
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Some geometric methods in chromatic homotopy theory

Permalink
https://escholarship.org/uc/item/1wr3v014

Author
Luecke, Kiran

Publication Date
2023
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/1wr3v014
https://escholarship.org
http://www.cdlib.org/


Some geometric methods in chromatic homotopy theory

by

Kiran Luecke

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Mathematics

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Professor Constantin Teleman, Chair
Professor Ian Agol

Professor Martin Olsson

Summer 2023



Some geometric methods in chromatic homotopy theory

Copyright 2023
by

Kiran Luecke



1

Abstract

Some geometric methods in chromatic homotopy theory

by

Kiran Luecke

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Constantin Teleman, Chair

This thesis is a conglomerate of several results in algebraic topology united by the common
thread of taking seriously the idea that geometric considerations can be useful for proving
algebraic results in the field of chromatic homotopy theory. These results include a geometric
construction of equivariant elliptic cohomology at the Tate curve, abstract derivations of
the dual Steenrod algebras at all primes, and geometric presentations of higher algebraic
structures.
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Chapter 1

Introduction

1.1 An explanation of the title

This thesis is a conglomerate of several results in algebraic topology united by the common
thread of taking seriously the vague idea that “geometric” considerations are often useful.
The algebro-topological results fall more specifically within the area of chromatic homotopy
theory1, a field which is notoriously algebraic/combinatorial2 and un-“geometric.” At this
point I should probably explain what I mean by “geometric.” I don’t mean anything terribly
mathematically precise, but the following comes close: a mathematical object or technique
is geometric if it is presented by or involves a point-set construction referencing a manifold
in some way (e.g. a stably almost complex manifold-with-singularities3 or a Fredholm op-
erator on a vector bundle over a Lie groupoid). The central way in which these geometric
considerations find application to the homotopy theoretic results at hand is by taking the
philosophical stance that cohomology theories4—functors from a suitable category of topo-
logical spaces to the category of graded abelian groups satisfying a suitable version of the
Eilenberg-Steenrod axioms—should be (when possible) conceptually viewed and handled in
practice as being the presheaf of isomorphism classes of a sheaf of groupoids of geometric
objects. A convenient formalism for capturing this idea is the subject of Section 2. The
reason for my advocation of this philosophical stance is (mostly5) practical - as this thesis
hopes to prove, the geometric viewpoint often leads to substantial insights into homotopy
theoretic questions. Before I make this claim more precise in Section 1.3, I would like to give

1The next subsection contains an introduction for those not familiar with the subject.
2The popular techniques in the field involve things like localizations and spectral sequence calculations,

not to mention the entire area has its foundations in 8-category theory and is thus either combinatorial or
abstract-homotopy-theoretic.

3Manifold-with-singularities deserves further explanation but that further explanation deserves to be
omitted from the Introduction. See Definition 5.1.1.

4And by extension, spectra.
5There is a small part of me that takes this stance dogmatically but I try to keep that part of me to

myself.
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a short overview of chromatic homotopy theory.

1.2 A chromatic introduction

One of the main branches of modern algebraic topology is chromatic homotopy theory.
Broadly, chromatic homotopy theory is the practice of studying the stable homotopy cate-
gory via its connection to the algebraic and arithmetic geometry of (1-dimensional, commu-
tative) formal groups. Conventionally, chromatic homotopy theory is an algebraic practice;
the methods of higher algebra [21] (E8-rings, Bousfield localization, the Adams spectral
sequence, obstruction theory) are used to flesh out what this connection says about the
stable homotopy category. The first citation in any overview of chromatic homotopy the-
ory is Quillen’s paper [23], where the connection to formal groups is first solidified in what
is now simply known as “Quillen’s theorem6:” that the complex cobordism spectrum MU
carries the universal formal group law on its homotopy groups. This leads to the fact that
the MU -based Adams spectral sequence has E2-page given by certain cohomology groups of
the moduli stack of formal groups Mfg, and that the local behavior of the stable homotopy
category can be calculated by localizing at various geometric points of that moduli stack.
But this thesis takes a slightly different path. It still begins with Quillen’s [23], but instead
of building off the results of that paper, it builds off its methods. Briefly, those methods
can be outlined/highlighted as follows: first, Quillen gives a geometric presentation of the
cohomology theory associated to MU whose cocycles are manifolds-with-structure. Then
he defines two sets of cohomology operations using the geometry of these manifold cocycles.
In the modern language of higher algebra, one of these sets of operations is (a geometric
presentation of) the power operations associated to the E8-ring structure on MU . Using
a clean intersection formula Quillen then proves a certain relation between the two sets of
operations, and thereby deduces that the coefficients of the canonical formal group law on
MU˚ generate it as a ring, from which Quillen’s main theorem follows easily. Therefore,
Quillen’s theorem, the central/nodal result of chromatic homotopy theory is proved using
a fundamentally geometric viewpoint, in particular a geometric, manifold presentation of
MU not only as a spectrum, but also as an E8-ring spectrum. This thesis is guided by the
goal of taking this geometric perspective on chromatic homotopy seriously and exploring the
consequences.

1.3 Merits of the geometric viewpoint

As mentioned above, I hope that this thesis serves as evidence that a geometric viewpoint
on chromatic homotopy theory leads to practical merits. The applications in this thesis
that should be highlighted here are the construction of chromatically interesting objects

6Of course, since Quillen was pretty prolific, there are probably 5 or 6 theorems that name might
reasonably refer to.
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(cf. Sections 4.3 and 5.3) calculational tools (Section 4.2), conceptually clear alternates
for algebraic calculations (cf. Sections 5.2 and 5.5), clean presentations of higher algebraic
structures (cf. Sections 5.6 and 5.7).
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Chapter 2

Symmetric stable functors

Definition 2.0.1. Let Finˆ be the category of finite sets and isomorphisms.

Definition 2.0.2. For a finite set N write RN for the topological vector space of maps
N Ñ R and CN for the topological vector space of maps N Ñ C. Write SN for the 1-point
compactification of RN .

Definition 2.0.3. Let Set˚ be the category of pointed sets.

Definition 2.0.4. Let C be a 1-category. Define a monoidal structure on FunpFinˆ ˆ
Cop, Set˚q as follows:

pF bGqpN, cq :“
à

MĂN

F pM, cq bGpN ´M, cq.

That is Day convolution in the Fin-variable and the pointwise tensor product of pointed sets
in the C variable. Let δ : ∆ Ñ C be a cosimplicial object in C. Then δ˚ induces a monoidal
functor

δ˚ : FunpFinˆ ˆ Cop, Set˚q Ñ FunpFinˆ ˆ∆op, Set˚q

where the codomain is equipped with the same monoidal structure as the target (with C
replaced by ∆). Let σ P FunpFinˆˆCop, Set˚q be such that δ˚σ is equivalent1 to the “sphere”
S given by pN,∆kq ÞÑ SpNqk “ SingkS

N as a monoidal object in FunpFinˆ ˆ ∆op, Set˚q.
Then a symmetric stable functor is a σ-module in FunpFinˆ ˆ Cop, Set˚q, which form a
category σ-mod, also called SstFunpC, σ, δq to emphasize the input data. This is a monoidal
category with tensor product given by the following colimit in FunpFinˆ ˆ Cop, Set˚q

F bσ G :“ colimpF b σ bG Ñ F bGq.

Write δ˚σ-mod for the category of δ˚σ-modules in FunpFinˆˆ∆op, Set˚q (with a relative
tensor product similar to the above). Since δ˚σ is monoidally equivalent to the sphere S, δ˚σ-
mod is equivalent to the category of S-modules, which is the category of symmetric spectra

1In the Kan-Quillen model structure on simplicial sets.
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in simplicial sets (as defined in e.g. [3]). Pullback along δ therefore defines a monoidal
functor

SstFunpC, σ, δq “ σ-mod
δ˚
ÝÑ δ˚σ-mod » SymSppsSet˚q,

which leads directly to the following lemma.

Lemma 2.0.5. Let E8pSpq be the symmetric monoidal 8-category of E8-ring spectra and
let E1pSpq be the category of E1-ring spectra. Given a triple pC, σ, δq as above there are
functors

CMonpSstFunpC, σ, δqq Ñ E8pSpq.

AssMonpSstFunpC, σ, δqq Ñ E1pSpq

and the first one is symmetric monoidal.

Proof. This is immediate from the well-known fact that commutative/associative symmetric
ring spectra model E8/E1 ring spectra (c.f. [3]) and the fact that the functor δ˚ preserves
colimits so that the relevant relative tensor products are preserved.

Definition 2.0.6. For a symmetric spectrum T let uT denote the underlying spectrum.

Definition 2.0.7. Let cMan be the category of compact manifolds-with-corners (c.f. Def-
inition 5.1.1), and set C “ cMan ˆ ∆op. Let σ P FunpFinˆ ˆ Cop, Set˚q be defined by
σpN,X,∆kq “ HomcManpX,S

Nq and let δ : ∆ Ñ C be the cosimplicial object defined by
δp∆kq “ p∆k

top,∆
kq. Then δ˚σpN,∆kq “ HomcManp∆

k
top, S

Nq is monoidally equivalent to the
sphere S as required in Definition 2.0.4, so that the category SstFunpC, σ, δq is defined.
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Chapter 3

K-theory

In this chapter I construct a completed version of twisted S1-equivariant K-theory, with an
eye towards its application in the next chapter. I will use the formalism of symmetric stable
functors to construct E8-ring structures in certain cases. In particular the construction
will specialize to the case of ordinary (untwisted an un-equivariant) K-theory and therefore
present KU as an E8-ring spectrum.

Some Definitions and Disclaimers : In this chapter, rings, abelian groups, and Hilbert
spaces are assumed to be Z{2Z-graded, unless it is stated otherwise. As is standard, the
loop group LG of a Lie group G is the group of smooth maps S1 Ñ G with the topology
of uniform convergence. C2 is the cyclic group of order 2. All groupoids considered in this
paper are topological groupoids (cf. Definition 3.0.2) unless otherwise stated. The following
string of definitions sets the stage for the context in which these groupoids are considered.

Definition 3.0.1. The category Top is defined to be the category whose objects are topo-
logical spaces that are homotopy equivalent to a CW -complex and whose morphisms are
continuous maps.

Definition 3.0.2. A topological groupoid X “ pX1 Ñ X0q is a groupoid object in the
category Top. A morphism of topological groupoids is a morphism of the corresponding
diagrams in Top.

Definition 3.0.3. Let X “ pX1 Ñ X0q be a topological groupoid. The coarse quotient rXs
is the quotient of X0 under the equivalence relation defined by x „ y if there is a morphism
from x to y. In other words, it is the topological space of isomorphism classes of objects of
X.

Definition 3.0.4. A map of topological groupoids X Ñ Y is a local equivalence ([13] Defini-
tion A.4) if the induced map of (discrete) groupoid-valued presheaves on Top Homp´,Xq Ñ
Homp´,Yq is an equivalence on stalks. Two topological groupoids X and Y are said to be
weakly equivalent if there is a diagram of local equivalences X Ð Z Ñ Y. Although it will
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not be needed, some readers may take comfort in the fact that weakly equivalent topolog-
ical groupoids present the same underlying stack on the site of topological spaces (cf. [13]
Remark A.5).

Definition 3.0.5. A topological groupoid X “ pX1 Ñ X0q is called a local quotient groupoid
if there exists a countable open cover tUαu of the coarse quotient rXs such that the full
subgroupoid associated to each Uα is weakly equivalent (cf. Definition 3.0.4) to the quotient
groupoid of a Hausdorff space M by a compact Lie group K, denoted in this paper by M{K.

3.1 S1-completed twisted K-theory

The S1-equivariant theory is constructed for certain BZ-groupoids, which are defined as
follows.

Definition 3.1.1. A BZ-groupoid is a pair1 pX, αq consisting of a groupoid X “ pX1 Ñ X0q

and a BZ-action α, i.e. an automorphism of the identity functor α : 1X ñ 1X. A morphism
(“BZ-equivariant map”) of BZ-groupoids pX, αq Ñ pX1, α1q is a morphism of topological
groupoids F : X Ñ X1 such that for every x P X0, F pαpxqq “ α1pF pxqq. A BZ-subgroupoid
of a BZ-groupoid pX, αq is a BZ-groupoid pX1, α1q such that X1 is a subgroupoid of X
containing all components αpx1q, x1 P X 1

0 Ă X0 and α1 agrees with the restriction of α to X1.
A BZ-groupoid pX, αq is called trivial if α is the trivial automorphism of the identity.

To model the ‘quotient’ of a BZ-groupoid by its BZ-action I make the following definition.

Definition 3.1.2. For a BZ-groupoid pX, αq define the BZ-quotient X{BZ to be groupoid
whose space of objects is X0 and whose space of morphisms is pX1 ˆRq{Z, where Z acts as
follows: if s denotes the source morphism of X, then for n P Z, n¨pp, rq :“ ppαpsppqq´n, r`nq.
This is functorial in the BZ-groupoid. The BZ-quotient of a local quotient groupoid is again
a local quotient groupoid.

Example 3.1.3. The motivating example of a BZ-groupoid is the loop groupoid LpM{Gq of
a global quotient M{G, which is again a global quotient: its space of objects is the subspace
of M ˆG of pairs tpm, gq P M ˆG| gm “ mu and G acts by translation on the first factor
and conjugation on the second. The BZ-action is the automorphism of the identity functor
whose component at the object pm, gq is g.

When M is a point this is the quotient groupoid associated to G acting on itself by
conjugation, and when G is connected the BZ-quotient admits a (possibly enlightening)
second description, up to equivalence: let ApGq be the space of connections on the trivial

1To streamline notation I reserve the right to refer to a BZ-groupoid pX, αq by the name of the groupoid
X and leave the BZ-action α as a mystery to be revealed as required.
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principal G-bundle over S1 and LG the group of smooth bundle isomorphisms covering rigid
rotations of the base S1. Note that LG » LG¸ S1. Then

Lppt{Gq{BZ » ApGq{LG.

The map inducing the equivalence goes from right to left and is given by taking the holonomy
of a connection (cf. [15] Section 2.1).

3.1.1 Central extensions and twists

This subsection describes the model for twists used in this paper.

Definition 3.1.4. (cf. [13] Section 2.2) A groupoid is said to be graded if it is equipped
with a functor ε to pt{C2. A graded central extension pt{Up1q Ñ L Ñ X of a groupoid
X “ pX1 Ñ X0q is a graded groupoid L “ pL Ñ X0, εq and a functor P : L Ñ X which is
the identity map on objects and is such that the induced map P1 : LÑ X1 is a principal Up1q-
bundle. The category ExtX is defined to have objects the graded central extensions of X, and
a morphism pL1, ε1q Ñ pL2, ε2q is the following data: a pair pM, ηq of an isomorphism class of
principal Up1q-bundle M Ñ X0, an isomorphism of Up1q-bundles t˚M b L1 b s

˚M´1 Ñ L2,
and a continuous function η : X0 Ñ C2 such that ε2 “ t˚ηε2s

˚η´1.

Example 3.1.5. Let T “ Up1qˆr be a torus. Consider the quotient groupoid T {T “

pT ˆ T Ñ T q associated to the (trivial) conjugation action of T on itself. Let τ be a
homomorphism τ : π1T Ñ Λ :“ HomGrppT, Up1qq. Define a π1T -action on t ˆ T ˆ Up1q by
the formula p ¨pX, t, eiθq “ pX`p, t, eiθτppqptqq and let Lτ be the quotient ptˆTˆUp1qq{π1T .
Then Lτ Ñ T is a groupoid with source and target map both given by prX, t, eθqs ÞÑ eX ,
and the evident morphism to T ˆ T Ñ T is a graded central extension once we equip both
groupoids with the trivial grading.

Remark 3.1.6. The category of graded central extensions is extremely sensitive to the groupoid
presentation X of the underlying stack. For example, suppose that the underlying stack is
equivalent to a finite CW -complex X. In the presentation of X as X Ñ X, all objects of
ExtX are trivial as principal Up1q-bundles (the identity morphisms provide a section) and
are therefore determined by their grading, so that π0ExtX “ H0pX;C2q. On the other hand,
if X is presented as the groupoid

š

Uij Ñ
š

Ui associated to a good Cech cover of X, then
any Cech 1-cocycle with values in line bundles defines a central extension. It follows that
π0ExtX “ H1pX;C2qˆH

1pX;BUp1qq “ H1pX;C2qˆH
3pXq. This is in accordance with the

fact that there is a general homotopy theoretic framework for twisted cohomology theories
which foresees the possibility of twisting K˚pXq by classes in H3pXq.

Remark 3.1.7. The appearance of H3 in the above is not a coincidence - for all groupoids X
considered in this paper, the set of isomorphism classes of graded central extension whose
grading is trivial is isomorphic to the kernel of H3X Ñ H3X0 (cf. [13] Proposition 2.13).
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Definition 3.1.8. In light of the above, define the category TwistX as follows. Its objects
are twists : a pair pV,Lτ q consisting of a local equivalence (cf. Definition 3.0.4) V Ñ X
and a graded central extension Lτ of V. A morphism of twists from pV,Lτ q to pU,Lσq is a
local equivalence φ : V Ñ U over X and a morphism in ExtV from Lτ to φ˚Lσ. A map of
groupoids f : X Ñ Y induces a pullback functor f˚ : TwistY Ñ TwistX.

Definition 3.1.9. If X is a BZ-groupoid, then the category BZ-TwistX of equivariant
twists is defined to be the category TwistX{BZ. Define the category BZ-Twist whose objects
are pairs consisting of a BZ-groupoid X and an equivariant twist pV,Lτ q P BZ-TwistX.
A morphism from pX, pV,Lτ qq to pY, pU,Lσqq is a BZ-equivariant map ϕ : X Ñ Y and
a morphism from pV,Lτ q to pϕ˚U, ϕ˚Lσq in BZ-TwistX. A homotopy between two such
morphisms is defined to be a BZ-equivariant map Xˆ r0, 1s Ñ Y restricting to each of the
BZ-equivariant maps X Ñ Y at the endpoints.

Definition 3.1.10. LetBZ-Twistrel be the category whose objects are triples pX,A, pV,Lτ qq

consisting of aBZ-groupoid X, a fullBZ-subgroupoid A, and an object pV,Lτ q P BZ-TwistX.
Morphisms are the relative versions of those in BZ-Twist.

Define the product of two objects pX,A, pV,Lτ qq and pX,A, pW,Lσqq to be the object
pX,A, pY,Lτ`σqq with Y being the pullback VˆXW and Lτ`σ the graded central extension
of V ˆX W given by the tensor product (cf. [13] Definition 2.6) of the pullbacks of Lτ and
Lσ along the two projections.

3.1.2 The cohomology theory

In this subsection a spectrum (in fact, a symmetric stable functor) is constructed for each
object pX, pV,Lτ qq of BZ-Twist. Let Gx and G̃x denote the automorphism groups of an
object x in X and X{BZ. By Definition 3.1.2 there is an exact sequence

1 Ñ Gx ãÑ G̃x “ pGx ˆ Rq{ZÑ S1
Ñ 1.

where Z sits inside Gx ˆ R as the subgroup tpαpxq´n, nqu. Because Gx is compact the
sequence admits a fractional right-splitting, i.e. a splitting after replacing S1 by a finite
cover S1

d Ñ S1. The construction of the ~KS1-theory spectrum will require a choice of
fractional splitting ψx : G̃x Ð S1

d but the final product will not depend on it. Note that
the space of choices of ψx is a torsor for the group HompS1, Gxq

conj of conjugacy classes of
homomorphisms S1 Ñ Gx, and that a global choice may not exist over all of X{BZ. An
example of this situation is the BZ-action on X “ Lppt{Up1qq » Up1q{Up1q (cf. Example
4.1.1). Then X{BZ is equivalent to a Up1q-gerbe over Up1qˆppt{BZq whose Dixmier-Douady
invariant is a generator of H3pUp1q ˆ BS1q. Therefore a global fractional splitting—which
is equivalent to a trivialization of the gerbe classified by some (nonzero) multiple of the
generator—does not exist.2

2A later section contains a treatment of this example in greater detail.
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Ordinary K-theory is concerned with equivalence classes of finite-dimensional vector
bundles. Morally, local Zppqqq-completion corresponds to relaxing this condition to allow
for infinite-dimensional bundles, provided that the image of S1 under ψx acts on the fiber
with finite-dimensional isotypic subspaces and that the set of irreducible characters of S1

that appear is bounded below as a subset of Z. The failure of ψx to extend over X0 makes
this ill-defined: the same bundle can meet these requirements for one choice of ψx and fail
them for another. Luckily the naive fix—restricting to those bundles whose fibers satisfy the
above property for all choices of ψx—turns out to work nicely.

I will follow the Freed-Hopkins-Teleman model of twisted K-theory for local quotient
groupoids but adapt it to the fit the machinery of symmetric stable functors. In particular
the geometric objects will be sections of bundles of Fredholm operators. For each finite set N
let ClN be the Clifford algebra on CN (cf. Definition 2.0.2). It is generated by the elements
γpeηq corresponding to the standard basis elements eη, η P N , of CN . Recall that ClN , as
a graded module over itself, is the direct sum of all its irreducible graded modules3 For a
Hilbert space H let BpHq denote the spaces of bounded operators with the compact-open
topology and let KpHq denote the space of compact operators with the norm topology. Let
FredNpHq be the space of odd self-adjoint Fredholm operators A P BpClNbHq that (graded)
commute with the ClN -action and such that A2 ` 1 is a compact operator. The topology is
defined via the inclusion

FrednpHq ãÑ BpHq ˆKpHq

A ÞÑ pA,A2
` 1q.

Definition 3.1.11. Let pX, pV,Lτ qq be an object of BZ-Twist. Recall that there is an
implicit grading ε : Lτ Ñ pt{C2. A τ -twisted Hilbert bundle over X is a Hilbert bundle
H Ñ Lτ such that for any object x in Lτ the central Up1q P Autpxq acts on the fiber Hx

by scalar multiplication, and for any morphism f : x Ñ y the map of fibers Hx Ñ Hy has
degree εpfq.

Definition 3.1.12. Let pX, pV,Lτ qq be an object of BZ-Twist. A τ -twisted Hilbert bundle
HÑ X over a groupoid over X is said to be locally universal if for every open subgroupoid
U ãÑ X and every τ -twisted Hilbert bundle V over U , there exists a unitary embedding of
V into the restriction HU of H to U . If X is a local quotient groupoid (cf. Definition 3.0.5)
then a locally universal Hilbert bundle always exists and is unique up to unitary equivalence
(cf. [13] Lemma 3.12).

Definition 3.1.13. Let pX, pV,Lτ qq be an object of BZ-Twist and let HÑ Lτ be a locally
universal τ -twisted Hilbert bundle. For a natural number n write FrednpHq for FredNpHq
with N “ t1, ..., nu. Then the (uncompleted) S1-equivariant, τ -twisted K-theory of X is
defined in [13] (Section 3.4, A.5) to be

τKn
S1pXq :“ τKn

pX{BZq :“ πkΓpL
τ ; Fredn`kpHqq.

3There is one irreducible representation when |N | is odd, and two when |N | is even.
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It is independent of the choice of H (cf. [13] Remark 3.17).

Over an object x the fiber Hx is isomorphic to L2pG̃xq b `
2bCl1 (cf. [13] Lemma A.32).

A choice of fractional splitting ψx : G̃x Ð S1
d gives an isomorphism Hx » L2pGxqbL

2pS1qb

`2bCl1. An irreducible representation of S1 is labelled by an integer k P Z and has character
q ÞÑ qk. For F P BpHxq

S1
, let Fψxpkq denote the restriction of F to the S1-isotypic component

of weight k, after splitting Hx » Vψx b L
2pS1q using ψx as above.

Definition 3.1.14. For each finite set N define the set of ψx-relative q-Fredholm operators
as

qψxFredNpHxq :“ tF P BpHxq
S1

|Fψxpkq P FredBpVψxq
Gx invertible for k ăă 0u.

Note that in particular each Fψx commutes with the Gx-action. As remarked earlier, this set
depends on ψx. Define the set of q-Fredholm operators qFredNpHxq to be the intersection
of qψxFredNpHxq for all choices of ψx (recall that the set of such choices is a torsor for
HompS1, Gxq

conj). Finally, topologize this set via the inclusion

qFredNpHxq ãÑ
ź

γPHompS1,Gxq

ź

kPZ

FredNpVγ¨ψxq

F ÞÑ
źź

Fγ¨ψxpkq.

Although the inclusion depends on ψx, the induced topology does not, because for any other
splitting ψ1x, Vψ1x is unitarily equivalent to Vψx , so changing the splitting amounts to shifting
the γ index in the product.

Remark 3.1.15. This definition is capturing the more humanly comprehensible idea that a
qFredholm operator on Hx is an operator which, under every decomposition Hx » VψxbL

2S1,
‘looks like’ a Laurent series (in the monomials qk that label S1-representations) of Fredholm
operators on Vψx .

Example 3.1.16. (cf. Examples 4.1.1 and 3.1.5) Let X be the action groupoid of the trivial
action of Up1q on itself Up1q{Up1q » Lppt{Up1qq which is a BZ-groupoid with BZ-action
given by the automorphism whose component at an object t is the morphism determined by
t. It admits a BZ-equivariant twist for every τ P Z » H3

S1pUp1q{Up1qq. For each such τ the
twist can be presented explicitly as the pair pV,Lτ q where V » X{BZ and Lτ is described
as follows. Define an action of π1Up1q “ Z on iR ˆ Up1q ˆ Up1q ˆ R by the formula (cf.
Definition 4.2.4)

p ¨ piX, e2πiθ, e2πiφ, rq “ pipX ` pq, e2πipθ´pτX`τp2rq, e2πipφ`prq, rq.

