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Abstract

Stacky Resolutions of Singular Schemes
by
Matthew Bryan Satriano
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin C. Olsson, Chair

Given a singular scheme X over a field k, we consider the problem of resolving the singularities
of X by an algebraic stack. When X is a toroidal embedding or is étale locally the quotient of a
smooth scheme by a linearly reductive group scheme, we show that such “stacky resolutions” exist.
Moroever, these resolutions are canonical and easily understandable in terms of the singularities of
X.

We give three applications of our stacky resolution theorems: various generalizations of the Chevalley-
Shephard-Todd Theorem, a Hodge decomposition in characteristic p, and a theory of toric Artin
stacks extending the work of Borisov-Chen-Smith. While these applications are seemingly different,
they are all related by the common theme of using stacky resolutions to study singular schemes.



Contents

Introduction

1.1 Generalizations of the Chevalley-Shephard-Todd Theorem . . . . . . . ... ... ..
1.2 De Rham theory for schemes with Irs . . . . . . ... ... ... ... ... ..
1.3 Toric Artin Stacks. . . . . . . . .

Stacky Resolutions of Schemes with Irs

2.1 Introduction . . . . . . . . L

2.2 Linear Actions on Polynomial Rings . . . . . ... .. ... ... ... ... .....

2.3 Theorem 2.1.9 for Linear Actions on Polynomial Rings . . . . . ... ... ... ...
2.3.1 Reinterpreting a Result of Iwanari . . . . . . ... ... ... ... ......
2.3.2  Finishing the Proof . . . . . . . . . .. ..

2.4 Actions on Smooth Schemes . . . . . . . . ...

2.5 Schemes with Linearly Reductive Singularities . . . . . . . . .. .. .. .. ... ...

Stacky Resolutions of Toroidal Embeddings

3.1 Introduction . . . . . . . . . . . e e
3.2 Minimal Free Resolutions . . . . . . . . . . . ... ...
3.3 The Stacky Resolution Theorem . . . . . . .. . ... ... .. ... . ........

CST for Diagonalizable Group Schemes
4.1 Polynomial Invariants of Diagonalizable Group Schemes . . . . . ... ... ... ..

de Rham Theory for Schemes with Irs

5.1 Steenbrink’s Result via Stacks . . . . . . .. .. o
5.1.1 Review of Deligne-Illusie . . . . . . .. . ... ... ...
5.1.2 De Rham Theory for Schemes with Quotient Singularities . . . . . . . .. ..

5.2 Deligne-Illusie for Simplicial Schemes . . . . . . . ... . ... 0oL

5.3 De Rham Theory for Tame Stacks . . . . . ... .. ... ... ... ... .....

5.4 De Rham Theory for Schemes with Isolated Irs . . . . . .. ... ... ... .....
5.4.1 Relationship with Tame Stacks, and the Cartier Isomorphism . . . . . . . ..
5.4.2 Degeneracy of Various Spectral Sequences and a Vanishing Theorem . . . . .

15
15
16
19
21

27
27
28
31

36
36



6 Toric Artin Stacks
6.1 Generalized Stacky Fans . . . . . .. .. ... 0oL
6.2 Admissible Sliced Resolutions and a Moduli Interpretation of X(X)

Bibliography

ii



iii

Acknowledgments

I have benefited greatly from conversations with many people throughout my time at Berkeley. It is
a pleasure to thank Dan Abramovich, Bhargav Bhatt, Dustin Cartwright, Ishai Dan-Cohen, Anton
Geraschenko, David Rydh, and Shenghao Sun. I am grateful for many inspiring conversations with
Arthur Ogus. Most of all, I am indebted to my advisor, Martin Olsson, whose influence is present
throughout this work. I thank him dearly for his guidance and encouragement.



Chapter 1

Introduction

In [Hi], Hironaka proved his celebrated theorem that every scheme X in characteristic 0
has a resolution of singularities. A resolution of singularities of X, however, is usually not canonical,
and oftentimes hard to control. In this thesis, we show that in certain cases one can introduce a
canonical smooth stack which well-approximates X and serves as a replacement for the resolution
of singularities. The first known instance of this is if X has quotient singularities: it is a folklore
theorem (see for example [Vi, 2.9]), that if X is a scheme over a field k& with quotient singularities
prime to the characteristic of k (i.e. X is étale locally a quotient of a smooth scheme by a group
whose order is prime to the characteristic of k), then there is a canonical smooth Deligne-Mumford
stack X with coarse space X such that the stacky structure of X is supported on the singular locus
of X. We refer to this folklore theorem as the stacky resolution theorem for quotient singularities.

We generalize this above stacky resolution theorem in two different directions. The first of these
generalizations is most interesting in positive characteristic. We say that a scheme X has linearly
reductive singularities if it is étale locally the quotient of a smooth scheme by a finite linearly re-
ductive group scheme. In characteristic 0, this simply recovers the notion of quotient singularities.
The focus of Chapter 2 is to prove the following stacky resolution theorem for linearly reductive
singularities:

Theorem 2.1.10. If k is a perfect field of characteristic p, and X is a k-scheme with linearly
reductive singularities, then there exists a smooth tame Artin stack X (as defined in [AOV, Def
3.1]) and a morphism f : X — X realizing X as the coarse space of X. Moreover, the base change
of f to X*™ is an isomorphism.

In Chapter 3 we present the second of our stacky resolution theorems, which holds for
toroidal embeddings (which are not necessarily strict). We recall that a pair (U, X) consisting of a
k-scheme X and an open subset U C X is called a toroidal embedding if for every point of x € X
there is an étale neighborhood X’ of z, a toric variety Y, and an isomorphism X’ — Y, sending
U xx X' to the torus of Y. A toroidal embedding (U, X) is called strict if every irreducible com-
ponent of X — U is normal.

It follows from [Kal, Thm 4.8] that toroidal embeddings are precisely fs log smooth log schemes



over k endowed with the trivial log structure. Under this equivalence, the log scheme (X, Myx)
corresponds to the (not necessarily strict) toroidal embedding (X**, X). We can now state the
stacky resolution theorem for toroidal embeddings:

Theorem 3.3.2. Let k be field and X be a toroidal embedding over k. Then there exists a smooth
Artin stack X over k and a morphism f : X — X over k which realizes X as the good moduli space
of X (in the sense of [Al, Def 1.4]). Moreover, the base change of f to the smooth locus of X is an
isomorphism, and X carries a natural log structure in the sense of [Ka2, 1.2] which makes it log
smooth.

The technique of studying a singular scheme through a canonical smooth stack sitting over
it seems to be quite broadly applicable. We apply the two resolution theorems above to Invariant
theory, Hodge theory, and toric geometry. These applications are the focuses of Chapters 4, 5, and
6 respectively.

1.1 Generalizations of the Chevalley-Shephard-Todd Theorem

We begin by recalling the Chevalley-Shephard-Todd theorem ([Bo, §5 Thm 4]). Suppose
G is a finite group with order prime to the characteristic of a field & and suppose G acts faithfully
on a finite-dimensional k-vector space V. We say an element g of G is a pseudo-refiection if the
fixed subspace V9 is a hyperplane. The Chevalley-Shephard-Todd theorem then states

Theorem 1.1.1 ([Bo, §5 Thm 4]). If G — Autg(V) is a faithful representation of a finite group
and the order of G is not divisible by the characteristic of k, then k[V]® is polynomial if and only
if G is generated by pseudo-reflections.

There is a strong connection between the Chevalley-Shephard-Todd theorem and the
stacky resolution theorem for quotient singularities. When constructing the canonical smooth
Deligne-Mumford stack, the local problem one is faced with is precisely the Chevalley-Shephard-
Todd theorem. Therefore, the stacky resolution theorem for quotient singularities gives a global
reformulation of the Chevalley-Shephard-Todd theorem.

In the same vein, the local manifestations of the two stacky resolution theorems we prove give
two generalizations of the Chevalley-Shephard-Todd theorem. Given a faithful action of a finite
linearly reductive group scheme G on a finite-dimensional k-vector space V', we define a subgroup
scheme N to be a pseudo-reflection if VIV is a hyperplane. The local version of Theorem 2.1.10 is
then:

Theorem 2.1.3. If G is a finite linearly reductive group scheme with a faithful action on a finite-
dimensional k-vector space V. and k is algebraically closed, then k[V]% is polynomial if and only if
G is generated by pseudo-reflections.

We also prove a more technical verison of this theorem for fields which are not algebraically
closed (see Theorem 2.1.6). Similarly, we show that the local version of Theorem 3.3.2 gives a gen-
eralization of the Chevalley-Shephard-Todd theorem to the case of arbitrary diagonalizable group



schemes (see Theorem 4.1.2). We remark that this generalization to the case of diagonalizable
group schemes recovers [We, Thm 5.6], where the result is shown for tori.

Although the following is not the main point of the thesis, it should nonetheless be mentioned
that as a subtheme we hope to convince the reader that Chevalley-Shephard-Todd type theorems
(at least within the setting of reductive group schemes) are roughly equivalent to proving stacky
resolution theorems. The proof of the stacky resolution theorem for quotient singularities (and
for linearly reductive singularities) rests on first proving the Chevalley-Shephard-Todd theorem to
obtain a local version of the stacky resolution theorem. These local solutions are then “glued”
(using canonicity of the stack) to obtain a global solution. However, the generalization of the
Chevalley-Shephard-Todd theorem we obtain for diagonalizable group schemes is proved by first
proving a stacky resolution theorem for toroidal embeddings and then noticing that the local man-
ifestation of this theorem is a generalization of the Chevalley-Shephard-Todd theorem to the case
of diagonalizable group schemes.

1.2 De Rham theory for schemes with linearly reductive singular-
ities

In Chapter 5, we use the stacky resolution theorem for linearly reductive singularities
to obtain a positive characteristic analogue of a theorem due to Steenbrink. In [St, Thm 1.12],
Steenbrink shows that if k is a field of characteristic 0 and X is a proper k-scheme with isolated
quotient singularities and smooth locus j : X*”* — X, then the hypercohomology spectral sequence

of the Steenbrink complex j,Q%.. degenerates. (Here j,Q%.n denotes the complex obtained by
applying the functor j, term-by-term to Q% ..., as opposed to the derived push-forward.) Moreover,
Steenbrink shows that if k = C, then H"(j,Q%.m ) agrees with the singular cohomology H" (X", C).
Our characteristic p analogue of this theorem is:

Theorem 5.4.7. Let k be a field of characteristic p and X be a k-scheme with isolated linearly
reductive singularities. If X lifts mod p? and the dimension of X is at least 4, then the hypercoho-
mology spectral sequence

B} = H'(j:Qxom) = H"(j:05%m)

degenerates for s +t < p, where j : X*™ — X 1is the inclusion of the smooth locus.

The idea of the proof is as follows. We show that the method of Deligne-Illusie [DI] extends
to tame Artin stacks; that is, if X is a smooth proper tame Artin stack which lifts mod p?, then the
“Hodge-de Rham spectral sequence” for X degenerates. Here, “Hodge-de Rham spectral sequence”
is in quotes because it is not a priori clear what the differentials on an Artin stack should be. In
Section 3 of Chapter 5, a definition is chosen and it is shown that this yields a resonable theory.
We then make use of Theorem 2.1.10 to show that degeneracy of the Hodge-de Rham spectral
sequence for a smooth proper tame Artin stack X implies degeneracy of the hypercohomology



spectral sequence of j,Q5%.m, where X is the coarse space of X. We remark that Theorem 5.4.7 is
a purely scheme-theoretic statement, but we are able to prove it by using Theorem 2.1.10 which
allows us to pass through smooth stacks.

1.3 Toric Artin Stacks.

In [BCS], Borisov, Chen, and Smith develop a theory of toric Deligne-Mumford stacks
by extending techniques developed in [Cox]. They introduce a notion of a stacky fan ¥ which is
essentially a fan 3 together with marked points along the rays of the fan. When the underlying fan
of ¥ is simplicial, they associate to X a smooth Deligne-Mumford stack X(3) whose coarse space
is X (X). Moreover, X(X) has a dense open stacky torus whose action on itself extends to an action
on the stack. Toric Deligne-Mumford stacks are therefore the natural analogue of simplicial toric
varieties within the class of smooth Deligne-Mumford stacks.

Smith asked whether the theory of toric Deligne-Mumford stacks can be extended to a theory
of toric Artin stacks. In other words, what is the analogue of arbitrary toric varieties within the
class of smooth algebraic stacks? There have so far been three main approaches to developing
a theory of toric Deligne-Mumford stacks: one is a log geometric approach due to Iwanari [Iw];
another is the aforementioned theory of Borisov, Chen, and Smith using stacky fans; and the last is
an approach taken by Fantechi, Mann, and Nironi [FMN] giving an intrinsic geometric description
of toric Deligne-Mumford stacks. In Chapter 6, we generalize and unite the first two of these three
approaches to produce a theory of toric Artin stacks.

Our generalization of Iwanari’s approach rests on a variant of Theorem 3.3.2. We show in Chapter
6 that if X is a toric variety rather than just a toroidal embedding, then there are many log smooth
log Artin stacks X other than the canonical stack given by Theorem 3.3.2. All of these stacks
have X as a good moduli space and they all have moduli interpretations in terms of log geometry
(however, only the canonical stack is isomorphic to X over X*™). Each of these Artin stacks has
a dense open torus whose action on itself extends to an action on the stack. Thus, these stacks
should all naturally be thought of as toric Artin stacks.

We also give a stacky fan “explanation” of this theory which both generalizes the approach to
toric Deligne-Mumford stacks taken in [BCS] and unites it with Iwanari’s approach. That is, we
define a notion of generalized stacky fan and recast the above construction of toric Artin stacks in
terms of these stacky fans. The key difference between the generalized stacky fans we introduce
and the stacky fans of [BCS, p.193] is that we allow marked points which do not lie on the rays of
the fan. It is this extra bit of leverage that allows one to capture big stabilizers which occur in the
setting of non-simplicial toric varieties.



Chapter 2

Stacky Resolutions of Schemes with
Linearly Reductive Singularities

2.1 Introduction

Given a field k and an action of a finite (abstract) group G on a k-vector space V', we
obtain a linear action of G on the polynomial ring k[V]. A central theme in Invariant Theory is
determining when certain nice properties of a ring with G-action are inherited by its invariants. In
particular, it is natural to ask when k[V]G is polynomial. If G acts faithfully on V, we say g € G
is a pseudo-reflection (with respect to the action of G on V) if V9 is a hyperplane. The classical
Chevalley-Shephard-Todd Theorem states

Theorem 2.1.1 ([Bo, §5 Thm 4]). If G — Autg(V) is a faithful representation of a finite group
and the order of G is not divisible by the characteristic of k, then k[V]® is polynomial if and only
if G is generated by pseudo-reflections.

In this chapter we generalize this theorem to the case of finite linearly reductive group
schemes. To do so, we first need a notion of pseudo-reflection in this setting.

Definition 2.1.2. Let k be a field and V a finite-dimensional k-vector space with a faithful action
of a finite linearly reductive group scheme G over Spec k. We say that a subgroup scheme N of G
is a pseudo-reflection if VN has codimension 1 in V. We define the subgroup scheme generated by
pseudo-reflections to be the intersection of the subgroup schemes which contain all of the pseudo-
reflections of G. We say G is generated by pseudo-reflections if G is the subgroup scheme generated
by pseudo-reflections.

Over algebraically closed fields, Theorem 2.1.1 generalizes to

Theorem 2.1.3. Let k be an algebraically closed field and V' a finite-dimensional k-vector space
with a faithful action of a finite linearly reductive group scheme G over Speck. Then G is generated
by pseudo-reflections if and only if k[V]% is polynomial.



A more technical version of this theorem holds over fields which are not algebraically
closed; however, the “only if” direction does not hold for finite linearly reductive group schemes in
general (see Example 2.2.3). We instead prove the “only if” direction for the smaller class of stable
group schemes, which we now define (see Proposition 2.2.1 for examples). Over an algebraically
closed field, the class of stable group schemes coincides with that of finite linearly reductive group
schemes. Recall from [AOV, Def 2.9] that G is called well-split if it is isomorphic to a semi-direct
product A x @), where A is a finite diagonalizable group scheme and () is a finite constant tame
group scheme; here, tame means that the degree is prime to the characteristic.

Definition 2.1.4. A group scheme G over a field k is called stable if the following two conditions
hold:

(a) for all finite field extensions K/k, every subgroup scheme of Gk descends to a subgroup
scheme of G

(b) there exists a finite Galois extension K/k such that G is well-split.

Remark 2.1.5. If G is a finite linearly reductive group scheme over a perfect field k, then [AOV,
Lemma 2.11] shows that condition (b) above is automatically satisfied.

Theorem 2.1.3 is then a special case of the following generalization of the Chevalley-
Shephard-Todd theorem. This is the first main result of this chapter.

Theorem 2.1.6. Let k be a field and V' a finite-dimensional k-vector space with a faithful action
of a finite linearly reductive group scheme G over Speck. If G is generated by pseudo-reflections,
then k[V is polynomial. The converse holds if G is stable.

We also prove a version of this theorem for an action of a finite linearly reductive group
scheme on a smooth scheme.

Definition 2.1.7. Let U be a smooth affine scheme over Spec k with a faithful action of a finite
linearly reductive group scheme G which fixes a field-valued point x € U(K). The cotangent space
m,/m2 at x is therefore a G-representation. We say a subgroup scheme N of G is a pseudo-
reflection at x if Nk is a pseudo-reflection with respect to this representation. We define what it
means for G to be generated by pseudo-reflections at x in the same manner as in Definition 2.1.2.

Theorem 2.1.6 then has the following corollary whose proof is given in Section 2.3.

Corollary 2.1.8. Let k be a field, let U be a smooth affine k-scheme with o faithful action by a
finite linearly reductive group scheme G over Speck. Let x € U(K), where K/k is a finite separable
field extension, and suppose x is fized by G. If G is generated by pseudo-reflections at x, then U/G
18 smooth at the image of x. The converse holds if G is stable.

The second main result of this chapter is

Theorem 2.1.9. Let k be a field and let U be a smooth affine k-scheme with a faithful action by
a stable group scheme G over Speck. Suppose K/k is a finite separable field extension and G fizes
a point v € U(K). Let M = U/G, let M° be the smooth locus of M, and let U° = U xpy M. If G
has no pseudo-reflections at x, then after possibly shrinking M to a smaller Zariski neighborhood
of the image of =, we have that U° is a G-torsor over MY,



We remark that in the classical case, Theorem 2.1.9 follows directly from Corollary 2.1.8
and the purity of the branch locus theorem [SGA1, X.3.1]. For us, however, a little more work is
needed since G is not necessarily étale.

As an application of Theorem 2.1.9, we generalize the well-known result (see for example [Vi,
2.9] or [FMN, Rmk 4.9]) that schemes with quotient singularities prime to the characteristic are
coarse spaces of smooth Deligne-Mumford stacks. We say a scheme has linearly reductive singu-
larities if it is étale locally the quotient of a smooth scheme by a finite linearly reductive group
scheme. We show that every such scheme M is the coarse space of a smooth tame Artin stack (in
the sense of [AOV, Def 3.1]) whose stacky structure is supported at the singular locus of M:

Theorem 2.1.10. Let k be a perfect field and M a k-scheme with linearly reductive singularities.
Then it is the coarse space of a smooth tame stack X over k such that f° in the diagram
-0

%Oj*>

A

MO%)M
J

is an isomorphism, where j is the inclusion of the smooth locus of M and X° = M x s X.

This chapter is organized as follows. In Section 2.2, we prove the “if” direction of Theorem
2.1.6 and reduce the proof of the “only if” direction to the special case of Theorem 2.1.9 in which
U = VY(V) for some k-vector space V with G-action (see the Notation section below). This special
case is proved in Section 2.3. The key input for the proof is a result of Iwanari [Iw, Thm 3.3] which
we reinterpret in the language of pseudo-reflections. We finish the section by proving Corollary
2.1.8. In Section 2.4, we use Corollary 2.1.8 to complete the proof of Theorem 2.1.9. In Section
2.5, we prove Theorem 2.1.10.

Notation. Throughout this chapter, k is a field and S = Speck. If V is a k-vector space with an
action of a group scheme G, then we denote by VV(V), or simply VY if V is understood, the scheme
Spec k[V] whose G-action is given by the dual representation on functor points. Said another way,
if G = Spec A is affine and its action on V is given by the co-action map o : V — V ® A, then
the co-action map k[V] — k[V]®j A defining the G-action on VV is given by > a;v; — > a;o(v;).

All Artin stacks in this chapter are assumed to have finite diagonal so that, by Keel-Mori [KM],
they have coarse spaces. Given a scheme U with an action of a finite flat group scheme G, we
denote by U/G the coarse space of the stack [U/G].

If R is a ring and Z an ideal of R, then we denote by V(Z) the closed subscheme of Spec R
defined by Z.



2.2 Linear Actions on Polynomial Rings

Our goal in this section is to prove the “if” direction of Theorem 2.1.6 and show how the
“only if” direction follows from the special case of Theorem 2.1.9 in which U = VY. We begin
with examples of stable group schemes and with some basic results about the subgroup scheme
generated by pseudo-reflections.

Proposition 2.2.1. Let G be a finite group scheme over S. Consider the following conditions:
1. G is diagonalizable.
2. G is a constant group scheme.
3. k is perfect, the identity component A of G is diagonalizable, and G /A is constant.

If any of the above conditions hold, then G is stable.

Proof. 1t is clear that finite diagonalizable group schemes and finite constant group schemes are
stable, so we consider the last case. Let Q = G/A. Since k is perfect, the connected-étale sequence

1—A—G—Q—1

is functorially split (see [Ta, 3.7 (IV)]). Let K/k be a finite extension and let P be a subgroup
scheme of Gg. Letting A’ = PN Ak and Q' = P/A’, we have a commutative diagram

1 Ak Gk Qi 1

1 A/ P Q' 1

with exact rows. Since A is connected and has a k-point, [EGA4, 4.5.14] shows that A is geomet-
rically connected. In particular, Ak is the connected component of the identity of Gk, and so A’
is the connected component of the identity of P. Therefore, the bottom row of the above diagram
is the connected-étale sequence of P, and so

P=A" %@

as k is perfect. Since Q' is a constant group scheme, it clearly descends to a subgroup scheme of
@ over k. Similarly, since A’ is diagonalizable, it is of the form Spec K[A] for some finite abelian
group A, and so it descends to a subgroup scheme of A. To show that P descends, note that its
underlying scheme is A’ x g Q' and its group structure is given by an action of Q" on A’. This
action of )" is equivalent to an action of Q" on A. We can therefore define a group scheme structure
on Spec k[A] X, Q" using the same action of @’ on A. This group scheme Py over k then pulls back
to P over K.

