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Fractional conformal Laplacians and
fractional Yamabe problems

Maria del Mar Gonzalez * Jie Qing T
Univ. Politecnica de Catalunya Univ. of California, Santa Cruz

Abstract

Based on the relations between scattering operators of asymptotically hyperbolic metrics
and Dirichlet-to-Neumann operators of uniformly degenerate elliptic boundary value problems
observed by Chang and Gonzalez, we formulate fractional Yamabe problems that include the
boundary Yamabe problem studied by Escobar. We observe an interesting Hopf type maximum
principle together with interplays between analysis of weighted trace Sobolev inequalities and
conformal structure of the underlying manifolds, which extend the phenomena displayed in
the classic Yamabe problem and boundary Yamabe problem.

1 Introduction

In this paper, based on the relations between scattering operators of asymptotically hyperbolic
metrics and Dirichlet-to-Neumann operators of uniformly degenerate elliptic boundary value
problems observed in [I1], we formulated and solved fractional order Yamabe problems that
include the boundary Yamabe problem studied by Escobar in [16].

Suppose that X" is a smooth manifold with smooth boundary M™ for n > 3. A function
p is a defining function of the boundary M"™ in X"+1! if

p>0in X" p=0on M", dp#0on M".

We say that g7 is conformally compact if, for some defining function p, the metric § =
p*g" extends to X"T! so that (X"*!,g) is a compact Riemannian manifold. This induces a
conformal class of metrics h = glramm on M™ when defining functions vary. The conformal
manifold (M™, [h]) is called the conformal infinity of (X™*! g%). A metric g* is said to be
asymptotically hyperbolic if it is conformally compact and the sectional curvature approaches
—1 at infinity.

In the recent work [27], Graham and Zworski introduced the meromorphic family of scatter-
ing operators S(s), which is a family of pseudo-differential operators, for a given asymptotically
hyperbolic manifold (X™*1, g*) and a choice of the representative h of the conformal infinity
(M™, [h]). Often one instead considers the normalized scattering operators

Pylgt i) =210 g (g +7) .

The normalized scattering operators Py g™, h] are conformally covariant,

_4__ 2 _nt2y 2
Pylg", wnmhg = w2 Py[g" b (wg),
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with principal symbol R
a(Pylg*,h]) = o((=A3)").
Hence they may be considered to be conformal fractional Laplacians for v € (0,1) for a given
asymptotically hyperbolic metric g7. As proven in [27], [19], when g* is Poincaré-Einstein,
P, is the conformal Laplacian, P» is the Paneitz operator, and in general Py for & € N are the
conformal powers of the Laplacian discovered in [26].
When g7 is a fixed asymptotically hyperbolic metric we may simply denote

P! =P, [g", h].

We will consider the associated “fractional order curvature”
Qb = P(1),
and the normalized total curvature

hdu-
I»Y[Itl] _ fM" Q'deh

n—2y °

(Jagn dvz) ™

When a background metric h is fixed, we may write

R . anindvA
I, ] = 1w ) = — e Pyl

n—2y *

This functional I,[h] is clearly an analogue to the Yamabe functional. Hence one may ask
if there is a metric which is the minimizer of I, among metrics in the class [iL] and whose
curvature @~ is a constant. We will refer to that problem as a fractional Yamabe problem
when v € (0,1). For the original Yamabe problem readers are refereed to [30], [40]. A similar
question was studied in [39] for v > 1 and gT being a Poincaré-Einstein metric. Because of
the lack of a maximum principle these generalized Yamabe problems in general are difficult to
solve. Yet this new window to the analytic aspects of conformal geometry remains fascinating.
For example, it was proven in [28] that the location of the first scattering pole is dictated
by the sign of the Yamabe constant and the Green’s function of P,? is positive for v € (0,1)
when the Yamabe constant is positive, at least in the case where g* is conformally compact
Einstein.

It turns out that one may use the relations of scattering operators and the Dirichlet-
to-Neumann operators to reformulate the above fractional Yamabe problems as degenerate
elliptic boundary value problems. The correspondence between pseudo-differential equations
and degenerate elliptic boundary value problems is inspired by the works in [10]. Interestingly,
the corresponding degenerate elliptic boundary value problem is a natural extension of the
boundary Yamabe problem raised and studied in [16].

Recall from [I1] that, given an asymptotically hyperbolic manifold (X"*!, ¢*) and a
representative h of the conformal infinity (M™, [h]), one can find a geodesic defining function
p such that the compactified metric can be written as

gi=0p"g" =dp’ +h, = dp* + h+hDp+hPp? 4 0(p%)
near infinity. One may consider the degenerate elliptic boundary value problem of g as follows:

{—div (p*VU) + E(p)U =0 in (X", g), (1.1)

U|p:0 = f on ]\4”7
where
E(p) =p "7 (=Ay+ — s(n—1s)) p" ",
s=g+7v anda=1-2v.



Lemma 1.1 (Chang and Gonzalez [I1]). Let (X" g%) be an asymptotically hyperbolic
manifold. Suppose that U is the solution to the boundary value problem ([LII). Then

1. For ~ € (0, %) and —”72 +~2 not an L?-eigenvalue for the Laplacian of g™,

+ 7 _ * s a
Pylg™, h|f = —d; lim p°6,U, (1.2)
where 2117
227710 (y
df = ———— 1.3
A Y 43
2. For~= %,

2

Pylg",hlf = — lim 9,U + 251 H f,

where H := - Tr;, (h(V) is the mean curvature of M.
3. Forv € (3,1), L2 still holds if H = 0.
In light of Lemma 1.1, consider, for v € (0, 1),

I'[U, g = d: an+1 (p*|VUP* + E(p)UQ)dvg
L Jipe U5 du,

It is then a very natural variational problem for IJ. For instance, right away one sees that a
minimizer of I is automatically nonnegative, which was a huge issue for the functional I,.

One key ingredient in our work here is the following Hopf type maximum principle. We drew
inspiration from some version of Hopf’s lemma for the Euclidean half space case (Proposition
4.11 in [9]).

Proposition 1.2. Let vy € (0,1). Suppose that U is a nonnegative solution to (1)) in X" 1.
Let pg € M™ = 0X"*! and B, be a geodesic ball of radius r centered at py in M™. Then, for
sufficiently small ro, if U(qo) =0 for qo € By, \ Bi,,, and U >0 on 0By, then

y*0,Ulg, > 0. (1.4)

It seems weaker than the original one, but it suffices for our purposes. A nice and immediate
consequence of the above maximum principle is that the first eigenfunction of the fractional
conformal Laplacian P,’yI is always positive, which has been a rather challenging question in

general for the pseudo-differential operators P,é (cf. [28]). Hence one can produce a metric

in the class [h] that has positive, negative, or zero @, curvature when the first eigenvalue is
positive, negative, or zero respectively.

Our approach to solve the y-Yamabe problem is very similar to the one taken in [I6], where
one of the crucial steps is the understanding of a trace inequality. In our case, the relevant
sharp weighted trace Sobolev inequality appeared in the works [31], [13], [37]:

Proposition 1.3. Lety € (0,1) and a = 1 —2v. Suppose that U € W1’2(R1+1,y“) with trace
TU = w. Then, for some constant S(n,~),

Jull3o ey < S [y VU dody (15)
Ry
where 2* = ng'y Moreover the equality holds if and only if
n—2~y
[ pl
w(x)=c| ————— , x€RY
<|5E — x| +M2>

forc e R, u>0 and xg € R™ fized, and U is its Poisson extension of w as given in (2ZI3)).



As in the case of original Yamabe problem, one can define the 7-Yamabe constant

AV A]) = it L (1)

It is then easily seen that

A8 la) = 5

where [g.] is the canonical conformal class of metrics on the sphere S™. Analogous to the cases
of the original Yamabe problem we obtain

Theorem 1.4. Suppose that (X", gT) is an asymptotically hyperbolic manifold. Suppose,
in addition, that H = 0 when v € (3,1). Then, if
- <AV(M7 []t”]) <AV(Sn7[QC])7 (1'6)

then the - Yamabe problem is solvable for v € (0,1).

Remark. It is easily seen that A, (M,[h]) > —oo in the light of (1.4) in Theorem 1.1 and
Theorem 1.2 in [29] when v € (0, 3] or if some additional assumptions in Theorem 1.2 in [29]
hold.

Based on computations similar to ones in [16], we have

Theorem 1.5. Suppose that (X"t g%) is an asymptotically hyperbolic manifold and that
p~?(Rlg"] — Riclg"](pd,) +n*) =0 asp— 0. (1.7)
If X" has a non-umbilic point on X"t and

_n+a—3227+1 I'(y) +n—1+a
1—a I'(—v) a+1

<0, (1.8)

then R
Ay (M, [n]) < Ay(S™, [gc])

and hence the y-Yamabe problem is solvable for v € (0,1).

We remark now that the %—Yamabe problem introduced in here reduces back to the bound-
ary Yamabe problem consider in [16] in this way. Notice that, in this case, we have

L[U, 7 g) = I5[U, g] (1.9)

for any positive function ¢ on X"*! and therefore (L7)) is no longer needed. Also notice that
the condition (L) becomes n > 5 when v = 3, which agrees with the conclusion in [16].

