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ABSTRACT OF THE DISSERTATION

Strong Consensus-Seeking in a Model of Social Consensus Formation

by

William Garrett Oakley
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2020

Professor Mason Alexander Porter, Chair

In experiments that date back to at least the 1930s, psychologists have observed the
tendency of subjects to change their beliefs to match those of others. From this observation,
researchers have hypothesized that the beliefs of populations should move towards consensus.
However, despite marked similarities between the beliefs of individuals in social groups, large-
scale consensus is often not observed. This disparity between psychological and sociological
observations, called the “community-cleavage problem”, is one of many problems that have
been examined by researchers through the development and analysis of mathematical models
of belief changes. These mathematical models, often in the form of models for opinion
dynamics or social influence, attract much interest from researchers for explaining how the

behaviors of individuals combine to produce sociological phenomena.

In this dissertation, we draw from psychological studies to develop a consensus model
of social influence. Our model is distinct from most previous models in that (1) it includes
both direct and indirect social influence and (2) it incorporates group interactions of any
number of individuals. We study the convergence time to consensus of our model under

various assumptions on how groups form. In doing so, we make some hypotheses about how
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the size and composition of groups of interacting individuals affect the speed of convergence

to consensus.

In various applications—such as optimizing both marketing and political campaigns and
disrupting the formation of echo chambers in online social networks—researchers have used
mathematical models to develop strategies for influencing opinions. These strategies pre-
scribe how to modify factors like individuals’ opinions, susceptibilities to influence, and
social connections. In this dissertation, we apply our model of opinion dynamics to conflict
resolution, and we propose group-selection strategies for choosing groups of individuals to
meet for the purpose of accelerating convergence to consensus. We show through analyt-
ical estimates, simulations, and examples that our strategies generate an improvement in

convergence time over random choices of groups.
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CHAPTER 1

Introduction

The stage for the modern study of opinion dynamics was set by psychologist John R. P.
French in [ |. He introduced a mathematical model of social influence to “integrate
previous [empirical] findings into a logically consistent theory from which one can derive
testable hypotheses for future research” | |. He built his model from three constituent
sub-models: (1) a model for how individuals change their opinions during interpersonal
interaction, (2) a model of influence relationships between group members, and (3) a model
for the occurence of interpersonal interactions. By fixing sub-model 1, varying sub-models 2
and 3, and observing changes in the steady state of his model, he hypothesized how the final
opinions of individuals in a group depend on social structure and communication patterns.
This strategy of studying variation in a model’s steady state in response to variations in
models of social structure and communication is still the primary method in use to examine

the dynamics of opinions in social networks | , : ].

Unfortunately, the above approach for studying social influence has a major limitation.
Its focus on a steady state as representative of the final opinions of a group limits the
testability of the strategy’s resulting hypotheses. A steady state is an asymptotic state of a
mathematical model, and the time that is required to approach a steady state can be so large
that a mathematical prediction that a system reaches a steady state has limited real-world
applicability. Accordingly, the equating of a steady state with the terminal opinions of a

group requires justification through consideration of the convergence time to a steady state.

Examining the time that is required for the termination of an algorithm is one of the



primary enterprises of computer science | ],! but to our knowledge the study of the
convergence time of social-influence models began recently (e.g. in | , , ,

, , ]). In this dissertation, we continue this recent work on conver-
gence times in opinion dynamics by analytically studying the convergence time of a new
model of social influence. In doing so, we obtain hypotheses that are, in principle, empir-

ically testable. In the following four sections, we elaborate on this and other conceptual

contributions of our work.

Convergence-Time Analysis

In chapters 6, 7, and 8, we study how the convergence time of our model depends on social-
network structure and model parameters. In particular, we show that the convergence time is
linear in the number of nodes for some graphs, and for other graphs, we present evidence that
the convergence time is at best quadratic. The difference between a linear and a quadratic
convergence time can be the difference between an empirically observable convergence to a
steady state and an empirically unobservable convergence. Therefore, in applications, the

distinction between linear and quadratic convergence is critical.

As an example of how one can apply this distinction in convergence times to a sociological
problem, we state the oft-quoted remark by Axelrod, “if people tend to become more alike
in their beliefs, attitudes, and behavior when they interact, why do not all such differences
eventually disappear?” | |. Axelrod’s question of how consensus-seeking behavior in in-
dividuals can result in opinion diversity has been termed the “community-cleavage problem”
[ , , ]. To address this problem, researchers have developed models of social
influence with steady states that correspond to states other than a consensus | |. In
contrast to this line of work, we argue that in some social-influence processes, consensus is

unobserved not because of the model’s asymptotic behavior, but because the convergence

1See Section 2.5 for a partial review of convergence-time analyses of some algorithms that are similar to
social-influence models.



time to consensus is too large.

A Model of Opinion Changes that Incorporates Indirect Social Influence

Models of social influence usually assume that either (1) all individuals in a social network
update their beliefs simultaneously or (2) only a subset of individuals, usually a single node
or dyad (i.e. an adjacent pairs of nodes), update their beliefs (see | ]).2 One attractive
feature of approach 2 in comparison to approach 1 is that the former more closely models
the interpersonal interactions, such as conversations or meetings, within a group. This point
was made by Friedkin and Johnsen in | |, “interpersonal influences do not occur in the
simultaneous way... and there are more or less complex sequences of interpersonal influences

in the group”.

Models that take approach 2 must account both for social influence by individuals who
are directly involved in an interpersonal interaction and for social influence from people who
are not directly involved. Indeed, social influence works both directly through interpersonal
interactions and indirectly through group norms and expectations, imagined interactions,
and many other mechanisms | |. Although the importance of indirect influence has
been acknowledged in the psychological literature at least since the work of Leon Festinger
(e.g. | ]), existing models of social influence that take approach 2 do not account for

indirect social influence.

In this dissertation, we introduce a model of opinion dynamics that includes the effect
of indirect social influence. In our model, individuals seek consensus not only among those
with whom they are currently interacting but also with all of their social connections. We

call this strong consensus-seeking.

2See Section 2.3 for examples of models that make these assumptions.



Group Belief Updates

Direct interpersonal interactions are a key medium for the transmission of social influence
[ |]. Most research in the field of opinion dynamics that has attempted to model in-
terpersonal interactions has focused on pairwise interactions | , ]. However,
the problem of modeling higher-order interactions (e.g. a conversation between three or
more individuals) is attracting increasing interest | ]. In this dissertation, we study
higher-order interactions by introducing a model of individual opinion changes in which

interpersonal interactions can occur between any number of individuals.

Conflict Resolution

An important question in the field of opinion dynamics is how one can influence opinions to
push them toward a specified state. This has been explored in applications to marketing and
politics, such as through investigations of how to optimally use resources to change individu-
als’ opinions or susceptibilities to maximize adoption of a product or support for a candidate
[ , , , , |. Additionally, the question of which individu-
als should be encouraged to become friends to reduce opinion clustering (e.g. in so-called
echo chambers | , , , , ]) has been studied in applications to
online social networks [ , , |. However, in the conflict-resolution liter-
ature, meetings between individuals has been studied as the primary medium for changing

individuals’ opinions rather than through resource expenditure or relationship modification

[ ’ ) ) ) ) ]

In this dissertation, we study the effect of a meeting’s size and composition on the speed
of progress towards consensus. A similar research thrust to ours is the study of opinion-
dynamics models with polarized steady states, in which opinions are clustered around certain

belief values.®> These opinion-dynamics models with polarized steady states have the poten-

3See Section 2.3 for examples of these models.



tial to shed light on why conflicts develop by examining why and how beliefs of individuals
move towards different extremes. However, compared to past efforts, which focused on why

people move apart, we study how to bring people together.

1.1 Outline of the Dissertation

The rest of this dissertation is organized as follows.

Chapter 2

We review the literature of several fields from which we draw inspiration. First, in Section
2.1, we summarize various psychological experiments on both direct and indirect social in-
fluence that inform the modeling of social influence. In Section 2.2, we consider sociological
factors that are important when modeling social structure for the purpose of studying so-
cial influence. In Section 2.3, we discuss some existing models and results in the study of
social influence. We then summarize some models from the field of group decision-making

in Section 2.4. Lastly, in Section 2.5, we discuss related research from computer science.

Chapter 3

We present our model of social influence. The model consists of group belief updates that
are similar in form to those in the models of French, DeGroot, and Friedkin and Johnsen
[ , , |. However, in our model, the updated beliefs of individuals in a meeting
depend on the beliefs of individuals who are not part of that meeting. We intend this feature
of the model to capture indirect social influence, a phenomenon that has been examined in

psychological studies (see Section 2.1).



Chapter 4

We establish some properties of our model, and we provide examples to help explain our
model’s behavior. In Propositions 2 and 3, we write our model in a form that is more
amenable to analysis than the form that we present in Chapter 3. We end the chapter by

considering several examples.

Chapter 5

We describe our general strategy for proving some of the converence results for our model.
In Proposition 11, we derive a recurrence relation for the change in distance from consensus
of individuals’ beliefs. We use this proposition to derive deterministic and probabilistic
convergence times in Propositions 15 and 16, respectively. These convergence times are a
function of a value that we call a “convergence factor”, which depends on how we choose
the meeting groups in our model. We determine the convergence factor for a few examples,
and we end the chapter with some general bounds that we use to derive convergence times

in subsequent chapters.

Chapter 6

We study convergence to consensus when we choose meeting groups uniformly at random
from the nodes of a graph. With this update method, we study how the size of meeting
groups affects convergence time to consensus. We begin the chapter by showing, through
examples and simulations, that the convergence time for small meeting groups is at best
approximately quadratic in the number nodes on some graphs. In Theorem 36, we provide
an upper bound for the convergence time to consensus that is approximately quadratic in
the number of nodes for large meeting groups and approximately quartic in the number of
nodes for small meeting groups. To end the chapter, we present an application of our results

to determining the optimal size of a meeting given various assumptions on the cost of a



meeting.

Chapter 7

We consider strategies for choosing sets of nodes for the purpose of quickly reaching consen-
sus. In addition to being applicable to conflict resolution, these strategies provide insight into
our model by indicating the properties of both successful and unsuccessful meeting groups.
In Algorithm 1, we state a greedy algorithm for choosing meeting groups. We then give
upper bounds for convergence times in Theorems 42, 44, and 48 for three different specifi-
cations of our greedy algorithm. We also consider examples and simulations to determine
lower bounds for the best possible convergence time. Lastly, we use simulations to compare

the performance of our strategies to choosing meeting groups uniformly-at-random.

Chapter 8

We study convergence to consensus when an meeting group is uniformly-at-random chosen
from the dyads of a graph (i.e. from pairs of adjacent nodes). This is a common assumption
in models of social influence, so by considering dyadic updates, we are able to compare the
behavior of our model with that of other social-influence models. We begin with examples
and simulations to illustrate that the convergence time of our model is significantly longer
than those of similar models in the literature. The main result of this section is Theorem

53, which gives an upper bound for the convergence time to consensus.

Chapter 9

In this final chapter, we draw conclusions.



CHAPTER 2

Background

Models of social influence attempt to explain how influence during interactions between
individuals causes the emergence of patterns of belief change in social networks [ ,

|. Although social-influence models are often derived from psychological principles
and are designed to study sociological phenomena, some of them are similar to models that

arise in other fields, such as in group decision-making and in certain areas of computer science

[ ? ? ? ]

In Section 2.1, we discuss observations from psychological experiments on social influence.
We reference these observations in Chapter 3 when we introduce our model of social influence.
In Section 2.2, we discuss some implications of certain social-network modeling choices on
studying opinion dynamics. We consider existing models of social influence that are similar
to our model in Section 2.3, we overview models and methods for group decision-making
in Section 2.4, and we explain some approaches to the “distributed-consensus problem” in

Section 2.5.

2.1 Social Influence in Psychology

Broadly, social influence describes psychological changes in individuals that result from “the
real, implied, or imagined presence of others” | ]. Research into social influence be-
gan in earnest in the 1950s when researchers in group dynamics studied how communication

between individuals in small groups generates opinion changes | |. This focus on in-

10



terpersonal interactions has since given way to a more individualistic focus to understand
“the internal cognitive representations, thoughts, and motivations of isolated social actors
rather than their reactions to real social situations” | |. Combining conceptual insights
from both the interpersonal and individualistic thrusts in social-influence research, recent
work | | has considered how social influence can occur without direct interpersonal
interactions. Such indirect social influence phenomenon is called “implicit social influence”.

While explicit social influence captures influence from the “real...presence of others”,

“...implied, or imagined presence of others” | ].

implicit social influence includes the
As Forgas and Williams wrote, explicit social influence in forms such as conformity, per-
suasion, and obedience are “exceedingly important effects”, but “we now know that social
influence often works not because people are exposed to explicit pressures, but because they
are encouraged to imagine events, experience particular moods, [or]| are subconsciously in-
fluenced by incidental observations” | |. Therefore, a complete study of social influence

should include both its explicit and implicit forms. In this section, we survey psychological

research on both explicit and implicit social influence.

The cornerstone of empirical research into social influence is the observation that the
beliefs of individuals in small groups tend to move towards a consensus from repeated in-
terpersonal interactions. This was first observed by Muzafer Sherif in | ] during his
autokinetic-effect experiment. The “autokinetic effect” is the name of the phenomenon that
humans perceive movement from small stationary light sources in dark, featureless envi-
ronments. In his experiment, Sherif had subjects, who were sorted into groups of three,
estimate the distance that a light seemed to move. For each group, Sherif held several trials
in which he rotated through group members, with a single group member estimating the
movement of a light source while the other two listened. During these trials, Sherif found
that the group members’ estimates converged to a consensus estimate. This consensus was so
persistent that group members continued to perceive light movement that was aligned with

their group’s consensus estimate when they were retested alone 28 days after the original

11



experiment. Sherif’s findings have since been corroborated in similar experiments by others
(e.g- [ : D

Sherif purposely chose the autokinetic effect as the source of beliefs to remove any de-
pendencies (such as prior experience or bias) from his subjects’ beliefs. In the real world,
however, individuals generally have prior opinions, norms, and prejudices that inform their
beliefs, so it is natural to ask whether the consensus formation that was observed by Sherif
carries over to more persistently-held beliefs. Solomon Asch’s experiments on conformity
[ , , ] shed light on this question. In his experiments, individuals in small
groups were shown a card on which three lines of different lengths were drawn (see Figure
2.1). Asch instructed all but one of the group members to say that the same one of the two
shorter lines was longer, while the remaining participant (“the test subject”) was given no
instructions and was not made aware of the instructions that were given to the other group
members. Asch conducted many trials for each group; he used different cards in each trial,
but he always queried the test subject last. Over these trials and with many groups, Asch
found that the test subject answered with the same wrong answer that was given by the
other subjects 36.8% of the time. He also found that 75% of test subjects gave at least one

wrong answer.

Asch’s experiment and other similar experiments (e.g. | ]) illustrated that individuals
can be influenced even when they are confident in their beliefs. Since Asch’s experiment,
researchers have conducted similar studies to Asch’s to go beyond merely illustrating the
existence of social influence. In Asch’s experiment, there are at least two explanations for
why test subjects gave the wrong answer: (1) they considered the answers from the other
participants as sufficient evidence that their perception was incorrect; and (2) they desired
to join the “group” of other participants by giving the wrong answer, regardless of the

correctness of the answer.

Deutsch and Gerard introduced the concepts of informational and normative social in-

fluence in | ] to distinguish between these two possible explanations. In Deutsch and
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Figure 2.1: Example of a pair of cards that was shown in the Asch conformity experiments

[ , : ]. The line on the card on the left is a reference line. [Image from

[Oys]]

Gerard’s conceptualization, a test subject in Asch’s experiment experiences informational
influence when they take the other partipants’ answers as evidence of reality. By contrast,
normative influence occurs when a test subject desires to be in conformity with a group by
providing a certain answer. To test the effects of these different forms of influence, Deutsch
and Gerard conducted several variations of Asch’s experiment. In these experiments, they
varied the amount of contact between test subjects and other partipants, but the information
that was provided by the other partipants was kept constant | |. Deutsch and Gerard
found that the percentage of the time that test subjects joined other partipants in providing
the wrong answer increased sharply with the amount of contact between test subjects and
other participants. From this observation, they concluded that normative influence from a
group increases with the degree of identification of an individual with a group. They also
observed that test subjects provided the wrong answer more often when they were asked to
provide an answer after the card of lines was removed from view. They thus also concluded

that susceptibility to social influence is greater when there is a greater uncertainty in a belief.
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To better understand how normative influence impacts individuals in the real world,
researchers have measured the influence that an individual experiences from their pre-existing
social groups. Blanchard et al. | | observed that students expressed more racist views
after hearing racist opinions and less racist views after hearing anti-racist opinions if the
opinions were expressed by students at their university. However, they did not observe
this effect when students heard opinions of students from other universities. Stangor et al.
[ ] illustrated that this effect is not limited to being in direct personal contact with an
influencer. They had students express opinions about a particular social group after telling
them that other students at their university held certain racial views. Students expressed
more racist beliefs if they were told other students had racist views, and conversely students
expressed less racist beliefs when told that other students held unprejudiced views. Haslam
et al. | ] observed similar results. They asked groups of Australians to estimate
the percentage of Australians with certain attributes (e.g. happy-go-lucky, pleasure loving,
and sportsmanlike) and the percentage of Americans with other attributes (e.g. overly
nationalistic, materialistic, and ostentatious) after either being shown fake information about
the opinions of Australians about Australians and Americans or the opinions of “prejudiced
people” about Australians and Americans. They found that subjects’ estimated percentage
for a given trait was larger if they were told that Australians believe other Australians
or Americans have the trait. However, if they were told that “prejudiced people” believe
that Australians or Americans have a trait, then there was no change in their estimated

percentage.

The studies above give general trends on user behavior during interpersonal interaction,
but individuals do not always change their beliefs. Friedkin and Johnsen | | investigated
how pressure affects whether a group reaches consensus. To do so, they assumed that
individuals have real-valued susceptiblities to influence between 0 and 1, where 0 means that
an individual is not susceptible and 1 means that an individual has no resistance to influence,

and they estimated susceptibility values by fitting parameters in their eponymous model
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[ |. In both high-pressure and low-pressure scenarios, they determined that susceptiblity
follows a bimodal distribution with peaks at 0 and 1. However, with high pressure, 20.8%
of particpants exhibited 0 susceptibility and 70.2% had a susceptibility value of 1; and with
low pressure, 41.9% of participants had a susceptibility of 0 and 24.6% of participants had
a susceptibility of 1. From these results, Friedkin and Johnsen concluded that pressure
substantially increases the likelihood of consensus formation.

The psychological studies that we summarized above are consistent with Festinger’s char-

acterization of the force behind social influence: “

... where the dependence upon physical
reality is low the dependence upon social reality is correspondingly high. An opinion, a
belief, an attitude is ‘correct,” ‘valid,” and ‘proper’ to the extent that it is anchored in a
group of people with similar beliefs, opinions and attitudes” | ]. A similar sentiment
was expressed by Suk Hung Ng in | ]: “[aJn influencee’s resistance...is often embedded in
group norms as much as in individual personality, cognitions, or emotions. Thus to influence
an individual, the influencing party often has to influence the group as a whole.” In general,
individuals appear to seek consensus with others even when reaching consensus pushes them
to compromise their own beliefs. However, the strength of influence is modulated by the

stength of the influencer and influencee’s relationship. With this general picture in mind,

we now survey some research into quantitative aspects of social influence.

In addition to his main result on the existence of social influence, Asch | , ,

| tested the importance of unanimity of a majority in inducing a test subject to give an
incorrect answer. Asch observed that if unanimity of the majority is broken by instructing
a single individual to give the correct answer, then test subjects become much more likely
to provide the correct answer than when unanimity is enforced. Taking this experiment
to its logical extreme, researchers have studied whether minorities are able to change the
opinions of majorities. Moscovici et al. | | showed cards with different shades of blue
to groups of six particpants, and they then asked subjects to name the color on the card.

The researchers instructed two participants in each trial to call every card “green”. In 8.42%
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of the trials, test subjects agreed that every card was green and 32% of the subjects agreed
that at least one of the cards was green. This study and numerous follow-up studies have
demonstrated that minorities are able to influence majorities, but the stength of a minority

group’s influence is less than that of a majority’s [ ].

Many of the studies that we have cited thus far have involved discrete opinions, such as
test subjects’ choices of lines in Asch’s studies | , , |, rather than continuous
opinions, such as guesses about the United States’ current level of debt or about the length
of the border between two countries | |. Therefore, the studies that we have summa-
rized do not shed light on certain issues that are pertinent to continuous opinions. Friedkin
and Johnsen | | investigated how continuous opinions change during interpersonal in-
teractions by observing the initial and final opinions of individuals from group discussions
on various issues. They observed that beliefs very rarely became more extreme than any of
the initial beliefs; in other words, they observed that the terminal beliefs from interpersonal

interactions usually lie in the convex hull of the intial beliefs.

If opinions stay in the convex hull of initial beliefs during interpersonal interactions, then
where in the convex hull will the opinions lie? In particular, what is the magnitude of belief
change that one should expect? McConahay et al. | | conducted a study in which
they exposed college students to favorable information about a certain social group. They
found that more prejudiced students changed their beliefs by a larger amount after exposure
than did less prejudiced students. This observation suggests that, during some interpersonal
interactions with a group of others, individuals with beliefs that are further way from the
mean belief in the group undergo larger belief changes than those with beliefs that are
closer to the mean belief. Mavrodiev et al. | | made a more nuanced conclusion after
conducting a statistical analysis of the data from a study by Lorenz et al. | |, in which
individuals in groups were asked to answer a single quantitative question in each of five
rounds. In some groups, individuals were provided in each round with the mean answer of

another group. From their statistical analysis, Mavrodiev et al. concluded that individuals in
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groups that were provided with the mean guesses of other groups shifted their initial guesses
by an amount that is proportional to the distance of their initial guesses from the mean

[ |. A similar phenomenon was reported in an experiment by Takécs et al. | .

