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ABSTRACT  

The development of deterministic polishing techniques has given rise to vendors that manufacture high quality three-

dimensional x-ray optics. The surface metrology on these optics remains a difficult task. For the fabrication, vendors 

usually use unique surface metrology tools, generally developed on site, that are not available in the optical metrology 

labs at x-ray facilities. At the Advanced Light Source X-Ray Optics Laboratory, we have developed a rather 

straightforward interferometric-microscopy-based procedure capable of sub microradian characterization of sagittal 

slope variation of x-ray optics for two-dimensionally focusing and collimating (such as ellipsoids, paraboloids, etc.). In 

the paper, we provide the mathematical foundation of the procedure and describe the related instrument calibration. We 

also present analytical expression describing the ideal surface shape in the sagittal direction of a spheroid specified by 

the conjugate parameters of the optic’s beamline application. The expression is useful when analyzing data obtained with 

such optics. The high efficiency of the developed measurement and data analysis procedures is demonstrated in results 

of measurements with a number of x-ray optics with sagittal radius of curvature between 56 mm and 480 mm. We also 

discuss potential areas of further improvement.  

Keywords: x-ray optics, high curvature mirrors, optical metrology, precision surface measurements, interferometric 

microscopy, calibration, residual slope variation 

 

1. INTRODUCTION  

The advances in polishing technology have given rise to 3D optics for x-ray applications. Using deterministic polishing 

techniques, vendors are able to produce synchrotron grade x-ray mirrors, e.g. in the shape of a toroid, an ellipsoid, or a 

hyperboloid. The specification of these optics is often given in the slope domain for the optic’s tangential and sagittal 

directions. There is a typical forgiveness factor, proportional to the grazing incidence angle of light, which makes the 

sagittal axis specification of the optic less stringent than the tangential axis. 

The Advanced Light Source (ALS) X-ray Optics Laboratory (XROL)1,2 has two surface slope profilers, the Long Trace 

Profiler (LTP-II)3,4, and the Developmental Long Trace Profiler (DLTP)5,6 designed in-house on an autocollimator and 

moving mirror-based pentaprism7,8 schematic similar to HZB/BESSY-II NOM.9,10 The LTP-II has a precision of down to 

~0.2 µrad (root-mean-square, rms),3,4 but measurements of optics beyond ~10 m ROC are not plausible using a pencil 

beam interferometer based slope profiler.11,12  The DLTP has a slope measuring precision of on the level of ~0.1 µrad 

(rms),3,4 but also cannot measure curved optics with ROC below ~10 m. This problem exists in general for NOM-like 

systems.13-15 The surface slope measuring tools of these types cannot produce sensible slope measurement results for 

significantly curved optics such as three dimensional (3D) x-ray mirrors with typical sagittal curvature <<10 meters. 

A method for characterizing the figure of a significantly curved optic was developed by the group of Kazuto Yamauchi 

at Osaka University. The method involves sequential height measurements over overlapped sub-areas with an 

interferometric microscope and stitching the measurements (micro stitching interferometry, MSI). The mutual alignment 

of the sub-areas used for stitching is based on a lower resolution profile of the entire area obtained with a large field of 

view Fizeau interferometer using relative angle determinable stitching interferometry (RADSI) method.17-19 The 

RADSI/MSI system is unique proprietary metrology tool and currently is not available to metrology labs at x-ray 
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facilities outside Japan. Transfer of these technologies to JTEC Corporation (Japan) has made the company the sole 

world leader in the x-ray optics fabrication industry.  Now, unprecedented ultra-precision x-ray optics are commercially 

available from the company. With such high quality x-ray focusing elliptically-shaped KB mirrors, with surface slope 

errors of about 30 nrad (rms), the two-dimensional diffraction-limited focusing of hard x-rays with a record focal spot 

size of about 7-8 nm has been obtained at the SPring-8/RIKEN.20 

As a relatively simple way of measuring residual slope variation of significantly curved optics with an interferometric 

microscope, we discuss here using a method that can be thought as a curvature stitching technique. Using the curvature 

transform to residual slope (CTRS) measurement technique described in this article, we can characterize the residual 

slope variation in the sagittal direction of sagittally curved 3D x-ray optics. The CTRS method takes a local curvature 

trace along the sagittal direction of a high curvature optic and produces the residual slope variation along that trace. This 

does not need a tool such as RADSI for mutual alignment of the sub-areas measured with the interferometric microscope 

because we do stitching in the curvature domain, rather than in the height or slope domain. Therefore, relative tilt of the 

sub-areas does not come in to the problem. This method avoids problems of height and tilt uncertainty, both of which are 

being negated to first approximation when dealing with data in the curvature domain. 

