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Abstract

Randomizing Reals and the First-Order Consequences of Randoms
by
Tan Robert Haken
Doctor of Philosophy in Recursion Theory
University of California, Berkeley
Professor Theodore A. Slaman, Chair

In this dissertation we investigate two questions in the subject of algorithmic randomness.
The first question we address is “Given a real, is there a probability measure for which the
real is not an atom, but relative to which the real is algorithmically random?” This question
was originally studied by Reimann and Slaman with respect to Martin-Lof randomness,
and this research continues their investigation by considering the question with respect to
stronger notions of randomness and by providing metamathematical analysis of Reimann
and Slaman’s methods.

The second question we investigate is “What are the first-order consequences of the exis-
tence of 2-random reals?” Conidis and Slaman showed that the consequences lie somewhere
between IX{ and BX9, but left open the question of further classification. We show that
the existence of 2-random reals does not imply BX9, and thus the consequences lie strictly
between IX¢ and BX). Furthermore, by utilizing the methods in this proof we are able to
construct a k-like model of =BY9 and thereby answer an open question posed by Kaye in
1995.
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Chapter 1

Introduction

The premise of this dissertation is to study algorithmic randomness and thereby better
understand what it means for any infinite string of digits (usually referred to as a “real” in
the context of recursion theory) to be “random.” This is a subject that dates back many
years, with a number of approaches defined by Kolmogorov, Church, and Martin-Lof in the
mid 20th century. If one considers “random” to simply mean unpredictable, one’s definition
may be that it is impossible to reliably predict the digits a random real. From another point
of view, one may say that a random real should have no simple description and therefore has
no better way of describing it than just writing out the entire string itself. Yet another point
of view would suggest that if reals are known to have some property P with probability 1,
then for a real to be considered random it must also have property P.

Each of the above notions translates into a well-studied definition of randomness, and
it turns that — when the definitions are made precise — they are actually all equivalent.
Furthermore, they each have a common feature of referring to a certain notion of “effectivity.”
For example, how powerful should our process of predicting digits be allowed to be? When we
speak of reproducing a string from short descriptions, how powerful are the algorithms which
can extract the original string from a short definition? When we say a real should satisfy
properties occurring with probability 1, this will only make sense if we restrict the scope to
of such properties, usually to a “describable” subset. When we enter into this context, we
are in the realm of “algorithmic randomness” or “algorithmic information theory.”

There are many texts which cover the area of algorithmic randomness extensively, and
we refer the reader to books by Rod Downey and Denis Hirschfeldt [6] and André Nies [18]
for a full treatment on background material.

This dissertation focuses on two independent questions from the area of algorithmic
randomness. The first is “Which reals are random for some probability distribution?” This
question was originally studied by Reimann and Slaman in 2008 [19] for a specific definition
of randomness, and we will expand upon their work. The second question considered is
“What are the implications of the existence of random reals?” This question was considered
by Conidis and Slaman in 2013 [3], and this work continues that investigation.

These two questions are considered in chapters 2 and 3 respectively. The independent



nature of these questions allows the chapters to be read independently of one another. The
rest of this introductory chapter provides more specific background relevant to both chap-
ters, and introduces the notion used throughout. Each of the chapters also has its own
introduction of background material relevant to that chapter specifically.

1.1 Notation

The notation 2<" refers to the set of binary strings of length strictly less n. Similarly, 25"
refers to the set of strings of length at most n. 2<“ refers to the set of all finite binary strings,
and 2“ represents the set of infinite binary strings (also known as Cantor space).

Lower case Greek letters o, 7, p will be used to indicate finite binary strings, i.e. elements
of 2<¢. The empty string will be represented by (). |o| denotes the length of the string o.
The notation ¢7i for i € {0,1} represents the string of length |o| + 1 which is o followed
by the bit i. If n < |o| we use o | n to represent the string that is the first n bits of o. If
lo| >0 welet 0 =0 | (Jo| —1). We will say ¢ C 7 if 7 is an extension of o, i.e. |7| > |0
and 7 | |o| = 0.

The notation (-, -) represents the standard uniformly recursive pairing function from NxN
to N, i.e. arecursive bijection from N? to N. The @ operator refers to the recursive join. That
is, for reals X, Y thereal X@Y is defined by (X@Y)(2n) = X(n) and (X®Y)(2n+1) = Y (n).
For finite strings 0,7 where |o| = |7| or |o| = |7| + 1 the finite string o @& 7 is defined as
analogously as the finite string with length |o| + |7].

Similarly, we will use the notation @ X,, to denote the uniform recursive join of count-
n<w

ably many reals. Specifically, this denotes the real X such that X ((n,i)) = X, (7).

Upper case Latin letters from the end of the alphabet X, Y, Z will be used to represent
reals; i.e. elements of 2¥. Upper case letters from the beginning of the alphabet A, B, C will
be used to denote sets of reals, i.e. subsets of 2¥. In a slight abuse of notation, we will write
o C X if ¢ is an initial segment of X. Similarly, X | n represents the finite string equal to
the first n bits of X, so 0 C X iff 0 = X [ |o|. We will use [0] to denote the set of reals
extending o, ie. [o] ={X €2¥: X Do}

We let @y, @4, ... be a uniform listing of all partial Turing functionals, and let W, W7y, . ..
be a uniform listing of all recursively enumerable (r.e.) sets. We write O, s(x) to denote the
computation of ®.(z) up to stage s, and write ®.(z) | to indicate that the functional ®,.
converges on argument x. Given a real X, X’ refers to the Turing jump relative to X, i.e.
X" ={e: ®X(e) |}. The notation X refers to the nth iterate of the Turing jump.

Given two sets A, B, A\ B={r:2€ ANz ¢ B}. Welet A=N\ A.

If 9 is a model, || represents the (first-order) domain of the model.



1.2 Background on Algorithmic Randomness

As mentioned in the introduction, there are a number of equivalent definitions of algorith-
mically random reals. Throughout this dissertation we will be using the definition coined
by Per Martin-Lof. His definition captures the notion that a random real should satisfy
any effectively described “almost surely” property. For example, a real satisfies the Law of
Large Numbers with probability 1. Since the Law of Large Numbers is easily described, any
random real should satisfy this property.

Definition 1. A Martin-Lif test {V,, }new is a uniformly r.e. sequence of sets V,, C 2<% such
that for alln, Y. 27lol <27m,

O’EVn

Definition 2. A real X passes a Martin-Ldf test {Vy,}new if X € () Va.

new

Definition 3. A real X is Martin-Lof random if X passes every Martin-Ldf test.
As is often the case in recursion theory, these definitions can be relativized.

Definition 4. A Martin-Lof test relative to Z is a sequence of sets V,, C 2<% forn € w

which is uniformly r.e. relative to Z, and for which . 27171 <27 for alln. A real X is
o€V,

Martin-Léf random relative to Z if X ¢ [\ Vy for all Martin-Léf tests {V, }new relative to
necw
Z.

Chapter 3 specifically discusses 2-random reals, which are reals that are Martin-Lof ran-
dom relative to (.

An important result from literature is the existence of a universal Martin-Lof test, a fact
that is used throughout chapters 2 and 3. Consequently, we present it here as necessary
background for both chapters which follow.

Theorem 1. There is a total recursive function f such that for any oracle Z, {sz(n)}new
1s a uniwwersal Martin-Lof test relative to Z. That is, a real X is Martin-Lof random relative

to Z iff X ¢ N, W7,

We will write UZ to represent the nth I19 class of the universal Martin-Lof test relative
to Z. That is, UZ = WfZ(n). Hence a real X is 2-random relative to Z iff there is an n such
that X € UZ.



Chapter 2

Randomizing Reals

2.1 Introduction

Although our introductory definition of Martin-Lof randomness makes no mention of prob-

ability measure, the familiar reader will realize that the requirement > 2711 < 27" is the
ocVp
same as requiring A(V,,) < 27" where \ is the Lebesgue measure on 2¥. However, Martin-

Lof’s original definition of an algorithmically random sequence was defined relative to any
probability measure on 2¢; and Levin extended many of his results to arbitrary probability
measures. In particular, Levin proved the existence of neutral measures, i.e. a measure
relative to which every real is Martin-Lof random. We expand upon the topic of neutral
measures below.

One of the fundamental questions in randomness is simply “What reals are random?”
This question can be interpreted a number of ways. For example, one of the first challenges in
algorithmic randomness was to provide an explicit example a Martin-Lof random sequence.
One such example was provided by Gregory Chaitin in the form of a real defined as the
halting probability, also called Chaitin’s €). Another way of interpreting this question is to
ask where in the Turing degrees random reals can lie. Antonin Kucera [14] and Péter Gacs
[9] answered this question by showing that every real is bounded above by a Martin-Lof
random.

In 2008 Reimann and Slaman [19] investigated a reversal of this question and asked,
“Given a real X, is there a measure p such that pu({X}) = 0 and X is Martin-Lof random
relative to u?” They studied this question for both arbitrary measures and for continuous
measures. In their paper, they were able to show that for arbitrary measures, such a u exists
iff X is non-recursive. For continuous measures, it is sufficient to be non-hyperarithmetic, but
for hyperarithmetic reals there are both examples and counter-examples. Thus they defined
the class NCR of not-continuously-random reals. Since we will be generalizing several of
their results and analyzing their methods, the reader should be familiar with their paper.

This chapter is primarily concerned with expanding Reimann and Slaman’s question
beyond Martin-Lof randomness. That is, given a real X and one of the alternate definitions



of randomness (defined below), is there a measure p such that X is random relative to p?
The main results of this chapter will be demonstrating a class of non-recursive reals for
which no such p exists (thus differentiating this case from the one studied by Reimann and
Slaman), and then providing a metamathematical analysis of Reimann and Slaman’s result
showing that some of their methods are necessary to their proof, and are so even in the
context of these alternate notions of randomness.

In the remainder of this section, we discuss measures and their representations. In section
2 we will give the definitions of randomness used throughout the chapter and also make some
preliminary observations. In the section 3 we show the non-existence results, contrasting with
the case of Martin-Lof randomness. In section 4 we discuss the construction of measures
which make reals appear random, providing a result showing that reals which can be made to
appear strongly random relative to some p have a certain density within the Turing degrees.
We conclude by proving a theorem which provides the aforementioned metamathematical
analysis.

Measure Representations

Given a topological space T with o-ring S C P(7T), a measure p on S is a mapping from S to
non-negative real numbers with the properties that it is monotone and countably additive.
That is, if A C B then u(A) < p(B), and if Ay, Ay, ... are disjoint elements of S then
Z% 1(A;) = M(AUO A;).

A measure p is a probability measure if ¢(S) = 1. Given an ring R C S that generates
S, Carathéodory’s extension theorem implies that p is uniquely determined by the values it
takes on R so long as the measure is o-finite (which in particular holds if u is a probability
measure). On the other hand, a function p from R to non-negative real numbers is called a
pre-measure if it is countably additive on R and if (@) = 0. In such a case, it is a well known
theorem of measure theory that p can be extended to a measure on §. Hence considering
measures on all of S is equivalent to considering pre-measures on R.

In our context, the topological space will be 2, S will be the Borel subsets of 2*, and
the generating ring will be the basic clopen sets, i.e. finite unions of {[o] : o € 2<“}. Hence
a measure is completely determined by its values on each set u([o]). We will frequently
abuse notation and simply write this as (o). The above paragraph implies that so long as
w(()) =1 and p(c°0)+pu(c"1) = u(o), p can be extended uniquely to a probability measure
on the Borel subsets of 2.

We will let A denote the Lebesgue measure on 2¢, i.e. the measure for which (o) = 27!
for all 0. Given a measure p, we call a real X an atom of the measure if u({X}) > 0. A
measure is called continuous if it has no atoms.

If we wish to extend the definition of Martin-Lof randomness to arbitrary measures g,
we need to take care if p is not recursive. We would like to provide Martin-Lof tests with
the ability to calculate the measure p and we will do so by relativizing the definition to a
real R which represents the measure. We define what it means for a real to represent a



measure below, but it is worth noting that this is by no means the only valid definition. For
a detailed discussion on the representations of measures (including alternate definitions), we
refer to the reader to Day and Miller’s paper [5].

Fix an effective enumeration og, oy, ... of all finite strings. Given a real R and string o,

let n be the index such that ¢ = ¢, and let R, = >_ 27"+ R({(n,4)). Then R, is a number in
i=0

[0, 1] for every o. Define by induction the pre-measure ug as

~—

~—
I

—_

1r((
pr(0”0) = pr(o) - Ro
pr(0”1) = pr(o) - (1 — R,)

It is clear that pp is a well-defined pre-measure. In this way every real R represents
some probability measure pugr on 2¥, and it is clear that for every probability measure has

a real which represents it. Of course, given a measure pu there is not necessarily a unique
w(e"0)

(o)
If R is a representation of a measure p, we write Rs(o) to be an approximation of u(o) to

within 27%. That is to say, we require R(0) —27° < p(0o) < Rs(0)+27%. It is clear that the
function R,(0) is uniformly recursive in s, o relative to R. That R,(c) is uniformly recursive
is the only feature of our definition of measure representations that we will use going forward,
and is a feature common to any reasonable definition of measure representations.

Given this definition of Ry, it is useful to note the following facts about representations
of measures, as they will be used later on.

representation R (if is a dyadic rational then there are two choices for R,).

o u(o) < qiff Is(Rs(0) < q—277).
o u(o) > qiff Is(Rs(0) > g+ 277).
o u(o)=aiff p(o) £ z and p(o) # = iff Vs(Rs(0) < x4 27°) and Vs(Rs(o) > o —27%).

Put another way, inequality is a X9(R) property and equality is a II{(R) property.