There is a commuting Z-action (cf. Definition 3.1.2) defined by the formula n¨piX, e2πiθ, e2πiφ, rq “
piX, e2πiθ, e2πipφ´nXq, r ` nq and write Lτ for the quotient by π1T ˆ Z. Define the groupoid
Lτ “ pLτ Ñ Up1qq by declaring the source and target map to both be rpX, θ, t, rqs ÞÑ e2πiX .
The set of fractional splittings at an object t is isomorphic to the set of iX such that e2πiX “ t
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(which is a torsor for HompS1, Up1qq » Z) since each such lift induces an identification of
the automorphism group of t with Up1q ˆ Up1q ˆ S1 by translating with the π1Up1q-action
until iX is in the fundamental domain containing 0. Fixing such a fractional splitting ψt,
a qψtFredholm operator F is represented by a Laurent series

ř

k F pkqq
k where F pkq is a

Up1q-invariant Fredholm operator on L2Up1q. In other words, F can be represented by a
Laurent series

ř

χkq
k P RpUp1qqppqqq » Zrt˘sppqqqq. Write RpUp1qq » Zrt˘s. From the

explicit presentation of Lτ in Example 3.1.5, changing the splitting ψt by the generator
1 P HompS1, Up1qq “ π1Up1q sends

ř

χkptqq
k to pqtqτ

ř

χkpqtqq
k. In order for the latter to

be a Laurent series, if mdegχkptq denotes the most negative degree in χkptq, then it must be
that mdegχkptq{k Ñ 0 as k Ñ 8.

Letting x vary over the space of objects of Lτ in the above construction defines, for
each N , a subspace qFredNpHq of the bundle BpH b ClNq ˆKpH b ClNq Ñ Lτ . In general
qFredNpHq Ñ Lτ may not be a bundle or even a fibration. Nevertheless, it is a continuous
surjection and therefore has an associated sheaf of continuous sections, denoted by qFNpHq.
The following is an easy consequence of the methods developed in the Appendix of [13].

Lemma 3.1.17. For a finite set N let N ` 1 :“ N
š

tsu denote the union of N with a sin-
gleton. Then the map defined by sending A to γpesqcospπtq`Asinpπtq induces an equivalence
as : ΓpLτ ; qFN`1pHqq „ÝÑ ΩΓpLτ ; qFNpHqq. Write N`M for the disjoint union. By iterating
one gets, for each finite M , an equivalence aM : ΓpLτ ; qFN`MpHqq „ÝÑ ΩMΓpLτ ; qFNpHqq.

Definition 3.1.18. Suppose M os of even cardinality. Then because of the classical peri-
odicity of complex Clifford algebras and their representations there is a homeomorphism

βM : ΓpLτ ; qFN`M
pHqq Ð ΓpLτ ; qFN

pHqq

induced by sending A to Ab I.

Definition 3.1.19. Define the twisted ~KS1-theory symmetric stable sheaf on BZ-Twist as
follows. As a symmetric functor, define

~KS1pN,X, pV,Lτ
qq :“ ΓpLτ ; qFN

pHqq

To smoothen out the notation write c for the object pX, pV,Lτ qq. The S-module structure
is induced by the maps

à

MĂN

SpM, cq b ~KS1pN ´M, cq Ñ ~KS1pN, cq

à

MĂN

SM b ΓpLτ ; qFN´M
pHqq Ñ ΓpLτ ; qFN

pHqq

which on each summand is the transpose of the composite

ΓpLτ ; qFN´M
pHqq β2M

ÝÝÑ ΓpLτ ; qFN`M
pHqq aM

ÝÝÑ ΩMΓpLτ ; qFN
pHqq
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of the maps of Lemma 3.1.17 and Definition 3.1.18. Suppose A Ă X is a full BZ-subgroupoid
(cf. Definition 3.1.1). The pullback of pV,Lτ q to A defines a (BZ-equivariant) twist
pVA,L

τ
Aq of A, and the pullback of H to Lτ

A is τ -twisted and locally universal(cf. [13]
Corollary A.34). Therefore the restriction map ιNA : ΓpLτ ; qFNpHqq Ñ ΓpLτ

A{BZ; qFNpHqq
is well-defined. The relative ~KS1-theory symmetric stable functor ~KS1pX,Aq is defined to
be its pointwise homotopy fiber. Finally, define (cf. Definition 2.0.6)

τ ~Kn
S1pX,Aq :“ π´nuδ

˚ ~KS1pX,Aq.

Of course, at this point it is not clear how much the definition depends on the twist
object pV,Lτ q, but the following lemma settles the question: the homotopy type of the
underlying spectrum depends only on the isomorphism class of the twist, which is an element
in H1pX;C2q ‘H

3X.

Proposition 3.1.20. For n P Z, the collection of assignments

pX,A, pV,Lτ
qq ÞÑ

τ ~Kn
S1pX,Aq

forms a twisted cohomology theory. More precisely,

i) this defines a contravariant functor from BZ-Twistrel to Zppqqq-mod taking local equiv-
alences to isomorphisms and taking homotopic4 morphisms to equal ones;

ii) there is a natural long exact sequence

...Ñ τ ~Kn
S1pX,Aq Ñ τ ~Kn

S1pXq Ñ τ ~Kn
S1pAq Ñ τ ~Kn`1

S1 pX,Aq Ñ ...

iii) (excision) if Z Ă A is a full BZ-subgroupoid whose closure is contained in the interior
of A, then the restriction map

τ ~Kn
S1pX,Aq ÝÑ τ ~Kn

S1pXzZ,AzZq

is an isomorphism;

iv) if J is an index set and pX,A, pV, τττqq “
š

JpXj,Aj, pVj,L
τjqq is a disjoint union,

then
τ ~Kn

S1pX,Aq ÝÑ
ź

J

τj ~Kn
S1pXj,Ajq

is an isomorphism.

Proof. This is essentially the proof given in Section 3.5 of [13] with minor changes. Func-
toriality is immediate from the construction of the spectrum. Write I “ r0, 1s for the unit
interval. Homotopy invariance follows from the fact that if H Ñ Lτ is a locally universal

4Homotopy is defined by the standard interval object r0, 1s.
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τ -twisted Hilbert bundle and p : Lτ ˆ I Ñ Lτ is the projection then p˚H Ñ Lτ ˆ I is
τ -twisted5 locally universal ([13] Lemma A.32), so

τ ~KS1

`

pX,Aq ˆ I
˘

n
» ~KS1pX,AqIn,

making the two restriction maps homotopic.
The fact that local equivalences are taken to isomorphisms is a consequence of descent

(cf. [13] Lemma A.18), which states that the pullback f˚ along a local equivalence f :
X Ñ Y induces an equivalence of categories, from groupoids over Y to groupoids over X,
with a natural adjoint inverse denoted f˚. Hence for any P Ñ Y the natural map from
ΓpY, P q Ñ ΓpX, f˚Pq is a homeomorphism whose inverse is the composition of the natural
map ΓpX, f˚Pq Ñ ΓpY, f˚f

˚Pq with the map on sections induced by counit f˚f
˚P Ñ P.

The long exact sequence in i) is obtained from the fiber sequence

...Ñ Ωτ ~KS1pAqn Ñ
τ ~KS1pX,Aqn Ñ

τ ~KS1pXqn Ñ
τ ~KS1pAqn Ñ ...

The claim iv) about disjoint unions is immediate from the definition. It remains to prove
excision. Despite some cumbersome notation, the proof use a few standard homotopy-
theoretic constructions to boil things down to the following fact ([13] Lemma A.32): the
pullback of a τ -twisted locally universal Hilbert bundle over a local quotient groupoid to
a full subgroupoid is again locally universal. Amusingly, the use of this fact will make its
appearance in a footnote. Let M “ XzZ Y I ˆ

`

AzZ
˘

Y pAzZ
˘

ˆ I Y A be the double
mapping cylinder of XzZ Ðâ AzZ ãÑ A. The point-set topological conditions on A and Z
imply that the collapse map c : M Ñ X is an equivalence. Consider the following diagram,
in which each row is a fiber sequence.

τ ~KS1pX,Aqn
τ ~KS1pXqn

τ ~KS1pAqn

c˚τ ~KS1pM,Aqn
c˚τ ~KS1pMqn

τ ~KS1pAqn

The vertical arrow on the right is a homeomorphism and the vertical arrow in the middle is
a homotopy equivalence, so the vertical arrow on the left is a weak homotopy equivalence.
Let N be the mapping cylinder of XzZ Ðâ AzZ and h : N Ñ X the obvious map. Since
pXzZ,AzZq “ pXzZ,AzZq a similar argument shows that h induces a weak equivalence

τ ~KS1pXzZ,AzZqn ÝÑ
h˚τ ~KS1pN,AzZqn.

Thus it suffices to show that the restriction map

r : c˚τ ~KS1pM,Aqn ÝÑ
h˚τ ~KS1pN,AzZqn

5To be pedantic, p˚τ -twisted.
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is a weak equivalence.6

For a based topological sheaf F over a groupoid V with subgroupoid AzZ let ΓpV,AzZ;Fq
denote the space of global sections whose restriction to AzZ is the basepoint. Recall that

the relative ~KS1-theory spectrum of a pair is by definition the homotopy fiber of a restric-
tion map on the space of sections of a based topological sheaf. Since the relative inclusions
A ãÑ M and AzZ ãÑ N are cofibrations7 the corresponding restriction maps are fibrations.
Hence the maps8

ΓpM,A; qFn
q ÝÑ

c˚τ ~KS1pM,Aqn

ΓpN,AzZ; qFn
q ÝÑ

h˚τ ~KS1pN,AzZqn

are inclusions of fibers into homotopy fibers and are thus homotopy equivalences.
Finally, the relative inclusion pN,AzZq ãÑ pM,Aq induces induces a homeomorphism

ΓpM,A; qFn
q ÝÑ ΓpN,AzZ; qFn

q,

which—along with the previous two homotopy equivalences and the map of interest Ξ—fits
into the following diagram.

ΓpM,A; qFnq ΓpN,AzZ; qFnq

c˚τ ~KS1pM,Aqn
h˚τ ~KS1pN,AzZqn

r

It follows that r is a weak equivalence.

3.2 E8-structures

Definition 3.2.1. A multiplicatively closed set of twists (of K̂S1-theory) for a BZ-groupoid
X is a subset S of the objects of BZ-TwistX that is closed under the multiplication operation
of Definition 3.1.10.

Definition 3.2.2. Let T be a set of twists for a BZ-groupoid X. Define the spectrum
T K̂S1pXq as the direct sum (cf. Definition 3.1.19)

à

pV,Lτ qPT

τ ~KS1pXq.

6Note that the twists h˚τ and r˚c˚τ are canonically isomorphic.
7A cofibration of topological groupoids is defined in the same was as for topological spaces. Namely one

asks for the homotopy extension property for maps to topological spaces.
8Since the pullback of the τ -twisted locally universal Hilbert bundle over τττ to any of the groupoids

mentioned above is again locally universal, in a final abuse of notation I use qFn to denote the sheaf and
any of its pullbacks by maps in sight.
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Lemma 3.2.3. If T is a multiplicatively closed set of twists for a BZ-groupoid X then
T K̂S1pXq has a natural E8-ring structure.

Proof. The spectrum T K̂S1pXq of Definition 3.2.2 has an evident lift to a symmetric spectrum
T K̂S1pXq via the formula (in which the finite set N is a variable)

T K̂S1pXqpNq “
à

pV,Lτ qPT

~KS1pN,X, pV,Lτ
qq.

It remains to proved the commutative ring structure, for then the results of Hovey-Shipley-
Smith (cf. [17]) apply. The required maps

à

MĂN

T K̂S1pXqpMq b T K̂S1pXqpN ´Mqq Ñ T K̂S1pXqpNq

are defined summand-by-summand as follows. First, note that each summand of the domain
is of the form

ΓpLτ1 ; qFM
pH1qq b ΓpLτ2 ; qFN´M

pH2qq.

The external tensor product of operators pA,Bq ÞÑ AbB along with the pullback of Fredholm
sections then defines a map (cf. Definition 3.1.10)

ΓpLτ1 ; qFM
pH1qq b ΓpLτ2 ; qFN´M

pH2qq Ñ ΓpLτ1`τ2 ; qFM
pH1 bH2qq.

Finally, H1 b H2 is locally universal over Lτ1`τ2 , and so the codomain of that map is a
summand of T K̂S1pXqpNq. T
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Chapter 4

Elliptic Cohomology

Kitchloo and Morava ([19]) give a strikingly simple picture of elliptic cohomology at the
Tate curve by studying a completed version of S1-equivariant K-theory for spaces. Several
authors (cf. [5],[19],[21]) have suggested that an equivariant version ought to be related to
the work of Freed-Hopkins-Teleman ([13],[15],[14]). However, a first attempt at this runs
into apparent contradictions concerning twist, degree, and cup product. Several authors
(cf. [8],[16],[18]) have solved the problem over the complex numbers by interpreting the
S1-equivariant parameter as a complex variable and using holomorphicity as a technique for
an analytic form of completion. This chapter gives a solution that works integrally, by using
the carefully (and of course geometrically) completed model of K-theory for S1-equivariant
stacks from the previous chapter.

This work is published in Advances in Mathematics [20].

4.1 Introduction

In [19], Kitchloo and Morava construct an equivariant cohomology theory for CW-spaces with
an S1-action by taking ordinary S1-equivariant K-theory and completing the coefficient ring
K˚
S1pptq » Zrq˘s in positive q-powers. For a finite CW -complex M they define

~K˚
S1pMq :“ K˚

S1pMq bZrq˘s Zppqqq Zppqqq :“ Zrq´1
srrqss.

They extend this to a theory on infinite complexes by taking limits over finite skeleta. It
satisfies a strong localization theorem for finite complexes: the inclusion of the fixed point
set j : MS1

ãÑM induces an isomorphism

j˚ : ~K˚
S1pMq

„
ÝÑ ~K˚

S1pMS1

q.

Recall that S1 acts on the free loop space LM by loop rotation. Kitchloo and Morava show
that the assignment

M ÞÑ ~K˚
S1pLMq



CHAPTER 4. ELLIPTIC COHOMOLOGY 18

defines a cohomology theory. The localization theory together with the formula LMS1
“M

shows that as a cohomology theory the above is just K-theory with coefficients in Zppqqq.
But their insight is that this construction naturally gives more than a cohomology theory.
Recall that a multiplicative cohomology theory E is called an elliptic cohomology theory1 if
it is

1. weakly even: E2pptq bE0pptq E
npptq Ñ En`2pptq is a isomorphism for all n;

2. comes with the data of an elliptic curve E over E0pptq;

3. comes with an isomorphism of formal groups SpfE0pCP8q Ñ Ê , where the first object
carries the group structure induced by the map CP8 ˆ CP8 Ñ CP8 classifying the
tensor product of line bundles, and the second object is the formal completion of E at
the identity.

The key to extracting an elliptic theory is the identification of a natural complex orientation
coming from the Atiyah-Bott-Shapiro spin orientation of the normal bundle of the fixed
point locus M ãÑ LM . The elliptic curve relevant to the Kitchloo-Morava construction is
the Tate curve, an elliptic curve over Zppqqq. Thus

Ell˚TatepMq » ~K˚
S1pLMq.

The simplicity of this method of producing a K-theoretic picture of elliptic cohomology
at the Tate curve suggests that a similar approach might work in an equivariant setting.
However, a few subtleties arise.

Definition 4.1.1. For a topological groupoid X “ pX1 Ñ X0q, define its loop groupoid
LX (sometimes called the inertia groupoid) the free loop space object in the (2,1)-category
of topological groupoids. i.e. the pullback of the diagonal ∆ : X Ñ X ˆ X along itself..
Explicitly, LX has as its topological space of objects the set of functors pt{ZÑ X topologized
as a subspace of X1 (the space of morphisms of X) and has as its space of morphisms the
natural transformations of such functors, again topologized as a subspace of X1.

Remark 4.1.2. Note that when X is the topological groupoid associated to a topological
space X (i.e. the groupoid pX Ñ Xq with only identity morphisms) this definition does not
reduce to (the topological groupoid associated to) the free loop space LX; instead LX “ X.

The next step in the Kitchloo-Morava construction would be to define an equivariant theory
like this

M{G ÞÑ ~K˚
S1pLpM{Gqq :“ K˚

S1pLpM{Gqq bZrq˘s Zppqqq.

However, that does not have the desired relationship with equivariant elliptic cohomology.
For example, suppose that M is a point and that G is simple and simply-connected. By the
work of Freed, Hopkins, and Teleman ([14], Theorem 5) this proposed elliptic group, suitably

1This definition is due to Mike Hopkins in his 1994 ICM address.
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twisted by an element k P H4BG » Z, is concentrated in degree dimG, where it is isomor-
phic to the positive energy level k ´ h (h is the dual Coxeter number of G) representation
ring of the semidirect product LG ¸ S1 of the loop group LG with S1, the latter acting on
the former by loop rotation. So if dimG is odd this trivially fails the first requirement of an
elliptic cohomology theory, and the cup product is zero. Even if dimG is even, the presence
of the dual Coxeter shift violates the expectation that k-twisted G-equivariant elliptic classes
of degree zero over the point are in bijective correspondence with equivalence classes of level
k positive energy representations of LG ¸ S1 (cf. [26], [27]). Over the complex numbers
these issues have been resolved by several authors; the common theme among them is to
consider q “ e2πiτ as a complex variable on a certain moduli space and use holomorphicity
as the method of completion (as opposed to the algebraic base-change proposed above). For
example, Grojnowski’s delocalized equivariant elliptic theory [16] assigns to a G-space X a
holomorphic sheaf on the moduli space of bundles over the elliptic curve, constructed by
patching together local sections defined using equivariant singular cohomology with complex
coefficients. The connection to positive energy representation theory is made by using the
Kac character formula to identify characters of those representations with sections of the
sheaf. Berwick-Evans and Tripathy [8] have constructed a de Rham model refining Gro-
jnowski’s theory to a holomorphic sheaf of commutative differential graded algebras. For
simple and simply-connected groups Kitchloo [18], in a method most similar to the one that
will be presented here, uses a version of LG-equivariant K-theory built out of positive en-
ergy representations to construct a holomorphic sheaf together with a character map from
positive energy representations to sections of this sheaf.

The purpose of the present paper is to construct a new geometric model EG of equivariant
elliptic cohomology at the Tate curve that satisfies the following conditions:

1. for an arbitrary compact Lie group G the theory EG is defined integrally, i.e. no prime
p is invertible in the coefficient ring E˚G

2. it admits twists τEG by elements τ P H4BG,

3. when the group G is trivial EG recovers the Kitchloo-Morava theory described at the
beginning of this section,

4. the construction of EG does not reference the positive energy representation theory of
loop groups in any way,

5. there is, a fortiori, a natural map from the category RepτpospLG ¸ S1q of level τ ą 0
positive energy representations to τE˚Gpptq which for connected groups becomes an
isomorphism of Zppqqq-modules after factoring through the Grothendieck group,

6. and after tensoring with C it recovers, in a suitable sense, the previously defined
theories of Grojnowski and Kitchloo.

As an added bonus, the construction will naturally extend to negative twists and exhibit a
duality between positive and negative twist that the more imaginative reader might like to
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interpret as a manifestation of Serre duality on the moduli space of G-bundles over the Tate
curve.

Some Definitions and Disclaimers : Just as in the previous chapter, rings, abelian groups,
and Hilbert spaces are assumed to be Z{2Z-graded, unless it is stated otherwise. As is
standard, the loop group LG of a Lie group G is the group of smooth maps S1 Ñ G with the
topology of uniform convergence. C2 is the cyclic group of order 2. All groupoids considered
are topological groupoids (cf. Definition 3.0.2) unless otherwise stated.

4.2 Calculations

The geometric construction of a completed S1-equivariant K-theory (along with some E8-
structures) in the previous chapter is all well and good, but it doesn’t amount to much
if I can’t calculate anything. In this section I show that the manifold geometry provides
powerful calculational techniques: once things have been phrased in terms of geometric
cocycles, things like integration, the Becker-Gottlieb transfer, and Segal induction, all mix
together to provide results such as 4.2.7, 4.2.9, and 4.2.13 which are pivotal in establishing
the main calculational results, 4.2.17 and 4.2.24.

Definition 4.2.1. An element τ P H3
S1pG{Gq is called a strongly topologically regular 2 twist

if the restriction of τ to H3pT {T q » H1pT qb2 ‘H3pT q is concentrated in the first summand
(cf. Remark 3.1.7) and defines a symmetric, non-degenerate, definite bilinear form on H1pT q.
The twist is called positive (negative) if that bilinear form is positive (negative) definite.

Let Gp1q denote the identity component of a compact Lie group G. In this section the

groups τ ~K˚
S1pGp1q{Gq will be calculated. The calculation will eventually break into two

subsections—according to whether the twist τ is positive or negative definite—which have
different flavors. The asymmetry not mysterious: it comes precisely from the asymmetry in
completing Zrq˘s to Zppqqq rather than Zrrq, q´1ss. Morally, relaxing finite-dimensionality
of vector bundles in positive powers of q doesn’t amount to much at negative level, since the
cocycles (are expected to) correspond to loop group representations, which at negative level
are of negative energy and have bounded above S1-eigenspaces. Thus the representations
themselves do not produce ~KS1-cocycles without being ‘finitized’ by a Fredholm operator3

and the story collapses to match classical twisted K-theory.
Let T denote a maximal torus of G and let N be the normalizer of T . The plan is to

make a preliminary calculation over T {N and then transport that to Gp1q{G via the natural
faithful map ω : T {N Ñ G{G. A few key technical lemmas can be stated and proved
uniformly for positive and negative twists.

2The adverb “strongly” is there to distinguish this from the condition of topological regularity (cf. [14]
2.1), which does not require the bilinear form to be definite.

3This is the (rather involved) FHT-Dirac construction (cf. [14] Section V).
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4.2.1 Technical setup

Lemma 4.2.2. (The stalks of ~K˚
S1q Let G be a compact Lie group and z P ZpGq a central

element. Then z defines a BZ-action on pt{G, and the BZ-quotient (cf. Definition 3.1.2) is
of the form pt{G̃ where G Ñ G̃ Ñ S1 is a group extension. Any twist τ P H3

S1pBGq defines

a Up1q-central extension G̃τ Ñ G̃. Let Gτ be the pullback of G̃τ to G, so that G̃τ{Gτ “ S1.
Let Λ̃τ and Λτ be the set of τ -affine (cf. Footnote 8) weights of G̃τ and Gτ , and let W be
the Weyl group4. Let Λ̃τ

di Ă Λ̃τ and Λτ
di Ă Λτ be the subsets of dominant5 integral weights.

Let π̃ : Λ̃τ
di{W Ñ pt{G and π : Λτ

di{W Ñ pt{G be the projections. Any choice of fractional
splitting ψ : G̃τ Ð S1

d (cf. Section 2.1) induces an isomorphism Ψ : Λ̃τ Ð Λτ ˆ Z. Let
K˚
c denote K-theory with compact supports6 and let π̃˚τK0

‹pΛ̃
τ
di{W q Ă

π̃˚τK0pΛ̃τ
di{W q be

the subgroup of classes whose image under Ψ˚ : π̃˚τK0pΛ̃τ
di{W q Ñ

π˚τK0pΛτ
di{W ˆ Zq “

π˚τK0pΛτ
di{W qrrq, q

´1ss is contained in π˚τK0
c pΛ

τ
di{W qppqqq for all fractional splittings ψ. Let

Ṽ Ñ Λ̃τ
di{W be the canonical vector bundle whose fiber at a point is a copy of the G̃τ -

representation labelled by that point. If M is an R-module and r P R, write rM for the
subgroup trm|m P Mu. Then τ ~K1

S1ppt{Gq “ 0 and ‘summation along the fiber’ defines an
isomorphism

π̃! : rṼ s
`

π̃˚τK0
‹pΛ̃

τ
di{W q

˘

Ñ
τ ~K0

S1ppt{Gq.

Finally, for M P Rτ pGq write χM for its character. For γ P HompS1, Gq and ξ “
ř

Mkq
k P

Rτ pGqppqqq define γ ¨ ξ “
ř

MkχMk
pγpqqqqk. Then any choice of local splitting ψ induces an

injection τ ~K0
S1ppt{Gq ãÑ Rτ pGqppqqq which is an isomorphism onto the subgroup Rτ

‹pGqppqqq
of elements ξ for which γ ¨ ξ is in Rτ ppqqq for all γ P HompS1, Gq.

Proof. The first claim that is not immediate from the definitions and the standard rep-
resentation theory of compact Lie groups is the implicit well-definedness (and the precise
definition!) of the displayed map. Let Rτ pGq be the group of τ -projective7 representations of
G. As a warmup to the precise definition, the uncompleted analog of this map is the isomor-
phism π̃c! : rṼ s

`

π̃˚τK0
c pΛ̃

τ
di{W q

˘

Ñ τK0
S1ppt{Gq “ Rτ pG̃q defined as follows: for λ P Λ̃τ

di{W

let Ṽλ denote a copy of the corresponding irreducible representation Gτ . Then a compactly
supported virtual vector bundle E Ñ Λ̃τ

di{W is sent to the direct sum ‘Λ̃τdi{W
Ṽλ b Eλ.

