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ABSTRACT OF THE DISSERTATION

Holographic Entanglement Entropy in the Presence of Defects

by

Chrysostomos Marasinou
Doctor of Philosophy in Physics
University of California, Los Angeles, 2018

Professor Michael Gutperle, Chair

A quantum observable which received renewed attention recently is entanglement entropy.
It’s application ranges over several fields in physics, from condensed matter physics to general
relativity. In this dissertation we study entanglement entropy for quantum field theories in
the presence of defects and singularities.

We study entanglement entropy using the framework of AdS/CFT correspondence. We
focus on entangling surfaces across ball-shaped regions for systems outside their ground
state. Quantum field theories in the presence of defects are considered first. These are the
six-dimensional (2,0) theory in the presence of Wilson surfaces and the four-dimensional
N = 4 super-Yang-Mills theory in the presence of surface defects of the disordered type.
Their holographic entanglement entropy is calculated applying the Ryu-Takayanagi pre-
scripstion on their holographic duals, which are eleven-dimensional supergravity (M-theory)
solutions for the former and ten-dimensional type IIB supergravity solutions for the latter.
Other holographic observables are computed as well: the holographic stress tensor and the
expectation value of the defect (operator). For the disordered defects, an alternative ex-
pression for the additional entanglement entropy due to the defect (in terms of expectation
values) is derived, adapting the method of Lewkowycz and Maldacena for Wilson loops.

The two entanglement entropies agree up to an additional term, the origin of which may be
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attributed to the conformal anomaly of even dimensional defects as we discuss.

The holographic entanglement and free energy is computed for five-dimensional super
conformal field theories, starting from their holographic supergravity duals. Although the
supergravity solutions possess singularities, these do not obstruct our calculations. The
expected relation between the two observables is verified. This supports the supergravity
solutions as holographic duals and gives the first quantitative results for five-dimensional

superconformal field theories.
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Chapter 1

Introduction

1.1 The AdS/CFT correspondence

1.1.1 The importance of holography

The holographic principle was introduced in the context of string theories by Susskind [5]. In
semi-classical considerations of quantum gravity, in (d + 1)-dimensions, it states that all the
information contained in a volume V., is encoded on the surface of it’s boundary 0V;,;. An
explicit realization of the holographic principle is the AdS/CFT correspondenceE] [6]. This
is a duality relating a quantum gravity theory on a certain spacetime to a non-gravitational
quantum theory on a spacetime of one dimension lower. The gravity theory is a string theory
on Anti-de Sitter (AdS) spacetime in (d + 1)-dimensions and the non-gravitational theory
is a conformal field theory (CFT) living on the d-dimensional boundary of AdSgy;. The
AdS/CFT correspondence is sometimes called gauge/gravity duality since it’s relating gauge
theories to theories with gravity. In fact, the argument was initially introduced by t"Hooft for
the case of the large N limit of gauge theories (or t'Hooft limit), where N is the dimension
of the gauge group [7]. In particular, he showed that the gauge theory Feynman diagrams at

N — oo organize themselves with topology matching that of a dual string ending on quarks.

"'We postpone the exact statement of the AdS/CFT correspondence until section m



The AdS/CFT correspondence extends this approach, to conjecture that the dynamics of a
gauge and a string theory are equivalent in general.

The correspondence has proven proven to be very useful. On one side, intractable field
theory calculations of strongly coupled quantum systems were worked out on the gravity
side. Some of the most important results involve correlators of 1/2 BPS operators in N = 4
SYM. Examples are the computation of three-point functions, check of non-renormalization
theorems for two- and three- point functions, study of four-point functions and extremal
correlators. Another important result is the computation of the conformal anomaly for
various CFTs, e.g. the holographic calculation of the conformal anomaly of 2d CF'T, which
resulted to the anticipated Brown-Henneaux formula [8]. On the other side, known quantum
field theory quantities and properties gave a new approach in the interpretation of gravity.
A long standing open problem which is targeted is the black hole information paradox. A
CFT at finite temperature 1" corresponds to a dual black hole in AdS with T" being the
Hawking temperature. The unitarity of the CFT suggests that the information of the initial
state of the black hole should be preserved. This means that during the evaporation of the
black hole, the emitted Hawking radiation should carry all the information [9]. Although
for the region outside the horizon encoding of the information on the dual CFT is well
understood, a similar encoding for the inner region remains subtle. An effort to explain it
was proposed by the introduction of the so-called “firewall” [10]. This is a region very close
to the horizon, where the local effective field theory breaks down. A resolution whether this
is a valid mechanism to explain the information paradox has not been achieved to this date.
More on tests and breakthroughs of the AdS/CFT correspondence, are being discussed in
the lectures by D’Hoker and Freedman [11].

The biggest unresolved problem in theoretical physics is finding a quantum theory of
gravity (usually called quantum gravity). The quantization of all other interactions is pos-
sible using the framework of quantum field theory (QFT). In fact, the electromagnetic and

nuclear interactions are described by the Standard Model of particle physics, many aspects



of which have been studied and confirmed experimentally. However, gravity does not admit
such a description. Trying to consider gravity as a QFT we get a nonrenormalizable theory.
This means that infinite number of counterterms have to be added to the Lagrangian in
order to render observable quantities (calculated perturbatively) finite. The nonrenormal-
izability of gravity as a QFT can be understood from black hole considerations. At high
energies black holes are created. The Bekenstein-Hawking formula says that black hole en-
tropy is proportional to the area of the black hole horizon [12}/13], which scales in a certain
way with energy given the dimensionality, d. However, interpreting gravity as a QFT, in
the extremely high energy range, we would expect it to lie on a UV fixed point (CFT).
Following this expectation, one computes the entropy of the CFT in d-dimensions and how
it scales with the energy. It turns out that the entropy here scales differently compared to
the case of the black hole. This is a contradiction and therefore if we choose to trust the
Bekenstein-Hawking formula we have that gravity is non-renormalizable.

There are different approaches to quantum gravity. The main focus of this dissertation
is on one of them which is string theory. The fact that the gravity side of AdS/CFT consists
of a string theory makes it a promising tool in the efforts of trying to “solve” quantum
gravity. In particular, one avenue that is being explored a lot lately is the connection
between quantum entanglement and geometry. The connection is manifested in the proposal
for the holographic entanglement entropy [14,/15], where a minimal surface in the bulk AdS
gives the entanglement entropy of the CFT. In the same direction, it was proposed that
entanglement actually creates geometry [16-18] and also that any EPR pair is associated
by an 'Einstein-Rosen bridge’ in spacetime, a claim known as “ER=EPR” [19]. Further
information, on recent developments on the interpretation of quantum information theory
quantities in the AdS/CFT framework, can be found in [20].

Although the motivation which led to AdS/CFT was the exploration of quantum grav-
ity, the duality contributed to the understanding of various topics in physics. In particu-

lar, guided by the main attribute of relating a strongly coupled theory to a dual weakly



coupled theory, various generalizations of the duality were launched. One of them is the
AdS/QCD program, which applies the same philosophy to geometrize quantum chromody-
namics (QCD), the theory of the strong interactions. The program led to synthesis of lattice
QCD and heavy ion phenomenology. It further aims to shed more light in the most im-
portant open problem of QCD, which is, understanding confinement. For a review on the
AdS/QCD program see e.g. [21]. Another program inspired by AdS/CFT is AdS/CMT. This
is the application of the duality in condensed matter physics systems. The program creates
the possibility for experimentally accessible systems. In fact, amongst others novel phases
of matter were explored, cold atom systems with specified properties were designed, a holo-
graphic model for superconductors was constructed [22]. Extensive lectures on holographic

methods for many-body systems can be found in [23].

1.1.2 The extra dimension

There are different approaches in motivating the presence of one extra dimension in the grav-
ity side of the AdS/CFT correspondence. One of them is the Kadanoff-Wilson renormal-
ization group (RG). To examine this approach, let us consider a non-gravitational quantum

system living on a lattice with spacing a. The system has the following Hamiltonian:

H=>"Ji(x,a)0(x) (1.1.1)

T,

where x are the site locations, O are the different local operators of the system and J; their
coupling constants. Notice that the coupling constants depend on the lattice size. In the RG
approach we coarsegrain the lattice. To apply this let us successively double the lattice site.

The resulting coupling constants are the averages of the neighboring J; before doubling.

coarsegraining: J;(z,a) — Ji(z,2a) — Ji(z,4a) — - - -



The form of the Hamiltonian stays the same as in (|1.1.1)) whereas the couplings change as
a function of the current lattice size. Thus, we can interpret the lattice size as a length scale
we can use to probe the system. Let us name this length scale u. The coupling constants
are now given by J;(x,u), where u > 0. The flow of the couplings when we allow u to run is
described by the so-called RG equations

U%Ji(:c,u) = Bi(J;(z,u)) (1.1.2)

which are local in the scale u. The functions g; are the so called beta-functions describing
the dependence of couplings J; upon the energy scale in consideration. In the AdS/CFT
framework at strong coupling, we can interpret u as the extra dimension, i.e. the radial
dimension of AdS. Based on this argument, the sources J;(z,u) are mapped to the bulk
fields ¢;(z,u):

Ji(z,u) = ¢i(x,u)

The dynamics of ¢; admit an action of a gravitational theory on AdS spacetime. This illus-
trates that the AdS/CFT correspondence is a concrete way to geometrize the RG. Moreover,
we see that the microscopic couplings in the UV are identified with the bulk fields at the
boundary of the AdS spacetime. Therefore, we could say that the quantum system lives on
the boundary of the gravity theory’s spacetime.

A different approach in motivating the duality is matching the degrees of freedom on the
two sides. Let us consider a d-dimensional QFT. A measure of it’s degrees of freedom is
entropy which is extensive in this case. This means that considering a spatial region Ry

in the QFT the associated entropy is proportional to it’s volume.
SQFT X VOI(Rd_l)

On the other side, in a gravitational theory entropy is subextensive. In particular, there is



a maximum threshold on the value of entropy for a certain spatial region. The threshold
is defined by the entropy of a black hole, same in size as the region [24]. The black hole

entropy is given by the Bekenstein-Hawking (BH) formula [12,/13]

Spr = (1.1.3)

4G N

where Ay is the area of the black hole horizon and G the Newton’s constant. Let us
consider a (d + 1)-dimensional gravity theory and a spatial region R, which is bounded by
R4_1. Then, employing the BH formula (1.1.3]) we get that

Sar o< Area(R4) o« Vol(Rg-1)

Therefore, assuming that the boundary of R; matches the spatial region we considered for
the QFT, we have that the degrees of freedom in both cases scale identically. This is another
hint supporting the correspondence.

Investigating the statement of the AdS/CFT correspondence further, one can ask: “Why
don’t we study the connection of any QFT to a gravity theory?” The main reason is that
geometrizing any QFT is a difficult task. Instead the attention is being drawn to CFTs.
These are theories that lie at a fixed point of the RG flow and therefore enjoy conformal
invariance. The latter is the reason making the geometrization of CFTs more accessible
compare to the case of other more general QFTs.

To illustrate this, let us consider a CFT living in d spacetime dimensions (¢, 2!, 2%, -+ |
z%71). We want to associate it with a (d + 1)-dimensional spacetime. The conformal group
consists of the Poincaré group, dilatations and special conformal transformations. We be-
gin by writing the most general (d + 1)-dimensional metric with Poincaré invariance in
d-dimensions:

ds?lH = %(2) (—dt2 + dx;dr; + sz) (1.1.4)



with 2z being the extra dimension, €(z) a metric factor to be determined and x; spatial
directions with ¢ =1,2,--- . d — 1.

We further assume that z is a length scale and require the metric to be invariant under
scalings. Including the d-dimensional dilatations we can write the overall scaling transfor-
mations as

z—= Az, (t,z;) = (M, Axy) (1.1.5)

Requiring scale invariance the metric factor gets the form
Qz)=L/z (1.1.6)

where L is an arbitrary constant. Therefore, the final form of the (d+ 1)-dimensional metric

is given by
L2

dsi,, = ) (—dt* + dw;dx; + d=2?) (1.1.7)

This is AdSy.1 spacetime in Poincaré coordinates, if we identify L with the AdS radius of
curvature.

Summarizing, we used the conformal symmetry SO(d, 2) and found the geometric analog.

The latter is the AdSyy; spacetime and it has isometries same as the conformal group

SO(d,2). This justifies the preference towards investigating CFTs rather than more general

QFTs and provides a heuristic argument supporting AdS/CFT.

1.1.3 The original AdS/CFT statement

The AdS/CFT correspondence was conjectured in 1998 by Maldacena [6]. The conjec-
ture takes the form AdS,,;/CFTy, identifying a string theory on AdS;,; with a CFT in
d-dimensions. The most prominent example given in his paper is the AdS;/CFT} correspon-
dence which states that “type IIB string theory with string length I, = /o and coupling

constant g, living on AdSs x S with radius of curvature L and having N F5) flux units



on the S% is equivalent to N' =4 d = 3 + 1 SU(N) super-Yang-Mills (SYM) with coupling

constant gyy”, when the parameters of the two theories are identified in the following way:
Gy = 2mgs and  2¢g3 N = L*/a (1.1.8)
Next, we briefly introduce the two sides of the correspondence.

1.1.4 N =4 Super-Yang-Mills

The Lagrangian of N' =4 d =3+ 1 SU(N) super-Yang-Mills theory is given by [25]

1 Or
Loyy = trd ———F,, ™ + ZL
SYM T{ 202 " {72

F,F" =Y " iX'6"D,\, — Y _ D, X'D'X'

ab i S~ Ya[yi \b gSQK_M i i 2}

+§QYMQ Aa[ X" N +%9YMCzab>\ (X5 A7)+ 5 ;[X , X7] (1.1.9)
which contains the N' = 4 multiplet, i.e. six real scalars X*, one real vector A7 with field
strength F),, and four Weyl spinors A,, all of them transforming in the adjoint representation
of the gauge group SU(N). The theory is exactly invariant under the superconformal group
SU(2,2/4) at the quantum level. The bosonic part of the group is given by the conformal sym-
metry in (3 + 1) spacetime dimensions, SO(4,2), and the R-symmetry, SO(6)r ~ SU(4)g.
In particular, under the SU(4)g the vector field A% is a singlet whereas the scalars X* and
the spinors A\, are a rank 2 anti-symmetric 6 and a 4 respectively. The fermionic part of
the symmetry is given by N = 4 conformal supersymmetry, which includes in total 32 real

supercharges. The supercharges are organized in terms of Weyl spinors which transform in

1.1.5 Type IIB Supergravity

It is useful to introduce the low energy limit of type IIB string theory, the N’ = 2 (9 + 1)-

dimensional type IIB supergravity theory. The theory has the following field contents: the



metric G, the axion-dilaton complex field C' +i®, a complex antisymmetric rank 2 tensor
By 4 iAg, a real antisymmetric rank 4 tensor Ay, with a self-dual field strength, two
Majorana-Weyl gravitinos @D{m of the same chirality and two Majorana-Weyl dilatinos A, of
the opposite chirality compare to the gravitinos.

Due to the self-dual nature of the five-form field strength we cannot write a satisfactory
action producing all field equations including self-duality. Instead, we can write a Lagrangian
which reproduces all field equations of type IIB supergravity and impose self-duality as a
separate equation. Doing this yields the following Lagrangian

1
Sts =+ o VGe (2R 4 89,00"® — |H|?) (1.1.10)
10

1

_ 1 -
P {V G(|Fi > + |F5)* + §|F5|2) + Ay A\ Hs A\ F3| + fermions
10

where the different field strengths are given by

Fy =dC

(1.1.11)
F3:dA2 F5:F5—%A2/\H3+%BQ/\F3
Fy = dA,

supplemented by the self duality condition Fy = «Fs. The gravitational coupling in 10 di-
mensions is related to the string scale o’ and the string coupling g, of the type IIB superstring

theory by

K1y = 871Gy = 647" g% (1.1.12)

where G is the 10-dimensional Newton’s constant.



1.1.6 AdS/CFT from branes

An argument supporting the AdS;/CFT, correspondence comes from geometric realization
of gauge theories in superstring theory. Other than the fundamental strings, superstring
theory contains also higher dimensional objects called Dirichlet branes (D-branes). They
are denoted as Dp-branes and extend in (p + 1) spacetime dimensions. D-branes can be
described using two different viewpoints: the open string and closed string perspectives. In
the open string perspective, we consider small string coupling constant g, and the approach
is perturbative. D-branes here are described as hyperplanes where open strings can end.
In the closed string perspective, D-branes are viewed as non-perturbative massive charged
solitons sourcing the superstring theory fields.

To arrive at the desired argument for AdS;/CFT, we need to apply the two perspectives
on a stack of N coincident D3-branes. The underlying theory is type IIB superstring theory
in R%! and the brane-configuration retains only half of the 32 supercharges of the theory.
The argument concerns the weak form of the correspondence at low energy, £ < o/~ 1/2.

We start with the open string perspective where we consider our setup in the weak
coupling limit g;N < 1. In this perturbative limit, our background is described in terms
of open and closed string excitations. The former are modes of the (3 + 1)-dimensional
hypersurface, whereas the latter are modes propagating in the bulk (9 + 1)-dimensional
spacetime.

We apply the low energy limit to our setup in two steps. The first step is integrating out
the massive degrees of freedom. This gives an effective action containing only the massless

string modes,

S = Sclosed + Sopen + Sint (1113)

with Seiosed (Sopen) containing the modes of closed (open) strings and Siy the interactions
between open and closed string modes. Sgoseq i the ten-dimensional type I1B supergravity

action plus higher derivative terms. S,pen can be derived from the Dirac-Born-Infeld (DBI)

10



action for D3-branes with the Wess-Zumino term added. The open massless modes give the

N =4 SYM action with higher derivative corrections. Schematically, so far we have:

1
Sclosed = ﬁ leQJV _9672¢(R + 48M¢8M¢)) + -
10
1
~ —5 /dlox (9Mh(3Mh + O(/ﬁ}lo)
1
cee=——— | d*2e?\/—det Il F) + - -+
Sper + Gr)iary, / ze~?\/—det(P[g] + 27’ F) +
! 4 1 v 1 pv i i !
— Sopen - 27?95 /d x <4FMVF + 2"7 aMX 6,,X —f-O(O{)

where we represent the closed sector schematically with the graviton and dilaton only and
the open sector with the DBI term for one D3-brane. The metric is given by g = n + kh,
with h being the metric fluctuation (graviton) and 2x% = (27)"ag?. In the open sector we
end up with a gauge field with field strength F' and six real scalars ¢‘. Generalizing to the
case of IV coincident branes the open sector fields are in the adjoint representation of U(N).
Notice that we expand either in kg or «'.

The second step of taking the low energy limit is to ignore the stringy excitations. This
can be achieved by sending o/ — 0 keeping all dimensionless parameters fixed. Therefore,
we can take either limit o/ — 0 or k19 — 0. Applying this limit, Scseq becomes the type
IIB supergravity action in (9 + 1)-dimensional Minkowski spacetime. On the other side,
Sopen becomes the bosonic part of N =4d =3+1 SU(N) SYM action . We should
mention that the U(1) C U(N) degrees of freedom decouple from the rest, leaving SU(N) as
the gauge group. Also, Sj,; vanishes and open and closed strings decouple. For this reason
the limit we just applied is called the “decoupling limit”, indicating the decoupling between
open and closed string sectors.

Next, we study the closed string perspective where we consider our setup in the strong
coupling limit gsN > 1. Since now the D3-branes are viewed as massive charged solitons

they source the superstring theory fields, deforming the spacetime and generating flux. There

11



are only closed strings propagating in this background. We work in type I1B supergravity in
R%! since it is the low energy limit of type IIB superstring theory in R%!. The supergravity

solution of N coincident D3-branes is given by

ds* = H(r)"?n,,datdz” + H(r)"/?6;da'da?

where p,v = 0,1,2,3 and 4,7 = 4,5,--- ,9. The D3-branes extend in the z* directions, r
is the radial coordinate in the x* directions, the ellipses in Ay ensure that Fi5) = dAy) is
self-dual and L is a constant which can be fixed by applying flux quantization. In particular,

we have N units of flux corresponding to the number of branes which gives

L* = 47g,No'* (1.1.14)

We proceed with splitting spacetime into two regions: the large radial distance (r > L)
and the small radial distance (r < L). In the former limit, H(r) &~ 1 and the metric reduces
to R®1. In the latter limit, we have that H(r) ~ L*/r* which corresponds to the near-horizon

limit where the metric gets

dsQ—r—2 dztdz” L—25~didj
_Lgnw,x x—f—rz i AT AT
L2

== (Nuwda"dz” + d2*) + L*ds%s

where we mapped z* to spherical coordinates and performed a coordinate transformation,

z = L?/r. This is AdS; x S5 with the AdS factor in Poincaré coordinates and both factors
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having radius of curvature L.

To apply the low energy limit we should integrate out the massive degrees of freedom.
But, since the geometry is curved, the energies (or masses) are measured with a redshift
factor depending on our location. However, what matters in our case is measurements of an
observer at infinity, i.e. at r — oco. For a string excitation at fixed location r the energy
observed at infinity is given by

E. = H(r)"Y*E, (1.1.15)

where FE, is the energy measured at radial distance r. In the asymptotically flat region
r> L, E,, ~ E, which vanishes as we approach infinity. In the near-horizon region r < L,
E. ~ (r/L)E, which vanishes as we go closer to » = 0. Hence, the massless closed string
modes exist only in these two regions which are spatially separated. Therefore, there are two
types of closed strings belonging to the two regions which decouple in the low energy limit.

The dynamics of the closed string massless fields in the two regions are different. The
backgrounds are: in the asymptotically flat region type IIB supergravity in R%! and in the
near-horizon region type IIB supergravity in AdSs x S°.

A pictorial visualization of the open and closed string perspectives is given in figure[1.1.6]
Working in the low energy limit in both cases we find two decoupled effective theories one
of which is the type IIB supergravity in R%!. It is then natural to identify the remaining
systems in the two sides. Then, N'=4 SYM theory in four dimensions is equivalent to type
IIB supergravity on AdSs x S°. Relaxing the low energy limit we are led to the conjecture
that A/ = 4 SYM theory in four dimensions is equivalent to type IIB superstring theory on
AdSs x S% | which was conjectured by Maldacena in [6].

A first test of the correspondence is to check whether the dual theories possess the
same symmetries. As a maximally supersymmetric solution of 10-dimensional supergravity,
AdSs x 8% has 32 Killing spinors. These correspond to the 32 supercharges of AV = 4 SYM.
It’s isometry groups are SO(4,2) and SO(6) for the AdSs and the S° factor respectively.

The former is the conformal group in 3 + 1 dimensions and the latter the R-symmetry of
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I1B Superstring theory

/
[ Closed Strings | | Open Strlngs | |  Bulk | | Hypersurface |
FE << / E < Vo \

IIB Sugra =4 SYM 1IB Sugra IIB Sugra
R R3-! R AdSs x S°
gSN'/ o ?é 0 gsN7 o 7£ 0

N =4 SYM @ [1B Superstring Theory
R3:1 AdSs x S°

Figure 1.1: N D3-branes are inserted in type IIB superstring theory. The open string per-
spective (gsN < 1) is showed on the left branch. Here, the D3-branes are the hypersurfaces
where open strings end and the treatment is perturbative. In the low energy limit open and
closed strings decouple (decoupling limit) describing a bulk and a brane worldvolume theory.
The closed string perspective (gsN > 1) is showed on the right branch. Here, the D3-branes
are soliton-like objects, open strings are absent and the treatment is non-perturbative (back-
reacted supergravity solution). The bulk and brane closed strings decouple leading to two
bulk theories. Matching the two perspectives and lifting the low energy limit restriction, we
are led to the AdS;/CFT, correspondence.

N =4 SYM. Hence, there is symmetry matching between the two sides in AdS;/CFTy.
Following the geometric argument for the validity of AdS;/CFT, above, we can predict
the existence of the correspondence in other dimensions. We begin by using M-theory in
the place of superstring theory and consider stacks of NV coincident branes in the low energy
limit. The low energy effective action of M-theory is 11-dimensional supergravity, which

contains M2- and Mb5-branes. We consider both. In the near horizon limit we get the

geometries: AdSy x S” with curvature radii 2R 45, = Ry for the M2-branes and AdS; x S*
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with curvature radii Raqs, = 2Rgs for the MbH-branes. The corresponding worldvolume
theories at low energy are the 3-dimensional SCFT (or ABJM theory [26]) for the M2-branes
and 6-dimensional (2,0) SCFT for the M5-branes. Lifting the low-energy limit one arrives
to the conjectures for AdS,/CFT3 and AdS;/CFTg, which were also introduced in [6].

1.1.7 AdS/CFT made precise

The advantage of having AAS/CFT at our disposal is to be able to compute observables.
Usually, with observables in field theory, we refer to correlation functions of the form
(O1(21)Oz(x2) - - - Op(x4)), where the Os are local composite operators. Let us assume that
S is the action of a CFT in the Euclidean signature and we are interested to find correla-
tion functions of a single local composite operator O. Formally we can calculate correlation
functions setting up the corresponding generating functional. First, we add the associated

source term to the action

S = S—/ddx¢0(x)0(x) (1.1.16)

where ¢ is a field sourcing the operator O. Then, we compute the partition function Z[¢y]

for the new action S’. Hence, the generating functional is given by
W0 = — In Z[dy] (1.117)

where

Z¢o)| = <exp </ d®x ¢0(x)0(x))> (1.1.18)

is the partition function. The correlation functions are obtained from functional derivatives
on the generating functional W{¢o] with respect to the source field ¢g. The above arguments
generalize to the case of correlation functions between multiple operators. This is done by
adding extra source terms in S’.

The AdS/CFT conjecture states that the CFT generating functional W g is identified
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with the on-shell supergravity action Ssygra, with the corresponding solutions being subject

to boundary conditions on the AdS boundary. More precisely,

Wlgo] = Ssucrald] (1.1.19)

115}) 28 =d¢(z,x)=¢o(z)

where A is the conformal dimension of O and z the radial dimension of AdSy, ;. This is the
precise mathematical formulation of AdS/CFT introduced in [27,28]. However, the on-shell
Ssucra @] suffers from infrared divergences arising when integrating over the Anti-de Sitter
spacetime. Therefore the right-hand side appearing in does not make sense. We
need to consider a renormalized version of it. To do this, we apply a systematic procedure
called holographic renormalization [29,30] (a review can be found in [31]), which replaces
the on-shell supergravity action with a renormalized version, eliminating the IR divergences.
Looking at the duality, we can interpret these gravity IR divergences as analogs to the UV
divergences appearing in the field theory side before the usual QFT renormalization.