2.2 Formal Definitions and Preliminary Observations

We begin by making explicit all notions and generalizations of randomness used in this
chapter, relavitized to arbitrary measures.

Definition 5. A real X is p-(n+ 1)-random relative to Y if there is some representation R
of w such that X ¢ (), Vi for every test {V;} where V; is uniformly r.e. in (R®Y)™ and
w(Vi) <27 for all i.

Note that a real being 1-random is equivalent to a real being Martin-Lof random.



Definition 6. [7] A real X p-difference-random relative to'Y if there is some representation
R of u such that X ¢ (), V; for every test {V;} where u(V;) < 27 the sets {V;} are uniformly
2-re. in RPY.

Franklin and Ng defined this notion of randomness and showed that the above definition is
equivalent to allowing tests to be uniformly k-r.e. for any & > 2. They further characterized
the difference randoms as a subset of the 1-randoms:

Theorem 2. [7] A real X is p-difference-random iff there is a representation R of u such
that X is p-1-random relative to R and X ® R 21 R'.

Definition 7. A real X is p-weak-(n+2)-random relative to'Y if there is some representation
R of p such that X ¢ (), V; for every test {V;} where lim;_,o u(V;) = 0 and the sets {V;} are
uniformly r.e. in (R®Y)™

In the above definitions we relativize our tests to (R®Y)™. One may ask why we do not
instead relativize to R™ @Y™ or R®Y ™. The convention used by Reimann and Slaman in
their definition of NCR,, (reals which are not n-random relative to any continuous measure)
allows for the use of the nth iterate of jump of R, so we follow that convention (thus ruling
out the last option). The results of this chapter don’t pursue relativization beyond iterates
of the Turing jump itself and would therefore apply to either of the former definitions.

For a fixed real X and measure u we have the following implications:

(n + 1)-random = weak-(n + 1)-random = difference-(n + 1)-random = n-random

For Lebesgue measure, it is known that none of these arrows reverse. The reader is
referred to Downey and Hirschfeldt [6] for proofs and further discussion, and to Franklin and
Ng [7] for proofs about difference-randomness.

We can now precisely state the main question of this chapter: for which reals X is there a
measure g such that p({X}) = 0 and such that X is [weak-n, n, difference]-random relative
to u?

It will be a bit cumbersome to rewrite the above phrase throughout everything which
follows, and so we adopt a the term randomizable to refer to such reals.

Definition 8. A real X is [weak-n, n, difference/-randomizable if there is a measure pu such
that u({X}) =0 and X is [weak-n, n, difference/-random relative to .

In this language, the principal question of this chapter is simply “What reals are ran-
domizable?”

As aforementioned, Reimann and Slaman [19] answered this question for 1-randomness by
showing that a real is 1-randomizable iff it is not recursive. Thus, the goal of this chapter is
to shed some light on the problem for the notions of randomness stronger than 1-randomness.



Preliminary Observations

In 1970 Levin proved that there exists a measure p such that every real is p-Martin-Lof
random [16]. That is, for every X there is a representation R of p such that X p-Martin-Lof
random relative to R. Gécs [10] later termed such measures neutral measures.

The existence of neutral measures is a peculiarity of Martin-Lof randomness, and it stems
from Martin-Lof tests lacking the computational power to handle multiple representations
of measures. To make this statement more precise, observe that given any measure repre-
sentation R there is a real Xg such that Xy is not ur-Martin-Lof random relative to R
(the proof of this is not difficult; see Lemma 4.1 of [5]). We are therefore able to conclude
(by the existence of neutral measures) that different representations R necessarily produce
different reals Xg, and there is no test which can uniformly capture the same X for every
representation.

Day and Miller [5] studied neutral measures and provided an alternate construction of
a neutral measure which yielded an entire II{ class of representations of neutral measures.
As a corollary, they provide an alternative proof to Reimann and Slaman’s result that every
non-recursive real is 1-randomizable.

Given this direction of study of Martin-Lof randomness with respect to arbitrary measures
by Levin et al., and given that Day and Miller’s investigation yielded results directly related
to the primary question of this chapter, we first wish to investigate neutral measures in the
context of higher randomness. However, our first result shows that difference-randomness
(the weakest notion of randomness stronger than 1-randomness which we consider) is able
to overcome the ambiguity introduced by representations of measures, and hence no neutral
measure can exist for difference-randomness. Therefore a deeper investigation of neutral
measures will not aid in our discussion.

Theorem 3. There are no neutral measures for difference-randomness. That s, for any
measure [ there is a real X such that X is not p-difference-random.

Proof. Fix a measure p and define X inductively and follows. Suppose we have defined
X [nandlet 0 = X [ n. If u(070) < p(o"1) let X(n) = 0 and otherwise let X(n) = 1.
Note that this implies (X | (n+1)) < 2u(X | n) and hence p(X | n) < 27" In particular
this also means pu({X}) = 0.

It is claimed that X is not p-difference-random. To see this, fix a representation R of pu.
Define the sets D, o, D, inductively as follows. Let Dy = {()} and Doy = 0.

Let

1
Dn,O:{TAZ'GQR:TEDn_L()/\(( —0/\Rn+1(7' ’L) 5 )—|—2 )

v (35 (Reatriy < yrin - 22) ) )



D, = {T”i €2": (3o C73k<n(oe€ D))

v (35 (Rs+1(7”z') > %RS(T) + 2—8))}

It is clear from the definition that each D,,; is r.e. It is first claimed that X [ n €
Dy, 0\ Dy, 1 for each n, and hence X € (), (D50 \ Dn,1). We show this by induction on n. The
case of n = 0 is immediate. In the inductive case let X [ n = 77¢. By induction 7 € D,,_1 .
First take the case that p(77i) < $u(7). Fix s large enough so that 27 < 1 ($u(7) — u(779)).
Then we have p(774) < (1) —4-27° and we get

1 1
Rop1(779) < p(m70) + 276D < Sh(T) =327 < S(Ry(r) +27) =327

1
< ERS(T) — 275

Hence 77i € D, . In the other case we have p(77i) = () and hence by definition
of X we have i = 0. Then we have R,1(77i) < p(r7i) + 270H) = Ly(7) 4 270D <
J(Ry(r)+27") + 270D = 1R (7) + 27" and hence 77i € D, 0.

Finally note that it cannot be the case that 77¢ is in D,, ; or else this would imply that
there is a stage s such that Ry, 1(774) > £ Ry(7) + 2% and hence

1
1 1
> S(u(r) = 27) +270 = 27 = Zu(r)

a contradiction.

Now we want to verify that (Do \ Dy1) < 27" for all n. To do this we show that
0 € Dpo\ Dy iff 0 = X [ n, which suffices since by our definition of X, u(X [ n) <27
for all n. Again we proceed by induction, and the case of n = 0 is trivial. Suppose that
771 € Dy o\Dyni1. Thent ¢ D, orelse 77 would be in D,, 1 by definition. Since 77i € D,
it must also be the case that 7 € D,,_19. Thus 7 € D,_10\ Dp—11,50 7 =X [ (n — 1) by
induction.

Suppose for a contradiction that 77¢ # X | n. First suppose 77¢ € D,, o because there is
an s such that Ryyi(774) < $R(7) — 27*. However we then have

1
p(770) < Ry (771) + 276 < 5R5<7') — 278 427D
1

1
< S(u(r) +277) =270 4270 = u(r)

Then 77 = X | n contradicting our assumption. Thus it must be the case that ¢ = 0
and R, 1(77i) < LR, (7) + 27" In this case we claim that 77i € D,,;, which will achieve a
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contradiction since we assumed 77i € D,, o\ D,, ;. Since we are assuming that 7 = X [ (n—1)
and 777 # X [ n, this implies X (n) # 0 and hence pu(770) > p(7"1). Fix an s such that
27 < 3 (u(770) — 2pu(7)), so that we have p(770) > () +4 - 27%. Then we get

1
Rop1(1774) > p(m70) —276F) > Zy(r) +3.275 >

> (Ro(r) —27%) +3-27°

N | =

1
> §R3(T) +27°

and hence 77¢ € D, ; as desired.

Therefore V,, = Dy, o\ Dy is a p-difference-randomness test relative to R which captures
X. Since such a test exists for any R representing p, we have that X cannot be u-difference-
random. O

2.3 Non-randomizable Reals

Since Reimann and Slaman showed that a real is 1-randomizable iff it is not recursive, our
first foray into generalizing their result to higher notions of randomness will be asking if every
non-recursive real is difference-randomizable, weak-n-randomizable, or even n-randomizable
for n > 1. However, this section provides a number of counter-examples, showing that their
result will not generalize.

Recall that Reimann and Slaman defined the class NCR of not-continuously-random
reals; i.e. the reals X for which there is no continuous p such that X is p-1-random. More
generally they defined NCR,,, the set of reals X for which there is no continuous p such
that X is u-n-random. In their paper they showed that NCR,, is a subset of HYP for each
n, though an earlier result by Kjos-Hanssen and Montalban showed that the NCR reals are
unbounded within HYP.

Theorem 4. [13] For every 3 < w¢E there is a real X = 09 such that X € NCR.

Our first result helps to bridge the gap between being not-continuously-random and being
not randomizable, taking 2 jumps to do so. Consequently, we show that the reals which are
not 3-randomizable are a superset of NCR and in particular contain more than just the
recursive reals. Before we prove the theorem, we prove some lemmas, the first of which is a
fairly simple and well-known fact about measures.

Lemma 1. Let p be a probability measure. Then p has only countably many atoms.

Proof. Suppose that 1 had uncountably many atoms. Let B, = {X € 2¥ : u({X}) > +}.
Since |J,, By, contains all atoms of p, there is a single n such that B, is uncountable. Let

X1, Xo,..., X1 be n 4+ 1 many reals from B,. Then we have by countable additivity
n+1

w(B) > > u({X;}) >~ > 1, a contradiction. O
i=1

n
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The next lemma is another well-known result which says that all atoms of a measure are
computable from a representation of that measure.

Lemma 2. Suppose X is an atom of u. Then for any representation R of i, X <r R.

Proof. Since u({X}) > 0, fix a rational ¢ such that ¢ < p({X}) < 2¢. Fix some ¢ C X such
that u(o) < 2¢. Fix s such that 27® < ¢. Then R can compute initial segments of X by
looking for 7 O o and t > s such that Ry(7) > ¢+ 27'. For every length [ > |o| there is at
most one such 7, for if there were two strings 7y, 7 then we would have

plo) = p(m) + p(r2) =2 Ry (1) =277 + Ryy(12) =277 > q+q > 2

which contradicts our choice of o. O

Now fix a real X in NCR and a measure p such that pu({X}) = 0. We will show that X
cannot be p-3-random.

Since p has countably many atoms, list them as Y3,Ys,.... Let A(o) = > {n({Yi}) :
Y; € [0]}. That is, A(o) is the sum of the weight of atoms in [o]. Fix a representation R of
. Our next lemma establishes the complexity of the relation A(o) > g.

Lemma 3. The relation A(o) > q is uniformly recursive in R".

Proof. First we define the relation M (o, q) which holds iff there is an atom Y € [o] with
w({Y'}) > q. Then we have

M(o,q) < (Ym > |o))3r € 25™) (1| =m AT D0 ARp(7) >q—2"™)

Thus M (o, q) is a IIY(R) relation.

Returning to analyzing the complexity of A(o), first suppose it is the case that A(o) > gq.
Then there is a finite collection of atoms Zi, ..., Z, in [o] such that ), u(Z;) > ¢q. Pick a
length [ large enough so that the strings Z; | [ are pairwise distinct, and let o; = Z; | [. Fix
rationals ¢; such that u(Z;) > ¢; and >, ¢; > ¢. Then M(o;,q;) holds for each i. Hence we
have:

dndoy,...,0,3q,...,q, such that the o; all have the same length and extend
o, the o; are pairwise distinct, ) . ¢; > ¢, and M (0;,¢;) holds for each 1. (+)

Conversely, suppose (x) holds. Since M (o;, g;) holds for each 7, there are n distinct atoms
Zy,...,Zy with u(Z;) > q;. Hence p(o) > Y. ¢; > q. Hence (%) is equivalent to A(o) > g¢.
Since (*) is X9(R), the predicate A(c) > ¢ is recursive in R”. O

We will also need to be able to decide if A(c) = 0 and therefore analyze the complexity
of that relation.

Lemma 4. The relation A(c) = 0 is II3(R) and is therefore decidable in R".



12

Proof. Note that
A(o) =0 VnIlvr € 25N [o](|7| =1 = Rppi(1) < 277)
and by observation this is IT9. ]

The last lemma before we proceed to the main theorem uses the above lemmas to show
that R” can compute a finite listing of atoms in [o] in order to approximate A(o).

Lemma 5. Suppose q is a rational and A(o) > q. Then uniformly in o,q R" can compute a
k
finite list of indices ey, . . ., ex such that L is an atom of p in [o] and such that 3 p({PF}) >
i=0
q.

Proof. R"” can compute the set of total Turing functionals @g), @fl, ..., and since every atom

of p is recursive in R, every atom contained in [o] appears in this list.

R can therefore compute indices from this list such that each index j satisfies CDZ Do
and Elquls‘v’kRs(CI)g I k) > ¢;—2°. R” can continue computing such indices until Zj q; > q,
and then output those indices.

If this program halts, it is clear that the indices output satisfy the lemma. To verify
that the program will halt, fix atoms Y;,...,Y, in [o] such that > p(Y;) > ¢. Then we can
fix rationals qi, ..., ¢, such that p({Y;}) > ¢; and >, ¢; > ¢. Fixing indices e; such that
Y; = (I)f;‘_ , the above program will halt by the time it discovers the indices ey, ..., e,. O]

We are now ready to prove the first main result.