In this article, we discuss the theoretical basis of this curvature stitching method, and we overview different approaches 

to numerical integration of curvature. We describe the measurement apparatus and the steps taken to properly calibrate 

the instrument for reliable local curvature detrendings. We apply this method to tree optics, high sagittal curvature 3D 

toroid cylindrical mirror being transparent glass. We also apply this method to an ellipsoidal optic where we compare 

measured results to the analytical expressions for a mirror with the shape of an ellipsoid of revolution defined via the set 

of the conjugate parameters given by the mirror beamline (BL) application. 

2. OBTAINING RESIDUAL SLOPE FROM LOCAL CURVATURE TRACES 

2.1 Theory of CTRS, obtaining residual slope through numerical integration of curvature  

Given a surface height distribution ℎ(𝑥), it is common practice to convert to the first and second derivatives to represent 

slope and curvature:  

 ℎ′(𝑥) = 𝛼(𝑥) (1) 

 𝐶(𝑥) =
|ℎ′′|

(1+ℎ′)
3
2

   (2) 

What has not been commonly done, and is proposed here, is to start from a distribution of local curvature values and 

calculate the corresponding slope variation.8 Since our curvature data will be a set of discrete points recorded with an 

increment ∆𝑥, we can use simple stepwise sum numerical integration method to acquire slope. The assumption used here 

is that the slope is small compared with unity:  

 𝐶(𝑥) ≈ |
𝑑2ℎ

𝑑𝑥2|       for      ℎ′ ≪ 1 (3) 

 𝛼(𝑥𝑖) = ∆𝑥 ∑ 𝐶(𝑥𝑗)𝑖
𝑗=1  (4) 

The issue with this integrated slope value is that the initial 𝛼(0) value is unknown, and in practice we just used 0 for the 

first value in the stepwise sum. The slopes found through this method are effectively detrended using a linear fitting of 

the average curvature, Ĉ, and therefore correspond to the residual slope trace of the measured optic:  

 ∆𝐶(𝑥𝑗) = 𝐶(𝑥𝑗) −
1

𝑁
∑ 𝐶(𝑥𝑗)𝑁

𝑗=1 = 𝐶(𝑥𝑗) − Ĉ (5) 

 ∆𝛼(𝑥𝑖) = ∆𝑥 ∑ ∆𝐶(𝑥𝑗)𝑖
𝑗=1  (6) 

This stepwise sum is one of many methods to produce a discrete numerical integral. This method has a well-known 

problem of accumulative error when integrating experimental data with a random error. A more effective numerical 

integration technical, the trapezoidal rule, is used below. Others have discussed eliminating the issue of weighting on 

numerical integrals using discrete Fourier transform based numerical integration.21 For the purpose of consistency in all 

demonstrations of the CTRS method, we used the trapezoidal method due to its simplicity. 



 

 
 

 

2.2 ZYGO NewView interferometric microscope 

The tool used to implement the CTRS method was the ZYGO NewViewTM-7300 interferometric microscope (Fig. 1) 

equipped for the measurements discussed throughout this paper with a 2.5x objective and a 1x zoom lens. We are 

permanently working to improve performance of this instrument, and it currently provides surface height data with a 

sub-angstrom precision.22 The instrument was calibrated to improve the accuracy of measurements through the 

suppression of contributions from noise and from systematic errors such as objective lens aberrations.23 

 

Figure 1. ZYGO NewView interferometric microscope sitting in closed hatches on a custom made granite table at the ALS XROL 

cleanroom.1,2 

Because the CTRS method relies on accurate measurement of the surface radius of curvature with the ZYGO NewView 

interferometric microscope, we calibrated the microscope by measuring a number of spherical reference mirrors, 

purchased from Thorlabs, Inc., with 150 mm, 400 mm, and 1000 mm specified radius of curvatures. Preliminarily, the 

radii of all three mirrors were accurately measured using the radius measurement capability of the XROL ZYGO 

DynaFizTM interferometer. The calibration curves for X- and Y-directions of the microscope are shown in Fig. 2. The 

calibration factor for the NewView with 2.5× objective and 0.5× zoom, α, was determined to be constant and was 

derived using the nominal and measurement radii of the reference surfaces: 

𝐾nominal = 𝛼𝐾measured      (7) 

Using Eq. (7) as a best fit model, we calibrated both the X-axis curvature and the X-axis curvature.25 

 

Figure 2. The calibration plot where each point corresponds to the measured curvature of each reference mirror in the X and Y 

directions of the NewView. The slope of the best fit line, seen in the plot’s legend, passing through the origin determines the 

calibration factor. The X results are offset from Y by .001 for clarity. 