It is immediate from the definition (cf. Definition 3.1.14 and ??) that classes in τ ~K0
S1ppt{Gq

are represented by certain possibly infinite dimensional representations of G̃τ . To de-
scribe them, choose a fractional splitting ψ : G̃τ Ð S1

d . From Definition 3.1.14 it fol-

lows that there is an injective map iψ : τ ~K0
S1ppt{Gq Ñ Rτ pGqppqqq. For an element

M P Rτ pGq let χM denote its virtual character. Any other choice of fractional splitting

ψ1 is of the form ψ1pqq “ ψpqqγpqq for some γ : S1 Ñ G. Therefore, if ξ P τ ~K0
S1ppt{Gq

4The Weyl groups of all extensions in sight are canonically isomorphic.
5I take this to mean dominant with respect to any choice of positive Weyl chamber.
6This is the reduced K-theory of the one-point compactification.
7That is, the subgroup of the representation ring RpGτ q where the central Up1q acts by scalar multipli-

cation.
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and iψξ “
ř

Mkq
k P Rτ pGqppqqq then iψ1ξ “

ř

MkχMk
pγpqqqqk P Rτ pGqppqqq. So again

it follows directly from Definition 3.1.14 again that iψ is an isomorphism onto the sub-
group Rτ

‹pGqppqqq Ă Rτ pGqppqqq of elements
ř

Mkq
k for which

ř

MkχMk
pγpqqqqk is also in

Rτ pGqppqqq.
Now the image π!prV sξq under the displayed map in the lemma (defined by the same

formula that ends the first paragraph of this proof) certainly defines a possibly infinite
dimensional representation of G̃τ . By assumption Ψ˚ξ P π˚τK0

c pΛ
τ
di{W qppqqq, so write

Ψ˚ξ “
ř

Ekq
k. Moreover, for another splitting ψ1 “ ψγ (see the previous paragraph) we

also have pΨ1q˚ξ P π̃˚τK0
c pΛ

τ
di{W qppqqq. In analogy with Ṽ let V Ñ Λτ

di{W be the canonical
vector bundle whose fiber at a point is a copy of the Gτ representation labeled by that point.
But it is clear that πc! prV sΨ

˚ξq “ iψpπ̃!rṼ sξq, so the conditions defining π̃˚τK0
‹pΛ̃

τ
di{W q are

tautologically the conditions for π̃! to be well-defined. Since πc! is an isomorphism (see the
first paragraph of this proof), the same equation shows that ıψ ˝ π̃! is an isomorphism onto
its image, which finishes the proof.

Lemma 4.2.3. Let N be the normalizer of a maximal torus T Ă G and write W “ N{T .

Let τ be a twist in H3
S1pT {Nq. For each t P T with stabilizer Nt Ă N , τ defines a group Ñ

τptq
t

which is a Up1q-central extension of an Nt-extension Ñt of S1, and also an extension of S1

by a Up1q-extension N τptq of Nt. This is more lucidly indicated in the commutative diagram
below:

Up1q N
τptq
t Nt

Up1q Ñ
τptq
t Ñt

S1 S1

Restriction to the maximal torus T Ă Nt defines a group T̃ τptq which is a Up1q-central
extension of a T -extension of S1, and as t varies these T̃ τptq assemble into a bundle of
groups over T whose fiber over 1 is equal to Up1q ˆ T ˆ S1.

Proof. First note that the explicit model of the BZ-quotient T {N{BZ given in Definition
3.1.2 produces a bundle of groups T ˆ N ˆZ R Ñ T whose fiber at t P T is an extension
N Ñ Ñt Ñ R{Z “ S1. For each point t P T with stabilizer Nt Ă N , pullback along the
inclusion it : ttu{Nt Ñ T {N produces a class τptq :“ i˚t τ P H

3pttu{Ntq :“ H3BNt, i.e a

central extension Up1q Ñ N
τptq
t Ñ Nt. Pulling back along T Ñ Nt produces the desired

central extension of T , denoted T τptq Ñ T . The ability to trivialize the extensions at the
fiber over 1 P T is a direct consequence of the fact that all extensions of S1 by a torus are
trivializable, and all extensions of a torus by Up1q are trivializable. The bundle of groups
over T is presented explicitly in Definition 4.2.4 below.
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Definition 4.2.4. Let τ P H3
S1pT {T q be a strongly topologically regular twist and let τ also

denote the corresponding bilinear form on H1T “ π1T (cf. Definition 4.2.1). Let Λ be the
character lattice of T . Contraction with the bilinear form on H1T defined by τ gives a map
κτ : H1T Ñ H1T “ Λ. Define an action of π1T on t ˆ Up1q ˆ T ˆ R by the formula (cf.
Example 3.1.5)

p ¨ pX, e2πiθ, t, rq “ pX ` p, e2πipθ`τpp,pqrqκτppeXq´1, tppe2πir
q, rq.

There is a commuting Z-action (cf. Definition 3.1.2) defined by the formula n¨pX, e2πiθ, t, rq “
pX, e2πiθ, te´nX , r ` nq and write Lτ for the quotient by π1T ˆ Z. Define the groupoid Lτ “

pLτ Ñ T q by declaring the source and target map to both be rpX, θ, t, rqs ÞÑ eX . This defines
the bundle of groups over T alluded to in Lemma 4.2.3. The map rpX, e2πiθ, t, rqs ÞÑ rpX, t, rqs
defines a morphism Lτ Ñ T {T {BZ which presents the BZ-equivariant twist associated to τ .

Lemma 4.2.5. There is a W -equivariant covering space π : Pτ Ñ T which is the bundle of
affine weights8 associated to the bundle of central extensions defined by the groupoid Lτ of
Definition 4.2.4. In particular, for each t P T , if T τptq denotes the automorphism group of
t in the groupoid Lτ and Λ̃τptq is the set of affine weights of T τptq, then there is a canonical
isomorphism π´1ptq » Λ̃τptq.

Proof. The proof is an explicit construction of Pτ . Define an action of π1T on tˆ Λˆ Z by
(cf. [1] 4.9.5)

π1T Q p : pX,λ, nq ÞÑ pX ` p, λ´ κτp, n` τpκτp, κτpq ` λppqq.

The desired covering map is

π : Pτ :“ tˆπ1T pΛˆ Zq Ñ T

rpX,λ, nqqs ÞÑ rXs.

To identify π´1ptq with Λ̃τptq, view Lτ as the π1T -quotient of ptˆUp1qˆTˆRq{Z. For pt, rq P
TˆR write rrs for the corresponding element of S1 “ R{Z, and trpXq “ te´nrX where nr P Z
is such that r`nr P r0, 1q. Then ptˆUp1qˆUp1qTˆRq{Z can be identified with tˆUp1qˆTˆ
S1 via the map rpX, e2πiθ, t, rqs ÞÑ px, e2πiθ, t0, rrsq, and under this identification the π1T ac-
tion on tˆUp1qˆTˆS1 becomes p¨pX, e2πiθ, t, φq “ pX`p, e2πiθ`τpp,pqφκτppeXq´1, tppe2πiφq, φq.
The associated action on the subset of tˆHompUp1qˆTˆS1, Up1qq consisting of pairs pX, fq
such that f restricts to the identity character of the Up1q factor is precisely the action defining
Pτ .

Definition 4.2.6. Define a partial compactification ~Pτ of Pτ . Let T8 denote a copy of T
with the trivial W -action. As a set, the partial compactification of Pτ is ~Pτ “ Pτ

š

T8. Let

8 Recall that an affine weight of a central extension Up1q Ñ GÑ H is a weight of G which restricts to
the identity character of Up1q, which is contained in any maximal torus.
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~π :“ π
š

idT : ~Pτ Ñ T be the natural projection. The topology of ~Pτ is generated by the

open sets of Pτ , the sets ~π´1pUq for U Ă T open, and the collection of sets
!

PτzC
š

T8

)

such that

1. (a ‘niceness’ condition) C Ă Pτ is closed and its preimage in t ˆ Λ ˆ Z has convex
intersection with tˆ tλu ˆ tnu for all λ and n and

2. (a condition directly related to the definition of ~K˚
S1 , c.f Lemma 4.2.2) for any t P T

and any lift X P t (i.e. eX “ t), the preimage of C X π´1ptq under the isomorphism
π´1ptq

„
ÐÝ Λτptq ˆZ defined by X is a subset whose intersection with Λˆ n is finite for

all n and empty for sufficiently negative n.

Lemma 4.2.7. (Key Lemma9) Let N Ă G be the normalizer of T and W “ N{T the Weyl
group. Note that T {N is a full BZ-subgroupoid of Lppt{Nq » N{N . Let τ be a strongly
topologically regular (cf. Definition 4.2.1) twist in H3

S1pT {Nq. There is a W -equivariant

map ~π : ~Pτ Ñ T , a subspace T8 Ă ~Pτ and an isomorphism of Zppqqq-modules

α : ~π˚τK˚
p~Pτ{W,T8{W q

„
ÝÑ

τ ~K˚
S1pT {Nq.

Remark 4.2.8. Note that the domain of the display is an ordinary twisted K-theory (not
~KS1 !) group. Its Zppqqq-module structure is described in the proof.

Proof. To prove the lemma the first order of business is to define a Zppqqq-module structure
on the domain of the displayed map. To do that it suffices to specify the action of q,
which is defined to act via the map on twisted K-theory induced by pullback along the shift
isomorphism ‘sh’ defined by shprpX,λ, nqsq “ rpX,λ, n´ 1qs.

The next order of business is to define the map α. Recall that Pτ is the bundle of (affine)
characters corresponding to a bundle of groups over T (cf. Lemma 4.2.5). In particular, any
point in s P Pτ defines a 1-dimensional representation: namely if πpsq “ t then the character
labeled by s defines a representation of the group T τptq (cf. Lemma 4.2.3) on C, and these
assemble into a vector bundle V Ñ Pτ . Extending by a trivial rank 1 vector bundle over T8
defines a vector bundle ~V Ñ ~Pτ . The proposed definition of α is the composite

~π˚τK˚
p~Pτ{W,T8{W q

br~V s
ÝÝÝÑ

~π˚τK˚
p~Pτ{W,T8{W q

~π!
ÝÑ

τ ~K˚
S1pT {Nq,

but some proof is required to show that this is well defined. Namely we need to show that
for any ξ in the image of the first map, the possibly infinite dimensional vector bundle ~π!ξ
given by ‘summation along the fibers’ satisfies the conditions to define a class in the target.
Since ~π is a fiber bundle over an equivariantly locally contractible base, it suffices to check
this pointwise in the base. So choose a point t P T , with stabilizer Nt and ‘local Weyl group’

9This is the analog of the ‘Key Lemma’ of [14] (Lemma 5.2).
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Wt “ Nt{T . Write ~Vt for the restriction of ~V to ~π´1ptq. We must show that ‘summation
along the fibers’ produces a well-defined map

p~πtq! : r~Vts
´

~π˚τptqK˚
p~π´1

ptq{Wt, ttu8{Wtq

¯

Ñ
τptq ~K˚

S1pttu{Ntq.

Let Λ̃τptq and Λτptq denote the set of τptq-affine weights of Ñt and Nt. Note that ~π´1ptq “
Λ̃τptq

š

ttu8 (cf. Lemma 4.2.6), and any choice of fractional splitting ψt : Ñt Ð S1
d induces

an isomorphism Ψt : Λ̃τptq Ð Λτptq ˆ Z. Given the results of Lemma 4.2.2 (note that

Λ̃τptq “ Λ̃
τptq
di and Λτptq “ Λ

τptq
di ), the map is zero in degree 1 and so it suffices to show

that the degree 0 part of the domain of the previously displayed map is isomorphic to
r~Vts

`

~π˚τptqK0
‹pΛ̃

τptq{Wtq
˘

as a subgroup of ~π˚τptqK0pΛ̃τptq{Wtq. But this is straightforward

(the topology pf ~Pτ was concocted for this purpose): any relative class in the domain of the
previously displayed may must have support contained in a set C satisfying the two condition
listed in the definition of the topology of ~Pτ . I claim that this support condition on classes in
~π˚τptqK0pΛ̃τptq{Wtq is equivalent the definition of ~π

˚τptqK0
‹pΛ̃

τptq{Wtq. This follows immediately
from a few observations: by Lemma 4.2.5 there is a canonical isomorphism π´1ptq “ Λ̃τptq.
Thus, the set of induced isomorphisms Ψ : Λ̃τptq Ð Λτptq induced by choices of fractional
splitting ψ : Ñ

τptq
t Ð S1

d is equal to the set of isomorphisms π´1ptq Ñ Λτptq induced by
choices of lifts X P t, eX “ t.

Not only have I shown that α is well-defined, but also that it is an isomorphism at each
point. By equivariant local contractibility of T {N it follows that α is locally an isomorphism,
and by the excision axiom (or equivalently, the Mayer-Vietoris axiom) it follows that α is an
isomorphism.

It remains to show that α is a Zppqqq-module map. That follows immediately form the
definition of the q-action in the first paragraph of this proof together with the fact that the
‘shift’ isomorphism defined there coincides on each fiber π´1ptq “ Λ̃τptq with the action of
the generator of HompS1, Up1qq (recall that Λ̃τptq is a subgroup of HompT τptq, Up1qq).

Consider the natural inclusion ω : T {N Ñ G{G. Recall that the BZ-actions on both
groupoids are the automorphisms of the identity defined by t ÞÑ t and g ÞÑ g (cf. Example
4.1.1). Hence the map is BZ-equivariant (cf. Definition 3.1.1) and so there is a corresponding

map in ~KS1-theory
τ ~K˚

S1pG{Gq
ω˚
ÝÑ

ω˚τ ~K˚
S1pT {Nq.

I would like to define a pushforward. Let N act on G ˆ T and G ˆ G by the formula
npg, kq “ pgn´1, nkn´1q. Let G act on the quotients GˆN T and GˆN G by left translation
on the left factor. The natural inclusion G ˆN T ãÑ G ˆN G induces a fully faithful map
i : pG ˆN T q{G ãÑ pG ˆN Gq{G. Moreover, the inclusion N ãÑ G and the natural map
T “ t1u ˆ T Ñ G ˆN T define an equivlanece T {N Ñ pG ˆN T q{G. Finally, the map
GˆN GÑ G defined by rpg, kqs ÞÑ gkg´1 defines a map j : pGˆN Gq{GÑ G{G.

Definition 4.2.9. Let ι : N Ñ G be a map of compact Lie groups whose kernel is finite
and whose image is a closed Lie subgroup. Define Segal induction (cf. [25] Section 2) as
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follows: first suppose that ι is injective. Then Segal induction is the map ι! : RpNq Ñ RpGq
which sends M P RpNq to the analytic index of d ` d˚ acting on the de Rham complex of
the associated virtual vector bundle G ˆN M Ñ G{N , in a chosen equivariant orthogonal
structure. If ι has finite kernel K, define Segal induction to be the composite of the ‘take
K-invariants’ map RpNq Ñ RpN{Kq and the previously defined Segal induction along the
injective map N{K Ñ G.

Lemma 4.2.10. Let ι : N ãÑ G be the inclusion of a closed subgroup into a compact Lie
group. Let ι! : RpNq Ñ RpGq denote Segal induction (cf. Definition 4.2.9). If M is a virtual
representation let χM denote its character. For a regular element t P G let Ft denote the set
of cosets gN P G{N such that g´1tg P N . Then Ft is finite and for any M P RpNq

χι!Mptq “
ÿ

gNPFt

χMpg
´1tgq.

Since regular elements are dense in G this determines χι!M completely. Finally, suppose that
N is the normalizer of a maximal torus T Ă G. Then for regular t P T the set Ft is the
singleton t1Nu, so χι!M and χM agree on T .

Proof. Note that g´1tg P N is equivalent to tgN “ gN , i.e. the condition for gN P G{N
to be a fixed point of the action of t P G. The finiteness of Ft is then [25] Proposition 1.9.
The character formula is a direct consequence of the Atiyah-Bott fixed point formula (cf.
[25], end of Section 2). To prove the last statement, note that if t P T , then g´1tg P N
implies that g´1tg “ t1 P T , and for any s P T g´1sg P Zpt1q1 (the identity component of the
centralizer of t1). So if t is regular, g´1Tg Ă T , so g P N . Since regular elements are dense
in T the character formula gives the desired equality of characters on T .

Lemma 4.2.11. The map ω : T {N Ñ G{G factors into two maps that admit pushforwards
in classical twisted K-theory

T {N pGˆN T q{G pGˆN Gq{G G{G.„ i j

For any twist τ P H3pG{Gq and any point t P T with stabilizers Nt and Gt in N and G, the
composite pushforward j˚i˚ coincides with Segal induction (τptq is defined in the proof):

j˚i˚ : τptqK˚
pttu{Ntq » Rτptq

pNtq Ñ Rτptq
pGtq »

τptqK˚
pttu{Ntq.

Warning 4.2.12. This is not a BZ-equivariant factorization. The groupoid GˆNG{G admits
no obvious BZ-action for which j is BZ equivariant.

Proof. The map i is an embedding and so it has a normal bundle. The map j is a fiber
bundle with fiber G{N and so it has a relative normal bundle. Since every vector bundle
admits a (possibly twisted) Thom isomorphism in twisted K-theory (cf. [13] 3.6), both i and
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j admit pushforwards i˚ and j˚. It remains to identify the local behavior of the pushforward
with Segal induction.

Consider a point t P T with stabilizer Gt Ă G. Write Tt for a maximal torus of Gt and
let Nt Ă N be the normalizer of Tt in Gt. Write τptq for the restriction of τ to ttu{Gt. A
local (i.e. in an infinitesimal neighborhood of ttu) presentation of ω is the Gt-equivariant
composite

ωt : Gt ˆNt tt Gt ˆNt gt gt
it jt

defined by rpg,Xqs ÞÑ rpg,Xqs ÞÑ AdgpXq. Write σpνitq for the twist of the Thom isomor-
phism along the normal bundle νit of it, which is the vector bundle νit : GtˆNt ptt‘ gt{ttq Ñ
Gt ˆNt tt. Linearly contracting tt and gt (which is Gt-equivariant) induces the vertical iso-
morphisms in the following diagram (to ease the notational burden I have left various twists
syntactically unspecified, they will not be referred to again)

σ ~K˚
Gt
pGt ˆNt ttq

σ1 ~K˚
Gt
pGt ˆNt gtq

σ2 ~K˚
Gt
pgtq

τptqKNtpttuq
σ3 ~K˚

Gt
pGt{Ntqq

σpivq ~K˚
Gt
pGt{Ntq

σpvq ~K˚
Gt
pptq τptqKGtpttuq.

pitq˚ pjtq˚

„

„

pi1tq˚ pj1tq˚

„ „

„

Since the inverse of the equivariant contraction of tt is the inclusion Gt ˆNt t0u ãÑ Gt ˆNt tt
the vector bundle νit restricts to the vector bundle GtˆNtgt{tt Ñ Gt{Nt, which is the tangent
bundle T pGt{Ntq. Hence the horizontal map pi1tq˚ is multiplication by the euler class10 of
T pGt{Ntq.

Now pj1tq˚ is the pushforward along the Gt-equivariant map Gt{Nt Ñ pt. So the composite
of of the bottom row is “multiply by the euler class of Gt{Nt and pushforward along Gt{Nt Ñ

pt.” This coincides with the Becker-Gottlieb transfer along Gt{Nt Ñ pt11. This extends to
the twisted setting: if Gτ Ñ G is a central extension of G inducing a central extension
H ι˚τ Ñ H of H then Segal induction along ιτ : H ι˚τ ãÑ Gτ produces a map ιτ! : RpH ι˚τ q Ñ

RpGτ q which I claim restricts to a map Rι˚τ pHq Ñ Rτ pGq (cf. Footnote 7). Indeed this
follows from the last statement in Lemma 4.2.10 since Up1q is by definition central in H ι˚τ

and Gτ and hence contained in any maximal torus.

Lemma 4.2.13. The inclusion ω : T {N Ñ G{G admits a pushforward in ~K˚
S1-theory.

Proof. The proof is an explicit construction of the map, leveraging the existence of the non-
BZ-equivariant pushforward in classical twisted K-theory provided by Lemma 4.2.11. The
plan is to define ω˚ on very small open sets and prove that these patch together to a globally
defined map. Fix t P T with N -stabilizer Nt and G-stabilizer Gt. Fix a sufficiently small
neighborhood iU : U ãÑ G such that U and ω´1pUq “ U X T are locally contractible, so
that U{G » ttu{GT and ω´1pUq{N » ttu{Nt. Every choice of fractional splitting ψN of

10The euler class depends on a choice of complex orientation of K-theory, I am not specifying one because
shortly it will not matter.

11This follows directly from the definitions of the Becker-Gottlieb transfer and of the pushforward, cf.
[22] for a detailed construction of the Becker-Gottlieb transfer in equivariant cohomology theories.



CHAPTER 4. ELLIPTIC COHOMOLOGY 28

Nt Ñ Ñt Ñ S1 (cf. Lemma 4.2.2) induces a fractional splitting ψG of Gt Ñ G̃t Ñ S1.

By Lemma 4.2.2 these splittings provide an identification of i˚Uω
˚τ ~K˚

S1pω´1pUq{Nq with a

subgroup R
ω˚τptq
‹ pNtqppqqq of i

˚
Uω

˚τK˚pω´1pUq{Nqppqqq and an identification of i
˚
U τ ~K˚

S1pU{Gq

with a subgroup R
τptq
‹ pGtqppqqq of i

˚
U τK˚pU{Gqppqqq. Applying the non-equivariant pushfor-

ward j˚i˚ power-by-power in q defines the right most vertical map in the following diagram,
whose dashed arrows indicate maps that would make the diagram commute but are yet to
be proven well-defined

i˚Uω
˚τ ~K˚

S1pω´1pUq{Nq R
ω˚τptq
‹ pNtqppqqq

i˚Uω
˚τK˚pω´1pUq{Nqppqqq “ Rω˚τptqpNtqppqqq

i˚U τ ~K˚
S1pU{Gq R

τptq
‹ pGtqppqqq

i˚U τK˚pU{Gqppqqq “ RτptqpGtqppqqq.

ω˚pUq

ψN
„

ω‹˚pUq j˚i˚pUq

ψG
„

To show that ω‹˚pUq is well defined I must show that if ξ P R
ω˚τptq
‹ pNtqppqqq then j˚i˚pUqξ P

R
τptq
‹ pGtqppqqq. By lemma 4.2.11, j˚i˚pUq is, power-by-power in q, Segal induction. So an

element ξ “
ř

kMkq
k is sent to j˚i˚pUqξ “

ř

k ι!Mkq
k. By Lemma 4.2.2, ξ defines an

element of R
ω˚τptq
‹ pNtqppqqq if and only if γN ¨ ξ “

ř

kMkχMk
pγNpqqqq

k P Rω˚τptqpNtqppqqq
for every γN P HompS1, Ntq. Now consider γG ¨ p

ř

k ι!Mkq
kq “

ř

k ι!Mkχι!Mk
pγGpqqqq

k for
γG P HompS1, Gtq. By the last statement of Lemma 4.2.10, χι!Mk

pγGpqqq “ χMk
pγGpqqq

because γGpqq is conjugate to the maximal torus T Ă Gt. Hence ω‹˚pUq is well-defined.
Now ω˚pUq :“ ψ´1

G ω‹˚pUqψN is well-defined and I claim it is actually independent of
ψN and ψG, as the notation suggests. Indeed, any other choice of fractional splitting of
Ñt Ñ S1 is of the form ψ1Npqq “ ψpqqγNpqq for some γN P HompS1, Ntq, and the induced
splitting ψ1G satisfies the same formula where γN is replaced by itγN , its composite with
the inclusion it : Nt Ñ Gt. The claim follows by another application of the the formula
χι!Mk

pγGpqqq “ χMk
pγGpqqq, which implies that ω‹˚pUqpγN ¨ ξq “ itγN ¨ ω

‹
˚pUqpξq.

It remains to show that the ω˚pUq patch together into a globally defined map, i.e. that it

commutes with the restriction maps in ~K˚
S1-theory. Since locally contractible neighborhoods

form a basis for the topology of T {N , G{G, their central extensions, and their BZ-quotients,
and all these groupoids have compact spaces of objects, it suffices to show that for an inclusion
j : V ãÑ U of sufficiently small equivariantly locally contractible open neighborhoods the
following diagram commutes

ω˚i˚U τ ~K˚
S1pω´1pUq{Nq ω˚i˚V τ ~K˚

S1pω´1pV q{Nq

R
ω˚τptq
‹ pGtqppqqq “

i˚U τ ~K˚
S1pU{Gq i˚U τ ~K˚

S1pV {Gq

j˚

ω˚pUq ω˚pV q

j˚

.

This is true power-by-power in q, since j˚i˚ is a globally defined map.

Lemma 4.2.14. Let G be a compact Lie group, T Ă G a maximal torus with normalizer N .
Suppose W “ N{T contains a Weyl reflection rα defined by a root α of G. Then any M P
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RpNq of virtual dimension 0 is in the kernel of the Segal induction map ι! : RpNq Ñ RpGq
(cf. Definition 4.2.9).

Proof. Recall that the normalizer of the standard maximal torus of SUp2q is Pin´p2q. Recall
that the root α induces maps δα : Pin´p2q Ñ N and ∆α : SUp2q Ñ G with finite kernel.
Hence, if r denotes the rank of G, there is a commutative diagram

T r´1 ˆ Pin´p2q N

T r´1 ˆ SUp2q G

δα

ια ι

∆α

Write ε P RpPin´p2qq for the sign representation ε of C2 pulled back along the quotient
Pin´p2q Ñ C2. Since M is in the augmentation ideal of RpNq by hypothesis, and r1 ´ εs
generates the augmentation ideal of T r´1 ˆ Pin´p2q, δ

˚
αM is of the form M 1 b r1 ´ εs. I

claim that such an element is sent to zero under Segal induction along ια. Indeed, it suffices
to show that for any V P RpPin´p2qq, V b r1 ´ εs is sent to zero by Segal induction along
Pin´p2q ãÑ SUp2q. This follows immediately from the last sentence of Lemma 4.2.10 since
V b r1´ εs has trivial T -character and SUp2q is connected.

