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SLOPES OF THE SEA SURFACE DEDUCED FROM 
PHOTOGRAPHS O F  SUN GLITTER 

BY 

CHARLES COX AND WALTER MUNK 

ABSTRACT 

Part Z: Experimental Method and Observations.-The distribution of brightness of sun glitter on 
the sea surface is interpreted in terms of the statistics of the sea-surface slope distribution. The 
method consists of two phases: (I) identifying, from the law of reflection, any point on the surface 
with the particular slope required to  reflect the sun's rays toward the observer, and (2) interpreting 
the average brightness of the sea surface in the vicinity of this point in terms of the frequency with 
which this particular slope occurs. The computation of the probability of large (and infrequent) 
slopes is limited by the disappearance of the glitter into a background consisting of (1) sunlight 
scattered from particles beneath the sea surface, and (2) skylight reflected by the sea surface. 

The method has been applied to aerial photographs taken near the Hawaiian Islands. Winds 
were measured from a vessel a t  the time and place of the aerial photographs, and cover a range 
from 1 to 14 m. set.-I The logarithmic distribution of slopes has been tabulated for various wind 
speeds. A two-dimensional Gram-Charlier series is fitted to the data. As a first approximation the 
distribution is Gaussian and isotropic. The mean square slope (regardless of direction) increases 
linearly with the wind speed, reaching a value of (tan 16")* for a wind speed of 14 m. set.-I The 
ratio of the crosswind to the up/downwind mean square slope component varies depending on the 
steadiness of the wind from 1.0 to 0.5. There is some skewness which increases with increasing wind 
speed. As a result the most probable slope a t  high winds is not zero but a few degrees, with the 
azimuth of ascent pointing downwind. The measured peakedness is near the limit of observational 
error and is such as to make the probability of very large and very small slopes greater than Gaus- 
sian. The effect of oil slicks covering an area of one-quarter square mile is to reduce the mean square 
slopes by a factor of two or three, to eliminate skewness, but to  leave peakedness unchanged. 
Part 11: Interpretation.-An attempt is made to interpret the results given in Part I in terms of 

models having simple wave spectra. The observed nearly Gaussian distribution of slopes is incon- 
sistent with a spectrum consisting of a few discrete frequencies, but can be accounted for by a 
continuous spectrum of arbitrary width or a large number of discrete frequencies. The observed 
skewness may be a nonlinear effect, and is not treated. The observed ratio between cross- and up/ 
downwind slopes can be interpreted in terms of two wave "beams" intersecting a t  70°, or a single 
wide beam subtending 130'. These values apply to the relatively short waves that contribute largely 
to the slope spectrum. The observed proportionality between mean square slope and wind speed 
follows from a spectrum proposed by Neumann on the basis of waveamplitude observations, but 
yields a constant of proportionality too small by a factor of three. A spectrum proposed by Darby- 
shire cannot be reconciled with the observed slope distribution. 

Measurements of curvature will provide a critical test of the high-frequency end of the spectrum. 
An extrapolation of the Neumann spectrum into the region of capillary waves predicts an r.m.s. 
curvature of 0.12 cm.-l, independent of wind speed. The observed reduction in mean square slope 
by a slick may be accounted for by assuming that the slick forms an inextensible surface against 
which waves (Neumann spectrum) are dissipated by viscosity. Some difficulties of this interpreta- 
tion are stated. The distribution of surface-particle acceleration is closely related to the distribution 
of slopes. The total mean square acceleration increases linearly with wind speed and reaches a 
value of (0.4 g.)= a t  a wind speed of 14 m, set.-I 

Part IZZ: Application.-Measurements of the probability distribution of sea-surface slopes have 
made accessible to numerical treatment problems involving the interaction of short-wave radiation 
with a roughened sea surface. I t  is found that the refracted sun's glitter (as seen from beneath the 
surface) is scattered into a smaller solid angle but is about one thousand times more luminous 
(neglecting absorption) than the reflected glitter, and that, unlike the reflected glitter, i t  expands 
and dims as the sun sets. The albedo of a rough surface to direct sunlight is slightly larger a t  high 
sun angles, and substantially smaller a t  low sun angles, than the albedo of a flat surface. Accord- 

[ 401 I 
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ingly, more solar energy penetrates waters a t  high latitudes than had previously been estimated, 
and the amount of this additional energy depends upon wind speed. The luminosity of the sea 
surface due to skylight has been computed for various conditions. A rough surface is darker a t  the 
horizon than a smooth surface, thus enhancing the horizon contrast. The albedo of the sea surface 
to skylight varies from 5 to 10 per cent depending on the distribution of illumination from the sky; 
it  is largest when the sea is flat calm. The roughening by a Beaufort 4 wind reduces the albedo by 
about 20 per cent. Finally, a discussion of the visibility of slicks is given. When illuminated with 
skylight, natural slicks, of a thickness small compared to a wave length of light, contrast with a 
clean sea surface most sharply when they are near the horizon. Freshly spread oil slicks, on the 
other hand, show more contrast directly beneath the observer. 
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PART I : EXPERIMENTAL METHOD AND OBSERVATIONS 

THE PURPOSE of this study was to make quantitative measurements pertaining to 
the roughness of the sea surface; in particular, to learn something concerning the 
distribution of slope at  various wind speeds. This distribution plays an important 
part in the reflection and refraction of acoustic and electromagnetic radiation, and 
in the complex problem of wind stress on the water surface. 

The method consists in photographing from a plane the sun's glitter pattern on 
the sea surface, and translating the statistics of the glitter into the statistics of the 
slope distribution. Winds were measured from a vessel at  the time and place the 
photographs were taken. They ranged from 1 to 14 m. set.-I Abbreviated accounts 
of this study appear in Cox and Munk (1954 a, b, and 1955). 

If the sea surface were absolutely calm, a single, mirrorlike reflection of the sun 
would be centered at  the horizontal specular point. In the usual case there are thou- 
sands of "dancing" high lights. At each high light there must be a water facet, 
possibly quite small, which is so inclined as to reflect an incoming ray from the sun 
toward the observer. The farther the highlighted facet is from the horizontal 
specular point, the larger must be this inclination. The width of the glitter pattern 
is therefore an indication of the maximum slope of the sea surface. 
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Spooner (1822) in a letter to Baron de Zach reports four measurements by this 
method in the Tyrrhenian Sea, all yielding maximum slopes of 25". Hulburt (1934) 
demonstrates by this method that the maximum slope in the North Atlantic in- 
creased from 15" a t  a 3-knot wind to 25" a t  an 18-knot wind. Shuleikin (1941) took 
a long series of measurements over the Black Sea of the width of the "road to happi- 
ness" (a Russian synonym for the glitter pattern from the setting sun), and deduced 
that slopes up to 30' were not uncommon. 

These measurements of maximum slope, so widely separated in space and time, 
are reasonably consistent. They do depend, however, on the manner in which the 
outer boundary of the glitter pattern is selected. This selection is apparently in- 
fluenced by the brightness of the light source relative to the sky, and by the sensi- 
tivity of the eye. For otherwise the moon's glitter would not appear narrower than 
the sun's glitter under otherwise identical conditions. This difficulty may be avoided 
by computing the distribution of slopes from the measured variation of brightness 
within the glitter pattern (rather than computing maximum slopes from the outer 
boundaries). This method gives more information-and requires much more work. 

The two principal phases are: (1) identifying, from geometric considerations, a 
point on the sea surface (as it appears on the photographs) with the particular slope 
required at this point for the reflection of sunlight into the camera, and (2) inter- 
preting the average brightness of the sea surface (or darkening of the negative) a t  
this point in terms of the frequency with which this particular slope occurs. By 
choosing many such points one finds the frequency distribution of slopes. 

The derivation of section 4 will show that the radiance of reflected sunlight from 
the sea surface is determined by the distribution of slopes, provided the light is 
reflected only once. To avoid multiple reflections, measurements were made only 
when the sun was high (only slopes greater than about one-half the angle of sun 
elevation can cause a second reflection). For a high sun the glitter pattern covers 
the surface to all sides of a point directly beneath the observer, and aerial observa- 
tion is indicated. 

2.1 Aerial observations.-A B-17G airplane was made available from the 3171st 
Electronics Research and Development Group, Griffiss Air Force Base, Rome, N.Y. 
Four K-17 (six-inch focal length) aerial cameras were mounted on a frame which 
could be lowered through the bomb bay and leveled during flight. They were wired 
for synchronous exposures. Two cameras pointed vertically downward; the other 
two pointed to port and were inclined downward a t  an angle of 30" with the hori- 
zontal. This allowed for a 25 per cent overlap between the vertical and tilted photo- 
graphs (see, for example, pls. 10 and 11,4 Sept. k). One of the vertical cameras and 
one of the tilted cameras took ordinary in-focus or image photographs, using "vari- 
able density minus blue" filters. At an altitude of 2,000 feet, two points on the sea 
surface, separated by more than 40 cm., are resolved on the image photographs. The 
two remaining cameras were deliberately set out of focus by removing the lens 
systems. The resulting ('photometric" photographs (pl. 12) yield (by measurements 
of optical density) the sea-surface brightness and form the basis for computations 
of slope probabilities. In order to reduce unwanted background light, mostly blue 
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in color, glass sandwich filters containing Wratten gelatin A-25 absorbers were in- 
stalled on these cameras. 

During the photographic runs, the plane was steered by sun compass so that the 
azimuth of the tilted cameras was toward the sun. An attempt was made to avoid 
cloud shadows and atmospheric haze. In most cases the field of the cameras was 
sufficiently restricted to avoid these effects when the plane was flying a t  an altitude 
of 2,000 feet. 

2.2 Observations at sea.-In order to correlate measurements of wind speed with 
slope distribution free from modifying effects of land, i t  was necessary to have 
meteorological records from a vessel near the location of the photographs. For this 
purpose a 58-foot schooner, the Reverie, was chartered and equipped with Bendix 
Friez Aerovane anemometers on the fore masthead (41 ft.) and bowsprit (10 ft.). 
At the time the aerial photographs were taken the vessel would heave to with the 
wind abeam, steadied by the sails. With this arrangement the error inherent in 
using cup-type anemometers on a rolling vessel was avoided. The output of the 
masthead anemometer, and the difference, masthead minus bowsprit, were smoothed 
by an R,C-fdter with 18-second time constant, and recorded on two Esterline-Angus 
rnilliammeters. Wind direction was estimated by eye. For some of the earlier 
measurements we also attempted to raise and lower a hand anemometer with the 
movement of the boat and the waves so as to keep it three feet above the water 
surface. Other measurements included the air and water temperatures, and the 
wet and dry bulb temperatures. 

One of the objects of this investigation was to study the effect of surface slicks. 
First an attempt to spray powdered detergent was made from the vessel, and later 
from the plane, but the slicks thus produced did not persist sufficiently. A satis- 
factory solution was to pump oil on the water, using a mixture consisting of 40 per 
cent used crankcase oil, 40 per cent diesel oil, and 20 per cent fish oil. With 200 
gallons of this mixture a coherent slick 2,000 feet by 2,000 feet could be laid in 25 
minutes, provided the wind did not exceed 20 miles an hour. 

2.3 Location of observations.-During July, 1951, observations were taken offshore 
from Monterey, California, where a variety of wind conditions could be expected. 
Unfortunately the number of clear days was even smaller than that given on cli- 
matological charts, and only two successful flights were completed. 

By the end of July the sun elevation a t  noon was approaching the minimum re- 
quirement of 55" (to photograph plane's shadow; see sec. 3), and it was decided to 
move the plane and vessel to Hawaii. In this area one can select radically different 
wind conditions by moving short distances. The island of Maui was chosen because 
the region surrounding this island is the least clouded. Also, the harbor and airport 
facilities are conveniently near to one another. Conditions were excellent, and all 
observations were taken during the period 25 August to 25 September, 1951. 

The geometry of reflection has been considered by Minnaert (1942) and Van 
Wieringen (1947), with special emphasis on circular waves, and also by Hulburt 
(1934) and by E ~ k a r t  (1946). Here we shall require a systematic development which 
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can be readily expanded into the second order calculations of the next section. A 
slope vector may be defined with the components (fig. 1) 

z, = dz/ax = sin a! tan p, z, = az/ay = cos a tan p , (3-1) 

where a! is the azimuth of ascent (clockwise from the sun) and /3 is the tilt. (In geo- 
logic literature the attitude of a surface is described by its dip and strike. The former 
is numerically equal to the inclination /3; the latter is measured 90" to the left of 
the azimuth of ascent a.) Unit vectors n, i, and r, normal to the surface (positive 

Fig. 1. The coordinate system is centered a t  the sea surface, with the z-axis vertically upward 
(not shown) and the y-axis drawn horizontally toward the sun. The incident ray is reflected a t  A 
and forms an image a t  P on a horizontal photographic plate. Points A B C D define a horizontal 
plane through A and A B' C' D', the plane tangent to  the sea surface. The tilt, B, is measured in 
the direction AC of steepest ascent, and this direction makes an angle a clockwise from the sun. 
00' is parallel to the z-axis and O'Y' to the (negative) y-axis. 
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upward), along the incident ray, and along the reflected ray, respectively, have the 
components 

n = ( - s i n a s i n &  -cosasinp, cosf l ) , )  
I 

i = (  0, - cos 4, -sin 4) , (3-2) 

According to the law of reflection, the vector difference between unit vectors along 
the reflected and incident rays must lie along the surface normal; thus 

where 2 cos w is the proportionality constant. Comparing the dot product of (3-3) 
with r and  i, respectively, yields 

n . r = -n. i = cosw = cospsin4 - c o s a s i n p c o s ~ .  ( 3 4 )  

Clearly w is the angle of incidence or reflection (fig. 1). Combining (3-2) and (3-3) 
yields the grid relations 

cosp = 2cos/3cosw--sin+, 
(3-5) 

cotv = cota  - ~ c s c a c s c ~ s e c w c o s + .  

In  terms of other parameters the grid relations can become surprisingly compli- 
cated. In fact, Shuleikin (1941) considered the computation of such grids as  ((in- 
commodious" and constructed them experimentally by projecting onto a screen the 
rays from an artificial ('sun" reflected from a mirror of appropriate slope. 

For any chosen orientation of the camera the angles p, v can be readily converted 
to film coordinates, and lines of constant a and p constructed (see pls. 10-12). The 
grids are independent of the height of the camera, but depend on the solar elevation 
+. The effect of the setting sun is to concentrate the pattern along a narrow street 
(pl. 10). 

3.1 Correction for roll, pitch, and yaw.-All photographs have been corrected for 
the roll (left wing down), pitch (nose down), and yaw (turn to port) of the plane. 
With some care in flying, these angles can all be kept to within a few degrees. The 
correction then consists of a translation of the grid so that the horizontal specular 
point on the grid coincides with that on the photograph, and of a rotation so that 
the line a = 0 points toward the sun. The translation and rotation are uniquely 
determined from the positions on the photographs of the plane's shadow (clearest 
on pl. 12, upper right) and of the horizon, allowance having been made for the 
depression of the horizon due to the earth's curvature. 

The following discussion applies t o  a nominally vertical camera and a tilted 
camera nominally inclined 30" from the horizontal and pointed to  port. The small 
angles (in radians), roll, pitch, and yaw, can be determined from the coordinates 
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m; n8 of the plane's shadow on the vertical photograph, together with the mean 
horizon nh, and the difference Anh of the horizon at the right edge minus the horizon 
a t  the left edge measured on the tilted photograph. These coordinates are measured 
with respect to fiducial marks fixed to the cameras (arrow-shaped images barely 
visible on pls. 10-12); m is positive in the direction of flight, n is positive at right 
angles to port. 

Let the camera focal length be f. Then the desired relations are 

3  f . roll = - nh - - 
4 4 4 - 3 ,  + 0 0 s  fJ^ 1000 j 

= n8 sin2 (6 + f sin 4 cos 4 

1 
f .  pitch = - d? f Anh/mo 

4 

where the expression .009 f allows for the depression of the horizon due 
to the earth's curvature when flying a t  an elevation of h feet (note grid horizons 
above actual horizons on pl. lo), and where m, is the total width of the photograph. 

To a first order we may correct for these terms by displacing the vertical grid by 
m,, ny, and the tilted grid by mt, nt, where 

m, = f . pitch , rn, = 4 f .  pitch + i d s  yaw, 
(3.1-2) 

n, = f - roll - csc" , nt = f . roll sec2 (9 - 30" ), 

so that the horizontal specular point on the grid coincides with that on the photo- 
graph; and by rotating the grids clockwise through the angles 

X, = yaw , x t  = 4 yaw - 4 d z p i t c h  , (3.1-3) 

so that CY = 0 on the grids point toward the sun. 
A further correction may have to be made if the photograph is not taken for the 

exact value of 9 for which the grids were drawn (5", lo0, 15", - ., 90°), but exceeds 
these by 69. This is done by writing: "roll - 69" for i'roll" in (3.1-2). 

These corrections have been made in placing the grids on the photographs shown 
in the plates. 

Up to now the ordinary "in focus," or image, photographs have been considered. 
These photographs show the presence of whitecaps, slicks, and cloud shadows. They 
also provide the basis for correcting for the roll, pitch, and yaw of the plane. Simul- 
taneously with the tilted and vertical image photographs, and covering the iden- 
tical fields of view, the sea surface was photographed with two additional cameras 
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from which lenses had been removed. (Compare pl. 11, upper right, with pl. 12, 
upper left.) The resulting out-of-focus photographs, or photometric photographs, pro- 
vide the basis for computing frequency distributions of slope. 

