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Increasing interest in three-dimensional nanostructures adds impetus to electron microscopy tech-
niques capable of imaging at or below the nanoscale in three dimensions. We present a reconstruc-
tion algorithm that takes as input a focal series of four-dimensional scanning transmission electron
microscopy (4D-STEM) data and transcends the prevalent structure retrieval algorithm assump-
tion of a very thin specimen homogenous along the optic axis. We demonstrate this approach
by reconstructing the different layers of a lead iridate (Pb2Ir2O7) and yttrium-stabilized zirconia
(Y0.095Zr0.905O2) heterostructure from data acquired with the specimen in a single plan-view ori-
entation, with the epitaxial layers stacked along the beam direction.

There has recently been significant interest in
nanoscale three-dimensional materials such as polar-
ization vortices in layered PbTiO3-SrTiO3 heterostruc-
tures [1], van der Waals heterostructures [2] and strain-
engineered nanoparticles [3]. Development of these ma-
terials is assisted by imaging techniques capable of three-
dimensional characterisation at nanometer resolution.
However, a limitation of three dimensional imaging tech-
niques such as electron tomography [4] and current op-
tical sectioning methods in scanning transmission elec-
tron microscopy (STEM) [5, 6] is that they typically rely
on annular dark-field (ADF) STEM which is often only
sensitive to the heavy atoms within the sample. Tech-
niques which reconstruct the electric potential of a sam-
ple from diffraction plane measurements of the modifi-
cation of the electron probe after transmission through
the specimen, such as differential phase contrast (DPC)
STEM [7] and STEM ptychography [8–10], are alterna-
tives that are sensitive to both light and heavy atoms.
The take-up of these techniques has been accelerated by
recent advances in segmented detectors [11] and the 4D-
STEM technique – where full two dimensional diffraction
patterns are recorded for a two dimensional raster scan of
a STEM probe. The latter has been enabled by advanced
electron cameras capable of reading out full diffraction
patterns at frequencies of the order of 100s of Hertz or
greater, approaching the typical dwell times of a focused
STEM probe [12]. In their most common implementa-
tions, ptychography and DPC assume that interaction

occurs in a single spatial plane – referred to as the pro-
jection or phase object approximation – and thus these
methods are generally inappropriate for strongly scatter-
ing materials thicker than a few nanometers.

This Letter discusses a three-dimensional imaging
technique capable of visualizing both light and heavy
atoms in a thick sample with nanoscale depth selectiv-
ity. We reconstruct the scattering matrix (S-matrix) – a
mathematical formalism common in quantum scattering
theory [13] that is capable of describing multiple electron
scattering in an electron microscopy sample [14] – from a
focal series of 4D-STEM measurements and then use this
S-matrix to synthesize images of the specimen at differ-
ent focal planes. Using this technique, we demonstrate
the visibility of separate lead iridate, Pb2Ir2O7 (PIO),
and yttrium-stabilized zirconia, Y0.095Zr0.905O2 (YSZ),
layers in a PIO-YSZ heterostructure. This builds on pre-
vious work [15–19] on S-matrix retrieval that focused on
single crystal structures.

For a brief derivation of the S-matrix formalism we
take as our starting point the Schrödinger equation in
reciprocal space for the electron wave function with a
relativistic velocity along the z-direction, for which the
paraxial approximation is appropriate. On a discretized
grid with periodic boundary conditions [20], this equation
is given by [21]

∂ψg

∂z
= −iπλg2ψg(z) +

∑
h

iσVg−h(z)ψh(z) . (1)
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Here the Fourier coefficients of the electron wave func-
tion are given by ψg for reciprocal space coordinate g
with amplitude g, λ is the electron wavelength, σ is the
interaction constant in 1/Vm [22] and Vg−h(z) are the 2D
Fourier coefficients of the electrostatic potential at each
depth z in the sample. From Eq. (1) we can construct a
matrix first-order differential equation,