Suppose we start with a compact Riemannian manifold (X"*!, §) and its boundary
(M™, h). Then one can construct an asymptotically hyperbolic manifold (X", g*) which
is conformal to (X"T!, g). For example, as observed in [I1], one may require according to the
works in [33], [2] that

R[gt] = —n(n+1). (1.10)

Then the induced degenerate equation becomes
—div (p*VU) + 222 R[g)p"U = 0 in (X" 1!, g) (1.11)

whose associated variational functional becomes

F[U]:/Xpa|VU|§dvg+”;ﬁ‘l/XR[g]pﬂUPdvg. (1.12)



In section 2 we recall the work from [II] to make possible the passage from pseudo-
differential equations to second order elliptic boundary value problems as in [10]. In Section
3 we study regularity (L° and Schauder estimates) for degenerate elliptic boundary value
problems. And more importantly we establish the Hopf type maximum principle. In Section 4
we formulate the fractional Yamabe problem and obtain some properties for the fractional case
that are analogous to the original Yamabe problem with the help of the Hopf-type maximum
principle. In Section 5 we analyze sharp weighted Sobolev trace inequalities. We define, on
any conformal manifold, the fractional Yamabe constant associated with an asymptotically
hyperbolic metric and show that the one of the standard round spheres associated to the stan-
dard hyperbolic metric is the largest. In Section 6 we take a subcritical approximation and
prove our Theorem [[I4l In the last section we adopt the calculation from [16] and prove our
Theorem by choosing a suitable test function.

We finally mention the two related works [4, [41] on nonlinearities with critical exponents
for the fractional Laplacian.

2 Conformal fractional Laplacians

In this section we introduce the recent works in [I1I] to relate two equivalent definitions of
conformal fractional Laplacians. Conformal fractional Laplacians are defined via scattering
theory on asymptotically hyperbolic manifolds in [27], [19]. We also have seen fractional
Laplacians defined as Dirichlet-to-Neumann operators for degenerate equations on compact
manifolds with boundary in [10]. It turns out in some way these two fractional Laplacians are
the same.

Let X™*! be a smooth manifold of dimension n + 1 with compact boundary X = M™. A
function p is a defining function of 0X in X if

p>0in X, p=0on0dX, dp#0ondX.

We say that g is conformally compact if the metric § = p?¢g™ extends to X"+ for a defining
function p so that (X"*1 g) is a compact Riemannian manifold. This induces a conformal
class of metrics h = glram on M™ when the defining function varies, which is called the
conformal infinity of (X" gT). A metric g7 is said to be asymptotically hyperbolic if it is
conformally compact and the sectional curvature approaches to —1 at infinity.

Given an asymptotically hyperbolic manifold (X"t ¢gt) and a representative h of the

conformal infinity (M™, [fz]), there is a uniquely geodesic defining function p such that, on a
neighborhood M x (0,4) in X, g™ has the normal form

9" =p72(dp* + hy) (2.1)
where h, is a one parameter family of metrics on M such that
h,=h+hVp+0(p?). (2.2)

From [34], [27] it follows that, given f € C>°(M), Re(s) > % and s(n — s) is not a L2-
eigenvalue for —A g+, the generalized eigenvalue problem

—Agu—sn—su=0, inX (2.3)
has a solution of the form
u=Fp" *+Gp°, F,GeC®X), Flpmo="*f. (2.4)
The scattering operator on M is then defined as



It is shown in [27] that, by a meromorphic continuation, S(s) is a meromorphic family of
pseudo-differential operators in the whole complex plane. Instead, it is often useful to consider
the normalized scattering operators P, [g", h] defined as:

Plg" k) = d,S (g + 7) ,dy = 2”%. (2.5)

Note that s = & ++. With this regularization the principal symbol of P, [g*, fz] is exactly the

principal symbol of the fractional Laplacian (—A;)7. Hence we will call (assuming implicitly
the dependence on the extension metric g*)

P! = P,[g", 7]

a conformal fractional Laplacian for each v € (0,1) which is not a pole of the scattering
operator, i.e. % —~2 is not a L2-eigenvalue for —Ag+. It is a conformally covariant operator,

in the sense that it behaves like

P,i“”(p = w_%Pj(wga) (2.6)
for a conformal change of metric he = w2 h. We will call

Ql =PI

the fractional scalar curvature associated to the conformal fractional Laplacian P,’;‘. From the
above (2.8) we have

n42y

P,?(w) = Qz“’w"*%. (2.7)
The familiar case is v = 1, where
. ) .
Pl =-A, + —=_R[h
! it 4(n — 1)R[ ]

becomes the conformal Laplacian and the associated curvature is the scalar curvature Q% =

4(’;—_721)]%[15] of the metric h which undergoes the change

n—2
4(n—1)

Rlhy|wi=s

Plﬁ w =
when taking conformal change of metrics, provided that (X™*!, g*) is a Poincaré-Einstein as
established in [27], [I9]. The conformal fractional Laplacians and fractional scalar curvatures
should also be compared to the higher order generalization of the conformal Laplacian and
scalar curvature: the Paneitz operator Py and its associated Q-curvature (see [38], [6], [39]).

It was observed by Chang and Gonzélez in [T1] that the generalized eigenvalue problem (2Z.3])
on a non-compact manifold (X" gT) is equivalent to a linear degenerate elliptic problem
on the compact manifold (X"+!,g), for g = p?g*. Hence Chang and Gonzélez reconciled the
definition of the fractional Laplacians given in the above as normalized scattering operators and
the one given in the spirit of the Dirichlet-to-Neumann operators by Caffarelli and Silvestre in
[10]. This observation in [IT] plays a fundamental role in this paper and provides an alternative
way to study the fractional partial differential equation (7). First, we know by the conformal
covariance that N
g

P{u=p" Pl (p " u).

Leta=1-2y€ (-1,1),s =4 +~,and U = p° "u. Then we may write the equation (2.3
as
—div(p*VaU) + E(p)U =0, in (X", g),



where

E(p) = p? P/p% — (s(n —s) + L R[g"]) p* 2, (2.8)
or writing everything back in the metric g%,
E(p) = p~ 7% (~Agr —s(n—s)) p" ™. (2.9)

Notice that, in a neighborhood M x (0,d) where the metric g% is in the normal form,

E(p) = 2 [R[g] — (n(n+ 1) + R[gT])p~%] p* in M x (0,6). (2.10)

Proposition 2.1 (Chang and Gonzdlez [I1]). Let (X", gT) be an asymptotically hyperbolic
manifold. Then, given f € C°(M), the generalized eigenvalue problem [23)-2.4) is equivalent
to

—div(p*VU) + E(p)U =0 1n (X,7), (2.11)
Ulp=o = f on M, '
where U = p"5u and U is the unique minimizer of the energy
FIV) = [ o9V du+ [ EGIVE g
X X
amonyg all the functions V.€ W12(X, p®) with fized trace V|,—o = f. Moreover,
1. Forv€(0,3),
he_ g a
Pl f=-d} ;%p 0,U, (2.12)

where the constant d7, is given in (L3).

2. For~= %, we have an extra term
hop : —1
P%f— —fl)lg%apU—i-”THf,

where H = - Tr; (W) is the mean curvature of M.
3. For~y € (%, 1), @I2) still holds if and only if H = 0.
Remark. It should be noted here that there are many asymptotically hyperbolic manifolds
(X" gT) whose conformal infinity is prescribed as (M™, [h]). If one insists (X", ¢gT) to
be Poincaré-Einstein, then the normalized scattering operators P,? are a bit more intrinsic, at
least at positive integers as observed in [27], [I9]. It should also be noted that one can simply
start with a compact Riemannian manifold (X"*! g) with boundary (M"™, h) and easily
build an asymptotically hyperbolic manifold whose conformal infinity is given by (M™, [h]).
Please see the details of this observation in [I1].

The simplest example of a conformally compact Einstein manifold is the hyperbolic space
(H"*1 g). It can be characterized as the upper half-space (with coordinates x € R™, y € R,),

endowed with the metric: ) )
s dy* + |dz|

Y2
Then (ZTII)) with Dirichlet condition w reduces to

{ —div (y*VU) =0 in RTH,

Uly=o =w on R",
and the fractional Laplacian at the boundary R"” is just

|2 * s a
P,‘Yd Pw = (=Agep2) 0 = —d, 511)% (y*0,U).



This is precisely the Caffarelli-Silvestre extension [I0]. Note that this extension U can be
written in terms of the Poisson kernel K., as follows:

1—a

Y w()ds, (2.13)

Ulz,y) = Ky sz w = C 4
re (Jo— €7 + |y*) "

for some constant C,, . Moreover, given w € HY(R"), U is the minimizer of the functional:
F[V] = / y*|VV|? dady
Ry

among all the possible extensions in the set

{V:Riﬂ —R: /
R™t

+

. Y| VV|? dzdy < oo, V(-,0) = w} .

Based on (Z9) it is observed in [I1] that one may use

as a defining function, where v solves
—Agrv—s(n—sv=0

and p* "v =1 on M, to eliminate E(p*) from equation (ZII]). It suffices to show that v is
strictly positive in the interior. But this is true because, away from the boundary, it is the
solution of an uniformly elliptic equation in divergence form, thus it cannot have a non-positive
minimum. Hence we arrive at an improvement of Proposition 2] as follows:

Proposition 2.2. The function p* is a defining function of M in X such that E(p*) = 0.
Hence U = (p*)* "u solves

(2.14)

—div((p")*VU) =0 in (X,3%),
U=w on M,

with respect to the metric g* = (p*)2g™ and U is the unique minimizer of the energy
FlV] = /X(p*mvw;* dvg- (2.15)

among all the extensions V.€ WH2(X, (p*)*) satisfying V| = w. Moreover,

3
p*(p)=p |1+ ﬁp” +0(p%)
Y

near the infinity and A A
P,?w = —di;, pkiglo(p*)aap*U+sz7 (216)
provided that H =0 when ~y € (3,1).

We will sometimes use the defining function p*, denoted by y unless explicitly stated oth-
erwise, because it allows us to work with a pure divergence equation with no lower order terms.

We end this section by discussing the assumption that H = 0 for an asymptotically hyper-
bolic metric gT. It turns out that this indeed is an intrinsic condition.



Lemma 2.3. Suppose that (X", g) is an asymptotically hyperbolic manifold and that p
and p are the geodesic defining functions of M in X associated with representatives h and h
of the conformal infinity (M™, [h]) respectively. Hence

gt =p2(dp® + h,) = p2(dp® + hyj)

where

h, =h+ phM +0(p?)

and
near the infinity. Then

In particular

Proof. This simply follows from the equations that define the geodesic defining functions. Let
p=¢e“p
near the infinity. Then

1= |d(ewp)|g2“’p2gJr = |dp|;2)2g+ + 2p<du}7dp>/72!]Jr + p2|dw|i2g+7

ow\ >
(55) ot

Hence it is rather obvious that %—7;; =0 at p = 0. Therefore the proof is complete in the light
of the fact that

which implies

ow
2— +p

Bp =0.