At the horizontal specular point the sea surface is apt to be so bright as to be 
blinding to the eye, whereas a t  some distance from this point the surface is much 
darker. The principal reason for this variation is that the gentle slopes (which are 
required for high lights near the horizontal specular point) occur more frequently 
than the steep slopes. On the photometric photographs the glitter pattern appears, 
therefore, as a round blob with a bright core (on the positive print) and gradually 
diminishing intensity to the outside. The density of the blob (on the negative) is 
then measured with a densitometer a t  points corresponding to the intersection of 
appropriate grid lines. 

Fig. 2. The tolerance ellipse. 

But there are other factors, in addition to the slope distribution, which help de- 
termine the density of the photograph. These are (1) the tolerance of slopes for the 
occurrence of a high light a t  a fixed point, as related to the finite size of the sun; 
(2) the dependence of the coefficient of reflectivity of the water surface on the angle 
of incidence; (3) the ratio of sea-surface area to the corresponding area on the photo- 
graph, for different points on the photograph; (4) the variable sensitivity of the 
camera to light from various directions; and (5) the dependence of the film density 
on the exposure. These factors will now be considered. 

4.1 The tolerance ellipse.-Let the point z,,,z,, on a zz,zu-diagram (fig. 2) represent 
the required slope a t  x,,y, on the sea surface in order that a light beam from the 
sun's center striking this point be reflected into the camera. For x,,y, to be a high 
light for a point source of light on the sun's periphery, the values z,, and z,, must 
vary by small quantities z,' and 2,'. As the light source moves about the sun's 
periphery, i t  will trace an ellipse centered a t  z,,,z,, on the z,,z,-diagram. This ellipse 
defines a tolerance in possible values of z,,zu for a high light a t  x,,y,. 
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The tolerance of slopes is found rather simply for a reflecting facet of zero nominal 
tilt. Equation (3-2) for a ray from the center of the sun reduces to 

i, = (0 ,  -sin w,, - cos w,) , (4.1-1) 

for this special case. Next consider a ray from any other point of the sun. It will be 
reflected from such a point of the highlighted area that the reflected ray will be 
sensibly parallel to r,. The parallelism follows because the angular size of a high 
light as seen by an aerial observer is negligibly small compared with the angular 
size of the sun. The unit vectors appropriate for this off-axis reflection are, to the 
first order of small quantities, 

it = (Or, -sin w, - wr cos w,, -cos w, + wt sin w,) , 1 ""' 
where Or, wr are (small) angular components of the origin of the ray relative to the 
center of the sun (fig. 3),  and z,',z,' are (small) slope components of the sea surface 

A 
Fig..3. A hodzontal high light is centered a t  A, with surface normal no. So is the center and S' 

an arbitrary po~nt on the sun. Angular component W' is measured in the vertical plane including Sf 
and no, and 8' is measured normal to the vertical plane. 
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a t  the place of reflection. From the law of reflection, (3-3), one finds 

where G(cos a)  is the (small) change in the constant of proportionality. Neglecting 
products of small quantities this yields 

Z: = (2 cos w0)-l O', zy' = -$a'. (4.1-3) 

The area of the tolerance ellipse is At = JJdz,' dz,', the integral being taken over all 
slopes which can reflect the sun. Substituting from (4.1-3) this becomes 

A t  = 3 sec w, do' dw' = a r e 2  sec w, , SS 
where e = 16.0' is the angular radius of the sun. 

Equation (4.1-4) represents the tolerance of slopes for a horizontal facet or, 
equally well, for a tilted facet if one measures the slope components z,l,zUt with re- 
spect to a tilted coardinate system (x', y' plane tangent to facet). To find the toler- 
ance area with respect to an untilled system (x,y plane horizontal) one derives the 
relation between slope components in a tilted and horizontal system of coordinates: 

a(z,q3 dzz, dzu, , dz, dz, = - 
(x, ,z, 1 )  

where L%?d& = sec3 p, is the Jacobian of the transformation to the first order and 
a(z,l,z,~> 

p, is the tilt a t  the center of the high light. Consequently 

At = $ r e 2  sec3 Po sec w, (4.1-5) 

is the general formula for the area of the tolerance ellipse. 
4.2 The scattering cross section.-The tolerance ellipse relates the likelihood of the 

occurrence of a certain slope to the likelihood, P, for a high light to occur, in a cer- 
tain area. Suppose we wish to find p(z,o,z,o)GzzGz,, the chance that the slopes fall in 
the interval ZZ, f $6z,,z, f $Gz, (fig. 2; see sec. 4.1). Here p is the probability distri- 
bution function. The likelihood of slopes occurring within the tolerance ellipse of 
area At (z,,,z,,) centered at z,,,zu0 may be found by integrating p over the tolerance 
ellipse. But since At is very small, the relation becomes 

to a good approximation. Thus if P can be measured, p can be readily computed. 
The determination of P is a matter of some difficulty. One method would consist 

of recording the fraction of time, P, during which. x,,yo is a high light, but this is 
difficult to accomplish from a plane. A measurement that comes closer to being 
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feasible is the determination of the fraction of horizontal area in the immediate 
vicinity of x,,y, that is highlighted during a very brief interval. This fraction is 
again equal to P, provided that in this vicinity all points have equal a priori proba- 
bilities of attaining a given slope. This provision excludes the edge of slicks, or 
regions where winds change rapidly. Of course one finds only a "sample estimate" 
of the probability because the "vicinity" is of limited area. The sample estimate 
becomes practically indistinguishable from the true probability, provided the ob- 
server is sufficiently high that the "vicinity" of x,,y, includes an area larger in 
linear dimensions than the wave length of the longest ocean swell present. Conse- 
quently the term '(probability" will be used in the following discussion even though 
only the sample estimate of probability is measured. 

Yet not even the fractional area that is highlighted can be measured directly from 
the photographs. In the first place, the individual glitters are too small to be resolved 
on the aerial photographs; what appears as an isolated high light is actually a clus- 
ter of several hundred tiny glitters, each perhaps a fraction of a millimeter in diam- 
eter. In the second place, the photographic image of a cluster is, because of its high 
intensity, many times larger than the image that would be obtained with a perfect 
optical system. 

However, by means of the out-of-focus, or density, photographs we can determine 
the average radiance over an area which includes many clusters of high lights. But 
the required quantity is the fractional area that is highlighted. Fortunately, the 
radiance and the fractional area are proportional, and the latter can be computed 
from the former. 

Let Ah  designate the area of a single high light projected onto a horizontal plane; 
then Ah  sec p will be the actual area on the (sloping) sea surface, and A h  sec p cos w 
the projection onto a plane normal to the incident rays. Let 6H be the irradiance 
a t  the sea surface from a small surface element on the sun. The incident flux upon 
the high light from this element is 6HAh sec p cos w .  The reflected flux is 

p(w)6H A h  sec /3 cos w, 

where p is the reflection coefficient; it is radiated into a solid angle ?re2, the solid 
angle subtended by the sun. This result follows by reciprocity, as we have already 
shown that a bundle of parallel rays from the camera to the periphery of the 
high light will be reflected around the periphery of the sun. Hence the intensity 
of the reflected beam (in power per unit solid angle) equals Ahp (6H/?re2) sec j3 cos w. 
Since the camera aperture lies within the solid angle m2 regardless of the location of 
the element on the sun's surface, we can sum surface elements and replace 6H by H, 
so that 

H 
J = A h  sec /3 p(w) - cos w 

Ire2 

is the reflected radiant intensity from one high light. This result follows also from 
the general theorem that the incident and reflected powers per unit area per unit 
solid angle are equal for a perfect reflector. From a horizontal unit area of sea surface 
containing many such high lights and yet sufficiently small so that a, j3 can be con- 
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sidered constant from high light to high light, the reflected radiant intensity is 

N c o s p =  P J ,  (4.2-3) 

since P represents the fraction of surface that is highlighted under the assumption 
previously stated. Combining (4.1-5) and (4.2-1, -2, -3) yields the desired relation 

4 4 N  p = - cos p - cos p . H 
(4.2-4) 

P 

The quantity N is the radiance of the sea surface in the line of sight, and the ratio 
(N cos p)/H has been called by Eckart the "scattering cross section for unit solid 
angle per unit area of sea surface." Eckart (1953) has calculated this quantity (with 
some approximations) for the scattering of sound waves of length not necessarily 
short compared to the height of sea-surface roughness elements. For the limiting 
case of short-wave radiation he obtains essentially p = 4(N cos p)/H. 

4.3 The reflection coejicient.-The reflection coefficient p(w) for unpolarized light 
at  a dielectric interface is given by Fresnel's formula 

2p(w) = sin2(w - w,) csc2 (w + w,) + tan2 (w - w,) cot2 (w + or) (4.3-1) 

where or is defined by sin o = n sin w, and n is the ratio of indexes of refraction 
across the interface. For uncontaminated sea water n = 1.338, yielding p(w) = 
.020, .021, .060, and 1.00 for w = 0°, 30°, 60°, and 90". 

In the presence of slicks (pl. 12) these values have to be somewhat modified. The 
artificial slicks laid by the boat consisted of a mixture of crankcase oil, sardine oil, 
and kerosene. For orientation, we consider monodecane with the refractive index 
1.42. The reflection a t  normal incidence is p(0) = (n - 1)2/(n + This gives 
~ ~ ( 0 )  = .030 for air-monodecane, and pz(0) = .001 for the monodecane-water inter- 
face. 

It is found that the thickness of the artificial slicks was of the order of several 
wave lengths of light, and about a thousand times the thickness of a monomolecular 
layer. Assuming that both faces of the oil layer reflect light according to Fresnel's 
law, the complete reflection coefficient (taking into account multiple reflections but 
disregarding interference effects) equals pl + pz(1 - pl)2(1 - plp2)-I for normal 
incidence. This gives .031 for monodecane, as compared to .020 for an uncontami- 
nated water surface. The computed increase in reflectivity is in general agreement 
with the observed increase over artificial slicks. 

Natural slicks are probably much thinner, perhaps only a few molecules thick. 
(Preliminary measurements by Kittredge indicate monomolecular slicks.) The effect 
on the reflection of light should then be negligible, and (4.3-1) should apply, with 
n = 1.338. This has been confirmed by photometric measurements a t  normal 
incidence. 

4.4 Photographic photometry.-The remaining problem is to relate the sea-surface 
radiance N to the film density D. There are some difficulties in the use of aerial 
cameras for sensitometry. 
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The photometric cameras had apertures of 1.7 cm. A point source (or any high 
light) a t  a large distance from the camera then has a nearly circular image with a 
diameter of about 1.7 cm. This size fulfills the following conditions: (1) it is large 
compared to the average distance between high lights, so that the high lights blend 
into one another and the grayness of the negative is not too spotty; (2) it is large 
compared to the size of the measuring aperture of the densitometer; (3) it is suffi- 
ciently small that the computed probability distribution of slopes is not appreciably 
L ( smeared out." 

Suppose s is the distance from the highlighted area (OA in fig. 1; see sec. 3), d is 
the diameter of the aperture, and X the angle between the principal axis of the 
camera and the reflected ray (A = p for an exactly vertical camera [fig. 11). The 
solid angle subtended by the aperture is 4 7rd2r2 cos X. Then since N cos p is the 
flux of radiation from a unit sea surface into a unit solid angle, 

is the corresponding flux into the photosensitive emulsion. 
The transmission r(X) allows for (1) the reflection of the incoming rays by the 

outer face of a filter and (2) by the inner face; (3) absorption of flux in the filter; (4) 
reflection by the gelatin on the photographic plate; and (5) the vignetting effect 
resulting from the finite width of the aperture. The index of refraction of glass and 
the gelatin is 1.52, and hence each of the effects (I), (2)) and (4) is proportional to 
1 - p(X) where p(X) is Fresnel reflectivity. Altogether the intensity is therefore 
reduced by a factor [ I  - p(X)I3. 

The absorption of energy by the red filter consists first of a constant term involv- 
ing the absorption of solar power for wave lengths less than 580 mp. Of the energy 
in the band 580 mp to 660 mp, 20 per cent is absorbed for rays a t  normal incidence 
and 24 per cent for rays traveling obliquely through the filter to the corner of the 
photograph. Wave lengths greater than 660 mp are unimportant since the film is 
not sensitive to them. 

The vignetting effect was computed from the dimensions of the aperture. The 
computation was checked by measuring the deviation from a circle of an image 
formed by a point source. All these effects combined result in a ratio r(450)/r(0°) = 
0.81 between the transmission a t  the extreme corner of the photograph and that 
a t  the center. 

The product of flux and exposure time gives the luminescent energy reaching a 
unit film area during the entire exposure from a unit area of sea surface. Altogether 
this unit area of film receives energy from A, unit areas of sea surface, amounting to 

units of luminescent energy in an exposure of duration t. It can be shown that 
A, = cos3 X sec p, where f is focal length, and therefore 

N = CT-lE(D) sec4 X , 
where C = 4f2/(7rd2t). 
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The photometric photographs were placed over the appropriate grids (translated 
and rotated to allow for roll, pitch, and yaw), and the intersections for every ten 
degrees of a! and five degrees of 0 marked on the films. Additional intersections were 
marked for low winds and slick sea surface. The density D a t  each marked position 
was measured by a Welch "Densichron." The reproducibility of these measurements 
was f .02 in density. 

Additional measurements of density were made on each set of photometric photo- 
graphs a t  corresponding points of the overlapping regions between the tilted and 
vertical films. Comparison of these pairs of densities was the basis for adjusting the 
calibrations for tilted and vertical films to common (but still arbitrary) units. 

The exposure E(D) was determined from the density D of the film by comparison 
with the density produced by a light of known intensity. Because of the failure of 
the reciprocity law, the calibration exposure had to be the same as the exposure on 
the flights. The calibration light source consisted of a concave diffusing surface 
(from a Federal 4" x 5" cold light enlarger) illuminated by thirty-nine incandescent 
bulbs arranged in a ring within the periphery of the diffusing surface. The calibrat- 
ing light was passed through a Wratten A-25 filter in order to restrict the wave- 
length range to that of the photometric photographs. (Sunlight reflected from white 
blotting paper gave similar results.) Before falling on the photographic films the 
light source was intercepted by an optical wedge (a modified Eastman Kodak pro- 
jection print scale) with eleven steps of differing transmission ranging from 100 to 
3.7 per cent. Because the densitometer did not give a sufficiently accurate measure 
of diffuse transmittivity, the transmission of each step of this wedge had been 
measured by the following absolute method: A surface of uniform brightness illumi- 
nated successively seven graded apertures through a Wratten A-25 filter. At a 
distance great compared to the diameter of the largest aperture, the luminescent 
energy per unit area from each was then proportional to the area of the aperture. 
This light exposed successive regions on a strip of super XX aero film through the 
optical wedge. The exposure times were held constant. After uniform development 
of the strip, the densities of the seventy-seven step images were measured with a 
Welch "Densichron" capable of readings reproducible within .O1 in density. A plot 
of the "Densichron" density of the successive images of one particular step in the 
optical wedge was made against the log of aperture area. Corresponding curves 
were drawn for the other steps of the optical wedge. The eleven curves were similar, 
and displaced relative to one another along the log-area axis. The antilog of the dis- 
placement between two such curves is the ratio of the transmission of the two steps 
in the optical wedge. Since the absolute transmission of one step was known to be 
100 per cent, the absolute transmission of all steps became known. 

The range of light intensities (100 to 3.7) from a single calibration was extended 
by making several exposures with differing voltages on the incandescent lamps. 
Curves of D versus log E were drawn for each exposure and fitted together by com- 
parison of the overlapping range of densities. In this way a calibration range of 
light intensities of 1,000 to 1 was obtained. 

Calibrations were made before and after each flight. The roll film (super XX with 
9" x 9" negatives) was developed in motor-driven tanks using D-76 developer. On a 
roll containing only calibration exposures i t  was found that the slopes, y, of the 
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D-log E curves varied by less than 3 per cent except for exposures within 12 feet 
of the end of the roll. Consequently, leaders of this length were left on the ends of 
all photometric photograph rolls. Sets of calibration exposures were made a t  the 
beginning and end of each roll and a t  intervals within the roll so that there were 
never more than fifteen photometric photographs between calibrations. Because of 
various malfunctions of the developing machines, the various calibrations on one 
roll gave values of y varying by as much as 10 per cent. The development of the 
photometric photographs was carried out to a y of about 0.8. With this development 
the film was able to register light whose intensity varied over a range of more than 
1,000 to 1. 

4.6 Relationship between probability and f i lm densities.-Equation (4.2-4) ex- 
presses the slope probability p as a function of surface radiance N, and (4.4-2) 
relates N to the film density D. These are the desired relationships. For the special 
case of the sun overhead and the camera exactly vertical, @ = 90°, p = X = 2P, and 
p - cos4 P sec3 p El or p - (1 + p2 + . . - )  E for the probability distribution of 
small slopes. This linear relation (to a first order) between probability and exposure 
indicates the inherent soundness of the present method. 

6. BACKGROUND RADIATION 

In addition to  the reflection of the sun's rays from the sea surface, there are two 
other distinct sources of radiation: (I) the skylight reflected a t  the sea surface, and 
(2) the sunlight scattered by particles beneath the sea surface. These provide the 
"background" against which the sun's glitter is measured. 

On calm days, the scattered sunlight and reflected skylight are of roughly equal 
intensity directly beneath the plane. In this region it is difficult to recognize the con- 
figuration of the sea surface outside the glitter pattern for two reasons: (1) the 
scattered light is nearly independent of the presence of waves; and (2) the sky 
reflection shows little contrast on different sides of waves because the reflected parts 
of the sky dome are about equally bright and the coefficient of reflection varies little 
from that for normal incidence. The skylight predominates a t  greater distances. 
One qualitative indication of the scattered sunlight is the existence of the plane's 
shadow outside the limits of the glitter pattern (pl. 12, upper right, within white 
cross). 