Theorem 5. If X is NCR, then X 1is not 3-randomizable.

Proof. We non-uniformly split into two cases. First suppose that A(()) = 1. By Lemma 5
R" can for every n uniformly compute atoms 71, ..., Z,, such that > u(Z;) >1—27". Let
V. = {0 : o is incomparable to each Z;}. Then clearly p(V,) < 27" and R” can compute
each V. Since X is not an atom of p, X € (), Vi, so X is not Martin-Lof random relative
to R".

Now suppose that A({)) < 1 and define the measure v by

o) = A(o)
1= A())

Note that v is a well-defined measure, since v({)) = 1 and for any o we have

v(o) =

pu(c”0) — A(c°0) 4+ (1) — A(o™1)
1—A(()

v(e”0) +rv(c"1) =
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Since R can recursively compute (o) and A(o), R” can compute a representation S of
V.

Now observe that v is continuous, for suppose there is a Y such that v({Y'}) > 0. Since
%&S/[") =v(Y | n) we can take the limit of both sides as n — oo and get
) - AT
1= A())
But since lim A(Y [ n) = pu({Y}) we have 0 = v({Y'}) > 0, a contradiction. Hence v is

n—oo

continuous.

Since v is continuous and X is NCR, there is some v-Martin-Lof test {V,} uniformly r.e.
in S (hence uniformly r.e. in R”) such that {V,,} captures X. Define V} as follows.

List the strings enumerated into Vi,; as 01,09,.... When o; is enumerated into Vj.q,
if A(o;) = 0 then put o; in V/. Otherwise search for a rational ¢; such that ¢; < A(0;) <
¢;+2~*++D “and by Lemma 5 pick atoms Z, . . ., Z,, such that > #({Z;}) > ¢i. Enumerate
into V} all extensions of o; which are incomparable to each Z;.

Since X € (), V, and X is not an atom of pu, it is clear that X € (), V.. So the only
thing that needs to be checked is that p(V})) < 27* for each k. Observe

n(Vy) < (o) — @)

oI

Il
—

)

<Y (wlo3) = (Afos) — 2740y

s

=1

= (+D) 4 Z (u(o) — A(o3))

o 0 (1 A() - (Vi)
< 276+ 4 (1 A(()) - 26D
<2*

]

Note that the above proof relativizes to the more general statement that if X is NCR,,
then X is not (n + 2)-randomizable.

We next show that the reals which are not difference-randomizable contain the r.e. reals,
and hence Reimann and Slaman’s result does not even generalize to difference-randomness.

Proposition 1. Suppose that X is a real with a total recursive function f : N x N — {0,1}
such that Vnlimg f(n,s) = X(n) and

Vn([{s: f(n,s) # f(n,s + 1)} <2)

Then X is not difference-randomizable.
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The above categorization of X in particular captures both r.e. and co-r.e. reals.

Proof. Fix a measure p and a representation R of p. Let

Dyo=A{0:3s(Rs(0) <27" =27 AVi < |o|(o(i) = f(i,9))}
Dpi1={0c:3s3s' > sFi < |o|(f(i,s") # f(i,s))}

It is clear that each D, ; is r.e. We first claim that p(D,o \ Dn1) < 27"). Suppose
0 € Dy \ Dy1. Fix the stage s at which o enters D,, . Then R(0) < 27" —27% and hence
(o) < 27" Furthermore, for all i < |o| it must be the case that f(i,s) = limy f(i,5") = X (7)
or else there would be a stage s’ > s such that f(i,s") # f(i,s) and hence o € D,, ;. Hence
o C X, so the only members of D, \ D, are initial segments of X with measure less than
27

Finally we claim that if u({X}) = 0 then X € (), (Dno \ D). Fix n and pick k large
enough so that u(X [ k) <27, Let 0 = X | k. Fix s large enough so that for all i < k,
f(i, k) = lim, f(i,s) and large enough such that 2=¢=1 < 2=+ Then we have

RS(U) S ,U(O_) + 275 < 2—(TL+1) + 28 — 2—(n+1) + 2—(8—1) — 9
< 27(n+1) 4 27(n+1) o 275 — 27TL _ 275

Hence o € D, o, and since there is no stage s’ > s such that f(i,s") # f(i,s) for any ¢ < |o],
we have o ¢ D, ;. O

This result has an interesting implication in the analysis of Reimann and Slaman’s method
for showing non-recursive reals are 1-randomizable. Suppose that X is an r.e. real and p
is a measure such that X is y-1-random. Since X cannot be p-difference-random, Theorem
2 implies that for any representation R of p for which X is p-1-random relative to R,
X ® R >r R. In a sense, every measure which randomizes X is generic relative to X. We
will make reference to this fact below, so we state this result as a corollary.

Corollary 1. Suppose X is r.e., pu is a measure such that u({X}) = 0, and R is a repre-
sentation of i such that X is p-1-random relative to R. Then R& X > R'.

We next investigate those reals which are not weak-2-randomizable. To do so we will use
an extremely useful characterization of weak-n-randomness. A proof of this characterization
is presented in Downey and Hirschfelt’s book [6], though only with respect to Lebesgue
measure. In order to carefully track the generalization to arbitrary measures, we present a
fully generalized version of the proof below.

Theorem 6. Fix n > 1, a measure p, and a representation R of u. The following are
equivalent:

1. X is p-weak-(n + 1)-random relative to R.
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2. X is p-n-random relative to R and X & R™ Y forms a minimal pair with R™ over
RV That is, if A <y X & R™Y and A <p R™ then A <p RV,

Proof. First suppose X is u-weak-(n + 1)-random relative to R. Suppose that there is a real
A such that X @ R™Y >; A and R™ >; A. Let f(m,s) be the AY(R™~Y) approximation
of A. That is, f is recursive in R~V and lim, f(m,s) = A(m) for all m. Fix e such that
OXER"™Y — A Define

T ={Y : ¥m3s(®Y " (m) |)
AYMYs(@Y R (m) 1 f(m,s) = (3’ > s)(f(m,s') # f(m,s)))}

Then T is a IIY(R™Y) class containing X. Since X is p-weak-(n + 1)-random relative to

R, it must be the case that p(7") > 0. Fix a rational ¢ > 0 such that 2,(T) < ¢ < p(T). By

the definition of i1 as an outer measure on the basic open sets, there is a finite set of strings

F such that T C (J{[o] : 0 € F} and pu(F) < u(T) + L. Let [F] denote (J{[o] : 0 € F'}.
The following is a program in R™ ) computing A, showing A <p RV as desired.
Given m and ¢ = 0, 1 define

Ty = {o € [F]: 3s(®7E"" " (m) I= i}

For i = A(m), T; O T, so u(T;) > q. Hence there is a stage s such that Ry (7T;s) > ¢ for at
least one 7. On the other hand since g > %u(T) we have p(F) < u(T)+2 < %q—F% = %q < 2q.
Since To UTy C [F] we thus have u(7;) > ¢ for exactly one i, which as noted above is the i
such that i = A(m). Hence this computes the kth bit of A.

For the reverse, we demonstrate the contrapositive. Suppose X is not u-weak-(n + 1)-
random relative to R, but X is pu-n-random relative to R. We will build an A £, RV
such that A < X @& R™ Y and A <; R™.

Since X is not weak-(n + 1)-random, there is a uniformly 39(R"1) sequence {V,,} such
that X € (N, Vi, and lim,, u(V,,,) = 0. We construct A as an r.e. in R 1 get, and hence
A<y R™.

For each e pick a fresh large n.. If we ever see a stage s such that R,(V,, ;) > 27+
(and we have not yet stopped action for e) choose a new n, and restart. Otherwise if we see a
stage s > e such that n, € Wf;n_l) then we wait for a stage s’ > s such that Ry (V},, 5) < 27°.
When this happens, put n. into A and stop the action of e.T

Note that for all e, each n. eventually reaches a final value. If we reach a final value of
ne because p(V,) < 27 and n, ¢ WE"™ then we never put n. into A, so A £ WE"™".
On the other hand, we may reach a final value of n. because we find a stage s such that
Ne € W,fs(n_l) and eventually see that (V. s) < 27° In this case we have n. € A so again

A# WeR(n_l). Hence A £p R,

tThe choice of 27(¢*1 in the first step and then 27¢ is the second is intentional and necessary. If we see
ne enter A at stage s, then if u(V,,, s) = 27° we may never see this fact and hence never choose a new value
for n. nor put n. into A. But in this case we would see a stage such that Rs(V,,, s) > 2-(et+1) and pick a
new 7ne.
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Now it just remains to show A <p X &@ R Define the Martin-Lof test relative to
R=D by V! = {0 € Vp,,,.s : Mey1 enters A at stage s}. By our definition of putting n.4,
into A, we have p(V)) = pu(Vy.,,s) < 27D 4 27D = 2=¢ Furthermore, since we can

enumerate A using RV, V/ is uniformly r.e. in R™~Y. Hence it is Martin-Lof test relative
to R("L).
o0
Let V' = |J V! and observe that V" is also a Martin-Lof test relative to R™™Y | so

k=e+1
there is some e such that X ¢ V”. Hence for all but finitely many e, X ¢ V. Since we were

assuming X € (), Vi, let s, be the least stage such that X € Vi,sn.» Which is uniformly
recursive in X @ R Y. Then for all but finitely many e, n. € A iff n, € As,.. Hence
A<r X @ R,

n

The requirement that X form a (relativized) minimal pair with R’ for some representation
R of a measure p makes it particularly difficult to directly construct a measure such that
X is p-weak-2-random. The next theorem shows that this requirement is enough to narrow
down the class of reals for which such a p can exist. Furthermore, it actually provides sharp
strengthening of observations made by Reimann and Slaman during their investigation of

NCR.

Proposition 2. [19] If n > 2, then for all k > 0, 0%) is not n-random with respect to a
continuous measure.

Proposition 3. [19] For n > 3, 0“) is not n-random with respect to a continuous measure.

In the proof that follows, we will use a lemma by Sacks [20] which shows the hyperjump
sets are uniformly I19 definable. We use the notation of Sacks in which H, is the ath iterate
of the halting problem for a, a notation for a recursive ordinal. The reader is referred to
Sacks’s book for additional background on the hyperarithmetic hierarchy:.

Lemma 6. [20] There is a 113 formula H(a,Z) such that if a is a notation for a recursive
ordinal, H(a,Z) holds iff Z = H,.

Theorem 7. Fiz k > 1 and let X be a real such that 01 <p X <p 0tk for any recursive
ordinal o < WS, Then X is not weak-(k + 1)-randomizable.

Proof. Suppose for a contradiction that X is u-weak-(k + 1)-random for some measure p
with ©({X}) = 0. Fix an ordinal representation a such that |a|o = « and fix e such that
®X = H,. Let C = {Z : 7 is total A H(a,®?)}. Then by Lemma 6, C is a IIJ class, and
by assumption X € C. Since we are assuming that X is g-weak-(k + 1)-random, this implies
that x(C) > 0.

Let R be a representation of p. It is claimed that R > H,. We first select a string o such
that p([o] NC) > 2u(o). Such a o exists by the general density theorem (a generalization
of the Lebesgue Density Theorem; see e.g. Mattila [15] for reference). Define Z(n,s,i) =
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{X € [o] : ®F,(n) |=1i}. Fix t large enough so that 2% < 2u(o). Note that for any s > ¢
we have 27 < L(Ry(0) +27°) < £ R,(0) + £27" and hence 27" < 1R,(0).

We can now compute the nth bit of H, from R by waiting for a stage s > t such that
Ry11(Z(n, s,1)) > 5R,(0) and outputting i.

We note that such a stage exists since lim Z(n,s, H,(n)) 2 [0] N C, so we can pick s;
S5—00

such that x([o] N C) — p(Z(n, s1, Hy(n))) < Tu(o). We then pick s, large enough so that
272 < u([o]NC) — 3p(o) and let s = max(sy, s2). We then have

Ro1(Z(n, s, Ha(n))) > p(Z(n, s, H(n))) — 27V
> u([o] N C) — (o) — 27+
3 1
= —s _ (o) — 9~ (s+D)
> Sn(0) +27" = Jp(o) =2
> LRifo) 270y 2 2
= SR.(0)

Furthermore, we note that if i # H,(n) then p(Z(n,s,i)) < (o)) and hence

Rsi1(Z(n,s,1)) <

Thus whenever our procedure outputs an answer, it will be equal to H,(n).

Since we are assuming that X is p-weak-(k + 1)-random, there is a representation R of u
such that X is u-weak-(k + 1)-random relative to R. In particular this means R*~Y %, X.
However, R*® >, 0(@*%) >, X. This contradicts the minimal pair property of Theorem
6: X <p X @ R¥* Y and X <y R®, but X £r R* Y. Hence X could not have been
p-weak-(k + 1)-random. O

Since this theorem implies that no AY real is weak-2-randomizable and Proposition 1
implies there are no r.e. difference-randomizable reals, it is interesting to note that there
are w-r.e. difference-randomizable reals. Indeed, with respect to Lebesgue measure one can
choose a low w-r.e. path through the first level of the universal Martin-Lof test U;. This
path will be Martin-Lof random and Turing incomplete and hence is difference-random by
Theorem 2. By contrast, there are no weak-2-randomizable AY reals. It is still open as to
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whether or not there are n-r.e. difference-randomizable reals. These results are summarized
in the below table, where each column represents reals not belonging the columns to the left.

Which AY reals are randomizable?

recursive  r.e. n-r.e. w-T.e.
1-randomizable None All All All
difference-randomizable | None  None 7 Some (All?)
weak-2-randomizable None None None None

In a slight tangent, we would like to show that there are no n-r.e. 1-random reals for
Lebesgue measure (and hence neither are there such difference-randoms). This eliminates
the possibility of using such an example to demonstrate n-r.e. difference-randomizable reals,
as we did above to show that there is a w-r.e difference-randomizable real.