+ + — e2wg

g=0pg" =e*p’g g.

3 Uniformly degenerate elliptic equations

Considering the fractional powers of the Laplacian as Dirichlet-to-Neumann operators in
Proposition allows to relate the properties of non-local operators to those of uniformly
degenerate elliptic equations in one more dimension. The same strategy has been used, for
instance, in the recent work of Cabré-Sire [9].

Fix v € (0,1). Let y = p* be the special defining function given in Proposition [2.2] and set
g* = y%*g". We are concerned with the uniformly degenerate elliptic equation

{ —div(y*VU) =0 in (X,g%), (3.1)

U=w on M.

For our purpose we will concentrate on the local behaviors of the solutions to ([B.I) near the
boundary. First, we write our equation in local coordinates near a fixed boundary point (po, 0).
More precisely, for some R > 0, we set

B ={(z,y) e R"" 1y > 0,|(z,y)| < R},

I'% = {(2,0) € OR} " : |2| < R},

If={(z,y) e R" 1y >0,|(z,y)| = R}.



In local coordinates on I'% the metric h is of the form |dz|* (1 + O(|z|?)), where z(po) = 0.
Consider the matrix

Az, y) = VIdet g7[y"(g") "
Then the equation B is equivalent to

n+1
> 0 (Ay0;U) =0, (3.2)
ij=1
Moreover we know that 1
—y'I < A< eyl (3.3)
c

This shows that (8:2) is a uniformly degenerate elliptic equation. For instance, the weight
¥(y) = y® is an As weight in the sense of [36]. Equation (3.2]) has been well understood in a
series of papers by Fabes, Jerison, Kenig, Serapioni ([I8], [I7]). Let us state a regularity result
that is relevant to us. We will concentrate on problems of the form

{Div(A(DU)) =0 in B}, (3.4)

—y*0,U =F, onTY,

where, for the rest of the section, A satisfies the ellipticity condition B3)) for a € (-1, 1), the
derivatives are Euclidean, that is, D := (0y,,...,0z,,v), and

DIV(A(DU)) = % 61' (AU(?JU) .

i,7=1

Definition 3.1. Given R > 0 and a function F € L'(I'Y), we call U a weak solution of ([3.4)
if U satisfies
(DU)'A(DU) € L*(B})

and

/ (D$)' A(DU) dady — | Fédz =0
B

'y
for all ¢ € Cl(B_g) such that ¢ =0 on T'f; and (DE)'A(D¢) € LY(B}).

Holder regularity for weak solutions was shown in [I8], Lemma 2.3.12, for any A satisfying
B3). Using this main result, regularity of weak solutions up to the boundary was carefully
shown in [9], Lemma 4.3, at least when A = y®I. However, their proof only depends on the
divergence structure of the equation and the behavior of the weight. Hence we have

Proposition 3.2. Let v € (0,1), v = 5% and 8 € (0,min{1,1 —a}). Let R > 0 and
U € L>®(Byg+) NW12(Bj5, y*) be a weak solution of

{ Din(A(DU)) =0 in By, (3.5)

—y®0,U = F(U) onT9Yg,

Jor A satisfying B3). If F € CYP, then U € CO’B(B_E) and 0z, U € CO’B(B_;;), i=1,...,n, for
some B € (0,1).

Particularly, when F(z,t) = a(z)t + 8 (:zr)tzgl, to get smoothness it is necessary to know

the local boundedness of weak solutions U on B;;. To get this local boundedness for weak
solutions we employ the usual Moser’s iteration scheme adapted to boundary valued problems
(see Theorem B4 below). However, a new idea is required: we will perform two coupled
iterations, one in the interior and one at the boundary, that need to be handled simultaneously.
Note that in the linear case when F' = 0, local boundedness was shown in [I8, Corollary 2.3.4],
using the weighted Sobolev embeddings in the interior described in Proposition 3.3l However,



when a non-linearity F(U) is present at the boundary term, instead we need to use weighted
trace Sobolev embeddings.

First, we recall a weighted Sobolev embedding theorem in the interior (c.f. [I8 Theorem
1.3], see also [12]):

Proposition 3.3. Let Q be an open bounded set in R"T1. Take 1 < p < oco. There exist
positive constants Cq and § such that for all u € C§°(Q) and all k satisfying 1 < k < ™t 44,
[ull v ,y0) < CallVull Lo ye) -

Cq maybe taken to depend only on n, p, a and the diameter of €.

Now we can state the theorem. Note that we actually prove it in the flat case but it is
straightforward to generalize it to the manifold setting:

Theorem 3.4. Let U be a weak solution of the problem
div(y*VU) =0 in By,
{ —y*0,U = F(U) onT9g,
where F(z) satisfies
F(z)=0 (|z|571) ,  when |z| = oo, for some 2< <2

Assume, in addition, that fFO |U|2* dr =:'V < oo. Then for each p > 1, there exists a
2rg
constant Cy = C(p, V) > 0 such that

1 1/p 1 1/p
(W) ||UHL;$(BzR,ya) + (ﬁ) HU”Lﬁ(FgR)

Proof. Let p € 0X. Note that we can work with normal coordinates z1,...,x, € R" y >0
near p. Without loss of generality, assume that R = 1. Then the general case is obtained
by rescaling. Let n = n(r), r = (Jz|° + y*)'/2, be a smooth cutoff function such that n = 1
ifr<l,n=0ifr>2 0<n<1ifr e (1,2). Next, by working with U' := max{U, 0},
U~ := max{—U, 0} separately, we can assume that U is positive.

A good reference for Moser iteration arguments in divergence structure equations is [22]
chapter 8]. We generalize this method, considering a double iteration: one at the boundary,
using Sobolev trace inequalities to handle the non-linear term F'(U), the other in the interior
domain.

The first step is to use that U is a weak solution of ([B.6]) by finding a good test function.
Formally we can write the following: multiply equation (B.8) by n?U® and integrate by parts:

sup|U] + sup U] < Cj
BY re

0=2/ y“nUo‘VnVUd:vdy—i—a/ yan2Ua—1|VU|2dxdy+/ WPUF(U)dz.  (3.7)
Bf Bf 9

2

This implies, using Holder estimates to handle the crossed term,

/.

2

2 4

Y PU VU dady < —/ W UF(U)dx + —2/ Y|V PUT dedy. (3.8)
[0 Fg [0 B;’

On the other hand, again using Holder inequality, we have

/ ya|V(nU5)|2dxdyg252/ y“n2U2(5’1)|VU|2d:z:dy+2/ YU |\Vn|? dady.
B B B

2

If we insert formula ([B.8]) into the inequality above, for the choice o = 26 — 1, we obtain
Jim [ GINGUO dody
By

+1)? :
<2(1+(22)7) / YOIV2U? dady + M/ PUF(U) dz (3.9)
B+ (07 T0

2 2



For the left hand side above, recall the trace Sobolev embedding (Corollary B3):

2
2
J :/ ya|V(77U6)|2d:17dy pe (/ (nU5)2* da:) , (3.10)
Bf ry

and the standard weighted Sobolev embedding from Proposition [3.31

J = /B; Y IV (U®)? dady 2, </+y“(nU5)’“> (3.11)

By

for some 1 < k < 2”7“.
Next, we estimate from above the terms I, in (39). I; can be easily handled since
|Vl < C:

11:/ ya|V77|2U25dxdy§/ y U dady. (3.12)
BF B

2

Now we consider the second term. To estimate Iy, if we write U2 =28 = UF=2U? then using

Holder inequality with p = 52—;, % + % = 1, we obtain

1 1 1

/ U? dx / PUXde| <Vw / U dz| . (3.13)
rg rg r3

This last integral can be handled as follows. Call x =
on 3, we know that ¢ € (1, x). Then, there exists A
an interpolation inequality gives:

Sl PP (A ) o

Since % < 1, Young’s inequality reads

3=

/ PUPLRU) dx <
ry

, for simplicity. Because our hypothesis

o
2
€ (0,1) such that g = A+ (1 — \)x, and

2
q

za < Cez+e,

1

for € small. If we substitute z = [[ f] [[ fX] X above, together with [BI4), we arrive at

o) <elfe] e[

Then from (BI3) it follows that

S

2
2%
L<V e(/ (nU®)? d:v) +C. | *U¥dxy, (3.15)
rg rg

where € will be chosen later and will depend on the value of «, d.
We go back now to the main iteration formula B]). It is clear from BI0), that the first
integral of the right hand side of the formula for I (BI5]) can be absorbed into the left hand

side of (9], and using B11) and BI0) we get that
/ U? dx + / U» dzdy| ,
rg By

2
for some suitable choice of €. Or switching notation from 26 to 4,

% 3
/ U de |+ / Uk dzdy | < C(9)
rg B

( / Uox dx) + ( / Uk d:vdy) < C(6) / U dx + / Ul dxdy]. (3.16)
re BY rg B




Next, because we will always have § > 1, we can use that
C1(af +b7) < (a+0b)7 < Cay(a’ +b7),
so from (B.I6]) we get that
||U||Lx<5(1“‘f) + ||U||Lk6(Bl+,ya) < ||U||Lé(rg) + ”UHLJ(B;,ya) ‘

For simplicity, we set
0 := min{x, k} > 1,

and

1 1
1\° 1 5
(6, R) = (ﬁ) Ul s (roy + <W> 1N s (B ey -

Then, after explicitly writing all the constants involved, formula (B16) simply reduces to
®(65,1) < [C(1 +6)7]7 B(5,2),

for some positive number o. It is clear that the same proof works if we replace By, By by Bg,,
Bpg,. The only difference is in (3.12)), where we need to estimate |Vn| < C(Ry — Ry)~!. Thus
we would obtain

2
c(l+6)°]?
o605, k) < | SLEDT] 45 Ry). (3.17)
Rs — R
Now we iterate equation (BI7): set Ry, =14 75 and 6,,, = 6™p. Then
BB, 1) < BBy, Rn) < (€26)7 =50 7 0(p,2) < CD(p, 2), (3.18)

for some constant C' because the series Z;’io 0%- is convergent.
Finally, note that

Sél?pU = Jm Tzsey) SEEU = lim [[Ull sy o) »
1

so that (BI8) is telling us that

supU +sup U < C U 5, oy + 10Nl Lo(rg)
BY ro

Rescaling to a ball of radius R concludes the proof of the theorem. O

The next main ingredient is the proof of the positivity of a solution to ([B.3]). We observed
that a Hopf lemma, some version of which was known for the Euclidean half space case
(Proposition 4.10 in [9]), can be obtained for the uniformly degenerate elliptic equation (B1]).
This nice Hopf’s lemma turns out to be one of the keys for us in this paper. It is interesting
to observe a different behavior between the cases v € (0,1/2) and v € [1/2,1) in our proof -
this dichotomy does not seem to appear in the flat case in [9].

