem 3.1. Roughly speaking, the proof of | | is an application of
the implicit function theorem to the equation of constant mean curvature from the mean
curvature formula (12), with respect to a conformal metric at infinity.

More precisely, the idea of Quinn’s proof is to consider Epstein maps defined on Q. , with
¢ = id, associated to a conformal metric of the form o(u) = e*“hg for hy the conformal
complete hyperbolic metric, and to study the following equation in u:

H(EDPS(id,0(u)) = H
for H € (—1,1) close to 1. From (12), this gives the equation:
P ROND (4 () e e L A1
DS ) = TR (o () — 172 — 161 Blo(w) |2

- H (14)

Remark 3.2. If we choose a metric ¢ invariant under the quasi-Fuchsian group I' acting
on Q4 by biholomorphisms, then ||B (a(u))Hi(u) is a well-defined invariant function on the
quotient 3, by (8) and (10). This shows that the equation (14) can be really thought as an

equation for a function u on the quotient surface ¥, where o(u) = e?“hg is a metric on X.

Remark 3.3. In the situation of Remark 3.2, the uniqueness property of the Epstein map
as in Proposition 2.3 implies that the Epstein surface is invariant under the quasi-Fuchsian
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group I'. More precisely, for any v € I';, we have

Eps(id,o(u)) ©7 =7 © EPS(iq,0(u)) - (15)
Therefore Eps g ,(,)) induces a map from Q% /T" to the quasi-Fuchsian manifold H3/T.

Now the trick is to perform a renormalization to Equation (14), in order to obtain an

equivalent equation, for which we can find an explicit solution for H = —1. This consists in
the change of variables from (H,u) to (H,v), where
1 1+H
—ut =log [ =) . 1
v u+20g(1H> (16)
Let us now set 7(v) = e2Yhg, so that we have the identity:
1+H
r(v) = T o(u) (17)

A direct computation from (14) and (17) (and using also (11)) shows that u solves (14) for
H € (—1,1) if and only if v solves the equation:

G(H,v) :=1— H — 2HK(r(v)) + (-1 — H) (K(T(U))Q - 16||B(T(U))H3(U)) =0. (18)

The big advantage is that now the choice vy = 0 satisfies G(—1,vg) = 0, since 7(vg) = hg
and K (hg) = —1. Hence we are in the right setting to apply the implicit function theorem
near this solution (—1,vg) of the equation G = 0 (see e.g. | , §1.5]). One must show
that the derivative of G with respect of u is an invertible operator between suitable function
spaces (see details below), and achieves a family of solutions v = v(H) of (18) depending
smoothly on H, for H € [-1,—1+¢). This will provide CMC surfaces with mean curvature
H close to —1 via the Epstein maps Epsiq ,(u(zr))), where

W(H) = v(H) — %log G*Z) .

3.1.2. Adaptation for Theorem 5.1. We will now describe the extension of this strategy in
our setting. The difference is that we need to allow the quasi-Fuchsian manifold to vary as
well, represented by a variation of a pair (h, ¢), and thus of the holomorphic map f = fq;
which gives a biholomorphism between D and the domain Q7. Let us explain this in detail.

To make explicit the dependence on the hyperbolic metric h, we now denote oy, (u) := e2“h.
We need to replace Equation (14) by the condition that the mean curvature of the Epstein

map Eps(féygh(u)) equals H. From Equation (13), we see that such identity reads:

K(on(w)? = 1= 16| Blon(w) = 0/22, ) _ )

(K (on(u)) — 1) = 16||B(on(u)) — ¢/2II2,
where we have used that the holomorphic quadratic differential induced in the quotient by
S(f q;) equals ¢ by construction. This is again an equation on the closed surface 3, and the
same change of variables as in (16) leads to the equation:

G(H,h,6,0) i= 1= H-2H K (7 (0))+(~1-H) (K (m1(0))* = 16| B(m(0)) — 622, ) ) = 0.
(20)

where now 7, (v) = e2Vh.
Now, fix a hyperbolic metric Ay on ¥ and a holomorphic quadratic differential ¢y on
(X, h). Similarly to Section 3.1.1, a solution to Equation (20) is given by (—1, hg, ¢o, vo)
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where vy denotes the constant null function, since 74,(vg) = ho has curvature —1. To
apply the implicit function theorem, let us describe carefully the domain of definition of G.
Recall from Remark 2.5 that the choice of a section as in Lemma 2.4 provides us with a
diffeomorphism between Q(X) and R129712, We consider thus the open subset W of R129-12
that corresponds to the image of QF(X) under the map S introduced in (2). By a small
abuse of notation, we will denote the elements of W as a pair (h, ¢), where h is a hyperbolic
metric and ¢ a holomorphic quadratic differential on (2, h). Then we consider G as a map