Proposition 4. Suppose X is n-r.e. for some n > 1. Then X is not Martin-Léf random
with respect to Lebesgue measure.

Proof. We proceed by induction on n. Define f(i, s) to be a recursive approximation of X.
Let ¢; = {s: f(i,s) # f(i,s + 1)}| be the number of times the approximation to i changes.
If there are only finitely ¢ such that ¢; = n, then there is a recursive approximation f which
changes at most n — 1 times for each i. Hence X is (n — 1)-r.e. so we are done by induction.

Otherwise for each k define s;, as the least number such that Jiq, ..., < s,V < k(|{s <
sk : f(ij,8) # f(ij,5s+ 1)} = n) Note that each of s; and 4y, ..., 7 are uniformly recursive.
Define the test

Vi ={o:V1 <j<k(o(ij) = f(ij,sk)}

Since the approximation f(i;,sy) has already changed n times, it cannot change again,
so f(i;,sx) = X(i;). Hence X € Vj for each k. Further, it is clear by definition that
A(Vi) = 27%. Thus X is not Martin-Lof random. O

2.4 Constructing Measures for Randomizable Reals

The set of reals which are not n-randomizable is contained in HYP (since NCR,, € HYP), so
the task of identifying which reals are not randomizable can be constrained to this context.
With this in mind, Theorem 7 provides a large coverage of the domain in question. In the
results which follow, we show that this theorem is, in a sense, as strong as it can be made
since if we widen the interval between jumps we can always find a randomizable real.

However, before we show that result we provide a more general context for the construc-
tion of measures, as it will aid in the discussion which follows. Given a continuous function
f 2% = 2¢ we can define the image measure p; as p(A) = A(f7'(A)). It is easy to
verify that this is a well-defined measure, and in fact it can be shown that every probability
measure on 2¢ is equal to uy for some f (though we won’t make use of this fact).
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Since a Turing reduction ¢ is a (partial) map from 2<“ to 2<“ we can extend it to a
continuous (partial) map from 2¢ to 2* and define the measure pg in the same way. In our
context of pre-measures, we can equivalently define pg(c) = > 217l where we assume

7:®(1) Do
the sum ranges over a prefix-free set of 7. We immediately have uge(()) = 1, but to get
additivity (and thus have ug be a well-defined measure) ® must be total on all oracles.
Equivalently, ® must be a truth-table reduction.

Given a probability measure u, suppose there is a constant ¢ > 0 such that for all o,
(o) > eA(®7Y(o)) (which in particular will be true for ¢ = 1 if ug is well-defined and
i = pge). Then p preserves randomness in the sense that if X is random for Lebesgue
measure then ®(X) is random for u. This is made precise by the next proposition:

Proposition 5. Let X be a real and ® a Turing functional with X € dom(®). Let p
be a measure with representation recursive in R such that X is [difference, weak-n, n/-

random relative to R. Further suppose that there is a constant ¢ > 0 such that for all o,
w(o) > eX(®@ (o). Then ®(X) is u-[difference, weak-n, n]-random relative to R.

Proof. Suppose the conclusion does not hold, i.e. there is a test {V,,} relative to R which
has the appropriate p measure and captures ®(X). We will show that X is not actually
random, thus reaching a contradiction. We verify this independently for each of the three
types of randomness, although each of the cases are analogous to one another.

n-randomness The test {V,,} is uniformly r.e. in R™Y and satisfies u(V,) < 27"
Fix k large enough so that 2% > 1 and define V, = U{(I) Yo) : 0 € Vyyr}. Then
clearly V! is also uniformly r.e. in R(” D captures X, and

Z )\((I) < Z —M <2k (n+k):27n

aGVnJrk Uevn+k;

Weak-n-randomness The test {V},} is uniformly r.e. in R™~Y and satisfies the limit
property lim pu(V,) = 0. Define V! = |J{® (o) : ¢ € V,,}. Then clearly V! is also
n—oo

uniformly r.e. in RV, captures X, and

1 1
lim A(V)) < lim —u(V,,) = = lim u(V,) =0

n—00 n—oo C C n—00

Difference-randomness The test {V,,} can be written as V,, = D, o\ D,1 where
each set D,,; is uniformly r.e. in R and p(V,,) < 27". We can assume without loss of
generality that D, ; C D, ¢ for all n, and hence p(V,,) = u(Dyo) — p(Dn). Fix k large
enough so that 2% > % and define D! . = | J{® (o) : 0 € Dn+k,i}. Then clearly each
Dy, ; is uniformly r.e. in R. Furthermore D, o\ Dy = @ (Dpgro) \ 2 Dpgry)) =
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O (Dpsro \ Dngr1) = @' (Vagr), so X is captured by the sequence D} o\ Dj ;.
Finally,

Do\ D},1) = M@ (Do) = NP (D))
< L (W(Dniro) = 1Dy

= —p(Vtr)

S _27(n+k)

OO —O

—n

\)

<

]

This then gives us a tool for showing reals are randomizable. Suppose X =4 Y and X
is random relative to some real R. Let ® be the truth-table Turing functional such that
®(X) =Y. Then Y is ug-random relative to R. Furthermore, because the equivalence is
truth-table, the resulting measure pug is actually continuous. Indeed, this statement reverses
showing that this is the only way to find reals which are random relative to a continuous
measure. This was made precise by Reimann and Slaman for n-randomness, but also applies
to difference-randomness and weak-n-randomness.

Proposition 6. [19] Fiz reals X and R. Then the following are equivalent:
1. X is random relative to a continuous measure p with a representation recursive in R.

2. There is a real Y which is Lebesque random relative to R and is truth-table in R
equivalent to X.

We now extend this idea to find randomizable reals arbitrarily high in the Turing degrees,
and contrast this with Theorem 7.

Proposition 7. Suppose Z is [difference, weak-n, nj-random relative to X. Then there is a
continuous measure i such that Z ® X is p-[difference, weak-n, nj-random relative to X .

Proof. Define the Turing functionals ®, ¥ relative to X as follows:

OlodT)=0
Uo) =0 ® X [|o]

Both ® and ¥ are truth-table reductions, so Z =;x) Z ® X. Hence py is well defined
and has a representation recursive in X. Since Z is random relative to X, by Proposition 5
U(Z)=Z & X is pg-random relative to X as desired. O
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Corollary 2. For any n > 1 and real X, there is a real Z such that X <p Z <r X (1)
such that Z s continuously n-randomizable.

In particular this shows that there are reals above 0/ which are difference-random. Since
Franklin and Ng characterized the Lebesgue difference-randoms as those Martin-Lof randoms
not above 0, this contrasts by showing that — for arbitrary measures — there are arbitrarily
high difference-randomizable reals.

At this point, it is worth reviewing the specific methods used in Reimann and Slaman’s
proof that all non-recursive reals are 1-randomizable. The intent is to show that these
methods are required features of any proof which shows a real is randomizable.

In Reimann and Slaman’s proof, they started with a non-recursive real X and first
appealed to a Posner-Robinson argument to find a generic real G such that X =p¢) G
Then by applying a result by Kucera, they found a real Z such that Z = G’ and Z is
1-random relative to GG. So X is Turing equivalent in G to a 1-random.

Although the Turing equivalence was not total (and therefore they could not just appeal
to the image measure yg), they were able to define a II{ class of measure representations
that were consistent with the image measure of total functions extending ®. They were
then able to finish their proof by finding a path in the II{ class relative to which Z was still
l-random. Since this path represents a measure consistent with the image measure and has
a representation relative to which Z is random, the argument of Proposition 5 implies X is
random relative to this measure.

As briefly mentioned in the previous section, the step of finding a generic G seems to be
a requisite step of the proof, at least for r.e. reals. Recalling Corollary 1, if X is an r.e. real
and p a measure with representation R relative to which X is u-1-random, it must be the
case that X @ R=r R'.

Continuing this analysis we could ask whether the other steps are necessary. That is,
must the proof find an intermediate random Z such that X =7(g) Z. We answer this question
in the affirmative by providing a direct analogue of Proposition 6 for 1-randomness.

Theorem 8. Fix reals X and R. Then the following are equivalent:

1. R computes a representation of a measure p such that p({X}) = 0 and X is p-1-
random relative to a R.

2. There is a real Y which is Lebesque 1-random relative to R and is Turing equivalent
m R to X.

Proof. (2 = 1) follows from Reimann and Slaman’s proof, as outlined above. (1 = 2) will
follow from Theorem 9 below. [

In showing (1 = 2) we will not be able to show that the p in question is the image
measure of some Turing equivalence (as Reimann and Slaman’s proof suggests), but instead
we will show that p induces a Turing functional ® with the measure-preserving requirements
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of Proposition 5. The Turing functional will not in general be total (unless p is continuous,
in which case we could appeal to Proposition 6 directly).

In the Theorem 8, there is nothing special about Lebesgue measure other than that it is
continuous. Thus the fully generalized version of the theorem below defines Y as a ps-random
real for any continuous measure s.

Before proceeding to the proof of Theorem 9, we will need to refine our representation of
measures in order to keep track of the multiplicative effects of errors. Consequently it will
be necessary to use approximations which are within a multiplicative constant of the correct
value, rather than being within an additive constant as in our definition of Rs(c). Thus we
define some new notation.

If M is a representation of p, we want M (o, ¢€) be the estimation of p(o) to within an
relative error of €; that is, we would like to have M(o,¢e) < p(o) < M(o,€e)(1 +¢€). Our
particular definition of M (o, €) will also need some monotonicity properties expanded upon
below.

First define the approximation M*(o,27™) for n > 0. Let s; be least such that M, (o) >
271 if it exists, and pick s, least such that

2\ 1
22 (1 27"(M, (o) — 275
( +2+2—n) 2502 (Malo) )

Then define M*(0,27") = M,,(0) —27%2. Note that the computation of M*(c,27") does
not converge if (o) = 0 and otherwise such an s; does exist, so the computation converges.
By definition M*(0,27") = M,,(0) — 272 < u(o) as desired, and furthermore we have

P |
272 < (1 27" (M, (o) — 27
- < +2+2—n) 242" (M (o) )

27 \7' 1
1 27" (M, 9=
( +2+2n) 77t (Mal0)+27%)

IN

Thus

2+2
(2427272 4+ 27272 < 27" M, (o) + 2727
(2+27)27%2 < 27" M, (o)
(14272724272 < (14 27")M,,(0) — My, (o)
My, (o) +277 < (1+27") (M, (0 )—2 )
plo) < (14+27")M"(0,27")

<1 + Q_nn) (2427272 <27"( M, (o) +27°2)

Hence we have M*(0,27") < u(o) < M*(0,27")(1 +27"). Define inductively M (o,27")
as follows. For n =0 we let M(0,27") = M*(¢,27"). For n > 0, ift M*(0,27")(1+27") >
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M(o,2==D)(1 4+ 27D let M(0,27") = M(o, 2*(”*1))%. Otherwise let M(o,27™)
be the larger of M*(c,27™) and M (c,2~(""Y).
We now verify a number of facts about M(o,27"), proceeding by induction on n.

1. M(0,27™) < u(o): First suppose M(c,2™") = M*(¢,2™™). Then by the above verifi-
cation, M*(c,27") < u(o) so we are done. If n > 0 and M(0,2™") = M(c,2”(""D)
then by induction we have M(o,2- V) < u(0) so again we are done. Otherwise it
must be the case that

M*(0,27") (1 +27") > M(0, 2~ D) (1 427Dy = M(0,27")(1 +27")
and hence p(o) > M*(0,27") > M(0,27").

2. M(0,27")(1+27") > pu(o): It M(0,27") = M(o,2~(""D) 2220 then by induction
we have M(0,27)(1 +27") = M(0,2= ™ D)(1 + 2= 1Y) > (o). Otherwise suppose
M(0,27™) = M*(0,27™). Then by the above verification, u(o) < M*(o,27")(1+27").
Finally, suppose n > 0 and M(0,27") = M(0,2~™Y) in which case M*(0,27") <
M(a,2=™=1). Then we have by the above verification that

p(o) < M*(0,27")(1+27")
< M(o, 27 D) (1427") = M(0,27")(1+27")

3. M(0,2=+)) > M(0,27"): First suppose that

1+2"

M(o,27"Y) = M(0,2™") 5=

Then we immediately have M (o,2~ (") > M(o,27™). Otherwise we have by defini-
tion that M (o, 2~V is the larger of M*(o,2- ™) and M(0,2™™) so again we are
done.

4. M(o,2=)(1 4 2=(+H)) < M(0,27")(1 4+ 27"): First suppose it is the case that
M (0,270 = M(0,27") 5255 Then M (0,27 )(14270F0) = M(0,27") (1 +
27" so we are done. Otherwise it must be the case that M* (g, 2-"+Y)(1 42+ <
M(a,27™)(1427"), so if M (0,2~ D) = M*(a,2~"*V) we are done. Otherwise we are
in the case that M (o,2- 1)) = M(0,27"). Then we have M (o, 2~ FD)(1 +2771) =
M(0,27")(1 +2=+D) < M(5,27")(1 4+ 27™), so we have the desired conclusion.

In general define M (o, €) as M(o,27™) where n is least such that 27" < e. Then we have
in summary that M(o,¢) < p(o) < M(o,€)(1 +¢€), M(o,¢) is monotonically increasing as €
goes to zero, and M (o, €)(1 + €) is monotonically decreasing as € goes to zero.