In agreement with these findings on the magnitude of belief changes, investigators have
observed that if individuals are in agreement prior to an interaction, then they are likely
to stay in agreement | ) |. In both | | and | ], subjects were placed
into groups and tasked with solving several problems. When group members unanimously
agreed on an answer to a problem, regardless of whether their answer was correct, the group

members would assume that they were correct and move on to the next problem.

We end this section by summarizing the empirical results that we have discussed. It
has been observed that social influence leads individuals to seek consensus with others even
on strongly held beliefs | , , , , |. The social influence that is
experienced by individuals is both informational and normative, and normative influence
(1) can be felt even without direct contact | : , |, (2) is experienced more
strongly from a group of individuals (assuming that the individuals have similar beliefs to one
another) when an individual who is being influenced has a stronger social connection with the
influencing group | , , , |, (3) is felt more strongly when individuals
have less confidence in their beliefs | ], and (4) is stronger during direct interpersonal
interaction when the influencing group has a greater degree of unanimity | , ,

|. Additionally, individuals can be very resistant to attempts at influencing them
if their beliefs are shared by many others in their social group | , |. However,
pressure to move towards consensus is known to be effective in motivating individuals to

reach consensus | .

We have also discussed that an individual’s opinion change during an interpersonal in-
teraction wtih a group of others seems to occur within the convex hull of the initial beliefs of
group members | ]. More specifically, in some situations, the magnitude of a change in

opinion is proportional on average to the difference between an initial opinion and the mean
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opinion of the group | , , |. A related observation is that opinions of

: -

We will use these observations in Chapter 3 during our development of our model of social

individuals in a group that are initially at consensus do not change after |

influence.

2.2 Social-Network Models

A key task in mathematical sociology is to try to understand how social processes, such
as opinion dynamics, are affected by social-network structure | , ]. To undertake
this task, one must first decide how to model a social network based on the dynamics under
investigation. Even if one decides to use a simple network structure like an undirected graph,
in which nodes are individuals and edges represent mutual social ties, the edges of a graph
can encode many possible sociological meanings | |. For example, edges in a graph
may represent marriages, friendships, relationships in which individuals discuss “important
matters”, occassional or frequent contact between individuals, or a social connection between
individuals who simply know of each other [ |. For studying social influence, edges
that encode certain weak ties, such as two individuals who are simply aware of each others’

existence, are unlikely to be sufficient.

For studying social influence, the simplest and most direct route for defining edges is to
specify that an edge between two individuals means that the individuals can influence one
another. This route was taken by French | ], who defined a graph in which an edge exists
from individual A to individual B if A has “power” over B, where power is the “force which
A can induce on B” | |. A practical problem with this approach is its abstraction: it is
more difficult to collect data on power dynamics than it is to determine concrete social ties
such as friendship, direct contact, and marriage. One can now obtain data on friendships or
frequency of contact, for example, from online social networks | | or radio-frequency

identification (RFID) sensors | | without direct questioning. However, determining
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whether one individual is influenced by another requires more work, such as directly asking
if someone “discuss|es] important matters with” someone else | |. Accordingly, many
readily available data sets represent social networks using graphs with edges that do not
directly represent whether individuals can socially influence each other. A practical question,

then, is if these data sets are viable resources for the study of social influence.

We argue that it is justifiable to study social-influence models on graphs with adjacencies
defined by concrete social ties as long as the social ties are strong | ]. According to
[ |, the strength of an edge is a “combination of the amount of time, the emotional
intensity, the intimacy (mutual confiding), and the reciprocal services which characterize the
tie.” It has been argued (e.g. | |) that individuals who are connected by strong ties
tend to be similar in terms of ethnicity, sex and gender, age, religion, education, occupation,
social class, attitudes, abilities, beliefs, aspirations, and other aspects | ]. This idea
that individuals who are strongly-tied are similar to each other is one notion of homophily
[ |. However, if strongly-tied individuals are similar, then our observation in Section 2.1
that social influence—specifically normative social influence—is stronger between individuals
in the same social group than between individuals in different social groups implies that
strongly-tied individuals experience more social influence from one another than weakly-tied
individuals experience from one another. Another implication of homophily is that strongly-
tied individuals are likely to have similar beliefs. This is due indirectly to homophily with
respect to social groups, because individuals in the same social group—such as those who
have similar religions, educations, occupations, and social classes—are likely to have similar
beliefs | ]. The similarity of strongly-tied individuals has also been observed directly

in experiments | ].

Strong ties have implications beyond the viability of a graph for studying social influ-
ence, as graphs with strong ties often tend to have communities | ]. A community is a

mesoscopic structure! that consists of a set of nodes in which the nodes in the set are rela-

ntuitively, a mesoscopic structure exists neither at the scale of individual nodes nor at the scale of the
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tively densely connected to other nodes in the set and sparsely connected to nodes outside of
the set | |. Communities have been observed to exist pervasively in numerous types
of social networks, including “groups of hunter-gatherers, feudal structures, royal families,
political and business organizations, families, villages, cities, states, nations, continents, and
even virtual communities such as Facebook groups”| ]. The presence of community
structure in graphs of strong ties is sometimes a consequence of homophily, because individ-
uals who are similar to each other are likely to be strongly tied to one another and thereby

to form a community.

To summarize, we have argued that strongly-tied individuals are likely to (1) socially
influence one another, (2) have common membership in a social group, and (3) have similar
beliefs. We have also argued that in graphs whose edges encode strong social ties, community
structure occurs often and nodes in a community often represent individuals who are similar.
In Figure 2.2, we illustrate a graph that agrees with these observations. This graph maintains
its community structure with the addition of a small number of edges between red and blue

nodes.

2.3 Social-Influence Modeling

Mathematical modeling of social influence began with French’s seminal 1956 paper | -
French considered how a simple model of belief changes in which individuals adopt the mean
belief of their social connections behaves on various directed graphs. He assigned a real-
valued belief, which he denoted by yf,t) € R, to each node v and examined how it evolved for

times t € Z>(. He specified that a node updates its belief using the rule

1
(t+1) . 2 : (t)
Yy - Yw' s
|MH(U)| wEMn(U)

entire graph; it exists somewhere in between.
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Figure 2.2: A prototypical graph from the considerations in Section 2.2. Red group members

all have belief 0, and blue group members all have belief 1.

where N, (v) denotes the set of nodes w such that there is a directed edge from w to v. With
this model, French examined several directed graphs and patterns of dyadic interpersonal
interactions that generate movement of beliefs towards consensus (see Figure 2.3). Addi-
tionally, French stated several theorems that provide conditions for the existence of a unique

consensus in his model.

Harary analyzed French’s model in [Har59] and used Markov chains to prove many of
the theorems in French’s paper that were stated without proof. DeGroot [De(:71] studied
a model that is similar to French’s model as a method that could be used by a group of
experts with different initial opinions to come to a consensus opinion. Let V' denote the set
of individuals, and let the weight assigned by v to the opinion of w be denoted by p,,, > 0.
DeGroot assumed that p,,, are non-negative real numbers that satisfy ) i pow = 1, and he
specified that each individual v € V updates their belief in each time step to be the weighted

mean belief of the other individuals:

y = peuy

weV
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Figure 2.3: Opinion trajectories from French’s model | | for various initial beliefs and
graphs. For this figure [Image obtained from | 1], French assumed that all nodes update

their beliefs simultaneously in each time unit. Beliefs fail to converge to consensus for
the disconnected and weakly-connected graphs in this figure, whereas beliefs converge to

consensus for the strongly-connected graphs.

Let V = {1,...,k} for k € Z+, let y® the vector of opinions yf,t) for v € V, and let P

denote the matrix of weights P,, = pyw. In matrix form, DeGroot’s model is
yh = py®) (2.1)

DeGroot gave conditions on the matrix P so that his model has a unique consensus steady

state. His analysis is similar to that of Harary | ] and is based on the theory of Markov
chains.
Friedkin and Johnsen | | introduced a modified version of (2.1) that incorporates

susceptibility to social influence. Let W be a square matrix whose entries are non-negative
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and whose row sums are equal to 1, and let V' = {1, ... k} for k € Z~,. For each v,w € V,
the value W, represents the relative interpersonal influence that is experienced by v from w.
Additionally, let A be a diagonal matrix whose v entry «v, € [0, 1] represents a susceptibility
of v to influence, where a susceptiblity of 1 means that v does not resist social influence and
a susceptibility of 0 means that v does not change its opinion. The model of Friedkin and

Johnsen can be written as
y D = AWy + (1- Ay, (2:2)

where I is the identity matrix and y(© is the vector of initial beliefs. The models of French
and DeGroot are both special cases of (2.2). Setting A to be the identity matrix and setting
W = P results in the DeGroot model | ]. One obtains the French model by also
requiring that the entries in a given row that correspond to directed edges in a graph are
equal and sum to 1. Friedkin and Johnsen | ] have compared the changes predicted by
their model (2.2) with belief changes that they’ve observed in their own psychological studies,
and they have found that (2.2) is a accurate predictor of the mean and the end-of-trial beliefs

of group members.?

The model in (2.2) has important limitations. Sociological questions like how distinct
cultures, such as upper-class and lower-class cultures, develop and are maintained within the
same society [ , | and why polarization in politics occurs | , , ],
are not natural to study with (2.2) using the asymptotic methods that are common in opinion
dynamics. Modelers have instead attempted to gain insight into these questions through the
study of models with clustered steady states. A clustered steady state consists of sets of
nodes with the same beliefs within each set but different beliefs across sets | . A
clutered steady state is called polarized if the steady-state beliefs are more extreme than
individuals’ initial beliefs | ; ]. Two models that have clustered steady states

are the bounded-confidence models of Hegselmann and Krause | | and Deffuant et al.

2See Chapter 4 of | ]
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Another limitation of (2.2) is that it is unnatural to directly model interpersonal inter-

actions that involve a subset of individuals | ]. Other models incorporate local interac-
tions in a more natural way; these include voter models | ) | and threshold models
[ : , |. In the classical binary voter model | : |, an updating node
updates its belief to the belief of a randomly chosen neighbor | |. In threshold models,

a fraction (or number) of neighbors must meet or exceed a threshold for an individual to
adopt a new opinion. Threshold models have been used often to study cascades of social

influence [ ], whereas voter models have been used to study consensus and clustering

[ J

2.4 Group Decision-Making

Researchers in group decision-making create strategies to promote agreement within groups
of decision-makers | , |. A simple example of a group-decision-making strategy
is the Delphi method | , |, which is a process that was developed to be used
by a panel of experts to reconcile differences and reach an agreement. Usually, the Delphi
method consists of a round in which experts anonymously display their initial beliefs on a
topic, followed by a round in which experts revise their beliefs. These two rounds are repeated
until the group moves acceptably close to consensus, at which point the mean opinion of the
experts is taken as the group decision. While opinion dynamics and group decision-making
have many commonalities—indeed, DeGroot emphasized the similarities between his model
and the Delphi technique in | |—opinion dynamics is usually descriptive or generative,

whereas group decision-making usually gives prescriptions for obtaining desirable opinions.

Models of group decision-making generally consist of two processes: (1) a consensus-
reaching process through which group members change their opinions to move towards po-

sitions that are felicitious for agreement; and (2) a selection process, through which group
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members choose agree on an opinion | , |. The consensus-reaching process is
applied first and consists of discussion rounds during which group members modify their
opinions | |. After the consensus-reaching process finishes, the opinion-selection pro-
cess commences and usually consists of two stages: (a) the aggregation of decision-makers’
opinions into a set of acceptable alternatives and (b) the choice of an alternative from an
acceptable set of decision | |. In the Delphi method, the consensus-reaching process is
the repeated anonymous display of opinion by experts and subsequent revision of opinion,

and the selection process is the choice of the mean opinion as the agreement.

The main body of work in group decision-making is concerned with methodologies that
are run by a moderator and do not consider social structure | : : ]. How-
ever, recent work in the field has begun to account for trust relationships, in the form of
a social network, in decision-making | , ]. The newest developments in the
field include a focus on large-scale decision-making (situations in which at least 20 decision-
makers must agree upon a decision) | | and on incorporating models of opinion dy-
namics | ]. The work on large-scale decision-making generally provides detailed recipes
for how a moderator can break up a large group into smaller groups, apply decision-making
strategies to these groups, and then manage the collection of the groups until they all move
sufficiently close to the desired consensus | ]. While it has been said that “[o]pinion
dynamics could be used as a potential tool to develop novel consensus reaching models
in group decision-making, by considering graph structures and the evolution of opinions”

[ |, the inclusion of opinion dynamics into group decision-making is still in its infancy
[ ]

In designing group-decision-making strategies, researchers have acknowledged that con-
sensus is unlikely even though it is often assumed to be ideal | |. This has led to the
consideration of “soft consensus” in addition to “hard consensus”. In a hard consensus, be-
liefs are identical; however, in a soft consensus, beliefs only come “close” to a consensus. The

problem of measuring “closeness” was examined in the literature beginning with the work
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of Kacprzyk and Fedrizzi | , , |, who introduced the concept of “degree of
consensus” to measure the closeness of decision-makers to a consensus. Since then, various
definitions of “degree of consensus” have been developed for various applications, and each
definition was proposed as a way to determine if a group is close enough to consensus to end

a consensus-seeking process and to commence a selection process | ).

2.5 The Distributed-Consensus Problem

The problem of bringing a network to consensus is well-studied in computer science | ].
It arises, for example, in coordination problems in networks of autonomous agents and in
estimation problems with noisy measurements | , , |. Distributed algo-
rithms for these problems tend to fall into one of two categories: gossip-algorithms | ]
and distributed iterations | |. Algorithms in either of these two categories involve nodes
repeatedly passing information to their neighbors; however, algorithms in these two cate-
gories make distinct assumptions about nodal communication. In gossip algorithms, nodes
are required to communicate with no more than one neighbor in each update; by contrast,
in distributed-iteration algorithms, nodes use information from all of their neighbors in each
update | : |. If the consensus that is reached by an algorithm is the mean of the
initial values at the nodes, then we say that the algorithm solves the distributed-averaging

problem.

An important requirement of distributed algorithms is that they cannot use centralized
nodes to facilitate consensus-reaching. This is a requirement for both the updating behavior
at each node and the structure of a graph: each node must update using the same model,
and there cannot be a node that is adjacent to all other nodes and whose removal disconnects
the graph | |. One can implement gossip and distributed-iteration algorithms in two
different ways, based on the times at which the nodes communicate. In sychronous imple-

mentations, each node updates its value simultaneously; in asynchronous implementations,

26



each node updates its value independently of the update times of other nodes | ].

Let G = (V, E) denote a graph with node set V' (with n = |V| denoting the number of
nodes in V') and edge set F, and let x(t) € R™ be a vector that consists of the values that
are stored at the nodes at discrete time ¢. Let W € R™" be a matrix with non-negative
entries W, satisfying W, = 0 if {v,w} € E. A synchronous distributed linear iteration is
given by the equation

x(t+1) = Wx(t). (2.3)

If the matrix W is doubly stochastic, then x,(t) — z(0) for all v € V and z(t) = z(0) for all
t > 0, where Z(t) denotes the mean of the initial values at the nodes | ]. Under these
conditions, one obtains

1,17

1%(0) = 2(0)1n]l2,

2

Ix(0) = 201 < |[W -

where 1,, is the vector of n ones. Letting € € (0,1), one can determine bounds on the

convergence time of a distributed linear iteration by upper-bounding the minimum time ¢

such that
t)—xz(0)1
Ix(t) ~ 5Ol _
[%(0) = Z(0)1n |2
holds for all non-zero x € R™ (e.g. | ]). Such bounds are often put in terms of the

spectral radius

1,17
p| W — - = max {|Amin|, [ Amax|} , (2.4)
where A\Lax and A, are the most positive and most negative eigenvalues of W, respectively
[OT11].

The e-convergence time for a distributed linear iteration can be at least as bad as
O(n?log(e™h)) | ]. Even for modern computers, time complexities of n® are not at-
tractive. Accordingly, in applications in which one is able to exercise a large amount of
control over nodal communcation and/or graph structure, one is often interested in reducing
convergence times by choosing a matrix W. A way to do this is to minimize the spectral

radius (2.4) subject to a constraint that W is doubly stochastic | , ].

27



The worst-case time complexity of gossip algorithms is related to the worst-case time
complexity of distributed linear iterations | |. For asynchronous gossip algorithms in
which the mean value of x(¢) is conserved (meaning that z(¢) = z(t—1) for all t € {1,2,...})
the expected value of x(¢) at time ¢ is given by an iteration of the form (2.3). Because time is
measured by the number of pairwise updates in gossip algorithms, rather than by the number
of entire-network updates as in distributed averaging algorithms, convergence times that one
deduces from (2.3) must be multiplied by roughly n to be translated to the gossip-algorithm

setting [ ].
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CHAPTER 3

A Strong Consensus-Seeking Model of Social

Consensus-Formation

Let G = (V, E) be an undirected graph with n = |V| > 2 nodes and m = |E| undirected
edges. We set V = {1,...,n} and denote the adjacency matrix of G by A. We call v,w € V'
neighbors if there is an edge {v, w} € E, and we call the set of all neighbors of v the neighbors
of v. We denote the set of neighbors of a node v by N (v). The nodes in G represent
individuals, and the presence of an edge {v,w} between two nodes v and w signifies that
the nodes v and w have a strong social tie.! From our argument in Section 2.2, if a pair
of individuals has a strong social tie, then they are likely to socially influence each other.

Accordingly, we make the assumption that all edges in GG are pathways for social influence.

We represent the belief of each individual v € V' at time ¢ by a real number z,(t) € R.
We assume that beliefs change only during interpersonal interactions between two or more
individuals, and we refer to these interpersonal interactions as meetings. We sometimes drop
the dependence of x,(t) on ¢ and write z, when we are not concerned with time. Let x(t)
denote the vector of beliefs of individuals at time ¢; the v*® component of x(t) equals z,(#).

We sometimes refer to the vector of beliefs x(t) as a belief state.

Because beliefs do not change outside of discrete meeting events, our model is event-
based, and we index the meeting events by ¢ € {0,1,...} and call ¢ the (discrete) meeting

time. The belief z,(¢) denotes the belief of individual v immediately after meeting . We call

1See Section 2.2 for more on strong ties.
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the set of individuals who participate in a meeting a meeting group, and we denote a meeting
group at time ¢ by S*. We require that the number of nodes in S?, which we denote by |S?|,
satisfies |S?| € {2,...,n — 1}. As with the belief z,(t), we sometimes drop the dependence
of S* on t and write S for a set of nodes that are participating in a meeting. In Section 2.1,
we cited several psychological studies in which it was observed that individuals often seek
consensus with others even for strongly held beliefs. We now formulate a model for how the
nodes in S* change their beliefs to move closer to consensus with the other nodes in S* as a

result of a meeting.

During a meeting at time ¢ of the nodes in the set S*, we model the belief change of node

v e St by

ot — 9t —1) —x,(t—1)), if St
eu(l)5. ) = ot —1)+ 8 (2951t —1) —2,(t — 1)) (NS 51)
T (t— 1), ifvegst,

where g € [0,1] and Z(t) = ﬁ > vest To(t) denotes the mean belief of nodes in S*. If § = 1,
then updating by (3.1) causes the nodes in S* to reach consensus; if 3 = 0, then the nodes
in S’ do not change their beliefs. We call 3 the degree of consensus, because it controls the
amount of movement of a group towards consensus.? Let 1g(v) denote the function that is

equal to 1 if v € S and that is equal to 0 otherwise. It will be convenient to write the update

rule (3.1) in vector form as
x(t8,5%) = x(t — 1) + (i‘st (t—1)Lg — x5 (t — 1)) , (3.2)
where 1g denotes the vector defined by (1g), = 1g(v) and x%'(t) has components

23 (t) = 2,()1ge (v) .

In Section 2.1, we summarized evidence from psychological experiments that indicate

that (1) after group interaction, beliefs tend move to a position in the convex hull of initial

2We borrow the terms “soft consensus” and “degree of consensus” from the group-decision-making liter-
ature. See Section 2.4 for more on group decision-making.
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beliefs, (2) the magnitude of an individual’s belief change is sometimes proportional to the
difference between an individual’s initial belief and the mean belief of a group, and (3)
influence is stronger during direct interpersonal interaction when the influencing group has
a greater degree of unanimity. The model (3.1) is observation (2); because we have assumed

that 5 > 0, model (3.1) agrees with observation (1).

The model is consistent with observation (3) in the following sense. Fix a degree of
consensus 3 and assume that the opinions of z nodes in S* equal 1 and that |S| — z opinions
of the nodes in S* equal 0. By the model (3.1), a node v whose belief equals 0 undergoes the

belief change
z

2 (118, 8) = e

We consider the set of individuals with belief equal to 1 to be the influencing group. For
progressively larger z, which we consider to be analogous to unanimity increasing, node v
experiences a progressively larger change in belief. Consequently, an increase in the number
of nodes with one opinion causes an increase in the size of the belief change for the nodes of

the other opinion. In this specific sense, we say that our model agrees with observation (3).

The model (3.1) requires a choice of the degree of consensus to fully specify the belief
changes of nodes in a meeting. We model the degree of consensus as the cost minimizer of the
total cost that is incurred by the nodes in S* due to belief differences with their neighbors.
To model this cost, we assume that the cost that is incurred by individual v due to a belief

difference with w is given by %(xv — x,)% Therefore, the total cost that is incurred is

1 n
5 > Aplwy — 1) (3.3)
v,w=1
Let L denote the un-normalized graph Laplacian of GG. It has components

k,, ifw=w
va:

1, if Ay, =1,
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where k, denotes the degree of node v. We expand the vector-matrix product x’Lx as

follows:

1 n
x'Lx = 5 Z A (T — 14)?

vw=1
from which we see that the total cost (3.3) is given by x7Lx.