Lastly, we must show that Py is a subgroup scheme of G. Let * denote the action of Qg (resp. Q')



on Ak (resp. A’). Since the splitting of the connected-étale sequence of a finite group scheme over
a perfect field is functorial, we see that for all ¢ € Q" and local sections ¢’ of A/,

(') * p(8') = p(q' * &").

We therefore obtain a morphism from Py to G whose pullback to K is the morphism from P to
Gk. O

Lemma 2.2.2. Let V' be a finite-dimensional k-vector space with a faithful action of a stable group
scheme G over S, and let H be the subgroup scheme generated by pseudo-reflections. If K/k is
a finite field extension, then a subgroup scheme of Gy is a pseudo-reflection if and only if it de-
scends to a pseudo-reflection over k. Furthermore, Hy is the subgroup scheme of G generated by
pseudo-reflections.

Proof. Note that if N is a pseudo-reflection of G, then N is a pseudo-reflection of G, as
Vi)V = (V).

Since G is stable, this proves the first claim. The second claim follows from the fact that if P’ and
P are subgroup schemes of G, then P} contains P} if and only if P’ contains P”. O

We remark that even in characteristic zero, Lemma 2.2.2 is false for general finite linearly
reductive group schemes G, as the following example shows. Note that this example also shows
that the “only if” direction of Theorem 2.1.6 and of Corollary 2.1.8 is false for general finite linearly
reductive group schemes.

Example 2.2.3. Let k be a field contained in R or let k& = F, for p congruent to 3 mod 4.
Let K = k(i), where i> = —1, and let G be the locally constant group scheme over Spec k whose
pullback to Spec K is Z/2 x Z/2 with the Galois action that switches the two Z/2 factors. Let ¢
and g2 be the generators of the two Z/2 factors and consider the action

p:Gg — AutK(K2)
on the K-vector space K? given by
plg1) : (a,b) — (—bi, ai)

p(g2) : (a,b) — (bi, —ai).
Then p is Galois-equivariant and hence comes from an action of G' on k%. Note that Z/2 x 1
and 1 x Z/2 are both pseudo-reflections of Gk, as the subspaces which they fix are K - (1,4) and
K - (1, —1), respectively. Since Gk is not a pseudo-reflection, it follows that there are no Galois-
invariant pseudo-reflections of G, and hence, the subgroup scheme generated by pseudo-reflections
of GG is trivial; the subgroup scheme generated by pseudo-reflections of G, however, is G.

Corollary 2.2.4. IfV is a finite-dimensional k-vector space with a faithful action of a stable group
scheme G over S, then the subgroup scheme generated by pseudo-reflections is normal in G.
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Proof. We denote by H the subgroup scheme generated by pseudo-reflections. Let 1" be an S-
scheme and let g € G(T). We must show the subgroup schemes Hr and gHrg~! of G are equal.
To do so, it suffices to check this on stalks and so we can assume T' = Spec R, where R is strictly
Henselian. By [AOV, Lemma 2.17], we need only show that these two group schemes are equal
over the closed fiber of T, so we can further assume that R = K is a field. Since G is finite over S,
the residue fields of G are finite extensions of k. We can therefore assume that K /k is a finite field
extension.

By Lemma 2.2.2, we know that Hp is the subgroup scheme of G generated by pseudo-reflections.
Note that if N’ is a pseudo-reflection of G, then gN’g~! is as well since
N/ —1 ’
Vi =gV ).

1

As aresult, gHg g™+ = Hg, which completes the proof. O

Lemma 2.2.5. Given a finite-dimensional k-vector space V with a faithful action of a finite linearly
reductive group scheme G over S, let {N;} denote the set of pseudo-reflections of G and let H be
the subgroup scheme generated by pseudo-reflections. Then

K[V = k[V]Y

Proof. Let R =, k[V]"i. Consider the functor
F : (k-alg) — (Groups)

A—{ge€ G(A) | g(m)=m for all m € R®y, A}.

Since each k[V]"i is finitely-generated, we see that R is as well. Let r; € k[V] be generators for
R. We see then that F is the intersection of the stabilizers G,,, and so is represented by a closed
subgroup scheme of G. Since F' contains every pseudo-reflection, we see H C F. We therefore have
the containments

R Ck[VIF ck[V)* c (kI

from which the lemma follows. O

If N is any subgroup scheme of G, it is linearly reductive by [AOV, Prop 2.7]. It follows
that
VevNgv/ivh (2.1)

as N-representations. If N is a pseudo-reflection, then dim V/VY = 1. Let v be a generator of the
I-dimensional subspace V/V and let o : V — V ®;, B be the coaction map, where N = Spec B.
Then via the isomorphism (2.1), o is given by

VN v/ VN — (VN @, B)® (V/VN @, B)

(w,w") — (w® 1,0 @b)
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for some b € B. It follows that there is a k-linear map h : V — B such that for all w € V,
olw)— (w®1l)=v® h(w).

If we continue to denote by o the induced coaction map k[V] — k[V] ®j B, we see that h extends
to a k[V]¥-module homomorphism k[V] — k[V] ®; B, which we continue to denote by h, such
that for all f € k[V],

o(f)=(f@l)=(v®l)-h(f)
We are now ready to prove the “if” direction of Theorem 2.1.6. Our proof is only a slight variant
of the proof of the classical Chevalley-Shephard-Todd Theorem presented in [Sm)].

Proof of “if” direction of Theorem 2.1.6. By Lemma 2.2.5, we know that the intersection R of the
E[V]N is k[V]%, where N runs through the pseudo-reflections of G. By the proposition on page
225 of [Sm], to show R is polynomial, we need only show that k[V] is a free R-module. By graded
Nakayama, the projective dimension of k[V] is the smallest integer i such that Tor’ , (k, k[V]) = 0,
where k is viewed as an R-module via the augmentation map

e k[V]Y - k[V] =k

sending all positively graded elements to 0. We must therefore show Tor®(k, k[V]) = 0.

Tensoring the short exact sequence defined by e with k[V], we obtain a long exact sequence

0 — Torf(k, k[V]) — kere ®r k[V] -2 R@r k[V] <2 k @p k[V] — 0.
To show Torf(k, k[V]) = 0, we must prove that ¢ is injective. We in fact show
pR1:kere®@gk[V] @, C — k[V] @i C
is injective for all finite-dimensional k-algebras C. If this is not the case, then the set
{¢ | C is a finite-dimensional k-algebra, 0 # £ € kere @ k[V] @, C, (¢ ® 1)(§) = 0}

is non-empty and we can choose an element £ of minimal degree, where ker € is given its natural
grading as a submodule of £[V] and the elements of C' are defined to be of degree 0. We begin by
showing € € kere ® p R ®;, C. That is, we show ¢ is fixed by all pseudo-reflections.

Let N = Spec B be a pseudo-reflection. Let o : k[V] — k[V] ® B be the coaction map. As
explained above, we get a k[V]"-module homomorphism h : k[V] — k[V] ® B. Note that this
morphism has degree -1. Since

1Ieeel)E) -—¢twl=10hrh21])(§) - 1vel®l),

the commutativity of

kere@k[V]® BoC —2 L kV]e BeC
Tl@a@l U®1T
kere ® k[V] @ C ool KV]®C
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implies
(olo)(Iehe1)()- (volel)=0.

It follows that (1®@h®1)(€) is killed by ¢ ®1® 1. Since h has degree -1, our assumption on £ shows
that (1@ h®1)(§) = 0. We therefore have (100®1)(§) = {®1, which proves that £ is N-invariant.

Since G is linearly reductive, we have a section of the inclusion k[V]% < k[V]. We therefore,
also obtain a section s of the inclusion j : R < k[V]. Let ¢ : kere ® g R — R be the canonical
map, and consider the diagram

$Q1

kere ® k[V] ® C ElVi®C
1®j®1“1®s®1 j®1“g®1
PY®R1
kere @ R® C R®C

We see that

GohWeol)(lesal)(§) =(¢e)(1ejel)1es01)(E) = (¢@1)(¢) =0.

But j ® 1 and ¢ ® 1 are injective, so (1 ® s ® 1)(§) = 0. Since £ € kere @ R ®y, C, it follows that
& = 0, which is a contradiction. O

Now that we have proved the “if” direction of Theorem 2.1.6, we work toward reducing
the “only if” direction to the special case of Theorem 2.1.9 where U = VV. The main step in this
reduction is showing that if G acts faithfully on V', and H denotes the subgroup scheme generated
by pseudo-reflections, then the action of G/H on VV/H has no pseudo-reflections at the origin. In
the classical case, the proof of this statement relies on the fact that G has no pseudo-reflections if
and only if V¥ — VV/G is étale in codimension one. In our case, however, this relation between
pseudo-reflections and ramification no longer holds. For example, if £ has characteristic 2 and
G = s acts on V = kx & ky by sending x to (x and y to (y, then V¥V — VV/G is ramified at every
height 1 prime, but G has no pseudo-reflections.

Nonetheless, we introduce the following functor which, for our purposes, should be thought of
as an analogue of the inertia group. If v € V and ‘B is the ideal of k[V] generated by v, then let

Iy : (k-alg) — (Groups)
R — {g€ G(R) | for all R-algebras R’ and all f € (V ® R")Y
such that f(v ® 1) =0, we have (g(f))(v® 1) = 0}.

Note that in the above example, Iz = 1 for all homomgeneous height one primes ‘B. So our “inertia
groups” do not capture information about ramification, but they are related to pseudo-reflections,
as the following lemma shows.

Lemma 2.2.6. If G acts faithfully on V and stabilizes the closed subscheme V (B) of VV defined
by P = (v) for some v € V, then Iy =1 if and only if G has no pseudo-reflections acting trivially
on P.
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Proof. Since G stabilizes V (), we have a morphism G — Aut(V (%)) of sheaves of groups. We see
then that Iy is a closed subgroup scheme of G, as it is the kernel of the above morphism. If IV is any
pseudo-reflection of G which acts trivially on V(), then it is clearly contained in Iys. Conversely,
since Iy is a closed subgroup scheme of G which acts trivially on V(B), it is a pseudo-reflection.
This completes the proof. ]

We now prove a general result concerning faithful actions by group schemes.

Lemma 2.2.7. Let G be a finite group scheme which acts faithfully on an affine scheme U. If H
is a normal subgroup scheme of G, then the action of G/H on U/H is faithful.

Proof. Let X = [U/H] and let 7 : U — U/H be the natural map. We must show that if G’ is a
subgroup scheme of G such that G’'/H acts trivially on U/H, then G’ = H. Replacing G by G,
we can assume G’ = G.

Since G acts faithfully on U, there is a non-empty open substack of X which is isomorphic to
its coarse space. That is, we have a non-empty open subscheme V of U/H over which 7 is an
H-torsor. Let P =V Xy, U. Since G acts on P over V, we obtain a morphism

s: G — Aut(P) = H.
Note that s is a section of the closed immersion H — G, so H = G. O

With the above results in place, we are ready to prove that after quotienting by the
subgroup scheme generated by pseudo-reflections, there are no pseudo-reflections in the resulting
action. We then use this result to prove the “only if” direction of Theorem 2.1.6, assuming the
special case of Theorem 2.1.9 in which U = VV.

Proposition 2.2.8. Let G be a finite linearly reductive group scheme over S with a faithful action
on a finite-dimensional k-vector space V. Let U = VY and H be the subgroup scheme of G generated
by pseudo-reflections. Then the induced action of G/H on U/H ~ A} has no pseudo-reflections at
the origin.

Proof. By the “if” direction of Theorem 2.1.6, we have k[V]? = k[W] for some subvector space
W of k[V]. The proof of [Ne, Prop 6.19] shows that the degrees of the homogeneous generators of
E[V]H are determined. As a result, the action of G/H on k[WW] is linear. Lemma 2.2.7 further tells
us that this action is faithful.

Suppose N/H is a pseudo-reflection at the origin of the G/H-action on U/H. Then there is some
w € W such that N/H acts trivially on the closed subscheme V(p) of U/H defined by p = (w).
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Let H = Spec A, N = Spec B, and N/H = Spec C. We have a commutative diagram

E[V] @, A
kV] k[V]®, B

OB

| /|
k[V]H e V7 @ C
where the o denote the corresponding coaction maps. Since H is linearly reductive, there is a
section s of i. Since N/H is a pseudo-reflection, we see that w ® 1 divides o¢(f) — f ® 1 for all
f € k[V]H. In particular, this holds when f = s(v) for any v € V. There is some v € V such that
op(v) —v®1 is non-zero, as the action of G on V is faithful. Since w®1 divides o¢(s(v)) —s(v)®1,
applying j shows that w ® 1 divides op(v) — v ® 1. Since og(v) —v ® 1 lies in V ® B, it follows
that w has no higher degree terms; that is, w € V.

Let B be the height one prime of k[V] generated by w. Since joc(w) = op(i(w)), we see that N
stabilizes the closed subscheme V() of U. Note that the diagram

V(B) ——vY

L

Vip) —=VV/H
is cartesian, as P = i(p)k[V]. Since H is linearly reductive, it follows that

V(B)/H =V(p).

Let Iz denote the “inertia group” of the N-action on VV. Then, by Lemma 2.2.6, to complete the
proof we must show that Iy is non-trivial. Since Iy is the kernel of

N — Aut(V(B)),

if Iy = 1, then N acts faithfully on V(). Since the action of N/H on V/(p) is trivial, Lemma 2.2.7
shows that N = H, and so N/H is not a pseudo-reflection. ]

Proof of “only if” direction of Theorem 2.1.6. Let H be the subgroup scheme generated by pseudo-
reflections. By the “if” direction, k[V]" is polynomial and as explained in the proof of Proposition
2.2.8, the G/ H-action on k[V]! is linear. Since G/H acts on U/H without pseudo-reflections at the
origin by Proposition 2.2.8, and since M = U/G is smooth by assumption, Theorem 2.1.9 implies
that U/H is a G/H-torsor over U/G after potentially shrinking U/G. Since the origin of U/H is
a fixed point, we conclude that G = H. 0
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2.3 Theorem 2.1.9 for Linear Actions on Polynomial Rings

In Section 2.2, we reduced the proof of the “only if” direction of Theorem 2.1.6 to

Proposition 2.3.1. Let G be a stable group scheme over S which acts faithfully on a finite-
dimensional k-vector space V.. Then Theorem 2.1.9 holds when U =V and x is the origin.

The proof of this proposition is given in two steps. We handle the case when G is diago-
nalizable in Subsection 2.3.1 and then handle the general case in Subsection 2.3.2 by making use
of the diagonalizable case.

2.3.1 Reinterpreting a Result of Iwanari

The key to proving Proposition 2.3.1 for diagonalizable G is provided by Theorem 3.3 and
Proposition 3.4 of [Iw] after we reinterpret them in the language of pseudo-reflections. We refer the
reader to [Iw, p.4-6] for the basic definitions concerning monoids. We recall the following definition
given in [Iw, Def 2.5].

Definition 2.3.2. An injective morphism ¢ : P — F from a simplicially toric sharp monoid to a
free monoid is called a minimal free resolution if i is close and if for all injective close morphisms
i : P — F’ to a free monoid F’ of the same rank as F, there is a unique morphism j : I — F’
such that i’ = ji.

Given a faithful action of a finite diagonalizable group scheme A over S on a k-vector
space V of dimension n, we can decompose V as a direct sum of 1-dimensional A-representations.
Therefore, after choosing an appropriate basis, we have an identification of k[V] with k[N"] and
can assume that the A-action on U = VV is induced from a morphism of monoids

m: F=N"— A,
where A is the finite abelian group such that A is the Cartier dual D(A) of A. We see then that
U/A = Speck[P],

where P is the submonoid {p | m(p) = 0} of F. Note that P is simplicially toric sharp, that
i: P — Fis close, and that A = F9 /i(P).

We now give the relationship between minimal free resolutions and pseudo-reflections.

Proposition 2.3.3. With notation as above, i : P — F is a minimal free resolution if and only if
the action of A on V has no pseudo-reflections.

Proof. 1f i is not a minimal free resolution, then without loss of generality, i = ji/, where i : P — F
is close and injective, and j : F' — F'is given by

jlar,ag,...,a,) = (may,az,...,a,)
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with m # 1. We have then a short exact sequence
0 — F9/{'(P9P) — F9 [i(P9?) — F%/(m,1,...,1)(F%) — 0.

Let N be the Cartier dual of F9/(m,1,...,1)(F9), which is a subgroup scheme of A. Letting
{z;} be the standard basis of F', we see that

k:[F]N = k[, x9,. .., zp],

and so V', which is the degree 1 part of k[F]", has codimension 1 in V. Therefore, N is a pseudo-
reflection.

Conversely, suppose N is a pseudo-reflection. Since N is a subgroup scheme of A, it is diago-
nalizable as well. Let N = Spec k[B], where B is a finite abelian group and let ¢ : A — B be the
induced map. We see that

VN = ka;

i#]
for some j. Without loss of generality, j = 1. It follows then that

(feF|yn(f)=0} = (m1,...,1)F

for some m dividing |B|. Since the A action on V is assumed to be faithful, we see, in fact, that
m = |B|. Therefore, i factors through -(m,1,...,1) : F — F, which shows that 7 is not a minimal
free resolution. O

Having reinterpreted minimal free resolutions, the proof of Proposition 2.3.1 for diagonal-
izable group schemes G follows easily from Iwanari’s work.

Proposition 2.3.4. Let G = A be a finite diagonalizable group scheme over S which acts faithfully
on a finite-dimensional k-vector space V.. Then Theorem 2.1.9 holds when U = VV and x is the
origin. In this case it is not necessary to shrink M to a smaller Zariski neighborhood of the image

of x.

Proof. Let F and P be as above, and let X = [U/A]. By Proposition 2.3.3, the morphism i : P — F
is a minimal free resolution. Theorem 3.3 (1) and Proposition 3.4 of [Iw] then show that the natural
morphism X x5y M? — MO is an isomorphism. Since X x 3y M® = [U°/A], we see U is a A-torsor
over M. U

2.3.2 Finishing the Proof

The goal of this subsection is to prove Proposition 2.3.1. The main result used in the
proof of this proposition, as well as in the proof of Theorem 2.1.9, is the following.

Proposition 2.3.5. Let notation and hypotheses be as in Theorem 2.1.9. Let X = U/A and
G = A xQ, where A is diagonalizable and Q) is constant and tame. If in addition to assuming that
G acts without pseudo-reflections at x, we assume that A is local and that the base change of U to
XM 4s a A-torsor over X*™, then after possibly shrinking M to a smaller Zariski neighborhood of
the image of x, the quotient map f: X — M is unramified in codimension 1.
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Proof. Let g be the quotient map U — X. For every ¢ € ), consider the cartesian diagram

Zy U
Fq
U——UxU

where I'y(u) = (u,qu). We see that Z, is a closed subscheme of U and that Z,(T) is the set of
u € U(T) which are fixed by ¢q. Let Z be the closed subset of U which is the union of the Z, for
q # 1. Since the action of G on U is faithful, Z is not all of U. Let Z’ be the union of the codimen-
sion 1 components of Z. Since fg is finite, we see that fg(Z’) is a closed subset of M. Moreover,
f9(Z") does not contain the image of z, as G is assumed to act without pseudo-reflections at z. By
shrinking M to M — fg(Z’), we can assume that no non-trivial ¢ € @ acts trivially on a divisor of U.

Let U = Spec R. The morphism f is unramified in codimension 1 if and only if the (traditional)
inertia groups of all height 1 primes p of R® are trivial. So, we must show that if ¢ € Q acts
trivially on V' (p), then ¢ = 1. Since ¢ is finite, and hence integral, the going up theorem shows that

PR:‘B?*’+ Zn’

where the 3; are height 1 primes and the e; are positive integers. Note that X is normal and so
the complement of X*™ in X has codimension at least 2. As a result,

h:U xx SpecOx p — SpecOx p

is a A-torsor. Since A is local, h is a homeomorphism of topological spaces, so there is exactly one
prime P lying over p. We see then that U x x V(p) = V(B¢) for some e.

Let V(p)" be the intersection of V(p) with X, and let Z° = U xx V(p)°. Then Z° is a A-
torsor over V (p)°. Since ¢ acts trivially on V(p), we obtain an action of ¢ on Z% over V(p)°, and
hence a group scheme homomorphism

@ Qo — Aut(Z°/V (p)°) = Ay,

where Q' denotes the subgroup of @ generated by ¢. Since V(p)? is reduced, we see that ¢ factors
through the reduction of Ay ()0, which is the trivial group scheme. Therefore, g acts trivially on Z 0,

Since the complement of X*™ in X has codimension at least 2, and since g factors as a flat map
U — [U/A] followed by a coarse space map [U/A] — X, both of which are codimesion-preserving
(see Definition 4.2 and Remark 4.3 of [FMN]), we see that the complement of Z° in V(3¢) has
codimension at least 2. Note that if Y is a normal scheme and W is an open subscheme of Y whose
complement has codimension at least 2, then any morphism from W to an affine scheme Z extends
uniquely to a morphism from Y to Z. Since the action of ¢ on V(3¢) restricts to a trivial action
on Z% the action of ¢ on V() is trivial. Therefore, q acts trivially on a divisor of U, and so
q=1. O
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Proof of Proposition 2.3.1. Let k' /k be a finite Galois extension such that G ~ A x @, where A
is diagonalizable and @ is constant and tame. Let S’ = Speck’ and consider the diagram

U——U

L

M —M

]

S —S

where the squares are cartesian. We denote by z’ the induced k’-rational point of U’. Since A
is the product of a local diagonalizable group scheme and a locally constant diagonalizable group
scheme, replacing k’ by a further extension if necessary, we can assume that A is local.

Since G is stable, G} has no pseudo-reflections at z’/. It follows then from Proposition 2.3.5
that there exists an open neighborhood W' of 2’ such that U’ x W/ — W’ is unramified in
codimension 1. Since k’/k is a finite Galois extension, replacing W’ by the intersection of the
7(W') as 7 ranges over the elements of Gal(k’/k), we can assume W’ is Galois-invariant. Hence,
W' =W X M’ for some open subset W of M. We shrink M to W.

To check that UY is a G-torsor over MY, we can look étale locally. We can therefore assume
S=¢5".Let X =U/A,and let g: U — X and f : X — M be the quotient maps. We denote by
XY the fiber product X x s M? and by f° the induced morphism X° — M?O,

By Proposition 2.3.4, we know that the base change of U to X*™ is a A-torsor over X*™. Since f is
unramified in codimension 1, we see that f9 is as well. Since MY is smooth and X° is normal, the
purity of the branch locus theorem [SGA1, X.3.1] implies that f° is étale, and hence a Q-torsor.
Since XY is étale over MY, it is smooth. As a result, U° is a A-torsor over X° from which it follows
that UY is a G-torsor over M. O

This finishes the proof of Proposition 2.3.1, and hence also of Theorem 2.1.6. We conclude
this section by proving Corollary 2.1.8.

