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ABSTRACT

.Toller's group-tﬁeoretical aﬁalysis okaineméticé is,expldited
to definé a complete éet oflvariables for particle production of
arbitrary muitiplicity; ﬁhé range of_each variable béing,indebendent.
The generalized Rggge-pole hypothesis, expresséd in terms of'fhese
<variaﬁleé, léads to a simple,.unambiguoﬁs;and experimentéllyvaccessibié.
prediction for high-energy muitiple prodﬁction cross sections. A flat '

Pomeranchuk trajécﬁory<is shown to violate the Frqissart‘bound.
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A variety of multiperipheral models for 1nelastic reactions :
at high energy has been discussed in the literature, -7 but the
implementing variables have been incomplete or‘imperfectly matched
to the factorizabllity which characterizes such models. In this‘paper
we exploit the work of Toller.8 to define‘a complete set of variables
for particle production of arbitrary multiplicity,-the range of each

~variable being independent of the others._ Tne'nen variable set is
‘natural for the implementation of any multiperipheral model, leading
to a phase space that factors asymptotically in the Same manner asvdoesv
the amplitude. We apply our variables to the (uniqne) generalization
of the Regge pole hypothesis, achieving a simple, unambignous,and
experimentally accessible prediction for multiple‘production cross
“sections at nigh energy'which-maintainsvthe factorization property.
One important aspect of the result is the exclusion of the possibility
of a flatiPomeranchuk-trajectory. -

For the N- particle production reaction, a + b~>1 + 2 +. e--BL
IWe begin by selectina a particular ordering of final particles so as
to define a set of N - l momentum transfers an according to the
diagram of Fig. 1. HEach different ordering leads to a different set
of variables, any of these sets is. complete, the choice between them

‘being a‘matter of convenience uswally resolved_by appeal to the multi-
peripheral‘COncept. That is to say, for deScribing a particular region -
~ of final particle momenta, one generally chooses that set of variables -
vfor which all ,an in this region are small, ‘while all sﬁnv= (pm + pn)a

are large.



D=

" The number of variables needéd to describe an ahélitude with a
total of N + 2 ingoiﬁg and outgoing ﬁarticles is well known to be
3N - &, once Lorentz invar;ance is inclﬁded, We divide the total
variable set into three categories, a set of \N -1 t'Variablés, a
seﬁ_of N-1¢ variébles and a set of N - 2  variables, This
choice is motivated in detail in Ref. 9 on the basis of Toller's.groub :
'theoretical aﬁalysis.8 The t-variables are obvious: \tmn = Qﬁneo Lééé
obvious but still recognizable are the gmn, which are also iﬁ one-to-
6ne correspondenCe with the an,i.gm# being‘ﬁhe analytic continuatioﬁ
of the angle in the rest éystem of an'_between fhe direction of' 5&
- and that of 55. In the region of intefest here tﬁe _an are spacelike‘ :
(the tn are.negaﬁive), and Toller has shown that each: En 1S réal,
‘ranging.from 0 to independentl& of the other variables.

- The o are tﬁe least familiar components of our variable set.
The meﬁbers of this subset are in one-to-one correspoﬁdence with the
internal vertices of Fig. 1. To understandA @ go info the:rest frame
of P where the spétial cémponenté of the two adjacent momentum transfers

#

point in the same direction. Then consider the rigid rotation about this

axis of all momenta standing on the left of the vertex n and the :”?'

independent rigid rotation of all momenta standing on the right. The
- difference of these two rotation angles is @ which thus has a range
0 to 2x.
in,Reference 9.1t is shown explicitly how to pass by a succgssion
£

of Lorentz transformations from the variables & ah -to.the'

mn’
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ordinary momentum variables or to the channel invariants s . = (pm + pﬁ)2'
and s = (pé + pb)z. In the interest: of brevity we confine ourselves
- here to the observation that Sn is a linear function of 'cbsh émn’

with coefficignts that depend only on the t's adjacent to the m and

'n vertices: -

X 1
A2 C ,
'S = 2B cosh & + function of t's, (1)
mn - *mn : .
2(-t )
mn
with A = X(ﬁ'z t t ) (for the end vertices one of the “
n “\'n’ "n-1,n’ “n,n+l : T