Rough estimates can be made of the skylight (see sec. 19). On the basis of this 
and a comparison with the observed background radiation on a calm day, an esti- 
mate of the scattered sunlight is found. Fortunately, the ratio of signal to back- 
ground can be made fairly large by the use of a red filter, because sunlight is white 
and the skylight and scattered light are blue. Near the horizontal specular point 
the ratio varies from 500:l on a smooth sea to 15:l on a very rough sea. But in 
computing the probability of the large (and infrequent) slopes, an essential limita- 
tion is imposed by the disappearance of the glitter radiation into the background of 
the reflected skylight and scattered sunlight. 

6.1 Rejlected skylight.-It may be shown (sec. 19), on the assumption that light 
has exactly one reflection a t  the sea surface, that the radiance of the sea surface 
due to reflected skylight is 



416 Bullet in,  Scr ipps  Ins t i tu t ion  of Oceanography 

the limits of integration being such that all visible slopes are included. Here AT, is the 
radiance of that part of the sky reflected in an element of sea surface inclined with 
the components z,,z,. 

The procedure for evaluating the integral is as follows: We anticipate (sec. 11) 
that to a first order slopes are normally distributed and independent of wind direc- 
tion according to p = (m2)-I exp [ -(z,2 + zv2)/u2] where u is the r.m.s. slope 
regardless of direction. As a rough approximation the sky dome is assumed uniform, 

Fig. 4. The radiance (in arbitrary units) of a smooth sea surface (u = 0) and a rough sea surface 
(u = 0.2), according to (18-10) as described in section 19. The two branches of the latter curve 
for large M correspond to two extreme assumptions regarding multiple reflections. 

L 

i.e., N ,  = constant. The resulting variation of sea-surface radiance, with viewing 
angle, is shown in figure 4 for two values of the r.m.s. slope. The upper branch of the 
curve a = 0.2 is the one corresponding to the calculation thus, far. Because some of 
the radiation from the region near the horizon will have been weakened by multiple 
reflections, this curve represents an upper limit to the skylight. The lower branch 
of the curve shows the radiation to be expected if none of the multiply reflected rays 
were to be received. The true radiance is expected to lie between the two branches. 

In figures 5 and 6 curves of N' cos p are plotted against some experimental valsue 
for a calm and a moderately rough sea, respectively. On the calm day the reflected 
skylight can account for only slightly more than half of the background intensity 
near p = 0. 

6.2 The scattered sunlight.-The above discrepancy is assumed to be due to scat- 
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see pl. 11, upper left) when the glitter pattern was confined to a small portion of the photograph. 
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Fig. 6. The background radiation in arbitrary units on a moderately rough day (4 Sept. k, 
u = .13; see pl. 10, upper left; 11, upper right). The solid circles correspond to measurements outr 
side the glitter pattern. The open circles contain some glitter radiation and lie, -therefore, above 
the background curve. Circles with the vertical line correspond to measurements on the vertical 
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tered light from within the water. Qualitative evidence for the importance of scat- 
tered sunlight is given by the appearance of the plane's shadow outside the glitter. 
Within the shadow the background radiance is reduced because of the absence of 
back-scattered light, whereas the reflected skylight is not appreciably diminished. 

An empirical relationship for the scattered sunlight as a function of p was ob- 
tained by subtracting from the total measured background that amount due to the 
reflected skylight (fig. 5 ) .  Two particular photographs (3 Sept. j ,  pl. 11, upper left; 
4 Sept. e, pl. 12, upper right) were chosen because the glitter was the smallest on 
record, and there was adequate space on the photographs to measure the back- 
ground outside the glitter. It is found that the scattered sunlight is strongest di- 
rectly beneath the plane (p = O), and decreases with increasing p more rapidly than 
cos p but less rapidly than cos2 p. A comparison of the photographs for 3 Sept. j and 
4 Sept. e shows that the scattered sunlight is proportional t o  irradiance of the sun, 
as might be expected. 

5.3 Correction for background.-In the following procedure for allowing for sky- 
light and scattered sunlight i t  will be assumed that the empirical law for the scat- 
tered sunlight is independent of the roughness of the sea surface, but depends only 
on the irradiance from the sun, H. Measurements of the glitter (uncorrected for 
skylight) are used to determine cr and H to a first approximation. Using this value 
of H, the curve for the scattered sunlight is drawn (fig. 6). Then measurements on 
the tilted photograph of skylight intensity from regions outside the glitter (fig. 6, 
solid circles) are used to fix the sky intensity. By means of the curves of figure 4, sky 
reflection is extrapolated to p = 0 using the appropriate value of u. The curves for 
scattered sunlight and reflected skylight are then combined to give the total back- 
ground as function of p. Finally, this background radiance is subtracted from the 
observed radiance to yield the radiance due to reflected sunlight alone. 

On photographs taken a t  high wind speeds, the glitter pattern covers the entire 
field of view of both tilted and vertical cameras. Intensities from regions where the 
glitter reflection is weak give a basis for finding an upper limit to the background 
light. In all cases i t  has been found that the upper limit of the ratio of total back- 
ground intensity to sun intensity varies by less than 30 per cent. The indication 
then is that the upper limit of the background is not far in excess of the real back- 
ground. 

6. STATISTICS OF SLOPE DISTRIBUTION 

The log of the unnormalized probability (corrected for background) a t  the various 
a,&grid intersections has been tabulated for each set of photographs. A typical set 
of measurements-not the best-is shown in figure 10 (sec. 8.1) and will be used as 
an example in the following discussion. 

Rather than presenting tabulated values, it is more compact to present the results 
in analytical form as a function of wind speed, and thus bring out the essential 
physical content. In this way the experimental error is also subdued. A reasonable 
approach is to make use of the fact that the distribution is close to Gaussian. By 
representing the data as a Gram-Charlier series, we can develop the deviation from 
the normal distribution in a systematic manner. These deviations represent skew- 
ness and peakedness and therefore have a simple physical interpretation. 
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6.1 Gaussian distribution.-A possible distribution for the two variables z,,z, is 

where g,,5, are the mean values of z, and z, respectively, and M is the constant of 
normalization. The requirement for a Gaussian distribution is that a,; 5 4a,,a,,. 
From various studies i t  is known that over an area whose linear dimensions are 
much greater than the longest ocean wave length, the mean slope is of order or 
less. Thus & = Z, = 0 with negligible error. Furthermore, by a suitable rotation of 
the x, y coordinate system along which the components z,,z, are measured, i t  is 
always possible to make a,, = 0. The slope components ~,~,z,! along these "principal 
axes," x', y', are distributed according to 

P O  = Af exp {- a [(L) uc + fd) '1) = ( 2 ~  u.o.)-' exp [-- i(j2 + n2)] , (6.1-2) 
uu 

where a,,a, are r.m.s. slope components along the principal axes xl,y'. (It  will be 
shown that x' and y' can be taken crosswind and upwind, respectively, hence the 
notation a,,~,.) M = (27ruCa,)-I normalizes p,; and E, are "standardized" slope 
components z,t/a,, z,~/a,. 

6.2 Gram-Charlier series.-The Gram-Charlier series, which generalizes the Gauss- 
ian distribution, is 

03 m 

P = ( 2 ~  u,u,)-' exp ( -3(t2 + 772) } (-  1 H ( ) H ( )  (6.2-1) 
i-0 j-0 2 ! j  ! 

where Hn(x) is the nth Hermite polynomial 

and the coefficients cii are t o  be determined. The polynomials have the property that 

The probability distribution is t o  have the three following properties: 
I t  is t o  be normalized : 
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The mean values bf and 2,. are to be zero: 

The mean square slopes are to be u,2 and nu2: 

Applying these requirements to (6.1-1 and -3) fixes five of the ciils as follows: 

Similarly, col = 0. 

Therefore czo = 0. Similarly, c02 = 0. 
The probability distribution can now be written 

1 
p = ( 2 ~  rcuU)-' exp [-+(t2 + q2) ]  c 3 0 ( E 3  - 3t) - - c21(t2 - 117 

2 

The terms indicated will be sufficient provided the probability distribution is close 
to  Gaussian and provided large values of E and are excluded. 

Two empirical results may be anticipated: (1) one of the principal axes (say y') 
points upwind; (2) there is no asymmetry crosswind. In  the present notation 
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C30 = ~ 1 2  = ~ 3 1  = c13 = 0, since each of these coefficients multiplies an odd function 
of t .  With these simplifications, the distribution function is derived in its final form: 

/ 1 
p = ( 2 ~ u , d - ~  exp [- I (i2 + n2)l 1 1  - cni(i2 - 111 - - codn3 - 33) 6 

To evaluate the constants a,, u,, czl, C03, C40, cz2, C04 from the tabulated values of 
log p(a, P),  one must take into account (1) that the tabulated values are in terms 
of x,y and (6.2-8) in terms of xl,y'; (2) that the tabulated values are in logarithmic 

Fig. 7. Notation for rotation of coordinate system from solar (x,y) system to principal 
axes (x',yt). It is found that yt-axis points upwind. 

form and the equation in nonlogarithmic form; and (3) that information concerning 
the very infrequent, very large slopes mas limited by background. 

7.1 Rotation.-The wind system xf,y' is rotated relative to the "solar system" 
x,y (fig. 1 ; see sec. 3) through an angle X. Hence (fig. 7) 

( = z , ~ / u c  = (m/u,) sin a' , 

1 = Z,I/U, = (m/a,) cos a' , 
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where m = tan p = (2: + zy2)t. With these substitutions (6.2-8) becomes 

1 
= - 8 ,do + 2c22 + Cod - p3+,, (5 + $) + 31 + m4a0/f 

(7.1-3) + m(al + m2al') cos a' 

i- m3a3 cos 3a' + m4a4 C O S . ~ ~ '  , I 
where 

1 
a, = g (cro + 2cz2 + e.4) - log ( 2 ~  u,u,) , (7.1-4a) 

The coefficients a,, a,' do not appear in (7.1-3), but are defined for later reference. 
7.2 Relations between logarithmic and nonlogarithmic distributions.-The data are 

tabulated in terms of log p, whereas (7.1-3) is in terms of p. There are two alternate 
approaches. One is to take the antilogarithms of the tabulated values, compute the 
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appropriate moments, and thus evaluate the coefficients in (7.1-3). The other ap- 
proach is to derive an analytical expression for log p from (7.1-3) and to  fit it to the 
tabulated values. Either way, the principal difficulty is how to fill in for those values 
of slope that are either below background or not covered by the photographs. The 
latter method, though less conventional, appears to be more satisfactory, since the 
empirical data can be nicely fitted to  a simple analytical expression (see. 8). 

Accordingly, log p is to be found from (7.1-3). If t < 1, then 

Keeping only the terms up to cos 4at and disregarding powers of m larger than the 
fourth, the expansion takes the form 

log p = a. - a,'m2 + a,"m4 + m(al + al'm2) cos a' f m2(a2 + aztm2) cos 2at 
+ a3m3 cos 3at + a4m4 cos 4a' . (7.2-1) 

I n  section 8 the a's will be evaluated from the empirical data, and it  will be shown 
that the data are adequately represented by (7.2-1). 

The problem is to compute the a's and c's in (6.2-8) from the a's in (7.2-1). If 
the slope distribution were very close to Gaussian, i.e., t<< 1 and log (1 + t) = t, 
then, and then only, the coefficients in (7.2-1) are defined by the boldface coeffi- 
cients in (7.1-4). In this case the five coefficients a,, a,, C40, ~ 2 2 ,  C04 could be evaluated 
from (7.1-4b, -4c, -4f, -4g, -49. However, the errors inherent in this approximation 
are of the order of 10 per cent, and the data admit greater accuracy. 

7.3 The "incomplete" variances.-A more accurate procedure is to derive formulas 
for computing a, and a, in terms of the second moment of p. The probability distri- 
bution can be written in the form 

where eao is a coefficient allowing for normalization and @(a', m) the distribution 
function, represented by all but the first term on the right side of (7.2-1). This 
formula, although adequate within the range of observed slopes, cannot be adequate 
for very large slopes, since a," is observed to be positive and the expression diverges 
as m approaches m . 

The unknown parameter a, can be eliminated in the following manner: 

where 
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If @(a',m) were known for all m (which it  is not), then the integrals I ( m )  could 
be evaluated and a, computed from (7.3-2). Actually @ is known only for slopes up 
to some maximum value Mm. One can therefore compute only the "incomplete" 
variance 

ac2(Mm) = Il(Mm)/Io(Mm) 

which will be somewhat less than a:( ) = a,2 since the very infrequent, very large 
slopes have been neglected. However, there must be some value of slope, Ma, suffi- 
ciently large so that u,2(Mo) has sensibly reached its maximum value and no longer 
increases with M. There is no need to carry the integrations beyond this point. 

Figure 8 shows a plot of the incomplete variances as a function of the dimension- 
less slope parameter a,'M2, according to (7 .34  and -5), to  be derived later. The 

a; M~ 

Fig. 8. Incomplete variances as functions of dimensionless slope parameter a,'M2. Based 
on composite of all analyzed data (clean sea surface). 

curves represent a composite of all analyzed data. The empirical data extend to 
a,'Mm2 = 4, and it  is apparent that the curves have not yet leveled off. If i t  is 
assumed, without further evidence, that the empirical formula (7.2-1) can be ap- 
plied to slopes 40 per cent in excess of M,, it  is found that for ao'M2 = 8, curves 
have become virtually level a t  a value about one-fourth higher than for a,'M2 = 4. 
The procedure to be followed is to  compute the incomplete variance for a,'M2 = 4 
and then to allow for a blanket increase of 22 per cent in u,2, 23 per cent in aU2 for 
the uncontaminated surface; and 20 per cent in a: and nu2 for the slick surface. 

7.31 Formulas for incomplete variances.-The integrands of I, and Il are me* and 
m3 sin2 a'e* respectively, where @ equals all but the first term in the expression for 
log p (7.2-1). The terms in cos a', cos 3a', and cos 4a' contribute less than 2 per cent 
to these integrals and can be neglected. The remaining expressions are simplified by 
using the integral definitions 

rJo(z) = exp ( - i r  cosu) d u ,  r J ~ ( z )  = -il cosueap ( - iz  ~ 0 s ~ )  d u ,  
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for the Bessel functions of the first kind, and zero and first order, respectively. One 
obtains 

Io(M) = 2r m enp (-ao' m2 + a." m4)J.[-i(a2m2 + a,' m4)] dm , 

The product exp (a,"m4) times the Bessel functions can be expanded in a convergent 
power series in m2, and integrated term by term. Using the notation 

and denoting K,(a,'M2) simply by K,  with the argument understood, one finds 

+ [a bz2 b," + a (b2')l + (60")' + & bf]  K4 + - . . ) , (7.3-4) 

where 

bo"= ao"/(ao')2 , b2 = a2/ao1 , I 
I 

are dimensionless ratios of the power-series coefficients. The lower signs in the equa- 
tion for Il refer to an integral 111, which has the same relation to uU2 as Il has to a?. 
The coefficients bl, bll, bB, 64, are introduced here for later reference. 

According to figure 9 the coefficients b,", bz, and b,' do not vary systematically 
with wind speed, and we shall replace them by their mean values, +.040, +.20, 
-.022, for clean surface, and +.039, +.09, -.011, for slick surface, in order t o  
check the adequacy of the number of terms in (7.34) and (7.3-5). In the case of the 
maximum observed slopes, for which the series converge the slowest, the argument 
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of the K ,  functions is a,'Mm2 = 4. For a clean water surface, terms in the curly 
braces are 

.982 + .079 - .008 + .013 + (-.006), 

Values in parentheses refer to expansions beyond that given in (7.3-4) and (7.3-5). 
The upper line refers to (7.3-4) ; the lower two lines refer respectively to the upper 
and lower sign in (7.3-5). Convergence using the data for slick surfaces is equally 
rapid. Evidently the expansion has been carried to a sufficient number of terms. 

LA>:o -.a 0 o O O O , , O  ooO 0 
0 0Y 0 - 4  - O b 3  

.2 0 0 - 
I , , ' " " '  -,ol 

Fig. 9. Logarithmic distribution coefficients defined by (7.2-1) and (7.3-6) as functions of wind 
speed. Open circles refer to clean surface, solid circles to  slick surface. The regression lines shown 
for bl, bl', bg, were computed as described in section 9.2 for clean surface. 

In this section a harmonic analysis of the tabulated data is used to determine the 
angle of rotation from the "solar system" to the principal axes, and the a's of 
(7.2-1). 

8.1 Evaluation of x.-It will be seen from figure 10 that a Fourier analysis of the 
curves /3 = constant will have a pronounced second harmonic. This feature is used 
to determine the orientation x of the principal axes. Suppose (sec. 5.7) log p can be 
adequately represented by the series 

for a constant value of 0. Rotating according to (7.1-1) we have 



I Recorded wind 1 O o I 1 Principal  axis 7 I I 

Fig. 10. Logarithm of unnormalized probability p as a function of azimuth a relative to  sun, 
for indicated values of slope angle P. Open circles indicate data from tilted camera; barred circles, 
vertical camera. All measurements from photographs 4 Sept. k. Curves are drawn according to 
(7.2-1) using the coefficients listed in section 8.2. The position of the principal y'-axis is indicated 
relative to  recorded wind direction. 
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logp = . - + A2cos2(a1 - x) + B2sin2(a1 - x+ . . . 