Proof of Corollary 2.1.8. Let U = Spec R and M = U/G. We denote by y the image of x. Since
G being generated by pseudo-reflections at x implies that G is generated by pseudo-reflections
at x for arbitrary finite linearly reductive group schemes G, and since smoothness of M at y
can be checked étale locally, we can assume that z is k-rational. Let V = m,/m2 be the cotan-
gent space of x. As G is linearly reductive, there is a G-equivariant section of m, — V. This
yields a G-equivariant map Sym®(V) — R, which induces an isomorphism k[[V]] — Oy, of G-
representations. That is, complete locally, we have linearized the G-action. Since O My = E[[V]]€,
the corollary follows from Theorem 2.1.6, as M is smooth at y if and only if o M,y is a formal power
series ring over k. O
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2.4 Actions on Smooth Schemes

Having proved Theorem 2.1.9 for polynomial rings with linear actions, we now turn to the
general case. We begin with two preliminary lemmas and a technical proposition.

Lemma 2.4.1. Let U be a smooth affine scheme over S with an action of a finite diagonalizable
group scheme /. Then there is a closed subscheme Z of U on which A acts trivially, and with the
property that every closed subscheme Y on which A acts trivially factors through Z. Furthermore,
the construction of Z commutes with flat base change on U/A.

Proof. Let U = Spec R and A = Spec k[A], where A is a finite abelian group written additively.
The A-action on U yields an A-grading

R={PR..

a€A

We see that if J is an ideal of R, then A acts trivially on Y = Spec R/J if and only if J contains
the R, for a # 0. Letting Z be the ideal generated by the R, for a # 0, we see that Spec R/Z is
our desired Z.

We now show that the formation of Z commutes with flat base change. Note that
U/A = Spec Ry.

Let R, be a flat Rp-algebra and let R’ = R{, ®g, R. The induced A-action on Spec R’ corresponds
to the A-grading
R = (R ®r, Ra).
acA

Since Ry is flat over Ry, we see that Z ®@p, R(, is an ideal of R/, and one easily shows that it is the
ideal generated by the R ®g, R, for a # 0. O

Recall that if G is a group scheme over a base scheme B which acts on a B-scheme U,
and if y : T" — U is a morphism of B-schemes, then the stabilizer group scheme G, is defined by
the cartesian diagram

Gy — G x B U

b )
7Y% U xpU
where ¢(g,u) = (gu,u). If U is separated over B, then G, is a closed subgroup scheme of Gr.

Lemma 2.4.2. Let B be a scheme and G a finite flat group scheme over B. If G acts on a B-
scheme U, then U — U/G is a G-torsor if and only if the stabilizer group schemes Gy are trivial
for all closed points y of U.
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Proof. The “only if” direction is clear. To prove the “if” direction, it suffices to show that the
stabilizer group schemes G, are trivial for all scheme valued points y : 7' — U. This is equivalent
to showing that the universal stabilizer G, is trivial, where u : U — U is the identity map. Since
G, is a finite group scheme over U, it is given by a coherent sheaf F on U. The support of F is
a closed subset, and so to prove (G, is trivial, it suffices to check this on stalks of closed points.
Nakayama’s Lemma then shows that we need only check the triviality of G, on closed fibers. That
is, we need only check that the G are trivial for closed points y of U. O

Proposition 2.4.3. Let U be a smooth affine scheme over S with a faithful action of a stable
group scheme G fixing a k-rational point x. If N has a pseudo-reflection at x, then there is an étale
neighborhood T — U /G of x and a divisor D of Ur defined by a principal ideal on which Nt acts
trivially.

Proof. Let M = U/G and let y be the image of = in M. As in the proof of Corollary 2.1.8, we
have an isomorphism k[[V]] — Oy of G-representations, where V = m,/m2. If N is a pseudo-
reflection at x, then there is some v € V such that N acts trivially on the closed subscheme of
Spec k[[V']] defined by the prime ideal generated by v.

Consider the contravariant functor I which sends an M-scheme T to the set of divisors of Ur
defined by a pr1n01pa1 ideal on which N7 acts trivially. As F' is locally of finite presentation and
U % Spec O M,y = Spec (’)Uz, Artin’s Approximation Theorem [Ar] finishes the proof. O

We are now ready to prove Theorem 2.1.9. Our method of proof is similar to that of
Proposition 2.3.1; we first prove the theorem in the case that G is diagonalizable and then make
use of this case to prove the theorem in general.

Proposition 2.4.4. Theorem 2.1.9 holds when G = A is a finite diagonalizable group scheme.

Proof. Let g : U — M be the quotient map. Since any subgroup scheme N of A is again finite
diagonalizable, Lemma 2.4.1 shows that for every N, there exists a closed subscheme Zy of U on
which N acts trivially, and with the property that every closed subscheme Y on which N acts
trivially factors through Zxy. Let Z be the union of the finitely many closed subsets Zy for N # 1.
Since the action of A on U is faithful, Z has codimension at least 1. Let Z’ be the union of all
irreducible components of Z which have codimension 1. Since A acts without pseudo-reflections at
x, we see x ¢ Z'. Note that g(Z') is closed as g is proper. Since the construction of Z commutes
with flat base change on M and since flat morphisms are codimension-preserving, replacing M with
M — g(Z'), we can assume that there are no non-trivial subgroup schemes of A which fppf locally
on M act trivially on a divisor of U.

By Lemma 2.4.2, to show U° is a A-torsor over MY, it suffices to show that for every closed
point y of U which maps to MY, the stabilizer group scheme A, is trivial. Fix such a closed point
y and let T = Speck(y). Since T is fppf over S, we see from Proposition 2.4.3 that the closed
subgroup scheme A, of Ar acts faithfully on Ur without pseudo-reflections at the k(y)-rational
point 3 of Ur induced by y. Since y maps to a smooth point of M, it follows that ¢ maps to a
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smooth point of Mr. Corollary 2.1.8 then shows that A, is generated by pseudo-reflections. Since
A, has no pseudo-reflections, it is therefore trivial. O

Proof of Theorem 2.1.9. If G = A x(@Q, where A is diagonalizable and () is constant and tame, then
letting Z’ be as in Proposition 2.4.4 and letting U, X, f, and g be as in the proof of Proposition
2.3.1, the proof of Proposition 2.4.4 shows that after replacing M by M — fg(Z’), the base change
of U to X*™ is a A-torsor over X*™. As in the proof of Proposition 2.3.1, we can then reduce the
general case to the case when G = A x @, where A is local diagonalizable and @) is constant tame.
The last paragraph of the proof of Proposition 2.3.1 then shows that U is a G-torsor over M°. [

2.5 Schemes with Linearly Reductive Singularities

Let k be a perfect field of characteristic p.

Definition 2.5.1. We say a scheme M over S has linearly reductive singularities if there is an
étale cover {U;/G; — M}, where the U; are smooth over S and the G; are linearly reductive group
schemes which are finite over S.

Note that if M has linearly reductive singularities, then it is automatically normal and in
fact Cohen-Macaulay by [HR, p.115].

Our goal in this section is to prove Theorem 2.1.10, which generalizes the result that every scheme
with quotient singularities prime to the characteristic is the coarse space of a smooth Deligne-
Mumford stack. We remark that in the case of quotient singularities, the converse of the analogous
theorem is true as well; that is, every scheme which is the coarse space of a smooth Deligne-Mumford
stack has quotient singularities. It is not clear, however, that the converse of Theorem 2.1.10 should
hold. We know from Theorem 3.2 of [AOV] that X is étale locally [V/Gy|, where Gy is a finite flat
linearly reductive group scheme over V/Gg, but V need not be smooth and Gy need not be the
base change of a group scheme over S. On the other hand, Proposition 2.5.2 below shows that X
is étale locally [U/G| where U is smooth and G is a group scheme over S, but here G is not finite.

Before proving Theorem 2.1.10, we begin with a technical proposition followed by a series of lemmas.

Proposition 2.5.2. Let X be a tame stack over S with coarse space M. Then there exists an étale
cover T' — M such that
Xxy T =[U/Gy,rx H],

where H is a finite constant tame group scheme and U is affine over T'. Furthermore, G’"mT x H
is the base change to T' of a group scheme Gy, 3 x H over S, so X xy T = [U/Gy, ¢ x H].

Proof. Theorem 3.2 of [AOV] shows that there exists an étale cover T'— M and a finite flat linearly
reductive group scheme Gy over T acting on a finite finitely presented scheme V' over T such that

.%:XMT: [V/Go}
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By [AOV, Lemma 2.20], after replacing T by a finer étale cover if necessary, we can assume there

is a short exact sequence
1-A—-Gy— H—1,

where A = Spec Or[A4] is a finite diagonalizable group scheme and H is a finite constant tame
group scheme. Since A is abelian, the conjugation action of Gy on A passes to an action

H — Aut(A) = Aut(A).

Choosing a surjection F' — A in the category of Z[H]-modules from a free module F', yields an
H-equivariant morphism A — GJ 5. Using the H-action on G ,, we define the group scheme
G, 1 % Go over T'. Note that there is an embedding

A — G:n7T A GO

sending 6 to (§,07!), which realizes A as a normal subgroup scheme of G, *Go. We can therefore
define
G = (Gy, 1 x Go)/A.

One checks that there is a commutative diagram

1 A Go H 1
1 m.T G——H 1

where the rows are exact and the vertical arrows are injective.

We show that étale locally on T, there is a group scheme-theoretic section of 7, so that G =
Gy, 7 »x H. Let P be the sheaf on T' such that for any T-scheme W, P(W) is the set of group
scheme-theoretic sections of my : Gy — Hy. Note that the sheaf Hom(H, G) parameterizing
group scheme homomorphisms from H to G is representable since it is a closed subscheme of G* |
cut out by suitable equations. We see that P is the equalizer of the two maps

p
Hom(H,G) —= x|
D2

where p1(¢) = (m¢(h));, and pa(¢) = (k). That is, there is a cartesian diagram

P Hom(H,G)

J{ l (p1,p2)

xIH B fpx[H| o x|

Since H is separated over T', we see that P is a closed subscheme of Hom(H, G). In particular,
it is representable and locally of finite presentation over T'. Furthermore, P — T is surjective as
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[AOV, Lemma 2.16] shows that it has a section fppf locally. To show P has a section étale locally,
by [EGA4, 17.16.3], it suffices to prove P is smooth over T

Given a commutative diagram
X = Spec A/I—; P

|

X =SpecA T

with Z a square zero ideal, we want to find a dotted arrow making the diagram commute. That is,
given a group scheme-theoretic section sg : Gw, — Hyw, of mw,, we want to find a group scheme
homomorphism s : Gy — Hyy which pulls back to sg and such that my o s is the identity. Note
first that any group scheme homomorphism s which pulls back to sy is automatically a section of
mw since H is a finite constant group scheme and 7y o s pulls back to the identity over Wy. By
[SGA3, Exp. IIT 2.3], the obstruction to lifting so to a group scheme homomorphism lies in

H*(H, Lie(G) ® T),
which vanishes as H is linearly reductive. This proves the smoothness of P.

To complete the proof of the lemma, let U := V x&0 G and note that
XxyT=[V/Gy =1[U/G].

Since V is finite over T" and G is affine over T', it follows that U is affine over T" as well. Replacing
T by a finer étale cover if necessary, we have

X xn T =[U/G,p x H|.

Lastly, the scheme underlying G’"m,T x H is GTm,T x7 H and its group scheme structure is determined
by the action H — Aut(Gy, ). Since Aut(Gj, ) = Aut(Z"), we can use this same action to
define the semi-direct product GZ%S x H and it is clear that this group scheme base changes to
G, x H. O

Lemma 2.5.3. IfV is a smooth S-scheme with an action of finite linearly reductive group scheme
Go over S, then [V/Gy| is smooth over S.

Proof. Let X = [V/Gg]. To prove X is smooth, it suffices to work étale locally on S, where, by
[AOV, Lemma 2.20], we can assume Gy fits into a short exact sequence

1-A—->Gy— H—1,

where A is a finite diagonalizable group scheme and H is a finite constant tame group scheme. Let
G be obtained from Gy as in the proof of Proposition 2.5.2 and let U = V x%0 G. Since X = [U/G],
it suffices to show U is smooth over S. The action of Gy on V' x G, given by go - (v, g9) = (vg0, 909),
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is free as the Gop-action on G is free. As a result, U = [(V x G)/Go] and G/Gy = [G/Gy]. Since
the projection map p: V x G — G is Gg-equivariant, we have a cartesian diagram

p

V x@G G
L
U G/Gy

Since p is smooth, ¢ is as well. Since G — [G/Go| = G/G) is flat and G is smooth, [EGA4, 17.7.7]
shows that G/Gy is smooth, and so U is as well. O]

Lemma 2.5.4. Let X be a smooth S-scheme and i : U — X an open subscheme whose complement
has codimension at least 2. Let P be a G-torsor on U, where G = GJ, x H and H is a finite constant
étale group scheme. Then P extends uniquely to a G-torsor on X.

Proof. The structure map from P to U factors as P — Py — U, where P is a GI -torsor over Py
and Py is an H-torsor over U. Since the complement of U in X has codimension at least 2, we
have 7 (U) = 71(X) and so Py extends uniquely to an H-torsor Qo on X. Let iy : Py — Qo be the
inclusion map. Since Qg is smooth and the complement of Py in Qg has codimension at least 2, the
natural map Pic(Qy) — Pic(Fp) is an isomorphism. It follows that any line bundle over Py can be
extended uniquely to a line bundle over ()g. We can therefore inductively construct a unique lift
of P over X. O

Our proof of the following lemma closely follows that of [FMN, Thm 4.6].

Lemma 2.5.5. Let f : Y — M be an S-morphism from a smooth tame stack Y to its coarse space
which pulls back to an isomorphism over the smooth locus M® of M. If h: X — M is a dominant,
codimension-preserving morphism (see [FMN, Def 4.2]) from a smooth tame stack, then there is a
morphism g : X — Y, unique up to unique isomorphism, such that fg = h.

Proof. We show that if such a morphism ¢ exists, then it is unique. Suppose g1 and gs are two
such morphisms. We see then that g1]j-1(p70) = g2[p-1(as0y- Since h is dominant and codimension-
preserving, h=1(MY) is open and dense in X. Proposition 1.2 of [FMN] shows that if X and Y
are Deligne-Mumford with X normal and ) separated, then g; and go are uniquely isomorphic.
The proof, however, applies equally well to tame stacks since the only key ingredient used about
Deligne-Mumford stacks is that they are locally [U/G]| where G is a separated group scheme.

By uniqueness, to show the existence of g, we can assume by Proposition 2.5.2 that J = [U/G],
where U is smooth and affine, and G = GJ,, x H, where H is a finite constant tame group scheme.
Let p: V — X be a smooth cover by a smooth scheme. Since smooth morphisms are dominant
and codimension-preserving, uniqueness implies that to show the existence of g, we need only show
there is a morphism ¢; : V' — Y such that fg; = hp. So, we can assume X = V.

Given a stack Z over M, let 20 = M x,; Z. Given a morphism 7 : Z; — 25 of M-stacks,
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let 70 : Z) — ZY denote the induced morphism. Since f° is an isomorphism, there is a mor-
phism ¢° : V0 — Y0 such that f9° = hO. It follows that there is a G-torsor P° over V° and a
G-equivariant map from P° to U° such that the diagram

PO ——=7"

|

VO ——=>)0

P

MO
commutes and the square is cartesian. By Lemma 2.5.4, P extends to a G-torsor P over V.

Note that if X is a normal algebraic space and i : W — X is an open subalgebraic space whose
complement has codimension at least 2, then any morphism from W to an affine scheme Y extends
uniquely to a morphism X — Y. As a result, the morphism from P? to U° extends to a morphism
q: P — U. Consider the diagram

GXPMGXU

L

P U

where the vertical arrows are the action maps. Precomposing either of the two maps in the diagram
from G x P to U by the inclusion G x P? < G x P yields the same morphism. That is, the two
maps from G x P to U are both extensions of the same map from G x P° to the affine scheme U,
and hence are equal. This shows that ¢ is G-equivariant, and therefore yields a map g : V. — Y
such that fg = h. O

Proof of Theorem 2.1.10. We begin with the following observation. Suppose U is smooth and affine
over S with a faithful action of a finite linearly reductive group scheme G over S. Let y be a closed
point of U mapping to z € U/G. After making the étale base change Spec k(y) — S, we can assume
y is a k-rational point. Let G, be the stabilizer subgroup scheme of G fixing y. Since

v/G,—U/G

is étale at y, replacing U/G by an étale cover, we can further assume that G fixes y. Then by
Corollary 2.1.8, we can assume G has no pseudo-reflections at y, and hence, Theorem 2.1.9 shows
that after shrinking U/G about z, we can assume that the base change of U to the smooth locus
of U/G is a G-torsor.

We now turn to the proof. Since M has linearly reductive singularities, there is an étale cover
{U;/G; — M}, where U; is smooth and affine over S and G; is a finite linearly reductive group
scheme over S which acts faithfully on U;. By the above discussion, replacing this étale cover by
a finer étale cover if necessary, we can assume that the base change of U; to the smooth locus of
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Ui/G; is a G-torsor. Let M; = U;/G; and X; = [U;/G;]. We see that the X; are locally the desired
stacks, so we need only glue the X;. Let M;; = M; x); M; and let V; — X; be a smooth cover.
Since M;; is the coarse space of both X; x 7, M;; and X; x M; M;;, and since coarse space maps
are dominant and codimension-preserving, Lemma 2.5.5 shows that there is a unique isomorphism
of X; Xy, M;j and X; X M; M;;. Identifying these two stacks via this isomorphism, let I;; be the
fiber product over the stack of V; x s, M;; and V; x M; M;;. We see then that we have a morphism
I;; — U; xp Uj. This yields a groupoid

HIij_)HUi ><]\4Uj7

which defines our desired glued stack X. Note that X is smooth and tame by [AOV, Thm 3.2]. O



27

Chapter 3

Stacky Resolutions of Toroidal
Embeddings

3.1 Introduction

This chapter is concerned with proving the second of our stacky resolution theorems. As
mentioned in Chapter 1, it is a well-known result (see for example [Vi, 2.9] or [FMN, Rmk 4.9])
that if k£ is a field and X is a k-scheme with quotient singularities prime to the characteristic of
k, then there is a canonical smooth Deligne-Mumford stack X with coarse space X such that the
stacky structure of X is supported on the singular locus of X. If the singularities of X are worse
than quotient singularities, however, we can no longer hope to find a stacky resolution of X by us-
ing Deligne-Mumford stacks. Typically Artin stacks do not have coarse spaces and the appropriate
notion that replaces coarse space is that of good moduli space (in the sense of J. Alper [Al, Def 1.4]).

Inspired by the work of Iwanari [Iw], we take a different approach toward the problem of find-
ing a stacky resolution of X by a smooth algebraic stack. Namely, we restrict attention to a class
of schemes which carry more structure in hopes of being able to both construct our desired stacky
resolution and say more about that stack than we could for an arbitrary scheme. This richer class
of schemes we look at is that of fs log smooth log schemes X over k, where Spec k is given the trivial
log structure (or equivalently, the class of toroidal embeddings which are not necessarily strict).
Our main stacky resolution theorem of this chapter is then:

Theorem 3.3.2. Let k be field and X be an fs log scheme which is log smooth over S = Speck,
where S is given the trivial log structure. Then there exists a smooth, log smooth log Artin stack
X over S and a morphism f : X — X over S which realizes X as the good moduli space of X.
Moreover, the base change of f to the smooth locus of X is an isomorphism.

This is a generalization of [Iw, Thm 3.3] where the result is proved for X all of whose
charts are given by simplicial toric varieties. Our method of proof is a direct generalization of
Iwanari’s. In particular, our stack X has a moduli interpretation (in terms of log geometry) and
agrees with the stack Iwanari constructs when X is as in [Iw, Thm 3.3]. We also give a slight
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improvement of [Iw, Thm 3.3(2)] in Remark 3.3.3.

This chapter is organized as follows. In Section 3.2, we define minimal free resolutions and sliced
resolutions. In Section 3.3, we construct the canonical stack of Theorem 3.3.2 as the moduli space
of sliced resolutions. We also construct several other smooth log smooth log Artin stacks having
our given log scheme as a good moduli space. These stacks are constructed as moduli spaces para-
materizing what we call admissible sliced resolutions. This line of thought is continued further in
Chapter 6 where we restrict to the case when X is a toric variety and construct several other “toric
Artin stacks” having X as their good moduli space.

3.2 Minimal Free Resolutions

In this section, we define the objects which will be parameterized by the canonical stack
X of Theorem 3.3.2. A morphism f : P — @ of monoids is called close if for all ¢ € @ there is
a positive integer n such that ng is in the image of f. A fine sharp monoid P with P9 free of
rank 7 is called simplicially toric if there is a submonoid ) generated by r elements such that @
is close to P. We recall ([Iw, Def 2.5]) that an injective morphism i : P — F from a saturated
simplicially toric sharp monoid to a free monoid is called a minimal free resolution if i is close and
if for all injective close morphisms i’ : P — F”’ to a free monoid F’ of the same rank as F', there is a
unique morphism j : F — F” such that i = ji. The stack Iwanari constructs in [Iw, Thm 3.3] has
a moduli interpretation in terms of minimal free resolutions, so our first step is to generalize this
notion. The key is to replace his use of closeness in the above definition with that of exactness.

Definition 3.2.1. A morphism f: P — @ of integral monoids is ezxact if the diagram

PfQ

| . ]

PP ——= Q9P

is set-theoretically cartesian.

Note that if f: P — @ is sharp and exact, then it is automatically injective.

Let P be an fs sharp monoid and let C'(P) denote the rational cone of P in P% ® Q. Let d
be the number of rays of the dual cone C(P)Y. For 1 < i < d, we denote by v; the first lattice
point on each of the rays of C(P)Y and by F(P) the free monoid on the v;. We obtain a morphism
i: P — F(P) defined by p — (v;(p)).

Proposition 3.2.2. The morphism i : P — F(P) is exact. Moreover, for any exact morphism
i’ : P — F to a free monoid F of the same rank as F(P), there is a unique morphism j : F(P) — F
such that i = ji.
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Proof. The exactness of i follows easily from the discussion on the top of page 12 of [Fu]. Arbitrarily
choosing an isomorphism of F' with F'(P), we can assume F(P) = F. Let i’ = (p;). Exactness of i/
shows that p € P9 is in P if and only if ¢ (p) > 0 for all 4. Since p is in P if and only if f(p) > 0
for all f € C(P)Y, we see

Cone(ip;) = C(P)" = Cone(v;).