G:RxW x W?5(2, ho) — WH*72(X, hy)

for s > 2, where W?2*(X, hg) denotes the Sobolev space of real-valued functions on X that
admit L2-integrable weak derivatives of order < s (with respect to the standard Riemannian
measure of hg), and W29(X, hg) := L?(2, hg). By direct inspection, G' depends smoothly
on all variables. We now need to show that the derivative dyG(_1 ny,¢0,00) 18 @ bounded
invertible operator, for any s > 2. A simple computation gives:

L d .
oG (~1ho.00,00) (1) =2 | (K(e*'h))
d
=2 — (eizv(*AhOU + K(ho)) (21)
dv v=vo
=2(20 — Ap,0)

It is well-known that such an operator is a continuous linear isomorphism; we provide here
a sketch of proof for convenience of the reader.

Lemma 3.4. Let f be a smooth and strictly positive function, and let h be any Riemannian
metric on a compact surface Y. Then the operator u — fu — Apu is a positive definite
and continuous linear isomorphism from W2*(3 h) to W25=2(3,h) for any s > 2. In
particular, for any smooth function X on ¥, there exists a unique smooth function u satisfying
Apu— fu= X\

Proof. Let T denote the continuous linear operator
T := fid — Ay : W5(S,h) = W>*73(5, h),

for some s > 2. A simple integration by parts shows that T is a positive definite symmetric
operator with respect to the L2-scalar product: indeed, for any v,w € W2*(X, h), we have

(v, Tw) e :/vadahz/(fvw—i—h(Vv,Vw))dah,
b b

where Vo denotes the (weak) gradient of v with respect to the metric h, and day, is the
standard Riemannian volume form. Since f is a strictly positive function, T satisfies
(v,Tv)2 > 0 for any v € W?25(3, h), with equality if and only if v = 0. To prove that
T is surjective, let A € W2*=2(3, k), and define the linear functional

o(v) ::/Ev)\dah.

Notice that ¢ is continuous with respect to the L2-norm, and hence with respect to the

Sobolev norm || - [|y2.s for any s > 0. We now introduce the following bilinear symmetric
form on W21(X, h):

a(v,w) := /E(fvw + h(Vov, Vw)) dap,
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If C > 1 is some positive constant satisfying C~! < f < C, then we have
O olas < afv,0) < Cllofdan.

for any v € W21(3, h). Therefore the bilinear form a is equivalent to the standard Hilbert
scalar product of the Sobolev space W21 (X, h), and therefore ¢ is continuous with respect
to a as well. By Riesz representation theorem, we conclude that there exists a unique
u € W2L(X, h) satisfying a(u,v) = p(v) for any v € W21(32, h). This proves the existence
of a weak solution u € W21(X, h) of the equation fu — Aju = .

A more delicate analysis is then required to show that the regularity of A\ € W25=2(%, h)
is sufficient to "promote” u to a genuine element in W2*(X, h) satisfying Tu = \. This is
the part of the argument where elliptic regularity theory is required, leading to controls of
the form

ullw.e < M(lullze + [ Mlwae—s),
with the multiplicative constant M > 0 that depends only on s > 2, the function f, and
the compact Riemannian surface (X,h). We refer to [ , §10.3.2] (see in particular
[ , Theorem 10.3.12]) for a detailed exposition of elliptic regularity results on smooth
manifolds. |

We have thus shown that d,G : W25(X, hg) — W2572(3, hg) is a linear isomorphism at
the point (—1, h, @, vg). We can now apply the implicit function theorem for Banach spaces,
and deduce that there exist € > 0, a neighbourhood Uy of (hg, ¢9) and a function

vi[=1,14¢) x Uy — W*(%, hg)

such that all solutions of G = 0 in a neighbourhood of (—1, hg, ¢o,vp) are of the form
G(H,h,p,v(H, h,¢)) = 0. Exactly as in | ], one can then apply elliptic regularity to
show that the functions v(H, h, ¢) are smooth and depend smoothly on (H,h,¢) (see e.g.
[ , Lemma 17.16]).
Using (16), we then define the function u: [—-1,1+¢€) x Uy — W?25(3, h) by

1 1+H
H =v(H — =1 — ] . 22
o(H.h0) = (i 1)~ 5 1og (1757 ) (22)

By construction, as H varies in [—1, —1 + ¢€), the Epstein maps

EpS(fd;,ezu(H,h,@) D — H3

then induce (smooth) CMC immersions of mean curvature H. We will see in Section 3.2
below that, up to choosing smaller ¢ and Uy, these maps are immersions. Moreover, as
observed in Remark 3.3, they induce CMC immersions in the quasi-Fuchsian manifold whose
image via the map S is the point (h, ¢).