∂ψ(z)

∂z
= iA(z)ψ(z), (2)

where ψ is a column vector containing the Fourier coeffi-
cients of the electron wave function. We write the entries
of the matrix A, the structure matrix, for an entry cor-
responding to the Fourier coefficients g of the scattered
electron wave and h of the incoming electron wave as,

Ag,h(z) = −πλg2δg−h + σVg−h(z). (3)

In the absence of any scattering potential (i.e. Vg−h(z) =
0) the diagonal terms, −πλg2δg−h where δg−h is the Kro-
necker delta, have an equivalent effect to the Fresnel free-
space propagator. A standard solution to Eq. (3) is the
S-matrix solution,

ψ(z + ∆z) = ei∆zA(z)ψ(z) = S(∆z)ψ(z) . (4)

It is implicitly assumed in Eq. (4) that Vg−h(z) is con-
stant over thickness ∆z. Where Vg−h(z) varies with
thickness, the S-matrix can be constructed as a product
of S-matrices over n thinner sub-regions within which the
z variation of Vg−h(z) is minimal,

S(z) =

n−1∏
i=0

S(zi+1 − zi). (5)

In a 4D-STEM experiment the diffraction pattern for
each raster scan position of a focused probe is measured
and, for a probe position R and diffraction coordinate
g, this diffraction pattern can be calculated using the
S-matrix as

I(g,R,∆f) =

∣∣∣∣∣∑
h

Sg,hA(h)e−2πih·R−iπh2∆f

∣∣∣∣∣
2

. (6)

Here ∆f is the probe defocus relative to the entrance
surface of the specimen and A(h) is the aperture func-
tion, a top-hat function that is 1 for Fourier components
within the aperture, |h| < hmax = α/λ (α is the probe
convergence semi-angle in radians), and 0 otherwise. We
seek to recover the (complex-valued) S-matrix for a set
of (real-valued) 4D-STEM datasets I(g,R,∆f) recorded
for a number of scan positions R and defoci ∆f , a phase
retrieval problem which we solve using a gradient descent
approach [23–26], see Fig. S1 in the supplementary ma-
terials (SM).

The specimen potential V (x, y, z) would ideally be di-
rectly retrieved from the S-matrix resulting from the

phase-retrieval step, and previous work has identified a
quantitative method of doing this for a perfect crystalline
sample [15, 16, 19] and demonstrated the technique ex-
perimentally [18]. Here we consider the general case of a
more heterogeneous sample such as a heterostructure or
nanoparticle where there is currently no direct method
for solving this problem. We therefore use an optical sec-
tioning approach that estimates the potential at a given
depth of the object [27].

Consider Sr,h (the S-matrix component that maps
plane wave input h to a real-space exit surface wave func-
tion [28]) for the case indicated in Fig. 1(a), freespace
propagation through distance z0, phase object interac-
tion with potential (e.g. an atom), and further propaga-
tion through distance ∆z = z1 − z0,

Sr,h = P(r,∆z)⊗r

[
eiσV (r)e−iπλh

2z0e2πih·r
]
. (7)

Here P(r,∆z) is the real space representation of the Fres-
nel free-space propagator for propagation of distance ∆z.
Using the convolution theorem, Eq. (7) can be written
as the inverse Fourier transform of the product of the
Fourier transforms of the individual expressions:

Sr,h = e−iπλz0h
2

∫
e−iπλ∆zh2

T̂g−he
2πig·rdg (8)

where we have defined T̂g = Fr→g

[
eiσV (r)

]
and made

use of the Fourier shift theorem. Making the change of
variable g→ g + h, Eq. (8) becomes

Sr,h = e−iπλz0h
2

∫
e−iπλ∆z(g+h)2 T̂ge

2πi(g+h)·rdg (9)

= e2πih·re−iπλz1h
2

×
∫
e−iπλ∆zg2 T̂ge

−2πig·(λ∆zh)e2πig·rdg (10)

Invoking the convolution theorem and Fourier shift theo-
rem again (in reverse form to that used previously), this
becomes,

Sr,h = e2πih·r−iπλz1h2
[
P(r,∆z)⊗r e

iσV (r−hλ∆z)
]
.

