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ABSTRACT OF THE DISSERTATION

Investigating density fluctuations and rotation in tokamak plasmas with Doppler

back-scattering

by

Quinn Thomas Pratt
Doctor of Philosophy in Physics
University of California, Los Angeles, 2024
Professor Troy A. Carter, Chair

This dissertation reports advancements in measuring density fluctuations and flow veloc-
ity in tokamak plasmas using the Doppler back-scattering (DBS) diagnostic. Two sepa-
rate investigations are presented: measurements of the back-scattered power perpendicular
wavenumber spectrum, and a thorough cross-diagnostic comparison of ' X B rotation mea-
surements. To measure the perpendicular wavenumber spectrum using DBS, the launch-
angle(s) of the probing beam were scanned to probe different values of k, at the cutoff layer.
Measurements were made in RF-heated H-mode plasmas with low collisionality and domi-
nant electron-heating — a regime expected to be relevant for future burning plasmas. The
back-scattered power spectrum, Ps(k ), is found to exhibit exponential decay. In normalized
wavenumbers, the exponential decay factor (Py(kL) oc e=¢k1rs)) was found to be ¢ ~ 1.7
over the majority of the spectrum and ( ~ 3.9 at high-k, ps. Novel synthetic diagnostic
modeling was performed to test models of plasma turbulence against the measured Py(k).
DBS instrumental effects and the plasma density fluctuations, on, were each modeled with
varying levels of physics-fidelity. Reduced model beam-tracing and quasi-linear gyro-fluid
results are compared with higher-fidelity full-wave and nonlinear gyrokinetics simulations.
Ultimately, mixed-agreement between measurements and simulations across the wavenum-

ber spectrum is found. At the lowest measured wavenumbers k, p, < 0.4 and for k, p, > 1.2
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simulations and measurements agree as to the shape of the wavenumber spectrum. Over the
range 0.4 < k; ps < 1.2, simulations and measurements disagree as to the rate of spectral
decay. Transport modeling found that while the reduced quasi-linear model can match the
experimental fluxes, it does not reproduce the higher-fidelity nonlinear gyrokinetic behavior
in the electron energy channel. In a separate investigation, rigorous cross-diagnostic compar-
isons were made between DBS and the charge-exchange recombination spectroscopy (CER)
diagnostics. Measurements were made in an L-mode plasma where neutral beam injection
(NBI) applied a variable external torque. In analyzing the DBS measurements, novel spectral
fitting methods and uncertainty propagation were used to construct the DBS-CER compari-
son dataset. Statistical analysis suggests a tendency for DBS and CER to agree within their
respective uncertainties. Across the comparison dataset, the average difference in wgyp was
found to be |d| = 0.1 kRad/s. The 95% confidence interval for their agreement was found
to be approximately 5 kRad/s in terms of wgy . The phase velocity of dn fluctuations was
estimated using linear gyro-fluid analysis and found to be negligible relative to vgxg. The
results of the rotation investigation provide a certain level of mutual-validation for DBS and

CER in measuring F x B rotation.
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CHAPTER 1

Introduction

1.1 Nuclear fusion energy

Nuclear fusion is the synthesis of heavier nuclei from lighter subatomic components. FEn-
ergy is released when the fusion product is in a more energetically favorable configuration.
Harnessing the energy released during fusion reactions is the ultimate goal of fusion energy
research. Since the 1950s, when research began, the field has made enormous progress toward
achieving net energy production. However, no fusion experiment to date has achieved this
goal. Although the challenges of fusion are daunting, the promise of near limitless energy

continues to push the field forward.

For fusion to take place, nuclei must overcome (or tunnel through) the repulsive Coulomb
barrier to allow strong nuclear interactions to occur. This necessitates that a significant
population of the nuclei have substantial kinetic energy. The energy required is well beyond
the ionization threshold of lighter elements. Thus, an environment supporting nuclear fusion
will be a fully-ionized plasma. The task of achieving fusion on earth is directly linked with

the confinement and heating of a plasma.

There are two leading strategies for plasma confinement: Inertial Confinement Fusion
(ICF) and Magnetic Confinement Fusion (MCF). In each case, lighter nuclei are driven to
extreme temperatures/densities such that the probability of fusion reactions is appreciable.
Then, importantly, the plasma must be confined for a long enough time to release significant
energy to the environment (e.g. to heat steam and spin a turbine). Ideally, a fraction of
the fusion energy remains in the plasma to provide self-heating, alleviating some external

heating requirements. In this thesis we focus on MCF confinement, specifically the tokamak

1
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Figure 1.1: Record Lawson triple-product values for various MFE configurations. Contours
of Q. are also shown in the upper right of the axis. The maximum projected nT'7g for
planned tokamaks (ITER, SPARC) is also shown. This figure was adapted from [1].

configuration (see Section 2.1).

Balancing the power from external heating and plasma self-heating against losses due
to bremsstrahlung radiation and loss of thermal energy over 7p (the energy confinement
time) results in a criterion for ‘scientific breakeven’ [1]. The scientific breakeven milestone is
defined as Qg.i. = 1, where Qgei. = Prus./ Pexs. 1s the ratio of the fusion power and the external
heating power. In theory, if plasma self-heating is sufficient to exceed all losses, the external
power can be removed leading to Qs;. — 00. The Qs — oo limit is refereed to as ‘ignition’.
The preceding power balance analysis can be re-cast in terms a required plasma density (n),
ion temperature (7") and 75 to achieve a certain value of Q.. The Lawson ‘triple-product’,

L = nTtg, combines all three parameters into a single figure of merit for nuclear fusion.



In terms of L, specifying a target value for Qs implies a critical nT'7g > L. Generally
speaking, for a given fusion reaction, there exists a minimum L. as a function of ion
temperature. Therefore, we seek the confinement scheme, auxiliary heating methods, and

fuel with the minimum required L. to produce fusion energy at a fixed (scientific) gain of
Qsci.-

One favorable fusion reaction is between deuterium and tritium (D-T),

*H + 3H — 3He(3.5 MeV) + yn(14.1 MeV),

which has minimum L. ~ 3 X 10* [keV-s/m3] at T = 14 [keV] (for ignition). Figure 1.1
illustrates a database of record nT'7g values from [1] for a variety of MCF configurations.
Also displayed in Figure 1.1 are contours of )y, for the D-T reaction. For all the MCF
configurations shown in Figure 1.1, tokamaks are closest to achieving Q.. = 1 by a signif-

icant margin'

. For example, with significant external heating, T; > 14 [keV] was achieved
(transiently) thirty years ago on the TFTR tokamak with densities approaching 1 x 102
[m~?] [2]. These ‘super shot’ plasmas obtained record tokamak performance while using D-T
fuel. However, achieving breakeven (L > L. for Qg > 1) was not possible. For the
demonstrative case of TFTR, the required 75 ~ 2 [s] for breakeven was 10x larger than
what was possible at the time. To this day, 7z on the order of 1-10 seconds remains 10-100x
larger than what is currently achieved on tokamak devices. Extending the energy confine-

ment time of hot, dense plasmas without compromising other important aspects (stability,

impurity content, first-wall integrity, etc.) is at the heart of modern tokamak research.

The low energy confinement time observed in tokamak devices is related to the physics
of plasma transport. Experimental observations of tokamak transport (i.e. the flux of parti-
cles, heat, and momentum across magnetic field lines) exceeded initial theoretical predictions
by an order of magnitude or more. These initial, baseline transport predictions are part of

what is now called the ‘neoclassical theory’ of tokamak transport. Historically, the amount of

Tt is worth noting that because tokamaks achieved early success in the form of record ion temperatures,
other MCF schemes have historically received less attention.



transport exceeding the neoclassical prediction was dubbed ‘anomalous transport’. Today,
this anomalous transport is largely attributed to ‘micro-turbulence’ arising from unstable
ion gyro-radius scale plasma modes. The last two decades of tokamak research has fea-
tured significant developments in experimental methods of measuring micro-turbulence and
advances in theoretical and numerical modeling to quantitatively predict micro-turbulence

driven transport.

Experimental measurements generally capture individual fluctuating fields, e.g. the fluc-
tuating plasma density, dn, or fluctuating temperature, 07. These fluctuating fields — often
measured with limited wavenumber /spatial resolution — are not sufficient for directly calcu-
lating turbulent fluxes from experimental data. Instead, simulations are used to calculate
turbulent fluxes and the simulated dn and 07" are compared with fluctuation measurements.
The turbulent fluxes predicted by these simulations are large enough to account for the
experimentally-observed transport. However, validating these turbulent-transport models
against experimental measurements and developing robust reduced models remains an ac-

tive area of research.

1.2 Summary of the dissertation

This dissertation presents a variety of results based on measurements using the Doppler
back-scattering (DBS) diagnostic. Perhaps the most significant results are those pertaining
to the density fluctuation wavenumber spectrum, én(k,). In addition to measurements of
the wavenumber spectrum, a synthetic DBS diagnostic model was developed to test theories
of plasma turbulence. The synthetic diagnostic model is used to interpret measurements
and test both a quasi-linear gyro-fluid model and higher-fidelity nonlinear gyrokinetics sim-
ulations. The dn(k,) measurements were made in H-mode plasmas sustained only with
electron-cyclotron resonance RF heating (ECH). The ECH H-mode plasma regime is ex-
pected to be relevant for future burning plasmas where fusion-born alpha particles primarily
heat electrons and high temperature core plasmas possess low collisionality. The ECH H-

mode discharges studied as part of this doctoral research are part of a less-frequently studied
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tokamak plasma regime. While the overall MHD stability, energy confinement, and micro-
turbulence character appears similar to more traditional discharges heated by neutral beam

injection (NBI); the precise role of unstable electron modes remains unclear.

DBS n(k,) measurements, when interpreted in terms of spectral power laws (|67 | oc
k1"), suggest a wavenumber spectrum with variable spectral decay, 0.6 < v < 9.4, over a
broad range of spatial scales, 0.2 < k;ps < 6. In fact, the measured spectrum is almost
purely exponential in normalized wavenumber space, suggesting the possibility of long-range
dn correlations tangent to magnetic flux surfaces (binormal direction). For k, p, > 1.2 and
kips < 0.3, the spectral decay (v) predicted by turbulence simulations agrees remarkably well
with the DBS measurements. However, for 0.4 < k, ps < 1.2, the turbulence models predict
steeper spectral decay than what was observed experimentally. This result is complicated
by the fact that the model of DBS instrumental effects, namely beam-tracing, may become
less accurate at low-k, . The investigation of the dn (k) wavenumber spectrum in ECH H-
mode plasmas along with advances in DBS modeling to interpret results and test simulations

constitutes a large fraction of this dissertation.

In addition to the wavenumber spectrum investigation, a separate investigation is pre-
sented which focuses on the frequency spectrum of fluctuations measured by DBS. Specif-
ically, the E' x B rotation inferred from the Doppler shift of back-scattered waves. In the
rotation investigation, we compare radial profiles of plasma F x B rotation based on DBS
measurements with values from the charge-exchange recombination spectroscopy (CER) di-
agnostic. Profiles of ¥ x B rotation are compared under varying externally-applied torque
conditions (due to neutral beam injection). Generally, the F x B values derived from the two
independent diagnostics are found to agree within their respective uncertainties. Statistical
analysis of the DBS-CER. cross-diagnostic comparison dataset is used to quantify discrep-
ancies and bound when differences may be statistically significant. In some cases, the high
time-resolution DBS measurements were found capture the beam-induced prompt torque
on the plasma. Additional analysis is presented to estimate the prompt-torque density, the

FE x B shearing rate, and the turbulence phase velocity using DBS measurements.



1.2.1 Summary of publications related to this dissertation

In the past decade there have been several developments in DBS theory and hardware which
have directly impacted this thesis. The 3D scattering effect of ‘mismatch attenuation’ — a
reduction in the scattering signal when the probing DBS beam is not perpendicular to the
background magnetic field at cutoff — has been given particular attention. New quasi-optical
DBS hardware was installed in the DIII-D tokamak; including multi-axis mirrors allowing
for the toroidal steering of DBS beams (see T. Rhodes et al. [3]). Simultaneously, the beam-
DBS theoretical framework was developed by V. Hall-Chen et al. [4]; providing a means to
quantitatively predict the level of mismatch attenuation. In subsequent work by J. Damba
and V. Hall-Chen et al. [5,6], predictions from the beam-DBS theory were validated against
scans of the toroidal DBS launch-angle in DIII-D discharges.

The beam-DBS theoretical framework also provides a model of the DBS instrument
function (sometimes called a transfer function or weighting function). The work in Chapter
4 of this thesis directly uses the beam-DBS theory to develop and apply a synthetic DBS
diagnostic. The application of this synthetic diagnostic to DBS én(k,) measurements in
ECH H-mode plasmas was published by the author in [7]. The work presented in Chapter
4 also makes use of results from Ruiz-Ruiz et al. [8] in modeling DBS and relating the

wavenumbers used in simulations to experiment (see Appendix C).

Separately, the rotation investigation in Chapter 5 corresponds to work published by
the author in [9]. Aside from these published works, this doctoral research also included
the development of an open-source collection of DBS analysis software in the form of an
OMFIT module. The OMFIT-DBS module is discussed in more detail in Appendix A
and in the OMFIT-DBS tutorial document available on the OMFIT website (omfit.io).
The OMFIT-DBS module has aided in the analysis of DBS data from both the DIII-D
and MAST-U tokamaks and is currently being prepared to analyze data from an upcoming
NSTX-U DBS diagnostic. The OMFIT-DBS module has aided DBS analysis in published
works including [5,7,9-11].


omfit.io

1.3 Outline of the dissertation

This dissertation is divided into six chapters and three appendices:

1. Chapter 1 (this chapter) is the introductory chapter.

2. Chapter 2 includes background information on turbulent transport in tokamak plasmas.
In Chapter 2 we also discuss the quasilinear code TGLF used in later analysis. Prior

work comparing DBS measurements with simulations is also reviewed.

3. Chapter 3 contains a comprehensive description of the DBS diagnostic. In Chapter
3 we present theory of the DBS scattering process as well as relevant cold-plasma
wave theory in the electron-cyclotron range of frequencies. We present the DIII-D
DBS electronics and quasi-optical hardware as well as DBS analysis methods. Beyond
data analysis, we also present the ray-tracing, beam-tracing, and full-wave methods of
simulating the probing DBS wave in the background plasma. Chapter 3 also contains
a discussion of the synthetic DBS diagnostic developed as part of this thesis and some

discussion of non-ideal/complicating effects in DBS including nonlinear scattering.

4. Chapter 4 presents the density fluctuation wavenumber spectrum investigation in ECH
H-mode plasmas. We present the experiment, detailed DBS measurements and results
from extensive turbulence/transport modeling. Some of the work presented in Chapter

4 was also published by the author in [7].

5. Chapter 5 presents the E' x B rotation investigation including cross-diagnostic compar-
isons with the CER diagnostic. We provide some additional background on tokamak
rotation and the principles of CER. We present the measured rotation profiles, sta-
tistical analysis of the DBS-CER. cross-diagnostic comparisons, and some additional
analysis of prompt-torque, F x B shear (vgxp), and estimations of the turbulence
phase velocity. Some of the work presented in Chapter 5 was also published by the
author in [9].



. Chapter 6 is the concluding chapter, summarizing the dissertation and discussing av-

enues for future work.
. Appendix A discusses the OMFIT-DBS module in detail.

. Appendix B presents models for the DBS frequency spectrum including the theory-

based Taylor model and some ad hoc 3-parameter and 4-parameter lineshape models.

. Appendix C provides details of the nonlinear CGYRO simulations featured in Chapter

4 as well as a discussion of converting wavenumbers between simulation and experiment.



CHAPTER 2

Background: turbulent transport in tokamaks

In this chapter we provide an overview of turbulent transport in tokamak devices. Section 2.1
describes the tokamak configuration with an emphasis on the geometry of the magnetic field
and common tokamak coordinate systems. Subsection 2.1.1 briefly describes the parameters
of the DIII-D tokamak. Section 2.2 discusses tokamak transport scaling laws and the gyro-
Bohm transport paradigm. Section 2.3 presents an overview of the kinetic theory of tokamak
transport. Neoclassical and turbulent transport are discussed in Subsections 2.3.1 and 2.3.2
respectively. An overview of quasi-linear transport and the TGLF model is presented in
Section 2.4. Section 2.5 provides a phenomenological overview of common tokamak micro-
instabilities. Finally, Section 2.6 provides a summary of recent turbulent-transport research
along with a description of previous comparisons between DBS measurements and turbulence

simulations.

2.1 The tokamak configuration

Tokamaks are magnetic confinement fusion devices designed to confine a hot plasma using an
externally-applied toroidal magnetic field. Figure 2.1 provides a 3D rendering of a tokamak.
In an inductive tokamak scenario, a central solenoid is used to create a time-changing mag-
netic flux; inducing a toroidal electric field (transformer circuit in Figure 2.1). The toroidal
electric field induces a current in the plasma which in turn produces a poloidal magnetic
field necessary for tokamak stability. Importantly, the total magnetic field in a tokamak is

helical rather than purely toroidal.

The magnitude and direction of the plasma-generated poloidal magnetic field depends on



Inner poloidal field coils
(primary transformer circuit)

Poloidal magnetic field Outer poloidal field coils
(for plasma positioning and shaping)

Toroidal field coils

Resulting helical magnetic field
Toroidal magnetic field

Plasma electric current
(secondary transformer circuit)

Figure 2.1: Schematic of the tokamak MCF configuration from [12].

the total current density, j, inside the plasma. In general, the helicity of the total magnetic
field varies over the plasma minor radius. This shear in the magnetic field is captured by
the rotational transform, ¢, or its reciprocal ¢ (the safety factor). MHD theory describes the
macroscopic distribution of currents in the plasma and the relationship between magnetic

forces and the total plasma pressure. The equilibrium equation,

jxB=Vp, (2.1)

can be used to derive the Grad-Shafranov partial differential equation describing the ax-
isymmetric distribution of poloidal magnetic flux ¢. Equation 2.1 also implies that the
macroscopic j and B are embedded in nested ‘flux surfaces’. These flux surfaces play a
central role in tokamak theory both as (theoretical) isosurfaces of density, temperature, and

bulk rotation, and as the basis for the field-aligned coordinate system.

Figure 2.2 illustrates common tokamak coordinate systems. In Figure 2.2(a) a flux surface

is depicted in 3D with an embedded helical magnetic field line. Figure 2.2(a) depicts the
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(q) Lab frame

Figure 2.2: Schematic of the tokamak coordinate systems.

lab-cylindrical, (R, (, Z), and the simple-toroidal, (r, 8, ¢), right handed coordinate systems.
Note that for non-circular flux surfaces the minor radius, r, varies with the poloidal angle, 0,
around the flux surface. For this reason we also show the flux surface label 1. In principle,
any monotonic quantity can be used to label flux surfaces (including r). However, it is

natural to use labels which are constant on flux surfaces (e.g. the poloidal magnetic flux,
).

Figure 2.2(b) illustrates two magnetic flux conventions: on the left side of 2.2(b) we
provide a surface S, at constant toroidal angle ¢, and on the right side of Figure 2.2(b) we
provide a ribbon-type surface! Spor. at constant 6. Both the poloidal flux, ¢, and toroidal
flux, 1, are common flux surface labels (depending on which surface in Figure 2.2(b) is
selected for integration). Flux surface labels are typically normalized by their value at the

separatrix (the last closed flux surface or LCFS). For example,

) = ) 20 22)

1One can define a disk-type poloidal flux complimentary to the ribbon-type poloidal flux shown in Figure
2.2(b) — see [13]
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is the square root of the toroidal magnetic flux normalized by the on-axis toroidal magnetic
field. The flux surface label p = p;/p(a) is pi(r) normalized with respect to its separatrix

(r = a) value. The flux surface label p is used throughout this dissertation.

Theoretical descriptions of tokamaks often make use of analytic parameterizations of flux
surfaces, i.e. formulas for a flux surface’s R(r,0) and Z(r,8). For example, the Miller [14]
and MXH [15] models allow for flux surfaces with non-trivial shapes. More complex flux
surface shapes can be parameterized by the elongation k, triangularity o, and other scalars.
Theoretical tokamak descriptions generally use field-aligned coordinates (i.e. coordinates
where the magnetic field becomes a straight line). Figure 2.2(c) illustrates a field-aligned
coordinate system using the Clebsch-type magnetic field, B = Va x Vi where ¢ = v, /27
and a = ¢ + v(¢,0) with the coordinate v(1,0) encoding the helicity of the magnetic
field [16]. The (¢, 0, ) coordinate system is discussed in more detail in Appendix C. For a

mathematically rigorous treatment of flux coordinates see [13].

2.1.1 The DIII-D tokamak

DIII-D is a conventional, midsize tokamak located in San Diego, CA, USA [17]. DIII-D
has major radius Ry = 1.66 m with typical plasma LCFS minor radius a = 0.67 m for
an aspect ratio Rg/a = A ~ 2.5 and inverse aspect ratio ¢ = A™! &~ 0.4. The maximum
on-axis toroidal magnetic field is By ~ 2.2 T and the maximum plasma current is [, = 2
MA. For the work considered in this thesis, DIII-D has the following auxiliary heating and
current-drive capabilities: eight neutral beam injection (NBI) sources along four beam-lines,
and four (gyrotron) electron cyclotron heating (ECH) sources. The first wall of DIII-D is
graphite — making Carbon the typical impurity species in DIII-D plasmas.

Figure 2.3 provides a plan view of the DIII-D tokamak along with an example magnetic
equilibrium reconstruction from the EFIT code [18]. The four NBI beam-lines with two
sources each (R/L) are labeled in Figure 2.3(a) according to their toroidal locations on
the machine. The four ECH inputs are also shown in Figure 2.3(a) near the 270° toroidal

location. Two DBS systems (discussed in more detail in Chapter 3) are also shown in Figure
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Electron Cyclotron Heating (ECH) R [m]

Figure 2.3: Plan view of the DIII-D tokamak with an example magnetic equilibrium. In (a)
the ‘normal’ orientation of the magnetic field and plasma current, I, are shown. The 210°
neutral beam is shown in the counter-7, direction. The location of the four ECH launchers
used at the time of the study in Chapter 4 is shown. The labels for the ECH lines correspond
to the gyrotrons. The location of the DBS60 and DBS240 systems are also shown. In (b)

an example magnetic equilibrium is shown with flux surfaces (contours of ).

2.3(a) and are labeled by their toroidal locations. The magnetic equilibrium shown in Figure
2.3(b) is an example of an elongated (LCFS k ~ 1.7), lower single null (diverted) plasma.
The term ‘lower single null’ refers to the formation of a single X-point in the lower half of

the separatrix.

2.2 Tokamak transport scaling paradigms

One of the most important questions in magnetic fusion energy research is how plasma
transport scales as a function of physics parameters. To answer this question, transport
scaling laws have been devised to reduce the complexities of transport down to a handful
of variables. Scaling laws can be cast in terms of engineering variables with absolute units
(e.g. R [m], I, [MA], etc.), or in terms of dimensionless plasma parameters (defined below).

Ideally, an empirical scaling law would cover a broad range of input parameters such that
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overall trends can be deduced. To this end, tokamak researchers from around the world
have combined experimental data from multiple tokamaks to establish benchmark empirical
scaling laws. These scaling laws been used to guide research and extrapolate toward future
devices. In this section we provide a heuristic description of Bohm and gyro-Bohm tokamak
scaling paradigms [19]. We also define several dimensionless plasma parameters which appear

in later chapters.

Fundamental work regarding plasma transport across magnetic field lines is due to Bohm,
where a diffusion coefficient was found to be, xp o< T'/e B. From this expression, we can define
the Bohm-time, 75 = a?/xp — a characteristic time for Bohm-like diffusion across a system
of size a (e.g. the minor radius of the LCFS in a tokamak). The Bohm-time is a natural
quantity to normalize other transport timescales such as the energy confinement time, 7z,
introduced in Section 1.1. We may posit that the normalized energy confinement time, 75 /75

has some (unknown) functional dependence on other dimensionless plasma parameters,

/T = F(ps, B vis ). (2.3)

In Equation 2.3 the normalized ion-sound gyro radius is,

Cs

aQi

Px = ps/a = (24)

with sound speed, ¢; = /T./m;, and ion cyclotron frequency, ; = Z;,eB/m;. Also in

Equation 2.3,
5= YosnsTy
-~ B?/(2u0)

is the ratio of the total (summed over species s) kinetic pressure to the magnetic pressure.

(2.5)

Finally, in Equation 2.3,

o Vs
Vs

= 5207 () (26)

is the ratio of the collision frequency to the trapped particle bounce frequency for species s

where v, is the ion-s collision frequency, ¢ is the safety factor, R is the major radius, v, is the
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thermal velocity for species s, and € = r/R is the inverse aspect ratio. For the presentation
here we will restrict the function F' to depend on p,, 5, and v, although in general other
dimensionless parameters may be relevant. Note that the logic behind Equation 2.3 can
be applied to an arbitrary, local, species-dependant transport timescale 7 (not only the
macroscopic 7). For macroscopic timescales such as 7g, the parameters p., 3, and v, are

often evaluated for the main ion species and may be volume-averaged.

Two special cases of Equation 2.3 are defined with respect to the p, dependence within
the function F,

p:1F(B,v,) for gyro-Bohm transport,
TE/TB = (2.7)
F(B,vy) for Bohm transport.
For the case of gyro-Bohm transport, the function F' is taken to scale inversely with the
normalized gyro-radius p.. For Bohm transport F' is independent of p,. The scaling with
ps has a significant impact on projections to future tokamak devices. In contrast with
other dimensionless parameters, it is believed p, will change the most as we construct next-
generation devices operating at higher B-field and larger size a (both imply smaller p,).

xT . .
| ‘, as is the case in

Thus, MFE research would benefit from a scaling of the form 7z /75 o p.
gyro-Bohm scaling (z = 1). Observations of tokamak transport in the H-mode scenario have
largely demonstrated approximate gyro-Bohm scaling? [20]. However, L-mode confinement
often exhibits Bohm-like scaling. For reference, the IPB98(y,2) multi-machine empirical
scaling law is,

—0.7 —0.9, —0.01 7 70.96 —3.0 0.73 2.3
TE,IPBgs(y,Q)/TB x p, BT Mg "k (2.8)

* a

for ELMy H-mode plasmas with M being the average ion mass and x, = area/ma?* (related to
the flux surface elongation) [21]. The p; %7 term in Equation 2.8 is indicative of approximately

gyro-Bohm scaling.

Focusing on the p, dependence of Equation 2.7, we can define the gyro-Bohm timescale,

Ty5 = py '7p, for an arbitrary transport process. This relationship is also sometimes written

ZNotable exceptions include transport scaling with the main ion mass, which is the subject of ongoing
research.
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in terms of diffusivities using the fact that 7,5/75 < xB/xg5- The gyro-Bohm diffusivity
is then related to the Bohm diffusivity with x, = p.xp. Inserting the Bohm diffusion
coefficient, xp o T'/eB o cyps, the unit gyro-Bohm diffusivity can be defined as, x,5 =
(cs/a)p?. Along with this gyro-Bohm unit diffusivity, we can define a series of gyro-Bohm
transport fluxes which are often used to normalize results from simulations. Using electrons

as the reference species, the gyro-Bohm particle flux is,

FQB,G = necs(ps/a)Qa (29)

and the gyro-Bohm energy flux is,

QgB,e = neTeCs(ps/a)2~ (210)

These definitions come from considering diffusive transport processes e.g. I';p = x45Vn and
taking Vn ~ n/a. It is important to note that plasma transport does not generally follow
a simple Fick-ian constitutive relationship (proportionality between fluxes and gradients in
kinetic quantities). However, effective diffusivities are often used in transport analysis and

the gyro-Bohm fluxes are defined by considering diffusive behavior.

Working backwards from the unit gyro-Bohm diffusivity, x,5 = (¢s/a)p?, one can in-
terpret the implied diffusive transport process as a random-walk with perpendicular length
scale on the order of p, and characteristic time on the order of a/cs. These are the fun-
damental length and timescales associated with ‘microscopic’ turbulent transport discussed
later in this chapter. Given the implicit importance of O(ps) phenomena — it is reasonable
to approach transport from a kinetic/gyrokinetic framework where finite py effects are in-
cluded. In the following section we delve into a more rigorous treatment of the theory plasma

transport in tokamaks.

16



2.3 Kinetic theory of tokamak transport

In principle, the transport of particles, heat, and momentum across magnetic field lines in a
tokamak can be evaluated in the kinetic theoretical framework by solving the plasma kinetic

equation for the 6+1 dimensional distribution function f,(x,v,t),

afa—l—v-Vfa—i-&(E%—%(va))  a =Clf.] + S, (2.11)

ot My ov

where the subscript a labels the plasma species (not to be confused with the tokamak minor
radius), C is a plasma collision operator, and § is a source term. Along with Maxwell’s
equations, we obtain a closed system which theoretically contains the relevant physics. How-
ever, for realistic tokamak parameters, phase-space dynamics occur over many orders of
magnitude; making it nearly impossible to solve Equation 2.11 directly. Allowing the dis-
tribution function and electromagnetic fields to contain fluctuating components, an initial
step is taken to separate the problem by expanding quantities, X = X + 6 X where a plain

X now represents (X )ens.. The ensemble-averaged kinetic equation becomes,

Ofa a 1 dfa
5{5 +v-Vi.+ :1—& (E+ E<V X B)) : a{, = (C[fa))ens. + Do + Sa, (2.12)

where the additional D, term on the RHS contains the interaction between fluctuating

components of the fields and the distribution function,

D, = -1o <(5E + %(v X 6B)) : 8(25“) >n (2.13)

Mg

Provided C and D conserve particle number, Sugama and Horton [22] derive a set of flux
surface averaged transport equations from the ensemble-averaged kinetic equation (Eq. 2.12
above). In the following discussion we focus on the particle transport channel — similar

expressions exist for energy and momentum transport [22]. The flux surface averaged particle
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transport equation is,

a(na>fs‘ 1 8 , . 3
St g (V'Ta) = </d v5a>f&, (2.14)

where V' captures the differential plasma volume within flux surfaces, and (... ) represents

the flux surface average. The plasma density is,

Ng = /d%fa (2.15)

I, = </d3vfav : VT> . (2.16)
fs.

It is important to note that the structure of Equation 2.14 is akin to a typical conservation

and the particle flux is,

law i.e. Oy(density) + V - (flux) = (source). However, as noted in the previous section, the
particle flux is not simply proportional to the density gradient, i.e. I' # —DVn, with D
being a diffusion coefficient. Instead, the particle flux is fundamentally the radial velocity

moment of the distribution function using Equation 2.16.

Continuing with the demonstrative case of particle transport: in steady-state (9, =
0), Equation 2.14 becomes a balance between the flux (Eq. 2.16) and the source term.
The distribution function appearing in the these equations is taken to be a solution of the
ensemble-averaged kinetic equation (Eq. 2.12) which remains intractable to solve directly.
The standard analytical procedure is to produce approximate solutions of the kinetic equation
by exploiting separation of spatio-temporal scales depending on the dynamics of interest. In
modern tokamak transport theory there are two specific reductions of Equation 2.12 which
are commonly solved in place of the full kinetic equation: the drift-kinetic equation (DKE)
and the gyrokinetic equation (GKE). Each reduction and its impact on transport is discussed

in the following subsections.
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2.3.1 Neoclassical transport

Example derivations of the DKE can be found in [23,24]. The derivation by Hazeltine
in [23] uses the order-parameter, 6 = w/Q? < 1, where w represents the characteristic
frequency of the dynamics under consideration and (2 is the cyclotron frequency for a given
species®. The ordering § < 1 implies we are interested in phenomena occurring much
slower than cyclotron motion (an appropriate limit for tokamak transport). Traditionally,
one transforms to coordinates (x, u, €, 9, t), where velocity-space is replaced by the magnetic
moment g = myv? /2B, the total energy e = m,v?*/2 + q,¢, and the gyro-phase angle ¥.
In these coordinates, the DKE results from expanding the total distribution function into
a gyro-phase averaged component and an oscillating component with respect to the gyro-
phase, f, = f. + fa. The component of ensemble-averaged distribution function that varies

over the gyro-phase is ordered f, ~ O(5). The resulting DKE (see Equation 19 of [23])

describes the (slow, 0 < 1) evolution of the gyro-phase averaged distribution function.

To solve the DKE one typically exploits another scale-separation; namely an expansion
in the normalized ion gyro-radius p.; = p;/L (where L is the system size, for a tokamak
L = a the minor radius — not to be confused with the species subscript label). The result-
ing expansion of the DKE is solved to O(p.;) (with appropriate treatment of the collision
operator) such that the O(p?;) fluxes can be evaluated*. The second-order fluxes resulting
from this procedure are responsible for neoclassical transport, i.e. the transport of particles,
heat, and momentum arising from collisions between guiding-centers executing drift motion
in toroidal geometry. In practice, the code NEO [25] can be used to evaluate neoclassical

fluxes for realistic profiles and magnetic equilibria from tokamak experiments.

3Hazeltine does not perform the ensemble-averaging step, thus there is no factor D, in their work.

4Using the particle flux in Equation 2.16 as an example: at first order in p,; the velocity v is replaced by
the magnetic and E x B drift velocities v — vp + vg. At O(p.;) the magnetic drift velocity is also O(p.;)
but the E x B drift is O(p2,). Thus, when the gyro-phase averaged distribution function is expanded in

powers of p,; in Equation 2.16, we obtain a second-order flux from ﬁ(o)vE + ﬁ(l)VD. There is no O(p.;)

—(0 . .
flux from fa( )v p because the flux surface average nullifies vp motion.
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2.3.2 Turbulent transport

To evaluate transport driven by plasma fluctuations — often called ‘turbulent’ transport —
we return to the kinetic equation (Eq. 2.11) and focus on the the fluctuating component
of the distribution function (df,) rather than its ensemble-averaged counterpart (plain f,).
Derivations of the GKE by Sugama can be found in [22] (for electrostatic fluctuations)
and [26] (for electromagnetic fluctuations). Similar to the DKE method, an expansion in p,;

is performed. The GKE ordering asserts,

where background rotation, Vg, and the fluctuating vector potential, dA, are included in
the rotating/electromagnetic case treated in [26]. The ordering of kj < k; implies that
spatial variations perpendicular to the background magnetic field can be scale-separated
from variations along the field. It is common for an additional WKB expansion to be

performed fluctuating quantities. For an arbitrary fluctuating quantity 0. X the expansion is,

IX(x,e,p,9,t) = Z 0Xk, (x,e, 1,9, 1) exp[iS(x, t)], (2.18)

k)
where the perpendicular wavenumber is defined with respect to the eikonal phase, k| = V,S.
Substituting the WKB expansion for fluctuating quantities in the kinetic equation re-casts
the problem in terms of fluctuating amplitudes, 60Xk, = dX(k,). Then, taking a gyro-
average of the O(p,;) evolution equation for the fluctuating distribution function reveals

adiabatic and non-adiabatic components,

_Qa5¢(kL>

7 fao - Sha(k e e, (2.19)

0far(ki) =

The non-adiabatic part of the fluctuating distribution function, dh,, can be calculating at
the next order in p,;. The nonlinear GKE for dh, is obtained by gyro-averaging the kinetic

equation for df,s(ky), i.e. the O(6%) component of the fluctuating distribution function
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(see Eq. 18 in [26]). Once the GKE for dh, is solved, the turbulent transport fluxes can
be evaluated. For example, the ensemble/flux-surface averaged particle flux (Equation 2.16

above) is of the form,

I, = <</cl?’vz:(Shi‘%kLéVkl -Vr> > . (2.20)

ens.’ fs.

For example, in the electrostatic, cold-plasma limit®, the fluctuating velocity, v, is simply
due to E X B motion,

—ik, 8¢, X B] . (2.21)

5VkJ_ =

Bl
In this limit, the particle flux (Eq. 2.22) is evidently the result of non-adiabatic density
fluctuations undergoing turbulent £ x B motion — an expected result from the typical drift-
wave picture of turbulent transport [27]. Thus, for electrostatic fluctuations, the flux-surface

averaged particle flux is of the form,

r.=% << _gkb (5n;kL5¢kL> > , (2.22)
ens./ fs.

k)

where ky, is the binormal component of k| (mutually perpendicular to Vr and B)

In practice, the code CGYRO [16] can be used to solve the nonlinear gyrokinetic equation
and evaluate turbulent transport fluxes for realistic tokamak parameters. The code is dis-
cussed in more detail in Appendix C. In addition to the nonlinear GKE, CGYRO can be
used to solve its linear counterpart for eigenmode analysis, i.e. calculating mode growth
rates and real frequencies. CGYRO also internally computes fluctuating moments of the
distribution function, e.g. dn (including the adiabatic contribution). In this dissertation we
make use of local gyrokinetic simulations where formally p, — 0 and the input parameters
come from a single radial location. The simulation domain takes the form of a periodic ‘flux
tube’ described in more detail in Appendix C. Numerical discretization alters the form of the

flux calculations into sums over the numerical grids. For example, the electrostatic particle

5This limit allows us to expand Jo(z) = 1+ 2% + O with @ = k, v, /Q appearing in dvy, .
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flux calculation is of the form,

Fo o< 30 37 (Re [ikydnp,.k, (6,007, 1, (0,1)] >t’fs. , (2.23)

ky ke
where the flux-surface average involves a sum over the poloidal angle (f) and the ensemble
average is replaced by a suitable time-average. This expression is used to motivate the
underlying form of the fluxes used in quasilinear transport models discussed in the next

section.

2.4 Quasilinear transport

Although the nonlinear gyrokinetic model presented in Section 2.3.2 can be used to calculate
turbulent transport fluxes in realistic tokamak geometry; even local simulations come at a
considerable computational cost (potentially thousands of CPU-hours). Instead, reduced
models based on quasilinear theory of have been developed to approximate turbulent fluxes
at a significant speedup (< 1 CPU-minute). The quasilinear approach involves solving a
linearized system of equations for unstable plasma modes (i.e. obtaining growth rates and
frequencies). On their own, linear solutions describe exponentially growing perturbations
which, in reality, grow until saturated by a nonlinear mechanism. Thus, these linear solutions

must be supplemented with a model for saturation (called a saturation rule).