We continue to use the setting as in Proposition 221 Let pg € 0X and (x,y) be the local
coordinate at po for X with z(pg) = 0, where x is the normal coordinate at py with respect to
the metric A on the boundary M™.

Theorem 3.5. Suppose that U is a nonnegative solution to B.1) in X" +1. Then, for suffi-
ciently small ro, if U(qo) = 0 for qo € 1“20 \E and U > 0 on 81"%”) on the boundary M™,
then

y*0yUlq, > 0. (3.19)



Proof. First we assume that v € [1/2,1), i.e., a € (—1,0]. We consider a positive function
W =y (y+ Ay?) (e Pl — e Pro), (3.20)
To calculate div(y*VW) in the metric g* we first calculate from Proposition 2.2] that
7 = (1+awy)dy’ + (1 +azy) h+ o(y)
for some constants aq, as and
det g* = det b (1 + azy) + o(y),
for some constant as. Then

le(yaVW) = Il —|— IQ —|— Ig —|— I4,

where
I = ﬁf)y (vdet 77 (7)Y ((1 — a) + (2 — a)yA) (e Bl - e*Bro))
= (ag+ (2—a)A+o0(1)) (e~ Blel — g=Bro),
I = —_ditg*awk (\/W(g*)ky((l —a) + (2 - a)yA)(e Bl - e*BTO))

= o(1)(e P~ e7P7) 4 o(y) B,

for some constant ay,

1 * — xT — DT — DT
Iy = Way(wetg*@ VP (y + 52 A0, (eI — e B70)) = o(y)Be P,
and 2
= L0 (VAR (500 (e — )
y+y2A —x (=% j Zj —Br
= \/Wawk (\/detg (g )kJ( —LBe B ))
7szeiBT+0(y)B267BT+yB2O(T2)eiBT+0(y)Be Br
Thus

div(y* VW) = (a4 + (2 — a)A + o(1)) (e~ Blel — ¢=Bro)
+ (B? +0(1)B)ye 5.

We remark here that all constants a’s can be explicit, but it would not be any more use. Take
ro sufficiently small and A and B sufficiently large so that

div(y* VW) > 0
provided that a < 0. Now we know
div (y*V(U — eW)) <0
n (FQO \@) x (0,79) for all € > 0, and moreover
U—-eW >0

on J { (FQO \Folro) X (O,ro)}, provided we choose e appropriately small. Therefore, due to
2

the maximum principle we know that

U—-—eW >0



n (1—‘90 \Pgm) x (0,79). Thus, when U(x(qo),0) = 0, we have
2
Y0y (U — eW)(2(g0),0) = 0,
which implies
Y 0yU | (2(00),0) = €Y Oy W |(2(g0).0) = €(1 — @) (e B0l — ¢=Broy 5 ¢

as desired.
When a € (0,1), or equivalently, v € (0, 3), we instead use the function

W =y “(y+ Ay* ) (e PI*l — e7Bro).
Then a similar calculation will prove that the conclusion still holds. O

Positivity of solutions for (B1]) is now clear:

Corollary 3.6. Suppose that U € C*(X)NC(X) is a nonnegative solution to the equation

div(y*VU) =0 in (X, g%),
y*0,U = F(U) on M,

where F(0) =0. Then U >0 on X unless U = 0.

Proof. First, U > 0 in X, and U is not identically zero on the boundary if it is not identically
zero on X. Then, on the boundary, the set where U is positive is nonempty and open. Hence,
if the set where U vanishes is not empty, then, for any small number 7y, there always exist
points pg and ¢p as given in the assumptions of Theorem Thus we would arrive at the
contradiction from Theorem [3.5) O

4 The y-Yamabe problem

Now we are ready to set up the fractional Yamabe problem for v € (0,1). On the conformal
infinity (M™, [h]) of an asymptotically hyperbolic manifold (X"t g*), we consider a scale-

free functional on metrics in the class [h] given by

. b du;
Iy[h] = Mngv (4.1)
(Jar dvg) "+
Or, if we set a base metric h and write a conformal metric
ho = T,
then .
. P (w) dv;
I, By = L B @) vy (42)
(fa w?" dvy)) ™
where 2* = ni’;y We will call I, the v-Yamabe functional.

The ~y-Yamabe problem is to find a metric in the conformal class [h] that minimizes the
7-Yamabe functional I,. It is clear that a metric h,,, where w is a minimizer of I,[w, h], has

a constant fractional scalar curvature ng, that is,

n+2y

Pf;(w) =cw >, w>0, (4.3)

for some constant ¢ on M.



This suggests that we define the v-Yamabe constant
A (M, [h)) = inf {Iv[h] he [iL]} . (4.4)
It is then apparent that A, (M, [h]) is an invariant on the conformal class [2] when g* is fixed.

In the mean time, based on Proposition 2.1l we set

@ [y 0" [VUL; dvg + [ E(p)|U[? dug

U5 - Sk (4.5)
(Jar [UIZ" dvy ) ?
or similarly, using Proposition 2.2l we may set
& [y |VU|Z dvg- + [y, QU2 dv;
5. g) = Sl VIV Do+ Sy Q0T o, (46)

2
(far IU* dv;,)?
It is obvious that it is equivalent to solve the minimizing problems for I, and I7. But a very
pleasant surprising is that this immediately tells us that

Ay(X, [R]) = inf {IZ[U,g] : U € W'*(X,y")} (4.7)
(please see the definitions and discussions of the weighted Sobolev spaces in Section [Hl). Note
that one has that I3[|U|] < I3[U], to handle positivity issues. Therefore we have

Lemma 4.1. Suppose that U is a minimizer of the functional I,*;[-, g] in the weighted Sobolev
space WH2(X,y*) with [,,|TU z dvj, = 1. Then its trace w = TU € HY(M) solves the
equation

P(w) = Ay(X, [A)wi=.

To resolve the v-Yamabe problem is to verify I, has a minimizer w, which is positive and
smooth. But before launching our resolution to the ~-Yamabe problem we are first due to
discuss the sign of the y-Yamabe constant. These statements are familiar and easy ones for
the Yamabe problem but not so easy at all for the y-Yamabe problem, where the conformal
fractional Laplacians are just pseudo-differential operators. One knows that eigenvalues and
eigenfunctions of the conformal fractional Laplacians are even more difficult to study than the
differential operators. There are some affirmative results analogous to the conformal Laplacian
proven in [28] when the Yamabe constant of the conformal infinity is assumed to be positive.
Here we will take the advantage of our Hopf’s Lemma and the interpretation of the conformal
fractional Laplacians through extensions provided in Proposition

For each v € (0,1) we know that each conformal fractional Laplacian is self-adjoint (cf.
[27], [20]). Hence we may look for the first eigenvalue A\; by minimizing the quotient

fM wP,jlw dvﬁ

4.8
fM ’LU2 d’U;L ( )
Moreover, again in the light of Proposition 2.2] it is equivalent to minimizing
* a 2 h
& [ y* VU dvg- + [, QEIUJ? dvy, (49)
S 2 U dvy,
We arrive at the eigenvalue equation:
ij = A\w, on M.
Or, equivalently,
div (y*VU) =0 in (X, g*),
(4.10)

—d; lim y9,U + QMU =MU on M,

As a consequence of Proposition and Theorem we have:



Theorem 4.2. Suppose that (X™1, gT) is an asymptotically hyperbolic manifold. For each
~v € (0,1) there is a smooth, positive first eigenfunction for P,? and the first eigenspace is of
dimension one, provided H = 0 when ~ € (%, 1).

Proof. We use the variational characterization [@9]) of the first eigenvalue. We first observe
that one may always assume there is a nonnegative minimizer for (£9). Then regularity
and the maximum principle in Section 3 insure that such a first eigenfunction is smooth and
positive. To show that the first eigenspace is of dimension 1, we suppose that ¢ and ¢ are
positive first eigenfunctions for P,i‘. Then

thd’% — pnE pjﬂ; — Mo Ty

_ nt2y 1/)

(¢ "*2”P¢ )5
= ;Ld)g
v (b?

where ﬁ¢ = (bnf% h. That is, there is a function U satisfying

div(yzVU) =0 in (X, gy),

and U = ¥ on M, where Yy and gy are associated with fz¢ as y and g* are associated with h
in Proposition respectively. Replace U by U — U,, for U,, = ming U and apply Theorem
and Corollary B.0] to conclude that U has to be a constant. O

Consequently, we get the following.

Corollary 4.3. Suppose that (X"t gT) is an asymptotically hyperbolic manifold. Assume
that v € (0,1) and that H = 0 when v € (3,1). Then there are three mutually exclusive

possibilities for the conformal infinity (M™, [h]):

1. The first eigenvalue of P,’;L is positive, the v-Yamabe constant is positive, and M admits

a metric in [h] that has pointwise positive fractional scalar curvature.

