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Conventionally, friction is understood as an efficient dissipation mechanism

depleting a physical system of energy as an unavoidable feature of any realis-

tic device involving moving parts, e.g., in mechanical brakes. In this work, we

demonstrate that this intuitive picture loses validity in nonlinear quantum elec-

trodynamics, exemplified in a scenario where spatially random friction counter-

intuitively results in a highly directional energy flow. This peculiar behavior is

caused by radiation friction, i.e., the energy loss of an accelerated charge due

to the emission of radiation. We demonstrate analytically and numerically how

radiation friction can enhance the performance of a specific class of laser-driven

particle accelerators. We find the unexpected directional energy boost to be due

to the particles’ energy being reduced through friction whence the driving laser

can accelerate them more efficiently. In a quantitative case we find the energy

of the laser-accelerated particles to be enhanced by orders of magnitude.

For an accelerated particle of charge q and mass m the main energy dissipation, or

friction, is the continuous emission of electromagnetic radiation, referred to as radiation

friction (RF). The energy loss per unit time is given by [1]

P =
2q2ε2

3m4c7

(
dpµ

dt

)2

, (1)

where c is the speed of light, pµ the particle’s relativistic momentum, ε its energy and t

time. Several structural peculiarities of RF were described, e.g., mathematically ill-behaved

particle dynamics [2] or the need for charge renormalization in classical electrodynamics [3].

For RF to reduce a particle’s energy ε at a rate corresponding to the particles’ momentum

change due to acceleration, the emitted power P = dε/dt = (dε/d|p|)(d|p|/dt), with the

particle momentum p, needs to match the accelerating force, resulting in |FRF| = |dp/dt| ∼

3m4c8/2ε2q2. Early studies deemed this regime of instantaneous RF, unreachable in a lab,

as it would require accelerating electromagnetic fields ERF ≥ FRF/|e| ∼ 1011 statV/cm even

for the lightest particle, an electron (charge −e < 0, mass me) at mildly relativistic energies

of εe ∼ 100mec
2. Such field strengths, however, are becoming increasingly available due

to the advent of ultra-high intensity lasers [4, 5] providing intensities IL & 1022 W/cm2 at

optical wavelengths (λL ∼ 1µm), corresponding to electric fields EL & 1011 statV/cm [6],

with facilities aiming at higher fields under construction [7], sparking renewed interest in

instantaneous RF [8, 9]. At these facilities even experimental observation of instantaneous
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FIG. 1. Schematic diagram, the interaction between the ultra-intense laser pulse and a plasma

channel target, picturing electrons (green dots), gamma-photons (blue wavy lines) and RF damping

(purple fragments), without RF (upper/right panel) and with RF (lower/left panel) accounted for.

Red arrows inside the plasma indicate the direction of the electron beam’s acceleration and the black

dashed lines indicate its outlines. Spectra of electron and photon energies, εe and εγ , respectively,

(black panels to the left) and their beam divergence (cones left of plasma targets) visualize the

pronounced enhancement in peak energies and beam collimation with RF taken into account.

RF became possible [10, 11] in the random energy loss of a laser-accelerated relativistic

electron bunch when scattered by a high-power laser pulse. Similar setups were investi-

gated in a series of theoretical studies [12–21], indicating the acceleration of electrons as an

important field of application for high-intensity laser facilities [22–24]. In contrast to the

previous investigated acceleration mechanisms, that neglected RF, and in addition to the

above mentioned peculiarities, in this work we uncover another counter-intuitive feature of

instantaneous RF: We describe and characterize how RF can result in a significantly en-

hanced directional energy flow of laser-accelerated electrons, instead of energy dissipation,

unveiling not only a novel peculiarity of RF but also providing an innovative optimization

of laser-electron accelerators.
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We study an ultra-strong laser pulse hitting a solid target, immediately ionizing it to

a plasma with electron density ne (s. Fig. 1). We consider densities close to the critical

threshold nc = πmec
2/(λ2Le

2), above which radiation cannot propagate inside the plasma.

In an ultra-intense laser pulse, however, electrons oscillate relativistically, yielding an ef-

fective mass increase, increasing the critical density by a factor εe/mec
2 =

√
1 + a20, for

an initially cold, laser-driven plasma [25–28], with the normalized laser amplitude a0 ≡√
IL[W/cm2]/1.37× 1018λL[µm]. For a0 � 1, i.e., IL � 1018W/cm2 for λL ∼ 1µm, the

laser can penetrate the target and drive a volumetric electron current J0 in an ensuing

plasma channel. This current, in turn, generates a strong, quasi-static azimuthal magnetic

field [29–32], which was found to efficiently guide and collimate electron beams [33–35].