In the strong form of AdS/CFT, which as described above is found after relaxing the low

energy limit, the argument follows the above logic and we arrive to the identification

<exp < / dx ¢0(x)0(x))> = Zsring

in the Euclidean signature. The right hand side is now the partition function of the dual

(1.1.20)

ZIL)HB ZA7d¢(Z7$):¢O($)

string theory with specific boundary conditions on the bulk fields ¢ on the boundary, whereas
the left hand side is the CFT generating functional at arbitrary energy level.
1.2 Holography in the presence of conformal defects

AdS/CFT can be generalized by introducing additional structure to both sides. Spatial
probes or defects may be introduced in CFTs, preserving a large subgroup of the conformal

symmetry. The most basic example is that of a conformal boundary condition [32,33]. For
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a CFT in d-dimensions, the boundary condition fixes the location of the CFT boundary,
being invariant under a SO(d — 1,2) subgroup of the SO(d, 2) conformal group. In general,
one can consider a n-dimensional conformal defect, wrapping a n-dimensional hyperplane
inside the CFT. In this case, the defect preserves a SO(n,2) x SO(d — n) subgroup of the
SO(d,2) conformal group, where scale invariance survives and some translations, rotations
and special conformal transformations of the ambient conformal group are lost.

When supersymmetric theories are concerned, the introduction of a conformal defect
breaks in general more symmetries, besides the conformal. In particular, the fermionic and
the R-symmetries may get reduced as well. Such defects are called superconformal and can
be classified as follows. First, we consider the superalgebra of the original superconformal
field theory (SCFET). Then, we find all it’s sub-superalgebras containing a bosonic factor
of the form SO(n,2). All such subalgebras correspond to SCFTs in the presence of a n-
dimensional superconformal defect. A complete analysis for defects preserving 16 out of
the 32 original supercharges, in maximally supersymmetric theories, was performed in [34].
Also, a concrete example was examined in [35], where N' = 4 SYM in 3 + 1 spacetime
dimensions was concerned. In particular the authors showed that the introduction of a
codimension one defect is reducing the number of supersymmetries from 32 down to 0, 4,
8 or 16 with a corresponding reduction of the R-symmetry to SO(6), SU(3), SU(2) x U(1)
and SO(3) x SO(3) respectively.

Conformal defects can be realized using holography. One can proceed using two different
approaches. The first one, is a geometric realization similar to the one described in section
[I.1.6] In this approach, we consider intersecting brane configurations in superstring theory.
In addition to the case in section [I.1.6] here we have probe branes, i.e. branes that do not
backreact on the geometry (and all the other bulk fields). The configurations are chosen
such that the desired symmetries are preserved. Then, taking the open string perspective
(95N < 1) we end up with a CFT in the presence of a conformal defect. The dynamics of

the defect arise from the modes of open strings spanning intersecting branes. These modes
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are interpreted in the field theory side as an interacting multiplet localized on the defect.
The closed string perspective leads to gravity on AdS as before, but now in the presence
of a probe brane. The geometry of the probe brane is of the form AdS x M with the AdS
factor having the same isometry as the unbroken part of the conformal group. An example
of such a defect, is the codimension one defect found by Karch and Randall [36]. The defect
is engineered in string theory by a certain D3-D5 brane configuration, which corresponds to
AdS5 x S bisected by a AdS; x S? brane [37,/38]. The dual field theory is /=4 SYM in R*
in the presence of a R? defect. In particular, we have N D3-branes and a D5-brane spanning

the (9+1)-dimensional flat coordinates as in the following table:

ol T B e Bl I B L R

Dl x| x| x|x|x|x|o|lo]o]|o

D3|l x| x| x|lo|lo]o|x|o] o] o

U, [P

The longitudinal coordinates of each brane are denoted by “x” and the transeverse by “o”.
The branes sit on the origin of their transverse directions. Following Maldacena [6], in the
absence of the D5-brane we get AdS/CFT as visualized in figure [[.1.6] Turning on the D5
brane though, we further break supersymmetry down to 8 supercharges, reduce conformal

symmetry/AdS isometry to SO(3,2) acting on the common directions z¥, 2!, % and also the

3 8 .9

R-symmetry /five-sphere isometry to SO(3) x SO(3) which acts on z?, z% 2° and 27, 2%,
directions respectively.

In this dissertation, we study holographic conformal defects constructed using a second
approach, where the holographic duals are supergravity solutions. In this approach we
constraint the geometry (and all other supergravity fields) using an Ansatz. The form of the
Ansatz is dictated by the desired unbroken symmetries, i.e. the symmetries preserved by the
conformal defect, which are adopted as isometries of the geometry. Then, the appropriate
BPS equations are solved, after being reduced by the Ansatz, giving rise to local solutions.

Global solutions can be found by applying regularity and topology conditions. One simple

and concrete example is that of the 1/2 BPS Janus solutions [39,/40], which are dual to the
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maximally supersymmetric Yang-Mills interface theory [35]. In order to highlight this second
approach to constructing defects holographically, we present the above example in detail in

the next section.

1.2.1 Supersymmetric Janus solution

The dual field theory of the Janus Solutions exhibits an interface preserving in total the

OSp(2,2[4) supergroup (subgroup of PSU(2,2[4)) with the following bosonic subgroup:
SO(3,2) x SO(3) x SO(3) (1.2.1)

Also, it contains six scalars in groups of three. The conformal factor SO(3,2) requires
the appearance of AdS, in our geometry, whereas the behavior of the scalars suggests an
additional S? x S? factor. Therefore, since we are working in type IIB supergravity, we

should have a geometry of this form
AdSy x S} x S5 x % (1.2.2)

with ¥ being a Riemann surface over which the product AdS; x S? x S? is warped. These

considerations constrain the supergravity solutions to the following form (used as Ansatz):

P =p,e” G@) = ga€™™ + ih,e®™

Q — qaea F(S) — fa(_60123a + 6zzb€4567b)

where ds? is the (9 + 1)-dimensional metric, P and @ represent the axion-dilaton field, G(3)

is the complex 3-form field strength and F5) the 5-form field strength whereas the fermionic

fields are set to vanish. Also, ds%q, . ds%e, dsi,% are the metrics of AdSy, S?, S7 with unit
1

radii respectively and ds% a Riemannian metric on ¥. The frame e* is set for u = 0,1,2,3
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on AdSy, p=4,50n S, ;1 =06,70n 5% and = a = 8,9 on X. The vectors fu, qa, Pas Na> Ga
live on ¥ and fi, fo, f4 are functions on 3.

Solving the BPS equations the authors in [39] found all 1/2 BPS type IIB supergrav-
ity solutions, of the above form, in terms of two harmonic functions on . The solutions
demonstrate a varying dilaton and non-vanishing 3-form field strengths whereas the 5-form
field strength vanishes. Some of the solutions were found to be regular, upon application
of the corresponding conditions. A subclass of the non-singular solutions was derived as
a simple deformation of the vacuum solution. These solutions are of the Janus type, i.e.
they have two asymptotic regions where the dilaton tends to different constant values ¢4
approaching the boundary. In the dual field theory this is interpreted as a domain-wall type
defect or interface since the gauge coupling, represented by the dilaton in the gravity side,

jumps across it.

1.2.2 Surface Conformal Defects

In this section, we briefly present conformal defects we study in subsequent chapters. These
are two-dimensional 1/2 BPS defects with known holographic duals as bubbling solutions.
Disordered Surface Defects: As can be found in the classification of 1/2 BPS defects
in [34], within the PSU(2,2|4) supergroup of N' =4 SYM theory there is a PSU(1,1|2) x
PSU(1,1|2) x U(1) maximal subgroup. The corresponding bosonic subgroup is given by
S0(2,2) x SO(4) x SO(2) and is associated to a two-dimensional conformal defect on a
plane Rb. The SO(2,2) x SO(2) factor is the preserved part of the conformal group, with
SO(2,2) representing the conformal group on the plane and SO(2) rotations in the transverse
directions. The SO(2) factor represents also the remaining R-symmetry along with the
SO(4) factor. These defects are the so-called surface defects of the disorder type and were
first obtained in [41]. They are characterized by singularities of the gauge and scalar fields in

the original theory. Also, they include holonomies along cycles in the directions transverse
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to the defect. Their holographic duals are supergravity solutions with geometry of the form

AdSy x 5% x St x X5

where X3 is a 3-dimensional space with boundary. The solutions were found in [42] as a
double analytic continuation of the LLM bubbling solutions [43]. They have a non-trivial
metric and a non-vanishing five-form field strength. They are locally asymptotic to AdS5x S>.
Also, they are expressed in terms of a function on X3, satisfying a linear partial differential
equation in the presence of sources. A more extended review of these solutions is presented
in chapter [3] where we study them.

Wilson Surfaces: We are interested also in defects within the (54 1)-dimensional (2, 0)
SCFT associated to the OSp(8*|4) supergroup. Referring to the classification in |34] we can
find that within OSp(8*|4) there is a OSp(4*|2) x OSp(4*|2) maximal subgroup. This pos-
sesses a bosonic subgroup given by SO(2,2) x SO(4) x SO(4) associated to a two-dimensional
conformal defect on a plane RV, The SO(2,2) factor corresponds to the conformal group
associated with the surface, one of the SO(4) factors is the rotational symmetry in the di-
rections transverse to the surface and the other SO(4) factor is the remaining R-symmetry.
These defects are the so-called Wilson surfaces, first found in [44]. They are defects of the
ordered-type as they can be expressed as operator insertions in terms of the fundamental
fields of the theory. Their holographic duals are solutions to the eleven-dimensional super-

gravity with geometry of the form

AdSs x S x S x ¥,

where 35 is a 2-dimensional Riemann surface with boundary. The solutions were found
in [45,46]. They have a non-trivial metric and a non-trivial four-form field strength and
they are locally asymptotic to AdS; x S*. Also, they are expressed in terms of a harmonic

function on X5, in addition to a complex function satisfying a first order differential equation
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on the Riemann surface. Further details about the solutions are presented in chapter [2| where
we study them.

The solutions in this section are studied in subsequent chapters from the point of view
of quantum entanglement. In the next section, we introduce entanglement entropy which is

the main measure of entanglement we investigate in this dissertation.

1.3 Entanglement Entropy

The distinction between classical systems and quantum systems can be realized using the
concept of entanglement. Entanglement is the non-local correlation between degrees of free-
dom in a quantum system. A measure of entanglement called entanglement entropy has
received a lot of attention recently, with applications in many areas of physics. The renewed
interest stems mainly from the holographic proposal for entanglement entropy given by Ryu
and Takayanagi |14}|15]. Some active areas where entanglement entropy is being studied
include: condensed matter physics, general relativity, quantum information theory and high
energy theory. For example, in condensed matter physics entanglement entropy is used to
characterize quantum phases of matter and phase transitions, identify quantum critical phe-
nomena and reveal the dynamics of strongly-correlated many body systems. Also, in general
relativity, entanglement entropy is considered central to the recent efforts to explore the

relation between quantum entanglement and geometry.

1.3.1 Definition

In this section, we define entanglement entropy. Let us consider a quantum system with
Hilbert space H in a state with density matrix pot. We divide the system into two subsystems
A and B = A, complementary to each other (for an example see figure [1.2). Also, let us

assume that H can be written in a direct product form

H=Hs0Hp (1.3.1)
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Figure 1.2: The entanglement entropy setup in a QFT constitutes a time slice of the space-
time divided into two regions (subsystems): The entangling region A colored in red and the
complementary region A in grey.

where the factors H4 and Hp correspond to Hilbert spaces of the subsystems. For an

observer with access only in subsystem A the state looks as follows

pa = trp(prot) (1.3.2)

This is the reduced density matrix for subsystem A, found by tracing over all the degrees
of freedom in subsystem B. The reduced density matrix p4 has enough information for H 4
to be able to reconstruct all correlation functions in subregion A. Then, the entanglement

entropy is defined simply as the Von Neumann entropy for the state pa:

SA = —trA(pAlogpA) (133)

When finite dimensional quantum systems are considered, entanglement entropy yields finite
results. Conversely, for infinite dimensional systems, such as QFTs, entanglement entropy is
divergent. The divergence arises mainly from the correlation of degrees of freedom close to
the boundary 0A, also called entangling surface. Introducing a UV cutoff a (lattice spacing)
to regulate the divergence, it turns out that the leading divergent term is proportional to

the area of the entangling surface:

A A
Sy = 7—108%? ) + subleading terms (1.3.4)
a
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with v depending on the exact system. In this sense, we say that entanglement entropy
follows an area law.

In the case the total state of the system is separable, i.e. it can be written in product form
as |¥) = |W4) ® |¥p), the reduced density matrix is pure and therefore S, vanishes.
In the case the total state is inseparable (or entangled) the resulting p4 corresponds to a
mixed state giving a non-vanishing S4. In this sense, entanglement entropy measures how
far a given state is from a separable state.

Entanglement entropy is not the only measure of quantum entanglement. There are
other measures with different defining properties and purpose. Relative entropy measures
the “distance” between two states of the system. Mutual information measures the corre-
lation between two subsystems in the same total state. Renyi entropy, an one-parameter
generalization of entanglement entropy, provides more information on the spectrum of p4
than the entanglement entropy. However, for the purpose of this dissertation we emphasize

only on entanglement entropy.

1.3.2 The replica method

A useful approach for performing analytical computations of entanglement entropy in QFT's
was introduced by Calabrese and Cardy in [47]. In this method we use an alternative

definition for the entanglement entropy

log tr4(p"
Sa = — lim —814P4) “(ff“) = —lim 9, log tra(p}) (1.3.5)
n—

n—1 n —

where the expression inside the limit gives the Rényi entropies when n integer. Instead, n
is analytically continued and the limit n — 1 is taken. The total density matrix p;,; of the
QFT state |¥) is given by p = |¥) (V| /Z, where the state can be represented by a wave

functional as ({¢*| ® (¢P]) |¥). To get the reduced density matrix at the time slice ¢ = 0,
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we integrate over all states ¢P(t = 0, x) supported only in x € B:

()= [ D" =0x€ B (6= (6°) W) (W[ () @ [o™)  (136)

Notice that p4 has two indices corresponding to two states ¢, ¢;' in region A. Employing

the Euclidean path integral formulation the state is represented as

1=0,¢(t=0,x)=c0 (x)

¥ [0(x)] = (¢ (x)|T) = / [De(t, x)] e/t (13.7)

t=—00

defined by the boundary condition on the field(s) ¢ at ¢ = 0. Similarly, the conjugate is
given by
t=00,¢(t=0,x)=d0(x) ;
T [g0(x)] = (¥én(x)) = / [Do(t, x)] e (1.3.8)

t=0

Applying into the reduced density matrix we get

(PA)ay = % / [Do(t,x)] e =TT 0(6(0F, x) — ' (x))5(6(07, %) — ¢ (x)) (1.3.9)

XEA

where the integral over ¢P(t = 0,x) was carried out. The result is a path integral on a
Euclidean space with a cut along region A. The cut is defined by the boundary conditions
at t = 0F. In our case, we are interested in obtaining the trace of the reduced density
matrix to the n'* power, i.e. tr(p%) = (P4) g 0, (PA)ayay "~ (PA)q,q,- This is given by gluing
replicas of the Euclidean space along the cut matching the edges of the cuts alternately. The
outcome is the partition function on the glued n-fold cover which we denote as Z,. Thus,

the entanglement entropy is given by
Sa= —lirqan (log Z,, — nlog Z) (1.3.10)
n—

where Z is the partition function on the original space. The n-fold cover has a conical

singularity with a deficit angle 27 (1 — n) along the entangling surface A. The singularity
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is absent in the limit of the entanglement entropy, n — 1.

1.3.3 Holographic Entanglement Entropy

The problem posed using the replica method (computing the partition function Z,,) is not
necessarily a simple task. An alternative way of computing entanglement entropy is through
the AAS/CFT correspondence when a gravity AdS dual exists. A prescription of how to
do so was initially proposed by Ryu and Takayanagi [14,(15]. Following their proposal, the
entanglement entropy of a region A on a spatial slice of a C'F'T} is given by the area of a

co-dimension two minimal surface v, in the bulk that is anchored on the AdS boundary at

0A as

Area(vya)
= A
4thiv+1

(1.3.11)
where G4 is the (d + 1)-dimensional bulk Newton’s constant. Further, v, needs to be
homologous to A and in case the area functional has multiple extrema the one with the least
area should be chosen. The setup is represented in figure [1.3|

The formula applies for the case of holographic duals which are asymptotically
AdS (with time-reflection symmetry about time slice). It was originally used to calculate
the entanglement entropy for theories in their vacuum state, but was quickly generalized
to include more general settings, such as finite temperature and time-dependent states (see
e.g. [48,49| for reviews on the topic). It can be considered a generalization of the Bekenstein-
Hawking formula , since in an asymptotically AdS spacetime in the presence of an
event horizon the minimal surface tends to wrap the horizon. In fact, for spherical entangling
surfaces it was observed by Casini, Huerta and Myers (CHM) [50] that the holographic
entanglement entropy can be mapped to the thermal entropy of a hyperbolic black hole. In
the field theory, the corresponding entanglement entropy is mapped to the thermal entropy on

a hyperbolic space. Additionally, the proposal ((1.3.11]) follows the expected area law (|1.3.4)).

This is derived simply by regulating the AdS radial direction with a cutoff @ and computing
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4

Figure 1.3: The holographic entanglement entropy setup. The AdS boundary, where the
CFT lives, is represented by the gray slice at z = 0 with z being the radial AdS coordinate.
There, the entangling region A colored in red and the complementary region A in grey. To
calculate entanglement entropy we need to find the minimal surface in the bulk which is
anchored at 0A.

the leading divergence of the minimal area functional. The Ryu-Takayanagi proposal was
extended to a covariant version by Hubeny, Rangamani and Takayanagi in . Although,
for the purpose of this dissertation we focus on the non-covariant formulation ([1.3.11]), since

the solutions we investigate possess time-reflection symmetry.

1.3.4 Entanglement entropy in the presence of defects

Another generalization, of the Ryu-Takayanagi proposal, concerns entanglement en-
tropy in the presence of extended conformal defects (reviewed in section . A concrete
example, where the proposal was verified, is that of a Wilson loop in N' =4 SU(N) SYM.
The holographic description of a Wilson loop in SU(N) N = 4 SYM in the fundamental rep-
resentation is given by a fundamental string in AdSs x S° ,, whereas higher dimensional
representations can be described by D3- (D5-) branes with AdSy x S?(S*) worldvolume in
AdSs x S5 ,. These representations reside in the probe brane approximation where the

backreaction is neglected. For spherical entangling surfaces, the probe brane entanglement
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entropy can be found applying the CHM method. The vacuum is promoted to a thermal
background (black brane) at arbitrary temperature on which the brane on-shell action is
computed. The on-shell action (multiplied by the temperature) corresponds to the defect
free energy of the corresponding CFT. It’s temperature derivative gives the thermal entropy,
which at zero temperature is the entanglement entropy. This is actually the additional en-
tanglement entropy due to the presence of the defect (see [56-58] for a discussion on this
topic).

When the dimension of the representation increases and becomes of order N2, the back-
reaction cannot be neglected and the probe is replaced by a new bubbling geometry with
flux. The bubbling holographic solutions corresponding to half-BPS Wilson loops in N = 4
SYM were found in [59-61]. In [62], Lewkowycz and Maldacena applied the CHM mapping
to the calculation of the entanglement entropy in the presence of Wilson loops in N = 4
SYM theory and ABJM theories [26]. They showed that the entanglement entropy can be
calculated from the expectation value of the Wilson loop operator as well as the one point
function of the stress tensor in the presence of the Wilson loop. For BPS Wilson loops these
quantities can be evaluated using localization and reduced to matrix models [63,64]. In |65]
the holographic entanglement entropy, (1.3.11)), was calculated using the bubbling solution
dual to half-BPS Wilson loops. It was shown that the result agrees with [62] when the exact
map between matrix model quantities and the supergravity solution, found in [66}67], is

applied.
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Chapter 2

Entanglement entropy of Wilson

surfaces

In this chapter we generalize the holographic calculation of the entanglement entropy to
the case of six-dimensional (2,0) theory with half-BPS Wilson surfaces present. The (2,0)
theory can be defined either by a low-energy limit of type IIB string theory on an Ay_;
singularity [68] or by a decoupling limit of N coincident M5 branes [69]. While there exists
no simple Lagrangian description of this theory due to the presence of tensor fields BT with
self-dual field strength, the holographic dual [6] is given by M-theory on AdS; x S*. In
analogy with the Wilson loop (see section one expects that the six-dimensional theory

has extended Wilson surface operators [44] of the form

Wr ~ trexp </ B+)
r

In the probe approximation the Wilson surface operators can be described by embedding
M2-branes [70,71] or M5-branes [72}{74] on various submanifolds inside the AdS; x S*. Tt
is an interesting open question whether the expectation value of Wilson surface operators
can be calculated by localization in the (2,0) theory . As mentioned in the introduction,

bubbling solutions corresponding to half-BPS Wilson surfaces were found in [45,46] (see [75]
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Figure 2.1: The spherical entangling surface 0.4 is the boundary of a region A on a constant
time slice of the (2,0) theory on R®. The Wilson surface I" intersects this surface twice.
for earlier work in this direction). In this chapter we use these solutions of eleven-dimensional
supergravity to calculate the entanglement entropy as well as other holographic observables.

The solutions are locally asymptotic to AdS; x S* and the six-dimensional asymptotic
metric on the AdS; boundary is naturally AdSs x S3. It is convenient to describe the Wilson
surface on this space by imposing boundary conditions at the boundary of AdS3 and choosing
Poincaré coordinates for the AdS3 factor describes a planar Wilson surface. However, as we
discuss in section this metric on AdS; x S3 can be related to the more familiar flat
metric on R® by a conformal transformation. It is easier to visualize the geometry of our
setup on R®: the entangling surface at constant time is a four-sphere of radius R and the
Wilson surface is a line (also filling out the time direction) that intersects the four-sphere at
two points, as illustrated in figure [2.1

The chapter is structured as follows: In section [2.1] we review the bubbling half-BPS
solutions of M-theory originally obtained in [45,[46] and work out the behavior of the solu-
tion near the asymptotic boundary. In particular, we determine the Fefferman-Graham map
for an asymptotic AdS; x S® boundary metric. In section we calculate the entangle-
ment entropy for a spherical entangling surface following the Ryu-Takayanagi prescription
for the bubbling solution. In section we use the methods of Kaluza-Klein holography

and holographic renormalization to calculate the one point function of the stress tensor for

30



the bubbling solution. In section we evaluate the on-shell action of eleven-dimensional
supergravity to determine the expectation value of the Wilson surface. We show that the
bulk part of the action is given by a total derivative and evaluate the integral as well as the

Gibbons-Hawking term[T]

2.1 Review of bubbling M-theory solutions

In this section we will review the construction of half-BPS M-theory solutions found in [45]
that are locally asymptotic to AdS; x S*. These solutions generalize the construction of Janus
solutions [39,/76] in type IIB to M-theory. They correspond to the holographic description
of Wilson surface defects in the six-dimensional (2,0) theory, where the Wilson surface is
‘heavy’ and the backreaction on the geometry is taken into account.

One demands that these solutions preserve an OSp(4*|2)®OSp(4*|2) sub-superalgebra of
the OSp(8*|4) superalgebra of the AdS; x S* vacuum. This form of the preserved superalge-
bra is uniquely determined by demanding that the solution has sixteen unbroken supersym-
metries and preserves so(2, 2|R) associated with conformal symmetry on the worldvolume of
the Wilson surface, so(4|R) corresponding to rotational symmetry in the space transverse to
the Wilson surface and an unbroken so(4|R) R-symmetry [34]. Note that a generalization
was recently analyzed in [77] in which the preserved superalgebra is D(2|1,v) & D(2|1,7),
but we will not discuss this case here.

It follows from these superalgebra considerations that the bubbling BPS solution has
an so(2,2|R) & so(4|R) @ so(4|R) algebra of isometries. Furthermore, the solution preserves
sixteen of the thirty-two supersymmetries. The BPS equations were solved in [45] and the

global regular solutions were found in [46]. The ansatz for the eleven-dimensional metric is

!'Notation: To avoid conflict in notation, in this chapter we denote the Ryu-Takayanagi minimal surface

as M.
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given by an AdSs; x S3 x S3 fibration over a Riemann surface ¥ with boundary:
ds* = 7 dshas, + f3 dsgs + f3 dsg, + 4p |dv]? (2.1.1)

where we denote the complex coordinate of the two-dimensional Riemann surface by v. In

addition, ds%; and ds?, are the metrics on the unit-radius three-spheres and the metric on

the unit-radius Euclidean AdS3; in Poincaré half-plane coordinates is given by

dz? + dt? + dI?
22

dshys, = (2.1.2)

The Wilson surface on the boundary AdSs x S? fills the ¢, [ directions and is located at z = 0.
These solutions are parametrized by a harmonic function h and a complex function G(v, v)

that satisfies a first order differential equation:

9,G == (G+G)0d,Inh (2.1.3)

N —

It is useful to introduce the combinationd?

W, = |G- G| +2|G], W_=1|G-G|-2G) (2.1.4)

in terms of which the metric functions in (2.1.1)) are given by

W W
fi = 42— [GF) g 5 = 40201~ GP) g
WL (9,hdsh)?
6 — —+ 6 g —’U v _ 2
Ji = 6(1—|cp2 " o~ LGP W e (2.1.5)

It was shown in [46] that for a solution to be regular the functions h and G' must satisfy the

2Note that there is a typo in eq (2.5) of [46]: it should read W? = —4|G|? — (G — G)2.
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Figure 2.2: AdS; x S* parameterized on the half strip.
following conditions on the Riemann surface ¥ and its boundary:

h=0, G=0,+i, ve€IY

h>0, |G*<1 vEY (2.1.6)

First we consider the simplest example: the AdS7 x S* vacuum solution. This can be obtained
by choosing ¥ to be the half strip ¥ = {v = p+iq/2,p > 0,q € [0, 7]} with

_sinh(v — 0)

h = —iL? (cosh(2v) — cosh(20)), G = —i (2.1.7)

sinh 20
which produces
fi =2Lcoshp, fy=2Lsinhp, f3=Lsing, p=1L (2.1.8)
Hence the AdS; x S* metric is given by
ds® = 4L? (dp2 + cosh?p d3,24d33 + sinh?p dsgg) + L? (dq2 +sin®q dsgg) (2.1.9)

This geometry is represented in figure 2.2 More general bubbling solutions can be con-

structed once we realize that the AdS7; x S* solution can be mapped from the half strip to
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Figure 2.3: (a) AdS; x S* on the upper half-plane. (b) General bubbling solution with n
four-cycles C:&Z), t=1,...,n and n — 1 four-cycles Ciz), i=1,...,n—1.

the upper half-plane via
w = cosh(2v) (2.1.10)

The functions A and G then take the form

i — @ :3' w+1 _ w—1
h= il ) “ 2<\/(w+1)(w+1) \/(w—l)(w—1)> (2.1.11)

Note that the boundary of ¥ is now located at the real line and that on the real line the
function G = +i when Rew € [—1,1] and G = 0 when Rew > 1 or Rew < —1.
A general bubbling solution is constructed by choosing a simple form for A and the
following linear superposition for G:
2n i w—E&

heiBe-a) 6= CUE. 0= s (2112

where w is now a general coordinate on the upper half-plane. The solution is completely

characterized by the choice of 2n real numbers & with ¢ = 1,2,...,2n that are ordered

—00 =& <& <& <o < &on < Qo1 = 00 (2.1.13)
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We have introduced &, and &;,+1 to simplify the expression for the boundary condition that
the function G satisfies on the real line:

0 Rewe , k=0,1,2,....,n
Glimw=0 = ot b : (2.1.14)

+7 Rew € [§2k+17£2k+2] k:0,1,2,...,n—1

A general bubbling solution is characterized by the appearance of new nontrivial four-
cycles (see figure . The n four-cycles CY) are constructed by connecting two boundary
points on different intervals where the volume of the three-sphere S shrinks to zero. This
generalizes the construction of the four-sphere in the AdS7 x S* vacuum solution. In addition,
the geometry also has n — 1 four-cycles Cii) that are constructed by connecting points on
different intervals where the three-sphere S® shrinks to zero size. In the bubbling solution

these cycles carry nontrivial four-form flux and are the remnants of M5-branes wrapping

AdS; x 8% and AdS; x S3, respectively.