Now by [22] Lemma 4.3, pδαq!δ
˚
α is multiplication by theN -equivariant Euler characteristic

of the finite set cokerδα “ W {xrαy. Since Segal induction is transitive, p∆αq!pιαq!δ
˚
αM “

ι!pδαq!δ
˚
αM . The left hand side is zero, and the right hand side is |W {xrαy|ι!M . Since

|W {xrαy| is nonzero and RpGq is torsion free, ι!M “ 0.

4.2.2 Calculation of τ ~K˚
S1pG{Gq at negative twist

Lemma 4.2.15. Let τ P H3
S1pT {Nq be a negative twist. Equip pΛ{π1T q{W with the trivial

BZ-action (cf. Definition 3.1.1). There is a twist τ 1 P H3
S1ppΛ{π1T q{W q (described in the

proof) and an isomorphism of Zppqqq-modules

τ ~K˚
S1pT {Nq

„
ÝÑ

τ 1 ~K˚
S1ppΛ{π1T q{W q.

Proof. The plan is to invoke Lemma 4.2.7, recognize the homotopy type of ~Pτ as a Thom
space, and apply the Thom isomorphism.

I claim that because τ is negative, if the complement of a set C Ă Pτ contributes to the
topology of ~Pτ (cf. Definition 4.2.6) then the intersection of C with any connected component
of Pτ

12 has compact connected components. Indeed, by Condition 1 on the sets C listed in
Definition 4.2.6 if such a component were not compact, its image in T would contain a point t
such that CXπ´1ptq contains points of the form tprX´p, λ, nqsu for an infinite set of p P π1T
and some fixed λ and n. But now consider the isomorphism π´1ptq Ð ΛτptqˆZ induced by the

12Recall that these connected components are all homeomorphic to t (cf. Lemma 4.2.5).



CHAPTER 4. ELLIPTIC COHOMOLOGY 30

lift X of t. The inverse of that map sends rpX ´ p, λ, nqs to pλ´κτp, n` τpκτp, κτpq`λppqq.
Because τ is negative and there are infinitely many choices of p, that set certainly fails (the
last part of) Condition 2 listed in Definition 4.2.6.

That leads to the following: define an action of π1T on tˆΛ by ppX,λq “ pX`p, λ´κτpq.
Let p´q` denote the one-point compactification and consider the spaces

`

ptˆπ1T ΛqˆZď0

˘

`

and
Ž

Zą0

`

tˆπ1T Λ
˘

`
. Fix and l P Λ. For any pX,λq P tˆΛ let pXl, λlq be the π1T -translate

such that λl that lies the fundamental domain containing l. Then the pointed map

Φl :
`

ptˆπ1T Λq ˆ Zď0

˘

`
_

ł

nPZą0

`

ptˆπ1T Λq ˆ tnu
˘

`
Ñ ~Pτ{T8

prX,λs, nq ÞÑ rpXl, λl, nqs

is a W -equivariant homeomorphism. Hence the group ~π˚τK˚p~Pτ{W,T8{W q can be com-
puted as the Φ˚l ~π

˚τ -twisted, reduced W -equivariant K-theory of the domain of Φl. As an

abelian group, that can be written suggestively in terms of Φ˚l ~π
˚τ

rK˚
`

ptˆπ1T Λq`{W
˘

and a
bookkeeping parameter presciently called q:

~π˚τK˚p~Pτ{W,T8{W q
Φ˚l
ÝÝÑ Φ˚l ~π

˚τ
rK˚

`

pptˆπ1T Λq ˆ Zď0q`{W
˘

‘
À

nă0
Φ˚l ~π

˚τ
rK˚

`

ptˆπ1T Λq ˆ tnuq`{W
˘

»
Φ˚l ~π

˚τ
rK˚

`

ptˆπ1T Λq`{W
˘

rrqss ‘
à

nă0

Φ˚l ~π
˚τ

rK˚
`

ptˆπ1T Λq`{W
˘

q´n

»
Φ˚l ~π

˚τ
rK˚

`

ptˆπ1T Λq`{W
˘

ppqqq.

Given that the Zppqqq-module structure of ~π˚τK˚p~Pτ{W,T8{W q comes via pullback along
the shift map sh, it is clear that the Zppqqq-module structure suggested by the last displayed
abelian group is actually the correct one.

It now remains to define τ 1 and prove that there is a Zppqqq-module isomorphism

Φ˚l ~π
˚τ

rK˚
`

ptˆπ1T Λq`{W
˘

ppqqq » τ 1 ~K˚`dimT
S1 ppΛ{π1T q{W q.

Recall that a vector bundle induces a twist of the K-theory of the base of that vector bundle
(cf. [13] 3.6). Note that ptˆπ1T Λq` is the Thom space of the vector bundle tˆπ1T Λ Ñ Λ{π1T ,
and call the corresponding twist σptq. Then applying the Thom isomorphism (cf. [13] 3.6)
in W -equivariant twisted K-theory gives

Φ˚l ~π
˚τ

rK˚
`

ptˆπ1T Λq`
˘

ppqqq » Φ˚l ~π
˚τ´σptq

rK˚´dimt
`

Λ{π1T
˘

ppqqq.

Finally, write τ 1 “ Φ˚l ~π
˚τ ´ σptq. Since pΛ{π1T q{W is a trivial BZ-groupoid (cf. Definition

3.1.1)
τ 1 ~K˚

S1ppΛ{π1T q{W q »
τ 1K˚

ppΛ{π1T q{W q bZ Zppqqq.

Corollary 4.2.16. At negative level τ ~K˚
S1pT {Nq is spanned by classes supported at single

conjugacy classes.
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Proof. This is immediate from the proof of Lemma 4.2.15, since the classes in τw ~K˚
S1pT {Nq

are all images of degree zero classes under a Thom isomorphism from a vector bundle whose
dimension is equal to the dimension of T .

Lemma 4.2.17. Let G be a compact Lie group with identity component Gp1q. Let Λreg be the
regular weights of G, i.e. those on which are not fixed by a Weyl reflection r P W “ N{T .
For negative twists τ P H3

S1pG{Gq, there is a twist τ 1 P H3
S1pΛreg{π1T {W q (described in the

proof) such that ω˚ induces an isomorphism

ω˚ : τ ~K˚
S1pGp1q{Gq

„
ÝÑ

τ 1 ~K˚
S1pΛreg{π1T {W q Ă

τ 1 ~K˚
S1ppΛ{π1T q{W q.

Proof. As usual, consider a point t P T with stabilizer Gt Ă G. Write Ttp“ T q for a maximal
torus of Gt and let Nt Ă N be the normalizer of Tt in Gt. Write τptq for the restriction
of τ to ttu{Gt. Note that ω : T {N Ñ Gp1q{G is essentially surjective. By the definition
of ω (cf. Lemma 4.2.13) it suffices to work at a fixed q-power. By the same Lemma,
the local behavior of ω, denoted pωtq˚, is the Gt-equivariant Becker-Gottlieb transfer along
Gt{Nt Ñ pt. By [22] Lemma 4.3 the composition pωtq˚ω

˚
t is multiplication by the Gt-

equivariant Euler characteristic χpGt{Ntq “ |Nt|{|Nt| “ 1. So the map ω˚ω
˚ is locally the

identity. By the Mayer-Vietoris axiom (and equivariant local contractibility of all groupoids
involved) it follows that it is a global isomorphism. Then, in light of Corollary 4.2.16, the
image of any class under ω˚ is fixed by ω˚ω

˚, so ω˚ω
˚ is a projection, and so must be the

identity. Therefore τ ~K˚
S1pG{Gq is split inside ω˚τ ~K˚

S1pT {Nq.
It remains to identify the summand. For that it suffices to identify the kernel of ω˚ with

the classes supported away from regular conjugacy classes. Recall from Corollary 4.2.16
that ω˚τ ~K˚

S1pT {Nq is spanned by classes supported at single conjugacy classes. Moreover,
for any t P T all classes supported at ttu{Nt Ă T {N are of the form rV b Θts where
V P Rω˚τptqpNtq and Θt represents the euler class of the normal bundle of ttu{Nt ãÑ T {N ,
which depends on a choice of complex orientation but is always a class of virtual dimension
zero in RpNtq. Finally, under the identification of ω˚τ ~K˚

S1pT {Nq with τ 1 ~K˚
S1pΛ{π1T {W , the

subgroup τ 1 ~K˚
S1pΛreg{π1T {W q corresponds to classes supported at t P T that define regular

conjugacy class in G (i.e. Gt “ Nt). Recall that pωtq˚ is given by Segal induction, power-by-
power in q (cf. the proof of Lemma 4.2.13). Clearly if Gt “ Nt then pωtq˚ is the identity. If t
does not define a regular conjugacy class in G, Then Wt “ Nt{Tt contains a Weyl reflection,
and the proof is reduced to Lemma 4.2.14.

4.2.3 Calculation of τ ~K˚
S1pG{Gq at positive twist

Lemma 4.2.18. Let τ P H3
S1pT {Nq be a positive twist. Equip pΛ{π1T q{W with the trivial

BZ-action (cf. Definition 3.1.1). There is a twist τ 1 P H3
S1ppΛ{π1T q{W q (described in the

proof) and an isomorphism of Zppqqq-modules

τ ~K˚
S1pT {Nq

„
ÝÑ

τ 1 ~K˚
S1ppΛ{π1T q{W q.
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Proof. The proof is similar to that of Lemma 4.2.15. The plan is to invoke Lemma 4.2.7,
recognize the homotopy type of ~Pτ as the disjointly base-pointed total space of a vector
bundle over pΛ{π1T q{W , and then equivariantly contract the fibers of that vector bundle
and discard the disjoint base-point.

I claim that because τ is positive, the complement of any closed, connected, convex set
C Ă Pτ contributes to the topology of ~Pτ (cf. Definition 4.2.6). It suffices to consider the
case that C is the image of tˆ tλu ˆ tnu for some pλ, nq. This certainly satisfies Condition
1 listed in Definition 4.2.6. For any t P T , and lift X of t, the inverse of the induced map
π´1ptq Ð Λτptq ˆ Z sends rpX ´ p, λ, nqs to pλ ´ κτp, n ` τpκτp, κτpq ` λppqq, whose second
coordinate is a positive quadratic function of p and so certainly satisfies Condition 2.

It follows that for any bounded below S Ă Z, the image of t ˆ tλu ˆ S in Pτ satisfies
Conditions 1 and 2. This leads to the following.

Let ~Z denote the following partial compactification of Z: as a set ~Z “ Z
š

t8`u and
the open neighborhoods of t8`u are defined to be the complements of sets C P Z which
are bounded below. As in the proof of Lemma 4.2.15, define an action of π1T on t ˆ Λ
by ppX,λq “ pX ` p, λ ´ κτpq. Let

`

t ˆπ1T Λ
š

t˚u
˘

be the evident addition of a disjoint
basepoint with trivial W -action. For any pX,λq P tˆΛ let pXl, λl be the π1T -translate such
that λl that lies the fundamental domain containing l. Then the pointed map

Φl :
`

tˆπ1T Λτ
ž

t˚u
˘

^ ~ZÑ ~Pτ{T8

prX,λs, nq ÞÑ rνlpXq, λl, ns

is a W -equivariant homeomorphism. Hence ~π˚τ
rK˚p~Pτ{W q »

Φ˚l ~π
˚τK˚

`

pt ˆπ1T Λτ q{W
˘

bZ
Zppqqq. The proof of the isomorphism displayed in the lemma is completed by defining
τ 1 “ Φ˚l ~π

˚τ , noting that tˆπ1T Λτ equivariantly deformation retracts onto Λ{π1T , and that
(as in the proof of Lemma 4.2.15)

τ 1 ~K˚
S1ppΛ{π1T q{W q »

τ 1K˚
ppΛ{π1T q{W q bZ Zppqqq.

Definition 4.2.19. ([1] Chapter 9) For a compact Lie groupG and an element τ P H3
S1pLBGq

write LGτ¸S1 Ñ LG¸S1 for the associated central Up1q-extension, and write R̂τ
pospLG¸S

1q

for the free Zppqqq-module consisting of positive energy, τ -projective (also know as ‘level τ ’)
representations of LG¸ S1.

Lemma 4.2.20. For positive twists τ there is an injection of Zppqqq-modules R̂τ
pospLG ¸

S1q ãÑ τ ~K0
S1pGp1q{Gq.

Proof. Let H P R̂τ
pospLG ¸ S1q be an irreducible level τ positive energy representation. Let

S Ă ΛˆZ be the weights of TˆS1 Ă LG¸S1 appearing in H. By [1] Theorem 9.3.5 this has a
unique lowest weight pλ, nq P S. The affine Weyl group W˙π1T acts on S, and the subgroup
π1T acts by the first displayed formula in the proof of Lemma 4.2.5 (cf. formula (9.3.3) in
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[1]). Hence, since τ is positive, for any t P G with stabilizer Gt the infinite dimensional

(projective) representation H produces a well-defined element of τptq ~K˚
S1pttu{Gtq (cf. Lemma

4.2.2). Then since pGp1q{Gq{BZ » ApGq{pLG¸ S1q ([15], Section 2.1), the construction

ApGq ˆpLG¸S1q Hλ

defines the required map. It is injective since the pullback along the inclusion 1 ãÑ G detects
the character of Hλ as an element of Rτp1qpGqppqqq » τp1q ~K0

S1ppt{Gq (cf. Lemma 4.2.2).

Definition 4.2.21. Let X be a BZ-groupoid let τ P H3
S1pXq be a twist. A class ξ P τ ~K˚

S1X
is said to have virtual q-dimension 0 if for any point x P X0 with stabilizer Gx, pullback
along ix : txu{Gx Ñ X produces a class i˚xξ P

i˚x τ ~K˚
S1ptxu{Gxq which maps to zero under

the restriction map i˚x τ ~K˚
S1ptxu{Gxq Ñ ~K˚

S1ptxuq “ Zppqqq induced by 1 Ñ Gx (cf. Lemma
4.2.2).

Lemma 4.2.22. Let τ be a positive twist. Identify τ ~K˚
S1pT {Nq with τ 1 ~K˚

S1ppΛ{π1T q{W q as
in Lemma 4.2.18. Then the kernel of the map

ω˚ : τ 1 ~K˚
S1ppΛ{π1T q{W q ÝÑ

τ ~K˚
S1pG{Gq

consists of the classes of virtual q-dimension 0 (cf. Definition 4.2.21).

Proof. For t P N write Nt for its stabilizer in N , Gt for its stabilizer in G, and Tt for a
maximal torus of Gt. Recall from the proof of Lemma 4.2.13 that ω˚ is defined power-by-
power in q, and the local model at a point t P G with stabilizer Gt P G and coincides with
Segal induction ι! : RpNtq Ñ RpGtq.

Now let rV s P τ ~K˚
S1ppΛ{π1T q{W q be a class of virtual q-dimension 0. Then its support

must be contained in the set of rλs P Λ{π1T with nontrivial W -stabilizer. Over each such
point its fiber is a representation of the stabilizer of virtual q-dimension 0. It suffices to
assume that rV s is supported at a single such point rλs with stabilizer Wλ. Tracing rV s
backwards through the construction of Lemma 4.2.18, there is a point t P T with stabilizer
Nt such that the class in τ ~K˚

S1pT {Nq corresponding to rV s is represented by a Hilbert bundle

V whose fiber at t can be identified (by a choice of fractional splitting ψ : Ñt Ð S1
d) with

a Laurent series in q with coefficients in (τ -projective) virtual representations of virtual
dimension 0. Since pωtq˚ is defined power-by-power, Lemma 4.2.14 implies that pωtq˚Vt has
q-dimension zero at t. Hence ω˚rV s and ω˚ω˚rV s have q-dimension zero. But from the free

Zppqqq-basis of τ ~K˚
S1pT {Nq established in Lemma 4.2.18, it is evident that the only class

which is of q-dimension 0 at any point is the zero class, So ω˚ω˚rVs “ 0. Injectivity of
ω˚ implies that ω˚rVs “ 0. It remains to prove that the classes of virtual dimension zero
span the kernel of ω˚. By Lemma 4.2.20, the image of ω˚ contains a subspace isomorphic to
R̂τ

pospLG¸ S
1q. Since ω˚ω

˚ is an isomorphism (cf. the proof of Lemma 4.2.17), the proof is
completed by a counting argument using the following result.
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Theorem 4.2.23. (cf. [1] Theorem 9.3.5, [14] Theorem 10.2) A free Zppqqq-basis of
R̂τ

pospLG¸S
1q consisting of irreducibles is in one-to-one correspondence with the set of orbits

of the action of the affine Weyl group W ˙ π1T on Λ defined by τ (cf. Lemma 4.2.5), i.e.
the coarse quotient rpΛ{π1T q{W s.

The preceding two results immediately imply the following.

Corollary 4.2.24. For positive τ , τ ~K˚
S1pG{Gq » R̂τ

pospLG ¸ S1q, where the right hand side
is viewed as a graded Zppqqq-module concentrated in degree zero.

4.2.4 Reconciliation of bases

Definition 4.2.25. Let G be a compact Lie group. Let Cliffpg˚q denote the Clifford algebra
of the vector space g˚ equipped with the bilinear Killing form. By integrating over S1,
the Killing form induces a bilinear form on Lg˚ “ C8pS1, g˚q. Let CliffpLg˚q denote the
associated Clifford algebra, and let S˘pLg˚q be an irreducible Z{2-graded representation of
CliffpLg˚q. If S˘p0q is an irreducible Z{2-graded representation of Cliffpg˚q then S˘pLg˚q
may be presented as S˘p0q b

Źev/odd
pzgCrzsq (cf. [14] 8.6). It admits a projective, positive

energy action of LG, and the corresponding level is denoted by σ (cf. [14] 1.6, 8.8).

While it is not curious that the calculation at positive and negative twist differ13 it is
curious how they differ. At positive level the representation ring R̂τ

pospLG ¸ S1q makes an

appearance as τ ~K0
S1pG{Gq » τ ~KdimG

S1 pΛτ{W q, while at negative level, the isomorphic ring

R̂´τnegpLG ¸ S1q makes its appearance as τ`σ ~KdimG
S1 pG{Gq » τ`σ ~KdimG

S1 pΛτ`σ
reg {W q. Thus at

positive level there is no shift in twist and all W -orbits contribute a basis element, while at
negative level there is a shift by σ in the twist and only the regular orbits contribute basis
elements. The correspondence becomes even more curious when related to the correspon-
dence for the maximal torus, where there is no σ-discrepancy between positive and negative
twists.

This is made precise in the following lemma.

Lemma 4.2.26. Let G be a simple and simply-connected Lie group. Fix a positive twist
τ P H3

S1pG{Gq. There are dualities of finitely-generated free (ungraded) Zppqqq-modules

DT : ´τ´σ ~Kr
S1pT {Nq b τ`σ ~K0

S1pT {Nq ÝÑ Zppqqq,

DG : ´τ´σ ~Kr
S1pG{Gq b τ ~K0

S1pG{Gq ÝÑ Zppqqq.

Proof. By Corollary 4.2.24, the map R̂τ
pospLG ¸ S1q ãÑ τ ~K0

S1pG{Gq in Lemma 4.2.20 is
an isomorphism. The content of Section 12 and 13 of [14] (cf. 12.9, Proposition 13.6)
is that for each rHλs P R̂

τ
pospLG ¸ S1q there is a G-parametrized family Fλ of Fredholm

operators on HλbS˘ such that the assignment rHλs ÞÑ pHλbS˘, Fλq defines an isomorphism

13See the discussion at the beginning of Section 3.
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R̂τ
pospLG ¸ S1q ãÑ ´τ´σKr

S1pG{Gq. By Lemma 4.2.17 the natural map ´τ´σKr
S1pG{Gq Ñ

´τ´σ ~Kr
S1pG{Gq is an isomorphism. Therefore the span of isomorphisms of finite rank, free

Zppqqq-modules
´τ´σ ~Kr

S1pG{Gq Ð R̂τ
pospLG¸ S

1
q Ñ

τ ~K0
S1pG{Gq

exhibits a duality DG between the left and right terms, since the middle is canonically self-
dual (it has a canonical basis of irreducibles).

Let R̂τ
pospLT ¸ S1qhW be the Zppqqq-module of isomorphism classes of W -equivariant14

τ -twisted positive energy LT representations. The same recipe as in the previous paragraph
produces a span of isomorphisms of finite rank, free Zppqqq-modules

´τ´σ ~Kr
S1pT {Nq Ð R̂τ

pospLT ¸ S
1
q
hW
Ñ

τ`σ ~K0
S1pT {Nq

exhibits a duality DT between the left and right terms, since the middle is again canonically
self-dual.

The reconciliation comes in the form of the following lemma.

Lemma 4.2.27. Let G be a simple and simply-connected Lie group. Fix a positive twist
τ P H3

S1pG{Gq. The dualities of the previous lemma are intertwined by maps

ω˚ : ´τ´σ ~Kr
S1pT {Nq Ñ ´τ´σ ~Kr

S1pG{Gq,

ω! : τ ~K0
S1pG{Gq Ñ τ`σ ~K0

S1pT {Nq.

The first map is the pullback along ω : T {N ãÑ G{G followed by tensoring with the spinor
representation S˘pLg˚q (cf. Definition 4.2.25). The second is the Becker-Gottlieb transfer
along ω.

Proof. The claim is that for any a P ´τ´σ ~Kr
S1pT {Nq and b P τ ~K0

S1pG{Gq, DGpω˚a b bq “
DT pa b ω!bq. Since ω˚ω

˚ is the identity at negative level (cf. the proof of Lemma 4.2.17),

it suffices to show that for any c P ´τ´σ ~Kr
S1pG{Gq and b P τ ~K0

S1pG{Gq, DGpc b bq “
DT pω

˚cb ω!bq.
Under the identifications of the previous lemma the restriction maps

ω˚ : ´τ´σ ~Kr
S1pG{Gq Ñ ´τ´σ ~Kr

S1pT {Nq and ω˚ : τ ~K0
S1pG{Gq Ñ τ ~K0

S1pT {Nq both agree

with the restriction of representations R̂τ
pospLG ¸ S1q Ñ R̂τ

pospLT ¸ S1qhW . The equation
DGpcb bq “ DT pω

˚cb ω!bq now follows since the discrepancy between ω! and ω˚ is precisely
the tensor product with S˘ that is missing on the positive level side.

14That is, one has the data of an intertwiner for each w PW .
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4.3 Constructions

In this section the completed ~KS1-theory defined above is used to give a K-theoretic picture
of equivariant elliptic cohomology at the Tate curve. Despite being the shortest section,
it is in some sense the paper’s centerpiece. In fact, its shortness speaks to the wonderful
simplicity of the Kitchloo-Morava picture of elliptic cohomology at the Tate curve. Fix a
compact Lie group G. A G-equivariant elliptic cohomology theory is defined to be:

1. a weakly even G-equivariant cohomology theory EG,

2. an elliptic curve E over E0pptq “ E0
GpGq,

3. a twist τ P H4pBGq for EG with associated transgressed class trpτq P H3
S1pLBGq and

central extension LGτ ¸ S1 Ñ LG¸ S1

4. an isomorphism of Zppqqq-modules τE0
Gpptq Ñ R̂τ

pospLG¸ S
1q (cf. Definition 4.2.19)

5. and an isomorphism of formal groups SpfE0pCP8q “ E0
GpGˆ CP8q Ñ Ê ,

4.3.1 The equivariant Kitchloo-Morava construction

Let G-Spacesrel be the category of pairs pM,Aq where M is a G-space and A Ă M is G-
invariant. A class τ P H4BG transgresses to a class trpτq P H3

S1LBGp“ H3
S1pLppt{Gqq

that restricts to zero in H3ΩBG “ H3G and hence defines a graded central extension
(with trivial grading) Lτ Ñ Lppt{Gq{BZ (cf. Remark 3.1.7). Write pM for the projection
M Ñ pt. Recall that LpM{Gq has a natural BZ-action (cf. Example 4.1.1). Define a functor
Jτ : G-Spacesrel Ñ BZ-Twistrel by the formula

Jτ pM,Aq :“ pLpM{Gq{BZ,LpA{Gq{BZ,LppMq˚Lτ
q.

Proposition 4.3.1. For any compact connected Lie group G and τ P H4BG whose trans-
gression to H3

S1pLBGq defines a strongly topologically regular positive twist the composite
functor

τE˚G :“ ~K˚
S1 ˝ Jτ : G-Spacesrel ÝÑ Zppqqq-mod

pM,Aq ÞÑ τE˚GpM,Aq

defines a G-equivariant elliptic cohomology theory at the Tate curve.

Proof. Given that LppMzAq{Gq » LpM{GqzLpA{Gq, the cohomology axioms follow imme-

diately from their holding for ~KS1 . It remains to establish ellipticity as defined above. Take
E to be the Tate curve over Z. By hypothesis τ defines a strongly topologically regular
positive twist, so Corollary 3.2.5 says precisely that τE0

Gpptq » R̂τ
pospLG1 ¸ S

1q.

Remark 4.3.2. When G is disconnected all the definitions still make sense; instead the re-
striction to connected groups is to preserve the maximum amount of correlation between
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τ ~KS1pG{Gq and the positive energy representation theory of LG. Indeed, when G is dis-
connected one has to introduce twisted loop groups15 (cf. [14] 1.5) and their representation
theory, which results in an explosion of notational complexity and bookkeeping that obscures
a major virtue of the Kitchloo-Morava construction, namely its simplicity.