An analytical test particle model [s. Methods, eq. (13)] predicts that, when RF is ac-

counted for, an electron inside the plasma channel can gain energy up to the maximum

threshold

εmax
e ≈ 5.6

(
a0
a3MB

) 1
4

GeV, (2)

where aMB is the maximum potential of the channel magnetic field [s. Methods]. The energy

gain is due to the electron staying in an accelerating laser phase over a long distance leading

to an efficient acceleration. In contrast, without accounting for RF, quick dephasing between

the electron and the laser pulse prevents comparable energy gain. Hence, RF is expected to

significantly enhance the electrons’ longitudinal momenta as well as the beam collimation.

To closely resemble conditions found in self-consistent plasma simulations [31, 35], we

study an electron with initial momentum p0 = 100mec. The driving laser has a normalized

amplitude a0 = 200 and wavelength λL = 1µm, corresponding to an optical laser intensity of

IL ≈ 5×1022 W/cm2, well within the reach of next-generation laser facilities [7], propagating

along the x-axis and linearly polarized in y-direction. Furthermore, we assume a normalized

current density α = 0.03, corresponding to an electric current J0 ≈ 3.2 MA within a radius

r = 4µm. With these values our theory predicts substantial energy gain [s. Methods,

eq. (10)]

dεe
dt
∼ 10−5 a0

[
GeV
fs

]
, (3)

up to a maximal energy of εmax
e ∼ 10 GeV, according to eq. (2) where from numerical

simulations we found it reasonable to assume aMB ∼ 10−2a0, due to RF losses. To test
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FIG. 2. (a): Electron trajectories in px-py momentum-space without and with RF (instantaneous

energy in red-yellow and blue-green colorbar, respectively). Dashed gray lines indicate analytical

momentum space trajectories for different dephasing values R and stars indicate photon emission

with energy εγ > 50 MeV. (b): Same electron trajectories as in (a) in x-y coordinate-space (energy

color-coded as in (a)), magnetic boundary yMB(t) (dashed black lines) and transverse electric laser

field at the electron’s position (red-blue colorbar). (c): Time resolved electron spectra without RF

included. (d): Same as (c) with RF included and a linear fit to the peak electron energy gain

(dotted black line in). (e): Electron energy spectra at time t = 1500 fs (dashed red lines in (c),(d)).

these predictions, we study an ensemble of 106 electrons with typical initial momenta per-

pendicular to the laser’s propagation direction uniformly distributed in p0/mec ∈ [40, 160]

in a numerical test particle model simulating the full single electron dynamics with RF

accounted for as discrete quantum stochastic recoil [s. Methods]. When RF is neglected

the electron oscillates at low longitudinal momentum (s. Fig. 2(a)). On the other hand,

accounting for RF the electron gains significant longitudinal momentum. Investigating the

two exemplary trajectories in position space (s. Fig. 2(b)) it becomes apparent that, when

RF is accounted for, the electron gains energy when it approaches yMB and stays in the laser
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FIG. 3. (a)-(b): Energy spectra of the emitted photons with RF (purple) and without (red) at

times 50 TL (a) and 500 TL (b) with TL = λL/c = 3.33fs. (c)-(d): Angular distribution of emitted

photons without RF with the radial coordinate denoting the photon energy εγ in log scale and

the rotating coordinate the polar angle θ = tan−1(pγ,z/pγ,x) at the same time instants as (a)-(b).

(e)-(f): Same as (c)-(d) but with RF taken into account.

phase accelerating it along its propagation direction for a long time (blue area in left panel in

Fig. 2(b)). Without accounting for RF, on the other hand, dephasing prevents energy gain.

Time-resolved spectra of the energies of the full electron ensemble further corroborate the

beneficial effect of RF as a large number of electrons is accelerated to high energies with an

approximately linear energy gain with time of dεe/dt ≈ 5.3×10−3GeV/fs in close agreement

with the analytical prediction of eq. (3) (s. Fig. 2(c),(d)). We find this linear trend stable

even after a long interaction time of t = 1500 fs, resulting in a broad spectrum stretching

to cutoff energies of εe ≈ 8 GeV (s. Fig. 2(e)), in reasonable agreement with the prediction

of eq. (2). In contrast, when neglecting RF no substantial part of the electron ensemble is

accelerated to high energies (note log-scale in Fig. 2(c)-(e)).