Of course the same argument can be applied to the other end, namely for the component
Q™ of the domain of discontinuity, and for H close to 1. This concludes the existence part
in Theorem 3.1.

3.2. Foliations of the ends. We now discuss the foliation part of Theorem 3.1. For this
purpose, let us first outline the proof given in | ], to show that the ends of a given
quasi-Fuchsian manifold M are foliated by CMC surfaces; we will then adapt this proof in
order to complete the proof of Theorem 3.1.
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3.2.1. Outline of the foliation statement for a fixed manifold. In our notation from the pre-

vious section, Quinn’s idea is to consider, for hg and ¢q fixed, the map
U:x[-1,-1+€¢ - MUILM

which is induced in the quotient by the map ¥ : Q% x [-1,—1 +¢) — H3 U Q*:

z it H=-1

V(z,H) =
( ) {EpS(id7e2u(H))(Z) if H> -1

Then one would like to show that ¥ is a local diffeomorphism at every (z,—1), and use a
compactness argument to deduce that U is a diffeomorphism from % x [-1,—14¢') onto its
image, up to choosing ¢’ < ¢ sufficiently small.

Unfortunately, the differential of the map ¥ written above is not injective at the points
(z,—1). However, this is easily fixed by a reparameterization of the parameter H. Set
t(H) = /1 + H, and write H(t) = —1 +t2 for t > 0. Then we modify the map ¥ above to
a new map, that we call again ¥ : QF x [0,8) — H? U QT with an abuse of notation, for
0 =+/1+e€. It is defined by:

¥ t) z ift=0 (23)
z, =
EpS(id7e2u(H(t)))(z) ift>0

The map in (23) is now the expression that we would like to differentiate at points
(z,t = 0). This is easily done using the following explicit expression for the Epstein map
when ¢ = id and o = e2"|dz|?, which is a consequence of the formula (3):

EpS(id,o’)(Z) = (270) + (2775»€n) .

e + 4fn.[?

We must apply this formula to the metric o(u) = €2"|dz|? = e*“hy, for

u=u(H(t)) = v(H(t)) - %k’g (i%)

as in (22). Writing v = v(H (t)) and 7(v) = e*Yhg = €?*|dz|?, we have

and therefore we obtain the expression:

2 1+ H(t) L+ H(t) »
Epsid.o(u z) = (2,0) + 2 Az, e
(idou(r () (2) = (2,0) ENWIEEIOIWE ( 1-H(t) 1—H(t)

2 2t2 [ 2
:(Z’O)+62A+ 412 |)\z|2 (2_t2)\za 2—t2€ ) .

2—t2

(24)

From here, one sees that the limit as ¢ — 0% (that is, as H — —1%) of Eps(q » (u(#(1))))(?)
equals z. Moreover, the derivative of Epsgqg o (m(s))) With respect to ¢ at ¢ = 0 equals
(0,v/2e79) where g is the density of the hyperbolic metric on Q% with respect to |dz|?.
Therefore we have (in real coordinates on the upper half-space):

0
0
V2e~e

10
d\I/(Z’()) == O 1 (25)
0 0
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which is clearly invertible.

3.2.2. Adaptation for Theorem 3.1. The above construction by Quinn is analogue to the one
that we apply here, up to a modification in order to be able to choose € uniformly when
the pair (h, ¢) varies in a small neighbourhood of (hg, ¢g). For this purpose, we modify the
maps above (which we denote with the same symbol by a small abuse of notation) to:

U :Dx[0,6) x Up = (H? UdH?) x Uy
defined by (recall the definition of u(H, h, ¢) in (22)):
f:(2),h, ¢ ift=0
W o) = 4 100 ) ,
EpS(f(z)7e2u(H(t),h,¢)), h, (;5) ift>0
The map V¥ therefore induces a continuous map

V%% [0,0) x Up = (MUIEM) x U .
The first step consists in showing that the differential of ¥ (and therefore of \Tl) is invertible
at the points (z,t = 0).
Lemma 3.5. For every z € D and every pair (h,$) € Uy, the differential at (2,0, h,d) of the
map ¥ : D x [0,0) x Uy = (H* U H?) x Uy defined in (26) is invertible.
Proof. We clearly have that the differential of ¥ is of the form

dv z,0 ('7'7h07¢0) *
d\IJ(Z,O,h07¢O) = ( i 0 1

Hence it suffices to check that the differential of W(-, -, hg, ¢g) is invertible, namely, to com-
pute the derivatives with respect to z and ¢ keeping h and ¢ fixed. For this, we can actually
reduce to the computation we performed to obtain (25). Indeed, since f 3, 5@ locally injec-

tive holomorphic function, we can change variables from z to w := f o (z) in a small open
set on which f 3, 18 a biholomorphism onto its image. We can then consider u, v, n and A
as functions of w instead of z, up to composing with a local inverse of f 3o (Of course here
u and v are functions not only of (z, H) but also of (h,®), but since we are differentiating
with (h, ¢) fixed, the result will remain exactly the same.)