Since C'(P)Y has d rays, it follows that every ¢; lies on a ray. Composing ' by a uniquely determined
permutation, we can assume that ¢; lies on ray generated by v;. Since ¢; takes integer values on
P, we see that ¢; is a lattice point of C'(P)Y. Since v; is defined to be the first lattice point on
the ray defined by v;, we have ; = n;v; for uniquely determined n; € N. Hence, multiplication by
(n1,...,nq) is our desired j. ]

In light of this proposition, we make the following definition.

Definition 3.2.3. Let P be an fs sharp monoid and let F'(P) have rank d. A morphismi: P — F
to a free monoid of rank d is a minimal free resolution if it is exact and if for every exact morphism
i : P — F' to a free monoid F’ of rank d, there is a unique morphism j : ' — F’ such that i’ = ji.

If all of the charts of X are given by simplicial toric varieties (as in the case Iwanari con-
siders), then in constructing the canonical stack X, one need only consider minimal free resolutions.
As we see shortly, in the non-simplicial case, however, certain quotients of minimal free resolutions
naturally arise:

Definition 3.2.4. Let P be an fs sharp monoid and let F'(P) have rank d. A morphism ¢’ : P — F’
to a free monoid is a sliced resolution if it is of the form

PLFZLF/H,

where ¢ is a minimal free resolution, H is a face of F' such that i(P) N H = 0, and 7 is the natural
projection.

Example 3.2.5. For example, let P be the submonoid of N* generated by z = (1,0,0,1), y =
(0,1,1,0), z = (1,0,1,0), and w = (0,1,0,1). Note that the only relation among the generators
is ¢ +y = z + w. This is an fs sharp monoid which is non-simplicial. Its minimal free resolution
is given by the embedding into F = N* that is used to define it. If H is any of the four faces of
F which are generated by a single element, then Py := HNP = 0. So, P = P/Py — F/H ~ N3
cannot be a minimal free resolution since the rank of F'/H is too small. Nonetheless, this morphism
is a sliced resolution.

If P is a saturated simplicially toric sharp monoid, then the rank of F'(P) is equal to the
rank of P9, If i : P — F'is a morphism to a free monoid of rank equal to P9, then i is exact if
and only if it is injective and close. Hence, ¢ is a minimal free resolution in the sense of [Iw, Def
2.5] if and only if it is a minimal free resolution in the sense of Definition 3.2.3 if and only if it is a
sliced resolution. As in [Iw, Def 2.11], we define a minimal free resolution morphism of log schemes.
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Definition 3.2.6. A morphism [ : (Y, My) — (X, Mx) of fs log schemes is a minimal free
resolution, resp. is a sliced resolution if for all geometric points y of Y, the induced morphism

Mx f(g) — Myg
is a minimal free resolution, resp. is a sliced resolution.

Proposition 3.2.7. Let P be an fs sharp monoid with minimal free resolution i : P — F. If Py is
a face of P and Fy is the face of F' generated by Py, then the induced morphism P/Py — F/Fy is
a minimal free resolution.

Proof. One easily checks that P/Fy is an fs sharp monoid. Let m : P — P/Py be the natural
morphism. Let {v;}&, be the extremal rays of C(P)". If v;(Py) = 0, then we obtain a well-defined
morphism w; : P/Py — N given by w;(p) = v;(p). Note that the span of w; is an extremal ray of
C(P)Y since if ¢ + ¢ = w;, then Y7 + ¢'m = v;. It follows that 7w = av; for some a € Q>¢, and
S0 ¥ = aw;.

We claim that the w; generate C(P/Fp)”. Let ¢ € C(P/Py)Y. Then ¢m = 3. a;v; for some
a; € Q>p. If there is some py € Py such that vy(pg) # 0, then since

0= ”WT pO Zaﬂ)j pO

we see aivg(po) = 0 and so a; = 0. Therefore, the w; generate C(P/FPy)".

To complete the proof of the proposition, we need only show that e; ¢ Fp if and only if v;(Py) = 0.
If v;(po) # 0 for some py € Py, then

e; + ((Uz pO ez + ZU] pO e]
JFi

is in the image of Py and so e¢; € Fy. Conversely, if e; € Fy, then there exists some py € Py and

b; € N such that
€ + Zb ej = Zv] (po)e;
J

As a result, v;(po) # 0. O

We remark that if H is any face of F and Py = HN P, then P/Py — F/H is not in general
a minimal free resolution: in Example 3.2.5, the morphism P — F'is a minimal free resolution, but
P = P/Py — F/H ~ N3 is not; it is however a sliced resolution. This general phenomenon is the
content of the following proposition which generalizes [Iw, Prop 2.12].

Proposition 3.2.8. Let P be an fs sharp monoid and let i : P — F be its minimal free resolution.
If R is a ring, then the induced morphism f : Spec R[F] — Spec R[P] on log schemes is a sliced
resolution.
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Proof. Let t be a geometric point of Spec R[F] and let p be the corresponding prime ideal of R[F].
Let H be the face of F' consisting of elements which map to units under ' — R[F] — R[F],. Then
./\;lpdc@ — Mgy is given by the natural map n: P/Py — F/H, where Py = H N P. If we let Fy be
the face of F' generated by Py, we see Fy C H and so 7 factors as

P/Py 5 F/Fy — F/H.

By Proposition 3.2.7, we see that 7 is a minimal free resolution. Since H/Fy N P/Py = 0, we see
then that 7 is a sliced resolution. O

We now prove an analogue of [Iw, Prop 2.17].

Proposition 3.2.9. Let P be an fs sharp monoid and i : P — F an injective morphism to a free
monoid F. Let R be a ring and let (f,h) : (T, Mp) — Spec R[P] be a morphism of fine log schemes.
If we have a commutative diagram

i

P

)

f_lMP,g bs M

and « €tale locally lifts to a chart, then there is an fppf neighborhood of § and a chart € : FF — M
making the diagram

p—' sF
e

f*Mp ——

commute.

Proof. The proof is the same as that of [Iw, Prop 2.17], except here the ranks of P9 and FY are
no longer the same. Letting the ranks be r and d, respectively, but otherwise keeping Iwanari’s
notation, we can choose isomorphisms ¢ : P9 — Z7 and v : F9% — Z% so that a is given by
e; — Ne; for 1 < i < r. Note that the A\; are positive integers since P% — F9P is injective. Letting

O = Ops[Th, ... T, /(T — u),

we define n : F9% — Mi—’p as Iwanari does on the e; for 1 < i < r, and for » < ¢ < d, we send the ¢;
to 0. OJ

3.3 The Stacky Resolution Theorem

Throughout this section k is a field and S = Spec k has the trivial log structure. Given X
a log scheme over S, we define a fibered category X over X-schemes as follows. Objects are sliced
resolutions (T, N) — (X, Mx), where N is a fine log structure on T, and morphisms are maps of
(X, Mx)-log schemes h : (T,N) — (T',N") with h*N" — N an isomorphism. Then X is a stack
on the étale site of X, and in fact also on the fppf site by [O12, Thm A.1].
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Proposition 3.3.1. Let P be an fs sharp monoid with minimal free resolution i : P — F. Let R
be a ring and G be the group scheme Spec R[F9/P9]. If X = Spec R[P], then X is isomorphic to
Y := [Spec R[F|/G]| over Spec R[P].

Proof. Let h : Y — Spec R[P] and 7 : Spec R[F| — Y be the natural morphisms. By [O12, Prop
5.20], the stack ) has the following moduli interpretation. The fiber over f : T'— Spec R[P] is the
groupoid of triples (N, n,~), where N is a fine log structure on T', where v : F' — N is a morphism
which étale locally lifts to a chart, and where 1 : f*Mp — N is a morphism of log structures such
that

%

P F
l ;
o i_
[T Mp——=N

commutes. We claim that 7 is a sliced resolution. Let g : T — ) be the morphism representing
(N, n,7) and let ¢ be a geometric point of T'. Since smooth morphisms étale locally have sections
by [EGA4, 17.16.3], we have a dotted arrow making the diagram

Spec R[F]

7 i
T —"—>)
Ny
Spec R[P]

commute. Recall from the proof of [O12, Prop 5.20] that 7 is simply the pullback under g of the
natural morphism h*Mp — My,. Therefore, 7; is the morphism

Mp ey = (T Mp)g — (7" My); = Mgy,
which is a sliced resolution by Proposition 3.2.8.
We have, then, a morphism ® : )Y — X of stacks which forgets v. To prove full faithfulness of
®, we must show that if B
(i s f*Mp = Ni,vi : F — Nf)

are objects of ) for 4 = 1,2, then any isomorphism of log structures £ : N1 — N5 such that £n; =
automatically satisfies £&y; = 2. The equality &1 = 7o can be checked on stalks. Let ¢ € T'. Since
the 7; étale locally lift to charts ¢; : F — N, we see that NV ; ~ N” for some r and that (¢;); is a
projection followed by a permutation of coordinates. We have therefore reduced to proving that if

(¢5), () « FF — N"

are morphisms given by projecting and permuting coordinates, and if

(¢;(p)) = (¥j(p))
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for all p € P, then ¢; = v; for all j. Post-composing (¢;) and (;) by the projection to the j
factor for some fixed j, we may assume that » = 1. That is, we have reduced to the statement that
if j # j', then there is some p € P such that v;(p) # v;/(p), which is clearly true.

We now prove essential surjectivity of ®. Let f : (T,N) — Spec R[P] be a sliced resolution.
By full faithfullness, we need only show that f is fppf locally in the image of ®. Let ¢ be a geomet-
ric point of 7. Then /\;lPJ(t) = P/ P, for some face Py of P. If Fy is the face of F' generated by Py,
then by Proposition 3.2.7, the natural morphism P/Py — F/Fj is a minimal free resolution. Since
fr: M P Nf is a sliced resolution by assumption, it has the form

P/Py — F/Fy — (F/Fy)/Fy

for some face F} of F'/Fy such that F1NP/Py = 0. Letting H be the face of F' such that H/Fy = F},
we see that B B
P— fT"Mps— N
factors as
P—F—F/H.

Proposition 3.2.9 then shows that fppf locally, f is in the image of ®. O

Theorem 3.3.2. Let X be an fs log scheme which is log smooth over S. Then there exists a smooth,
log smooth log Artin stack X over S and a morphism f : X — X over S which realizes X as the good
moduli space of X. Moreover, the base change of f to the smooth locus of X is an isomorphism.

Proof. By [Kal, Thm 4.8], since X is log smooth over S, we have an étale cover h: Y — X and
a smooth strict morphism ¢ : Y — Z, where Z = Speck[P] with P an fs sharp monoid. Let
i : P — F be the minimal free resolution. Then Proposition 3.3.1 shows that X is étale locally
[U/G], where

U =Y xzSpeckl|F]

and G is Speck[F9/P9%]. Hence, X is a smooth Artin stack. Moreover, the log structure on
[Spec k[F]/G] induces a log structure on X which makes it log smooth over S. We see that X —
X is a good moduli space by [Al, Ex 8.3]. Lastly, the base change of this map to X*™ is an
isomorphism since M x,z 1s free if and only if € X*™ by [Iw, Lemma 3.5], which shows that if
(f,h): (T,N) — (X, Mx|xsm) is a sliced resolution, then h is an isomorphism. O

Remark 3.3.3. We can improve slightly on [Iw, Thm 3.3(2)]. If X is a good toroidal embedding
([Iw, 1.2]), then X is a tame Artin stack in the sense of [AOV, Def 3.1]. It follows from Lemma
2.5.5 that [Iw, Thm 3.3(2)] still holds for such X. That is, we do not need to assume that X is a
tame toroidal embedding ([Iw, 1.2]).

We end this section by showing that Iwanarai’s stack of admissible free resolutions can
also be generalized to the case when the charts of X are given by toric monoids which are not
necessarily simplicial. Throughout the rest of this section, k is a field, S = Speck has the trivial
log structure, and X is a log scheme which is log smooth over S.
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Definition 3.3.4. If P is an fs sharp monoid, 7 : P — F' is its minimal free resolution, and b; are
positive integers for every irreducible element v; of F', then P — F’ is an admissible free resolution
of type (b;) if it is isomorphic to

pirYWpr

We say that P — F’ is an admissible sliced resolution of type (b;) if it is isomorphic to
PLF - F/H,

where 7’ is an admissible free resolution of type (b;), and where H is a face of F' such that HNi'(P) =
0.

Note that if P is simplicial, then ¢’ : P — F’ is an admissible free resolution of type (b;)
in the sense of [Iw, Def 2.5] if and only if it is in the sense of Definition 3.3.4 if and only if it is an
admissible sliced resolution of type (b;).

To define the corresponding notions for morphisms of log schemes, we first generalize [Iw, Prop
3.1].

Proposition 3.3.5. For every geometric point T of X, there is a canonical bijection between the
irreducible elements of the minimal free resolution of Mx z and the irreducible components of
X — X" on which T lies.

Proof. As the proof of [Iw, Prop 3.1] shows, we need only address the case when X = Speck[P],
where P is an fs sharp monoid. We can further assume that £ maps to the torus-invariant point,
so that M x,z = P. Then the irreducible components of X — X triv are the torus-invariant divisors
of X, and we see that & lies on all of them. The torus-invariant divisors are in canonical bijection
with the extremal rays of C(P)Y, which are precisely the irreducible elements of the minimal free
resolution of P. O

Definition 3.3.6. Let b; be a positive integer for every irreducible component D; of X — X',
For every geometric point Z of X, let I(Z) be the set of irreducible components of X — X on
which z lies. Then a morphism f : (Y, My) — (X, Mx) from a fine log scheme is an admissible
free resolution of type (b;), resp. is an admissible sliced resolution of type (b;) if for all geometric
points § of Y, the induced morphism

Mx @) = Myg

is an admissible free resolution of type (b;);c1(f(5)), resp. is an admissible sliced resolution of type
(bi)ier(s@))-

With this definition in place, for any choice (b;) of positive integers indexed by the irre-
ducible components of X — X% let X5, be the fibered category over X-schemes whose objects
are morphisms (T, N) — (X, Mx) which are admissible sliced resolutions of type (b;), and whose
morphisms are maps of (X, Mx)-log schemes h : (T,N) — (T",N') with h*N’' — N an isomor-
phism. As before, this fibered category is a stack on the fppf site by [O12, Thm A.1].
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The proofs of Propositions 3.2.8 and 3.3.1 apply word for word after replacing “minimal free res-
olution” by “admissible free resolution of type (b;)”, and “sliced resolution” by “admissible sliced
resolution of type (b;)” to show the following two propositions:

Proposition 3.3.7. Let P be an fs sharp monoid and i : P — F its minimal free resolution. Let
b; be a positive integer for every irreducible element v; of F. If i’ : P — F' is an admissible free
resolution of type (b;) and X = Spec k[P], then the induced morphism

[+ X — Speck[F]

of log schemes is an admissible sliced resolution of type (b;); here we are using Proposition 3.3.5 to
identify the irreducible components of X — X and the irreducible elements of F.

Proposition 3.3.8. Let P be an fs sharp monoid and i : P — F its minimal free resolution. Let
b; be a positive integer for every irreducible element v; of F'. Ifi' : P — F’ is an admissible free
resolution of type (b;) and X = Spec k[P], then

X(v;) == [Speck[F']/D(F"" /i (P))]
over X.

Using Proposition 3.3.8, we prove an analogue of Theorem 3.3.2. Note that if some b; > 1,
then a morphism F' — F’ which is an admissible sliced resolution of type (b;) has automorphisms.
As a result, the stacks X(;,) are not isomorphic to X over X*™; they are, however, isomorphic to
X over Xt

Theorem 3.3.9. Let b; be a positive integer for every irreducible component D; of X — X . Then
X(v;) 18 a smooth, log smooth Artin stack over S. The natural morphism X,y — X is a good moduli
space and the base change of this morphism to X" is an isomorphism.

Proof. The proof is the same as that of Theorem 3.3.2. We address only the last assertion. If
(f,h): (T,N) — (X' Mx|xtriv) is an admissible sliced resolution of type (b;), then h = 0 is an
isomorphism, and so h is strict. ]

The X(3,) are all root stacks over the stack X = X(;) in Theorem 3.3.2. As we will see in
Chapter 6, if we restrict X to being a toric variety, rather than an arbitrary log smooth log scheme,
then we can construct many other smooth log smooth stacks having X as a good moduli space.
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Chapter 4

The Chevalley-Shephard-Todd

Theorem for Diagonalizable Group
Schemes

4.1 Polynomial Invariants of Diagonalizable Group Schemes

Throughout this chapter, k is a field and D(B) denotes the diagonalizable group scheme
over k associated to a finitely-generated abelian group B. Throughout this chapter, we fix a finitely-
generated abelian group A, we let G = D(A) and we fix a faithful action of G on a finite-dimensional
k-vector space V. Our goal is to give necessary and sufficient conditions for when the invariants
k[V]G is a polynomial algebra over k. In the process of working toward this goal, we give neces-
sary and sufficient conditions for when Spec(k[V]%) is a simplicial toric variety (see Theorem 4.1.5).

Since G is diagonalizable, there is a free monoid F’ such that k[V] = k[F'] and such that the
action of G on k[V] is induced from a morphism of monoids 7 : F/ — A. Then there is an exact
morphism i’ : P — F’ such that A = F'9/i'(P9) and the induced morphism k[P] — k[F']¢ is an
isomorphism.

We state the main theorem of this chapter after first giving a definition.

Definition 4.1.1. Given a torus 7' = Spec k[M] over k and a faithful action of 7" on a finite-

dimensional k-vector space W, we say the action is orderly if there are weights mq,...,mgz € M
such that the m;®1 are a basis for M ®7Q and all other weights are non-positive linear combinations
of the m;. We say that mq,...,my is an orderly basis.

Theorem 4.1.2. If the induced action of the torus of G on V is not orderly, then k[V]% is not
polynomial. If the action is orderly, then fiz an orderly basis my,...,my and let F) be the face
generated by the elements of F' which map to the positive orthant of mq,...,my. If B denotes
the image of F}" in A under w9, then A/B is a finite abelian group and the induced action of
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D(A/B) on k[F'/F{] has the property that
KIVI® = k[ Fg)PA5);

therefore k[V]Y is polynomial if and only if the action of D(A/B) on k[F'/F}] is generated by
pseudo-reflections, as defined in Definition 2.1.2.

We begin with some observations. Let i : P — F be the minimal free resolution (as in
Section 3.2) and let the ranks of F and F’ be d and d’, respectively. Choosing an isomorphism
F' ~ N¥ we see that i'(p) = (w;(p));, where the w; are morphisms from P to N. As in the proof of
Proposition 3.2.2, exactness of i’ shows that Cone(w;) = C'(P)" and so rechoosing our isomorphism
of F' with N? if necessary, we can assume w; = c;v; for 1 < j < d and positive integers c¢;. We see
then that d < d'. For d < j < d’, we have

d
wj: E cijvi
=1

for ¢;; € Q>p. We can therefore find a positive integer n and isomorphisms F’ ~ N¢ and F’ ~ N¥
such that the diagram

F/ $ F/ $Nd/

1 1. D

P _r F = Nd
commutes, where b; = ¢;n and b;; = ¢;;n, and 1 is given by the d’ x d matrix whose top d x d block

is diag(b;) and whose bottom block has entries b;;. For the rest of this section, we identify F' with
N? and F’ with N% via the above isomorphisms.

We now show the necessity of the condition that the action be orderly in Theorem 4.1.2.

Proposition 4.1.3. If k[V]“ is a polynomial algebra, then the action of the torus of G on V is
orderly.

Proof. If k[V]9 is polynomial, then P is free. So, i is an isomorphism and we can take n = 1. If C
denotes the torsion-free part of A, then the torus T of G is D(C) and the action of T on k[F'] is
induced from the morphism o : F’ = A — C. From the explicit description of ¥, we see o(e;) ® 1
for i > d form a basis for C'®z Q and the o(e;) for j < d are all non-positive linear combinations
of the o(e;) for i > d. Hence, the action of T is orderly. O

Lemma 4.1.4. The action of the torus of G on V is orderly if and only if there is a subset S of
{1,2,...,d'} and a basis {p;};¢s of P @ Q with each p; € P satisfying w;(p;) > 0 and wy(p;) =0
forj # k¢ S. There is a canonical bijection

Sl—>{éi®1‘i65}

between such subsets and the set of orderly bases, where €; denotes the image in A of the standard
generators e; € N& ~ F'.
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Proof. To prove the “if” direction we show that the €; ® 1 with ¢ € S form an orderly basis. Let
a; = w;(p;) and let a;; = w;(p;) > 0 for i € S. Since the p; form a basis for P @ Q, we see that

|S| = d' — rank P9,

which is the rank of the torus of G. To prove that the e; ® 1 form a basis, we therefore need only
show that they are linearly independent. If ), s c;e; = 0 for some ¢; € Q, then

> ciei =i (p)

€S

in F'9 for some p € PP ® Q. Writing p = > ¢S c;pj for ¢ € Q, and comparing the e; coordinates
above, we see c;-aj = 0, which shows that p = 0, and so the ¢; = 0 as well.

To show that the €; ® 1 form an orderly basis, note that for j ¢ S,

d/

aje; + 3 ayei = Y wi(pg)er = 1(py).

€S k=1

Since the a;; > 0, we see then that €; ®1 is a non-positive linear combination of the &;® 1 for i € S.

We now prove the “only if” direction. If j ¢ S, then €; ® 1 is a non-positive linear combina-
tion of the €; ® 1 for i € S. We therefore have some positive integer a;, non-negative integers a;;,
and some p; € P9 such that

d/
aje; = — Z aij€; + Z wk(pj)ek.
k=1

€S

We see then that w;(p;) = aj, wi(p;) = ai; if ¢ € S, and wy(p;) = 0 otherwise. Since wy(p;) is
non-negative for all ¢, exactness of ¢’ shows that p; € P.

We prove that the p; form a basis for P9% ® Q. Since the rank of P9 is d’ — | S|, we need only show
that the p; are linearly independent. If ngzs cjpj = 0 for ¢; € Q, then applying wj, for jo ¢ S
shows that cj,a;, = 0. Since a;, is positive, we have cj, = 0, as desired. O

The following theorem gives necessary and sufficient conditions for when k[V]% is simplicial
(c.f. [We, Thm 4.1]).

Theorem 4.1.5. The action of the torus of G on V is orderly if and only if P is simplicial.
Furthermore, when these equivalent conditions are satisfied, if we let S C {1,2,...,d'} correspond
to our choice of an orderly basis as in Lemma 4.1.4, then the extremal rays of C(P)V are precisely
the rays defined by the w; for j ¢ S, each lying on a distinct extremal ray.
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Proof. Suppose first that P is simplicial. Then the minimal free resolution ¢ : P — F' is a close
morphism (see the first paragraph of Section 3.2). For all j < d, let p; € P such that i(p;) = \je; for
some \; € N. Since P is simplicial, we see that the p; form a basis for P?®Q, that v;(p;) = A; > 0,
and that vg(p;) = 0 for j # k < d. Since w; is a multiple of v; for j < d, we see that Lemma 4.1.4
finishes the proof of the “if” direction.