We now present the main lemma in the proof of Theorem 9.
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Lemma 7. Let iy, po be measures with representations My, My respectively. Then there are
Turing functionals ®,V relative to My & My such that dom(®) D {X € 2¥ : 1 ({X}) =
0AYR p (X [ n) > 0}, for all X € dom(®) U(P(X)) = X, and there is a ¢ > 0 such that
for all o po(a) > cuy (P71(0)).

Proof. We will construct the Turing functional ® recursively in M; & M as follows, simul-

taneously constructing its inverse functional W. Let ¢, = %4_(3“) and note €; < 2—10 for all

s. The construction will use a sequence of machines {7}, which run in parallel. Each
machine will be simultaneously acting on tuples (o, {71, ...,7,},0) which have the following
properties:

1. p1(o) > 0 and po(7;) > 0 for each 7;

2. (14 6) M(0,e) <3 M(mi, ) + 6
=1
3. 22— <11 —479)

1
3
Mo (73,€5)

o

i=1

Intuitively, the machine Ty is acting to put extensions of ¢ into the domain of ®, with

the range being restricted to |J[r;]. The rational § represents the “over-commitment” of
i=1
measure, as made precise by restriction (2) above.

At the beginning of the construction we add ((),{()}, €1) to the machine T}.

When a machine T receives a tuple (o, {7, ..., 7}, d) it acts as follows. First set variables
Ai=---=A,=0and B; = --- = B,, = () which will be local to this tuple. The variables A;
will keep track of the u;-measure assigned to each 7; while the B; will be used to keep track of
the extensions of 7; already put into the range of ®. Let v = e, min({ Ma(7;,€5) : 1 < i < n}).
Begin searching for 6 D o such that M;(d,¢,) < §.

When such a & is found, proceed as follows. Pick i least such that A; < My(7;,€5) +

§Malmica) (it will be shown below that such an i always exists). Define
Zj Mo (7j,€s)

Mz(ﬂ', Es)
> Ma(T;, €)

Jj=1

d=(1+e) |0 +

Let ¢ = 2¢,M;(6,€,) min(1, %) Let k be large enough so that ps(7) < €* for all
strings 7 of length & (that such a k can be found effectively is the only use of the fact that
pe is continuous). Let 7{,...,7/, be the strings extending 7; of length k extending 7; not
already contained in B;.

Fix t such that 27* < 5% and let 71,...,7; be those 7] such that M, (7]) > 0. Note that

7)) > ™ —n'-27"> -2
;#2( )_;M( 1) ;#2( ) 9
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Pick m < n such that

M2<TJ7€S> S
Z (Mg i, €s) 5M2(Ti,65) < (1+€5) Mi(d,¢)

- . Mo (75, €5 .
< Z <M2(Tj, €) + 5%) + e M (G, €5)
jzl 1y -8

It will be shown below that we can always find such an m.

Increase A; by (1 + €;) M1(6,€5), add {71, ..., 7} to By, set ®(6) = 7, and set U(7;) =&
for j =1,...,m. Define

2 My(7),¢5)

Sor1 =0 - =t My (6, €
L Vo B il
and add (6,{71,...,7Tm},0s+1) to machine Ty,. This ends the action upon finding ¢ and

ends the construction. We now verify that all the requirements of the construction are met.
First we check that (2) is maintained for the new tuple added to Tsy;. This is immediate
from the above observation:

(14 €511) M1(G, €511) < (14 €5) My(G,€5)

m ZMQ(%JGGS)
~ : g=1 ~
S ZMQ(Tj,GS) + (5 . ]WTES) + 63M1(0,63>

_ZM2 (75, €s) + 0541

To verify (3) we first observe using the inequality above that:

~ = ~ AM2<7A_'7 65) ~
(1 + 63) Ml(aa Es) S ; (MQ(Tja Es) + 5WZ,ES)) + 65M1(07 68)
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Then
) (1+ +—2
6 n
M (Tla Z M2 7—]765 MQ(Tiaes)
j=1
1
(1+€y) (— (1—4 5 —l—es)
3
(1+e€) ! +
€) | = + €
3
1.1 1 1
1 -+ =)< =
<1+ 2())(3 + 20) 2
so we can achieve the crude upper-bound of hGe) 4 % < 2.
Z Mo (75,€s)

Using this we have

5s+1

[

<.

§s+1

m
> My(7); €511)
j=1

Z M2(7A—j7 65)
j=1

Z M2(7A—j7 ES)

A

(5 Ele(a-aes)

Z M (%jv 65)
j=1

0

. =1
€s)

Moy (73, m
2(7 52 Ma(5. )
j=1

6s]\Jl <6—7 65)

My (7, €5)

—~

IN

4

3

C«OIHOJI)—‘C«OIHO(HI—‘

—~
—_

> My(75,€)

=1

1+ €) (% (1 — 4_5) + es) + 2¢,

(1—4)+es+1

1 —47%) €5 + €2 + 2¢,
Li-aye e

(1—47°) + e,
. _4—5—1 + 4—5—1

- 47871)

Next we check the claims made during the construction. The first is that we can al-

ways find an i as above That is to

Mo (75,65
MQ(TZ"ES) 5#

say, that there is always some i such that A; <

Suppose otherwise for a contradiction. Recall that A; is increased



by (1+ €5) M1(0,€s) each time the machine acts on some &, so list such strings &7, . ..

acted on so far. Then we have

(1+€) Mi(o,€) > (L+€,) Y Mi(63,¢,)

i=1
n
=2 A
i=1

i=1 Z MQ(Tj,€s>
Z My (75, €5)
Z Ms(j, €5)

Jj=1

= ZM2(TZ'7€S) + 5
i=1

= ZMQ(TZ,ES) +0=
=1

This contradicts the requirement described by (2).
Secondly we claim we can always find an m. Let m’ < n be largest such that

s AMQ(ij s) N
M. _— 1 M
jEZl ( 2(7, €5) + 5M2(7'i,65) < (14 €5) Myi(d,¢)

First take the case that m’ < #. In this case we have

a AMQ(TJWES)
(1+€ M10'€S §Z<M2T]’ +6m

B
Mo(Tomrsa,€s) | 1+ 77—
+ 2(7’ +1,€ ) < + M2(7_i765)>

/ A

i N /\MQ(%' 65) (5

< M € 5 YR * *

= ( 2T e) + Mgm,es)) R VA
7j=1
m’ M

< (M (3¢ >+5M) M (5,e,)

1 Mz(TuEs)

J

, Ok
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Hence m’ works as the desired m. Now suppose m’ = n but m’ does not work as the
desired m, i.e.

- M. Tj, €s . .
; (M2(7'37€s> + 6%) + e Mi(6,€5) < (1+€5) Mi(6,€5)

Let p1,...,pp be the strings extending o that the machine T, has already acted on
and for which ®(p;) = 7,. Let B;(p;) denoted the set of strings put into B; when the
machine acted on p;. Then we have (from the choice of m when Ty acted on p;) that

D (MQ(T ;) + dika(res) ) < (1+e) Mi(pj.c,).

(Tiyes)
TEB;(p;))
Hence we have that

2(7i, €5) Z Z My(T,€s) —1—2]\/[2

J T€B;i(pj)

<Z Z My (T, €s) +ZM2 T}, €s

J TEB;i(pj)
Z MZ(Ta 65)
~TEB;(p;)

s M s s _5
<Z +€ 1p] 6) M2(7i768)

n

Z My (75, €5)

1+ e,) My (6,6,) — 6 ———
+( +€) 1(0-76) MQ(TZ',ES)

—(1+e) <M1(&, €) + > Mi(p;, Gs)>

J

7'1763 ZMQ 7js ) +Z Z My(7, )

J TEBi(p;)

—esMi(0,€5) + %
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M. i) Cs
—(1+e) |0 2(Tu6) +%
ZlMQ(Tjaes)
J:
< Ma(mie) + Mi(6,€) = 5
<M2(Ti;€s)

Thus, we arrive at a contradiction, and so we are always able to find an m as above.

Having verified that the construction of ® is well-defined and satisfies the requirements
above, we now make a few remarks about ®. Note that for any real Y, if u;({Y}) = 0
and p1(Y [ n) > 0 for each n then every machine will find a ¢ C Y to act on, and hence
Y € dom(®). Suppose Y € dom(®) and Z = ®(Y). It is claimed that U(Z) = Y. To
see this, fix n and pick ¢ C Y such that |o| > n and o was the first component in some
tuple belonging to a machine T;. When Ty defined ®(o) = 7;, it added ¥(7;) = o for each
j=1,...,m. Hence it will suffice to see that Z extends one of the 7;. Additionally, when
T defined (o) = 7;, it added (o, (71,...,7m),0) to Tsy1. Hence when Ty acts on some &
extending o, it will set ®(6) = 7; for some j. In particular this holds of & C Y which must
have been added to the domain of ® by T, since we assumed Y € dom(®P).

Finally, suppose 7 is in the range of ®, so 7 = 7; in some tuple in a machine T,. Then

(271 (m)) < (1+€5) Mi(@7H(7), €)
< A;
My (7, €5)
Zj Ms(7, €5)

)
< My(7;, €) (1 + m +(1+ €s>€s>

< My(7;,€5) (1 + é (1—47°)+ 1+ es)es)

< My(1i,€) + 0 + (1 +€)a

< pa(T;) (1 + % + 1)

< 3,&2(7})
Hence for any 7 € ran(®), pa(7) > 5 (®7(7)). O
Theorem 9. Let i, o be measures and X a real such that pu({X}) = 0 and is -
[difference, weak-n, n/-random relative to My, & My where My, My are representations of

W1, o respectively. Furthermore suppose po is continuous. Then X is Turing equivalent in
M, @ My to a real Y which is po-[difference, weak-n, nJ-random relative to My & Ms.

Proof. Fix ®, ¥ as in the above lemma so that there is a ¢ > 0 such that us(o) > cpuy (71(0))
for all 0. Since X is po-random, (X [ n) > 0 for all n, and pu({X}) = 0 by assumption, so
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X € dom(®) and ¥(®(X)) = X. Then by Proposition 5 Y = ®(X) is pp-random relative
to M1 D Mg. UJ

The above theorem uses the hypothesis that ps is continuous, so this leaves open the
case that us is not continuous. One direction holds trivially. Suppose that ps({Y'}) > 0 for
some Y. Then My >7 Y so X >pranem) Y. However, the other direction does not hold
in general. Suppose p2(0¥) = 1. Then 0“ is the only us-random and there is a recursive
representation Ms, so 0 >rnenm,) X would imply M; >7 X which is impossible if X is
p1-random.

Since we usually consider p({Y'}) > 0 a degenerate instance of randomness, one might
ask under which conditions can a pi-random real X compute a po-random real Y such that
u2({Y'}) = 0. However the following propositions demonstrate examples of measures fiy
for which this cannot hold. Thus any generalization of Theorem 9 would require stricter
hypotheses.

Proposition 8. Suppose us has finitely many atoms Yy,...,Y, and > us(Y;) = 1. Then
i=1

the only po-1-randoms are Yy,...,Y,.

Proof. Fix a representation My of ps. By Lemma 2 Y7, ... Y, are recursive in M,, so fix
indices eq,...,e, such that @Q{Q = Y,. Then the set of strings which are incomparable to
each @é\i@ is recursive in My and has measure 0. O

o0
Proposition 9. Suppose o has atoms Y1,Ys, ... and > u2(Y;) = 1. Then the only us-weak-
i=1

2-randoms are Y1,Ys, .. ..

Proof. Let V,, = {0 : pa(o) < 27"} If 27" < po(Y;) then Y; ¢ Vi, so lim us(V,) = 0, so
n—oo
{V,.} is a weak-2 test. If X # Y] for any ¢ then X is in each V},, so X is not random. O

On the other hand, if uo has finitely many atoms with mass less than 1, any representation
of ps can recursively compute a continuous measure in a manner analogous to Theorem 5,
and hence in this case Theorem 9 will hold.

Proposition 10. Suppose ps has finitely many atoms Yy,..., Y, and > ps(Y;) < 1. Suppose
=1

w1 is a measure, X is a real such that p({X}) = 0, and X is pi-[difference, weak-n, n/-
random relative to My & My where My, My are representations of py, o respectively. Then
X is Turing equivalent in My & My to a real Y which is po-[difference, weak-n, n/-random
relative to My & My and such that p2({Y'}) = 0.

Proof. By Lemma 2 fix indices ey, ..., e, such that ®}> =V;. Let A(0) = > po(Y;) and
Yi:YiDo
note that A(o) is recursive in My. Define

V(o) = pa(o) — A(o)
1=A(0)
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As in the proof of Theorem 5, v is a continuous measure with representation recursive in Ms.
Hence by Theorem 9 X is Turing equivalent in M; & M, to a v-random relative to My & Mo
real Y. Note that Y # Y, for any ¢ or else Y < M, contradicting that Y is v-random
relative to Ms.

Suppose for a contradiction that Y is not po-random relative to My @& My. Let {V,,} be
a test capturing Y and fix k large enough so that 2% < 1 — A(()). Let V! = V,.\. Then

V)= 3 o) = 1 2 (o)~ 4G)
1

S —2—(n+k) <

1= A())

Hence {V/'} is a test capturing X, contradicting that X is v-random. O

o0€Vnik

In light of these results, an outstanding case of interest is when ps has infinitely many
atoms of total mass less than 1.

2.5 Open Questions

This chapter begins an exploration of randomizable reals for higher randomness, but leaves
many interesting questions open. Although we have highlighted a number of reals which can
and cannot be made to appear random, the general classification problem still exists:

1. Is there a “natural” description of those reals which are randomizable with respect to
difference, weak-n, or n-randomness?