We then obtain, as in (24),

2 2t2 2
Eps(fd;U7U(U(H(t)7h0»¢0))(w) = (w,O) + e2>\ n 247t:2 ‘)\w|2 9 _ t2 Aﬂ)v 9 _ t2€ .

Differentiating as above, we obtain the same expression as in (25), which is invertible.

Since w is a local coordinate and the choice of (hg, ¢o) is arbitrary, the differential of ¥ is
invertible at the point (z,0, h, ¢) for any z, h, ¢. O

Therefore, U is a local diffeomorphism in a neighbourhood of every point (z, 0, h, ¢). We
now prove an easy topological lemma.

Lemma 3.6. Let X be a metrizable compact topological space, Y any topological space and V
an open subset of R™ containing the origin. Let F: X x V — Y be a continuous map such
that

o Flxxqoy is injective and
o F is locally injective at any (z,0) € X x {0}.
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Then there exists a neighbourhood V! C V' of the origin such that F|x v+ is injective.

Proof. Assume that there exists no such neighbourhood V' where F|x v~ is injective. Then
there exist sequences (2, tn)nen and (z),, t), ) nen with ¢, ¢/, — 0 such that (@, t,) # (z,, 1))

n»’n n»'n

and F(z,,t,) = F(z,,t,). Since X is metrizable and compact, it is sequentially compact,
and we can extract a convergent subsequence from both (z,)neny and (2))nen. Let the
respective limit points be 2, and 2. By continuity of F' we have that F(z,0) = F(z/_,0)
which implies that z., = 2z, since F|x (o} is injective. But I is assumed to be locally
injective in a neighbourhood of (z,0), which means that for n large enough, (z,,t,) =

(z!,,t). This gives a contradiction. O

We are now ready to conclude the proof of Theorem 3.1. Indeed by Lemma 3.6 the map T
is an injective local diffeomorphism, if we restrict further its domain of definition, choosing
smaller § and Uy. Hence it is a diffeomorphism onto its image. In particular, composing
with the projection to the first factor M U 9% M gives a diffeomorphism from ¥ x [0, d) to
its image for all (h,®) in Uy. Since H(t) = —1 + t? is a diffeomorphism between (0, §) and
(=1, —1+¢) for e = —1+62, we have that for every (h, ¢) in Uy and every H € (—1, —1+¢) the
Epstein maps Eps f300(u(H h,6)) induce a smooth family of embeddings in the quasi-Fuchsian
manifold M corresponding to (h, @) of constant mean curvature H.

Of course, the same argument can be repeated for H close to —1, obtaining a monotone
CMC foliation of a neighbourhood of 0 M. Clearly, up to choosing a smaller € and a smaller
Uy, we can assume that the regions of m € Uy foliated by surfaces with CMC in (=1, —1+¢)
and in (1 — €, 1) are disjoint. This means that for every m € Up, these CMC surfaces foliate
the complement of a compact set homeomorphic to ¥ x I. This concludes Theorem 3.1.

3.3. Existence in the compact part. We now prove the existence of CMC surfaces, with
mean curvature in (—1,1), in a neighbourhood of any Fuchsian manifold. Again, we will
need to have some (although very weak) local uniform control on the value of the mean
curvature, as in the following statement.

Theorem 3.7. Let X be a closed oriented surface of genus > 2, Hy € (—1,1) and m € F(X).
Then there exists a neighbourhood Uy, of m in QF (X) and a constant € = e(m, Uy, , Ho)
such that, for every H € (Hy — €, Hy + €), every quasi-Fuchsian manifold in Uy, contains
CMC surfaces with mean curvature H, which vary smoothly with respect to H. Moreover,
we can assume that all such CMC surfaces have principal curvatures in (—1,1).

To prove Theorem 3.7, we will use a similar setting as in Section 3.1. Roughly, the main
idea is to use the implicit function theorem in order to deform the solutions to the CMC
problem in a Fuchsian manifold, which are given by umbilical surfaces equidistant from
the totally geodesic surface, to solutions to the CMC problem in nearby manifolds and for
nearby values of the mean curvature.