2.1.1 Asymptotic behaviour and regularization

In this section we study the asymptotic behaviour of a general bubbling solution. We will
see later that the area integral and the action integral both diverge, so we need to regulate
the integrals and map the regulator to the Fefferman-Graham (FG) UV cut-off.

0

It is convenient to choose the following coordinates on ¥: w = re®. The boundary of

AdS; x S* is located at r — oo. The expressions for G and G given in (2.1.12) can be

expanded at large r in terms of the generating function of the Legendre polynomials

o0

1
=) P(a)t" (2.1.15)
V1 —2xt +t? P

with the result

_Z > ak(ﬁ)mk =~ 7 > dk(ﬁ)mk
G—52—7 G——§Z— (2.1.16)
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where the dependence on the angular coordinate 6 is given by

ar(0) = Py_1(cosf) — e Py(cos b))

ar(0) = Py_1(cosf) — e~ Py(cos ) (2.1.17)

The moments m;, are defined via
2n
mp =Y (1) (2.1.18)

=1

To ensure that a general bubbling solution is asymptotic to AdS; x S* with radii
Rggo = ———=1 (2.1.19)

we must identify m; = 2. This provides a constraint on the &;. Also, for the AdS; x S*
solution (n = 1) we note here that all even moments vanish and all odd moments equal 2.

The metric functions take the following forms as power series in large r:

17 P 4 —mgy cos b N 3(8 + m3 — 2m3) + (8 4+ 3m3 — 10ms3) cos 26 Lo 1
L? 2 247
12 4+ mgcos  3(8+m3 —2m3) + (8 + 3m3 — 10ms3) cos 260 1
12 9n -
2= > 247 O\
5 | M cosf  3(m3 — 8mg) + (32 + 3m3 — 40m3) cos 20 L0 1
L2sin®60 2r 96 12 73
,0_2 _ 1 4 M cos 6 N —3(16 + m3 — 8mg3) + (16 — 3m3 + 40m3) cos 260 Lo 1
L2 4r? 813 384 r4 o
(2.1.20)

Next we present the mapping of the (r, §) coordinates for large values of r to an FG coordinate
system (u, é) for a general bubbling solution. We need this map to define the large r cut-off
function as well as to perform the Kaluza-Klein (KK) reduction in the calculation of the

expectation value of the stress tensor in section [2.3]
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It is natural to consider a Wilson surface living on AdSs x S3. This space is related to R®
by a Weyl rescaling. We can choose to adapt our FG chart to either space; here we choose
the former. The general FG metric that preserves the AdS; x S% x S isometry of a bubbling

solution is given by
4 -
ds® = L* = (du® + ards’yyg, + aadsgs) + asdd” + oqu%,3 (2.1.21)

Equating this metric with the bubbling metric (2.1.1)) we find

2 _ 4L2a1 2 4L2Oé2 2

fl U,2 ) 2 - U2 9 3 == L2O{4
AL2du? -
4p? (dr® + r2d0?) = =7 4 L2agdf (2.1.22)

We regulate the spacetime at a small value of u and identify this with e: the (dimensionless)

UV cut-off on AdS5 x S®. The boundary conditions on the coordinate map and the functions

a;(u, 0) at small v must be chosen to ensure that the boundary metric is ds? g, + ds%; and

the transverse S* is recovered. We find

2 ~
u

ar=14..., a=14..., az=14..., a,=sin’0+... (2.1.23)

Whilst we have not been able to solve (2.1.22)) in closed form, we can build the coordinate

map as an asymptotic expansion in u. The mapping is given by

2 mgcosf  3(—16 — m3 + 8mg) + (16 — 21m3 + 40ms) cos 20
r=—+ + U
w4 768
cos

T 18432
— (48my — 203m3 + 680mams — 560my) cos 25) ut + O(u) (2.1.24)

(48m2 — 43m§’ + 40mams + 80my
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and

g_g_ M sin 0 2 (16 — 27m3 + 40ms3) cosésinéu4
8 768

. sin 6

18432

+ (48my — 139m3 + 400mams — 280my) cos 25) u® + O(u) (2.1.25)

(296mamsz — 48my — 98mj — 200my

The area integral and action integral both diverge at large r. It is useful to express the
coordinate map as a cut-off relation r. = r.(6, ). This is found by first inverting the relation

(2.1.25)) in the small w limit and then eliminating 6 from (2.1.24)). The result is

2 mgycosd N —3(16 + 5m3 — 8mg) + (16 — 9m3 + 40m3) cos 26 2

r0) =3 768
0
;2?6 (—48my + 55m3 — 160myms + 40m,
+ (48mg + 25m3 — 160moms + 280my) cos 260) e* + O(°) (2.1.26)

2.2 Holographic entanglement entropy

The Ryu-Takayanagi prescription for the holographic entanglement entropy is given by
. Since we are dealing with static states of our CFT, it is applicable here. In
the following section we derive the minimal surface M for a general bubbling solution and
show that its restriction to the boundary maps to a four-sphere in R®. We then evaluate its

regulated area and compare with our expectations from R®.

2.2.1 Minimal surface geometry

A bubbling geometry is an AdS; x S x S3 fibration over ¥. We consider a surface M at

constant ¢ that fills the S® x S% and has profile z = z(w,w,[), where z is the AdS; radial
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coordinate defined in (2.1.2). The area functional becomes

_ 312 s 113 f3p? f_f%% 0z 2
A(M) = 2Vol(5?) /dl/zd w1 e+ (5 (2.2.1)

The equations of motion derived from this functional are solved by
z(w,w,1)* + 1> = R? (2.2.2)

This semicircle is simply a co-dimension two minimal surface in AdSs. Following [57,,58] it
is straightforward to see that this is in fact the surface of minimal area (within this ansatz).

The surface is independent of the AdS7 radial coordinate. Thus, the boundary
OA of the entangling region on AdSs; x S is given by the same formula. To understand this,
let us consider two coordinate charts on RS:

dz? + dt? + dI?
2

dsge = 2° ( + d5%3> = dt* + d* + 7 (dx* + sin® y dsZs) (2.2.3)

z
The map between these two charts is given by

z =T siny, [ =7 cosx (2.2.4)

Thus, our A on AdS; x S? can be written as a four-sphere of radius R on R® (given by

7 = R) after a Weyl rescaling.

2.2.2 Evaluating the area integral

The combination of metric factors that appears in the area integral (2.2.1) can be written

1
hE3 150" = 7 10uh* IV (2.2.5)
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The entanglement entropy is proportional to the area evaluated on the surface ([2.2.2)):

Vol(S3)? R

where we have defined

ihszw@mﬁme—m
>

h;_g/fw@mﬁhmﬁ
>

Substituting w = 7 €* into (2.1.12)) we find for J;

r?(rcosf — &)

0 2n ' T re(6,)
J; = —4L -1 ’/ do sin@/ dr
1 ;< ) 0 0 V12 + & — 2ré cos

(2.2.6)

(2.2.7)

(2.2.8)

The overall minus sign follows from the fact that G — G < 0 on the upper half-plane. We

carefully evaluate this expression in appendix [A.1.1} The final result is given in equation

(A.1.5) and takes the form

4 =24 2
Jy=1L1° {6— + +3m; — 8m + 0 (€%)

3et 15

Next we consider the second term

b:—g/fw@mﬁmcﬁ
>

T rc(0,€)
= —2L9/ db sin&/ dr r?
0 0

r? —rcost (& + &) + &

X 2n 42 (~1)"

i<j /12— 2r&; cos ) + 53\/r2 — 2r&jcos 0 4 &2
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We carefully evaluate this integral in appendix and the final result is (A.1.22)

64 4 »
Jy=L° ~33~ 3 (—1)™& = &P+ 0 (€7) (2.2.11)

i<j

Note that the second term cannot be expressed in terms of the moments my.

Now we handle the integral over [. Recall that the minimal surface formula
describes a semicircle for which z € [0, R] and | € [-R, R]. Note that .J; » are independent of
[ because the cut-off function is. The [ integral diverges at both limits; rewriting via

as an integral over z, we regulate with a cut-off at z = n:

. dl R 2 e dl R 2 Rd _ R
/—\/RZ——n? R2_l2_/0 R2_[2 ; ZZ/R2—Z2

2 _ 2 2
= 2log <R+ Vf 1 ) = 2log (%) ~LoromY) (2212

Finally we put these pieces together to compute the divergent entanglement entropy

[2-2.6):

34 32" 15
9

log (—R) (2.2.13)
n

g L7 Vol(S53)? { 64 64 —24+3mi—8ms
A= "7
4GV

g - g 40 ()

i<j

Employing the definitions

L=@N)Bep,  8xG\Y =277%%,  Vol($°) = 2n° (2.2.14)
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this becomes

S

AN 11 N —24 + 3m32 — 8mg
3 et g2 320
1

16

1<j

(—1)™& = &1+ 0 (7)

log (%) (2.2.15)

Evaluating this result on the vacuum we find

3
GO _ % [i _Ly g 40 (52)1 log (%) (2.2.16)

et g2

Subtracting this vacuum contribution from (2.2.15)) we arrive at our final result for the change

in entanglement entropy due to the presence of the Wilson surface:

4N3
3

16 +3m3 —8mz 1
320 16

1<J

AS, =

(1), — & — %] log. (%) (2.2.17)

Note that the power divergences with respect to the FG cut-off ¢ are cancelled in this

subtraction and only a logarithmic divergence in 7 remains.

2.2.3 Physical interpretation

In this section we give a physical interpretation of our result for the entanglement entropy.
First, recall that during the calculation we introduced two separate regulators. The FG cut-
off € can be viewed as a regular UV cut-off for a holographic theory with a six-dimensional
AdSs x 83 boundary. In addition, when performing the integral over the AdSs coordinate
[ in we introduced a cut-off n on the AdS; radial coordinate z in Poincare slicing
. One might be tempted to view n as purely an IR cut-off that regulates the infinite
volume of the boundary theory. However, it also has an interpretation as a UV cut-off on
the minimal distance to the Wilson surface in the boundary theory.

This interpretation is most easily demonstrated by considering the vacuum spacetime.
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The map that relates AdS; x S* with AdSs; x S? boundary in (2.1.9) to a metric with R®

boundary
, AL* 2 2 2, 272 2( 72 | w2 7.2
ds* = = (di* + di* + di* +dr® + r*dsga) + L? (dg* +sin® g ds3,) (2.2.18)
is given by

z =ucoshp r = usinhp (2.2.19)

Setting @ = € imposes a (dimensionful) holographic UV cut-off on the theory living on the RS
boundary. Since the minimal value of the coordinate p is zero, it follows from that
the range of z is bounded by z > & and hence the AdS3 cut-off 7 is related to the uniform
UV cut-off €.

At this point we do not have an analog of the map for the bubbling solution
that is valid for all values of the coordinates. We can construct the map for the asymptotic
region defined by the FG expansion for the AdSs x S® boundary theory , however this
expansion breaks down once the FG coordinate u is not small. As discussed in [58] one can
construct a map that is valid also near z = 0 by patching together the expansion near the
AdS3 boundary and the FG boundary. We will not pursue this construction here since we
focus all our calculations on the theory living on the AdSs x S® boundary. However, since the
metric is asymptotically AdS, we expect that one should obtain only a small modification
to the identification of the UV cut-offs that, crucially, does not affect the logarithmically
divergent term in the entanglement entropy.

Physically, the interpretation of 1 as a UV cut-off and the form of the subtracted en-
tanglement entropy is quite natural. Note that the dominant contributions to the
entanglement entropy come from UV degrees of freedom located near the entangling surface.
Since the Wilson surface (at fixed time) intersects the entangling surface at two points in our

geometry (see figure[2.1)), the defect contribution to the entanglement entropy has essentially
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the same dimensionality as the entanglement entropy of a two-dimensional CFT. This is also
reflected in the AdSj; slicing we employ and the fact that the minimal surface we find in
the bulk is familiar from AdS3;/CFT,. Hence an argument along the lines of those
given in [58] shows that the extra divergent contribution of the Wilson surface should be

logarithmic, wherein the cut-off is associated with a minimal distance to the defect.

2.3 Holographic stress tensor

The goal of the present section is to calculate the one point function of the six-dimensional
stress tensor holographically for an asymptotically AdS; x S* bubbling solution. Since the
bubbling solutions are eleven-dimensional one has to utilize the machinery of KK holography
that was developed in [78]. Note that a similar calculation was performed in [67] for the
type IIB bubbling solution dual to half-BPS Wilson loop defects and we will largely adopt
their method to our case.

The KK reduction of eleven-dimensional supergravity on S* produces a seven-dimensional
supergravity (with negative cosmological constant) with infinite towers of massive fields
[79,[80]. These can be classified by their seven-dimensional spin and representation of the
relevant SO(5) spherical harmonics (scalar and tensorial) on S*. One difficulty is the mixing
of modes coming from the eleven-dimensional supergravity as well as the fact that seven-
dimensional fields can be related by eleven-dimensional diffeomorphisms, leading to nonlinear
gauge symmetries. The resulting seven-dimensional action can be diagonalized and the
masses of all the fields were determined in |79-81].

Via the AdS/CFT correspondence the seven-dimensional supergravity fields are dual
to operators in the six-dimensional (2,0)-theory. The precise dictionary can be found for
example in [82].

In [78] it was argued that in order to obtain a local seven-dimensional supergravity

action without higher derivatives one needs in general to perform a KK reduction map that
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is nonlinear and relates the eleven- and seven-dimensionall fields schematically as

U7 =i + Kyt + ... (2.3.1)

Here, K is a differential operator and the ellipsis denotes higher order terms with three or
more eleven-dimensional fields. This nonlinear mixing in general complicates holographic
calculations (see e.g. |67]). However, a simple rule was derived in |78 to determine when
and which nonlinear terms appear. For a supergravity field dual to a dimension A operator
in the CF'T, the only nonlinear terms that can appear are the ones for which the sum of
the dimensions of their respective dual operators is less than or equal to A. When this rule
is applied to the stress tensor, which has A = 6, it is clear that there can be no nonlinear
mixing since the operators with lowest dimension have A = 4.E|

The starting point for the calculation of the holographic stress tensor is to decompose
the eleven-dimensional metric into a AdS; x S* part and a perturbation, denoted as ¢(*) and

h respectively:
ds* = gy daMda™ = ( 1(\2)1\/ + hMN) deMda?N (2.3.2)

We use the FG coordinate chart where we can identify 6 as the polar angle on S*. The
Wilson surface preserves an SO(4) subgroup of the R-symmetry and so does the bubbling
geometry. Therefore, performing the harmonic decomposition on the eleven-dimensional
fields we obtain contributions only from spherical harmonics invariant under SO(4). These
depend only on the polar angle 6. The zero mode on S* of an eleven-dimensional field that
only has nontrivial dependence on 6 can be expressed as

Ly d ¢(z,0)sin® 0

Ple) = J dfsin® 0 (2:3.3)

3There is a ‘doubleton’ field dual to an operator of dimension A = 2, but such fields are free and decouple
from the dynamics.
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The reduced seven-dimensional metric, which satisfies the seven-dimensional linearized Ein-

stein equation, is given by the following combinationﬁ
2 1_ (0) 7 T Y
dsz = |1+ 57 ) G + hy | datdx (2.3.4)

Here, g(¥ is the AdS; vacuum metric whereas h,,, is the zero mode of the fluctuations in the
seven dimensions. The field 7 is the zero mode of the trace of the fluctuations of the metric

along the S* directions:
m(z,0) = h® gflg) (2.3.5)

The factor of % in (2.3.4)) comes from a Weyl rescaling to bring the KK reduced metric to
the Einstein frame in seven dimensions.

The calculation of the one point function of the stress tensor from the seven-dimensional
metric utilizes the standard method of holographic renormalization. In our case 7
vanishes, and consequently the reduced metric is already in the FG form

AL?
u?

ds? = (du® + g;;da*da’) (2.3.6)
where the large r limit corresponds to u — 0 and the metric g;; can be expressed as a
power series in u. The holographic stress tensor can then be calculated immediately using
the formulae for d = 6 given in [30]. For the convenience of the reader and completeness
we present the details of these calculations in appendix [A.2] We have also checked that the

counter-term approach developed in [83] gives the same result for the stress tensor. The

final result for the change in the expectation value of the stress tensor in the presence of the

40ur index conventions are: M, N, ... are eleven-dimensional indices, u, v, ... are AdSy indices and a, b, . . .
are S* indices.
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Wilson surface on AdSs x S is

3

A(T;;) da'da’ = 603

(16 + 3m3 — 8mg) (ds%ys, — dsis) (2.3.7)

Note that the dependence of N3 is as expected from a back-reacted supergravity solution.
In addition, the expression depends only on the first two nontrivial moments ms, ms of the
bubbling solution. The stress tensor contribution has a form that respects the so(2,2|R) &
so(4|R) of the Wilson surface and is traceless in line with the absence of a conformal anomaly
on AdSs x S3. The use of this result is two-fold. First, any nontrivial holographic observable
is useful to understand (2,0) theory better. Second, the stress tensor expectation value is an

important ingredient in the calculation of the entanglement entropy using the replica trick.

2.4 Expectation value of the Wilson surface operator

The expectation value for the Wilson surface operator can be obtained from the following

formula:
(Wr) = exp [_<511D — Sﬂg) (2.4.1)

where S7ip is the eleven-dimensional supergravity action evaluated on a general bubbling

solution and Sﬁ)}) is the action evaluated on the AdS; x S* vacuum. The action is given by

1 1 1 1
Siip = ———— | = [ d R— —F FMNPQ ——/O/\F/\F
11D 87TG§\1,1) {2/ x\/ﬁ( 48 MNPQ 19

+ / dloxﬁK] (2.4.2)

The final term is the Gibbons-Hawking boundary term, which is necessary to make the

variational principle well-defined for spacetimes with boundary. The metric functions for
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the bubbling solution are given in (2.1.5)) and the four-form field strength is given by

F = (fl)?’glm Wadss N\ e+ (f2)3ggm wgs N e™ + (f3)3g3m wgs Ne™ (2.4.3)

where e are the vielbeins on the Riemann surface ¥, wx denotes the volume form for a

unit-radius space X and the expressions for gy, with I = 1,2, 3 can be found in appendix[A.3]

2.4.1 Action as a total derivative

First we demonstrate the well-known fact that the on-shell action of eleven-dimensional
supergravity is a total derivative. Using the Einstein equation, the Ricci scalar can be

eliminated from the bulk term of the on-shell supergravity action (2.4.2):

1 1 1
S11D,bulk = W/ ( ——FA*xF——-CAFA F> (2.4.4)
167Gy 3 6

The equation of motion can be expressed as
1
d*F+§F/\F:O (2.4.5)
The first term in the action can then be written as

FAxF =dC A xF
=d(CNAN*F)+CNd*x F

=d(C N*F) — %C/\F/\F (2.4.6)

Plugging this expression into (2.4.4) the C' A F' A F' terms cancel and the on-shell value of

the action is indeed a total derivative:

1

S1Dbulk = ————F5
487TG§\1,1)

/ d(C A dC) (2.4.7)
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The duals of the three contributions to the field strength are given by

3£3
1
*F(l) = f?§3 (r(‘)rblde — ;8@b1d7”> N wgs N Wgs
3£3
1
*F(Q) = % (Tarbgde - ;89b2d’l“> A WAdSs A Wa,
o3 L
*F(g) = 3 ( — r&bgdG + ;(%bgd?”) AN W AdSs A Wg3 (2-4-8)

Using the expression for the metric functions f; from ([2.1.5)), the ratios appearing in (2.4.8))

can be expressed as

(@)3_ hW?
L) AL -GP)

(BE) -

f ) AW_(1—-|GP)
S\ 16h(1 — |G*)?
( 2 ) AT (249)

Since the volume forms on the AdSs; and the three-spheres are all closed, the bulk action
(2.4.7)) reduces to a total derivative over the two-dimensional Riemann surface ¥. In terms
of the polar coordinates r, 6, which were introduced in section by setting w = re?, the

bulk part of the action can be written as follows:

1
S11D,bulk = ) /d(C A xF')
487Gy
1
= —m / (&ar + (%CL@) dr N df NWagss N wgs N\ wgs (2.4.10)
where a, and ag are given by
VEPES o, i3 o Fif5 9
r— r b T b T b
a 2f137"8(1)+ 2f§,7"a(2)+ 2f§’ra(3)
1 o sl o, 1.
= — —0p(b —0g(b —0g(b 2.4.11
ag 2 0 (by) + 2 ~09(b3) + 23 rae( 3) ( )
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rc(0, €)

Te,— = TC(TI', E) 0 Te,+ = Tc(07 5)

Figure 2.4: The two boundary components: the cut-off surface (red) and the boundary along
x = Rew (green).

We have shown that the on-shell action can be written as a boundary term: the bulk term
reduces to a total derivative and the Gibbons-Hawking term is also boundary term. The
boundary in the w plane has two pieces (see figure . First one has the cut-off surface
parametrized by 7.(0,¢), where ¢ is the FG cut-off. Second one has the real line, which
is parametrized in 7,6 coordinates by r € [0,7.(0,7,¢)] and 8 = 0,7, respectively. In the

following we will evaluate the contribution from each piece in turn.

2.4.2 Gibbons-Hawking term

The Gibbons-Hawking term in (2.4.2)) is the boundary term that has to be added to the
action in order to give a well-defined gravitational variational principle. A ten-dimensional

surface defined by a constraint
F(z")=0 (2.4.12)

can be parameterized by a set of coordinates 0. The induced metric is defined via

9xM
geg gun, M= 5o (2.4.13)

YaB = €
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and its determinant is given by

1
VA = 5 2083 fi g wge (2.4.14)

The normal vector (which we assume to be always space-like) is defined via

1 oF
ny = 2.4.15
" [or or np OxM ( )
ozN 8xpg
The extrinsic curvature and its trace are defined via
Kop = (Vunn)eh ey, K =7"Kqs (2.4.16)

As discussed above the boundary has two components, which we now study in turn.

Real line contribution

The real line is defined by F' = y = 0, where w = x + ¢y, and the induced metric is simply
obtained by dropping the g,, component of the eleven-dimensional metric. The normal

vector is given by

1
M = % o' (2.4.17)

Using the form of the metric it is straightforward to determine the trace of the extrinsic

curvature

_i<3ayf1 +33yf2+33yf3+@) (2.4.18)

L3\ 20/t 20fa  2pfs 207

The Gibbons-Hawking term along the real line can be determined from the expansion of
the metric functions in the y — 0 limit given. This can be obtained from the formulae in

appendix [A.4. We do not present the details of this calculation but just present the final
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result which is
/dma: VYK = lin(1)Vol(S?’)2 Vol(AdSs) Lg/dx 24y + O(y*)] =0 (2.4.19)
Yy—

which vanishes. This result was expected since at any point on the real line, one of the

three-spheres shrinks to zero size and the space closes off.