Let G denote the graph G but with edges between nodes in S added, let A% denote the
adjacency matrix of G, and let L® denote the un-normalized graph Laplacian of G*. We
assume that for the duration of a meeting of a group S of individuals, all pairs of individuals
in the meeting seek consensus with one another. In our model, we capture this assumption
by adding all edges between pairs of nodes in S to the graph G for the duration of a meeting;
i.c., we consider the graph G®. Our motivation in making this assumption are the studies
that we discussed in Section 2.1 that illustrated that individuals in small groups often seek
consensus with one another (e.g. | : : : ) ]). In particular, we cited
evidence that the likelihood to reach consensus increases with pressure to make an agreement

[ |. Therefore, our model may be most applicable when individuals experience pressure

to reach an agreement.

The total cost (3.3) at time ¢ after a meeting with nodes S* and with degree of consensus
[ is then given by
C(x(t]8, S) = x(t|8, SHTL x (|8, S*) . (3.4)

We assume that the meeting group chooses the degree of consensus [ to minimize the cost
C(x(t — 1|8, 5")). We denote the degree of consensus of the group by 5*(¢) and denote the

vector of beliefs after a meeting at time ¢ by x(¢). Our model of belief changes for a meeting

group S! is
x(t) = x(t|8"(t), S"), (3.5)
B*(t) = argmin C(x(¢|3, 5")) .
BE[0,1]

We call (3.5) the group-soft-consensus model and call 5*(t) the optimal degree of consensus.
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We call an application of (3.5) at some ¢t € Z-o an “update”. An update at time ¢
consists of using x(t — 1) and S* to compute x(¢) from the model (3.5) and formula (3.2).
We “simulate” model (3.5) by (1) setting x(0) = x, for some xy € R"; (2) specifying a method
to select a meeting group S*; and (3) updating x(1) from x(0) and S*, then updating x(2)
from x(1) and S?, and so on until we have computed a desired number of updates. We can
use a computer to simulate model (3.5) by calculating values of x(¢) for some finite number
of time steps, or we can consider infinite sequences (x(0),x(1),x(2),...) that we understand
to be the result of using our simulation procedure for an arbitrary number of time steps.
We study the “dynamics”, the “behavior”, or the “properties” of model (3.5) by considering

the mathematical properties of sequences (x(0),x(1),x(2),...) for different choices of x, and
(St)t€Z>O :

The model (3.5) aligns with several observations from the psychological experiments on
normative influence that we discussed in Section 2.1. Normative influence (1) can be felt
even without direct contact | , , , , | and (2) is experienced
more strongly from a group of individuals (assuming that the individuals have similar beliefs
to one another) when an individual who is being influenced has a stronger social connection
with the influencing group | , , , , , ]. The model is
consistent with (1), because the optimal degree of consensus §*(t) takes into account the
beliefs of the neighbors of nodes in S*. We revisit the consistency of the group-soft-consensus

model (3.5) with observation (2) in Chapter 4 after we have proven some properties of the

model (see Remark 6).
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CHAPTER 4

Properties of the Group-Soft-Consensus Model

In Chapter 3, we developed the group-soft-consensus model (3.5) to describe belief changes
during group interactions.! In this model, interacting individuals come to a soft consensus
as a result of explicit influence from other group members and implicit influence from group
members’ social connections. Group members choose a degree of consensus of the soft
consensus by minimizing the cost that is incurred by the group from disagreements with

their social connections.

We show in Chapters 68 that the repeated application of the group-soft-consensus model
(3.5) with certain choices of meeting groups results in convergence to consensus. Using ter-
minology from computer science (see Section 2.5), this means that the group-soft-consensus
model (3.5) solves the distributed-consensus problem. More specifically, we say that the
model solves the distributed-averaging problem (see Section 2.5 and | ]), because up-
dates that follow (3.5) do not change the mean of the values that are stored in the nodes in

a network.

Proposition 1. The mean belief T(t) is unchanged after an update of the form (3.5).

Proof. For any set S C V, we have that (z°15)71,, = °|S| and that

(x) 1, =Y x, =29,

veSs

which together imply that

(7°1g —x*)11, =0.

'We call interactions between two or more individuals “group interactions”.
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Therefore, from the expression (3.2) for x(t|3, S), we obtain
x(t|3,9)" 1, = x(t — 1)"1,, (4.1)

for all 8 € [0, 1]. In particular, (4.1) is true for 5 = §*(t) and S = 5%, so x(t) = x(t — 1) for
allte{1,2,...}. O

We determine the optimal degree of consensus by minimizing the total cost C'(x(¢|3, S))
that is defined in (3.4) with respect to 5. In the following proposition, we write the total cost
C(x(t)|B,S*) in a form that will make it simpler to state the optimal degree of consensus.

For notational convenience, we omit the time ¢ from x(¢|3, S*) and write
x(8,8)=x+p (fsls —X).

Proposition 2. Let k7 denote the degree of node v € V in the graph G°. One can write the
total cost as

C(x(3,9)) = x"Lx + 26C,(x, S) + B%Cy(x, S), (4.2)

where

Ci(x,8) ==Y (k5 + 1)(xy — %) + D> Ayl — %) (x, — 77,

veS veS w¢gS

Ca(x,8) =Y (k§ +1) (z, — 7).

veS

(4.3)

To obtain the optimal degree of consensus, we set the derivative of (4.2) with respect to
B equal to 0 and solve for 3 after making the substitutions x — x(¢ — 1) and S — S*. We
state the optimal degree of consensus explicitly in the following proposition, where we use
the notation 3(x,S) for the optimal degree of consensus when we regard it as a function x

and S, rather than of ¢.

Proposition 3. The optimal degree of consensus as a function of x and S is given by

/

17 —Cl(X,S) > CZ(XaS)
Blx,5) = &k, Ca(x,8) > =Ci(x,8) > 0 (4.4)
0, Cl(X, S) Z 0.
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As a function of t, the optimal degree of consensus satisfies 5*(t) = B(x(t — 1), 5%).

In light of the formula (4.4) for the optimal degree of consensus from Proposition 3, we
study the costs C;(x,S) and Cy(x,S) to understand S*(¢). In the following proposition, we
write C}(x, S) in terms of two costs: C{(x,S), which represents the costs that are incurred
due to changes in belief differences between group members; and C©(x,.S), which represents
costs that are incurred due to changes in belief differences between group members and
individuals outside of the group. We call C{(x,S) the in-group cost and CP(x,S) the out-

group cost.

Proposition 4. With the same setup and notation as in Proposition 2, we have
Ol(xa S) :CII(Xa S)+01()(X7 S)7 (45)
where

Clx8) = 5 3 (o — 1) = ~I5] S (s — 2, (4.6

v,WES veS
C9x,89) = — Z(va ) Z Apw(Ty — ) .
veS wgS

Before we prove this proposition, we state the following lemma.

Lemma 5. Denote the un-normalized graph Laplacian of the complete graph of n nodes by
L,. It then follows that

1
|x — 21,||* = EXTLHX.
We now prove Proposition 4.

Proof. Using the definition of £ and Lemma 5, we calculate that

SO+ V(@ — %) =S (2, =2+ DD A(w, — 2°)°

vES vES veES wES
1
=3 S (e —m) )Y Apla, — 392 (4.7)
v,WES vES wES
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Inserting (4.7) into C(x,.S) from (4.3) yields

Ci(x, S) % S (o= 2+ 303 At = 5% (50— 7° — (30— 7%))  (48)

v,WES vES WwES
1
=0 Y P Y= 25 Y A — ).
v,WES veS wgS

This formula for Ci(x,S) is identical to the formula (4.5) after we use the formulas for
Cl(x,8) and CP(x,S) from (4.6). We prove the second equality for C{(x,S) in (4.6) by
applying Lemma 5. O

We revisit our assertion from Chapter 3 that the group-soft-consensus model (3.5) is

consistent with certain observations about normative influence that we discussed in Section

2.1.

Remark 6. In Chapter 3, we stated that our model (3.5) is consistent with the observation
discussed in Section 2.1 that normative influence is experienced more strongly from a group
of individuals (assuming that the individuals have similar beliefs to one another) when an
individual who s being influenced has a stronger social connection with the influencing group.

We describe why this is true when all nodes in an influencing group have identical beliefs.

Let v* be a node in V', and let S be a set of nodes. We assume that each node in S has
the same belief y, where y € R. We rewrite CP(x,S) in Proposition j as
COx,8) == > (2v—2% ) Avu(zy — )
veS\{v*} wgS

— (e — T°) Z Ay (T — ) — (Tpr — ms) Z Ao (T — Tp) -

weV\(SUS) e(V\S)ns
The only term of the right-hand side that depends on the number of edges between v* and S
is the last term. Using our assumption that x,, = y for all w € S, we rewrite this term as
follows:

(zr —2%) ) AU oo = 20) = (T =2 (@ —y) Y Apeu (4.9)

we(V\S)N we(V\S)NS
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The right-hand side of Equation (4.9) becomes increasingly positive as the number of edges
between v* and S increases if (v, —T°) (1, —y) > 0 and becomes increasingly negative as the
number of those edges increases if (T« — T°)(wy —y) < 0. From this fact, the formula (4.4)
for 5*(t) in Proposition 3, and the formula (4.5) for Cy(x,S) in Proposition 4, we conclude

that more edges between v* and S entails a greater effect of S on B*(t).

In the next two examples, we present graphs in which the optimal degree of consensus

equals 1 for all beliefs and all meeting groups that are not initially at consensus.

Example 7. Let G be the graph of n disconnected nodes; i.e. G contains n nodes and 0
edges. Using Proposition 4, we calculate that 3(x,S) =1 for allx € R™ and S C V such that
at least 2 nodes in S have different beliefs. This implies that §*(t) =1 for allt € {1,2,...}

as long as the nodes in S* do not all have the same belief.

Example 8. Let G be the complete graph with n nodes. Using Proposition 2, we calculate
that
Ci(x,8) = —n) (z, - 1%)° = —Cy(x, 5).

veS
From this equality, we obtain that 5*(t) = 1 if at least 2 nodes in S have different beliefs.

We conclude from these examples that our model behaves identically when nodes are not
adjacent to any other node and when each node is adjacent to all other nodes. In a complete
graph, influence cancels out so that meeting groups are not inhibited from reaching a hard

consensus; in the disconnected graph of nodes, there is no external influence on a meeting.

In the following example, we present a graph and a belief state in which the only possible

agreement of a meeting is a soft consensus.

Example 9. Let G be a graph with n of nodes, where n is even, that consists of two complete
graphs of size n/2 that are disconnected from one another. We call this graph the “graph
of two equally-sized cliques”. Let xo be the belief state that consists of the following values:

all nodes in one of the complete graphs have belief —1, and all nodes in the other complete
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Figure 4.1: Tllustration with n = 8 of the graph of two equally-sized cliques and the beliefs

from Example 9.

graph have belief +1 (see Figure 4.1). Using Proposition 4, we calculate that CP(x¢,S) = 0,

which implies that
Ci(x0,8) = =[5> (z, — 7). (4.10)

veS

Additionally, we stated in Proposition 2 that
Ca(x0,8) = Y (k3 + 1)z, — %)% (4.11)
vES

Because k3 > |S| for any meeting group S that is not contained in the node set of one of the
two complete graphs, we obtain kS + 1 > |S| for such meeting groups S. Comparing (4.10)
and (4.11) and using the fact that k5 +1 > |S|, we conclude that

— Cl(Xo, S) < CQ(X(), S) . (412)

Therefore, 3(xq,S) < 1 for all meeting groups S that are not in the node set of one of the
complete graphs. Additionally, if S is in the node set of one of the two complete graphs,
then C1(xg,S) = 0, which implies that 5(x¢,S) = 0. Therefore, B*(1) < 1, so every group

agreement 1s a soft consensus.
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Additional Proofs

Proof of Lemma 5. Because A,,, = 1 for all ¢ # j, it follows that
x'L,x = ! i Ap(Ty — 1) = ! Z (2 — ).
2 2

v,w=1 v,w=1

Continuing this calculation by adding and subtracting & and expanding the square, we obtain

n

XTLnx:% Z(mv—f+f—xw)2:%(2 > (zy—7)* 42 Z(xv—az)(g‘c—xw)>.

v,w=1 v,w=1 v,w=1

Using the fact that > (2, — %) =0 and > _,(z, — Z)* = n(x, — )?, it then follows that
x'L,x = nZ(wv —7)%.
v=1
We divide this last equation by n to finish the proof. n

Proof of Proposition 2. Let L® be the un-normalized graph Laplacian of the graph G°. Using
the definition of x(f3,.5), we obtain

C(x(B,9)) — x"Lx = 2px"L5 (215 — x°) + f*(z2°15 — x°)L%(z°15 —x°).  (4.13)
We need to show that 2xTL%(7%1g — x°) = Ci(x,S) and (2915 — x%)L% (2915 — x%) =
CQ(X, S)

We first show that 2xTL%(2915—x) = C}(x, S). To do so, we start by writing L(z2°1g—

x%) componentwise:

S s
[Ls(fslg _ XS)]v _ (ks +1)(z Ty), veS (4.14)
- ZweS Avw<js - ZL’w) y U ¢ Sv

where we use the definitions of L®, z°, and x° and the equality

(@ - a) = (2% -2, (4.15)

weSw#v
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to obtain (4.14). When v € S, the definition of k5 implies that > wgs Avw = kS —(|S| —1).

Using this equation, we obtain

> Aprn = Aw(wy — %) —|S|7% + (K + 1)2% (4.16)
w¢gS w¢S
which, in turn, implies that
=Y Avury = (k] + 1) (@, — %) + [S]7° = Y Ay (@° — 7). (4.17)

w¢S w¢gS

Using (4.14) and

Z Ty Z Avw(fs —Ty) = Z(ES — ) Z ApwTow

vgS  weS ves wgs
we calculate that
2XTLS( Sls—x —QZ ks—l—lxv — —22$UZAMU$ — Ty)
veS vgS weS
:2Z<ks+1 ZAvwxw> % — ).
veS w¢gS

Continuing this calculation by using (4.17), we obtain

2x"LY(2°15 —x%) =23 <(kf F 1), - 2%) 4 15125 — 3 A - xw>> (& - z,)

veES wES

O(x.S). (4.18)

We now show that the expression for Cy(x, S) in (4.3) is the same as (7°15—x%)L%(2°15—
x%). We write L® = L|s + Dg + B, where L|s denotes the un-normalized graph Laplacian
of G%g, the complete subgraph induced by S in G, the matrix Dg denotes the diagonal

matrix with entries

v (|S| - 1)7 veS
[DS]U'U - (4]‘9)
0, vé&S,
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and B = L® — L|s — Dg. By Lemma 5, we obtain
(%15 — x*)L|s(z%1s — x%) = |8 ) (z, — 2°)°. (4.20)
veS
The fact that B,,, = 0 when v, w € S implies that
(7515 — x°)B(z°1g — x°) = 0. (4.21)

Combining equations (4.19), (4.20), and (4.21), we obtain the following desired result:

(2915 — x5 LI (215 — x%) = |8 D> (2, — 29 + Y (k5 — 5] + 1)(@, — 7°)°

veS veSs

= CQ(X, S) .
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CHAPTER 5

Convergence to Consensus

In Chapter 1, we stressed the importance of studying convergence times to obtain empirically
testable hypotheses when studying models of social influence. In this chapter, we outline
our strategy for determining convergence times. We begin by defining how we measure the

distance of nodes’ beliefs from consensus.

Definition 10. We denote the distance from consensus of the vector of beliefs x € R™ by

e(x), and we define it with the formula
e(x) = ||x — 71,3

Let x(t) be given by the group-soft-consensus model (3.5). We derive convergence times
by estimating how quickly e(x(t)) converges to 0. As a first step, we state a recurrence

relation for e(x(t)) that describes how e(x(t)) evolves in time.

Proposition 11. Let x(0) = x¢ for some xo € R". The distance from consensus satisfies

the recurrence relation

P esta (@(t) =757 (1))
e(x(1))

e(x(t+1)) = (1 =802 -p5@1) ) e(x(1)) (5.1)

forte {1,2,...}.

Proof. Denote the un-normalized graph Laplacian of the complete graph with n nodes by

L,. We rewrite the definition of e(x) using Lemma 5 and obtain

e(x) = %XTLHX. (5.2)
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From the definition of C'(x(f,5)) in (3.4), we have that

C(x(8,S)) = x(8, )" Lx(8,5).. (5.3)

Combining (5.2) with (5.3), we obtain

C(x(8,9)) = ne(x(5,9)) . (5.4)
For the complete graph, if w ¢ S, then > ¢ Ayy(x, — %) = 0. Therefore,
DY Ave(w — %) (@, — %) = 0.
vES WwES

From Proposition 2 and equations (5.2) and (5.4), we obtain
n(e(x(8,9)) = e(x)) = —nf(2 = )Y _(x, — %) (5:5)
veS
Making the substitutions 8 — 3*(t), S — S*! and x — x(¢) in (5.5) and dividing by n, we
see that

e(x(t+1)) = e(x(t)) = =B"(1)(2 = 8°(1)) Y (x(t) =2 (1))

veStt+l

We put this equation into the form of the recurrence relation (5.1) by rearranging terms. [J

We make the following definitions in preparation for our convergence-time analysis of the

recurrence relation (5.1) in Proposition 11.

Definition 12 (See | ). Assume that Z(x) is a function from R™ to the subsets of V.

Define the per-step convergence factor of x and Z by

e(x(B(x, Z(x)), Z(x)))

ste 5 Z) = y 5.6
st P(X ) €<X> ( )
and define the per-step convergence factor of Z by

Tstep(Z) = SUD Zstep(X, Z) . (5.7)

X#£T1y
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We often abuse notation slightly and use the notation rgep(X,S) and 7sep(S) to mean

the per-step convergence factors of the fixed set S (i.e., Z(x) = S5).

In the following two definitions, we detail what we mean by ‘convergence time’. We

provide notions for the convergence time of both deterministic and probabilistic processes.

Definition 13. Let ¢ € (0,1), and let Z(x) be a deterministic function from R™ to the
subsets of V. Let S* = Z(x(t — 1)). We denote the deterministic e-convergence time of Z
by T'(e, Z) and define it by

T(e,Z)= sup inf (dx—(t)) < e) :

x(0)crn 20 \ e(x(0))
Definition 14 (Definition 1 in | ). Let e € (0,1), and let Z(x) be a random variable
on the subsets of V' for each x € R™. Let S* = Z(x(t — 1)). We denote the probabilistic

e-convergence time of Z by T'(e, Z) and define it by

T(e,Z) = sup inf (Pr (6(X(t)) > (—;) < e) :

x(0)ern 120 e(x(0)) —

It will be clear whether Z is a deterministic function or a random variable from context, so

we omit the terms ‘deterministic’ and ‘probabilistic’ when considering e-convergence times.

To understand how the per-step convergence factor of Definition 12 relates to the e-
convergence times of Definitions 13 and 14, we use the recurrence relation (5.1) of Proposition

11. From this recurrence relation, the per-step convergence factor of Z is

T, — TZ))2
raep(Z) = sup (1 — Blx, 2())(2 = Blx, Z<x>>>z”ez<"’(e(x) : ) -6y
Using 7ep(Z) and Proposition 11, we write
X)) (i (2) 59)

e(x(0))
By equation (5.9), we obtain a convergence time by determining the quantity rgep(Z).
Let log(+) denote the base-e logarithm. For all € > 0, if

log(e)
log (Tstep(Z)) 7
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then it follows that
— e (5.11)

The combination of inequalities (5.10) and (5.11) yields a bound for the e-convergence

time of Z. We summarize this convergence-time bound in the following proposition.

Proposition 15. Let Z(x) denote a deterministic function from R™ to the subsets of V.
Suppose that Tsep(Z) is an upper bound for the per-step convergence factor reep(Z). For all
e € (0,1), we have the following bound for the e-convergence time of Z:
log(€)
T, 7)< ———=.
log(7step(Z))

Proof. This is a result of Proposition 11 and the inequalities (5.9), (5.10), and (5.11). O

When examining non-deterministic Z, we consider only a uniform random variable on
the sets of nodes of a fixed size. Accordingly, we state our general convergence result for

non-deterministic Z when Z does not depend on x.

Proposition 16. Let Z denote a random variable on subsets of V.. Suppose that E [Fstep(Z)]
is an upper bound for the expected per-step convergence factor E [rgep(Z)]. For all e € (0,1),

we have the following bound for the e-convergence time of Z:

T(e.Z) < 2log(€)

= 108 (E Fap(2)) (5-12)

The convergence times in Propositions 15 and 16 depend critically on the function Z that
we use to select the meeting groups S. For some choices of Z, convergence does not occur

or occurs exceedingly slowly; for others, convergence is very fast.

Remark 17. The function x — 1/log(1 — x) satisfies

log(ll— x) a _é o) (5:13)
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as x — 0. Applying (5.13) to the bound of Proposition 15, we obtain

log(e™")

T(e,Z) < ———
( ) 1 _rstep(Z)

+0(1) (5.14)

as 1 — Fsep(Z) — 0. Similarly, applying (5.13) to the bound of Proposition 16, we obtain

2log(e!)
Bl = Fuep(Z)]

T(e,Z) < +0(1) (5.15)

as E[1 — Fsep(Z)] — 07

In the following example, we continue Examples 7 and 8 by calculating the per-step

convergence factor.