By setting 
tan 2x = - B2/A2 

we eliminate the term in sin 2a1. In practice the value of x is taken as the average 
obtained from the curves P = 230, 5", lo0, 15", and 20'. Referred to the coordinate 
system rotated through this mean angle x it is found (1) that the coefficients of 
sin 2a' are reduced to "noise level'' for all values of P ;  (2) that the amplitudes of the 
terms in sin a', sin 3a1, and sin 4a1 are likewise reduced to noise level; and (3) that  
the rotated yl-axis points nearly into the direction of the observed wind (fig. 11) 

X + Azimuth of  sun 

Fig. 11. Relation of the true bearing of principal yf-axis, x plus azimuth of sun, relative to 
recorded wind direction. Open circles refer to  clean sea surface; solid to  slick surface. 

except for some data from slick sea surface. The conclusions are (1) that the prin- 
cipal axes are in the direction of the wind and crosswind; (2) that there is no asym- 
metry crosswind. 

The angle x according to (8.1-2) is indeterminate by 180'. However, the observed 
wind direction agreed closely enough with one of the principal directions so that 
there was no difficulty in placing the positive yl-axis toward the wind. For nine 
photographic sets, 3 Sept. t, 4 Sept. y, 6 Sept. c, 10 Sept. k, 10 Sept. m, 10 Sept. r, 
11 Sept. e, 11 Sept. f ,  and 13 Sept. el the 2a terms were too small to determine x, 
and the principal axes were oriented according to the observed wind direction. The 
observed wind direction and the bearing of the positive yl-axis (x + sun azimuth) 
are summarized in table 1 (sec. 11.1). 
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8.2 The power-series coeficients.-In terms of the XI, yl-system the observed values 
are then adequately represented by the cosine series 

log p = A,' + A1' cos a' + A: cos 2a' + Ajl cos 3a1 + A4' cos 4a1, (8.2-1) 

where An1 = A, cos nx - Bn sin nx. This is of the form assumed in the analytic 
development (7.2-1). On comparison 

The coefficients a,', a,", etc., are then evaluated from the slopes and intercepts of 
the functions (A,' - ao)m-z, Al'm-I, A21m-z, etc., plotted against m2. For the exam- 
ple 4 Sept. k the values are 

a,' = 74.2, al = -0.28, a2 = 15, a3 = -0.52, 

The coefficient a, is arbitrary. Figure 12 shows the comparison between the observed 
values of log p and those computed from (7.2-I), again based on the above values. 
Table 1 (sec. 11.1) contains the values of the coefficients for all analyzed photo- 
graphs. 

9. MEAN SQUARE SLOPES, SKEWNESS, AND PEAKEDNESS 

In this section the coefficients in the distribution function 

1 1 
p = (~TU.U.)-~ exp [- + (E2 + 731 (1 - 5 cri(E2 - 1 ) ~  -E ~03(7' - 3d 

(6.2-8) 

of the "standardized" cross- and upwind slope components 

are derived from the power-series coefficients evaluated in section 8.2. 
9.1 Mean square slopes.-The mean square slope components, crosswind and 
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up/downwind, were computed for each set of photographs according to the formu- 
las 

where the functions I(a,,'M2) are given by (7.3-4, -5 ) ,  and the factors {;:;:}, {E} 
allow for the lack of information concerning large and infrequent slopes (sec. 7.3). 
The upper number applies to a clean water surface and the lower to a slick surface. 

Values are summarized in table 1 (see sec. 11.1). Figure 13 shows a plot of the 
mean square slope components, and of the mean square slope u,Z f uu2 (regardless of 
direction), as functions of the wind speed W(in m. see.-l) recorded a t  41 feet above 

0 : 2 

I I I I I 
I . 2  . 3  .4 .5 

m 

Fig. 12. Observed and computed values of Fourier coefficients as functions of slope, m. 
Data from photographs 4 Sept. k. 
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sea level. The regression lines and correlation coefficients r have been computed by 
the method of least squares: 

a,2 = .003 + 1.92 X 10-3W f .002 r = .956 
clean surface aue = .000 + 3.16 X 10-3W f .004 r = .945 

a,2 $- au2 = .003 + 5.12 X 10-3W & .004 r = .986 

a,2 = .003 + 0.84 X lO+W f .002 r = .78 
slick surface aU2 = .005 + 0.78 X 10-3W f .002 r = .70 

a,2 + aU2 = .008 + 1.56 X 10-3W f .004 r = .77 

The values preceded by (A) are the standard deviations of the differences between 
observed values and corresponding values computed according to the regression 
lines. In  computing the regression lines each point is weighted according to the total 
number of densitometer readings on which i t  is based. 

One point a t  a,2 = .0152, aU2 = .0153, W = .89 m. sec.-I (3 Sept. t)  was omitted 
in the calculation. The deviation of the a,2 + aU2 value from the regression line is six 
times the standard deviation. Clearly some special conditions must apply to this 
observation. An examination of the wind record on 3 Sept. reveals that the wind 
was quite variable a t  the place where this observation was taken and was as high 
as 4.5 m. set.-I only ten minutes before the photographs were taken. Quite possibly 
the wind speed a t  the vessel, which was just outside the glitter, was markedly lower 
than within the glitter area itself. 

9.2 Skewness.-The determination of the skewness coefficients czl, C03, depends 
critically on the alignment of grid and photograph (sec. 3.1) and hence the accuracy 
to which the corrections for the pitch, roll, and yaw of the plane have been made. 
Under the circumstances equations (7.1-4) are sufficiently accurate for determining 
the coefficients. 

Equations (7.1-4d, -4e, 4 h )  form an overdetermined system for czl and C03. 

Eliminating the two coefficients from the three equations yields the relation 

which is equivalent t o  the requirement that the average slope be zero. Multiplying 
by (a,')-* and using the definitions (7.3-6) give the equivalent relation 

The dimensionless b coefficients have standard deviations independent of wind 
speed and are therefore the appropriate coefficients in computing the regression 
lines. 

It is seen from figure 14 that the products a:u,2 and a,'au2 do not vary systemat- 
ically with wind speed. Replacing these products by their average values 0.52 f .05 
and 0.72 f .04 (for uncontaminated sea surface) yields 
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Fig. 13. Mean square slope components and their sum as functions of the wind speed W meas- 
ured 41 f t .  above sea level. The plot includes all analyzed data for clean sea surfaces (open circles) 
and slick surfaces (solid circles). Continuous lines are regression lines for clean surfaces; dashed 
lines for slick surfaces. 
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The procedure is to compute the least square regression of the b's on wind speed, 
with the added requirement that they must satisfy condition (9.2-3) of zero mean 
slope. 

The relations are 

The regression lines are shown on figure 9 (sec. 7.31). Two clean water points deviate 
widely a t  about 11 m. sec.-'. One point has low statistical weight because part of 

Fig. 14. The products a,'uc2 and a,'uua as functions of the wind speed W measured 41 ft. above sea 
level. Open circles refer to clean surface; solid circles to slick surface. 

the slope field was obscured by a slick; the other is based on one photograph, 17 
Sept. A, for which the sun was 10" lower than for any other analyzed photograph. 

It follows from (7.1-4e, -4h) that 

whence 

for uncontaminated water. 
In the presence of slicks, the scatter of points is too great to evaluate the depend- 

ence on wind speed, if any. Setting a,'u,2 = 0.55 f .03 and a , ' ~ ~ ~  = 0.62 & .04, the 
mean values are 

9.3 Peakedness.-The computed values depend critically on the correction for 
background light (sec. 5). Within the accuracy of the measurements, b,", b2', and b4 
are independent of wind speed (fig. 9; see sec. 7.31) and have the mean values 

clean surface: b," = 0.040 f .021; b{ = -0.022 f .023; b4 = -0.0004 =t .0008 

slick surface: 0.039 f .017; -0.011 f ,029; -0.0003 & .0010. 
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The peakedness coefficients are then found with sufficient accuracy from (7.1-4c, 
-4g, -4i). With the help of (7.3-6) the required expressions are 

Using mean values for all quantities on the right, the result is 

clean surface: c40 = 0.40 f .23; czz = 0.12 .06; co4 = 0.23 f .41 

slick surface: 0.36 f .24; 0.10 f .05; 0.26 =t .33 

In this section we shall consider the causes and expected magnitudes of (1) experi- 
mental errors and (2) unavoidable effects of fluctuating atmospheric conditions. 
These causes bring about random effects which show up in observational scatter, 
and systematic effects which do not. 

10.1 Random errors.-In the preceding section the standard deviations of the 
individual observation from the regression lines (for the mean square slopes and 
skewness) or from the mean values (for peakedness) have been included. The stand- 
ard deviation of the mean observed peakedness is n-4 times this value, where n is 
the number of observations. 

Imperfections in the developing of the films result in errors in the photographic y 
(sec. 4.4), and these errors cause roughly proportional errors in the mean square 
slopes of about f .5  per cent. This accounts for most of the observed scatter of 
a,2 + nu2, but not for the scatter of a,2 or aU2 alone (sec. 10.3). 

A more important source of error arises in the subtraction of background light. 
I t  will be recalled that the sky intensity curves were fitted to the reflected light just 
outside the glitter pattern (sec. 5.3). This fitting is critically affected by the low 
intensity "toe" of the D-log E calibration of the photographic film and also by cloud 
reflections and other unknown factors. This is probably the principal cause of the 
scatter in peakedness. Variation in wind speed may also introduce scatter (sec. 
10.3). Imperfect control for roll, pitch, and yaw by a fraction of a degree will intro- 
duce an error in skewness of the order of the scatter in skewness. Where the glitter 
is partly in a slick and partly out of a slick the principal source of error in the skew- 
ness results from an imperfect separation of the data into these two categories. 

Errors resulting from reduction of glitter intensity due to cloud shadows have 
been avoided by study of the image photographs. At high wind speeds the problem 
of whitecaps requires special consideration. The location of whitecaps was noted on 
the image photographs, and the corresponding dark spots on the photometric 
photographs have been omitted from the measurements. At high winds this is 
troublesome, and one is likely to  overestimate the frequency of high slopes. For some 
purposes i t  might have beell more useful to determine the slope distribution regard- 
less of whether such slopes are or are not related to whitecaps. Our method is not 
capable of doing this because of multiple reflection of light from foam bubbles. 
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10.2 Systematic errors.-Two complicating circumstances which have not been 
considered are (I) the presence of steep valleys in the sea surface which are hidden 
from the direct view of the camera or from the rays of the sun (this accounts for the 
fact that one rarely sees distant trees, dunes, or ships reflected in the sea; the reason, 
as pointed out by Minnaert [1940], is that "at a great distance one sees only the 
sides of waves turned toward us . . . . This makes i t  seem as if we saw all the ob- 
jects . . . reflected in a slanting mirror"; for the same reason, the reflection of low, 
distant clouds is displaced toward the horizon) ; and (2) the occurrence of multiple 
reflections. By neglecting these complications we introduce systematic errors into 
any computation involving slopes steeper than one-half the elevation of the sun. 
We have on the whole avoided such errors by confining our measurements to sun 
elevations above 55". 

A minor source of systematic error results from certain mathematical approxima- 
tions in section 7. These affect oiily skewness and peakedness. The major source of sys- 
tematic errors is the assumption of a uniformly bright sky dome in the background 
correction (sec. 5.1). Without a further study of the variation in skylight i t  is im- 
possible to estimate errors arising from this assumption. For high sun i t  seems rea- 
sonable that any deviations from uniformity depend to a great extent on angular 
distance from the sun. In  this case the resulting errors in mean square slope and 
skewness are small, but i t  is not impossible that this systematic error may be largely 
responsible for the calculated values of peakedness. However, peakedness is to be 
expected, on theoretical grounds, from two causes: the deviation of waves of finite 
amplitude from sinusoidal shape, and the variability of wind speed. 

10.3 Variability of wind.-Variability of wind direction and speed has systematic 
effects on the slope distribution, and because the variability of the wind field is itself 
a changeable quantity, i t  causes scatter of the data. 

In order to demonstrate the systematic effects, we suppose that for an ideally 
constant wind the slope distribution is Gaussian: 

po = (2nu,oauo)-' exp [ - $ ( ~ , ~ / a , ~ ) ~  - ~ ( ~ , ~ / a , ~ ) ~ ]  . (10.3-1) 

Suppose the wind direction fluctuates, but that the wind speed remains constant. 
As a result, there will be superposition of many distributions, (10.3-1) having 
principal axes y' pointed in the various directions of the wind. It may be shown that  
such a combined distribution is still Gaussian and has one of its principal axes 
aligned with the mean wind direction: 

P = (2naCau)-' exp [-$(z,/u,)~ - $(~,/a,)~] . (10.3-2) 

For the limiting case of a vanishing variability in direction 

For the other limiting case of large variability, the slopes are isotropic, a, = a,. 
Furthermore, i t  may be shown that a2  + aU2 is independent of the direction vari- 
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ability, and hence equals aco2 + au2. Therefore 

for the isotropic case. 
Actual values of the ratio a,2/aU2 should therefore fall between the extreme values 

oc,2/au,2 for the steadiest winds, and unity for very unsteady winds. The lowest 
observed value is from the observation 28 Aug. b, u,2/aU2 = 0.54. The highest values 
for clean water are from 3 Sept. q, 3 Sept. t, 4 Sept. y, 11 Sept. e: a,2/au2 = 0.986 f 
.008. For slick surfaces the ratios are on the average higher than for clean water. 
Mean values are 0.75 and 0.86 for clean and slick surfaces respectively. 

Consider next the effect of a variability in wind speed, but with the wind direc- 
tion remaining constant. This may result in peakedness. Again let po and p represent 
the probabilities due to steady and variable winds. Furthermore, suppose that the 
number of gusts having wind speeds between W and W + dW is proportional to 

pw dW = (4% UW)-' exp (- +t2/aw2) dW (10.3-3) 

with t = W - r designating the variation from the mean wind r ,  and aw the 
standard deviation. We assume uw << W. If the dimensions of each gust are ade- 
quate to generate slopes according to (10.3-2) with the r.m.s. slope components 
a, = cWf, a, = uW+, and if the dimensions of the glitter are adequate to sample a 
representative number of gusts, then p = $pwpodW is the probability of slopes as 
measured in the glitter. An appropriate expansion is 

- exp { - $[to" no" (t/aw)7) , 
whence 

where to = zz,/cW+, vo = z ~ , / u W ~ ,  and c2W, u2W are the mean square components 
to the present approximation. On comparison with the Gram-Charlier series (6.2-8) 
it is apparent that the variability in wind speed introduces peakedness in the form 

The measured peakedness is not inconsistent with (10.3-5), yielding an adjusted 
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value of 4 (~40 + 3 ~ 2 ~  + ~04) = 0.36. Thus a standard deviation in wind speed of 
about one-third the mean wind speed could generate the observed peakedness. 

11. DISCUSSION AND SUMMARY 

The Gram-Charlier distribution function (6.2-8) 

gives an adequate description of the measured probability density of the "standard- 
ized" cross- and up/downwind slope components 5 = z,~/uc, q = z,t/uU. The meas- 
urements are valid for slope components x,,, 2,. up to two and one-half times their 
r.m.s. values a,,u,. There is no information on larger (and less frequent) slopes be- 
cause of the limitations imposed by background radiation. With m = tan p desig- 
nating the slope regardless of direction, and the angle of ascent measured to the 
right of the wind, i t  follows that 

p dz,, dz,,; m p da' dm; p tan p sec2 p daf dp 

are the probability densities of slope within the limits 

respectively. 
The distribution function p is illustrated in figure 15. The mean square slope, 

regardless of direction a,2 + aU2, increases linearly with wind speed, reaching a value 
of (tan 15.9°)2 for a wind speed of 14 m. sec.-I measured a t  41 feet elevation. The 
crosswind component a? and up/downwind component aU2 each increase linearly 
with wind speed, but the correlation is poorer because the variability in wind direc- 
tion affects them separately but does not affect their sum. 

The principal axes are found to be oriented with the wind. The up/downwind 
mean square slope components are somewhat larger than the crosswind components. 
The ratio u,2/uU2 varies from 1.0 to 0.54, with a mean value of 0.75 for all photo- 
graphs. For the slick surface the mean value is 0.86. This large variability is far in 
excess of experimental error. I t  is probably the result of differences, from one in- 
stance to the next, in the variability of the wind direction. Steady winds would lead 
to small values in a,2/uU2 whereas gusty winds would increase this ratio to somewhere 
near unity. 

The skewness coefficients c2l and co3 of the Gram-Charlier series decrease with in- 
creasing wind speed from nearly zero a t  very low winds to czl = - . I l l  co3 = - .42, 
a t  14 m. set.-I At the higher wind speeds the most probable azimuth of ascent for 
low slopes is directed downwind, whereas for very large slopes ( 1 q I 2 2) it is directed 
upwind. The principal source of error results from imperfect correction for the roll, 



438 Bulletin, Scripps Institution of Oceanography 

pitch, and yaw of the plane. The peakedness coefficients cot, czz, c40, are such as to 
make the very large and very small slopes more probable than for a Gaussian 
distribution. 

The effect of oil slicks covering an area of roughly one-fourth square mile is to 
reduce the mean square slope (regardless of direction) by a factor of two to three, 
to eliminate skewness, but to leave peakedness unchanged. 

Numerical results are summarized in table 1. 
11.1 Comparison with Dunt1ey.-Duntley (1950) has measured the surface slope 

components on Lake Winnipesaukee, New Hampshire, by recording electrically the 

Fig. 15. Principal sections through the probability distribution surface p ( ~ , ~ , + ~ ) .  The upper 
curves are along the crosswind axis x', the lower curves along the upwind axis y'. The solid curves 
refer to the observed distribution, the dashed to a Gaussian distribution of equal mean square 
slope components. The thin vertical lines show the scale for the standardized slope components 
[ = zx1/u, and q = zUr/u,. The vertical scale depends on wind speed. The heavy vertical segments 
show the corresponding tilts fl = 5", loo, . . . 25', for a wind speed of 10 m. set.-I; the skewness 
shown in the lower curve is computed for this wind speed. The modes are marked by arrows. 
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difference in immersion of pairs of thin vertical wires passing through the water 
surface. The wires were oriented to give simultaneous measurements of up/down- 
wind and crosswind components. The separation between the wires was on different 
occasions 25 mm. and 9 mm. ; consequently, the measurements refer to the average 
value of slope over these distances. 