 

 
 

 

Because the radius of surface curvature obtained in a single measurement with the microscope corresponds to an area of 

1 mm2, which is significantly smaller that the mask of 1 cm diameter used in the interferometric measurements, each 

curvature value used for the calibration was the average of three curvatures of independent locations within the center 1 

cm diameter circle of the reference mirror surface. In order to minimize the contribution of the microscope aberration, a 

reference measurement taken with a super polished flat reference was subtracted from the profiles measured with the 

spherical mirrors. While accounting for a significant portion of the aberration error, this method is not absolute because 

of the dependence of the aberration on the SUT shape. Nevertheless, the limitation is acceptable in the case of 

measurement of the slope variation (through the curvature variation) of most of 3D x-ray mirrors because for any given 

mirror the variation of the curvature is usually small.  

As the result of the discussed calibration of the NewView with 2.5× objective and 0.5× zoom, the best linear fit 

calibration factors are: 

(αx , αy) = (0.9892 , 0.9897)      (8) 

These calibration scalers were used to adjust all CTRS method measurements. To best conduct each curvature trace 

while minimizing unwanted operator errors, we applied all measurements using a precision tracing scheme. There are 

some key elements which helps to reduce the operator error, one of those deals with the initial focus of the fringe 

patterns as seen from the microscope. Through testing, we have determined that starting at difference focus positions 

varying by as low as a single fringe will change the aberration error of the instrument (see also relevant discussion in 

Ref.17). To minimize the variation of the aberration error, in the course of measurements, we specially put efforts to 

adjust a distinct focus position applying a repeatable focusing process with the goal to use the same fringe pattern for 

each measurement (Fig. 3).  

(a)  (b)   (c)        

Figure 3. Interference fringe patterns of three optics23-,25 with high sagittal curvature. All were measured with the CTRS method 

using a precision tracing scheme (see discussion in Secs. 3). We have a toroidal mirror (a) with 698 mm sagittal ROC, a cylindrical 

transparent glass substrate (b) with a 350 mm sagittal ROC, and an ellipsoidal mirror (c) with approximately a 55.8 mm sagittal 

ROC  

Similarly, we prescribe a repeatable scheme for the microscope X-Y translation stage controls. After choosing the X-axis 

position, the location along the tangential direction which will be measured, we only shift along the Y-axis sagittal 

direction with the desired increment. Since the system has up to 4 digits of resolution, we are able to resolve the correct 

position on the surface of the optic down to ~0.1 µm. We are able to resolve the pitch and roll angular alignment for the 

microscope’s optical head tilting stage down to ~2 µrad.  

Each curvature trace is the average of two traces obtained with processing the measurements in forward (in the direction 

of increasing position value) and backward (in the direction of decreasing position value). This suppresses the 

instrumental drift error26,27 and reduces error due to the subjective character of the focusing procedure discussed above. 

Note that the ZYGO NewView-7300 microscope is capable of automated repeatable measurements by translating the 

SUT and refocusing the optical head. However, the reliability of such automated measurements is questionable because 

of the high accuracy of instrument tuning required for each sub-area measurement. This same problem is seen in the 

automated stitching application of the microscope.   

3. MEASURING HIGHLY CURVED OPTICS WITH THE ZYGO NEWVIEW 

3.1 Toroidal x-ray mirror 

As an example of the application of the CTRS method, we present here the residual slope variation results of a toroidal 

mirror with nominal radii 181 m in the tangential direction and 698 mm in the sagittal direction24 for the ALS Polymer 

Scanning Transmission X-Ray Microscopy (STXM) beamline 5.3.2.2. Figure 4 shows the measurement arrangement.  



 

 
 

 

 

Figure 4. Toroidal mirror from BL 5.3.2.2 placed for measurements with the XROL ZYGO NewView-7300 interferometric 

microscope with scanning along X-axis of the microscope translation stage. 

Figure 5 shows the residual slope variation in the sagittal direction of a 699 mm ROC toroidal mirror measured at the 

mirror tangential center. The trace is the average of two pairs of traces. Each pair contains scans carried out in opposite 

directions the mirror’s sagittal direction. Additionally, in order to gain the reliability of the measurements, the mirror 

was rotated 90º CCW, swapping X-axis and Y-axis scanning translation of the stage and premeasured.  