In general, one has the freedom to mix-and-match linear results with different saturation
rules. For example, one may compute an eigenvalue spectrum using linear gyrokinetics or
one may approximate the gyrokinetic physics with a gyro-fluid system of equations. In this
dissertation we use the quasilinear Trapped Gyro-Landau Fluid code TGLF [28]. The TGLF
system of equations is based on velocity moments of the linearized gyrokinetic equation.
Trapped and passing particles are treated by integrating different portions of velocity-space.
The system of equations is closed by approximating kinetic effects such as Landau damping
—see [29]. TGLF calculates quasi-linear transport fluxes using a saturation rule based on

nonlinear gyrokinetic simulations. To date, there are three TGLF saturation rules with
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increasingly advanced physics: SATO [28,30], SAT1 [31,32], and SAT2 [33,34]. The first
saturation rule (SATO) is local in k, (no coupling between modes) and independent of k,.
In SATO, mode saturation was approximated by reducing the magnitude of linear growth
rates using a term proportional to the £ x B shearing rate, vy, — &, — apxp|vExB|- The
quantity agyp is an example of a parameter which would be fit to a database of nonlinear
gyrokinetic simulations. In cases of high vz« 5, modes could be completely ‘quenched’ under
the SATO model. The complete quenching of modes and predictions of the momentum flux
were later found to be inaccurate. Ultimately, SATO was replaced by SAT1 including a
more sophisticated ‘spectral-shift’ model for the 2D (k,, k,) saturated potential spectrum,
d¢x, [31]. The SAT1 spectral shift model related E x B shear with a k,-shift in the potential
spectrum along with a reduction in d¢y, amplitude. The SAT1 model also included non-
local mixing of different k, modes as a means of modeling the effects of multi-scale zonal
flow saturation [32]. The SAT1 model was later updated to SAT2 with the addition of a
model related to the magnetic geometry (and other enhancements) [33]. Magnetic geometry

effects were included by allowing the d¢x, model to vary with the poloidal angle, 6.

Each TGLF saturation rule includes parameters which are fit to a growing database
of nonlinear gyrokinetic simulations spanning a range of tokamak conditions. Extensive
verification work has been carried out to test TGLF and its underlying saturation rules
[34]. In general, the latest saturation rule is best equipped to mimic the higher-fidelity
gyrokinetics. It should be noted that the development of new saturation rules and reduced

systems of gyro-fluid equations continues to be an active area of research [35,36].

To introduce the concept of quasilinear weights and the saturated intensity spectrum,
we return to the discrete expression for the particle flux given above in Equation 2.23. The

quasilinear (QL) form of the particle flux can be written,

PRl =" Ak, et wrd (2.24)

ky

where [ ,f;‘)del is the QL intensity spectrum, and WF?,I;J is the QL weight for the particle flux
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(cf. Eq. 25 in [34]). The factor of Ak, is needed because the QL intensity model is designed
to be grid-independent®. The weight and intensity spectra in Equation 2.24 are the two
pillars of quasilinear transport theory. The weights are directly related to the phase shift

between fluctuating fields. For example, the QL weight for the particle flux is,

<Re[¢ky5ns,ky5¢;;y]>
<‘5¢ky |2>t,0

Lo (2.25)

QL _
WFSJ% =

In this expression, the fluctuating density and potential (0n and §¢) are amplitudes of eigen-
modes (single k,) resulting from a linear calculation”. Part of the quasilinear assumption is
that the QL weights (phase-shifts) are preserved when the fields are nonlinearly saturated.
Given this approximation, nonlinear effects are completely determined by the model inten-
sity, 1 ,f;"del. For the SAT2 model, the QL-intensity is a formula for the saturated potential

spectrum evaluated at the peak k, = k.o, squared, and flux-surface averaged i.e.,

) > . (2.26)
kz=Fka0 0

At the heart of the SAT2 saturation rule there is a 3D (k,, ky, #) model for the saturated

I]I;;Odel — < (5¢(9)1};;0de1

potential spectrum,

model k.rnodelk
5¢(6)m0del — G(0> ’yky /( z y)

ky.ka /N 2 2 o
g {1 + ( k,’izigel) + (—’2@’3@9) } [1 + (ax—kiﬁﬁ?iel) }

(2.27)

The numerator of Equation 2.27 has the same form as the traditional mixing-length diffusion
estimate ~ v/k%. The factor G(6) is designed to capture the flux surface geometry depen-
dence and the Ak, measure is related to the grid-independence of the model. The first term

in the square brackets in the denominator creates a Lorentzian k,-dependence with spectral

6In these expressions I will ignore normalizing factors to keep the expressions simple. The reader is
referred to [33,34] for more comprehensive definitions and normalizations.

"The linear mode amplitudes can be calculating using the TGLF system of equations or with linear
gyrokinetics.
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shift k.o and width £m°%!. The second bracketed term in the denominator is designed to
attenuate the peak of the spectrum as the shift increases. The two parameters a, = 1.21
and o, = 2 are examples of parameters which are fit to a database of nonlinear gyrokinetics
simulations. The precise definitions and normalizations of each term (y™°d G(6), etc.) in
Equation 2.27 can be found in [33,34]. To summarize, quasilinear estimates of the transport
fluxes can be calculated given the QL weights (cross-phase between the relevant fluctuating

fields) and the QL intensity spectrum (model for the nonlinearly-saturated d¢ amplitude).

2.4.1 TGLF model for the fluctuating density

In this subsection we describe a quasilinear dn model based on TGLF. Generally speaking, it
is of interest to develop models for the fluctuating density dn,(k;, ky, ,t) to compare model
predictions with experimental fluctuation measurements. While dn can be readily obtained
from nonlinear gyrokinetic simulations (by taking a moment of the fluctuating distribution
function); as part of this doctoral research we sought to calculate a model dn spectrum with

reduced computational overhead.

The starting point for the on model is the TGLF 3D saturated potential spectrum in
Equation 2.27. To relate the density spectrum to the 3D potential spectrum we use the
QL-weight for the density field. Similar to the QL-weight for the particle flux (Equation
2.25), the density weight is defined as,

QL_M

o = : 2.28
= 5n ), (229

where the on and d¢ moments are obtained from the (linear) TGLF solution eigenvector for
the most unstable mode (and k, = 0). In using linear quantities to compute this weight,
we assume that the ratio in Equation 2.28 is preserved in the saturated state — just as we
assume the cross-phase between fields in preserved when calculating QL-weights associated

with transport. Finally, we calculate an approximation of the saturated density spectrum
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with,
2 model o QL 2 model
on(0)™° (ky, ky) = Wngy - 607(0) ks - (2.29)

This model for the saturated density spectrum will be tested and applied in Chapter 4 to

create a reduced-model synthetic DBS diagnostic.

2.5 Plasma micro-instabilities

Gradients in kinetic quantities (density, temperature) across the minor radius of tokamak
plasmas provide free energy to seed micro-instabilities. These plasma instabilities are gen-
erally drift-wave type oscillations which — if unstable — grow exponentially until saturating.
In this section we provide an overview of three common tokamak micro-instabilities (ITG,
TEM, and ETG). We take a primarily phenomenological approach in describing these plasma
modes. Detailed descriptions of tokamak micro-instabilities can be found in a number of re-

views and textbooks [19,27].

2.5.1 The ITG mode

The Ion Temperature Gradient (ITG) mode is an ion-scale (kjps ~ 0.1 — 1) plasma micro-
instability. The ITG mode is particularly deleterious for plasma confinement because of its
relatively large perpendicular wavelength and resonance with the main ion population. The
instability is generally driven by the parameter n; = L,,/Lz,, where Lx = —(dIn X/dr)™!
is the gradient scale length. Thus, for a fixed value of the density gradient, the I'TG mode
can be destabilized beyond a critical ion temperature gradient, (a/Lz,)"". Estimates of
the critical temperature gradient fall in the range of 1 < (a/Lz )" < 5, similar to values

obtained experimentally in tokamak plasmas.

Various treatments of the ITG mode exist in the literature: collisionless/dissipative,
slab/toroidal magnetic field, low/high 5. The electrostatic (5 = 0), dissipative (fluid), slab
ITG is perhaps the most basic scenario. In this simplified limit, some essential features of

the ITG mode can be found: the mode propagates in the ion diamagnetic direction, there
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exists a critical 7; value for instability®, the growth rate increases with 7; and with the ratio
T;/T. [37]. When more realistic physics are included, one finds a mixture of stabilizing and
destabilizing effects e.g. magnetic shear can be stabilizing while curved field lines can be
destabilizing (both are present in tokamaks) [38]. Furthermore, with increasing 5, the ITG
mode can be electromagnetically stabilized and another instability — the kinetic ballooning
mode (KBM) — can be destabilized [39]. Finally, in the presence of a large trapped particle
fraction (low-collision frequency) the ITG and trapped electron mode (discussed next) can

become coupled — further complicating the ion-scale micro-instability picture [40].

2.5.2 The TEM

The Trapped Electron Mode (TEM) is an ion/intermediate-scale (k; ps &~ 1) plasma insta-
bility. The TEM instability arises due to a resonance between mode frequencies and the
bounce-frequency of mirror-trapped electrons executing ‘banana orbits’ on the low-field side
of the tokamak. Similar to the ITG instability, several limiting cases have been documented
in the literature: collisionless/dissipative, low/high-3. Simple slab models of this instability
are generally not available because a trapped population is required; implying a non-trivial
magnetic field. The TEM is often identified as a k; ps =~ 1 mode having the following
properties: propagation in the electron diamagnetic direction, growth rate increasing with
decreasing collisions (the resonant population of trapped particles increases), and growth
rate increasing with Vn and/or VT [41]. Similar to the ITG mode, the TEM may be sta-
bilized by magnetic shear and destabilized by magnetic curvature [42]. TEMs also have a

have complicated dependence on the ratio T, /T;, depending on the value of a/L,, [43].

2.5.3 The ETG mode

The Electron Temperature Gradient (ETG) mode is the electron equivalent to the ITG

mode. This instability occurs at much smaller perpendicular scale k; ps > 1 (k1 p. =~ 1) and

8The precise critical n; values derived from the fluid models are not entirely accurate — the fluid description
itself assumes 7; > 1.
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is driven unstable by 7.. Due to their small length scale, ETG modes are not expected to drive
significant transport in the core of conventional tokamaks. However, they are theoretically
impervious to suppression by E x B-shear when compared with the ITG/TEM instabilities
[44]. For this reason, ETGs has been theorized to be responsible for electron energy transport
in the tokamak edge as a result of the formation of elongated radial ‘streamers’ [44,45].
Similar to the ITG mode, this mode can be treated with slab or curved magnetic field
models. Critical values of 7. have been theorized to depend on similar parameters as the

ITG mode i.e. magnetic shear, T, /T; [46].

2.6 Recent turbulent-transport research and open-questions

After decades of validation work (outlined in Subsection 2.6.1), gyrokinetics is widely re-
garded as a sufficient model for turbulent transport in tokamaks [47]. However, open ques-
tions and issues remain concerning: (1) the applicability of gyrokinetics to key tokamak
operational scenarios, (2) the validity of gyrokinetics in certain regions within the plasma,
(3) sensitivity to background conditions, and (4) the fidelity of reduced-models based on
gyrokinetics [48]. Firstly, in deriving the gyrokinetic model from kinetic plasma theory, we
assumed the ordering in Equation 2.17. In certain tokamak scenarios, e.g. with large popu-
lations of energetic particles, the GKE ordering may become invalid; resulting in inaccurate
predictions of transport and micro-turbulence. Similarly, the GKE ordering is clearly vio-
lated in the plasma edge/H-mode pedestal region where p,; can be on the same order as
the perpendicular length scale. This issue is more pronounced when simulating present day
machines (p,; is expected to be much smaller in future devices). Complications also arise
in extending models beyond the last-closed flux surface (i.e. into the scrape-off-layer, SOL);
where magnetic field lines are open and significant neutral populations may be present [49].
Validating SOL models is also difficult due to unknown neutral particles densities, complex
plasma-wall interactions, and poloidal asymmetries of neutral sources. The inner core may
also pose issues for gyrokinetic modeling both because of energetic particles and possible

large MHD activity (e.g. sawteeth oscillations).
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Gyrokinetic turbulent transport can also exhibit a sensitive relationship between the pre-
dicted fluxes and the input parameters (e.g. between @); and a/Lr,) [50]. This relationship
manifests as transport ‘stiffness’ which has also been observed experimentally [51]. This
phenomenon complicates the prediction of kinetic profiles. Small deviations from critical
gradient values can result in large variations in the predicted turbulent flux. This places
additional emphasis on accurate prediction of the critical gradient itself, given that plas-
mas profiles are often stuck near the critical value. Finally, despite significant advances in
computing, nonlinear gyrokinetics simulations remain very computationally expensive. The
modeling community will continue to rely on reduced models (e.g. the gyro-fluid model
TGLF) for profile prediction, experiment interpretation, and eventually real-time control
applications. It is increasingly important to verify that reduced descriptions are reproducing
the higher-fidelity physics models. This is particularly true when threshold/critical gradient

behavior is present in the system.

The speed and fidelity of reduced transport models directly impacts the tokamak ‘in-
tegrated modeling’ area of research. Over the past decade, reduced models of turbulent
transport have been used to develop integrated modeling workflows where multiple aspects
of a tokamak discharge including the magnetic equilibrium, auxiliary heating/current-drive,
core transport, and pedestal properties are modeled self-consistently [52,53]. At the heart of
integrated modeling workflows is a transport solver (e.g. TGYRO [54]) which generally uses
a reduced model (e.g. TGLF) to calculate turbulent fluxes at multiple plasma radii. Inte-
grated tokamak modeling is used to predict the performance of next-generation devices [55].
There is a new effort to develop transport solvers that leverage higher-fidelity gyrokinet-
ics with more reasonable computational cost. The highest-fidelity multi-channel transport

simulation of core tokamak transport using nonlinear gyrokinetics was recently reported [56].

2.6.1 Gyrokinetic validation efforts

There have been significant efforts over the past decade to validate the gyrokinetic model

using fluctuation diagnostics [57]. Being unable to directly measure the internal fluctuating
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transport fluxes, these validation efforts typically measure fluctuating fields, 67", dn, and
their cross-phase «a,r [58]. Measurements of 67,/7T, fluctuations can be made using the
correlation electron cyclotron emission (CECE) diagnostic. Cross-phase measurements can
also be made by combining CECE and fluctuation reflectometry or DBS measurements
[59,60]. Comparisons of dn/n are often made using either beam emission spectroscopy (BES),
DBS, or other scattering diagnostics [61,62]. In many cases, nonlinear gyrokinetics can
reproduce the observed fluxes and trends within experimental uncertainty [63-65]. In some
cases gyrokinetics can match both the fluxes and fluctuation diagnostics [66]. However, some
comparisons with fluctuation diagnostics have uncovered discrepancies between simulations

and experiments [58,67].

As part of this thesis we present DBS measurements of the binormal density fluctuation
wavenumber spectrum. In Chapter 4 we present comparisons with nonlinear gyrokinetics,
quasi-linear gyro-fluid simulations, and DBS measurements. In what follows we describe
some previous efforts to compare DBS measurements with nonlinear gyrokinetics: Work
by Casati et al. [68,69] compared ion-scale DBS measurements with nonlinear GYRO and
found good agreement both in the perpendicular wavenumber spectrum and the frequency
spectrum. In work by Holland et al. [70] a synthetic DBS diagnostic was presented to compare
intermediate-k, ps on fluctuations with nonlinear GYRO simulations. Little correspondence
was found between simulation and experiment (neither wavenumber nor frequency spectra
comparisons were presented). Hillesheim et al. [71] also presented a synthetic DBS diagnostic
based on nonlinear GYRO and 2D full-wave simulations. In their work, Hillesheim presented
a synthetic frequency spectrum with a shape and Doppler shift that appear to agree with
measurements (Neither dn/n magnitude nor wavenumber spectra were presented). Similar

agreement between nonlinear GYRO and the DBS frequency spectrum was found in [72].

Later work by Happel et al. [73] compared DBS measurements with nonlinear GENE
simulations and found agreement as to the radial variation in dn (neither the k-spectrum
nor frequency spectrum comparisons were reported). However, discrepancies between mea-

surements and simulation were found in the trend of dn with increased ECH heating. Re-

30



lated work by Stroth et al. [74] and Lechte et al. [75] compared DBS measurements with
a 2D full-wave synthetic DBS diagnostic and nonlinear GENE to simulate the turbulence.
In their work, Lechte finds that nonlinear saturation of the scattering may have impacted
measurements — stressing the importance of the full-wave synthetic diagnostic approach to
DBS. In later work by Lechte et al. [76,77] and Happel et al. [78], they report discrep-
ancies between DBS measurements and simulated full-wave/GENE synthetic DBS. These
discrepancies are attributed to nonlinear scattering and diagnostic polarization-dependant
complications. When these effects are accounted for, there is reasonable agreement between
measurements and nonlinear GENE. Finally, work by Héfler [61] reported DBS wavenumber
spectrum measurements compared with nonlinear full-wave synthetic DBS/GENE simula-
tions. Their work found some discrepancies between the simulations and measurements,

particularly at high-k where the simulations predicted steeper spectral decay.

2.7 Summary

In this chapter we presented relevant background on turbulent transport in tokamaks for
the work presented in this dissertation. We introduced the tokamak geometry and typical
coordinate systems in Section 2.1. Scaling laws for tokamak transport were discussed in
Section 2.2. The kinetic theory of tokamak transport was presented in Section 2.3 including:
neoclassical transport driven by collisions and toroidal drift action on the gyro-averaged dis-
tribution function, as well as turbulent transport driven by the non-adiabatic component of
the gyro-averaged fluctuating distribution function. The quasi-linear approach to turbulent
transport was introduced in Section 2.4 with special discussion of the TGLF model which
will be used in Chapter 4 to model DBS measurements. An overview of plasma microin-
stabilities was provided in Section 2.5 where we highlighted the three primary instabilities
with k; ps > 0.1. The phenomenological traits of these instabilities will be used again to
interpret linear and nonlinear results from simulations in Chapter 4. Finally, Section 2.6
summarized recent research in turbulent-transport with an emphasis on validation of the

gyrokinetic model and previous comparisons with DBS measurements.
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CHAPTER 3

The Doppler back-scattering diagnostic

In this chapter we provide a comprehensive description of the Doppler back-scattering (DBS)
diagnostic. DBS is a fusion plasma diagnostic installed in tokamaks and stellarators around
the world [79-83]. DBS is a versatile technique capable of measuring multiple physical
quantities including: the amplitude of density fluctuations [73], turbulent flow velocity [9,
80], velocity oscillations (e.g. GAMs) [84], turbulent correlation lengths [85], and the tilt-
angle of turbulent eddies [86]. In this thesis we focus on the former two measurements:
the wavenumber-resolved amplitude of density fluctuations (Chapter 4) and the velocity of

turbulent structures (Chapter 5).

In Section 3.1 we present the theory of DBS measurements starting with a local de-
scription of the scattering process. Subsections of 3.1 summarize relevant cold-plasma wave
physics, the beam-DBS model for the back-scattered power, a summary of the measured
frequency, and finally some theory pertaining to the shape of the frequency spectrum. In
Section 3.2 we describe the DBS hardware on the DIII-D tokamak. In sections 3.3 through 3.6
we discuss the analysis and interpretation of DBS data including ray tracing, beam-tracing,
and full-wave simulations. Section 3.7 presents synthetic DBS diagnostic developments —
a key part of this doctoral research. Finally, more advanced topics in wave physics and

non-ideal effects pertaining to DBS are addressed in Section 3.8.

3.1 Theory of DBS

DBS uses a beam of electromagnetic radiation to probe density fluctuations inside a magne-

tized plasma. Unlike some scattering diagnostics, such as Thomson scattering, the probing
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Figure 3.1: Diagram of DBS scattering. In (a) we show a 3D illustration of a plasma cutoff
along with the lab-cylindrical and simple-toroidal coordinate systems. The probing DBS
ray is shown in red, an example magnetic field line is shown in purple. In (b) we show
a projection of the 2D plane perpendicular to the magnetic field line. In (¢) we show an

unwrapped projection of the flux surface shown in (a).

radiation does not penetrate directly through the plasma. Instead, DBS uses radiation in
the electron-cyclotron range of frequencies where critical layers (cutoffs and resonances) are
present. In this range of frequencies the plasma index of refraction varies across the minor
radius, leading to significant refraction of the probing wave. While resonance layers are dele-
terious to DBS (the probing radiation may be absorbed), access to wave cutoffs is essential
for performing well-localized measurements. Another key aspect of DBS is the use of steer-
able optics for directing radiation into the plasma. Unlike profile reflectometry, the probing
DBS beam is intentionally aimed such that it strikes plasma cutoff surfaces at a finite angle
with respect to the surface normal. The ability to steer the probing DBS beam and control

its trajectory near the cutoff surface is a core tenet of DBS metrology.
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3.1.1 Scattering geometry

Figure 3.1 provides a representative scattering diagram for DBS. The lab frame is shown in 3D
in Figure 3.1(a) with common tokamak coordinate systems: the lab-cylindrical (R, ¢, Z) and
the simple-toroidal (7,6, ¢). In Figure 3.1(a) the DBS wave is represented by a ray entering
the plasma from the low-field side (LFS, large R), refracting vertically, and ultimately striking
a flux surface at the ray turning point. The tokamak magnetic field, B, is embedded in the
flux surface shown in Figure 3.1(a). The B field line is drawn to pierce a plane labeled (b)
while intersecting the DBS ray. Figure 3.1(b) provides a projection of the plane perpendicular
to B. Finally, Figure 3.1(c) illustrates the unwrapped flux surface where B becomes a straight

line and the DBS ray, at its turning point, becomes a tangent vector.

The planes shown in Figures 3.1(b,c) also depict the (&, @&, ) coordinate system. The
unit vector &, points in the normal direction (aligned with |Vi| ~ &., where 9 is the
poloidal magnetic flux) and the unit vector &, points in the binormal direction - mutually
perpendicular to B and &,. The unit vector & = b points along the magnetic field. It
is important not to confuse the binormal direction, é,, with the direction of the magnetic
field, b. Inside the plasma, an arbitrary vector field a can be decomposed into its parallel
and perpendicular components using the (&,,8p,€)) basis, i.e. a = a; + aHlA), with a;, =
Gy €n + ap€p. In the limit of vanishing magnetic pitch, the binormal direction reduces to the
poloidal direction &, — &y. It should be noted that the pitch of the magnetic field in Figure

3.1(c) has been exaggerated to distinguish the binormal (&;,) and poloidal (&) directions’.

In DBS we focus on perpendicular wavenumbers, k|, motivated by the fact that tokamak
instabilities are anisotropic with respect to the background magnetic field such that turbulent
structures have very large parallel wavelengths, k < k;. In the theory presented here
we will largely ignore the parallel structure of instabilities and focus on scattering in the

plane perpendicular to B (Figure 3.1(b)). Importantly, the 2D plane perpendicular to B is

!Exaggerated relative to what is common in standard tokamak configurations where the pitch-angle of
the field is typically less than +20°. Note that in spherical tokamaks the pitch-angle can be much larger, in
which case the cartoon in Figure 3.1 is not an exaggeration.
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embedded in the 3D lab frame, it is not simply a slice at constant toroidal angle. Thus, we
cannot generally ignore the 3D structure of the tokamak magnetic field nor the 3D trajectory
of the DBS wave. However, in special cases with low magnetic pitch or low incidence angle
of the DBS beam, the problem can become roughly 2D. This approximation can be useful for

reducing model complexity (and computational cost when performing full-wave simulations).

When scattering from fluctuations in the plasma density, dn, the wave momentum and

energy are conserved such that the scattered wave has,

ks - kz + kén (31&)

Ws = Wi + Wsn, (31b)

wherein the subscript s refers to the scattered wave, the subscript i refers to the incident
wave and the dn subscript refers to the density fluctuation. For the scattered wave to
exactly reverse along the incident trajectory (180° back-scattering) we require k; = —k;.
The wavenumber matching condition in Equation 3.1(a) implies that the density fluctuation

resulting in 180° back-scattering has,

ks, = —2k;. (3.2)

Similarly, the difference between the frequencies of the incident and back-scattered wave is,

Won, = Ws — W; = Whopp.- (3.3)

Equation 3.2 is referred to as the Bragg matching condition. The Bragg condition is appli-
cable along the entire DBS trajectory. However, we will focus on the cutoff location for now
and return to scattering along the trajectory in Subsection 3.1.4. Equation 3.3 states that
the Doppler shift between the incident and back-scattered wave can be directly related to
the frequency of the dn fluctuation. The frequency of the scattered wave will be discussed

in more detail in Subsection 3.1.5.
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When interpreting DBS measurements, it is common practice to reduce the 3D wave scat-
tering problem to a single probed-location (or ‘measured location’ or ‘scattering location’).
The nominal measured location is taken to be the cutoff (turning point), pmeas. = p. and the
nominal measured wavenumber is taken to be, Kmeas. = —2ki|=,.. By definition, the incident

DBS wave will have a vanishing normal component at the turning point, k; ,, — 0, with

lo=pe
respect to the cutoff surface?. Ideally, the incident DBS wave will also have vanishing parallel
component at the turning point such that &; j|,—,. — 0. This can be achieved by steering the
DBS wave in the toroidal direction to offset the pitch in magnetic field and refractive effects.
The case illustrated in Figures 3.1(b,c) is an example of ‘perfect matching’, i.e. the DBS
wave becomes purely binormal at cutoff. In this ideal case, the Bragg condition states that
any back-scattered wave originating from the cutoff can be identified with a purely binormal

dn fluctuation, Kpyeas. = kon€p, and its magnitude is kmeas. = ksn = —2ki|,—=p. by the Bragg

condition.

If instead we do not have perfect matching at the turning point, i.e. the incident DBS
wave has a finite k; | at cutoff, interpretation of the back-scattered wave can become more
complicated. Based on the geometric ray picture, 180° back-scattering requires fluctuations
have ks, = —2k; = —2(k; 48p + k;€)). However, fluctuations with & ~ &k, are not expected
to exist appreciably in the plasma. In theses cases, the geometric ray picture can break
down and we must consider the structure of the DBS wave transverse to the direction of
propagation. Back-scattering in cases with k;; # 0 at cutoff and the associated signal

attenuation will be discussed in more detail in Subsection 3.1.4.

In summary, the ray description of DBS scattering is illustrated in Figure 3.1. Conser-
vation of wave momentum relates the incident wavevector to the wavevector of fluctuations
within the plasma (Equation 3.2). Wave conservation of energy relates the Doppler shift
in the frequency of the back-scattered wave to the frequency of fluctuations (Equation 3.3).

Each DBS trajectory is assigned a nominal measured location and a nominal measured

2It should be noted that the cutoff surface is not necessarily a flux surface. In cases of very high incidence
angle there may be a finite k;, at the turning point. However, this normal component generally small
relative to the binormal component and is ignored for this discussion.
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wavenumber based on the turning point (cutoff). The nominal measured wavenumber is

taken to be the binormal wavenumber of fluctuations at the cutoff satisfying ks, = —2k;|,, .

3.1.2 Wave physics in the background plasma

The 3D evolution of the incident DBS wave inside the background plasma is captured by

the homogeneous wave equation,

2

V x (VX E) -~ (e-E) = 0. (3.4)

2
Fourier analysis of Equation 3.4 yields the eigenvalue problem,

2

“—26} E=0, (3.5)

{(kk — K1)+

wherein non-trivial solutions require that w and k satisfy the dispersion relation,

2

c2

det <(kk — k1) + e) = det(D) = D(k,w) = 0. (3.6)

In Equations 3.4-3.6 the background plasma is adequately described? in the electron cyclotron

range of frequencies by the cold (lossless) permittivity tensor,

w2 .. w2 Qe - w2, ..
_ pe pe- "€ pe
€—1—m(1—bb)+w(bx 1)— 2 bb, (37)
where b is a unit vector in the direction of B and (b x 1) indicates the skew-symmetric
matrix [b],. In a Cartesian coordinate system (z,y, z) with b = (0,0,1) Equation 3.7

3Kinetic effects not captured by the cold plasma treatment will be discussed later in this section and in
Section 3.8.
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takes the familiar form found in Stix [87],

S WD 0
e=|—iD S 0. (3.8)
0 0 P

For modes in the electron cyclotron/electron plasma range of frequencies where w > €, wy;

the scalar components (S, D, P) take the Altar-Appleton-Hartree form,

1
S = §(R + L) (3.9a)
1
D=3(R-L) (3.9b)
w2
P=1--% (3.9¢)
2
w
1 pe
R=1 ot ) (3.9d)
2
w
L=1-—1"__ .
(=) (3.9¢)

In Equation 3.9, wpe = /n.e?/egme is the electron plasma frequency and |Q.| = eB/m, is
the electron cyclotron frequency*. For perpendicular propagation, k | B, the dispersion

relationship in Equation 3.6 factors into two cases with orthogonal polarizations,

2k P for O-mode, E | B

w2

(3.10)

2
n, =

RL/S for X-mode, E 1L B

In practice, the probing DBS wave is polarized before entering the plasma to couple efficiently
to either the ordinary (O) or extraordinary (X) modes. The propagation of the DBS wave in
the plasma strongly depends on which polarization is used. Each polarization has a separate

set of cutoffs (where k& — 0) and resonances (where k& — 00). Solving Equation 3.10 for w

4In Equation 3.9 the electron cyclotron frequency is algebraic, i.e. Q. = —eB/m,.
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when k£, = 0 reveals the cutoffs for each polarization,

Whe for O-mode, E | B
Wo/x = 1

§(j: Qe+ /22 + 4%%@) for X-mode, E L B

where the positive branch in wx corresponds to the right-hand cutoff and the negative branch

(3.11)

is the left-hand cutoff. The O-mode cutoff is simply the electron plasma frequency. Thus, wo
surfaces coincide with the flux surfaces (i.e. wo o /N — wo is a flux-function®) whereas the
X-mode cutoff surfaces are functions of both the density and the B-field; and are therefore

not flux-functions.

Resonant frequencies for each polarization are values of w for which k& — oo. Based on
Equation 3.10 one would find only the X-mode upper hybrid resonance, wiiyp = Q2 + w?,.
However, kinetic/thermal effects not accounted for in the cold plasma treatment give rise
to infinite resonances for each polarization at integer harmonics of the electron cyclotron
frequency, i.e. w = pf, (with p = 1,2,...). The more complete ‘warm plasma’ dielectric
tensor is needed to describe perpendicular propagation near resonances, i.e. at w ~ p{), or
w ~ wygr. More advanced effects related to propagation near resonances will be discussed
in Section 3.8. The key result from a more advanced treatment is that the efficacy of a given
resonance to absorb incident radiation depends strongly on the polarization and harmonic
number (p) [88]. For the DBS frequencies considered here, O1, X1, and X2 are the most

relevant electron cyclotron resonances.

Figure 3.2 provides representative radial profiles of fundamental frequencies across the
midplane. For the situation shown in Figure 3.2, the eight DBS frequencies encounter the
right-hand X-mode cutoff on the LFS of the tokamak. The 2nd harmonic of the cyclotron
frequency (2 X f..) technically extends to larger R, intersecting the highest DBS frequencies.

However, the absorption in this region is negligible due to vanishing plasma density.

5To be a flux-function is to be constant on surfaces of constant magnetic flux, 1». We often plots quantities
as functions of normalized radial coordinates (e.g. p) which label the nested flux-surfaces. When quantities
are not flux-functions it is formally improper to plot versus p.
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Figure 3.2: Fundamental plasma frequencies for DIII-D discharge 189998 at 3005 ms. All
quantities are evaluated at the plasma midplane. Resonances are shown with dashed lines,
cutoffs are shown with solid lines. The eight DBS frequencies are shown with horizontal
red lines. Note that 2f,. is technically both an O/X-mode resonance, but O2 absorption is
generally not efficient.

In summary, propagation of the probing DBS wave in the background plasma is described
by the theory outlined in this subsection. Depending on the polarization of the probing
wave, multiple cutoffs and resonances may exist across the plasma for a given frequency.
The physics underlying the scattering process and quantifying the back-scattered power is

covered in the next subsection.

3.1.3 Plasma scattering of electromagnetic waves

To describe electromagnetic wave scattering by a plasma, we begin by comparing the spatial

and temporal (k; and w) properties of the incident radiation with fundamental scales within
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the plasma. As discussed previously, the frequency of the incident DBS wave is on the same
order as wye, §2.. Thus, the radiation is expected to experience significant refraction and
ultimately be reflected. Theories developed in the limit of w > wy, {1l are not generally
applicable to DBS. Similarly, we can compare the wavenumber of the probing radiation

~1 encodes the

relative to the Debye length in the plasma. The parameter a = (k;Ape)
extent to which electrons in the plasma appear free in their response to the wave. For values
of a <« 1 scattering is said to be non-collective such that the plasma can be treated as a
volume of free electrons. The opposing limit of & > 1 corresponds to collective scattering

where cooperative plasma motion dominates the response to the probing wave [89].

The electron Debye length is given by,

Ape [cm] ~ 743\/ - ?;V] <1 [;;_3])_ . (3.12)

The vacuum wavelength of a 60 GHz electromagnetic wave is 5 mm (k; ~ 1.3 rad/mm).
Thus, for 7, = 1 keV and n. = 2 x 103 em =3, Ap. ~ 0.05 mm, making o ~ 15. Thus, for
DBS we are clearly in the collective scattering regime as opposed to other diagnostics such
as Thomson scattering which generally operates with o < 1 and w > wy.. The fact that
collective plasma phenomena and refraction cannot be ignored significantly complicates the

theoretical description of DBS plasma scattering.

Although the limits used in Thomson scattering theory are not applicable to DBS, other
approximation schemes can be used to simplify the scattering problem. Generally speaking,
the total electric field in the plasma will be the superposition of the incident wave and the
scattered wave, E = E; + Eg. The scattered field, E,, can be thought of as being generated
by a current density in the plasma induced by E;. In general, the total E and plasma j are
difficult to calculate as they must satisfy both Maxwell’s equations and the plasma kinetic

equation. The wave equation (in Gaussian units) is,

4w,

w2
VX (VXE)—-—=E=

> = (3.13)
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Assuming a linear constitutive relation, the current density and the electric field are related

via a convolution integral®,

jlw,r) = /dr'a‘(w;r,r’)E(w,r’), (3.14)

where o is the conductivity tensor. Next, allowing for fluctuations in the plasma, we separate
the conductivity tensor into a background and fluctuating component, o = oy + do. Then,

the wave equation can be rewritten as,

2 . .
w 4 Amiw
VX(VXE)——Q{I—I——JO}E: 00 -E, (3.15)
c w c
where the conductivity tensors are taken to be linear convolution operators acting upon E.
In the limit where do = 0, Equation 3.15 reduces to the homogeneous wave equation (Eq.

3.4).

Next, we introduce the order parameter ¢ = ||0o/op|| < 1 encoding the magnitude
of the perturbation relative to the background. The total electric field is expanded in a

perturbation series, E = Eq+ E;. The leading two wave equations from this expansion are,

2 Ari
O("): V x (V xEp) — ‘;’—2 {1 + %Zao} E) =0 (3.16a)
w? 4 4riw
0(51) . VX (V X El) - g |:1 -+ 70’0:| El = 62 (SO' . Eo. (316b)

We now identify Eqg = E; as the incident wave satisfying the homogeneous wave equation
in the background plasma (Equation 3.16(a)). Meanwhile, the RHS of Equation 3.16(b)
states that the source current density for the E; field is due to the interaction between the
incident field Ey and plasma fluctuations (in do). Thus, E; = E; is the electric field of the
scattered wave. Terminating the perturbation series at this order is equivalent to the (first)

Born approximation. Limitations of this approximation are addressed more in Section 3.8.

6Tn this expression we have performed a Fourier-Laplace transformation in time assuming the conductivity
tensor is stationary (i.e. only a function of ¢ — ¢'). The stationary approximation is appropriate for w much
greater than collective plasma motion (e.g. drift-wave dynamics).
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The preceding approximation reduces the general wave equation (Eq. 3.13) to the fol-

lowing equation where E; and E; are separated,

2 2
VX (VXE,) - —¢ B, =—

c? c?

de - E;. (3.17)

Wherein the permittivity tensor, € = (1+4mio /w), has been substituted for the conductivity
tensor. In the cold-plasma limit, density fluctuations give rise to a simple expression for the
fluctuating permittivity tensor,

se = (e 1), (3.18)

This can be seen by observing that (€ — 1) o< w?

e X 1 in Equation 3.7. The scattered wave

field (and the scattered power) can now be approximated by solving Equation 3.17 given
the wave field in the background plasma, E;, and a model for the density fluctuations in de.
However, solving Equation 3.17 remains a very challenging task. The following subsection
describes further analytical methods for calculating the amplitude (and power) of a back-

scattered wave.

3.1.4 Back-scattered power

While multiple theories treating DBS exist [90,91], we will focus on the beam-DBS theory
developed in detail by V. Hall-Chen et al. in [4]. The beam-DBS theoretical framework
assumes the probing and scattered waves take the form of Gaussian beams. Expressions for
the back-scattered power and weighting function can be derived using another theoretical
framework related to the electromagnetic reciprocity theorem [92]. The core principle behind
the reciprocity framework is to relate the electric field at the receiving antenna to a remote,
fluctuating current density inside the plasma while avoiding a calculation of the scattered
wave field throughout the plasma. Unlike textbook versions of electromagnetic reciprocity,
we must account for anisotropy in magnetized plasma permittivity. Plasma anisotropy re-
quires us to calculate both E; in the background plasma and its reciprocal counterpart E(+)

in a ‘transposed plasma’ (i.e. a fictitious plasma with € = €'). Transposing the permittiv-
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ity tensor preserves time-reversal symmetry, and is equivalent to reversing the background

magnetic field, B - —B.

The essential steps for calculating the received signal amplitude using reciprocity are as
follows: perform a dot-product of E(Y) with Equation 3.17. Then, use the ‘reciprocal’ wave

equation involving E(*) and €' to write,

w2

V- [(VxE)xEM —(VxEM)xE|] = §E<+> -de - E;. (3.19)
Performing a volume integral of the above equation allows one to use the divergence theorem
on the LHS to exchange the volume integral with a surface integral. With careful choice of
the volume/surface over which to perform the integral and appropriate boundary conditions
for the reciprocal beam, cancellation occurs and the amplitude of the received scattered wave
field, A,, can be calculated. For the Gaussian beam case, the resulting expression for the

received amplitude is,
A, = Wl PR . se. E;, (3.20)

2¢c Jy

cf. Eq. 98 of [4]. The domain of the volume integral in Equation 3.20 encloses the plasma.
Notably, the scattered wave field, E,, does not appear in the integrand. This is the power of
the reciprocity approach: with knowledge of E; in the background plasma (and its reciprocal

counterpart E()) and a model for the fluctuating de, the amplitude of the received, back-

scattered radiation can be evaluated.

From Equation 3.20, the received back-scattered power, P,., can be calculated by substi-
tuting Gaussian beam expressions for the electric fields and taking P, = |A,|?. The complete
derivation is lengthy and complicated (see [4]). The final beam-P, expression is discussed
in more detail later in this subsection. First, we will use a simplified model to motivate
measurements of the dn(k) wavenumber spectrum using DBS (the subject of Chapter 4).
For this simplified exercise we treat the measured wavenumber of the DBS wave, Kycas., as
a constant with respect to space. It should be emphasized that this is not a general result.