2. The first eigenvalue of Pf;‘ s megative, the v-Yamabe constant is negative, and M admits

a metric in [h] that has pointwise negative fractional scalar curvature.

3. The first eigenvalue of Pf;‘ 18 zero, the v-Yamabe constant is zero, and M admits a metric

in [h] that has vanishing fractional scalar curvature.

Proof. First of all it is obvious that the sign of the first eigenvalue of the conformal fractional
Laplacian P,é does not change within the conformal class due to the conformal covariance
property of the conformal fractional Laplacian. The three possibilities are distinguished by
the sign of the first eigenvalue \; of the conformal fractional Laplacian P,{I. Because, if ¢ is

the positive first eigenfunction of Pf;‘, then
h A
=

where fz¢ = (bn%h h. O



5 Weighted Sobolev trace inequalities

Let us continue in the setting provided by Proposition 221 On the compact manifold M™, for
~v € (0,1), we recall the fractional order Sobolev space HY (M), with its usual norm

2 2

AIl equlva.lellt norm on (hlS Space 18
||w||H VI ‘1”le2 VI / wl ’yilwdvh:’

for some appropriately large number A, since P,é is an elliptic pseudo-differential operator of
order 2 with its principal symbol being the same as that of (—A;)7.

Note that in R™, this Sobolev norm can be easily written in terms of the Fourier transform
as

Il ey = [ 1+ 8PP0 e (5.1)

We would also like to recall the definition of the weighted Sobolev spaces. For v € (0,1)
and a = 1 — 27, consider the norm

0100y = [ 37190

The following is then known.

?]* d’Ug* + / yaU2 d’Ug* .
X

Lemma 5.1. There ezists a unique linear bounded operator
T:Wh(X,y*) — HY(M)
such that TU = Ul for all U € C®(X), which is called the trace operator.

Lemma [5.1] was explored by Nekvinda [37] in the case when X is a subset of R"*! and
M™ a piece of its boundary; see also [32]. It then takes some standard argument to derive the
Lemma [5.1] from, for instance, [37].

The classical Sobolev trace inequality on Euclidean space is well known (see, for instance,
Escobar [15]), and reads:

1
2

</ | Tu|"2 da:) " <com) </ IVl dxdy) (5.2)
n Ri+1

where the constant C(n) is sharp and the equality case is completely characterized. This
corresponds to a = 0 for our cases. The same result is true for any other real a € (—1,1).
Indeed there are general Weighted Sobolev trace inequalities. Let us first recall the well known
fractional Sobolev inequalities. They were considered first in the remarkable paper by Lieb
[31] (see also the more recent [21], [I3], or the survey [14]):

Lemma 5.2. Let 0 <y < n/2, 2* = nz’;,y Then, for all w € HY(R™) we have

[l ey < SN D) F0l oy = S0,) [ =AY wda, (53

n

where

S(n,’y) = 2*27’#*’)’1—‘ (77) [ F(n) ] _ ? nf2v) |1)Ol(Sn)|72%

)

—~|—
1

o
=

We have equality in (B3)) if and only if

n—2y

2
w(z) =c¢ % , xzeRY
|z — @o|” + p?

forceR, >0 and zg € R" fized.




Note that we may interpret the above inequality as a calculation of the best 7-Yamabe
constant on the standard sphere as the conformal infinity of the Hyperbolic space. Namely, if
gc is the standard round metric on the unit sphere,

Hw||2Lz*(Sn §S(n,”y)/ wPYw dvy,. (5.4)

Sn

Such an inequality for the sphere case was also considered independently by Beckner [5],
Branson [6], and Morpurgo [35], in the setting of interwining operators. Indeed, we have the
following explicit expression for an:

n F (B + ’Y + l) 2
P = —2, where B :=1\/—Agn + n—1)?,
Y T (B — + %) ( 2 )
It is clear from (5.4) that
1
AL(S™, [ge]) = ———. 5.5

Sobolev trace inequalities can be obtained by the composition of the trace theorem and
the Sobolev embedding theorem above. There have been some related works that deal with
these types of energy inequalities, for instance, Nekvinda [37], Gonzdlez [23], and Cabré-Cinti
[7). In particular, in the light of the work of Caffarelli and Silvestre [10] and Lemma [£.2] we
easily see the more general form of (5:2)) as follows:

Corollary 5.3. Let w € HY(R"), v € (0,1), a =1— 2y, and U € WH2(R} T, y2) with trace
TU = w. Then

ol oy < Sn.3) [ VU dady, (5.6)
+
where -
S(n,y) == d;S(n,v). (5.7)

Equality holds if and only if

n—2vy
2

w(z) =c¢ % , xzeR™
|z — @o|” + p?

forceR, u>0 and g € R™ fized, and U is its Poisson extension of w as given in [213)).

In the following lines we take a closer look at the extremal functions that attain the best
constant in the inequality above. On R™ we fix

—2~

these correspond to the conformal diffeomorphisms of the sphere. We set

Uy =K, %, w, (5.9)

as given in (ZI3)). Then we have the equality

[y = 500) [ 9 IV0, P ddy.

Ry F
It is clear that

T 1 T
wy () = = w1 (—) , and Uy(z,y) = U1 (—, E) . (5.10)
) 12 nz



Moreover, U, is the (unique) solution of the problem

div(y*VU,) =0 in R},

nt2y 5.11
— lim y*0,U), = Cn,’y(wu)”ﬁ” on R", ( )
y—0

On the other hand, if we multiply equation (511 by U, and integrate by parts,

/ y*|VU,|? dedy = cw/ (w,)? da. (5.12)
RiJrl Rn

Now we compare (5.12) with (5.6). Using (5.H) we arrive at

2y

AS™ o) = oy | [ (¥ (5.13)

Before the end of this section we calculate the general upper bound of the y-Yamabe
constants. Indeed there is a complete analogue to the case of the usual Yamabe problem (cf.
[3], [30]). Namely, the following.

Proposition 5.4. Let vy € (0,1). Then
A (M [R]) < Ay (S™,[gc]).

Proof. First of all we will instead use the functional ([4.6]) to estimate the y-Yamabe constant
for a good reason. The approach is rather the standard method of gluing a “bubble” (B.8]) to
the manifold M (see, for instance, [30], Lemma 3.4).

For any fixed € > 0, let B, be the ball of radius € centered at the origin in R**! and B}
be the half ball of radius € in Ri“. Choose a smooth radial cutoff function n, 0 < n <1
supported on By, and satisfying n = 1 on Bc. Then, consider the function V = nU, with its
trace v = nw, on R™. We have that

/ Y| VV [*dedy < (1 + e)/ y*|VU,|? dzdy + C(e)/ U dxdy. (5.14)
Rn+1 Rn+1 B+ \B+
+ + 2e €

Note that w, = O(u"2 " [2[*™™) in the annulus ¢ < |z| < 2¢ and U, is O(u"2 ") in the
annulus By, \BS. This allows to estimate the second term in right hand side of (5.I4) by
(@) (u”*h) as i — 0, for € fixed. For the first term in the right hand side of (&.I4)) we first use
the fact that w, attains the best constant in the Sobolev inequality, so

S(n,7) /R"“ Y| VU, |* dedy = (/R wi*dx) < (/ vz*dac) +O(u"). (5.15)
+

Now we need to transplant the function V' to the manifold (X,g*). Fix a point on the
boundary M and use normal coordinates {1, ..., T,,y} around it, in a half ball By, where V'
is supported. Two things must be modified: when € — 0,

%

2 = [VVP(1+0(),

and
dvg- = (14 O(e))dzdy,

so that

I, = di; /B+ y|vv

2e

2 h, 2
g* d’l}g* +/ Q'YU d'UiI
|z|<2e

< (1+0(e)) </ y*|VV|? dzdy + C v? d;v) :
B |z|<2€

2e



It is easily seen that

/z<2€ wi dx = o(1).

This is a small computation that can be found in Lemma 3.5 of [30]. Then, from (&3, fixing
e small and then p small, we can get that

1
IE,,u < (1 + OG) QS AN ||UH§,2* M) + O'u’
S(n,7) (

which implies

O

We end this section by remarking that, although most of the results mentioned here were
already known in different contexts, it is certainly very interesting to put all the analysis
and geometry together in the context of conformal fractional Laplacians and the associated
v-Yamabe problems in a way that is analogous to what has been done on the subject of the
Yamabe problem, which becomes fundamental to the development of geometric analysis.

6 Subcritical approximations

In this section we take a well known subcritical approximation method to solve the y-Yamabe
problem and prove Theorem [[L4l There does not seem to be any more difficulty than usual
after our discussions in previous sections. But, for the convenience of the readers, we present
a brief sketch of the proof. Similar to the case of the usual Yamabe problem we consider the
following subcritical approximations to the functionals I, and I respectively. Set

Phw dv;
Iofu) = P

(Jar wP dvy) ?
and ) A
i) - & [ y* VU dvg + fi” Qhu? dvj,
(Jar UP dvy)”
for 8 € [2,2%), where 2* = nz’;,y and v € (0,1). These are subcritical problems and can be

solved through standard variational methods. For clarity we state the following:

Proposition 6.1. For each 2 < § < 2%, there exists a smooth positive minimizer Ug for IE[U]
in WH2(X, y®), which satisfies the equations

div (y*VUs) =0 in (X,3°),
* 1 a hyr. _ B-1
_dv‘v}%y Us + Q3Up = cgUyg on M,

where the derivatives are taken with respect to the metric g* in X and cg = I5[Ug] = min .
And the boundary value wg of Ug, which is a positive smooth minimizer for Iglw] in HY(M),
satisfies A
P,;ng = q;wﬁfl.
Using a similar argument as in the proof of Lemma 4.3 in [30] (see also [3]) we have the
following.
Lemma 6.2. If vol(M,h) =1, then |cs| is non-increasing as a function of § € [2,2*]; and if

Ay (M, [Rh]) > 0, then cg is continuous from the left at B = 2*.