Proof. The proof is very similar to Section 3.1.2. After the change of variables from
(H,h,¢,u) to (H,h,¢,v), where v is defined in Equation (16), the equation of constant
mean curvature equal to H for the Epstein map Eps Fom(w) is equivalent to Equation (20),
which we rewrite here for the sake of convenience:

G(H, b, 6,0) = 1= H=2HK (1y(0))+(~1-H) (K (1(¢))* = 16| B(ra(v)) = 6/2I1%,(,)) = 0,

for 71, (v) = €**h. We consider again G as a map from R x W x W25(3, hg) to W25=2(3, hg),
where hg is some fixed hyperbolic metric on 3. One checks directly that, for any Hy €
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(=1,1), the point (Hy, ho, ¢o,vo) is a solution, where vog = 0 and ¢9 = 0. This uses that
B(hg) = 0 because hg lifts to the Poincaré metric on D, which is Mébius flat, as discussed
in Section 2.2.3. Of course this solution corresponds geometrically to the umbilical CMC
surface in the Fuchsian manifold, obtained as an equidistant surface from the totally geodesic
surface.

Hence to apply the implicit function theorem for Banach spaces, we differentiate G with
respect to v. The differential of the term ||B(73,(v)) — ¢/2||2 ., vanishes because

7 (V)
B(7he(v0)) = ¢0/2 =0,

for the same reason as above. We therefore have, similarly to the proof of Theorem 3.1 (see
Equation (21)):

d
&G (Hy hogowe) = (—2Ho + 1+ Ho) —|  (K(e*"h))

dv -

= (1 — Ho)(20 — Apyd)

Since Ho # 1, dyG'(Hy,ho,é0,00) 18 invertible by Lemma 3.4, and we therefore obtain a family
v:i[=1,1+¢€) x Uy — W25(XZ, hg) of smooth solutions, depending smoothly on H.

Define u : [=1,1 +¢€) x Uy — W?>*(X%, hg) as in (22). We claim that the Epstein map
Eps(fd)o762u(H0J10,d>0)h0) = Epsiq,e2uony) where

ug = u(Ho, ho, ¢o) = —%log 14__52 ;

is an immersion with first fundamental form equal to a multiple of the hyperbolic metric hg.
This is of course what we expect since the geometric meaning of the solution (Hy, hg, ¢o, vo)
is the umbilical CMC surface that descends to an equidistant surface from the totally ge-
odesic surface in the Fuchsian manifold. The claim can actually be checked without any
computation, because the Poincaré metric on D, the vanishing quadratic differential ¢y and

the constant function ug are all invariant under the group of biholomorphisms of D. Hence
one can use the uniqueness property in Proposition 2.3 to deduce that there exists a surface
S in H?, equidistant from the totally geodesic plane whose boundary coincides with oD,
such that Epstein map Eps(ia,euong) 18 the unique embedding ¢ : D — S C H? satisfying

to(=C¢Cout
for every biholomorphism ¢ of D.

Since being an immersion is an open condition, up to restricting the neighbourhood Ug,
and taking a smaller €, we can therefore assume that all Epstein maps

Eps(g, enmn) : D — H (27)

are immersions, which have constant mean curvature equal to H by construction. Hence
these Epstein maps induce CMC surfaces in the quotient quasi-Fuchsian manifolds corre-
sponding to the points (h, ¢) in a neighbourhood of (hg, ¢o).

The “moreover” part of the statement will follow again by continuity, up to restricting the
neighbourhood Uy, and taking a smaller €. Indeed, first observe that as a byproduct of our
method, the CMC Epstein maps (27) that we constructed depend smoothly on (H, h, ¢),
for H € (Hy — €, Hy + ¢€) and (h, ¢) in a neighbourhood of (hg, ¢o). Therefore their shape
operator A = Il depends smoothly on (H, h, ¢) (where I is the first fundamental form and
II the second fundamental form). In particular, although the principal curvatures A; and Ag
(namely, the eigenvalues of A) are in general not smooth functions, their sum and product
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are smooth, since they are respectively equal to tr(A) and det(A). By equivariance with
respect to the group actions, we can thus consider tr(A) and det(A) as smooth functions on
the closed surface ¥, that vary smoothly on (H, h, ¢)

Second, the principal curvatures of the umbilical CMC surface with mean curvature H
are both equal to H, which is smaller than one in absolute value by assumption. Now,

to show that the principal curvatures of the CMC surface with mean curvature H remain
smaller than one in absolute value, it suffices to show that the function f: 3 — R

fp) =1 =) (1 = A2(p)?) (28)
does not vanish, up to restricting the neighbourhoods of Hy and (hg, ¢9). But the function
f is constantly equal to (1 — H?)? > 0 at the Fuchsian point (hg, ¢o), and depends smoothly
on (H,h, ) since it can be rewritten as f = 1 — tr(A4)? + 2det(A) + det(A4)2. Thus, by
continuous dependence and cocompactness, it remains positive, choosing an e small enough
and a sufficiently small neighbourhood of (hg, ¢p). This concludes the proof. |

3.4. Conclusion of existence in a small neighbourhood. Based on Theorems 3.1 and 3.7, we
are now ready to prove the existence of CMC surfaces for each value of the mean curvature
in (—1,1), in a suitable neighbourhood of the Fuchsian locus.