Assume now that the action of the torus of G on V is orderly, and let S be as in Lemma 4.1.4.
We prove the “only if” direction in the process of proving the second assertion of the theorem. We
begin by showing that the w; for j ¢ S lie on extremal rays. Fix jo ¢ S and suppose that w;, does
not lie on an extremal ray. Then we have

T

—_ / .
Wjy = E :Ckvlk

k=1

for positive rational numbers ¢}, distinct i, and » > 2. If j ¢ S and j # jo, then wj,(p;) = 0.
Since the p; € P, we see the v;, (pj) > 0, and so v;, (pj) = 0. Since the p; for j ¢ S form a basis for
P9 © Q, we see that the v;, are determined by their values on pj,. They therefore all define the
same extremal ray, which is a contradiction.

To prove that the w; for j ¢ S lie on distinct extremal rays, assume that wy = cw; for some
positive rational number c¢. Then we see

0 = wy(pj) = cwj(p;) =ca; >0

which is a contradiction.

Lastly, we show that every extremal ray actually does occur as one of the w; for j ¢ S. Note
that this implies that P is simplicial, for then

d=d —|S| = rank P%.

Since the wj for j ¢ S lie on distinct extremal rays, they define a basis for the Q-vector space
Hom(P9% Z) ® Q. Hence for i € S, we have c;j € Q such that

w; = Z c;jwj.
j¢s
Since 0 < w;(p;) = c;jaj, we see that the c;j > 0. Therefore, if w; is an extremal ray, it must be
one of the wj for j ¢ S. This finishes the proof, as every extremal ray of C(P)Y must occur as
some wy,. ]

Proof of Theorem 4.1.2. The necessity of the orderly condition is shown in Theorem 4.1.3, so we
assume now that the action of the torus of G on V is orderly. By Proposition 4.1.5, we can assume
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that the ; ® 1 for ¢ > d is an orderly basis. Then F] is the face of F’ generated by the e; for i > d.
Note that F'/F] is free of rank d and that we have a commutative diagram

R

S

n

F/ F/ — Nd/
i T T Tw
p—' sp— = o

where ¢'(aq,...,aq) = (a1,...,aq). We see then that 1)’y = diag(b;) and is therefore exact. Since
the multiplication by n map from F'/F] to itself is exact, [Og, Prop 1.4.1.3(2)] shows that 7'i is

exact as well. Hence,
k[V]G = k[P] = k[F’/FO’]D((F//Fé)gp/ﬂ’i’(ng)).

Furthermore, since P is simplicial by Theorem 4.1.5, and since F”/F} is free of rank d, we see that
(F'/E})9P /x'i'(P9P) is a finite group. Note that by the definition of B, there exists a morphism ¢
making the diagram

Tf’ / 19p
F'9p —— F'9 | F}}

|k

A A/B

commute. One easily checks that the kernel of ¢ is 7/¢'(P9), and so A/B is isomorphic to
(F'/F})9 /x'i'(P9P). This proves that A/B is a finite group and that

KVIC = [P/ Fg)PA/8)

as desired. Lastly, since D(A/B) is a finite diagonalizable group scheme, we see from Theorem 2.1.6
and Proposition 2.2.1 that k[V] is polynomial if and only if the action of D(A/B) on k[F'/F}] is
generated by pseudo-reflections. O
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Chapter 5

de Rham Theory for Schemes with
Linearly Reductive Singularities

Given a scheme X smooth and proper over a field k, the cohomology of the algebraic de
Rham complex 25 Ik is an important invariant of X, which, when k£ = C, recovers the singular
cohomology of X (C). When the Hodge-de Rham spectral sequence

BY* = H' (%) = H"(Q%)

degenerates, the invariants dimy, H"™ (€25, ,) break up into sums of the finer invariants dimy, H* (025 / )
The degeneracy of this spectral sequence for smooth proper schemes in characteristic 0 was first
proved via analytic methods. It was not until much later that Faltings [Fa] gave a purely algebraic
proof by means of p-adic Hodge Theory. Soon afterwards, Deligne and Illusie [DI] gave a sub-
stantially simpler algebraic proof by showing that the degeneracy of the Hodge-de Rham spectral
sequence in characteristic 0 is implied by its degeneracy for smooth proper schemes in character-
istic p that lift mod p?. Their method therefore extends de Rham Theory to the class of smooth
proper schemes in positive characteristic which lift. A form of de Rham Theory also exists for
certain singular schemes. Steenbrink showed [St, Thm 1.12] that if & is a field of characteristic
0, M a proper k-scheme with quotient singularities, and j : M? < M its smooth locus, then the
hypercohomology spectral sequence

By = Ht(j*Q‘?\/IO/k) = H"(j:Q%0 )

degenerates and H"(j*Q;V[O/k) agrees with H" (M (C),C) when k = C. As we explain in this chap-
ter, a version of this theorem is true in positive characteristic as well: if £ has characteristic p and
M is proper with quotient singularities by groups whose orders are prime to p, then the above
spectral sequence degenerates for s +t < p provided a certain liftability criterion is satisfied (see
Theorem 5.1.14 for precise hypotheses).

As a warm-up for the rest of the chapter, we begin by showing how Steenbrink’s result can be
reproved using the theory of stacks. The idea is as follows. Every scheme M as above is the coarse
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space of a smooth Deligne-Mumford stack X whose stacky structure is supported at the singular lo-
cus of M. We show that the de Rham cohomology H”(Q;e/k) of the stack agrees with H"(j. ;\/[O/k).
After checking that the method of Deligne-Illusie extends to Deligne-Mumford stacks, we recover

Steenbrink’s result as a consequence of the degeneracy of the Hodge-de Rham spectral sequence for
X.

The above extends de Rham Theory to the class of schemes with quotient singularities by groups
whose orders are prime to the characteristic, but in positive characteristic this class of schemes
contains certain “gaps” and it is natural to ask if de Rham Theory can be extended further. For
example, in all characteristics except for 2, the affine quadric cone Spec k[z,y, z]/(ry — 22) can be
realized as the quotient of A? by Z/27 under the action x +— —x, y — —y. In characteristic 2,
however, this action is trivial. If we allow quotients not just by finite groups, but rather finite
group schemes, then we can realize the cone as A?/us where ¢ € us(T) acts as x — Cz, y +— Cy.
This is an example of what we call a scheme with linearly reductive singularities; that is, a scheme
which is étale locally the quotient of a smooth scheme by a finite flat linearly reductive group scheme.

One of the main results of this chapter is that de Rham Theory can be extended to the class
of schemes with isolated linearly reductive singularities. As with Steenbrink’s result, we prove this
by passing through stacks. In light of our stacky resolution theorem for schemes with linearly re-
ductive singularities (Theorem 2.1.10), we begin by showing the degeneracy of a type of Hodge-de
Rham spectral sequence for tame stacks. We should emphasize that, unlike in the case of Deligne-
Mumford stacks, there are technical barriers to extending the method of Deligne-Illusie to Artin
stacks or even tame stacks, first and foremost being that relative Frobenius does not behave well
under smooth base change. It should also be noted that it is a priori not clear what the definition
of the de Rham complex of a tame stack X should be. One can use the cotangent complex Ly of the
stack (see [LMB, §15] and [O13, §8]) to define the derived de Rham complex A°® Lx; alternatively,
one can use a more naive sheaf of differentials w%s on the lisse-étale site of X whose restriction to
each Ug; is Qllj, for every U smooth over X. The latter has the advantage that it is simpler, but it
is not coherent; the cotangent complex, on the other hand, has coherent cohomology sheaves. We
take the naive de Rham complex as our definition, but it is by comparing this complex with the
derived de Rham complex that we prove our main result for tame stacks:

Theorem 5.3.7. Let X be a smooth proper tame stack over a perfect field k of characteristic p. If
X lifts mod p?, then the Hodge-de Rham spectral sequence

B = Ht(wge/k) = H"(@% ;)
degenerates for s+t < p (see the Notation section below).
From Theorem 5.3.7 and Theorem 2.1.10, we are able to deduce

Theorem 5.4.6. Let M be a proper k-scheme with isolated linearly reductive singularities, where
k is a perfect field of characteristic p. Let j : M° < M be the smooth locus of M and let X be as
in Theorem 2.1.10. If % lifts mod p?, then the hypercohomology spectral sequence

Bt = H'(5:Q%01,) = H"(5:Q30 1)
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degenerates for s +t < p.

We should mention that unlike in the case of quotient singularities, the cohomology groups
H"(w%,,) and H" (5.3 0 /k) no longer agree, so some care is needed in showing how Theorem 5.4.6
follows from the degeneracy of the Hodge-de Rham spectral sequence of the stack.

It is desirable, of course, to remove the stack from the statement Theorem 5.4.6. We show in
Theorem 5.4.7 that if the dimension of M is at least 4, the liftability of M implies the liftability of
X. In this case, we therefore have a purely scheme-theoretic statement of Theorem 5.4.6. We end
the chapter by proving a type of Kodaira vanishing theorem within this setting.

This chapter is organized as follows. In Section 5.1, we begin by reviewing some background
material and giving an outline of [DI, Thm 2.1] as some of the technical details will be used later.
We then consider de Rham Theory for Deligne-Mumford stacks and show how stacks can be used
to recast Steenbrink’s result. The purpose of Section 5.2 is to find a way around the problem
that the method of Deligne and Illusie does not carry over directly to the lisse-étale site of Artin
stacks. Since relative Frobenius does behave well under étale base change, our solution is to prove a
Deligne-Illusie result on the étale site of X,, where X — X is a smooth cover of a smooth tame stack
by a scheme, and X, is the simplicial scheme obtained by taking fiber products over X. The key
technical point here is showing that étale locally on the coarse space of X, the relative Frobenius for
X lifts mod p?. In Section 5.3, we prove that the naive de Rham complex and the derived de Rham
complex above compute the same cohomology, and show how this result implies the degeneracy of
the Hodge-de Rham spectral sequence for smooth proper tame stacks which lift mod p?. In Section
5.4, we prove Theorem 5.4.6.

Notation. Unless otherwise stated, all Artin stacks in this chapter are assumed to have finite
diagonal. If X is an Artin stack over a scheme S, we let X’ denote the pullback of X by the ab-
solute Frobenius Fg. We usually drop the subscript on the relative Frobenius Fy,g, denoting it
by F. Given a morphism g : X1 — X3 of S-stacks, we denote by ¢’ : X} — X}, the induced morphism.

Given a morphism g : X1 — X2 of Artin stacks and complex of sheaves F*® on X, we do not
use the shorthand ¢, F*® when we mean Rg.F*. For us, g.F* always denotes the complex obtained
by applying the functor g, to the complex F*.

Lastly, we say a first quadrant spectral sequence E,, “degenerates for s +t < N” if for all » > r¢
and all s and ¢ satisfying s + ¢ < N, all of the differentials to and from the E2' are zero.

5.1 Steenbrink’s Result via Stacks

5.1.1 Review of Deligne-Illusie

We briefly review the proof of [DI, Thm 2.1] and explain how it generalizes to Deligne-
Mumford stacks. Having an outline of this proof will be useful for us in Section 5.2.
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Let S = Speck be a perfect field of characteristic p. For any S-scheme X, let Fx : X — X
be the absolute Frobenius, which acts as the identity on topological spaces and sends a local sec-
tion s € Ox(U) to sP. We have the following commutative diagram, where Fx/g is the relative
Frobenius and the square is cartesian

Fx

4\

X—X—X

N L

§S——=S5
We drop the subscript on the relative Frobenius Fx/g, denoting it by F. If X is locally of finite
type over S, so that it is locally Speck[z1,...,2y]/(f1,-., fm), where f; = 3" a; 2!, then X’ is

locally Spec k[x1, ... ,mn]/(fl(p), . 7%0)), where f](p) => a? Ia:I. The relative Frobenius morphism
is then given by sending z; to z¥ and a € k to a.

Our primary object of study is the de Rham complex Q% /s The maps d : Q’)“( /s~ Q’;;}S, in
the complex are defined as the composite

dwid
0% /s = Ox ®ox /s e Qs ®ox Vs — s,

where the last map is given by 7 ® w + n Aw. Note that the maps in the complex Q% /g are not
Ox-linear. To correct this “problem” we instead consider F,.Q% /50 whose maps are Ox:-linear. It
is now reasonable to ask how the cohomology of this new complex compares with the cohomology
of the de Rham complex on X’. An answer is given by:

Theorem 5.1.1 (Cartier isomorphism). If X is smooth over S, then there is a unique isomorphism
of Ox-graded algebras

O s — DHR)
such that C~1d(x ® 1) is the class of xP~'dz for all local sections x of Ox.
Note that once C~! is shown to exist, uniqueness is automatic. For a proof of this theo-
rem, see [Ka, Thm 7.2].
We are now ready to discuss [DI, Thm 2.1].

Theorem 5.1.2. Let Wa (k) be the ring of truncated Witt vectors and let S = Spec Wy (k). If X is
smooth over S, then to every smooth lift X of X to S, there is an associated isomorphism

i<p

in the derived category of Ox/-modules such that H'(¢) = C~1 for all i < p.
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We give a sketch of the argument. To define ¢, we need only define ¢’ : QfX, /S[—z’] —
T<pFl% /g such that Hi(¢) = C~1 for each i < p. We take ¢ to be the composite

-1
Oxr o HOROY s — FOQ%/s-

Suppose for the moment that ¢! has already been defined. For i > 1, we can then define ¢’ to be
the composite

i . a[ i 4 (p1)®? o i b .
X/s[—l] (QX/S) [—Z] — (F*QX/S)® —>F*QX/Sv
where
alwi A Awj) = a Z SIgN 0) We(1) ® -+ + @ We(s)

" oes;

and b(w1 ® - Qw;) = w1 A+ Aw;.

Thus, we are reduced to defining ¢'. Suppose first that Frobenius lifts; that is, there exists F'
filling in the diagram

X—X
|
lF F
Y
X' — X'
LY
S——3
where X' = X Xg, S and o is the Witt vector Frobenius automorphism. Let p : Ox — pO% be
the morphism sending zo to px for any local section x of O¢ reducing mod p to xg. Note that if

r ® 1 is a local section of O g ®w,(k),e Wa(k) = O/, then F*(x ®1) = 2P + p(u(z)) for a unique
local section u(z) of Ox. We define a morphism f : QX,/S — Fi QX/S by

i
|

fldzo ®1) = ab~  dao + du(z).

Deligne and Illusie show that ¢! can be taken to be f. Given two different choices F} and F of F,
we obtain a homotopy hi2 relating fi and fa, defined by hia(dzo ® 1) = uz(x) — ui(z).

Note that F' lifts locally since the obstruction to lifting it lies in
Ext' (F*Qy/g, Ox) = H' (X, F*Tx/s).
So, to define ¢! in general, we need only patch together the local choices. This is done as follows.

Let U = {U;} be a cover on which Frobenius lifts and let C*(U, F) denote the sheafified version of
the Cech complex of a sheaf F. We define ¢! to be the morphism in the derived category

b Se ° ~ °
Oy sl=1] — Tot(FL* (U, 0 /g)) — Fl%/s:
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where

O = (01, ®9) : U, /g — F.L' (U, Ox) ® F.LOU, OV /5)
is given by (®1(w))ij = hij(w|U;;) and (®2(w)); = fi(w|U]). Deligne and Illusie further show that

this is independent of the choice of covering. This completes the proof.

Remark 5.1.3. In the local case where Frobenius lifts, ¢ is a morphism of complexes. It is only
when patching together the local choices that we need to pass to the derived category.

Remark 5.1.4. Using the fact that for any étale morphism g : Y — Z of S-schemes, the pullback
of Fzis: 2 — Z' by g is Fy/s, one can check that the proof of Theorem 5.1.2 works when X is a
Deligne-Mumford stack. Alternatively, this will follow from the proof of Theorem 5.2.5 below.

Given any abelian category A with enough injectives, a left exact functor G : A —
B to another abelian category, and a bounded below complex of objects A® of A, we obtain a
hypercohomology spectral sequence

Ef' = R'G(A®) = R"G(A®).

If X is a Deligne-Mumford stack over a scheme Y, the hypercohomology spectral sequence Ejt =

Ht(Q;/Y) = H”(Q;e/y) obtained in this way is called the Hodge-de Rham spectral sequence.

As Deligne and Illusie show, Theorem 5.1.2 implies the degeneracy of the Hodge-de Rham spectral
sequence for smooth proper schemes. We reproduce their proof, which requires no modification
to handle the case of Deligne-Mumford stacks, after first isolating the following useful fact from
homological algebra.

Lemma 5.1.5. Let K be a field and ro a positive integer. Let Eﬁé = E*Tt be a first quadrant
spectral sequence whose terms are finite-dimensional K -vector spaces and whose morphisms are
K-linear. If n is a non-negative integer and

> dimg B = dimg E™,

s+t=n

then for all v > rq the differentials to and from the E;""° are zero. Hence, if the above equality
holds for all n < N, then the spectral sequence degenerates for s+t < N.

Proof. Note that for all » > rq

> dimg By < ) dimg B
s+t=n s+t=n

with equality if and only if all of the differentials to and from the E;"""® are zero. Hence

Y dimg EY < ) dimg B

s+t=n s+t=n
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with equality if and only if the differentials to and from the E;" "% are zero for all r > 7. Since
the F, terms are K-vector spaces, the extension problem is trivial, and so

dimg E" = > dimg B < Y dimg B = dimg E",
s+t=n s+t=n

which completes the proof. O

Corollary 5.1.6 (|DI, Cor 2.5]). If X is a Deligne-Mumford stack over S, which is smooth, proper,
and lifts mod p?, then the Hodge-de Rham spectral sequence

B! = H'(Qs) = H"(Qys)
degenerates for s +1t < p.

Proof. By Theorem 5.1.2 and Remark 5.1.4, we have an isomorphism

P % sl—s] — TP Q%

s<p

in the derived category of Oy-modules. It follows that for all n < p,

@ Ht(Qée//s) = H"( se/s)~

s+t=n

Using the fact that Ht(Q;,/S) = Ht(st/S) Ok, Kk, we see
> dimg H' (Qg) = Y dimy H Q%) = dimg H*(Q%/5),

s+t=n s+t=n

which, by Lemma 5.1.5, proves the degeneracy of the spectral sequence. O

Deligne and Illusie further show that the degeneracy of the Hodge-de Rham spectral
sequence in positive characteristic implies the degeneracy in characteristic 0. While its degeneration
in characteristic 0 had previously been known by analytic means, this provided a purely algebraic
proof.

Corollary 5.1.7. Let X be a Deligne-Mumford stack which is smooth and proper over o field K of
characteristic 0. Then the Hodge-de Rham spectral sequence

BY' = H' (/i) = H"(Q3/x)
degenerates.

The proof given in [DI, Cor 2.7] for schemes requires only a minor modification. It uses
that if X is a smooth proper scheme over a field K of characteristic 0, then there is an integral
domain A of finite type over Z, a morphism A — K, and a smooth proper scheme Y over Spec A
which pulls back over Spec K to X. Since this statement remains true when we allow X and Y
to be Deligne-Mumford stacks ([MO, p.2]), the proof given in [DI, Cor 2.7] implies Corollary 5.1.7
above.
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5.1.2 De Rham Theory for Schemes with Quotient Singularities

Let k be a field of characteristic 0 and let S = Speck. Our goal in this subsection is to
use stacks to reprove [St, Thm 1.12] which states:

Theorem 5.1.8. Let M be a proper S-scheme with quotient singularities, and let j : M° — M be
its smooth locus. Then the hypercohomology spectral sequence

B = Ht(j*QﬁwO/s) = H"(5:2%0,5)

of the complex j*Q;\/IO/S degenerates. Furthermore, if k = C, then H"(j*Q;Wo/S) agrees with the
Betti cohomology H" (M (C),C) of M.

The following proposition gives the relationship between Deligne-Mumford stacks and
schemes with quotient singularities.

Proposition 5.1.9. Let M be an S-scheme and let j : M® — M be its smooth locus. Then M
has quotient singularities if and only if it is the coarse space of a smooth Deligne-Mumford stack X
such that O in the diagram

jO

X0 ——=

ol

MO?M

is an isomorphism, where X0 = M x; X.

For a proof, see [FMN, Rmk 4.9] or [Vi, Prop 2.8]. Vistoli’s proposition is slightly more
general than the proposition above.

We give the proof of Theorem 5.1.8 after first proving a lemma which compares j.{23 /s to the de
Rham complex of a Deligne-Mumford stack.

Lemma 5.1.10. If M is an S-scheme with quotient singularities and X is as in Proposition 5.1.9,
then

3+ Qo5 = Fll%/s-
Proof. To prove this equality, we need only show ij;eO /s = 0% /s That is, given an étale morphism
U — X, we want to show i*QZ,O/S = Q;]/S, where U := M? x3; U and i is the projection to U.
Since Qlf] /s is locally free, hence reflexive, the following lemma completes the proof. O
Lemma 5.1.11. Let X be a normal scheme and i : U — X an open subscheme whose complement

has codimension at least 2. If F is a reflexive sheaf on X, then the adjunction map F — 0,3*F is
an isomorphism.
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Proof. Since F is reflexive, F = Hom(G, Ox), where G = F". Therefore,
i1 F = i,Hom(i*G, Oy) = Hom(G,,.Oy)
and since X is normal, i,Oy = Ox. ]

Proof of Theorem 5.1.8. Let X be as in Proposition 5.1.9. From Lemma 5.1.10, we see that
j*Q;\/IO/S = f*QBE/S and j*Qf\JO/s = f*Q‘;/S for all s. Since the st/s are coherent, it follows
from [AV, Lemma 2.3.4] that

We see then that

Hn(j*Q;\/IO/s):Hn(Q;e/s) and Ht(j*watJ/s) H( x/s)

Keel-Mori [KM] shows that f is proper, and so the Hodge-de Rham spectral sequence for X degen-
erates by Corollary 5.1.7. It follows that

Z dimy, H (5,9 Mo/s) Z dimy, HY( (/) = dimy H"(Q5%/g) = dimg H" (5050 /5),
st+t=n s+t=n

which, by Lemma 5.1.5, proves the degeneracy of the hypercohomology spectral sequence for

38¥0/5-
We now show that if £ = C, then H“(j*Q;MO/S) H"(M(C),C). We have shown H"(j*Q;VIO/S) =
H™(Q%), and GAGA for Deligne-Mumford stacks ([To, Thm 5.10]) shows

H™(Q%) = H" (Qen),

where X" is defined in [To, Def 5.6]. Note that C — Q% is a quasi-isomorphism since this can
be checked étale locally. It follows that

H" (Q%an) = H"(X,C).