Large r contribution

In this section we determine the contribution of the Gibbons-Hawking term from the large

r cut-off surface defined by the equation
F(r,0) =r—r.0,e) =0 (2.4.20)

for small e, where r.(0,¢) is given by (2.1.26). Hence the surface extends along AdS3; and
the two three-spheres and the induced metric in these directions is identical to the metric.
We choose to use 6 to parametrize the cut-off surface and find the following nontrivial

components of the vielbein e}:

eg =105, ep=0yr.(0,¢) (2.4.21)

Using the formulae (2.4.15) and (2.4.16) we can calculate ,/y K and expand the result in a

power series in €:

V7 K = L7sin® Q{Q + 96y cos
eb gt
N —3(16 — 3m3 — 40m3) + 5 cos 260(16 + 3m3 + 40my)
82

1
1 cos [—8m2 + m% — 6mams + 10my

4 cos 20(24my 4+ m3 — 10mgyms + 70m4)} } + 0 (52) (2.4.22)

52



After performing the integral over € we find that the Gibbons-Hawking term is determined

completely by the contribution at large r, namely

Say = ! d° K = L Vol(5%)? Vol(AdS 256 16 O (&? 2.4.23
= gl | VTR g VTN [ m 5 0| (2429

2.4.3 Bulk supergravity action

The bulk part of the eleven-dimensional action integral (2.4.10) can be reduced to the fol-

lowing form:

1
S11D bulk = Ry Vol(S5?)? Vol(AdSs) /d@/dr (Ora, + Ogag)

87Gy
1 R R
=—— Vol(5*)? Vol(AdSs) jf dr (fya, + fgag) (2.4.24)
487Gy, a%(e)

Here Vol(AdSs;) is the (regularized) volume of AdS; since we consider the field theory on
AdSs x 83 and n; is the unit outward normal. If a boundary component is parametrized by

r(7),0(7) then the unit outward normal vector is defined as

n, = — dr, ng = ——dr (2.4.25)

There are three components to the boundary:

0Y1:0€[0,7], r=r.0,¢)
0% : 0 =0,r €10,7.(0,¢)]

0Y3:0=m, re|0,r.me)] (2.4.26)

The contribution of 9% corresponds to the cut-off surface, which we parametrize by 6 € [0, 7]

and r = r.(0, €) as in section [2.4.2l The 6 dependence of r leads to an additional contribution

23



to the normal vector

1
Stent) = ————— Vol(S*)? Vol(AdS j{ dr (n,a, + nga
o) 487GV (%) (4d55) 931 (c) ( o)
1 T or
= —————— Vol(5%)? Vol (AdS. / do (aT - —Ca ) 2.4.27
487TG§$1) ( ) ( 3) 0 a0 ’ r=rc(0,e) ( )

The integrations over 0¥ and 0X3 combine to give the integration over the real line. Putting

the two together and going back to the half-plane coordinates we find
1

re(0=0,¢) re(0=me) 1
]{ dr (nya, + ngag) = —/ dr — ag —I—/ dr — ag
%2 (e)+0%3(¢) 0 T =0 0 r

Using %89|9:0 = 0, and %89|9:7r = —0, and the expressions for a, and ay given in (2.4.11)),

(2.4.28)
0=m

the contribution from the real line becomes

Sy = ———— Vol(S%)2 Vol (AdS) /TC(G:O’E)CM; <——f§f§)8(b2)+—f§f§8(b2)+—f§f§8(b2))
7 48 re(9=me) 2fF VT g R g

(2.4.29)

Large r contribution

Using the expansion of a, and ay at large r one finds the integrand of (2.4.27)) can be written

as

_ 5sinf cos® §(cos 20 — 5)(16 + 3m3 — 8ms)
4e?

sin 26
128

+ 20 cos 20 (64my + 15m3 — 80mams — 60my)

[(2144ms + 445m3 — 1760moms — 860my

+ cos 40 (—96my — 25m3 + 160mams + 140my) |

+0 (%) (2.4.30)

o4



After performing the integration over 6 the finite terms above drop out and and we are left
with

L? —64 — 12m32 + 32m;
S(cut) = _m VOI(S3)2 VOI(AdS3) 2

N

+0 (€% (2.4.31)

2

Real line contribution

The expression from the real line can be obtained from expanding the integrand of ([2.4.29))
in the y — 0 limit. The behavior of the integrand in this limit depends on the interval z is

located in. We define

Ty = [~00,&] U [€2, &3] U - - - U [§2n, +00]

I+ = [517 52] U [637 §4] U---u [5211717 £2n] (2432)

We present the details of the calculation in appendix [A.4] with the final result given by

16L%(2g7+93) o

313 f313 £33 (97 —92) (97 +92) x € I
i _J2J3 2 1J3 2 1J2 2 _
iﬁ’%( 27 8, (b7) + T a,(b2) + T (9y(b3)>
32L° (g3 4+39192—g3) (¢0+2z)
(;%+gz)(g%+2gz) rely
(2.4.33)

where the g; and ¢y are functions of x and can be found in (A.4.3|) and , respectively.
In this limit the integrand is nonsingular for any finite  on the real line. However,
the integrand grows as x — +o0o and we can extract the divergent behavior coming from the
region near the cut-off. We determine the divergent contributions in and we write

the result as

o 256 80 — 12m3 + 32
S Vol(5%)? Vol(AdSs) | -~ + METOIM L F 0 ()| (2.434)

Sy = +———ms
= GGy = E
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The finite term F can in principle be determined by performing the x-integral for the full

integration region and subtracting the divergent contributions given above, i.e.

F = lim Z /da; 32(g3 + 39192 — g3) (o + 2) Z / 16(2g3 + g3) o
(93 + 92) (97 + 292) (97 — 92)(91 + 92)

( 256 80 — 12m§ + 32m3) }
—\—= 7t 2
€ €

HASA)

(2.4.35)

The last two terms remove the divergent contributions from the integral over Z, that is
regulated for large positive z by « < z.(¢) and for large negative z by > x._(¢).

At this point we have not been able to find a closed expression for these integrals, but
they can be evaluated numerically. If a relation to a matrix model calculation exists these
integrals may be related to the resolvent. However, as no proposal for a matrix model exists

at present we have not pursued the evaluation further and leave this for future work.

2.4.4 Final result

Combining all the contributions to the action, which can be found in (2.4.23)), (2.4.31)) and

(2.4.34]), we obtain for the on-shell action

L? 80 3 F
SIID 5\1[1 VOI(S3) VOl(Ang) |:— + ? —+ 1_6 + O (62):|
N3 0 3 F
= o Vol(AdSs) (—6 Tttt O (e )) (2.4.36)

The finite contribution is given by (2.4.35)). This can be evaluated exactly for the vacuum

and the result is

Foy = —64 (2.4.37)
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Thus, using (2.4.1) we can express our final result for the expectation value of the Wilson

surface operator as

3

1927

log (Wr) = Vol(AdS3) (F + 64) (2.4.38)

Note that the power divergences in € are independent of the details of the bubbling geometry
and so cancel in the subtraction. However, the result is proportional to the infinite volume
of AdS3, which is regulated by the cut-off z = 7 introduced in the entanglement entropy
calculation in (2.2.12)).

As is the case for the stress tensor contribution, the expectation value of the Wilson
surface operator constitutes a potentially useful holographic observable of the (2,0) theory.
This holographic result may be compared to direct calculations in this theory as well as be
applied to the replica calculation of the entanglement entropy. It would be very interesting to
study localization and related methods to calculate the expectation value of Wilson surface

operators in the future.

2.5 Summary

In this chapter we have calculated the holographic entanglement entropy for the six-dimensional
(2,0) theory in the presence of a Wilson surface. In particular, we found that the change of

the entanglement entropy due to the presence of the Wilson surface is given by

2R

AN? [16+3m3 — 8my 1 iy |
: - (=)™ = &1° - 5] log (7) (2.5.1)

3 320 16

ASy =
i<j
We also computed two other holographic observables. The results are the stress tensor in

the presence of the Wilson surface for the AdS3; x S® boundary coordinates given by

3

A(T;;) da'da’ = 1603 (16 + 3m3 — 8m3) (dsids3 — dS%g) (2.5.2)
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and the expectation value of the Wilson surface operator, found by evaluating the regularized

on-shell supergravity action:

3

log (Wr) = —195-

Vol(AdSs) (F + 64) (2.5.3)

The my 3 are quantities that depend on the parameters ; of a general bubbling solution. We
notice that the final term in the result for the entanglement entropy cannot in general
be expressed in terms of the moments m; . The cut-off n is the distance from the Wilson
surface, as discussed in more detail in section [2.2.3] Also, F is a finite one-dimensional
integral that is defined in section [2.4.3] While it is possible to evaluate this finite part for
n = 1 and n = 2 in closed form, we have been unable to evaluate it in general. Some
numerical experiments however indicate that this integral does not have a simple expression
in terms of the moments my or the final term in the entanglement entropy .

It would be interesting to see whether the calculation of the entanglement entropy in the
presence of a Wilson loop in SU(N) N = 4 SYM due to Lewkowycz and Maldacena [62]
generalizes to the Wilson surface in the (2,0) theory. Recall that their calculation used the
replica trick and involved the expectation value of the Wilson loop and the stress tensor in the
presence of the Wilson loop on the space S x H®. A generalization would most likely start
from the expectation value the Wilson surface and the stress tensor in the presence of the
Wilson surface on S* x H®. Since our holographic calculation gives these two quantities for the
AdS5 % S? boundary, if it is possible to map the results to S* x H® then it should be possible to
compare the Lewkowycz and Maldacena calculation to the holographic entanglement entropy
calculation we have performed. One complication is that unlike a one-dimensional Wilson
loop, the two-dimensional Wilson surface has a conformal anomaly [84-86] and it is not
clear how to determine its contribution in our case. A simpler case in which to consider the

anomaly might be the case of an abelian Wilson surface, as studied in [86].
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Chapter 3

Surface Defects Entanglement

Entropy

In this chapter we focus on another kind of surface defects, which is the disorder-type. As
described in [1.2.2] these cannot be written as operator insertions written in terms of the
fundamental fields of the theory. Instead, they are characterized by the singular behavior
of the fundamental fields close to the defect. One example is the 't Hooft loop in gauge
theories, which is mapped to the ordered-type Wilson loop under S-duality [87].

The case of interest here is the disorder-type surface defects in four-dimensional N' = 4
U(N) SYM theory constructed in [41,188]. Their dual description as bubbling geometries
of type IIB supergravity was identified in [42] using the solutions constructed in [43}[89].
For notational ease we will drop the qualifier ‘disorder-type’ and simply call these ‘surface
defects’.

The goal is to calculate the holographic entanglement entropy in the presence of the
surface defects for ' =4 SYM and compare them to the result obtained by mapping the
entanglement entropy to a thermal entropy as in [90].The geometric setup of the surface
defect is best visualized in R*. At fixed time the entangling region A is a three-dimensional

ball with a spherical boundary. The surface defect 3 extends in one spatial direction (and
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Figure 3.1: Geometry of the entangling region and surface defect in R*. The entangling
region A is a three-dimensional ball with a two-sphere boundary. The surface defect extends
along a spatial line and bisects the two-sphere.

time). We depict the setup in figure with one spatial and the time direction suppressed.
Notice that the entanglement setup is similar to the one used for the Wilson surface in figure
We also use different geometries, namely AdSs; x S and S! x H3, which are related to
R* by a coordinate change and Weyl rescaling.

The rest of the chapter is outlined as follows: in section [3.1| we review the field theory
description of half-BPS surface defects in N'=4 SYM theory. In section [3.2] we review
the bubbling supergravity solutions dual to these defects. In section |3.3| we calculate the
entanglement entropy for a spherical entangling region that intersects the surface defect. In
section we calculate the expectation value of the surface defect by evaluating the on-shell
supergravity action on the bubbling solution and review the result for the one-point function
of the stress energy tensor in the presence of a surface defect. In section the expectation
values are used to calculate the entanglement entropy following the method of Lewkowycz

and Maldacena which we then compare with our holographic result. E|

3.1 Review of surface defects in ' =4 SYM

In this section we review the construction of half-BPS surface defects in N' = 4 SYM theories

first obtained in and studied in detail holographically in .

!Notation: To avoid conflict in notation, in this chapter we denote the Ryu-Takayanagi minimal surface

as M.
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The defects are supported on a two-dimensional surface ¥ in R*. They are disorder-
type operators so, unlike Wilson line operators, cannot be written as an integral of the
fundamental gauge fields over X. Instead, they are characterized by singularities of the
gauge fields and/or scalar fields at the surface ¥ as well as holonomies along cycles in the
space normal to the surface. Furthermore, we are interested in half-BPS defects that preserve
half the superconformal symmetry PSU(1,1]2) x PSU(1,1|2) inside PSU(2,2|4). For such
superconformal defects it is possible to perform a Weyl transformation from R* to AdSs x S,
in which the surface ¥ is mapped to the boundary of AdS3;. This has two advantages: first,
the singularities of the fields along 3 are mapped to boundary behavior in AdS3 and second,
the AdSs x S! geometry appears naturally in the dual bubbling supergravity solutions that
we will review in section [3.2]

The half-BPS surface defect is characterized by the following data. The non-trivial
conditions on the gauge field and scalars break the U(N) gauge group to the Levi subgroup
L = Hi\il U(N;) with M factors. Near the boundary of AdS; the gauge field has a non-

vanishing component along the U(1) coordinate, which we denote by :

M
Ay = diag {1y, a2ly,, ... ayly,} with Y N;=N (3.1.1)

i=1

There are M theta angles for the M unbroken U(1) factors (see [1,42] for details), which

can be parametrized by the matrix

n:dlag {T]l]lNl,’OQ]lNZ,...,T]M]lNM} (312)

A complex scalar, which we can choose as ® = ¢5 + i¢g, has non-trivial behavior along the

St
o- "

V2

To summarize, the surface defect is characterized by the set of M integers N; and a set of

diag {(B1 + iv1) Iny, (B2 +972) Ly, - -+, (Bar +3yar) Iy, } (3.1.3)
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4M real parameters (a;, 1;, 5;, ;) with i =1,2,... M.

We also cite the results for the expectation value of the surface defect and the one-point
function of the stress tensor calculated in [1] in order to compare them with the results of
our holographic calculations. In the semiclassical approximation the expectation value of
the surface operator is determined by evaluating the classical N = 4 SYM action on the field

background. It was shown in [1] that this gives zero and hence

<OZ> = 6_SY]\/I|Surface =1 (314)

In addition, several one-point functions of local operators and Wilson line operators in the
presence of the surface defect were calculated in [1]. The only one relevant here is the
one-point function of the stress tensor, which takes the following form due to AdS; x S!

symmetry and the fact that the stress tensor is traceless:

(Tyu)s: dat da” = hs, (ds? g, — 3 dip?) (3.1.5)

The semiclassical value for the scaling weight hy is found by evaluating the stress tensor of

N =4 SYM on the field background:

2

> N(BE+A2) (3.1.6)

hy = —
395 a1 i=1

3.2 Review of bubbling supergravity solutions

In [1,j42] it was proposed that the solution found in [4389] is the holographic dual of the
surface defect operator. The solution is constructed as a AdS; x S® x U(1) fibration over a

three-dimensional space with boundary parametrized by the coordinates y, x1, x9, where the
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boundary is located at y = 0. The metric takes the form

[2f +1 [2f —1 2 , VA1
2 _ 2
ds” =y o 1 d Sads, T 2f+1d853+—4f2_1(dx+ V)" + > dsy (3.2.1)

where the AdS3 metric is in Poincaré coordinates and the metric on the base is simply the
flat Euclidean metric:
dt* + di* + dz*

dsys, = — L dsk = (dy? + da? + da?), (3.2.2)

The function f(y,x1, z2) satisfies a linear partial differential equation with M sources located

in the bulk of the base space X at y = y;,x = &; withi=1,2,..., M:
0, f M
Rf +02f +yo, ( y ) = 2wy 6y — yi) 6°(F — &) (3.2.3)
i=1
V' is a one-form on X that can be obtained from f by solving
1
dV = — x3 df (3.2.4)
)

Note that (3.2.4]) only fixes V up to an exact form and the freedom to redefine V- — V+4dw will
be important to obtain a manifestly asymptotically AdS metric as detailed in appendix[B.1.1]

The only other non-trivial field is the self-dual five-form field strength, which takes the form

F5:_1< [ 2}f+1(dx+v)} _yg*gd[erle/Q])AWAdsg
a i(d[y ;j‘i+ 1<dX+ V)] -y’ *3d[f ;21/2D A W, (3.2.5)

where %3 denotes the Hodge dua]E| in the-three dimensional base space X with metric given
by (3.2.2)).

This solution was first constructed in [89] as a double analytic continuation of the LLM

2The sign of the Hodge dual is fixed by x3dy = dx1 A dzs and cyclic permutations of dy, dr; and dxs.
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solution [43]. Indeed becomes the LLM metric by continuing the U(1) fiber coordinate
to a time like coordinate and continuing AdSs; to S®. Note however that the boundary
condition on the function f is different: the AdS3 volume can never shrink to zero size in
a smooth solution so we must have f — % as y approaches the boundary of X. Hence for
the bubbling surface solution the coloring of the boundary determined by the regions where

lim,_,o f = :I:% in the LLM solution gets replaced by the bulk sources in (|3.2.3)).

The supergravity solutions depend on 3M parameters, which are the M sources on the
right hand side of (3.2.3)), located in X at y;, #; with i = 1,2,..., M. There is an overall
translation symmetry along Z; this allows us to choose ‘center-of-mass’ coordinates, which

sets

M
FO ="y =0 (3.2.6)
i=1

This choice will make the expressions considerably more compact. The general solution of

(3.2.3)) for the function f is then given by
1
F=s+>_f (3.2.7)

with
[ C k) (3.2.8)
2 2/[(F— 7)) + 2 + y3? — dy?y?

For such an f the solution of the differential equation (3.2.4)) for the one-form V' is given by

M N 22 2 _ .2
Vide! = =35 ery— @y = 2)lT —T) +4 2 i) _da' (3.2.9)
i=1 I,J 2(7 — 37@)2\/[(95 — 7)) + 2+ yi P — 4Py

where the indices I, J run over xy, zs.

In [1,42] the parameters of the supergravity solution were identified with the parameters
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of the gauge theory surface defect as follows:

1 . : y;  Ni
2 (T + ixi2) = Bi + i, AT N (3.2.10)

where L denotes the radius of AdSs. The parameters «; and 7); are identified with periods
of the NSNS and RR two-form potentials on non-trivial two-cycles in the solutions. On the
supergravity side these periods carry only topological information since the three-form field
strengths of the two-form potentials vanish. As the calculations performed in section [3.3
and depend only on the metric and the five-form, we conclude that all our calculations

will be independent of the periods and hence the parameters a; and 7;.

3.2.1 The vacuum solution

In order to develop intuition for the geometry it is useful to consider the AdSs x S® vacuum
solution, which can be obtained by considering only one source, i.e. setting M = 1. Transla-
tion invariance allows one to set 1 = 0 and from (3.2.10)) we can fix y; = L since Ny = N.

To exhibit the AdSs x S metric explicitly it is convenient to introduce new coordinates:

1
X=73 (¥ —9)
y = L*\/p?>+1 cosf
21 =2\ + L2psin 0 cos (1 + &)

2o = 2 + L2psinfsin (¢ + ¢) (3.2.11)

where the range of the angular variables is given by 6 € [0,7/2], ¢ € [0,27], ¢ € [0,27]. It
is straightforward to verify that for this choice the function f (3.2.7) and the one-form V'
(3.2.9) for the vacuum solution take the following form

1 p?>+cos’0+1 1 p? —sin?6
2 p?+sin®f 2 p2 +5sin’6

f= (1 + ¢) (3.2.12)
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where the gauge transformation can be set to zero, i.e. w = 0. Using the expressions given

in (3.2.1) the metric can be calculated and gives

dp?

ds* = L? | (p* + 1) dsag, + P + p? dip® 4+ dO* + sin® 0 dg? + cos® 0 dszs (3.2.13)

+1
which is indeed AdSs x S°. Note that the metric is written in a form for which the conformal
boundary is AdSs x S!. In the following we will set the AdS radius L = 1 and restore it by

dimensional analysis when needed.

3.2.2 Asymptotics and regularization of the bubbling solution

The integrals appearing later in the holographic entanglement entropy and the expectation
value calculations are divergent. Therefore, we need to regulate them introducing a cut-off.
In this section we map the general metric to a Fefferman-Graham (FG) form , we
find the FG coordinate map and derive the cut-off surface in terms of the
FG UV cut-off.

The fact that a general solution must be asymptotically AdSs x S% implies the following

restriction on y;:

ny =1 (3.2.14)

It is straightforward to see this considering the map to field theory parameters and
Zi]‘il Ni=N.

We will work in the coordinate system introduced in and expand the general
solution at large p. As mentioned above, the one-form V is defined up to an exact form.
Thus, we use a gauge transformation to remove the V, component of this vector. This brings

the metric into a manifestly asymptotic form and makes it as compact as possible which is
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convenient for our calculations. Fixing the gauge, w becomes:

M—1 i AT V" (0, a) si
a—}—sinez (0, a)cosa+ Vy (0, a) sina (3.2.15)
np"
n=1

where the VI(nH) are the coefficients in a large p expansion of the functions given in (3.2.9)).
The detailed procedure and the explicit form of w are given in the appendix
The next step is to write the metric in terms of the {p, 1,0, ¢} coordinates. We write it

as a deviation of the vacuum (|3.2.13)):

1
ds* = gy L+ E) 4" + (07 +1) (L4 F) dsls, + 97 (14 F) dy?

+cos® O (1 + F3) dszs + (1 + Fy) d6® +sin 0 (1 + Fy) dp?

T Fyddi + Frdip do + Fy df do (3.2.16)

with the F,, being functions of {p, 0, = ¢ + ¢} expanded at large p. Specifically, F,, F,, ~
O (p~2) form € {1,2,...,7} and Fy ~ O (p~*). Only certain coefficients in the F, expansion
emerge in our calculations and their expressions are given in the appendix[B.1.2] These coef-
ficients are expressed in terms of dimensionless moments. We will mainly express quantities

in terms of these moments and therefore it is convenient to define them in advance:
M
Mabe = Z y;lxgleg (3217)
i=1
Note that for the AdSs x S5 vacuum only the following moments are non-zero:
m® =1 for k=24,6,... (3.2.18)

A general bubbling solution, preserving the AdSs x S® x S! isometry, can then be written
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in the following Fefferman-Graham form:

1 B - -
ds? — E <du2 + oy dsidss + oy d@[)2> + a3 dS%s + oy d6? + s d¢2

+ ag df dip + a7 dip do + g df do (3.2.19)

The condition that the metric must asymptote to AdSs x S® with AdS; x S! boundary

implies that the new coordinates u, 1,0, ¢ and the ay, (expressed as functions of p,, 0, ¢)

fall off as
1 ~ ~ -
u:;(l—i— ), v=v+..., 0=0+..., o=0¢+
oy =14+..., ap=1+..., ag=cos’0(1+...), az=1+...
as=sin’0(1+...), ag=..., ar=..., ag=...

The ellipses denote powers of p~! whose coefficients are determined by equating and
(3.2.19). The explicit coordinate map is given in (B.1.6)).

The integrals in the entanglement entropy and expectation value calculations diverge at
large p. It is useful to express the coordinate map as a cut-off relation p = p.(¢,v,0, ¢). This
is found by solving the first equation in for p at the small v limit and identifying u

with the FG cut-off, u = €. The outcome is:

1 F) -1 EY
pele,,0,0) = - + =~ e+ ——¢ (3.2.20)
€ 4 6
2 2
16 [F,S‘*’ —F® (Fp@’ - 1)] - (agF,?’) . (@F,S”) csc? 0
+ 123 e+ 0 (54)

Once we substitute for the coefficients of F, we find that this function can be written as

pe(e,0,a) with o = ¢ + ¢.
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3.3 Holographic entanglement entropy

In the following section we apply the Ryu-Takayanagi prescription ([1.3.11]) to our solutions.
First, we derive the minimal surface M for a general bubbling solution and show that its
restriction to the boundary, which is a theory on AdSs; x S!, maps to a two-sphere in the

Weyl-related R*. We then evaluate its regulated area.

3.3.1 Minimal surface geometry

A bubbling geometry is a AdSs x S® x U(1) fibration over X. We consider a surface M at
constant ¢ that fills the S® and has profile z = 2(I, x, 9, ¥1, ¥2), where z is the AdS; radial

coordinate defined in section 3.2l The induced metric on M is

2f+1 1 0z 0z 0z 0z 0z 2
has dz® dz’ = \/ — |di? —dl+ —d —dy+ —d —d

2f -1 2y 2 I 12}
o 2
+y 2f—i—1d$53+ 4f2—1[dX+ Vida' dx + (Vi da')
412 —1
+ ];—y (dy? + da? + dz3) (3.3.1)

where «, § run over all coordinates except ¢ and z. The area functional becomes
f— l) Yy A y? 02\ 2
A = Vol (S® dl dx dy dxy d (—2 1 — ——— || =

0z 9z\> 0z 9z\> (f+3)(f-3) 02\’ :
(amvin) (mvw) (@) ) e

The equation of motion that follows from this functional is very complicated, but can be

solved by
Z(Z7X’y7x17x2)2 +l2 - R2 (333)
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This semicircle is a co-dimension two minimal surface in AdSs. Following [57,/58] one can
show that within this ansatz this is in fact the surface of minimal area.

The surface is independent of the AdSs radial coordinate. Thus, the boundary
OA of the entangling region on AdSs; x S! satisfies the same formula. To understand this

better, let us consider two coordinate charts on R*:

2

dz? + dt? + dI?
dsts = 22 ( i Sl dz/12> = dt* + da? + 2 (dY? + sin® ¥ dy)?) (3.3.4)

z

The map between these two charts is given by
z =z sind, [ =z cosv (3.3.5)

Thus, our entangling surface 0.4 on the space AdS; x S' can be written as a two-sphere of

radius R on R?* (given by x = R) upon Weyl rescaling.

3.3.2 Evaluating the area integral

The minimal area can be written as follows:

where we have defined

I = / dy dxy dxs (f — %) Yy (3.3.7)
X

with the function f given in . The area integral, and hence the entanglement entropy,
diverges. This is expected due to the infinite number of degrees of freedom localized near
the entangling surface and is present even in the vacuum. However, the intersection between
the entangling surface and the surface operator leads to an additional divergence. Our goal

is to extract the change in entanglement entropy in the presence of the surface operator,
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which requires a careful treatment of these divergences.

We introduce two independent cut-offs, which we now argue is consistent with our field
theory living on AdS3 x S'. Firstly, the integral over X diverges due to the infinite volume
of AdSs. We regulate this with our Fefferman-Graham cut-off €, which is a UV cut-off on
AdSs x St. Secondly, after using to rewrite the [ integral as an integral over z, we
find a divergence at z = 0. This is the location of the surface operator and is at infinite
proper distance from other points in the AdS3. We therefore interpret this as an IR cut-off
and regulate at z = .

It is instructive to focus first on the case with no surface operator present in order
to exhibit the divergence structure of these integrals most clearly. We begin by changing

coordinates via (3.2.11). Defining @ = ¢ + ¢ and using the vacuum formula (3.2.12)) for f

we find
©

27 7T/2 Pec
10 = / d&/ df cos® 0 sin@/ dp p (3.3.8)
0 0 0
We denote by pﬁo) the Fefferman-Graham cut-off function (3.2.20)) evaluated on the vacuum
moments (3.2.18]). In this special case it truncates to just two terms and is in fact independent
of the angular coordinates: pﬁo) = 1/e — /4. Reinstating the overall factor of L®¥, the full

result for the integral over X is then

m m 7T52
1O =8 <4—€2 -3 6—4) (3.3.9)

Next we handle the integral over [. Recall that the minimal surface formula (3.3.3]) describes
a semicircle for which z € [0, R] and [ € [-R, R]. The [ integral diverges at both limits;

rewriting via (3.3.3) as an integral over z, we regulate with a cut-off at z = n:

a—" — o - o g
\/ﬂ R2_l2 0 R2_l2 " ZZ/R2_22

2 _ M2 2 2
:210g<R+Vf n>:2log(7R)—n—+O(n4) (3.3.10)
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To compute the entanglement entropy ([1.3.11)) we need the following relations between grav-

ity and gauge theory quantities
4G\ = (2m)7(4m) 120, L' = 4dmg,No (3.3.11)

as well as the volume Vol (S?) = 272. Our final result for the divergent terms of the entan-
glement entropy in the absence of the surface operator is

SY = N? P ) (52)} log (%R) (3.3.12)

gz 2

This result looks very different to that for a spherical entangling surface on R* with a
single Poincaré-invariant UV cut-off (see [14], for example). The reason is that the AdSs
boundary in the slicing (3.2.13]) can be reached in two ways: z — 0 at fixed p (the location
of the surface defect) or p — oo at fixed z (some point away from the defect). We therefore
need two cut-offs in this chart.ﬂ For a field theory on AdSs; x S, the cut-off n can be viewed
as an IR cut-off that regulates the infinite volume of AdS;. As we will discuss in some detail
in section [3.5 from the point of view, of the surface defect n should be viewed as a UV
cut-off.