The analysis of Duntley's records of slope components us. time was performed 
by counting the number of times, n,,, nut, the trace crossed given values of x,,, z,,. 
It was found that these numbers could be represented approximately by 

n, = nc exp [ - +(zxr/sc)" ], nu, = nu exp [ - ~(Z,./S,)~], (11.1-1) 

where n, and n, are the number of crossings of the zero slope axes; and s,, s, are 
constants depending on wind speed according to 

where W is measured in m. sec.-I The constants of proportionality have been cor- 
rected to an anemometer elevation of 41 feet above sea level. 

On the assumption that the observed slope is due to the linear superposition of 
waves from a large number of random sources, Rice (1944) has shown that the dis- 
tribution of slopes is Gaussian and 

Comparison of Duntley's results with ours shows that (1) both investigations are 
consistent with a nearly Gaussian distribution of slopes; (2) both investigations 
indicate a linear increase of the mean square slope with wind speed; (3) the average 
value for the ratio a,2/uU2 is 0.67 for Duntley and 0.75 in our investigation; (4) the 
actual values for the mean square slopes are larger by a factor of 2.5 in Duntley's 
measurements than in ours. Possible explanations are the generation of short ripples 
by the wires themselves (fish line problem) as a consequence of the orbital movement 
of water past the wires, and reflection of waves by the wire support mechanism. 

11.2 Comparison with Schoo1ey.-Schooley's (1954) method consisted of measur- 
ing the highlighted area on resolved photographs of the reflection of an artificial 
light source over a river. At medium wind speeds the agreement of the two sets of 
data is satisfactory, although the ratio a,2/au2 is somewhat lower in Schooley's data. 
For the highest and lowest wind speeds, Schooley's slope values are significantly 
smaller than ours (fig. 16). 

The smaller ratio a,2/au2 may well be the result of a smaller variability of wind 
direction. Schooley's photographs were made from a bridge over the Anacostia 
River; consequently the glitter pattern covered a very much smaller area in his 
photographs than in ours, and correspondingly would be expected to sample a 
smaller variability in wind. 

The low values of the mean square slope components a t  very low winds in the 
river may easily be due to contamination of the river surface. At moderate winds, 
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Fig. 16. Mean square slope components as functions of wind speed W. Open circles refer to 
measurements by Schooley in the Anacostia River. Dashed lines show the standard error limits 
to the regression lines based on the data of the present study. 

surface films would be swept away. Schooley's low values a t  high winds may be due 
to (1) the fetch on the river being so short that the mean square slope was still 
increasing downwind; and (2) the imperfect resolution of highlighted areas on 
Schooley's photos. Visual inspection of sun glitter indicates that the curvature dis- 
tribution of the sea surface becomes peaked a t  greater and greater values the higher 
the wind speed. This results in the glitter spots becoming smaller a t  higher winds. 
Resolution of the photographic setup then sets a limit t o  the wind speed for which 
high lights can be resolved. 

PART I1 : INTERPRETATION 

In this part the results described in Part I are to be interpreted in terms of various 
models of the sea surface. In  sections 12-14 the simplest model is sought consistent 
with two observed features: the nearly Gaussian distribution of slopes and the 
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appropriate ratio of up/down to crosswind mean square slope components. 'These 
features do not place any severe restrictions on the dependence of the slope spec- 
trum on wave frequency. 

In sections 15-16 the more complicated models proposed respectively by Darby- 
shire and Neumann are examined. Only the Neumann wave spectrum is consistent 
with the remaining principal feature of the observed slope distribution: the linear 
increase of mean square slope with wind speed. 

Before introducing the complications inherent in the two-dimensional character of 
the sea surface, me may consider waves the height of which varies in only one hori- 
zontal direction. If such waves existed on the ocean surface they would have 
infinitely long crests. The slope distribution would be one-directional, and the glitter 
pattern would consist of a single streak along some line oc = constant. Clearly this 
is not in accord with observations (pls. 10-12). 

12.1 Single sine wave.-Possible solutions of the hydrodynamical equations of 
motion for the elevation of the sea surface, z, and the slope component, z,, are 

z = (a/k) sin kx, z, = a cos kx (12.1-1) 

for waves of small amplitude on the surface of a fluid with negligible viscosity. 
Since every cycle of undulation is alike, the probability distribution of slopes over 
a large area is the same as that within the half wave length 0 5 x < (a/k). Within 
this range, the fraction of the horizontal distance, 1 6 s  I + (a/lc), within which the 
slope lies between the limits z, and z, + 62, is 

16zzl 
ak sin kx r (a2  - zZ2)t 

provided 1 z, 1 < 1 a 1 ; and is zero for 1 z, 1 > 1 a 1 , since 1 a 1 is the maximum slope 
according to (12.1-1). This is also the probability, pl(z,)6z,, for a slope between 
zz f $62,; hence 

r-'(a2 - zZ2)-4 if zz2 < a2 
(12.1-2) 

0 if 22 > a2 .  

The distribution (12.1-2) is bimodal and far from Gaussian (fig. 17). Clearly a more 

complicated model is necessary to approximate the nearly Gaussian character of 
the observed distribution. 

12.2 Finite number of sine waves.-The next step is to consider the linear super- 
position of N sine waves, 

N 

z, = a j  cos (kjx + + j )  . 
j= 1 

We shall restrict the discussion to  the case where the ratio of any two wave numbers, 
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Fig. 17. Slope probabilities resulting from one sine wave (upper figure); the linear superposition 
of two sine waves of equal maximum slopes and irrational periods (center); and the linear super- 
position of an infinite number of irrational sine waves (lower). The horizontal scale is € = z,/u,, 
the vertical gives p~(z,) in units of u,-'. 
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k~/k,, is irrational. The slope component is then an example of the "almost periodic 
function" of H. Bohr. As implied by its name, the almost periodic function comes 
very close to being periodic, but never quite repeats itself, a property which is in 
accord with our impressions of the real sea surface. The irrationality of the wave 
numbers forbids that (12.2-1) could represent any wave phenomenon in which the 
waves have rational "overtones," as, for example, Stokes waves of finite amplitude 
or seiches of a shallow rectangular body of water. In the open sea these are not 
believed to be serious limitations. 

With the proviso of irrational wave numbers, the partial slope, ri= ai  ~ o s ( k ~ x + ~ ~ ) ,  
for the jth component is entirely uncorrelated with any particular value of partial 
slope for any other component; consequently the value of z, is the sum of the N 
independent quantities ri, and calculation of the distribution of z, is an example of 
the problem of random flights (see, for example, Chandrasekhar, 1943). According 
to the solution obtained by Markoff, the probability PN(Z,) 1 62, I that the total slope 
lies within the limits x, (3 62,) is 

where 

In  the latter formula pl(ai,ri)dri is the probability that the j th component has the 
ordinate ri  f 3 dri. According to (12.1-2) 

The integrals forming AN can be evaluated by a known integral formula of the 
Bessel function of the first kind and zero order : 

From the fact that Jo(-z) = JO(x), One may write AN(-P) = AN(P) and 

12.21 N small.-When N = 2, (12.2-6) reduces to 

~ 2 b d  = lm J0(p ad Jo(p  az) cos (p 23 dp . (12.2-7) 

Applying the folding theorem of Fourier integrals (see, for example, Titchmarsh, 
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1937) this formula yields 

where the functions p1 are those of (12.2-4). This is a reasonable result which could 
have been written down directly by noting that the likelihood of finding the slope 
zz f $ 6.2, is proportional to the number of times during which one component wave 
slope has the ordinate u f $ du and the other ordinate x, - u f 4 62,. The proba- 
bility of such a double occurrence is the product of the individual probabilities for 
waves of irrational wave numbers. Hence (12.2-8) follows directly. The only reason 
for the formal development is to prepare the way for large N. 

Suppose I al 1 = I az 1 = a. Then (12.2-8) becomes, for zz2 < 4a2, 

and zero otherwise. Here K(x) is the elliptic integral J z 1 2  (1 - x2 sin2 t)-* dt. The 
form of (12.2-9) is illustrated in figure 17 (sec. 12.1) for comparison with the distri- 
bution pl, (12.1-2). I n  this special case the distribution p, has a single, logarith- 
mically infinite maximum. In the general case, 1 all # I a21 , there are two similar 
maxima. 

The distribution function for three sine waves has not been found in closed form; 
however, it is possible to show that there are no infinite peaks for the distribution 
functions of three or more irrational sine waves. Since these functions are bounded, 
have a limited range in the variable z,, and have only a finite number of discon- 
tinuities, it is possible to represent them by Gram-Charlier series (Cramer, 1946, 
p. 222). In the next section the asymptotic form of this series for large N is found by 
an expansion based on Markoff's method. 

12.22 N large.-When N is large we -may find p~(z , )  by noting that  AN(P), 
equation (12.2-5), has a small value except near p = 0 owing to the character of J,. 
The power-series expansion appropriate for small x is 

hence 

and 

where 
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This series is of the Gram-Charlier type (sec. 6.2). It approaches a Gaussian dis- 
tribution represented by its first term as N + c ~ ,  provided 

N 

lim ~(aj)2m/(r ,2m = 0 ; m = 2 , 3 . .  .. 
N-.co j=1 

(12.2-13) 

If all a j  are equal, a i  = a, then the above sum is N-I and the condition is satisfied. 
For less regular distributions one would still expect (12.2-13) to hold. 

The second term within the braces of (12.2-11) is a term representing negative 
peakedness-compare (6.2-8), the two-dimensional form of a Gram-Charlier series. 
For a j  = a and N = 5, 10, the corresponding values of peakedness are - + N-l or 
- .30, - .15, respectively, compared to the observed value c40 = +0.4. Hence the ex- 
perimental results provide no evidence for discrete spectral components in the 
ocean waves. 

12.3 The continuous spectrum.-A ((Gaussian random" sea surface with a con- 
tinuous spectrum of waves may be considered as the result of increasing the number 
of discrete sine wave components without limit and a t  the same time maintaining 
condition (12.2-13). By (12.2-1 1) the probability distribution of slopes is Gaussian. 
Since the observed distribution was to a first approximation Gaussian (in two di- 
mensjons), the sea-surface model represented by the linear superposition of a spec- 
trum of waves in two dimensions will be chosen for detailed examination. 

For waves with a continuous spectrum, i t  is no longer possible to give a simple 
formula analogous to (12.1-1) or (12.2-1) ; instead a complicated limiting process 
such as that indicated in section 12.3 seems necessary. There is, however, a statis- 
tical variable pertaining to the waves which may be stated in closed form and which 
is useful for relating the mean square slope to other observables; i t  is the correlation 
defined by 

'k(81 7) = @(I> t)z(r f 8, t + 7 ) )  1 (13-1) 

3 where z(r,t) is the elevation of the sea surface a t  the point r = (x,y) and time t, 
and the symbol ( ) refers to an average over-all space. This definition of the correla- 
tion is possible only if the elevation z(r) is statistically uniform over a large area. 

13.1 The frequency spectrum of the variance of elevation.-Most observations of 
ocean waves have been made a t  a single point in space, say the point r = 0. The 
result has been a record of z(0, t) for a limited time It 1 < T. Such a record may be 
represented by an infinite sum of sine waves of frequency w and (complex) amplitude 
d m ) ,  

where 

according to the Fourier integral theorem. 
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But g(w) is not a convenient function. I t  is sensitive to phase, and its absolute 
value tends to increase as the length of record 2T increases. On the other hand 
1 g(w) 1 is not phase sensitive. Furthermore, it is readily measured by passing the 
wave-generated signal through a narrow tuned filter. Since by hypothesis the sea 
surface is statistically uniform in time, the mean square of the sea-surface elevation 
must exist. According to Parseval's theorem (see, for example, Titchmarsh, 1937), 
the time average of z2 is - 

1 z.(o,t) = lim - J z2(0,t) dl  
T+, 2T -T 

The last equality follows because z is a real quantity, hence from (13.1-2) g(-w) 
= g* (w) . 

It would be tempting to assume that lim exists, and set 
~- .m 2T 

T, = lim 4* I g(o) 1 (13.1-4) 
T+- 2T ' 

so that 

If, as seems likely, the waves are due to a large number of impulses applied a t  ran- 

dom to the sea surface, then --- 'g(w) '' does not approach a limit. In  fact, a plot of 
2T 

this function against w is a wiggly line, oscillating more and more wildly as the record \ 
length, 2T, increases. Since (13.1-3) is still correct, we can remove the difficulty by 
defining (g)2 as a smoothed version of 1 g 1 averaged over the arbitrarily small but 
finite range, w f E .  The limit of g2/2T then exists; hence (13.14) and (13.1-5) follow 
with (g)2 in place of 1 g 1 2. The rigorous mathematical approach uses a Lebesgue inte- 
gral formula in place of (13.1-3). (See, for example, Wiener, 1933.) The application of 
the Lebesgue integral to ocean-wave analysis is due to Pierson and Marks (1952). 

In (13.1-5) T, dw may be regarded as the contribution to 2 by waves in the fre- 
quency band w f + dw. The average kinetic and potential energy for gravity waves 
both equal 4pg(z2); hence pgT, may be interpreted as the energy spectrum of gravity 
waves. The potential energy due to surface tension r may be estimated as follows. 
The increase of surface area due to waves is JJA(sec 0 - 1) dx dy  and the potential 
energy per unit area is (I'/A)JJ(sec /3 - 1) dx dy = ra2/2. The potential energy in- 
creases linearly with a2 and hence is proportional to wind speed, reaching a value of 
2.8 erg cm.? at  W = 14 m. set.-I According to the Neumann energy spectrum 
(sec. 15) this is 3 X 10-7 times the potential energy due to gravity waves under 
similar conditions. 

It may be shown (see, for example, Rice, 1944, sec. 2) that T, is related to the 
correlation by 

+(O,T) = lm T. cos (or) dw , (13.1-6) 
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on the assumption, verified in section 13.21, that the space average defining J. is 
equivalent to a time average. 

13.2 The directional spectrum of variance of z(r,t) .-In contrast to measurements 
made a t  a single point in space, each measurement of the slope distribution was 
made a t  a single instant. We may connect these two types of observations by means 
of the wave equation. 

Suppose that z and &/at are specified a t  t = 0. Then Longuet-Higgins (1950) 
has shown that 

withk = I k ] , k  = (k,,k,) = (ksina, kcosa), r = (x,y), and 

A@) = (2r)-'J8 (z - 
$ ) t - o  exp ( - i k  . r) dz dy , (13.2-2) 

satisfies the specified initial values within the area 1 x 1 < s, I y 1 < s. Equation 
(13.2-1) represents z as the sum of infinitesimal sine waves of propagation vector k, 
wave length 27r/k, frequency u(k) according to the usual formula, phase velocity 
C = w/k, and amplitude A (k) k dk da, traveling in the direction of k. Each wavelet 
obeys the wave equation V2z = C-2 d2z/at2. Hence (13.2-1) follows from the linearity 
of the wave equation. It will become a poor forecasting formula after a long time 
because of the limited knowledge a t  t = 0; (13.2-1) assumes the sea is flat for 

1 x 1 > s, 1 y 1 > s a t  t = 0. This difficulty can be eliminated by increasing the area 
4s2 without limit. In particular, i t  will be shown in section 13.21 that if 

s = lim 2r2[A@)l 
k + 4s2 ' 

where ( X ) Z  is a smoothed version of I A(k) 1 analogous to the relation between 9 2  

and 1 g 1 2, section 13.1, then 
m 

#(p,r) = JJsk cos (k . p - ur) dk, dk, . (13.2-4) 
-m 

The way is now open to find the connection between the frequency spectrum, T,, 
and the directional spectrum Sk.  In (13.24) we change variables from (k,,ku) to  
(w,a). Writing 

S dk, dk, = Sk (w,a) 
k 

(13.2-5) 

where %kdd is the Jacobian of the transformation, and setting p equal to zero, 
a(%..> 

we have on comparison with (13.1-6) 
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There are two approximations inherent in the stated form of the wave equation 
which limit the applicability of these results: (1) nonlinear terms have been neg- 
lected, and (2) no allowance has been made for generation and decay of waves. The 
first error may be connected with the fact that the observed distribution of slopes 
showed a slight positive peakedness relative to a Gaussian distribution whereas the 
linear equation predicts a strictly Gaussian distribution for the statistically steady 
state. The second error will cause the predicted form of the sea surface to disagree 
with (13.2-1) for t > 0, but if the fetch and duration of the wind are sufficiently 
large that "equilibrium waves" are present, then the statistical behavior of the sea 
surface is probably represented almost correctly. Since very short waves are gener- 
ated and decay most rapidly, the uncertainty of the results is greatest for large 
values of k and w. 

A theory avoiding the second error should account for the observed skewness in 
the slope distribution since this is probably the result of driving forces due to winds. 
In  the following sections we shall omit any further discussion of these limitations. 

13.21 Relation between correlation and directional spectrum.-We proceed to the 
derivation of (13.2-4). The method is formal, and questions regarding the justifica- 
tion of interchanging of limiting operations are not considered. 