Lastly, the singular cohomology of X" and that of its coarse space, M(C), are the same. This
is shown in [Be, Prop 36] for topological Deligne-Mumford stacks with Q-coefficients, but the
proof works equally well in our situation once it is combined with [To, Prop 5.7], which states
/Gl = U/G]*". O

We end this section with some remarks about the situation in positive characteristic.
Suppose k is a perfect field of characteristic p and let S = Speck.

Definition 5.1.12. We say an S-scheme M (necessarily normal) has good quotient singularities if
it has an étale cover {U;/G; — M}, where the U; are smooth over S and the G; are finite groups
of order prime to p.
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Both the proof in [FMN] and in [Vi] (along with Vistoli’s Remark 2.9) cited above work
in positive characteristic. So, we have the following generalization of Proposition 5.1.9.

Proposition 5.1.13. Let M be an S-scheme, and let j : MY — M be its smooth locus. Then M has
good quotient singularities if and only if it is the coarse space of a smooth tame Deligne-Mumford
stack X ([AV, Def 2.3.1)) such that f° in the diagram

jO

X0 ——

A

MO—— M
J

is an isomorphism, where X0 = M9 x5 X.

If X is a smooth proper tame Deligne-Mumford stack, then the Hodge-de Rham spectral
sequence for X degenerates by Corollary 5.1.6, and f.F = Rf,F for any quasi-coherent sheaf on X
by [AV, Lemma 2.3.4]. The proof of Theorem 5.1.8 therefore gives the following result as well.

Theorem 5.1.14. Let M be a proper S-scheme with good quotient singularities, and let j : M° —
M be its smooth locus. If X, as in Proposition 5.1.13, lifts mod p?, then

Bt = H'(j:Q30/5) = H"(:Q4370/5)
degenerates for s +t < p.

As will follow from Theorem 5.4.7 below, if M has dimension at least 4, lifts mod p?, and
has isolated singularities, then X automatically lifts mod p?.

5.2 Deligne-Illusie for Simplicial Schemes

Let k be a perfect field of characteristic p and let S = Speck. In this section, we prove
a Deligne-Illusie result at the simplicial level. To do so, we must first make sense of the Cartier
isomorphism for simplicial schemes.

Lemma 5.2.1. Let X and Y be smooth schemes over S and let p : X — Y be a morphism of
S-schemes. If C~1 denotes the Cartier isomorphism, then the following diagram commutes

/*Qi PMO?l /*Hi F.Q°
pSixryg —=Fp (£l )

| |

7 c—1 7 .
Qg H(F.Q} )




o1

Proof. Using the canonical morphism p*H'(F,Q% /S) — H'(p*F.Q% /S) and the multiplicativity
property of the Cartier isomorphism, we need only check that the diagram commutes for ¢ = 0, 1.
For ¢ = 0, the Cartier isomorphism is simply the kernel map, so the i = 0 case follows from the
commutativity of

/*d w
E0x L R

.

F.O0y —4—= F.0% g

To handle the ¢ = 1 case, let f be a local section of Ox and note that
df ———— fP~1df
d(p(f)) = p(f)P~"d(p(f))
O

Corollary 5.2.2. Let X be a smooth Artin stack over S and let Xg — X be a smooth cover by a
scheme. If X, is the simplicial scheme obtained by taking fiber products of Xo over X, and X is
its pullback by Fs, then there exists a unique isomorphism

C™: QY 5 = HI(FOX, /s)
such that C~1(1) =1, C Y (w A7) = C Y w) ACTH(7), and C~1(df) is the class of fP~1df.

Proof. If such a C~! exists, then its restriction to the n'" level of the simplicial scheme is the
Cartier isomorphism for X,,. Therefore, we need only show existence, which follows from Lemma
5.2.1. O

We have now proved the Cartier isomorphism for simplicial schemes. The other main
ingredient in extending Deligne-Illusie to simplicial schemes X,, is showing that relative Frobenius
for X, lifts locally. We note that there are, in fact, simplicial schemes for which relative Frobenius
does not lift.

Example 5.2.3. Let X, be obtained by taking fiber products of S over BG,. Lifting Frobenius
for X, is then equivalent to lifting Frobenius F' of G, to a morphism F' of group schemes

Spec Wa(k)[z] = G, 5 — G, g = Spec Wa(k)][z].

SinceNI*:' reduces to F, we must have F(z) = zP + pf(z) for some f(x) € Wa(k)[z]. The condition
that F' be a group scheme homomorphism implies

(z+y)P +pf(r+y) =2 +y" +p(f(z) + fy)),

and an easy check shows that this is not possible.
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Although the above example shows that relative Frobenius need not lift locally for an
arbitrary simplicial scheme, we show that relative Frobenius does lift locally for those simplicial
schemes which come from smooth tame stacks. This is the key technical point of this section.

Proposition 5.2.4. Let X be a smooth tame stack over S with coarse space M. Then étale locally
on M, both X and the relative Frobenius Fx/g lift mod 2.

Proof. Since the statement of the proposition is étale local, by Proposition 2.5.2, we can assume
that M is affine and X = [U/G], where G = Gj, ¢ x H and H is a finite étale constant group
scheme. Note that U is affine and that the smoothness of G and X imply that U is smooth over S.

As a first step in showing that X and Fy/g lift mod p?, we begin by showing that BG and its
relative Frobenius lift. Since the underlying scheme of G is Gy, ¢ xg H and its group structure is
determined by the action

H — Aut(G))) = Aut(Z"),

we can use this same action to define a group scheme G = (G}:n g H which lifts G. It follows that
BG is a lift of BG. Lifting the relative Frobenius of BG is the same as lifting the relative Frobenius
Fgys - G’"ms x H — G”m s X H to a group scheme homomorphism. Note that Fg /g is given by
the identity on H and component-wise multiplication by p on G, . It therefore has a natural
lift mod p? to the group scheme homomorphism given by the identity on H and component-wise

multiplication by p on Grm &
We now prove that X and Fy/g lift. There is a natural map 7 : X — BG which makes

U——S

L

X —"= BG

a cartesian diagram. To lift X mod p?, it suffices to show that there a stack X and a cartesian
diagram

X X
BG — BG

The obstruction to the existence of such a diagram lies in ExtQ(Lx/ Bas Ox); here Ly /BG denotes
the cotangent complex. Since 7 is representable and smooth, Ly pg is a locally free sheaf. Tt
follows that

RHom(Lx/pa, Ox) = Hom(Lx/pa: Ox),

which is a quasi-coherent sheaf. Since 7 is affine and G is linearly reductive, for any quasi-coherent
sheaf F on X, we have
RIT(X,F) = RI'(BG, Rn,.F) =T'(BG, n.F).
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In particular,
RHom(Ly/pg, Ox) = ['(X, Hom(Lx/pg, Ox))

and so EXtQ(Lx/BGv, Ox) =0.

To show that Fy/g lifts mod p?, it suffices to show that it lifts over our choice FBg/S. That
is, it suffices to show that there exists a dotted arrow making the diagram

x x
I\
Fx/sl [ \
AR
x! X' | Fsaysom
BG' — B@'

commute. The obstruction to finding such a dotted arrow lies in Ext!(Ly /Bars (Fx/5)+Ox). As
before, we have

RHom(Ly /par, (Fx/s)xOx) = Hom(Lx /g, (Fxs)«Ox),
which is again a quasi-coherent sheaf. An argument similar to the one above then shows Ext! (L /BGs (Fx/)«O
0, thereby completing the proof. O
We now prove Deligne-Illusie for simplicial schemes coming from smooth tame stacks.

Theorem 5.2.5. Let X be a smooth tame stack over S. Let Xg — X be a smooth cover by a scheme
and let Xq be the simplicial scheme obtained by taking fiber products of Xo over X. Then, to every
lift Xo — X of Xog — X, there is a canonically associated isomorphism

o @D U, sl—il = 7o P, s
i<p
in the derived category of Ox;-modules such that Hi(p) = C~t fori < p.

Proof. To prove this theorem we simply check that all of the morphisms in the proof of Deligne-
Ilusie extend to morphisms on the simplicial level (see Section 5.1.1 for an outline of Deligne-Illusie
and relevant notation).

Let p : X,, — X,, be a face or a degeneracy map of X,. To ease notation, we denote X, by
Y and X, by X. In addition, we use F' to denote all relative Frobenii.

To show that ¢ extends to a morphism Ox;, — FLO%, /50 We show

/ -1
*C . .

prOx —= pHOFQ g —= PPy g

. |

Oy —— = HOR.QY F.Q

v/s
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commutes. The left square commutes by Lemma 5.2.1. The right square commutes since for any
morphism A®* — B® of complexes concentrated in non-negative degrees, the following diagram
commutes

ker d% — A0

]

ker d% —— R0

To show that ¢’ extends to a morphism on the simplicial level for i > 0, we must check

. i a i i . /*( 1)®i . i /

§* Qi sl )i L (RO% 60 e RO
i i . ? l i . (1)®i ;L i lo
Q51— (), ) i) — (RO 5)® —2m F.OY

commutes. It is clear that the outermost squares commute, and so we are reduced to checking the
commutativity of

Ik 51
p/*Qk,/S[—l]bpl*F QB(/S

Lo

Q%ﬂ/s[ 1] e Q;//S

Suppose now that Frobenius (for the simplicial scheme) lifts. So, we have a commutative square

e
—Y'
— X

™
%

_F

of S-schemes which pulls back to
y Lyt

x - x
over S. In this case ' = f, and to check that it defines a morphism Qﬁ(,/s[—l] — F*Qﬁ(./s, we
need to check that

[ ]L>,0/*F Ql

/*Ql X/s

X'/8

| l

Q1] I _F, Qg
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commutes. Under these morphisms,

dro® 11— xg_ld:co + du(x)

I |

dp(ao) ®1  plao) dp(z0) + dp(u(x))
We see dp(rg) @ 1 is sent to p(x)P~Ldp(zo) + dp(u(z)) since
F(p(z) ©1) = Ff(x ® 1) = pF*(x ® 1) = p(a? + p(u())) = p(z)” + p(u(p(@))).

Given two different choices Fy and Fh of F, we obtain a homotopy his relating f; and fo. It is
clear that his extends to a morphism on the simplicial level since hi2(dzo ® 1) = ua(x) —ui(x) and

p(p(ui(z))) = p(ui(p(x))).

We now need to handle the general case when Frobenius does not lift. We begin by proving
that Frobenius lifts étale locally on X,. To do so, we can, by Proposition 5.2.4, assume that there
is a lift F of Fy/g. Let Up = {U;} be a Zariski cover of Xo where Frobenius lifts and let F} be a lift
of Fy,/s. Then Uy, := {U;; Xz -+ Xz U, } is a Zariski cover of X, and F;, Xpoo X F; is a lift of
Frobenius on U;, xx --- xx U;,. Moreover, these lifts of Frobenius are compatible so we see that
Frobenius for the simplicial scheme does lift étale locally.

To finish the proof of the theorem, we need only prove the commutativity of

* ° ~ % Je ° s *
PrEY g~ Tot(p* FuC® (Unm, U 15)) L 00 [—1]

| | |
F.Q%) g — = Tot(FuC* (Un, Uy 5)) <2 O}, 1]

Y/S
The right square commutes because the ® are defined in terms of the f’s and h’s. The middle
vertical map is induced by the morphism of the respective double complexes given by

(wLS JARRRNA wa,S)SESm = (pgt(st ARERNAN pzt(wa75))sesmytesn

where p5t : Ug xx Uy — U, and Sg is the symmetric group. So, under the morphisms in the left
square,

Wi A .. wg b (Wi|Us A -+ ANwq|Us)s

|

p(wl) A ...p(wa) — (p(w1)|U5 XU N+ /\p(wa)\Us X Ut)s,t

Under the middle vertical map, (w1|Us A -+ A wa|Us)s is sent to (pSf(w1|Us) A -+ A pSH(wa|Us))st-
But
Us Xx Ut —Y

| |

Us X
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commutes, so this completes the proof. ]

Remark 5.2.6. If X is a smooth Artin stack which lifts mod p?, then there automatically exists
a smooth cover X — X by a smooth scheme such that the cover lifts mod p?. This can be seen as
follows. Let Y — X be any smooth cover by a smooth scheme Y and let | JU; = Y be a Zariski
cover of Y by open affine subschemes. We can then take X =[] U;.

5.3 De Rham Theory for Tame Stacks

Let S be a scheme and X — ) a morphism of Artin stacks over S. We denote by w; /y
the sheaf of Ox-modules on the lisse-étale site of X such that w%e /y|Uet = Q[lj /v for all U smooth
over X. We define w;/y to be A\° w%e/y' Given a morphism f : V — U of smooth X-schemes, note
that the transition function

f *Q%J/y — QlV/y

need not be an isomorphism, and so the @3 /y are never coherent. Note also that w; /% is not the
zero sheaf.

As mentioned in the introduction, the sheaf w%e g gives us a naive de Rham complex @3, 4. In this
section we prove that when S is spectrum of a perfect field of characteristic p, the hypercohomology
spectral sequence

B = Ht(wge/s) = H"(@%/s)

degenerates for smooth proper tame stacks X that lift mod p?. The reason the proof of Corollary
5.1.6 and the Deligne-Illusie result proved in the last section do not immediately imply the degen-
eracy of this spectral sequence is that, as mentioned above, the @3 /g are not coherent, and so we
do not yet know that the H'(ws /s> and H"(w} /S) are finite-dimensional k-vector spaces. The
main goal of this section, which implies the degeneracy of the above spectral sequence, is to prove
that they are by comparing them with the cohomology of the cotangent complex.

We begin by proving three general lemmas and a corollary which require no assumptions on the
base scheme S. The first two lemmas are concerned with relative cohomological descent. For back-
ground material on cohomological descent, we refer the reader to [O13, §2] and [Co, §6].

In what follows, given a smooth hypercover a : X, — X of an Artin stack by a simplicial al-
gebraic space, Xj;s—et|Xs denotes the topos of sheaves over the representable sheaf defined by X,
and Xj;s_et| Xo denotes the associated simplicial topos.

Lemma 5.3.1. Let X be an Artin stack over S and let a : Xo¢ — X be a smooth hypercover
by a simplicial algebraic space. If f : X — M 1is a morphism to a scheme, then for any Fe €
Ab(Xis—et| Xe), there is a spectral sequence

Eft = Rt(fas)*(fs‘Xs,et) = E*Rn(f*a*)fn
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where € : Mys—et — My is the canonical morphism of topoi. If Fo = a*F for some F € Ab(Xjis—et),
then €, R"(frax)Fe = €xR" fu F.

Proof. Let 1 : Xjis—et|Xs — Xt be the canonical morphism of topoi and note that

Ab( X et)
nS*T (fGS)*

Ab(xlis—etp(s) e Ab(xlis—et) T) Ab(Mlis—et) e Ab(Met)

commutes. By general principles (see proof of [Co, Thm 6.11]), there is a spectral sequence
E' = R (e, fras)(Fs) = R™(€xfras)Fo.

As e, is exact, R™ (€ frax)Fe = €.R"(fra.)Fe. Since 1, is exact and takes injectives to injectives,
the commutativity of the above diagram implies that E5* ~ R'(fas).(Fs|Xset), which shows the
existence of our desired spectral sequence. Lastly, since

a* : Ab(%lisfet) — Ab(%lisfet‘Xo)

is fully faithful, it follows ([Co, Lemma 6.8]) that Ra.a* = id. As a result, e.R(f.a)a*F =
exRf.F. OJ

Lemma 5.3.2. With notation and hypotheses as in Lemma 5.3.1, we have
R"(fa)«(n:Fe) = € R"(frax)Fe,

where 1 : Xjis—et| Xo — Xe et s the canonical morphism of topoi.

Proof. We see that the diagram

Ab(Xqet)
T (fa)-
UE

Ab(:{lis—et|XO) e Ab(xlis—et) ? Ab(Mlis—et) e Ab(Met)

commutes. It follows that
R(fa)«(niFe) = R(fa)«(Rn.Fe) = exR(fras)Fo,

as €, and 7, are exact and take injectives to injectives. O

Using Lemma 5.3.1, we prove a base change result for sheaves on an Artin stack which
are not necessarily quasi-coherent, but are level-by-level quasi-coherent on a smooth hypercover of
the stack.
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Corollary 5.3.3. Let f : X — M be a morphism from an Artin stack to a scheme and let a : Xo —
X be a smooth hypercover by a simplicial algebraic space. Let h : T — M be an étale morphism and
consider the diagram

Jox

la

X

|

M

o<

<o
-

7

<

Q
-

e
h
—_

N

where all squares are cartesian. If F is an Ox-module such that each F|Xs et is quasi-coherent,

then the canonical map
he . R" fy F — a,R"g.i*F

s an isomorphism, where € and « denote the canonical morphisms of topoi Mis_et — Mg and
Tiis—et — Ter, respectively.
Proof. By Lemma 5.3.1, we have a spectral sequence
E' = R'(fas)«(F| Xset) = e R"f. F.
Applying h*, we obtain another spectral sequence
‘B3t = W R'(fas)«(F| Xset) = h*e R f. F.
Flat base change shows
h*RY(fas)«(F| Xset) = R (gbs) s (FI1Xser) = R (gbs)s (i*F)|Yser.
Another application of Lemma 5.3.1 then shows that ‘F in fact abuts to o, R"g.i*F. O

Before stating the next lemma, we introduce the following definitions. Let Z be an S-
scheme equipped with an action p : G Xg Z — Z of a smooth reductive group scheme G over
S and let p : G x Z — Z be the projection. We denote by (G-lin Oz,,-mod) the category of
G-linearized Oz, ,-modules. That is, the category of quasi-coherent Oz_,-modules F together with
an isomorphism ¢ : p*F — p*F satisfying a cocycle condition. From such a ¢ we can define a

“coaction map”

o:F — pp*F P (9) Pep F =F ®0,.p Ozxsc

which satisfies an associativity relation as in [GIT, p.31]; here F — p,p*F is the canonical map.
Letting f : Z — Z/G be the natural map, we define the G-invariants F& of F to be the equalizer
of

Jx0 0 filF — [upsp™ F = fupsd™ F

and f, of the canonical map s +— s® 1.
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If Y is also an S-scheme equipped with a G-action and h : Z — Y is a G-equivariant map over S,
then for every G-linearized Oy, ,-module F, there is a natural G-linearization on h,F. So, we have
a commutative diagram of categories

(G-lin Oz,,-mod) — (Oz,,-mod)

s |n

(G-lin Oy,,-mod) — (Oy,,-mod)

where the horizontal arrows are the obvious forgetful functors. If g : Z/G — Y /G denotes the
map induced by h, then it is not hard to see that (h.F)¢ = ¢g.F¢. In particular, F¢ = (f.F)¢
where G acts trivially on Z/G. Note that for any sheaf G of Oz g-modules, f*G comes equipped
with a canonical G-linearization. If the G-action on Z is free, so that f is a G-torsor, then

(f*G)% = (f.f*G)¢ =g.

By descent theory, (G-lin Oz, ,-mod) is equivalent to the category of quasi-coherent sheaves on
[Z/G]. Under this equivalence, taking G-invariants in the above sense corresponds to pushing for-
ward to the coarse space Z/G.

When the action of G on Z is trivial, we denote (G-lin Ogz,,-mod) by (G-Oz_-mod). We can
similarly define the categories (G-lin Og, .,-mod) and (G-Og, ,,-mod) for simplicial schemes Z,.

Lemma 5.3.4. Let U be a smooth S-scheme with an action of a smooth affine linearly reductive
group scheme G over S. Let X = [U/G] and a : Xo — X be the hypercover obtained by taking fiber
products of U over X. Consider the diagram

Y;HW'XQ

bi l

UL‘

N

M

where the square is cartesian and M is a scheme. Then
R"(fa).Fo = (R"(gb)ur" Fo)©
for all Ox, .,-modules Fo such that the Fs are quasi-coherent.

Proof. Note that the following diagram

(G-lin Oy, ,,-mod) (6).

ml i(—)g
G (

(G-Ox...-mod) - (0. ,-mod) L2 (051, -mod)
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of categories commutes. As a result,
R(fa)«R(=)(Rm* Fo) = R(=) (R(gb)«m* Fo) = (R(gb)«m"Fa),

where the second equality holds because R(gb).m*Fe has quasi-coherent cohomology. It suffices
then to prove

Fo = R(=)Y(Rm, 7" F).
We begin by showing Rm.m*F, = m.m*F,. Let

0— 1" Fo =IO =T — ...

be an injective resolution of Oy, .,-modules. To show R"m,m*Fs = 0 for n > 0, we need only do
so after restricting to each level X,. Since the restriction functor ress : Ab(Xqet) — Ab(Xset) is
exact, we see

ressR'm* Fo = ressH" (miZy) = H" (mZe) = R'm* Fs = 0,

where the last equality holds because 7 is affine and F; is quasi-coherent.

A similar argument shows R(—)% (1" Fs) = (mam*Fe)¥ as every m,m*Fy is quasi-coherent. The
lemma then follows from the fact that 7 is a G-torsor, and so (m.7m*F,)¢ = F. O]

For the rest of the section, we let S = Speck, where k is a perfect field of characteristic
p. We remind the reader that if X is a smooth Artin stack and X, — X is a hypercover, then
the cotangent complex Lyx/g of the stack ([O13, §8]) is the bounded complex of Ox-modules with
quasi-coherent cohomology such that

Ly/s|Xeet = U, /5 = O, /x
with Q%{./S in degree 0; that is, 1 1
Lyis = wyx)s = @wx/x

In Theorem 5.3.5 below, we compare w3 /5 with N\ Lyx/g, the sth derived exterior power of Lyys.

Given an abelian category A, the derived exterior powers L \°, as well as the derived symmetric
powers LS®, of a complex £/ € D™ (A) are defined in [Il, 1.4.2.2.6]. Since Ly/g is not concentrated
in negative degrees, we cannot directly define N\ Ly/s; however, it is shown in [II, 1.4.3.2.1] that for

E e D (A),
Ls*(EN]) = (L \ B)ls]
so we may define 'Ly g as LS®(Lx/g[1])[—s]. Tt follows, then, from [Il, 1.4.3.1.7] that
/\SL =t el e s whe® 95 ok — SOl
X/S = Wx/s 7 Wyx/g O Wy/x Wx/s Wx/x Wx/x

with w;/s in degree 0. Note that we have a canonical map from /\ng/s to w;/s.
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We remark that N Lx/g € Db, (X) for all s. This can be seen as follows. We have an exact
triangle

CIESL%/S — LX()/S — Q_lX'/%
By [Il, 11.2.3.7], Lx,/s has coherent cohomology. Since Q}( /% is coherent and coherence can be

checked smooth locally, we see Lx,g and hence all \'Ly/g are in Db (X).

coh
We are now ready to prove the comparison theorem.