Example 18 (Per-step convergence factor for Examples 7 and 8). Let G be the graph of n
disconnected nodes, or let G be the complete graph with n nodes. We stated in Examples 7
and 8 that 5(x,S) =1 for all x € R™ and S C V that includes at least 2 nodes that have
different beliefs. From this fact, one can show that the per-step consensus factor satisfies
Dpes@o — %)

e(x)

for allx € R™ and all S C 'V that includes at least 2 nodes that have different beliefs.

1 — tgep(x,5) =

From the result of Example 18, we conclude that the complete graph and the graph of
disconnected nodes have identical convergence behavior. Additionally, for all x € R™ and all
functions Z from R"™ to the subsets of V', the per-step convergence factors of x and Z for the
complete graph and the graph of disconnected nodes are minimal among undirected graphs.
This is because tgep(x, S) is minimal when ((x,S) = 1, which is the case for the complete

graph and the graph of disconnected nodes.

Furthermore, convergence cannot be faster on a graph than it is for the complete graph

and the graph of disconnected nodes. This statement follows from the equality

) = Tstep(X(1), S*) X Tgtep(X(t — 1), S71) X -+ X 1giep(x(1), S1). (5.16)
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(0%

Figure 5.1: Contour plot of (1 — rgep(Sp))/(1 — Tstep(Se)) from Example 19. The inequality

Bs < p holds in the region that is shaped like an isosceles triangle.

By (5.16), the size of e(x(t))/e(x(0)) is determined by the per-step convergence factors of
x(t) and S*. Because these per-step convergence factors are minimal (among undirected
graphs) for the complete graph and the graph of disconnected nodes, e(x(t))/e(x(0)) is also

minimal on these two graphs.

In the next example, we use our model to consider a toy scenario of how one would choose
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a meeting group to reduce disagreement between individuals in two disagreeing factions.

Example 19. Let G = (V, E) be a graph of n nodes that consists of two complete graphs
Go = Vo, Ep) and Gy = (V1, Ey) that are each of size n/2 and are disconnected from one
another. Let xy denote a belief vector whose components that correspond to nodes in Gy are
0 and whose components that correspond to nodes in Gy are 1 (see Figure 2.2). Denote the

relative size of S by s, and define it by s = |S|/n. Additionally, denote
Vi

n Y
SNV
5]

We note that cs < p.

We consider the size of tsep(X,S) when (1) S is chosen so that the fraction of nodes from
Gy in S is equal to the fraction of nodes in V' that are from Gy (i.e. ¢ = p) and (2) the
number of nodes from G1 in S is equal to the number of nodes from Gy in S (i.e. c=1/2).
Let S, be a subset of V' that satisfies ¢ = u, and let S, be a subset of V' that satisfies ¢ = 1/2.
In Figure 5.1, we plot 1 — tgep(x,.S,) divided by 1 — tgep(X, Se). As indicated in the figure,

this ratio is always less than or equal to 1, so
Zstep(X7 Sp) Z Zstep(xa Se) .

This implies that the distance from consensus after a meeting is smaller if a meeting occurs
with the same number of nodes from each clique than if a meeting occurs with a number of

nodes from each clique that is proportional to the number of nodes in each clique.

Before considering more examples, we state the following lemma.

Lemma 20. Let M be an n X n Hermitian, positive semi-definite matriz with real entries
whose null space contains 1,. Let A\o(M) denote the second-smallest eigenvalue of M, and

let Amax (M) denote the largest eigenvalue of M. The following inequality holds:
Ao(M)e(x) < xTMx < Apax (M)e(x) . (5.17)
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In the following two examples, we use Proposition 16 to determine the e-convergence time

for certain time-homogeneous gossip algorithms (see Section 2.5 and | ).

Example 21. In this example, we consider a “hard-consensus-only” model in which we fix
B to be equal to 1 in the update rule (3.2). Let Uy denote the uniform random variable on
the dyads S = {u,v} in G. We calculate that

El(z, —x,)?  x'Lx

E 1 — tytep(x, Ua)] = 2e(x)  2me(x)’

+S 2

where the second equality uses the fact that Y, s(x, — %)% = L(x, — 2,)*. However, by

Lemma 20,

xTLx 1
— > (L
2me(x) — 2m 2(L).

where \o(L) is the second-smallest eigenvalue of the un-normalized Laplacian matriz. Con-

sequently,

! Ao(L) . (5.18)

E[1 — tsep(x,Ua)] > 5

Using the bound in Table 5.1 on A\o(L) for the path graph, we obtain that

B[~ rep(Us)] > ——

> Ty (5.19)

Our bound (5.18) allows for E[1 — ryep,(Ua)] to be very small for large n.

In Table 5.1, we use the bound (5.18) to calculate upper bounds for the e-convergence
time of various graphs. For the complete graph and the star graph, the convergence time is
approzimately linear in the number n of nodes. By contrast, the convergence may be as poor

as approximately cubic in n for the path graph and the cycle graph.

Example 22. Let U be a random variable that outputs a dyad by (1) selecting a node
uniformly at random and (2) selecting an edge uniformly at random from the neighbors of
the chosen node in step (1). For this example, we maintain the setting of Example 8, except

that we consider the random variable U}, instead of Uy. We denote the expectation with respect
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Graph Lower bound for Ao(L) | Upper bound for T'(e,Uy)
Complete Graph (K,,) n 4log(e M) (n—1)+0(1)
Path Graph (P,) ﬁ log(e Hn(n —1)? + O(1)
Cycle Graph (C,,) ﬁ tlog(e Hn%(n — 1) + O(1)
Bipartite Complete Graph (K, ) min(p, q) 4log(e~1)pgmin(p, q) + O(1)
Star Graph (S,) 1 4log(et)(n— 1)+ O(1)

Table 5.1: We give e-convergence times for the model in Example 21 for various graphs. We
obtained lower bounds for the algebraic connectivity Ay(L) using results from | ]. We
use (5.15) from Remark 17 to obtain the asymptotic expressions for the e-convergence-time

upper bounds. The limit for the asymptotic expressions is n — oo.

to the random variable U}, by E[-]. The probability of choosing the edge {u,v} is
1 /1 1
Puv - Pvu = —\ 7 T )
n(m+m)

ZuweE Puv(zu - xv)2
2e(x) '

from which we obtain

Bl = 2aep(x, Ug)] =

(5.20)
Letting W be the matriz defined by
W=D-P,

where D is a diagonal matriz with entries D,,, = %ZuEV(PUU + Pyy), we write (5.20) as

A

xT"Wx

E (1 — tsep (x,Up)| = o)

In a similar manner as in Fxample 21, we have
E 1 = ruep(@))] = Aa(W)

Applying Proposition 16 then gives the following upper bound for the e-convergence time:
21og(€)
log (1 — )\Q(W))

T(e,U}) < (5.21)

o1



If we let W = I =W, then A\y(W) = 1= o(W). The upper bound (5.21) in terms of Ay(W)
is identical to the upper bound of Theorem 3 in [ /.1

We now present a method for determining a bound for a per-step convergence factor.
Because 0 < 3(x,S) < 1 implies that 2 — 5(x,S) > 1, we obtain
Z’UES(:UU - jS)Q _ _B(Xa S) Cll(x) S)
e(x) S| e(x)
Using the formula (4.4) for f(x,S) from Proposition 3, it then follows that

;

1 — 2step(x,5) > B(%,9)

S LARS 0y(x,8) 2 Cy(x. )
Z'z) (x'U - js)z I
Bl ) =g T maes s 0= -Gl S) < Gulxs) (522
0, —Cl(X,S)SO

\
We consider each of the cases in (5.22) separately. First, suppose that 0 < —C4(x,.S) <
Cy(x, S). Because Co(x,S) = > _o(k7 +1)(z, — %)% and kf + 1 < n, we obtain

Bx,8) Clx.5) _ |8
ST e~ on

Therefore,

so we obtain the estimate

/B(X,S) OII(X7S) > _lcl(X,S)
|S]| e(x) — n oelx)

(5.23)

The estimate (5.23) also holds if —Cy(x,S) > Cy(x,S5) and CP(x,S) > 0, because
C1(x,5) > Cl(x,8) in this case. The case when (5.23) does not necessarily hold is when
—C1(x,5) > Cy(x,8) and CP(x,S) < 0. In this case, using the estimate from (5.22) and
the fact that |S| < n, we obtain

Pes(o — %) 10{(x,5)
e(x) = n o e(x)

A%, 9)

(5.24)

'Boyd et al. [ | used the 2-norm, rather than the squared 2-norm, to measure the distance from
consensus. Using the 2-norm results in a factor of 3 (instead of a factor of 2) in the numerator of the
e-convergence-time bound.

o2



To make it easier to use the bounds (5.23) and (5.24), we introduce the following notation.
Let S<={S CV:Ci(x,9) <0} and S~ = {S € 8 : CP(x,5) < 0}. The sets in S<
are the sets for which the bound (5.24) holds, and the sets in S~ are the sets for which the
bound (5.24) holds but (5.23) does not hold. We define the function

B(x,5) :=Ci(x,9)1(S € S\ 87) + Cl(x,9)1(S € S7).

Combining the estimates (5.23) and (5.24), we conclude that

~ 1B(x,5)

n e(x)

1 — tetep(x,5) > . (5.25)

Let S denote an arbitrary family of sets of nodes (i.e. a set of sets of nodes). In both
Chapters 6 and 7, we will obtain lower bounds for the mean of 1 — zgep(x, S) over a family
of sets § during of our proofs of our convergence-time bounds. By (5.25), we can determine
the mean of B(x,.S) over S to obtain a bound for the mean of 1 — zgep(x, S) over S. In the

following proposition, we state an upper bound for the mean of B(x, S) in terms of an upper

bound for ) ¢ s Ci(x,5).

Proposition 23. Let S be a family of sets of nodes, and let £ € {2,...,n — 1} be a fized
integer. Assume that |S| = £ for all S € S. Additionally, let w(S), where S € S, denote
non-negative weights such that )¢ sw(S) = 1. If there exists a negative upper bound for

the weighted sum
> w(S)Ci(x,5) < =4, (5.26)

Ses
then

Zw(S)B(x,S)S—(ﬁ—l)QCSmin (1,54_€ 1 )7

n —{xTLx
Ses

where we take 1/(x'Lx) = +o00 when xTLx = 0.

To use Proposition 23, we require an upper bound for » ¢ s w(S)C(x,.S). The following

lemma will help us obtain such an upper bound in Chapters 6 and 7.
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Lemma 24. Fiz S CV and x € R™. The following equalities hold:

> Cix 8\ {v}) = (1] = 2)C{ (x. 5) , (5.27)

veS

115 =2 SI(1S] = 2
SRS\ () = o= 3wl —m) + =P, 8),
vES v,WES

Additional Proofs

Proof of Proposition 16. Let Zy, ..., Z; denote identically and independently distributed copies
of the random variable Z. Denote the expectation with respect to the set of random variables
Zy, ..., Z by Ele(x(t))], and denote the conditional expectation given the random variable

Z; by E[-|Z)]. We first prove that
Ele(x(t + 1)) = (E[ruep(2)]) e(x(0)) (5.28)
by induction. Using the fact that x(0) is a constant and Proposition 11, we obtain
Ele(x(1))] = E [raep (x(0), 2)] (x(0)) < E[rstep(Z)] e(x(0)) -

Assume that (5.28) holds for ¢ = 4 — 1. Because e(x(s)) is deterministic given the random

variables Z1, ..., Z,, we have that
Ele(x(s +1))|Z1, ..., Z,] = Eraep(x(3), Z)| 21, ..., Z,] e(x(9)) .

However,

E [rstep(X(3), 2)|Z1, ..., Z,) < sup E[rsep(x(3), 2)] < E | sup 7sep(x(3), Z) | ,
x(s)ER™ x(s)€R™
X(O)J_ln X(J)J—ln

so using the definition of rgep(Z) yields
Ele(x(s +1))] < E[rep(2)] E[e(x(4))] (5.29)

by the tower property of conditional expectation. Using the induction hypothesis in (5.29)
then proves (5.28).
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We apply Markov’s inequality to obtain

e(x(1)) Ele(x(1))]
o <e<x<o>> z ) S e(0)

Therefore, if

E
ex(0)] _
€ - ¢(x(0))
then it follows that
e(x(t))
x(0)) > €. (5.30)
By (5.28), we see that (5.30) holds if (E [ryep(Z)])" < €2. Therefore, (5.12) holds. O

Proof of Lemma 20. We begin with the following inequality:

< inf %> e(x) < xTMx < <sup XTMX) e(x) . (5.31)

xeR"  e(X) xern  €(X)

Because M1,, = 0, we know that M(x + c1,,) = Mx for all ¢ € R. Therefore,
(x +c1,)"M(x + cl,,) = x' Mx, (5.32)

which implies that
x'Mx  (x—71,)"M(x — 71,)

e(x) e(x)

However, e(x) = (x — 71,7 (x — 71,,), so

x'Mx  (x—71,)"M(x — 71,,)
e(x)  (x—z1,)7(x —71,)

(5.33)

The map x — x — z1,, maps R" onto {x € R": x L 1, = 0}, the space of vectors that are

orthogonal to 1,, so applying (5.33) yields

.. xXIMx ., x'Mx
BT e g M >:3)
Similarly,
xTMx
su = Amax(M) . 5.35
sup X =AM (5.5
Equation (5.17) follows from (5.31), (5.34), and (5.35). O
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We now turn to proving Proposition 23. To do so, we first prove several lemmas.

Lemma 25. The following lower bound for CP(x,S) holds:

9%, 8) > — ( )1/2 (—C (x. §)V2(xTLx) 2

Proof. The proof involves two applications of the Cauchy—Schwarz inequality. Our first

application of the Cauchy—Schwarz inequality is

1/2

1/2 2
Z(mv —z%) Z Ap(y — ) < <Z(mv - js)2> Z (Z Apw (2 — xw)>

vES w¢S vES vES \wgS
(5.36)

2
Our second application is to the sum (ngs A (2 — :cw)> from the right-hand side of
(5.36). We write

(Z Ay (zy — xw)> < <Z Avw> Z Apw(xy — 14)* < (0 —|S]) Z A (T — 1)?

wES w¢S wgS
(5.37)

where the last inequality follows from »_ ¢ Ay < n —|S[. The inequalities (5.36) and
(5.37) imply that

n— 1/2 1/2 2
— (9%, 8) < (%) (—Cl(x,8))" (ZZAW(% —ww)Z) . (5.38)

veES w¢S

Note that the sum

Z Z Ap(Ty — 1y)?

veS w¢gS

includes at most one summand (x, — z,,) for each edge {3, j}. Therefore,

Z ZAW(% — 1) < x'Lx,

veS wES
which yields the bound in the statement of the lemma when inserted into (5.38). ]
Lemma 26. Let aq,...,a; be real numbers; and let b; and c; be real numbers that satisfy the

equation a; = b; + ¢;, where b; < 0 and ¢; € R. Additionally, let w; (with i € {1,...,k}) be
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non-negative weights such that Zle w; = 1; and let f be a monotonically non-increasing,
convez function such that f(0) =0 and ¢; > f(—b;). Lastly, let 6 > 0.

We partition the set {i € {1,...,k} : a; < 0} of indices into two sets, A and B, and
define the functions

(

a; , veA
H(Z): b;, veB

0, otherwise
\

and
k

G(A,B):=> wH(i).

=1

The solution to the problem

max G(A, B) (5.39)
A,B,{ai},{bi}

such that iwiai < -0
i=1
is upper-bounded by the solution b to
b+ f(b) =—0. (5.40)
Proof. Because b = a; — ¢; for all i € B, we use the constraint in (5.39) to obtain

icA i€B i€B
We then apply the assumption ¢; > f(—b;) to (5.41) and use the result to obtain
b< —6— ) wif(=b;).
ieB
The function —f is concave, so we apply Jensen’s inequality to obtain

G(A,B) < —6— f (- > wibi) . (5.42)

i€B
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The expression on the right-hand side of (5.42) is largest when B = {1,...,k} because — f
is monotonically non-decreasing and positive. We thus obtain that
> wib < -5 f (— > wibz-) . (5.43)
i€B i€B
Define b := > e wib;. The left-hand side of (5.43) is monotonically non-decreasing in b, and
the right-hand side is monotonically non-increasing in b. Additionally, from the assumption
that f(0) = 0, we see that (5.43) does not hold when we make the substitution b — 0.

Therefore, the solution to

b+ f(b) = -0 (5.44)

is the maximum value of b such that the inequality (5.43) holds. Therefore, G(A, B) < b,
where b solves (5.44). O

Lemma 27. Suppose that S is a set of sets of nodes, where each set is of size £. Additionally,
suppose that w(S) (with S € S) are non-negative weights such that 3 ¢ .sw(S) = 1. Let
0 > 0 satisfy

> w(S)Ci(x,8) < 4,

Ses
and let X < 0 solve the equation

n—/{ 1/2 1/2 1/2
X—( £> (—X)"? (x"Lx) " = —4.

It then follows that
> w(S)B(x,5) < X.

ses
Proof. Once we translate notation, Lemma 27 is a direct application of Lemma 26. Let
S={S1,....,8% ;andlet A=8N(S<\S7), B=8SNS", a; = X1(x,5), b; = X{(x,5;),
¢ = X{(x,8;), w; = w(S;), and

By Lemma 25, ¢; > f(—b;) for all i € {1,... k}.
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From the assumption that

k
Z wia; < =0,
i=1

we see that the solution X to

n—~¥{ 1/2 1/2 1/2
X—( g) (—X)"? (x"Lx) " = 4

is an upper bound of > ¢ s w(S)B(x,S), as desired. O

Lemma 28. Suppose that « solves the equation

a2+a—%20, (5.45)

where v > 0. It then follows that

o> <\/§2— 1) min (7,71/2).

Proof. The solution to (5.45) is

&_—1+\/m
=

We consider two cases:

1. v £ 1. We have the estimate

VIt >14 (V2= 1)y,

which we use in the formula for o to obtain

a>\/§_1

- 2

v.
2. 7> 1. We have the estimate

VITrz1+(V2- 17,

which we use in the formula for o to obtain

21
az\/_z V-
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Because the claim holds in both cases, we’ve proven the lemma. O

Proof of Proposition 23. Suppose that X solves the equation

n—0\"? 1/2
X - ( ; g) (—X)? (x"Lx) "% = =5 (5.46)

from Lemma 27.
When xTLx = 0, we obtain X = —4, as required, so we assume that x’Lx > 0.

Let Y satisfy the equation —X = “2£(x"Lx)Y2. In terms of Y, (5.46) is given by
n—{ n—{

., (xTLx)Y? — 7 (xTLx)Y = -6,
from which it follows that
1 1
-Y?-Y=-4 : 4
n—{xTLx (5:47)

By Lemma 5.45, the solution Y to (5.47) satisfies

B 1/2

YZ\/§1min54£ 1’5451 |

2 n — ¢ xTLx n — ¢ xTLx

which we rewrite as
1\ a1\
Y > ( 2 1) in (1, (6—— .
> (V2 (6n—€XTLx) — < ’ <5n—€xTLX)
Because —C' = £ (x"Lx)Y?, we obtain
n—~{ 2 14 1 4/ 1
—C > TL(2—1> —— Jmin(L,6— ———
= 1 (L) (V2 (5n—£XTLx> — ( ’5n—€xTLx>
2 20 1
= (v2- 1) in (1,0—— .
<\/_ 0 min ( ’5n—€xTLx>

We now apply Lemma 27 to complete the proof of the proposition. O

Proof of Lemma 24. For fixed i,j € S, exactly |S| — 2 distinct sets S \ {v} include both

nodes ¢ and j. Therefore,

Sclxs\ =33 Y i-n)=(8-2ClxS),

veS i,j€S veS:,jeS\{v}
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which is the first conclusion of the lemma.

We rewrite Y., o CP(x, S\ {v}) as follows:

vES

> CP(x, S\ {v})

vES

== > (w2 A () = YD (= 2N Ay —xy) . (5.48)

veS ieS\{v} veS ieS\{v} Jé€Ss
Note that
> (@i = 2N Ay (s — ) =) (s — 2NV A (25 — 1) (5.49)
1€S\{v} 1€S

and

SOS A — ) = % S Auls — 1)? (5.50)

veES €S v,1€S

Using (5.49) and (5.50), we obtain

Z Z S\{v} — xv = Z Aw T; — ZEU>2 + Z Aiva\{v}<xv - xl) . (551)

veS i€S\{v} v,i€S v,i€S
We then use

IV S | B
! S[—1" T s[—1

to rewrite the last term in (5.51) as follows:

1 1
Aivj;S\{U} (l‘v - :L‘i = wav Ty — xz) i — Aw(mz - :EU)2
> S Ly

v,4ES v,4ES
(5.52)

Combining (5.51) and (5.52) yields

S S (- N Ay (- ) = ;}g:_lew vy — 1y)?. (5.53)

veS €S\ {v} v,4€S

We now rewrite the second term of the right-hand side of (5.50). First, we write the sum

over S\ {v} as follows:

> (= 2NN Ay

1€S\{v} Jjés
= (2= 2N " Ay — x) — (2, — 2NN Y Ay, —35) . (5.54)
icS jés JES
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Because Y. o 25\ = [$]2%, we find that

Do (=Y T Ay — ) = |S1CF (%, 9). (5.55)
ves ies ¢S
Additionally,
T #5\vr — ’S||S—| | (xy — S?S) ,

which we use to obtain

E (2, — 25\ E Ayi(zy, — ) = 151 C9(x,9). (5.56)
: S| —1
ves jgs

Summing (5.54) over v € S and inserting (5.55) and (5.56) into the resulting expression, we

obtain
S|(|S] —2
S (=Y A — ) = %C?(X, S). (5.57)
vesS ieS\{v} jéS | | -
Equation (5.27) results form inserting (5.53) and (5.57) into (5.48). O
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CHAPTER 6

Convergence to Consensus with Uniform-at-Random
Meetings
Let U, denote the uniform random variable on the subsets of V' of size £. We seek to

determine an upper bound for the e-convergence time T'(¢,Uy). As a result of Proposition

16, the e-convergence time T'(e, Uy) satisfies

2log|(€)
T(e,Up) < 108 (E [Fstep (Ur)])

where E [Fep(Ur)] is an upper bound for the expected per-step convergence factor E [rgtep (Us)]
(see Definition 12 in Chapter 5). We need to determine an upper bound E [Fsep, (Uy)] to prove

an upper bound for T'(e, Uy).