Remark 4.3.3. Some readers might prefer if item 4 were replaced with something like the fol-
lowing condition: a twist τ P H4pBGq for EG with its associated line bundle Lτ Ñ BunGpEq
over the moduli space of principal G-bundles over E . If G is simple and simply-connected
then by [4] Theorem D, the Kac character map gives an isomorphism of R̂τ

pospLG1¸S
1q with

ΓpBunGpEq;Lτ q. I have chosen to require only a relation to positive energy representation
theory so as not to have to invoke the Kac character theory to prove ellipticity and to treat
all connected Lie groups uniformly.

Remark 4.3.4. At negative level the construction is still plagued by the problems mentioned
in the introduction of this paper and so does not produce an elliptic cohomology theory. That
is no surprise, since the completion that defines ~KS1 favors positive q-powers. On the other
hand, the functor τE˚G makes perfect sense for negative τ and still produces a G-equivariant
cohomology theory, just not an elliptic one (at least as per the 5 specifications listed above).
This motivates the following section.

4.3.2 Duality in EG

When G is simple and simply-connected, Lemma 4.2.26 immediately implies the following.

Lemma 4.3.5. Let G be a simple and simply-connected Lie group of dimension d and let σ
be the twist associated to the positive energy spin representation of the adjoint representation
of LG (cf. Definition 4.2.25). There is a natural duality pairing

´τ´σEd
Gpptq b τE0

Gpptq ÝÑ ´σEd
Gpptq » Zppqqq.

4.3.3 Comparisons

When G is connected, Grojnowski [16] has constructed the seminal “delocalised equivariant
elliptic cohomology” over the complex numbers as follows (cf. also [8] 4.1). The theory takes
values in holomorphic sheaves over H ˆ tC{pW ˙ π1T

2q. Recall that every τ P H defines an
isomorphism C » Rˆ R. Write φ for the composite (cf. [8] Display (16))

Hˆ tC Ñ Hˆ tˆ t
idˆexp
ÝÝÝÝÑ Hˆ T ˆ T pr

ÝÑ T ˆ T,

where the first map is the one induced by viewing H as a subspace of the space of R-bases
of C via τ ÞÑ p1, τq. For a G-space X and a point a P Hˆ tC write Xa for the common fixed
point set of the two components of φpaq, Zpaq Ă G for their common centralizer, and Wa

15The ‘twisted’ here is unrelated to the ‘twisted’ in ‘twisted K-theory.’
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for the Weyl group of Zpaq (which is a subgroup of the Weyl group of G). Write H˚
T p´;Cq

for equivariant singular cohomology with complex coefficients and mod 2 grading and O for
the sheaf of holomorphic functions on both tC and H ˆ tC. Let U be a small neighborhood
of 0 P tC. Since H˚

T ppt;Cq is canonically isomorphic to Sympt_C r´2sq it acts on OpUq. Since
H˚
Zpaqppt;Cq » H˚

T ppt;CqWa the latter acts on OpUaqWa . Note that the second component of
a acts on the second factor of Hˆ tC by translation. The action of W and π1T on t combine
to give a W ˙ π1T

2 action on Hˆ tˆ t that is trivial on the first factor. Pulling back along
the map ‘canonical’ gives an action of W ˙ π1T

2 on H ˆ tC. Let Ua be a sufficiently small
W ˙ π1T

2-invariant neighborhood of a. For τ P H3
S1pG{Gq, the associated quadratic form

on H1pT q (cf. Definition 4.2.1) defines an element of H2pT ˆ T q, and let Lτ denote the
associated ‘Looijenga’ line bundle. Define the sheaf τ pEllGroj

G q˚X at Ua to be

pEllGroj
G q

˚XpUaq :“ pa´1
q
˚
´

H˚
ZpaqpX

a;Cq bH˚
Zpaq

ppt;Cq a
˚
pOpUaq b LpUaqqWa

¯

The evident restriction maps for W˙π1T
2-invariant subsets Ua1 Ă Ua centered around a1 P Ua

are isomorphisms by the localization theorem in equivariant cohomology and the fact that
fixed point sets can only shrink locally (i.e. if g does not stabilize x then it does not stabilize
a neighborhood of x).

Lemma 4.3.6. Let G be a connected Lie group, k P H4BG such that trpkq P H3
S1pG{Gq is

a strongly topologically regular, positive twist, and let X be a G-space. Then Grojnowski’s
sheaves kpEllGroj

G q˚X can be recovered from the presheaf of groups on LpX{Gq defined by

U ÞÑ trpkq ~K˚
S1pUq b C.

Proof. It suffices to show that the groups H˚
ZpaqpX

a;Cq and the Looijenga line bundle Lk

can be recovered from the ~K˚
S1p´qbC presheaf. For a P Hˆ tC write φ1paq and φ2paq for the

two components of φpaq, Zpa1q and Zpa2q for their centralizers in G, and Xa1 and Xa2 for
their fixed point sets in X. Regard ordinary cohomology as Z{2-graded. By the completion
theorem in twisted K-theory ([? ] Theorem 3.9)

H˚
ZpaqpX

a;Cq » K˚
Zpa1q

pXa1q
p

a2
.

Recall that LpX{Gq is a full subgroupoid of (X ˆ Gq{G (where G acts diagonally by the
given action on X and by conjugation on G) on those objects px, gq such that gx “ x. Note
that Xa1{Zpa1q » pXa1 ˆ ta1uq{Zpa1q is a subgroupoid of LpX{Gq. Fractional splittings
ψx,g : Gx,g Ð S1

d can always be extended in the X-direction since the BZ-action only depends
on the second factor. Hence there is a fractional splitting ψa1 that gives an isomorphism

trpkq ~K˚
S1pXa1{Zpa1qq »

trpkqK˚
pXa1{Zpa1qqppqqq.

The twist trpkq, which is pulled back from Lppt{Gq defines a trivial Xa-parametrized family
of Up1q-central extensions of Zpaq (cf. Lemma 4.2.3). Restricting to the fiber over a2 P Zpaq
defines a trivial Up1q-principle bundle over Xa, whose associated trivial line bundle is denoted
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Ltrpkqa and whose fiber will be denoted by Cpaq. Extract a single q-power from the right side
of the previous display, complexify, and and apply the completion theorem in twisted K-
theory ([? ] Theorem 3.9) to obtain

trpkqK˚
pXa1{Zpa1qq b C p

a2
» H˚

ZpaqpX
a;Ltrpkqaq » H˚

ZpaqpX
a;Cpaqq.

To finish the proof it suffices to show that the vector spaces Cpaq assemble into the (W -
equivariant) Looijenga line bundle Lk over T ˆ T as a (or really φpaq) varies. First, since
k is a class in H4BG, it produces a Weyl-equivariant class on T ˆ T , and its transgression
trpkq produces a Weyl-equivariant twist. Furthermore, Cpaq is the fiber over the morphism
φpaq P T ˆ T Ă pG{G{BZq1 of the line bundle associated to the Up1q-extension defined
by the twist trpkq. That is, the Up1q-central extension defined by trpkq coincides with the
Up1q-bundle associated to the Looijenga line bundle Lk defined by k.

When G is a torus or simple and simply-connected, Kitchloo [18] has constructed an
equivariant elliptic cohomology theory over the complex numbers by defining certain W ˙

π1T
2-equivariant holomorphic sheaves kK˚LG¸S1LX on Hˆ tC as follows. Let τ P H4BG » Z

be an element whose transgression in H3
S1pG{Gq defines a strongly topologically regular,

positive twist. Let FG
τ be the space of Fredholm operators on a Hilbert space Hτ which is the

direct sum of countably many copies of each irreducible level τ positive energy representation
of LG. Let H be the upper half plane. For a finite G-CW space X, define the sheaves
τK˚S1ˆTLX on Hˆ tC by sheafifying the presheaves

U ÞÑ π˚mod2MapspU ˆ LX,FG
k q

T .

Then the τK˚LG¸S1LX are defined to be the sheaves of OpHˆ tCq-modules whose stalks at a
point ph, aq are the following inverse limits over finite S1 ˆ T -CW subspaces of LX:

lim
ÐÝ
YĂLX

p
τK˚S1ˆTY qph,aq bRpS1ˆT q OpHˆ tCqph,aq.

Lemma 4.3.7. Let G be a torus or simple and simply-connected Lie group, 0 ă τ P H4BG
and X a G-space. Then Kitchloo’s sheaves kK˚LG¸S1LX can be recovered from the the presheaf

of groups on LpX{Gq defined by U ÞÑ trpkq ~K˚
S1pUq b C

Proof. Similarly to the above, let Y a Ă Y denote the common fixed point set for φ1paq,
φ2paq, and S1 in S1ˆ T . By Theorem 3.3 of [18], the stalks defined above are isomorphic to
the groups

lim
ÐÝ
YĂLX

p
τK˚

S1ˆTY
a
q bRpS1ˆT q OpHˆ tCqph,aq.

The proof is now complete since the classical twisted K-theory groups pτK˚
S1ˆTY

aq »

τK˚
T pY

aqrq˘s can certainly be recovered from the indicated ~K˚
S1-theory presheaf as in the

proof of Lemma 4.3.6.
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4.4 Example: Up1q

The groups τ ~K˚
S1pUp1q{Up1qq can be calculated directly. Note that the twist τ is an element

of H3
Up1qUp1q » Z. For twists transgressed from H4BUp1q, i.e. classes in 2Z, the calculation

is due to Constantin Teleman (unpublished notes). Here is an approach that covers all
strongly topologically regular twists τ ‰ 0.

The general idea us to apply Mayer-Vietoris to the usual decomposition of Up1q into two
overlapping arcs U and V which are equivariantly contractible and whose intersection has
equivariantly contractible connected components. The automorphism group of each of these
four components is a Up1q-central extension of a Up1q-extension of S1 (cf. Example 3.1.5,
Lemma 4.2.3), which is non-canonically isomorphic to Up1q ˆ Up1q ˆ S1. Applying Lemma
4.2.2 and Bott periodicity the Mayer-Vietoris sequence is a 6-term hexagon

R‹pUp1qqppqqq
‘2 R‹pUp1qqppqqq

‘2

τ ~K0
S1pUp1q{Up1qq τ ~K1

S1pUp1q{Up1qq

0 0

i˚´Mτ

exhibiting the desired groups as the kernel and cokernel of the top horizontal map. Write
RpUp1qq » Zrt˘s. From the explicit presentation of the twist Lτ in Example 3.1.16 the

identifications of the four ~KS1-theory stalks with R‹pUp1qqppqqq can be chosen such that
3 of the restriction maps are the identity and the fourth sends an element

ř

χkptqq
k to

pqtqτ
ř

χkpqtqq
k. Hence the map in question is

pi˚ ´M τ
q

„

fpt, qq
gpt, qq



“

„

fpt, qq ´ gpt, qq
gpt, qq ´ ptqqτgpqt, qq



P End
`

Zrt˘sppqqq
˘

When τ ą 0 there is no cokernel, and the kernel has a basis

fpt, qq “ gpt, qq “
ÿ

kPZ

tj`τkqτ
kpk´1q

2
´kj j “ 0, ..., n´ 1

Some readers may notice that at τ “ 1 this is the character of the basic level 1 positive energy
representation of LUp1q up to a factor of the (shifted) partition function

ś

ką0p1´ q
kq´1 (cf.

[1] Chapter 14 Section 1).
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Chapter 5

Bordism theories

5.1 Introduction and technical setup

In this chapter I will use Bullett’s manifolds-with-singularities ([10]) to prove a number of
results in cobordism theory. The most basic application is the exhibition of E8-structures on
various spectra via, of course, the formalism of symmetric stable functors. More advanced
is the result that certain bordism spectra of manifolds-with-singularities together with their
associated filtrations based on the “depth” of singularities coincide as filtered spectra with
certain higher algebraic pushouts (which come with their own algebraically defined filtra-
tion). Applications of these considerations include a short and conceptual1 calculation of
the dual Steenrod algebras pHFpq˚HFp at all primes, a solution to Bullett’s conjecture, a
non-existence result on E8 complex orientations, some identifications of framed bordism
classes, and an approach to the nilpotence theorem.

Definition 5.1.1. (cf. [9] Def. 1.4) A manifold-with-(unlabelled)-n-corners M of dimension
d is a “manifold” modeled on the spaces Rd and Uj “ tx P Rd|x1, ..., xj ě 0u for j “ 1, ..., n.
The strata of each of the model spaces induce strata in M . The stratum of codimension j is
called the j-corners. The complement of the j ` 1-corners inside the j-corners is called the
smooth j-corners of M . As the name suggests, it is a smooth manifold. If the only nonempty
strata are of codimension 0 and 1 then M is a classical manifold-with-boundary. For j ą 1,
the j-corners is a subset of a j-fold self intersection of the 1-corners. More precisely, at each
point p in the smooth j-corners there is a neighborhood U such that the intersection of the
1-corners with U can be written as the union of j hyperplanes whose j-fold intersection is the
intersection of U with the j-corners. Thus, locally along a j-fold self intersection there are
j well-defined components of the 1-corners which meet there, but this may not be possible
globally. However this defines a Σj-bundle over the smooth j-corners which is called the
face-labelling bundle, and whose fiber over p is the set of hyperplanes in U mentioned above.

1In particular the calculation does not make use of any particular presentation of that Hopf algebra nor
any reference to the Steenrod operations.
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A manifold-with-labelled -corners is a manifold-with-corners Q together with a labelling of
the smooth 1-corners, which is a decomposition into disjoint smooth open subsets d1Q, ..., dqQ
such that the following holds: for each point p in the smooth j-corners, the fiber of the face-
labelling bundle acquires a possibly-multivalued map to t1, 2, ..., qu and this map is required
to be an isomorphism (and therefore singly-valued). Note that if Q admits a valid labelling
then q ě r1 where r1 is the maximal r for which the smooth r-corners of Q are nonempty.

Remark 5.1.2. Consider the solid square. Its interior is the smooth 0-corners, its boundary
is the 1-corners. The complement of the 4 colloquial-corners in the boundary is the smooth
1-corners—it is a union of 4 lines. The 2-corners coincides with the smooth 2-corners, and
is the union of the 4 corner points. Labelling the 4 components of the smooth 1-corners
1-through-4 exhibits the solid square as a manifold-with-labelled-corners.

Consider the usual drawing of a teardrop. Its interior is the smooth 0-corners, diffeomor-
phic to an open disk. Its boundary is the 1-corners, its smooth 1-corners are the complement
of the tip point in the 1-corners and is diffeomorphic to a line, and the 2-corners is that tip
point. It admits no valid labelling since the 2-corners is a self intersection of the smooth
1-corners and so no labelling can distinguish the two local parts of the 1-corners intersecting
there.

Note that the teardrop is the gluing of a solid triangle and a solid semicircle along their
intersection in a line segment, all three of of which are manifolds-with-labelled-singularities,
but the gluing does not respect the labelling.

5.2 The dual Steenrod algebra

All discrete rings, modules, etc are implicitly graded and are also coconnective in cohomo-
logical grading. All rings are F2-algebras and are commutative.

5.2.1 Real orientations

Definition 5.2.1. Let E be a complex oriented homotopy ring spectrum. A real orientation
of E consists of the data of

1. a class x P E1BC2 such that x restricts to a generator of E1S1 along the inclusion of
the bottom cell of BC2.

Remark 5.2.2. The prime examples of a real orientable spectrum are the Eilenberg-Maclane
spectrum HF2 and unoriented bordism MO.

Remark 5.2.3. Note that data of the class x is equivalent to a factorization of the unit map
through the bottom cell SÑ Σ´1BC2.

Remark 5.2.4. Just as a complex oriented homotopy ring spectrum E exhibits a formal group
law E˚BC2 “ E˚rrcss on a generator c of degree 2, a real oriented homotopy ring spectrum
exhibits a formal group law E˚BC2 “ E˚rrxss on a generator x of degree 1 (the same x as in
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Definition 5.2.1). In what follows, all formal group laws will be implicitly of the latter kind.
Moreover an FGL F px, yq over a ring R will often be considered implicitly as the R-algebra
map

F : Rrrxss Ñ Rrrx, yss

determined by x ÞÑ F px, yq

5.2.2 FGL automorphisms

Definition 5.2.5. Let CRingsď0 denote the category of graded commutative coconnective
rings.

Definition 5.2.6. Recall that a morphism between two formal group laws FApx, yq and
FBpx, yq over a ringR is2 a power series φpxq P Rrrxss such that FBpφpxq, φpyqq “ φpFApx, yqq.
This already implies that the constant term of φ is zero.

Remark 5.2.7. As one might expect, the FGL associated to any real orientation of HF2 is
the additive FGL F`px, yq “ x` y.

Definition 5.2.8. Let F2-Algď0 denote the category of (graded commutative coconnective)
F2-algebras.

Definition 5.2.9. Let F be an FGL over a ring R. The automorphism groupoid AutF is
the functor

AutF : F2-Algď0 Ñ Groupoids

defined as follows: the set of objects of the groupoid AutF pSq is the set of ring maps
R Ñ S and the set AutF pSqpf, gq of morphisms from f to g is the set of R-algebra maps
φ : Rrrxss Ñ Rrrxss such that (cf. Remark 5.2.4)

f˚F ˝ φ “ pφb φq ˝ g˚F

along with the normalization condition

φpxq “ x`
8
ÿ

i“1

aix
i`1.

The composition of morphisms is the composition of R-algebra maps.

Remark 5.2.10. When F “ x` y is the additive FGL one finds that φpx` yq “ φpxq ` φpyq
which implies that

φpxq “ x`
8
ÿ

i“1

aix
2i .

2Recall the conventions that x and y both have degree 1 and R is a graded, commutative, coconnective
F2-algebra.
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Definition 5.2.11. Let F be an FGL over R. A coordinate transformation is and R-algebra
map φ : Rrrxss Ñ Rrrxss such that

φpxq “ x`
8
ÿ

i“1

dix
i`1.

One says that φ transforms F into the FGL φ˚F :“ pφ´1bφ´1q˝F ˝φ. Note that coordinate
transformations are also covariant. If f : RÑ S is a ring map then f˚φ is the S-algebra map
Srrxss Ñ Srrxss determined by setting f˚φpxq to be the power series gotten by applying f
to the coefficients of φpxq.

5.2.3 The derivation

Definition 5.2.12. Define the category MT as follows. Its objects are triples consisting of

1. a (contravariant) functor X ÞÑ E˚pXq from the category of finite CW complexes to
the category of graded abelian groups,

2. a natural isomorphism from E˚`1pΣXq to E˚pXq, and

3. an associative “multiplication map” E˚pXq b E˚
1

pY q Ñ E˚`˚
1

pX ˆ Y q.

Note that with the diagonal map X Ñ X ˆX the data of 3. makes E˚X into a graded ring.
Morphisms T : E Ñ F are natural transformations of functors that commute with the data
in 2. and 3. The component of a morphism T at a CW complex X is denoted TX .

Remark 5.2.13. The first examples of objects of MT are those that are induced by mul-
tiplicative cohomology theories, i.e. homotopy ring spectra. In fact, MT is an acronym
for multiplicative theory, and they are meant to capture multiplicative cohomology theories
(MCTs) without the exactness axiom, which is the only Eilenber-Steenrod axiom which is
not preserved under tensor product (cf. Definition 5.5.9).

Remark 5.2.14. Although the objects of MT are defined as functors out of finite spectra,
when working with a fixed object one can often enlarge the domain quite a bit—namely to
those spectra for which the relevant lim1-term vanishes. For all objects of MT considered in
this paper (which either come from mod p oriented spectra or are tensored from them (cf.
Lemma 5.2.17)), that includes the non-finite spectra BC2 and MO.

Definition 5.2.15. (cf. Remark 5.2.13) For an object E of MT and an E˚-algebra with
unit u : E˚ Ñ R let EuR be the object of MT defined by the formula

EuR
˚X “ E˚X bE˚ R.

When the map u is understood I often abbreviate EuR to ER.
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Lemma 5.2.16. (Evaluation at BC2) Let E be a real-oriented homotopy ring spectrum with
E˚BC2 » E˚rrxss and FGL FE. Let R be an E˚-algebra with unit map u : E˚ Ñ R.
Then for every T P HomMT pE,EuRq there is a unique φT P AutFEpRqpTpt, uq such that
φT pxq “ pTBC2pxq.

Proof. Let T be an element of HomMT pE,ERq. To streamline notation, let f denote the ring
map Tpt : E˚ Ñ R. First note that uniquely determines a morphism τ P HomMT pEfR,EuRq
by the diagram

E˚X bE˚ Rf
Tbid
ÝÝÝÑ E˚X bE˚ Ru bE˚ Rf

µR
ÝÑ E˚X bE˚ Ru.

Note that the restriction of τ along the map E Ñ EuR induced by u recovers T . Now
consider the diagram

EfR
˚BC2 EfR

˚BCˆ2
2

EuR
˚BC2 EuR

˚BCˆ2
2

µ˚

τBC2
τ
BCˆ2

2

µ˚

which commutes by naturality of τ . Write φ for the map Rrrxss induced by τBC2 . By
multiplicativity of τ , one finds that the diagram above gives rise to the equation

f˚FE ˝ φ “ pφb φq ˝ u˚FE.

In particular φpxq “
ř8

i“1 aix
i (cf. Definition 5.2.9). The leading coefficient a1 is forced to

be 1 by considering the pullback along S1 Ñ BC2. The proof is completed by noting that φ
is uniquely determined by φpxq, which is equal to TBC2pxq.

Lemma 5.2.17. (Quillen functor for MO) Let x be any choice of universal real orientation
class in MO˚BC2, with corresponding FGL F . Let M˚ ĂMO˚ be the subring generated by
the coefficients of F and write FM˚ for the corresponding FGL over M˚. Then for every
ring A there is a functor γ : AutFM˚pAq Ñ MT (cf. Definitions 5.2.9 and 5.2.12) which on
objects sends f : M˚ Ñ A to the theory γpfq˚X :“MO˚X bM˚ A.

Proof. The functor γ has been defined on objects, so it remains to specify it on morphisms.
Let f, g : M˚ Ñ A bet two objects and let φ be a morphism in AutFM˚pAqpf, gq. When
we need to distinguish between the two M˚-module structures on A we will write Af and
Ag. Let xf and xg denote the classes in γpfq˚BC2 and γpgq˚BC2 which are the image x
under the canonical maps MO Ñ γpfq and MO Ñ γpfq. We will construct (functorially) a
transformation γφ : γpfq Ñ γpgq such that γφpxf q “ φpxgq.

Now MO˚MO is free over MO˚. In fact there is a canonical isomorphism of MO˚MO
with MO˚ra1, a2, ...s with |ai| “ i (cf. Remark 5.2.24). Using the map MO » S bMO Ñ

MO bMO we get a morphism in MT

MO˚X Ñ pMO bMOq˚X »MO˚X bMO˚ MO˚MO ÑMO˚X bF2 F2rais.
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By Remark 5.2.24 when X “ BC2 the image of x under that map is

x ÞÑ xb 1` x2
b a1 ` x

3
b a2 ` ...

The morphism φ determines an F2-algebra map Φ : F2rais Ñ A sending ai to the coefficient of
xi`1 in φpxq. Composing with the previous display gives another morphism Tφ : MO Ñ γpgq
in MT

MO˚X ÑMO˚X bF2 F2rais
idbΦ
ÝÝÝÑMO˚X bF2 AÑMO˚X bM˚ Ag “ γpgq˚X

with the property that when X “ pt the induced map MO˚
pTφqpt
ÝÝÝÑ A is equal f when

restricted to M˚. Indeed, by Remark 5.2.24 Tφ determines a morphism φTφ in
AutFM˚pAqppTφqpt, g such that φTφpxq “ φpxq. On the other hand, φ was by definition a
morphism from f to g. So the FGLs Tφpptq˚F and f˚F are identical. Since the coefficients
of F generate M˚ the maps f and Tφpptq must agree on M˚. It follows that Tφ descends to
a morphism γφ : γpfq Ñ γpgq which can be written explicitly as the following composition,
using the multiplication µf on A as an M˚-algebra via f

γpfq˚X “MO˚X bM˚ Af γpgq˚X bM˚ Af

MO˚X bM˚ Ag bM˚ Af MO˚X bM˚ Ag “ γpgq˚X

Tφbid

„

µf
.

Functoriality—the claim that γpφ ˝ ψq “ γpφq ˝ γpψq—is proved by noting that γpφq is
uniquely characterized by the properties of being A-linear, multiplicative, and its behavior
at X “ BC2, i.e. sending xf to φpxgq. Indeed, note that γpφq is characterized by its
restriction along the surjection MO˚X bF2 A Ñ MO˚X bM˚ Af . By A-linearity that in
turn is determined by restriction along MO˚X Ñ MO˚X bF2 A (which coincides with the
composite of the first two maps that make up Tφ). By Remark 5.2.24 the latter is determined
by its behavior at X “ BC2.

Lemma 5.2.18. (Kill the FGL to get a summand) Let x be any choice of universal real class
in MO˚BC2, with corresponding FGL F . Let M˚ Ă MO˚ be the subring generated by the
coefficients of F and let FM˚ be the restriction of F to M˚. Set N˚ “ MO˚ bM˚ F2. Then
MN˚X :“ MO˚X bM˚ F2 is a cohomology theory and a summand of MO˚X, and there is
a ring isomorphism MO˚ » N˚ bF2 M

˚

Proof. Because real line bundles are their own tensor inverse, we we know that F and FM˚

have vanishing 2-series and are therefore isomorphic to the additive FGL. That means there
is a morphism between the objects id : M˚ ÑM˚ and p : M˚ Ñ F2 ÑM˚ in AutFM˚pM˚q.
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Let φ be such an isomorphism. The functor γ of Lemma 5.2.17 provides an isomorphism
γpφq between γpidq and γppq in MT . But γpidq »MO so we have

MO˚X » γpidq˚X
»
ÝÑ γppq˚X “MO˚X bM˚ F2 bF2 M

˚.