To evaluate the correlation (13-I), 

$(p,r) = lim - Js S_:z(r, t)  + e,t + 7) dx d~ , 
s+- 4s2 

we replace the two z functions in the integrand by their respective Fourier trans- 
forms (13.2-l), making use of the identity: 

Then we reverse the order of integration by integrating first over x and y. This 
leaves a product of two double integrals, which can be written as a single quadruple 
integral (limits fa) over the four wave numbers k,,k,; ki,k,'. The unprimed 
parameters go with z(r,t), the primed parameters with z(r + p, t + T). The result 
of this integration is 

J. = lim a !jfSS{A(k) A@') exp [i(kf. p - w'r  - (w + wf)t)] 
8+m 

+ A*&) A*&') exp [-i&' . p - W'T - (w + WJ)~) ]  F+ dk dk' } 

+ A@) A*&') exp [-i(kf p - W'T + (w - w1)t)] F-  dk dk' . (13.2-7) 1 
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The factors 

j7* = sin s(kz f. k,') sm s(k, kg') 
s2(kz /cZf)(k, f k,') 

are sharply peaked near k' = =F k, and converge rapidly on zero for k' diverging from 
k, for large s. Consequently almost all the contributions to the integrations over k' 
occur near these peaks. I t  is plausible that the results of these integrations are given 
by making the substitution k' = k and w' = +w inside the braces and integrating 
only over the factors Fk. Although this procedure is only approximately correct for 
finite s, the accuracy improves as s increases. Noting that J J F A  dk' = r2/s2 one 
finds that 

nearly, where A(k) = I A (k) 1 exp ( i  dk). Because the phases +k and 4-k of oppositely 
directed waves are random, the contribution to (13.2-8) by the first term of the 
integrand is negligible compared to the second. At great depths, the relative impor- 
tance of the two terms will be interchanged when the area 4s2 covered by waves is 
finite. This leads to the double-frequency oscillations discussed by Longuet-Higgins 
(1950) in his study of microseisms. In  the second term the factor I A(k) 1 2/4s2 oscil- 
lates rapidly with k for large s. However, the value of the integral is not changed if 
we replace this expression by (A)2/(4s2), a smoothed version obtained by averaging 
over an arbitrarily small but finite range of k (sec. 13.1). In the limit 

and 

This is the desired relation. Under the present assumption of random phase, the 
first part of (13.2-7) vanished and hence is not a function of time t. If i t  were, then 
spatial averages would have differed from time averages contrary to the usual er- 
godic hypothesis for statistically uniform conditions. 

13.3 Slope spectra and mean square slopes.-The relation (13.2-4) between the 
correlation and the directional spectrum permits the comparison of spatial observa- 
tions (such as the slope distribution as determined by sun-glitter observations) with 
records obtained a t  a single point. For slopes, the relationship is derived as follows: 
The equation defining the correlation may be written 
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where & q are components of the separation vector p in (13-1). Following Eckart 
(1953) we differentiate (13.3-1) to obtain 

In comparison with (13.2-4) it will be seen that kZ2Sk and k,2Sk are the spectra of 
the slope components z. and z,. For the case t = q = T = 0 (13.3-2) reduces to 

(2,') = s]kZ2Sk dkx dk. ; (z,? = flk.'Sk dk. dk, . (13.3-3) 

With the y-axis pointing upwind, these are the crosswind and up/downwind com- 
ponents of mean square slopes, u,2 and uU2. On changing to the variables k,al one 
obtains finally l 

and 

The last expression follows from (13.2-5, -6). 
13.4 Curvature spectrum and mean square curvature.-The mean curvature a t  a 

point on a surface is defined as the sum of the two prihcipal radii of curvature a t  
the point. The total, or Gaussian, curvature is the product of the principal radii of 
curvature. The statistics of the mean curvature are related to the spectrum T,, but 
description of the total curvature needs the more complete information inherent in 
the directional spectrum S. For our purposes a prediction of the mean of the mean 
curvature squared will be sufficient. 

It may be shown that the value of the mean curvature is given by 

K = zZZ cos p(1 - cos2 a sin2 P )  - 22,, sin a cos a sin2 0 cos B 
+ z,, cos p( l  - sin2 a sin2 p) . 

For small this reduces to 
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The mean square of K may be found by differentiating (13-1) with respect t o t  and q, 
the (x,y) components of e. This yields 

The process is similar to the derivation of (13.3-2). By use of (13.2-5, -6) this 
becomes 

L 

13.5 A summary of useful relations.-In terms of the frequency spectrum T, the 
mean square elevation, slope, and curvature are, respectively, 

' Equations (13.5-2, -3) may be regarded as definitions of the (frequency) spectra of - slope, k2T,, and of curvature, k4T,, respectively. The components of mean square 
slope are Is 

where a' is the angle between the propagation vector k and the wind, and Sk, the 
directional spectrum, is related to the frequency spe rum by (13.2-6) 5 

'It is sometimes convpient to make use of the period spectrum TT, which is related 
to the frequency spectrum by 

T,dw = T*dT. (13.5-5) 

The wave num er k is related to frequency w, period t, and wave length L \ 
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according to 

with -y designating surface tension divided by density (74 ~ m . ~  ~ e c . - ~  for clean water). 
According to (13.5-6) the phase velocity reaches a minimum value 

when 

urn = (4g3/r>', km = (S/Y) *. 

Numerical values are Cmin = 23 cm. see.-l, T, = 0.074 sec., L, = 1.7 cm. 
Waves much larger than L, are gravity waves and for these 

w2 = g k .  (13.5-8) 

Waves much shorter are capillary waves, and 

The problem is to learn something concerning the dependence of Sk upon a' from 
the observed ratio uC2/uu2. The relationship linking these quantities is (13.5-4). In 
the absence of any information whatsoever concerning the directionality of differ- 
ent frequency components, we may assume waves of all periods have the same direc- 

Fig. 18. Half-beam width of wave directions, a,, as a function of the ratio of mean square slope 
components, uC2/uw2. It is assumed that waves of all periods have the same beam width. 
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tionality. We shall consider two cases. For a single beam pattern of width 2a0 we set 

F(k) if -a, < a' < a, 

Sk = ( 
0 otherwise. 

This gives 

u,2 = ( a. - L , sin 2ao) la F(k)k3 dk, uu2 = (a, + $ sin 2a.) 

and 

aC2 - 2ao - sin 2a, - - 
nu2 2 a o + s i n 2 a o '  

For narrow beam width this reduces to aO2/3. The function is plotted in figure 18. 
For two infinitely narrow crossbeams intersecting a t  an angle 2a0 we set 

F(k) for a =  - a o , a =  +a, 

0 otherwise. 

This yields simply 

The corresponding values are given in table 2. For a trade-wind sea the single 
broad beam is believed to conform more nearly to actual conditions. The corre- 
sponding beam width is remarkably wide. These values, though based heavily on 

TABLE 2 

simplifying assumptions, are nevertheless of interest, as they are believed to repre- 
sent the first measurements of the directionality of ocean waves. It was shown in 
section 10.3 that the maximum ratio u,2/uU2 = 1.0 can be interpreted as due to  the 
unsteadiness of the wind field. The angles referring to  the minimum ratio can be 
considered as the maximum beam width of the longer waves since these waves are 
not affected by rapid fluctuations of wind direction. 

R a t i o  u 2 / u 2 . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
&,, single beam.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
2a,, two narrow crossbeams.. . . . . . . . . . . . . . . . . . . . .  

Min. 

0 .54 
134" 
72" 

Mean 

0.75 
157" 
82" 

Max. 

1 . 0  
180" 
90" 

Slick (mean) 
-- 

0.86 
167" 
86" 
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15. SPECTRA PROPOSED BY DARBYSHIRE AND NEUMANN 

Darbyshire (1952) has proposed a spectrum of the variance of z equivalent to 

TT = c'T2 exp [-2.0 ($ - 4.6)'] (15-1 

where c' has the value 22 ~ m . ~  ~ e c . - ~ ,  and U is the gradient wind speed equal on the 
average to one and one-half times the masthead wind speed, W. 

The spectrum was obtained by frequency-analyzing pressure records of waves 
generated by local storms a t  Lands End, England. Only those storm records were 
analyzed for which the fetch was sufficient to generate equilibrium waves. The 
bottom pressure transducer was usually located a t  a depth of 50 feet. The usual 
hydrodynamic relationship had then to be used to convert bottom pressure to 
surface elevation. For wave periods less than six seconds the bottom pressure oscil- 
lations, reduced to such a low level that the process was no longer practicable,were 
ignored by Darbyshire. But it will be shown that these waves contribute about five- 
sixths of the total wave energy and that consequently Darbyshire's spectrum is too 
narrow and total energy too small (fig. 19). A pressure recorder a t  50 feet is evi- 
dently not a suitable instrument for obtaining the energy spectrum. 

On the basis of visual observations of fully developed waves in a storm area, 
Neumann (1953) proposes a spectrum (fig. 19) 

TT = I C  (g)' exp [-2 (&)2]  , 
8 

where W is the wind speed, and 

I t  is of interest to compare the Darbyshire and Neuman spectra. The periods 
corresponding to the maximum value of TT are 

respectively, and in reasonable agreement. The mean square elevations, however, 
follow different laws : 

If the observations in Darbyshire's figure 7 are fitted to Neumann's formula and 
(z2)  is assumed proportional to W5, it is found that c = 0.3 X sec.-l, compared 
to Neumann's value 0.8 X 10-3. The small value presumably reflects the lack of 
information on wave periods less than T1 = 6 sec. I t  may be corrected as follows: 
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Fig. 19. Period spectra of variance of sea-surface elevation (upper panels) and of glope regardless 
of direction (lower panels). The left panels are drawn on a linear scale, the right panels on a double 
logarithmic scale. The asymptotic behavior for high frequencies is indicated. Curves refer to  wind 
speeds of 5 and 10 m. set.-I as noted. Solid lines apply to clean sea surface, dashed lines to slick 
surface. The variance of the z ( t )  spectrum proposed by Darbyshire is illustrated on the upper left 
panel; all other curves are derived from Neumann's spectrum. 

Assume Neumann's spectrum (15-2). The contribution of waves having periods 
greater than TI to the mean square elevation is 

(15-6) 

where V = ~2lg-lW and H(z) = 2~-$J: c t 2 d t  is the error integral. 
Entering (15-6) with appropriate values of W and ( z ~ } T > T ,  from Darbyshire's 

data, and setting T1 = 6 seconds, we obtain c = 2 X sec.-I with very large 
scatter, compared to the previous value of 0.3 X sec.-I (uncorrected for the 
high-frequency cutoff) and Neumann's value 0.8 X sec.-I 



45 8 Bulletin, Scripps Institution of Oceanography 

15.1 The slope spectrum and mean square slope.-The mean square slope regard- 
less of direction, u2, can be computed from TT according to (13.5-2, -5). Neglecting 
capillary waves, the spectra proposed by Darbyshire and Neumann yield, respec- 
tively, 

g2 = ( 2 ~ ) ~ d G  (4.6)-' c ' (~u) - '  = 1.0 W-' , (15.1-1) 

where W is in cm. see.+ The observations (sec. 9.1) gave 

for clean sea surface, and 

for slick surface. 
The Darbyshire spectrum predicts that the mean square slope decreases with 

increasing wind speed, contrary to our observations. For W = 10 m. see.-', u2 = lop3 
compared to the observed value (54 f 4) X Clearly the spectrum proposed by 
Darbyshire has too little energy in the short waves. As noted earlier, this is not sur- 
prising since waves having periods shorter than six seconds could not have been 
observed. 

The important result is that Neumann's spectrum yields the observed linear rela- 
tion between mean square slope and wind speed. (This was mentioned by W. J. 
Pierson, Jr., in a paper delivered before the American Geophysical Union, May, 
1953.) Furthermore, the computed proportionality constant agrees with the meas- 
urements over slicks, but is one-third the value required to account for the clean 
surface. If we take the value c = 2 X sec.-I on the basis of Darbyshire's data 
corrected for high-frequency cutoff, the result is 

A generalization of Neumann's spectrum of the form 

TT - Tm exp [-(TIW)"] 

yields 

and hence u2 will be proportional to W only if m = 4, as assumed by Neumann. 
Neumann states that his data is convincingly better in accord with TT N T4 than 
with T3 or T6. There must, of course, be other analytic functions which also yield 
u2 W. Nevertheless, the consistency of Neumann's result with the present meas- 
urements is encouraging. 
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A slight modification to the linear relation (15.1-2) results from considering 
capillary waves. Although Neumann's spectrum was intended to represent only 
gravity waves, the procedure adopted here is to extend his spectrum without altera- 
tion into the capillary range. In  this range the slope spectrum decreases with de- 
creasing T like T8I3 instead of remaining constant (fig. 19), so that the mean square 
slope must be less than that given by (15.1-2). 

It is no longer possible to obtain the integral for a2 in closed form. We have, how- 
ever, derived analytic solutions for the two asymptotic cases, W << C,i, and W >> 
C,i,, and integrated the intermediary part by numerical methods. The resulting 
mean square slope is a2[ 1 - 2.2%-t(Cmi,/W) ] where a2 is the solution (15.1-2) 
when capillarity is neglected. The numerical value of the correction term, 
-2.2%-fa2(Cmi,/W), is - .0005. The measured intercept (15.1-3) is +0.003f 0.004. 
The modification is evidently smaller than the uncertainty in the empirical relations. 

15.2 Curvature spectrum.-In the preceding section i t  has been found that the 
Neumann spectrum gives nearly a satisfactory account of the observed distribution 
of slopes. One is tempted to find what i t  predicts about the distribution of curva- 
tures. Since curvature is heavily weighted in favor of the very short waves, this 
prediction must be viewed as very uncertain. Conversely, observations of curvature 
may provide a powerful method for studying the high-frequency tail of the spec- 
trum. 

The curvature spectrum k4TT is nearly peaked a t  T,, and hence capillary and 
gravity waves contribute about equally. The mean square curvature can be com- 
puted in three parts. 

Let 
3 1 / 4  - 3 1 4  

n o 2 = $ ? r  c g  y . (15.2-1) 

Then for the capillary, intermediary, and gravity portions of the spectrum the con- 
tributions are 

where 

has been evaluated numerically. I n  the evaluation of ~ , 2  i t  was assumed that 
W >> Cmi,. The total mean square curvature is 
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The upper number refers to c = 8.27 X sec.-I (Neumann), the lower to 
c = 2 X see.-' (Darbyshire's data modified for high-frequency cutoff). The 
corresponding principal radii of curvature are 12 cm. and 8 cm. almost independent 
of wind speed; the diameters of the sun's image formed by the sea surface would be 
roughly 0.5 mm. and 0.3 mm. 
15.3 Acceleration spectrum.-The horizontal acceleration of an elementary wave 

train A cos (kx - w t )  has an amplitude w2A a t  the sea surface. For gravity waves 
this equals gkA. The slope has an amplitude kA. Except for a minor contribution 
from capillaries, the distributions of acceleration (in units of g) and of slope (in ra- 
dians) are equivalent. (This was pointed out by N. F. Barber in a personal communi- 
cation.) To this approximation, 

where a2 and au2 are the crosswind and up/downwind components of the mean 
square acceleration (in units of g) a t  the sea surface. The mean square horizontal 
acceleration regardless of direction is therefore 

The mean square vertical acceleration aV2 for deep-water waves equals the horizon- 
tal, and the mean square acceleration in all three directions is therefore 

Preceding results regarding the slope distribution can be applied immediately. 
Thus the up/downwind component exceeds the crosswing component of mean 
square acceleration by a factor of 1.3, on the average; all mean square accelerations 
increase linearly with wind, and the total r.m.s. acceleration a t  a wind speed of 
14 m. set.-I is 0.4 g ! 

The horizontal acceleration spectrum is 

and the mean square acceleration 

varies exactly in proportion to wind speed according to the Neumann spectrum. 
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We wish to consider whether i t  is possible to account for the observed reduction by 
a factor of two or three of the mean square slopes. The method will in a sense be the 
opposite of that in section 13.2. There a statistical balance between generation and 
decay was assumed. Here no generation and full decay by laminar processes is 
proposed. 

According to Reynolds' classical theory (Lamb, 1945, art. 351), the effect of an 
inextensible surface film is to annul the horizontal velocity a t  the surface. This 
leads to a modulus of decay of 

where v is the kinematic viscosity. In the actual case, the film will be somewhat 
extensible, and the foregoing expression may be regarded as an upper limit to the 
effectiveness of a surface active agent. The reduction in ( a m p l i t ~ d e ) ~  for each spec- 
tral component is exp (-2t/r), where t is the length of time since the wave has 
entered the slick. The time required to cross a slick of length s is t' = slc/w, and the 
mean reduction (sampled by a photograph of the entire slick) is 

where 

for a slick 500 m. in length. For a! >> 1, F = 1, and for a << 1, F = a. Combining 
(16-2) with w(k) leads to F(T) .  This reduction factor has been applied to the 
( a m p l i t ~ d e ) ~  and (s10pe)~ spectra, as shown in figure 19 (sec. 15). For waves of 0.5 
sec. period (1 ft. length) each spectrum is reduced by a factor of 100 (amplitude by 
a factor of lo), and waves shorter than this are thus essentially eliminated. This is 
in reasonable accord with visual observations. As is to be expected, the mean square 
amplitude is hardly affected by this "high-frequency cutoff," whereas the mean 
square curvature is greatly reduced. The latter feature may account for the pro- 
nounced optical effect. The effect on the mean square slope falls between these 
extremes. 

The mean square slope in the presence of slicks is F k2T~dT,  and equals 

for wind speeds of 5 m. sec.-I and 10 m. sec.-I respectively. The corresponding ratios 
in mean square slope with slick as compared to a clean surface are 
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The observations give 

These numerical values show a rough agreement between the observed decrease 
in mean square slope within the slick and that computed on the basis of Reynolds' 
classical theory. But there remain some serious difficulties. Reynolds' theory pre- 
sumes a (horizontally) inextensible surface film such as one would expect to find 
for a monomolecular layer, or for layers a few molecules thick a t  most. On the other 
hand, the thickness of the artificial slicks is estimated to be of the order of lop4 cm., 
or 1,000 molecules. This estimate follows from considerations involving the known 
size of slick and volume of oil, and from the occasional appearance of interference 
colors. 