We consider some simple graphs in the following examples to gain intuition about T'(e, Uy).

Example 29. Suppose that G is either the n-node complete graph or the graph of n discon-

nected nodes. In Example 18, we determined for both of these cases that

ZUES(;UU - js)2

1 — 2gep(x,5) = ™)

(6.1)

for all S CV. We calculate that

D [Z(% - :7;5)2] = B | S (- a)?

veS v,weS

ZL(Z;Q) Z (xv_xw)zz E_le(x),

Z) v,weV

where we use Lemma 5 in the last equality. Therefore, for all x € R™, it follows that

-1
E [1 — Zstep(xa Ug)] = m s (62)

63



Figure 6.1: The (n — 1)-to-1 graph for n = 9 and the beliefs of Example 30.

which implies that E[1 — r4ep(Ue)] = (€ —1)/(n —1). For all e € (0,1), it then follows from
Proposition 16 that

2log (¢)
T(e,Up) < m

n—1

(6.3)

Using (5.14) from Remark 17, this upper bound satisfies

21og (e)

2B olog(e Y2 1001
e (o 2y = 2losle )7 + 0

as {/n — 0. Therefore, the e-convergence time increases approzimately as n/¢.

The per-step convergence factor zgep(xX, S) is maximized if f(x, S) = 1. Because f(x, S) =
1 for all x € R” and S C V when G is the complete graph or the graph of disconnected
nodes (see Example 18), we deduce that E [rye,(Up)] is maximal among undirected graphs for
these two graphs. Therefore, the bound (6.3) from Example 29 is the minimal bound among
undirected graphs of n nodes that one can obtain using Proposition 16. In the next example,
we present a graph with a per-step convergence factor of U, that cannot be bounded by a

term that is linear in ¢/n.

Example 30. Let G be a graph (see Figure 6.1) that consists of a complete graph G = (V, )
of n — 1 nodes and a single disconnected node v. We call this graph the (n — 1)-to-1 graph.

Let xo € R, and let the w™ component of xo be equal to 0 if w # v and be equal to 1 if
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w = v. For all sets S of nodes that do not include v, the per-step convergence factor is 0
because the set of nodes is already at consensus. Assume that S includes v and ¢ — 1 other
nodes. We calculate that C{(xo, S) = (€ — 1), CP(x0,5) =0, Ca(x0,5) = S (n+ (¢ — 1)),
e(xg) = (n—1)/n, and

. _ ] 62 _ 52
F7(t) = min (1’n+€(€—1)> T ari=1)

Therefore,

B I (-1 n
L= Totep(Xo, 5) = (2_n+€(€—1)) ntll—n—1

The fraction of sets of size { that include v is {/n. Consequently, E[1 — rsep(x0,S)] is given

by
02 0 —1) n /
E[1 — 7step(Xo, =12- —. A4
1= Titep(x0, U2) ( n+€(€—1))n+€(€—1)n—1n (64)
With ¢ = 2, using (6.4) yields the following estimate:
8n 12
E[l1 - = < —.
[ Tstep(xth Us)] (n—1)(n+2)2 ~ n2
Therefore, the per-step convergence factor satisfies
12
E [rstep<X07 UQ)] Z 1-— ﬁ y (65)

and hence E [rgep(Us)] > 1 — % From (6.5), it is not possible for the per-step convergence
factor of Uy to be linear in ¢/n. The relatively large size of the per-step convergence factor
of Uy in (6.5) results in a relatively large bound for T'(e,Us) when using Proposition 16. It
follows from (6.5) that

21
Tle, U) < —08L)

S e (6.6)

The upper bound in (6.6) satisfies

21og(€)
Traol(1 — 123\

log(1 — 2) = 24log(e)n” + O(1)

asn — oo by (5.15) in Remark 17.
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Figure 6.2: Simulated expected value of T'(e, U,) with € = .0001 for the (n — 1)-to-1 graph in
Figure 6.1 and the graph of two equally-sized cliques in Figure 2.2. The black dotted curve
is a quadratic that we plot to show the dependence of the e-convergence times on n (the

number of nodes).
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Figure 6.3: Simulated expected value of T'(¢, U;) with e = .0001 for graphs that we obtain by
starting with two 250-node complete graphs G = (V4, E1) and Gy = (V3, Ey) and adding an
edge with probability p for each pair of nodes v € V; and w € V5. We label the data point
that corresponds to the graph with 62 expected edges {v,w} such that v € V; and w € V4.
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We show plots in Figure 6.2 of simulated expected e-convergence times with ¢ = 2 and
e = .0001 for the (n — 1)-to-1 graph of Example 30 and for the graph of two equally-sized
cliques (see Figure 2.2). Our procedure for simulating expected e-convergence times is to
(1) record the number of meetings until e(x(t)) < e for 100 simulations of the group-soft-
consensus model (3.5) with uniform-at-random choice of meeting-groups and then (2) take
the mean of the recorded numbers of meetings. We run each simulation with an initial belief
vector xq for which nodes in the same connected component have the same belief, but nodes
in different connected components have different beliefs. In Figure 6.2, we plot the expected
e-convergence time for various values of n. As shown by the curve E [T'(¢, Uy)] = 1.139n?,
which we obtain by fitting a polynomial to the simulation data, the simulated expected
e-convergence time is approximately quadratic in n for both graphs. In Example 30, we
concluded that we cannot determine an upper bound for the e-convergence time of the form
n* for k < 2 using Proposition 16. This result and the quadratic dependence on n in the
simulation in Figure 6.2 provide evidence that the worst-case e-convergence time is at least
O(n?) for £ = 2.

We consider whether the quadratic dependence on n for graphs with more than 1 con-
nected component that we found in Example 30 and in our simulations in Figure 6.2 also
occurs in graphs with a single connected component. Let n be a positive, even integer.
Let G(p) be a graph that we obtain by taking two complete graphs G; = (V;, Fy) and
Gy = (Va, Es), each of n/2 nodes, and independently adding an edge {v,w} with probabil-
ity p between each pair of nodes v € V; and w € V5. In Figure 6.3, we show a simulated
expected value of the e-convergence time for various values of p. For each value of p, we
use the same procedure to simulate expected e-convergence times that we used to obtain the
simulated expected e-convergence times in Figure 6.2, except that we randomly generate a
new graph G(p) at the beginning of the 100 simulations. For each simulation, we use the
values € = .0001 and n = 500. Our simulations yield an expected e-convergence time of

281,398 for the graph of two equally-sized cliques; whereas for G(p), with p selected so that
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the expected number of edges in G(p) is equal to 62, they yield expected e-convergence time
of 223,280 (see the data point labeled “62 edges” in Figure 6.2). By contrast, we find an
expected e-convergence time of 4,635 for the complete graph (G(p) with p = 1) with our
simulations. Even with p chosen so that hundreds of edges are expected between GG and G,

we observe simulated expected e-convergence time of more than 100,000.

We now prove an upper bound for the e-convergence time. To begin, we use (5.25) to

bound E [zgep (%, Ur)] as follows:

B[B(x, U]

Bl = #ep(x,Up)] 2 —— = e(x)

(6.7)

If we can determine E [C}(x,U,)], then we can use Proposition 23 to determine an upper
bound of E [B(x,U,)] by a negative number. As a consequence of (6.7), we then obtain a

lower bound for E[1 — tgep(x, Ur)]. We begin by calculating E [Cy (x, Uy)].

Lemma 31. The following equalities hold:

E[Cf(x,U))] = —igj: 11))e(x) , (6.8)
E[CP(x,Up)] = _%XTLX. (6.9)

Combining the two equalities in Lemma 31, we obtain

E[Ci(x,Up)] = —% (ﬁe(x) 4+ ; KXTLX> : (6.10)

By (6.10), if we set
=1
T n-—1

J

<€e(x) o= ngLx) ,

n

then (5.26) from Proposition 23 holds. Therefore, by Proposition 23, we obtain the following
bound:

n—1 n

X min (1, 5;11 (Ee(x) + = KXTLX) e 1 ) . (6.11)

n n—{xTLx

E[B(x,9)] < — (\/5 — 1)2 -l <€e(x) + o= EXTLX>
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Let ¢ = ¢(n,x) be the solution of the equation

4000 — 1) (ed@ +n—€):1 (6.12)

(n—20)(n—-1) \ xTLx n

for x'Lx > 0, and define ¢(n,x) = 0 for x'Lx = 0. We use ¢(n,x) to obtain

—\/5—12;1 le(x) + “xTLx) , n—1>0>/{(n,x
(VI 1) (L) L (fe(x) + 2=EXTIX), fnyx) > €3 2.
(6.13)
from (6.11).
Inserting (6.13) into (5.27), we obtain
E [1 — Zstep(x, UZ)]
2
1| (V2=1)" £ (le(x) + =£xTLx) , n—1>40>0(n,x
[ ) -

4 (\/5— 1) (3;11)2 L (le(x) + nT_éXTLX)Q , l(n,x)>10>2.

n—

We study the function ¢(n,x) to understand the bound (6.14) further. Denote s := ¢/n
and « := x"Lx/(ne(x)). Note that 2 < ¢ < n — 1 implies that 2/n < s < (n —1)/n and
that 0 < xTLx < ne(x) implies that 0 < a < 1. We write the equation for ¢(n,x) in (6.12)

in terms of s, a, and n to obtain

D (e0-0) -1 @

Let s(n, ) denote the solution for s to (6.15) for n € {3,4,...} and a € (0, 1], and define

s(n,0) = 0. For a € (0, 1], let s(oo, ) denote the solution for s of the equation

45 /s
SN ):1
1—s(a+( ) ’

which we obtain by letting n — oo in (6.15). For a = 0, define s(oc0, a) = 0. By explicitly
calculating derivatives, we see that the function s(n, ) is monotonically non-increasing in n

and monotonically non-decreasing in « for (n,a) € {(n,a) : n > 3,a € [0,1]}. Additionally,
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s(00, @) is monotonically non-decreasing in « for all a € [0,1] and s(oc0, ) < s(n, «) for all

n € {3,4,...}. By rewriting the bound (6.14) in terms of s and «, obtain

E[1 — ep(x, Ur)]

§ (V2=1) =t (s + (1= 5)a), (n=1)/n2s2sn.a) (6.16)

4(vV2 - 1)2 <i:%>2§(s+ (1—-s)o) (£ +a), s(na)>s>2/n.

To understand the behavior of the bound (6.16), we segment (a, s)-space into three

regions (see Figure 6.4):

e Region I = {(o,s):a € (0,1],s > s(3,a)}
e Region II = {(«,s) : @ € (0,1],5(3,) > s > s(o0, )}

e Region IIT = {(«, s) : @ € (0, 1], s(00, ) > s}

Because s(n, ) is monotonically non-increasing in n, we have that s(3,«) > s(n,«) for all
n € {3,4,...} and o € (0,1]. It follows that s > s(n,«a) for all n € {3,4,...} in region L.
Therefore, the top case of (6.16) holds in region I. In region II, the value of n determines
which of the two cases of (6.16) holds. Because s(n,a) > s(oo, a) for all o € (0, 1], we have
that s(n,a) > s. Therefore, s(co, @) > s in region 11, so the bottom case of (6.16) holds in

region [II.

The bound (6.16) depends on n. We obtain a bound that is independent of n by consid-

ering the limit n — oo of (6.16).

Proposition 32. For all n > 3, the expectation of the per-step convergence factor of x and

U, satisfies the following bound:

Bl1 -t )+ 2 4 V2 Sl ), 1> 52 s(o0.0)

C
n =

4(\/5—1)2§(S~|—(1—s)a) (%_S—i—a), s(oco,a) > s >0,
(6.17)
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Figure 6.4: Regions I-11II that we use to understand the bound (6.16) (see the main text for
details). We include the curves s = 0.5/« and s = 0.39{/« to illustrate the shape of the

curves s = s(3, ) and s = s(00, a), respectively.

where ¢ > 0 is a constant and s(co, ) is the solution for s of the equation

4s* /s
S ):1,
1—s<a+( S)

if a € (0,1] and s(oco,a) =0 if a = 0.

The bound (6.17) from Proposition 32 simplifies greatly when G is the complete graph.

Example 33. Suppose that G is the complete graph with n nodes. Applying Lemma 20 and
using the fact that A\y(Ly,) = Amax(Ly) = n, we obtain o = 1. Therefore, by Proposition 32,

the expectation of the per-step convergence factor of Uy is bounded for some constant ¢ > 0
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as

(\/5—1)28, 1> s> s(c0,1)

E1 = raep(Ug)] + (6.18)

Slo

4(\/5—1)215—_38, s(00,1) > s> 0.
The dependence on s of (6.18) is the same as (6.2) from Example 29 when s > s(oo, 1).
However, the bound (6.2) is a much better bound for s < s(oo,1). Therefore, the bound

(6.17) from Proposition 32 is not sharp.

We can use Proposition 32 to derive an upper bound for T'(¢, U;). However, we can obtain

a better upper bound by combining Proposition 32 with another bound that we now derive.

Recall from Chapter 5 that S< = {S C V : (4(x,5) < 0} and S~ := {S € S :
C9(x,9) < 0}. Let
E=[f(U)] :=E[f(U)L(U, € §7)]

and

E™[f(U)] :==E [f({U)1(U, € §7)] .

Applying the inequalities
B(x,5) > Ci(x,9)1(SeS<\S8)

and E< [—C1(x,U,)] > E[—C}(x,Uy)] to the bound (5.25), we obtain

Bt =t U] 2 2o o], (6.19)
Alternatively, we can use the bound
B(x,5) > Cl(x,5)1 (5 € §)
in (5.25) to obtain
IR PR L (6.20)

Using the two bounds (6.19) and (6.20), we deduce the bound for the per-step convergence

factor of U, that we state in the following proposition.
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Proposition 34. The expected value of Tsep(Ue) satisfies the bound

20— 1)?
2
E[l = rgep(Ue)] 2 T 2= 1)

B o —1)
Tr = <1 + m)

where

1 c
E[1 — reep(Ur)] > 134 - (6.21)
for some constant ¢ > 0.
Proof. We note that
—1
s+1/n 1
_ >
o ( T+ 1/n> 2
and that there exists a constant ¢ > 0 such that
(0 —1)? ,(s—1/m)? _ 4
= > —1/n)?>st— =,
ey R A G AL B
We combine these these two inequalities to complete the proof. O]

Using the bound (6.17) from Proposition 32, we obtain the following bound:

E[1 — raep(Ue)] + (V2-1)"s%, 1>s52>s(00,1)

3|0

4(\/5—1)21{’8, s(00,1) > s> 0

for a constant ¢ > 0. Combining this lower bound with the lower bound in Corollary 35, we

determine that

. (V2—1)"s%, 1>s>s(c0,1) (6.22)

st s(00,1) > s >0

E [1 — Tstep(Ug)] +

Sio
=

for a constant ¢ > 0. Using (6.22), we obtain the e-convergence time bound in the following

theorem.
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Figure 6.5: Simulated expected value of the e-convergence time with ¢ = 0.0001 for the
(n — 1)-to-1 graph for n = 100, n = 500, and n = 1000. In each simulation, the component
of the initial vector xy that corresponds to the isolated node is equal to 1 and all other
components are equal to 0. The black curve is the bound from Theorem 36. We hypothesize

that the irregularity in the curves of simulation data near s = 1 arises from finite-size effects.

Theorem 36. There exists a constant ¢ > 0 such that for alln > 3 and all € € (0,1), the

e-convergence time T (e, Uy) is bounded as

2log(€)
(i —(va_r) ) L > 52800 1)

2log(e)
log(1+%fis4) ’

T(Eu UZ) <
s(00,1) > s> 0,

where
1
s(o00,1) = 3 <\/17— 1) :
Proof. We obtain this bound by using (6.22) in Proposition 16. O

In Figure 6.5, we plot simulated expected values of e-convergence time as a function of s
for the (n — 1)-to-1 graph for n = 100, n = 500, and n = 1000. Our procedure for obtaining
these simulated exected values is the same as for the simulated expected values in Figure

6.2. We also plot the bound of Theorem 36.
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Figure 6.6: Simulated expected value of the e-convergence costs for cost(S) = (|S|/n)* with
k € {1,2,3,4}. We carry out simulations on the (n — 1)-to-1 graph (see Figure 6.1) for
n = 100, n = 500, and n = 1000. In each simulation, the component of the initial vector xq
that corresponds to the isolated node is equal to 1 and all other components are equal to 0.

We use the value € = .0001.

We end this chapter with a toy application of our model to determining the optimal size
of a meeting in an organization. Researchers in organizational science have identified the
size of a meeting as a key determinant of meeting success [DS82, DVO4 RNO1]. On the one

hand, Michael Doyle and David Straus [[D582] proposed that meeting sizes of two to seven
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are optimal for problem solving and decision-making meetings. On the other hand, Jeanine
Drew and the 3M Management Team | | suggested that five or fewer is optimal for the
same types of meetings. To complement this prior empirical evidence on optimal meeting
sizes, we use simulations of the group-soft-consensus model (3.5) to investigate which meeting
sizes are optimal. Assume that the cost of a meeting takes the form cost(S) = (|S|/n)* for
k € Z~o. We define the e-convergence cost as the total cost of the meetings that is required
for the distance from consenus to become no larger than e. Assuming that each meeting is
of size £, the e-convergence cost is equal to (%)k T(e,Uy). In Figure 6.6, we plot a simulated
expected value of the e-convergence cost for k € {1,2,3,4}. Our simulation procedure is the
same as for Figure 6.2. For k = 1, our simulations suggest that larger meetings are better.
For k = 2 and k = 3, our simulations suggest an optimal meeting-size that is small but

larger than 2. For k£ = 4, our simulations suggest that dyadic meetings are optimal.

Additional Proofs

Proof of Lemma 31. For each node pair v,w € V, there exist ( ) subsets S of size £ in V'

(-2

that include both v and w. Using the definition of expected value, we obtain
1 (m—2\1 Lo —1) <
ECJ U, = — 5= = v_w2: N v_w2'
[Ci 6, U)] (;})(6—2)22@ o) 2n(n—1)z(x 7o)
3,7=1 7,7=1
This proves (6.8).
We prove (6.9) by deriving and solving a recurrence relation. The expected value

E[CO(x,Uy)] is

E[CO(x,U)] = Z D (@ = 7%)) Apul(ay — 20).

SCV vES w¢S
|S|=¢
We rewrite this expectation in terms of the sum over sets S C V of size £ + 1 to obtain

E[CIO(X,UK)}:— g S5 Y @ —-2 S A(e, — ),

\Sfcv veS veS\{v} wgS\{v}
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where the factor ﬁ occurs because there are n — ¢ subsets of V' of size £ + 1 that include a

fixed set of size ¢. Using the definition of C’lo (x,5\ {v}), we thus obtain

E[CO(x,U)] = n_£ > fx 5\ {v}). (6.23)
SCV  wveS
|S|=t+1

Using Lemma 24 in (6.23), we obtain
E [CY(x,Up)]

_ v <_€_71 3" Al —24) + EFDE=D pory S)) . (6.24)
SCV

l
v,WES

We write the first term on the right-hand side of (6.24) as

it S At a6

SCV  vweSs 1,j=1
|S|=0+1

n—2
/—1

w and that (3-7)/ ((})(n—0)) = (£ —1)/(n(n — 1)).

where we use the fact that there are ( ) sets of size ¢ + 1 that include both nodes v and

We write the second term on the right-hand side of (6.24) as E [C(x, Ust1)] to obtain
1 1 (+ 1 l—
my o ( Z CO = 7 E [C (X, Ug+1)} s (626)
() n SCV
|S|=t+1

where we simplify using the fact that (¢ 4+ 1)(¢ — 1) (g_ﬁl)/ ((3)(n—10)) =5 We use (6.25)

and (6.26) to write (6.24) as

o (-1 & s (—1 o

E [Cl (X, U[)] = —m ZJZI Ayw(l’v — l’w) -+ T E [Cl (X, Ug+1)] . (627)
We obtain (6.9) by solving the recurrence relation (6.27). O

Proof of Proposition 32. Let

(VZ-1)" 5 (s + (1 5)a), 1—y>s>s(y,a)

F(y,a,s) =

4(\/5—1)2 = y>2§(s+(1—s)a)(ﬁ+a), s(y,a) > s> 2y,
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where y € [0,1/3] and s = s(y, «) is the solution of

T )

Let

F(O[,S): (\/5_1) S($+(1—S)Oé), 1>SZS(OO,CY)

4(\/5—1)2§(5+(1—3)a) (+=+0a), s(o,a)>s>0,

1-s

where s = s(00, a) is the solution of

Denote

R:={(y,a,s):y € (0,1/3], « € (0,1], s € 2y, 1 —y|} .

We prove that there exists a constant ¢ > 0 such that
F<y757a> - F(S,O{) < cy

for all (y,a,s) € R.

(6.29)

(6.30)

(6.31)

For the rest of this proof, it is useful to introduce some notation. Let s !(s) denote the

inverse function of s = s(co, ), and let s3'(s) denote the inverse function of s = s(3, a).

Define

and define

R = {(g, ) 1y € (0,1/3],0 € (0,1], max {2y, 5(3,0)} < s <1~ y}.

Ry = {(y.0,5) :y € (0,1/3], a € [s55°(s),521(s)], s € [max {s(o0, ), 24} ,5(3, )]} .