With Martin-Lof randomness, the description was “non-recursive” which is of course
arithmetic. The natural definition of randomizable is 1, so another way of framing a
similar question would be:

2. Is there an arithmetic sentence ¢(X) such that ¢(X) holds iff X is randomizable with
respect to difference, weak-n, or n-randomness?

This chapter only made a few remarks about the effect of constraining i to be continuous,
but this case still remains mostly unstudied.

3. What can be said about the classification of reals which are difference, weak-2, or n-
randomizable with respect to continuous measures?

In Proposition 1 we showed that r.e. reals cannot be difference-randomizable, but as
described the case of n-r.e. reals for n > 2 is open.

4. Is there a difference-randomizable n-r.e. real for n > 27
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It is worth noting that Theorem 7 implies no n-r.e. real can be weak-2-randomizable, so
a positive answer to the previous question would be an interesting difference between weak-2
and difference-randomness.

In Proposition 9 we showed that a measure with all of its mass on atoms has no weak-2-
random reals except for its atoms. Whether or not this applies to 1-randoms or difference-
randoms in open.

5. Suppose u is a measure with infinitely many atoms Y3,Ys, ... and > u(Y;) = 1. Can
i=1
there be a p-1-random real X such that pu({X}) =07

The end of section 4 leaves open whether Theorem 9 can be generalized to the case that
1o is not continuous, but has infinitely many atoms with a total mass less than 1.

6. Suppose s has infinitely many atoms with total mass less than 1. Suppose p, o have
representations My, M, and that X is pyy-random relative to My @ My with puq ({X}) = 0.
Is X always Turing equivalent in M; @ M, to a real Y such that us({Y'}) =0 and Y is
po-random relative to My & My?
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Chapter 3

First-Order Consequences of
Randoms

3.1 Introduction

In this chapter, we turn our attention to a subject of mathematical logic not directly related
to algorithmic randomness: reverse mathematics. Reverse mathematics studies the question
“which set-theoretic existence axioms are necessary to prove traditional theorems of math-
ematics,” and formulates this is the language of second-order arithmetic. Specifically, the
program of reverse mathematics defines a weak base theory and asks which set-theoretic
axioms are implied by traditional theorems over this base theory. Reverse mathematics has
a rich body of literature, and the reader is referred to the book by Stephen Simpson [21] for
background.

The base theory over which we work is referred to as RCAg, and is defined formally below.
In our discussion, the set-theoretic existence axiom of interest will be 2RAN, the existence of
2-random reals. This axiom requires special consideration in order to be formalized within
second-order arithmetic, so we take care to define it precisely below.

In 2009 Csima and Mileti [4] studied the reverse mathematics of the Rainbow Ramsey
Theorem (RRT), showing that RRT is strictly weaker than Ramsey’s Theorem for pairs
(RT3). Part of this proof included the result that 2RAN implies RRT, opening the door for
a study on the reverse mathematical strength of 2RAN.

In 2013 Conidis and Slaman [3] followed up on this paper with an investigation into
the first-order consequences of 2RAN. The existence of 1-random reals is implied by Weak
Konig's Lemma (WKLg) which is IT{-conservative over RCAg and hence has first-order con-
sequences no stronger than P~ + IX?. By contrast, Conidis and Slaman showed that 2RAN
implies the cardinality schema for 39 sentences (CX9), a first-order axiom schema defined
below. Consequently, RCAg + 2RAN has first-order consequences strictly stronger than
P~ +IX{. On the other hand, they showed 2RAN is ITi-conservative over RCAy + BX9, so
the first-order strength of RCAg + 2RAN is at most that of RCA, + BXS.
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This chapter, in research conducted jointly with Ted Slaman, continues that investigation
and provides a partial solution to the open problem at the end of Conidis and Slaman’s paper:
“Characterize the set of first-order consequences of 2RAN.” In section 2 we establish that
RCA( + 2RAN does not imply BXY, so the first-order strength of RCAg + 2RAN lies strictly
between 129 and BX9. In our proof we develop a general method of building models of ~BX9,
and in section 3 we apply this method to further characterize the reverse mathematical
strength of the cardinality schema (CARD) thereby answering an open question of Kaye
[11].

Axiom Schemas and Background

We let P~ denote the first order theory of Peano Arithmetic without induction in the language
of (+,-,0,1,<). To be precise and self-contained, these axioms are the universal closure of

en+1+#0
em+l=n4+l=n=m
em+0=m
em+(n+1)=(m+n)+1

e m-0=0
em-(n+1)=(m-n)+m

e —(m<0)

em<n+ls (m<nVm=n)

39 denotes the axiom schema of induction for all ¥? formulas. That is, for every %2
formula ¢(z) (possibly with first and second-order parameters), IX2 contains the universal
closure of

[p(0) AVa(p(2) = ¢(z +1))] = Vap(z)

The schemas ITI° are defined analogously. IAY is similarly defined: if ¢(z),(z) are X2
formulas (possibly with first and second-order parameters), IA? contains the universal closure
of

Va(p(z) &~ () A @(0) AVe(p(r) = p(r +1))] = Vep(r)

Let PA denote the theory of Peano Arithmetic, i.e. P~ + J, IX2.

BX? denotes the bounding axiom schema for X2 formulas. That is, for every X% formula
©(x,y) (possibly with first and second-order parameters), BX? contains the universal closure
of

Vb Vo < b3yp(z,y) = JaVr < by < ap(z,y)]

The schemas BII? are defined analogously.
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The following are some of the known results about the relative strength between BX?
and I39:
30, =B, =120

BY? « IA?

The reader is referred for Slaman’s paper [22] on the subject for proofs of these facts.

The cardinality schema for X0 sentences is denoted by CX? and represents a restricted
version of the bounding axiom schema. This axiom schema says that there is no 39 injection
from all numbers to a bounded initial segment. That is, for every X2 formula ¢(z,y) (possibly
with first and second-order parameters) CX? includes the universal closure of

Vadye(z,y) = [3x1, 22, y(x1 # 22 A @(21,9) A w(2,y)) V Vb3I2Ty > by(z,y)]

It is easy to see that BY) = CX. The schema CARD represents J, CX).

As is traditional in reverse mathematics, we will work over the base theory of RCAy,
the second-order theory containing the theory P~ + IX{ along with A%comprehension. A®-
comprehension is the second-order axiom schema for all X9 formulas (), ¥(z):

Va(eo(x) & —p(r)) = IXVe(z € X < p(z))

The axiom 2RAN asserts the existence of a 2-random real relative to any other real. That
is,
VY3RInVT(r=Y' | |7|= Re U])
Here U?Z is the uniformly-defined universal Martin-Lof test as defined previously. Note
that the above axiom refers to Y, a real which may not exist in the absence of arithmetic
comprehension. So for the 2RAN to be well-defined, the axiom intentionally refer to Y’

only in terms of finite initial segments that are consistent with Y’ and does not assert the
existence of Y’ as a second-order object.

3.2 Building Models of -BX)

In 2001 Chong, Slaman, and Yang [2] showed that the Stable Ramsey’s Theorem for pairs
does not imply I35 over RCAg. In their proof, they worked in a non-standard model of set
theory V and created a V-finite chain of models of PA. The direct limit of these models
satisfied —IX9. Our proof will use a similar tactic, although instead of a chain we will build a
V-finite tree of models of PA and take a generic path through that tree. Because our methods
are similar, it would be useful (although not necessary) for the reader to be familiar with
their paper.

As stated, we start by letting V' be a model of set theory in which N is non-standard.
Fix b € NV \ N a non-standard V-finite number with countably many predecessors.

To describe how we will build a failure of BXY, suppose 9 is a model of P~ containing
b and that f is a binary-valued function definable in 9, with downward-closed domain
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(i.e. if n € dom(f) and m < n then m € dom(f)). Define gso and g1 by recursion as
follows. We will maintain by induction that gso(n) < gr1(n), gro(n) < gro(n + 1), and
g9ra(n) = gra(n +1).

Let g70(0) = 0 and g71(0) = b. For n > 0, if n ¢ dom(f) we leave gro(n), gr1(n)
undefined. Otherwise, if gro(n —1) = gg1(n — 1) then let gro(n) = gro(n —1) and gs1(n) =
gra(n —1). Otherwise if f(n) = 0 define gro(n) = gro(n — 1) + 1 and g¢1(n) = gr1(n — 1).
Finally if f(n) =1 define gso(n) = gro(n — 1) and gr1(n) = gro(n — 1) — 1.

Given gy, gr1 define the interval Iy C [0,0] as Iy = {n <b:3Im(n < gro(m))}.

We will frequently refer to the difference gs1(n) — gro(n), so we write gs(n) = gr1(n) —
gro(n). For strings o € 25° we will also frequently refer to g,(|o|), so in a slight abuse of
notation we also define g(o) to be g,(|o]).

Suppose it is the case that for all n < b there is an m such that either n < gso(m) or
n > gr1(m). Then I; is recursive in f (even if the domain of f is not). In particular, if f is
AJ-definable in 9, so is I;. This leads us to the following lemma:

Lemma 8. Suppose f is AS-definable, has a downward closed domain, and satisfies the
following properties:

1. For every n € dom(f), gg(n) > 0.
2. For every n < b there is an m < b such that n < gso(m) orn > gg1(m).
3. For every n € dom(f) there is some m > n such that f(m) = 0.

Then M |= —~BYY.

Proof. As noted above, condition 2 above ensures that I; is AS-definable. Since IAY < BX),
it suffices to see that [y is non-principal, i.e. that I; has no greatest element. Suppose
for a contradiction that there is some greatest n € I;. Fix m < b such that n < gso(m).
Since n + 1 ¢ Iy, we know gso(m) = n + 1. By condition 3, there is some m' > m
such that f(m') = 0. By condition 1 gsi(m’ — 1) — gro(m’ — 1) is greater than zero,
so gro(m') = gro(m’ —1) +1 > gpo(m) +1 > gro(m) = n+ 1. Hence n+1 € Iy, a
contradiction. ]

Our goal then will be to construct a model with a definable function satisfying the above
conditions. To do so, we will create a tree of models of height b, such that any path through
the tree is AJ-definable in the direct limit of that path. To establish branching at each node
in the tree, we will utilize the following result by Friedman [8]. His original result is actually
stronger, but we reproduce this version directly relevant to our current context.

In what follows, we let Tr(1) abbreviate the I1%-definable set of (the Godel numbers of)
all true 1Y sentences. The notation 4 is short-hand for either ¢ or —p.

Lemma 9. [8] Let T be a consistent, 119-definable theory extending PA+ Tr(1). Then there
exist mutually independent T1S sentences @g, 1 over T. That is, for any boolean combination
+po A L1 we have PA+ Tr(1) = Con(T) = Con(T + £ A £¢1).
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Proof. Using Godel self-reference, define ¢, as the formula which says the following:

“For every proof of ¢y from T there is a shorter proof of =, from 7'.”

Similarly, having defined g, define ¢ as:

“For every proof of +¢q V ¢ from T there is a shorter proof of £pg V =y from T.”

Note that both formulas are of the form ¥n(¢(n) — Im < n(¢’(m))), where both 1 and
Y’ are T1Y (since T is I19-definable). Hence the formulas ¢, ; are II9.

First we show that 7't/ +po. Suppose for a contradiction that T F ¢g. If N |= ¢g then by
definition of g, T F =g, contradicting our assumption that 7T is consistent. On the other
hand, if N | =y then since ¢q is TI3 we have PA + Tr(1) F =g, which again contradicts
the consistency of T'.

Next suppose T' F —py. Let k be the length of the shortest proof. If N = ¢y then
PA + Tr(1) F ¢, by simply showing that there are no proofs of ¢y from T' of length less
than or equal to k. This contradicts the consistency of T'. If N = =g then there is a proof
of ¢y from T, so T F g, again contradicting the consistency of T'.

Now we want to show that T t/ £ V +¢;. Suppose this is not to case, so for some
boolean combination we have T +pq V +p;. It is first claimed that PA 4+ Tr(1) F £¢;.
To see this, first suppose 7' = +¢g V 1. If there is no shorter proof of £y V —p; from
T, then this is a counter-example to ¢; and hence PA + Tr(1) - —¢;. Otherwise we have
T+ £ V -1, and this is a case similar to the above; let k£ be the length of the shortest
such proof. Then either there is a shorter proof of £¢g V ¢1 and hence PA + Tr(1) F —¢y
or else PA + Tr(1) proves ¢ is true just by showing that there are no proofs of length less
than or equal to k of £pg V 5.

Given that PA+Tr(1) F 41, we now take the case that PA+Tr(1) F ;. Then N |= ¢y,
so T+ o V =py. Hence T F +¢pq, contradicting our above proof that Tt/ +¢,. On the
other hand, suppose PA +Tr(1) F —¢;. Then N |= =1, so T F ¢ V 1 and again we have
T+ £ contradicting the above. [

It is important to note that (the Godel numbers for) the sentences g, ¢; are uniformly
recursive in (the Godel number for) 7', as this will allow us to recursively refer to those
formulas as we try to define our failure of BXS.

In order to ensure our tree can be extended at each node, we will require that each model
satisfies a certain amount of consistency. Define Ty = PA 4 Tr(1) and inductively define
Tni1 = PA+Tr(1)+Con(T},). Inductively, NV |= T;, for all n < b, so each T}, is consistent. By
Lemma 9, for each n there are I3 sentences ¢, o7 such that Con(T;,) = Con(T;,++pi A+¢T)
for any boolean combination of +¢f A 7.

Let My be a model of Tj,. We will inductively define M, for |o| < b with the induction
hypothesis that 9, |= Tj_|s. Suppose M, is already defined. Since M, = Con(Ty—|s-1),
we have M, = Con(Ty—|5—1 + igpgfl A :i:gplfl) for any boolean combination :I:go'oa‘ A :l:golla‘.
Hence for i = 0,1 there are models 91; such that 9 = T_ ;-1 + ﬁgoigl A gollg_‘z Since Tj_jo|—1
contains Tr(1), we also have that M, <po ;. Let M,~; = N; for i =0, 1.