It is possible, however, that the oil film had an adsorbed monolayer a t  the air-oil 
or oil-water interface, or a crystallike organization a t  the surface which would with- 
stand static forces (Hennicker, 1949). The compressional strength of such a layer 
would be the difference between the surface tension of a clean interface (=40 dynes 
cm.-l for oil-water) and the surface tension of the contaminated surface ( > 0  dynes 
cm.rl). The following calculation shows that this would not be sufficient to annul 
the surface orbital velocities. 

The x,y components of stress induced in the film by horizontal shear in the orbital 
velocity just below the film are 

(a, P " . = " ( g + $ )  p z z = P  % + %  , 

where u,v,w are the x,y,z components of orbital velocity of the waves, p  is the vis- 
cosity, and the derivatives are t o  be evaluated a t  the surface. Let p be the vector 
shear whose components are p,, and p,,. For a single infinitesimal sine wave in the 
direction k (unit vector kl), 

ReAexp [i(k. r - a t ) ]  k d k d a ,  

the appropriate formula is (Lamb, 1945, arts. 349 and 351) 

Consider two points, rl and rz, and let Ar = r2 - rl. Then if there is no shear 
strength in the film, the scalar 

.,, = J p  . dr 
11 

is the digerence in tension between the two points. For the single sine wave this gives 

F12 = b3I2 (pCL)' k-'sin (ik . Ar) Re 



Cox-Munk: Slopes of the Sea. Surface 463 

For a continuous spectrum of waves, a calculation similar to that in section 13.21 
yields for the mean square tension 

(F122) = gPp u3 K2 sin2 (ilk - Ar) S,lc dlc da! . SJ 
For suEciently large values of Ar the (sin)2 factor oscillates rapidly and may be 
replaced by its average value, +, and the integral over a performed: 

Assuming the Neumann spectrum for TT and setting u 3 k 2  = g2T/277. (gravity 
waves), 

The required strength is therefore far in excess of 40 dynes cm.-I But the large 
value reflects primarily the stresses due to the long-period waves. To estimate the 
longest waves which will not frequently rupture the film, one may set 

2pp JTmazu3 ka2 TT dT = (40 dyne . 

Neglecting capillary waves, one finds 

-1 113 
T,,, = (24)'/'(2~)' (pg4/~)-1/6 (40 dyne cm. ) = 0.7 sec. 

The principal reduction in a2 by slicks has been attributed to waves of period 
greater than 0.7 sec. (fig. 19; see see. 15). This is rendered unlikely by the present 
computation. 

No allowance for generation and decay (other than by molecular processes) has 
been made in the present calculation. An alternate hypothesis for the effectiveness 
of slicks is that they damp only high-frequency wave components and that in 
absence of these components the balance between generation and decay is thrown 
in favor of decay for low-frequency components. This matter needs further investi- 
gation. 

PART I11 : APPLICATION 

As a result of the measurements of sea-surface slopes, certain oceanographic prob- 
lems have become accessible to numerical treatment. In  these problems one is con- 
cerned with the average radiance of the sea surface due to sun or sky, viewed from 
above or beneath. The average is formed over sufficient time or surface area to 
smooth out fluctuations such as the ones resulting from individual glitter sparkles 
of sunlight. The average is then essentially independent of time, but varies smoothly 
with the azimuth and elevation of the portion of sea surface under consideration. 
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Let z(x,y) designate the elevation of the sea surface above a mean level, and 
dz/dx = z,, dx/dy = z, (fig. 1; see sec. 3) the corresponding slope components. In  
the following computations a Gaussian isotropic distribution of the slope compo- 
nents will be adopted as a suitable first approximation (sec. 11) : 

p(z,,zy) = (TU~) -~  exp [ - (zz2 + zU2)/u2 3 

The mean square slope regardless of direction, u2 = (zz2 + z,2), increases with the 
"masthead" wind speed in m. sec.-l, W, according to 

I n  the presence of a slick this value is reduced by a factor of 2 or 3. 
In  adopting the isotropic Gaussian distribution function the results are simplified 

a t  the cost of omitting certain effects of wind directionality, for it has been found 
(sec. 11) that the mean square up/downwind slope component exceeds the cross- 
wind component, and that the up/downwind distribution is skewed. 

A diver looking upward to the sea surface views a glitter pattern that differs sub- 
stantially from the pattern as seen from above. The differences are illustrated in 
figure 20, and the reader is referred to the legend of this figure. The upper part of 
the figure is based on the theory of the reflected glitter (sec. 4). The theory for re- 
fracted glitter (lower part of figure) is developed along similar lines in the following 
sections. 

The principal differences between the reflected and refracted glitter patterns are: 
1. The reflected glitter pattern is larger and less luminous than the refracted 

pattern. 
2. The reflected pattern shrinks and becomes more luminous as the sun sets; the 

reverse holds for the refracted pattern. 
3. The reflected and refracted patterns both move toward the horizon with the 

setting sun, but the reflected pattern moves almost twice as fast. 
In a general way these conclusions are in agreement with what has been observed. 

However, a t  ordinary diving depths the luminescence varies considerably with the 
passage of individual waves, whereas the patterns described here correspond to 
suitable time exposures. The fluctuations diminish with increasing depth, so that 
a t  a depth of 1,000 feet, for example, the observed pattern would resemble the com- 
puted pattern rather closely, were i t  not for the effect of absorption (which we have 
ignored) and scattering. 

Whitecaps have been neglected. At low sun elevation the effects of multiple scat- 
tering and wave shadowing introduce a serious error into the calculation, and the 
angular dimension of the sun as compared to the reflected pattern should also be 
taken into account. All constants were computed for an isotropic slope distribution, 
Under actual conditions the most probable slope is not zero, but a few degrees, and 
its azimuth of ascent is directed downwind. The result is an upwind displacement of 
the bright core of the glitter from the computed position. 
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Fig. 20. The glitter patterns for a Beaufort 4 wind (W = 7 m. set.-I, u = 0.2) as seen from above 
the surface (upper four) and from beneath (lower four). The patterns from left to right are drawn 
for solar zenith angles of 0" (sun a t  zenith), 30°, 60", and 90" (sun a t  horizon). Each pattern is 
drawn with reference to  the polar coijrdinates p, the observer's zenith angle, and v, the azimuth 
relative to the sun (see fig. 21). The value p = 0" designates a point on the surface directly beneath 
or above the observer; the horizon is a t  p = 90'. The circular arcs in the upper patterns are drawn 
for p = 30°, 60°, 90°, in the lower patterns for loo, 20°, . . . ,  70". The p-scale in the lower figure is 
2.5 times the scale in the upper figures. For each diagram the radial a-lines give the azimuth of 
ascent, and the quasi-elliptical P-lines the tilt required for the occurrence of a high light (fig. 21). 
Shadings indicate surface luminosity. The values in units of the sun's luminosity are as follows: 

Shading None Light Medium Heavy 
Upper figures (parts per million). . . . . . . . . . . . . . . . . .  .66 .66-3.3 3.3-16.6 16.6 
Lower figures (parts per thousand). . . . . . . . . . . . . . . .  .25 .25-1.3 1.3-6.6 6.6 

17.1 The geometry of refraction.-The following derivation follows closely the 
derivation of the geometry of reflection in section 3; therefore an abbreviated 
account will be given. All angles are defined in figure 21. The azimuth of ascent, a, 
and the tilt, p, are related to the slope components z,,z,, according to 

2% = sin a tan /3 , 2, = cos a tan /3 . 

According to the law of refraction, a unit vector along the incident ray minus a 
vector along the refracted ray of length equal to the refractive index n equals a 
vector normal to the refracting surface. This vector equation has the components 

- s j n ~ - n s i n p c o s ~  = - kcosasinB, ) 
- n sin p sin v = - k sin a sin , 1 (17.1-1) 

-cos+ + n c o s p  = 1c cos p . 
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Any point on the sea surface can be characterized by its zenith angle p and direc- 
tion v. In the eight diagrams of figure 20 the angles p, v are represented by polar 
coordinates; p is the radial distance and v the angular coordinate. On these polar 
diagrams curves of constant a(p,v) and P(p,v) for various solar zenith angles # 
have been drawn according to the grid relations. An observer looking upward to a 
point p,v a t  the surface will see the facets highlighted that have the slope given by 
these curves. 

The index of refraction, n, depends on the wave length of light. In the subsequent 
calculations we have used n = 1.34, corresponding to yellow light. 

17.2 Surface radiance.-This section corresponds to section 4 for the case of 
reflection. Individual high lights form distorted images of the sun. According to a 
general law of optics, the radiance (power per unit solid angle per unit area normal 
to the beam) radiated by an image in a medium of refractive index n is (n2) times 
the radiance of the object (in open space) reduced by any transmission losses of the 
optical system. Accordingly, the radiance within a high light is B' = n2rB where T 
is the transmission of the sea surface and B is the radiance of the surfack of the sun. 
According to Fresnel's formula for unpolarized light, T = 1 - p, where p is the 
reflectivity (4.3-1). The total power radiated per unit solid angle by the entire high 
light is therefore J = B'A8 where A, is the area of the high light projected normal to 
the line of sight. Designating the horizontally projected area of the high light by An, 
this becomes 

J = n27BAh sec fi cos w . (17.2-1) 

The highlighted areas of the sea surface are those for which the sea surface has 
the appropriate tilt and azimuth of ascent to satisfy (17.14) within a small "toler- 
ance" which allows for the fact that rays may originate a t  any point on the sun's 
face. This imposes limits on the permitted variation of a,& or alternatively z,,z,, 
within the high light. It may be shown that the area on the z,,z,plane corresponding 
to the permitted variation of slopes within a high light is 

where ?re2 is the solid angle subtended by the sun. The solid angle subtended by a 
high light is assumed small compared to the angle subtended by the sun. The high- 
lighted areas are of the order of 0.1 mm.2 so that this assumption holds except 
within a few centimeters of the sea surface. In addition, the angular size of the sun 
is assumed to be small compared to the angular dimensions of the glitter pattern. 
This assumption fails for low sun and small slopes. 

The fraction of the (horizontally projected) sea surface having slope components 
within the required limits z, f 3 6z,, zu f 3 6.2, is 

where p is the probability distribution of slopes. Hence the average power radiated 
by all high lights within a horizontal unit area of sea surface is p 6 ~ ~ 6 . 2 ,  J. The aver- 
age radiance N of the sea surface in the line of sight (power per unit solid angle per 
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unit area normal to the beam) is this value multiplied by see p. Substituting from 
(17.2-1) and (17.2-2) yields 

N = n27H k 2 p  sec4 P sec w, cos w see p . (17.2-3) 

Here we have replaced ae2B by H, the irradiance received a t  the sea surface from 
the sun. As a check on this formula, we note that with n = - 1 (17.1-2, -3) and 
(17.2-3) yield w = w, (corresponding to reflection) and N = a rH p sec4 sec p in 
conformity with (4.2-4) except for replacement of reflectivity p by transmission 7. 

The simplest computation is for a point directly above the observer ( p  = 0) with 
the sun a t  the zenith, rC. = 0. Under these conditions 

For the obskrver directly above this point, the reflected radiance under similar cir- 

cumstances obtained by setting P = z, = z, = 0, = 0, = (s)~ in 

(4.2-4) equals 

The ratio of refracted to reflected radiance is 

The radiance from a perfectly diffusing surface (one that scatters uniformly into a 
solid angle 2a) is HIT.  

18. REFLECTION O F  DIRECT SUR'LIGHT FROM A ROUGH SEA SURFACE 

The reflection of direct sunlight is an important factor in the energy budget of the 
ocean. Estimates based on reflection from a flat water surface are in error because 
the average coefficieiit of reflection for a rough surface differs from that for a flat 
surface. The difference becomes appreciable for low solar elevations. 

First we consider the reflection by facets whose slopes lie within the limits z, += 
4 6z,, z, f 4 62,. Their (horizontally projected) area within a unit area A (fig. 22) 
is, on the average, p(z,,z,) 6.2, 6.2,. The actual (tilted) area is sec 0 p 62, 62,. The 
projected area normal to the incoming rays from the sun is cos w sec p p 6.2, 62,. The 
radiant flux intercepted is H cos w see 0 p 62, ax,. The reflected flux is 

H p(w) cos w sec ,# p 62,6z,, (18-1) 

where p(w) is given by Fresnel's formula (4.3-1). I t  is assumed that the incident 
light is not polarized, and is reflected only once. 
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Equation (18-1) gives the reflected flux associated with slopes within the limit 
z, f 36z,, z, f 362,. The total reflected flux per unit area of sea surface is then 

p(w) cos w sec p p 62, 62, , (18-2) 

with the integration extending over all slopes exposed to the sun. 
The radiant flux incident upon the unit area is II cos J., where # is the sun's zenith 

angle. Consequently the fraction reflected, i.e., the albedo, is 

R = sec + SSP(.) cos u sec B p dz, dz. . (18-3) 

For the special case of a level surface, all contributions to the integral occur a t  
z, = z, = B = 0, w = J., SO that R = p(w). 

Fig. 22. "A" is a unit area of sea surface. The shaded portions indicate all points where the slopes 
lie within designated limits 2, f :62,, 2, f $62,. The average tilt in the shaded areas is P, where 
tan2 P = zz2 + zU2. The y-axis is drawn away from the sun. Incident rays from the sun a t  0 are 
reflerted toward S. In  the disrussion of skylight (sec. 19) the direction of rays is reversrd. Incident 
rays frorn the sky a t  S are reflected toward the observer a t  0. In  both cases the angle of the incident 
ray with the z-axis is designated by IC., and of the reflected ray by p. 

In the general use, one may use the law of reflection in the form (fig. 22) 

cos w = cos 0 (COS J. + z,, sin J.) . (18-4) 

The quantities F(w) = p(w) cos w and sec P = (1 + zZ2 + 22) + may now be expanded 
in Taylor's series in z,,x, around the values z, = z, = 0 for which P = 0, w = #. 
This yields 

where 

a = - Ff/F , b -; + 9 F"/F c=+++(F" /k ' ) co t# .  (18-6) 

The functions F, P = dF/dw, F" = d2F/dw2 are evaluated a t  w = #. 
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If all slopes are less in magnitude than 90" - $, then the sea surface is everywhere 
exposed to the sun and the limits are f a. In this case 

where (z,) = JJzv p dz, dz, is zero, because the mean sea level is horizontal. T o  the 
present approximation the albedo depends only on the components of mean square 
slope along the sun's azimuth and normal to i t ;  i t  does not depend on the form of 
p(z,,z,). For the isotropic case, (zZ2) = (zu2) = $u2, and 

where 

j($> = + ( b  + c)  = 4 + 4 (Ft/F) cot $ + 4 Ft'IF (18-9) 

is the "roughness" function plotted in figure 23. Some difficulties arise when $ is 
large, and these will now be considered. 

Large negative slopes in the component z, are shadowed if they exceed cot #. One 
may allow for this "first order" hiding by setting the limits (-cot $) to m for z, 
(but to f a for 2,). This is equivalent to the limits 0 to 90' in the angle of incidence, 
w. Because some additional slopes are hidden, the computed value of R will be 
somewhat too large for large $, but the evaluation of the "second order" hiding 

Fig. 23. The roughness function f($) as defined in (18-9). In the dashed portion near the horizon 
the function is not strictly applicable because of shadowing and multiple reflection. 
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involves information on the spectrum of ocean waves, and in the absence of such 
information the calculation must be restricted to the first order hiding. 

The integration now yields 

where 

k = a-I cot # (18-1 1) 

and I(k) = 27r-i Jk, e-t' dt is the error integral. The present approximation is ade- 
quate for large values of the dimensionless parameter k. For very large values 
(18-10) converges on (18-8). 

So far multiple reflections have been neglected. If the reflected ray goes toward a 
point beneath the horizon, then certainly there must be a t  least one further reflection. 
The condition for this "first order" multiple reflection is that z, be negative and 
exceed + cot # (1 - tan2 p )  in magnitude. The product of coefficients of reflection 
of all but the first reflection is unknown but must lie between unity and zero. In the 
first extreme, multiple reflections would not alter R, and (18-10) is correct as i t  
stands. In  the latter extreme case, the integration with respect to z, in (18-5) is 
between the limits -4 cot 1C. (1 - tan2 /3) and + m. These can be replaced by the 
limits -3 cot $ and + m because of the heavy discrimination of the exponential 
factor in p(z,,z,) against contributions from large /3. The limits on z, remain =t m . 
The result of this integration is again (18-lo), but with k now designated by 

rather than the quantity in (18-1 1). 
Figure 24 shows the average reflectivity of the sea surface bracketed by these two 

expressions as compared with the reflectivity of a flat surface. At high sun eleva- 
tion, the albedo of the rough surface is slightly larger; for # = 40" the values are 
2.5 per cent for the smooth surface, and 2.7 per cent for the rough surface. At low 
sun elevation increasing roughness leads to a marked decrease in albedo. The only 
conclusion of oceanographic consequence seems to be that in summer substantially 
more energy must penetrate the open stretches of the Arctic Ocean than had pre- 
viously been estimated, and that the amount of this additional energy depends on 
the wind speed. 