In reality, the measured wavenumber varies along the probing trajectory. Nevertheless, with
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this simplification the final expression for the back-scattered wave amplitude takes the form,
A, = / d*rén(r)U (r)emeas T, (3.21)
1%

where the weighting function, U(r) o< (6 E;)E™). In general, the weighting function encodes
instrumental effects relating to how well the probing electric field illuminates a given location

in the plasma. For this exercise it suffices to imagine U(r) o< |E;| in the vicinity of the cutoff.

Within this simplified model, we treat K,,e.s. as a constant with respect to space. The
domain of the integral in Equation 3.21 is essentially set by U(r) which follows the trajectory
of the probing DBS beam. The scattered power is calculated via P, = |A,|?,

P, (Kieas.) = // BPrd®r'Sn(r)on* (r)U (r)U* (r')etkmess (=11 (3.22)

We then perform an ensemble average, exploiting many realizations of the fluctuating den-
sity. We assume dn is a stationary random process’ such that the autocorrelation function,
R(r,r") = (dn(r)on*(r')), depends only on the difference in position, i.e. R(r,r') — R(r'—r).
The autocorrelation function is then related to the spectral density function, S(k), by Fourier

transform,

R(r —r) = / (;l;; S(k)ek =), (3.23)

To write the average back-scattered power in k-space we substitute Equation 3.23 for

(on(r)dn*(r')) in Equation 3.22 to find,

(Pl = [[[ e 35

"We do not necessarily need to assume density fluctuations are a stationary random process. Instead
one may assume that the weighting function is sufficiently narrow in real-space to achieve scale separation
between U and dn. For example see arguments in [4,92].

S(k) - U(x)U* (x) !k Hmens)-(r"=r), (3.24)
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Exchanging the order of integration we can group real-space terms (involving r, r’) to write,

(Pr(Kineas.)) = / LSS / dr U (v)e™ o) 2 (3.25)
T meas. (27T)3 . .
We recognize the term inside the modulus-square (] ... |?) to be the Fourier transform of the
weighting function F[U] = U (we use the ‘hat’ symbol, ", to denote a Fourier amplitude).
Importantly, the Fourier transform of the weighting function is evaluated at k — Kycas.,

(PR )) = [ 7 SO0 = K (3.26)

Finally, one can show that the stationary random process assumption implies that the spec-
tral density function is equivalent to the averaged, modulus-square of the (Fourier-space)
fluctuating density, S(k) = (|dn(k)|*). The dn(k) spectrum is written as a function of the

vector k to allow for anisotropy in the perpendicular (k,, k;) plane®.

Equation 3.26 states that the back-scattered power as a function of the measured wavenum-
ber, (P (Kmeas.)), is essentially a convolution of the fluctuating wavenumber spectrum, (|67 (k)|[?)
with the DBS k-space weighting function, U (k). When we vary the launch-angle of the DBS
beam, we change the measured wavenumber K ,¢.s.. Thus, a launch-angle scan systematically
translates the DBS weighting function in k-space to probe different regions of {|dn(k)[?). In
the (non-physical) limit where U(k — Kpeas.) — (K — Kmeas.) We would obtain a ‘perfect’

measurement of (|67 (Kueas.)|?)-

Returning to the Gaussian beam model from [4], Equation 3.20 is evaluated with Gaussian
beam expressions for E; and E) and the average back-scattered power is (P,) = {|A,|?).
As opposed to the simplified model discussed previously, wavenumbers are allowed to evolve

along the beam trajectory. The final expression for the average back-scattered power (Eq.

8Recall that we ignore scattering from structures in the parallel direction.
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196 of [4]) is a real-space integral along the trajectory of the beam,

Pant V 71—364

2,222
2ctw;egms

2

(P,) = / dI(|57[2) U, U, Jant o205,/ 505, (3.27)
g

where the coordinate [ is the path length of the trajectory. The integrand of Equation 3.27

contains the spectral density of dn fluctuations as well as four terms constituting the DBS

weighting function, U(l). We will give a description of our implementation of Equation 3.27

with a summary of the effects it captures while the full definition and derivation of each

term can be found in [4].

The integral in Equation 3.27 is taken along the trajectory of the beam through the
plasma with all terms evaluated at the wavevector Kyeas (1) satisfying the Bragg scattering
condition (Equation 3.2) at each point along the beam path. The measured wavevector points
in a direction (denoted €;) perpendicular to the background magnetic field and coplanar with
the beam group velocity, g. To properly evaluate the density fluctuation spectrum along the

beam path, we project the vector Kyeas. (1) into its (local) normal and binormal components,
kmeas.él - kn,meas.én + kb,meas.éb' (328)

Wherein k;, meas. and kp meas. are the measured normal and binormal wavenumbers, respec-
tively. Note that every term in Eq. 3.28, including the unit vectors, varies along the path of
the beam trajectory and can be parameterized by the path-length [. Thus, in the integrand

of Equation 3.27, (|07n|?) is evaluated at k = Ky, meas.€n + Kpmeas.€ at each point [.

In addition to the (|d7|*) spectrum, the integrand of Equation 3.27 contains four terms
constituting the DBS weighting function. The following summary describes the physical

implications of each term in the weighting function:

(1) The polarization term,

4 2.2
= L0 121 — (- 8)%) — 1P, (3.29)

4,2
etn?
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depends on whether the probing radiation is O or X-mode. In the O-mode case it can be
shown that U, ~ 1 but in the X-mode case U, is more complicated and depends on the

relative magnitude of w,. and (). along the beam trajectory.

(2) The beam term,
1 det[Im{W¥}]

- Eydet[mu,/_lm{My@l}’

involves the complex-valued beam matrix ¥ and its modified version M. The matrix ¥

Uy

(3.30)

encodes the Gaussian beam width and phase front radius of curvature. The modified beam
matrix, M, includes terms related to the curvature and shear of the magnetic field. The
magnetic field terms only modify the real part of ¥, i.e. the part associated with phase front
curvature. The ¥ matrix will be discussed in more detail in Section 3.5.

—200, /A0 also varies along the beam trajectory, but is primarily

(3) The mismatch term, e
set by the initial launch angle(s) relative to the plasma magnetic equilibrium. The mismatch
angle is given by 6, = sin " (k - €). Improper aiming of the probing DBS beam results in
a Gaussian attenuation of the back-scattered signal. When mismatch is not accounted for,
measurements of the scattered power can be compromised (i.e. much lower than the real
value). The parameter A, sets the width of the Gaussian mismatch attenuation. Generally
speaking, A#,, is smaller for larger kpeas., i.e. when making higher-k;,..s. measurements it
becomes increasingly important to have 6, < A#,, at cutoff. For the cases presented here,
AB,, ~ O(10°) near cutoff. Thus, the beam should be aimed toroidally such that it strikes
the cutoff surface within 10° of orthogonal to the local B. This appears to be a significant
margin, but depending on how far the beam travels through the plasma, differences on the
order of 0.5° in the toroidal launch angle can have a significant impact on 6,, at cutoff.

This mismatch effect was studied in detail on DIII-D and validated against the beam-DBS
theory [5,6].

(4) Finally, the ray term g2 ,/g* is best understood in cases where 6,,, ~ 0. The ray term,
o g2, varies along the beam trajectory as k~2. Thus, when the beam reaches cutoff and

the normal component of k vanishes, k=2 is maximized. This effect creates an Airy-type
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enhancement of the probing field at cutoff, contributing to the localization of the measure-
ment. This k=2 component of the weighting function is a central part of established DBS

measurement theory [91].

3.1.5 The frequency of back-scattered waves

The previous subsection outlined the theory underlying the back-scattered power. In this
subsection we focus on the frequency of the back-scattered radiation. Equation 3.3 states
that the back-scattered radiation is Doppler shifted by an amount equal to the frequency
of the density fluctuations, wpepp. = Wsn. To build our understanding we approximate that
the signal is entirely localized to the cutoff with no parallel wavenumber, k;|,=,. = 0.
The frequency of the density fluctuations can be written in terms of the velocity of said

fluctuations, v, and the measured wavenumber, Kmeas. = Kon|p=p.,

Wsn = Ky - v (3.31a)
= kén(éb . V).
= kén(vExB + Uph.). (331b)

Where we have used the fact that with no parallel wavenumber at cutoff, the measured
wavenumber is purely binormal. The binormal velocity of the fluctuating density includes
E x B advection and the phase velocity of the fluctuations. We can re-write Equation 3.31(b)

in terms of a measured velocity,

WDopp. Wén
Umeas. = 7 = 7—— = UExB + Uph.- (3.32)
kmeas. k(Sn

Equation 3.32 is commonly used in DBS analysis to interpret the Doppler shift of the scat-
tered signal. The F x B velocity in Equation 3.32 is vg«p = E,./B, with the radial/normal
direction pointing o< [V)|. Note that while the background magnetic field varies B ~ 1/R

in a tokamak, the radial electric field, E,, can vary significantly over the plasma (and is not
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a flux-function) leading to a wide range of vgyp values®.

The phase velocity, vpn., in Equation 3.32 is a wavenumber-dependant quantity arising
from the saturated nonlinear state of plasma fluctuations. It is common to estimate its
magnitude using the real frequency of (linearly) unstable plasma modes. In the wavenumber

range relevant to DBS, modes are expected to have real frequency, w ~ wp s or w, 5. Where,

B x VP,
v = k| ———— 3.33
W = kL= (3.33)
is the diamagnetic drift frequency for species s and,
B x VB
wpy = k1T QY2 (3.34)

B2

is the magnetic drift frequency!®. We can re-write Equations 3.33 and 3.34 in terms of
dimensionless parameters given the ion sound speed defined as ¢; = /7T./m; and the ion
sound gyro-radius defined as p; = ¢4/,

Wie = —kipsla/Lr, +a/Ly,,](cs/a) (3.35a)
T,
Wii = k1 ps——=la/Lr, +a/Ly,] (cs/a) (3.35b)
ZT,
wpe = —kips(a/R)(cs/a) (3.35¢)
T;
Wp; = _ZTEWD’e' (335d)

In Equation 3.35 a/Lx = —(a/X)VX is the normalized inverse gradient scale-length. For
common tokamak parameters, the drift frequencies in Equation 3.35 imply phase velocities,
|vpn.| &~ 1 [km/s]. Whether or not this approximation translates to reality depends on

whether the effective nonlinear turbulent frequency remains on the order of the linear mode

9Typical E,. values on the DIII-D tokamak range from 0 to > 50 [kV/m]. Note that 1 [kV/m/T] = 1
[km/s]. Thus, with E,. = 30 [kV/m] and B = 1.5 [T] we have vgxp = 20 [km/s].

10T his expression can be viewed as the combined curvature and VB drift velocities with the approximation
that the velocities vf + 307 ~ 77
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frequency. Furthermore, in situations with large inverse gradient scale lengths, such as the

H-mode pedestal, the value of w, s may become large.

Importantly, there is no general a priori reason to neglect the magnitude of vgyp nor
vph. When interpreting the Doppler shift of the back-scattered radiation. However, when
independent measurements of vg.p are available (e.g. from charge-exchange spectroscopy
(CER)) and/or the value of v, can be estimated from simulations, this added information
can assist the interpretation of DBS. Specifically, in plasmas with significant rotation, one
often has vgyxp > vpn.. In this limit, the measured velocity is approximately the local £ x B
velocity, and DBS measurements can be used to infer the local value of E,. This application
of DBS, and comparisons with CER under varying NBI-torque conditions will be discussed

in detail in Chapter 5.

For cross-diagnostic comparisons it is important to make use of quantities which are
theoretically flux functions. This (theoretically) eliminates discrepancies when diagnostics
measure at different locations in the R, Z plane. The radial electric is manifestly not a flux
function as its value depends on a spatial gradient, F, = —&, - V¢. The gradient over space
can be normalized with the gradient of the poloidal magnetic flux, |Vy| = RB,, to produce

a flux function,
E,
RB,

(3.36)

WExB =

This quantity is dubbed the toroidal ¥ x B angular velocity. For the application in Chapter

5, wexp is calculated from DBS quantities as,

WDopp. B

= 3.37
WExB ko R Bp 5 ( )

where all quantities are evaluated at the DBS cutoff location. The importance of this quantity

in the theory of rotation in axisymmetric plasmas will be discussed in Subsection 5.1.1.
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3.1.6 The DBS frequency spectrum

In the previous subsection we assumed that back-scattered radiation could be identified with
a single binormal wavenumber at the cutoff location and the motion of density fluctuations
could be captured by a single binormal velocity (vg«p+vpn. ). Upon relaxing this assumption
we predict a broadening of the frequency spectrum about the nominal Doppler shift, wpepp. =
Kmeas.(VExB + Upn.). We present a simplified model for the width of the frequency spectrum

by considering two effects:

e Variation in velocities over the scattering volume for a fixed k, i.e. Aw, = kAv, due
to either (1) spatial variation in the background vgyp and/or (2) turbulent variation

In vpp..

e Variation in the measured wavenumber due to the finite probed volume for a fixed

background velocity v, i.e. Aw, = vAk.

In reality, these broadening mechanisms are connected given that Ak is inherently related
to the size of the probed volume which may impact the magnitude of Av. If we approximate
these frequency broadening mechanisms as independent effects, the total broadening would

add in quadrature such that,

Aw = /(kAv)? + (vAk)? (3.38a)
Af = % (kAV)? + <@Ak) , (3.38b)

where 3.38(b) is written using the corresponding DBS quantities (k = kpeas.). Large mean
v is expected to broaden the frequency spectrum through vAk but the spread in Awv is
assumed to be independent of the mean v. This simplified model predicts that when v = 0,
the spectral width is minimized (Aw = |kAv|) and the value of Av can be deduced. Figure
3.3 exemplifies the relationship between the spectral width and the Doppler shift using DBS

data from the experiment discussed in Chapter 5.
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Figure 3.3: An example relationship between the spectral width (FWHM) and the Doppler
shift. The DBS data shown is from the 67.5 GHz channel of the DBS60 system. The
background plasma is discussed in detail in Chapter 5. To improve the performance of the
fit, DBS data is collated into 20 kHz bins with respect to fpopp. to evaluate statistics.

Figure 3.3 suggests that the width of the frequency spectrum indeed follows the trend
predicted in Equation 3.38. The solid curve in Figure 3.3 is the result of a fit using Equation
3.38(b) with the value of k set to the value from ray tracing (k = 0.7 cm™'). The fit finds
Ak = 2.7 cm™', and Av = 10.1 [km/s]. The fit-implied value of Ak is on the same order
of magnitude as estimates using other methods [93]; albeit large relative to k due to the
low incidence angle in this case. The fit-implied value of Av is significantly larger than any
spatial variation in the vgpxp value over the volume probed by DBS (see rotation profiles
shown in Chapter 5 — Figure 5.5). Thus, through the lens of this simplified Aw model, we
conclude that a significant fraction of the spectral width comes from the turbulent Awvyy, .
Furthermore, the fit-derived value of Awvyy,, (= 10 km/s) implies Avpy, > vpn , or equivalently
Aws, > ws, (assuming the wg, is on the order of the linear estimates, Eq. 3.35). These
results suggest that the width of the DBS frequency spectrum is directly related to the
dynamics of turbulent density fluctuations. Furthermore, based on the case shown in Figure

3.3, models for the DBS frequency spectrum should account for turbulent variation in the
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Figure 3.4: An example DBS amplitude spectrum from the study presented in Chapter 5.
The DBS data used for the fit is limited to values above the noise level (horizontal dashed
line). The DC (f = 0) frequency is shown with a vertical dashed line.

frequency of unstable modes Aws,.

The so-called ‘Taylor model’ is an example of a theory-based model which has successfully
been applied to DBS frequency spectra [69,94,95]. An example derivation of the Taylor model
is provided in Appendix B. The final expression for the spectral density function, S(w) is

the Fourier transform of the following auto-correlation function,
R(1) = F(k)e™ exp < — K227 (T [ Tae — 1+ e—T/Tac)) . (3.39)

wherein the turbulence-modulated velocity fluctuations, dv, are characterized by mean-
square amplitude u? = (|0v|?), auto-correlation time 7,., and mean velocity v. The di-
mensionless Kubo number, K = kur,., describes the strength of the dv modulation relative
to its auto-correlation time. In the slow/diffusive limit, K > 1, the frequency spectrum
echos the statistics of dv, i.e. S(w) is Gaussian for the assumptions leading to Equation 3.39.
In the fast/convective limit, K < 1, S(w) becomes a Lorentzian. Thus, for intermediate

K =~ 1, we expect frequency spectra with intermediate shapes.
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Figure 3.4 illustrates an example DBS (quadrature amplitude) frequency spectrum from
the investigation in Chapter 5. Figure 3.4 shows the Gaussian, Lorentzian and Taylor models
fit to the DBS data. In this case, the Lorentzian model fails to accurately fit the peak
and the tails of the spectrum. The Gaussian model more accurately fits the shape in the
vicinity of the peak, but fails to capture the shape of the spectral tails. Finally, the Taylor
model appears to more accurately capture the shape of the measured spectrum over a span
of =~ 2 MHz covering more than a factor of ~ 100 in amplitude. For the case shown in
Figure 3.4 the Kubo number is intermediate (K & 1.26), hence the failure of the limiting
Gaussian/Lorentzian cases. However, it should be noted that although the Gaussian and
Lorentzian fits fail to capture the overall shape of the spectrum, both models appear to
adequately identify the Doppler shift. Furthermore, the Gaussian fit in particular will result
in only a small under-prediction of the spectral power (integral of the square of the curves

in Figure 3.4) relative to integrating the data directly.

The physics underlying the shape of the DBS frequency spectrum was also considered in
work by Maggs et al. in [96]. In their work, DBS data from an L-mode DIII-D discharge was
analyzed to distinguish between chaotic and stochastic behavior using multiple metrics. The
DBS data was found to exhibit chaotic behavior overall. One indicator of chaotic dynamical
behavior is exponential decay in the power (frequency) spectrum [97]. In related work,
Maggs et al. related the exponential nature of the frequency spectrum to the interaction
between unstable modes and the production of Lorentizian pulses in the time domain [98,99].
Exponential decay can be observed in the DBS frequency spectrum by fitting with a Laplace
line shape (exponential ‘tent’ function — see Appendix B, eq. B.17). In some cases, see Figure
4 in [96], the Laplace line shape can provide an excellent fit to the entire observed power
spectrum. However, as discussed in [96], the spectrum may not form a pronounced ‘tent’ at
the peak; instead the peak can be rounded. In the work by Maggs, a rounded peak in the
frequency spectrum is attributed to the finite wavenumber resolution of DBS. Additional
distortion of the exponential ‘tent’ feature was found to occur for large mean flows and at

reduced signal amplitude (see Figure 8 of [96]).
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Figure 3.5: An example DBS amplitude spectrum from the study presented in Chapter 5.
The DBS data used for the fit is limited to values above the noise level (horizontal dashed
line). The DC (f = 0) frequency is shown with a vertical dashed line.

Figure 3.5 provides a comparison of lineshape models with exponential tail behavior. The
DBS data in Figure 3.5 is identical to the data shown in Figure 3.4. When all DBS data
above the noise-level is considered, the Laplace (exponential ‘tent’) lineshape fails to capture
the overall shape of the spectrum (solid red line in Figure 3.5) — this is due to the rounded
peak in the spectrum. To fit the exponential decay while avoiding the rounded peak one
can mask the peak of the spectrum!!. The masked-peak fit provides a much better fit to
the tails of the frequency spectrum but overestimates the spectral power significantly due to

extrapolation near the peak.

Alternative lineshape models with exponential tail behavior are also shown in Figure 3.5.

The Generalized Gaussian model (Equation B.21) uses the additional shape parameter 5 to

1 To determine the width of the mask, we iterate over various mask-widths and pick the width resulting
in the best fit statistics.
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continuously fill the function-space between Gaussian (8 = 2) and Laplace (8 = 1). For
the case shown in Figure 3.5, § = 1.6 and therefore the tails are not strictly exponential.
Finally, the logistic model (Equation B.18) is capable of fitting the rounded peak of the
DBS spectrum with purely exponential tail behavior. For the case shown in Figure 3.5 the
exponential decay time-constant, 7 in the asymptotic behavior S(w) ~ e™“7, is 7 ~ 780 ns
for the Laplace model (masked peak) and 7 a 950 ns for the logistic model. These two
values of 7 are close to those reported in [96] (mean value of 7 from their measurements was

715 ns).

In reality, the shape of the DBS frequency spectrum varies from experiment to exper-
iment depending on a multitude of variables. There does not yet exist a simple, robust
theory-based model for the frequency spectrum. However, it should be noted that the full-
wave/nonlinear-gyrokinetics synthetic DBS diagnostic to be presented in Section 3.7 can
partially reproduce the observed frequency spectrum (see Figure 4.25(a)). Empirically, ob-
served frequency spectra tend to exist between Gaussian, Lorentzian and exponential-type
lineshapes. This fact motivates fitting spectra with ad-hoc lineshape models dependant on
the observed spectral shape. In addition to an outline of a derivation of the Taylor model,

Appendix B details other models commonly used for the DBS frequency spectrum.

3.2 Doppler back-scattering hardware

The hardware components of DIII-D Doppler back-scattering systems can be divided into
three groups: signal generation electronics, quasi-optics, and receive electronics. There are
two DBS systems installed on the DIII-D tokamak. Both DBS systems have essentially
identical electronics, but their quasi-optics differ significantly. These differences will be

addressed in the following subsections.

The signal-generation and receive electronics used by both systems is presented by W.
Peebles et al. in [79]. Figure 3.6 provides an RF component diagram of the DBS electronics.

Both systems consist of eight simultaneous, fixed-frequency channels spanning the V-band
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(55-75 GHz). The signal consisting of eight simultaneous frequencies is generated using a
nonlinear transmission line (NLTL). The signal is then transferred from rectangular WR~15
waveguide to free space waves using corrugated, conical horn antennae. The signal received
from the plasma is isolated using a using a directional coupler. Both the launched signal and
the signal returning from the plasma are down-converted from the V-band to intermediate

frequencies (2 - 10.5 GHz) using a local Gunn oscillator.

The intermediate frequency signals (launch and receive) are eight-way power divided and
filtered around their nominal frequencies. Finally, the filtered plasma signals are mixed with
their respective launch signals using quadrature mixers. The quadrature mixers preserve the
phase between the received signal relative to the launched signal. The preservation of the
phase information is vital for reconstructing the phasor representing the scattering signal
from the plasma. The in-phase (I) and quadrature (@) outputs of each of the eight mixers

are amplified and passed to the DIII-D data acquisition system.

3.2.1 The DBS60 system

The DBS60 system is located at the 60° toroidal location of the DIII-D tokamak (see Figure
2.3). The toroidal location of the system is only relevant as a label to distinguish this system
from the DBS240 system. The DBS60 quasi-optical layout is illustrated in Figure 3.7. The
probing radiation generated inside of the electronics box is converted to a free-space beam by
a corrugated conical horn antenna. The expanding beam emanating from the horn antenna
is roughly collimated by a plano-convex lens. Finally, the beam is focused into the plasma
by a parabolic mirror. The poloidal angle of the parabolic mirror is controlled remotely. The

toroidal angle of the DBS60 system is fixed to 0°.

3.2.2 The DBS240 system

The DBS240 system is located at the 240° toroidal location of the DIII-D tokamak (see
Figure 2.3). The DBS240 system is illustrated in Figure 3.8. Similar to the DBS60 system,

corrugated conical horn antennas and lenses are used to produce a roughly collimated beam.
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Figure 3.6: Component diagram illustrating the electronics of the DBS60 and DBS240 sys-
tems. The diagram is divided into three portions (a,b,c) with dashed lines. 3.6(a) illustrates
the signal-generation portion of the electronics whereby a 2.5 GHz source is converted into
eight simultaneous V-band frequencies. 3.6(b) illustrates the first frequency down-conversion
process where V-band mixers and a V-band Gunn LO convert from the V-band to the 2-10.5
GHz range. 3.6(c) shows the final frequency down-conversion where the eight channels are

separated and mixed together in quadrature. The I, Q outputs of each mixer are digitized

(only one mixer is annotated for clarity).
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Unlike the DBS60 system, the DBS240 system couples the free-space beam into an oversized
waveguide. At the outlet of the waveguide closest to the tokamak, a metallic dichroic lens is
used to focus the wave emanating from the waveguide onto a multi-axis mirror. The DBS240

mirror has the ability to steer the beam in the poloidal and toroidal directions [3].

3.3 Analysis of Doppler back-scattering data

The data analysis procedure for any one DBS channel is described in the following: the I,
() mixer outputs are digitized at a high sampling rate (typically > 5 MHz). The scattering
signal is reconstructed as a time-series of complex numbers: S(t) = I(t) + iQ(t). We use a
short-time Fourier transform (STFT) method to calculate a spectrogram of S(t). Hanning
windows are used to suppress spectral leakage. Optionally, adjacent records of data are
overlapped (typically 50%) to recover time resolution lost to windowing. The output of this
procedure is called the quadrature spectral density (or simply the ‘quadrature spectrum’),

A

S(f) =STFET[S(t)].

DBS observables can be calculated directly from the quadrature linear spectral density.
For example, the Doppler shift (fpopp.), and the signal power (Ps). The Doppler shift can
be numerically approximated by a simple weighted spectral average,

> f-50)
fDopp. N —/——= (340)
225 5(f)
and the signal power can be approximated by numerically integrating the modulus-square

of the linear spectral density,

fNya.
P, ~ / S(f)Pdf. (3.41)

7fNqu
where fxyq is the Nyquist frequency'®. However, attributing the calculated Doppler shift
and the signal power to a particular location/mode within the plasma assumes that the de-

modulated scattering signal, S(t), contains only one Doppler-shifted component originating

12 fuyq. = 2.5 MHz for 5 MHz sampling rate used in the experiments in this thesis.
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from a well-localized region in the plasma. In reality, the spectrum of the back-scattered
signal may contain multiple peaks or transient effects which should be filtered out for more

accurate determination of fpepp. and F.

Notch filters can be used to isolate the Doppler shifted component in S (f) before further
processing. The filter is applied by removing portions of S (f) for frp < f < fup where
frp and fyp are adjustable low-pass and high-pass frequencies. Noise can also be removed
by specifying a noise level Sy and discarding S (f) < Sy. These optional pre-processing
steps can improve the accuracy in calculating fpopp. and P, from spectra where S (f) is non-
trivial. Transient events, namely edge-localized modes (ELMs), are often visible in S(f) and
can impact spectral analysis. ELMs are dynamic MHD modes driven by steep gradients in
the edge pressure or current density. These events can be removed through an ELM-phase
synchronized analysis. The time basis of the S (f) spectrogram is mapped to the phase of the
ELM. Then, time slices of S (f) are removed based on an acceptance interval of ELM-phase

(e.g. [50, 95%)).

Our ability to isolate Doppler-shifted components of the observed S (f) spectrum is often
improved by fitting peak-like lineshape models to all, or a portion of the measured S (f)-
Example fit outputs were shown previously in Figures 3.4 and 3.5. Beyond the models
discussed in Subsection 3.1.6, other ad-hoc lineshape models are discussed in Appendix B.
Generally, peak-like linehsape models with 3-4 parameters (amplitude, center, width, and
shape) can reproduce the observed spectra. When multiple peaks are present in the spectrum
it can be advantageous to fit composite models with multiple lineshape components to the
data. However, for more than two peaks this process can be computationally slow using
nonlinear least-squares fitting. In these situations, multiple components can be isolated
quickly with Mixture Model (MM) clustering algorithms such as the Gaussian Mixture Model
(GMM [100]) and the Students-T Mixture Model (TMM [101]). An example of the MM

analysis method is shown in Appendix B.

As part of this doctoral research, an open-source collection of DBS data analysis routines

were developed by the author and made available in the form of an OMFIT module. OMFIT
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[102] is an open-source framework used throughout the tokamak research community to
facilitate simulations and analysis of experimental data. The DBS module contains routines
for fetching DBS data from multiple tokamaks, and spectral analysis including prepossessing,
fitting and MMs. The module also organizes kinetic profiles, calculates cutoffs/resonances,
and orchestrates beam/ray tracing simulations (discussed in the following sections). The

OMFIT DBS module is described in more detail in Appendix A.

3.4 Ray tracing

The analysis techniques in the previous section are used to calculate the Doppler shift,
fpopp., and the signal power, F;, from DBS data. To interpret measurements further, we
must determine the trajectory (and wavevector) of the probing radiation through the plasma.
For each DBS frequency, we must (theoretically) solve the wave equation (Equation 3.4) in
our non-uniform plasma with the incident field provided as a boundary condition. Instead,
it is standard practice to find approximate solutions to Equation 3.4 in the geometric optics

limit by solving the ray tracing equations.

Formally, we define an order parameter § = (Lk)™! < 1 where k is the wavenumber
of the probing radiation and L is the length-scale of variations in the background plasma,
L™!' ~ Vn/n ~ VB/B. Furthermore, we assume that variations in the background plasma
with respect to time are negligible compared to frequency of the probing radiation, w >

7;11 ~ Om/n ~ 0;B/B. Then, we use the following ansatz for the wave electric field,

E(r,t) = B(r)eS®—ist, (3.42)

where spatial variation in the eikonal S(r) are taken to be, S™'VS| ~ L=!. The amplitude

of the electric field is also expanded in powers of the order parameter 4,

E(r) =E9(r) +EV(r) + 0. (3.43)
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Then, the electric field in Equation 3.42 and the expansion of its amplitude in Equation 3.43
are substituted into the wave equation (Equation 3.4). The resulting equation, to order ¢°,

is simply Equation 3.5 with E — E© and k = V.S defining the local wavevector.

The ray tracing equations can be derived by taking partial derivatives of D(k,w,r) =0

with roots taken to be values of w = H(k,r). The resulting set of equations is,

dr oDk
&~ V= "op 00 (3442)
dk oD /or

= VH=p (3.44b)

where 7 parameterizes the trajectory and the symbol H is used in place of w to allude
to Hamilton’s equations of motion. The system of ODEs given in Equation 3.44 can be
integrated numerically to provide the trajectory (and wavevector) of an electromagnetic wave
in a nonuniform plasma. The initial conditions are the starting position and wavevector. In
solving Equation 3.44 one must also solve the local dispersion relation, D(k,r,w) = 0 along

the trajectory.

Several software packages exist to solve the ray tracing equations in a tokamak geometry.
In this thesis we use the code GENRAY [103] with the cold-plasma dispersion relation (id=3).
The GENRAY code takes the magnetic equilibrium (a gEQDSK file) and the electron density
profile, n.(p) as inputs. We also provide the wave frequency, polarization, launch position
and angle(s). The code calculates the trajectory of the ray and the evolution of the index of
refraction n = ck/w. Specifically, the code provides components of the index of refraction,
ny = In-b| and n, = /=i

When interpreting DBS measurements, the nominal measured location, ppeas., is the

turning-point of the trajectory, i.e. p where n,; is minimized. The measured wavenumber

64



determined by the Bragg condition (Equation 3.2) at pmeas.,

Pmeas. = argminp(‘nL’) (345&)

kmeas. = _2% <nL|ppmeasA) ) (345b)

where argmin (.. .) determines the p value that minimizes n, (p). Equation 3.45 is used to

post-process GENRAY simulations.

3.5 Beam tracing

Similar to ray tracing, beam tracing is a method of approximating electromagnetic wave
solutions to Maxwell’s equations in a non-uniform medium. In beam tracing, the length-scale
of the wave transverse to the propagation direction is taken to be W satisfying A < W < L,
i.e. the width of the beam is large relative to the wavelength of the radiation but small
compared to characteristic background variation in the medium. This introduces a secondary
order parameter, ( = (kW)™ ~ (LW)™! <« 1, and complicates the expansion of the wave
equation and the electric field amplitude. Following [4], the eikonal function S(r) in Equation

3.42 is taken to be,
1
S(r) = s(7) + ku(r) - w+ 5w - ¥, - W+ O. (3.46)

In this equation, 7 parameterizes the path of the central ray q(7) and w = r — q(7) defines

a position vector transverse to the central ray. The function,

s(r) = /0 k() - g(7)dr (3.47)

encodes the evolution of the wavenumber along the central ray (to zeroth order, V.S(r) = k).
Terms with subscript w in Equation 3.46 are perpendicular to the effective group velocity,

g = dq/dr. The quantity ¥, in Equation 3.46 is a complex-valued, symmetric matrix
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encoding the width of the beam and the radius of curvature of phase-fronts. In an orthogonal,
beam-following basis (X,¥,g) the real and imaginary parts of ¥, can be diagonalized to

reveal,

k1
Re{¥,},, = -— (3.48a)
kg R;
2
Im{‘l’w}ii = W’ (3.48b)

where ¢ indexes the principal axes of the beam, R; is the radius of curvature of the phase

fronts and W; is the beam half-width along said axis.

To derive the beam tracing equations, the electric field amplitude (Equation 3.43) and
the wave equation (Equation 3.4) are expanded through O(§?) and O(¢?). This is a lengthy
process (see Appendix A of [4]) resulting in a hierarchy of equations representing an approxi-
mate solution to the wave equation. The derivation of the beam tracing equations reproduces
the ray tracing equations in its first order and yields evolution equations for higher order

terms such as the components of the matrix W.

The system of beam tracing equations is summarized as,

dq

M _ v 3.49

dr Vi ( 2)

dk

& _vH 49b

e (3.49h)
dv,;  O°H 02 H 02 H o°H

- _ LR N 3.49

dr  oror;  okdr; ™ Oridkn " Dk dk, (3.49)

The first two equations are identical to the ray tracing equations in Equation 3.44. This sys-
tem of ODEs can be solved numerically in tokamak geometry by codes such as TORBEAM [104]
or SCOTTY [4]. In this thesis we use the code SCOTTY for 3D beam tracing and DBS-relevant
postprocessing. When numerically integrating equations 3.49(a)-(c), initial conditions for
the starting beam position, wavevector, and the ¥ components are required. The initial ¥

components can be estimated by analyzing the quasioptical configuration for each system
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Figure 3.9: Diagram illustrating a representative 2D COMSOL model for DBS.

(Figures 3.7 and 3.8) using Guassian beam ABCD-matrix methods found in Goldsmith [105].

3.6 Full-wave simulations

In Sections 3.4 and 3.5 we presented methods for approximating solutions to the electromag-
netic wave equation for the interpretation of DBS measurements. Numerical solutions of the
wave equation can also be calculated without an ansatz for the electric field nor expansion
methods. These ‘full-wave’ calculations are performed by directly solving the wave equation
in the plasma with appropriate boundary conditions to represent the incident DBS wave.
Although this approach represents the highest physics fidelity, it is a departure from the pre-
vious ray/beam tracing methods in terms of computational cost and model complexity. In
this dissertation we employ the commercial software COMSOL to solve the electromagnetic
wave equation in the plasma. Specifically, we solve the frequency-domain wave equation

(Equation 3.4) in a two dimensional rectangle encompassing the plasma-vacuum boundary.

Figure 3.9 illustrates a representative COMSOL model used for DBS modeling. COMSOL

uses a Cartesian (x,y, z) coordinate system when solving the wave equation. The incident
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DBS wave is introduced into the simulation by specifying the E-field along a line segment.
This line segment acts as the model ‘port’ and the E-field is taken to be a tilted, linearly

polarized Gaussian beam,

— sin 6 cos(9)
Byon — | cosfeos(@) | E Lexp<—_y’2_ik_’2
port cos 0 cos 0 w(@ — d) w2 (2’ — d) 02R(£U’ —d) 550
sin () (320

— iko(z" — d) + in(z" — d))

wherein,

w(z) = wor/1+ (2/2r)? (3.51a)

R(2) = 2(1+ (2r/2)%) (3.51Db)

n(z) = %arctan(z/zR) (3.51c)
w3 1 9

2R = N §k0w0 (3.51d)

z' = zcos(f) — ysin(6) (3.51e)

y' = xsin(f) + y cos(0) (3.51f)

In these equations, @ is the poloidal launch-angle of the incident beam, ¢ is the edge magnetic
pitch-angle (used to polarize the E-field), d is the distance of the port relative to the beam’s
(vacuum) waist location, kg is the vacuum incident wavenumber, wy is the (vacuum) beam
waist, Zy ~ 377 [Q2] is the vacuum impedance, and (F;)/Az is the 2D time-averaged input
power. The entire COMSOL domain shown in Figure 3.9(b) is surrounded by a ‘perfectly
matched layer’ (PML) to absorb incident radiation. The COMSOL port shown in Fig-
ure 3.9(b) uses the ‘domain-backed’ option such that any back-scattered/reflected radiation

passes through the port to be absorbed by the PML on the right of the domain.
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Figure 3.10: Results of a 2D COMSOL full-wave simulation of the DBS probing beam. Two
dimensional projections of the 3D trajectories from GENRAY (ray tracing) and SCOTTY
(beam tracing) are overlaid for comparison. The DBS configuration shown corresponds to
X-mode polarization, 72.5 GHz RF frequency, and 7° poloidal launch angle. Flux surfaces

are shown in grey with the separatrix (p = 1) in bold.

69



Figure 3.10 shows the result of a 2D full-wave COMSOL simulation along with 2D projec-
tions of 3D beam tracing (using SCOTTY) and 3D ray tracing (using GENRAY') simulations.
Both SCOTTY and GENRAY predict that the central ray of the DBS beam travels ~ 2 cm
in the toroidal direction (into the page). The comparison in Figure 3.10 suggests that both
SCOTTY and GENRAY are accurately approximating the trajectory of the wave. Beyond
the trajectory of the central ray, SCOTTY is accurately capturing the evolution of the beam
envelope through the plasma (dashed green lines). Figure 3.10 also shows a slight (mm
scale) discrepancy between SCOTTY and GENRAY with respect to the trajectory of the
central ray. In Figure 3.10 we can also observe the characteristic enhancement of the E-field

amplitude near the cutoff discussed in Subsection 3.1.4.

3.7 Synthetic diagnostic development

In general, a synthetic diagnostic is a model designed to predict one or more observable
quantities from simulated (or analytic) inputs. Synthetic diagnostics enable more direct
comparisons between simulation/theory and experiment by accounting for instrumental ef-
fects e.g. spatial/wavenumber resolution. One of the primary results of this thesis is the
development of a synthetic DBS diagnostic based on the beam-DBS theoretical framework
outlined in Subsection 3.1.4. The beam-DBS model for the back-scattered power accounts
for all of the instrumental effects captured by the weighting function, U (1), in Equation 3.27.
We use the beam-DBS framework to predict the back-scattered power as a function of the
measured wavenumber, i.e. the back-scattered power wavenumber spectrum, Ps(kpeas.). The
predicted Ps(kmeas.) can then be directly compared with measurements from a scan of the

DBS launch-angle(s).