2

: 2
t's should be replaced by @a or m, ), where

o t) = 2462 +6° -2t t, -2t t - 26t . (2)

Mti’ t,J i J k i73 i’k 3k

"Thus a large value of gmn, with adjacent t's small, implies a large
value of s . ‘Tt turns out that s depends on a1l - 3N - 4

variables, but when all the cosh §mn are large

stk

coshvg12 cosh £ . s+ cosh &

s~ P T
| I I 23 N-1,N
2( t0)% sty y) |
N1
X 1§2 (cqs w + cosh q;) , (3)

where



-

mn - tn"l)n - tn)I;l'f‘l l v . ' ()-I-)
1 T .

)2 (-t

cos q_n =

nj-

2('tn~l,n n,n+1)

The * 3N - 4 dimensional phase space,
’ 4 2 é 4 2 2 4 o, 2 " o,
x 8% p, + D, + +ec + D - D -D)
v 1 2 . N 8 b’ ?

in terms of the new variables becomes

LVH]

L
’ a2 2

2 NIRRTy ' S

U = 27 T S T R S

: VY127V r03. N-1,N . - C

X d‘cosh £, @ cosh 523 ees 4 COSh_gNél,N-dab daﬁ""daﬁ-; avy

‘ o B R N
_6<§osh n - ma‘Z: ) o
x ‘ 2 ) o (5 )
S -sinh n -

”the angle désériﬁing ;igid rdtations of the entire finél set pf N;
momenta about the commén di#éctionlof )N and‘ oy in'a‘frame'where |
‘these initial momenta are rarallel. Evidently the spin-averaged matrix
.  elemept will not depend on - ¥ , but it will in ggneral depend on ali

fhe other variables appearing 1niFormula (5).A'For a target.atlrest;v
cosh n_‘is:the enérgy of the incidént particle in uﬁits of its own rest

- mass. In terms of s , -



cosh 7 . : ~ L
.Zma m 2ma m'b
The single constraint interiocking our‘variabies_ariées through
the delta‘function in cosh . It follows, however, from Formﬁla (3)

that when all the cosh gmn dre largé

cosh n ~ (factorizable function of‘ tn and wn).x cosh(gle-fg23 + .Q.EN-i,N)’F

| ()
so that for a fixed set of t's and w's ﬁhe.constraint'iélonly_on the
sum of the £'s. It is typicdl,of muifiperipﬁefal mddels that when 10
is large most of the producﬁioﬁ‘OCCurs in regions wheré every gmn is

‘largeé. Thus the approximation (3') can be used to simplify the phase

~

space:
- (factorizable function of t's. and w's) ' o (+)
di ~ TR ' s(g + g23 R )
N ) ..dt : | . L IR v
x d_tlg N-1,N dng_dg23 dt - 1’ du)a dcu5 dwN v, N (6)
where, from Formula (3),
2ttty F e T2 | |
2(-t,, )3 (~t, o N-l i |
cosh §(+>,~ 5 — e lN'l’N oN-2 g (cos.a& f,cos_qi) Lom

12

"7‘1—% )\_NE
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We are now in a position to write down a cross section formula.z
Suppose, for example, that the Regge pole hypothe51s is adopted for the

absolu,e square of the amplltude, summed over flnal splns and averaged

3-7,9

over initial spinst’

Ja(e, CRIREENCIO R ACHR'S té5>o--f (b, N)

mnmn

(415 (t23)

X (#osh 512> 12 .(oosh g ) 23 e (8)_'