We now start the proof of Theorem [[L4l Readers are referred to [16], [30], [40] for more
details. Instead of applying the standard Sobolev embedding in the Yamabe problem we
apply the weighted trace ones discussed in the previous section. To ensure that Ug as § — 2*
produces a minimizer for the y-Yamabe problem, we want to establish the a priori estimates
for Ug. In the light of the discussions in Section B] we only need to have a uniform L*° bound
for wg. We will establish the L> bound for wg by the so-called blow-up method.

Otherwise, assume there exist sequences fr — 2%, wy := wg, and Uy := Ug,, xp € M
such that wy(zx) = maxy{wr} = mp — oo and xp — z9 € M as k — oo. Take a normal
coordinate system centered at g, and rescale

Vie(z,y) = m,;lUk(ékx + Xk, OkY),

with the boundary value
vg(z) = m;lwk (O + x1),
1-6y
where 0 = m,, *¥ . Then V} is defined in a half ball of radius R; = %:’“l and is a solution of

div (p*VVi) =0 in Bf ,

. ; B 6.1
—d; il_r)%y Oy Vi + (Qz)kvk — v’ on Bg,, (6.1)

with respect to the metric g*(dxx + zk, 0ry), where

(@) = 617°QL (S + w1) — O,

Due to, for example, C*® a priori estimates for the rescaled solutions V4, to extract a subse-
quence if necessary, we have V;, — 4 in 012(’)2. Moreover the metrics g* (dxx+ 2k, Oxy) converge
to the Euclidean metric. Hence Vj is a non-trivial, non-negative solution of

—div (y*VVp) =0 in R},

e ni2y - (6.2)
—d; ili%y Oy Vo = oV on R"™,

Let vg = TVj. It is easily seen that
/ v (z)dr < 1. (6.3)
Theorem and Corollary B.6] then assure that Vo > 0 on RT‘l. Therefore we can obtain

/ . y*|VVol? dedy = cod’, / 02 () d. (6.4)
R+ Rn

It is then obvious that ¢y > 0, that is, ¢g = A, (M, [h]) in the light of Lemma Moreover,
by the trace inequalities from Lemma [5.3] we have

([ @) <80 [ rI9vaf dsdy (65)
n Ri 1

Then (63)), (6€4) and (6.5]), together with the definition of A, (S™,[g.]) in (B.5]) contradict the
initial hypothesis (L6l

Once we have a uniform L estimate, by the regularity theorems in Section [B] we may
extract a subsequence if necessary and pass to a limit Uy, whose boundary value wg satisfies

P,};lwo = Awg*fl, Ijwo] =A, A=limecg. (6.6)
Theorem and Corollary also ensure that wg > 0 on M. It remains to check that

A = A, (M, [h]). However, this is a direct consequence of Lemma when A, (M, [h]) > 0.
Meanwhile it is easily seen that by the definition of the y-Yamabe constants and (6.0]) that A

can not be less than A, (M, [h]). Hence it is also implied that A = A, (M, [h]) by Lemma

when A, (M, [h]) < 0. Thus, in any case, wy is a minimizer of I, as desired. O



7 A sufficient condition

In this section we give the proof of Theorem [[L5 which provides a sufficient condition for the
resolution of the y-Yamabe problem. Here the precise structure of the metric will play a crucial
role since a careful computation of the asymptotics is required, following the calculation in
[16]. The section is divided into two parts: the first contains the necessary estimates on the
Euclidean case, while in the second we go back to the geometry setting and finish the proof of
the theorem.

7.1 Some preliminary results on RTI

Here we consider the divergence equation (ZI1) on R’™, as understood in [I0], [23]. The
main point is that by using the Fourier transform, a solution to this problem can be written
in terms on its trace value on R™ and the well known Bessel functions. Indeed, let U be a
solution of

(7.1)

div(y*VU) =0 in R},
U(z,0) =w on R" x {0},

or equivalently, U = K %, w, where K, is the Poisson kernel as given in (2I3).
The main idea is to reduce () to an ODE by taking Fourier transform in z. We obtain

N a . N
—IeF (& y) + iy (69) + iy (€:9) = 0.
U(€,0) = (¢),
that is an ODE for each fixed value of &.
On the other hand, consider the solution ¢ : [0, +00) — R of the problem
a
—p(y) + ;wy(y) +yy(y) =0, (7.2)

subject to the conditions ¢(0) = 1 and tliin ©(t) = 0. This is a Bessel function and its
—+00

properties are summarized in Lemma [7.J] Then we have that

U(&,y) = d(E)p(|€]y)- (7:3)

For a review of Bessel functions (see, for instance, Lemma 5.1 in [23], or section 9.6.1. in
[1):

Lemma 7.1. Consider the following ODE in the variable y > 0:
a
—e) + Zeu) + oY) =0,

with boundary conditions p(0) = 1, p(c0) = 0. Its solution can be written in terms of Bessel
functions:

o(y) = a1y Ky (y),

where IC is the modified Bessel function of the second kind that has asymptotic behavior
r 2\”

Ky (y) ~ ﬁ (—) ,  wheny— 07,

Y

Ki(y) ~/=— €Y, wheny— 400,

for a constant
2=

=07



Now we are ready to prove the main technical lemmas in the proof of Theorem More
precisely, we will explicitly compute several energy terms through Fourier transforms, thanks
to expression ([T3]). Such precise computation is needed in order to obtain the exact value of the
constant (8). For the rest of the section, we denote |[VU|2 = (8,,U)*+. ..+ (8., U)*+(8,U),
and |V, U2 = (0, U)* + ... + (8, U)".

Lemma 7.2. Given w € HY(R"), let U = K., x w defined on R";"'. Then

Artw)i= [ U dedy = dy [ o) €207 de. (r.0)
Ri+1 ]Rn
Ag(w) := / Y|V, U dudy = dy / () 620D de, (7.5)
RK+1 R™
datw) = [ ooy = d [ )P €207 de (7.6)
+
where 43 1
—Qa
dy= —g=dy, dy= —d.

Proof. We write A; := A;(w), i = 1,2, 3, for simplicity. Note that the integrals in the right
hand side of (Z4), (TH), (Z6) are finite because w € HY(R") < HY~1(R"), and because of
the definition of the Sobolev norm (G1I).
Thanks to (3]) we can easily compute, using the properties of the Fourier transform,
Ap:= / y*P|\VU|? dedy = / y P2 (VLU +(8,U %) dady
R R
= [ [ (€0 + 10,0) dyde
[eS) . A 5
= [ R (1elen + 14 el o)) dvae (1)
~ —1—a o a 2
= [ 1o@P e [ e (jeol + 1 @) dede
R™ 0
—d [ (O 17" de

for a constant

4= [ gt 2100 at. 7.8
vim [ (P + 14 0 (73)
Similarly,
L a+2 2 _ > a+21£1217712
Ag.—/my 7,0 d”"”dy—/Rn/O y 2?0 dyde
= [ e e el ol duae
= [ 1o@P ™ [ e eto)? ardg
n 0
:d ~ 2 717ad
2 [ P ae
for

dy = / 1942 | (1) d. (7.9)
0



And finally,

o= [ rvrdedy= [ [Tyei0pans = [T yeto@Pledeln)l? dude
R+ n Jo r» Jo

- (7.10)
_ N 2 ¢~ 1-a a 2 _ N 2 ¢~ 1-a
= [ @RI [ et e = ds [ ool e

for -
ds = / t%p(t)|? dt.
0

In the next step, we find the relation between the constants di,d2,ds. All the integrals will
be evaluated between zero and infinity in the following. Multiply (7.2) by ¢:t**3 and integrate
by parts:

— /wwtta+3 + a/(p?td+2 + /<Ptt§0tta+3 — 0 (711)
In the above formula, we estimate the first term by
/ta+3<p% _ %/t‘”gat (802) _ _aT-‘,-B /t“+2g02,
and the last one by
so from (I1)) we obtain
(a+3) /t“+2g02 =(~a+3) /t“+2cpt2.

Together with (Z.8)) and (Z9)) this gives
6

dy = ——d
1 _a+3 25
as desired.
Now, multiply equation (Z.2)) by ¢t**? and integrate:
_/ta"r?spspt_’_a/ta"rlsp% +/ta+2@tt90: 0 (712)

The third term above is computed as

/t“”sﬁttsﬁ = —/t"“ ;- (a+2)/ta“sﬁt%

dy = —2/ta+1<pt<p =(a+ 1)/15“ %= (a+1)ds. (7.13)

so (CI2) becomes

This completes the proof of the lemma. O
In the following, we continue the estimates of the different error terms, although now we
only need the asymptotic behavior and not the precise constant.

Lemma 7.3. Let w be defined on R™ and U = K *, w. Then
1. For each k € N, if w € HY"F/2(R"),

Ek ::/ . y R VU | dady < oo. (7.14)
R

n+41
+



2. If we H'32(R") and (|z|w) € H=/2H7(R™), then
&g = / " v [(x,y))? [VU? dedy < oo. (7.15)
+

Proof. Taking into account (Z.3), we can proceed as in the calculation for A; in (Z71), easily
arriving at

fu=ai [ Io(EPlE T ds
where

o ;:/ 197 (Q2(8) + 2(1)) dt < oo,
0

and this last integral is finite for all £ € N because of the asymptotics of the Bessel functions
from Lemma [T.Il The second conclusion of the lemma is a little more involved. To show that
the integral (.IH) is finite, first note that (CI4]) with k = 3 gives

/ y P3| VU 2 dzdy < oo.
RY!