Rs:={(y,a,s) :y € (0,1/3],a € [s:}(s),1], s € [2y, s(c0, )]} .
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The regions R, Ry, and R3 correspond roughly to regions I, II, and III, respectively, from
Figure 6.4. We also define

Ri:={(y,a,s):y €(0,1/3],a € (0,1], max {2y, s(y, )} < s <1 -y},

Ry = {(y,,5) 1y € (0,1/3],a € [s(y,5), 1], s € 2y, 5(y, )]}
The top case in (6.30) holds for (y,a,s) € R4, and the bottom case in (6.30) holds for
(y,a, s) € Ro. Note that Ry C Ry and R3 C Rs and that RiUR;UR3 = R and R{UR, = R.

We show that we can obtain a bound of the form (6.31) for a constant ¢; > 0 for region
Ry, a bound of the form (6.31) for a constant ¢y > 0 for region Ry, and a bound of the form
(6.31) for a constant c3 > 0 for region R3. It then follows from R; U Ry U R3 = R that taking

¢ = max{cy, 2, c3}, yields (6.31).

For (y,a, s) € Ry, we have that

25—y
F(y,a,s) = (\/5—1) 1_y(s—|—(1—s)a). (6.32)
We calculate that
QF(y,a, 5 = (V2=1)" (a(l—5)+s)(s—y) B (V2—1)" (a(l —s) +s) (6.33)

dy (1—y)? 1—y

for (y, o, s) € Ry. This function is continuous in cl(R) (where cl(A) denotes the closure of a

set A) and thus has a bounded partial derivative with respect to y in R. We let
0
cp = sup —F(y,q,s).
(y,a,8)ER ay
Because R; C Ry, it follows that

F(y,a,s) — F(a,s) < a1y (6.34)

for all (y,«, s) € Ry.

For (y,, s) € Ro, we have that

rnen=1(21) (i)




We calculate that

9 VI 1Pt i (1) x Y s
5y Fr0:9) =2V2 = 1P+ (1= sja) x oS (D4 (1= 9) - (6.36)
for (y,a, s) € Ry. Note that s < s(y, «) implies that
4s(s —y) s
(I—s(1-y) (G+ra-9)=t (6.57)

Using (6.37) and the fact that the function

(goors) s 2(V/2 — 1)2%@ (- s)a)

is continuous in cl(R3), we obtain from (6.36) that F(y,«,s) is bounded in Ro. Let
0
3= sup —F(y,a,s).
(y,0,8)ER2 ay
Because R3 C R, it then follows that

F(y,a,s) — F(a,s) < c3y (6.38)
for all (y,«, s) € Rs.
If (y,cr, 8) € Re N'Ry, then
F(y,a,s) — F(a,s) < ¢y
by (6.34).

Suppose that (y,a, s) € Re N'Ry. It then follows that

F<y,a,s):4(\/§—1)2 (S_y)2§(5+(1—s)a)(

1—-y/) «

° 4
o
1—s
and
2
F(a,s) = (\/5—1) s(s+ (1 —3s)a).
We show that there exists a constant ¢y > 0 such that

4(@-1)26:2)22@“1—3)@) (1f8+a> - (\/5—1)23(s+(1—s)a)gczy.
(6.39)
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We subtract and add the expression

26 _
(vV2-1) 2= (s + (1= 5)a) (6.40)
-y
from the left-hand side of (6.39) and separately consider the resulting terms
2.6 2
(v2-1) i_Z(s+(1—s)a)—(ﬁ—1> s(s+ (1 - s)a) (6.41)

_ (\/5_1>2i’:z(8+(1—s)a). (6.42)

Because the bound (6.34) holds for all (y, «, s) € R and Ry N Ry C R, we obtain

(Va- 1>2s(s+ (1-s)a)— (V2- 1)2i:y (54 (1 s)a) < 1y (6.43)
We factor (6.42) as
(ﬂ—l)Qi:z(s—i—(l—s)a) <1—%(§+(1—3))). (6.44)

The function

a5y (VE=1) =L (54 (1~ 5)a)

-y
is continuous in cl(R) and is thus bounded in R by a positive constant ¢y. Therefore, (6.44)

is bounded in Ry by
e (1— (45(& (5+(1—s))). (6.45)

1—5)(1-y) \a
Because s = s(y, «) solves (6.29), it follows that
4s(s — y) s
TS BN R
=8y la 17

_ As(y,a)(s(y, ) —y) sy, @) —s(u.a) ) — _As(s—y) (s —5
‘(1—4%@»u—y>< o TU @’») <1—3><1—'y><0‘+(1 )
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We calculate that

0 s(s — s s(a(s—1)—s
7 (oo (7 0-9)) = =

This derivative is bounded in Ry. We let

4s(a(s — 1) —s)
Cy = sup )
(y,a,s)ERz Oé(y - 1)2

and we write

As(y, @) (s(y, @) —y) (s(y, ) Cslwan) A5y (s .
<1—s<y,a>><1—y>( o T ”) oyt 1-9)

for all (y,a, s) € Rs.
We write the partial derivative of s(y, ) with respect to y implicitly as
o 4s(s—y) s

oy (—(1_3)(£y) (5 +1=9) - 1)

- . (6.47)
& (5t (2 0-) —1)

0
a_ys(y7 Oé) -

The numerator of (6.47) is
0 4s(s — y) s ) _4s(§—s+1)(s—y) 4s (£ —s+1)
3y ((1 —ie a9 1) R G R E R s gy R

and the denominator of (6.47) is

3} 4s(s —y) s
3 (ot (G =) )
4(1-1)s(s—y) 4s(2—s+1)(s—y) 4s(2—s+1) 4(E—s+1)(s—y)

(1=s)(1-y) (1—s)*(1-y) (1—=s)(1-vy) (1—-s)(1-vy)
(6.49)

The left-hand side of (6.48) is bounded in Ro, and the left-hand side of (6.49) is non-zero in
Ro. By the formula (6.47), %s(y, «) is bounded in Ry. Let

6= sup ——s(y,a),
(y,a,5)ER2 ay
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and write

s(y,a) — s < s(y, ) — s(0, ) < cpy . (6.50)

We now let ¢3 = ¢; + c4c5¢6 and apply (6.43), (6.45), (6.46), and (6.50) to obtain
F(y,a,s) — F(a,s) < ey (6.51)
for all (y,a,s) € Ry. Let ¢ = max {cy, o, c3}. It follows from (6.34), (6.38), and (6.51) that
F(y,a,s) — F(a,s) < cy (6.52)

for all (y,a,s) € R. We have a value of ¢ such that (6.52) holds, so we have completed the

proof. O]

Proof of Proposition 34. Applying Lemma 25 to (6.20), we obtain the inequality

¢ B [C0x,9)]

E [1 — Zstep(xa Uf)] 2 n—1/¢ xTLx

(6.53)

Because E[1 — zgep(x, Up)] satisfies both the bound (6.19) and the bound (6.53), it also

satisfies the inequality

B[l = taep(x, U)] > Tlx)
o ¢ E[COx,9)]" we—1) (n—=0(( 1) , .
X min <n—€ T —— 6<X)+WX Lx—-E [—C?(X,S)}) .

(6.54)

We proceed by cases to prove a lower bound using (6.54).
1. x"Lx > 2% ¢e(x) . By Lemma 31, we obtain

_ 10) (n — 2)(5 — 1) T
E-[CY(x,9)] < —Wx Lx

Squaring both sides of this inequality and rearranging terms, we find that

¢ E[C9%x,9)] _ =) (=0
n—1/ xTLx — n%(n—1)2

x'Lx.
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We apply x"Lx > 7212 e” e(x) to this last inequality and conclude that

¢ B [clo(x,S)]2> L0 —1)?

n—=¥ xTLx = Ir n(n _ 1)2 e(X) . (6.55)

x"Lx < 2 e(x) and E™ [CP(x, 9)] > 27,24 @e(x)lﬂ(xTLx)l/z. In this case,
we use the lower bound for E~ [CP(x, S)] to obtain

¢ E[COx,5)] o 2=y
n—~{ xTLx ==k n(n —1)?2

e(x) . (6.56)

x"Lx < 2 e(x) and E- [CP(x,5)] < 29,41 Me(><)1/2(XTLX)1/2. We begin

n

by writing the expression

e+ e B [0 5] (6:57)
from (6.54) as
(5 e [ o3

n—1 n

n (2€ -1 ﬁ(n - g)e(x)l/z(XTLX)l/Q —E~ [C?(X, S)]) )

We use the upper bound for E™ [Clo (x, S)] and the fact that v, < 1 to lower-bound
(6.58) by

( (¢ — 1)6<X)1/2 _ \/W(XTLXfﬂ) 2 (6.59)
n(n—1) . .

n—1

Using our assumption that x”Lx < 72 e(x), we lower-bound (6.59) by

o(0—1)
n(n—1)

Because 7, satisfies the equation (1—7,)? = 72, we lower-bound (6.57) as follows:

GO0 —1)?

_ 1)XTLX —E- [—CIO(X, S)] > ~2 nn 17

se(x).  (6.60)
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From the inequalities (6.55), (6.56), and (6.60), we see that the maximum in (6.54) is
bounded below by

(0 — 1)

m’ﬁe(x) .

This completes the proof. O
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CHAPTER 7

Convergence to Consensus with Strategies for

Choosing Meeting Groups

In this chapter, we study the e-convergence time of the group-soft-consensus model (3.5) for
various strategies for choosing meeting groups. Our motivation is twofold: we seek (1) to
evaluate the effectiveness of our strategies for bringing a population to consensus quickly
and (2) to better understand the behavior of our model by identifying the meeting groups
that result in significant progress towards consensus. We call our general strategy the group-
interventionist strategy. This strategy is a greedy algorithm that works by removing nodes
from the set V' of nodes until we obtain a set of a desired size. We present the details in

Algorithm 1.

Algorithm 1 has as input a function C'(x,S) and a set size £ € {2,3,...,n— 1}. Starting
with the set V of nodes, the algorithm picks a set 5,1 C V of size n — 1 such that S,,_;
maximizes C(x, S) among all sets S of size n — 1. It then does the same procedure with S,,_4
to obtain a set S, _» of size n — 2 that is contained in S, _; and maximizes C'(x,.S) among
all sets S of size n — 1 that are contained in S,,_;. Continuing in this fashion, Algorithm 1
removes nodes until we obtain a set of size Sy;1, at which point it chooses a set Sy of size
¢ in Spy; that maximizes 8(x, S)C{(x,S) among sets S of size ¢ that are contained in Sy, ;.
We use the notation A(C, ¢) to denote Algorithm 1 with inputs C' and ¢. Note that A(C, ()
is a function of x € R". We denote the set S, that A(C, ¢) returns with input vector x € R"

by Sy = Ax(C, ().

The lower bound in (5.25) depends on the size of the in-group and out-group costs for a
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Algorithm 1: InterventionistGroup

Input: Function C'(x,S), meeting group size ¢ € {2,...,n — 1}, and vector x € R"
Output: Meeting group set Sy of size ¢

15,«—V

2 fork=nto/+2do

3 | Upy ¢ argmin, g C(x, S \ {w})

4 Sk—1 — Sk \ {vk—1}

5 end

6 vy ¢— argmin,s, , 8%, Seet \ (PO, Senn \ {0)

7 Sp — Se1 \ {ve}

8 return S,

choice of meeting group S. This observation leads us to consider three different functions C'in
Algorithm 1: the in-group cost C(x,S) = C{(x,S), the out-group cost C(x,S) = CP(x, S),
and the combined cost C(x,S5). We state bounds on the e-convergence times for these
functions in Theorems 42, 44, and 48 for C = C{, C = C}, and C = C?, respectively. To
begin, we state the following lemma, which provides bounds on the mean over the set Sy 4

that we obtain from Algorithm 1 for each of the choices of C.

Lemma 37. The following statements hold:

(1) In Algorithm 1 with C = Cy, we have that

1
C+1

(¢ — 1) 01

e(x) — mx Lx.

Y Cilx S\ {o}) < -

n—1
UESerl

(2) In Algorithm 1 with C' = C{, we have that

1 I
/1 Z Ci(x,Se41 \ {v}) < —

UES@+1

(6 —1)¢

n—1

e(x) .
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(3) In Algorithm 1 with C' = C{, we have that

(-1

T
——x Lx.
(n— 1)nX x

1 o
1 Z Cy (%, 8p41 \ {v}) < —

V€SIt

In the following proposition, we describe the sets S, for £ > ¢ + 1, that are selected by
Algorithm 1 with C' = Cf. We show that the node that is removed from the set Sy, is the
node whose belief is closest to the mean belief of the nodes in Sy. Additionally, we prove
that if a node is in all of the sets S, ...,5,, then its belief must either be always less than,

always greater than, or always equal to the mean beliefs in the sets Sy for k € {¢{+1,...,n}.

Proposition 38. In Algorithm 1 with C = CI, the nodes vy, with k € {{ +1,...,n — 1},
satisfy

v = argmin (z, — 25+1)7 . (7.1)
Uesk+1

Furthermore, for v € Sy N Sy, it follows that x, < T if and only if x, < T+ and

x, = T if and only if x, = T+,

With this characterization, we compute the per-step convergence factor rep,(A(CY, 0))
(see Definition 12 in Chapter 5) for the graph of two equally-sized cliques (see Example 9
for the definition of this graph).

Example 39. We consider the same two-clique graph G and initial vector xq as in FExample
9. Denote the complete graph in which each node has an initial belief —1 by G_1 and the
clique in which each node has initial belief 1 by G1. When £ is even, we use Proposition 38 to
determine that the set Sp = Ay, (CL,0) consists of exactly /2 nodes from G_y and £/2 nodes
from Gy. Using this, we calculate that C{(xq, S;) = €2, C(x0,S¢) = 0, Ca(x0, S¢) = £(n+0),
and e(Xg) = n. It then follows that the optimal degree of consensus is
20 20
f*(t) = min (1, m) =
and thus that the per-step convergence factor of xo and A(CI, () is

wN 2wl o,
n+l)n+ln  (n+0)2 (1482

1 — Tgtep(X0, A(CY, £)) = (2 — (7.2)
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Using (7.2), we obtain

82

1 — 740 (A(CL ) < 4m . (7.3)

With this bound for the per-step convergence factor of A(C{, (), the best upper bound for
T(e, A(C{,0)) that depends only on s and € that we can obtain using Proposition 15 is

log(E) 2 = 410g(€_1) (1 +25)2 + O(l) ) (74)
tog (1 - 47225 ’

where the asymptotic expression holds as s — 0 and is a result of (5.14) in Remark 17.

In the following proposition, we further characterize the behavior of Algorithm 1 with

.
Proposition 40. Consider Algorithm 1 with inputs CT and . Let w € V. For all k €
{{+1,...,n—1} and v € Sk, the following holds:
(1) If v, < 2% and w satisfies v, < T, then w € Sj.
(2) If v, > 2% and w satisfies v, > T, then w € Sy.
A consequence of Proposition 40 is that all of the sets Sy have a non-negative out-group

cost. Let k € {{+1,...,n— 1}, let v € Sy, and let w € V \ S;. By Proposition 40, if

x, > 2%, it follows that z,, < z,. Consequently, if x, > 7, we have that
(:L‘v — ES’C) (xy —xy) > 0. (7.5)

Similarly, if z, < z°, it follows that x,, > x,. Therefore, if z, < Z°%, it is again the case
that (7.5) holds. Therefore, the out-group cost is non-positive:
COX,8) == D> > Apy (2 — %) (2 — 24) 0. (7.6)
vESK wE Sk
We use this inequality to prove the bound for the per-step convergence factor in the following

proposition.
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Proposition 41. For all n > 3, the following lower bound for the convergence factor holds:

1
1 — 74ep(A(CT, 0)) > 552 : (7.7)
Proof. Let Sgi1,Seta,- .., Sn_1 be generated by Algorithm 1 with inputs C{ and ¢, let

vy = argmin Cf (z, Spi1 \ {w}),
’wES[_;,_l
and let S; = Sp1 \ {ve}. From statement (2) in Lemma 37, it follows that the set S} satisfies
(¢ —1)¢

n—1

Ci(x,8) < — e(x).

Therefore, by (7.6), the out-group cost C{(x,S}) is non-positive. Therefore,

B(X7 Sé) S OII(Xv Sé) S -

n—1
We use this bound for B(x,.S;) in the bound (5.25) to obtain

(¢ — 1)

1— Zstep(xa Sé) 2 m .

Because 1 — rgep(Se) > 1 — 5ep(X, S}), we conclude that

(¢ 1)

_ >
1 Tstep(sﬁ) - (TL _ 1)n

(7.8)

Changing variables to s = {/n, we write the lower bound in (7.8) as

(-1 (1_%)_1. (7.9)

Because (1 —1/n)~! > 1+ 1/n, it then follows that

1 1\ ! 1 1 2
(-a) (=5) = (-a) (#0) ==+ 55 o
n n n n n n n

From s > 2/n, it follows that s*/2 > s/n and s?/n > 2s/n®. Using these two inequalities,

we obtain

2 S

2

5
n2

S
n n n

s%. (7.11)

| —

> -2+ = >

N | —

n
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Combining the bounds (7.9), (7.10), and (7.11) yields

(0 1)¢

(n—1)n =

1
552 : (7.12)

We insert (7.12) into (7.8) to obtain (7.7). O

Combining the bound (7.3) from Example 39 with the bound (7.7) from Proposition 41,

we determine that
1, s 52
58 S 1_rstep(~/4(017£)) S 4(1+3)2 .

Because 1/(1 + s)? < 1, it follows that
8% < 1 — ryep(A(CT, 0)) < 452 (7.13)

We state our main result for A(CY, /).

Theorem 42. For alln > 3 and all € € (0,1), the e-convergence time satisfies the bound

log(€)

T Cl o) < —=—_. 7.14
(Ea (A( 1> ))) — log (1 . 82) ( )
Proof. This bound results from using Proposition 41 in Proposition 15. O]

As a result of (7.13), the best upper bound for T'(¢, A(CY, ¢)) that depends only on s and

€ that one can possibly obtain from Proposition 15 is

log(e)

log (1 — 4s2) (7.15)

Comparing (7.15) with (7.14) from Theorem 42, we conclude that the quadratic dependence
on s in (7.14) is optimal among the bounds that are dependent only on s and e that can

obtained from Proposition 15.

Using (5.14) from Remark 17 on the bound (7.14) of Theorem 42, we obtain

T(e,Sy) <log(e !)s™ +0O(1)
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as s — 0. Because s = {/n, the bound (7.14) of Theorem 42 is approximately quadratic in

n for fixed /.

We now upper-bound the e-convergence time T'(e, A(C1,¢)). Our analysis closely follows
our strategy to prove Proposition 32 in Chapter 6, so we omit some details. Using the
notation of Proposition 23, we let S be the set of sets S of size ¢ that are contained in the
set Spyq that we generate from Algorithm 1 with inputs C; and ¢. Additionally, we set w(S)
to be the uniform weight 1/(¢+ 1). From Lemma 37, we have that

1 (-1 1 (-1
I D Ci(x, Ser \ {v}) = - (fe(x) + EXTLX> < - le(x).
’UESE+1
Applying Proposition 23 with
(-1
§= — 1£e(x) :
we have that
(V2 — 1) smlm s> s(n,a)
1- 'Zstep(xa Sé) > ( ) 9 o 9 (716)
s—1/n s3
—4 (\/5_ 1) (171411) (kg)év s < s(n,a),
where s = s(n, a) solves the equation
2(¢
dss=1m) 1 _, (7.17)

(1-s)(1—-1/n)a
for a € (0,1] and s(n,0) = 1.
Considering the limit of the bound in (7.16) as n — oo leads to the bound in the following

proposition. The proof is a simpler version of the proof of Proposition 32 in Chapter 6.

Proposition 43. The per-step convergence factor of A(C1, ) satisfies the following bound:

. — (\/5— 1)"s%, s > s(o00, ) (7.18)

1 — raep(A(C1, 0)) + ,
—4(\/5— 1) f—_:i, s < s(o0, ),

1o

where ¢ > 0 is a constant and s(co, ) solves the equation

453
1—s

for a € (0,1] and s(co,a) =0 for a = 0.

=
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The following bound for T'(¢, A(C1, ¢)) is a result of Proposition 43.

Theorem 44. There ezists a constant ¢ > 0 such that for all n > 3 and all € € (0,1), the

e-convergence time satisfies

log(¢)
log(1+§—(\/§—1)2s2> ! 2 1/2

log(¢) 1/2
10g<1+%74(\/§71)21‘9—55)’ § < / '

T(E, A(Cl, g)) S

Proof. The proof results from applying Propositions 15 and 43 and using the fact that
s(o00,1) =1/2. O

In Figure 7.1, we plot simulated e-convergence times with meeting groups that we select
from Algorithm 1 with C' = C{, from Algorithm 1 with C' = C}, and uniformly at random.
We run simulations on the graph of two equally-sized cliques (see Example 9) and the (n—1)-
to-1 graph (see Example 30). We set the initial vector in each simulation to —1 for each
entry that corresponds to a node in one connected component and to 1 for each entry that
corresponds to a node in the other connected component. The simulated e-convergence times
are the number ¢ of meetings that are required for e(x(t))/e(x(0)) < e. For the (n — 1)-to-
1 graph, the simulations reveal a significant convergence-time improvement when meeting
groups are generated by Algorithm 1 with C'= Cf and when meeting groups are generated
by Algorithm 1 with C' = ('} compared to when meeting groups are generated uniformly at
random (see the bottom panel of Figure 7.1). By contrast, our simulations using the graph
of two equally-sized cliques indicate that selecting meeting groups using Algorithm 1 with
either C = C{ or C = C) results in a relatively small improvement over selecting meeting

groups uniformly at random (see the top panel of Figure 7.1).