In addition, the electron’s gamma-ray emission is well approximated by eq. (1) and an-

gularly confined within an angle ∆θ ∼ mec
2/εe. Consequently, increased electron energies

should lead to an enhanced gamma-ray emission and narrower collimation. Time-integrated

energy spectra of the emitted photons reveal that while at early times RF does not cause

significant differences in the emitted photon spectra (s. Fig. 3 (a)), at later times the photon
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spectrum with RF stretches to a cut-off energy εRF
γ ∼ 1 GeV, as compared to εnoRF

γ ∼ 100

MeV if RF is neglected (s. Fig. 3 (c)). Furthermore, we find the integrated radiation signal

at early times to be centered in two lobes at comparable angles θγ ≈ ±45◦, irrespective of

whether RF is taken into account or not (s. Fig. 3 (d),(g)), whereas at late times RF leads to

a significant collimation of the emitted photons as compared to the case with RF neglected,

in which the angular photon distribution preserves the two-lobe structure (s. Fig. 3 (f),(i)).

In summary, we have identified an experimentally realizable setup in which the conven-

tional concept of friction is reversed: Instead of an undirected loss of energy, in the studied

class of laser-electron accelerators realized in relativistically underdense plasma channels,

the inclusion of RF yielded a highly directional energy boost. We found the electron beam

as well as the emitted gamma-rays to feature significantly higher energies and collimation.

This counterintuitive effect was explained as a facilitated coupling to the driving laser due

to the electrons’ undirected radiative losses resulting in prolonged motion in phase with the

driving laser, facilitating highly directional energy uptake. Our numerical studies suggest

that this effect could be observed at next-generation laser facilities.

METHODS

Modeling: electron dynamics - The considered effect of RF is directly linked to

the electron dynamics in the combined laser and plasma fields present in the channel [31,

35]. To study these dynamics, we make use of a simplified model capturing all essential

physics, as demonstrated in detailed kinetic plasma simulations [24, 31, 32, 35]. These

simulations motivate the following fundamental assumptions underlying the model: (i) Since

transverse electron oscillations are confined narrower than the width of the laser beam the

electron effectively experiences the laser as a plane wave. (ii) Since laser beam diffraction

is suppressed in structured targets [31, 35], the laser maintains its peak amplitude over

distances much longer than its Rayleigh range. (iii) Dephasing between the electrons and the

laser is primarily determined by the longitudinal electron velocity vx whence for the laser’s

wavelength and frequency ωL we neglect deviations of the phase velocity vph = λLωL/2π from

c, possibly arising due to the laser’s propagation through the plasma. (iv) The laser drives a

strong, uniform longitudinal electron current density j0 < 0, with the return current flowing

radially outside of the plasma channel. (v) Binary collisions, electric charge separation
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fields and feedback of the accelerated electrons on the bulk plasma dynamics are negligible.

Consequently, the electron dynamics can be modeled by considering a single electron in a

combined plane electromagnetic wave and a static azimuthal magnetic field representing the

laser and magnetic plasma field, respectively.

We model the laser pulse to be linearly polarized along the y-axis and to propagate along

the x-axis with electric and magnetic field Ewave = −mec/|e|∂awave(ξ)/∂t and Bwave =

mec
2/|e|∇×awave(ξ), respectively. Here ξ ≡ (ct−x)/λL and the normalized vector potential

awave has only one component, awave(ξ) = (0, a0, 0) sin(2πξ). The quasi-static magnetic

plasma field sustained by the constant current density j0, on the other hand, can be written

as Bchannel = mec
2/|e|∇ × achannel with achannel = exα(y2 + z2)/λ2L, where ex is a unit

vector. Here we introduced a dimensionless current density α ≡ −λ2Lj0/(4πJA) with the

Alfvén current JA ≡ mec
3/|e|. Since the laser pulse drives flat electron trajectories in the

laser’s polarization plane [35], from now we consider z ≡ 0 and study electron motion in the

(x, y)-plane only. In the combined fields, E = Ewave and B = Bwave +Bchannel, the electron

dynamics with radiation friction (RF) taken into account are governed by the equations

dp

dt
= −|e|E − c|e|

εe
[p×B]− FRF

p

|p|
, (4)

dr

dt
=
c2p

εe
, (5)

where r and p are the electron position and momentum, respectively, t is the time and FRF =