Theorem 3.8. Let X be a closed oriented surface of genus > 2. Then there exists a neigh-
bourhood U of the Fuchsian locus in quasi-Fuchsian space QF(X) such that, for every
H € (-1,1), every quasi-Fuchsian manifold in U contains an embedded CMC surface of
mean curvature H.

Proof. We will show that, for every m € F(X), there exists a neighbourhood V = V(m) of
m in QF(X) such that every m’ in V contains embedded CMC surfaces for all H € (—1,1).
Taking the union of V(m) as m varies in F(X) clearly provides the claimed neighbourhood
of the Fuchsian locus.

Let us fix a convenient notation. For the sake of simplicity, we fix m in F(X), and we
will omit every dependence on m. Theorems 3.1 and 3.7 provide us with:

(1) A neighbourhood U of m and a constant € such that all quasi-Fuchsian manifolds
in U contain embedded CMC surfaces with mean curvature H ranging in (—1, -1+
€§)U(l—-¢1), and

(2) For every Hy € (—1,1), a neighbourhood U, of m and a constant eg, such that all
quasi-Fuchsian manifolds in U contain immersed CMC surfaces with mean curvature
H ranging in (Hy — €p,, Ho + €p,) (clearly, ey, will be small enough so that (Hy —
€H0;HO + GHO) C (—1, 1))

Actually, in item (2), we can assume that the immersed CMC surfaces have principal
curvatures in (—1,1). This implies automatically that they are embedded, see item i) of
Proposition 4.1 below.

Now, the family of intervals

F=A{-1,-14+¢}U{(1 —-¢€ 1]} U{(Ho — €n,, Ho + €m,) | Ho € (—1,1)}
is an open covering of the compact interval [—1,1], hence it admits a finite subcover
F= {[—1, -1 -I-/E\)} U {(1 —/6\7 1}} U {(Ho — EHO,HO + €H0) ‘ Hy € {Cl, - 7CN}} .

Therefore the intersection

~

U:=0UNnU,N...0Usy
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is an open neighbourhood of m in QF(X) with the property that for every H € (—1,1) and
for every m/ in U there exists an embedded CMC surface with constant mean curvature H.
This concludes the proof. O

In the next section, we will improve the proof of Theorem 3.8 in order to prove that the
neighbourhood U can be taken so as to have the property that the embedded CMC surfaces
of each quasi-Fuchsian manifold M in U constitute a smooth monotone foliation of M.

4. FOLIATIONS OF QUASI-FUCHSIAN MANIFOLDS

Having established the existence of embedded CMC surfaces, for H € (—1,1), in a quasi-
Fuchsian manifold in a suitably small neighbourhood of the Fuchsian locus, we now refine
the construction to show that, in a possibly smaller neighbourhood, there is a monotone
smooth foliation by CMC surfaces.

4.1. Small principal curvatures and equidistant foliations. We will say that a C? immersion
of a surface in H?® has small principal curvatures if its principal curvatures are in (—1,1).
The following statement contains the fundamental properties that we will use on surfaces
with small principal curvatures.

Proposition 4.1. Let X be a closed surface and let v : > — M be an tmmersion with small
principal curvatures in a quasi-Fuchsian manifold M homeomorphic to ¥ x R. Then:

i) The immersion ¢ is an embedding and a homotopy equivalence.
it) There is a diffeomorphism ¢ : ¥ x R — M such that {(-,0) = ¢, ((p,-) is the unit
speed geodesic intersecting 1(X) orthogonally at t(p), and

dm(C(p, 1), C(p,m2)) = dm (C(E x {r1}),((p,72)) = [r2 — 71| (29)

Let us choose such ¢ so that ((-,7) approaches O M asr — +o00. If moreover 1 has constant
mean curvature H, then

iii) The mean curvature of the surface ((X x {r}) is strictly larger than H if r > 0 and
strictly smaller than H if r < 0.

1) There exist differentiable functions f_, f+ : R — R satisfying f+(0) = H and
fi(r) > 0 for all r, such that the mean curvature of ((X X {r}) is between f_(r)

and fi(r).

We will refer to the function r : M — R as the signed distance from the embedded surface
S =(X).

Proof. Points i) and ii) are well known. For point ), see | ] or | , Proposition
4.15, Remark 4.22]. Let S be the lift of S = ¢(3) to the universal cover H3. To show point
i1), the fundamental property is that S stays in the concave side of any tangent horosphere
(see [ , Lemma 4.11]), hence a fortiori on the concave side of any tangent metric ball
centered at a point P outside S. This implies that the geodesics orthogonal to S are pairwise
disjoint and form a global foliation in lines of M. Moreover, the distance from S is realized
along the orthogonal geodesic through P. Observe that if S = ¢(X) has small principal
curvatures, then all equidistant surfaces ¢(X x {r}) also have small principal curvatures
( , Chapter 3] or | , Corollary 4.4]). Hence one can repeat the above argument
replacing S with {(X x {r}), and conclude (29) for all 71, rs.