We now study the e-convergence time when selecting meeting groups from Algorithm 1
with C'= C9. As we show in the next example, if we use the function C? in Algorithm 1 on
a graph that is not connected, C” may not be able to provide any guidance to Algorithm 1

about which meeting group to select.
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Figure 7.1: Simulated e-convergence times with n = 100 and ¢ = .0001 for (top) the graph

of two equally-sized cliques and for (bottom) the (n — 1)-to-1 graph.
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Example 45. Let G be a graph that consists of two complete graphs, G1 = (Vi, E1) and
Go = (Vi, Ey), that are disconnected from each other. Suppose that x,, = x,, for all v,w € V)
and that x, = x,, for all v,w € Vy. It then follows that CP(x,S) = 0 for all S C V.
Therefore, the function C? does not provide Algorithm 1 any guidance for meeting-group

selection.

Another limitation of using C?(x, S) in Algorithm 1 is that even for a connected graph,
the per-step convergence factor of A(CY,¢) can be O(1/n) for all s € [2/n,(n —1)/n]. We

demonstrate this in the next example.

Example 46. Let G be a graph that consists of m nodes vy, ..., v, with initial belief 0, m
nodes Vpii, ..., Vo, with initial belief z > 0, and 1 node vy, 1 with initial belief y > z.
We denote the initial belief vector by xo. However, for notational convenience, we omit the
subscript 0 when we indicate the components of xo and the mean belief of nodes in a set S.
The edge set of G consists of the edges {vj, Vps;} and {vnij,v1} for j € {1,...,m}, the
edge {v1, va }, and the edges {vj, vap1} for all j € {1,... ,m}.

For all ¢ € {2,...,2m — 1}, one can make 1 — rsep(X0, Se) arbitrarily small for an

appropriate choice of z by choosing m to be large. To prove this fact, we first let B =
V\ A{vomi1} and D :=V \ {v1}. We calculate the means

and the out-group costs

—C’lo(xo, B) = fom ,

—CP(x0, D) =2 (2 —2") 2+ (y—z") y.
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We let z = 4y/m and calculate

—Clo(xo, B) = 247,

24 — 5m + 2m?
—C?(XO, D) = Y2

2m?

Because —CP(xg, D) — y? as m — oo, it follows that
—C?(Xo,B) > —Clo(X(),D)

for sufficiently large m.

Additionally, —CP (xo, V\{v;}) forj € {m+1,...,2m} is smaller than both —C{ (xo, B) =
2y and —CP (%, D) = %yz. Therefore, for sufficiently large m, we see that Ss, =
V\{v;} for some j € {1,...,m}.

We calculate that

2\ ? 20 \* 8y’

Z(:L‘U—fB)sz (_y) +m (_y) = (7.19)
m m m

veB

For any set S" of nodes and all v € S, we have the following inequality:

> (e ) = 3 (e ) gy () < B ()

wes\{v} wes’ wes’

It follows by induction using this inequality and (7.19) that
Z (z, —2%)" < - (7.20)
veS

for any set S C B. Using the fact that m > 1 and z < y, we obtain

2 2
+mz 2 1 1
> ; — 7 2 — — y —= -y — — > — 2 . 21
o) 2 (T2ni1 =) (y 2m + 1> <3y 32) =97 (7.21)
We insert (7.20) and (7.21) into (7.19) to obtain
=52 2

v 1
2 ves (@0 — T7) < 89 _ 79 (7.22)

e(xo) m y? m



for all S C S,,, = B. Using

ZvGS(xU - js)2 Zv&‘(mv - fS)Q
S I Y

1 — rsep(x0,5) = (2 — B(x,9))5(x, 5)
and (7.22), we obtain the inequality

1
1 — rgtep(X0,5) < 72—, (7.23)

m

which holds for sufficiently large m. Using the fact that n = 2m + 1 and using the formula
(5.7) from Definition 12, it then follows from (7.23) that

1 — rep (B(CY, €)) < 144 (7.24)

n—1
for sufficiently large m and for all ¢ € {2,...,2m — 1}. Therefore, for sufficiently large n,

any upper bound that depends only on n and € that we obtain from Proposition 15 is at least

2log(€) 1
log (1—144-1-) 72

log(€)(n —1) +0O(1),
where the asymptotic expression holds as n — oo and follows from (5.14) in Remark 17.

From Examples 45 and 46, we conclude that using C' = C¢ in Algorithm 1 with C' = C?
is ineffective for disconnected graphs and that 1—rge,(A(CP, ¢)) is no larger than O(1/n) for
all £ < n — 1 for some connected graphs (such as the graph in Example 46). The question,
then, is if Algorithm 1 with C' = Cf results in convergence to consensus for connected

graphs. This question is answered in the affirmative in the next proposition.

Proposition 47. There exists a constant ¢ > 0 such that the following lower bound holds:

1 53
2

1 - TStep('A(Clo7€)) > n (2 _ 8)3

a. (7.25)
Proof. Let Sgy1,Seqa, .-, Sn_1 be generated by Algorithm 1 with inputs C? and ¢, let

ve := argmin CY (z, Sppq \ {w}),
WESp+1

97



and let S; = Spi1 \ {ve}. From Lemma 25, it follows that

{ CP(x,S5)”

n—¢ xTLx

C{(X, Sé) < -

Because we chose S to minimize the out-group cost, we apply (3) from Lemma 37 to obtain

0 (0—1)?

T
L
n—~{n?(n— 1)2X *

C{(Xv Sé) S -

Because CP(x,5)) < 0, it follows that

¢ (-1

T
L
n—~{n?(n— 1)2X x

B(x,S)) < —

We use this this bound in (5.25) to obtain

y 1 s s—% 2
L= taiep(x,50) 2 57— . (7.26)

(i - i)g (7.27)

is monotonically non-decreasing in n, we determine that

(’i — ii)z 25 i)g , (7.28)

where we obtain the right-hand side of (7.28) by making the substitution n — s/2 in (7.27).

Using (7.28) in (7.26), it follows that

1 s3
1- ) > — . .
tep (X, Sp) > FEN TR To 5)204 (7.29)

We obtain (7.25) by using the fact that 1 —s <2 — s and
L= 2ep(%, §p) = 1 = rep (A(CY, 1))

in (7.29). O
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Theorem 48. For alln > 3 and all € € (0, 1), the e-convergence time satisfies the bound

log(e
T(e, A(CO, 1)) < 1( R

Proof. We use the lower bound o > Ay from Proposition 47 to obtain

1-— Tstep(A(Clo,f)) + = > =
We finish the proof by inserting this bound into Proposition 15. [

In this chapter, we considered Algorithm 1 with different choices of C'(x,S). In Theorems
42 and 44, we proved that using the algorithm with C = C! and C = () leads to an
e-convergence time that depends only for the relative size s of the meeting group. The
upper bound for the e-convergence time that we determined for A(CY, ¢) is smaller than the
upper bound that we determined for A(C, ). We found similar convergence times in our
simulations when we selected meeting groups using A(CY, ¢) and A(C4, £). For either choice,
we observed faster convergence than we observed for uniform-at-random selection of meeting
groups (see Figure 7.1). We also observed that the degree of improvement in convergence
time over uniform-at-random meeting-group selection of A(CY, ¢) and A(C}, /) depends on

graph structure (see Figure 7.1).

In Theorem 48, we presented an upper bound for the e-convergence time of Algorithm 1
with C' = CP that is approximately O(n?) for fixed s. In Example 45, we showed that for
disconnected graphs the function C' = CY may not be useful for choosing a meeting group
when we it in Algorithm 1. In Example 46, we showed that 1 —rge,(A(C1, ¢)) may be as poor
as O(1/n) for connected graphs. These results indicate that using C' = C© in Algorithm 1 is
likely to have poor performance compared to using either C' = C{ or C' = C in Algorithm

1.
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Additional Proofs

Proof of Lemma 37. We prove only (1). The proofs of claims (2) and (3) are similar.

The proof is by finite induction starting at ¢ = n and decreasing to £ = 2. Let 5, = V.

Applying Lemma 24 with S,,, we obtain

d xS\ {v}) =-(n—=2) > (z — 2u)’ n—l Z Aoy — 20)2. (7.30)

veV v,weV v,weV
Following Algorithm 1, we choose v,—1 to be the node that minimizes C(x, S, \ {v,—1}). B
(7.30), the set S,_1 = Sp \ {v,_1} satisfies

o n—2
CY(x, 8p1) < —— > (w0 —2u)? - n—l ZAW Ty — Ty)? . (7.31)

vweV vweV
Inserting ¢ = n — 1 into (1) yields the same expression as (7.31).
Suppose that we generate S for k € {¢{+1,...,n— 1} by Algorithm 1, and suppose that
Sy that for k € {¢ + 1,...,n — 1} satisfy (1). We seek to show that (1) holds for k£ = /.

Applying Lemma 24 with S = Sy yields

> Cilx S\ {v}) = = (€ = )T (x, Se1) (7.32)
’UES@+1
and
Z C X SZ-H \ {U} Z Avw Ty — w)2 &g_l)clo(xa SE-‘,—I) .
vESpy1 v, WESp41
(7.33)

Replacing ¢ + 1 with ¢ in (1) and applying (7.32) and (7.33), we obtain

> s\ (o)) = - S (7.34)

VESp41 (TL o 1)71 v,weV
N (0-1) 13 1)
Z Avw(mv _:Ew)Q - Z ( + Z Avw Ly — w
v,wESg+1 k=0+2 ( v,WESk
We obtain the inequality (1) by omitting all sums over sets Sy for k < n in (7.34). O
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Proof of Proposition 38. We first prove (7.1). To begin, we prove a formula for the in-group

cost. Let S be a set of nodes of size k > 1. The in-group cost Ci(x, S\ {v}) is

Clx, S\ {v}) =2k~ 1) > (x,—z5\0)",

weS\{v}

which we write as

Cl(x, S\ {v}) = =20k = 1) > (2 — N ok — 1) (2, — 25V)°

weS

Using

we determine that
1

_ S\{v} — _ 75
Ty Ty — I +k—1

(xv — :ES) .

Squaring both sides of (7.37) and summing over w € S, we obtain

Z (xw _ js\{v})2 _ Z (xw — 55)2 + (l{:—kl)Q(% — T

weS weS

We also obtain the equality

from (7.36).

Inserting (7.38) and (7.40) into (7.35), we obtain

Clx, S\ {v}) = =20k = 1) Y (w0 — %) + 2k (2, — 2%)° .

weS

Therefore, (7.1) holds.

Let v € Sg_1 N Sk. By (7.37), it follows that

=Sk_ =S
Ty — T7F 1:xv_xk+k_1(ka71_
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By (7.1), we have the inequality |z, — 2| > |z,, , — Z°|. These two facts together imply
that

(2o — %) = (2, — 2%)] < |2, — 7% . (7.41)

k—1
This last inequality implies that

Ty = o = T, = o1

It also follows from (7.41) that if z, # z°-1, it must also be the case that z, — 2% and

—Sk

x, — x°%* must have the same sign. This proves the proposition. O

Proof of Proposition 40. We prove this result by inducation.

The statement holds when k = n because S,, = V. Suppose that conditions (1) and (2)
hold for the set Sy, where k € {{+2,...,n}. Let v € S,_;. We suppose that x, < 7%-1; the
proof for x,, > %1 is similar. By Proposition 38, we obtain z, < #°*. Using this inequality
with condition (1), we see that w € Sy for all w € V that satisfy z,, < z,. It then follows
that (xw — Esk)z > (xv — is’“)z for all w € V such that x,, < z,. Therefore, by (7.1), we

obtain x,, € Si_1. This completes the proof. O
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CHAPTER 8

Converging to Consensus with Uniform-at-Random

Dyadic Meetings

In Chapters 6 and 7, we allowed meetings to occur between any nodes in a graph. In that
scenario, edges in a graph indicate which pairs of nodes can influence one other, instead
of indicating which pairs of nodes can interact with one other. In this chapter, however,
we assume that edges indicate both which pairs of nodes can influence one another and
which pairs of nodes can interact with one another. We derive an upper bound for the
e-convergence time of the group-soft-consensus model (3.5) with meeting groups selected

uniformly at random from the dyads of G.

Let Uy denote the uniform random variable on the dyads of G. We denote a dyad by

S = {p,q}, and we assume that p and ¢ in {p, ¢} are ordered so that =, > z,. Using

_ 1 _
(xp - $S)2 = Z(xp - xq)2 = (xq - xs)2 5

we write the costs from Propositions 2 and 4 as

Cl(x,5) = —(z) — 2¢), (8.1)
CP(x,5) = _%(xp — Tg) (Z Apo(zp — 20) + ZAqv(xv - xq)) )
v#£q v#£D
Ci(x,5) = —5 (2 — z4) (Z Apo(zp — 20) + ZAqv(x xq)) )
Co(x,5) = ik iq il Q(IP )"

103



In the following example, we use the formulas in (8.1) to estimate the per-step convergence

factor of Uy, for the path graph.

Example 49. Let G be the path graph with n nodes 1,...,n. The edges of the path graph
consist of {i + 1,1} fori € {1,...,n — 1}. Let the initial vector xo € R"™ have components

x; =1 forie{l,...,n}.
We use the formulas from (8.1) to calculate that Cy(x,{i + 1,i}) =0 fori € {2,...,n—2}
and
Ci(x,{2,1}) = C1(x,{n,n — 1}) = —1,
Cll(x7 {27 1}) = CII(X7 {n’n - 1}) =—1 ’

Cy(x,{2,1}) = Ca(x,{n,n —1}) =5/4.

Using these calculations in the formula for the optimal degree of consensus (4.4), we obtain

(SIS

, 1t=1ori=n-—1
Bx,{i+1,i}) =

0, otherunse.

We also calculate that e(x) = n(n* — 1)/12. Because

—Cl(x, S)
e(x)

it follows that tsep(x,{i + 1,i}) =1 fori e {2,...,n — 2} and

1= taep(x, 5) = (2 = B(x,9))B(x, 5)

4\ 4 6 144 1
1 — tgep(x,9) < (2= 2 ) s = o ————
tatep (X, 5) ( 5> S5n(n?—1) 25 n(n?-1)

for S ={2,1} and S = {n,n — 1}. Therefore,

2 144 1 288 1
E1- ste 7U < e = 55 .
1=t Ul < 0 55 oa =y = 5 ntn = D = 1)

We then use the facts that reep(Ua) > tstep(X, Ug) for all x € R™ and n®* —1 > (n —1)? to

conclude that
288 1

E 1 — reep(Ug)] < 2—5m .

(8.2)
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In the group-soft-consensus model (3.5), individuals choose a degree of consensus to
minimize the cost that they incur from disagreeing with their social connections both in and
outside meeting groups. In Example 21 from Chapter 5, we considered a “hard-consensus-
only” model in which individual choose a degree of consensus of 1 without considering the
cost of disagreeing with their social connections. For the hard-consensus-only model with

uniform-at-random dyadic meeting groups, we noted in (5.19) that

2

TR (8.3)

Bl = 75ep(Ua)] 2

where 7gep(Uy) denotes the per-step convergence factor of the hard-consensus-only model.
Comparing (8.2) and (8.3), we see that E [1 — rep(Us)] is at least a factor of £ - smaller
than E [1 — ryep(Uy)]. We conclude that the constraint on the degree of consensus in the soft-
consensus model (i.e. the constraint that group members minimize the cost of disagreeing

with their social connections) can substantially reduce the expected decrease of the distance

from consensus due to a meeting.
In the following example, we show that E [1 — 74, (Uy)] for the path graph is even smaller

than we were able to show in Example 49.

Example 50. Let G be the path graph with 2n nodes labeled 1,...,2n. The edges of G
consist of {i,1+ 1} for i € {1,...,2n — 1}. Suppose that the initial vector xo € R" has

components x; that are given by

T(nt1)+i — Lnt1)+i-1 = 1

n?’
2
xn—(i—l) — Tp—iy = 1— %
fori€{0,...,n—1}. We calculate that
Ci(xo, {(n+1) +i, (n+1)+i—1}) = —2(1 — Z—Z)iz _ o — 2 (8.4)
A 2 o
Cy(x0, {n— (i = 1),n —i}) = —2(1 — %)% = -2
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forie{l,...,n—2} and that

Crloo (21D = —21 - by - 222 8.5)
Cr(x0, {20, 20 — 1}) = —2(1 — ;21)2) 2 7_124"
It follows from formula (4.4) for the optimal degree of consensus that
B(x0,5) < % (8.6)
for Cy(x0,S) < 0. Using (8.6) and the fact that (2 — )5 < 28, we see that
L (0, §) < —S1X0:9) Cilx0,5) (5.7)

Ca(x0,5)  e(xo)
From the formulas for CP(xo,S) and Cy(xg,S) from (8.1) and the fact that k; > 1 for all
nodes © in the path graph, we obtain

O{(XO,S) < 4

<1.
CP(x0,5) = ky+kg+2~
Using this inequality in (8.7) yields
CI<XU7 S)
1 - ste 75 S - N
Tst p(XU ) e(Xo)
and thus
E [_Cl <X07 Ud)]
E 1 — rge yUg)] < . 8.8
1= rapn, U] < S r (85)
As a result of the calculations in (8.4) and (8.5), we find that
n—2 .
1 2 —4n n? — 2 a1
E|— =— 2 4 < = .
[—C1(x0, Uy)] n_1< —— Z_; — )_n2 (8.9)

for some c; > 0. We also find that

n-1 / i 2
e(xg) =1/2+2 ( (1 — —)> > con?® (8.10)
=1 7j=1

for some co > 0. Inserting the bounds (8.9) and (8.10) into (8.8), we conclude that

1
E 1 — ryen(U)] < &= 8.11
N (3.11)
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From the bounds (8.11) and (8.3), we conclude that there exists a constant ¢ > 0 such
that E[1 — ryep(Us)] is at least a factor of ¢/n* smaller than E [1 — ryep(Uy)] for the path
graph with n nodes. Consequently, the constraint in the soft-consensus model that group
members minimize the cost of disagreeing with their social connections can reduce the ex-
pected decrease of the distance from consensus of a meeting by at least ¢/n? for some constant

c > 0.

Given (8.11) from Example 50, the best bound for T'(¢,U,) that depends only on e and

n that one can obtain from Proposition 16 is

2log(e) 2 s
i)~ 5 oEle D+ o 812

for some constant ¢ > 0. (The asymptotic expression holds as n — oo and is a result of
using (5.15) from Remark 17.) Turning to the hard-consensus-only model of Example 21,

we obtain the bound
2log(€)

log (1~ w527

for T'(¢,Uy) by using (5.19) from Proposition 16. (The asymptotic expression holds as n — oo

<log(e Hn® + 0O(1) (8.13)

and is a result of using (5.15) from Remark 17.) The bounds (8.12) and (8.13) indicate
that, for uniform-at-random dyadic updates, the group-soft-consensus model (3.5) may take

approximately n? times as much time to converge as the hard-consensus-only model.

In Figure 8.1, we show simulated expected e-convergence times of T'(e, U;) and T'(e,Uy)
for the path graph and initial vector from Example 50. Our procedure for simulating the
expected value of T'(e, Uy) on a graph G is to (1) run 100 trials of the group-soft-consensus
model (3.5) with S* = U, and record the first time ¢ such that e(x(t)/x(0)) < e for each trial
and (2) take the mean of the recorded times from step (1). We follow the same procedure
to simulate the expected value of T'(e,Uy;) except that we use the hard-consensus-only model
of Example 21. We find that the simulated values E [T'(¢, Uy)] have a quintic dependence on
the number n of nodes. By contrast, we find that the simulated values of E [T'(e, )] exhibit

a cubic dependence on n. These dependences on n align with the convergence-time behavior
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that is indicated by the bounds in (8.12) and (8.13).

We now prove an upper bound for T'(e,Uy). The key to our proof is a method to find
a dyad {p,q} such that we can lower-bound 1 — z4ep(x, {p,q}); we state the method in
Algorithm 2. The input of the method is a dyad {v,w} and a vector x € R™. Let P denote
the simple path (w,v).! The algorithm begins by searching through the neighbors of v for a
node v whose belief is maximal among those neighbors. If the belief of v’ is larger than v,
we place v’ at the end of P. We then do the same for w, except that we search for a node w’
whose belief is minimal among the neighbors of w. If the node w’ has a belief smaller than
w, we place w’ at the start of P. At this point, we repeat the process with the starting and
ending nodes of P in place of v and w, respectively. we repeat this process until there are
no available nodes to add to the path. The dyad that is returned by the algorithm is the

pair of adjacent nodes in P that maximizes

B, {p, a})(@p — 74)*.

For the remainder of the chapter, we denote the dyad that is returned by Algorithm 2 for

an input dyad {u,v} by S,., and we let the letters p and ¢ denote the nodes in S, , (i.e.
Su,v = {p7 q})
Using the formulas in (8.1), we write (5.22) from Chapter 5 for the special case of a dyad

S = {u,v} to obtain the lower bound

(

Loz —C1(x,8) > Cy(x, 9)
L= taap(,9) 2§ - 25 B8 0<-Gi(x, ) < Oo(x, ) (8.14)

O, —Cl(X,S)SO.