κε2eE2/m2
ec

4 quantifies the impact of RF where κ = 8πe2/3λLmec
2. Typically, the electrons

enter the plasma channel at time t0 on-axis with a large transverse momentum [31, 35], i.e.,

y(t0) = 0, p(t0) = (0, py,0 � mec, 0). Then, since we study relativistic motion we retain

only terms of leading order in εe � mec
2 in the dynamical RF parameter which can then

be expressed as [3]

E2 =

(
e

mecωL

)2(
E⊥ +

c

εe
[p×B]

)2

, (6)

where E⊥ = E − p (pE) /p2 is the electric field component perpendicular to the electron

momentum. Combining the x and y components of eq. (4) and taking into account that

awave is a function of ξ alone and p ≈ εe/c we find the following relation

d (R + achannel)

dt
= −FRF

dξ

dt
, (7)
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where we introduced the dephasing rate R = (dξ/dt)εeλL/mec
3 = (εe − cpx)/mec

2 quan-

tifying the change of ξ at the electron’s instantaneous position. Hence, for vanishing RF

(FRF → 0) the quantity R + achannel = const. + O (FRF) is an integral of motion, which,

in turn, implies that the motion of a relativistic electron with the above introduced ini-

tial conditions is confined to transverse displacements smaller than the magnetic boundary

y ≤ yMB := λL
√
py,0/mecα. Taking into account RF, however, one finds that for the same

initial conditions the magnetic boundary shrinks as a function of time according to

yMB(t) = λL

√
py,0
mecα

−
∫ ξ(t)

ξ(t0)

dξ
FRF

α
. (8)

Since the channel potential achannel increases quadratically in y this, in turn, implies that it

is limited by |achannel| ≤ aMB = |achannel [yMB(t)]|.

Modeling: energy gain - We now turn to studying the electron’s energy gain. From

eq. (4) we see that the electron’s energy gain is given by the balance between acceleration

and deceleration in the laser field and losses to radiation friction

dεe
dt

=
∑
i=x,y,z

pic
2

εe

dpi
dt

=
mec

3ωL
εe

(
py cos (2πξ) a0 − |p|FRF

)
. (9)

For RF being completely negligible, the electron’s rate of energy gain in an optical laser field

(λL = 1µm) is hence limited by

dεe
dt

. ωLa0mec
2 ∼ 10−5 a0

[
GeV
fs

]
. (10)

On the other hand, we immediately see that for quick dephasing R� 1, as is typical in the

studied setup, the energy gain is a strictly periodic function, whence the electron cannot gain

significant energy. Since, as apparent from eq. (7), RF affects the dephasing, this dephasing

symmetry can be broken by RF and the electron stay in an accelerating laser phase for a

long time, leading to significant energy gain. To now quantitatively estimate the maximum

energy the electron can gain we need an explicit expression for E , which requires detailed

knowledge of the electron motion in the (x, y)-plane. To this end, we note that once the

electron is accelerated in the laser’s propagation direction its velocity will only make a small

angle θ � 1 with the x-axis and we write p = |p| (cos(θ), sin(θ), 0). For highly relativistic

motion we can then rewrite py = |p| sin(θ) . εeθ/c in eq. (9) to find the energy gain to

be limited by dεe/dt . a0mec
2ωθ − κε2eE2/mec

2. We now distinguish the following two
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cases: (i) If the electron radiates energy mainly due to the laser field’s action, then after

some algebra one finds from eq. (6) E2 ≈ E2laser := (θ4 + γ−4) a20/4. (ii) If, on the other

hand, the radiative losses are dominated by the channel magnetic field one finds from eq. (8)

E2 ≈ E2channel := (e |Bchannel| /mecω)2 ≤ a2MB(t). Comparing these two cases we find that

for electrons propagating at large angles with respect to the laser’s propagation direction

θ ≥ θB :=
√

2aMB/a0 radiative losses are always dominated by the laser field. On the other

hand, we find that even for small angles for aMB ≤ amin
MB = m2

ec
4a0/2ε

2
e the radiative losses are

always dominantly due to the laser field. Since, for a typical situation εe ∼ mec
2a0 � mec

2

it is amin
MB ∼ a−10 � 1, whereas in the studied setup it typically holds aMB > 1. We are thus

going to assume aMB ≥ amin
MB from now on, which implies θB ≥ mec

2/εe.