Creating a synthetic diagnostic for DBS is particularly challenging due to the integrated
nature of the fluctuating density, én, in DBS theory. In the beam-DBS framework Equation
3.27 (repeated here),

(P,) o / dz<|5m?>UpUb%e%?n/an. (3.52)
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provides the average back-scattered power as an integral along the DBS trajectory parame-
terized by the path-length . The weighting function, U(l) = UpUb%e_wzn/ A9 plays only a
partial role in localizing measurements to the vicinity of the cutoff. The fluctuating density
spectrum, {|dn|%), and its intrinsic anisotropy in the k; plane, are essential for localizing
measurements and identifying the nominal kpe.s.. Therefore, the underlying (|07|?) cannot

be easily decoupled from measured values of P;.

The weighting function in the integrand of Equation 3.52 depends on the background
plasma and the DBS configuration (launch position, steering angles). We use the code
SCOTTY outlined in Section 3.5 to evaluate the weighting function for a given trajectory.
The density spectrum, (|07]?), is separately modeled by either an analytic function or by
numerical simulation of plasma fluctuations. Given the weighting function from SCOTTY and
a model (|67n|?), the synthetic diagnostic is complete, i.e. theory-based predictions of the

measured P, can be calculated.

We apply our synthetic DBS diagnostic to solve both forward and inverse modeling

problems:

e Forward problem: Given a model 07, what Pj(kpeas.) would we theoretically observe

from DBS?

e Inverse problem: Given experimental measurements of Pj(kmeas.), what is a plausible

on’?

On the one hand, the forward modeling problem is a straightforward evaluation of Eq.
3.52 provided one has access to dn. Unfortunately, modeling én via simulations can be
computationally expensive for two reasons: (1) the saturated fluctuation spectrum is an
inherently nonlinear quantity, and (2) Depending on the range of probed wavenumbers,
multi-scale simulations may be necessary for a complete comparison with measurements. As
part of this research we have performed some large nonlinear CGYRO simulations (described
in Appendix C), but in general this can be a prohibitive requirement for DBS modeling.

Therefore, one of the primary outputs of this thesis is the development of a novel method to
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obtain an approximate dn spectrum using the reduced quasi-linear code TGLF. The TGLF-
based method for approximating on (see Subsection 2.4.1) dramatically lowers the barrier

for predictive/interpretive DBS modeling,.

On the other hand, the inverse modeling problem is solved by first assuming a particular,
analytic model for (|67(k,, ky; i)|?) where ji represents a set of model parameters. Then, we
iterate i until the model (|0n]?) reproduces measured values of P, via Equation 3.52. This
approach introduces bias through the functional form of the model (|07|?) and may converge
for several different models. Convergence indicates that the dn spectrum, with optimized

parameters ji,, can reproduce the observations. For example,
1
<\ B’
el \7 (koK
() + (M)

is an analytic model proposed in [8]. This power-law model has five parameters: [ =

(|on]?) oc (3.53)

(W, 7, ki, wy, B]. Where w,, and w, are inverse lengths in the normal and binormal directions
respectively. The exponents v and [ are spectral indices in the normal and binormal direc-
tions and the wavenumber k; allows the spectrum to be shifted to a finite £, to representing

the dominant instability driving scale. An alternative model is,

(|67]%) o exp (— <%)7 - <%) 6) : (3.54)

where the same set of parameters, [i = [w,, 7, ki, wy, 8], is used with similar physical mean-
ings.

Separate from the beam-DBS model for P,, we have also implemented a synthetic DBS
model combining nonlinear gyrokinetics and full-wave COMSOL simulations of the probing
DBS electric field. While this approach represents the highest physics fidelity of the models
considered in this dissertation, it has several drawbacks: (1) the COMSOL simulations
considered here are 2D to limit model complexity and computational cost, and (2) the

COMSOL results do not allow us to isolate distinct physical effects in the manner provided
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by beam tracing simulations, i.e. COMSOL simply provides the E-field over a spatial grid,
and (3) the nonlinear CGYRO simulations are performed in the local limit — perturbations
away from the cutoff are not simulated. Despite these limitations, the full-wave synthetic
diagnostic allows us to perform high-fidelity predictions of the received signal amplitude due
to scattering near the cutoff layer.

Returning to Equation 3.20, we substitute Equation 3.18 for the fluctuating component

W

of the permittivity tensor and use o = ;% (e — 1) to write,

A, = =2 [ 22 omy) B (3.55a)
cJy n
2m 3
A = - d°ron(r)U(r). (3.55b)
v

Where the weighting function, U(r), is implicitly defined as containing every term in the in-
tegrand other than dn(r). By replacing én(r) and U(r) with their spatial Fourier transforms,

we obtain the wavenumber-space equivalent of Equation 3.55(b),

27 A3k
Arlt) = ¢ ) (2n)?

on(k, t)U (k). (3.56)

To apply Equation 3.56, we use the COMSOL model presented in Section 3.6 to simulate
the 2D full-wave DBS E; in the background plasma and E() in the transposed plasma
(background plasma with B — —B). The real-space weighting function, U(r), is evaluated
using E), E;, and the cold-plasma conductivity tensor, o. Finally, the Fourier transform

of the weighting function, U (k), is calculated numerically.

The U(k) weighting function is originally defined over wavenumbers corresponding to
the COMSOL lab-frame Cartesian coordinate system (Figure 3.9). An additional coordi-
nate transformation is required to map the weighting function onto a radial/normal and
binormal grid (relative to the background magnetic field). Then, the weighting function can
be evaluated over the CGYRO numerical grid using methods outlined in Appendix C. The
result of this procedure is a wavenumber-space weighting function, U (kg, ky), which can be

applied at each timestep of a nonlinear CGYRO simulation. The resulting vector of A, (t)
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can be Fourier transformed in time to obtain a synthetic DBS frequency spectrum, Ar(w).
Synthetic DBS frequency spectra using this COMSOL-CGYRO method are presented in
Chapter 4.

3.8 Complicating effects in DBS

3.8.1 Effects related to DBS hardware

The description of the DIII-D Doppler back-scattering systems provided in Section 3.2 refer-
enced the generation and propagation of a beam of electromagnetic radiation in the V-band
(55-75 GHz). The quasi-optical elements featured in Figures 3.7 and 3.8 are intended to
transport and focus the probing radiation into the plasma. In reality, quasi-optical elements
may not perform perfectly, and may produce a beam that deviates from the ideal Gaus-
sian expectation. However, laboratory measurements of the beam profiles do suggest the
beams are Gaussian in nature [3]. Nevertheless, there will be uncertainty as to the initial
conditions provided to ray/beam-tracing simulations which could impact the interpretation

of measurements.

3.8.2 Other wave phenomena impacting DBS

The preceding description of wave physics related to DBS treated the background plasma
in the ‘cold’ limit. The cold limit is applicable when velocities of interest (i.e. the phase
velocity of the DBS wave) exceeds the plasma thermal velocity by a significant margin
(w/k > v = \/W) For perpendicular propagation in the electron cyclotron range
of frequencies this condition is usually satisfied with two exceptions: (1) propagation near
resonant layers (k — o0), and (2) very high temperature plasmas. We will discuss each

below and its potential impact on DBS.

Proper description of wave propagation near resonance layers requires the use of the

‘hot plasma’ dispersion relation. In the limit of perpendicular propagation (kj — 0) the
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hot dispersion relationship factors into two orthogonal modes (O/X-mode) akin to the cold
plasma limit (Equation 3.10). As discussed previously, kinetic treatment of both the X and
O mode waves uncovers infinite resonances at integer harmonics of the electron cyclotron
frequency. The X-mode also gains an additional longitudinal (E || k), electrostatic (E =
—V¢) branch called Bernstein waves. In the frequency range relevant to DBS, these are
electron Bernstein waves (EBWs). Critical layers for EBW modes exist at the upper hybrid
frequency and w = pQ. (p € N) depending on w and the magnitude of wygyr. For the
situation in Figure 3.2 (wrg < Q. < wypr < wry < w) EBWs are completely cutoff from
the low-field side of the tokamak. However, EBWs can propagate in certain regions between

cyclotron harmonics, wygg, and the cold-plasma X-mode cutoffs (wpy and wrgy).

With respect to DBS measurements, the preceding discussion of EBWs serves to illustrate
the potential for complicating effects near critical layers in the plasma. In the vicinity of
critical layers it is possible for waves to tunnel and/or undergo mode conversion processes
whereby the probing radiation may be ultimately absorbed by resonances. Absorption by the
electron cyclotron resonance (or its 2nd harmonic) was discussed previously in Subsection
3.1.2. During experiments, one must verify that the DBS channels of interest are safe from
absorption by cyclotron harmonics. However, one has less control over unintentional mode
conversion and tunneling. Mode conversion and tunneling may occur where steep plasma
gradients bring multiple critical layers in close spatial proximity. For example, in Figure
3.2 the right-hand X-mode cutoff appears in close spatial proximity to the upper hybrid
resonance in the plasma edge. It is possible for wave energy to tunnel through the right-

hand cutoff and spawn waves which are ultimately absorbed by resonances.

The other limit challenging the cold plasma approximation is for high temperature plas-
mas'® where the electron kinetic energy can approach a non-negligible fraction of the electron
rest mass energy. In this situation relativistic effects (and thermal effects) in the plasma may

become important. Relativistic/thermal corrections to cold plasma waves in reflectometry

13Given m, ~ 511 [keV/c?], a plasma with T, = 10 [keV] has electron thermal kinetic energy ~ 1% of the
rest mass energy.
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applications was treated by Mazzucato in [106] where a simple modification to the electron

mass was found to be a good approximation at temperatures expected in burning plasmas,

o1,

Me — Mer |1+ =
MeC

(3.57)

This correction can be applied to the cold plasma dielectric, Equation 3.8, allowing us to
avoid numerically solving the full kinetic/relativistic dispersion relation. For the plasmas
considered in this thesis, the correction in Equation 3.57 results in a < 1% modification of
the frequency profiles shown in Figure 3.2. This supports using the cold plasma dielectric to

model DBS in these plasmas.

3.8.3 Nonlinear scattering effects

The physics of electromagnetic wave scattering in plasmas was discussed previously in Sub-
section 3.1.3 where the problem was cast in terms of an expansion in the smallness of plasma
fluctuations relative to the background (cf. Eq. 3.16). Normally one truncates the expansion
at first order to form the (first) Born approximation. However, the approximation breaks
down when the fluctuation amplitude becomes large enough to modify the background. This
produces entrained fields and multiple scattering events. When we enter this regime, the
outgoing electric field amplitude is no longer linearly related to the fluctuation amplitude,

dn (and therefore the scattered power P; is not proportional to dn?).

The problem of linear vs. nonlinear diagnostic response has been treated extensively in

the literature [107]. For DBS measurements authors typically use the nonlinearity parameter

7

on\? G2w2x l, . .
- (n—o) T (3.58)

derived using a WKB expansion of the electric field near the cutoff in a slab model [107].
In Equation 3.58, dn/ng is the normalized fluctuation amplitude, w is the angular frequency

of the probing wave, x. is the radial distance between cutoff and the plasma boundary, £, is
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Figure 3.11: Contours of the nonlinearity parameter v defined in eq. 3.58. We consider
dn/ng € [0.5,107%] and ¢, € [1072,5] cm. All other quantities in 7 are evaluated for X-
mode 72.5 GHz DBS using profiles at the midplane of discharge 189998, 3000 ms. The v =1
contour (green) separates the nonlinear and linear regimes. The dn/ng = 0.1% level is shown

with a horizontal dashed line.

the radial correlation length of fluctuations, and G is a polarization-dependent term,

1 for O-mode
G = (w? — 202)(W? — w?) + W (3.59)
L - P for X-mode,
(o)

related to the radial wavenumber dependence on the radial coordinate. The nonlinear regime
theoretically exists for v 2 1. Unfortunately, the v parameter depends on difficult to mea-
sure, or simply inaccessible, quantities such as on/ng and £.. To estimate  for the experi-
ment considered in Chapter 4, we create a large grid of reasonable /. and dn/ng values while

evaluating all other terms at the plasma midplane.

Figure 3.11 illustrates contours of v with log-scale colors. We denote the v = 1 contour as
the dividing line between linear and nonlinear. We draw a horizontal line for dn/ng = 0.1%
which we take to be a reasonable estimate for core H-mode fluctuation amplitudes. With

fixed én/ng = 0.1%, regardless of the radial correlation length we find v < 1. At radial
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correlation lengths, . less than 1 mm we see that dn/ng can approach 1% and we remain in
the linear regime. This result supports the conclusion that, for results presented in Chapter

4, we are operating in the linear response regime of the diagnostic.

Going beyond the v parameter estimate, the linear/nonlinear diagnostic response can
be addressed using 2D full-wave COMSOL simulations. In these COMSOL simulations we

include a ‘coherent’ density fluctuation localized to the cutoff layer using the toy-model,

%”(p, 0) = (%”)0cos(me)e—<P—Pc>2/2<Ap>2, (3.60)
wherein m is the poloidal mode number, (0n/n)y is the amplitude of the density perturbation
relative to the background, p. is the cutoff location, and Ap sets the radial extent of the
perturbation. The poloidal wavenumber is related to m through, ks = m(dl/df)~' where
[ is the arc-length of the flux surface in cm. To investigate the linear/nonlinear response
we set kg to the ‘matching’ wavenumber to produce a 180° back-scattered wave. For the
7° launch-angle case shown in Figure 3.10, the matching wavenumber is ky = 6.4 [rad/cm].
Centering the density perturbation around p. and fixing kg = 6.4 allows us to clearly identify
the back-scattered component of the total E field as an outgoing wave to the right of the
port (leaving the simulation domain, to be absorbed by the PML). If we were to select kg
different from the matching value, the scattered field would not return along the incident

trajectory; rather it would be scattered in another direction, complicating this analysis.

Figure 3.12 illustrates results of COMSOL simulations of linear/nonlinear scattering. In
Figure 3.12(a) we overlay the full-wave E,-field along with contours of the cutoff-localized,
coherent dn /n perturbation (Equation 3.60). In Figure 3.12(a) we also overlay the SCOTTY
beam-tracing result in the background (unperturbed) plasma. This is the same beam-tracing
result as Figure 3.10. Annotations in Figure 3.12(a) highlight the entrained E-field — a
signature of nonlinear scattering — and the outgoing back-scattered wave leaving the domain

to the right of the port.

Figure 3.12(b) shows the results of a scan of the perturbation amplitude, (én/n)y, in
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Figure 3.12: Nonlinear scattering simulation using full-wave 2D COMSOL.
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Equation 3.60. Each point in Figure 3.12(b) corresponds to a different COMSOL 2D-FW
simulation. For (dn/n)y < 1% the diagnostic response is linear with the power of the
scattered wave following P, oc (dn)?. However, for (dn/n)y > 1% the scattered power
saturates and the diagnostic response is said to be nonlinear. The transition from linear
to nonlinear scattering with increasing (én/n)q is an expected result, and is fairly general.
However, it is important to note that the particular point of saturation in Figure 3.12(b)
depends on the background plasma, and on our toy-model for the density perturbation. We
can compare the 1% saturation threshold with the v calculation in shown in Figure 3.11.
The 1% value derived from COMSOL simulations appears to be roughly consistent with a
v ~ 10 (for £, ~ 1 [cm]; roughly the Ap width of the perturbation). However, the radial

correlation length of our toy-model dn perturbation is not strictly well-defined.
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3.8.4 Potential issues with ray/beam tracing

The ray and beam-tracing methods, presented in Sections 3.4 and 3.5 respectively, are only
formally applicable when the underlying assumptions about the separation of scales between
the medium and the wave are satisfied. For example, in ray tracing we introduced the order
parameter § = (Lk)™! < 1. When the wave approaches a cutoff (k — 0), the § < 1 ordering
is no longer satisfied and the ray tracing approximation for the wave field (formally) breaks

down. This is a well understood problem in WKB theory.

Ray/beam tracing programs can integrate the ray equations near cutoff without issue
except in situations where the change in k over space is extreme. For example, in low launch-
angle cases, cutoffs cause a large change in the radial wavenumber, k,., such that Ak, = 2k,
over a small spatial region. Numerical issues can arise wherein the program struggles to
remain on the proper solution-trajectory through ray phase space (where the dispersion
relationship must be locally satisfied). In these situations the ray/beam tracing solutions
can become inaccurate. This effect can complicate the interpretation of DBS measurements.
Despite a long history of ray tracing theory and simulation, addressing the issue of solutions

near caustics remains an area of active research [108].

Beam tracing suffers from the same complications near cutoffs as ray tracing. Addition-
ally, beam tracing relies on an additional ordering related to the transverse size of the beam,
W, relative to the wavelength, \. The W > X ordering can also be violated near cutoffs
when ‘beam pinching’ drives W < A. This particular effect has been the focus of validation

efforts and remains an open area of research [109].
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CHAPTER 4

Wavenumber spectrum investigation

In this chapter we present an investigation of the fluctuating density wavenumber spectrum,
on(ky), in DIII-D ECH H-mode plasmas (H-modes with ECH as the only auxiliary heating
source'). The ECH H-mode regime is relevant for studying plasmas with dominant electron-
heating, low collisionality v, < 1 (Eq. 2.6), and zero injected torque. The former two
characteristics are expected to be relevant for future burning plasmas where fusion-born
alphas will predominantly heat electrons and high core temperatures provide low v,. Future
fusion reactors are also expected to have reduced reliance on NBI, and are therefore expected
to have low to zero injected torque (the extent to which intrinsic torque, especially in
RF-heated plasmas, is able to produce non-negligible rotation is the subject of ongoing
research [110,111]). In larger machines with more dense plasmas, NBI systems will have
less impact on rotation; applying a smaller normalized torque. The majority of the work

presented in this chapter has been published in by the author in [7].

The ECH H-mode plasma scenario provides access to a regime expected to present signif-
icant TEM microturbulence activity. In plasmas with low v,, the trapped particle fraction is
naturally larger and the electron and ion transport channels can become somewhat decou-
pled. With core electron heating via ECH, the plasma can theoretically obtain large VT,
providing a drive for the collisionless TEM (and ETG modes at higher-k p,). Transport phe-
nomena such as density peaking and stiff electron thermal transport have been attributed to
the prevalence of TEMs [112,113]. The extent to which these intermediate-high k, ps modes

such as TEM and ETGs contribute to transport in this scenario is studied (indirectly) with

!There is also Ohmic heating from the inductive current-drive which is not considered auxiliary in this
context.
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DBS measurements of intermediate-scale (k  ps ~ 1) density fluctuations.

The primary experimental result of this investigation is a unique dataset of Doppler
back-scattering measurements from a scan of the probing launch-angle(s). The DBS data
was analyzed to produce a well-resolved wavenumber spectrum of the back-scattered power,
Ps(k), shown in Figure 4.6. The wavenumber spectrum exhibits exponential spectral decay
over the entire range of probed wavenumbers. Significant effort was directed toward leverag-
ing the measured P,(k) to test models of plasma turbulence. Synthetic diagnostic modeling
was used to relate [dn(k,)|? spectra from codes to the measured DBS P;(k). The resulting
comparison between the synthetic P&™ (k) and the measured P;(k) shows mixed agreement
(Figure 4.13). The synthetic diagnostic model is also used to interpret DBS measurements

at the lowest and highest wavenumbers where diagnostic effects may impact the P, oc |dn|?

proportionality.

Additional modeling using TGLF and linear /nonlinear CGYRO suggests that transport
in these plasmas is dominated by ITG-scale modes (k,ps < 1). Using the transport solver
TGYRO, TGLF is capable of reproducing the experimental heat flux levels across the plasma
core. However, with small (+5%) increases in the temperature gradient inverse scale-length,
a/Lr,, TGLF predicts that TEMs begin to dominate the transport spectrum, driving a
nonlinear increase in Q.. TGLF predictions of the Q. vs. a/Ly, relationship and the electron

particle flux spectrum do not agree with the higher-fidelity nonlinear gyrokinetics.

4.1 Experiment

Figure 4.1 illustrates the evolution of a typical ECH H-mode discharge from this study (DIII-
D 189998). The plasma current and magnetic field are held constant at 7, = 0.9 MA, and
B, = —1.8 T (i.e. opposite the I, direction). Figure 4.1(a) shows the line-averaged density,
(n) x10" m~3  and the plasma current, I,. Figure 4.1(b) shows the auxiliary heating Pgcs,
and Pxpr in MW. Figure 4.1(c) shows the core electron and ion temperatures, T, and T; in

keV. Figure 4.1(d) shows edge recombination light filtered to observe the Deuterium Balmer-
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Figure 4.1: Evolution of DIII-D discharge 189998. 4.1(a) shows the line-averaged density
(x10" ecm™3) and the plasma current in MA. 4.1(b) shows both the ECH and NBI heating
in MW. 4.1(c) shows the core T, and the core T; in keV. 4.1(d) shows the D, filterscope

(a.u.).
a (D,) atomic line (a.u.).

Once the [,-flattop is established, 2.7 MW of NBI is used over 400 ms to assist the
LH transition (see Figures 4.1(a,b)). This initial NBI pulse uses two sources in opposing

(tangential) directions such that near zero torque is applied to the plasma. Halfway through
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the NBI pulse, 2.1 MW of ECH was applied near the core of the plasma (pgcy ~ 0.3,
see Figure 4.2(b)) and held constant for the remainder of the discharge. This sequence of
external heating was used to trigger a reproducible H-mode transition while imparting near
zero torque on the plasma. We were reliably able to sustain the H-mode with ECH as the

only external heating source.

Neutral beam ‘blips’ were used to obtain data from beam-dependent diagnostics such
as Motional Stark Effect (MSE) and Charge Exchange Recombination Spectroscopy (CER).
MSE provides measurements of the internal magnetic pitch-angle which are used to constrain
the equilibrium reconstruction [114]. CER provides measurements of the impurity (Carbon)
temperature, density, and velocity [115]. The blip from a single NBI source lasts 10 ms. Each
pulse visible in Figure 4.1(b) consists of two simultaneous blips (both are directed co-I,).
Blips are spaced 400 ms apart, resulting in only sparse data from both MSE and CER. The
long inter-blip time minimizes the influence of heating, torque, and fast particles from NBI

on the background plasma?.

These discharges do not use gas feedback to control the line average density. The density
rises to its maximum value after the LH transition. Then, over the next 400 ms, the density
drops due to a combination of global ECH density pump-out, high ELM frequency, and the
lack of a core particle-source from NBI. Global density pump-out is an effect where ECH
increases the turbulence-drive, leading to increased transport [116]. The plasma finally enters
a quasi-stationary phase with lower ELM frequency and a density of (n) ~ 2.8 x 10 m™

around 2500 ms.

The ECH H-mode plasmas are diverted discharges in the lower-single-null (LSN) config-
uration with LCFS plasma elongation, x = 1.7. The poloidal cross-section of the plasma and
the fundamental frequencies relevant for DBS are shown in the previous chapter (Figures
3.9(a) and 3.2 respectively). The edge safety factor, qos ~ 6, and the normalized plasma
beta, /3, ~ 0.9, yield no significant MHD activity with 8, = 8/(,/(Broa)) where Bry is

2Inter-blip time of 400 ms is ~ 3 x 7 (energy confinement time) and ~ 3 x 7, (beam slowing-down time,
see Equation 5.9)
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Figure 4.2: Radial profiles (a-d) of n., T¢, T;, and nyz and their normalized inverse gradient
scale-lengths (e-h) for discharge 189998, 3000 ms. 4.2(a) shows the electron density with data
from the Thomson scattering (T'S) and profile reflectometry (REFL) diagnostics. 4.2(b) show
the electron temperature profile with data from TS and electron-cyclotron emission (ECE).
The deposition of ECH is also plotted in 4.2(b). 4.2(c) shows the main-ion temperature
measured with main-ion charge exchange recombination spectroscopy (miCER). 4.2(d) shows
the carbon density, nz, measured by impurity-CER (impCER). 4.2(e-h) provide profiles of
the inverse gradient scale-lengths normalized with respect to the separatrix minor radius, a.
In frames (a-d) the solid green lines are fits to the data. In all frames the shaded vertical

band indicates the radial region of interest.

the on-axis toroidal magnetic field and a is the midplane minor radius of the LCFS. The
normalized confinement factor Hgs o ~ 1, indicating the plasma energy confinement time
(7g) is in accordance with the ITER multi-machine H-mode confinement regression [21], with

Hos o = Te/TE 1PBOs(y,2) (see Equation 2.8).

Figure 4.2 shows an array of representative kinetic profiles and their inverse gradient
scale-lengths, a/Lx = —(a/X)VX. Data from the DIII-D Thomson scattering (TS) system
and the Profile Reflectometry system (Refl.) [117] are used in combination as inputs to an
n. profile fit (Fig. 4.2a). Similarly, the electron-cyclotron emission (ECE) diagnostic [118]
is used in combination with TS to fit T, (Fig. 4.2b). Impurity-CER (impCER) provides
measurements of the Carbon impurity density, temperature, and toroidal/poloidal velocity in

the plasma (Fig. 4.2d) while main-ion CER (miCER) measures the main-ion (Deuterium) 7;
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profile (Fig. 4.2¢) [115]. The effective ion charge-state of the plasma, Zeg = >, n; 22 /n. ~ 2.
Profile fits are performed using the OMFITprofiles module [119]. The uncertainties in the fits
are calculated with linear error propagation theory, accounting for the correlation between

fit-model parameters.

The n, profile (Fig. 4.2(a)) appears roughly linear over the core region with a value
of a/L,, ~ 1 over the radial regime of interest (p ~ 0.7). The density peaking factor,
(nelp=0.4)/(ne] p=0.8) =~ 1.4. By contrast, core ECH produces a peaked T, profile (Fig. 4.2(b))
with a relatively large value of a/Ly, =~ 2.5 (at p &= 0.7). The T, profile also exhibits off-axis
peaking with a negative gradient in the deep core (p < 0.2). This is attributed to the possible
existence of a transport barrier near the ¢ = 1 surface has been observed in other experiments
with near-core ECH [120,121]. The existence of hollow T, profiles with near-axis ECH can
also be interpreted as a signature of fractional transport [122]. The gradient-ratio defined
as, Ns = Ly, /L1, = (nsVTs)/(TsVns), has a value 7, =~ 2.5 in the radial regime of interest.
The maximum 7,/T; = 2.0 at p = 0.33 and T,./T; > 1 everywhere inside the pedestal-top.
Due to high electron-heating and relatively low line-averaged density, the plasma achieves
very low electron collisionality. In the core v} < 0.1, while the pedestal has v, < 1. Recall,
Vee = V.o (qRU;1€7/%), where v, is the electron-ion collision frequency, ¢ is the safety factor,
0, is the electron thermal velocity, e = r/ R is the inverse aspect ratio, and R is the flux surface
major radius. In terms of kinetic quantities, v oc n.T, 2. The dimensionless quantities v,.,
ne, and T, /T; appear in tokamak/plasma theory (see Sections 2.2 and 2.5). Without NBI,
the main ions are heated by collisions with electrons. The electron-ion heat source is largest

in the core (where T, and T; differ the most) and extends to the pedestal-top.

4.2 DBS measurements

Both the DBS60 and DBS240 systems were used to perform a scan of the measured wavenum-

ber by systematically changing the launch-angle(s) of the probing beam. Recall that the 60
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and 240 suffixes refers to the toroidal locations of the DBS systems®. Importantly, the

DBS240 system has the ability to steer the probe beam both toroidally and poloidally [3].
The toroidal steering capability of the DBS240 system allows us to match the magnetic
pitch-angle and avoid mismatch attenuation at higher-k [5] (discussed previously in Sub-
section 3.1.4). The DBS60 system has a fixed toroidal launch-angle of 0° making it most

suitable for lower-k measurements.

The launch-angles of both DBS systems remain constant during a plasma discharge.
Therefore, we repeat discharges to scan the launch-angles (and therefore the measured
wavenumber). For the wavenumber scan presented here, we repeated the same ECH H-mode
discharge a total of six times: 189993, 189994, 189997, 189998, 190129, 190315. All repeats
are in good agreement during the time period of interest (¢ > 2500 ms) with the exception
of 190129 which exhibited larger excursions in line-averaged density and back-transitioned
to L-mode before the I, ramp-down. Data from each discharge and DBS system can be
analyzed using spectral methods outlined in Section 3.3. Figure 4.3 provides a macroscopic
view of DBS data from the wavenumber scan in the form of multiple spectrograms with
log-scaled colors. Regions of higher spectral power are indicated with yellow/orange and
regions of lower spectral power are shown in purple/black. The spectrograms are arranged
from top-to-bottom in order of increasing probed-k. Ray tracing simulations to determine

the probed-£ are discussed later in this section.

Close inspection of Figure 4.3 shows that as probed-k increases, the peak in the spec-
trum becomes increasingly Doppler-shifted to more negative frequencies and its amplitude
decreases. For this plasma, negative Doppler shift indicates lab-frame motion in the ion dia-
magnetic drift direction. In the bottom plot of Figure 4.3 (highest k) the Doppler-shifted sig-
nal is reduced to a faint signal with fpepp. &= —1 MHz. This increase in the observed Doppler
shift is expected as the Doppler shift is proportional to the measured wavenumber, i.e. in
general wpepp. = Kmeas. - V. The decrease in spectral power is also expected assuming fluc-

tuations decrease in amplitude at smaller scales following e.g. |0n| ~ k~¥. Transient events

3The toroidal locations of the DBS systems are irrelevant other than as a label.
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Figure 4.3: Wavenumber scan DBS spectrograms covering multiple discharges including data
both DBS systems. All spectrograms correspond to the 72.5 GHz channel and cover the same
time (2800 < t < 4800 ms) for each discharge. The top plot shows the line average density
for each discharge. The lower 9 plots show spectrograms annotated with their discharge
number, DBS system, and approximate probed-k. All spectrograms use the same log-scaled
colors. Data from discharge 189998 is labeled ‘matched case’ (where both DBS systems
targeted the same wavenumber). Data from discharge 190129 is not shown in this figure
because it is only a satisfactory match over a shorter time interval. Data from the DBS240
system for discharge 189993 is not shown for clarity (launch angles were similar to discharge

189998).
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Figure 4.4: 4.4(a) DBS spectrogram for the 72.5 GHz channel of the DBS240 system for
discharge 190129. 4.4(b) shows the time-synchronized D, filterscope signal. The shaded
spans in (b) represent the 50%-95% ELM-phase regions which are considered free from the
influence of the preceding ELM and used for further DBS analysis. Several small signals
are visible in the D, trace which were below the threshold used for ELM detection. 4.4(c)
shows time-averaged spectrograms for three discharges: 190129 (Kpeas. &~ 2.5 cm™1), 189997
(Fmeas. &~ 11 ecm ™), and 189994 (Kpeas. = 16 cm™!). Negative frequency in 4.4(a,c) indicates

lab-frame motion in the ion diamagnetic drift direction.

are also visible in the spectrograms shown in Figure 4.3. Semi-periodic, large-amplitude
broadband events correspond to ELMs. Intermittent, low-amplitude broadband events often

preceding ELMs may be ELM-related precursor modes or other intermittent phenomena.

For more detailed analysis, DBS data from each discharge and DBS system are divided

into multiple (generally 3-4) 150 ms windows centered 300 ms after NBI blips. These time
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windows were selected to minimize the influence of NBI. Following methods in Section 3.3, we
determine the back-scattered power by integrating the Doppler-shifted component in the fre-
quency spectrum. Figure 4.4(a) provides a spectrogram from discharge 190129 over a 500 ms
time interval where a good match was obtained with the other discharges. Beyond minimiz-
ing the influence of NBI blips with our choice of time windows, we also remove the influence
of ELMs on the DBS scattered-power calculation by performing an ELM phase-synchronized
analysis. Every 150 ms window of DBS data is synchronized to the corresponding D,, filter-
scope signal (see Figure 4.4(b)). We retain time-slices of each spectrogram corresponding to
50 - 95% ELM-phase only. These time-slices are shown as shaded regions in Figure 4.4(b).
The ELM-filtering process reduces the total number of spectrogram time-slices by approxi-
mately 50%. The remaining ‘valid’, i.e. not influenced by ELMs, time-slices are analyzed to

identify the Doppler-shifted component and its spectral power.

Figure 4.4(c) over-plots three time-averaged spectrograms from discharges 190129, 189997,
and 189994. Similar to Figure 4.3, Figure 4.4(c) shows increasingly negative Doppler shift
and decreasing spectral power as we increase the probed-k. Figure 4.4(c) also shows Gaus-
sian fits to the Doppler-shifted component in each spectrum (dashed lines). The Gaussian
lineshape was selected because it performed consistently-well across a broad range of a spec-
tral powers and Doppler shifts. Due to the logarithmic scale of Figure 4.4(c), the fits appear
very poor in capturing the overall spectrum. However, the fits are sufficient in capturing the
spectral power near the Doppler shifted peak (the primary quantity for this investigation).
Additional spectral components are also visible in Figure 4.4(c): narrow and broadband
features centered around f = 0 and low amplitude narrow ‘spikes’ at other frequencies. The
narrow spikes at f # 0 are visible in multiple discharges appearing at the same frequency
— they are attributed to electronic noise and ignored. The narrow and broadband spectral
components centered at zero are also common in DBS data. These components with f =0
are often attributed to scattering away from the cutoff location and are considered noise
relative to the Doppler shifted component. Where necessary, the Doppler shifted component

is isolated by applying a high-pass notch filter to remove spectral power near zero frequency
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before fitting.

All DBS data presented in this chapter is from the same frequency (72.5 GHz) channel of
each multi-channel system. Using a single channel allows us to avoid cross-channel calibra-
tions and more directly compare data between discharges. To build a cohesive wavenumber
spectrum by combining measurements from both DBS systems, one discharge (189998) was

used to determine a suitable cross-system calibration factor by targeting the same wavenum-

kDBSﬁO — kDBS240

meas. meas.

ber. This is done by determining launch angles for each system such that
Then, because they are theoretically measuring the same fluctuations, a calibration factor,
C = pDPBSE0/ pbBS240 g determined. To validate this technique, we used another discharge
(190129) to match the probed wavenumber of both systems to a different value and verified

C' was constant.

The polarization (X-mode) was also held fixed for all wavenumber scan discharges. Using
consistent polarization also makes for a simpler comparison across discharges. The subtleties
of combining O/X-mode wavenumber scan data was explored extensively by Happel et al.
in [78] with related modeling by Lechte et al. in [77]. Following methods in Section 3.4, 3D
ray tracing simulations are used determine the measured wavenumber, K e.s., for each 150
ms window of DBS data (generally 3-4 windows per discharge). Figure 4.5 illustrates the
ray tracing results for the wavenumber scan. Figure 4.5(a) provides an annotated poloidal
cross section of the plasma with a subset of the ray trajectories from the wavenumber scan.
Notably, we show the lowest probed wavenumber and the highest probed wavenumber along
with the matched-wavenumber case used for cross-system calibration. The cross-system cases
can also be seen in Figure 4.5(c) as overlapping square/circle symbols for discharges 189998

and 190129.

Figures 4.5(a,c) show the tendency of higher launch angles to probe larger radii. This
is an expected effect due to refraction and increasingly oblique incidence relative to the X-
mode cutoff. This effect broadens distribution of probed-p locations despite constant launch
frequency (72.5 GHz). Furthermore, small variations in the density profile across discharges

and over time within any one discharge, also broadens the probed-p. Figure 4.5(d) shows a
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Figure 4.5: Ray tracing results illustrating the DBS launch-angle scan. 4.5(a) shows a
poloidal projection of the 3D ray trajectories for a subset of the scan. The equilibrium
plotted in 4.5(a) is from discharge 189998, 3000 ms. 4.5(b) shows a top-down projection of
the ray trajectories in 4.5(a). The y-axis of (b) indicates propagation in the toroidal (tor.)
direction. 4.5(c) plots all probed wavenumbers and radial locations for the entire dataset.
The density profile from 189998, 3000 ms is provided against the right-hand axis for reference.
4.5(d) shows a histogram of the probed-locations along with a Gaussian approximation with

average and standard deviation, p ~ 0.67 £ 0.07.

histogram of the probed p locations for the entire wavenumber-scan dataset. The mean and
standard deviation of the probed radial locations are p ~ 0.67 = 0.07. The mean probed
location is used later for more extensive analysis. The p = 0.6730.07 radial span corresponds
to the vertical shaded region shown previously in Figure 4.2. As per Figures 4.2(e-h), the
inverse gradient scale-lengths do not vary significantly over this regime (< 5% variation
relative to the value at p = 0.67). Therefore, we do not expect significant changes in the

microturbulence over the probed DBS locations.
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Figure 4.6: Back-scattered power wavenumber spectrum. The DBS data follows the same
marker/color scheme as Figure 4.5(c). In (a), black dashed lines represent linear (in log-log)
fits with each spectral index provided by annotations. The linear fits, which normally pass
through the data points, have been displaced to make them visible. The red line is the result
of a nonlinear fit using the exponential function in Equation 4.1. Note the secondary x-axis
above the plot providing a mapping between the real-space kpeas., and the normalized k,. In
(b) the same data is plotted against a linear kyeas ps axis. In (b) the linear fits, in semilogx
space, are shown with black dashed lines and are displaced from data to make them more

visible.

4.3 DBS results

The primary experimental result is the back-scattered power wavenumber spectrum, P;(kpeas.)
shown in Figure 4.6. The reported P, values are obtained directly from measurements and
therefore include any/all instrumental effects*. We observe a spectrum with variable spectral
decay: for lower wavenumbers (k < 3.5 cm™!) the spectrum is nearly flat with Py ~ k7% for
intermediate wavenumbers (3.5 < k < 8.5 cm™!) the spectrum decays with P, ~ k~%6 and
for high wavenumbers (k > 8.5 cm™!) we observe steep decay with Py ~ k=24, The variable

slope in our Pj(kpeas.) spectrum motivated a nonlinear fit using a generalized exponential

4No ‘corrections’ have been applied to the reported P, values other than a single cross-system calibration
factor discussed previously.
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function,
k—b

Cc

Py(k) = exp <— ‘

d) . (4.1)

The optimal Pj(kmess.) fit has parameters: b = 0.8 [em™!], ¢ = 1.9 [em™'], and d = 1.1.
Interestingly, the proximity of d to 1.0 implies an almost purely exponential scattered-power
spectrum. The implications of an exponential spectrum were discussed previously in the
context of the frequency spectrum in Subsection 3.1.6 and will be discussed further in Section
4.5. The DBS data in Figure 4.6(a) is also re-plotted against kpeas ps in Figure 4.6(b) using a
linear x-axis. To normalize the kp,c.s. Wavenumber by the experimental ion-sound gyroradius,
ps = ¢s/Qp, we use the local ps value corresponding to each cutoff location. The overall
Emeas.Ps VS Kmeas. trend, including radial variation in ps, is kmeas. 05 & 0.45(Kmeas./1[cm])%84,
not thought to be a general result. In Figure 4.6(b) we also observe variable decay. For

Emeas.ps < 3.5 the spectrum decays exponentially with ¢ a2 1.7 ( : Py ~ e~ ¢(kmeas.rs)) - For

Kmeas.pPs > 3.5 the spectrum decays with ¢ ~ 3.9.