In order to get the trace in the slope domain (Fig. 5), the surface height distributions measured according to the CTRS 

method discibed above were cylindrically detrended with the instrumental software. The obtained curvatures after 

recalibration were transformed into the slope domain using the trapezoidal method of numerical integration. By 

averaging four slope values for each position measured on the optic’s surface, we obtained the resulted averaged residual 

slope trace along the sagittal direction of the toroidal mirror. 

 

Figure 5. The residual slope variation in the sagittal direction of a 699 mm ROC toroidal mirror measured at the mirror tangential 

center. This is the average of four traces as discussed in the text.   

The average ROC over the 20 mm clear aperture was 698.8 mm with a precision of 0.1 mm. The rms sagittal slope 

variation of the surface was 2.6 µrad, and that is well within the mirror specification.  

A verification of the reliability of the repeatable retuning and realignment of the microscope in the course of the 

measurements, we also recorded the focus height as the microscope’ optical head Z-axis position and the head pitch and 

roll alignment. These data are depicted in Fig. 6.  

 (a)     (b)  

Figure 6. Focus height and angular alignment measurements for two CTRS traces for the BL 5.3.2.2 toroidal mirror. The focus 

height (a) and the constant pitch and increasing roll (b) alignments are shown for two traces on the same positions of the toroidal 

mirror. Swapping the x-axis and the y-axis with each other does will not effect the CTRS method if the instrument is properly 

calibrated. 



 

 
 

 

The focus height and pitch variations in Fig. 6 correspond to the expectation for the cylindrical sagittal shape of the 

mirror. The smooth character of the variations and low random variation of the points suggest for the high reliability of 

the focusing and alignment procedure developed for the measurements. 

Note that in Fig. 4, the microscope optical head is aligned to the mirror pole that appeared to be shifted from the mirror 

geometric shape by approximately 4.2 mm. The pole shift was verified by flipping the mirror and measuring the pitch 

(and roll) angular difference. The pole shift in the tangential direction was found to be more than 30 mm. The shift can 

be thought as a result of a misalignment of the bottom surface of the mirror substrate with respect to the mirror reflective 

surface.  

3.2 Transparent glass cylindrical substrate 

Measurements of transparent substrates are typically difficult because most types of surface slope metrology are 

reflection based. The NewView is capable of measuring transparent optics if back reflections don’t interfere with surface 

reflection; if an optic is thick enough then the interference fringe patterns will not overlap and the focus scanning range 

of the microscope will only capture the surface of the optic. 

Figure 7 depicts the arrangement of the NewView microscope set for measurement with a cylindrical mirror made of 

coated glass with the specified radius of curvature in the tangential direction of about 352 mm.21  

 

Figure 7. The arrangement of the NewView microscope set for measurement with a highly curved cylindrical mirror with the 

specified radius of curvature in the tangential direction of 352 mm.   

The residual slope distributions measured along the tangential axis at the sagittal center of the mirror clear aperture is 

presented in Fig. 8. Both traces were measured over the same point on the mirror surface but two different operators and 

during two sequential days. The operators used the CTRS method for data acquisition and analysis. The coincidence of 

the results in Fig. 8 can be thought as a proof of the high reproducibility provided by the method with the uncertainty 

below 2 µrad (rms) found from the difference of the traces in Fig. 8.  

 

Figure 8. Residual slope distribution of the cylindrical glass substrate shown in Fig. 7. The two traces are shown as they were 

measured by to different operator with a day delay between the measurements. The average measured ROC over a 60 mm clear 

aperture was 352.2 mm, and the residual slope variation was 36.2 µrad (rms). The rms variation of the difference of the 

measurements is 2.47 µrad. The corresponding measurement uncertainty is 2.47 2 1.75 µrad. 



 

 
 

 

3.3 Ellipsoidal mirror 

Another important type of substrate is 3D mirrors with the shape of an ellipsoid of revolution (spheroid, or 3D 

ellipsoidal mirror), and we used the CTRS method to measure the sagittal slope variation of one of them fabricated for 

the ALS Surface and Materials Science BL 8.0.1. 

Figure 9 depicts the arrangement of the NewView microscope set for measurement with the 3D ellipsoid mirror. 

 

Figure 9. Mirror with the shape of an ellipsoid of revolution (spheroid) placed under ZYGO NewViewTM-7300 

interferometric microscope available at the ALS XROL for characterization of sagittal slope variation in a few tangential 

positions. 