\

In light of (8.14), we can determine a lower bound for 1 — #gep(X, Sy,») by lower-bounding

2

min (%(% — )%, _mcl(xv {p, Q})> : (8.15)

LA path is a sequence of nodes with the property that each pair of consecutive nodes is adjacent in G. A
simple path is a path that does not include repeated nodes.
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Figure 8.1: Simulated expected values of (top) T'(e, Uy) and (bottom) T'(e,Uy) for the path
graph with n nodes for n € {4,6,8,...,24} with the initial vector xq from Example 50.
We include the the dotted curves (top) E[T(e,Uy)] = 0.2591n° and (bottom) E [T'(e,Uy)] =

0.8936m° to exhibit the dependence of the simulation data on n.
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Algorithm 2: FindDyad

Input: Dyad {v,w} with z,, > x, and vector x € R"
Output: Dyad {p,q}

1 MaxUpdate <— B(x, {v, w})(xy — 1,)?
2 MaxDyad <— {v,w}

3 v ¢— arg min, g p,) Ty

4 W ¢— arg maX, e (y) Lo

5 while z,, > z,, or z,, < z, do

6 if x,, < z, then
7 if B(x,{v,v})(z, — 2,)? > MaxUpdate then
8 MazxUpdate +— B(x, {v',v})(z, — zy)?
9 MaxDyad «— {v',v}
10 end
11 v— v
12 end
13 if z,, > z,, then
14 if B(x, {w,w'})(xy — 1,)? > MazUpdate then
15 MaxUpdate +— B(x, {w,w'})(zy — 1,)*
16 MaxDyad «— {w,w'}
17 end
18 w — w'
19 end
20 v’ ¢— argmin, ¢y (,) Ty
21 W' ¢— arg max, e () Lo
22 end

23 return MazDyad
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We state a lower bound of (8.15) in the following lemma.

Lemma 51. Let ky.x denote the maximum degree, and let k... denote the mean degree of

the nodes in G. It follows that

11 2 (2 — 1)
1_ ste y Mu,v Z Y . ].
Zatep (% Su) 8 n3 (kmax + k:ave) e(x) (8.16)

From the result of Lemma 51, we obtain the following bound for E [1 — 7gep(Su)], where

we take the expectation over the dyads {u,v}.

Proposition 52. Denote the algebraic connectivity of G by Ao(L). Using the notation of
Lemma 51, the following bound holds:

= 813m2 \ kmax + Fave

Proof. Denote the expectation with respect to the random variable Uy by E; [-]. From Lemma

20, we obtain

1 1 1
2 2 T
Eq [(2 — 2,)%] = ~ Y (- w) = —x'Lx > EAQ(L)B(X). (8.18)
{uv}er
Therefore, there exists a dyad {u*,v*} such that
(0" = v")2 > Lag(L)e(x) .
m

By Lemma 51, it then follows that

] )\2(L> 9 2n
1— ) 22 '
ZStep(x’ S“ v ) — 8 ndm (kmax + kaVe)

Therefore,

(1 b Su) = o (5 )

E [1 - Zstep(x7 Ud)] 2 -8 n3m2 max T kave

1
m
for all x € R™. This proves Proposition 52. O]

Using Proposition 52, we determine an upper bound for T'(e, Uy,).
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Theorem 53. Let ky.x denote the maximum degree of the nodes in G, and let k.. denote
the mean degree of the nodes in G. For alln > 3 and all € € (0,1), the e-convergence time

T(e,Uy) satisfies the bound

21
T(Ea Sd) < Og(E) D) .
A2 (L) "
IOg (1 o %nng (kmaxi‘kave> )
Proof. We obtain this bound by using (8.17) from Proposition 52 in Proposition 16. [

By (5.15) from Remark 17, we write the e-convergence time upper bound of Theorem 53

as

2 log(E) -1 n®m? (kmax + kave)Qn
=161 +0(1). 8.19
AT og(e )>\2(L) 5 (1) (8.19)
log 1 - g n3m?2 (kmax+kavc)

The bound in (8.19) depends exponentially on n. Consequently, the upper bound in Theorem

53 is extremely large for all but the smallest values of n. Determining whether there exist
graphs for which the e-convergence time depends exponentially on n is an important task

for future work.

Additional Proofs

The primary goal of this section is to prove Lemma 51. Before we begin the proof, we

introduce some definitions.

Definition 54. We say that a node v € V is locally minimal (respectively, locally mazimal)

if xy > x, (respectively, x., < x,) for all w € N(v).

Definition 55. Let P = (p_g, ..., Do, P1,---,Pksr1) denote a sequence of nodes in a graph G.

Denote

plj = Pmax{t<k:pe#£pr} »

p]? = Pmin{¢>k : ps#pi}
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to be the previous and next nodes, respectively, that are distinct from py in the sequence. We
call P a lazy simple path if the sequence of nodes that we obtain from P by removing all

consecutive, repeated nodes is a simple path. We denote the number of distinct nodes in P

by L(P).

Definition 56. Let G*(x) denote the directed graph with node set V' and edge set {(v,w) :
{v,w} € E, x, > x,}. Similarly, let G~(x) denote the directed graph with node set V and
edge set {(v,w) : {v,w} € E,x, < x,}.

We say that a lazy path P = (po,p1,- .., px) is a monotone lazy path if P is a lazy path
in GT(x) or G~ (x).

We introduce a slight variation of Algorithm 2 in Algorithm 3. Algorithms 2 and 3 return
the same values for the same inputs; however, Algorithm 3 generates a lazy path of the nodes
that it finds when it computes this value. Using the notation of Algorithm 3, we denote this
lazy path by P = (p_x,...,pr+1). In the following proposition, we state some properties of
P.

Proposition 57. The following properties of P hold:

(a) P is a lazy monotone path.

(b) Either (i) p_¢ # p—@—1) and pgp1 = pe or (i) p_g = p_i—1y and pey1 7 pe.
(¢c) L(P)=k+ 2 (see Definition 55).

(d) The nodes p_j and pyy1 are locally minimal and locally mazimal nodes, respectively, in

the sense of Definition 5/.

(e) The lazy path P can include at most k copies of a node.

We use the following lemma in our proof of Lemma 59.
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Algorithm 3: FindDyadPath
Input: Dyad {p1,po} and vector x € R"

Output: Dyad {p,q}

1 k<1
2 Pl <— arg MaX, e (py) Lo

/ :
3 Py S argmin,en, ) To

4 while T | > Tp, OF Tp () > Ty do

, .
(pk+17p—k) , if Lpfry — Loy > Lp_(p—1y — Tp',

5 (Phs1, P—k) <
, .
(pk>p—k) ) if Tp_w—1y — Tp', > LTploy — Loy

6 k<+—k+1

/
7 Pry1 € ArGMaX,c pn(p,) Lo

, .
8 P_p & arg MiN, A/ (p_ ) To

9 end

10 return argmax g, < <5(X, {pe; o7 P (@p, — Ip;)2>
—k<t<k

Lemma 58. Let P = (p_g,P—(k—1),- - - Dk Pkt1) be a lazy path, let v be a positive real
number, and assume that L(P) > 2. If

Z Apulj (‘Tj - $p€+l) + Z Apa_lj(xpf_‘_l - xj) > = (820)
j=1 j=1
forall t € {—(k—1),...,k}, then
Z Apk+1j (xj - xpkﬂ) + Z Ap—kj(‘rpfk - xj) > _(L(P> - 1)7' (8'21)
j=1 j=1
Proof. Let (r1,...,7z(p)) denote the path that we obtain from P by removing consecutive,

repeated nodes. Note that 7, = p_j, and 72(py = pry1. From (8.20), forall £ € {1,..., L(P)—

1}, the following inequality holds:
Z ATHU'(Ij - IWH) + Z Arj(r, — ) > —7.
j=1 j=1
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Summing this inequality over { = 1,..., L(P) — 1, we obtain

n

Z ATﬁ(P)j<xj - xTL(P)) + Z Ale (xﬁ - xj) > _(E(P) - 1)7-
=1

J=1

This last inequality is the same as (8.21). O

We now state and prove our main lemma for upper-bounding T'(¢, U,). Let AT denote the
adjacency matrix of the directed graph G*(x), and let A~ denote the adjacency matrix of
G~ (z) (see Definition 56). Additionally, we denote the in-degree of a node v € V' in the graph
G*(x) by ki = > A}; and denote the in-degree in the graph G~ () by k, =37 A .

Lemma 59. Let {p1,po} be a dyad from G, and let

2L(P)-1
L(P)—3,7.+ -
(kpgyqthp_p+1)
§(P) = e : (8.22)
L(P)-3 (m+1)2£(P)—2-m .
pIid EP R Ty, 1) + (L(P)—-1)

It then follows that there exists a dyad {p,q} such that p and q are consecutive nodes in the
path P and

(1 2 2 0(P)*(L(P) - 1)
min (5(:1:,, —z4)7, m Ch(x, {p; CI})) ko + ko + 2 (Tpy — Tpy)

Proof. The proof is by finite induction. Let 6 > 0, and assume that

2. (8.23)

Z Apyj(Tw — Tp,) + Z Apoj(Tpy — Tw) > —0(Tp, — Tpy) - (8.24)

J=1

We rewrite (8.24) in the form
Z Apm —Tp,) + Z A (Tpy — Tw) (8.25)
j=1

> 5(75;)1 xpo) + 2(171)1 xpo + Z Aplj Lpy — )+ Z Apo] xpo)'

J?épo J#pl
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Using

Z A, (Tp, — 1) 20,
=1

j;PO
Z Ap()] Ip()) O
J¢p1
n (8.24), we obtain
Z Aplj xm) + Z A;Oj(xpo - l’w) > (2 - 5)(xp1 - xpo) : (826)
7j=1

Let py and p_; be defined as in line 5 from Algorithm 3. By (8.26) and the definitions of py

and p_1, exactly one of the following holds:

1

Tpy — Tpy > 777 (2= 0)(@p, — Tp,)
P p k;l +kp0 p Po
1
Tpy — Tp_y > ————(2—=0)(xp, — Tp,) - (8.27)
Ppo p-1 k;—l +kp p1 Po
Note that
2—0
- < 1’ 8.28
ki +k,, +1 ( )
because k, +k, > 1and § > 0. It follows from (8.28) that
2—90
— > — — . 2
'Tpl xpo k;—l 4 kp_o + 1(‘%‘171 xpo) (8 9)
Consequently, from (8.29) and (8.27), we see that
Tpy = Tps > W(Q - 5)(xp1 - xpo) ) (830)
1
Tp> — Xy, > —————(2 = 0)(xp, — Tp,) -

- pP— _
P ! kf +k, +1

Let Py = (p—g, - .-, pry1) denote the lazy path of nodes that is generated by Algorithm 2

in the k' step. Assume for induction that
Z APZ+1J ‘rpl+1 + Z Ale] Py Ij) > _6<‘Tp1 - mpo) (831>
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for all | € {—k, ..., k}. Additionally, assume that

(8.32)

Tpryr =~ Tpg, )

2k — (m+1)2k—m—1
>< ok +1) 5(;% Lkt ke +1))>(%1—%O)’

Di+1 Di+1
mpfk o :Up*k?
ok —  (m4 1)kl
> ( k—1 —0 (Z ( + ) (xpl - $p0)'
=0 (kpl+1 + k + 1> m=0 (kPlH + k + 1)
Using (8.31) in Lemma 58 yields
ZAPk+1] xpk+1 + Z A:D kI xp kT xj) > _<L<Pk) - 1)5(x131 - xpo) (8'33)

7=1

_(k + 1)(5(:@,1 - xpo) )

where the last equality is due to (c) from Proposition 57.

Using

n

: : Apk+1j(xpk+l - x]) Z 07
Jj=1
J#Piia

n

ZAPM xpk)z()?

J#p>k

and (8.33), we obtain

n

Z Apk+1j ZLj $Pk+1) + Z A;,kj(‘%Pfk - xj)

j=1

_(k + 1)5(xp1 - IPO) + (xpk+1 - :L‘;M_l) + (I;_k - ‘rp—k) :
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Combining this last inequality with (8.32), we find that

ZAkarl] Tj— Tpy,) + ZAp K (Tp_, — ;)

9h-+1 (= (m + 1)2k—m o
>< g T, 7 1) 5(2) 4 hy +1>+“””>>(“ n:
(8.34)

Let pry2 and p_(x41) be defined as in line 5 from Algorithm 3. By (8.34) and the definitions

of pry2 and p_g41), exactly one of the following holds:

(8.35)

Lprra — Lppyr

k1 & (m + )2~
~ (Hf okt k4 1) -0 (Tnz::() [,k  + ke + 1))) (1 = o)

Pi+1 Pi+1

Lp_p, — xp—(k+1)

ok+1 k (m + 1)2k7m
g (Hf N <mz AT >>> (=)

For notational convenience, we let

k-1
I, +k, +1)=1. (8.36)
I=k
Using the convention (8.36), we have
k-1 k—m—1 k k—m—1
Z (m +1)2 < Z (m+1)2 (8.37)
m=0 1= m(kz—;+1 + k_ + 1) m=0 = m(k]—;+1 + k + 1)
From (8.37) and
<
kpk+1 + kqfk + 1
we obtain
2k: k-1 1 2k:—m—1
( + — _5<Z (mt ) )) (:Upl_xp0>
(kpl+1 + k ) m=0 1= m(kp1+1 + k + 1)

2k+1 k m + 1 2k7m
>< k n _ _5<Z k ( n ) _ ))(xpl_xpo)‘
Hl O(ka,l + k ) m=0 l:m(kpprl + k )
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Therefore, from the definitions of pyio and p_(z41) and by (8.35), we conclude that

(8.38)

LTprya = Tpg,,

2k+1 B k (m n 1)2k—m o
] <H;€O(k’+ —f-k‘_ + 1) g (ZO f:m(k—i- —f-k‘_ + 1)>> ( P1 po)7

Pi+1 m Pi+1

xpi(lm) = Tp-gern)

2k+1 k m + 1 2k7m
>< kg _ _5<Z i ( i ) _ ))(xpl_xpo)‘
Hl:0<kpl+1 + k ) m=0 l:m(ka,l + k )

By (d) from Proposition 57, Algorithm 3 must terminate and it must generate a lazy

monotone path P between a locally minimal node p_(p)—2) and a locally maximal node

prep)—1- Applying (8.34) with k = L(P) — 2, we obtain

0> ( 2 (8.39)
P) 3 _ )
(kf,, +k,  +1)
L(P)=3 o
( 1)2[1(73) 2—m
—0 Z L(P + (‘C(P) - 1) (xpl - xpo)

because p_(z(p)—2) and pg(p)—1 are locally minimal and locally maximal nodes, respectively.

However, taking

9L(P)—1
Z(P)=3 -
(K y +hp_ +1)
§(P) = < (8.40)
L(P)-3 (m+1)2£<7’) 2-m
— + (L(P) —1
S e (L(P) — )
in (8.39) leads to a contradiction. Therefore, the assumption that
Z Apz+1j(‘rj - xpz+1) + Z Apz<+17 (xpﬁrl - xj) > _5(P)(xp1 - xpo) (841)
=1 j=1

foralll € {—(L(P)—3),...,L(P)—1} leads to a contradiction, so there exists a dyad {p, ¢}

of distinct consecutive nodes in P such that

D Ay = ap) Y Agilg = 25) < =0(P) (= o). (8.42)
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For some step k', we have either (i) ppy = p and py = q or (i) p_ = q and p~,, = p. For
this value of &/, we use the fact that the right-hand side of (8.38) is strictly decreasing in k
to replace k' with £(P) — 3 in the right-hand side and obtain

Ty — Ty > (8.43)
9L(P)-2 L(P)-3 1)9£(P)—~3—m
L(P)—3 —4(P) Z E(S}T)n: ) (@p, — o) -
HZZO (k;;+1 + k;_l + 1) m=0 Hl:m (k];FH_l + k];_l + 1)

We insert the definition of 6(P) into the right-hand side of (8.43) to obtain

ZE(P)—B (m+1)2£(P)—3-m

2(P)-> L m0 I g oy e
L(P)— — m L(P)—2-m P1 Po/) s
T2 O, + o, + ) D ey + (L(P) = 1)
l=m (kpl+1+k13,l+1)
(8.44)
and we simplify (8.44) to conclude that
- 2£(P)=2 L(P)—1 ( )
Tp — Tq L(P)—3 ~ Z(P)—3 1 2L(P)—2—m Tpy = Tpg) -
iz Oy + b+ D) 2y Hfi(l’ﬁfi"()szlﬂw;,ﬁl) G
(8.45)
Using the definition of 6(P) in (8.45), we obtain
S(P)L(P)—1
vy > COEPL =D ), (5.46)
Therefore,
S(P)*(L(P) — 1)
(@, -z > CELEP 2y (8.47)
Using £L(P) —1>1and k, + k, + 2 > 4 in (8.48), we obtain
0(P)*(L(P) - 1)
(2p — 24)* > (Tp1 — 2p)” (8.48)

Ky + kg + 2

Using the formula for C(x, {p, ¢}) from (8.1) along with (8.42), we find that

2 O(P)*(L(P) —1) 2
_ — ) A4
kp + qu 201(X7 {p7 Q}> > k:p + kq 9 (‘rpl xpo) (8 9)
The inequalities (8.49) and (8.48) imply the inequality (8.23). O
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Proof of Lemma 51. Note that

L£(P)-3 LP)—2-m L£(P)-3 L(P)-3

(m + 1)24( 2
> = (m+1) ] (8.50)
=TI 2, + ke, + = b kg, ke, 1)

Using the inequality k,, + k,_, +1 > 2 in the right-hand side of (8.50), we obtain

L(P)-3 L(P)-3 L(P)-3

(m+1) Y (m+1)= (L) =DLP) = 1) (8.51)

2
I %7 2

l=m Pi+1 m=0

We combine (8.50) and (8.51) to deduce that

L(P)-3 o
S m 02 (P) - 2)EP) - 1), 552
= T Pk + by +1) 2

Let kpax(P) denote the maximum degree of the nodes in the path P, and let ko (P)
denote the sum of the degrees of the nodes in P. As a result of (¢) and (e) from Proposition
57, the lazy path P can have at most £(P) — 1 copies of a node and it must have at least

one copy of every node. It then follows that

k+1

S ki < (LP) = Dmax(P) + (Ktot(P) = kunax(P)) - (8.53)
I=—k
We also use k), +k,  +1<k,,, +k,, toobtain
L(P)—2 L(P)—2
GRS VE | (R (8.54)
1=0 1=0

Consequently, using (8.53), (8.54), and the inequality of arithmetic and geometric means,
it follows that

L(P)-3 L(P)—2
(b 4k + 1)< T s, 4k, 4 1)(2kmax(P)) (8.55)
1=

=0 0

L(P)kmax(P) + kioe(P)\ “ 7
= ( (P) ) ‘

As a result of (8.55), we obtain

L(P)-2 L(P)
& > 1 ( 2 ) (8.56)
1702k, 4k, 1) 4 \Fmax(P) + Kave(P) ' '
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We use (8.52) and (8.56) in the equation for 6(P) in (8.22) to deduce the following
path-dependent lower bound:

(i)
1 krrlax(P)+kave(P)

5Py > L

P) 2 3~ Zmicm =1

It then follows that

2
1 (kmax(P)+kavc(P)

4 L(PR(L(P)—1)

>2c(7>)
S(P*(L(P)—1) >

(8.57)

The left-hand side of (8.57) is monotonically non-increasing in £(P). From this fact and
L(P) < n, we obtain

S(PYL(P) - 1) > }Li (%) | (8.58)

n max + kave

Because C}(x, Sy.») < 0, we have that

1 gl Su) 2 min (30, — )%~ b)) g (659)

as a consequence of (8.15). Applying both (8.23) from Lemma 59 and (8.58) to equation
(8.59), we conclude that

2 )%@m—xn%

11
1 — Suv > <3
Zstep(x7 , ) — 8n3 (k‘max + Fave

This completes the proof. n
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CHAPTER 9

Conclusions

In this thesis, we introduced a new model of social influence and studied the dynamics of this
model. Our model, which we developed in Chapter 3, is meant to describe the belief changes
of individuals during group interactions. The belief changes in our model are a result of
both explicit social influence from other group members and implicit social influence from

the social connections of group members.

In Chapters 4-8, we studied the behavior of our model. The only possible steady state
of our model is a consensus in which all individuals have a belief that equals the mean
belief over all individuals. However, the time that is required for beliefs to reach consensus
depends crucially on which individuals interact. In Chapter 6, we assumed that a group of
interacting individuals consists of individuals chosen uniformly at random from the set of all
individuals. We fixed the size of a group, and we considered how the convergence time to
consensus depends on the group size. In Chapter 7, we introduced strategies for identifying
a group of individuals that is able to cause a significant reduction in the total amount of
disagreement in a network by coming to a agreement. We studied the convergence time to
consensus of our model when we use our strategies to select groups of individuals to interact.
In Chapter 8, we required that the groups of individuals that interact be dyads. Under
this constraint, we examined the convergence time to consensus when we select groups of
individuals to interact uniformly-at-random from the dyads of a graph. In each of Chapters
6, 7, and 8, we derived upper bounds for the convergence time to consensus of our model. We

also performed simulations and calculations to examine the convergence time of our model
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for specific graphs.

We found evidence in Chapters 6, 7, and 8 that the convergence time of our model can
be at least quadratic in the number of individuals. Because a quadratic convergence time
can be extremely large, this result emphasizes the importance of checking convergence times
when considering a steady state as indicative of finite-time behavior. Additionally, if large
convergence times are possible, then it is important in situations in which one desires fast
convergence to consensus to have strategies to accelerate convergence. Our investigation
of strategies in Chapter 7 provides evidence that a strategy can meaningfully decrease the
convergence time to consensus. In Chapter 8, we observed that by adding a mechanism in our
model to incoporate indirect social influence we caused the convergence time to consensus
to increase by a factor that is at least quadratic in the number of individuals. This large
increase in convergence time suggests that it may be important to incorporate the effects of

both indirect and direct social influence into social-influence models.

In our research, we were guided by two goals: (1) to obtain a simple model of social influ-
ence that is inspired from psychological considerations and that is amenable to mathematical
analysis and (2) to analyze convergence times to examine sociologically-relevant properties
of our model. With our introduction of our model in Chapter 3 and our convergence-time
analyses in Chapters 4-8, we hope to have contributed to these two goals. We believe that
further research in social-influence modeling that aligns with these two goals will uncover

fascinating mathematical properties and improve scientific understanding of social influence.
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