The secondary x-axis above Figure 4.6(a) (also used in later figures) shows the mapping
between kpeas. and the theoretical, dimensionless k, value discussed in Appendix C. Equation
C.16(b) is used to calculate k, given the measured binormal wavenumber, k, = Kmyeas.. The
plasma parameters in Eq. C.16(b) (k,q, etc.) are evaluated using local quantities for each
data point in Figure 4.6. Thus, this mapping includes the radial variation of k, ¢, etc. over
the entire DBS dataset. The overall £k, vs. Kkpeas. trend for this plasma and dataset was
found to follow k, = 0.44(kmyeas./1[cm])??%, not thought to be a general result. Purely by
coincidence, when the trends for k, and kmeas ps are combined, we find k, & 1.1 (kpeas.ps) "
Given that the exponent and the scale factor relating k, and Kpeas.ps are close to unity, the

upper k, axes on Figure 4.6, and subsequent figures, can roughly be used as kpeas.ps. It is

important to note that generally kmeas.ps 7 ky-

The experimental Ps(kpeas.) values shown in Figure 4.6 are expected to be proportional to
the square magnitude of the density fluctuation wavenumber spectrum, P, o |dn|?. However,
DBS instrumental effects may alter the P, o< |dn|* proportionality and affect our interpre-

tation of the measurements and our intention to use the measurements in Figure 4.6 to
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test simulations of plasma turbulence. Therefore, additional forward/inverse synthetic diag-
nostic modeling (introduced in Section 3.7) is presented next. All detailed analysis in the
following subsections uses profiles and the magnetic equilibrium from a single, representative

discharge/time: DIII-D 189998, 3000 ms.

4.4 Modeling results

4.4.1 Turbulence simulations

TGLF, linear and nonlinear CGYRO simulations were performed for the representative dis-
charge/time (DIII-D 189998, 3000 ms). The inputs to both TGLF and CGYRO were pro-
duced from a set of plasma profiles and a corresponding kinetic equilibrium. The plasma pro-
files are fits to the experimental data shown previously in Figure 4.2. The kinetic equilibrium
contains the bootstrap contribution to the current density and self-consistent profile/flux-
surface alignment. As part of the kinetic-EFIT process, the TRANSP code was run to evolve

the plasma current density and perform power-balance calculations®.

Eigenvalue spectrum

TGLF and linear CGYRO calculate the eigenvalue spectrum (w,7)x, at the nominal DBS
location (p = 0.67). The SAT2 saturation rule is used for all TGLF modeling results pre-
sented here unless otherwise noted. The linear CGYRO eigenvalue spectrum is calculated by
performing a series of single-k, simulations covering the same grid of k, wavenumbers as the
default TGLF wavenumber grid for SAT2 (KYGRID_MODEL=4). The eigenvalue spectrum from
each code are compared in Figure 4.7. We find reasonable agreement between the two codes
with respect to (w,7)r,. Both codes agree that for k, < 0.7, modes propagate in the ion-
drift direction with growth rates, v < 0.1[cs/a] with the exception of one TEM-type mode
at k, ~ 0.3 predicted by TGLF. For k, > 0.7 modes propagate in the electron-drift direction

5Recall that NBI is not used for heating nor current drive in these ECH H-mode plasmas. Furthermore,
the ECH was aimed for perpendicular incidence (no current drive).
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Figure 4.7: Comparison of linear eigenvalue spectra calculated by TGLF and CGYRO. Both
TGLF and CGYRO are run at p = 0.67 using identical inputs from discharge 189998, 3000
ms. The ‘x’ markers on the CGYRO line indicate cases where long-lived (> 300 a/c;), weak
oscillations prevented complete convergence. Figure 4.7(a) shows the growth rates along
with the local £ x B shear. Figure 4.7(b) shows the real frequency of the modes. The
dashed and dotted lines in (b) correspond to the drift frequencies given in Equation 3.35.

with increasing . The intermediate-scale region (0.5 < k, < 2), just above the transition
from the ion-direction to the electron-direction, is also where the TGLF and CGYRO dis-
agree the most in terms of v (TGLF is ~ 2x CGYRO there). Figure 4.7(b) also shows the
normalized drift frequencies defined in Equation 3.35 as dashed/dotted lines. The calculated
w(k,) at nearly every k, tracks the magnetic drift frequency, wp s, consistent with curvature-
driven drift wave instabilities. Finally, it should be noted that the first subdominant mode

calculated by TGLF (not shown) is a TEM-type mode for k, < 0.7. The growth rates of
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the first subdominant mode, for k, < 0.7, are close in magnitude to the dominant ITG-type
modes shown in Figure 4.7(a). This explains the single TEM mode at k, ~ 0.3 predicted by
TGLF.

Tests of the quasi-linear approximation

In order to perform the forward modeling of DBS measurements, we require a model for
the density fluctuation spectrum, én(k,, k). Theoretically, the density spectrum can be
approximated in a quasi-linear fashion using methods outlined in Subsection 2.4.1. The final
expression for the density spectrum (Equation 2.29) combines the quasi-linear weights for
the density field, an,%y (Equation 2.28), with the TGLF model for the nonlinear, saturated
potential spectrum, 5@3(1@;, k,) (Equation 2.27).

The following results are presented to test the TGLF quasi-linear approximation for the
density field in this case. The quasi-linear weights for the density field, Wn?,&y (Equation
2.28), are a linear quantity and can therefore also be calculated with linear CGYRO. Both
the TGLF and linear CGYRO weights can also be compared with the nonlinear CGYRO
weight for the density field, i.e. Equation 2.28 evaluated with nonlinear quantitiesS. If the
quasi-linear approximation is correct, all three values would agree, indicating the linear ratio
of density to potential fluctuations is preserved in the nonlinear saturated state. Recall that
in calculating the TGLF Wn?,%y weight, only the dominant unstable mode is used at each
k.

For an additional test of the TGLF quasi-linear assumption, we can compare the cross-
phase between fluctuating fields. In this case we compare the cross-phase between the fluc-

tuating density and temperature fields calculated by TGLF, linear CGYRO, and nonlinear

6The quasilinear weight in Equation 2.28 includes a flux-surface average. For the large nonlinear simu-
lation shown in this section (discussed in Appendix C) results are output only at § = 0. Thus, there is no
flux-surface average for the nonlinear quantities.
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Figure 4.8: Comparison of two values relevant for quasilinear theory. In (a) we show a com-
parison of QL-weight for the density field, Wn?,&y between TGLF-SAT?2 and linear CGYRO.
In (a) we also show the nonlinear weight calculated from a nonlinear CGYRO simulation.
In (b) we show the cross-phase between the én and d7" fields.

CGYRO. The dne, 6T, cross-phase, o, 1, is defined as,

arg[onioT,]
= (=< "= 4.2
OéneTe < ’6n8| |(5Te’ t79 Y ( )

where arg denotes the argument (angle) of the complex number and the subscript 6 indicates
a flux-surface average. The fluctuating temperature field is calculated from CGYRO as,
0T, = §5Ee — dn., where 0E, is the fluctuating energy (pressure) moment of the distribution
function. If the quasi-linear approximation is correct, the nonlinear/linear CGYRO and
TGLF values would agree, indicating the linear cross-phase between fields is preserved in

the nonlinear saturated state.

Figure 4.8 provides the results of a three-way comparison between TGLF, linear CGYRO,
and nonlinear CGYRO. Figure 4.8(a) provides a comparison of the anky density weights.
We observe very good agreement between TGLF and linear CGYRO over a broad range of
k,. This verifies the TGLF calculation of the linear ratio between dn. and d¢. Also in Figure
4.8(a), the nonlinear weight for the density field calculated by nonlinear CGYRO appears
to agree with the linear values for k, < 1. However, in the range of k, € [2,4] the nonlinear

density weight is significantly lower than the linear results. Therefore, in range 2 < k, < 4
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we might expect the quasi-linear approximation to be less accurate for this case.

Figure 4.8(b) provides the results of the dn., d7, cross-phase comparison. The TGLF
and linear CGYRO values agree over the ion-scale (k, < 0.3), at the ion/electron transition
(ky, =~ 0.7), and at the highest k, > 10. When comparing the linear and nonlinear CGYRO
cross-phase calculations we observe approximate agreement at the lowest k, < 0.7 and the
highest £, ~ 6. In general the nonlinear cross-phase appears ‘smoothed’ over the entire range
of ky, i.e. there is no sharp transition between electron and ion scales as observed in the
linear calculations; this is likely due to nonlinear mode coupling. Similar to the comparison in
Figure 4.8(a), the nonlinear cross-phase does not agree with the linear values over the range
1 <k, < 4. Therefore, in range 1 < k, < 4 we might expect the quasi-linear approximation

to be less accurate for this case.

Density and potential spectra

Somewhat independent of the previous comparison of the cross-phase and weights, the TGLF
model for the saturated potential spectrum, 5&(/%,/%) (Equation 2.27), can be verified
against the higher-fidelity nonlinear gyrokinetics (i.e. CGYRO) for this case. Figure 4.9
shows a comparison between the TGLF-SAT2 §¢ model and the §¢ output from a nonlinear
CGYRO simulation (both evaluated at # = 0). Figures 4.9(a-d) provide 2D (k,, k,) compar-
isons of the fluctuating potential spectrum. Figure 4.9(e) over-plots the k, = 0 slice of the
2D §¢ wavenumber spectrum from each code. We find the TGLF-SAT2 model accurately
captures both the shape and magnitude of the nonlinear o gzg spectrum calculated by CGYRO.
Figure 4.9(f) provides a slice of the spectrum near the peak at k, ~ 0.3. The comparison
in Figure 4.9(f) can be used to evaluate the k,-model built into the TGLF and discussed
previously in Section 2.4. The Lorentzian k,-model built into TGLF appears to accurately
reproduce the nonlinear gyrokinetics. The spectral shift due to yg«p does appear slightly
over-predicted for this case relative to the CGYRO spectrum. For this case the nonlinear

potential spectrum appears to be well-approximated by the TGLF model.

Similarly, we compare the quasi-linear TGLF én wavenumber spectrum (Equation 2.29)
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Figure 4.9: Comparison of the gyro-Bohm normalized d¢(k,, k,) spectra simulating using
nonlinear CGYRO and calculated using the TGLF-based method.

with the on calculated by nonlinear CGYRO. Figure 4.10 illustrates the dn-comparison
between the codes. We focus our attention on the comparison in Figure 4.10(e). We find
that over the ion-scale (k, < 0.7) both codes agree in terms of the magnitude and spectral
shape. However, TGLF appears to over-predict the dn fluctuations over the intermediate-
scale relative to nonlinear CGYRO. This discrepancy cannot be independently attributed
to inaccuracies in the quasi-linear weights, nor the TGLF model for the potential spectrum
(as these were verified above). Instead, as observed in previous comparisons, the quasilinear
approximation itself (Equation 2.29) appears less accurate over the intermediate scale for
this case (at least for the o7, field). However, despite the disagreement over the intermediate
scale, the asymptotic behavior of the spectra, i.e. the spectral decay at high-k,, appear to

agree.
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Figure 4.10: Comparison of the gyro-Bohm normalized 6n(k,, k,) spectra simulated with
nonlinear CGYRO and calculated using the TGLF method.

4.4.2 Forward modeling DBS results

In this subsection we show the results of forward-modeling the DBS back-scattered power
wavenumber spectrum, Ps(k). Recall, one has the freedom to provide any model én(k,, k)
to predict Ps(k). In this work we use the TGLF and CGYRO 67 spectra presented in Section
4.4.1 and shown in Figure 4.10. We use the symbols PTLY (K cas) and PESYRO(E o) to
denote the synthetic DBS back-scattered power wavenumber spectrum based on TGLF and

nonlinear CGYRO models for dn respectively.

For a detailed look at the synthetic DBS results we will focus on the averaged probed
location (p = 0.67) and return to radial variation in the dn predicted by TGLF later.
Figure 4.11 provides an image of the TGLF-6n2(k,, ky) with log-scaled color at p = 0.67.
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Figure 4.11: TGLF 6n?(ky, ky) spectrum at p = 0.67 and 6 = 0. The green line is a projection
of a DBS trajectory from the wavenumber scan. The arrows indicate the direction DBS
traverses through the measured (K meas., kbmeas.) Phase-space along the path of the beam

through the plasma.

The underlying data in Figure 4.11 is the same as Figure 4.10(d) except k,, k, have been
converted to k,, k;, using Equation C.16. As the DBS beam propagates from the edge, to the
cutoff, then back outwards, the beam probes different wavenumbers. The line superimposed
on the image in Figure 4.11 is a projection of a single DBS k-space trajectory. If we were
to superimpose a different DBS trajectory with different launch angles, the line in Figure
4.11 would translate (approximately) vertically. Thus, varying the DBS launch angles allows
us to sample roughly horizontal (approximately fixed k) slices of the dn spectrum. The
location where the DBS trajectory intersects the k, = 0 axis sets the measured binormal

wavenumber at cutoff, £y eas.-

To forward-model the DBS measurements, we also require the DBS weighting function
discussed previously in Section 3.7. Figure 4.12 shows several components of the DBS weight-
ing function calculated using the SCOTTY code (see Eq. 3.52). The case shown in Figure
4.12 corresponds to the k-space trajectory of the beam in Figure 4.11. In particular, we show

the ‘ray’ (Figure 4.12a), ‘polarization’ (Figure 4.12b), and ‘turbulence’ (Figure 4.12¢) terms

102



200

150}
100}
50}

Ray (x g™2)

_=P‘/

‘(a)f

0p—= ; 0.0 ;

0.1676n [kmeos. I)]I (c) | o0.020] (d) Total

0.12| 0.015}

0.08} 0.010|

0.04| 0.005}

0.00——F—55—"75 —3730°%0%° 6 12 18 24 30

Path [cm] Path [cm]
Figure 4.12: Components of the beam-DBS model computed by the SCOTTY code.

4.12(a,b) show the “Ray” and “Polarization” components of the weighting function. 4.12(c)
shows the dn? part of the integrand evaluated along the trajectory of the beam. 4.12(d)
shows the total integrand (i.e. the product of the preceding terms). The “mismatch” is not
shown as it’s roughly a constant between 0.95 and 1.0 for this case. Finally, the shaded
region connects this figure with the path shown in fig. 4.11.

of integrand in eq. 3.52. Recall that the ray component is ~ k=2 (when 0,, ~ 0; with k&
being the wavenumber of the central ray) and provides some localization for the signal. The
annotation in Figure 4.12(a) is provided to connect Figures 4.12 and 4.11. The shaded region
in Figure 4.12 corresponds to the horizontal bounds of Figure 4.11, i.e. where kyeas.n = £10
cm~!. The localization provided by the ‘turbulence’ component of the weighting function —
shown in Figure 4.12(c) — is due to the anisotropy of the §n? spectrum in Figure 4.11. The
dn? spectrum generally exhibits low amplitude at higher radial wavenumbers. The absence
of large-|k,| power in the 6n%(k,, k) spectrum plays a significant role in localizing DBS
measurements. The (k,, ky) anisotropy of the dn spectrum along with the DBS weighting

function support the approximation that the majority of the scattered power originates from
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a relatively narrow region near the cutoff.

Finally, to calculate a synthetic DBS back-scattered power wavenumber spectrum, P&™ (Kpeas. ),

from the results presented thus far, we make two additional assumptions:

1. Everywhere along each DBS trajectory, the én(ky,, k) spectral power is concentrated

near k, = 0,

2. The on spectrum does not vary significantly over the spread in DBS probed locations

(p ~ 0.67 £ 0.07).

The first assumption supports the approximation that the scattering is localized to the cutoff,
where kmyeas.n = 0. This allows us to use cutoff-localized gyrokinetics (CGYRO) and gyro-
fluid (TGLF) results when evaluating the trajectory integral in Equation 3.52. The second
assumption supports the approximation that the cutoff-localized dn? results do not vary
significantly across the DBS probed locations. This is further supported by the fact that
turbulence drives (e.g. a/Lr,) do not vary significantly over the range of probed locations
(see figures 4.2 and 4.5). Both of these approximations will be relaxed in a later section. For
now they are required to compare the PTSF and PCEYRO gpectra given that we only have
one local (p = 0.67), large nonlinear CGYRO simulation.

TGLF CGYRO
Ps Ps

Figure 4.13 provides a comparison of the synthetic, local (p = 0.67) and
spectra with DBS measurements. These P¥™ (kpeas.) spectra are calculated by first running
a series of beam-tracing simulations (modeling the launch-angle scan). Separately, we use
the TGLF and CGYRO 6n(k,, k) spectra at p = 0.67 and # = 0 shown in the previous

section to calculate the integral in Eq. 3.52 over the path of each trajectory in the scan.

Normalization of synthetic diagnostic results

The results in Figure 4.13 are shown with arbitrary units [a.u.]. This is due to the fact that
quantifying the absolute scattered power from DBS (e.g. in units of yW) is complicated
and the subject of ongoing research. However, we have used consistent polarization, launch-

frequency, and analysis to collect the DBS data shown throughout this chapter. Thus, the
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Figure 4.13: Comparison of synthetic P;(k) forward modeling results with DBS measure-
ments. The upper x-axis is the theory k, value (calculated using eq. C.16(b)) while the
bottom x-axis is the measured wavenumber in ecm~!. The DBS data shown in Figure 4.13
is identical to the data shown in Figure 4.6. The discharge numbers and DBS system infor-

mation has been suppressed for clarity.

relative magnitude of neighboring DBS data in Figure 4.13 is not arbitrary. Only one overall

multiplicative scale factor has been applied to set P, = 1 at kpeas, = 1 cm.

When comparing with synthetic diagnostic results, there is an additional free parameter:
a multiplicative scale factor used to align the simulated results with data’. It is important
to note that density fluctuations are treated consistently across the simulated launch-angle
scan, i.e. we do not normalize each P value separately. Instead, the entire synthetic
wavenumber spectrum is scaled by one factor. Furthermore, the relative magnitude between
TGLF and CGYRO is preserved i.e. both PTSM and PEGYRO gpectra are multiplied by
the same normalizing scale-factor. This treatment allows us to quantitatively compare both

the magnitude and shape of the predicted PTOLY (K eas) and PESYRO (L .o) spectra with

"Because all Py results are shown with a log-y scale, the multiplicative factor becomes a vertical shift
up/down.
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each other; but only the shape of the spectra can be compared quantitatively with DBS
measurements. The scale factor applied to the synthetic wavenumber spectra was selected
(arbitrarily) to align the nonlinear CGYRO wavenumber spectrum, PCEYRO(L .Y, with

measurements at k, ~ 1. It is important to note that the same normalization factor is used

for all forward-modeled synthetic P¥™ spectra shown in this chapter.

4.4.3 Radial and poloidal variation in the /n spectrum

The results of the forward modeling, PN (K c.) and PCEYRO(E o) shown in Figure
4.13, are based on simulations performed at a single radial location (p = 0.67) and evaluated
at & = 0. In this subsection we address efforts to extend these results to account for any
possible poloidal and/or radial variation in the turbulence and its impact on predicting the
DBS measurements. It should be noted that the CGYRO simulations presented here are
flux-tube simulations performed at a single radial location. Therefore, while we can explore
the possible #-dependence of én in CGYRO, we cannot use the CGYRO simulations here

to investigate the radial dependence without performing additional (prohibitively expensive)

global nonlinear simulations.

To extend the TGLF modeling from the previous subsection to account for radial /poloidal
variation in the turbulence we use the following procedure: we identify the cutoff location and
corresponding poloidal angle for each DBS beam-tracing trajectory (p. and 6.). Then, we
run TGLF at each p., and use the full §-dependent version of the TGLF model ¢ spectrum
(Equation 2.27) to calculate dn(k,, ky, 0; p) (Equation 2.29). Finally, the general #-dependant
wavenumber mapping (Equation C.15) is used to transform k, and k, into the radial and
binormal wavenumbers k,,, k,. The back-scattered power is then calculated by performing
the integral in Equation 3.52 for each (p.,0.). This procedure accounts for variations in
the local 6n(k,, ks, 0.; p.) spectra while maintaining the approximation that the scattering is
localized to the cutoff location (p.,6.). The result of this more advanced forward model is

shown in Figure 4.14.

Figure 4.14 demonstrates that the TGLF-predicted #-dependence of the dn(k,, ks, 6; p)
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Figure 4.14: Comparison of synthetic (k) forward modeling results with DBS mea-
surements. The upper x-axis is the theory k, value (calculated using eq. C.16(b)) while
the bottom x-axis is the measured wavenumber in ecm™'. The DBS data shown in Figure
4.14 is identical to the data shown in Figure 4.6. The discharge numbers and DBS system

information has been suppressed for clarity.

spectrum is negligible compared to the TGLF-predicted variation with p. This is largely due
to the fact that the the DBS measurements are close to the LFS midplane with 6. € [0, 20°].
The #-dependence predicted by TGLF will be verified against CGYRO later. The p-variation

of the TGLF-predicted 0n(k,, ky, 0; p) spectrum is significant. The primary difference be-

PTGLF 1

s

tween the results in Figure 4.14 is the spectral decay over the 1 < k < 3 cm™
(0.4 < k, < 1.2) range. In fact, the PTSM result accounting for 67(p) appears to be in very
good agreement with shape of the measured DBS spectrum at nearly every k. It appears
that with a different choice in our normalizing scale-factor, the PTSLF prediction can be
vertically shifted lower (smaller normalizing constant) and made to pass roughly through
all of the DBS data. More detailed analysis of this result will be discussed in discussed in

Subsection 4.5.3.
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Figure 4.15: Comparison of the TGLF-SAT2 geometric factor G(¢) at k, ~ 1 and the
normalized amplitude of the fluctuating potential spectrum calculated from a nonlinear
CGYRO simulation also evaluated at k, ~ 1.

Testing the #-dependence predicted by TGLF

The weak 6-dependence of the dn spectrum predicted by TGLF can be verified with nonlin-
ear CGYRO simulations. For the TGLF model, the #-dependence of dn is entirely contained
with the G(6) function built into the TGLF-SAT2 §¢ model (Equation 2.27). To verify
G(0) for this case, we performed an additional nonlinear ion-scale CGYRO-simulation with
data output at many 6-locations (THETA PLOT=12). The amplitude of the potential spec-
trum was time-averaged and evaluated at k, = 0 and (arbitrarily) k, = 1.0. Theoretically,
G, (0) = 5g£ky(9)/5q3ky(0) [33]. Figure 4.15 compares the normalized amplitude of the po-
tential spectrum with the G(#) model for this case. We find that the overall shape of d¢(6)
is captured by the TGLF model for § € [—7/2,7/2]. Furthermore, the nonlinear CGYRO
simulation predicts only a slight (< 20%) reduction in the amplitude of the potential fluctu-
ations over the DBS measurement region (/7 € [0,0.1]). This supports the approximation
that any variation in the DBS cutoff poloidal location(s) does not impact the wavenumber

spectrum measurement.
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4.4.4 Inverse modeling DBS results

To solve the inverse problem outlined in Section 3.7, we use the experimental Pj(Kkmeas.)
spectrum as the target of a nonlinear least-squares fitting procedure. We use the symbol
P (Kpeas.) to Tepresent the synthetic back-scattered power spectrum resulting from a so-
lution to the inverse problem. The parameters of an analytic dn model are optimized by
comparing P (kpeas.) With the fit to DBS data, Pit(k) (Equation 4.1) at each k = Kpeas.-
The output of solving the inverse problem is both a set of optimized dn model parameters,

and a P™(kyeas.) spectrum that matches the DBS data (assuming a good fit). We use the

following function presented in [8] as our model 0n? spectrum,
1
() (i)™
Wn, wp

This power-law model has five parameters: [ = [wy, 7, ki, wy, 8]. These parameters are not

(|07)?) oc (4.3)

allowed to vary with radius as this would lead to ‘over-fitting’. In other words, we make
equivalent assumptions as those underlying the local (p = 0.67) forward modeling results

shown in Subsection 4.4.2.

Importantly, DBS measurements cannot isolate the effects of the normal (radial) wavenum-
ber spectrum on the scattered power. This is because scattering along the DBS trajectory
essentially integrates over a wide range of k,, (see Figure 4.11). Therefore, the k, parameters
[wy,, ] are under-constrained by the DBS data. Inspired by the TGLF model, we fix v = 2
to form a Lorentzian in k,. Multiple fixed values of the spectral scale-length in the normal
direction, w,,, were tested. We found the final P to be somewhat insensitive to the precise
value of w,, so long as the spectrum is not highly broadened in the k,-direction, diminishing
the cutoff k, resolution. Therefore, we arbitrarily select a scale factor, w, = 2 cm~!. This

simplifies the model, allowing us to iterate only the binormal parameters, [k}, wy, (]

For each optimizer iteration, the P;“V'(kmeas,) spectrum is calculated using a fixed set of
on? parameters: [i = [k}, wy, B]. Then, residuals are evaluated (in log-space) according to:

Res. = |log P™V-(k) — log Plit(k)|. Based on these residuals, ji is updated and the process is
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Figure 4.16: Comparison of synthetic Ps(k) inverse modeling results with DBS measure-
ments. The upper x-axis is the theory k, value (calculated using eq. C.16(a)) while the
bottom x-axis is the measured wavenumber in ecm~!. The DBS data shown in Figure 4.16
is identical to the data shown in Figure 4.6. The discharge numbers and DBS system infor-

mation has been suppressed for clarity.

repeated until convergence. The inverse problem solution, P;“V'(k;meas.), is shown in Figure

4.16. The optimal binormal parameters for the model in eq. 4.3 are kf = 2.7 ecm ™, wy, = 2.4
ecm™t, B = 4.4 (with v = 2, w, = 2 em™"). The binormal shift parameter, k} = 2.7 cm™!,

corresponds to k, ~ 1.

It should be emphasized that convergence is not unique using this approach, and that the
functional form of Equation 4.3 injects bias. It was found that convergence is also possible

with other models. For example, we also used an exponential-type spectrum of the form,

(16722) oc exp (— ('ZZ—J)W - <%)ﬁ) . (4.4)

Once again, we fix the parameters of the normal-direction such that v = 1, and w, = 2

cm™!. The optimal binormal parameters in this case were: kj = 2.4 ecm™!, w, = 2.5 cm™!,
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Figure 4.17: Comparison of gyro-Bohm normalized thermal and particle fluxes for each

plasma species (e, D, (') calculated by TGLF-SAT2 and CGYRO.

B8 = 1.1. Once again, the binormal shift parameter, kj = 2.4 cm™!

, corresponds to k, ~ 1.
The exponent, 5 ~ 1.0 indicates an almost purely exponential dn spectrum. Interestingly,
the scale factor, wy, from both the power-law fit and the exponential fit are approximately
equal. This is likely driven by the fact that we have fixed w, in both cases (to the same

value). The ratio of w,/w, is indicative of the anisotropy in the dn spectrum. This will be

discussed in more detail in Section 4.5.1.

4.4.5 Transport modeling

The results in Subsections 4.4.1 — 4.4.3 focus on the modeling efforts undertaken to predict
and interpret DBS measurements of the back-scattered power wavenumber spectrum. While
the DBS investigation is one of the primary results of this thesis - more general transport
modeling is also important for interpreting the ECH H-mode plasma scenario. In this subsec-
tion we present results related to the transport modeling of the plasma selected for detailed

analysis (DIII-D 189998, 3000 ms).
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Figure 4.18: Comparison of gyro-Bohm normalized thermal and particle fluxes calculated by
TGLF-SAT2, NL-CGYRO, and TRANSP at p = 0.67.

The gyro-Bohm normalized® thermal and particle flux k,-spectra calculated by nonlinear
CGYRO and TGLF at p = 0.67 are shown in Figure 4.17. In almost every transport channel
the two codes agree as to the location and width of the peak flux in k,. One exception is
the electron particle flux, I'., where CGYRO predicts an inward (negative) flux and null
flux (Fer, ~ 0) at the peak predicted by TGLF (k, ~ 0.4). Another channel where the
two codes disagree is the electron thermal flux, Q).. TGLF predicts a small secondary peak
in Q. at k, ~ 2 whereas CGYRO predicts a monotonically decreasing (). spectrum as k,
increases. Figure 4.18 compares the total fluxes predicted by TGLF and nonlinear CGYRO
with the power balance fluxes inferred by the TRANSP calculation at p = 0.67. Both TGLF
(blue) and CGYRO (orange) under-predict the total electron heat flux and the total ion heat
flux. The particle fluxes also do not agree with the power balance values from TRANSP.
However, it should be remarked that the particle source from wall recycling is difficult to
model accurately (although, the lack of an accurate edge particle source model may be

irrelevant given that the results shown in Figure 4.18 are from p = 0.67).

We use the code TGYRO [54] to self-consistently evolve the T, and T; profiles to attempt
a match to the target thermal fluxes from TRANSP. Generally speaking, TGYRO solves an
inverse problem: given plasma sources (inputs), what set of plasma profiles (outputs) are self-

consistent? TGYRO is part of a class of ‘transport solver’ codes mentioned in Subsection 2.6.

8Recall, gyro-Bohm fluxes were defined in Section 2.2.
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Figure 4.19: Comparison of gyro-Bohm normalized transport fluxes vs. radius (p) over the
plasma core. The target (grey) is provided by the TRANSP code. The turbulent flux is
calculated by TGLF at each radius (circles) along with the neoclassical flux calculated by
NEO. The target and total thermal fluxes shown in the ion heat flux plots are the same (D
+ C). The nominal DBS location (p = 0.67) is shown with a vertical line.

In practice, TGYRO manages the ‘flux-matching’ procedure: given a set of profile (radial)
control points, TGYRO will drive other codes (or use reduced models/analytic formulas)
to compute turbulent and neoclassical transport fluxes along with other forms of energy
exchange (e.g. radiation and collisions). Then, residuals are evaluated by comparing the
calculated fluxes with the target fluxes from power-balance (TRANSP). Newton iteration
(or another Jacobian-based minimization algorithm) is performed and the control points
are adjusted, changing the profiles/gradients. Convergence is achieved when the simulated
fluxes match the fluxes from power-balance. The code NEQ [25] (discussed in Subsection 2.3.1)
calculates the neoclassical fluxes and TGLF-SAT2 (discussed in Section 2.4) calculates the

(quasilinear) turbulent fluxes.
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Figure 4.20: Comparison of the ) flux-matching 7, and Tp profiles from TGYRO with the
experimental data and the fitted profile. The normalized inverse gradient scale-length of

each profile is also shown beneath the profile.

The TGYRO transport-solver does find a thermal flux-matching solution for this set
of profiles. With the TGYRO-adjusted profiles, flux-matching is greatly improved over a
broad radial range in the core plasma. The TGYRO flux-matching result at multiple radii is
shown in Figure 4.19. Figures 4.19(a) and 4.19(b) show that a good match to Q. and Q); was
achieved. In fact, the total (pink) and target (grey) lines coincide in Figures 4.19(a,b). The
neoclassical contributions to both (). and (); are negligible except for the outermost point in
;. The Carbon contribution to the total @); is also negligible except for a small turbulent
contribution at the outer-most radius. The total fluxes at p = 0.67 from the TGYRO result
are shown in Figure 4.18 in a purple color. Locally, at p = 0.67, the flux-matching appears
only significantly improved in the (). channel relative to the fluxes calculated using the

experiment profiles (blue, orange).

The TGYRO-modified T, and T profiles are shown in Figure 4.20 over the radial range
modified by TGYRO during the flux-matching procedure. The experimental data and fits
are also repeated from Figure 4.2. The flux-matched profiles (purple) are approximately

equal to the experimental profiles over the entire plasma core. The normalized gradient
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scale-lengths are shown in figures 4.20(c,d). The TGYRO-modified scale lengths are well
within the experimental uncertainty”. Furthermore, the TGYRO modification at the radial

control points resulted in a very small change to a/Lz, and a/Lry, at p ~ 0.67.

The (thermal) flux-matching profiles can be evaluated using the forward-modeling syn-
thetic DBS procedure, i.e. if we assume the flux-matched profiles are a more accurate
representation of the plasma - how does that impact our prediction of the DBS measure-
ments? Given that the n, profile was not evolved by TGYRO, the ray-tracing calculations
are not repeated and only the TGLF results are recalculated with the flux-matched T,,Tp
profiles. The resulting flux-matched DBS prediction (not shown) is nearly identical to the
result using the experimental profiles (Figure 4.13). This is perhaps not surprising because
the n. profile was not evolved and therefore any changes to the dn spectrum (and thus the
P,(k)) would be the result of changes to T., Tp and their gradients. As shown previously in

Figure 4.20, very little change occurred at p &~ 0.67 in support of flux-matching.

As noted previously, the TGYRO flux-matching used TGLF as the underlying model for
the turbulent fluxes. It is not computationally feasible to run the TGYRO transport solver
with nonlinear CGYRO as the turbulence model. Flux matching solutions with nonlinear
gyrokinetics are especially infeasible for this case given that ideally the CGYRO simulations
would capture the highest k, values DBS is able to measure (k, ~ 6). However, additional
comparisons can be made by performing 1D parameter scans using TGLF. These can be
compared with equivalent 1D scans using ion-scale nonlinear CGYRO simulations (discussed
in Appendix C).

The result of independently scanning the electron and main-ion temperature scale lengths,
a/Lr, and a/Lz, is shown in Figure 4.21. It is important to note that the scans plotted in
Figure 4.21 do not vary parameters self-consistently, i.e. scanning a/Ly, does not update

the background 7. nor T.-dependent parameters such as v,.. In Figure 4.21 the nominal

9The uncertainty on the inverse gradient scale length is calculated by propagating the uncertainty in the
profile through the radial derivative operation.
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Figure 4.21: Comparison of independent a/Lz, and a/Lz, scans performed using TGLF-

SAT?2 and ion-scale nonlinear CGYRO simulations.

(experimental) a/Lz values are shown with vertical lines'®. The TRANSP power-balance

(PB) values are shown with stars.

The flux-gradient relationship, (Q;, a/Lr, ) shown in Figure 4.21(a), predicted by TGLF
and nonlinear CGYRO are in good agreement both in terms of the value and the transport
stiffness, i.e. the slope of the trend. However, the electron (Q.,a/Lt,) relationships differ
significantly between the two codes. Importantly, TGLF predicts a steep increase in (). just
above the experimental a/Lr, value. Further analysis of these TGLF results revealed that
the increase in (). is caused by TEMs which — according to TGLF — become the dominant
instability just above the experimental a/Ls,. The TGLF-predicted TEM modes drive a
peak in the Q. flux at k&, ~ 0.5 and, in theory, should be captured by the ion-scale nonlinear
CGYRO simulations (max k, = 1.2) in Figure 4.21(b). This discrepancy between TGLF

and nonlinear CGYRO will be discussed in more detail in Section 4.5.3.

10The flux-matching gradients are not shown in Figure 4.21 because they are very close in value to the
experimental values at p = 0.67 (see Figure 4.20). Furthermore, the TGYRO flux-matching updated the
entire T,, Tp profiles and therefore other parameters were changing in the background independent of the
gradients (e.g. v.). Thus, showing the flux-matching gradients might appear inconsistent with the scan in
Figure 4.21, leading to confusion.
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4.4.6 Summary of modeling results

The previous subsections presented a wide array of modeling results pertaining to the core

of a representative ECH H-mode discharge. The key points are as follows:

1. At the average probed location (p = 0.67) TGLF-SAT2 reproduces linear (and some
nonlinear) CGYRO results — garnering confidence in the TGLF model for this plasma.
See Figures 4.7, 4.8, 4.9, 4.15, and 4.21(a). Notably, TGLF does not reproduce the
nonlinear CGYRO density fluctuation spectrum, én, at intermediate/high-k, scales

(Figure 4.10).

2. The forward-modeled synthetic wavenumber spectra (PTSM and PCYYRO) shown in
Figure 4.13 have mixed agreement with the DBS measurements in terms of the rate
of spectral decay. For CGYRO, the spectral decay agrees with DBS measurements
at k, < 0.4 and over the intermediate scale, 1.2 < k, < 4.5. However, over the

range 0.4 < k, < 1.2 TGLF and CGYRO both predict a much steeper spectral decay

compared to DBS measurements.

3. Radial and poloidal variation in the TGLF-0n spectrum was considered in forward
modeling (Figure 4.14). Poloidal variation was found to have a negligible effect. Radial
variation appears to be a significant factor in the shape of the measured spectrum (more

on this in Section 4.5.3).

4. Inverse modeling of the DBS wavenumber spectrum (an example result is shown in
Figure 4.16) found that multiple (|07]?) analytic models are able to reproduce the

DBS measurements.

5. Transport modeling with TGYRO found that TGLF-SAT2 can reproduce the TRANSP-
inferred levels of heat flux with small changes to the T, and Tp profiles (Figures 4.19,
4.20).

6. One dimensional scans of the a/Ly, and a/Ly, with TGLF and ion-scale nonlinear

CGYRO revealed an important discrepancy between the codes. Namely, TGLF pre-
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dicts that with a slight increase in the a/Ly, TEMs become the dominant instabilities
at k, < 1 causing a substantial increase in (). (Figure 4.21). This behavior is not

predicted by nonlinear CGYRO.

4.5 Analysis

4.5.1 The shape of the wavenumber spectrum

The measured DBS P;(kyeas.) spectrum presented in Figure 4.6 exhibits variable spectral
decay over the wavenumber range probed in the experiment, 0.5 < k < 16 cm™!. Table
4.1 provides a comparison with results from other fusion experiments. Previous studies
generally report 072 wavenumber spectra with variable decay, including a ‘knee’ feature near
kmeas.ps = 1. In previous studies, the ‘knee’ often bifurcates the wavenumber spectrum
between a lower-k region with spectral decay index v ~ 3 and a higher-k region with v > 3
(here v : dn% ~ k™). Our results are similar to what has been previously reported. We
observe a spectral ‘knee’ at kmeas. = 3.5 cm ™! (k, &~ 1.4) followed by a region (3.5 < kyeas. <
8.5 ecm™!) with v ~ 2.6. The high-k knee in our spectrum is less pronounced, located at
k ~ 85 cm™! (k, = 3.2); separating the regime with v = 2.6 from a steeper region with
v = 9.4. At low-k, preceding the knee at k, ~ 1.4, we observe a relatively flat spectrum
with v &~ 0.6. However, it should be noted that we do not have DBS measurements over the

region 1 < k < 3 cm™ .