(11)

For this case, the S-matrix consists of the atom, shifted
laterally a distance hλ∆z and propagated a distance ∆z
in free space [schematically shown in Fig. 1(a)] with a
multiplicative phase ramp e2πr·h. To generate our opti-
cal section reconstruction at depth z, we apply the in-
verse of each of these processes (i.e. the phase ramp,
propagation and paraxial shift) for each h in Sr,h, sum
Sr,h over all h and the phase of the result should be a
reasonable approximation to V (r). Averaging over the
different momentum components h of the STEM probe
provides some robustness against the effects of multiple
scattering, although it is not addressed explicitly in the
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FIG. 1. Reconstructing three dimensional information from
the S-matrix. (a) For an atom at depth z0, each compo-
nent of the S-matrix will acquire a phase through interaction
with this atom. For the three oxygen atom model system
shown in (b) the complex S-matrix components for three dif-
ferent Fourier component inputs h are shown in (c-e) plotted
with phase and intensity given by the color-wheel in (c). The
reconstruction method described in the text involves (f) re-
moving the phase ramp, (g) propagating the complex wave
function back to the plane of interest and (h) correcting the
parallax shift from propagation. Only the phase is plotted in
gray-scale in these and following panels. Shown in (i)-(k) are
the reconstructions for the respective planes of the different
atoms.

depth sectioning part of the algorithm. This is analagous
to the diminution of dynamical effects observed as a re-
sult of averaging diffraction patterns over different beam
tilts in the precession electron diffraction technique [29].

We demonstrate this approach on a toy model consist-
ing of three oxygen atoms which is shown in Fig. 1(b).
Forward simulated S-matrix components for different
Fourier components h are shown in Figs. 1(c-e), plotted
with phase and intensity given by the color-wheel in (c).
The positions of the atoms projected onto the 2D plane
are indicated with colored dots and the paraxial shift
from these projected positions of each of these atoms is
visible. Shown in the next row of Fig. 1, with now just the
phase plotted in gray color scale, are first the removal of

the phase ramp e2πh·r in (f), the application of the prop-
agation operator P(r,−32 Å) in (g) and finally, in (h),
the correction of the paraxial shift λ∆zh to reconstruct
the atom at nominal height z = 0 from Fig. 1(b). These
steps are applied to all components of Sr,h and summed
over all h, which as can be seen in Fig. 1(i) further di-
minishes the contributions of atoms at different depths
to the plane of reconstruction. The process is repeated
for the other two atoms in Figs. 1(j) and (k). The high
spatial resolution exhibited in this reconstructions is the
result of their reconstruction from a forward simulated
S-matrix – finite signal-to-noise and partial coherence of
the STEM probe will limit the fidelity of reconstruction
in the experimental case.