Now, for propagation at large angles θ ≥ θB ≥ γ−1, i.e., the radiative losses be-

ing dominated by the laser field, the electron’s energy gain is given by dεe/dt|laser ≈

2πa0mec
2θ
[
1− κε2eθ3a0/8πm2

ec
4
]
. Thus, the electron can gain energy only provided

θ ≤ θlaser :=

(
8πm2

ec
4

κa0ε2e

) 1
3

. (11)

On the other hand, for propagation at small angles θ ≤ θB, i.e., the radiative losses being

dominated by channel magnetic field, the electron’s energy gain is given by dεe/dt|laser ≈

2πa0θ − κγ2a2MB. Consequently, the electron can gain energy as long as

θ ≥ θchannel :=
κa2MBε

2
e

2πm2
ec

4a0
. (12)

We note a fundamental difference between eqs. (11,12): For propagation at large angles

θ ≥ θB eq. (11) implies that the electron can gain energy only when reducing its propa-

gation angle. For propagation at small angles θ ≤ θB, however, eq. (12) implies that the

electron can gain energy only when increasing its propagation angle. This fundamental

difference in scaling behavior, however, indicates that independent of its initial value the

electron’s propagation angle always tends to θB. This asymptotic behavior, in turn, implies

the existence of an upper boundary for the electron’s energy beyond which energy gain is

prohibited due to radiative losses

εmax
e = mec

2

(
8π2a0
κ2a3MB

) 1
4

, (13)

which can be equally obtained by either equating eqs. (11,12) or by equating either relation

to θB. Furthermore, for θ = θB the energy gain in the laser- and channel-dominated regimes

agree and from eq. (9) we see that for εe → εmax
e it holds dεe/dt→ 0.
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Numerical particle dynamics - The numerical model adopts a fourth-order Runge-

Kutta algorithm to push the particle motion under the Lorentz force with the time step ∆t =

5 × 10−4 TL to satisfy the stringent temporal criteria not only on electron acceleration but

also on photon generation. We model an infinite plane wave laser field by Ewave,y = a0 cos(ξ)

and Bwave,z = a0 cos(ξ). The self-generated plasma magnetic field is given by Bchannel,z =

−2αy. Since gamma-ray emission to occur over a short distance, the emission probability is

calculated under the local constant field approximation by the differential emission rate of

an electron with energy εe and quantum parameter χe = Erf/Ecr, where Erf is the electric

field in the electron’s instantaneous frame and Ecr = m2
ec

3/(e~) ≈ 1.3× 1018V/m [36–40]

d2N

dχγdt
=
√

3
mec

2

h
αf
χmec

2

εe

F (χ, χγ)

χγ
, (14)

where we used the emitted photon’s quantum parameter χγ = e~|Fµνkν |/m3
ec

3 and the fine

structure constant αf = e2/4πε0~c ≈ 1/137. The radiated energy is given by [36]

F (χ, χγ) =
4χ2

γ

χ2
sK2/3(s) +

(
1− 2χγ

χ

)
s

∫ ∞
s

K5/3(t)dt, (15)

where s = 4χγ/[3χ(χ − 2χγ)] and Kn(s) are modified second order Bessel functions. Then

each electron is initially assigned a final optical depth τf = log[1/(1 − P )], with a random

number P ∈ [0, 1] modeling stochastic emission and straggling. The differential rate

dτγ
dt

=

∫ χ/2

0

d2N

dtdχγ
dχγ (16)

is then advanced over each time step until the assigned optical depth is reached τγ ≥ τf . In

the corresponding time step, the electron emits a photon with its specific value χfγ found

from the relation

η =

∫ χfγ
0
F (χ, χγ)/χγdχγ∫ χ/2

0
F (χ, χγ)/χγdχγ

, (17)

where η ∈ [0, 1] is a uniformly distributed random number. Then the photon energy, ~ωγ, is

determined by ~ωγ = 2mec
2χfγγ/χ and the electron’s momentum after the emission is given

by ~pf = [1− ~ωγ/(cp)]~p. Finally, since the gamma-rays are primarily emitted within a cone

of opening angle ∆θ . mec
2/εe and we consider εe � mec

2, we assume them to be emitted

along the electron’s instantaneous direction of motion.
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