Many theoretical studies have sought to predict the form of spectral decay and the spec-
tral energy transfer mechanism(s) in tokamak plasmas [123,124]. Rather than compare with
analytic models, we employ our synthetic DBS diagnostic to compare with nonlinear gyroki-
netic simulations of the plasma under investigation. However, it is worth making general
remarks about tokamak plasma wavenumber spectra. Variable spectral decay (in log-log
space) distinguishes plasma fluctuations from fluid turbulence where a single spectral index
may be applicable from driving at a large scale (low k) to dissipation at a small scale (high

k). Plasmas naturally exhibit driving at multiple scales due to an array of unstable modes
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Table 4.1: Published wavenumber spectrum results from other fusion experiments. To assem-
ble this table we have equated P, 7%, and (dn/n)%. We have multiplied the spectral-index
by two in any cases where authors have published a spectrum o dn. Data shown in the
table comes from a variety of confinement regimes, this may have an effect on the range
of measured wavenumbers and the decay index, v. The abbreviation ‘Coll. TS’ refers to

collective Thomson scattering.

k-range cm~! Decay (v)
Method Radial Loc. Device/Regime Reference
(a,b):a<k<b M>~kV
(1, 3.5) 0.6
(3.5, 8.5) 2.6 DBS Core DIII-D/H-mode This thesis
(8.5, 16) 9.4
(15, 25) 4.7 DBS Core MAST /L-mode [125]
(4, 7) 2.2
DBS Mid-r/a AUG/L-mode [78]
(7, 11) 7.2
(2, 5) 0.5-2
DBS  0.65<p <085 TJ-II/L-mode [126]
9, 11) 5-10
(3.5, 8.5) 2.7
DBS  0.6<p<08 TJII/L-mode [127]
(8.5, 15) 9.2
(3.5, 9) 1.8
DBS Edge TJ-1I/L-mode [128]
9, 13) 10.2
(3.5, 7.5) 2.6
DBS Edge TJ-1I/H-mode [128]
(7.5, 10) 11
(6, 14) 3.5
Coll. TS 0.7<r/a<1 Tore Supra/L-mode [129,130]
(14, 26) 6.5
(3, 11) 3.0 DBS Mid-r/a Tore Supra/L-mode [95]
(3, 6) <3 '
Coll. TS  Line-averaged  Tore Supra/L-mode [131]
(6, 15) 3
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(e.g. ITG/TEM/ETG in tokamaks). The observed variation in the decay index, v, could be
a symptom of different turbulence regimes, where the final v value is a nonlinear balance of

driving, dissipation mechanisms, and cascade phenomena (such as three wave coupling).

Nonlinear multi-scale gyrokinetic simulations by Howard et al. in [132] found that the
relative importance of ITG/ETG impacted anisotropy in the density spectrum and the spec-
tral energy transfer mechanism. Their cases with strong ETG activity (as we might expect
in these ECH H-modes) exhibited a ‘shoulder’ in the simulated én? spectrum at k, ~ 3.5
and a non-local inverse energy cascade from ETG wavenumbers (k, ~ [2—7.5]) extending to
ITG wavenumbers (k, ~ 0.4). For the case presented here, DBS measurements do observe
a change in spectral index at the high-k knee (k, ~ 3.2). This appears similar to what is
reported by Howard et al. [132]. However, despite strong electron heating, this knee is not
present in the underlying 012 spectra (Figure 4.10) and could be caused by instrumental
effects discussed later in Subsection 4.5.2. It should be noted that the simulation presented
here has ky 4 = 6.2 whereas the simulation presented in [132] has kymes = 48. Other

explanations for the rapid spectral decay at high-k are discussed next.

Spectral decay at high-£

The measured P;(k) spectrum shown in Figure 4.6 exhibits rapid decay (~ k=) at higher-k.
Previous studies have also reported spectral decay indices, v > 7 including several examples
from the TJ-II stellarator [127,128]. While a value of v ~ 9 (or ¢ ~ 4 in the exponential kp;
case) is seemingly large, these are well within the range of previously reported decay indices

(exponential spectra are discussed later in this subsection).

DBS mismatch attenuation was also considered when analyzing the seemingly-rapid spec-
tral decay at high kpe.s.. During the experiment, toroidal steering with the DBS240 system
was employed to maintain mismatch-angle 6,, < 1° (at cutoff) for the entire DBS240 dataset.
Additionally, the effects of mismatch are included in the SCOTTY calculation of the DBS
weighting function. Therefore, any deviations from 6,, = 0 are accounted for in the synthetic

diagnostic.
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The poloidal dependence of turbulence amplitude was also considered in investigating the
seemingly-rapid spectral decay at high kyeas.. Returning to Figure 4.5(a), it is clear that high-
k trajectories tend to probe further away from 6 = 0 (6 being the poloidal angle around the
flux surface). The highest-k measurements probe closer to 6 =~ 20°. However, the modeling
results presented in Section 4.4.3 suggest that the high-£, decay is not a consequence of the

poloidal variation.

Exponential spectral decay

In Section 4.2 we made the observation that the measured P;(k) spectrum appears to decay
exponentially rather than according to a simple power-law. Hennequin et al. [129] reported
collective Thomson scattering measurements on Tore Supra with an exponentially decaying
spectrum, |07 ~ e~¢(*0P) with a value of ¢ ~ 4 over 0.5 < kgp; < 2.5 for a variety of plasma
conditions. Similarly, Schmitz et al. [133] reported DBS measurements on DIII-D exhibiting
exponential spectral decay, |67|? ~ e=¢*ors) with ¢ ~ 3 in L-mode and ¢ ~ 4 in H-mode for

kgps < 6.

The measured DBS spectrum reported earlier in this chapter (Figure 4.6(b)) shows two
values of the exponential decay factor, (. For values of kpeas. ps < 3.2 the P spectrum has ( ~
1.7. However, for kpeas.ps > 3.2 the spectrum decays with ¢ ~ 3.9. This larger value agrees
remarkably well with previous studies [129,133]. Exponential wavenumber spectra with two
decay factors were also reported by Vermare et al. [134] using DBS on Tore Supra. Vermare
reported |67|? ~ e~¢(ors) for two values of collisionality (v, =~ 0.4 and v, ~ 1.2). For lower v,
they found ¢ = 3.9 (0.4 < kgps < 0.7) and ¢ = 5.8 (0.7 < kgps < 1.4). Meanwhile, at high v,
they reported ¢ = 1.7 (0.4 < kgps < 0.7) and ¢ = 5.2 (0.7 < kgps < 1.4). Interestingly, the
value ( =~ 4 appears in the measurements reported here as well as measurements reported
by Vermare, Hennequin, and Schmitz (albeit at different ranges of k) ps). Furthermore, we
observe the same ( ~ 1.7 value as Vermare at low-kp, despite their measurements coming
from higher v,. The similarity of these normalized exponential decay factors ({) suggests

there may be a universal mechanism underlying the spatial structure of on fluctuations.

121



Physically, the value of ¢ can be interpreted if we assume Ps(k) is proportional to the
Fourier transform of the spatial dn autocorrelation function (cf. Equation 3.23). Then, an
exponential spectrum in k-space corresponds to Lorentzian structure in real-space. If we
define the correlation length of on fluctuations in the binormal direction, L,, as the half-
width at half-maximum of the Lorentzian autocorrelation function, then L, = (p,. Thus, in
this simplified picture, ( is the L; correlation length in units of ps. This interpretation implies
a binormal correlation length on the order of 1-5p,. This can be compared with reported
measurements of radial correlation lengths, L,, which have been reported on the order of
5-10ps [135]. The fact that L,/L, # 1 is indicative of the anisotropic nature of turbulence in
tokamaks. Although we might expect L, > L,, the algebraic decay of a Lorentzian real-space

autocorrelation function leaves room for longer-range effects in the binormal direction.

Finally, it is worth returning to the discussion of exponential models for the DBS frequency
spectrum presented in Subsection 3.1.6. Previously, we referred to work by Maggs et al. [96]
where it was found that, in some cases, the DBS frequency spectrum exhibited exponential
decay. In related work, Maggs et al. relate the exponential spectrum to chaotic dynamics
arising from the interaction between unstable modes [98,99]. Thus, the measured exponential
wavenumber spectrum reported in this chapter can be interpreted as suggesting spatially

chaotic structure.

Interpretation of inverse-modeling results

Results of inverse-modeling the P;(k) wavenumber spectrum were presented in Subsection
4.4.4 (Figure 4.16). We found that multiple analytic models of (|67 (k,, ky)|?) were able to fit
the measured DBS Ps(k) after being integrated with the beam-DBS weighting function. We

tested a power-law model (Equation 3.53) as well as an exponential model (Equation 3.54).

The power law model was inspired by work from Ruiz Ruiz et al. [8], where it was used to
fit 2D (|07(k,, kp)|*) spectra from nonlinear gyrokinetic simulations. In their case, a strongly
ETG-driven case had spectral decay indices v = 2.9 and § = 3.1 corresponding to the normal

and binormal directions respectively. The ETG case in [8] also had w,, /wy ~ Ly/L,, = 0.75
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where L, and L, are the correlation lengths in the binormal and normal directions. The
ratio Ly/ L, is theoretically related to the turbulent eddy aspect ratio. Meanwhile, the ITG
dominant case in [8] had v = 3.9 and g = 3.2 with w,,/w, ~ Ly/L, = 0.6. In our case, the
fit to the DBS data found g = 4.4 with v fixed at v = 2 and w,/w, ~ L;/L, = 0.83 with
wy, fixed to w, = 2 cm™!. Similar to our interpretation of the exponential decay factor (),

the ratio Ly/L, < 1 suggests L, < L,.

The exponential {|d7(k,, k)|*) model also resulted in an inverse-modeling fit to the DBS
P,(k) measurements. In the exponential case the fit returned a binormal exponent of § =~ 1,
indicating that an almost purely exponential (|67 (k,, ky)|?) spectrum can account for the
DBS observations. With w,, fixed to the same value of w,, = 2 cm™!, the fit finds w, = 2.5

cm~! such that w, Jwy, ~ Ly/L, = 0.8, similar to the value from the power-law model.

4.5.2 Investigating DBS instrumental effects

Results presented in Subsection 4.4.2 included outputs of our novel synthetic DBS diagnos-
tic. The synthetic diagnostic allows us to relate the measured Ps(kpeas.) to models of the
underlying density fluctuation spectrum §72(k,, k). By examining the relationship between
P and §n?, we can approximately separate diagnostic effects from measurements of dn?.
Recall that under the beam-DBS theoretical framework, the DBS back-scattered power, P;,
is an integral of dn? along the trajectory of the beam (Equation 3.52). Thus, it is important
to consider the impact of the turbulence spectrum on signal localization (mentioned previ-
ously in Subsection 4.4.2), and the impact the weighting function, U, may have on scattered
power. In this subsection we discuss the impact U has on the relationship between P¥™ and

O0n in more detail.

Figure 4.12 shows a situation where diagnostic effects are somewhat minimal. The total
integrand (Figure 4.12(d)) has roughly the same shape as the probed (|0n|?) along the
trajectory (Figure 4.12(c)). Therefore, when P®™ is calculated by integration, the result is
essentially a constant multiplied by the spectrum, i.e. P, oc {|d7|?). If this proportionality

holds true for every probed wavenumber, then it would be a reasonable approximation to
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say DBS measures (|0n]?) (with some overall normalization).

The analysis presented in this chapter does not assume P, o« (|6n|?) a priori. The
synthetic DBS diagnostic accounts for back-scattering along the ray trajectory and variations
in the weighting function across the wavenumber scan. To investigate DBS instrumental
effects we return to the local (p = 0.67, § = 0) forward-modeling PT (k) result shown
in Figure 4.13. The PTSL¥(k) result can then be compared directly with the (p = 0.67,
0 = 0) 6n?(ky, ky) spectrum. For this comparison the d7? spectrum must reduced to a one

dimensional function of k,. Two options for contracting the k, dimension are compared: (1)

taking a slice of 6n?(k,, k) at k, = 0 and (2) integrating over the k, dimension at each k.

Figure 4.22 illustrates analysis comparing PT¢Y (k) and dn2. Figure 4.22(a) shows the
PTCLE (L) result along with the fit to the DBS measurements (both are repeated from Figure
4.13). Figure 4.22(a) also shows both the k, = 0 slice of the TGLF dn? spectrum and
the integral over k,. Figure 4.22(b) shows the ratio of PTSMF with each contraction of
the 2D {(|dn|*) spectrum. If the approximation P, o< {|dn|?) were true, the line in Figure
4.22(b) would be horizontal, indicating the constant of proportionality. Interestingly, close
inspection of Figure 4.22(b) shows that over the intermediate-k regime (1 < k, < 7 cm™!)
the ratio PTCMF /(|67|2)|1, —o (solid black line) does appear roughly horizontal. This supports
the approximation of treating P, oc {|d7|%) in some cases (the curves in Figure 4.22(b) are
not thought to be general results). Interestingly, the ratio of PFS™/ [ dk, (|67n|?) (solid grey
line) is clearly not horizontal at any scale. This suggests PT9LY is not proportional to the
kn-integral of (|6n|?). The difference between the two ratios in Figure 4.22(b) suggests that,
for a given ky, the DBS P; is more closely related to the (|67n|?) value at k, = 0 than its k,,-
integrated value. This is perhaps evidence that the ‘ray’ ~ k=2 term (discussed in Subsection
3.1.4) in the DBS weighting function acts as a filter to concentrate the scattering signal to

the cutoff (where the matching &, = 0).

Outside of the intermediate-k regime, the PTCM /(|67 |?)|y, =0 curve in Figure 4.22(b)
deviates from horizontal. This implies that the simple P, oc (|67|?) relationship does not

hold across the entire wavenumber scan. Diagnostic effects captured by the DBS weighting
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Figure 4.22: Tllustration of the relationship between P, and dn. 4.22(a) shows the synthetic
PTCLF(E) (solid line) along with the k, = 0 slice of the underlying 7% spectrum (dashed
line), the k, integral of the underlying dn? spectrum (dotted line), and the fit to the DBS
measurements (red line). The PIYLY(E) line is identical to the one shown in Figure 4.13.

The results shown in (a) use a single radial location (p = 0.67). 4.22(b) shows two ratios of

(k)/6n* on a log-log scale along with linear (power-law) fits.
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function, U, produce an overall relationship PTSUF o k705(|67?) (as indicated by the linear
fit in Figure 4.22(b)). Thus, the predicted PTSM¥ is steeper than the underlying (|67|2)|x, o
spectrum. This effect is more pronounced when comparing PTSF with the k,-integrated

spectrum where the overall relationship is PTCM oc k=12(|67|2).




The differences between the (|67|?) and PTYLY in Figure 4.22(a) highlight the importance
of treating DBS measurements with a synthetic diagnostic framework. It should be stressed
that the precise ratios in Figure 4.22(b) are not a general result. The specifics of the DBS
U vary with the background plasma and the choice of frequency, polarization, and launch

angles.

4.5.3 Revisiting radial variation of én predicted by TGLF

In Subsection 4.4.3 we discussed the radial variation in the 672? predicted by TGLF. Figure
4.14, showed that the forward-modeled PTG (k) spectrum becomes flat over k < 3 cm™!
(k, < 1.2) when the (TGLF-predicted) radial variation in the dn? spectrum is taken into
account. The underlying reason for this is directly related to TGLF’s prediction of dominant
TEM turbulence at slightly increased a/Lz, (see Figure 4.21(b)). The lowest-k points in the
measured DBS spectrum come from slightly smaller p locations where the experimental a/ L,
is slightly larger. At these inner radii, with larger a/Ly , TGLF predicts dominant TEM
turbulence. This is the same effect causing the nonlinear increase in (). shown in Figure
4.21(b). Increased fluctuations at k, ~ 1 and decreased fluctuations at k, =~ 0.3 produce a

flat PTCLF (), reproducing the shape of the measured P (k) spectrum.

To show this effect more explicitly, we return to the forward modeled PTSLY (k) at p =
0.67 (blue line in Figure 4.13). Figure 4.23 shows an additional synthetic PTLY (k) spectrum
where the underlying TGLF simulation was modified to have 5% larger a/Lz,. Figure 4.23
shows that the predicted spectrum becomes largely flat over the ion-scale (k, < 1) with a
mere +5% increment in a/Lr,. Because this modification more closely resembles the shape
of the measured DBS spectrum, it would seem the +5% a/Ly, TGLF simulation is more
realistic than the experimental profiles. However, given the a/Ly, scans performed with
nonlinear CGYRO (Figure 4.21(b)), we have reason to believe that this TGLF prediction is
not in accordance with the higher-fidelity CGYRO. Therefore, although the dominant TEM
regime at +5% a/Lyz, improves agreement between DBS measurements and the PTG (k)

there is some doubt as to whether TEM instabilities are the root cause of the flat spectrum
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Figure 4.23: Comparison of synthetic (k) forward modeling results with DBS mea-

surements. The upper x-axis is the theory k, value (calculated using eq. ?7?(a)) while the
bottom x-axis is the measured wavenumber in cm~*. The DBS data shown in Figure 4.14
is identical to the data shown in Figure 4.6. The discharge numbers and DBS system infor-
mation has been suppressed for clarity. The green PTM (k) result corresponds to a TGLF

simulation where the a/L7, value is increased by 5%.

at low-k. Furthermore, the flux-matching solution found with TGYRO-TGLF in Subsection

4.4.5 actually decreased the experimental a/Lr, at p < 0.67 to match the thermal fluxes.

It is also important to note that for k, > 1 the forward-modeled PT¢M (k) spectra shown
in Figure 4.14 are roughly in agreement regardless of whether we include the p variation. This
suggests that the higher-£ portion of the density fluctuation spectrum appears insensitive to

the precise radial location — validating the use of the p = 0.67 TGLF-dn at various radii.

4.5.4 Additional synthetic diagnostic modeling

Both the forward-modeled TGLF and CGYRO P;(k) spectra shown in Figure 4.13 exhibit

a steeper spectral index at low-k relative to the DBS measurements. Specifically, the pre-
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dicted spectral decay is steeper than measurements'’ over the range 0.4 < k, < 1.2. The
are two possible explanations for the discrepancy: (1) Both nonlinear CGYRO and TGLF
are inaccurately simulating!? the fluctuations over this range of k, or (2) The beam-DBS
model (providing the DBS weighting function) is not accurately modeling the DBS diagnos-
tic response over this range of k,. Pursuing explanation (1) would require computationally
intensive turbulence simulations exceeding the state of the art and is therefore deemed be-
yond the scope of this thesis. In this subsection we investigate explanation (2) by comparing
low incidence angle beam tracing simulations with full-wave calculations of the probing DBS

F-field introduced in Section 3.6.

It should be remarked that the beam-DBS model can fail to capture the DBS diag-
nostic response if the fluctuation amplitude becomes large enough to enter the nonlinear
response regime introduced in Section 3.8. For sufficiently large density fluctuation ampli-
tude we expect the level of back-scattered power to saturate. This effect would result in a
flat measured Ps(k) spectrum but would not be present in the synthetic P&™ (k) calculations
(the beam-DBS model assumes a linear diagnostic response). Scans of the dn/n amplitude
in 2D full-wave COMSOL simulations found the linear/nonlinear threshold to be approx-
imately on/n ~ 1% for this plasma (Figure 3.12(b)). Meanwhile, the nonlinear CGYRO
and TGLF simulations predict the (time-averaged) amplitude of low-k, 67 fluctuations to
peak at on/n &~ 0.5%. Therefore, we are not obviously impacted by nonlinear scattering

phenomena but we are also not far from the linear /nonlinear threshold at low-k.

To further investigate the beam-DBS weighting function at low-k, we will focus on cases
with low poloidal launch angles. The lower-k£ measurements shown in Figure 4.6 were per-
formed with a poloidal launch-angle of approximately 2.5°. To investigate this situation

further, we performed a 2D-FW COMSOL simulation with 2.5° poloidal launch angle. The

1Tt should be noted that we do not have DBS measurements over the range of k where the spectral decay
disagrees with simulations. Thus, the ‘measured’ spectral decay over this range is technically an interpolation
over measurements at lower and higher k.

120f course TGLF intends to mimic the higher-fidelity gyrokinetics within CGYRO, and some parame-
ters of the TGLF saturation rule are fit to nonlinear CGYRO simulations - thus the two are not strictly
independent models.
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Figure 4.24: COMSOL results for low launch-angle DBS. Figure 4.24(a) shows the full-wave
Re(E,) field with the SCOTTY trajectory and beam envelope over-plotted. Figure 4.24(b)
shows the magnitude of the wave electric field along the trajectory of the central ray. The

case shown in Figure 4.24 corresponds to 72.5 GHz, X-mode polarization.

result of this simulation is shown in Figure 4.24. In Figure 4.24(a) we observe that the
incident and reflected beams have folded onto one another with the outgoing reflected beam
visible to the right of the COMSOL port before striking the PML. The SCOTTY beam trac-
ing simulation in Figure 4.24(a) does appear to capture the overall envelop of the full wave
result (dashed green lines) with the exception of excessive ‘pinching’ of the beam width at
cutoff. Beam-pinching is the formation of a ‘bottleneck’ in the beam width calculated using
beam tracing (see Section 3.5). This effect can be a sign of the failure of the beam-tracing

method near fold-type caustics [136].

Figure 4.24(b) shows the electric field amplitude, £ = |E|, along the trajectory of the
central ray as reported by SCOTTY and COMSOL!. The E-field comparison in Figure
4.24(b) shows that SCOTTY predicts a large, narrow peak at the cutoff location roughly

13Close inspection of Figure 4.24(a) suggests that the SCOTTY trajectory misses the peak of the field at
cutoff. To extract the COMSOL field more accurately, we displace the SCOTTY trajectory by AR = +6
mm and interpolate the COMSOL field onto the shifted trajectory.
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Figure 4.25: Synthetic DBS frequency spectra for the 72.5 GHz channel of the DBS60 system.
The synthetic spectra are generated with the COMSOL 2D full-wave E-field and the én from
a nonlinear CGYRO simulation. Figure 4.25(a) shows the intermediate launch angle case

while Figure 4.25(b) shows the low-incidence launch angle case.

6x the COMSOL value. This peak in the SCOTTY FE enters the DBS weighting function
as part of the ‘ray’ term. The end result of this type of peak will be to focus and enhance
the DBS response at the cutoff. Thus, this effect may produce undue DBS sensitivity at
low-k leading to a steeper predicted spectral decay. This effect may be responsible for the
low-k portion of the PTYLY /(|67|?)|x,—o Tatio in Figure 4.22(b). Thus, the discrepancy in

spectral decay between the DBS measurements and the synthetic P¥™ in Figure 4.13 may

be partially due to a failure of the beam-DBS model at lower-k,cas. -

The SCOTTY-COMSOL comparison shown in Figure 4.24 motivated an additional com-
parison between DBS measurements and simulations at low-kpeas.. For this comparison we
depart from the beam-DBS synthetic diagnostic discussed throughout this chapter. Instead,
we combine 2D full-wave COMSOL results with a nonlinear CGYRO simulation to produce
a synthetic frequency spectrum using methods outlined in Section 3.7. We compare the low
incidence angle case (Figure 4.24) with an intermediate-k case using 6° poloidal launch-angle

(similar to what was shown previously in Figure 3.10).

Figure 4.25 shows synthetic frequency spectra created by combining COMSOL and non-
linear CGYRO results (using Equation 3.56). The measured DBS (quadrature amplitude)
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frequency spectrum was calculated using methods'* discussed in Section 3.3 and is shown
with arbitrary units [a.u.]. Both synthetic results shown in Figure 4.25 use the same overall
multiplicative normalizing factor'® to be consistent. Both measured DBS frequency spectra
shown in Figure 4.25 come from the X-mode polarized, 72.5 GHz channel of the DBS60

system and can therefore be compared on the same scale.

The intermediate-k comparison in Figure 4.25(a) shows the COMSOL+CGYRO syn-
thetic frequency spectrum agrees remarkably well with the measured, Doppler-shifted peak
in the negative frequency half-plane!6. The COMSOL+CGYRO model reproduces both
the signal-to-noise level and width of the measured peak. However, the measured spec-
trum appears to contain multiple components including a broad feature in the positive
frequency half-plane. This additional spectral component was not reproduced by the COM-
SOL+CGYRO model. Table 4.2 provides a comparison of the frequencies in Figure 4.25. In
Figure 4.25(a), the Doppler shift of the synthetic spectrum is approximately 130 kHz larger
(more negative) compared with the measured Doppler shift. Given kyeas. = 5 cm ™! for this

case, A fpopp. = 130 kHz implies a difference in velocity of Av ~ 1.7 km/s.

Upon further investigation, the Doppler shift from the COMSOL4+CGYRO model is
almost entirely due to local E x B motion (synthetic fpopp. — fexs = 25 kHz in Table
4.2). The local E x B rotation value enters the nonlinear CGYRO analysis through the
value of wpwp = E,/RB,, the toroidal E x B rotation frequency (this will be discussed
in more detail in Section 5.1.1). The local wg«p value was input to CGYRO from charge
exchange recombination (CER) rotation measurements with local (p = 0.67) uncertainty
~ +1 km/s for this plasma. Therefore, the shift between the COMSOL+CGYRO model
and the DBS data in Figure 4.25(a) may be due to an inaccurate local wg, g value from CER.

Alternatively, if we take the local wgyp value from CER as ground-truth, the shift in Figure

14 8pecifically, for the spectra in Figure 4.25, we use NFFT=16,384, 50% overlap, 5 kHz smoothing, and
50-95% ELM filtering.

15Tn this case the normalizing factor was (arbitrarily) selected such that the synthetic peak in Figure
4.25(a) matches the measurements.

16In this case, increasingly negative frequency corresponds to lab-frame motion in the ion diamagnetic
direction.
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Table 4.2: Parameters related to the synthetic frequency spectra shown in Figure 4.25. All

frequency values are given in kHz.

Quantity intermediate-k — Figure 4.25(a) | low-k — Figure 4.25(b)
measured fpopp. -325 -50
synthetic fpopp. -458 -107

A fpopp. = meas. — syn. 133 o7

k 4.85 [em™!] 0.74 [em™!]
Avpopp. = 2TA fpopp. /K 1.7 [km/s] 4.8 [km/s]

fexs (CER) “484 74
measured fpopp. — fExB 159 (elec. dir.) 24 (elec. dir.)
synthetic fpopp. — fExB 25 (elec. dir.) -33 (ion dir.)
measured vpn, = 27( foopp. — fExB)/k 2.1 [km/s] (elec. dir.) 2.0 [km/s] (elec. dir.)
synthetic vpn, = 27( foopp. — fExB)/k 0.3 [km/s] (elec. dir.) -2.8 [km/s] (ion dir.)
Linear CGYRO vy, 0.75 [km/s] (elec. dir.) -0.25 [km/s] (ion. dir.)

4.25(a) implies that DBS observes a turbulence phase velocity in the electron diamagnetic
direction of v, ~ 2.1 km/s which is not reproduced in the CGYRO simulation. The implied
vpn, & 2.1 km/s is larger than the linear estimate of the turbulence phase velocity, v,, ~ 0.75

km/s based on the CGYRO eigenvalue spectrum (Figure 4.7).

Unlike the intermediate-k case shown in Figure 4.25(a), the low-k synthetic frequency
spectrum in Figure 4.25(b) is significantly different from the DBS measurements. The
synthetic spectrum has a series of narrow (Af, ~ 10 kHz) spikes located at fpopp. £ nfs
with fs ~ 56 kHz and n € [-2,—1,0,1,2]. The spacing of the spikes appears to be
fs =~ syn. fpopp./2. These spikes are not observed in the measured spectrum. Similar to
the intermediate-k case, the synthetic spectrum is shifted to a more negative Doppler shift
compared to the measured spectrum. In this case, the difference in Doppler shift between
the synthetic spectrum and the measurements is A fpopp. = 57 kHz. Given kpeas. =~ 0.74
cm™! for this case, A fpopp. = 57 kHz implies Av & 4.8 km/s. This discrepancy in veloc-
ity is very large (on the same order as the local vgyxp). Furthermore, in contrast with the
intermediate-k case, the Doppler shift of the COMSOL+CGYRO spectrum (largest spike in
Figure 4.25(b)) is shifted in the ion diamagnetic direction relative to the fg.p value implied

by CER measurements. The DBS measurements are shifted in the electron diamagnetic
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direction relative to the CER fg.p, same as the intermediate-k case.

In summary, the synthetic frequency spectra shown in Figure 4.25 provide another means
to compare DBS measurements with simulations. The synthetic frequency spectrum for the
intermediate-k case shown in Figure 4.25(a) appears more similar to the measured spectrum
than the low-k case shown in Figure 4.25(b). However, we still cannot distinguish whether
any discrepancies are a consequence of an inaccurate DBS model (i.e. the COMSOL E-field
and Equation 3.56) or a consequence of an inaccurate simulation of 7 by nonlinear CGYRO.
In reality it may be a mixture of effects. We also must be careful in interpreting discrepancies
in the Doppler shifts visible in Figure 4.25 given that the CGYRO wgyp value originates

from another diagnostic (CER) with its own uncertainties.

4.6 Conclusions

In this chapter we reported results from an investigation of the (binormal) wavenumber
spectrum of density fluctuations using the Doppler back-scattering diagnostic. Wavenumber
spectrum measurements we made in ECH H-mode plasmas where microturbulence driven
by electron pressure gradients (TEM, ETG modes) was expected to contribute significantly
to transport. During the experiment, ECH H-modes were reliably obtained and provided a
suitable background for fluctuation measurements. Plasmas obtained low core collisionality
Ve = 0.1 and high 7, = 3. Using two DBS systems, we performed an extensive scan of the
DBS launch-angle(s) while leveraging the toroidal steering capability of the DBS240 system

to make high-k measurements without losing signal to mismatch attenuation.

The measured back-scattered power wavenumber spectrum, Ps(k), is the primary ex-
perimental result from this investigation. When analyzed in terms of power-laws, k7", the
measured spectrum exhibited variable spectral decay: v ~ 0.6 (k < 3.5 ecm™'), v ~ 2.6
(35 <k<85cm™!), and v ~ 9.4 (k > 85 cm™!). When analyzed in log-linear space the
measured spectrum was found to exhibit approximately exponential decay overall. Exponen-

tial decay was analyzed in normalized k, ps;-space and two exponential decay factors, ¢ for
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e=¢tkrrs) were found. Over the majority of the measurements ¢ ~ 1.7 was found to describe
the exponential spectral decay. For the highest-k, ps measurements, the decay increased
to ¢ = 3.9. Results from this investigation were compared with previous studies and the

physical implications of variable spectral decay in dn? were discussed.

Synthetic diagnostic modeling was used to test models of plasma turbulence given the
measured Ps(k) spectrum. Forward-modeling of DBS measurements was performed using
the beam-DBS framework (3D beam-tracing with the code SCOTTY) and theory-based
models of the dn spectrum (from CGYRO and TGLF). The resulting synthetic P¥™ (k)
spectrum was compared directly with measurements. The predicted spectral shape at k, <
0.3 and k, > 1.2, was in good agreement with the DBS measurements. Over the range
0.4 < k, < 1.2 the predicted spectrum decayed more rapidly than the measured spectrum.
In Subsections 4.5.2 and 4.5.4 we presented some evidence that the beam-DBS model may
become inaccurate near the cutoff at low incidence angles, leading to steeper P&™ predictions
at low kmeas.. However, the precise cause of increased spectral decay for 0.4 < k, < 1.2
cannot be attributed completely to the DBS model, i.e. it may be a failure of the turbulence
simulations. In Subsection 4.5.4 we departed from the beam-DBS model to performing an
additional comparison using the DBS frequency spectrum. Measured frequency spectra were
compared with synthetic frequency spectra calculated by combining 2D full-wave COMSOL
and nonlinear CGYRO simulations. The frequency spectrum comparison reveled mixed
agreement with significant differences between the intermediate vs. low-k cases. It remains

unclear if discrepancies are due to the model for DBS or the simulations of on fluctuations.

Beyond DBS modeling, transport modeling presented in Subsection 4.4.5 was performed
to interpret the transport character of the ECH H-mode regime. Both TGLF and nonlinear
CGYRO predict the transport in all channels to be dominated by ion-scale modes at k, <
1. Both CGYRO and TGLF under-predict the experimentally-inferred thermal fluxes at
p = 0.67 when simulations are performed with the experimental profiles. Flux-matching
was performed with the TGYRO transport solver. Iteration with TGYRO-TGLF resulted

in a close match of the thermal fluxes over the core of the plasma (p € [0.35,0.85)). One-
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dimensional scans of the ion and electron temperature gradient scale-lengths (a/Lr,, a/Lr,)
with TGLF and ion-scale nonlinear CGYRO simulations found that TGLF was able to
reproduce the flux-gradient relationship in the ion thermal channel. However, in the electron
thermal channel TGLF predicts the dominance of TEM instabilities at marginally larger
a/Lr, with an associated nonlinear increase in (.. This prediction from TGLF was not
reproduced by nonlinear CGYRO. Therefore, while flux-matching with TGLF was possible
— it is unclear if the underlying quasi-linear predictions of transport in the ECH H-mode

regime are faithful to the higher-fidelity gyrokinetics.
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CHAPTER 5

Cross-diagnostic comparison of rotation measurements

In this chapter we present cross-diagnostic comparisons of rotation measurements made
by the DBS and Charge Exchange Recombination Spectroscopy (CER) diagnostics. The
goal of this investigation was to rigorously quantify the tendency for the E x B rotation
values inferred from DBS and CER to agree (or disagree) under a variety of NBI-applied
torque conditions. DBS makes rotation measurements through the Doppler shift of scattered
electromagnetic radiation (scattering is primarily due to electrons). CER makes rotation
measurements through the Doppler shift of photons emitted while impurity ions (Carbon)
interact with neutrals from NBI. Given that DBS and CER make measurements through
different physical processes, their agreement can bolster confidence in each technique, sug-
gesting mutual validation. Furthermore, since CER is an NBI-dependant diagnostic, it is
challenging for CER measurements to capture the neutral beam’s own fast timescale (< 10
ms) impact on the rotation profile. However, DBS measurements are available regardless
of the neutral beam and can theoretically observe rapid changes in £ x B rotation. The

majority of the work presented in this chapter has been published by the author in [9].

The primary results of this study include rigorous analysis of the DBS velocity mea-
surements including the propagation of uncertainties through ray tracing simulations and
lineshape fitting in the frequency domain. We present radial profiles of the E' x B rotation
frequency for three background NBI-torque levels. Extended analysis includes: estimation of
the turbulence phase velocity from TGLF simulations, statistical analysis of the DBS-CER
agreement, the impact of prompt-torque on the rotation profile, and a comparison of the

E x B shearing rate derived from each diagnostics’ measurements.
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5.1 Background

5.1.1 Rotation in tokamaks

Neoclassical theory for rotating tokamak plasmas was developed by Hinton and Wong in
[137]. Hinton and Wong presented a small gyro-radius expansion of the Fokker-Planck equa-
tion, retaining velocities on the order of the ion thermal speed in a general axisymmetric

tokamak magnetic field of the form,

B = I(¢))Vé+ Vo + V. (5.1)

In Equation 5.1, v is the poloidal magnetic flux, ¢ is the toroidal coordinate, and I(¢)) = RB,

is a flux function. The general form of the velocity was shown to be,

u=w(yY)Re, + F(¢¥)B, (5.2)

where w(v)) is a toroidal angular rotation flux function, R is the major radius, €, = RV¢ is
the unit vector in the toroidal direction, and F'(1) is another scalar flux function. Helander
and Sigmar [138] discuss that the velocity in Equation 5.2 is in fact the most general form
for an incompressible flow tangential to flux surfaces in a tokamak. Any poloidal rotation

within the flux surface would be included included in the quantity F'(1).

Hinton and Wong [137] find that, to lowest order in p,, the toroidal angular speed in
Equation 5.2 is w(y) = —d®/dy = E,/RBy = wpxp(1)). Where ® is the electrostatic
potential, E,. is the radial electric field, and By is the poloidal magnetic field. Hinton and
Wong also show that, at this order in p,, the scalar function F'(¢) = 0. Thus, the only
bulk plasma rotation theoretically allowed is rigid toroidal rotation due to a background
radial electric field. Helander and Sigmar [138] explain this rotation is such that the local
E,. vanishes in the rotating frame. Note that while the F x B velocity itself is manifestly in
the binormal direction (mutually perpendicular to both B and E,), the quantity E,./RBjy is

a toroidal angular frequency.

137



First order (in p,) expressions for neoclassical flows can be found in work by Kim et
al. [139]. At first order, terms involving the (species-dependant) diamagnetic flow appear in

Equation 5.2. It can be shown that the bulk flow velocity takes the form,
u, = w,(¢Y)Rey + ug B, (5.3)
where a index the plasma species and we introduce the following quantities,

wa(@/)) = V¢,a/1(¢)> (54&)

Uga = —Vya/B* + u)|.o/ B, (5.4b)
1 dp,

—7 _ .
Vou = 100) |wpxs GaNg d¥)p

(5.4c)

In comparing Equation 5.2 and 5.3 we see that the flux function F' is the poloidal rotation
speed, F(¢) = upq(). The neoclassical poloidal velocity involves the diamagnetic drift
term and wpxp. Additionally, Equation 5.4(b) shows that the poloidal and parallel flows are
linked. Conservation of momentum can be used to derive an expression for the evolution of
the poloidal flow. It can be shown that poloidal flows are strongly damped on the ion-ion
collision timescale [140]. Thus, while neoclassical rotation includes toroidal and poloidal
components, poloidal rotation is expected to be smaller than E x B toroidal rotation and

strongly damped toward the form in Equation 5.3.

Radial force balance

Equilibrium pressure-balance on flux surfaces requires that,

~ Vb,

qaNq

E

— (u, x B). (5.5)

If we take the dot product of the above equation with &, = &, = V/|V| we find,

1 dpa B¢ U o Ugp.a
o [ Z9 ) Z0a ’ 5.6
Gaa d1) (Bg) R + R’ (5:6)

WExB =
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where we have used |V¢| = RBy. Equation 5.6 is more commonly written as an equation

for E,,
_ Vp,

QaNq

E, — UQ,QB(ﬁ + U¢7aBg. (57)

This is often called the radial force balance equation and is used in the analysis of charge

exchange data discussed in the next subsection.

5.1.2 The CER diagnostic

The Charge-Exchange Recombination Spectroscopy (CER) diagnostic measures the Doppler
shift in radiation from ions in the plasma undergoing a charge-exchange reaction with neutral
atoms from Neutral Beam Injection (NBI). In this case, the ions are Carbon impurities from
the DIII-D graphite wall and the injected neutral atoms are deuterium. When participating
in charge-exchange, impurity ions transiently enter an excited atomic state and then — after
the lifetime of the state — emit a photon and relax to a ground state. The emitted photons
are collected by CER spectrometers positioned around the tokamak. Multiple quantities are
derived from the received photons: the intensity of the radiation is related to the impurity
density, the Doppler shift of the atomic line gives a velocity, and the broadening of the atomic
line is used to calculate the impurity temperature. The direction of the velocity inferred from
the CER Doppler shift depends on the line-of-sight of the spectrometer. Vertical, radial,
and tangential lines-of-sight are used to determine different components of the impurity

velocity [141].