Theorem 5.3.5. If X is smooth and tame over S and f : X — M is its coarse space, then the
canonical map

&R fo(/\ Lxys) — eR' fuwys

18 an isomorphism.

Proof. By Lemma 2.5.2, there exists an étale cover h : T'— M and a cartesian diagram

U/Gl—x
(N
T M

where G is linearly reductive, affine, and smooth over S. Since X and G are smooth, we see that
U is as well. Let Y = [U/G] and let ¢ : e, R' f.(NLx/s) — e*Rtf*wge/S be the canonical map. By
Corollary 5.3.3, we see that h*y is the canonical map
S
G*Rtg*</\ Ly/s) — €*Rtg*’W§;/S.

To show that ¢ is an isomorphism, we can therefore assume X = [U/G] and M =T.

To prove the theorem, it suffices to show e, R! fi(w’ %/s ® Skwx/x) = 0 for all £ > 0 and all ¢.
With notation as in Lemma 5.3.4, we see

where the first equality is by Lemma 5.3.1 and the second is by Lemma 5.3.2. It now follows from
Lemma 5.3.4 that

R'(fa)«(Q% g ® S, ) = (R (gb)«(m* Q5 g ® S* 0y, ).

Fix t and k£ > 0. It suffices then to prove by (strong) induction on s that for every flat Ox,-module
G which is restriction to Y, ¢t of some O-module F on the lisse-étale site of U,
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We begin with the case s = 0, which is handled separately. An application of Lemmas 5.3.1 and
5.3.2 shows
R"(gb)«(G ® S*, 1)) = eaR"gu(F @ S* @y 7).

If we let « : Ujjs—et — Ugt be the canonical morphism of topoi, we see then that
&R (F @ S*@}; ) = R*gu(anF ® S*Q ;) =0,

where the last equality holds since k > 0.

Assume now that s > 0. Since 7 is smooth, we have a short exact sequence
1 1 1
0— 7Tmx,/s - QY./s - QY./X. — 0.

As a result, we have a filtration Qi/./s ODK'D .- D K® D0 with K = W*Qg(./s and short exact
sequences
0— K! —>Q§/./S —>Q§/./X. —0
0— K2 ! — W*Qﬁ(./S ® str/lX. —0

0 — 70y, 5 — K7 — 10 @y x, — 0.

Since G ® SkQ%,. U is flat, tensoring each of the above short exact sequences by it results in a new
list of short exact sequences. Since

N, /s®G® S, 1 = (w)/5 @ F @ S*a ) [Yaer

and
O, x, ® G S, iy = (Ly/x ® F © S*@p 1)) | Ye et

the s = 0 case shows
R"(gb)+(Qy, /5 ® G ® Sy, 1) = R™(gh)(Dy, /x, ® G © S*Qy, 1) = 0.
As a result, R"(¢b)«(K! ® G ® Skﬂ%,. /U) = 0. Using the inductive hypothesis, we conclude
R™(gb).(K' © G ® S*Qy, ;) =0
for all 4, in particular for i = s. O

Corollary 5.3.6. If X is a smooth proper tame stack over S, then Ht(w;/s) and H”(w;e/s) are
finite-dimensional k-vector spaces for all s, t, and n.
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Proof. Let f: X — M be the coarse space of X. For each s, there is a Leray spectral sequence
By = H'(e.R! fewys) = H' (@ /q)-
By Theorem 5.3.5, the canonical map
j ° J £ oS
€L? f*(/\LX/S) — &R f*wx/s

(X). Since f is proper by Keel-Mori

is an isomorphism. As we remarked above, /\Lx/s € Dcoh

[KM], and M is proper by [Ol1, Prop 2.10], we see the E” are finite-dimensional k-vector spaces.
It follows that H'(w?, / g) is a finite-dimensional k-vector space for every s and t.

Since the morphisms in the complex @5 /g are k-linear, the hypercohomology spectral sequence
By’ = H'(wy)s) = H"(wy/s)

consists of finite-dimensional k-vector spaces with k-linear maps. As a result, H" (% / ) is a finite-
dimensional k-vector space as well. ]

Theorem 5.3.7. Let X be a smooth proper tame stack over S that lifts mod p?. Then the Hodge-de
Rham spectral sequence
B = Ht(wge/s) = H"(@%/s)

degenerates for s +t < p.

Proof. By Remark 5.2.6, there exists a smooth cover X — X by a smooth scheme such that the
cover lifts mod p?. Theorem 5.2.5 now shows

@ an/s[—s] = T<pF*Q3(./sa

s<p

where X, is obtained from X by taking fiber products over X. Since Ht(wge/s) HY(Q%, /S) and
H”(wge/s) = H”(QB(./S), we see that for n < p,

dim;, H" wx/s Z dimy H'( X’/S Z dimy, H*(Q X/S Z dimy, H' (WX/S)
s+t=n s+t=n s+t=n

which proves the degeneracy of the spectral sequence by Lemma 5.1.5. O

5.4 De Rham Theory for Schemes
with Isolated Linearly Reductive Singularities
Let k be a perfect field of characteristic p and let S = Speck. Recall that a scheme M

over S has linearly reductive singularities if there is an étale cover {U;/G; — M}, where the U; are
smooth over S and the G; are linearly reductive group schemes which are finite over S. Note that if
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M has linearly reductive singularities, then it is automatically normal and in fact Cohen-Macaulay
by [HR, p.115].

Our goal in this section is to prove that if M is proper over S, and j : M° — M is its smooth
locus, then under suitable liftability conditions, the hypercohomology spectral sequence Ef' =
Ht(j*QfWO/S) = H"(j*Q;V[O/S) degenerates.

5.4.1 Relationship with Tame Stacks, and the Cartier Isomorphism

Let M and X be as in Theorem 2.1.10. Then the proof of Lemma 5.1.10 goes through
word for word (after replacing “an étale morphism U — X” by “a smooth morphism U — X”) to
show

j*Q;\/IO/S = E*f*w.x/g,
where € : Mj;s_ot — My is the canonical morphism of topoi.

Remark 5.4.1. Since €*f*w§€/s = e*f*HO(NLx/S), the above equality shows that j*wao/S is
coherent, which is not a priori obvious.

To simplify notation, throughout the rest of this subsection we suppress e.

Proposition 5.4.2 (Cartier isomorphism). Let X be a smooth tame stack over S which lifts mod
p?, and let f : X — M be its coarse space. Then there is a canonical isomorphism

If we further assume that X and M are as in Theorem 2.1.10, then
H (Feje0/5) = 52200,
Proof. For any left exact functor G : A — B of abelian categories and any complex A® of ob-

jects of A, there is a canonical morphism H!(GA®*) — GH!(A®): the map GA®* — RGA® induces
a morphism from H!(G A®) to the EY'-term of the spectral sequence E3t = RS GH!(A®) = R"G(A®).

For us this yields the (global) map ¢ : Ht(fiF*w;e/S) — fth(F*w;E/S) = fiwge,/s. To prove
this is an isomorphism, we need only do so locally. So, by Lemma 2.5.2 and Proposition 5.2.4, we
are reduced to the case X = [U/G], where U is smooth and affine, G = G}, g x H for some finite
étale constant group scheme H, and both X and the relative Frobenius lift mod p?. Let X, be
the simplical scheme obtained by taking fiber products of U over X, and let a : Xe — X be the
augmentation map. Since U — X lifts mod p?, Theorem 5.2.5 yields a quasi-isomorphism

@ EBQ%XL/S[—L‘] = ’T<pF*Q;(./S.
t<p

In this local setting, ¢ is a morphism of complexes by Remark 5.1.3. We can therefore apply (f'a)x.

VN 2
Subsequently taking cohomology, we have a morphism fiw;, /s L) HE( ]“;{F*w;e / g)- We show that

fiet

(fre-hH=t .
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and ¢ are inverses. Note that in this local setting f. is simply “take G-invariants”, and that
¢ HH(FQ)Y) — HYF.QH)C is [a] — («), where we use square, resp. round brackets to denote
classes in H!((F.Q)), resp. H! (F.Qp)¢.

In general, one does not expect the map (a) — [«a] to be well-defined, but we show here that this is

—-1\G
precisely what 1 is. Let (w) € H!(F.Q$)C. Via the Cartier isomorphism Qf, @ H(F.Q8),
we know that (w) is of the form

-1 _1
(Zfz’l,.,.,itxfl ol dag, A N dag,),

where

> i (dry, @) A+ A (day, @ 1) € ()

The Deligne-Tllusie map ¢? sends this G-invariant form to
n= Z f’i17~--’it (xfl_ldxil + du(xll)) JARRRNA (x?t_ldxit + du(xit))7

where u(z) is the reduction mod p of any y satisfying F*(di ® 1) = #Pdz + py. So, ¢ sends (w) to
(n). But since (du(z)) = 0, we see that 1 is the map sending («) to [a]. O

5.4.2 Degeneracy of Various Spectral Sequences and a Vanishing Theorem

Let X and M be as in Theorem 2.1.10. Our immediate goal is to show the degeneracy of the
hypercohomology spectral sequence for j.{23 o /8 when X is proper and lifts mod p?. If w%e /5 Were co-
herent, then since X is tame, we would have j*Q;\/IO/S = e*f*w;g/s = e*Rf*w'x/S. The proof of Theo-
rem 5.1.8 would then apply directly to show the degeneracy of Ej! = H* (j*wao/S) = H”(j*Q;VIO/S).

Since w%e /s is not coherent, we must take a different approach. As we explain below, the Cartier
isomorphism for 5.}, ¢ proved in the last subsection implies that the degeneracy of the above hy-
percohomology spectra{ sequence is equivalent to the degeneracy of the conjugate spectral sequence
Est = HS(Ht(j*Q;\/[O/S)) = H" (0230 /5). We show that this latter spectral sequence degenerates
by comparing it to the spectral sequence E5' = H*(R! [k /S) = H"(w% /S) over which we have
more control due to the Deligne-Illusie result of Section 5.2.

As in the last subsection, we suppress € : M¢ — Mpys_e;. The following is the key technical
lemma we use to prove the degeneracy of the hypercohomology spectral sequence for 5.3 0 /s

Lemma 5.4.3. Let E and ‘E be two first quadrant Eo spectral sequences. Suppose that for s # 0,
every differential ‘\E5' — ‘E?’Jrr’t*(r*l) is zero. Suppose further that we are given a morphism
E —E of spectral sequences such that the induced morphism E5t — ‘Ef+T’t_(T_1) is zero for all r,

s, and t, and such that E5' — ‘E5 is an injection for all s and t. Then E degenerates.
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Proof. We claim that the morphism E5! — ‘E$! is an injection for s > r. Note that this is enough
to prove the lemma since for all s, the square

st \ st
E? E:

|

—(r—1 —(r—1
Eﬁ—f—r,t (r—1) >\E7f+7“,t (r-1)

—(r—1 —(r—1
Eﬁ—i—r,t (r )—>\Ef+r7t (r—1)

commutes, the composite is zero, and is an injection; this shows that

all differentials d5! are zero.

We now prove the claim by induction. It is true for » = 2, so we may assume r > 2. Let
s > r and consider the commutative diagram

Es—(r—l),t+(r—2) Eﬁil Es+7"—1,t—(7‘—2)

r—1 r—1

| | |

s—(r—1),t+(r—2 \ st s+r—1,t—(r—2
EErI =D gt L= (r=2)

By the inductive hypothesis, all vertical arrows are injective and all arrows on the bottom row are
zero. It follows that all arrows on the top arrow are zero, and so Bt — ‘E5t is injective. O

Theorem 5.4.4. Let X and M be as in Theorem 2.1.10. If M has isolated singularities, and X is
proper and lifts mod p?, then the conjugate spectral sequence

B = H*(H'(5:%0,5)) = H"(7:Q30/5)
degenerates for s +t < p.

Proof. Let X4 be as in Remark 5.2.6 and let a : X — X be the augmentation map. By Theo-
rem 5.2.5, we have an isomorphism € QfX‘ /S[—i] — T<pF %, g in the derived category, and
therefore, also an isomorphism

P R(fla.)Q, sl—i] = 7pR(fla) F.O%, s-

i<p

i<p

The first of these isomorphisms implies that the Leray spectral sequence
"B = R fIH (Fiwy)s) = R fiFawy)s

degenerates and that the extension problem is trivial. The second of the two isomorphisms shows
that the spectral sequence

‘B3t = H(R'fiFiwy/s) = H"(w%/s)
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decomposes as the direct sum €D }E of Leray spectral sequences, where
(E5' = H* (R flot ) = H" (w0 /).

Note that the morphism f; F,w5 s~ R J[iF s, /s induces a morphism of spectral sequences F —
‘E, where
ESt = HS(Ht(fiF*w;E/S)) = H"(fi@%/s)-

By the degeneracy of “E, the morphism ¢ : H'( fLF.w% y g) — R fLF w5 /g factors as
Ht(fiF*w%/S) - fiF*wge/s — RtfiF*w;g/g-

But this first morphism is precisely how the Cartier isomorphism of Proposition [?] was defined.
From this and the fact that the extension problem for “FE is trivial, we have a split short exact
sequence
0 — H(fiFwyg) — R fiFwys — O B flwy,s — 0.
i+j=t
3>0
It follows that E5' is mapped isomorphically to the direct summand } E5' of ‘E3st. This implies that

R \E;?Jrr,tf(rfl)

for all 7, s, and t, the induced morphism E3! is zero.

Note that A ,
JR flwhy s = 5 R\ Larys = (fO)LH(/\ Liaoyss) = 0

It follows that R! f,ﬁwge, /s is supported at the singular locus of M’, and since M is assumed to have
isolated singularities, H*(R" flw5, / g) =0 for s and ¢ positive. We see then that }E5" is zero if ¢ > i

and s > 0, or if t < i. Therefore, the differential ‘E5* — ‘Ef”’ti(r*l) is zero if s # 0. From Lemma
5.4.3, it follows that E degenerates. O

Remark 5.4.5. Let £ be a locally free sheaf on M'. Tensoring the isomorphism

@R(ﬂa*) é(;/s[_i] — T<pR(fia*)F*QB(,/s
<p
with £, we see that the Leray spectral sequence

\Egt _ HS<Rtf>./<F*w.x/S ® 5) = H”(Rf:«F*w.X/S & 5)

decomposes as the direct sum of spectral sequences. The proof of Theorem 5.4.4 then shows that the
spectral sequence
B3 = HY(H'(flF.w%s) @ €) = H"(Rf i Fiwy/s @ E).

degenerates for s +t < p.
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Theorem 5.4.6. Let X and M be as in Theorem 2.1.10. If M has isolated singularities, and X is
proper and lifts mod p?, then the hypercohomology spectral sequence

Byt = H'(5.:Q%0,5) = H"(7:Q30/5)
degenerates for s +t < p.

Proof. By the Cartier isomorphism
H*(H' (5.2 05)) = H (H'(fiFw%yg)) = H (fiws)-
But Hs(f;wge,/s) = Hs(f*wge/s) ®k,F, k; in particular,
dimy, H*(H' (7. Q%0 /5)) = dimy, H(fumwyg)-

By Corollary 5.3.7, the above cohomology groups are finite-dimensional k-vector spaces. The
degeneracy of the conjugate spectral sequence shows

H"(j:Qy05) = €D H (M (5:250/5));
s+t=n
and so
dimy, H"(j.Q%0,5) = Y dimy, H*(fuwl/s),
s+t=n
which implies the degeneracy of the hypercohomology spectral sequence by Lemma 5.1.5. O

Although our proof of Theorem 5.1.8 goes through stacks, the statement of the theorem
is purely scheme-theoretic. We would similarly like to remove the stack from the statement of
Theorem 5.4.6. We can do so when M has large enough dimension.

Theorem 5.4.7. Let M be a proper S-scheme with isolated linearly reductive singularities. If
dim M >4 and M lifts mod p?, then

Est = Ht(j*wao/S) = H"(5:%0/5)
degenerates for s +t < p.

Proof. Let m = dim M and let X be as in Theorem 2.1.10. If we can prove X lifts mod p?, then we
are done. The exact triangle

Lf*Lyys — Lxjs — Lx/nr

gives rise to the long exact sequence
- — Ext®(Lxar, Ox) — Ext®(Lyys, Ox) — Ext®(Lf*Lagys, Ox) — Ext®(Lx/ar, Ox) —
Note that

RHOm(Lf*LM/S, O:{) = RHom(LM/S, Rf*Ox) = RHom(LM/S, OM)
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since Rf.Ox = f.Ox by tameness and f.Ox = Oy by Keel-Mori [KM]. Since the obstruction
to lifting X lies in ExtQ(Lx/S,Ox), we need only show ExtQ(Lx/M,Ogg) = 0. We in fact prove
Ext’(Ly/s,0x) = 0 for s <m — 2.

Since (jo)*Lx/M = Lxo/p0 = 0, we see
0 = RjIRHom((j°)* Lx/nr, Ox0) = RHom(Lx s, Rj2Ox0).

A local cohomology argument given below will show R'j%Oxo0 # 0 if and only if t = 0,m — 1.
Assuming this for the moment, let us complete the proof. We have a spectral sequence

E5' = R¥Hom(Lx )y, R'j{O0x0) = R"Hom(Lx/ar, Rj2Ox0) = 0.

The only page with non-zero differentials, then, is the m!”. Since Lx/ps is concentrated in degrees
at most 1, RS'Hom(Lx/M,Rth(’)xo) =0 for s < —1. It follows that

R*Hom(Lx/ar, jeOx0) =0
for s < m — 2, which proves the theorem since j20x0 = Ox.

We now turn to the local cohomology argument. To prove R'j%Oxo # 0 if and only if t = 0,m — 1,
we can make an étale base change. We can therefore assume X = [U/G|, where U is smooth and
affine, and G is finite linearly reductive. Since M has isolated singularities, we can further assume
UY = U\{z}, where UY is the pullback

U0 ——>U
! ig
-0
xO J;) x
The following lemma, then, completes the proof. O

Lemma 5.4.8. Let U be a normal affine scheme of dimension m and let x € U be Cohen-Macaulay.
IfUY=U\{z} and i : U° — U is the inclusion, then R'i.Opo # 0 if and only if t = 0,m — 1.

Proof. Note that R'i,Opo is the skyscraper sheaf H!(Op0) at . By normality, H*(Opo) = H°(Op).
Since U is affine, the long exact sequence

- — H(Ov) — H"(Oy) — Hi(Opo) — H;(Oy) — ...

shows H!(Opo) = HEL(Op) for t > 0. Since z is Cohen-Macaulay, H:M(Op) # 0 if and only if
t+1=m. O

We now prove an analogue of [DI, Lemma 2.9] which Deligne and Illusie use to deduce
Kodaira Vanishing.
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Lemma 5.4.9. Let X and M be as in Theorem 2.1.10. Suppose M has isolated singularities, and
X is proper and lifts mod p*>. Let d be the dimension of M and let N be an integer such that
N <inf(d,p). If M is an invertible sheaf on M such that

Ht(j*Q?MO/S & Mp) =0

for all s+t < N, then
forall s+t < N.

Proof. Let M’ be the pullback of M to M’. Since F* M’ = MP, the projection formula shows
Ht(j*wao/S ® MP) = Ht(f;F*w;/S @ M").
From the hypercohomology spectral sequence
Est = Ht(f;F*wgg/S M) = H"(f;F*w;e/S @ M),

we see that H"(f;F*w;E/S ®@ M) =0 for all n < N. Remark 5.4.5 shows that the Leray spectral
sequence
B! = H*(flwy s @ M) = H'(fiFiwy s @ M)

degenerates, and so Hs(f,iw;,/s ®@M') =0 for all s+t < N. Since
dimy, H*(flwh g @ M') = dimy H*(j: Q0 5 © M),
the lemma follows. O

Unfortunately, we cannot quite deduce from Lemma 5.4.9 a general Kodaira Vanishing
result. Following Deligne and Illusie, we would like to show that if M is a projective scheme of
dimension d with isolated linearly reductive singularities and £ is an ample line bundle on M, then
Ht(j*Qi/lo/S ® L7P") = 0 for m sufficiently large. Lemma 5.4.9 would then imply that m can be
taken to be 1. The issue is that the vanishing of these cohomology groups for m large enough is
not clear. Under certain hypothesis, however, we obtain a vanishing theorem.

Proposition 5.4.10. Let M be a projective scheme of dimension d with isolated linearly reductive
singularities. Let £ be an ample line bundle on M. If the j*QfV[O/S are Cohen-Macaulay for all s,
then

H'(j: Q30,5 © L) =0
for all s +t < inf(d, p).

Proof. By Lemma 5.4.9, we need only prove that H*( J+ Q%0 /5® L7P™) = 0 for m sufficiently large.
Grothendieck Duality shows

H' (2305 ® L777)Y = Ext (1,030 /5 ® L7, 0%)).
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Since the Ext?=( Jx825 70 /50 w?w) are coherent, the local-global Ext spectral sequence shows that for
m sufficiently large,

H'(j. Q30,5 © L777)Y = T(Ext™™ (1. Q30 /5, wy) © L77).
For all x € M,
Et™™ (1 Vg0 5 win ) = Bt (52 Q309 w0, )-
Since M and the 7. o0 /g are Cohen-Macaulay, local duality then shows that for ¢t < d,

gl‘td_t(j*giwo/s, (,U?M) = 0,
thereby completing the proof. O

We conclude by showing that the hypercohomology spectral sequence

degenerates at Fo and that the only potentially non-zero differentials on the first page are those on
the zero-th row.

Lemma 5.4.11. Let A and B be abelian categories and let F' : A — B be a left exact functor.
Suppose that A has enough injectives. If A® is a complex of objects in A and C® denotes the cone
in the derived category D(A) of the canonical morphism FA®* — RFA®, then there is a spectral
sequence

=10 f—0 = H"(C®).

If in the hypercohomology spectral sequence EY? = R1F AP = R"F A®, the differentials gl
E0 are zero for all v > 2, then for every n,

0— H"(FA®*) — R"FA®* — H"(C*) — 0

st { RIFAS t>0

s a short exact sequence.

Proof. The existence of the spectral sequence ‘E is shown as follows. Let A® — I%® be an injective
resolution of A*. The cone C*® is then quasi-isomorphic to the total complex of

FiOl Fill

FIOO FIlO
FAY FA!

where F'A° has bidegree (—1,0). The spectral sequence associated to this double complex in which
we begin by taking cohomology vertically is our desired ‘E.

Note that there is a morphism of spectral sequences E — ‘E. If the differentials ES "' — g0
are zero for all r > 2, then the morphism of spectral sequences induces an isomorphism E3! =5 ‘Bt
for t # 0. It follows that H™(C*®) is equal to R"F A®* modulo the bottom part of its filtration,
namely B = H"(FA®). O
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Proposition 5.4.12. Let X and M be as in Theorem 2.1.10. If M has isolated singularities, and
X is proper and lifts mod p?, then the hypercohomology spectral sequence

EY' = R'[{Fwys = R [LF.w% s

degenerates at Eo, and for t # 0, the differentials E5t — Ef“’t are zero.