For an experimental demonstration, we used a PIO
layer grown on a (001)-oriented YSZ substrate by pulsed
laser deposition at a growth temperature of 600◦C,
wedge polished on the YSZ substrate side and then ion
milled with a low-energy Ar+ beam. Experiments were
performed using the TEAM I instrument at the Na-
tional Center for Electron Microscopy (NCEM) Facility
of the Molecular Foundry, a double aberration-corrected
Thermo-Fisher Titan 80-300. A 300 kV accelerating volt-
age and a 20 mrad probe forming aperture was used in
experiment. To maximise source coherence and minimize
beam damage, source magnification (the “spot size” soft-
ware setting) was set to 10, the penultimate setting. A
focal series of 4D-STEM data was recorded on a Gatan
K3 direct-electron detector, operated in counting mode,
at the end of a Gatan Continuum imaging filter with an
energy slit width of 15 eV centered around the zero-loss
peak. A probe step of 0.21 Å with probe dwell time of
0.874 ms and beam current of 2.01 pA (estimated by the
K3 camera) was used. The reconstructed S-matrix is sen-
sitive to residual probe aberrations [18] so careful initial
alignment of the probe corrector and tuning of stigma-
tors immediately before 4D-STEM focal series acquisi-
tion was necessary. ADF STEM images, from a detector
inner angle of 110 mrad, recorded concurrently with the
4D-STEM data are shown in Fig. 2(a). Alignment of the
frames in the focal series was achieved by fitting the peaks
of the atomic columns in the STEM ADF images [30] and
smoothly deforming the probe positions to match a rect-
angular crystalline lattice rotated to the same average
orientation as the fitted lattice as detailed in Fig. S2 of
the SM. The region that was inputted into the S-matrix
reconstruction is shown with a dashed white outline in
the ADF STEM results in Fig. 2(a). Defocus reported
by the microscope software had to be adjusted by a mul-
tiplicative factor of 1.24, a value determined by compar-
ing the geometric blur with defocus of gold nanoparticles
embedded in amorphous carbon with the geometric blur
expected from a 20 mrad probe forming aperture (see
Fig. S3 of the SM).

The experimental S-matrix was reconstructed using 10
iterations of the gradient descent algorithm described in
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FIG. 2. Experimental reconstruction of the S-matrix from
a focal series of 4D-STEM scans of a PIO-YSZ heterostruc-
ture. Simultaneously acquired ADF STEM images are shown
in (a). A select few components of the S-matrix reconstructed
from the 4D-STEM datasets are shown in (b)-(e). The optical
section reconstructed from this S-matrix is shown in (f)-(j)
with the 150 Å YSZ substrate visible in (g) and (h) and
the 50 Å thick PIO layer visible in panel (i). Panels (f) and
(j) are from focal planes outside of the sample. Experimen-
tal and simulated position-averaged convergent beam electron
diffraction (PACBED) pattern in (k) provides additional sup-
porting evidence that the structure is indeed a structure of
thickness indicated by the depth section. Panels (l)-(p) are
from a reconstruction from simulated data of such a structure.
Single-sideband (SSB) ptychography reconstructions from the
4D-STEM dataset are shown in (q).

Fig. S1 of the SM. Convergence with increasing iterations
of the algorithm is shown in Fig. S4 of the SM. Select
components of the S-matrix are shown in Figs. 2(b)-(e),
and optical sectioning applied to the results. Optical
sections at 100 Å intervals are shown in Figs. 2(f)-(j).
The −300 Å and 100 Å sections are outside the bounds
of the object, though the lattice is still faintly visible.
The presence of Pb and Ir in the upper layers of the

heterostructure is evidenced by appearance of “caldera”
or volcano like atomic contrast in Fig. 2(i). It is com-
monly seen in phase reconstructions in STEM that the
phase imparted on an electron wave by high Z atomic
columns, which strongly elastically and inelastically scat-
ter the electron probe, are observed to underestimate the
true scattering potential of an object leading to a dip in
the reconstructed phase close to the atomic position [31].
Thus the Pb and Ir atoms (Z = 82 and Z = 77) are ob-
served to be darker in the reconstruction than the lighter
Y and Zr atoms (Z = 39 and Z = 40). From the opti-
cal section we estimate the thickness to be 200 Å with a
composition of approximately 50 Å of PIO and 150 Å
of YSZ. This is supported by comparison of the scan
position-averaged convergent beam electron diffraction
(PACBED) pattern [32] from experiment with that sim-
ulated for an equivalent model structure of PIO-YSZin
(k).

Figs. 2(l)-(p) show the results of simulating and then
reconstructing a model structure with 50 Å of PIO and
150 Å of YSZ for equivalent focal conditions to the ex-
perimental data in Figs. 2(f)-(j), showing good overall
qualitative agreement with experiment. An experimental
reconstruction from a much thinner region of the sample,
free of PIO, is shown in Fig. S5 of the SM and caldera-like
atoms are not visible in that reconstruction.