Therefore MN˚X :“ MO˚X bM˚ F2 is a summand of a cohomology theory (namely MO)
and hence a cohomology theory itself. The ring isomorphism at the end of the lemma
statement is the displayed diagram when X “ pt.

Lemma 5.2.19. (Quillen functor for summands) Let E be a real oriented homotopy ring
spectrum which is a summand of MO. Let x be any choice of universal class in E˚BC2, with
corresponding FGL F . Let M˚ Ă E˚ Ă MO˚ be the subring generated by the coefficients
of F and let FM˚ be the restriction of F to M˚. Then for every ring A there is a functor
γ : AutFM˚pAq Ñ MT which on objects sends f : M˚ Ñ A to X ÞÑ E˚X bM˚ A.

Proof. The proof is nearly identical to that of Lemma 5.2.17 except that the first displayed
morphism in MT, now induced by the map E » Sb E Ñ E b E Ñ E bMO becomes

E˚X Ñ pE bMOq˚X » E˚X bF2 F2rais

and in the rest of the proof every instance of MO is replaced with E.

Lemma 5.2.20. HF2 is a summand of MO.

Proof. Fix notation as in the Lemma 5.2.17. Invoke Lemma 5.2.18 to get a summand MN
of MO and a decomposition MO˚ » N˚ bM˚. MN is real oriented via its map from MO
and the corresponding FGL FN˚ is by construction the additive one. Perform a coordinate
transformation (cf. Definition 5.2.11) so that the new FGL F 1N˚ is not the additive one. Let
M˚

1 Ă N˚ be the subring generated by the coefficients of F 1N˚ . Since MN˚ is a summand
of MO we can invoke Lemmas 5.5.13 and 5.2.18 to obtain a summand MN1 of MN , and
then again (after another coordinate transformation as above) to obtain a summand MN2

of MN1, and so on. Now, since coordinate transformations are covariant (cf. Definition
5.2.11) and MO˚ is finitely generated in each degree, the process can be reordered such that
for each fixed k, Bk stabilizes after a finite number of steps. So after a transfinite process
we arrive at a summand MB˚, and it must be that every coordinate transformation is an
automorphism of the additive FGL over B˚. Considering coordinate transformations of the
form φpxq “ x`bxn shows that every element of B˚ must be in degree 1´2k for some k ě 0.
Moreover we have a decomposition MO˚ » B˚bG˚ where 1bG˚ contains all those elements
that were coefficients of some FGL that was used along the way. Let z “ rRP2

s ‰ 0 PMO´2.
Since MO´1 “ 0 we know that z decomposes as 1 b w P B˚ b G˚. Let b be an element of
minimal negative degree in B˚ for all possible transfinite processes. Then pbb 1qz “ bbw is
not in degree 1´ 2k for any k and hence not in B˚, so we can re-run the transfinite process
above but ensuring that we use the coordinate transformation x ` pb b wqx2l to get a new
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decomposition MO˚ » B˚1 b G˚1 with pb b 1qz in G˚1 . That is, under the composite of ring
isomorphisms

B˚ bG˚
„
ÝÑMO˚

„
ÝÑ B˚1 bG

˚
1

bbw gets sent to 1b g. On the other hand bb 1 must be sent to cb 1 by minimality of the
degree of b and covariance of coordinate transformations, and since pbbwqpbb1q “ pb2bwq “
0 b w “ 0, we find that c b g “ 0 which is a contradiction. So B˚ has no negative degree
elements and is therefore concentrated in degree zero, which means that MB is HF2.

Theorem 5.2.21. The cogroupoid object F2 Ñ pHF2q˚HF2 corepresents the groupoid valued
functor AutF`.

Proof. Let H “ HF2 and let R be an F2-algebra. Since every module over F2 is flat, note
that HomMT pH,HRq is precisely the subset of HR0H consisting of homotopy ring maps.
Applying the universal coefficient theorem provides an isomorphism of sets, natural in R

HomMT pH,HRq » HomF2-Algě0
pH˚H,Rq.

Upgrade it isomorphism of groups by simply defining the group structure on the left to be
the one induced via this isomorphism by the group structure on the right hand side, which
comes the coproduct of H˚H.

Let u be the unit map of R. By Lemma 5.2.16 evaluation at BC2 defines a group
homomorphism

ζH : HomMT pH,HRq Ñ AutFHpRqpu, uq

that is natural in R. By Remark 5.2.24 the analogous map

ζMO : HomMT pMp,MAq Ñ AutFMppAqpu, uq

is injective for an MO˚-algebra with unit u. Hence the analogous map ζE is injective for
any summand of E of MO, and H is such a summand by Lemma 5.2.20. The map ζE has
an inverse for any summand of MO, given by sending φ to Tφ defined in the proof of Lemma
5.2.17. Finally, the map is one of groups because the inverse φ ÞÑ Tφ is, since the group
structure on the left comes from SbH Ñ HbH and the group structure on the right comes
from SbMO ÑMO bMO.

Finally, since the groupoid AutFHpRq has one object when R is an F2-algebra and
zero objects otherwise, combining the two natural group isomorphisms above finishes the
proof.

Remark 5.2.22. Note that we have arrived at a coordinate-free calculation of pHF2q˚HF2:
we have identified it (as a Hopf algebra) to be whatever Hopf algebra corepresents AutF`.
Giving a presentation by generators and relations (e.g. (duals to) Steenrod operations) is
a simple but tedious algebraic problem. For the sake of completeness I will give the usual
description.
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Definition 5.2.23. Define the Hopf algebra A as follows.

A :“ F2rξ1, ξ2, ...s |ξi| “ 2ppk ´ 1q,

∆pξiq “
n
ÿ

l“1

ξ2l

i´l b ξl,

It is a straightforward algebra exercise to check that the cogroupoid object F2 Ñ A corep-
resents the automorphism groupoid of the additive FGL AutF`.

Remark 5.2.24. In the above I have used some key facts about MO which reference to this
remark. There are two reasons why I won’t include their proofs. Firstly, they are well known
enough that many readers will know the proofs or know where to find them. Secondly, a
later section of this thesis covers the odd primary dual Steenrod algebras and does contain
the proofs of the odd primary analogs of all the relevant facts. Those proofs are similar but
strictly harder, so the interested reader can tease out the p “ 2 versions from those if they
really feel like it (they can also email me).

5.3 Shaun Bullett’s mod p bordism spectra

5.3.1 mod p orientations

Definition 5.3.1. Let E be a complex oriented homotopy ring spectrum. A mod p orien-
tation of E consists of the data of

1. a complex orientation of E with universal chern class cE P E
2BUp1q

2. a class e P E1BCp such that if i : BCp Ñ BUp1q denotes the inclusion and x “ i˚cE
then E˚BCp » E˚rrx, ess{pe2q and e restricts to a generator of E1S1.

Remark 5.3.2. The prime example of a mod p orientable spectrum is the Eilenberg-Maclane
spectrum HFp.
Remark 5.3.3. Note that the data of the class cE is equivalent to a homotopy class of fac-
torization of the unit map S Ñ E through the bottom cell S Ñ Σ´2BUp1q. Similarly the
class e in item 2 is equivalent to a factorization of the unit map through the bottom cell
SÑ Σ´1BCp.

Remark 5.3.4. Let E be a mod p oriented homotopy ring spectrum with formal group law
F (coming from the complex orientation). Then the p series rpsF pxq is zero, because the
pullback i˚ : E˚CP8 Ñ E˚BCp kills the p series but is also injective. In particular p “ 0 P
π0E.
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5.3.2 Fp-formal group laws

Definition 5.3.5. Let CRingsď0 denote the category of graded commutative coconnective
rings.

Definition 5.3.6. Recall that a morphism between two formal group laws FApx, yq and
FBpx, yq over a ring R is a power series φpxq P Rrrxss such that FBpφpxq, φpyqq “ φpFApx, yqq.
This already implies that the constant term of φ is zero.

Definition 5.3.7. (cf. [9] 1.8) An Fp-formal group law (or Fp-FGL for short), denoted by F
or pF1, F2q, over a (co-connective graded commutative) Fp-algebra3 R is a pair of power series
F1, F2 P Rrrx1, x2, e1, e2ss |xi| “ 2 and |ei| “ 1, with F1 and F2 of homogeneous degree 1
and 2, such that the following hold: write ξi “ pxi, eiq and Fpξ1, ξ2q “ pF1pξ1, ξ2q, F2pξ1, ξ2qq.
Then

1. Fp0, ξq “ F pξ, 0q “ 0 (identity),

2. Fpξ1,Fpξ2, ξ3qq “ FpFpξ1, ξ2q, ξ3q (associativity),

3. Fpξ1, ξ2q “ Fpξ2, ξ1q (commutativity),

4. the p-fold iterate Fpξ,Fpξ, ..., ξq...q is zero (p-series is zero),

5. F2 is independent of e1 and e2 (ordinary formal group law).

In other words, an Fp-formal group law over R is an R-algebra map

F : Rrrx, ess Ñ Rrrx, ess bR Rrrx, ess

determined by Fpeq “ F1 and Fpxq “ F2, and each of the 5 conditions above corresponds to a
commutative diagram involving the map F and the augmentation Rrrx, ess Ñ R (1), iterates
of F (2,4), the swap map of Rrrx, ess bR Rrrx, ess (3), and the inclusion Rrrxss Ñ Rrrx, ess
(5).

Finally note that Fp-FGLs are covariant under ring maps: if f : R Ñ S is a ring map,
then f˚F is the Fp-FGL over S presented by the pair pf˚F1, f˚F2q, where f˚Fi is the element
of Srrx1, x2, e1, e2ss gotten by applying f to the coefficients of Fi.

Remark 5.3.8. The prime example of an Fp-FGL is F`, the additive Fp-FGL (which exists
over any Fp-algebra R). It is presented by the pair pF1, F2q “ pe1 ` e2, x1 ` x2q. Indeed, the
definition of an Fp-FGL is due to Bullett, first appearing in [10] (Definition 3.4.1) in which
he states that the 5 conditions are directly motivated by properties of the structure present
on HF˚pBCp.

3Note that Condition 4 forces the equation p “ 0 in R, so the requirement that R be an Fp-algebra is
redundant and only there for emphasis.
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Just as every complex oriented ring spectrum determines a formal group law, so does
every mod p oriented ring spectrum determine an Fp-FGL.

Lemma 5.3.9. Let E be a mod p oriented ring spectrum with E˚BCp » E˚rrx, ess. Let
µ : BCˆ2

p Ñ BCp be the multiplication map. Then the pair pF1, F2q “ pµ
˚e, µ˚xq defines an

Fp-FGL FE over E˚.

Proof. Note that µ˚e and µ˚x are elements of E˚BCˆ2
p » E˚rrx1, x2, e1, e2ss of homogeneous

degree 1 and 2. The 5 conditions required to be an Fp-FGL follow from corresponding
properties of the multiplication map µ and the inclusion BCp Ñ BUp1q.

Remark 5.3.10. As one might expect, the Fp-FGL associated to any mod p orientation of
HFp is the additive Fp-FGL F` (cf. 5.3.8).

As in the case of ordinary formal group laws, it is clear that there is a ring carrying a
universal formal group law—it is the quotient of a big old free graded-commutative algebra
on generators representing the coefficients of F1 and F2 modulo the relations imposed by the
five conditions above. The difficulty is calculating what that ring really looks like, just like
in the case of ordinary formal group laws and Lazard’s theorem.

Definition 5.3.11. Define the mod p Lazard ring Lp to be the ring carrying the universal
Fp-formal group law.

Theorem 5.3.12. (Bullet [9] 1.10)

Lp » Fprap, br, srs |ap| “ 2p, |br| “ 2r, |sr| “ 2r ` 1, p, r ą 0, r ‰ pk ´ 1.

5.3.3 mod p bordism spectra

In this section I recall Bullett’s construction of some mod p bordism spectra. See [9] and
Chapter 4 of [10] for details.

Definition 5.3.13. An nV8-manifold is a manifold-with-j-corners for 0 ď j ď n, together
with a MU -structure on the interior of the codimension 0 stratum, a free Cp action on the
1-corners preserving the MU -structure induced there, and such that on the j-corners the Cp
action combines to a free Cj

p¸Σj action on the face-labelling bundle (the semidirect product
is the one associated to the permutation action of Σj on Cj

p).

Definition 5.3.14. (cf. [9] Definition 1.3) Define the spectrum nV8 to be the bordism
theory of nV8-manifolds. More precisely, nV8 is the stable homotopy type representing the
following cohomology theory on manifolds: for a manifold X, the group nV k

8pXq is the set
of cobordism (defined shortly) classes of dimX ´ k-dimensional nV8-manifolds Q with an
nV8-oriented, proper map f : Q Ñ X, which means that Q is presented as a submanifold
of R8 ˆX with a MU -structure on its normal bundle (on the interior of the zero-corners)
and f is the projection to X. Two such data pQ, fq and pQ1, f 1q are cobordant if there is a
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dimX´k`1-dimensional nV8-manifold R with an nV8-oriented, proper map f : RÑ XˆR
that is transverse to X ˆ t0u and X ˆ t1u and whose pullbacks over those submanifolds are
identified with pQ, fq and pQ1, f 1q.

Definition 5.3.15. Define V8 as the colimit of MU » 0V8 Ñ
1V8 Ñ

2V8 Ñ ... where the
connecting maps are the maps induced by regarding an nV8-manifold as an n`1V8-manifold
with empty pn` 1q-corners.

Lemma 5.3.16. V8 is mod p oriented (cf. Definition 5.3.1).

Proof. Since V8 is canonically complex-oriented by construction (it is an MU -algebra), it
suffices to factor the unit map of V8 through the map S “ Σ´1S1 Ñ Σ´1BCp, which will
define the required universal class e P V 1

8BCp (cf. Remark 5.3.3). Since the unit map
S Ñ V8 factors as S Ñ1 V8 it suffices to factor the former through S Ñ Σ´1BCp. Let „
be the equivalence relation on BD2n defined by the standard action of Cp on odd spheres.
Then D2n{ „ defines a 1V8-manifold, and the map D2n{ „ãÑ S2n`1{Cp defines a class
en P

1V 1
8pS

2n`1{Cpq. The desired factorization comes from the class e P 1V 1
8pBCpq defined

as the limit of the en.

Definition 5.3.17. (cf. [9] page 14) Let pMU b BCpq
bMUn
hΣn

be the homotopy quotient of

pMU bBCpq
bMUn by the permutation action of Σn. Geometrically pMU bBCpq

bMUn
hΣn

is the
spectrum associated to the bordism theory of MU -manifolds with free a Cn

p ¸Σn-action such
that Cn

p preserves the MU -structure and Σn acts by the sign representation it.

Definition 5.3.18. (cf. [9] page 11) Let C‹np be the ‘unravelled’ n-fold join of Cp, presented
as the subset of pCpˆRqn consisting of those pz1, t1, ..., zn, tnq such that the ti are nonnegative
and sum to 1. That admits a natural action of Cn

p ¸ Σn considered as the group of n ˆ n
permutation matrices with values in Fp » Cp. Note that C‹np is the n´1V8-manifold defined

by Cn
p ˆ∆n´1

top together with the Cp-action that over the ith face of ∆n´1
top acts by translation

on the ith factor of Cn
p .

Remark 5.3.19. In the language of [9], C‹np is the nV8-manifold obtained by ‘cutting along
the singularity strata’ of the n-fold join C˚np .

Lemma 5.3.20. (cf. [9] Proposition 2.1) In the defining filtration of V8 in Definition 5.3.15,
the successive quotients are given by

nV8{
n´1V8 » Σn

pMU bBCpq
bMUn
hΣn

.

The quotient map is geometrically presented as the map that sends an nV8-manifold to the
MU-manifold with free a Cn

p ¸ Σn-action (cf. Definition 5.3.24) defined by its n-corner’s
face-labelling bundle. Moreover, the attaching map

Σn´1
pMU bBCpq

bMUn
hΣn

Ñ
n´1V8
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whose cofiber is nV8 is presented geometrically as the map that sends an MU-manifold P
with a free Cn

p ¸ Σn-action4 to the n´1V8-manifold given by the C‹np -bundle P ˆCnpˆΣn C
‹n
p

(cf. Definition 5.3.18)

Proof. This is the proof given in [9]. It suffices to show that the geometrically defined maps

...Ñ Σn´1
pMU bBCpq

bMUn
hΣn

Ñ
n´1V8 Ñ

nV8 Ñ Σn
pMU bBCpq

bMUn
hΣn

Ñ ...

form a cofiber sequence, which is equivalent to the statement that the corresponding maps
of collections of manifolds(-with-singularities) form an exact sequence up to bordism (the
base manifold X plays no real role except to clutter the notation). The composite of the left
two maps is zero since the n´1V8-manifold P ˆCnp¸Σn C

‹n
p is null as an nV8-manifold (since

the cone on C‹np is naturally an nV8-manifold). Moreover if an n´1V8-manifold M is null as
an nV8-manifold, then any such nullbordism Q exhibits M as bordant to a neighborhood
of the n-corners of Q, which is in the image of the first map. The composite of the second
two maps is clearly zero since an n´1V8-manifold has empty n-corners. Finally, if M is
an nV8-manifold whose n-corners’ face-labelling bundle is null in pMU b BCpq

bMUn
hΣn

, then
gluing such a nullbordism onto the n-corners of M at one end of the product of M with an
interval produces an nV8-manifold that exhibits M as bordant to the image of the inclusion
n´1V8 Ñ

nV8.

Definition 5.3.21. An nV1-manifold is an nV8-manifold Q together with a decomposition5

of the 1-corners into labelled faces d1Q, ..., dqQ (whose r-fold intersections are of codimension
r) such that this labelling trivializes all the face-labelling bundles (which implies that q ě n1

where n1 is the minimal k for which Q is a kV8-manifold). The associated bordism theory
nV1 is defined analogously to Definition 5.3.14, and V1 is defined as the colimit of MU »
0V1 Ñ

1V1 Ñ ... where the connecting maps are induced by viewing an nV1-manifold as an
n`1V1-manifold with empty pn` 1q-corners and the same labelling.

Lemma 5.3.22. V1 is mod p oriented (cf. Definition 5.3.1).

Proof. See the proof of Lemma 5.3.16.

Remark 5.3.23. In [9] (Definition 2.4) Bullett defines an nW -manifold to be an nV8-manifold
with a decomposition of the 1-faces into n labelled sectors d1M, ..., dnM , such that the
labelling simultaneously trivializes all face-labelling bundles. He defines spectra nW and
a colimit spectrum 8W “ colimn

nW , where the bonding maps nW Ñ n`1W are those
induced by viewing an nW -manifold as an n`1W -manifold with dn`1M “ H. Although
every nV1-manifold admits the structure of an nW -manifold by taking the minimal labelled
decomposition, the connecting maps in the colimit are different and produce different spectra.
In fact we will see that V1 admits a ring structure while Bullett proves that 8W does not
(cf. [9] page 24).

4The action interacts appropriately with the MU -structure (cf. Definition 5.3.24).
5This means in particular that the labelled faces are disjoint after the 2-corners have been removed.
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Remark 5.3.24. In the following it will be convenient to note that the spectrum MUbBCbnp
represents the bordism theory of MU -manifolds with a free action of Cn

p .

Lemma 5.3.25. In the defining filtration of V1 in Definition 5.3.21, the successive quotients
are given by

nV1{
n´1V1 » ΣnMU bBCbnp .

The quotient map is geometrically presented as the map that sends an nV1-manifold to the
MU-manifold with free a Cn

p -action (cf. Remark 5.3.24) defined by its n-corner’s (trivial)
face-labelling bundle. Moreover, the attaching map

Σn´1MU bBCbnp Ñ
n´1V1

whose cofiber is nV1 is presented geometrically as the map that sends a MU-manifold P with
free a Cn

p -action to the n´1V1-manifold given by the C‹np -bundle P ˆCnp C
‹n
p (cf. Definition

5.3.18).

Proof. The proof is identical to that of Lemma 5.3.20 once it is noted that C‹np is in fact an
n´1V1-manifold because the 1-corners of Cn

p ˆ∆n´1
top are naturally labelled.

Lemma 5.3.26. The mod p homology of V8 and V1 agree with the mod p homology of their
associated graded spectra (see Lemmas 5.3.20 and 5.3.25). In particular, pHFpq˚V1 is the
free associative pHFpq˚MU-algebra on the vector space pHFpq˚ΣBCp.

Proof. It suffices to show that the geometrically defined attaching maps in Lemmas 5.3.20
and 5.3.25 are null after tensoring with HFp. Observe that the action of the diagonal Cp in
Cˆnp acts freely on P ˆCnpˆΣn C

‹n
p (resp. P ˆCnp C

‹n
p ) by its natural action on the right-hand

factor, preserving the n´1V8-structure. So the quotient by that action is an n´1V8- (resp.
n´1V1-) manifold. Recall that the transfer map BCp Ñ S admits the geometric presentation
as the map that sends a framed manifold with a Cp-bundle to the total space of that bundle.
Hence the two attaching maps in question factor as

Σn´1
pMU bBCpq

bMUn
hΣn

Ñ
n´1V8 bBCp Ñ

n´1V8

Σn´1MU bBCbnp Ñ
n´1V1 bBCp Ñ

n´1V1

where the second maps are the transfer map (suitably tensored). Since the transfer map is
null after tensoring with HFp the first sentence of the lemma is proved. The second sentence
of the lemma about the mod p homology of V1 follows immediately from the identification
of the associated graded in Lemma 5.3.25.

I conclude the section with an easy observation which will serve as a precursor to the
much more refined Lemma 5.6.6.

Lemma 5.3.27. Both V8 and V1 are naturally homotopy ring spectra, and the natural map
V1 Ñ V8 is a homotopy ring map, all modulo phantom maps.
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Proof. The cartesian product of an nV8- and and mV8-manifold is an n`mV8 manifold. The
cartesian product of an nV1- and and mV1-manifold Q and R is also naturally an n`mV1-
manifold by the decomposition of the 1-corners of Q ˆ R into d1Q ˆ R, ..., dqQ ˆ R,Q ˆ
d1R, ..., QˆdrR. Hence the natural map V ˚1 X Ñ V ˚8X is a map of multiplicative cohomology
theories. Lifting this structure via Brown representability gives the representing spectra a
ring structure which is respected by the map between them. Since I have used Brown
representability, everything is modulo phantom maps.

Remark 5.3.28. The ring structure on V8 is homotopy commutative (up to phantom maps),
since the cartesian product of V8-manifolds is symmetric up to cobordism. The same is not
true for V1. The labelling of the 1-corners on a cartesian product (described above) is clearly
sensitive to the order of the factors in that cartesian product.

Remark 5.3.29. Although it is probably not hard to rule out the possibility of phantom maps
in the situation above, the much-refined Lemma 5.6.6 makes it a moot point.

5.4 A solution to Bullett’s conjecture

Definition 5.4.1. Let R˚ denote the image in mod p homology of the canonical map V1 Ñ

V8 induced by viewing a V1-manifold as a V8-manifold. It is a subalgebra of pHFpq˚V8. Let
R˚ be the degree-wise Fp-linear dual of R˚. It is a quotient co-algebra of HF˚pV8.

Lemma 5.4.2. R˚ is isomorphic to the free commutative pHFpq˚MU-algebra on the Fp-
module pHFpq˚ΣBCp.

Proof. The map i : V1 Ñ V8 respects the filtrations defined in Definitions 5.3.15 and 5.3.21.
On the successive quotients it is the canonical quotient ik : MU b pBCpq

k Ñ pMU b
pBCpq

kqhΣk . Let A˚n denote the antisymmetric part of HF˚ppMU b pBCpq
kq. On mod p

cohomology, the image of i˚k is HF˚pMU b A˚n (cf. [9] Proposition 2.10). Combining that
with Lemma 5.3.26 finishes the proof.

Definition 5.4.3. By [9] Proposition 2.14, R˚ is a free module over the Steenrod algebra,
so the formula V ˚X :“ HomAppR

˚, HF˚pXq defines a cohomology theory. The universal
mod p oriented ring spectrum V (cf. [9] Corollary 3.3) is the spectrum associated to that
cohomology theory. By construction, V is a summand of V8, as presented by the canonical
inclusion V ˚X ãÑ HomAppHF˚pV8, HF˚pXq, and V˚ » Lp (cf. Definition 5.3.11) by Corollary
3.3 of [9].

Remark 5.4.4. By construction, V ˚BCp carries the universal mod p formal group law, and
the set of homotopy ring maps V Ñ R is in bijection with the set of mod p orientations of
R.

Lemma 5.4.5. The mod p cohomology of V1 and V8 are free over the Steenrod algebra.
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Proof. It suffices to show that V1 and V8 are sums of shifts of HFp. By a theorem of Rourke
(cf. [9] Theorem 1.1, [24]) a multiplicative cohomology theory E˚X is (represented by) a
direct sum of shifts of HFp if E0pptq “ Fp and Eą0pptq “ 0 and there is a map of cohomology
theories E˚X Ñ HF˚pX which is surjective when X “ S2n`1{Cp for sufficiently large n (note
that those are finite subcomplexes of BCp).

Consider the morphisms V1 Ñ HFp and V8 Ñ HFp defined by sending a V1- or V8-
oriented mapQÑ X to the Poincare dual of the associated homology class. WriteHF˚pBCp »
Fpre, xs with |e| “ 1 and |x| “ 2. Let in : S2n`1{Cp Ñ BCp be the inclusion. Then the sur-
jectivity condition in Rourke’s theorem for the two maps in question reduces to the condition
that for sufficiently large n there are V1-(and hence V8-) manifolds Qe,n Ñ S2n`1{Cp and
Qx,n Ñ S2n`1{Cp representing the Poincare duals of i˚nx and i˚ne.