It is clear that it only remains to prove

/ . y*|2}|VU|? dady < oc.
R™

+

Since the computation of the previous integral can be made component by component, it is
clear that is enough to restrict to the case n = 1. Then we just need to show that

J ::/ /y“|:1c|3(8mU)2 dzdy < oo. (7.16)
o Jr

This is an easy but tedious calculation using Fourier transform. Without loss of generality, we
will drop all the constants 27 appearing in the Fourier transform. First notice that

/ 23(@.0)? da = [{|a*20.U} 2oy = D80 20z = D2 D)2 s
R (7.17)
- / €| U DL (€| T) de.

At this point we go back to ([Z.3]) to substitute the explicit expression for U. We will need to
compute

D (1€l (©)e([€ly)) = o™ [1€]¢] + " [3e + 3]€]¢"y]
+ ' [60"y + 3|Ele"y?] + b [1€]" Y + 39" 7]
=" [[€]p] + " [3p + 3t¢']
+ ' [6]¢]7 e’ 4 3¢ Q"] 4+ b [1€] 2™t + 312"

after the change |¢|y = ¢t. When we substitute the above expression into (C.I7) and then back
into (7I0), taking into account the change of variables, we obtain:

J:/ tp? dt/w’”w|§|1_“d§
0 R
+/ t* [0 + 3ty'] dt/w”w|§|—“ d¢
0 R
+/ t* [6t¢’ o + 3t%¢" ] dt/ v'w|E|T et de
0 R

+/ te [t?’ga///gp+3t2<p//<p] dt/Rw2|§|7a72 df
0

=:c1J1 + cado + c3J3 + cydy.



It is clear, looking at the asymptotic behavior of ¢ from Lemma [l that the constants c;, i =
1,2, 3,4, are finite. On the other hand, by an straightforward integration by parts argument,
we can write each of the terms J;, i = 1,2, 3,4, as a linear combination of just

[or@de ana [ a2 de (718)
R R

Finally, the proof is completed because the initial hypotheses show that both integrals in (T.I8))
are finite. In particular, these hypothesis show that all the derivations are rigorous. |

Lemma 7.4. Let w be defined on R"™ and U = K, *, w.
1. For each k € N, if w € HY~F/2=1(R"),

Fi ::/ y U2 dady < oo. (7.19)
Ry !

2. Ifw e HY52(R™) and (|z|w) € HY=3/2(R"),

Fs = / y? |z U? dady < oo. (7.20)
Ry

Proof. The first assertion ([I9) follows as in (Z10):

Foie / YU dady = / / Y2 dyds / / Y1 (©) (€] )| dyde
11 n Jo nJ0

= / @I |g ™" / ()Pt dtde = e / (€)1 g7 de,
R™ 0 o

for
oo
o ;:/ o (1)]219F dt < oo,
0

For the second assertion, under the light of our previous discussions, it is enough to show that
in the one-dimensional case,

/R 2> U2 dz = |[{|2[**U}|[F2m) = I1D*?U| 72w = /R UDZ(U) d¢.
Substitute the expression for U from (Z3). Then
/|CL‘|3 U2 dr = /@"’@@2 df—|—3/w”wcp’gpydf—|—3/w’u§g0’cpy2d§+/zbch”’cpy?’df,
R

so when we change variables t = |¢] y,

/ /ya |«T|3U2dxdy:/ ta(pzdt/u?”/ﬁwgl*l*a e
0 R o =

+3/ t1+“<p'gpdt/w”ﬁ) €]727 de

0 R

+3/ t2+a<p”<pdt/R Vb |¢| T de
0

o0
_|_/ t3+a<pm<pdt/ ’LDQ |€|—4—a df
0 R
= C1J1 + CoJy + C3J3 + €4 4.
Clearly, from the asymptotics of the Bessel functions from Lemma [Tl the constants &;, i =

1,2, 3,4 are finite. At the same time, each of the four integrals Ji,i=1,2,3,4, can be written
as a linear combination of two:

/ (@)? €] ¢ and / ()2 ¢~ d,

which are finite because of the hypothesis on w. O



Next, we check what happens with the previous two lemmas under rescaling. Here f = o(1)
means

li =0.
e/LH—1>O f

Given any function w defined on R", we consider its extension to Rﬁ“ as U = K, *, w, and
the rescaling, for each p > 0,

1 Ty
U, (z,y)=——=U[—-,=). 7.21
o) = U (5.2) (7.21)
Corollary 7.5. Fiz ¢, ;0 > 0 and let the hypotheses be as in Lemma [7.3 (in each of the two
cases).

1. For each k € N,

/ L YTHIVU P dady = uf / . YEIVU Pdady = i [E + 0(1)] (7.22)
B

N e/n

2. Also

| e PIVUP dndy =y [ VO dedy = [+ o)] (729
Bt B}
€ e/p

where U, is the rescaling (T21), and &, E3 < oo are defined as in Lemma[7.3,

Corollary 7.6. Fiz e,;n > 0 and let the hypotheses be as in Lemma [74] (in each of the two
cases).

1. For each k € N,

/B AU, dady = g /B R dedy = M FetoV)], (124)
€ e/u
2. Also,
| vl Wrdedy =y [yl U dedy = [Fa+o)] . (725)
B B,

where U,, is the rescaling (T21), and Fy, Fs < oo are defined as in Lemma [T

7.2 Proof of Theorem

We first need to choose a very particular background metric for X near a non-umbilic point
on M. We will follow the steps as Escobar did in Lemmas 3.1 - 3.3 of [I6]. But our situation
is a little different. Our freedom of choice of metrics is restricted to the boundary. Hence we
will make some assumptions on the behavior of the asymptotically hyperbolic manifolds in
order to allow us to see clearly what we can get for a good choice of representative from the
conformal infinity.

Lemma 7.7. Suppose that (X", g%) is an asymptotically hyperbolic manifold and p is a
geodesic defining function associated with a representative h of the conformal infinity (M™, [h]).
Assume that

p~?(Rlg"] — Riclg"](pd,) +n*) =0 asp— 0. (7.26)
Then, at p =0,
H:=Tr; kY =0 (7.27)
and ) 1
Tr; h® = §(|\h<1>||§ + mR[ﬁ]), (7.28)
where

dp® +h 5
P h, = b BDp 4 R 4 o(p?).

p



Proof. This simply follows from the calculations in [25]. Recall (2.5) from [25]
1 .
phif; + (1 = n)hi; — W¥highij — ph™ hihly + §Phklh§czh§j —2pR;;[h]

= p(Rizlg™] + ngih),

where we use h to stand for h, for simplicity. Taking its trace with respect to the metrics h,
we have

(7.29)

1 .
PRk + (1= 20)Tenh' = p|I1|[F + 5p(Trnh')* = 2p R[]
=p~ ' (Rlg"] = Riclg"](20x) +n?)
Immediately from (7.26]) we see that

(7.30)

Trph' =0 at p=0.
Then, dividing p in both sides of the equation (Z30) and taking p — 0, we have (T.28]), under
the assumption ([.26]), because
(Trph') = Tr;h" — ||h’||}2I
at p=0. [l
Notice that ([Z.26]) is an intrinsic curvature condition of an asymptotically hyperbolic man-

ifold, which is independent of the choice of geodesic defining functions. Consequently we have
the following.

Lemma 7.8. Suppose that (X"t g%) is an asymptotically hyperbolic manifold and (T.286])

holds. Then, given a point p on the boundary M, there exists a representative h of the confor-
mal infinity such that,

1. H=: Tr;lh(l) =0on M,
ii. Ric[h])(p) =0 on M,
it Ric[g](0,)(p) =0 on M,
iv. Rlg)(p) = |RO)2 on M.
Proof. The proof, like the proof of Lemma 3.3 in [I6], uses Theorem 5.2 in [30]. Therefore we

may choose a representative of the conformal infinity whose Ricci curvature vanishes at any
given point p € M. In the light of Lemma [[7] we get 4. and di. right away. We then calculate

e 1 1
Riclg)(9x) = —5Tr; A + Z||hD2 =0
at p € M from (7.28). Finally we recall that
R[g] = 2Ric[g)(9,) + R[A] + |nV]|7 — (Tr;nV)? = || V|2

The proof is complete. O
Assume that 0 € M = 90X is a non-umbilic point. Choose normal coordinates z1,. ..z,
around 0 on M and let (z1,...,2,, p) be the Fermi coordinates on X around 0. In particular,

we can write
gt = p72(dp? + hij(z, p)daide;), = dp? + hij(z, p)dzidr;.

In order to simplify the later notation, we denote the coordinate p by y. The only risk of
confusion comes from the fact that we have previously used y for the special defining function
p* from Proposition 2.2, but we will not need it any longer. In the new notation we have

g = dy* + hij(z,y)dz,dz;

for some functions h;;(z,y), 4,5 = 1,...,n. From what we have in the above two lemmas we
get from Lemma 3.1 and 3.2 of [I6] the following.



Lemma 7.9. Suppose that (X"t g%) is an asymptotically hyperbolic manifold satisfying
([T26). Given a non-umbilic point p on the boundary M, i.e. |[hV]|;(p) # 0 for p € M, where

h is chosen as in Lemma[T.8, Then:
— 2 3
L Vgl =1~ 3lI"y* + O(|(z, y)I").
2. g4 = 6y + 2y — 4R (B 2 + G gy + (37T + R [9]) 2 + O(|(2, y)[),
where, for simplicity, we set 7 = h(1).
As in Proposition[5.4] we try to find a good test function for the Sobolev quotient given by
* a 2
g = a vy VU3 dvg + [x E(y)U? dvg
¥ 9l = 2
(far [U o)™

where E(y) is given by (28], with respect to the metric g:

)

Bly) = "= [Rlg) ~ (nln+ 1) + Rlg* )y 7] v°. (731)

We need to perform a careful computation of the lower order terms in order to find an estimate
for A (M, [h]). For simplicity, we introduce the following notation: for a subset Q@ C R/, we
consider the energy functional restricted to 2 given by

KU, Q) = d;/an |VU|§ dvg —|—/QE(y)U2 dvg

Given any € > 0, let B, be the ball of radius € centered at the origin in R"*! and B
be the half ball of radius € in Rffl. Choose a smooth radial cutoff function n, 0 < n <1,
supported on Bs., and satisfying n = 1 on B.. We recall here the conformal diffeomorphisms
of the sphere w), given in (5.8) and their extension U, as in (5.9)). Our test function is simply

Vi =nU,.
Step 1: Computation of the energy in BF.