Now let us evaluate the area integral in the presence of a surface operator. Our result
for the integral over [ is unchanged. Whilst it is possible to evaluate the integral for
I given in for a general bubbling geometry after changing coordinates via , the
result is extremely lengthy and cumbersome to deal with. We found the following approach
to be much simpler.

For a general bubbling geometry, the integral (3.3.7) is actually a sum of integrals:

M
I=>"1 with ;= /X dy dxy dxs y f; (3.3.13)
i=1

3This situation is also familiar from the S' x H9~1 slicing of AdS;,1 — see figure 1 of [91], for example.
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where the f; are given in (3.2.8). We can perform a change of variables for each value of ¢
separately

T1=YiT1+ T, To=Y;Ta+Ti2, Y=Yy (3.3.14)
after which the I; integral becomes

P4+ +ri+1
2\/(g2+f%+@§+1)2—4g2

(3.3.15)

1
[i:yf/dgdildEngi with fi:—§+
X

Now f; takes the same form as for the vacuum configuration. With a further change of

variables the integral can be brought into the same form as (3.3.8)):

I; = yf/dd dfdp p cos® ) sin 6 (3.3.16)

g=+/p>+1cosl, Z;=psinfcosa, Iy=psinfsina (3.3.17)

All that remains is to impose the correct cut-off in the new variables p.(c,f, @) and then
sum up the results for each I;.

As a side remark, it is interesting that we can express the general integral in the same
form as the vacuum. This is because the function f for the general solution is constructed
by superimposing terms that each have the same form as the vacuum solution. This simple
behavior is special to this system and we do not expect such a simplification to be possible
generically.

In order to find p.(¢, 0, @), our strategy is first to express the unbarred variables {p, 6, a}
in terms of the barred variables {p,f, @} then to write the FG coordinate u as an asymptotic

series in large p. Solving this relation asymptotically for p and setting u = € we obtain the
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following cut-off function:

~ 1 s v+ Bi)sind 1 _
pe(e,0,a) = _ Licos (@ + ) sin + [—1 — 4r? — 2y — 2(y? — 1) cos 20
Yi € Yi 8y;

— 2Miag0 — 2Mags + Mugo + sin® 6 (3 + 27}2 + 27“1-2 cos (2a + 2[3;)
+6m220 + 6m202 — 3m400 + 12m211 sin 2 + 6 (m220 — mgog) COS 2@)] £

+0(¢%) (3.3.18)

where we have defined x;; = r; cos 5; and x;5 = r; sin ;. The details on the derivation of
the cut-off function p.(e,0, @) are presented in appendix . Since the coordinate change
(3.3.14) is simply a rescaling followed by a translation, we deduce the following ranges for
the integration variables in the I; integral :

0<p<pele0,a), €l0,7/2], ac€l0,2n] (3.3.19)

We are now ready to evaluate [;. We perform the p integral first due to its variable limit.
It turns out that the moments drop out in the integration over the angular coordinates.

However, they do appear in the final result for I once we sum over i:

M
7l wL®
I = ZZI ]z = 4_552 -+ ﬂ []. —4 (m220 + mM202 + m400)] + O (35) (3320)

where we restored the overall factor of L8. As a leading order check we do indeed recover the
vacuum result when evaluated on the vacuum moments (3.2.18). The holographic
entanglement entropy in the presence of a surface operator ([1.3.11)) is evaluated using the
minimal area via (3.3.6]) in terms of the two regulated integrals and . At the

end, gravity expressions are translated to gauge theory ones using (13.3.11]). Putting all this
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together, the result is

1 1—-4 2R
SA _ N2 6_2 + (m220 +6m202 + m400) + O (6):| ]_Og (7) (3321)

Subtracting the vacuum contribution from (3.3.21]) and taking ¢ — 0 we arrive at our final

result for the change in entanglement entropy due to the presence of a surface operator:

2N? 2R
ASA = T (]. — Moo — Mop2 — m400) log <7) (3322)

3.3.3 A 2D CFT interpretation

Let us make a few comments on the form of the result for the change in the entangle-
ment entropy. Note immediately that it diverges as n — 0. This additional divergence was
anticipated due to the intersection between the entangling surface and the surface defect.
The intersection occurs at two points separated by an interval, so it seems natural for the
divergence to be logarithmic: our result takes the same form as the entanglement entropy
across an interval in the vacuum of a generic two dimensional CFT [47,92].

Note that the field theory description of the surface operators in section did not
require any additional 2D degrees of freedom localized at the surface defect. However, in the
original paper [41] an alternative construction of the surface defects by coupling a nonlinear
sigma model on ¥ to the SYM fields was described. Such a sigma model could describe the
2D CFT we are looking for in the infrared. This construction is based on an intersecting
D3-D3’ brane system that was first discussed in [93]. Alternatively the defect can be realized
by a probe D3-brane in AdSs x S° with an AdS5; x S! worldvolume. Following Karch and
Randall [37] and letting holography ‘act twice’ makes it likely that a 2D CFT is described
by the modes on the probe brane.

Consequently it seems possible that the coefficient of the logarithmic divergence in the

subtracted entanglement entropy to be equal to (one third of) the central charge of this
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CFT [92]. We now provide evidence realizing this expectation. Recall that our metric (3.2.1)
takes the form

ds* = L? (e*VV ds%ys, + ds%) (3.3.23)
We define an effective central charge via the Brown-Henneaux fomula [8]:

3L

Ceff = — 3y
26

(3.3.24)

where Gg\?) is the three-dimensional Newton’s constant of the theory obtained by reducing
on the remaining directions in Z. To compute GS\B;) we must take into account the non-trivial

warp factor in front of ds?q,:

! LA (/Zd795 @ew> (3.3.25)

167GY 167G\

where in order to isolate the contribution from the surface operator we should subtract off
the vacuum answer. Substituting the metric (3.2.1)) and reinstating the correct powers of L,
our result for the effective central charge via (3.3.24) is given by

Ceft = ﬁ Vol (5%) Vol (S*) AT (3.3.26)
N

where [ is the integral (3.3.7)) appearing in the entanglement entropy. From the minimal

area prescription ([1.3.11]) and integral (3.3.6) we deduce that

2
AS, = %“f log (?) (3.3.27)

which is indeed the entanglement entropy across an interval of length 2R. Note that from

the point of view of the two dimensional CF'T the cut-off  is a UV cut-off.
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Using (3.3.26)) the central charge cog can be expressed in terms of the moments

Ceff = 2N2(1 — Myoo — Mo20 — mgog) (3328)

which shows that it scales like N2. This is to be contrasted with the sigma model or probe
brane construction mentioned above where one would expect that central charge to scale like
N9 or N, respectively. This result makes sense since the holographic supergravity solution
is described by a fully back-reacted geometry in which the number of probe branes scales
like N, leading to a number of localized degrees of freedom of order N2. It is also instructive

to use the map (3.2.10]) to express ceg in terms of field theory quantities:

Iym i

2 = 2 81 2 2
cr=2(N* =D N2 | — 5> N (87 +77) (3.3.29)
=1

It is intriguing that the first term agrees with the central charge for the sigma model for
an N’ = (4,4) two dimensional quiver gauge theory which is related to a pure monodromy
defect (where the f3; and ~; vanish), discussed in [94]. It would be very interesting to explore

whether the discussion of [94] can be generalized for nonvanishing (3; and %ﬁ

3.4 Holographic expectation values

This section is devoted to holographic expectation values of different observables. Specif-
ically, we calculate the expectation value of the surface defect Oy at strong coupling and
large N. Our result is new and is expressed in terms of the moments we introduced
in . We also quote the result of [1] for the holographic one-point function of the stress
tensor in the presence of Oy , . In section we will make use of these two
expectation values in an attempt to relate them to the entanglement entropy computed in

section [3.9]

4We are grateful to Bruno Le Floch for pointing out reference [94] and useful discussions on the possible
relation to our results.
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3.4.1 (Oy) calculation

A holographic calculation for the expectation value of the surface operator relies on evaluat-
ing the on-shell ten-dimensional type IIB supergravity action on the bubbling supergravity
solution presented in section [3.2 The obstacle here is well-known: it is difficult to reconcile
Poincaré invariance of the action with the self-duality condition of the five-form Fj. Different
approaches to this problem have been introduced in the literature: Covariant Lagrangians
were constructed with the introduction of an infinite number of auxiliary fields [95-101], a
single auxiliary field in a non-polynomial way [102-105] and most recently a construction
with a free auxiliary four-form field [106]. Formalisms with non-manifest Lorentz symmetry
were also considered [107-109]. The solutions presented in section follow from the stan-
dard IIB action where the the self-duality constraint has to be imposed by hand and
not derived from varying the action.

In the holographic approach, the expectation value of the surface operator is given by

the on-shell action Sug :

(Ox) = exp [— (SHB — 51(10}%)] (3.4.1)

where we subtract off the vacuum contribution /). The total action is a sum of a bulk term

and the Gibbons-Hawking term:

St = Sus,pulk + Scu (3.4.2)
1 16M7' 8M7_'
Stuppuk = = | [ d%zv/=g (R — =———
IIB,bulk 052 [/ xz 9< 9 (Im 7_)2 )
1
_ / <§MabH§j A *HY + 4F5 A *F5 + €Cy A Hy A Hg)] (3.4.3)

1
San = — /d%\/—ny (3.4.4)

In our case the complex scalar 7 field is constant and the three-forms H§ vanish. The trace
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of the equation of motion for the metric implies R = 0 and thus the bulk term reduces to

2
SHB, bulk = ) / F5 N xF5 (3.4.5)

To evaluate the bulk term we have to deal with the self-duality of F5 which when imposed
makes vanish. In the following we employ a pragmatic method proposed in [110,[111].
The prescription suggests to replace Fy by its electric part only and double the relevant term
in the action. The electric part of Fj is the component with a time-like leg. As argued
in [110,111] this approach is consistent with Kaluza-Klein reduction and T-duality. It would
be interesting to use some of the alternative approaches to deal with the self-dual five-form.
This would however imply redoing the derivation of the BPS supergravity solutions in the

respective formalism, which is a somewhat daunting task.

Thus, instead of (3.4.5) we need to evaluate

4
SHB,bulk = e /F561 A e (3.4.6)

As the electric part F¢" is not self-dual , the integrand of (3.4.6)) does not vanish in general.
In particular, since the time coordinate lies in the AdSs, the electric part of Fj in (3.2.5))
consists of the terms that have legs on AdSs. It follows from the self-duality of Fy that the

Hodge dual of F" is the magnetic piece of Fs, which has legs in S3. Consequently we get

Fel — —% (d 2;; i 1(dx +V)] - % d[f 221/2]) A wads, (3.4.7)
* e = _411 (d [yz%(dx + V)] =y’ *3 d[f ;21/2]) A wg, (3.4.8)
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Using the equation ({3.2.4)) for the one-form V' we can write the integrand in (3.4.6) as

yf
2(1 —4f2)2

[1 — 8+ 16f* + 2%(1 — 440, f (3.4.9)

+4y* ((01)* + (8of)* + (8,1)%) ]wAd53 Awg, ANdx Adry Adoy Ady (3.4.10)

Fe AxFE = —

which can be rewritten in the following way:

el. el. 1 y3 2 2 ayf
5 NxFg = —§yf+aﬂt1+m NS+ f +yo, Ty

X Wadss A\ wgy Adx Adzy Adzg A dy (3.4.11)

where [ labels coordinates which run over the base space X, I = {1, x2,y} and

_ Y

Using the equation (3.2.3|) for f, we can eliminate the final term in (3.4.11)) since its denom-
inator diverges. This is because f diverges at the location of the sources y;, Z;. Thus, the

expression for the integrand is given by
1
F5el' A *F5el' = (—ﬁyf + Oruy(y, 2o, y)) Wadss N\ wss A dx Adxy Adzy A dy (3.4.13)

The first term appearing in (3.4.13)) includes the holographic entanglement entropy integral
(3.3.7). The last term is a total derivative that can be integrated by applying Stoke’s theorem.

For the convenience of the reader and completeness we present the evaluation of the integrals

for the bulk term in the appendix [B.5.1} The result found in (B.5.18) is as follows{|

s 1 1 3
SIIB,bulk = 2—/€2 Vol (Ang) Vol (5’3) Vol (Sl> g + 6_2 + g — Muago — F (3414)

°F is identical to the expression 128A®, ,Ady _; with k = —2,0,2 appearing in [1]. AP,y are the
asymptotic coefficients in a spherical harmonic expansion. Details on this expansion and the relation of
A®, ). to our moments can be found in appendix
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where ¢ is the FG cut-off appearing in (3.2.20). The final term in the finite piece takes the

following form in terms of the moments:

3
F = i [1 + 4m220 + 4m202 — 2m400 + 10 (TR%QO + m%oz)

+24m3;; — 4 (Mmoo + Mag2) Mago + Mgy — 4Ma20Man: ) (3.4.15)

The computation of the Gibbons-Hawking term is performed in the appendix [B.5.2] The
outcome (B.5.24]) is given by

T 3 N (4 1
We note that the Gibbons-Hawking term does not depend on the moments and is hence
independent of the details of the bubbling solution. It is notable that in the analogous
calculation of the expectation value for the Wilson surface operator in six-dimensional (2, 0)

theories [2] the Gibbons-Hawking term is also independent of the moments.

3.4.2 Result and comments

Now we are ready to put all the pieces together to build the total on-shell action ([3.4.2]).

Our result is

T 5 2 3
S = 5 Vol (AdS;) Vol (5%) Vol (') Gt tg - F (3.4.17)
Subtracting the vacuum contribution (which has myo = 1), reinstating the overall factor

of L® and converting to field theory quantities using (3.3.11)) along with 2 = 87rGS\1,0), we

arrive at our final result for the expectation value:

2

lOg <OE> = (277')2
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We should compare our holographic result for the expectation value with the semi-
classical field theory calculation given in [42]. There, the SYM action was evaluated on
AdS5 x S with the surface defect boundary conditions and imposed and it
was found that log (Os) = 0. A field theory interpretation of the holographic result
in the weak coupling limit is not direct. This is since our result is evaluated using holography
and it is valid at strong coupling and large N. Even though the surface operator preserves

supersymmetry it is not clear that the holographic results can be trusted at weak coupling.

For completeness, however, we make use of the identifications (3.2.10f) and (3.3.11]) to express

the moments appearing in (3.4.18]) in terms of field theory quantities:

M
N2
Map0 = Z NZQ (3.4.19)

=1

and

F 11 & dr? &
YT §—W,ZNZ‘2+2—WZN"(5”2”?)

N4 Z N; (Bi +iv:) Z N; (B; — i) (3.4.20)

The interpretation of F in the field theory is not clear at this point. One would expect
that this term should be a higher order correction to the semi-classical calculation of [42]
and it would be interesting to calculate quantum corrections to surface defect operators

systematically.

3.4.3 (T.)s

Here we present the stress-energy tensor (7),,)s result, evaluated in 1], which we use in the

next section. Conformal symmetry constrains the stress-energy tensor form in the presence
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of the surface defect Oy to (3.1.5)):
(Ty)s dztds” = hy (dshyg, — 3dY°) (3.4.21)

(T,)s, is preserved and traceless, in line with the fact that Weyl anomaly vanishes for
AdS3 x St.

The exact value of hy is calculated in [1] following the holographic renormalization
method performed in [112]. We give the dictionary of the result of [1] in terms of the
moments in appendix [B.4] The final result for hy, then takes the following form

N2 [1 1 1—m
hy = o2 [E 3 <m220 + Mooz + 5 400)} (3.4.22)

3.5 Comparing entanglement entropies

Our main result in this chapter is the subtracted entanglement entropy calculated
in section . The geometric setup is easier to visualize in R* where the spherical entangling
surface is a sphere. The setup on R* is related to AdS; x S* by a diffeomorphism and a Weyl
rescaling. We review the various coordinate systems and the geometry of the entangling
surface and surface defect in appendix [B.3

In fact, spherical entangling surfaces are special, since the corresponding modular Hamil-
tonian is (an integral of) a local operator. In [50], the authors used this fact to write the
entanglement entropy across a spherical entangling surface of radius R on R¥~! as a ther-
mal entropy on the hyperbolic spacetime R x H9~!. The latter is conformally related to the
causal development of the entangling region on the original Minkowski spacetime.

In [62] this mapping of entanglement entropy to thermal entropy was applied to the
calculation of entanglement entropy in the presence of Wilson loops in N =4 SYM theory
and ABJM theories. In particular, it was shown that the additional entanglement entropy

due to the presence of the Wilson loop can be calculated from the expectation value of the
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Wilson loop and the one-point function of the stress tensor. The formula for the additional

entanglement entropy due to the presence of a Wilson loop is given byﬁ

AS = log(IW) — / d'x /G A(To ) (3.5.1)
S1x Hd-1
where A(T,,)w denotes the subtracted (by the one-point function without the Wilson loop
inserted) time component of the stress tensor. The two expectation values in are
calculated on the hyperbolic space S' x H4~!, where the coordinate of the thermal circle S*
is denoted by 7 ~ 7 4+ 3 with periodicity = 27 R.

The formula is valid for arbitary representations of the Wilson surface. If the
representation becomes very large, i.e. the associated Young tableaux have N? boxes, the
backreaction on the dual supergravity solution cannot be neglected. This case was examined
in [65] by two of the present authors. There, the holographic entanglement entropy was
calculated using the bubbling supergravity solutions dual to half-BPS Wilson loops [59].
The expectation values reduce by localization to matrix model integrals [63]. Once matrix
model and supergravity solution data are appropriately identified, following [66,/67], it was
found that the holographic entanglement entropy exactly agrees with .

We are also studying a setup with a spherical entangling surface in a CFT, so it is
interesting to see whether the same formula (3.5.1]) can be applied to our system. (Of course,
the map to a thermal entropy [50] should still hold because the isometry in 7 is unbroken.)
Here, the Wilson loop operator is replaced by a surface defect. To evaluate we have to
calculate the values of (Ox) and the stress tensor on S' x H3. In section we determined
them on AdS3 x S', so the first step is map these quantities to the hyperboloid.

Our setup admits a simple description in R?. The three spaces are conformally related
as follows:

dsid53><51 =277 d5%4 = dsg‘l « H3 (352)

6Note that we use the opposite sign convention for the stress tensor from the one used in [62]. Specifically,

our convention makes use of the definition 7}, = 2 56}% .
V9 69
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where the expressions for the 4D metrics (in the coordinate charts of interest) and the

conformal factor 2 are given in (B.3.1)) and (B.3.3)):

1

dS?gl <H3 = dr’+R? (d/)2 + sinh” p (dﬁ2 + sin” ¥ dwz)) and € = R2sinh?® psin? ¥

(3.5.3)

For convenience of the reader, further details on the coordinate maps and the description of
our setup in these charts is given in appendix [B.3]

It was shown in [84] that even-dimensional surface observables suffer from a conformal
anomaly. In particular, the infinitesimal change in the expectation value of Oy is proportional
to a linear combination of integrals of the intrinsic and extrinsic curvatures of the surface,
whose precise expression is given in equation (2.9) of [1]. The coefficients in this combination
depend on the surface operator and the theory and are generically non-zero. However, the
curvature integrals all vanish in our setup of a planar surface at 0AdS; C AdSs x S, so
we conclude that (Oy) is invariant under this conformal transformation. (Of course, the 4D
trace anomaly also vanishes on this space, as noted in section m)

The one-point function of the stress tensor transforms in the usual way under a

conformal transformation in four dimensions; for example

(T =0 [(?) @s+ (2) ws+ (Z) s

~ R* sinh®* p sin* 0

(3.5.4)

where we used the coordinate map from AdSs; x S! to the hyperboloid in (B.3.4). The full

result is traceless as expected since the trace anomaly vanishes on S! x H3:

hs,
R* sinh? p sin

(T,w)s di" di¥ = [dr® + R? (dp® + sinh? p (d9® — 3sin® ¥ dy*))]  (3.5.5)

Y

Note that in even dimensions there is also an inhomogeneous term that generalizes the

Schwarzian derivative for the two-dimensional stress tensor. As pointed out in [504|113] this
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term does not depend on the state of the theory. Hence it will drop out of the vacuum
subtracted stress tensor component A( TT>2 in (3.5.1)).

For reasons that will become clear later we write the volume factors in the expression of
the expectation value, , in integral form and change variables. The new variables are
the coordinates on the hyperboloid, {7, p, ¥, 1}, which have one-to-one map with AdSs x S*

coordinates, {t,l, z,7%}. The volume is written as

Vol (ddsy x ) = [ dtayg= [ d502G

AdS3x St SlxH3
5\/'01 Sl / /
3.5.6
sin® 9 smh2 ( )

where the integration over ¢ and the thermal cycle have been performed. We omit the limits

of the integrals over ¥ and p to treat them later. Substituting this relation into (3.4.18)) we

write the expectation value as

dv d
log (Oz) = N? (mapo — 1 + ]:)/ —3 , pQ (3.5.7)
sin®v J sinh®p
The third ingredient in (3.5.1]) is (dropping tildes)
9 dp
d*z /g A(Trr)s = (27)* Ah / 3.5.8
/ r /g A(T7r)s = (2m) | a9 ) sty ( )

SixH3
where Ahy is the vacuum subtracted value of (3.4.22)).
We notice that both ingredients (3.5.7} [3.5.8)) contain the same integrals. The integrals
diverge since the domain of integration is ¥ € [0, 7] and p € [0,00). To compute them we
introduce two independent cut-offs as follows:

/nwn/R [T dp {R_22+10g (%) _éjuo(nz)} (1 —1+0(a)> (3.5.9)

/R sin®d J, sinh?p i
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Figure 3.2: Mapping the z = n cut-off to polar coordinates. The red semicircle is the
entangling surface while the location of Oy is at z = 0. A uniform cut-off z = 7 close to
the location of Oy is introduced. It is denoted with a dashed horizontal line. This limits
integration over ¢ between n/R and m — n/R.
The cut-off n is identified with the homonymous cut-off introduced in the holographic en-
tanglement entropy calculation. The divergence comes from degrees of freedom close to the
entangling surface x = R. Therefore, for small z = 7 the first map in (B.3.4)) sets the cut-off
values of ¥ to n/R and m — n/R (see figure [3.2). Since we are interested in the universal
term of (3.5.9) where a is absent, no identification for this cut-off is needed.

We are now ready to combine all the ingredients in (3.5.1)) (with the Wilson loop replaced
by the surface defect). The right hand side is

2N? 3 2R
log (Os) — / A"z /g A(Trr)s = = (1 — Miagp — Mooz — Moo — 5-7:) log (7)
StxH3

2R
= AS,— N*Flog (—) (3.5.10)
n
We immediately notice that there is a discrepancy compared to (3.5.1). The mismatch
amounts to the second term in (3.5.10f), which is proportional to F. The minimal relation
(3.5.1)), derived in [62] for Wilson loops, does not work here.
The two new elements in our setup compared to |62] were the conformal anomaly for

even-dimensional surface observables and the intersection between the entangling surface
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and the defect. So one possibility is that either element should contribute an extra term
to the thermal entropy in addition to those we considered. The same two elements are
present in our previous calculations (in chapter [2)) for a Wilson surface in the six-dimensional
(2,0) theory. Whilst we do not have a general closed-form expression for the expectation
value of the Wilson surface, a case-by-case check yields a similar mismatch. It would be very
interesting to pin this down in future work with a direct field theory replica trick calculation.

In order to compute the required thermal entropy, one must compute the free energy
in the presence of the defect, which involves taking a derivative with respect to the inverse
temperature S. This can be written as a derivative of the field theory Lagrangian with
respect to the metric, as utilized in [62]. It could be that we have missed a contribution
to the stress tensor localized at the defect. Whilst the origin of such a term is unclear, it
would contribute to the entanglement entropy, so its existence (or lack thereof) should be

clear from a replica trick calculation.

3.6 Summary

Let us summarize the results found in this chapter. We studied two-dimensional planar
surface defects in N/ = 4 SYM theory via their dual supergravity bubbling description. First
we computed the entanglement entropy across a ball-shaped region bisected by a surface

defect. The additional entropy due to the presence of the defect is given by

2N? 2R
ASA = T(l — Myoo — Mo20 — mgog) log (T) (361)

In addition we calculated two other holographic observables: the one-point function of the

stress tensor

v N2 1 1 1-— mM400
(Tyw)s da'dx” = o2 [1_6 ~3 (m220 + Mooz + —5 (dsidsg — 3d¢2) (3.6.2)
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and the expectation value of the surface defect

2

(27)?

log (Os) = (mago — 1+ F) Vol (AdS3) Vol (S*) (3.6.3)

where F is given in (3.4.20) in terms of CFT parameters. The m;;, are quantities that
depend on the parameters the locations of the charges (in the base space X) of a general
bubbling solution. The cut-off n is the distance from the surface defect, similarly to the case

of the Wilson surface.
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Chapter 4

Entanglement Entropy and Free
Energy in 5d SCFT's

The holographic entanglement entropy can be generalized for the case of CFTs with addi-
tional structure, other than the case of conformal defects. A particularly interesting case
is five-dimensional SCEFTs. Their existence is predicted in the classification of |[114], which
states that there is a unique superconformal algebra with 16 supercharges in five dimensions,
given by the superalgebra F'(4) [115]. There is no known standard Lagrangian description for
the bd SCFTs obtained as UV fixed points of the gauge theories. However, the theories can
be engineered using brane constructions in type IIA and IIB string theory [116-118|. There-
fore the AdS/CFT correspondence is the perfect tool for extracting valuable quantitative
information about them.

In this chapter, we study large classes of holographic duals for 5d SCFTs which have
been constructed in type IIB supergravity recently [119-121]. Their geometry takes the
form of AdSgxS? warped over a two-dimensional Riemann surface X[T| The solutions are sin-
gular at isolated points and avoid a recent no-go theorem [127]. The appearing singularities

have a clear interpretation as remnants of the external 5-branes appearing in the brane-web

! For earlier work on AdSs type IIB solutions see [122-126].
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constructions.

The rest of the chapter is structured as follows: in sec. we briefly review the structure
of the type IIB supergravity solutions [119-H121] and introduce the quantities that will be
relevant for our computations. In sec. we derive a general expression for the on-shell
action of the solutions and discuss as special cases the 3- and 4-pole solutions that were
spelled out in detail in [121]. This provides a holographic calculation of the free energy on
S’ for the dual SCFTs. In sec. we similarly discuss the computation of codimension-2
minimal surfaces anchored on the boundary of AdSg at a constant time, which compute the
entanglement entropy for the dual SCFTs. After deriving a general expression we discuss
the same special cases as previously for the free energy, and show that the finite part for a

spherical entangling region agrees with the free energy on S°.