The Poincare dual of i˚nx is represented by Qx,n :“ S2n´1{Cp Ñ S2n`1{Cp. Let Qe,n be
the quotient of D2n by the action of Cp on its boundary S2n´1. Then the Poincare dual of i˚ne
is represented by the map Qe,n Ñ S2n`1{Cp induced by including D2n as a half an equator
in S2n`1. Finally, Qx,n is a MU -manifold, and Qe,n is a V1-manifold (in fact, a 1V1 manifold)
so the proof is complete.

Remark 5.4.6. There is a different proof of the above (see [11]), which uses formal groups
and some defining universal properties of V1 to show that it is an HFp-algebra in the stable
homotopy category, and one derives the mod p (dual) Steenrod algebra at the same time.

Theorem 5.4.7. (Bullett’s conjecture) The spectrum V admits a geometric presentation
as the bordism theory of V8-manifolds which admit a labelling (cf. Definition 5.1.1) up to
cobordism.

Proof. First I claim that the image of iX : V ˚1 X Ñ V ˚8X coincides with V ˚X (cf. Definition
5.4.3), so that i factors as the projection onto a summand of V1 (which must be equivalent
to V ) and the inclusion of the summand V into V8. Indeed, the mod p cohomology of V1

and V8 are free over the Steenrod algebra by Lemma 5.4.5, so iX can be written as

V ˚1 X » HomAppHF˚pV1, HF˚pXq HomAppHF˚pV8, HF˚pXq » V ˚8pXq
i˚˝p´q

so its image is HomAppR
˚, HF˚pXq, which is the definition of V ˚X. So V ˚X is the image of

V ˚1 X in V ˚8X, and a V8-oriented map rQ Ñ Xs P V ˚8X is in that image precisely when it
admits a V1-structure up to cobordism, i.e. when it is cobordant to a Q1 Ñ X that admits
a labelling.

Remark 5.4.8. Bullett frames his conjecture on page 24 of [9], where he suggests that V is
the image of the natural map 8W Ñ V8 (cf. Remark 5.3.23). That map has the same image
as the map V1 Ñ V8 (Compare Lemma 5.4.2 and Proposition 2.13 of [9], and cf. Remark
5.3.23).
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5.5 The odd p dual Steenrod algebras

Much of this is joint with Tim Campion ([11]).

Definition 5.5.1. Let Fp-Algď0 denote the category of (graded commutative coconnective)
Fp-algebras.

Definition 5.5.2. Let F be an Fp-FGL over a ring R (cf. Definition 5.3.7). The automor-
phism groupoid Aut F is the functor

Aut F : Fp-Algď0 Ñ Groupoids

defined as follows: the set of objects of the groupoid Aut FpSq is the set of ring maps
R Ñ S and the set Aut FpSqpf, gq of morphisms from f to g is the set of R-algebra maps
φ : Rrrx, ess Ñ Rrrx, ess such that

f˚F ˝ φ “ pφb φq ˝ g˚F

along with the condition that φpxq depends only on x. Together with Condition 4 of Defini-
tion 5.3.7 that forces the constant term of φpxq to be zero (cf. Definition 5.3.6) which in turn
forces the constant term of φpeq to be zero as well. Finally one imposes the normalization
conditions on leading coefficients:

φpxq “ x`
8
ÿ

i“1

dix
i`1

φpeq “ e`
8
ÿ

i“1

biex
i
` aix

i

The composition of morphisms is the composition of R-algebra maps.

Remark 5.5.3. When F1 “ e1 ` e2 the formula for φpeq simplifies. Namely the bi in the
formula above vanish and apxq “

ř

aix
i is a morphism from F2 to the additive formal group

law.

Recall that the additive Fp-FGL is presented by the power series F “ pe1 ` e2, x1 ` x2q

(cf. Example 5.3.8). In some sense that’s is all there is:

Theorem 5.5.4. (c.f. [10] 3.5.1) All Fp-FGLs are isomorphic to the additive one. More
precisely, let F be an Fp-FGL over a ring R. Let f : RÑ R be any map that factors through
the unit Fp Ñ R, so that f˚F “ F`. Then there is a morphism φ P Aut Fpid, fq.

Definition 5.5.5. Let F be an Fp-FGL over R. A coordinate transformation is and R-
algebra map φ : Rrrx, ess Ñ Rrrx, ess such that

φpxq “ x`
8
ÿ

i“1

dix
i`1
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φpeq “ e`
8
ÿ

i“1

biex
i
` aix

i.

One says that φ transforms F into the Fp-FGL φ˚F :“ pφ´1 b φ´1q ˝ F ˝ φ. Note that
coorinate transformations are also covariant. If f : R Ñ S is a ring map then f˚φ is the
S-algebra map Srrx, ess Ñ Srrx, ess determined by setting f˚φpxq and f˚φpeq to be the power
series gotten by applying f to the coefficients of φpxq and φpeq.

Definition 5.5.6. Define the category MT as follows. Its objects are triples consisting of

1. a (contravariant) functor X ÞÑ E˚pXq from the category of finite CW complexes to
the category of graded abelian groups,

2. a natural isomorphism from E˚`1pΣXq to E˚pXq, and

3. an associative “multiplication map” E˚pXq b E˚
1

pY q Ñ E˚`˚
1

pX ˆ Y q.

Note that with the diagonal map X Ñ X ˆX the data of 3. makes E˚X into a graded ring.
Morphisms T : E Ñ F are natural transformations of functors that commute with the data
in 2. and 3. The component of a morphism T at a CW complex X is denoted TX .

Remark 5.5.7. The first examples of objects of MT are those that are induced by mul-
tiplicative cohomology theories, i.e. homotopy ring spectra. In fact, MT is an acronym
for multiplicative theory, and they are meant to capture multiplicative cohomology theories
(MCTs) without the exactness axiom, which is the only Eilenber-Steenrod axiom which is
not preserved under tensor product (cf. Definition 5.5.9).

Remark 5.5.8. Although the objects of MT are defined as functors out of finite spectra,
when working with a fixed object one can often enlarge the domain quite a bit—namely to
those spectra for which the relevant lim1-term vanishes. For all objects of MT considered in
this paper (which either come from mod p oriented spectra or are tensored from them (cf.
Lemma 5.5.11)), that includes the non-finite spectra BCp, BUp1q, and MU .

Definition 5.5.9. (cf. Remark 5.5.7) For an object E of MT and an E˚-algebra with unit
u : E˚ Ñ R let EuR be the object of MT defined by the formula

EuR
˚X “ E˚X bE˚ R.

When the map u is understood I often abbreviate EuR to ER.

Lemma 5.5.10. (Evaluation at BCp) Let E be a mod p-oriented homotopy ring spectrum
with E˚BCp » E˚rrx, ess and Fp-FGL FE. Let R be an E˚-algebra with unit map u :
E˚ Ñ R. Then for every T P HomMT pE,EuRq (cf. Definition 5.5.9) there is a unique
φT P Aut FEpRqpTpt, uq such that φT pxq “ pTBCppxq and φT peq “ TBCppeq.
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Proof. Let T be an element of HomMT pE,ERq. To streamline notation, let f denote the ring
map Tpt : E˚ Ñ R. First note that uniquely determines a morphism τ P HomMT pEfR,EuRq
by the diagram

E˚X bE˚ Rf
Tbid
ÝÝÝÑ E˚X bE˚ Ru bE˚ Rf

µR
ÝÑ E˚X bE˚ Ru.

Note that the restriction of τ along the map E Ñ EuR induced by u recovers T . Now
consider the diagram

EfR
˚BCp EfR

˚BCˆ2
p

EuR
˚BCp EuR

˚BCˆ2
p

µ˚

τBCp
τ
BCˆ2

p

µ˚

which commutes by naturality of τ . Write φ for the map Rrrx, ess induced by τBCp . By
multiplicativity of τ , one finds that the diagram above gives rise to the equation

f˚FE ˝ φ “ pφb φq ˝ u˚FE.

Consider the diagram above but with BCp replaced by BUp1q. Since x “ i˚cE (cf. Definition
5.3.1) that diagram includes into the diagram above, and we find that φpxq depends only on
x. Combining that with the displayed equation implies that φpxq “

ř8

i“1 aix
i (cf. Definition

5.5.2). The leading coefficient a1 is forced to be 1 by considering the pullback along S2 Ñ

BUp1q. The proof is completed by noting that φ is uniquely determined by φpxq and φpeq
and those are equal to TBCppxq and TBCppeq.

Lemma 5.5.11. (Quillen functor for V1) Let e and x be any choice of universal mod p
classes in V ˚1 BCp, with corresponding Fp-FGL F. Let M˚ Ă V ˚1 be the subring generated by
the coefficients of F and write FM˚ for the corresponding Fp-FGL over M˚. Then for every
ring A there is a functor γ : Aut FM˚pAq Ñ MT (cf. Definitions 5.5.2 and 5.5.6) which on
objects sends f : M˚ Ñ A to the theory γpfq˚X :“ V ˚1 X bM˚ A.

Proof. The functor γ has been defined on objects, so it remains to specify it on morphisms.
Let f, g : M˚ Ñ A bet two objects and let φ be a morphism in Aut FM˚pAqpf, gq. When we
need to distinguish between the two M˚-module structures on A we will write Af and Ag.
Let ef , xf and eg, xg denote the classes in γpfq˚BCp and γpgq˚BCp which are the image of e
and x under the canonical maps V1 Ñ γpfq and V1 Ñ γpfq. We will construct (functorially)
a transformation γφ : γpfq Ñ γpgq such that γφpef q “ φpegq and γφpxf q “ φpxgq.

Now pV1q˚V1 is free over pV1q˚ (c.f. Section 2). Moreover there is a canonical map to
pV1q˚MU bFp Fpra1, a2, ..., b1, b2, ...s with |ai| “ 2i ´ 1 and |bi| “ 2i.Write c P V 2

1 BUp1q for
the (canonical) complex orientation of V1. Then we can write pV1q˚MU » pV1q˚rd1, d2, ...s
with |di| “ 2i being the image under Σ´2BUp1q ÑMU of the dual of ci`1. So together with
the map V1 » Sb V1 Ñ V1 b V1 we get a morphism in MT

V ˚1 X Ñ pV1 b V1q
˚X » V ˚1 X bV ˚1

V ˚1 V1 Ñ V ˚1 X bFp Fprai, bi, dis.
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By Lemma 5.5.23 when X “ BCp the images of e and x under that map are

e ÞÑ eb 1` xb a1 ` exb b1 ` x
2
b a2 ` ex

2
b b2 ` x

3
b a3 ` ex

3
b b3 ` ...

x ÞÑ xb 1` x2
b d1 ` x

3
b d2 ` ...

The morphism φ determines an Fp-algebra map

Φ : Fprai, bi, dis Ñ A

sending ai to the coefficient of xi in φpeq, bi to the coefficient of exi in φpeq, and di the
coefficient of xi`1 in φpxq. Composing with the previous display gives another morphism
Tφ : V1 Ñ γpgq in MT

V ˚1 X Ñ V ˚1 X bFp Fprai, bi, dis
idbΦ
ÝÝÝÑ V ˚1 X bFp AÑ V ˚1 X bM˚ Ag “ γpgq˚X

with the property that when X “ pt the induced map V ˚1
pTφqpt
ÝÝÝÑ A is equal f when restricted

to M˚. Indeed, by Lemma 5.5.10 Tφ determines a morphism φTφ in Aut FM˚pAqppTφqpt, g
such that φTφpxq “ φpxq and φTφpeq “ φpeq. On the other hand, φ was by definition a
morphism from f to g. So the Fp-FGLs Tφpptq˚F and f˚F are identical. Since the coefficients
of F generate M˚ the maps f and Tφpptq must agree on M˚. It follows that Tφ descends to
a morphism γφ : γpfq Ñ γpgq which can be written explicitly as the following composition,
using the multiplication µf on A as an M˚-algebra via f

γpfq˚X “ V ˚1 X bM˚ Af γpgq˚X bM˚ Af

V ˚1 X bM˚ Ag bM˚ Af V ˚1 X bM˚ Ag “ γpgq˚X

Tφbid

„

µf
.

Functoriality—the claim that γpφ ˝ ψq “ γpφq ˝ γpψq—is proved by noting that γpφq is
uniquely characterized by the properties of being A-linear, multiplicative, and its behavior
at X “ BCp, i.e. sending pef , xf q to (φpegq, φpxgq). Indeed, note that γpφq is characterized
by its restriction along the surjection V ˚1 XbFpAÑ V ˚1 XbM˚Af . By A-linearity that in turn
is determined by restriction along V ˚1 X Ñ V ˚1 X bFp A (which coincides with the composite
of the first two maps that make up Tφ). By Corollary 5.5.20 the latter is determined by its
behavior at X “ BCp.

Lemma 5.5.12. (Kill the FGL to get a summand) Let e and x be any choice of universal mod
p classes in V ˚1 BCp, with corresponding Fp-FGL F. Let M˚ Ă V ˚1 be the subring generated
by the coefficients of F and let FM˚ be the restriction of F to M˚. Set N˚ “ V ˚1 bM˚ Fp.
Then MN˚X :“ V ˚1 X bM˚ Fp is a cohomology theory and a summand of V ˚1 X, and there is
a ring isomorphism V ˚1 » N˚ bFp M

˚
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Proof. By Theorem 5.5.4 we know that F and FM˚ are isomorphic to the additive Fp-FGL.
That means there is a morphism between the objects id : M˚ ÑM˚ and p : M˚ Ñ Fp ÑM˚

in Aut FM˚pM˚q. Let φ be such an isomorphism. The functor γ of Lemma 5.5.11 provides
an isomorphism γpφq between γpidq and γppq in MT . But γpidq » V1 so we have

V ˚1 X » γpidq˚X
»
ÝÑ γppq˚X “ V ˚1 X bM˚ Fp bFp M

˚.

Therefore MN˚X :“ V ˚1 X bM˚ Fp is a summand of a cohomology theory (namely V1) and
hence a cohomology theory itself. The ring isomorphism at the end of the lemma statement
is the displayed diagram when X “ pt.

Lemma 5.5.13. (Quillen functor for summands) Let E be a mod p oriented homotopy ring
spectrum which is a summand of V1. Let e, x be any choice of universal class in E˚BCp, with
corresponding Fp-formal group law F. Let M˚ Ă E˚ Ă V ˚1 be the subring generated by the
coefficients of F and let FM˚ be the restriction of F to M˚. Then for every ring A there is
a functor γ : Aut FM˚pAq Ñ MT which on objects sends f : M˚ Ñ A to X ÞÑ E˚X bM˚ A.

Proof. The proof is nearly identical to that of Lemma 5.5.11 except that the first displayed
morphism in MT , now induced by the map E » Sb E Ñ E b E Ñ E b V1 becomes

E˚X Ñ pE b V1q
˚X » E˚X bE˚ E˚MU ra1, a2, ..., b1, b2, ...s

and in the rest of the proof every instance of V1 is replaced with E.

Lemma 5.5.14. HFp is a summand of V1.

Proof. Fix notation as in the Lemma 5.5.11. Invoke Lemma 5.5.12 to get a summand MN
of V1 and a decomposition V ˚1 » N˚ bM˚. MN is mod p oriented via its map from V1 and
the corresponding Fp-FGL FN˚ is by construction the additive one. Perform a coordinate
transformation (cf. Definition 5.5.5) so that the new Fp-FGL F1N˚ is not the additive one. Let
M˚

1 Ă N˚ be the subring generated by the coefficients of F1N˚ . Since MN˚ is a summand
of V1 we can invoke Lemmas 5.5.13 and 5.5.12 to obtain a summand MN1 of MN , and
then again (after another coordinate transformation as above) to obtain a summand MN2

of MN1, and so on. Now, since coordinate transformations are covariant (cf. Definition
5.5.5) and V ˚1 is finitely generated in each degree, the process can be reordered such that
for each fixed k, Bk stabilizes after a finite number of steps. So after a transfinite process
we arrive at a summand MB˚, and it must be that every coordinate transformation is an
automorphism of the additive Fp-FGL over B˚. Considering coordinate transformations of
the form φpxq “ x` bxn, φpeq “ e shows that every element of B2˚ must be in degree 2´2pk

for some k ě 0. Considering coordinate transformations of the form φpxq “ x, φpeq “ e`bxn

shows that every element of B2˚`1 must be in degree 1´ 2pk for some k ě 0. Moreover the
square of any negative degree element must be zero: if it is odd that is clear from graded-
commutativity, otherwise it would be in degree not of the form 2pk´ 2. Moreover we have a
decomposition V ˚1 » B˚bG˚ where 1bG˚ contains all those elements that were coefficients
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of some Fp-FGL that was used along the way. Let z “ rD2{ „s ‰ 0 P V ´2
1 (cf. Lemma ??).

Let b be an element of minimal negative degree in B˚ for all possible transfinite processes.
Then pb b 1qz is in even degree but not of the form 2pk ´ 2 for any k and hence not in
B˚, so we can re-run the transfinite process above but ensuring that we use the coordinate
transformation x ` pb b 1qzx2l to get a new decomposition V ˚1 » B˚1 b G˚1 with pb b 1qz in
G˚1 . That is, under the composite of ring isomorphisms

B˚ bG˚
„
ÝÑ V ˚1

„
ÝÑ B˚1 bG

˚
1

pbb 1qz gets sent to 1b g. On the other hand bb 1 must be sent to cb 1 by minimality of
the degree of b, and since pbb 1qzpbb 1q “ pb2 b 1qz “ 0z “ 0, we find that cb g “ 0 which
is a contradiction. So B˚ is concentrated in degree zero, which means that MB is HFp.

Theorem 5.5.15. The cogroupoid object Fp Ñ pHFpq˚HFp corepresents the groupoid valued
functor Aut FFp.

Proof. Let H “ HFp and let R be an Fp-algebra. Since every module over Fp is flat, note
that HomMT pH,HRq is precisely the subset of HR0H consisting of homotopy ring maps.
Applying the universal coefficient theorem provides an isomorphism of sets, natural in R

HomMT pH,HRq » HomFp-Algě0
pH˚H,Rq.

It is an isomorphism of groups because the group structure on both sides comes from the
map SbH bH Ñ H bH bH induced by the unit map SÑ H.

Let u be the unit map of R. By Lemma 5.5.10 evaluation at BCp defines a group
homomorphism

ζH : HomMT pH,HRq Ñ Aut FHpRqpu, uq

that is natural in R. By Lemma 5.5.20 the analogous map

ζV1 : HomMT pV1,MAq Ñ Aut FV1pAqpu, uq

is injective for a V ˚1 -algebra with unit u. Hence the analogous map ζE is injective for any
summand of E of V1, and H is such a summand by Lemma 5.5.14. The map ζE has an
inverse for any summand of V1, given by sending φ to Tφ defined in the proof of Lemma
5.5.11. Finally, the map is one of groups because the inverse φ ÞÑ Tφ is, since the group
structure on the left comes from SbH Ñ HbH and the group structure on the right comes
from Sb V1 Ñ V1 b V1.

Finally, since the groupoid Aut FHpRq has one object when R is an Fp-algebra and
zero objects otherwise, combining the two natural group isomorphisms above finishes the
proof.

Remark 5.5.16. Note that we have arrived at a coordinate-free calculation of pHFpq˚HFp:
we have identified it (as a Hopf algebra) to be whatever Hopf algebra corepresents Aut FFp .
Giving a presentation by generators and relations (e.g. (duals to) Steenrod operations) is
a simple but tedious algebraic problem. For the sake of completeness I will give the usual
description.
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Definition 5.5.17. Define the Hopf algebra Ap as follows.

Ap :“ Fprξi, τj| |ξi| “ 2ppk ´ 1q, |τj| “ 2pk ´ 1, i “ 1, 2, ..., j “ 0, 1, ...s,

∆pξiq “
n
ÿ

l“1

ξp
l

i´l b ξl,

∆pτjq “ τj b 1`
n
ÿ

l“1

ξp
l

j´l b τl.

As mentioned, it is straightforward, tedious, and purely algebraic to check that the cogroupoid
object Fp Ñ Ap corepresents the automorphism groupoid of the additive Fp-FGL (cf. Re-
mark 5.3.8) Aut F`.

5.5.1 Required technical facts about V1

Lemma 5.5.18. Let E be a mod p oriented homotopy ring spectrum. Write E˚BCp »
E˚rre, xss, |e| “ 1, |x| “ 2. There is an E˚-algebra isomorphism

E˚V1 » FreeAssAlgE˚
p rE˚ΣBCpq bE˚ E˚MU

» E˚xu,Σe,Σx,Σex,Σx
2, ...y bE˚ E˚rd1, d2, ...s,

|u| “ 1, |Σexi| “ 2i` 2, |Σxi| “ 2i` 1, |di| “ 2i.

Proof. This follows directly from Lemma 5.3.26.

Corollary 5.5.19. Let E be a mod p oriented ring spectrum. A morphism T : V1 Ñ E in
MT is determined by its behavior at BCp,

TBCp : V ˚1 BCp Ñ E˚BCp.

Proof. First note that since E˚BUp1q is a summand of E˚BCp, the behavior of T at BCp
determines it at BUp1q. By the Thom isomorphism and the splitting principle for complex
vector bundles (together with the multiplicativity of T ) that determines T at MU (cf. also
Remark 5.5.8). Let t be an element in E0V1 representing T . Let X be a finite spectrum and
ξ : X Ñ V1 a map representing some ξ P V 0

1 X. Since X is finite, a factors through some
filtration step ik : kV1 Ñ V1 (cf. Definition 5.3.15). Hence T pξq P E0X is determined by the
restriction i˚kt P E

0 kV1. By the proof of Lemma 5.5.18, pullback along the attaching map
ak : Σ´1MU b pΣBCpq

k`1 Ñ kV1 is an injection in E˚-cohomology. So T pξq is determined
by a˚ki

˚
kt. But if αk P V

0
1 pΣ

´1MU b pΣBCpq
k`1q is the class associated to ak, then a˚ki

˚
kt is

T pαkq (cf. again Remark 5.5.8), which has been determined.

Corollary 5.5.20. Let E be a mod p oriented ring spectrum, R Ă E˚ a subring and A an
R-algebra. Let EA be the object of MT defined by X ÞÑ E˚X bR A. Then a morphism
T : V1 Ñ EA in MT is determined by its behavior at BCp: TBCp : V ˚1 BCp Ñ EA˚BCp.
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Proof. The proof of Lemma 5.5.19 applies mutatis mutandis.

Corollary 5.5.21. Let E be a mod p oriented homotopy ring spectrum. There is an E˚-
algebra map

E˚V1 Ñ E˚rai, bi, dis i “ 1, 2, ... |ai| “ 2i´ 1, |bi| “ 2i, |di| “ 2i.

Proof. Given Lemma 5.5.18 this is an abelianization map. It sends u to a1, Σexi to bi`1 and
Σxi to ai`1.

Lemma 5.5.22. Let E be a mod p oriented homotopy ring spectrum. There is a commutative
diagram

V ˚1 BCp pE b V1q
˚BCp

HomE˚-modpE˚BCp, E˚V1q

ψ“p1bidq˝p´q

p-q˚

pair

in which ‘pair’ is an isomorphism.

Proof. The commuting diagram is a special case of Lemma 6.2 page 59 of [2]. Since E is
mod p oriented the previous lemmas imply that the relevant modules are sufficiently free,
and so the universal coefficient theorem guarantees that ‘pair’ is an isomorphism.

Lemma 5.5.23. In the diagram above,

ψpeq “ eb 1` xb a1 ` exb b1 ` x
2
b a2 ` ex

2
b b2 ` x

3
b a3 ` ex

3
b b3 ` ...

ψpxq “ xb 1` x2
b d1 ` x

3
b d2 ` ...

Proof. To calculate the effect of e : Σ´1BCp Ñ V1 on E-homology, note that it factors
through the first stage of the filtration Z1 Ñ V1. Furthermore, Z1 sits in a cofiber sequence
MU Ñ Z1 Ñ MU b Σ`BCp. The composite Σ´1BCp Ñ Z1 Ñ MU b Σ`BCp has the
following geometric presentation. First approximate Σ´1BCp by Σ´1S2n`1{Cp. Then e is
geometrically presented as the inclusion D2n{ „ãÑ S2n`1{Cp (cf. Lemma ??). The sec-
ond map in the composite above sends a Z1-manifold to its boundary (singularity), so the
composite is geometrically presented as S2n´1{Cp ãÑ S2n`1{Cp. But that is the geometric
presentation of the class x P Z˚1BCp and hence also x P V ˚1 BCp. Let αi, βi P E˚BCp be dual
to exi´1 and xi. We find that e˚ : E˚`1BCp Ñ E˚V1 is given by

e˚ : E˚`1t1, α1, β1, α2, ...u Ñ E˚xu,Σe,Σx,Σex,Σx
2, ...y bE˚ E˚rd1, d2, ...s

1 ÞÑ 0

αi ÞÑ Σexi´2

βi ÞÑ Σxi´1.
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To calculate the effect of the map x : Σ´2BCp Ñ W1 on E-homology, note that it factors
through the canonical orientation MU Ñ V1. Moreover the classes di introduced above are
the standard generators defined as the images under MUp1q Ñ MU of the classes dual to
ci`1 P E˚MUp1q (recall that if i denotes the inclusion of BCp into BUp1q then x “ i˚c).
Then we find that x˚ : E˚BCp Ñ E˚´2W1 is given by

αi ÞÑ 0

βi ÞÑ di´1.

With the intent of applying Lemma 5.5.22, note that since the αi and βi were defined to
be dual to monomials in e and x the images of 1, e, x, ex, x2, ... P pEbV1q

˚BCp » E˚V1rre, xss
under the map pair are given as follows: for z “ 1, e, x, ex, x2, ..., pair(z) takes a nonzero
value on exactly one of the E˚-module generators ai, bi, which are recorded below

pairpeqpa1q “ 1

pairpexiqpai`1q “ 1

pairpxiqpbiq “ 1.