Multiple corrections must be applied to CER measurements to accurately derive the
impurity density, temperature, and velocity. Notably, one must correct for the energy-
dependence of the cross section for charge-exchange [142,143]. Measurements of poloidal
rotation require vertical lines-of-sight and must be corrected for gyro-motion coupled with
atomic physics effects. Corrections to the poloidal velocity are often a significant fraction of
the measurement. For a more complete description of the CER methodology for extracting
poloidal rotation quantities see [141]. It is worth noting that the C®" ion density profile

calculated by the brightness of CER lines also depends on simulated neutral beam deposition
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profiles which themselves depend on the electron density and temperature. Thus, CER

analysis includes outputs from other diagnostics to calculate the final observables.

For the rotation comparison at hand, we use CER measurements to derive the radial
electric field, E,, using the radial force balance equation (Eq. 5.7 above) [144]. For use with
CER measurements, u,, n,, and ¢, are the velocity, density, and charge of the measured
species (a) respectively. Theoretically, the E, appearing in Equation 5.7 is the self-consistent
field produced by the motion of all plasma species. Therefore, the E, provided by CER should
be independent of the observed species. As discussed in Section 3.1.5, the ' x B angular
frequency, wgyp is the preferred quantity for making F x B rotation comparisons because
it is theoretically a flux-function. Thus, the wgyp value from CER is simply Equation 5.6,
where kinetic quantities are evaluated for the Carbon impurity species (given that CER

measures Carbon in this case).

There is no general ordering for the three terms in Equation 5.6 since each terms’ mag-
nitude varies strongly with radius (e.g. the dps/di term can be small in the core plasma
but large in an H-mode pedestal). Furthermore, depending on the magnitude of external
sources of momentum, the rotation terms can be virtually any magnitude. However, as
discussed previously, background poloidal rotation is O(p,) smaller than toroidal E x B
rotation according to neoclassical theory, so we generally expect us > wup. In the L-mode
plasmas presented here, given weak pressure gradients and unbalanced external NBI torque,
we expect the toroidal rotation velocity term to dominate, but it is important to note that

each term is accounted for in the analysis.

5.2 Experiment

The plasma used for this investigation is an L-mode DIII-D discharge (180882). This dis-
charge was designed to test upgrades to the DITI-D NBI system to allow for off-axis heating
and current-drive using the 210° beam-line [145]. Importantly, this discharge contains a

feed-forward scan of the NBI-applied torque. Figure 2.3 provides a plan-view of the DIII-D
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tokamak illustrating the orientation of the various neutral beams for this discharge. It is
important to note that the neutral beam located at the 210° port is oriented counter-I, (as

shown in Figure 2.3).

DIII-D 180882, B = -2.0 [T], Ip = 1.0 [MA]

Power [MW] ne x1013 [

Core Te [keV] Torque [Nm]

240 : , :
w 1801 (f)- S .- B
£ 120} : ~ : Ao 1 H
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= 0 t24 |
—-60
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Figure 5.1: Overview of DIII-D discharge 180882 used for this study. 5.1(a) shows the plasma
current, 5.1(b) shows the line-averaged density, 5.1(c) shows the injected power from NBI,
5.1(d) shows the torque applied by NBI, 5.1(e) shows the electron temperature from electron-
cyclotron emission in the core region, and 5.1(f) shows the toroidal rotation in the deep core
(t1, R = 1.8 m), mid region (t4, R = 2.0 m) and edge (t24, R = 2.2 m). The colored lines
in 5.1(c) indicate counter-I, NBI. The yellow shaded portion of the figure indicates where

we perform our analysis.
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Figure 5.1 shows the evolution of plasma discharge. The yellow shaded region indicates
our time span of interest. The plasma current is constant at I, = 1.0 MA, the toroidal
magnetic field is B, = —2.0 T (opposing I,,), and the line-averaged plasma density is ap-
proximately 2 x 10*® ecm™3. To avoid an L-H transition the plasma shape was placed in an
upper single null configuration with edge safety factor go5 ~ 5.0 and normalized plasma beta
B =~ 0.6. High qg5 and low ,, produce a relatively MHD-quiescent plasma. The core electron
temperature, seen in Figure 5.1(e), exhibits sawteeth oscillations when strong co-injection
occurs. Sawteeth oscillations are core MHD instabilities associated with the collapse and
rearrangement of flux surfaces with safety factor ¢ < 1 [19]. The sawteeth oscillations ap-
pear subdued when the applied torque is negative. Lastly, the toroidal rotation measured by
CER at various radial positions is visible in Figure 5.1(f). As expected, the toroidal rotation

decreases dramatically when the 210 beam is injected.

Figure 5.1(c) shows the power delivered by NBI. The power from the 210L/R beams is
indicated by colored lines to highlight the counter injection. An estimation of the applied
torque from the NBI is shown in Figure 5.1(d). This estimation is based on the beam
orientations and accelerating voltages. We focus our analysis on the large change in applied
torque when the 210 neutral beam is injected (2280 < t < 2630 ms). The two 210 sources
(L, R) fire sequentially starting at 2280 ms. Both sources apply a 170 ms pulse with a 10
ms gap in between. In order to perform a meaningful cross-diagnostic comparison, we must
identify locations and times where both diagnostics have data. Details of the time resolution

and analysis specifics for both DBS and CER are given in the next section.

5.3 CER, DBS measurements and data analysis

The CER diagnostic system uses 10 ms duration diagnostic ‘blips’ from the 330L/R and 30L
neutral beams to make measurements (see Figure 2.3). As discussed in Subsection 5.1.2,
CER makes measurements along specific lines-of-sight. These lines-of-sight intersect the
paths of different NBI sources at different radial locations. Thus, more than one NBI source

is required to measure a complete radial profile. Given the sequence of blips used in this
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Figure 5.2: Kinetic profiles for discharge 180882 at the nominal times for DBS-CER com-
parison along with a profile of the cutoffs relevant to DBS at 2270 ms. Each figure (a-d)
shows spline fits along with 20 ms time-averaged data. 5.2(a) shows the electron density with
Thomson scattering (TS) and profile reflectometry measurements. 5.2(b,c,d) show the CER-
measured Carbon impurity temperature, density, and toroidal rotation velocity respectively.
5.2(e) shows fundamental frequencies evaluated along the low-field-side midplane. The DBS

frequencies are shown with red horizontal lines.

plasma, the complete radial profile of CER measurements comes from a 20 ms time span.
Thus, £10 ms is the fundamental time resolution of the CER profiles for the present analysis.
Higher time-resolution diagnostics are ultimately mapped to this time-basis. Three separate
sets of NBI blips are visible as large spikes in the highlighted portion of Figures 5.1(c,d).
The midpoint of each 20 ms blip span is used as a nominal time for comparison with DBS.

These times are: 2270, 2450, and 2640 ms.

Figure 5.2 shows kinetic profiles for this plasma discharge at the three nominal times.
We find all profiles remain relatively unchanged except for the core impurity density and
the carbon toroidal rotation frequency (due to the changing NBI torque). Figure 5.2(e)
shows radial profiles of relevant DBS frequencies evaluated along the low field side midplane.
Because the density profile in Figure 5.2(a) is largely unchanged over our time span of

interest, we expect the probed DBS locations to remain approximately unchanged over the
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torque scan. However, to observe any prompt changes in the rotation caused by the NBI
blips, we will leverage the high time resolution of DBS and the similarly high time resolution
of the profile reflectometry diagnostic [117]. The reflectometry profiles of n. are averaged over
2 ms intervals for DBS ray tracing simulations. The reflectometry profiles shown in Figure
5.2(a) are averaged over a 20 ms interval for comparison with Thomson scattering, the 2 ms

time resolution n, profiles (not shown) are similar but with higher statistical variance.

The DBS data used in this investigation comes from the eight-channel DBS60 system.
X-mode polarization is used with a relatively low poloidal launch angle of 3°. DBS data
were digitized at 5 MHz and processed using spectral methods presented in Section 3.3. The
quadrature spectrogram of the 72.5 GHz channel at p =~ 0.5 is shown in Figure 5.3(a) along
with the neutral beam torque in Figure 5.3(b). Three time slices of the spectrogram in Figure
5.3(a) are shown in 5.3(c) with fits (dashed lines). When performing fits, spectra are subject
to a £40 kHz notch-filter about f = 0. This is to avoid fitting the narrow “spike” with no
Doppler shift which is possibly due to spurious reflections or high-k, scattering mentioned

in Section 3.3.

In this investigation it was noted that the shape of the spectrum changed considerably
over the time window of interest. The shape near the Doppler-shifted peak appears to change
between Gaussian and exponential (parabolic and linear in semilog-y space). Based on this
observation we use the four-parameter Generalized Gaussian (GG) lineshape to fit the DBS

spectra. This lineshape has the form,

Q A - opp. g
SGG(f; Aa fDopp‘a g, ﬁ) = 2\/—20—1_‘5(1/@ exp (_|f\/_+130—|) , (58)

(repeated from Appendix B). For the spectrum shown in Figure 5.3(a), the GG function re-
sulted in an average reduced chi-squared 17% closer to 1.0 versus standard three-parameter
Gaussian fits. Fits to the DBS spectra are performed at every time-slice of the DBS spec-
trograms to systematically identify the Doppler shift. Evolution in the spectral full-width-
half-max (FWHM) is also captured by the GG fitting function, FWHM = 2v/2¢[In(2)]'/# for
B > 0. The evolution of the FWHM from this dataset was shown earlier in Figure 3.3. The
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Figure 5.3: DBS quadrature spectrogram displaying the effects of variable NBI torque. 5.3(a)
shows the spectrogram of the 72.5 GHz DBS along with the Doppler shift (solid black curve)
from GG fits. The red vertical lines in (b) indicate the 20 ms spans where DBS-CER
comparisons are possible. 5.3(c) shows particular slices of the spectrogram in (a) along with
GG fits (dashed lines) to the peaks of the spectra demonstrating the determination of the
Doppler shift. The arrows at the top of 5.3(a) indicate the time-slices for the curves in 5.3(c)

Doppler shift from these fits is superimposed on the spectrogram in Figure 5.3(a). Finally, fit
parameters are combined over 2 ms windows to obtain statistical uncertainties. Therefore,
over the 20 ms span of CER data, DBS has 10 Doppler shift measurements for each channel.

This sets the time-scale of the DBS measurements to &1 ms.

Ray tracing simulations using the GENRAY code were performed to determine the measured

wavenumber and location for every 2 ms DBS interval. Each ray tracing simulation is
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provided with the high time-resolution n, profile from reflectometry and an EFIT equilibrium
reconstruction synchronized to the Thomson scattering sampling rate (3 ms). Given the
Doppler shift, measured wavenumber, and equilibrium parameters, Equation 3.37 is used to
evaluate the DBS wgyp on a 2 ms timescale. The time spans where the final DBS-CER

comparisons are possible are indicated by red vertical lines in Figure 5.3(b).

5.3.1 Uncertainty quantification

There are two independent sources of potential error when performing DBS data analysis.
First, the relatively simple uncertainty associated with fitting for the Doppler shift in the
DBS spectrogram. This error is retained and propagated through to the final value of wgy .
However, fitting for the Doppler shift is subject to systematic errors associated with the par-
ticular spectral model selected. With the flexible Generalized Gaussian model (Equation 5.8)
we ensure good fits are archived despite the variable shape of the DBS spectrum. The second
type of potential error in DBS analysis arises when propagating uncertain inputs through
ray tracing simulations. Uncertainty in both the magnetic equilibrium reconstruction (from
EFIT) and the electron density profile (from reflectometry) were considered. Ultimately,
uncertainty in the magnetic equilibrium was not included to be consistent with the CER
method of uncertainty quantification — which does not consider magnetic equilibrium un-
certainty. Furthermore, varying the magnetic equilibrium appeared to have no independent

effect on ray tracing results when compared to varying the density profile.

Uncertainty in the electron density profile was found to cause significant variation in
the GENRAY -reported value of the wavenumber at the scattering location. To address
this, we performed a Monte Carlo-style variation of the density profile within its 1o error
bars. Varying the density profile changes all outputs of the GENRAY simulation including
the wavenumber and the scattering location. Given the highly-correlated nature of adjacent
reflectometry measurements, our method of randomly shifting and scaling the density profile
may result in over-estimation of this form of error. The error bars in the report DBS wgyp

profiles account for both sources of DBS uncertainty: fit-errors for the Doppler shift, and
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the uncertainty in other variables in Equation 3.37 associated with propagating uncertain

density profiles through GENRAY.

The error-band on the CER wgyp profile accounts for uncertainty in both the VP and
(u x B) terms in the radial force-balance equation (Equation 5.7). However, given the dis-
parity in magnitude between these two components of F, and the weak pressure gradient
in this L-mode plasma, the uncertainty in the (u x B) term dominates over the V P uncer-
tainty. Uncertainties in the velocity measured by CER are handled by a similar Monte Carlo

approach of randomizing inputs to the CER-FE, analysis.

5.4 Results

The effect of the counter-injected neutral beam is captured in the DBS spectrogram shown
in Figure 5.3(a). The Doppler shift changes from approximately -250 kHz to 0 kHz over the
first 170 ms counter-/, NB pulse. When the second pulse begins 10 ms later, the Doppler
shift changes sign and increases from 0 to approximately 90 kHz. After the second pulse is
complete, the Doppler shift restores its steady-state value of approximately -250 kHz over a

100 ms period.

Comparison between DBS and CER is possible during the time spans indicated by vertical
lines in Figure 5.3(b). The midpoints of each span are the nominal times: 2270, 2450, and
2640 (all £10) ms. Figure 5.4 provides the DBS-CER wgy s comparisons. Figures 5.4(a,c,e)
show the DBS values with +1 ms resolution and Figures 5.4(b,d,f) show an average of the
DBS results with the same £10 ms time resolution as the CER profile. The average DBS
profile is computed by an inverse variance weighted average of the +1 ms DBS data. It is
also worthwhile to calculate absolute residuals between the measurements. We use absolute
residuals, |d| = |wpxp.cEr — WExBDpBS| due to the fact that the rotation is nearly zero in
some cases, and thus division to produce scaled residuals is not appropriate. The residuals
are calculated at radial locations where DBS measurements are made and then averaged over

the profile. We use the symbol m to indicate the radially averaged absolute residuals.
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Figure 5.4: Profiles of wgxp from DBS and CER. 5.4(a,c,e) show the +1 ms DBS data,
5.4(b,d,f) show the averaged DBS profile. Note that the y-axis limits change across the

three

sets of profiles.

The first comparison of wgyp is shown in Figures 5.4(a,b). At 2270 ms the counter-

injected beam has not yet been applied. The DBS and CER computed values of wgyp

generally agree well across the entire co-I, directed profile. The CER profile passes through

all DBS error-bars except the fifth channel where both 1o bounds (barely) intersect each
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other. The radial average of the absolute residuals for this profile is |d] = 4.0 kRad/s.
The second comparison is made in Figures 5.4(c,d). At 2450 ms the first 170 ms counter-
injected NBI pulse has been applied. The result of the negative applied torque is evident
as the rotation profile is decreased to near zero. Both DBS and CER measure a flat and
low-magnitude rotation profile. The radial average of the absolute residuals for this profile
is |d| = 1.3 kRad/s. The third comparison is made in Figures 5.4(e,f). At this time the
second counter-injected beam pulse has concluded and the rotation has decreased further to
the point where rotation is reversed toward the core. There is a notable difference between
the inner four averaged DBS channels and the CER result. Due to this discrepancy, the
radial average of the absolute residuals for this profile is largest with a value of m = 4.2
kRad/s. In the latter two comparisons, Figures 5.4(c-f), the CER profile was truncated at
p = 0.96. This choice was made because the CER analysis used in this case is optimized for
the core and not appropriate as you approach the LCFS. When a different edge-optimized

CER analysis is used, the resulting edge E, =~ 0, in agreement with DBS.

5.5 Analysis

5.5.1 Estimation of the turbulence phase velocity

Our ability to approximate the DBS-measured velocity as vmeas. = vpxp (and by extension
calculate E,. and wgyp) depends on the magnitude of the turbulence phase velocity discussed
in Section 3.1.5. To estimate the magnitude of vy, we use the code TGLF to calculate the
linear eigenvalue spectrum over the plasma minor radius given profiles shown in Figure
5.2. We use Equation C.16 to convert the dimensionless TGLF k, to k; [rad/cm]| and we
convert the dimensionless real frequency, wy, using the local ¢,/a. The phase velocity is then

calculated by evaluating vy, = wy, /ky at the DBS ky = Epeas..

Figure 5.5 shows radial profiles of the measured DBS velocity, Umeas. = Woopp./Fmeas.,
and estimates of the phase velocity using TGLF. In Figure 5.5(a) we show profiles of vpeas.

and the TGLF vy, at each nominal time. Figure 5.5(b) contains the same values as (a)
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Figure 5.5: DBS velocity measurements compared with the phase velocity predicting using
TGLF.

but is zoomed to +1 km/s to show the TGLF estimate. Figure 5.5(b) also indicates the
ion/electron diamagnetic directions. Based on this estimate, the |vp,| < 0.5 [km/s] over
all radii and times. This estimate of vy, is less than the radially averaged uncertainty on
Umeas. fOr each time: 7, ~ 3.9,0.9,1.4 [km/s|. Therefore, it is reasonable to neglect v, and

approximate Umeas. = VExB.

5.5.2 Statistical cross-diagnostic analysis

The uncertainty of the CER/DBS diagnostics can be assessed further by collecting all av-
eraged DBS values from Figures 5.4(b,d,f) along with all CER values at matching radial
positions. The average lo errorbar across all DBS values is opps = 2.6 kRad/sec and
the average lo from CER is gcgr = 1.5 kRad/sec. The sum of the average lo values,
opBs + 0cer = 4.1, is similar in magnitude to the radial average of the absolute residuals,

W =4, 1.3, 4.2 kRad/s, suggesting a tendency to agree within their respective uncertainties.

Figure 5.6 shows the collection of all (averaged) DBS and corresponding CER values from
Figures 5.4(b,d,f) plotted against each other. The Pearson correlation coefficient is r = 0.96

suggesting strong positive correlation. The errorbars on points in Figure 5.6 are not used to
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Figure 5.6: Scatter plot of DBS and CER wgyp values from Figures 5.4(b,d,f). The CER
values and their error are taken from radial positions matching DBS. The color of the points
indicates their radial (p) positions. The dashed line y = x signifies perfect agreement and is
only to guide the eye.

weight the calculation of Pearson r.

To assess DBS-CER agreement more rigorously we use the mean-difference plot! shown
in Figure 5.7 [146]. The y-value indicates the difference between DBS and CER values at
the same radial position, d = wgxppBSs — WExB,cER- Lhe X-value is the two-point weighted-
average of wrxppes and wexp.cer at each position. Statistics are calculated for the differ-
ences, d, weighted by their uncertainty. We find an average difference, d = —0.1 kRad/sec
and standard deviation of differences, o, = 2.5 kRad/s. It is common to compute the ‘limits
of agreement’, d + 204 = —0.1 &+ 5 kRad/sec, indicated by red horizontal lines in Figure
5.7. Points outside of this agreement-region are discussed in the next section. Assuming the
differences are normally distributed, the agreement-region between the red horizontal lines

in Figure 5.7 is the 95% confidence region for discrepancies between DBS and CER.

'Sometimes called a Bland-Altman plot
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5.5.3 Effects of prompt torque

During neutral beam injection, high energy neutral particles are ionized and born onto
orbits in the plasma. The motion of fast ions born onto trapped orbits produces a fast radial
current. This fast radial current, j¢, is canceled by a radial current established in the bulk
plasma by ambipolarity. The result is a fast ‘prompt torque’ caused by j; x B and a slower
transfer of momentum from collisional forces on the fast ions [147]. The prompt j; x B torque
occurs almost instantly as the beam ions are ionized. Analysis by J. deGrassie in [148] found
that 90% of the torque impulse is imparted to the plasma within 10 ms. By contrast, the
collisional transfer of beam momentum occurs on a much slower timescale characterized by

the beam slowing-down time which can be approximated following Wesson [19] using,

T3/ £\ 32
7 [ms] ~ 78 p In (1 + (19;) : (5.9)
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with n. in units of x10'® m=3 and &, T, in units of keV. For the plasma considered here, this
estimate gives 7 ~ 100 ms. This value is in rough agreement with the slower evolutionary

periods of the DBS Doppler shift in Figure 5.3(a).

We attribute some discrepancies in the final DBS-CER wgy«p profiles (Figure 5.4) to
the effects of prompt torque imparted by the beam blips used for CER measurement. The
estimated magnitude of the applied torque is shown in Figure 5.3(b). For the first nominal
time (2270 ms), the estimated applied torque increases sequentially from 0.9 to 2.3 to 4.5
Nm. The high time-resolution DBS wgyp values shown in Figure 5.4(a) do not appear to
vary systematically with time in the core. However, there is a trend visible in the edge DBS
points, suggesting a prompt increase in edge wgxp during blip. For the second nominal
time (2450 ms), the estimated applied torque increases from -1.3 to 0.0 to 4.5 Nm. The
high time resolution DBS measurements in Figure 5.4(c) show a clear trend with time in
almost every DBS channel. Finally, for the third comparison-time (2640 ms) the estimated
torque varies from -1.7 to 4.5 to 1.3 Nm. The DBS measurements in Figure 5.4(e) are clearly
non-stationary in time with the innermost channels increasing by more than Awgyp =~ 10

kRad/s over the time of the blip.

The high time-resolution DBS wg«p values in Figures 5.4(c,e) indicate a systematic
increase of wgyxp in time, particularly in the inner four channels. This spread of points is
most pronounced in Figure 5.4(e) when the most abrupt change in the estimated torque
occurs, AT},; = 6.2 Nm. This causes the final time-averaged DBS values in Figure 5.4(f)
to be offset from the CER values. We attribute this to the prompt-torque creating a non-
stationary F, in the plasma over the duration of the blips. The measurements most affected
by prompt torque - inner four channels in Figure 5.4(f) - are also the lowest four points in

Figure 5.6 and the outlying four points in the upper-left of Figure 5.7.

To estimate the prompt torque density from DBS measurements we begin with the con-

servation of momentum for plasma species a and follow arguments made in [147,148],

ou,

5 = —Vpo =V -7, + qno(E+u, x B)+F (5.10)

MaNg
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where F represents a source of momentum and 7, is the trace-less momentum stress tensor
[138]. Then, we take a dot product of Equation 5.10 with é; = RV¢ and compute a flux-

surface average (... )q to find,
Rug oo = —(RVG - (V-7a))g + (o VU)o + (RV - F)y. (5.11)

The first term on the right hand side describes transport of toroidal momentum across flux
surfaces, this occurs on a slow timescale. In fact, in many cases the momentum transport
time is similar to the energy confinement time 7, ~ 7 [149]. The term involving F describes
the collisional transfer of momentum which also happens on a slow timescale (the slowing-
down time discussed previously). Finally, we use Equation 5.3 and retain only terms to
lowest order in p,. The resulting equation describes fast-timescale evolution of toroidal
angular momentum,

0 .
manaa<R2wa)9 ~ (jo - Vb)e. (5.12)

Recall that, to lowest order in p., w, = wrxp(¥) is a flux-function. Then, we sum over
plasma species and use arguments made in [148] to replace the total current on the RHS

with —jg. The result is,

Owpx .
Zmana(]#)g% ~ —(j; - Vib)s. (5.13)

The LHS of Equation 5.13 is the time derivative of the total flux surface averaged angular
moment density, 0(¢4)g/0t. The RHS of Equation 5.13 is the flux-surface averaged toroidal
prompt torque density, (n4)9 = —(jr-V1))s. The total torque on the plasma contained within

a flux-surface p is calculated by volume-integration of the torque density,

p
T¢=/ dpV"(ng)e, (5.14)
0

where V' accounts for the change in plasma volume with p.

To make a crude estimate of the prompt torque using DBS measurements, we focus on the

154



20

i ‘ ‘ 0.45
¢$¢$dl § ¢ d5 (a)
¢ ¢ ® 9 — [
¢ ¢ Q¢ T 0.30(
— § 4 3 ¢ E
3 £
k= -l £ 015
. 2650
Z
.§. = 2648
'f é 0.00 2646
54 ~ 2644
_0.15 2642§
2640
4 . [J]
(d) 2638.§
— 3l 2636
— ‘ ;E 2634
o~
»n 15| (b) Z 2} 2632
3 . - 00
S ) R 2630
c g' 1} o © o
5 — 0 o°
+ o o
5 F o ST CPTTTIma
e o—o- —0—o—q
$ _os \ \ \ \
2.632 2..638 2.644 2.6503 _b.O 03 0.3 0.6 0.8 1.0
time [ms] x10 p

Figure 5.8: Estimation of prompt torque using DBS measurements. 5.8(a) shows the DBS
wpxp data from Figure 5.4(e) vs. time along with the inverse-variance weighted spline fits
for each channel. 5.8(b) shows the spline derivatives, providing the rate of change of rotation
with time. 5.8(c) shows the result of Equation 5.13 with the dashed lines indicating crude
extrapolation to the core. 5.8(d) shows the result of Equation 5.14.

fast time evolution of wgyp from 2630 - 2650 ms. We use inverse variance weighted splines
to fit the time evolution of wgy g in each DBS channel. The spline fit provides the derivative
in time, i.e. Owgxp/0t. Then, Equation 5.13 is used to calculate the evolving (n4)s. To
calculate the total toroidal prompt torque we must (crudely) extrapolate the torque density
from the eight DBS measurements to the core (p = 0) before applying Equation 5.14. Figure
5.8 illustrates the technique of using high time resolution DBS measurements to approximate
the beam-blip prompt torque. The estimated toroidal torque on the plasma is ~ 4 Nm at the
earliest time. This value decreases toward zero as the plasma FE, evolves to establish a new
steady-state value (Owgxp/0t — 0) visible as the derivative decreasing in Figure 5.8(b). This

is not to say that the beam applied torque goes to zero, rather the transient prompt torque

effect on E,. approaches zero. The estimated value of 4 Nm agrees remarkably well with the
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Figure 5.9: Calculation of vg«p using DBS measurements. 5.9(a) shows the DBS wgy g data
from Figure 5.4(b) with the inverse-variance weighted spline fit. 5.9(b) shows the result of
Equation 5.15.

estimated torque value based the NBI parameters (voltages, tangency, etc.) Tj,; ~ 4.5 Nm

(see Figure 5.3(b)).

5.5.4 Comparison of the E x B shearing rate

The normalized radial (¢)) derivative of wgyp is the E' X B shearing-rate,

_ (RBy)? 0
YExB = B awwExB- (5~15)

The magnitude of vg«p plays an important role in the theory of turbulence suppression in
magnetic confinement devices [150]. To compare CER and DBS values of yg«p we focus
on the core (p < 0.7) at the first nominal time (2270 ms). This location and time appears
minimally affected by prompt torque (see Figure 5.4(a,b)). To create a radial profile from the
DBS measurements we use an ensemble of inverse variance weighted spline fits to the eight
wpx p points and their corresponding values of ¢. Derivatives of the splines (with respect to

1) are averaged together and used to calculate vgxp.
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Figure 5.9 shows the cross-diagnostic yg«p profile comparison. Figure 5.9(a) shows the
DBS data and CER profile from Figure 5.4(b) with the additional spline fit to the DBS
data?. Figure 5.9(b) shows the calculated profiles of |ygyxs| using the profiles in 5.9(a). Over
the shaded vertical region in Figure 5.9, the DBS and CER values of |yg«p| range from total
agreement to disagreement by a factor of ~ 2. Meanwhile, the |yg. | values calculated using
the edge DBS channels disagrees with CER by a larger margin. However, these channels
appear to be somewhat affected by prompt torque (see Figure 5.4(a)) hence our focus on the

core region for comparison.

Although the yg«p comparison shown in Figure 5.9(b) is specific to this plasma, time,
and radial location; this analysis is meant to illustrate the potential level of uncertainty in
a derived quantity such as ygxp. This factor of x1-2 agreement between CER and DBS
can inform scans of vg«p when performing transport modeling and simulations involving

FE x B-shear suppression.

5.6 Conclusions

In this chapter we presented DBS measurements of the £ x B rotation in an L-mode DIII-
D discharge with varying external torque. Rigorous cross-diagnostic comparisons we made
between DBS and charge exchange recombination spectroscopy (CER). During DBS data
analysis, we propagated uncertainties in the density profile through ray tracing simulations
and used nonlinear least-squares fits to the frequency spectrum to derive the measured ve-
locity and its uncertainty. We found that wgy g values derived from DBS and CER generally
agree with an average difference near zero, d = —0.1 kRad/s. The 20 confidence region for
their disagreement was found to be £5 kRad/s, including points known to be affected by
prompt torque. Statistically speaking, this implies that in 95% of cases the DBS and CER

values of wgyp will agree within 5 kRad/s of each other.

2We use the MonteCarloSpline routine within OMFIT to perform the fit. We also constrain the gradient
of wgxp to be zero on axis (p = 0) similar to CER.
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The high time resolution (+1 ms) DBS measurements were able to observe prompt (< 10
ms) modifications to the F, profile from diagnostic neutral beam blips. The perturbation
from NBI-blips was proportional to the change in the approximate torque imparted by the
blip. The largest change in torque, ATj,; ~ 6.2 Nm, caused the most significant modification
of E,. Additional analysis of the DBS data estimated the NBI torque density from the time
rate-of-change of F x B rotation. Despite crude extrapolation to the plasma core, we found
the total torque to be roughly in agreement with the estimate based on the NBI parameters.
We also used DBS and CER profiles of wgyp to calculate the E x B shearing rate, yg«p. In
the core, where DBS measurements appear to be less impacted by prompt-torque, we found

the DBS/CER derived gy p values to be within a factor of two from one another.
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CHAPTER 6

Conclusions and future work

6.1 DBS modeling

Chapter 3 presented a comprehensive overview of the Doppler back-scattering diagnostic
including a novel synthetic diagnostic model and 2D full-wave simulations. The synthetic
DBS methods introduced in Chapter 3 and applied in Chapter 4 provide a new means of
predicting and interpreting DBS measurements in a theory-based manner. The ultimate goal
of a synthetic DBS model is to account for — or remove — instrumental effects which may
impact fluctuation measurements. Furthermore, a diagnostic model with sufficient physics
can also aid in understanding the instrument itself, leading to innovations and optimization

of measurement techniques.

We demonstrated two models for DBS: one based on beam-tracing (a reduced model
for electromagnetic wave propagation), and a second based on higher-fidelity full-wave sim-
ulations. Both DBS models are flexible, and can use either analytic expressions for, or
simulations of density fluctuations to model scattering. To facilitate comparisons with the-
ory, we developed a novel method for post-processing the outputs of the quasilinear code
TGLEF. There are two primary benefits to using reduced models (beam-tracing and TGLF):
(1) the ability to quickly make predictions and perform parameter scans with lower sim-
ulation overhead and (2) the modular nature of the physics within the diagnostic model.
Faster modeling time has the potential to greatly benefit the DBS community. For exam-
ple, through predict-first experimental planning, one can identify theoretically-important
wavenumbers to inform aiming the DBS probe beam during an experiment. Furthermore,

scans of plasma parameters with fixed DBS aiming can answer questions such as: given a
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change in z, would we theoretically observe a change in measured DBS power? The modular
nature of the beam-DBS diagnostic model makes it easier to separate diagnostic effects (e.g.

mismatch attenuation, ‘ray’ cutoff enhancement, etc.) when interpreting results.

The new full-wave DBS model uses the commercial software COMSOL. This new DBS
model allows us to benchmark beam-tracing results and study full-wave effects using real-
istic plasma parameters. For example, the full-wave model was used to evaluate nonlinear
scattering effects in Chapter 3. In Chapter 4 the full-wave electric field was combined with
nonlinear CGYRO simulations to produce a synthetic DBS frequency spectrum. Both ap-
plications present exciting opportunities for future work. Full-wave modeling can be used
to study cross-polarization scattering (CPS), wave tunneling, cross-beam DBS, etc.. Given
the success of the 2D full-wave model, 3D modeling should be pursued to understand the
the behavior of the DBS beam near critical layers and verify beam-tracing results (e.g. test

beam-pinching discussed in Subsection 4.5.4).

Future work pertaining to DBS includes further development of theory-based models for
the DBS frequency spectrum. For example, in the context of the Taylor model, a database
study of DBS spectra could uncover trends in the model parameters (the Kubo number, K,
and the auto-correlation time, 7,.) with respect to the probed wavenumber. Similarly, in
terms of the exponential frequency model discussed in Subsection 3.1.6 one could perform
a similar database study of the exponential decay time-constant to uncover trends in the
implied chaotic dynamics. One could also derive new models for the frequency spectrum
by analyzing databases of nonlinear gyrokinetic simulations — similar to the development
strategy for quasi-linear transport models. One could imagine a quasi-linear model for the
DBS frequency spectrum based on linear mode frequencies and a combination of k-space
resolution and turbulent frequency-broadening effects. Lastly, more development is needed
in both the ray and beam models for DBS at lower incidence angles. Presently, both ray
tracing and beam tracing methods struggle in this limit. It would benefit the analysis of DBS
(and other research areas) to have more robust models for wave propagation near caustics

in magnetized plasmas.
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6.2 Wavenumber spectrum investigation

Chapter 4 describes an investigation of the wavenumber spectrum of density fluctuations
in ECH H-mode tokamak discharges. We were able to sustain H-mode plasmas with very
low collisionality (core v, = 0.1) and pure auxiliary electron-heating. Core ECH yielded
T./T; > 1 over the entire plasma core and large values of the dimensionless quantity 7, ~ 3.
Scans of the DBS launch-angles during the experiment provided unique measurements of
the back-scattered power wavenumber spectrum, Ps(k), in the core plasma. The measured
wavenumber spectrum appears to decay exponentially with spectral indices (k") and expo-
nential decay factors (e¢(*7s)) largely in agreement with what has been reported previously.
Future work should address the physics controlling the spectral decay of density fluctuations
in magnetically confined plasmas including extending measurements to lower and higher &

and performing cross-diagnostic dn comparisons.

Significant modeling efforts were directed toward developing a theory-based prediction
of the DBS wavenumber spectrum. As part of this DBS-oriented modeling, we performed
calculations with the quasi-linear code TGLF as well as linear and nonlinear gyrokinetics sim-
ulations with the code CGYRO. The linear eigenvalue spectra from both TGLF and CGYRO
show curvature-driven ITG modes are dominant at normalized wavenumbers k, < 0.7. TGLF
also reports marginally subdominant TEM modes over this wavenumber range!. The trans-
port spectra (Qx,, I'x,) from both codes suggest fluxes are driven by ion-scale modes despite
our expectation that electron modes would be active in this plasma regime. Notably, TGLF
and nonlinear CGYRO disagree as to the direction of the electron particle flux and the mag-
nitude of total )., ' fluxes. The TGLF-CGYRO disagreement can be directly attributed to
the quasi-linear weights (phase shifts) given that the eigenvalue spectrum and the saturated
potential model (SAT-rule) were verified for this case. The CGYRO and TGLF synthetic
wavenumber spectra (Figure 4.13) do match the shape of the measured wavenumber spec-

trum for £, < 0.3 and k, > 1.2. However, the spectral decay predicted by the synthetic

In Figure 4.7 one of the marginally subdominant TEMs becomes the dominant mode at k, = 0.3.
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diagnostic does not match the measurements over 0.4 < k, < 1.2. Additional modeling
efforts were directed at the low-k portion of the wavenumber spectrum. Full-wave modeling
at low-k combined with nonlinear CGYRO simulations does suggest that some component
of the modeling begins less accurate at low-k (see Subsection 4.5.4). We are unable to defini-
tively attribute measurement /theory Ps(k) discrepancies solely to the turbulence simulations
nor the instrument function model. Future work on this front includes further investigation
into the physics of DBS measurements at the lowest and highest wavenumbers. Additionally,
it would be beneficial to develop a synthetic frequency spectrum model based on reduced
models of turbulence — as the frequency spectrum is readily calculated from DBS data (as

opposed to the wavenumber spectrum which requires dedicated scans).

Transport modeling with the code TGYRO found that TGLF is capable of matching the
experimental thermal fluxes at multiple radii with small adjustments to the observed 7T, and
T; profiles. However, TGLF appears to exhibit undue sensitivity to the normalized electron
temperature gradient scale length, a/L., which was not reproduced by nonlinear CGYRO.
The sharp increase in Q. with a/L7, was found to be caused by a transition to a completely
TEM-dominated regime — again, this was not observed in nonlinear CGYRO (see Figure

4.21). The TGLF sensitivity to a/Lr, also impacted our interpretation of the synthetic

TGLF
Ps

DBS wavenumber spectrum. It was found that the synthetic (k) in the completely
TEM-dominated case (nominal +5% a/Lt, ) appears to completely reproduce the shape of the
measured DBS spectrum (Figure 4.23). However, given the fact that nonlinear CGYRO does
not reproduce the TGLF behavior — there are doubts as to whether ITG/TEM dominance is
the root cause of the discrepancy in the Ps(k) spectral decay for 0.4 < k, < 1.2 between the
nominal synthetic and measured wavenumber spectra® (see Figure 4.13). This conclusion
suggests that the TGLEF model may not properly capture the TEM instability boundary,

despite being able to match thermal fluxes. Another lesson-learned from this modeling is:

in cases where TGLF predicts stiff, nonlinear flux-gradient behavior one should verify the

2Recall that the saturation rule of TGLF attempts to mimic the underlying higher-fidelity gyrokinetics of
CGYRO. Thus, one tends to trust the CGYRO results more than TGLF results. It is possible that TGLF
is — by chance — modeling reality more closely than CGYRO. However the underlying physics in the TGLF
model is a fundamentally a reduction of CGYRO.
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behavior is reproduced by higher-fidelity gyrokinetics. Future work addressing this issue
is non-trivial, and may involve changes to the TGLF model to reduce stiffness. Another
interesting avenue for future work would be to extend transport-solvers such as TGYRO to
include synthetic diagnostics such that the quality of a flux-matching solution can be put in

context with fluctuation measurements.

6.3 Cross-diagnostic rotation comparisons

Chapter 5 presented an investigation of E x B rotation using DBS. We presented rigorous
cross-diagnostic comparisons with the charge-exchange recombination spectroscopy (CER)
diagnostic under varying external NBI torque conditions. We propagated two sources of un-
certainty in DBS analysis: (1) fit uncertainty for the DBS Doppler shift and (2) uncertainty
in the electron density profile. The latter was propagated through ray tracing simulations,
leading to an ensemble of probed locations and wavenumbers. The final cross-diagnostic
comparison was made through the toroidal £ x B angular velocity, wgxpg, which is theoret-
ically a flux-function. The magnitude of the turbulence phase velocity was estimated using
linear TGLF eigenvalue spectrum calculations. The estimated phase velocity was found to
negligible compared to the E x B velocity — supporting the approximation the measured

Doppler shift is due to £ x B motion for this plasma.