4.1 Review of type IIB supergravity solutions

The type IIB supergravity solutions we consider have been derived and discussed in detail
in [119-121], and we will only give a brief review introducing the quantities that will be
relevant for the computation of free energy and entanglement entropy.

The relevant bosonic fields of type IIB supergravity are the metric, the complex axion-
dilaton scalar B and the complex 2-form C(g) [128,[129]. The real 4-form C(y and the
fermionic fields vanish. The geometry of the solutions is AdSgxS? warped over a Riemann
surface 3, which for the solutions considered here will be the upper half plane. With a
complex coordinate w on X, the metric and the 2-form field are parametrized by scalar

functions f2, f2, p*> and C on %,

ds® = f§ dsiqs, + f3 dsd. + 4p*dwd Clz) = Cvolg: . (4.1.1)

The solutions are expressed in terms of two holomorphic functions A4 on ¥, which are given
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L
Ac(w) = AL+ Z{In(w —py) - (4.1.2)

=1
The p, are restricted to be on the real line and are poles with residues Z% in 9,A4+. The

residues are related by complex conjugation Z% = —Z. The explicit form of the solutions

is conveniently expressed in terms of the composite quantities

K2 = —|0u AL+ [0A- OB = A DA — A 9,A, (4.1.3)
G=|A - |A|P+B+B R+l—2+6'i2—g (4.1.4)
- + — ) R— ’awg|2 .

Regularity of the solutions requires that x? and G are both positive in the interior of ¥ and

vanish on the boundary. These regularity conditions are satisfied if the residues are given by

L—2 L
Z = [[we—s)]] i . (4.1.5)
el ) Pe — Pk

and the s, are restricted to be in the upper half plane. Moreover, the p, and s,, have to be

chosen such that they satisfy

AZE+ AZ8 + ) 2% py — i =0, (4.1.6)
0k

where ZI% = Z8 7% — 78 7% and 24° = A} — A°. The explicit form of the functions

parametrizing the metric is then given by

- 1+R\"? 1 1-R\*? , & [(1+R\YV
f6_\/@(m) ) f2—§\/@ H——R ) p_\/T_Q m ) (4-1-7)

where we used the expressions of [121] with ¢2 = 1, which was shown there to be required
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for regularity. The function C parametrizing the 2-form field is given by

4i (0pA_ 0,G 00G O A_ + 05G 0 A, -
=—|————-2 —A_ -2 4.1.
¢ 9 ( K2 R (R4 1) K2 A A+) (4.18)
and the axion-dilaton scalar B is given by
O Ay 059 — RO A_0,G (4.1.9)

N R@war@wg - au)~’478u7g .

4.2 On-shell action and free energy on S°

We will now evaluate the on-shell action for the solutions reviewed in the previous section
explicitly. Formulating an action for type IIB supergravity is subtle due to the self-duality
constraint on the 4-form potential, but since C4) = 0 in our solutions this is not an issue.
Moreover, the on-shell action can be expressed as a boundary term [66]. We relegate the

details of translating the result of [66] to our convention to appendix , and start from the

result (C.1.7)

1 1 _ _
SIFTB - m //\/( d [§f2(1 + |B|2> Cg N *dCQ — fQBCQ A *dCQ —+ c.c.
— 1 2 1 AV >
~ 647Gx /am f {2<1 +[BJ)Cy — BCy| AxdCy + c.c. (4.2.1)

where f72 =1 — |B|?>. We now use that Cy = Cvolgz, where volg: is the volume form on the

S? of unit radius. This yields

*xdCy = f2 f5?volags, A *5dC (4.2.2)
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where volpgg, is the volume form on AdSg of unit curvature radius and *y, is the Hodge dual

on Y with metric gs = 4p%|dw|?>. We then find

1

E _
Stts = 647GN /s

1 o
s [5(1 + | B|*)C — BC| volg: A volags, A xdC +c.c.  (4.2.3)
M

The AdSg volume can be regularized and renormalized in the usual way for an AdSg with
unit radius of curvature and we will just use Volags, ren to denote the renormalized volume.
As we discuss in appendix [C.2] there are no finite contributions to the on-shell action from
the boundary introduced when regularizing the AdSg volume. The explicit expression for
the renormalized volume of global AdSg with a renormalization scheme preserving the S°

isometries of the sphere slices is also derived in appendix and given by

8
VOIAdS6,ren = —EVOlss . (424)

Note that we denote by e.g. Volgs the actual volume, i.e. Volgs = fs5 volgs. The only
(remaining) boundary then is the boundary of 3. We note that 0% is not an actual boundary
of the ten-dimensional geometry, so in particular there are no extra boundary terms to be
added, but for the evaluation of the on-shell action as a total derivative we have to take it

into account. We thus find

1

E - _
St = 647Gy

1 L
Volpdseren Volse [ f2f f52 [5(1 +|BJ*)C — BC} x5 dC + c.c. (4.2.5)
0%

The task at hand is to evaluate the various ingredients in this expression more explicitly. To

evaluate the metric factors more explicitly we use the expressions in (4.1.7)), which yields

1+R

3
fofs? =54G (m) . (4.2.6)
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The pullback of xxdC to % does not involve p?, and to evaluate it explicitly we note that
0Y = R. It will be convenient for the explicit expansions to introduce real coordinates,

w = x + 1y, which yields
*5dC = —(0,C)dx . (4.2.7)

Using eq. (4.2.6) and (4.2.7)), the regularized on-shell action (4.2.5) becomes

1+R

1— R>3 (9,€) (1(1 +|B*)C - BC) +ec.,

1
SH 54Vol A ren VOlg2 / dx f2g< 5
R

B =~ 647Gx

(4.2.8)

where the integrand is evaluated at y = 0. Close to the boundary we have x%,G — 0 and

2
R:1—,/%+.... (4.2.9)

As discussed in sec. 5.5 of [119], G/(1 — R) remains finite at the boundary and the same

applies for f2. We can thus simplify the on-shell action to

1

Stis = grg VolaasqrenVolse fo (4.2.108)
g 0,C _ 212 -1 _

In=>54 [ d Y Bf*C — .C. 4.2.10b

0 5/RII—RX(1—R)2X(JCC 5 C|+cec., ( 0b)

where each factor in the integrand is finite separately on the real line.

4.2.1 Explicit expansions

To further evaluate the on-shell action in (4.2.10f), we explicitly expand the composite quan-
tities k2, G as well as the actual supergravity fields around the real line, and it turns out

that the subleading orders in the expansion play a crucial role. For the explicit expansions
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it is convenient to introduce

L L
fe=AL+> Ziln|z—p Dy=inYy ZLO(p— 1), (4.2.11)

/=1 /=1

such that the holomorphic functions A4 and their differentials can be written as

00 1 N 00 1 N
Ac=Di+> (i) fAR OpAr =Y — (i) Fim (4.2.12)
n=0 n=0

where fi") = (0,)" f+. The composite quantity x? can be evaluated straightforwardly. For G
we use 0,G = i(0,G — 03G) along with the fact that G = 0 on the boundary. This allows us
to simply integrate the explicit expression for 9,G, which can be obtained straightforwardly

from (4.1.3)), to obtain an explicit expression for the expansion of G in y. We then find

K = yrg + éy?’/f% +0(y°) (4.2.13)
1
G =yGo + 69393 +0°) , (4.2.14)
where
Ky = 2i(fL 1L = f1 L) Ry = —(kg)" + 8 (fI 1= " fY) (4.2.15)
Go=4i (f+f" = f-1}) . Gs = —(Gy)" — 4K? . (4.2.16)

The expansion coefficients are real by construction and, by the regularity conditions, % > 0
and Gy > 0. Since G is constant along each piece of the boundary without poles, we also
have |0,G* = 1|9,G|* = 1G¢ (noting that 9,, = (9, —id,)). Using these expansions to find
C yields

4 4 3 f J,rg3

C=—=iD, 1=
3Z ++9y go

2
6K

96

+ '+ —5 (3f.G0 — f+(G0)) | - (4.2.17)
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This shows that the factors in (4.2.10]) are indeed all finite as y — 0. The last ingredient we

need is the limit of B at the real axis, for which we find

B— 2f+/‘€0 — Z'f_/’_\/ 690

= , 4.2.18
if' \6Go — 2f_ko ( )
and we note that this is not a pure phase. Finally, for f? this yields
1 Afif-rE+6fLf
2= frf k6 +6£1 fLGo ' (4.2.19)

2 V655G

With the explicit expansions in hand, we now return to evaluating the integral I; in

(4.2.10f). For the factors in the integrand we find

G U 1 G+ Gort 4 62 (31— £o(1nGy))] . (4220
TR T-Rp | 2a e U T QSO B = Gl (82

22—1- 4
C=—-
2 3

i

635 k3

B - [6G0f" (Dy.f- = D f}) + 4o f- (D f- = D-f1)] .

(4.2.21)

where we used Bf? = (6Go(f’)* + 4x2f?)//6Gir2 for the last expression. The full integral
then becomes
1

1
Iy = _§/ dr—; [f;gg +GofY + 6k (3ij - f+(1ng0)/)] X
R Ko

(6Gof" (Dif. — D_f}) +4rgf— (Dsf- — D_f1)] +c.c.

(4.2.22)
Adding the complex conjugate explicitly yields
16 Go(k3) — 3(Go) K2
Iy = / dz Go {§(D+f_ —D_fy) - olto) o Go) S(Dyfl=D_f)] . (4.2.23)
R 0

Via (4.2.10)), this translates to an explicit expression for the on-shell action.
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4.2.2 Integrability of the poles

We will now show that the integrand in (4.2.23)) is well-behaved at the poles, z = py, such

that the integral can be evaluated straightforwardly. To this end, we first evaluate Gy and

k2 more explicitly. For Gy we find, by straightforward evaluation,

0 Zk: 0 Zk 1
AL AL ZZ‘HM . (4.2.24)

T — Pk 02k T — Pk

go—4lz

The integration constants A% are constrained by the regularity conditions (4.1.6]), which,
with A% = —A°%, read

ALZE — A ZE 4+ 2 |y — pi| =0 (4.2.25)
£k

We therefore find that for generic solutions satisfying the regularity conditions

JAG _
Go = 412 > i (4.2.26)
=1 12k _pk — Dk
The evaluation of k2 is straightforward and yields
AL
K2 =2i Z Z e TP (4.2.27)

k= 1z¢k

Moreover, due to the antisymmetry of ZI* the derivatives of Gy and x2 take a simple form

and are given by

A% k]

T — Pe
Pe—pk

G =135

7l
kl#k w—pe I—pk)

:—4@53;

_pk

(4.2.28)

With these expressions in hand, we can now analyze the behavior of the integrand in
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(4.2.23)). We set x = p,, + €, where € is real and |e| small compared to 1 and to all |px — py|,

and find
Go = 4inm, In || + O(1) | o= 22 +0("), =) o (4.2.29)
€ ki Pm — Pk
(Go) = O(7h) (rg) = 42'2—? +0() . (4.2.30)

Note that the behavior of Gy and (Gy)" would be different if the parameters were not con-
strained by the regularity conditions in (4.1.6)). The near-pole expansions consequently would
be qualitatively different. For regular solutions, however, it is now straightforward to verify,

with the explicit expansions of the composite quantities around the pole, that the integrand

in (4.2.23) is O((In|e|)?) and thus integrable across the pole.

4.2.3 The on-shell action

The integral [y in (4.2.23) can be further simplified as follows. We isolate the second term

in the square brackets and rewrite the sum in the numerator as a total derivative,

3\ '/ I l
Iy=1 + B g Go(Dyf-—D_f,), I,= / da (g_g) Dif- = D-Fy (4.2.31)
3 R R K[) gO

Using integration by parts we can further evaluate I;. This yields

=00 3 1 / /
—/ xg—g<D+f_ Df*) . (4.2.32)
r=—00 R

Ry gO

_%p.p _p g
II_ 2<D+f— D*f+)
Ko

The first term vanishes, since Dy = 0 if either x > p, or & < p, for all £, thanks to Y, Z{ = 0.

The D given in (4.2.11]) depend on x only through ©-functions, and we have to take into
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account their non-trivial distributional derivatives. The second term then evaluates to

g2 / / / ! g g
?%(D+f—_D—f+) === s

0

L = —/]Rdx [QD (Dyff = D_f) + - (DyfL=D_f})

(4.2.33)

Since D, = —in Y1, Z%.8(ps—x) and, by the analysis of the previous subsection, G3 f, /r2 =
O(e(In |€])?) close to the poles, the second term vanishes. The first and last term can be
combined thanks to the following identity, which follows from the expressions for k3 and Gy

in terms of fi,
2ferg = Goft — Gofs - (4.2.34)
The result is

I = —Q/Rdx Go(D.f —D_f.). (4.2.35)

This reproduces exactly the structure of the remaining term in Iy in (4.2.31]) and we simply
find

Iy = 130 dr Go(Dyf- — D_f,) . (4.2.36)

Evaluating D, f — D_ f, more explicitly, using the regularity condition (4.2.25)), yields

L= Pk

4.2.37
Pe — Pk ( )

D.f —D_ f+—z7rZZ@ pe—x)Z Z10 1 | £

k=1 £k
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Together with (4.2.26]) this shows that [, explicitly depends on the residues only through
the combinations ZI*¥1. With (4.2.10)), we finally find the on-shell action as

L

5 De _ — D 1
SIFTB = __\/OlAdS(g,ren\/vOlS2 Z Z[@k}z[mn} / dzx In L Pk In I P .
3Gy ey oo Pe—=DPk|  |Pm—Dn| T —pn
(£k m#£n
(4.2.38)

We note that the lower bound in the integral can be moved from —oo to ming(p,) due to
D Zﬁ = 0. The integral can be solved explicitly and involves polylogarithms. While the
result for generic configurations does not seem particularly illuminating, this allows us to
get analytic results for particular solutions, as we will discuss in sec. [£.2.5] Note also that

the ZI* are imaginary, so the expression (4.2.38)) is manifestly real.

4.2.4 Scaling of the free energy

As shown in [121], the residues Z4 of the differentials 9,4+ at the poles p, correspond to the
charges of external 5-branes in brane-web constructions for 5d SCFTs. The details of the
SCFT depend on the precise charge assignments, and the same applies for the free energy
and, correspondingly, the gravitational on-shell action. Before coming to those details, we
can address a more general question: how does the free energy scale under overall rescalings
of the 5-brane charges?

To address this question we can assume to start with a generic solution to the regularity

conditions in (4.1.6). Namely,
AZE 4 78+ 2 p — pi] =0 (4.2.39)
#k

We note that the equation is invariant under the following scaling

Zﬁ- - ’)/Z—l;- ) Zf - /S/Zf ) AO — 7‘/40 ) Pe — Pe s (4240)
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where we have allowed for v € C. For the residues this simply amounts to a change of
the overall complex normalization parametrized by o in . So starting with a solution
(Z%, A% py) to the regularity conditions, a rescaling of this form produces another solution,
and this precisely allows us to isolate the overall scale of the charges Zﬁ. From (4.2.38) we

immediately see that the on-shell action scales as

SEs — |v[*Shp - (4.2.41)

For a real overall scaling by N, we thus obtain a free energy scaling as N*. This is
different from the N? scaling one would expect for the 't Hooft limit of a four dimensional
Yang-Mills theory, and as exhibited by A'=4 SYM and its AdS;xS® dual. But this is
certainly not surprising, given the more exotic nature of the field theories described by 5-
brane web constructions. It is also different from the N®/? scaling exhibited by the UV
fixed points of 5d USp(IV) gauge theories and their gravity duals [130]. As a curious aside,
however, we note that the free energy for the orbifold quivers obtained from the USp(N)
theories, which scales as N°/2k3/2, shows the same scaling if one naively sets k = N. As
discussed in [121], there actually are classes of brane intersections described by the solutions
discussed here which would naturally correspond to long quiver gauge theories with gauge

groups of large rank, and we will discuss these examples in more detail in the next section.

4.2.5 Solutions with 3, 4 and 5 poles

We now evaluate the general expression for the free energy in (4.2.38]) for classes of solutions
with 3 up to 5 poles. It will be convenient to separate off the general overall factors as in

(4.2.10a)), and focus on the solution-specific part I.
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3-pole solutions

We start with the 3-pole case. As discussed in sec. 4.1 of |121], the SL(2, R) automorphisms
of the upper half plane can be used to fix the position of all poles, which we once again

choose as
p=1, p2=0, ps=—1. (4.2.42)

The regularity conditions are solved by A° = wyAgsIn 2. The free parameters of the solutions
are given by the residues, corresponding to the charges of the external 5-branes, subject to

charge conservation. The integral [y in (4.2.36]) for a generic choice of residues evaluates to
Iy = —807¢(3)(Z11%)2 (4.2.43)

The on-shell action therefore is a simple function that is quartic in the residues, and mani-
festly invariant under the SU(1, 1) duality symmetry of type IIB supergravity since the Z !
are Note also that ZI* is imaginary, and I, positive. For the particular case of the “N-

junction” [131], discussed in sec. 4.3 of [121] and realized by the charge assignment Z} = N,

Z% =iN, we have Z1? = 2iN? and thus find the free energy quartic in N.

4-pole solutions

For solutions with four poles we can once again fix the position of three poles by SL(2, R), but
the position of one pole remains a genuine parameter. It is fixed by the regularity conditions
in (4.1.6) and thus becomes an in general non-trivial function of the residues. We therefore

expect in general more interesting dependence on the charges compared to the 3-pole case.

2The transformations spelled out in sec. 5.1 of [119] can be realized by transforming the residues as
Zf_ — qu_ —vZ% and Z¢* — azt — fDZﬁ.

103



However, for the special class of 4-pole solutions discussed in sec. 4.2 of [121], where

Z% =-7Z, Zi=-7%, (4.2.44)

the position of the fourth pole is independent of the residues. In that case the regularity

conditions are solved by

Wl o

pi=0, (4.2.45)

N =

pi=1, P2 =z, p3 =

along with A = Z% In3 — Z} In2. The position of all poles is therefore fixed regardless of
the choice of charges, and we may again expect the on-shell action to be a simple quartic

function of the residues. Indeed, the result for the integral is

Iy = —280m¢(3)(Z12h? | (4.2.46)

and of the same general form as the 3-pole result. We also note the factor {(3) appearing
again. For the solutions discussed in sec. 4.2 of [121], with —Z} = Z2 = (1 +4)N and
Z2 = —Z% = (1 —i)M, we have ZW2 = 4iMN. In particular, for M = N the free energy
again scales like N4, a feature which we will come back to in the discussion.

We will now discuss a different configuration with 4 poles, for which the position of the
fourth pole actually depends on the choice of charges. To this end, it is convenient to move
the position of one pole off to infinity, which we will discuss here for a generic L-pole solution.

To move the L-th pole p; to infinity, we perform the following replacements and limit

PL — —00 | AL — AL =A% — ZEIn|py] . (4.2.47)

Note that the conjugation relation between the original integration constants, A% = —AY,

holds in the same form for jth In terms of the redefined integration constants, the expres-
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sions for the holomorphic functions then become

L—1
Ac=AL+>  Zin(w—p) . (4.2.48)

(=1

Note that this expression explicitly involves only L — 1 poles and L — 1 residues. These
residues, however, are not constrained to sum to zero and the number of independent pa-

rameters is therefore unchanged. The conditions for G = 0 on the boundary become

L—-1
AVZE - A28+ 2% py— il =0, k=1,.,L—1. (4.2.49)

(=1
I£k

These are only L — 1 conditions, as compared to L conditions previously. However, the sum
does not manifestly vanish and the number of independent conditions therefore is also not

modified. The class of 4-pole solutions with (4.2.44]) can now be realized as

I
—_

b1 ) P2 = 0 ) p3 = —1 ) Ai =0 ) (4250)

and computing the on-shell action reproduces (4.2.46)).
The class of 4-pole solutions we wish to discuss next is parametrized by an overall scale

n of the residues and an angle 6, and obtained by fixing

Zi=n, Z% =in 7% =ne” | Zt=—(1+i+e")mn. (4.2.51)

The position of three of the poles can once again be fixed arbitrarily, and we choose

p=1, p2=0, Py — —00 . (4.2.52)

This leaves the position of the third pole, p3, along with the (complex) constant A° to

be determined from the conditions in (4.1.6). The resulting equation determining ps after
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solving for A° is

Note that n drops out of this equation and ps therefore depends on € only. We take the
position of the pole as parameter and solve for €, which can be done in closed form and
yields four branches of solutions. The criterion for the choice of branch is that # should be
real and the zeros s, in the upper half plane. The explicit expressions are bulky and not

very illuminating, and we show a plot of # as function of p3 in fig. instead.

lo/n*

000 [~

N
IS
NS
[
=

(a) (b)

Since ps is independent of n, the on-shell action depends on n only through an overall
factor n?, as expected from the scaling analysis in sec. m The dependence on 0, however,
is non-trivial and we show the result in fig. . We note the presence of three minima,
which all correspond to the 4-pole solution degenerating to a 3-pole solution: for § — 0 we
have Z3 — Z} and p3 — py, for @ — 7/2 we have Z? — Z7 and ps — ps, and for 6§ — 57/4
we have Z i — (1+ \/5) Zj‘; and p3 — ps. That means in all these cases two poles coalesce and
their residues add. The free energy coincides with that of the resulting 3-pole configuration.
The 3-pole configurations resulting from § — 0 and 8 — 7/2 have two charges with the same
moduli and the same relative phase up to a sign. Since the formula in (4.2.43)) is insensitive
to these differences, this explains the coincident free energies. It is intriguing to observe that

the value of the free energy assumes a local minimum for all the cases where the solution
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reduces to a 3-pole configuration. The sphere free energy in odd dimension can be used as
a measure for the number of degrees of freedom, and one may speculate that splitting one
pole into two, or equivalently one external 5-brane into two, will generically increase that
number. While certainly true for this specific example, it is an interesting open question

whether this behavior holds more generally.

5-pole solutions

As a final example we will consider a class of solutions with five poles. In general we now
have two positions of the poles depending on the choice of residues, but we will focus on a

class of solutions which are parametrized by only two real numbers, with residues given by

7' =78 =M, 72 = 2N —7% =iZ% = (1+4)N . (4.2.54)

The corresponding 5-brane intersection is shown in fig. [4.1(c)|

M lo/N*
N \ 108 L
/ EQN 108 F
N 1000 7

L L L L L
M 0.001 0.01 0.1 1 10 100

(c) (d)

Figure 4.1: The left hand side shows a 5-brane intersection corresponding to the charges
in . On the right hand side is a log-log plot of Iy for the 5-pole solution with
residues given in . Via this corresponds to the on-shell action, as function
of M/N. The constant dot-dashed line shows 807((3) - 16N*, which, via (4.2.43), is the
value of I for the 3-pole solution resulting from for M = 0. The dashed line shows
2807¢(3) - 16M>N?, which, via , is Iy for a 4-pole solution with —Z} = Z3 = 2iN
and Z2 = -Z% = M.

As before three poles can be fixed by SL(2,R) and we resort to the choice in (4.2.42)).
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The regularity conditions in (4.1.6)) are solved by

Ps = —Da, A’ =iNlog|p? —1], (4.2.55)

where p, is determined by the equation
(M — N)log(ps — 1)*> — (M + N)log(ps + 1)* + Nlog 16 = 0 . (4.2.56)

The choice of residues can be realized via (4.1.5)), by fixing 0 = —2iNp?/(s18253) and the

Z€ros Si, So, S3 as the three solutions to the cubic equation
isM(s? — p2) 4+ paN(s? — 1) (ps — is) = 0 . (4.2.57)

To solve (|4.2.56)) it is once again convenient to fix p, and determine the resulting ratio M /N.
We choose py < —+/5, which produces zeros in the upper half plane and positive M/N.
The on-shell action divided by N?, as function of the ratio M/N, is shown in fig. .
We clearly see that the dependence on M/N is not simply quadratic, which we would have
expected if the position of the poles had not depended on M/N. Instead, Iy/N* interpolates

between approaching a constant for small M /N and quadratic dependence for large M/N.

N
v

Figure 4.2: Global deformation (in the classification of [116}[117]) of the brane intersection
shown in fig. 4.1(c)} corresponding to a relevant deformation of the dual SCFT.

M

O 2N

M

The asymptotic behavior for M/N — 0 and M /N — oo can be understood in more detail
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as follows. For M — 0, we expect the solution to reduce to a 3-pole configuration, since two
of the residues in (4.2.54]) vanish. Indeed, in that limit two of the zeros s,, approach the real
line and annihilate the poles p;, p3s. With one zero remaining in the interior of the upper
half plane and three poles on the real line, we indeed find a regular 3-pole configuration.
Correspondingly, the on-shell action as shown in fig. for M/N = 0 agrees with
evaluated with the remaining residues. For large M /N, the behavior is not quite as imme-
diately clear from the form of the residues. But we can gain some intuition from looking
at deformations of the web. The solutions we are considering here describe the conformal
phase of the dual SCFTs, where in the brane construction all external branes intersect at one
point. Deformations of the web where the external branes are moved correspond to relevant
deformations of the dual SCFT [116]/117], and a particular example is shown in fig. . We
may view it as gluing an intersection of M NS5-branes and 2N D5-branes with an SL(2,R)
rotated version of the “N-junction”. For large M, it suggests that the structure of the web is
dominated by the intersection of M NS5-branes and 2N Db5-branes. The number of degrees
of freedom provided by the “extra vertex” compared to the 4-brane intersection of NS5 and
D5-branes does not appear to scale with M, and we therefore expect the free energy of the
5-pole solution at large M/N to approach the free energy of a 4-pole solution with charges
corresponding to M NS5 and 2N D5-branes. As shown in fig. , this is indeed the case.

4.3 Entanglement entropy

In this section we use the Ryu-Takayanagi prescription [14] to compute holographic entangle-
ment entropies for the 5d SCFTs dual to the supergravity solutions. The main parts of the
derivation will hold for a generic choice of the region for which we compute the entanglement
entropy, as we will explain shortly, but our main interest is in regions of spherical shape.
The entanglement entropy is given by the area of a codimension-2 surface, anchored at
a fixed time on the boundary of AdSg such that it coincides with the entangling surface.