The internal "vertex functions" fna describe the coupling of two

Regge trajectories to a physical particle,-while fl and fﬁ couple
two physical partioles to a.single Regge trajectory.: Taken together.
with Formula (6) and the flux factor,‘aod integrating over dy, the’

-

behavior (8) leads to

N-2 -
doy ~ Fy (ty5) Fy by ; 1,y in; F (ti 1,1 ?ti,i+l) exp(20,5 (%5 )8, ]

2
x exp[2 (t ) 23] dtlgdt25 d§12d§25'f'daéfujdak_l-
- ' )y
x 88y, + Epy * g A
a result containing a wealth .of physically'ioteresting predictiohs,‘

especially if one ekploits'the correlations between different reactions -

flowing from the universality of the vertex functions Fn .
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We make no attempt here to exhaust the content of Formula (9),
“ but three of the most obvious féatures are:

(é). Consider7é reaction in which all ieading trajectories are the
Pomeranchuk and suppbse this trajectory to be perfectly flat (avfixed

pole) at « = 1. Then

| N (+)
£ do ~ T F, 28 x

¥oga ot ()

dt12 dt25--fd§12d§23~-'dwg-wdai\]_l Es(g12 + g23 .

s

or, integrating over the 'd&'s and remembering (7),

at, 23---dtN'_l,’N dwg-'-da.i\r_l.'
' (10)

doy ~ (function of t's and:ufs),(logvs)N“e

The limits on the t and ® intervals become independent of s for

10

large s, so there is a conflict with the Froissart limit for N > L,

éhowing that peak shrinkage, such as that associated with a moving pole,. .
is essential to the cosistency of the model. | ’

(b) Assuming all poles to move, if Formula (9) is integrated over

the dt's we find

2 111 t - explEay, ;) - '_
s- doy ~ x5 - v . . )
' 2 (ogp = ap3) (o '_o‘au)”'(ale - Oy, x) |
Areip»[2a25 LT | eXP[QO’N'_l';N §(+)_]
+ - - 4+ e e - ‘
(0525 - alg) (a23 - a}h) ee B . (aN.._]_’N - ale). .o

p M ;ca ‘.‘oa" ll
X at) Aty ;medu% S (11)
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The energy dependence of this differential cross section is

where o is the highest trajectdr& in'the chain, Such s dependeﬁce
was conjectured by Zacharigsen and Zwéig;7 | IR
(¢) For processes in which one trajectory in the chain lies.weli‘
below the others, the differenfial final—particie spectrun will favof
low subenergies for the particle‘pairvcorrespbnding to the.léw-lying
trajectory. That is to.say, even at a fixed incident energy it is |
possible to investigate the characteristic Régge.structure by studying - .
ratios of final subehergies. Thé logarithmic distribution in the |
ratio of two subenergies, keeping all othef ratios fixed, iszéredicted'
_by Formula (9) to be a straight line whoée slope 1is determined by the

-

difference of the corresponding trajectory heights. In particular,

for N = 3 'after integrating over dab s
- ooty )@25(t23) 2 55\ 12 (10)025(%5)
do, ~ (function of t's) s : .<--— v
b ' \'s
T ®12 -
(X dty, bz dfn <é—2—3- o (13).

A concluding remark is that clusters of final particles with

low total mﬁss can_repiéce any or all of the single outgoing pafticles :

;-

in Fig; 1, so long as the experimenter sums over degrees.of freedom



;9_-
within a given cluster-—except for the cluster mass m . The general.
lpro'ble_m is analyzed in detail in Ref. (9). It turns out that all
_ formulas given in this paper continue to hold,‘with single-particle
masses replaced by cluéter masses. |

Questlons involv1ng total cross sections and the overall
multiplieity of production require. integratlon over the dt s and
-dw’s as well as a summatlon over final-particle comblnations. ‘These 

‘matters will be con81dered in another paper.
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FIGURE CAPTIONS

Fig. l Diagram defining the momen‘tum transfers . Qnm .
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