Phase reconstructions from single sideband (SSB)
ptychography STEM, calculated from the 4D-STEM
dataset, are shown in (q). As was the case with the S-
matrix reconstruction, SSB reveals the oxygen columns
in the PIO-YSZ structure which are invisible in the ADF
STEM images of Fig. 2(a) and suggests, in the ∆f = 0
Å image, that the dataset was recorded in a region of the
specimen where the PIO layer terminates, with the up-
per left region of the image apparently only containing
the YSZ substrate. This is consistent with the optical
section in Fig. 2(i) showing stronger evidence of Pb and
Ir atoms in the bottom right than in the upper left of
the reconstruction. A differential phase contrast (DPC)
STEM reconstruction of the datacube produces similar
results to SSB ptychography, see Fig. S6 of the SM.

A final point to note is that PIO is a pyrochlore struc-
ture and, when projected down its [001] crystallographic
zone-axis, the oxygen columns should exhibit alternat-
ing centered and delocalized columns, as shown in the
structural overlay of Fig. 2(o). This was not visible in
this reconstruction of the Pb2Ir2O7 structure, nor in any
of the annular bright-field (ABF) STEM images synthe-
sized from the 4D-STEM datasets, seen in Fig. S7(a) of
the SM.

To account for this, density functional theory (DFT)
calculations were performed to determine the extent of
compositional and structural influences on the oxygen
positions. We use the parameter x to describe the posi-
tion of O on the Wyckoff site 48f (x, 1

8 , 1
8 ) of the Fd3m

(No. 227-2) space group, where x=0.375 gives a centered
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oxygen column and x=0.3125 is the maximum amount
of oxygen off-centering allowed in the pyrochlore struc-
ture [33]. Values of x for different structural variations
are given in Table I. Incorporating biaxial strain, stoi-
chiometry variations (through the inclusion of oxygen va-
cancies) and an explicit YSZ/PIO interface do not cause
in significant changes in x. For 37.5% cation antisite
defects, there is a considerable increase in x, indicating
that a large proportion of antisite defects could induce a
noticable change to the alternating pattern. Simulated
STEM images of this amount of disorder are shown in
Fig. S7 with high levels of disorder (50% cation anti-
sites) providing reasonable agreement with ABF-STEM
experiment. ABF-STEM images from a sample of the
same material prepared such that the PIO-YSZ interface
could be viewed in cross-section revealed regions where
the alternating centered and delocalized oxygen columns
were visible and areas where adjacent oxygen columns
appeared centered (see SM Fig. S8). This suggests that
alternating oxygen column order is likely present in lay-
ered nanodomains within the sample. Cation disorder,
either from the growth process or damage to the speci-
men during ion milling, can modify local layered oxygen
order and is not noticeable when the sample is viewed in
plan-view projection in the electron microscope.

Structural variation x
Pb2Ir2O7 0.330
Pb2Ir2O7 biaxially strained to 10.28 Å 0.332
PIO(001)/YSZ(001) interface 0.332
Pb2Ir2O6.5 0.327-0.329
Pb2Ir2O6 0.327
Pb2Ir2O7 with % cation antisites, average x

12.25% 0.336
25.0% 0.337
37.5% 0.344
50.0% 0.342

TABLE I. Oxygen position parameter x, describing oxygen
column delocalization in the pyrochlore structure, calculated
from DFT structural optimizations with strain, interface, and
compositional variations.

This Letter has demonstrated a new electron mi-
croscopy technique capable of imaging light and heavy
atoms in thicker, strongly scattering electron microscopy
specimens using 4D-STEM data recorded in a single spec-
imen orientation. This opens up new avenues for the
study of three dimensional nanostructures with the abil-
ity to study structural changes in light and heavy atom
positions through thickness.
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