It is clear that in the half ball B}, V,, = U, so that K(V,,, B} ) = K(U,, BF). We compute
the first term in the energy K(U,, B}"). Using the asymptotics for g from Lemma (here
the indexes 4, j run from 1 to n),

/+ya |VU;L|; dvg = /+ y* [gij (0:Uy) (0;U,) + (ayU#)ﬂ dvg
B/ B¢
Z/ ya|qu|2 dvg
Bt
+ 27t /B+ yo Tt (0:U,) (0;U,) dug
4 / Y2 (37 mnd + R [9) (9:U,) (9U,) dvg
- : - (7.32)
+ /B+ ya+1§ij.,tk$k (2:U,) (0;U,) dvg
- %/+ y R [glona (0:U) (9;U,) dvg
a 3 2
+e [ yl(z, Y] VUL dug
B}

=N +L+ I3+ Js+J5+ J6.



We estimate the first integral J; in the right hand side of ([Z32)), using the estimate for the
volume element 4/|g| from Lemma

Ji :/ Y |VU,[* dug
Bt

< [ VUL dedy 3l [ VUL dady

B Be (7.33)

e[ v VUL @) dody
B

< /B+ v (VU2 dady — 4 > 42 As + p20(1) + cn® €5 + o(1)]

if we take into account the notation from (4] and Corollary
Now we look closely at the equation for U,. Multiply expression (G.I1]) by U, and integrate
by parts:

/B+ y* VU, dedy = ¢, /FO w? do + /F+ U, (8,U,) do < cw/ w? dz, (7.34)

e

where v is the exterior normal to B;f. Here we have used the properties of the convolution with
a radially symmetric, nonincreasing kernel K. More precisely, since w,, is radially symmetric
and non-increasing, U, = K *, w, also satisfies 9,U, < 0 on '} (c.f. 8], Lemma 2.3, for
instance).

From (Z.34), using (G.13]), we arrive at

n—22vy
n

(wp)? dx] . (7.35)

/ Y[V dedy < A(S™, [ge])(d;) ! [ /
B! r

0
For simplicity, we set Ay := A(S™, [gc])(d%)~". Equations (Z.33) and (Z.38) tell us that

2
oF

Jl = /+ ya |VU,U,|2 dvg S A1 [/ (w#)2* dq;| . % ||7T||2,LL2A1 +,LL20(1) + C/LB. (736)
B/ o

On the other hand, the asymptotics for the metric h = gly=0 near the origin are explicit.
Indeed, from Lemma [[.8§ we know that

m =1+ 0(|z). (7.37)

Moreover, we can compute from (G.10)

/ (w)? |z do = 1 /0 (w1)? |z|® do < cp®.
e

e/n
Consequently, from (Z37) we are able to relate the integrals in dv; and du:
/ (wu)2* dr < / (wu)2* dvy, + i’
I I

And substituting the above expression into (30]) we get

2
oF

1= /+ y* |VU#|2 dvg < Ay [/ (w#)Q* dv;l‘| — % ||7T||2‘LL2A1 + p2o(1) + cp®.
B ro



Now we go back to (T32)), and try to estimate the second term J in the right hand side.
If we again use the asymptotics of the metric g given in Lemma [.9] then

/B+ ya+1 ((%U#) ((%U#) dvg < /B+ ya-i-l (&Uﬂ) ((%U#) dxdy + B, (738)

for
B< c/ y IVUMIdederC/ y VUL (2, )| dady.
Bt +

€ €

We notice here that 5 can be easily estimated from Corollary
B < cp(E5+0(1)) + cp’e (53 + 0(1)) < cp? 4 pPo(1). (7.39)

Let us look at the cross terms (0;U,)(0;U,), 1 < 14,5 < n in (38)). We note that 0,U, =
K., #; (O;w,), just by taking the derivatives in the convolution. This last derivative can be
explicitly written, and in particular, Ojw, is an odd function in the variable z;. By the
properties of the convolution, we know that 9;U, is also an odd function in the variable z;.
Then, using the symmetries of the half ball, the integral fBi vyt (9;U,)(0;U,,) dxdy is zero if
i # j. If i = j, we use that the mean curvature at the point vanishes, i.e., 7! = 0 by Lemma

[ Then, when we substitute formula (Z38) in the expression for Ja, only the error term
remains, and by (Z39) we conclude that

Jy = 20 /B D) 0,0, duy < B < (e + o(1)) (7.40)

Now we estimate the next term in ((32)), J5. Again using the asymptotics for the volume
element dvg from Lemma [[.9] we have that

/B § Y2 (8;U,) (0;U,) dvg < /B X vt (0;U,) (0;U,) dady + B/, (7.41)

for

B <c /B Y VU dady + c /B () VUL ddy

€ €

< pt(Ea+o(1) + 1P (€5 + o(1)) < 4,

where the last estimate follows thanks to Corollary [Z.5] again.

Notice again that, for ¢ # j the first integral in the right hand side of (T41]) vanishes
- thanks to the symmetries of the half ball and the discussion above on the oddness of the
derivatives of U,. Then, we recall the definition of Ay from (TH) and the estimate (7.22).
When we put all these ingredients together:

Jz = (37Tim7rmj + Riyjy[g]) / N yot? (0;U,) (0;U,) dvg
B

€

1
== [311ml1> + Ric(v)] u2 Az + es®

3
= = |mll® 1 Ag + pPo(1) + e’

if we take into account that Ric(v)(0)[h] = 0 because of Lemma [T.8
Next, the calculation for Jy is very similar to the previous one. Indeed,

/B+ ya+1$k (&'Uu) ((%-U#) dvg < /B+ ya+1xk (&'Uu) (‘%‘Uu) dxdy + B",

and because of symmetries on the unit ball, the first integral in the right hand side above
vanishes for all i, §, k, while B” < cu3. Thus

= 5 e /B Y (0Vi) (93Va) dog < i

€



And finally Js5, Jg can be estimated in a similar manner.
Putting all the estimates together for the J;, j = 1,...,6, we have shown that (7.32)

reduces to
/ (w#)z* dvy,
ro

Finally, we are able to complete the computation of the energy K(U,, Bf). Note that in
the half ball B, we have a very precise behavior for the lower order term (7.3I). In particular,
Lemma [7.8 gives that R[g](p) = ||7||?, so

2
2

/+ y* VU2 dvg < Ay + =LA+ 3] | 4 pPo(1) + cp®. (7.42)
Be

n—1+a a o
E(y) = “— 2l y + 0y +). (7.43)

Then, again using the asymptotics for the volume element dvg,

1 n—1l+a
[, B oy = "L [y w2 dedy 18 (7.4
where
B" < c/ Yy (U,)? dxdy—i—c/ y? |zf® (U,)? dzdy
BF BF
can be estimated from Corollary as
B < cp? +o(1). (7.45)

Summarizing, from (.44) and (Z45), and using the scaling properties of U,, as given in (5.10),
we have

IN

nolba|im|? 2 /B+ y*(Uh)? dady + cp® r.16)
€/pn .

= 2=l |17 12 As + ep®o(1) + e,

[ B2 v,
B¢

where for the last inequality we have used Corollary [[.6] and the definition of Az from (Z.6)).
The energy of V,, in the half ball B} is computed from (Z42) and (48], noting that
A = A(S™, [gc])dﬁ, and the relation between A;,A45,43 from Lemma [[.2}

KB =t [ o (V0P aey + [ B 02 o

€

< A(S™, [ge]) [/FO (w,)? do;,

< A(Sn, [gc]) l/}‘ﬂ (wu)2* d’UfI

2
2

+ [ (<5 A+ 2 As) + 2R Ag) |1n|? 1 + pPo(1) + e

2
2

O [ 2 / €207 4y (6) 2 d + i20(1) + cps®

for

! [—7”“ 1 L) | n-ltal (7.47)

1-a (- a+1

7)
Finally, we note that the wy € HY(R™) and (|z|w) € HY(R™), so that all our computations
are well justified.

Step 2: Computation of the energy in the half-annulus By \BZ.

In order to compute K(V,,, By.\BY), note that

[VVul5 < eV < e (PP VULP + (UL)?[Vnl?)



so that, because of the structure of the cutoff function 7,

IVV,[2 < ¢|VU,J? + S(U#)Q. (7.48)
Moreover,
/ y* (U,)* dedy < uz/ y*(Uh)? dedy = pi?o(1), (7.49)
Bf\BS B;/M\B:/M
because the integral fR" y®(Uy)? dady is finite and €/ — oo. On the other hand, we know
that
e\’ .
<—> / Y| VUL|? dedy < / v (2, )P |VUL? dady < & < oo
H B;/M\Bj/u B;/M\B:/H

because of Lemma [[.4l As a consequence,
2 B\? 5
Yo VUL 2 dady < ( ) &5 (7.50)

/ y*|VU,|? dzdy =/ =
B \BS B;/M\B:/M €

If we put together formulas (7.48)), (Z49) and (Z.50) we arrive at

K(V,, B \B}) = / y*|VU,|? drdy +/ E(y)(U,)? dzdy < po(1)
BJ\B! BJ\B!

when p/e — 0.

Step 3: Completion of the proof.

We have very carefully computed

K(VH,X)zd;/ Y |VV,[? dvolg—i—/ E(y)(V,,)* dvoly
X X

2
oF

< A" lge]) [ [ v 0l [ i @PIERO ds+ pof1) +

where 6,, 5 is given in (T.47]).
If there is a non-umbilic point, ||7||* # 0 at that point. In the case that On,y <0, we are
done, because fixing € small and then choosing 1 much smaller, then

2
oF

K20 <A™ o) | [ (007 |
as desired. O
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