To prove points iii) and iv), observe that, with our convention on the mean curvature
(see Section 2.2.4), the principal curvatures A\ (p,7), A2(p, ) of the embedding ¢, := {(-,r) :
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> — M at the point p satisfy the formula:
Ai(p,7) = tanh(pi(p) +7) (30)

which is monotone increasing in r, where \;(p,0) = tanh u,;(p) € (—1,1). Since the mean
curvature of ¢, at p equals (A1(p,r) + Aa(p,7))/2, it follows that it is larger than H =
(M (p,0) + A2(p,0))/2 if » > 0 and smaller than H if r < 0, as claimed in point iii).

More precisely, by a direct computation from Equation (30) one checks that the derivative
of the mean curvature function

r Hy(r) = % (Ailp,r) + Aa2(p, 7))

takes value in (0, 1) for all r. If we fix r, using compactness of ¥ we can define the functions

d d

g—(ro) = Iz}lelg i _ Hpy(r) g+(ro) = max I _ Hy(r) .

Integrating g_ and g, which are both positive everywhere, from 0 to r, one obtains the
functions f_ and fy as in point iv). We remark that g+ are continuous, hence integrable:
indeed, using continuity in p and r of the r-derivative of H,(r), we see that if 7, — 7, then
a sequence p, € X of minimum points of (d/dr)H,(r,) converges up to a subsequence to
Doo, Which is necessarily a minimum point of (d/dr)He(r~). Hence g—(ro) = lim,, g (7,),
and analogously for g4 by replacing minimum by maximum. O

4.2. Maximum principle for CMC surfaces. In this section we apply Proposition 4.1 and
the geometric maximum principle for mean curvature to achieve two properties which will
play a fundamental role in the proof of the foliation result, Theorem A.

Proposition 4.2. Let M = 3 x R be a quasi-Fuchsian manifold and let Sy and Sy be
closed embedded CMC surfaces in M homotopic to ¥ x {*} with the same mean curvature
H e (-1,1). If Sy has small principal curvatures, then Sy = St;.

Proof. Let r be the signed distance function from Sp, given by the diffeomorphism ¢ as in
Proposition 4.1, applied to the inclusion ¢ of ¥ with image Sy. Since S} is compact, the
restriction of r to S%; has a maximum ryax = (Pmax) and a minimum ryin = 7(Pmin)- BY
Remark 2.1, the normal vector to S}; coincides with minus the gradient of the function r at
the points pmin and pmax.

This implies that S is tangent to the equidistant surface ((X X {rmax}), and entirely
contained in the side {r < rpax}, towards which the normal vector is pointing by our
convention. By the geometric maximum principle, the mean curvature of S, which equals
H, is larger than the mean curvature of (X X {rmax}) 8t Pmax. By item iii) of Proposition
4.1, rmax < 0. Repeating the argument for the minimum point, one obtains r,;, > 0. Hence
r =0 on S%. Since both Sy and S’; are closed embedded surfaces, they must coincide. O

Let us now consider the case of two CMC surfaces with different values of the mean
curvature.

Lemma 4.3. Let M = % x R be a quasi-Fuchsian manifold and let Sy and Sy be closed
embedded CMC surfaces in M homotopic to ¥ x {x}, with mean curvature H and H' re-
spectively, for H # H'. If Sy has small principal curvatures, then Sy and Sy are disjoint,
and moreover the signed distance of every point of Sy from Sy is between f;l(H’) and
f=Y(H"), where fi are the increasing functions introduced in Proposition 4.1.

Proof. The proof is very similar to Proposition 4.2. Suppose H' > H, the other case being
analogous. Consider the restriction to Sp: of the signed distance function r with respect
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to Sg. This functions admits a minimum ryiy = 7(Pmin) and a maximum rmax = 7(Pmax)-
Hence Sy is tangent to (X X {rmin}) at pmin and to ((X X {rmax}) at Pmax, and contained in
the region {rmin < r < rmax} between the two. The geometric maximum principle together
with item iv) of Proposition 4.1 then implies that

f*(rmax) S HI S er(Tmin) .