The substrate is single crystal silicon with an overall size 100 mm (length in tangential direction) by 40 mm (width in 

sagittal direction) by 35 mm (height). The clear aperture is 80 mm x 20 mm, and the mirror is being used with the 

conjugate parameters12 of distance from mirror center to the point source: 

𝑅0 = 2.4 m        (9) 

the distance from the mirror center to the focus 

𝑅0
′ = 1.2 m       (10) 

and the grazing incidence angle 

𝜃0 = 2°        (11) 

In order to compare the results of measurements with the ideal shape of the 3D ellipsoidal mirror, we derived a general 

equation describing the dependence of the sagittal radius of curvature ( )SAGr x  of the spheroid mirror on the tangential 

position x  in the mirror coordinate system centered at the mirror pole (the details of the derivations can be found in 

Ref.28):  

𝑟𝑠𝑎𝑔(𝑥) = 𝑟𝑠𝑎𝑔,0
√1 −

√(𝑅0+𝑅0
′ )2−4𝑅0𝑅0

′ sin2 𝜃0

(𝑅0+𝑅0
′ )𝑅0𝑅0

′ |𝑅0 − 𝑅0
′ |𝑥 −

[(𝑅0+𝑅0
′ )2−4𝑅0𝑅0

′ sin2 𝜃0]

(𝑅0+𝑅0
′ )

2
𝑅0𝑅0

′
𝑥2  (12)  

where 𝑟𝑠𝑎𝑔,0 is the sagittal radius of curvature at the position of the mirror pole:  

𝑟𝑠𝑎𝑔,0 = 2 sin 𝜃
𝑅0𝑅0

′

(𝑅0+𝑅0
′ )

      (13) 

For completeness, the Tangential radius of curvature at the position of the mirror pole is 

𝑟𝑡𝑎𝑛,0 =
2

𝑠𝑖𝑛𝜃

𝑅0𝑅0
′

(𝑅0+𝑅0
′ )

     (14) 

Using Eqs. (13) and (14), we evaluated the desired ROC of the surface of the mirror under test at the mirror center in 

both the tangential and sagittal directions to be, respectively:  



 

 
 

 

𝑟𝑡𝑎𝑛,0 = 45.846 m    and   𝑟𝑠𝑎𝑔,0 = 55.839 m   (15) 

Using the CTRS procedure, we measured the sagittal slope variation by tracing the curvature along the sagittal direction 

at different positions along the tangential direction – Fig. 10.  

 

Figure 10. Residual slope variation of the 3D ellipsoidal mirror at the center tangential position found from integrated 

curvature traces as a function of sagittal position.  

The central trace’s detrended ROC was 55.915 mm. The sagittal ROC were measured for the CTRS method at five 

different tangential positions as a proof of principle for the developed measurement method and the correspondence 

between the measured shape and the analytical expression for the ideal spheroid. The residual sagittal slope variation 

measured at the center trance tangential position was 12.2 µrad (rms), and that is within the mirror specification. 

4. DISCUSSION AND CONCLUSION 

We have provided the mathematical foundation of the procedure for precision measurement of surface slope 

distributions of 3D x-ray mirrors significantly curved in the sagittal direction. We have demonstrated the efficacy of the 

method on the examples of measurements with three different mirrors with sagittal radius of curvature between 56 mm 

and 480 mm.  

We have also presented an analytical expression describing the ideal surface shape in the sagittal direction of a spheroid 

specified by the conjugate parameters of the optic’s beamline application. The expression was used for comparison of 

the measured slope distribution with the desired one.  

4.1 Validity of residual slope trace via local curvature domain measurements 

The theory of the CTRS method is based on a small angle approximation which says that the integral of curvature is 

approximately the slope. Groups from PTB and the University of Arizona have more in-depth discussions29,30 on 

curvature stitching. Their curvature stitching method is for constructing the height map, when process of surface 

reconstruction is more complicated than our more basic slope reconstruction. Since the initial value of slope is unknown, 

this method is able to produce the residual sagittal slope of the surface of a mirror after removal of best first curvature.  

4.2 Problems from aberrations and reexamining the extraction of curvature 

The calibration of the NewView microscope was done by comparing curvature detrendings with the XROL DynaFiz 

interferometer, a subtle approximation invoked is that the aberrations of the objective lens are small. We plan to 

investigate the effects of these small aberrations on the curvature detrending values because they could be dependent on 

the mirror’s curvature. Another aspect of the CTRS method that will be revised is the numerical integration step. In a 

basic numerical integral, the data points are not equally weighted which means the order of the data matters. There are 

more effective methods of integration that will potentially remove the issue of weighted data and return more accurate 

residual slope results. The long-term goal is to develop a system capable for reliable automatic measurements in the 

curvature domain. 
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