For a generic choice of entangling surface, we thus have to compute the area of an eight-
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dimensional surface 7g wrapping S? and X, and which is of codimension-2 in AdSg. The

resulting expression for the entanglement entropy reads

Area(vg) 1
SEE 4GN 4GN /yg Vo 8 ( 3 )
The volume form reduces to
vol,, = f4 f5 vol,, Avolgz Avoly | (4.3.2)

where 74 is the codimension-2 minimal surface in a unit radius AdSg which is anchored at
the conformal boundary and ends there on the entangling surface. The computation of Sgg

as a result simplifies to
1
Sgr = —— Vols2 -Z - Area(,) , (4.3.3)
4Gy

where Area(7,) is the area of the four-dimensional minimal surface in AdSg and with gy, =

4p*|dw|* we have

I:g/fwﬁﬁﬁ. (4.3.4)
)

The factor 4 is a result of the ansatz (4.1.1)) and we have d?*w = dzdy. With the expressions

for the metric functions in (4.1.7), we can further evaluate the integrand to find

I:§/fwﬁg. (4.3.5)
3 Js

We note in particular that, due to the factorization in (4.3.3]), once Z is known the compu-

tation of entanglement entropies reduces to the analogous computation in AdSg.
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4.3.1 Integrability near the poles

We now show that even though the supergravity solution is singular at the poles z = p, on
the boundary of 3, the entanglement entropy is finite and does not receive contributions
from the poles. To this end we use equation (4.3.5)) together with the explicit expressions

for k and G close to a pole derived in [121]. Namely, for w = p,, + re? we have

G =2xk2r|Inr|sinf + O(r*Inr) | 0uG = ir2, Inr + O(rinr) | (4.3.6a)
and
9 , sinf 0
K® =K., +00"), (4.3.6b)
where
yAGL
K2 = 2i : (4.3.7)
t£m Pm — Pe

This implies that the integrand of Z close to the pole behaves as O(r|lnr|), which is inte-
grable. Moreover, we see that, like in the direct computation of the free energy in sec. [4.2]
we can introduce a cut-off around the poles and evaluate the integrals, and removing the

cut-off does not yield localized contributions from the poles.

4.3.2 Explicit evaluation

We now turn to a more explicit evaluation of the integral Z given in (4.3.5)). We can use the

fact that

K? = —0,05G , (4.3.8)
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to integrate by parts. Namely, using k?G = —0,(G03G) + (05G)0,G. From the near-pole
expansions in eq. (4.3.6), we see that GOzG goes to zero not only at generic points of the

boundary, but also at the poles. The boundary contribution therefore vanishes and we find
8 2
T=- [ d°w(05G)0.,G . (4.3.9)
3 Js
The generic form of 9,G can be obtained straightforwardly from and yields
0uG = (A4 — A)0pAy + (AL — A )0, A . (4.3.10)

Evaluating this explicitly using the regularity conditions 6f) yields

1
0,6 = Z ACOR Y pe |’ ‘ (4311)
ik
This relation allows us to write Z explicitly as
P Jw—pnl]® 1 1
Z ZH zlmn] / Pwln | 222 1 Pm — (4.3.12)
Ekmn 1 Dk — Pe Pm —Pn| W—PpW — Pg
E;ék m;én

This expression becomes manifestly real upon symmetrizing the integrand under the ex-
change of the index pairs (¢,k) and (m,n), which are independently summed over. In
addition, using charge conservation, one can show that the combination dwd,G is invariant

under SL(2,R) transformations

aw + b apr + b

w — , — ,
cw~+d Pr cpr +d

(4.3.13)

with ad — bc = 1. The expression for Z in is therefore SL(2,R) invariant, as expected,

and we can again fix the location of three poles at arbitrary positions.
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4.3.3 Spherical regions

For the specific case of a spherical entangling surface of radius rg at a fixed t = ¢y, we just
have to evaluate the area of the corresponding minimal surface in an AdSg of unit radius.
we choose coordinates in AdSg such that

dz? — dt* + dr? + r?dQ%,
: :

dshas, = (4.3.14)

z

The minimal surface can be parametrized by r = r(z) and its area is given by

Area(,) = Volgs /dzr(z)3 /14 r(z) : (4.3.15)

4

Extremizing this functional yields the usual solution

r(z) = /rd —2%. (4.3.16)

The z integral is divergent at z = 0, and the choice of cut-off follows the same logic as
outlined for the free energy in appendix . With a bulk IR /field theory UV cutoff at

z = €, the integral becomes

o pr(z)3 rsore 2
. €

3e3

Although holographic renormalization for submanifolds is well understood [84], the diver-
gences in the entanglement entropy are usually kept, as a reflection of the short-distance
behavior of QFTs. The universal part in odd dimensions, however, is the finite contribution

and for the surfaces considered here given by

2
Areaye, (V1) = 3 Volgs . (4.3.18)
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In summary, the entanglement entropy for a spherical region is given by the expression in
(4.3.3), with the universal part of the area of the minimal surface in (4.3.18) and Z given in
(4.3.12)). We note that this expression manifestly exhibits the same scaling with the residues

Zﬁ, corresponding to the charges of the external 5-branes, as the expression for the on-shell

action in (4.2.38)).

4.3.4 Matching to free energy

In this section we show that for all the examples discussed in sec. [4.2.5| the finite part of the
holographic entanglement entropy for a spherical region is equal to minus the finite part of
the free energy on S°. To accomplish this we will reduce part of the two-dimensional integral
over X appearing in equation to a one-dimensional integral over the real line which
has the same form as the one-dimensional integral appearing in the on-shell action ,
and show that the remaining part vanishes.

Using k? = —0,03G and the definition of G in , the integral Z given in can

be rewritten as

7- —g/de 0,006 (| A2 — |A_> + B+ B) . (4.3.19)
b
We split Z into two terms:
1= Il + IQ N (4320&)
4 _

A / *w 0,0.6 (B+ B) | (4.3.20b)

b

1 _
b

First we evaluate Z; and will argue below that the second integral Z, vanishes. Since B is
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holomorphic, we can write the integrand of Z; as a sum of total derivatives
0uw05G (B+ B) = 05 (0,G(B+ B)) — 0, (GOaB) . (4.3.21)

The boundary term resulting from the second term vanishes since G = 0 on 0%. Switching

to real coordinates we therefore find

7, =2 [ dw0.6 (B +B)

. (4.3.22)

—00

y=0

To evaluate the integrand we use that G = 0 on the real line and hence B + B = —| A, |> +
|A_|%. This yields

L glmn]

9.6 =2 In [——£m (4.3.23)
mn I — DPn Pm — Pn
m;én
= 2mi ZW N | =20 (p, — 1) . 4.3.24
P T
o,
Thus we get
AGYACD _ _
Z / In | L7 Pm 1y | 272 Pk g (pe — ) . (4.3.25)
£.k,m,n=1 T — Pn Pm — Pn Px — Pr
f;ék m;én

Plugging this result into gives the following contribution to the entanglement entropy

Pe _ B .
SEE1 = VOIS2V0133 E 7[tk] 7[mn] / dz In Pm | |2 Pr '
9G Lkmmn=1 —00 Pm — Pn Dk — Pe| T — Pn
Z;ﬁk m;ﬁn
(4.3.26)

We can compare this result with the value of the finite part of the on-shell action derived in
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section [4.2.3t

L

. 8 be T — Pr r—p 1
Sk )it = — Volgs Vol 71tk z7tmn] / dz In In ™ :
(Sitz) OGy 7T M;Lzl o Pe—=Dk| |Pm—Dnl T —pn
(£k,m#£n
(4.3.27)
Inserting the expressions for the volumes of the 2-, 3- and 5-sphere given by
Volg> = 47 | Volgs = 272 | Volgs = 7% | (4.3.28)

confirms the equality of the finite parts of the entanglement entropy and the on-shell action

(SEEl)ﬁnite — _(SII?B>ﬁnite ) (4329)

What remains to be shown is that the integral Z, vanishes and hence Sgg; given in (4.3.26))
is the complete expression for the finite part of the entanglement entropy. The integral 7

given in (4.3.20c)) can be rearranged as follows

2= _g / *w (G + AL = [A*)0,00G (4.3.30)
by

= —% / IPw (—0,G05G + 0,056 (|ALI> — |A_]%)) . (4.3.31)
by

Using the explicit expressions of A, and A_ we get:

4 & 1 w—0p 2 w—Dp S|
L=—2 Y Zmiz™ / 2w — (m ‘| In n
S e x W= Pm Pr— e Pm = DPn| W= Pk
l£k.m#n
o TP, O ] )
Dk — el Pk — e W — Py,

(4.3.32)

For the three-pole solutions we have shown analytically that this term vanishes, and for the

four and five pole solutions discussed in sec. we have verified this numerically. For all
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these cases we therefore find that the finite parts of the entanglement entropy and the on-
shell action are related as expected on general grounds [50]. Although we do not currently
have an analytic proof, this certainly suggests that the relation between free energy and

entanglement entropy holds for all the solutions reviewed in sec.

4.4 Summary

In this chapter we have studied the free energy and entanglement entropy of the field the-
ories described by the supergravity solutions constructed in [120,/121]. The free energy is

proportional to the on-shell action given by

L
5 pe T — D T —p 1
SE. = ———Volags, ren VOlg2 Z[Zk]Z[m"}/ dr In In m
1B 3Gy e k;zl oo Pe=Dk| " |Pm =Dl T —pa
(£k,m#£n
(4.4.1)
The entanglement entropy is given by
4 —p? |w—pnl]® 1 1
Spp = ——— Volgs Volgs Z ALAUD / Pwln | 2P 1y Pm | _
9Gx e Pk =De|  |Pm = Pn| W= Ppw—pg
Z;ﬁk m;én

(4.4.2)
The finite parts were verified to match, for the case of three-, four-, and five-pole solutions
following CHM in [50] as expected. The same matching is expected to hold for all the super-
gravity solutions, although this would correspond to non-trivial integral identities between
the integrals appearing in the results. Additionally, these results support the interpretation
of the solutions as holographic duals to the five-dimensional superconformal field theories
engineered in type IIB string theory via 5-brane webs, and give first quantitative indications

on the nature of the dual field theories.
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Chapter 5

Conclusion

This dissertation is based on [2-4] in which we study superconformal field theories in excited
states. We employ the AdS/CFT correspondence to compute observables using the corre-
sponding holographic duals, which are given as bubbling solutions in 10- and 11-dimensional
supergravity.

In [2] and [3] we obtain the holographic entanglement entropy of a spherical entangling
surface corresponding to the 6-dimensional (2,0) theory in the presence of Wilson surfaces
and the 4-dimensional N' =4 SU(N) SYM theory in the presence of surface defects. Addi-
tionally, we compute two other holographic observables in each case: the stress tensor and
the expectation value of the surface operator. Our results are summarized in sections [2.5
and . In [4] we holographically compute the free energy and the entanglement entropy
across a ball-shaped region for 5-dimensional SCFTs. We also verify that the finite parts of
the two results match, as expected. A summary of these results is presented in [4.4]

Our calculations provide results that could be compared to field theory or localization
calculations. In particular, in the Wilson surface case the possibility of a matrix model is
encouraged by the existence of such a model after compactifying the theory on a circle, to get
5-dimensional SYM theory in the presence of a Wilson loop. In the 5-dimensional SCFT's the

overall factor ((3) appearing in our results may originate from the eigenvalue distribution
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of a matrix model (e.g. the matrix model action derived in [132] involves explicit factors of
¢3).

One avenue to be explored is the probe brane approximation, in which most of the systems
we investigate have a clear construction [1,74]. This will be a check of validity of our results
in the limit where backreaction is neglected or treated perturbatively. At the same time,
probe brane results may reveal extra components entering the results, e.g. additional surface
conformal anomaly contributions localized on the defects. This would be really interesting
since, based on our calculations, traditional holography in the full-backreacted limit does

not seem to be able to probe such components.
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Appendix A
Wilson surface calculations

A.1 Contributions to the entanglement entropy

In this appendix we carefully discuss the contribution to the area integrals that are needed

in section [2.2.2)

Al1l |

First we consider J;, given in (2.2.8). The radial integral can be performed directly, but
it is useful to rewrite it in terms of Legendre polynomials using (2.1.15)). We divide the
integration range into two regions: 0 < r < [§] and || < r < r.(0,¢). For each region we

choose the Legendre representation that converges, yielding

2n T rc(0,€) e\ @ N\
J1 = —4LQZ(—1)i/ df sinf {/|g dr i coiQ &) ZPZ (cosh) (%)
i=1 i (=0
€]
+/ ar " ch’)ze &) ZPE (cos ) ( ) } (A.1.1)
0 z
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Performing the two radial integrals directly we find

3 2

2n T
Jy = —4L° Z(_l)i/ df sin 0 { {cosepo % +(cosf P, — P) & % +(cosO Py — P) €27
i=1 0

00 re(6,€)
0P, 5 — P, 43
+(cos Ps — Py) & logr — }: (cos 0 Ppy3 r+2) &

7
=1 ¢ " €3]
&3]
o= (cosOP,_y — Py3) 1’
v |-P&l _ (A.1.2)
Ol AP P Bl

Orthogonality of the Legendre polynomials can be expressed via

T 2
df sin 6P, 0P 0) = ) A.13
/0 sin 0P, (cos §) Py (cos 0) 30+ 1 0% ( )
We use this to simplify the above expression dramatically:
2n ' T 7’3 7“2
J, = —4L° Z(_1)z {/ df sin 0 {COS@P@ EC + (cos@ P, — Py) & 56 + (cosO P, — P) & re
i=1 0
+(cos Ps — P) & logr, — i (c080Psss = Prio) &7 + 2 3 (A.1.4)
3 2)S; c = / 7"£ 15 i 1.
Note that the final term is a sum of contributions at r = |¢;|. Substituting for the cut-

off function r.(6,¢) given in (2.1.26), we then expand in ¢ up to and including O (¢°) and

perform the remaining integrals over §. We find the final result

64  —24 4+ 3m2 — 8msy
— L9 el 2
g 501 15

+0 (¢%) (A.1.5)
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Al.2 ),
Next we calculate J, which we reproduce from ([2.2.10)):
T re(6,e)
Joy = —2L9/ df sin 6 drr?
0

2 _ ) ) N
x{2n+23 (~1) o reosfl&i8) + & (A.1.6)
i<j \/r2 — 2ré&; cos 6 + 53\/7’2 —2r&; cos O + 5]2

We can split the integral into two terms coming from the sum in the last line of (A.1.6)).

The first term is simply

4 T
Jou = —3 nLg/ df sinfr,(6,¢)
0
64n (40 + 3m3 — 8my)
=L |- 2 ? Al
{ 320 1822 +O() (A-L7)

The evaluation of the second term, denoted Jy;, = Jo — Ja,, is more involved than that
of Ji. Our strategy is to divide up the radial integration range and replace the square root
factors with the appropriate convergent series of Legendre polynomials in each interval. The
fraction in the summand is symmetric under (i <+ j) so we can choose |§;| < |§;| without

loss of generality and write:

Jop = —4L° Z(—l)”j/ df sin @

0

1<J
@) (12 —reosf (& + &) + &) (é BN (g_f)k
X{/|j| dr r2 ;PE r kZ:OPk r
151 r?(r* —rcos (& + &) + &&;) - <€i)£ N <T>k
d P\~ Pl g
o el %) e
€] r2(r2—r6089<€i+£j)+§i£j) - (T)E - (T)k
d Pl e Felg
+/0 ' BB 2"\e) &g
K 4K, K (A.1.8)
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where the Legendre polynomials are all functions of cos#, as before. First let us consider

Kll

K, = —4L° Z(—l)”j/ df sin 0

i<j 0
0 re(6,€)
X Z Png; 555?/ dr (7“2 —rcosf (fz + 6]) + fzéj) T’_Z_k (Alg)
,k=0 1&51

We must perform the radial integral first because its upper limit depends on 6. This results

in several sums over powers of r and a logarithm:

T X PP, ik 3tk
K, = —4L92(—1)H‘J/ df sin 0 Z - ;%%_ 2
i<j 0 £,k=0
0+k#3

= PP &yt = PP eyttt
—cosf(& + &) Z 2—6]—11; + & Z 1—6]—/@

£,k=0 k=0
4k#2 kAl
re(6,€)
3 2 1
| 2 PRGE —eosb& &) D, RALEG TG Y, PREE | logr
£,k=0 £,k=0 2,k=0
l+k=3 k=2 P |
13]
(A.1.10)

We only require the entanglement entropy up to and including O (£°). Recall that the cut-
off function r, (0, ¢) given (2.1.26)) leads with O (¢72), and therefore only the logarithm and
non-negative powers of r contribute to the upper limit. Specifically, we can terminate the

infinite sums in the first and second lines at 3,2 and 1, respectively. Integrating over 6 we

find

64n  n(40 + 3m3 — 8m3) 64
Jeupper _ L9 . 2 - O 2 A.1.11
1 36 18¢2 3e? +0(=) ( )
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where we have made use of the following results:

D) =on, ()G - &) = 4 (A.1.12)

i<y i<y
Next let us consider the lower limit and perform the integral over . The terms with no

explicit cos @ factor vanish unless ¢ = k by orthogonality (A.1.3). To deal with the terms

that do have an explicit cos @ factor, let us define

™ 1 ¢ k
X = / df sin 6 cos O P, (cos 0) Py, (cos ) = 2 (A.1.13)
0

000
_ 200 — k)2 (1 + L+ k)
TR+ R4+ —R)(1— L+ k)

These terms are only non-zero when Xy is too, which occurs when |¢ — k| = 1. These two
observations imply that the coefficient of the logarithm vanishes and that the conditions on
the sums in the first two lines of (|A.1.10)) have no effect for the lower limit. All that remains

18

Ko = a2 Y1) Y gl G Gl
1 2£+1 3—(—k 10—k

|€ |21<z . £,k=0
ZJT (& +&) X,_;k] (A.1.14)

Performing the sum over k& and using the definition (A.1.13) we find

Klower _ +4L9 Z(_]_)H-]i é—éj |:|§J|3 20 |€]|l 2555
b — 20+ 1 20 ™~
e+ |€j|1_2z
(20+3)(1 —2¢)

(& + @-)2] (A.1.15)

The limits on the radial integrals in K53 are independent of 6 so we are free to reverse the
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order of integration. Let us begin with K5:

Z+J €51 5
ng ’& / Z h—t &

1<J il £,k=0

X / db sin 0P, Py, (1> — r* cos 0 (& + &) + r&&5)
0

_1)¢ts €51
= —4L92( |?| j/ dr Z i ng l%i—l&k (r° + r&i&y) — r*(& + &) Xow
i<j J &l £,k=0

(A.1.16)

where again we have used (A.1.3) and (A.1.13]). Performing the sum over k then integrating

over r we find

R ()
4LZ \g Z;%Hg@ s Ut

1<j =

" <|€j|4 ; &l n !53’\2 |4l &5;) (A.1.17)

We can compute K3 using the same method:

o

Z gégk

£,k=0

9 ’L+J |§z
s =—dl Z Ié} |fjr /
X / df sin 0P, Py, (r* — r® cos 0 (& + &) + r2&E;)
0

2+J €3]
9
Z |§z||§]| /

P £%k lzz 7 o (0 rGG) G @)X%}

£,k=0
9 Z+j o 1 {+1 1 ’§i|5+2é
4L ; !&Hﬁﬂ Z2€+1€4§EH1_2£+3(§ &) (gl 5].)} 5— 20
|€Z|3+3e
T, 5157} (A.1.18)

Now we combine the finite contributions to J,;. The infinite sums can be evaluated and
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the following remarkably simple result is obtained:

419 "
K™ 4+ Ko+ Ky = —= ) (=1)7 seng; (6 — &) (A.1.19)

i<j
Recall that we have assumed |§;| < |¢;]|. The ordering of the &; in (2.1.13)) implies that sgn &;
evaluates to +1 and since the sum is ordered we can write the finite contribution to J, as

4L°

S > )l - gl (A.1.20)

i<j

Note that this term cannot be expressed in terms of the moments m;. Thus, our final result

for Jay is:
64n  n(40+3m3 —8m3) 64 4 " ,
=L — 2 — = = =) (D) - 2 A.1.21
Jap [356 18¢2 3¢2 3 i<j( ) |€l 57’ +0 (5 ) ( )
Summing ((A.1.7) and (A.1.21)) we find
64 4 L
Jy=1L° [—@ -3 (=D)™M|g = &P+ 0 (52)] (A.1.22)
i<j

A.2 Calculation of the holographic stress tensor

In this appendix we present some details of the KK reduction calculation as well as the cal-
culation of the stress tensor using holographic renormalization. As mentioned in section [2.3]
first one has to decompose the metric into the vacuum AdS; x S* part and fluctuations, as

in (2.3.2). In FG coordinates the vacuum metric is given by

2 4 2 4
© o omy N _ 2|4 2 wou 2 wou 2
gy dxdr” =L |:U2 <du + (1 + 5 + 16) dsags, + (1 ) + 16) d553>

+df? + sin? edsgs] . (A.2.1)
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The metric fluctuations in terms of the functions «;(u, #) appearing in (2.1.21)) are

4 u?  ut u?  ut
hMN d{L'MdJZN = L2 [E { <a1 —1- 5 — E) dSidS?) + (012 -1+ ? - 1—6> dS%S}

+ (o — 1) d6* + (a4 — sin® é) dsgs} . (A.2.2)

Using these expressions, we calculate the seven-dimensional reduced metric (2.3.4)) and the
outcome is
4172 u?  ut 1
ds% = 7 [duQ + <1 -+ ? + E + %(16 + 3m§ — 8m3)u6) dSZAdS3

2 4

U U 1 9 6 9

Notice that substituting the vacuum moments in (A.2.3)) one can retrieve the AdS; entries
in (A.2.1). This is because the trace shift does not contribute to the reduced metric, i.e. 7
vanishes. Furthermore, a further FG map of (A.2.3)) is not necessary since it is already in
FG form:

412

ds2 = "> (du® + g;; da'da?) (A.2.4)

where the six-dimensional metric g;; is given by a power series in wu:
_ 2 4 6 6 2
9=90)+92u +gumu +geuw +heu logu” + ... (A.2.5)

To compute the holographic stress tensor, we simply read off the asymptotic metric
coefficients g(o), g(2), 9(4) and ge) from (A.2.3) and substitute them into the d = 6 formula

given in [30]. For completeness we present this fomula here:

3(2L)°

Ty) = 2222
Tl SWG%)

1
(g(G)ij — Aeyij + o1 S; ) (A.2.6)
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where the second and third terms are defined via

1 1
Agyij = 3 {2(9(2)9@))@7 + (9w 92)i — (9% + 39(@ii (tr gy — (trg2)?)
L L. 1 3
—trge) | 9w~ 50)u | — 90 | g9 trae — 5 (trge)
1 . 1
-5 tr gé) + 5 tr(g(2)g(4)))] (A.2.7)
1
Sz‘j = V2Cz‘j — 2Rkilj0kl +4 ((9(2)9(4)) — (9(4)9(2)))ij + 1_0<Viva — g(o)ijVQB)
2 2 4 3
+ 39(2)@'3 + 9(0)ij (—5 tr gé) — 1—5(tr 9@2)° + R tr go) tr g(22)> (A.2.8)

with the quantities C;; and B defined by

1 1 1
Cij = 9ayij — 5(9?2))@ + 19 trge) + g0 B

B =tr g(22) — (trg(9))? (A.2.9)

Note that the contraction of indices is performed with the inverse of g(g);;. A general formula

for the trace of the stress tensor follows from these definitions:

L 3LP [ 1 1 1, 1
(T%) = —87(rG(2) (—ﬁ(tr 9(2))3 + 3 tr g tr 9(22) ~ 5 tr g(dz) + 3 tr g(g)g(4)) (A.2.10)
N

Evaluating these formulae we find

2'L5 20 + 9m3 — 24my
@ 160 (dsthas, — dsss) (A.2.11)
N

(T;;) da'da’ =

Notice that the stress tensor is traceless, which reflects the fact there is no Weyl anomaly

for AdSs x S3. After observing
1 Vol(S}) 8

— . Vol(S1) = —L* A2.12
87TG§$) 87rG§\1,1) (52) 3 ( )
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and using the definitions (|2.2.14]), we then subtract off the contribution from the vacuum to

obtain our final result:

3

S N
A(Ty;) dx*da’? = T (16 + 3m3 — 8ms) (ds%yg, — dsgs) (A.2.13)

A.3 Four-form field strength

In this appendix we present the formula for the four-form field strength

F = (f1)%g1mwaas; A e™ + (f2)>gamwgs A e™ + (f3) > gamwas A e™ (A.3.1)

where wy denotes the volume form for a unit-radius space X. The g;,, are related to

derivatives of potentials by via

(fl)gglw = _&wbl/L3 = 2(]:; + Ju)
(f2)3g2w = _awb2/L3 = _Q(jzt — Ju)

1.
(f3)’gaw = —Ouwbs/L* = gjff, (A.3.2)

Since the four-form field strength is related to the three-form potentials by F(;) = dC(y), it

follows from (|A.3.2)) that the potentials take the following form:

1
z
0(2) = b2 SiIl2 91 sin 02 d6’1 VAN 92 A d@g

0(3) == bg Sin2 ¢1 sin ¢2 d@bl N d@[)g VAN d¢3 (A?)S)

Next we review the the expressions for the fields j in (A.3.2)) found in [77]. The currents
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can be expressed in a compact way by defining

Ju =

and are given by

3G+ G)

(G (G - 3G +4GG?) 0,G + G (G + G) 8,G]

jb=2iJ, ((G-G)—4GG)w

jw =2GJ, (—2GG + 3G — G* + 4G*G*) W

33 = 30ph ———er — 2J,,

W2 (1+G?

G(1 - GQ) G(1 - GG)?

It is then straightforward to verify that the potentials are given by

1

2 =

63:

2(G + G)h -
= — = 2h - 2@
QGG+MG—GY%
2(G+ G)h -
- _ + 2h + 20
%M—MG—GY% *
_(G+Gh
4(GG —1)

Here, h is the dual harmonic function to i and satisfies

iOph = Oyh

With i = —iL3*(w — w) as in (2.1.11]), one obtains

Also, ® is defined via

h = L*(w + w)

GOyh = 0, P
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(A.3.8)
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Using d,h = —iL? and G given by (2.1.12)) we solve (A.3.9)) to find

@ =LY (-1 /(w- &)@ - &) (A:3.10)

Note that ® is real, hence the only thing that could be added is a constant, corresponding

to an ambiguity in the definition of the b;.