The radiance of the sky is due to scattering of sunlight and reflected '(earth light" 
by air molecules (Rayleigh scattering), dust, haze, clouds, etc. This varies in a com- 
plicated and rather unpredictable way over the sky dome. The three cases illus- 
trated in figure 25 will be considered: 
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Fig. 24. Reflection of solar radiation from a flat surface (u = 0) and a surface roughened by a 
Beaufort 4 wind (u = 0.2). The albedo R varies from .02 for a zenith sun ($ = 0') to unity for the 
sun at  the horizon ($ = 90") on a flat sea surface. For a rough surface, shadowing and multiple 
reflections become important factors when the sun is low. The lower and upper branches of the 
curve marked u = 0.2 represent two assumptions regarding the effect of multiple reflection. True 
values are expected to lie between the indicated limits. 

(a) a clear tropical sky, a t  Bocaiuva, Brazil, from measurements by Richardson 
and Hulburt (1949); these observations were made a t  an elevation of 2,200 feet; 
the sky radiance a t  sea level would be slightly different; (b) a uniform sky dome; 
(c) a completely overcast sky, whose radiance can be approximated by the empirical 
formula of Moon and Spencer (1942), 

To simplify subsequent calculations, the radiance of the sky will be assumed to 
depend only on the zenith angle +. This already holds for sky conditions (b) and (c), 
but even for the Bocaiuva sky the radiance depends largely on zenith angle. Accord- 
ingly, the increased radiance near the sun has been ignored and the calculations are 
based on the observed radiance along an azimuth 90" from the azimuth of the sun. 
In  the following calculations unpolarized skylight will also be assumed. Effectively 
we write (Ns I  I + N,,) ( p  I $. p,) (or N a p )  in our notation for the reflected radiance 
instead of N ,  lpll + Nslpl. Here I 1 ,  refer to polarization in the plane of incidence, 
and normal to it, respectively. Actually there is considerable polarization for a clear 
sky, and the polarization is a function of the azimuth relative to the sun. 
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The derivation is similar to  that in the preceding section. The rays in figure 22 
(sec. 18) are reversed, with + and p again designating the zenith angles of the inci- 
dent and reflected rays. The radiant flux from a segment of sky S reflected by the 
unit area A toward the observer 0 is, in place of (18-l), 

N ,  p ( w )  cos u sec 0 p 6zz6z,, 

where N ,  is the radiance of the sky (power per unit solid angle per unit area normal 
to the beam). Summing the flux for all visible slopes yields the total reflected flux 
from the unit area A toward the observer 0, 

PI- 

J J N, P ( ~ )  COB w seo 0 p 61, 6.2, . (19-2) 

The radiance of the sea surface in the observer's line of sight (intensity per unit area 
normal to the beam) is found by dividing by cos p :  

N = sec p JJN, P(W) cos w sec 0 p dt, dq, . 09-31 

For the special condition of a uniform sky dome, N,  is constant, and the expression 

I , ,  I , , ,  I 

45O 

Fig. 25. The radiance of the sky, N,(#) ,  divided by the radiance a t  the zenith, N,(O), as function 
of the zenith angle #. The curves for the clear sky are based on observation a t  Bocaiuva, Brazil, 
for the sun a t  # = 60". They are drawn for indicated azimuths relative to the sun. Computations 
are based on the heavy curve marked 90". The radiance for the overcast sky is based on the em- 
pirical law (19-1). and applies to all azimuths. 
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for (N/N,) is identical with that for R in section 18. The preceding remarks on 
integration limits are applicable, and the results given in (18-5) to (18-12) and in 
figures 23 and 24 (sec. 18) can be applied directly. 

For conditions in which sky radiance depends on the zenith angle J, (and J, only), 
we must generalize the procedure in section 18. Writing the law of reflection in the 
form (fig. 22) 

and again expanding in Taylor's series, lead to the integrals in section 18 with R now 
denoting N(p)/N,(J,) and a, b, c replaced by 

a, = -F1/F - 2NS1/N,, 
h, = + + Ff'/P + 2(NS1/N,)(F'/F) + 2N,"/N,, (19-5) 
c, = 4 + 3(F1/F) cot p + 2(N,'/N,) cot p . 

Figure 26 shows the results for the two sky conditions illustrated in figure 25. 
Directly beneath the observer (p = 0') the rough sea may be brighter or dimmer 
than a smooth sea depending on the condition of the sky. A rough sea contrasts 
with a flat surface most markedly near the horizon, where the rough sea appears 
darker. If the sea were absolutely flat, then the radiance of the sea surface just 
beneath the horizon would equal the radiance of the sky just above it-there would 
be no visible horizon. 

The albedo of the sea surface exposed to skylight is the ratio of reflected to inci- 
dent flux. The reflected intensity from a unit area is N(p) cos p-compare (18-2) 
and (18-3)-and the total reflected flux is 2aJF N(p) cos p sin p dp. Similarly, the 
total incident flux is 27r J!" N,(J,) cos J, sin J, dJ,. Hence the albedo is given by 

R = 1" ~ ( p )  sin 2p dp/S1'Ns(J,) o sin 211 dJ , .  (19-6) 

TABLE 3 

ALBEDO OF SEA TO SKYLIGHT 

Sea 

Sky 

The albedo has been evaluated numerically for a smooth and a rough sea surface 
for each of the three sky conditions shown in figure 25. In the case of the rough sur- 
face the integration was carried out along both branches of the curve a = 0.2 in 
figure 26; the correct values are believed to lie within the indicated limits. Compared 
to a flat sea the albedo is reduced by about 20 per cent in the presence of a Beaufort 

Clear. .................................................... 
Uniform.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Overcast. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

.I00 

.066 
,052 

.071 - ,088 

.050 - ,055 
,043 - ,044 
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I I I 1 I 

0 30" 60" 90? 
II 

Fig. 26. The radiance of the sea surface, N ( p ) ,  divided by the sky radiance a t  the zenith, N ' ( O ) ,  
as a function of the vertical angle p. The curves are computed for a flat (u = 0) and rough (u = 0.2) 
surface for two of the sky conditions illustrated in the preceding figure. The two branches for the 
curves marked u = 0.2 again indicate the upper and lower limits inherent in (18-11) and (18-12). 

4 wind, because of the hiding of effectively reflecting slopes and subsequent darken- 
ing of the sea surface near the horizon. 

For the uniform sky, Schmidt (1915) had previously obtained a theoretical value 
of 0.17. Measurements by Neiburger (1948) and Burt (1953) under an overcast sky 
gave only 0.10. Burt subsequently noticed that Schmidt had omitted cosine terms 
in his flux integration. The correct integration already carried out by Judd (1942) 
gave a value of 0.066. Whereas initially the theoretical value had been too high, now 
it was too low, and the discrepancy was almost as bad. The values in table 3 show 
that allowance for surface roughness does not help. The explanation seems to be the 
one offered by Neiburger (1954), namely, a reflection from bubbles and particles in 
the water in addition to the reflection a t  the surface. The average reflection due to 
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internal scattering, measured by Powell and Clarke (1936)) is 0.03, and this brings 
observation and theory into reasonable accord. The measurements of background 
radiation (sec. 5) also indicate that the scattered intensity can be an appreciable 
fraction of the reflected intensity. 

Burt (1954) has calculated the albedo of the rough sea surface to direct sunlight 
and diffused light by methods similar to ours. There are, however, two important 
differences. Burt made no allowance for multiple reflections and he allowed for 
shadowing by assuming the same distribution of slopes in the shadowed and un- 
shadowed areas. For very low sun elevations he obtains 100 per cent effective re- 
flectivity regardless of surface roughness, whereas our approximation indicates a 
lowering of reflectivity which increases in magnitude with increasing roughness. 
Applied to the reflection of skylight, Burt's result implies that there would be no 
contrast a t  the horizon; actually, the sea is darker than the sky, particularly on 
windy days. Fortunately the albedo to skylight is not markedly affected by any of 
these assumptions. For a = 0.2 Burt obtains R = .058 (clear sky) and .048 (over- 
cast), compared to our values of .050 - .055 (clear) and .043 - .045 (overcast). 

A slick lying within the sun's glitter pattern has a larger luminosity near the glitter 
center and a smaller luminosity near the outer edges than the uncontaminated 
water surface (pl. 12). This is because of the reduction of r.m.s. slope a, resulting in 
an increased probability of low slopes (glitter center) and decreased probability of 
high slopes (outer edges). The visibility of thin (natural) slicks outside the sun's 
glitter can be discussed with reference to figure 26 (sec. 19). To an observer looking 
steeply downward, the slick (small p) contrasts with uncontaminated water, ap- 
pearing dark under a clear sky and light under an overcast sky. Near the horizon 
the slick is always light. The contrast required for the visibility of large slicks is of 
the order of 2 per cent (-0.01 on the logarithmic scale in fig. 26), and adequate 
contrast for visibility may be expected even when the winds are light. In  searching 
for thin slicks one should concentrate on an area well toward the horizon. 

The situation is different for freshly spread slicks of mineral oil. The presence of 
interference colors demonstrates a thickness larger than a wave length of light. 
According to section 4.3, the reflection coefficient is appreciably greater than that 
of clear water. For light oil, the index of refraction is about 1.45 and the reflec- 
tivity of the surface is 1.6, 1.3, 1.0 times greater than clean water for angles of 
incidence 30°, 60°, and 90". 

These coefficients have been taken into account in drawing figure 27. The visi- 
bility of thick (artificial) slicks can be estimated by comparison with figure 26. 
Suppose the oily smooth surface (fig. 27, a = 0) is compared with the uncontami- 
nated rough surface (fig. 26, a = 0.2). The slicks are brighter, and the contrast is 
most marked directly beneath the observer ( p  = 0"). 

Some remarkable photographs of slick bands have been published by Ewing 
(1950). The surprising aspect is that these bands are due to internal waves. These 
are made visible by a curious chain of events: The orbital motion of the internal 
waves converges a t  the troughs, and the oils resulting from biological activity are 
squeezed into a surface-active film under tension, as shown by Ewing. This film by 
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Fig. 27. The radiance of a slick sea surface (see legend of fig. 26). 

virtue of its resistance to stretching imposes a horizontally quasi-rigid boundary 
against which short wavelets generated by local winds dissipate most of their energy. 
The resulting decrease in mean square slope affects the average reflectivity and also 
the segment of sky that is mirrored in the trough zones; both these effects produce 
a brightness contrast between the slicks and the surrounding ruffled water. I t  seems 
virtually impossible to predict the devious means by which nature chooses to reveal 
herself to the astute observer! 



Bulletin, Scripps Institution of Oceanography 

LITERATURE CITED 

BURT, W. V. 
1953. A note on the reflection of diffuse radiation by the sea surface. Trans. Am. Geophys. 

Union, vol. 34, pp. 199-200. 
1954. Albedo over wind roughened water. J. Met., vol. 11, pp. 283-290. 

CHANDRASEKHAR, S. 
1943. Stochastic problems in physics and astronomy. Rev. Mod. Phy., vol. 15, pp. 1-89. 

Cox, C., and W. MUNK 
1954a. Measurement of the roughness of the sea surface from photographs of the sun's glitter. 

J. Opt. Soc. Am., vol. 44, pp. 838-850. 
1954b. Statistics of the sea surface derived from sun glitter. J. Mar. Res., vol. 13, pp. 198-227. 
1955. Some problems in optical oceanography. J. Mar. Res., vol. 14, pp. 63-78. 

CRAMER, H. 
1946. Mathematical methods of statistics. Princeton, Princeton University Press. 575 pp. 

DARBYSHIRE, J. 
1952. The generation of waves by wind. Proc. Roy. Soc. A., vol. 215, pp. 299-328. 

DUNTLEY, S. Q. 
1950. The visibility of submerged objects. I: Optical effects of water waves. Visibility Labora- 

tory, Mass. Inst. Tech. Report, or U.S. Office of Naval Research Report No. N5 ori- 
07831. 

ECKART, C. 
1946. The sea surface and its effect on the reflection of sound and light. Univ. of Cal. Div. of 

War Research No. M407 (unpublished). 
1953. The scattering of sound from the sea surface. J. Acoust. Soc. Am., vol. 25, pp. 566-570. 

EWING, G. 
1950. Slicks, surface films, and internal waves. J. Mar. Res., vol. 9, pp. 161-187. 

HENNICKER, J. C. 
1949. The depth of the surface zone of a liquid. Rev. Mod. Phy., vol. 21, pp. 322-341. 

HULBURT, E. 0. 
1934. The polarization of light a t  sea. J. Opt. Soc. Am., vol. 24, pp. 35-42. 

JUDD, D. B. 
1942. Fresnel reflection of diffusely incident light. J. Res. Nat. Bur. Standards, Research Paper 

1504, vol. 29, pp. 329-332. 
LAMB, H. 

1945. Hydrodynamics. 6th ed. New York, Dover. 738 pp. 
LONGUET-HIGGINB, M. S. 

1950. A theory of the origin of microseisms. Phil. Trans., vol. 243, pp. 1-35. 
MINNAERT, M. 

1940. Light and colour in the upper air. London, Bell and Sons. 362 pp. 
1942. The reflection of light in rippled surfaces. Physica, vol. 9, pp. 925-935. 

MOON, P., and D.  E. SPENCER 
1942. Illumination from a nonuniform sky. Trans. Ill. Eng., pp. 707-726. 

NEIBURGER, M. 
1948. The reflection of diffuse radiation by the sea surface. Trans. Am. Geophys. Union, vol. 29, 

pp. 647-652. 
1954. A note on the reflection of diffuse radiation by the sea surface. Trans. Am. Geophys. 

Union, vol. 35, pp. 729-732. 
NEUMANN, G. 

1953. On ocean wave spectra and a new way of forecasting wind generated sea. Technical 
Memoirs, Beach Erosion Board. 

PIERSON, W. J., JR., and W. MARKS 
1952. The power spectrum analysis of ocean wave records. Trans. Am. Geophys. Union, vol. 

33, pp. 834-844. 



Cox-Munk: Slopes of the Sea Surface 479 

POWELL, W. M., and G. L. CLARKE 
1936. The reflection and absorption of daylight at  the surface of the ocean. J. Opt. Soc. Am., 

vol. 26, pp. 111-120. 
RICE, S. 0. 

1944. Mathematical analysis of random noise. Bell System Tech. J., vol. 23, pp. 282-332. 
RICHARDSON, R. A., and E. 0. HULBURT 

1949. sky brightness measurements near Bocaiuva, Brazil. J. Geophys. Res., vol. 54, pp. 215- 
227. 

SCHMIDT, W. 
1915. Strahlung und Verdunstung an freien Wasserflachen; ein Beitrag zum Warmeshaushalt 

des Weltmeers und zum Wasserhaushalt der Erde. Ann. d. Hydrogr. u. Mar. Meteor., 
vol. 43,pp. 111-124. 

SCHOOLEY, A. H. 
1954. A simple optical method for measuring the statistical distribution of water surface slopes. 

J. Opt. Soc. Am., vol. 44, pp. 37-40. 
SHULEIKIN, V. V. 

1941. Fizika Moria (Physics of the sea). Moscow, Izdatelstvo Akad. Nauk. USSR. 833 pp. 
SPOONER, J. 

1822. Sur la lumi&re des ondes de la mer. Corresp. Astronomique du Baron de Zach, vol. 6, p. 
331. 

TITCHMARSH, E. C. 
1937. Introduction to the theory of Fourier integrals. Oxford, The Clarendon Press. 390 pp. 

VAN WIERINGEN, J. S. 
1947. Reflection of light by rippled water surfaces. Proc. Kon. Ned. Akad. Van Wetenschappen, 

vol. 50, pp. 952-958. 
WIENER, N. 

1933. The Fourier integral and certain of its applications. London, Cambridge University Press. 
201 pp. 



PLATES 



UNIV.  CALIF. PUBL. BULL. SCRIPPS INST. OCEANOGR. VOL. 6 [COX-MUNK] PLATE 10 

The glitter pnttcrn a t  solar cilevations of 6 = 75", 50°, 30°, and 10". Wlnd speed was approxi- 
mztely 4 m. sec.-I The superimposed grids consist of lines of constant slope azimuth a (radial) 

( 4a2 1 



UNIV. CALIF. PUBL. BULL. SCRIPPS INST [COX-MUNK] PLATE 1C 

r27 Aug 1951 1 
- -- -- x- 

I TILTED d 

drawn for evcry :3Oo, anti of constant tilt 13 (closed) for every 5". The vessel I i p l v r ~ ~  i.q encaircled in 
upper left photograph. Thc white arrow indicates wind direction in this photograph. 
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UNIV. CALIF. PUBL. BULL. SCRIPPS INST. OCEANOGR. VOL. 6 [COX-MUNK] PLATE 1 1  

The glitter pattc~n at  wind sprrds of 0.7, 8.0, 8.6, and 14 m. set.-I Thr plane's shadow can 
barely be seen along a = 180, within the white cross. The grids have been translated and rotated 
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UNIV. CALIF. PUBL. BULL. SCRIPPS INST. OCEANOGR. VOL. 6 [COX-MUNK] PLAT 

to allo\v for roll, pitch, and ~ ~ a \ \ ~  of plane. Large rot:it,ion in upper left photograph is due to bad 
yaw. h'otice overlap of 4 Sept. k on plates 10 and 11. 
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UNIV. CALIF. PUBL. BULL. SCRIPPS INST. OCEANOGR. VOL. 6 [COX-MUNK] PLATE 12 

U p p e r  le j t :  Photometric. 1)hotograph corrc,spontli~~g to image ~)llotogl:il)h or) upprr right, plate 11. 
Light circle due to fteverie is indicated bv broken :&rro\v. i ' p p ~ r  right: S:ltural slick, wind 1.8;m. 
s ~ r . - l  Lower left and right: Vertical and tilted photographs of rectangular artificial slick, with near 
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UNIV. CALIF. PUBL. BULL. SCRIPPS INST. OCEANOGR. VOL. 6 UNK] PLATI 

boundary almost throuah spcc.ular point. Brightness of filicked sc.a surface is reduced for large B 
and enhanced for small 8. 
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