Since My <o M,~; for ¢ = 0,1, we can apply induction to see M, <o M, for any
T2oO.
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Furthermore, note that for each o and ¢ = 0,1, the model 9,~; is definable in 9, and
thus if A C 9N, is definable in 9M,~;, then it is also definable in 9M,. Applying induction
to the preceding fact yields that if 7 © ¢ and A C 9, is definable in 9., then A is also
definable in 2t,. We formalize this as follows and will reference it later:

Lemma 10. Suppose A C M, is definable in M, for 7 O 0. Then A is definable in N, .

Working in our outer model (in which b is recognized as non-standard), we now develop
a notion of forcing on this tree of models. Our poset P will be {o : §(o) is non-standard}.
Comparability is defined by o <p 7 precisely when ¢ O 7. Given a generic G C P, we let
our generic model Mg be J{M, : 0 € G}.

We claim that Mg is a I1%-elementary extension of each M, for o € G. Suppose not;
then there is a formula ¢(z) with only bounded quantifiers such that ¢ = —Vrp(z) while
for some 0 € G we have M, = Vrp(zr). Fix a € Mg such that Mg = —p(a). Fix 7 € G
such a € M, and assume without loss of generality that 7 2 o (if 7 C o then a € 9, and we
could instead have chosen 7 = o). Since ¢ has only bounded quantifiers and 9%, is an initial
segment of M¢, we have M, = —p(a) and hence M, = —Vap(x). But this contradicts the
fact that 9, <m0 ..

We can extend this argument to show that 9 facts are forced by conditions in G in the
following sense.

Lemma 11. Suppose o is a X9 sentence. Then Mg = ¢ iff there is a condition o € G such
that M, = .

Proof. Write ¢ as Jzi(z) where ¢(x) is a 119 formula. First suppose o is a condition in G
such that 9, = Ja1p(z). Then we can fix a € M, such that M, = ¥(a). Since M, < Mg
we have Mq = ¢(a). Thus M = Jrp(x).

For the reverse, now suppose Mg = Jrp(r). Fix a € Mg a witness such that Mg =
Y(a). Fix o0 € G such that a € 9M,. Then by downward absoluteness of 1Y formulas we have
M, E ¥(a). Hence M, = Jzp(x). O

Next observe that Mg = 19,
Lemma 12. If G is generic then Mg | I29.

Proof. Suppose IX{ does not hold. Fix a XY formula ¢(x) such that Mg = Jzp(z) A
—Jz(p(z) ANVy < z=p(y)). Fix some a € Mg such that M = ¢(a). Fix o € G such that
a € M,. Note M, | p(a) since p is X7, Since M, = PA, M, = Fz(p(x) AVy < 2-p(y)).
Let a be the witness for this z in M,, so M, | ¢(a) AVy < a—p(y). Since ¢(a) is XY,
Ms E ¢(a). Similarly since Yy < a—p(y) is 119, Mg = Yy < a—p(y). But this contradicts
our assumption that Mg = —Jz(p(z) AVy < 2-p(y)). O

Let fo = UG. Given n € dom(fg) let 0 = fg [ n, s0 0 € G. Then M, |= 2T
T o(n)- Since every structure 9, is a I1%-elementary substructure of Mg, the least witness
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in Mg of —py V —el is a witness for =7, ). Hence M has a AY definition of the function
f defined by f(n) =i where i = 0,1 is chosen such that the least witness to —¢f V =¢} is a
witness to —¢}'. The domain of f is equal to that of fg, and f = fg on its domain, so fg is
AY-definable in M.

Lemma 13. Let G be a generic and let fo =\JG. Then fg satisfies the following:
1. gs,(n) >0 for all n € dom(f¢).
2. For all n < b there is some m such that n < gs,o(m) orn > g, 1(m).
3. For every n € dom(fq) there is some m > n such that fo(m) = 0.

Proof. The first condition is immediate, since §(o) is non-standard for all o € P, and fg(n)
is defined precisely when there is a string ¢ € G of length n.

We wish to show that meeting the second condition is dense for each n < b. Fix ¢ and n.
The gap §(0) = g»,1(lo]) — go0(|o]) is non-standard, so at least one of the gaps g, 1(|o]) —n
and n — g,0(|o]) is non-standard. If g,(|o|) — n is non-standard, let 7 = g~ Qn~9=0loD+1,
Then g, o(|7]) = n+ 1 and ¢.1(|7|) = go1(|o|), so 7 is a valid condition and n < g, o(|7]).
Likewise if g,1(|o|) — n is standard, let 7 = ¢~19107D=" Then g, o(|7|) = go.0(|o|) and
gr1(|7]) = n, so again 7 is a valid condition and now n > g,1(|7|).

Finally, we want to know that meeting condition 3 is dense. Given n € dom(fs) and
o € P, let 7 be any string extending o of length at least n. Then the condition 770 satisfies
fa(|7| + 1) = 0 and hence it is dense to satisfy 3. O

This result, combined with Lemma 8 implies that if G is generic, then Mg = —BXY. The
next step is to show that we can simultaneously build a real which is 2-random. First, we
would like to point out that finding a single 2-random is sufficient.

Lemma 14. Suppose M is a first-order model satisfying P~ + IX9 and M models that
X C |9 is 2-random. Then M can be extended to a second-order model which satisfies
RCAy + 2RAN.

Proof. Let X = @ X,,. Since X is 2-random in 9, by Van Lambalgen’s Theorem the model

n<w
also satisfies that every finite join of columns of X is 2-random relative to any other finite join

of columns from X. Hence we can let the second-order part of 9t be {Y : Jiy, ..., ix (Y <p
Xy @ @ X))}

The second-order model constructed clearly satisfies both 2RAN and AY-comprehension,
so we just need to verify that adding the second-order predicates doesn’t cause a failure of
3%, To do so, we show that even adding X as a predicate would not cause a failure of I:Y.

Suppose I2{ does not hold, so there is a X9(X) sentence ¢(z, X) such that I = {z : M =
¢(x, X)} is bounded by some m € 9t but is non-principal. Write ¢(z, X) as Isip(x, s, X)
where 1 has only bounded quantifiers. Consider the set

Vo=A{Y : 3z <m3s > s(y(x,s,Y)) AVs < s(=)(x,8,Y)))}
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Since (), Vs = 0 and the sets V; are uniformly XY, 0/ can compute the function f(n) where
for each n, f(n) is the smallest s such that A(V;) < 27". Hence {Vj(n) }new is a Martin-Lof
test relative to 0'. Since X is 2-random, X ¢ Vj(, for some n. Let a = f(n) and fix o such
that a € M,. Then for z < m we have z € [ iff M | o(x, X) if M = Ts < a(¢(z,s, X | a))
iff M, = Is < a(¢(z,s,X [ a)). Hence I is definable in M, but this contradicts N, = PA.

[l

We are now ready to prove the main theorem:

Theorem 10. There is a model of RCAy+ ~BX) + 2RAN.

Proof. By the prior lemma, it suffices to find an 9-real X such that X is 2-random in 9N
(noting that the constructed counter-example of BXJ remains a counter-example regardless
of adding second-order predicates).

We work again inside our model in which we view b as standard. Recall that {UZ}xew
represents the universal relativized Martin-Lof test. Let J, represent the real 0 as calculated
by the model 91,. Suppose ¢ C 7; since 9N, <m0 M, calculation of 0/ must agree on the

common domain of the two models. Put another way, J, C J,. Similarly, UkJ 7 is a subset of
U7, since if p € U;” this is a A%(J,) fact and J, agrees with J, on all the bits used in this
computation. Hence p € U,;]T.

It will also be useful to note that if p is a finite string in M,, ¢ C 7, and M,
Mlpl NUY) > g then M, = A([p] N UY) > q. This is because witnessing the measure of a
I19(0) class dropping below a rational value g is a ¥ event, and so the stage witnessing this
event would also occur in ..

To define our 2-random real X, we will fix a number k and define for each string o a
M,-string X,. For o with |o| > 0, X, will have length equal a finite number from 9%, \ Ny
If ¢ C 7 then we will have X, C X,. Finally, we will have M, = X, € UY".

Assuming we have done this, we will return to our external model and consider a generic
G. Let X¢ = U{X, : 0 € G}. Note that X is a real defined on the entire domain of 9.
It is also claimed that 9 = Xq € U, ,8/, for suppose not. Then there is some n € 9 such
the tree U,?l above X | n becomes empty. However, this is a X9, so it is forced by some
o € G (and assume without loss of generality that o is large enough so that n € 9,+). Then
M, = [Xe [ n]NUY = 0. However, since Xg 2 X, 2 X¢ [ n and M, = X, € UY we have
a contradiction. Thus 9 models that X¢ is 2-random.

We now return to our construction of the strings X,. We will define X, inductively.
For the base case we let Xy = (). Let ¢g = 270"=1 For s < b define €541 = 2%, and note

that ¢, = € szl 20 — 602b2 = % In particular this implies 1 — €, > 0 for all s < b. Pick

k > b?+1; then for every o we have M, = A(UY) > 1—¢p. In our construction will maintain

the induction hypothesis that 9, = %ﬁj)’?) > 1—¢€p, for all 7 2 0. Note that in the base

case for ¢ = (), this holds by our selection of k and ¢y. Besides aiding in the construction,
since 1 — €, > 0 for all s, this implies M, = X, € U,g’, our desired conclusion.
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Given o with |o| > 0, let s = |o|, fix some [ € M, \ M+, and let m = | X |,
M,-finite. Consider all M, -strings Y with length [ extending X,«. If there is a Y such that
m, = % > 1 —¢, for all 7 O o of length b, let X, be equal to this Y. By our above

remark, this holding for all 7 of length b is enough to satisfy the induction hypothesis.
We would like to show that there always exists such a Y. For each 7 of length b let B, =

{Y O X : [Y]| = 1AM, }—&(}]))<1—es} The first claim is that 9, = |B,| < 2770,

for otherwise — working inside 2, — we have the following computation:

M[X,-] N UY)
)‘([Xo*])
=2" ) AYInUY)

Y:)Xo'* 7|Y|:l

1 — €s—1 S

_ om—l MY]InU) A([Y]nU?)
’ YDOX, * ,Yzl,ygBT W * Yéf W
<2 @7 = BA) - 14 B] - (1 - €)]
— 2 [P B e
[

< 9m l 2l—m . 2l—m—b€s}
=1-2"
=1—6€1

Hence we arrive at a contradiction. Although we defined each B, in terms of 9, , each
set B, is a M, -finite set of M, -strings and hence is coded by a parameter from 91,. Since
M, | |B,| < 2177 which is a A? fact, we have M, = |B,| < 2™, Hence

M, = |{Y : Y] = =27 =202t s N B

so there is some string Y of length [ extending X,+ not belonging to any B,. By definition

this implies that 91, ): Douy)

T > 1 — ¢, for each 7 as desired. n

3.3 Building Models of CARD

The framework of the previous section gives us a more general tool of building models of
—BXY. In this section we explore an additional application, showing that CARD does not
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imply BXY. To do so, we first extend the forcing of the previous section to a formal forcing
language.

Let Q be a downwards-closed subset of 25°. For o € Q and a sentence ¢ (possibly with
parameters from 9,) define o IFg ¢ by induction on the complexity of .

In the base case that ¢ is a X9 formula, define o I-g ¢ iff M, = .

Inductively, given forumals ¢, ), define o IFg ¢ A Y iff 0 IFg ¢ and o IFg 9. Similarly
define o lFg ¢ V¢ iff 0 Ig ¢ or o IFg 9.

Define o I Jzp(x) iff there is some a € M, such that o kg Y(a).

Finally, define o g = iff for every 7 € Q extending o, 7 lffg ¢.

Having defined this notion of forcing, we prove a few basic facts:

Lemma 15. (Monotonicity) Let ¢ be a formula and suppose o lq ¢. If T O o then T lFg ¢.

Proof. We proceed by induction on the complexity of ¢. If ¢ is 39 then write ¢ as Jzip(x).
Since M, | ¢ there is some a € M, such that M, = (a). Since M, <m M, we have
M, = ¢(a). Hence M, = ¢, so 7 kg ¢.

Inductively, assume we have shown the lemma for forumlas ¢, 1. Then o IFg @AY implies
o kg ¢ and o IFg ¥, so by induction 7 IFg ¢ and 7 IFg %, so by definition 7 IFg ¢ A .
Similarly if o IFg ¢ V ¢ then o kg ¢ or o IFg 9 so by induction 7 IFg ¢ or 7 IFg 9, so
T lFg @ V.

If o IFg Jzp(z) then there is an a € M, such that o IFg ¢(a), so by induction 7 I ¢(a)
and hence 7 IFg Jrp(x).

Lastly, if o IFg —¢ then there is no extension of o in Q which forces . In particular
there is no extension of 7 in Q which forces ¢, so 7 IFg . m

We now prove the usual forcing lemma:

Lemma 16. (Forcing Lemma) Let G be a generic and suppose ¢ is a sentence, possibly with
parameters from Mg. Then Mg = ¢ iff there is a condition o € G such that o IFp .

Proof. We proceed by induction on the complexity of ¢. First suppose ¢ is 9. Then the
lemma holds by Lemma 11.