Proof. Let C*® be the cone of the canonical morphism fF,w$ /s Rf.F.w% /s Note that for
t > 0, we have

J*RfLFw g = Fu g™ R fu ]\ Lays = (fO)H(\ Lizoyys) =0,

and so RtfiF*wge/S is supported at the singular locus of M’; in particular, the RtfiF*wge/S are
torsion. On the other hand, R° fiF*w; Th F, j*Qf\/IO /80 which is reflexive, and hence torsion-free.

As a result, for 7 > 2 every differential E5 """ — E5U is zero, and E#! is supported at the singular
locus of M’ for all t # 0 and all s and r. So, to prove the proposition, we need only show that the
spectral sequence

t r/! s
\Est { (‘)R f*F*wx/S t>0 = Hn(CO)

- t=0
of Lemma 5.4.11 degenerates.
Since M is assumed to have isolated singularities, for any short exact sequence
0—-F—-G—-9—0
with F supported at the singular locus,
0—=T(F)=I(G) =T(Q) —0

is short exact as well. Furthermore, I'(F) = @, Fz, so F is zero if and only if I'(F) is zero. It
follows that we have a spectral sequence

et _ | T@ESIF@Yg) t>0
0 t=0

= T'(H"(C*))
whose degeneracy is equivalent to that of ‘E. By Lemma 5.4.11, there is a short exact sequence
0— Hn(fiF*w;s/s) — RnfiF*w;e/S — H"(C®*) — 0.

Comparing this with the short exact sequence

0 — H'(fiFwys) — R fiF.wys — @ R fiwk s — 0

itj=t
§>0



proved in Theorem 5.4.4, we see

o

It follows that
> dimy, “Ef' = dim;, T(H™(C*))

s+t=n

which shows the degeneracy of “E by Lemma 5.1.5.
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Chapter 6

Toric Artin Stacks

In this chapter, we develop of a theory of toric Artin stacks which generalizes and unites
the approach to toric Deligne-Mumford stacks taken by Iwanari in [Iw] and Borisov-Chen-Smith
in [BCS]. In Chapter 3 we proved the stacky resolution theorem for toroidal embeddings X and
through a slight variant of the proof (see Theorem 3.3.9), also constructed several other smooth
log smooth Artin stacks each of which has X as its good moduli space and is isomorphic to X over
the trivial locus X,

When X is a toric variety, rather than just a toroidal embedding, we can construct even more
such smooth log smooth Artin stacks (see Theorem 6.2.6). Each of these Artin stacks has a dense
open torus whose action on itself extends to an action on the stack. Thus, these stacks should all be
thought of as toric Artin stacks. Along the lines of [BCS]|, we develop a theory of generalized stacky
fans and recast the construction of the above toric Artin stacks in terms of these stacky fans (see
Theorem 6.2.8). We imagine that along the lines of [FMN], there is a more intrinsic description of
the toric Artin stacks we introduce in this chapter, but we do not attempt to prove such a result here.

The key difference between our stacky fans and those of [BCS, p.193], is that we allow marked
points which do not lie on an extremal ray. More precisely, we define a generalized stacky fan 3
to be the choice of a finitely-generated abelian group N, a rational fan > C N ® Q, a choice of
r € N, and a morphism § : Z*1) x Z" — N. We require that if p; € 3(1), then 8(p;) ® 1 lie
on the the ray p;, and we require that if e; € Z", then ((e;) ® 1 lie in some cone of the fan. In
particular, we allow § to be the zero map. We remark that the toric Artin stack associated to
(N =0,2=0,8:2Z" — N) is Lafforgue’s toric Artin stack [A"/G},]. Therefore, the theory of
toric Artin stacks we develop here helps to unite that of [BCS] with that of [La).

Throughout this chapter, let k be a field and S = Speck have trivial log structure. In Section
6.1, we generalize the definition of stacky fan given in [BCS, p.193] and associate to a generalized
stacky fan 3 a smooth log smooth Artin stack X(X) having X (X) as a good moduli space. In
Section 6.2, we show that if IV is torsion-free, then X(X) has a natural moduli intepretation in
terms of log geometry.
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6.1 Generalized Stacky Fans

In keeping with the notation of [BCS], for this section only, we let A* = Hom(A, Z) for an
abelian group A; recall that P* usually denotes the units of a monoid P. Given a finitely-generated
abelian group N and a rational fan ¥ C N ® Q, we let X(1) be the set of rays of the fan. We denote
by d the rank of N and n the order of ¥(1).

We introduce the following notion of a generalized stacky fan. We frequently drop the word “gen-
eralized” when referring to it.

Definition 6.1.1. A generalized stacky fan 3 consists of a finitely-generated abelian group N, a
rational fan ¥ C N ® Q, a choice of » € N, and a morphism g : 7Z*V) x 7" — N. We require that
if p; € (1), then B(p;) ® 1 lie on the the ray p;, and we require that if e; € Z", then §(e;) ® 1 lie
in some cone o; of the fan. We often suppress r and write 3 = (N, X, 3).

Throughout this section, we fix for every stacky fan 3 = (N,3, 3) an ordering on the
rays of ¥(1) so that 3 is a map from Z"*". In the next section, however, canonicity will be more
important.

Note that in the above definition we do not require that the rays p; span N ® Q or that the
B(ej) be distinct. Some of the ((e;) can even be zero, which as we will see, corresponds to the fact
that the associated stack X(X) contains a dense “Artin stacky torus”.

We remark that in [Ji, §2], Jiang introduces a notion of extended stacky fans which is equiva-
lent to our definition above, but the stacks he associates to them are all Deligne-Mumford. His
goal is to obtain suitable presentations of toric Deligne-Mumford stacks rather than construct toric
Artin stacks.

We show now how to associate to a stacky fan ¥ = (N,X,3) an Artin stack X(X), which we
refer to as a toric Artin stack. We follow the procedure in [BCS|. As in [BCS, p. 195], we obtain

an exact sequence
N* % (z7ry* - HY(Cone(B)*) — Exth(N,Z) — 0.

Letting DG(B) := H'(Cone(3)*), we define 8V : (Z"*")* — DG(f) to be the connecting homo-
morphism above. More concretely, let

0—>Z£2>Zd+£—>N—>O
be a projective resolution of N. If B : Z"" — 74+ is a lift of 3, then
DG(B) = coker([BQ]")

and 3 is the composite
(Zn+r)* _ (Zd+r+€)* _ DG(ﬁ)
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The construction of X(3) is then essentially the same as in [BCS, p.198]. Consider the ideal

Je={ [[zloex)
Blei)lgo

of k[z1,...,24:,]. Letting Gx be the diagonalizable group scheme associated to DG((3), then via 3"
we obtain a morphism Gy — G™" and hence an action of G on A™" = Speck[zy,...,244,] via
the action of G™". Since V(Jx) is a union of coordinate subspaces, we see that Zs := A"~V (Jx)
is G's-invariant. We obtain a log structure Mz, on Zx, by pulling back the canonical log structure
on AT Note that the Gx-action on Zs; extends to the log scheme (Zs, Mzs). We define

X(%) = [22/Gsl

and obtain a log structure on X(X) by descent theory. We see then that X(X) is smooth and log
smooth.

Example 6.1.2. If ¥ = (N,0,3 : Z¢ — 0) with N torsion-free of rank d, then X(X) = [A%/G% ],
which is a smooth toric Artin stack in the sense of Lafforgue [La, IV.1.a].

Remark 6.1.3. Given N and a rational fan Y, we can define a canonical stacky fan 3" =
(N,%,3%" . Z" — N) by letting 3°"(e;) be the first lattice point on the i*" ray. However,
unlike in the theory of toric Deligne-Mumford stacks, given a stacky fan ¥ = (N, X, 3), we do not
necessarily have a morphism from X(3) to X(X") as in [FMN, Thm I]. It is sometimes necessary
to take a root construction of X(X) in order to get a map to X(X“").

Note that given a stacky fan X, we can always write N = N’ x N”, where N” is a free
abelian group, the rays of ¥ span N’ ® QQ, and the span of the rays of ¥ does not intersect N”.
We then obtain another stacky fan ¥’ = (N/, X, 3) in the evident way, and the above construction
shows that X(X) = G& " x X(X').

We work now toward showing that X (X) is the good moduli space of X(X). Given a stacky
fan 3 and o € ¥, along the lines of [Cox, §1], we let

2z = H T
B(ei)®1¢o
and let U, = A™" — V(27). Note that U, is Gg-invariant and that Zx is the union of the U,.

Proposition 6.1.4. Let X be a stacky fan and o € 3. If X, = Speck[c" N M|, then there is a
natural map Uy /G| — Xs which is a good moduli space.

Proof. We may assume n = d. Let P, = 0¥ N M and note that U, = Spec k[F,], where

F, = N{ilBe)®1es)  7ildle)o1go}
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Let iy : P, — F, be defined by is(p) = ((B(e;) ® 1)(p)). If N is torsion-free, we can choose ¢ = 0
and B = (3 in the above construction of X(X) so that the diagram

io
pPgp ng

idl le
B*

N* N (Zn+7“)*

commutes; here ¢ sends e; to the dual basis vector €. This shows that
k[P,] = k[F,)¢=
and so the morphism [U,/Gx] — X, induced by i, is a good moduli space.

We now handle the case when N is not torsion-free. Let Niors >~ [[ Z/m;Z, where the m; > 1. Let
N’ = N/Niors and X' = (N', 3, 5') where /3’ is the composite of 3 and the projection of N to N'.
We have then a commutative diagram
ZZ
J{Q:OXdiag(mi)
N x ZZ Ty N’

21k

Zn+r 3 N N/

where the columns are projective resolutions. Let B’ = wB. We then obtain a commutative
diagram

N oMy G
(2")" ——— (2""")" —— DG(5')

| | b

(N/ % ZZ)* (BQ);* (Zn+r+£)* N DG(ﬂ)

The left and middle vertical arrows are injective. One easily checks that the left square is cartesian,
and so 7 is injective. This shows that the induced map

k[FU]GEI - k[Fa]GZ
is an isomorphism, and hence, the composite
[Us/Gs] — [Us/Gsr] — Xo

is a good moduli space as well. ]
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Theorem 6.1.5. If X is a stacky fan, then there is a natural map X(X) — X (X) which is a good
moduli space such that for all o € X,

[Us/Gs] — X(3)

L

X, X(%)

is cartesian; here X, = Speck[c¥ N M] and [U,/Gx]| — X, is the morphism constructed in
Proposition 6.1.4.

Proof. We may assume n = d. For every o € ¥, let P,, F,, and i, be as in the proof of Proposition
6.1.4. We denote also by i, the induced morphism U, — X,. Note that if 7 is face of o, then the
diagram

U, —=U,
X, —= X,

commutes. We claim that it is, in fact, cartesian. To prove this, we show that if we have a
commutative diagram of monoids

P.<~—P,
then there is a unique dotted arrow making the diagram commute. This is equivalent to showing

that if 5(e;) ® 1 is in o but not in 7, then ¢(e;) is a unit. By [Fu, §1.2 Prop 2], there is some p € P,
such that 7 = o Np* and P, = P, + N- (—p). Note then that ¢(p) is a unit and that

D(p) = dis(p) = D _((Bles) @ 1)(p)d(er).
Let i be such that G(e;) ® 1 is in ¢ but not in 7. Since it is in o, we see that (G(e;) ® 1)(p) > 0.
Since B(e;) ® 1 is not in 7 and since 7 = o Np*, we must have (3(e;) ® 1)(p) > 0, and so é(e;) is a
unit, as desired.

We see then that
[U:/Gs| —[Us/Gx]

-

is cartesian. By Lemma 6.3 and Proposition 7.9 of [Al], it follows that there is a natural map
X(X) — X(X) which is a good moduli space whose base change to X, is as claimed. O




79

6.2 Admissible Sliced Resolutions and a Moduli Interpretation of
xX(X)

We begin this subsection by associating to a stacky fan 3 = (N, 3, §) with N torsion-free,
a smooth log smooth Artin stack Xs having X (X) as a good moduli space. The stack Xy is con-
structed as a moduli space along the same lines of the constructions in Theorems 3.3.2 and 3.3.9.
We then show that X(3X) is isomorphic to Xx as log stacks over X (X), thereby giving a moduli
interpretation to X(X).

Note that if 3 = (N, X, 3) is a stacky fan with N torsion-free, then giving the map 3 is equivalent
to choosing a positive integer b; for every p; € ¥(1) and choosing for every j € {1,2,...,r} an ele-
ment w; € N which lies in some cone o; € X. Given this equivalence, throughout this subsection,
we denote stacky fans by X = (N, X; b;; w;).

Let us work toward defining the morphisms which Xs will parameterize.

Definition 6.2.1. If P is an fs sharp monoid and i : P — F' its minimal free resolution, then we
say a datum D for P is a choice of r € N, a positive integer b; for every irreducible element v; of F',
and morphisms w; : P — N for j € {1,2,...,r}. We frequently suppress r and write D = (b;; w;).

If ¥ = (N,X%,bj;w;) is a stacky fan with N torsion-free, then given a geometric point Z
of X = X(X), let I(Z) be the set of irreducible components of X — X% on which Z lies and let

Ff = agl(o}k(,:f)?

where a : Mx — Ox is the structure morphism of the log structure Mx. If w;(Fz) = 0, then we
obtain a morphism w; : Mx z — N. We can therefore define a datum for Mx ;z by

DE@ = (bz s.t. 1 € I(.f);U_Jj s.t. wj(Fj) = 0);

here we are using Proposition 3.3.5 to identify I(Z) with the set of irreducible elements of the
minimal free resolution of Mx z.

Definition 6.2.2. If P is an fs sharp monoid, 7 : P — F' its minimal free resolution, and D =
(bi; w;) a datum for P, then we say a morphism P — F’ is an admissible free resolution of type D
if it is isomorphic to i’ : P — F x N", where i’ is such that the diagram

(b
I (bi)
P

i,
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commutes; the two arrows out of F' x N are the natural projections. We say that P — F’ is an
admissible sliced resolution of type D if it is isomorphic to

PYF XN = (FxN)/H,
where ¢’ is an admissible free resolution of type D and H N4/'(P) = 0.

Definition 6.2.3. If X is a stacky fan with N torsion-free and if X = X(X), then a morphism
f:(Y,My) — (X, Mx) from a fine log scheme is an admissible sliced resolution of type 3 if for all
geometric points 7 of Y, the induced morphism M X, f(5) /\;ly,g is an admissible sliced resolution
of type Dy f(y)-

Note that if D is a datum for P in which r = 0, then P — F’ is an admissible free
resolution of type D, resp. an admissible sliced resolution of type D in the sense of Definition 6.2.2
if and only if it is in the sense of Definition 3.3.4. Similarly, if 3 is a stacky fan for which » = 0
(i.e. a stacky fan in the sense of [BCS, p.193]) and for which N is torsion-free, then a morphism
f:(Y,My) — (X, Mx) from a fine log scheme is an admissible sliced resolution of type ¥ if and
only if it is an admissible sliced resolution of type (b;) in the sense of Definition 3.3.6.

Given a stacky fan X, let X = X (X). We define Xy as the fibered category over X-schemes
whose objects are morphisms (T, N) — (X, Mx) which are admissible sliced resolutions of type
3, and whose morphisms are maps of (X, Mx)-log schemes h : (T,N) — (T',N") with *N" — N
an isomorphism. As before, this fibered category is a stack on the fppf site by [O12, Thm A.1].

The proof that these stacks are algebraic and have the properties mentioned earlier is similar
to the proofs of Theorems 3.3.2 and 3.3.9, so we indicate only where changes are necessary.

Proposition 6.2.4. Let X be a stacky fan such that X := X (X) = Speck[P] for some fs sharp
monoid P. Let D = Dy, 5, where 0 € X is the point such that MX,() =P. Ifi': P — F'isan
admissible free resolution of type D, then the induced morphism f : X — Speck[F'] on log schemes
is an admissible sliced resolution of type 3.

Proof. Choosing an approporiate isomorphism, we can assume that F/ = F'x N” and that ¢’ is as in
Definition 6.2.2. Let H” = H x H' be a face of F" and let Py = i'(P)N H". Let 7 be the resulting
morphism which makes the diagram

P F’

| |

P/Py—">F/H x N"/H'

commute. We must show that 7 is an admissible sliced resolution of the appropriate type. Note
first that if H|) denotes the face of N” generated by the e; with w;(Fp) # 0, then commutativity of
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the above diagram shows that H' D H{). Similarly, we see that H D Fp, where Fj denotes the face
of F' generated by i(Fy). As a result, we have a commutative diagram

’i,

P F’

l T

P/Py—"~ F/Fy x N'JHl, —~~ F/H x N' /H'

where the bottom row composes to 7/, and m and 7’ are the natural projections. Recall that by
Proposition 3.2.7, the natural morphism from P/P, to F//Fy is a minimal free resolution. Note now
that ¢’ is given by ¢’ (p) = (bivi(p); w;(p)) for i such that v;(Py) = 0 and j such that w;(F) = 0;
that is, 4" is an admissible free resolution of the correct type.

To complete the proof, we must therefore show (H/Fy x H'/Hy) Ni"(P/FPy) = 0. This amounts to
showing that if b;v;(p)v; € H for all i such that v;(Py) = 0 and if wj(p)e; € H' for all w;(Py) =0,
then b;v;(p)v; € H for all i and w;(p)e; € H' for all j. If 4 is such that v;(Py) # 0, then v; € Fy C H
and so b;v;(p)v; € H. Similarly, if j is such that w;(FPy) # 0, then e; € H) C H' and so w;(p)e; € H'.
This shows that the above intersection is trivial. O

The proof of Proposition 3.3.1 then yields:

Proposition 6.2.5. Let ¥ be a stacky fan such that X := X (X) = Speck[P] for some fs sharp
monoid P. Let D = Dy, where 0 € X is the point such that Mxg = P. If i’ : P — F'
is an admissible free resolution of type D and G = D(F'9/i'(P9)), then Xx is isomorphic to
[Spec k[F']/G] over X.

The first main theorem of this section is then:

Theorem 6.2.6. If X = (N,3;b;w;) is a stacky fan and X = X(X), then Xx is a smooth log
smooth Artin stack over Speck having X as a good moduli space. Moreover, we have a cartesian
diagram

T x [A*)G:] — X

(-

where T is the dense open torus of X, m is the natural projection, and z is the number of w; which
are zero.

Proof. Zariski locally, X is of the form Y x T”, where T" is a torus and Y = Spec k[P] for some fs
sharp monoid P. The proof of Theorem 3.3.2 then shows that Xs is a smooth log smooth Artin
stack and that the natural map Xs; — X is a good moduli space. Now note that we have a cartesian
diagram

Xy — X3

|

T X
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where ¥’ = (N, 0; 0; w; s.t. w; = 0). Then by the first part of this proof, we see that X5y = T x X5,
where X" = (0,0; 0; w; s.t. w; = 0). Proposition 6.2.5 then shows that

Xy ~ [A7/GL ],
thereby completing the proof. O

We work now toward comparing the stacks Xs and X(X). If o € 3, then let Py, Fy, i,,
U,, and X, be as in the proof of Proposition 6.1.4.

Proposition 6.2.7. Let X = (N, ¥;b;;w;) be a stacky fan in which N is torsion-free. If o € ¥ is
a mazximal cone, then
Us/Gx] =~ Xx X x(5) Xo

as log stacks over X, .

Proof. We may assume that n = d, so that P, is sharp. Let D, = Dy, where 0 € X, is a
point such that My_g = P,. Let i, : P, — F, be an admissible free resolution of type D, as in
Definition 6.2.2. Let A = F$/i,(P), A’ = F,/P/i! (P$"), and G, = D(A’). From the proof of
Theorem 6.2.6, we have a cartesian diagram

[Speck[F!]/Gy] — X5

| |

X, X(%)

where € is induced from i/. Let I be the set of rays in ¢ union the set of w; € 0. Let J be the
set of rays not in o union the set of w; ¢ o. Then, we see that F),. is a direct sum of copies of N
indexed by I. We have a commutative diagram

F, —=F!

where 7 is the natural projection.

To prove the proposition, we show that U, and the pushout Gx x% Speck[F!] are isomorphic
as schemes with G's-action. By definition,

Gs X Spec k[F!] = Spec k[A x N']?.
Since i, and i/ are injective, we see that the induced morphism

77 = ker(F9P — F'9) — ker(A — A’)
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is an isomorphism. It follows that
E[A x NA ~ k[Z7] @5, k[A" x N4 ~ k27 @ k[Q],

where Q C A’ x N’ is the submonoid of elements of the form (-, ¢). Since the projection of A’ x N/
to N induces an isomorphism of @ with N/, we have an induced isomorphism

k[A x N ~ k[Z7] @y k[N].

Via the isomorphism ¢ : Z7 x N — F, sending (a,b) to (—a,b), and the automorphism of G's
sending ¢ to its inverse, we obtain an isomorphism of Gy x% Spec k[F!] and U, respecting the
Gx-actions. We see that this isomorphism respects the log structures as well. ]

Theorem 6.2.8. If ¥ = (N, X;b;;w;) is a stacky fan in which N is torsion-free, then X(X) and
Xs are isomorphic as log stacks over X(X).

Proof. We show first that the composite Zy; — X(X) — X (3) is an admissible sliced resolution
of type ¥. Note that this can be checked Zariski locally on X (X). By Theorem 6.1.5, we have a
cartesian diagram

/U VA

ig<[U /ié;];)%l

N
X

for any cone o € ¥. By Proposition 6.2.7, we see that if ¢ is maximal, then the morphism i, is an
admissible sliced resolution of type X. Since the X, for o maximal form a Zariski cover of X (X),
we see that h is an admissible sliced resolution of type 3.

We therefore have a strict morphism f : Z — X5 over X (¥). We have a Gx-action on Z over
X (X). Since this action respects the log structure of Z, we see that Gy acts on Z over Xs.

We claim that f is a Gy-torsor. This can be checked Zariski locally on X (X). Since the above
diagram is cartesian, we obtain a morphism

9o Us = X5 X x(3) Xo

over X,. By the construction of f, we see that for o a maximal cone, ¢,g, = g,, where @, is
the isomorphism from Proposition 6.2.7. It follows that g/ is a Gx-torsor, and since the X, for o
maximal form a Zariski cover of X (X), we see that f is as well. Hence,

Xy ~ [Z5/Gs] = X(30).

This is, moreover, an isomorphism of log stacks as the morphisms from Zx to Xx and to X(X) are
strict. O
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