This implies that the restriction of r to Sy is at least ryin > f;l(H’)7 and at most rya. <
f=Y(H"), as claimed. O

4.3. Proof of Theorem A. Let us now conclude the proof of the smooth monotone foliation
result, by putting together all the ingredients. The aim is showing that, for M a quasi-
Fuchsian manifold in a suitable neighbourhood U of the Fuchsian locus F(5), there exists
a diffeomorphism between ¥ X (—1,1) and M such that, restricted to each slice ¥ x {H},
is an embedding of constant mean curvature H. The existence of such CMC surfaces has
been proved in Theorem 3.8, so now the goal (up to choosing a smaller neighbourhood U of
F(X)) is achieving the diffeomorphism, thus proving the smooth foliation part.

Proof of Theorem A. Recall that the proof of Theorem 3.8 produces, for every m in F(X),
a neighbourhood U in QF(X) as the intersection

U:=UnU,N...N0Us, , (31)
where U is a neighbourhood of m in which the ends are monotonically foliated by CMC

surfaces with mean curvature ranging in (—1,—1+¢€) U (1 — € 1), and the U,, are neigh-
bourhoods of m obtained from the family Up, (by extracting a finite cover of the interval
[—1,1]). Hence for every i, in every quasi-Fuchsian manifold inside U, we have existence of
CMC surfaces of mean curvature ranging in (¢; — €., ¢; + €, ).

Now, let us provide a couple of preliminary observations. First, from Theorem 3.7, we
can assume that the Up, have the property that the CMC surfaces of mean curvature
(Ho — €n,, Ho + €p1,) have small principal curvatures. (In particular, they are embedded by
i) of Proposition 4.1.) Hence in (31), we can assume that all the U,, have this property.
Second, it is harmless to assume that ¢; < ... < ¢y and that the corresponding intervals,
namely (—1,—1+€),(c1 — €c;,¢1 +€cy )y -y (CN — €cns CN + €y ), (1 — €, 1) only intersect in
pairs (that is, each interval intersects the previous and the next one, and no other), up to
choosing smaller €’s.

Having made these assumptions, using Theorem 3.7 we can construct, for any quasi-
Fuchsian manifold M in U, smooth maps

& XX (¢;— €y it e;) > M

having the property that &, (X x {H}) is an embedded CMC surface of mean curvature H.
Similarly in the ends, from Theorem 3.1 we get smooth maps

£ :9x(-1,-148 > M and &y :Ex(1-81) =M

satisfying the analogous property.

By our previous assumption, all the & (X x {H}) have small principal curvatures, if
i€ {1,...,N}. Hence by Proposition 4.2, we have £;(Xx{H}) = &/ (X x{H}) for every i,i €
{0,..., N+ 1}. Using our other assumption, namely that only consecutive intervals overlap,
we can iteratively precompose each &;, starting from &;, with smooth diffeomorphisms of the
source that preserve each slice ¥ x {H}, so that & (-, H) = &4+1(-, H) as long as H is in the
intersection of the corresponding intervals. Hence we can glue together the £;’s to obtain a
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smooth map

E:Xx(-1,1)=>M
such that £(3 x {H}) is an embedding of a CMC surface with mean curvature H, which we
denote by Sp.

We claim that ¢ is injective. Indeed it is injective on every slice ¥ x { H}, hence it suffices
to show that the images of different slices are disjoint. We distinguish three cases. If H is in
one of the intervals (¢; — €., ¢; + €, ), then Sy is disjoint by any Sy, for H' # H by Lemma
43. If H e (—1,-1+¢€) and H € (1 —¢,1), then Sy and Sy are disjoint because the two
neighbourhoods of the ends are disjoint. Finally, if both H and H’ are in (—1,—14F€) or in
(1-7¢1), then Sy and Sy are disjoint by Theorem 3.1.

Moreover £ is surjective by the intermediate value theorem, because it is a diffeomorphism
onto a neighbourhood of the ends when restricted to ¥ x (—1,—14¢€) and X x (1 —€,1) by
Theorem 3.1. Hence £ is a homeomorphism. By the inverse function theorem, to prove that
it is a diffeomorphism, and thus conclude Theorem A, it suffices to show that its differential
is injective at every (p, H) with H in one of the intervals (¢; — €., ¢; + €¢,).

For this purpose, we know already that the differential of £ is injective when restricted
to 1,3 C Ty, ) (X x (—1,1)), and d§(T,¥) is the tangent space to the CMC surface which
we will call Sp. Hence it suffices to show that d§(0/0H) is a nonzero vector transverse
to d&(p, i) (TpX) = Te(p,rr)Su. Here we use that Sy has small principal curvatures, and the
equidistant foliation from Proposition 4.1. Indeed, it is sufficient to show that d(ro&)(0/0H)
does not vanish, where r is the signed distance from Sy provided by Proposition 4.1. But
the last part of Lemma 4.3 tells us that r o £ (which is a differentiable function) is larger
than the function f;17 whose derivative is positive. Hence

4
dt|,_y
This concludes the proof. O

(ro&)(p,t) >0.
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