Inductively suppose we have shown the lemma for ¢, and suppose Mg = ¢ A ). Then
by induction there are o,0’ € G such that o IFp ¢ and o’ IFp 1. Since both o,0" are in G
they are compatible, so let 7 be the longer of the two strings. By Lemma 15, 7 IFp ¢ and
7 IFp 1. Hence 7 IFp w A9). For the reverse, if there is a condition o € G such that o IFp @ A
then o IFp ¢ and o IFp ¢, so by induction Mg = ¢ and Mg = 1, so M = @ A .

Similarly for disjunction, if Mg = ¢ Vb, assume without loss of generality that e = ¢.
Then by induction there is a ¢ € G such that o IFp ¢ and hence o IFp ¢ V1. For the reverse,
if there is a 0 € G such that o IFp ¢ V 9 then o IFp ¢ or o IFp ¥. Without loss of generality
assume it is the former, so by induction Mg = ¢. Hence Mg = ¢ V 9.

For the existential case, if Mg = Jre(x) then there is some a € M such that M =
¢(a). By induction there is some o € G such that o IFp ¢(a). For the reverse, if o IFp Jzp(2)
then there is a a € M, such that o IFp ¢(a), so by induction Me = ¢(a), so Mq E Jrp(z).
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Finally, take the case that there is some o0 € G such that o IFp —p. Suppose for a
contradiction that MM = ¢. Then by induction there is some 7 € G such that 7 IFp . If
7 C 0, then Lemma 15 implies o IFp ¢, contradicting that o IFp =¢. On the other hand if
o C 7 then again by Lemma 15 7 IFp —¢, which is contradicted by 7 IFp ¢.

For the reverse, suppose 9 = =, and suppose for a contradiction that there isno o € G
such that o IFp =. Then by definition, for every o € G there is a 7 € P extending o such
that 7 IFp . Hence the set of such 7 is dense, so there must be such a 7 in G. But then by
induction Mg = ¢, a contradiction. ]

To prove the target theorem, we would like to apply a counting argument to show that
there can be no one-to-one mapping from 9 into a Me-finite interval. Exploiting the
finite-ness of the interval requires implementing the counting argument inside the models
M, themselves. Since P is not definable in the models 9, it is not possible to refer to the
forcing relation directly. We therefore define the following subsets of 2=

Definition 9. For k <b let P, = {7 € 2=°: g(7) > k}.

Note that Py = 2% and P = (] ;. Since each PP is definable inside 9, we are able to
keN
refer to our formal forcing notion when IFp and IF-p, coincide. The following lemma captures

such instances:

Lemma 17. (Overspill) Fiz a X3 sentence ¢ and o € P. Then o IFp ¢ iff there is some
k € N such that o IFp, ©.

Proof. The first claim is if ¢ is a X3 formula, o IFp ¢ iff for every k € N, o IFp, ¢. However,
this is immediate by definition since both hold iff 9, = ¢.

The next claim is if ¢ is a IIJ formula, 7 IFp ¢ iff there is some k € N such that o IFp, .
First suppose that there is a standard & such that o IFp, ¢. Then there is no 7 € Py
extending o such that M. = —p. Since Py O P this implies o IFp .

For the reverse, suppose o IFp ¢ but for every k € N, o |/p, ¢. Then inside M, define
A={k<b:olfp, ¢}. Asstated, NC A. On the other hand, if £ ¢ N then P, C PP, so for
every 7 € P, extending o we have 9, [~ —p. Hence o IFp, ¢, so k ¢ A. But this implies
A = N. Since A was definable in 91,, this is a contradiction.

Finally we suppose ¢ is 39, and write ¢ as Jzi(z). First suppose o IFp . Then there
is an a € M, such that o IFp ¥(a). By the above, this implies there is a k& € N such that
o IFp, ¥ (a) and hence by definition o IFp, ¢. For the reverse, if there is a k£ € N such that
o IFp, o then again there is an a € 9M, such that o IFp, ¥(a) and again by the above we
have o IFp ¥(a), so o IFp . O

We are now ready to prove the first theorem of this section.

Theorem 11. For G sufficiently generic, Mg = CX9. Hence there is a model of P~ + X0 +
—~BY5 4 C%3
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Proof. Fix o € P, a XY formula ¢(z,y), and a number n € 9M,. To show that ¢ is not a
counter-example of CX}, we want to show that ¢ is not total, ¢ is not one-to-one, or its
range is not bounded by n. Write p(z,y) as 329¢(z, z,y).

Suppose there is some 7 € P extending o and x € 9, such that for every 7/ € P extending
7, 7" Wp Jyp(x,y). Then 7 forces ¢ to be partial, so we can extend our condition to 7 and
we are done.

Otherwise, for each x € 9, it is dense above o to make ¢ converge at x. Let ¢’ be the
statement that ¢ is not a one-to-one function, i.e. 3z, x9, y(z1 # Y2 A (21, y) A p(xa,y)). If
there is a 7 extending o which forces ¢/, we can extend to that condition and we are done.
Otherwise for every 7 € P extending o, 7 Iffp ¢/’. So by Lemma 17, for every 7 € P extending
o and every k € N, 7 |/p, ¢'. In particular this holds of k = 0.

Let Q = {7 € Py : 7 Ifp, ¥'}. The above paragraph implies Q 2 P.

For each y < n and 7 € Q extending o, let B, = {zx < n- (2" + 1) : 7 lFp, p(x,y)}.
By Lemma 10 each B;, is definable in 9,. Since 7 Ifp, ¥, it must be the case that
M, = |Bry| < 1, for suppose otherwise. Then there is a y and distinct a,a’ € M, with
M, = (7 lFp, p(a,y))A(T IFp, p(d’,y)). Hence 7 IFp, p(a,y) Ap(a’,y). But then this implies
T IFpy J21, 2o(21 # 22 A (21, y) A @(22,7)), contradicting that 7 € Q.

Given this we have M, = > > Byl < n -2 so M, | Jo < n- (2T +1)(z &

TEQy<n
U U B:y). Fixing a witness for  we thus have that there is no 7 € Q and y < n such that
T€EQy<n
7 IFp, @(x,y). Since we are assuming it is dense to make ¢ converge, fix 7 € P extending o

such that 7 IF Jyp(z,y). Since Q O P, 7 € Q and hence the witness y € 9, of this must
satisfy y > n. Thus 7 IF Jy > ne(x,y), so 7 satisfies our goal of forcing ¢ to not have range
bounded by n. O]

The argument above heavily relies on the Overspill Lemma (Lemma 17), which doesn’t
seem to support extension beyond 39 formulas. In what follows we produce a model of
39 + -BXJ + CARD, but appeal to much larger fragment of set theory. It is open whether
or not it is possible to produce a model of IX{ + =BX9 + CXY for n > 3 without using such
strong set theoretic axioms.

In what follows, we will produce a model satisfying CARD by producing a -like model.

Definition 10. [12/ A model I is said to be k-like if card(IM) = &, but for all a € M,
card({n € M :n < a}) < k.

It is easy to see that all x-like models satisfy CARD since there are no injections into a
proper initial segment (and hence there are in particular no definable such injections). In
order to produce such a model, we will appeal to the well-known MacDowell-Specker theorem
for constructing end extensions of PA of arbitrary cardinality.

Theorem 12. [17] Every model of PA has a proper elementary end extension.

Corollary 3. Given a cardinal k and a model N of PA, there is an elementary end extension
of M with cardinality at least k.
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To build models with proper cardinality, we must construct them in our outer model of
set theory rather than taking the direct limit of the models constructed in V. To do so,
we will need stronger consistency results than we had in the previous section. We let the
formulas ¥ be as we defined them before, but write ¥ as Va@¥F(z) where @F is ¥9. For
k <bandi=0,11let ¢p; be the statement (—pk V —pk) AVa(-¢h_(z) = Jy < 2-¢F(y)).
This precisely captures that Mg = fo(k) = i. Note that for any o € 2% and k < |0,
ma |: wk,a(k)-

For o € 2=% let the theory S, be A VUrok)- Then as just noted, M, = S,. Furthermore,

k<|o|
if 7 D o then S, = S,, so we also have 9, = S,. However, we will more generally use the
following;:

Lemma 18. Suppose M |= S, and N is a [1\-elementary end extension of M. Then N = S,.

Proof. Suppose not, so there is a k < |o| such that 90 |= =)y 5(x). Since N is a I1-elementary
end extension of M, all 329 facts in M also hold in N. In particular this means N | —phV -k,
So it must be the case that M |= ﬂVx(ﬁgélf_U(k)(a:) = Jdy < xﬁgéfj(k)(y)). Fix the witness
x for this, and note that x € 9\ M. Then we have N | Vy < x@ﬁ(k)(y). Since this in
particular holds for all y € 91, we have 9 = Vygé’;(k) (y). However, since M = ¢y o), by
contrapositive this means 9 = Vx@’ffg(k) (y) contradicting MM = —pf V k. O

The more general consistency result we will utilize is as follows:
Lemma 19. Fizo,7 € 2<% witht D 0. Suppose N |= Ty ,j+S,. Then N = Con (T +S-).

Proof. Fix o and proceed by induction on 7. In the base case that 7 = 074 for ¢ = 0,1
we follow the procedure used in the previous section. That is, we have by Lemma 9 that
N = Con(Th—jp-1 + ﬂgp‘f‘ + go'flz) Take 9T an end extension such that N = Tj_jp—1 +
_“PLO' +<p|1i|i, and since Tr(1) C Tj_js—1 we have N <o . By definition we have ' = ¥4
and so Lemma 18 implies we have 9 = S;. Hence by the completeness theorem, M, =
COH(Tb_|T| + ST)

In the induction case, let 7 D ¢ and let ¢ = 0,1. By the induction hypothesis, 9 =
Con(Ty— i) + S;). Let 9T be an end extension of 91 which models T, ;| + S-. As before,
since Tr(1) C Ty— |, we know 9N is a I1-elementary end extension of M. By the definition of

I7]

RO Con(Ty—jr—1 + o+ o). Let 9 be an end extension of 9N which models
Tyjrj—1 + ﬂgoy‘ + golﬂi, which again is II}-elementary. By definition 9 |= 4y,,. Again by
Lemma 18 we have " |= S;, so N’ |= T,_ |- -1 + S-~;. Hence N |= Con(Ty— 7 -1 + Sr~i)-
Suppose for a contradiction that 91 = = Con(T}—|-—1 +5,~;). Then there is a proof p € N
of a contradiction from T,_|;_; + S,~;. Since this theory is II{ and 9 is a II{-elementary
end extension, p is in M’ and is also a valid proof in 9. Hence W' = = Con(Ty— ;-1 + S;~i),

a contradiction. Thus M = Con(T,— ;-1 + S;~;) as desired. O

We are now ready to prove the final result of this section.
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Theorem 13. There is a model M of P~ + I + ~BXS + CARD

Proof. Let G be a generic from our poset P. Since b was countable, GG is countable and we
can choose a sequence (o, : n € N) which is increasing and unbounded inside G. Define N,
by induction. We will maintain that N, = Tp—|s,| + o,

In the base case let N,, = M, .

In the induction case, let 0 = o, and let 7 = 0,,1. We have by induction that 0N,
Ty—|s| + So, s0 by Lemma 19 we have N, |= Con(T,—|;| + S;). Let 91 be an end extension of
N, such that N |= Ty + S;. By Theorem 12 let 9N, be a conservative end extension of N
of cardinality at least P(MN,).

Finally we let 9t be the direct limit of the models ,, for n € N. As before, 9 is a
[19-elementary end extension of each M,, , which implies 9 = 127, Additionally, by Lemma
18 we have M = S,, for each n. Hence the function fg is AY-definable in 9, so M = —-BXY
as desired. Furthermore since the cardinality of 91 is strictly greater than the cardinality
of any initial segment of 91 (since all such initial segments are contained in 9N, for some
n € N), M is a k-like model. O

Returning once more to x-like models, we answer an open question posed by Kaye [11] in
1995. Kaye describes an axiom schema INDISC which precisely characterizes k-like models
for strong limit cardinals k. He also defines the axiom schema IB as

I¥? = BXY

for all n. He ends his paper with the open question “Is ‘IB + exp’ an axiomatization of the
theory of k-like models for singular strong limit cardinals k?” or equivalently, is it the case
that INDISC = IB? Since ) has singular strong limit cardinality, it is a model of INDISC
and we can answer his question in the negative.

Corollary 4. INDISC # IB

Proof. Since M is a k-like model for a singular strong limit cardinal x, we know 9 =
INDISC. Furthermore, 9 = IX{ + =BX, so M = —IB. O

3.4 Open Questions

This chapter has continued the investigation into the first-order consequences of 2RAN.
Although we have narrowed that characterization, the original question posed by Conidis
and Slaman remains open:

1. Characterize the first-order consequences of 2RAN.

In section 3 we showed that CX9 I BX) using only a small fragment of set theory. We
then showed the stronger statement that CARD t# BX9 but had to appeal to countably many
iterates of the power set axiom. Whether or not this was necessary is an interesting open
question.
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2. Is there a proof of IXY + CARD f# BXY that can be carried out in just second-order
arithmetic? Is this even possible for 1% + CX9?

As section 3 demonstrated, this framework for creating models of ~BX) can be used to
show that BX is not a consequence of other theorems and axioms. This chapter has only
provided a few examples, but we suspect there are many others. Some potential candidates
include 7'S(2), the Thin Set Theorem for pairs, and the Carlson-Simpson Lemma.

3. Can the methods used in this chapter be used to show other theorems or axioms do not
prove BX9?

Avigad, Dean, and Rute investigated the strength of relativizing Weak Weak Konig’s
Lemma (WWKL) and showed that n-WWKL is equivalent to BX? 4+ n-RAN over RCA, [1].
It remains unclear if there is a sufficient level of randomness such that n-RAN implies BX).

4. Is there an n such that P~ 4+ IX9 + n-RAN implies P~ + BX9?
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