Finally, an application of Lemma 5.5.22 finishes the proof.

5.5.2 Other algebras of operations

In work in progress I aim to use the formalism of symmetric functors (note the absence of
“stable”) to get similar derivations of algebras of unstable cohomology operations (which
correspond to FGL endomorphisms including power operations such as the Dyler-Lashof
operations.

5.6 E8-structures, etc

I will now define two sequences of objects 1F8, 1F1,2F8, 2F1,...,nF8, nF1,...,F8, F1 in the
category SstFunpC, σ, δq just defined. The underlying homotopy type of δ˚ nF8 will be nV8
and the underlying homotopy type of δ˚ nF1 will be nV1. F8 will be a commutative monoid,
F1 will be an associative monoid, and under Lemma 2.0.5 those two will provide E8- and
E1- lifts of the bordism spectra V8 and V1.

Definition 5.6.1. For a finite set N and a positive number m let UpmNq be the group
of unitary transformations of the m-fold direct sum of the complex vector space of maps
N Ñ C with its obvious hermitian inner product structure. Let BUN be the colimit of
BUpNq Ñ BUp2Nq Ñ ... and let BON be defined analogously with C replaced by R2 and
“unitary” by “orthogonal.”



CHAPTER 5. BORDISM THEORIES 66

Definition 5.6.2. Define F8 P SstFunpC, σ, δq (cf. Def 2.0.7) by setting F8pN,X,∆
kq to be

the set of k-simplices of the simplicial set associated to the following groupoid: its objects are
submanifold-with-corners Q ãÑ XˆpCNq8 of dimension dimX´|N | such that the composite
with the projection to X is a proper submersion. Furthermore, Q (and hence all the fibers
over points in X) is equipped with the structure of a V8-manifold where the MU -structure
is defined by a map to BUN which lifts the map to BON classifying the vertical normal
bundle in pR2Nq8. The morphisms in the groupoid are diffeomorphisms commuting with the
inclusions into X ˆ pCNq8. The submersion property ensures that F8 is indeed functorial
under pullbacks along maps Y Ñ X in Man. For every finite set M there is a map

F8pN,X,∆
k
q Ñ F8pN `M,X ˆ SM ,∆k

q

which simply pushes forward an element Q ãÑ X ˆpCNq8 along the inclusion of X ˆpCNq8

into X ˆ SM ˆ pCN`Mq8 at the basepoint of SM and enlarges the stable normal structure
along the evident map BUN Ñ BUN`M . The maps sM give rise to a σ-module structure via
the composite

HomManpX,S
Mq b F8pN,X,∆

kq HomManpX,S
Mq b F8pN `M,X ˆ SM ,∆kq

F8pN `M,X ˆX,∆kq F8pN `M,X,∆kq

idbsM

diag˚

where the diagonal map sends f bQ to f˚Q.

Definition 5.6.3. The definitions of nF8, F1, and nF1 P SstFunpC, σ, δq are almost word-
for-word identical to Definition 5.6.2, the only difference being that the one instance of “V8”
is replaced by the evident symbol denoting the type of manifold allowed. In particular the
functors with subscript “1” have objects that come with the additional data of the labelling
(cf. Definition 5.3.21).

Lemma 5.6.4. There are equivalences uδ˚F8 » V8 (and uδ˚ nF8 »
nV8) and uδ˚F1 » V1

(and uδ˚ nF1 »
nV1).

Proof. Let j denote the set t1, 2, . . . , ju. Then if F is a symmetric stable functor, the spec-
trum uδ˚F (cf. Definition 2.0.6) is presented by the sequential spectrum whose j-th term is
|F pj,∆‚

sm,∆
‚q|. I will only give the proof of the equivalence uδ˚F8 » V8 since the others

are completely analogous.
For any finite set N the assignment X ÞÑ |F8pN,X ˆ∆‚

sm,∆
‚q| is an R-invariant6 sheaf

on Man (because V8 manifolds can be glued along isomorphisms). Therefore by 4.3.1.2 of
[3]

uδ˚F j
8pXq “ π0MappX,Σjuδ˚F8q » π0|F8pj, X ˆ∆‚

sm,∆
‚
q|.

6Indeed it is the R-invariantization of the sheaf of (nerves of) groupoids X ÞÑ F8pN,X,∆
‚q on Man.

R-invariantization preserves sheaves by the main result of [7].
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The latter is the set of cobordism classes of V8-manifolds of dimX ´ j with a V8-oriented
proper map to X which is also a submersion. On the other hand, V j

8pXq is (by Definition
5.3.14) the set of cobordism classes of V8-manifolds of dimension dimX´j with a V8-oriented
proper map to X. So there is a natural morphism of cohomology theories uδ˚F ˚8pXq Ñ
V ˚8pXq induced by the inclusion of those V8-oriented proper maps Q Ñ X which are also
submersions. But when X “ pt the submersion property is automatic so the inclusion is an
isomorphism and hence the induced map of spectra uδ˚F8 Ñ V8 induces an isomorphism
on homotopy groups.

Remark 5.6.5. Note that we have implicitly given a presentation of MU as a commutative
symmetric stable funtor (satisfying the sheaf condition) by simply disallowing all singularities
(i.e. considering the filtration 0 part of V8 or V1). Let FMU denote the corresponding
commutative symmetric stable functor and FMU Ñ F8 and FMU Ñ V1 the obvious inclusions

Lemma 5.6.6. F8 is a commutative monoid in SstFunpC, σ, δq and F1 is an associative
monoid. Hence V8 and V1 are E8- and E1-ring spectra. In fact they are E8 and E1 MU-
algebras.

Proof. Note that the second sentence of the lemma follows from the first because of Lemma
2.0.5 and Lemma 5.6.4, and that the third sentence follows from the second because of
Remark 5.6.5. So it suffices to prove the first sentence.

First I will show that both F8 and F1 are associative monoids in SstFunpC, σ, δq. To
that end, first note that the Cartesian product of V8- and V1-manifolds makes F8 and F1

associative monoids in FunpFinˆ ˆ Cop, Set˚q. More precisely, the product sends a pair of
elements Q P F8pN,X,∆

kq and R P F8pM,X,∆kq to the element of F8pN `M,X,∆kq

given by the pullback along the diagonal map X Ñ X ˆX of the composite

QˆR ãÑ X ˆ pCN
q
8
ˆX ˆ pCM

q
8 „
ÝÑ X ˆX ˆ pCN`M

q
8.

So it suffices to show that this product is compatible with the σ-module structure, i.e. that
it descends to an associative product for the σ-relative tensor product. For that it suffices
to show that the two maps F8bSbF8 Ñ F8bF8 become equal after composing with the
product F8 b F8 Ñ F8 (and same for F1). That follows from the fact that the cartesian
product is associative and that pullbacks and cartesian products commute.

Finally F8 is a commutative monoid because the V8-manifolds pdiagˆ fklq
˚pQˆRq and

pdiag ˆ fklq
˚pR ˆ Qq agree since they are identical as submanifolds-with-corners-with-Cp-

action on the 1-corners, and their MU -structures agree because both pairs of maps (BUN ˆ
BUM Ñ BUN`M and BUM ˆ BUN Ñ BUN`M) and (CN ˆ CM Ñ CN`M and CM ˆ CN Ñ

CN`M) are related by the twist map of their domains.
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5.7 The geometry of structured pushouts

This subsection requires some familiarity with the theory of pushouts in E1- and E8-ring
spectra. Really all the reader needs to believe is that these pushouts exist and have the
evident universal properties. A detailed treatment can of course be found in [21].

What I will show is that certain structured (E1- and E8) pushouts (which are naturally
filtered spectra) agree as filtered spectra with geometrically defined spectra with filtration-
by-singularities (as in the definition of Bullet’s mod p bordism spectra, cf. 5.3.15).

5.7.1 mod p bordism spectra

In this section I will prove that the spectra V8 and V1 (cf. Definitions 5.3.15 and 5.3.21)
agree as filtered spectra with certain E8 and E1-pushouts.

Definition 5.7.1. Let tr : BCp Ñ S be the transfer map, presented geometrically as the
map that sends a framed manifold with a map to BCp to the total space of the associated Cp-
bundle (which is again a framed manifold). Let tr also denote the induced map MUbBCp Ñ
MU b S, which has the same geometric presentation but with ‘framed’ replaced by ‘stably
almost complex.’

The following is a precise definition of “the E8 quotient of MU by tr.”

Definition 5.7.2. Define the E8 MU -algebra MU{{8tr as the following pushout in the
category of E8 MU -algebras:

FreepBCpq MU

MU MU{{8tr

tr

0 .

Remark 5.7.3. This means (by definition) that the space of E8MU -algebra mapsMU{{8tr Ñ
R is naturally equivalent to the space of nullhomotopies MUb ÑMU Ñ R.

Lemma 5.7.4. MU{{8tr admits a filtration

MU »MU{{8trr0s ÑMU{{8trr2s Ñ ...ÑMU{{8tr

by MU-modules with successive quotients given by

MU{{8trrks{MU{{8trrk ´ 1s » pMU b ΣBCpq
bMUk
hΣk

.

Proof. To get the desired filtration, lift to the category of filtered E8 MU -algebras and form
the pushout of

FreepBCpr2sq MU

MU MU{{8trfil

tr

0 .
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To analyze the successive quotients, apply the associated graded functor to present grMU{{8trfil

as the pushout

FreepBCpr2sq MU

MU grMU{{8trfil

grptrq

0 .

Since grptrq “ 0, that pushout is FreepΣBCpr2sq, from which the successive quotients are
read off immediately.

In exactly the same way we can define the E1-quotient of MU by the transfer map.

Definition 5.7.5. Define the E1 MU -algebra MU{{1tr by declaring the following diagram
to be a pushout in the category of E1 MU -algebras:

FreepBCpq MU

MU MU{{1tr

tr

0 .

Lemma 5.7.6. MU{{1tr admits a filtration

MU »MU{{1trr0s ÑMU{{1trr2s Ñ ...ÑMU{{1tr

by MU-modules with successive quotients given by

MU{{1trrks{MU{{1trrk ´ 1s »MU b pΣBCpq
bk.

Proof. The proof is identical to the E8 case above except that one works in the category of
E1 MU -algebras.

Lemma 5.7.7. There are filtered equivalences

MU{{8tr
„
ÝÑ V8

MU{{1tr
„
ÝÑ V1

of E8 and E1 ring spectra, respectively.

Proof. I will prove the first equivalence; the second is proved completely analogously. First
note that by Lemma 5.6.6 V8 is a filtered E8-ring equipped with an E8 map from MU
(presented by the map of symmetric stable functors induced by the inclusion of those V8-
manifolds with no singularities) and hence a filtered E8 MU -algebra. Moreover by Lemma
5.3.20 the first filtration step 1V8 is identified with the cofiber of the transfer map MU b
BCp ÑMU , and since the unit map MU Ñ V8 factors through 1V8, the composite

MU bBCp ÑMU Ñ V8
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has a nullhomotopy. Equivalently, the unit of V8 factors through the cone of the transfer. By
the universal property of (the filtered version of, cf. Lemma 5.7.4) MU{{8tr, a factorization
of the unit of V8 through a filtered map from the cone of the transfer i.e. a commutative
diagram

MU cone(tr)

MU 1V8

,

we get a corresponding filtered E8 MU -algebra map

φ : MU{{8tr Ñ V8.

Now consider the induced E8-map on associated graded rings

grφ : grMU{{8tr Ñ grV8.

Applying Lemmas 5.3.20 and 5.7.4 to identify the associated graded spectra we get a filtered
E8 map

grφ : FreeE8-MUpΣBCpq Ñ FreeE8-MUpΣBCpq.

To check whether that is an equivalence it suffices to check whether the filtration 1 component
gr1φ : ΣBCp Ñ ΣBCp is an equivalence. But that is clear since φ was freely determined by
its filtration 1 component, which was chosen to be an equivalence between the cone of the
transfer and 1V8.

5.7.2 Ravenel’s Xpnq

Recall that Ravenel defines a filtration of MU by spectra Xpnq: S “ Xp1q Ñ Xp2q Ñ
... Ñ Xp8q “ MU and that these spectra feature prominently in the celebrated nilpotence
theorem of Devinatz, Hopkins, and Smith.

Definition 5.7.8. Recall that Xpn`1q may be presented as the Thom spectrum of the map
ΩSUpn ` 1q Ñ BU Ñ BGL1S. Consider the map ΩSUpn ` 1q Ñ ΩpSUpn ` 1q{SUpnqq “
ΩS2n`1. The James filtration JkS

2n of the latter induces a filtration FkΩSUpn ` 1q in the
domain which, after applying the Thom spectrum functor, induces the DHS filtration of
Xpn ` 1q by spectra I will denote by Fk. Note that the filtration is multiplicative because
the James filtration is.

Definition 5.7.9. Let Σ´2CPn Ñ Xpnq be the canonical partial orientation. Let χn :
S2n´1 Ñ Xpnq be the precomposite of that with the attaching map of the top cell of
Σ´2CPn`1.
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Definition 5.7.10. An Xpnq-manifold is a manifold whose stable normal bundle is equipped
with a lift along the map ΩSUpnq Ă ΩSU » BU Ñ BO.

Remark 5.7.11. Note that χn is represented by the Xpnq-manifold whose underlying manifold
is S2n´1 and whose stable normal bundle is equipped with the lift to ΩSUpnq given by the
map S2n´1 Ñ CPn´1

Ñ ΩSUpnq which is the composite of the standard quotient map and
the map that sends a line in Cn to the loop of special unitary matrices given by rotation
around that line7. That indeed lifts the (trivializable) stable normal bundle of S2n´1 since
the composite with ΩSUpnq Ñ BU is null. Write χkn for the k-fold Cartesian product.

Definition 5.7.12. An Xpnqk-manifold Q is a manifold-with-labelled-j-corners for 0 ď

j ď k, together with a Xpnq-structure on the interior of the codimension 0 stratum, an
identification of each face diQ of the 1-corners (as Xpnq-manifolds) with Ni ˆ χn for some
Xpnq-manifold N1piq, and such that on the j-corners the identifications combines to an
identification (again, as Xpnq-manifolds) of each face dJQ the j-corners with NJ ˆ χjn for
some Xpnq-manifold Nj, which will be called the leftovers of the j-corner. The associated
bordism theory gives a geometric presentation of a spectrum that will be called Xpnqk.

Definition 5.7.13. An Xpnqk-manifold is naturally an Xpnqk`1-manifold, which induces
maps Xpnq Ñ Xpnq1 Ñ Xpnq2 Ñ .... Define the colimit to be Xpnq8, presented geo-
metrically as the bordism theory of Xpnqk-manifolds for all k at once, which are called
Xpnq8-manifolds.

Remark 5.7.14. The cartesian product of an Xpnqk-manifold and an Xpnql-manifold is an
Xpnqk`j, which equips Xpnq8 with a natural ring spectrum; in fact it lifts to an E1-ring
structure (cf. [L] Section 2.2.2). This will not be needed here.

Definition 5.7.15. Consider the standard topological k-simplex ∆k
top Ă Rk`1. Since the

faces of the k-simplex are ordered the product ∆k
topˆ χ

k`1
n is naturally an Xpnqk-manifold8.

Note that the product r0, 1s ˆ ∆k
top ˆ χk`1

n is naturally an Xpnqk`1-manifold (by Remark
5.7.14) and the composite of the projection to the first factor and the map r0, 1s Ñ R,
x ÞÑ x´ 1{2 exhibits the unravelled pk ` 1q-fold join as nullbordant in Xpnqk`1-manifolds.

Lemma 5.7.16. In the defining filtration of Xpnq8 in Definition 5.7.13, the successive
quotients are given by

Xpnqk{Xpnqk´1
» Σ2nkXpnq

The quotient map is geometrically presented as the map that sends an Xpnqk-manifold Q its
k-corners’ leftovers Nk (c.f. Definition 5.7.12). Moreover, the attaching map

Σ2nk´1Xpnq Ñ Xpnqk´1

7One normalizes by the value at some point to get matrices with unit determinant.
8On the ith face one identifies χk`1

n with Ni ˆ χn where Ni is the product of the k factors of χk`1
n

excluding the ith factor.
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whose cofiber is Xpnqk is presented geometrically as the map that sends an Xpnq-manifold
P to the k´1Xpnq8-manifold given by the product P ˆ∆k´1

top ˆ χkn with the unravelled k-fold
join (cf. Definition 5.7.15).

Proof. (cf. [L] Lemma 2.1.15) It suffices to show that the geometrically defined maps

...Ñ Σ2nk´1Xpnq Ñ Xpnqk´1
Ñ Xpnqk Ñ Σ2nkXpnq Ñ ...

form a cofiber sequence, which is equivalent to the statement that the corresponding maps
of collections of manifolds(-with-singularities) form an exact sequence up to bordism. The
composite of the left two maps is zero since the Xpnqk´1-manifold ∆k´1

top ˆ χkn is null as an
Xpnqk-manifold because the cone on the unravelled join is (cf. Definition 5.7.15). If an
Xpnqk´1-manifold Q is null as an Xpnqk-manifold, then any such nullbordism M exhibits Q
as bordant to the k-corners of M , which is in the image of the first map. The composite of
the second two maps is clearly zero since an Xpnqk´1-manifold has empty k-corners. Finally,
if Q is an Xpnqk-manifold whose k-corners’ leftover Nk is null, then gluing such a nullbordism
into Q eliminates the k-corners and produces an Xpnqk´1-manifold, exhibiting M as bordant
to the image of the inclusion k´1Xpnq8 Ñ Xpnqk.

Definition 5.7.17. Here is an inductive definition of Xpnqk-manifolds that may be more
geometrically intuitive. An Xpnq1-manifold Q in the above definition is an Xpnq-manifold
with boundary identified with N1ˆχn. Since χn is presented by S2n´1, one can glue in a copy
of N1 ˆD

2n to obtain a smooth manifold Q1 with a “singular” Xpnq-structure9. Call such a
manifold an Xpnq1filled-manifold. Note that the filled version of the unravelled join ∆1

topˆχ
2
n

has underlying manifold the usual join χn˚χn » S4n´1. Then using the attaching maps of the
filtration above one can inductively view an Xpnqk-manifold Q as an Xpnqk´1

filled-manifold with
boundary identified with Nkˆχ

˚k
n as an Xpnqk´1

filled-manifold. Again χ˚kn is a sphere, so gluing
in Nk ˆD2nk produces an underlying smooth manifold Q1 with “up-to-k-fold singularities”
in its Xpnq-structure, an Xpnqkfilled-manifold.

Note that an Xpnqkfilled-manifold is in particular a stratified manifold. Cutting along those
“singularity strata” recovers the Xpnqk-manifold.

Here is a geometric presentation of the DHS filtration.

Lemma 5.7.18. The DHS filtration admits a geometric presentation: there is a “filling”
map inducing a filtered equivalence Xpnq8 Ñ Xpn` 1q.

Proof. The first step is to define the map. It will morally come down to the fact that in the
“filled” picture of Definition 5.7.17 the Xpnq-structures can be extended into the interior of
the disks if one allows them to become Xpn` 1q-structures.

Fix a nullhomotopy of the composite S2n´1 Ñ ΩSUpnq ãÑ F1ΩSUpn ` 1q, which exists
because the first map is homotopic to the adjoint of the map S2n Ñ SUpnq classifying

9One leaves the Xpnq-structure in the interior of the disk undefined.
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F1ΩSUpn ` 1q as an ΩSUpnq-bundle. That nullhomotopy exhibits the cone10 on χn as an
F1-manifold-with-boundary. Call it z1. Replacing D2n with z1 in the “filling” procedure
of Remark 5.7.17 shows that every Xpnq1-manifold naturally produces an F1-manifold with
the Xpnq1-manifold as a subset on which the F1-structure specializes to an F0 “ Xpnq-
structure. In particular the Xpnq1filled-manifold χn ˚χn (see Definition 5.7.17) is naturally an
F1-manifold, with F1-structure classified by a map S4n´1 Ñ F1ΩSUpn` 1q.

Towards induction, suppose that zk´1 is an Fk´1-manifold-with-boundary whose under-

lying manifold is D2npk´1q and whose boundary is the Xpnqk´2
filled-manifold χ

˚pk´1q
n , in the sense

that the Fk´1 structure specializes to the F0 “ Xpnq-structure of the Xpnqk´2
filled-manifold

χ
˚pk´1q
n on the locus where the latter is defined. Then the filling procedure of Definition 5.7.17

can be done to every Xpnqk´1-manifold to produce an Fk´1-manifold with the Xpnqk´1-
manifold as a subset on which the Fk´1-structure specializes to an F0 “ Xpnq-structure.
Next I claim that zk :“ zk´1 ˚ S

2n´1 is naturally an Fk-manifold. Indeed, the underlying
manifold is D2nk “ D2npk´1q ˚ S2n´1. To specify the map out of a join to Fk it is equivalent
to specify maps D2npk´1q Ñ Fk, S

2n´1 Ñ Fk and a homotopy between the two induced
maps D2npk´1q ˆ S2n´1 Ñ Fk (using the projections to each factor). Then the maps are
D2npk´1q Ñ Fk´1 Ñ Fk, S

2n´1 Ñ F1 Ñ Fk, and the homotopy between the two corresponds
to the pushforward along F1 Ñ Fk of the nullhomotopy of S2n´1 Ñ F1 chosen to define z1.

By induction on k the “filling” map Xpnq8 Ñ Xpn ` 1q is defined and is clearly a
map of filtered spectra (an Xpnqk-manifold “fills” to an Fk-manifold). Therefore it is an
equivalence if it induces an equivalence of associated graded spectra. Note that the kth
graded piece on both sides are indeed equivalent—that ofXpnq8 is identified in Lemma 5.7.16
and that of Xpn`1q is the Thom spectrum of the trivial map from S2nk “ JkS

2n{Jk´1S
2n Ñ

BGL1pXpnqq. I claim that the map on associated graded spectra can be presented by the
identity map, which will finish the proof. First, the map

Fk Ñ Σ2nkXpnq

has the following geometric presentation: it takes an Fk-manifold Q, composes the structure
map QÑ FkΩSUpn` 1q with the ΩSUpnq-fibration FkΩSUpn` 1q Ñ JkS

2n and takes the
transverse intersection of Q and a nondegenerate point in JkS

2nkzJk´1S
2nk. That transverse

intersection is indeed an Xpnq-manifold (since its stable normal bundle is equipped with a
map to the fiber ΩSUpnq) and is of codimension 2nk in Q (since the point is of local codi-
mension 2nk in JkS

2n). The map Fk´1 Ñ Fk has the evident the geometric presentation:
“extension of structure group”. Now consider the following diagram. Having given geo-
metric presentations of all maps—with the candidate geometric presentation of the bottom
map being the identity—it suffices to show that the diagram commutes up to bordism, i.e.

10Recall that the underyling manifold is D2n and naturally has an Xpnq1filled-manifold (c.f. Definition
5.7.17).
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produces a map of cofiber sequences.

Xpnqk´1 Fk´1

Xpnqk FkXpn` 1q

Σ2nkXpnq Σ2nkXpnq

The top square clearly commutes even without the need to correct by a bordism. It remains
to compare the two ways to traverse the bottom square. The way involving the left vertical
map sends an Xpnqk manifold to its k-corners leftovers Nk (c.f. 5.7.16). The other way takes
an Xpnqk-manifold Q, glues in the chosen zj to get some Q1, and then takes the transverse
intersection of Q1 with a point in S2nk Ă JkS

2n. Now, the map classifying the stable normal
bundle of Q1 factors through Fk´1ΩSUpn` 1q Ñ FkΩSUpn` 1q except in a neighborhood of
the glued in Nk ˆ zk, since all other pieces that are glued in (and all of the original Q) have
stable normal bundles admitting such factorizations. The Fk structure on Nk ˆ zk is given
by the map

Nk ˆ zk Ñ ΩSUpnq ˆ Fk Ñ Fk

which is the composite of the cartesian product of the Xpnq-structure of Nk and the Fk
structure of zk followed by the ΩSUpnq-action on Fk. It follows that the composite with
Fk Ñ JkS

2n factors through the projection Nk ˆ zk Ñ zk, and the map D2nk “ zk Ñ Fk Ñ
JkS

2n Ñ S2nk is a degree ˘1 covering in a neighborhood of some nondegenerate point by
construction (it is clear for k “ 1 and true for general k by induction). So the transverse
intersection at that point will indeed be bordant to Nk.

Remark 5.7.19. It is fair to say that Xpnq8 is a geometric incarnation of Xpnq{{1χn, the E1-
Xpnq-algebra quotient of Xpnq by χn. In that sense, Lemma 5.7.18 is a geometric incarnation
of [6] Corollary 13, which identifies Xpnq{{1χn with Xpn` 1q.

5.7.3 Nilpotence

The the celebrated nilpotence theorem of Devinatz, Hopkins, and Smith [12] reads as follows.

Theorem 5.7.20. For any homotopy associative ring spectrum R, the kernel of the Hurewicz
map R˚ ÑMU˚R consists of nilpotent elements.

The proof makes crucial use of the filtration of MU by the Xpnq and in turn the DHS
filtration of each Xpnq (cf. Definition 5.7.8). The key is to analyze the attaching maps
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of the DHS filtration, which is the heart of the proof of the nilpotence theorem. That
analysis is originally done p-locally and rather algebraically phrased in terms of Bousfield
classes. In work in progress I hope to use Lemma 5.7.18 to analyze the DHS attaching maps
geometrically and arrive at a new proof of the nilpotence theorem.
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