A.4 Calculation of the real line contribution to the on-shell action

In this appendix we present details on the calculation of the contribution from the real line to
the on-shell action. To do this we have to expand the metric factors and b; in a power series
in y around y = 0. The important point is that the expansion of G, G differs in different

intervals. Let us define

Ty = [—00,&] U &2, &3] U -+ - U [§on, +00]

IJF = [517 52] U [537 §4] u.--u [6211717 £2n] (A41)

For the Taylor series expansion of G we have

0+ g1(x)y +ige(x)y? + g3(x)y® + ... x €71,
o 91(2)y +ig2(2)y” + gs()y 0 (A42)

i+ g1(x)y +iga(2)y? + g3(z)y> + . .. rel,

where

y 2|z = |
i) = D R
gsle) = Z<_1)j+1%l E —1§j|3 (A.4.3)
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For the calculation of b; we also need the Taylor series expansion of ® defined in (A.3.10)):

@ = L (do(x) + da(2)y” + da(x)y* +...) (A.4.4)

where

do(z) = Y (=1)|z = |

J

baa) = 3 (~1y 2

- 2|z =&l
a1 1
Si(a) = 3 -V g (8.48)

J
Note that g = ¢9 and g3 = 2¢4 which will be important in the expansion of the action. The

combinations of metric functions appearing in (2.4.9) can be expanded as follows:

L3(91 —g2)* 3+O( ) €T,

3 91 2+go
(5) - s
L3(g+
ﬁy +0(y°) zeI,
and
fifs\’ o=
(%) N (A.4.7)
4L3
Tagy TOG) TEeLL
and

sl 1+ 0() z €T,

(91 92

(ﬁ) _ (A13)

I3
_4L3(g742g0)? 3
gl_’_gz +O( ) s €I+
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The expansion of by with I = 1,2,3 works the same way, but there are some cancellations
due to the relations of the expansion coefficients for G and ® mentioned above. We find

L3 (i — 260 + 4z + O(y2)> v e

gi—go

by

(A.4.9)

L3 (i — 2¢o +4x + O(y2)> rel,

9% +g2

Since the subleading term is of order y* as y — 0 we find that 9,(b?) is of order y. Also note
that the metric factor (A.4.6)) is of order y* as y — 0. Thus we find that the contribution to
the action coming from b; vanishes at y = 0 and hence does not contribute.

The Taylor expansion of b, is given by

L3 (—Tgffgz + 20 + 4x + O(y2)> x €T,

by (A.4.10)

L? ((2¢0 + 4x) + (g7 + 39192 — g3)y* + O(y°)) € I,

It is important to note that for x € Z, we find that 9,(b2)? will behave as y* as y — 0 and
together with the behavior of the metric factor ({A.4.7) produces a finite contribution to the
action.

Similarly the Taylor expansion for b3 is given by

L3 (=0 + (g3 + 9 )yt +0W)) wey
by = (A.4.11)

L3 (— 0 —¢0+O(y2)> veT,

g%+292

In a similar manner as for by we note that for = € Z, the 9,(bs)? term will be of order y* which
together with the behavior of the metric factor (A.4.8) will produce a finite contribution to

the action at y = 0.
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Summarizing we find that

f2 f3 2
0y (b7 €R
(
0 x €l
fl f3 a (bQ)
32L%(g3+39192—93)(¢o+2x)
L (91?+92)(g?+292) TEly
( 16L° (293 +93) o rel
f £ (97—92) (97 +92) 0
1J2 2
9. (b2) = A4.12
liy 550,(04) (4.4.12)
\ 0 rely

The integration region Zy is cut off by the large r. cutoff and includes the intervals [—r, & |

and [&ay,, 7| that are responsible for r. divergent terms. Using the large || expansion one can

show using the Taylor series expansions of (|A.4.12)) for large arguments that the contribution

from the integral is given from the large integration limits z., and z._ by

[ @l 080 = 1 (1602 12maa? + (16 - 0w + 16ma)e ] + it
€2n 3

/ lef 70y (b3)ly=0 = L [=16]c-|* = 12malac _[* + (16 — 9mj + 16ms)|x.. -[] + finite
3
(A4.13)

Using the fact that z. . = r.(0,¢) and x._ = r.(m, ) together with the relation of the radial

cut-off to the FG cut-off parameter ¢ given in (2.1.26)), one can extract the contributions of

the z-integral that are divergent with respect to the cut-off € as follows:

9

| L 2 —12m3 + 32
487TGN e c

(A.4.14)
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Appendix B
Surface defect Calculations

B.1 Fefferman-Graham coordinates

This section complements the discussion of the FG mapping procedure in section We

describe the gauge choice for the one-form V' and give the results of the FG coordinate map.

B.1.1 Gauge choice

As mentioned in section we are interested to choose w such that V, = 0. In particular,

we first need to expand the function
— w(6, )
w = E _— (B.1.1)

where o = ¢ + ¢ and demand that V, = 0 at each order in the p~! expansion. This is a
gauge choice that kills all dpdY cross terms with Y € {1, 0, ¢} in the asymptotic expansion

of the metri.Then we fix w(® by demanding that the df diy and di) dp cross terms vanish

!Note that ds3 defined in (3.2.2)) has no dpdY cross terms.
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at zeroth order for all M. Considering the expansion of the one-form ((3.2.9)) at large p:

o 1)
vi=Y Vi 16,0) p(f a) (B.1.2)

n=1

The result for w is given in terms of V[(n) coefficients in (3.2.15)). Substituting the explicit

expressions for the coefficients it can be written as

M
“ _M2— fat 2s11119ﬁ7 ; (w12 cos & = iy sin )
1 M
2 2 .
~ g e 2o [ = ) sin2a - 2 con2a]
1 M
N 6ST39p3 ; [(9‘;?1 - 31‘11%22) sin 3o + (xf’Q — 33:?11'2-2) cos 304}

M
iz; {— 14 Z [4 ($?1$i2 — xﬂx?z) cosda — (Iﬁ - 61:?1x?2 + x?Q) sin 404}
i=1

M
+oin® 03 [yt cos2a + 4 (yloly — yiah) sin2a] } +O (%) (B13)

=1

This is the gauge choice which eliminates the V, component and brings the metric in a

manifestly asymptotically AdSs x S° form.

B.1.2 The coordinate map

In this subsection we give the results of the FG mapping. We express them in terms of the
expansion coefficients of the functions F,, appearing in (3.2.16)). The coefficients relevant to

our calculation come from the expansion of F}:

F,= i F;"(6,0) (B.1.4)
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In what follows we express the relevant coefficients in terms of the moments:

4Ff§2) = (1 —3c0s20) [1 + 2 (mago + M202) — Mao0]
+ 12 [cos 2 (Mg — Miagz) + 2ma1 sin 2a] sin? §
FIS?’) = 3 (sin @ — sin 30) [(Mma12 + Mazo — Ma10) COS @ + (Ma21 + Mg — Muyp1) Sin @

+ 4 5in® 0 [(—3ma1a + Masg) cos 3o — (—3miaa1 + Mags) sin 3a

32Fp(4) = —4cos* 0+ (5 — 12cos 20 + 15 cos 40) (2mage + 2magy — Muygp)
— 16 (1 + 5cos 20) sin” § sin 2a [3ma11 + 8 (Ma1z + Mmasz1) — 12my11]
— 8 (1 4 5cos 20) sin? 6 cos 2 [3 (Mg — Magz) + 8 (Magg — Maos)]
— 8(1 4 5cos 20) sin? 0 cos 2a [12 (my02 — Mu20)]
— 640 sin 4a:sin® 0 (magy3 — Mas1)
+ 24 (3 — 4cos 20 + 5cos 460 — 40 cos 4a sin® 9) Mo22
+4 (9 — 12cos 20 4 15 cos 46 + 40 cos 4a sin* 9) (mg04 + Mago)
—4(3 —4cos260 + 5cos40) [6 (mao2 + Ma20) — Me00)]
- (12 sin® 0 [cos 2a (Mmagy — Masg) — 2sin 2a Mgy

2
— (1 — 3cos20) (2mage + 2magy — m400)) (B.1.5)

The FG mapping, as described in section [3.2] gives the following results for the FG
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coordinates:

U B BY 6T — B 1) — @) - (@57 e’ ()
v p 4p? 6p3 128p* P
; 0 F," _ 0yFy” i
v=9 - 16p* o 300° +O( )
_ 0FY  0pFy 1 R
0=0-— s2 187 + 2561 (=80, F\" + 38¢F 898¢ ) esc? 6

—(8¢F[E ) cot f csc? 6 + (99 <12 — 4F )+ 16F4 + 3892Fp(2)ﬂ +0(p7°)

=¢— — —80,F 305 F? 090, F

¢ 8sin?@p2  18sin?6 p3 - 256 sin? 6 p4 [ v Y+ 30y oo

—|—8¢F/§2) <12 — 4F )+ 16F + 3(9¢ Jesc? 0 — 40y F,, 2 cot 6)} +0(p™°) (B.1.6)

B.2 Holographic entanglement entropy

In this section we present some details of the holographic entanglement entropy calculation
performed in section To compute the integrals involved in the area functional
we performed a change of variables which brought the integrals to a form matching
the vacuum integrals . To set the limits of integration over p we need to express the

FG cut-off in the new coordinates as p.(6, @, €).
The first step is to express {p, 6, a} coordinates in terms of {p,#, @}. Combining (3.2.11],
3.3.14, 13.3.17)) we can write the change of variables as

Vp? 4 1cosh = y;/p* + 1cosf

psinf cos(a) = y;psinf cos a + 7 cos® f;

psinfsin(a) = y;psinfsina + r7 sin® 3; (B.2.1)

where we have defined z;; = r;cos 8; and ;o = r;sin ;. We begin with solving the first

equation in terms of p. Then, we combine the last two equations to eliminate « and we
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substitute p. This gives an equation for sin @ in terms of the barred variables:

sinf + A sin®0 + B =0 (B.2.2)

with

y? (14 cos 26 + 2p%)
2

P y? (cos20 — 1)

2

A=-1 +7“Z»2 + 2p71; y; cos (d—ﬁi)sin§+

B = —r] —2pr;y;cos(a— f)sinf + (B.2.3)

Since 6 € [0, 7/2] we choose the solution for which sin é is real and positive. We get the rest
by plugging this solution into the equations (B.2.1)) . Specifically, p is found by plugging
sinf into the first equation while sin @ and cos & are found using the other two equations.

Since we only need the asymptotic behavior we give the results expanded at large p:

~ 1 = 1
p? = y2p® + 2rsy; cos(a + B) sin0p + = (yf +2r7 — 14 (y? — 1) cos 29) +0 (—)

2 p
_ 9 % . 20sind
Gin? 0 — sin2@ 4 2" cos(a + 51? cos? 0 sin 0
- Yip - -
cos?f (1 — y? + (y? + 2r} — 1) cos 20 — 4r? cos(2a + 23;) sin® ) 1
+ 53 +0 (=
2y p p
icscl i — o+ ;) sin &
sina = sing 4 LS (cos 3 C(zs(oz + ;) sin &)
~ Yip
r2 csc? 0 (—4 cos B; cos(a + ;) + sin @ + 3 cos(2a + 23;) sin @) 1
+ P +0| 3
) dy;p p
_ ryesc(cos B + cos(2a + ;) — 2sin f;)
COs @ = oS @ —
) 2yip
r? esc? 0 (—4sin f; cos(a + ;) + cos @ + 3 cos(2a + 2[3;) cos @) 1
+ e +0(=
4yip p
(B.2.4)

To find the cut-off p.(6, @, £) we substitute (B.2.4)) in the expression for the FG coordinate
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u, which can be found in (B.1.6)), to get v in terms of the barred coordinates.

1 r; cos(a + 3;) sin @ 1
b="=- 252 Q38
Yip Yy p Yi P

[1 + 477 + 2y + 2(y? — 1) cos 20
+ 2Miag0 + 2Magy — Mg — 3sin’ 6 (1 + 2r? 4 2r? cos(2a + 203;)

1
+2m220 + 2m202 — Moo + 4sin 2a Mo11 + 2 cos 207(771220 — mgog))] + O (E) (B25)

Solving this asymptotically for p and setting u = ¢ we find the cut-off surface in barred
coordinates.
1 rcos(a+ fB;)sing 1

pe(e,8,a) = — — +—[—1—4r3_2y3_2y3_1coszé
( ) Yi€ Yi 8y; ( )

— 2Migzg — 2Mag2 + Mago + sin® 6 (3 + 2r7 + 2r7 cos(2a + 26;)
+6m220 + 6m202 — 3m400 + 12s8in 2c¢ moy1q + 6 cos 2d(m220 — m202)) } e+ 0 (82)

(B.2.6)

B.3 Coordinate systems and maps

In this section we collect useful formulae for the various coordinate systems and their maps
along with information about our setup in these systems. In particular we relate AdSs x S?
to S x H? with an intermediate transformation to R%. In the latter space the picture of our
setup becomes more clear (see figure .

The metrics on the 4D Euclidean spaces we consider are the following:

dt? + dI? + dz?

AdSs x S A% a5, x5 = = + dyp?
spherical dsgs = dt* + da® + 2* (dﬁz + sin® ¥ dw2)
hyperboloid st s = d7° + R* (dp* + sinh? p (dv* + sin® 9 dy?) ) (B.3.1)
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They are conformally related to each other as follows:
d8124dS3><Sl =2 % dsps, dsgs = QP dsti, s, dsidsgxsl = 02 ds%i, (B.3.2)
where
Q = (cosh p+ cos(t/R))™", Q= (Rsinhpsind) " (B.3.3)
The coordinate maps corresponding to these three transformations are given by

AdS; x S* to spherical: | = zcost, z = xsind
spherical to hyperboloid: t = R Qsin(7/R), x = R Qsinhp
AdSs x S' to hyperboloid: t = R Qsin(7/R), | = R Qsinhpcosd, z= R Qsinh psind
(B.3.4)

where the last transformation comes from combining the first two.
For easy reference we quote the location ¥ of the surface defect and the location 0.A of

the entangling surface in the various coordinate charts:

Py 0A
AdS; x St fillst,fillsl,z=0 t=0,12+22=R?
spherical fills ¢, fills x,% = 0,7 t=0,z=R

hyperboloid fills 7, fills p,¥ = 0,7 p — 00

It can be seen, in all coordinate charts, that the surface defect intersects the entangling

surface exactly at two points.
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B.4 Asymptotic expansion comparison with [1]

For calculating holographic observables one has to expand the supergravity solution in an
asymptotic form. In this section we quote the way the asymptotic expansion was performed
in [1] and compare with ours.

Defining & = f/y the equation for f, , can be written as the six-dimensional
Laplace equation for & with SO(4) invariant sources. In [1] the authors write ® as the

vacuum part and a deviation:
o =00 4 AP (B.4.1)

Then, they expand the deviation A® in SO(4)-invariant spherical harmonics. The coeffi-
cients of this expansion are denoted by A®n j, where A, k are eigenvalues characterizing the
spherical harmonics (for more details on the spherical harmonics see appendix A in [1]).

As an example, we quote their result for the one-point function of the stress tensor which

was found using holography:

N? (1 1
<ij>2 dl"ud.’ljy = —F <E — T\/g A@2’0> (d8124d53 — 3dw2) (B42)

One can see that this matches (3.4.21} [3.4.22)), when a definition for A®, is given in terms
of the moments. For completeness we give all the coefficients corresponding to spherical

harmonics with eigenvalue A = 2 in terms of the moments:

1—m
A(I)ZO = 4\/§ <m220 + To02 + Tm)

Ay 1y = 6T (90 — Mooz £ 2imany ) (B.4.3)
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B.5 Holographic expectation value

In this appendix we compute the integrals involved in the expectation value of the surface

defect (3.4.1]). Specifically, these are the bulk contribution given in (3.4.6)) and the Gibbons-

Hawking term in (3.4.4).

B.5.1 Bulk term

Let us start with the evaluation of the bulk term. The method described in [110,111] led us

to (3.4.11)) the integrand of which we expressed as ([3.4.13]). We begin with carrying out the

integration over AdSs, S® and S, which is trivial. Then, the bulk term can be expressed in

terms of two integrals over the base space X:
4 N n 1
SHB,bulk = —? Vol (Ang) Vol (S ) Vol (S ) —5 J1+ Jo (B51)
where we have defined:

J = / dzy dzy dy fy (B.5.2)
X

Jo = / dxy dxo dy Oruy (B.5.3)
X

Making use of the integral (3.3.7)) appearing in the entanglement entropy calculation we

can write

J1 = / dzy dzs dy [<f — %) y+%y} (B.5.4)
X

™

T 1
12 + 21 [1 — 4 (ma20 + mao2 + Mago)] + B /X dzydzadyy (B.5.5)

where we have dropped terms that vanish as € — 0. The integral in the second line can be
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T 00X 1

Figure B.1: The base space X boundary components: the blue wiggled dome noted as 0X5
is the large p cut-off and the lowest flat surface noted as 0X; is the boundary at the zq, xo

plane.

evaluated directly by changing to {p, 6, a} coordinates (the relevant map is given in (3.2.11))):

/ drydrs dyy = /dpd9 dap (,02 + sin? 9) cos fsin 6
X

/2 27 1 pe(e,0,a)
:/ d@/ do = p? (/)2—1—231112 9) cos # sin 6
0 0 4 0
T s
T 4h + 1622 (1 + 2maz0 + 202 — Maoo) + Y1 (B.5.6)

where the term Y; reads:

/0

= 768

— 288 (m%zo + m%m) + 144m220m202 — 720m§11 + 108 (m220 + mgog) Maoo — 277713100

Yi [—7 + 12m220 + 12m202 — 6m400

+48 (magp + Maps) + 96 (Mgay — Myg2 — My20) + 16meoo] (B.5.7)

Next we evaluate J, by turning it into an integral over the boundary of X. Switching to
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covariant notation in which g¢;; is a metric on X we have

JQZ/ dgfb\/gV[uI (B58)
X

:/ d*x /ynru’ (B.5.9)
oX

where n is the outward-pointing unit normal vector and ~ the induced metric on X. This

surface consists of two components (see figure [B.1)):

0X1 = { (21, 22,9)|y = 0,27 + 25 < pe(e, 7/2, )} (B.5.10)

0Xo ={(p,0,a)| p=pc(c,0,),0 € [0,7/2],a € [0,27]} (B.5.11)

The contribution to Jy from 0X; vanishes. This can be easily seen by expanding (|3.4.12))
for small y and take the y — 0 limit. For the remaining contribution we work in {p, 0, a}
coordinates. The metric on X is

p* +sin? 6

po dp® + (p* + sin® 8) db* + p* sin® 0 da? (B.5.12)

2 _
dsy =

The unit vector normal to the surface p — p.(¢,60,a) = 0 has the following components in

this chart:
1 _ Oppe(e, 0, ) _ Oapele, 0, )
ny, = 2—), Ng = —T, Ng = —T (B513)
Dape(e,0,a)]>  p2+ 1+ [Ogpc(e,0, a)]?
DE\/[ 0P | P+ 14 Bonlc.8.0) (B5.14
p?sin p? + sin” 6
The induced metric and pullback components are given by
Ogpe(e,0,a) Oape(e, 0, )
Yo = grsele]  with el = 1 0 (B.5.15)

0 1
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where a € {0, a}. We are now ready to evaluate Jj:

Jo = / d@/ do /4 4f2 )ngan

- 1654 +o 5 64 5 (1 + 2magg + 2man2 — mago) + Y2 (B.5.16)

where

™
ng = m [ 51 — 100m220 — 100m202 + 50m400

+ 72 (Mg + M) + 144m3,, — 36 (masg + Maga) Moo + IMig,

+48 (m240 + m204) + 96 (m222 — MMyo2 — m420) + 16m600] <B517)

Putting everything together we get

1 1 3 2
SIIB,bulk = % VOl (Ang) VOI (53) VOI (Sl) 8_4 + — 5 + g — 1400 + — ()/1 4Y2) <B518)

Plugging in the explicit expressions for Y; and Y; we notice that the moments of weight six

drop out. The result is given in (3.4.14} |3.4.15)).

B.5.2 Gibbons-Hawking term

To compute the Gibbons-Hawking term (3.4.4) we use a similar method to that used in
the previous subsection for the total derivative on X, but now in the full ten-dimensional
spacetime. The unit vector normal to the surface p — p.(¢,0,«a) = 0 has the following

non-trivial components

1 e, 0, aPe(€, 0,
R N TR T Ol L S Y A O (B.5.19)

2y D 2y D 2y

\/ar2—1 452—1 421
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where D is defined in (B.5.14]). The induced metric and non-trivial pullback components are

given by

Yab = gun €y’ €y (B.5.20)

el = Ogpe(e, 0, ), € = Dapc(e,0,), ef =0 (B.5.21)

e

where now a runs over all coordinates except p. The extrinsic curvature can be computed

from the Lie derivative along n:

K== (L0 g)yne e (B.5.22)

N — N~

(nP anMN + gpnN 8an + amp aNTLP) 62/1 eév (B523)

and its trace is simply K = 7% K, (whose small ¢ expansion leads with order 4). The result
is
Sci = = Vol (AdSs) Vol (5%) Vol (1) (& + L (B.5.24)
CGH= 55 0 3) VO 0 i 0.
The moments appearing in the boundary integrand drop out when the integration over the
angles {0, a} is performed.
Note that there is in principle a contribution from the other component of the boundary

at y = 0, but again this vanishes. Specifically, expanding the Gibbons-Hawking integrand

for small y we get \/y K = O (y*) which vanishes in the y — 0 limit.
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Appendix C

5d SCFTs Calculations

C.1 Type IIB on-shell action as boundary term

To recall how the type IIB supergravity action can be written as a boundary term on-shell,

we start from the action in the form [133]

1 o, 7ot My . 0 1 = € , ;
Sup = — [ d¥xy/—g (R - 2~ SRy N o R A ) R /C ANFINFY
e 2/42/ v ( 2(Imr)? 2 77 715l gr2 | AT T

(C.1.1)

where the dot product is defined as @, - F}, = %!g“”’l...g“P”PQM._MprL_Vp and k?> = 871Gy
with Newton’s constant Gx. In the main part we will not use the short hand x? to avoid

confusion with the composite quantity defined in (4.1.3]). The field strengths are defined as

. . " 1 1
Fi =dC: | Fy =dCy , Fy = F5 — §C§AF;+§C§AF§, (C.1.2)
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with ¢ = 1,2 where ¢ = 1 and ¢ = 2 correspond to the NS-NS and R-R 2-forms, respectively.

The 2 x 2 matrix M is given by

1 7> —Rer
M =— . (C.1.3)

Im7 —Rer 1

As shown in [66], on-shell this action reduces to a boundary term. For Cy = 0, which applies

for all configurations considered here, this boundary term reduces to

Stp = L d (—iMZJC% /\*Fg) . (014)

2kK2
To translate this expression to our conventions for the supergravity fields, we combine the
two real 2-forms C% into one complex 2-form, Cy = C3 +iC3, with field strength F3 = dCs,
and redefine the fields as follows,

_ L+ar
1 =7

B fP=0-BP)" . (C.1.5)

In terms of f, B and Cs, and eliminating x? in favor of Gy, the boundary term (C.1.4)

becomes

1 1 _ _
SuB = — /d(§f2(1+|3|2) (Cy AxdCy + Co A *dCs)
N

— fQBCQ A *dCQ — f2Bég A *dég) . (016)

For the configurations we are interested in, there is no non-trivial dependence on the AdSg
coordinates. We can therefore Wick rotate between Lorentzian and Euclidean signature
purely within the AdSg part, which only enters through the volume form and at most accounts
for a sign in the on-shell action. That sign can be fixed directly in Euclidean signature,

where we want Z = [ Dgexp(—S) with S positive semi-definite, such that FF = —InZ
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is non-negative. For AdS there are the usual subtleties with divergences and holographic
renormalization, and we will discuss this in more detail in app. We will demand the
leading divergent term in the regularized free energy to be positive, and this corresponds to

E 1

1 _ _
SIIB = m /d (§f2(1 + |B|2) CQ A ‘deQ — szCQ VAN *dCQ + C.C.) . (Cl?)

C.2 Holographic renormalization

Holographic renormalization of the gravity theory on an asymptotically-AdS space becomes
considerably more involved if the geometry does not reduce to a simple product form in the
near-boundary limit. In general, the entire ten-dimensional geometry has to be considered
with a nine-dimensional cut-off surface limiting the range of the radial coordinate in the
asymptotic part of the geometry. There is a substantial amount of freedom in choosing this
cut-off surface, which by the usual AdS/CFT lore corresponds to the freedom to choose a
regularization scheme on the field theory side. In many cases one can restrict the choice
of the cut-off surface by symmetry requirements. E.g., for AdS;xS®, one would require the
cut-off surface to respect the S® isometries, which essentially reduces the problem of finding
counterterms to the AdSs factor. For our geometries the analogous symmetry argument
restricts the location of the cut-off on the AdSg radial coordinate to be independent of the
location on S2. The dependence on the location on X, however, is not restricted by that
requirement.

For definiteness, we will choose global coordinates on Euclidean AdSg such that the metric
takes the form

JAdSs = du2 + sinh u2955 , (C,Q,l)

with u € [0,00). The cut-off surface should provide an upper bound on the range of u. The
perhaps most natural choice is to pick a small € € R and require u < arcsinh(1/¢). The cut-

off surface is then the nine-dimensional surface defined by u = arcsinh(1/e). This regulator

150



is invariant under the isometries of the S° inside AdSg and under the isometries of S?,
corresponding to spacetime isometries and R-symmetry in the dual field theory, respectively.
However, any cut-off surface of the form u = arcsinh(1/e(w)), with €(w) small throughout
Y., satisfies these requirements as well, and we are indeed free to choose any of them.

The value of the regularized on-shell action will certainly depend on the choice of regula-
tor, as it usually does. The freedom in choosing a cut-off surface is enhanced here compared
to the simpler cases with highly symmetric bulk geometries (where the freedom essentially
boils down to rescalings of the cut-off), but the fact that there is ambiguity is by no means
a new feature of the solutions considered here. More importantly, after proper holographic
renormalization the universal parts of any physical quantity considered still have to be in-
dependent of the choice of regulator. We can therefore pick the simplest one, where € is
constant over 3, as long as we only ask for physically meaningful (universal) quantities.

Moreover, since we have an even-dimensional AdS space with odd-dimensional field the-
ory, there are no finite counterterms from the metric sector: the volume form on AdSg scales
like e7®, and all other covariant quantities constructed from the induced metric on the cut-off
surface (including the GHY term) have an expansion in even powers of e. That means the
covariant boundary terms scale as odd powers of € and do not produce finite contributions.
We have not explicitly verified that this holds for the other fields as well, but since they
are related by supersymmetry we expect the corresponding covariant counterterms to scale
with odd powers of € as well. There is therefore no ambiguity in choosing a renormalization
scheme, and we can read off the universal part directly, e.g. as the finite part of the free
energy, without going through the proper procedure of holographic renormalization.

With the cut-off v < arcsinh(1/¢), the holographic renormalization indeed reduces to a

pure AdSg problem, with the regularized volume of AdSg given by

arcsinh 1
L 11 3 8
Volags, = Volgs /0 sinh® udu = Volgs (% o + T +0 (e)) . (C.2.2)

151



As argued above, the universal part can be extracted immediately and is given by

8
VOIAng,ren = —1—5 VOls5 . (C23)
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