Statistical analysis of the CER and DBS profiles of wgyp found that the two diagnostics
tend to agree within their respective uncertainties. Across the entire dataset of wgyp values
the average difference between DBS and CER is d = —0.1 kRad/s. The 95% confidence
interval for the differences was found to be +5 kRad/s. Further analysis of the high time-
resolution (£1 ms) DBS measurements revealed rapid modification to the derived wgx p value
caused by the NBI ‘blips” used for CER measurement. The rate of change in wgyp with time
was used to deduce the NBI prompt torque density. The volume-integrated prompt torque
based on DBS measurements appears to be in rough agreement with the routine estimates
of the total NBI torque. Finally, the F¥ x B shearing rate, ygxp, was calculated from both

CER and DBS data revealing variable agreement across the plasma radius. At radii which
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appear minimally affected by prompt-torque, the DBS-vg«p value was a factor of ~ 2x
smaller than the CER values. This provides some insight into the range of uncertainty in

the g« p values used in turbulence simulations when data from only one diagnostic is used.

Future work related to this investigation should focus on standardizing the practice of
propagating uncertainties through ray tracing simulations and using DBS measurements to
supplement CER rotation profiles. In principle, profiles of E, can be routinely calculated
from DBS data as long as an estimate of the phase velocity magnitude is available. For the
case presented in Chapter 5, we are confident in neglecting the turbulence phase velocity
not only because its linear estimate is small, but because of the small average CER-DBS
difference value (d). Conversely, the statistical analysis presented here suggests that, for any
singular DBS-CER comparison, the difference should exceed wgy g values of 5 kRad /s (v & 2
[km/s]) to be statistically significant. However, for an ensemble of DBS-CER differences, d,
an offset may be statistically significant if it exceeds the average d = —0.1 kRad/s reported
here. This can inform future studies where the direction of the turbulence phase velocity is
inferred from DBS-CER differences. Furthermore, future work can include a more detailed
investigation of non-stationary FE, on fast timescales including using DBS to estimate the

magnitude of intrinsic torque when NBI is not used (and thus CER measurements are not

available).
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APPENDIX A

The OMFIT DBS module

This appendix provides details regarding the OMFIT DBS module developed by the au-
thor as part of this doctoral research. As mentioned in Section 3.3, OMFIT is open-source
software tool used throughout the tokamak research community to facilitate the analysis
of experimental data, manage and post-process simulations, and build modeling workflows
for more customized analysis. Broadly speaking, OMFIT has two components: the OMFIT
framework, and the physics modules. The framework of OMFIT provides underlying meth-
ods for importing, running, and coupling the physics modules together. Other aspects of
the OMFIT framework are beyond the scope of this appendix. There are dozens of physics
modules within OMFIT; almost all physics modules are collections of python programs!.
More information regarding OMFIT and the physics modules can be found on the OMFIT
website (omfit.io) and in [102].

The OMFIT DBS module supports a variety of workflows specific to DBS modeling and
analysis. In the spirit of OMFIT, the DBS module comes with a comprehensive graphical user
interface (GUI) to facilitate and guide analysis. The DBS module also interfaces with other
physics modules and OMFIT framework classes to accelerate development time and reduce
code-duplication. The DBS module also supports modeling and analysis on tokamaks besides
DIII-D, for example MAST-U [10]. Finally, OMFIT and the DBS module are available
and version-controlled through a GitHub repository?. In this appendix we describe several

workflows supported by the DBS module.

'Some physics modules ‘wrap’ other programs written in IDL or FORTRAN

2OMFIT-source (access to the repository may be limited — see the OMFIT website).
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Figure A.1: Block diagram of the detailed data analysis workflow in the OMFIT DBS module.
Inputs and outputs are shown as rounded boxes. Each rectangular block represents one or
more programs. The portion of the diagram labeled (a) pertains to analysis of the DBS data
itself. The portion of the diagram labeled (b) pertains to ray/beam-tracing simulations used
to interpret DBS data.

A.1 Detailed analysis of experimental DBS data

The DBS module was originally designed for detailed analysis and interpretation of experi-
mental DBS data from a single discharge and device?. Figure A.1 illustrates a typical DBS
analysis workflow. In Figure A.1, inputs are shown as blue boxes on the periphery of the
diagram. At the beginning of analysis, the user specifies: the device, one discharge number, a
list of times (hereafter referred to as the nominal times), a (time) window, and the DBS sys-
tem(s) under consideration. At the end of the analysis, the user obtains one results-dataset
for each requested DBS system. Each results-dataset contains for example, the Doppler shift,

the wavenumber k,..s., the probed location, etc.. Each component of the results-dataset is

3In OMFIT a ‘device’ refers to a tokamak, e.g. DIII-D.
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an array with two dimensions: channels, and nominal times.

In Figure A.1, the portion of the diagram labeled (a) contains the analysis of DBS data
itself. The DBS data (digitized quadrature outputs: I and @) are fetched and sliced (in
time) according to user inputs. The user selects the desired mathematical operations to be
performed on the raw DBS data. The default mathematical operation is the windowed, short-
time-Fourier-transform (STFT) of the demodulated scattering signal, S(t) = I(t) + iQ(t),
resulting in the quadrature spectrum (discussed in Section 3.3). However, the module can
also perform spectral coherence calculations and compute windowed-STFT spectra of the
amplitude, A(t) = \/I?(t) + Q*(t), and phase, ¢(t) = arctan (Q(t)/I(t)), of the scattering
signal. Other mathematical operations are also supported, for example the phase-derivative
approach to determining the DBS Doppler shift. However for this description we will focus
on the quadrature spectrum. The DBS module is flexible and other mathematical operations

can be added in the future.

The output of the previous ‘mathematical operation’ stage of the DBS module is a three
dimensional array with dimensions: X, time, and nominal-time. The time dimension is local
to each nominal time, its size is set by the user-provided time window at the beginning
of analysis (and other calculation parameters e.g. overlap and NFFT). The X dimension
depends on the mathematical operation; for standard spectral analysis X is frequency. The
user is then directed to a secondary ‘spectral analysis’ GUI for detailed data analysis of
each three-dimensional array. For standard quadrature spectral analysis this consists of
determining the Doppler shift and spectral power using methods outlined in Section 3.3
and Appendix B. Once the detailed data analysis is complete, the outputs (Doppler shift,

spectral power, spectral full-width-half-max, etc.) are stored in the results dataset object.

In Figure A.1, the portion of the diagram labeled (b) contains the setup and execution of
ray /beam-tracing simulations (discussed in Sections 3.4, 3.5). These simulations generally
require the magnetic equilibrium and the plasma density as inputs. The DBS module over-
sees fetching of experimental magnetic equilibria (in the form of gEQDSK files) and electron

density profiles for each nominal time. The DBS module automatically calculates the fun-
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damental frequencies shown in Figure 3.2 and presents them in an interactive figure. The
DBS module allows the user to load other OMFIT physics modules to oversee the ray/beam
tracing. Currently, GENRAY, SCOTTY, and TORBEAM are all supported via their respective OM-
FIT modules. Finally, the ray/beam-tracing simulations are executed in parallel, generally
through an HPC workload manager (e.g. SLURM). Lastly, ‘derived” DBS quantities are calcu-
lated by combining the ray/beam-tracing outputs with outputs of the spectral analysis, e.g.
Umeas. = 27 [Dopp./Fmeas.- The ray/beam-tracing outputs and any derived outputs are stored
in the results-dataset. The DBS module offers a variety of plotting options and allows the

user to export the results-dataset to a file for use outside of OMFIT.

A.2 DBS modeling and experimental planning

In addition to the data analysis and interpretation described in the previous section, the
OMFIT-DBS module can be used for experiment-planning and other predictive modeling.
In an experiment-planning workflow the user specifies the device, a target discharge, one
or more times, and DBS system(s). Then, the user fetches magnetic equilibria and kinetic
profiles — skipping the DBS data analysis portion of Figure A.1. The DBS module includes
methods for modifying an experimental magnetic equilibrium. Namely, methods to scale the
magnetic field and/or plasma current without changing the flux surface geometry. The user
can also scale the density and/or temperature profiles or provide a new set of hypothetical
profiles. Then, the fundamental frequencies (e.g. Figure 3.2) are calculated, allowing the

user to inspect DBS access in the hypothetical plasma.

For more detailed planning, the (potentially modified) magnetic equilibrium and kinetic
profiles can be input to ray/beam-tracing simulations. Scans of the poloidal and/or toroidal
launch-angles can also be performed. Launch-angle scans allows the user to predict the
range of probed locations and wavenumbers. The OMFIT-DBS module includes methods
for orchestrating launch-angle scans using the supported ray/beam tracing codes. Figure A.2
provides an example launch-angle scan using the GENRAY code. The launch-angle scan is

performed by varying the poloidal launch-angle (3) over the range, 5° < 5 < 9°, with fixed
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Figure A.2: Example OMFIT DBS module output illustrating a scan of the poloidal launch
angle (). Figure A.2(a) shows a poloidal projection of the plasma with rays from the launch-
angle scan superimposed. Figure A.2(b) shows the toroidal displacement of rays shown in
(a). Figure A.2(c) shows the probed-locations (p) and scattering wavenumbers (k, ). The

background plasma used in the angle scan was discussed in Chapter 4.

toroidal launch-angle aw = 0°. In Figure A.2(a) we show a poloidal projection of a magnetic
equilibrium with rays from the scan. In Figure A.2(b) we show the toroidal displacement of
the rays when viewed from above. In Figure A.2(c) we show the resulting probed locations
(p) and kmeas. = k1 sc = —2k, ;. The subscript ‘sc’ refers to the scattering wavenumber, an
alternative notation to kyeas.. Figure A.2 also shows a tabulation of results (automatically

generated by the DBS module for launch-angle scans).

The angle-scan methods built into the OMFIT DBS module can also be used for wavenumber-
targeting. The k-targeting routine determines the poloidal and toroidal launch-angles nec-
essary to achieve a particular kpe.s.. Wavenumber-targeting is commonly used to mini-
mize mismatch-attenuation (discussed in Section 3.1) by iteratively seeking the poloidal and
toroidal launch-angles such that both kj; = 0 and &, ; = —%kzmeas, at cutoff. Figure A.3 il-
lustrates a k-targeting output for the case shown previously in Figure A.2. For the example

1

in Figure A.3, we target k.. = 0 and k; ;- = 8 cm™". The resulting set of launch-angles:
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Figure A.3: Example OMFIT DBS module output for the wavenumber-targeting workflow.
The background plasma and DBS channel used in this k-targeting example are shown in

Figure A.2. The sequence of the k-targeting algorithm is shown with annotations.

£ = 7.8 and a = —2.0° correspond to the point in Figure A.3 closest to the the target. In
this situation a < 0° corresponds to the out-of-plane direction in Figure A.2(a) and negative
toroidal displacement in Figure A.2(b). Intuitively, aiming o < 0° servers to negate the

positive toroidal displacement in Figure A.2(b), ideally resulting in k) ;. = 0 at cutoff.

Finally, the OMFIT DBS module supports other theory-based predictive DBS model-
ing. The synthetic beam-DBS diagnostic discussed in Section 3.7 has been incorporated into
the OMFIT-DBS module for predictions of the DBS scattered power and estimates of the
turbulent phase velocity. Figure A .4 illustrates two synthetic-DBS workflows. In each case
the user begins with a set of profiles and a magnetic equilibrium file. The workflow on the
left side of Figure A.4 (labeled (a)) corresponds to calculating a synthetic DBS wavenum-
ber spectrum (e.g. one of the primary results in Chapter 4). The user performs a series
of beam-tracing simulations corresponding to a launch-angle (Kkpeas.) scan. Then, at least
one turbulence simulation at a nominal probed-location is performed. To account for ra-
dial variation in the turbulence simulations, the user has the option to perform additional

turbulence simulations if the probed locations are significantly different. The output of the
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Figure A.4: Block diagram illustrating synthetic DBS workflows within the OMFIT-DBS
module. The portion of the diagram labeled (a) pertains to calculation of a synthetic DBS
scattered-power wavenumber spectrum. The portion of the diagram labeled (b) pertains to
predictions of the DBS scattered power and turbulence phase velocity as a function of an

arbitrary turbulence parameter (e.g. a/Lr,).

turbulence simulations are post-processed to calculate the density fluctuation wavenumber
spectrum, 0n(ky,, ky; p, 0). Finally, the DBS scattered power is calculated and stored for each

loop iteration. The result is a synthetic DBS wavenumber spectrum, P&™ (kyeas.)-

An alternative synthetic DBS workflow is illustrated on the right side of Figure A.4 (la-
beled (b)). In this workflow, one beam-tracing simulation is performed providing a single
probed location and kye.s.. Separately, the user performs a scan over a physics parameter
input to turbulence simulations (e.g. a/Lr., Ve, Te/T;, etc.). Then, for each turbulence sim-
ulation output, the synthetic DBS scattered power, P™, is calculated. Similarly, if TGLF or
linear CGYRO is used, an estimate of the turbulence phase velocity can be calculated from

the real w evaluated at Kpeas. (discussed in Subsection 5.5.1). The output of this workflow

171



is a prediction of the DBS P®" (and/or vpy.) vs. X (the physics parameter). These results
can be used to answer the question: Given a particular DBS launch-angle and background

plasma — how would a change in X affect the DBS scattered power or Doppler shift (through

’Uph.)?
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APPENDIX B

Models for the DBS frequency spectrum

The shape of the DBS frequency spectrum was discussed in Sections 3.1.6 and 3.3. In this
Appendix we present the theory-based Taylor model for the frequency spectrum as well as

other ad-hoc models for the frequency spectrum used in the analysis of DBS data.

B.1 Taylor model

The Taylor model for the frequency spectrum is owes its name to work by G. I. Taylor [151]
where an expression for the ensemble averaged squared displacement of particles in a turbu-
lent fluid was derived using classical Lagrangian fluid mechanics. The result from Taylor was
later combined with a statistical interpretation of frequency spectra from collective scatter-
ing measurements by D. Gresillon et al. [152]. The resulting ‘Taylor model’ was applied for
collective scattering and DBS data analysis in [94,95]. In their doctoral thesis, A. Casati [69]
referenced the connection between the Taylor model and the method of cumulant expansion.
The cumulant expansion method for describing stochastic broadening of frequency spectra
was developed by R. Kubo in [153,154] and discussed in the context of plasma physics
in [155].

Starting with Equation 3.21 (repeated here),
Au(t) = / dron(e, U (r)e— % (B.1)
1%

the instantaneous received signal amplitude for a fixed wavenumber (k = Kpeas.) is Ak (2).
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The goal is to calculate the (temporal) auto-correlation function,

(A (D) A < / / @i on(r, Dn(c, U U (E)e ¢ r’>> (B.2)

Following D. Gresillon et al. [152], we wish to separate the spatial and temporal statistics of
the turbulence by making the coordinate transformation, r’ =r' — A(r”, 7) with 7 = ¢/ —¢.
The microscopic displacements A are such that én(r',t + 7) = dn(r”,t). The differential
integral volume is assumed to be approximately unchanged as particle number is conserved
and the DBS weighting function, U(r), varies on a disparate scale relative to A. The signal

amplitude auto-correlation becomes,

(A(t) At + 7)) </ / drd®r"on(r, t)on(x”, t)U(r)U (' )e_ik'(r_r”)eik'A(r"’T)>. (B.3)

To make further simplifications we use the independence approximation to separate the 7-
dependant exponential from the ensemble average. This approximation is valid when the
spatial on statistics become independent from the time-evolution statistics governing the

stochastic displacements A. The resulting equation is,

(A (D) At + 7)) </ / Brd>r"sn(r, t)on(x” t)U (r)U (x")e - )> <eik'A(7)>,
: (B.4)
This approximation makes the first bracketed term independent of the time 7. This first
term encodes the wavenumber-response of the signal amplitude, we will define it as F(k).
We will also assume the dynamics are (temporally) stationary such that the signal amplitude

is independent of the instantaneous time ¢. The resulting auto-correlation function is,
i) = (A0)AL (7)) = F0) (440, (B5)

The approximations leading to Equation B.5 imply that the time-dynamics (and therefore

the frequency spectrum) of the received signal amplitude are completely determined by the
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stochastic displacements of the plasma density,
A(r) = vr+ / Sv(t)dt. (B.6)
0

where ¥ is an average velocity and dv(¢) are the stochastic velocity fluctuations. The remain-
ing ensemble-average term in Equation B.5 can be handled rigorously using the cumulant

expansion methods from R. Kubo [154]. The exponential is expanded as,

(WA _ e g (ZW@” /0 "ty /0 ity /0 dtn<(6v(t1)...6v(tn))>>, (B.7)

where ((...)) represents the cumulant. If we assume the stochastic velocity fluctuations are
normally distributed, dv ~ N(0,02), the sum in Equation B.7 is exact to second order!.

Thus, Equation B.7 reduces to,

(A = T oy, (—k2 /0 "ty /0 ! dt2<(5v(t1)6v(t2)>). (B.8)

At this point we must prescribe a functional form for the auto-correlation of velocity fluc-
tuations. Assuming Gaussian/Markovian statistics, the auto-correlation function has simple

exponential decay,

(5v(t)ou(t)) = ule It/ ac (B.9)

where u? = (|6v|?) is the mean-squared velocity fluctuation amplitude and 7, is the auto-
correlation time of velocity fluctuations. Substituting Equation B.9 into Equation B.8 and

performing the integrals results in,
<eik.A(‘r)> — eikm— exp ( _ k'2U27'a20(7—/Tac — 14+ e_T/TaC)) ) (B.l())

Physically, the dimensionless factor kut,. plays an equivalent role as the Kubo number, K,

IThe first two cumulants of a Gaussian process are equal to the first two moments, all other cumulants
are exactly zero.
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in the stochastic frequency modulation theory developed in [154]. The triple-product kug,
encodes the strength of the random frequency modulation (ku) over one dv auto-correlation
time (7,.).

Finally, the normalized spectral density function can be calculated by calculating the
Fourier transform of the auto-correlation function in Equation B.5?. The normalization

removes the k-dependence,

S(w) = %Re /O h dfgig e (B.11)

The resulting exp(...exp(...)) integral can be evaluated using tabulated results in [156],
Tac —
S(w) = —=e Re[8~"v(p, B)] (B.12)

wherein 8 = k?u?7r2 and p = 8 + iT,.(w — kv) such that p € C with Re(u) = 8 > 0. In

Equation B.12(b), v(a, b) is the lower incomplete gamma function defined as,

b
v(a, b) E/ dzz""te . (B.13)
0

The numerical implementation of the lower incomplete gamma function available within
standard numerical libraries (e.g. scipy.special.gammainc) does not support complex-

valued inputs to y(u, 5). We have developed a numerical implementation based on the

2This is the Wiener-Khinchin theorem which relies on the stationary statistics assumption.
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following continued fraction representation of ~y(u, 3)3,

5#6—5
V(p, B) = - (B.14)
pnp
-
s
p+ 1+
(n+1)8
42—
20
w+ 3+
(h+2)8
w4 —
3
o+ 5+
w+6—".

It’s important to note that the top-level numerator of B.14 cancels exactly with the e’3=#
terms in Equation B.12. Leveraging this cancellation in the numerical implementation im-
proves the stability of the continued fraction representation of S(w). Figure B.1 shows
multiple S(w) curves for three values of the Kubo number, K = kur,., evaluated using

Equation B.12(b).

The limiting cases of the Taylor model can be easily understood in the time domain by
inspecting Equation B.10. In the small K limit, i.e. when the velocity fluctuations are weak
and have short auto-correlation time such that 7,. < 7, the R(7) is exponential, yielding
a Lorentzian S(w) upon taking the Fourier transform. In the opposing limit where velocity
fluctuations are strong and have long auto-correlation time, 7,. > 7, the inner exponential
is expanded to second order and the resulting R(7) is Gaussian, yielding a Gaussian S(w)

upon taking the Fourier transform.

SWikipedia: Incomplete gamma function
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Figure B.1: Evaluation of the Taylor model S(w) using B.12(b) for three values of the Kubo

number, K = kur,,.

B.2 Three-parameter models

The three-parameter class of ad-hoc DBS models includes lineshapes with an amplitude (A),
center frequency (fpopp.), and width (o). Some examples of three parameter models are

given below along with their square-integral (= Ps) and full-width at half-max (FWHM).

The Gaussian model,

Q A f - f opp.- 2
SG(f7 Aa fDopp.; U) = \/ﬁg exp (—%) (B15a)
0~ AQ
/_ S 2df = N (B.15b)
FWHM¢ = 2v21n 20 (B.15¢)
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The Lorentzian model,

: A f = foopp. \
A for o) = A1 opp B.1
SL(f) 3 fD PP O-) J + ( o ) ( 6&)
oo A2
2df = — B.16b
= (B.16b)
FWHM, = 20 (B.16¢)
The exponential (Laplace) model,
; A |/ — Joopp.|
Se(f5 A, foopp., o) = 55 P (—% : (B.17a)
SIS A2
Ydf = — B.1
1= (BATH)
FWHM, = 21n(2)0 (B.17¢)
The logistic (sech-squared) model,
A . _ A 2 f_ fDopp.
Sig(f3 A, foopp., T) = Esech (T . (B.18a)
o ) A2
df = — B.18b
| 18wk =5 (B.18b)
FWHM,, = 40 - acosh(v/2) (B.18c)

B.3 Four-parameter models

The four-parameter class of ad-hoc DBS models includes lineshapes with an amplitude (A),
center frequency (fpopp.), and two width/shape parameters. Some examples of four parame-
ter models are given below along with their square-integral (= Ps) and full-width at half-max
(FWHM). The added flexibility in these models often improves fits to DBS spectra. It was
noted in Subsection 3.1.6 that the shape of the DBS spectra often lie between a Lorentzian

and a Gaussian (or more generally between two of the three-parameter models listed above).

179



This motivates lineshapes that connect two distributions from the previous section.

For example, the Voigt model,

Sv(f; A, foopp., 0, 0L) = A% (B.19)

where w(z) is the Faddeeva function with argument z = (f — fpopp. + 901)/0gV2. For
og — 0, S’V — S’L and for o, — 0, S”V — g@. The square integral and FWHM of the Voigt

lineshape are calculated numerically.

The (generalized) Student’s T distribution,

G . _ F(V_—H) 1 f - fDopp. o
ST(faAvaOPP.)UaV) _AF(%)\/QW 1+; <T) ] (B.Q()a)
(] rw+d) 1
/_OO|ST| df = A2[ r(é) } r(wi) T (B.20b)
FWHMy = 20/0(22/0+) — 1) (B.20c)

connects the Lorentzian and Gaussian distributions through the parameter v such that
Sr(v=1)= 5, and Sp(v — o) = S¢.

The Generalized Gaussian model,

A Aﬁ |f fDo |>
S A, foopp., T, PP B.21a
G5, fopg7.8) = s oxp (LR (B.21a)
A2 1
Sl A*BT(55)
2df = —2%7 B.21b
| 8ealar =ty (B.21b)
FWHM¢q = 2v20[In(2)]*/# (B.21c)
connects the exponential and Gaussian distributions such that g@g(ﬁ =2) = S'G and

S'GG(B =1) = S.. The FWHM_q formula is applicable for g > 0.
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B.4 Mixture models

In the previous section we presented a collection of three and four parameter ad-hoc line-
shape models for the DBS frequency spectrum. For frequency spectra with a single peak-like
component these lineshape models can be fit to data using least-squares fitting algorithms.
In this thesis we have made used of methods in the Imfit python module [157]. However, in
situations with non-trivial frequency spectra where the peak-of-interest cannot be isolated
through notch filtering, fitting a single lineshape model may produce inaccurate results.
The most straightforward extension of the lineshape models is to create ‘composite mod-
els” by taking a linear combination of individual lineshapes. However, least-squares fitting

algorithms can become computationally slow for a large number of free parameters.

This issue motivated the adaptation of ‘Mixture Models’ (often used for clustering in Ma-~
chine Learning (ML) applications) to the problem of quickly isolating multiple peaks in fre-
quency spectra. Traditionally, mixture models are used to identify possible sub-populations
and perform a probability density estimation given a collection of samples. To apply these
methods to frequency spectra we treat the Fourier transform of the DBS signal as a PDF
over frequencies. Frequency samples are then drawn according to the magnitude of S (f)
and mixture models are applied to determine possible underlying populations in S (f). The
Expectation-Maximization (EM) algorithm is used to determine the maximum-likelihood

parameters for the underlying distributions.

The Gaussian Mixture Model (GMM) from the scikit-learn [100] python package
has been incorporated in the OMFIT-DBS module along with a Students-T Mixture Model
(TMM) based on work by Peel [101]. Figure B.2 illustrates a three component GMM applied
to DBS data. The discharge shown in Figure B.2 is not featured elsewhere in this dissertation.
Figure B.2(b) shows that with three components the algorithm is able to capture the overall
lineshape. The implementation of these MM methods in the OMFIT-DBS module allows

one to select which mode (1,2,...) to isolate for further analysis.
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DIII-D 169016, 4700 ms; DBS60 62.5 GHz
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Figure B.2: Example of the Gaussian Mixture Method applied to DBS data. (a) shows a
spectrogram featuring at least two modes. (b) shows a time-slice from (a) fit with a three
component GMM.
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APPENDIX C

The CGYRO code and simulation parameters

Gyrokinetic calculations presented in this dissertation make use of the code CGYRO [16]. This
appendix discusses salient code conventions and provides a tabulation of simulation inputs.
In particular, we discuss how wavenumbers perpendicular to the background magnetic field
are defined in CGYRO. The binormal wavenumber (k,) used in CGYRO is also used in the
gyro-fluid code TGLF. The wavenumbers used in the codes must be converted to physical
inverse-lengths for proper comparison with measurements. The issue of converting wavenum-

bers between simulation and experiment was addressed in work by J. Ruiz Ruiz [§].

CGYRO, like its predecessor GYRO [158], is an Eulerian gyrokinetic code. Both GYRO
and CGYRO can be used to solve the linearized GK equation in addition to the nonlinear
GKE discussed in subsection 2.3.2 of this thesis. One of the primary difference between the
two codes is that CGYRO is fully spectral in the perpendicular direction, i.e. CGYRO solves
the nonlinear GK equation in wavenumber-space. Thus, moments of the fluctuating, gyro-
averaged distribution function over a grid of radial (k,) and binormal (k,) wavenumbers are
readily available — motivating the use of wavenumber-space synthetic diagnostics. However,
differences in the normalized theory-units, code variable-names, and lab coordinates can
confuse validation exercises. The following subsection addresses wavenumber metrics in

detail.

C.1 Wavenumber conventions

In Subsection 2.3.2 of this dissertation we discussed the gyrokinetic equation in the context

of modeling turbulent transport in magnetized plasmas. We outlined a derivation of the
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GKE including a WKB-type expansion of fluctuating quantities. Equation 2.18 (repeated
here),
0X(X,8,p,0,1) = Y 0 X, (x,8, 1,0, 1) expliS(x, 1)), (C.1)

ky
shows the decomposition of an arbitrary quantity (X) into an amplitude, dXx , and an
eikonal phase, S(x). In equation C.1, x refers to spatial coordinates while (e, pu, 1) are
velocity-space coordinates. Perpendicular wavenumbers are defined in terms of the spatial
gradient of the eikonal phase, k; = V,S. Generally speaking, k; has normal (k,) and
binormal (k) components relative to the background magnetic field, B. Thus, before we can
write an explicit formula for the perpendicular wavenumbers we must specify the CGYRO

field-aligned coordinates.

The following subsections provide theoretical background for the CGYRO wavenumber
definitions including a discussion of the local (flux-tube) limit of gyrokinetics. We clarify the
relationship between the binormal angular coordinate o and the binormal spatial coordinate
y. Equation C.12 defines k, and k, used internally by CGYRO (and TGLF). Equation C.15
shows the relationship between the internal code definitions and the physical wavenumbers
corresponding to real inverse-lengths. Finally we present a simplified formula for converting
between k,, k, and k,,, ky. The material for this Appendix is thanks to a thorough presenta-
tion of local gyrokinetics by H. Dudding in their Ph.D. thesis [35], work by J. Ruiz Ruiz [8],
and work by J. Candy [16].

Theoretical background and CGYRO definitions

In CGYRO, the magnetic field is written in Clebsch form as B = Va x Vi, where ¢ is
the poloidal magnetic flux (divided by 27) and the angular coordinate, a = ¢ + v(¢,0), is
the sum of a toroidal angle, ¢, and another coordinate, v(1),0), which is a function of the
poloidal angle, 6, and encodes the helicity of the magnetic field!. In writing the magnetic

field in this way, it is clear that both 1) and « are orthogonal to B (see Figure 2.2(c)). Thus,

'For a circular equilibrium v ~ —g#.
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a and 1 are natural choices for the binormal and radial coordinates respectively. We are
also free to use the minor radius, r, as the radial coordinate. Doing so allows the magnetic
field to be written,

dp

= JVQ x Vr. (C.2)

To identify the perpendicular wavenumbers we perform a Fourier series expansion of an
arbitrary function, f(r,«,#), to identify the eikonal S(r,«,#). Given that « is a periodic

angular coordinate, its Fourier series expansion is simply,
f(r,a,0) an r,0)e " (C.3)

where n € Z is the toroidal mode number. However, poloidal periodicity requires that the

toroidal mode amplitudes satisfy,

~

Fa(r,0) = fu(r, 0 + 2w M)em2mMalr), (C.4)

where M € Z. 1t is clear from the previous expression that the mode amplitudes are
not periodic in the radial dimension and cannot generally be expanded in a Fourier series.
To circumvent this, we transform to a local ‘flux tube’ of width L at a radial location
r = ro. Taking the local limit allows us to expand ¢(r) in the neighborhood r ~ ry and
impose periodic boundary conditions in the radial direction. While radial periodicity is not
physical; so long as L is more than several turbulence correlation lengths, the periodicity at
the boundaries is irrelevant [159]. Over the flux tube we can define a new radial variable

x =1 — ro and perform another Fourier series expansion,
l‘ a, 9 E E fnp —zna zQﬂ'p:c/L (C5)

Rather than use the angular binormal coordinate «, it is conventional to define a binormal

coordinate y with units of length. In CGYRO the re-definition of the binormal coordinate
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is,
To

N ' C.6
y q(r o)a (C.6)

Thus, the 2D Fourier series expansion becomes,
f(fL‘ y, = Z Z fn,p —mq (ro)y/To 127rpa;/L (C?)

and the local magnetic field can be written in a very simple form,

B = B, Vy X Vz, (C.8)

where the reference, normalizing magnetic field is defined as,

q(r) dip

Bunlt —
rodr

(C.9)

The By magnetic field is used to define other quantities such as the effective ion-sound

gyro-radius,
CS

(C.10)

Ps,unit = )
QD,unit

where ¢, = /T./mp is the (Deuterium) ion-sound speed, and Qp i is the Deuterium
cyclotron frequency evaluated with B = Byuit. The pgunie quantity is used to normalize
spatial quantities throughout CGYRO. When we normalize ¥’ = y/ps unit and &’ = /ps unit

the 2D Fourier series expansion can be written,
J@0.0) =33 Jup (@) e, (C.11)

with local, dimensionless wavenumbers defined as,

2
k?ac = _prs,unit (ClZa)
k, = —”qy(’) P unit. (C.12b)
0
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These dimensionless wavenumbers are used within the code CGYRO? but they do not cor-

respond to physical inverse-lengths in the radial and binormal directions.

Physical wavenumbers

To derive the physical, flux-tube perpendicular wavenumbers we return to the Fourier series
expansion in equation C.5. We re-define the periodic radial variable to z = 27 (r —rg)/L, €

[0, 27) such that the 2D Fourier series expansion is simply,
f(z,a,0) Zan,p ilpr=na) (C.13)

In comparing equations C.13 and C.1 (we have omitted the velocity-space coordinates), we

identify the eikonal phase as S = pxr — na.

The explicit form of S allows us to calculate k; = V4.5 using unit vectors in the nor-
mal and binormal directions: &, = Vr/|Vr| and & = b x &,. The physical flux tube

perpendicular wavenumbers are,

21p Vr-Va

by =8, ki = —L|Vr| —n¥Y 14
€k =— |Vr|—n i (C.14a)
N Vr
b — & -k, — bx — | -Va. C.14b
b €y n ( X |V7’|) Va ( )

The relationship between the physical wavenumbers and the wavenumbers used in the

code can be found by substituting equation C.12 into equation C.14,

rky, Vr-Va
k, = Vr| — C.15a
ps unit | ’ (]Ps unit ‘V?”| ( )
rk « Vr
ky = Y <b ) Va. C.15b
’ qps,unit ‘VH ( )

Equation C.15 provides the general mapping between the (k,,k,) used by the codes and

2This definition of k, is also used by TGLF (up to a factor of —1).
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(kn, k).

Limiting cases

The wavenumber relationships in equation C.15 can be simplified in the limit of up/down
symmetric (UDS) flux surfaces evaluated at the LFS midplane (6 = 0). This limit is rele-
vant because flux surfaces in the core tend to be up/down symmetric and the majority of

fluctuation measurements are performed in the vicinity of 8 = 0. The UDS, 0 = 0 limit is,

k, = iz |Vr| (C.16a)
Ps,unit
1/2
k, r| 1 oo\ ”
ky = —4+—— | — — 2 .16b
b ps7unit q R2 + (86) /(K/T) ] Y (C 6 )

where R is the major radius of the flux surface and « is the flux surface elongation. All

quantities in equation C.16 are evaluated at 8 = 0.

Physically, the factor |Vr| in equation C.16(a) scales the k, CGYRO wavenumber to
account for the expansion (|Vr| < 1) or compression (|Vr| > 1) of flux surfaces. On the LFS
midplane the typical situation is compression due to Shafranov shift wherein the physical &,
becomes larger than k, indicating that turbulent structures become radially smaller. In the
binormal direction, equation C.16(b) shows that as flux surface elongation (k) is increased,
the scale factor on k, decreases. This is representative of turbulent structures becoming

larger in the binormal direction as flux surfaces become more elongated [8,62].

Relevance to synthetic DBS diagnostics

In the synthetic diagnostic work presented in this thesis, we make use of Equation C.16 to
convert simulated on(k,, k,) wavenumber spectra to physical wavenumber space, on(ky, k).
As discussed in Subsection 4.4.3, the DBS measurements come from a span of §/7 € [0,0.1].
Work in Subsection 4.4.3 (Figure 4.15) showed that time-averaged potential fluctuations do

not vary significantly over this range of . Similarly, we find the § = 0, UDS wavenumbers
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Figure C.1: Comparison of terms in equations C.15 and C.16 for the case presented in
Chapter 4. In each case we take k, = 1. (a) compares terms in the k,(k,) formula while
(b) compares terms in the ky(k,) formula. The shaded region in each subplot is §/m < 0.1

where all DBS measurements are made.

(Equation C.16) are a good approximation to the general formula (Equation C.15) over this

range of 6.

Figure C.1 provides a plot of terms in the wavenumber equations over the range 0 < 8 < 7
for the case discussed in Chapter 4 of this thesis. In both subplots (a,b) the UDS, § = 0
limits are shown with dashed horizontal lines. It is clear that UDS, § = 0 (Equation C.16)
approximation is very good for /7 < 0.1. Horizontal lines at unity are provided to show
|Vrlg—o > 1 indicating flux surface compression. For the binormal wavenumber (Figure
C.1(b)), the 8 = 0 value is far from unity — suggesting binormal distortion is significant and

an approximation k, = k;p, would be significantly inaccurate.

C.2 Simulation parameters

This section documents the input parameters for nonlinear CGYRO simulations presented
in Chapter 4. Parameters are based on experimental profile fits and a corresponding kinetic

equilibrium reconstruction (kinetic-EFIT). Nonlinear CGYRO simulations were performed
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at the average DBS location of p = 0.67 for DIII-D discharge 189998 at 3005 ms. Table C.1
provides local input parameters for the nonlinear flux-tube simulations. In all simulations we
use the MXH flux surface parameterization [15], the Sugama collision model [16], gyrokinetic
electrons, and E x B-shear. Simulations were performed using GPUs on the National Energy

Research Scientific Computing Center (NERSC) Perlmutter computer, a Department of
Energy Office of Science User Facility using NERSC award ERCAP0029284.

Two categories of simulations were performed during the wavenumber spectrum inves-
tigation: ion-scale simulations and one more expensive simulation (we will refer the more
expensive simulation as the ‘large’ simulation). The large simulation was designed to include
wavenumbers up to the highest measured DBS wavenumber (k, ~ 6) while maintaining suf-
ficient k,-resolution to resolve ion-scale modes. The ion-scale simulations were designed to
capture the transport fluxes (which are peaked at k, ~ 0.4; cf. Figure 4.17). Unless other-
wise noted, simulations used Ny = 24 poloidal angles, N = 16, N, = 8, and 3 gyrokinetic

species (Deuterium, Carbon, electrons).

Ton-scale simulations at were performed with N, = 32 toroidal modes and KY = 0.05
implying a span of 0 < &, < 1.55. These simulations used Nj, = 540 radial modes and
BOX_SIZE = 12 resulting in a 128 x 126p, ynit numerical grid in the radial and binormal
directions respectively. Some lower-resolution ion-scale simulations (particularly for pa-
rameter scans) were performed with N, = 16 toroidal modes, N, = 540 radial modes,
BOX_SIZE = 30 and KY = 0.16 implying a span of 0 < k, < 2.4 and a 96 x 40p, uni¢ grid.
These low-resolution ion-scale simulations were found to sufficiently resolve the transport
fluxes with respect to the Ny, = 32 simulations but were not used for detailed synthetic
DBS investigations. Finally, the large simulation used Ny, = 32 toroidal modes, Nj, = 1536
radial modes, BOX_SIZE = 48 and KY = 0.197 implying a span of 0 < k, < 6.11 and a
125 X 32p5 ynit grid.
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Table C.1: Input parameters for nonlinear CGYRO simulations presented in Chapter 4.

Quantity Value
/L. 0.96
a/Lr, 2.51
a/L,, 1.13
a/Lr, 1.11
a/Ly,. 0.28
np/ne 0.795
ne/ne 0.034
Zeoft. 2.02
Tp/T. 0.76
Veila/cs] 0.126
a/cs [ps] 2.7
8, 7.1 % 103
* = psumit/a 2.65 x 1073

P

q 2.74
s=rd(lng)/dr  1.96
k (elongation) 1.35
J (triangularity) 0.16
¢ (squareness)  -0.01
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