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Automated Generation of Linkage
Loop Equations for Planar One
Degree-of-Freedom Linkages,
Demonstrated up to 8-Bar
In this paper, we present an algorithm that automatically creates the linkage loop equa-
tions for planar one degree of freedom, 1DOF, linkages of any topology with revolute
joints, demonstrated up to 8 bar. The algorithm derives the linkage loop equations from
the linkage adjacency graph by establishing a rooted cycle basis through a single common
edge. Divergent and convergent loops are identified and used to establish the fixed angles
of the ternary and higher links. Results demonstrate the automated generation of the link-
age loop equations for the nine unique 6-bar linkages with ground-connected inputs that
can be constructed from the five distinct 6-bar mechanisms, Watt I–II and Stephenson
I–III. Results also automatically produced the loop equations for all 153 unique linkages
with a ground-connected input that can be constructed from the 71 distinct 8-bar mecha-
nisms. The resulting loop equations enable the automatic derivation of the Dixon
determinant for linkage kinematic analysis of the position of every possible assembly con-
figuration. The loop equations also enable the automatic derivation of the Jacobian for sin-
gularity evaluation and tracking of a particular assembly configuration over the desired
range of input angles. The methodology provides the foundation for the automated configu-
ration analysis of every topology and every assembly configuration of 1DOF linkages with
revolute joints up to 8 bar. The methodology also provides a foundation for automated con-
figuration analysis of 10-bar and higher linkages. [DOI: 10.1115/1.4029306]

Introduction

Dimensional synthesis solves for the geometric features of a
linkage so that it is capable of moving the end-effector to each of
a given set of positional requirements. One type of synthesis, task
generation, solves the geometry to meet a set of task positions that
are specified by their global positions and angles, Fig. 1. Synthesis
does not guarantee that the linkage will move smoothly, meaning
continuously with an increasing input angle, through all angles
between the task positions.

A kinematic chain is an assembly of rigid bodies, links, con-
nected by joints. The topology of a kinematic chain is the specific
interconnection of the links and can be represented by either an
adjacency matrix or an adjacency graph. A mechanism, some-
times called an inversion, is a kinematic chain of a specific topol-
ogy where a link has been selected as ground. A linkage is a
mechanism with a particular link selected as the input link; there-
fore, a linkage is a specific topology of a kinematic chain where
one link is selected as ground and another link is selected as the
input. The scope of this paper is limited to input links that are con-
nected to ground.

The motivation for this paper is to automate the complete con-
figuration analysis of a synthesized linkage to ensure continuous
smooth movement through all input angles within the range of
interest. In this paper, we present the first key step, an algorithm
that automatically constructs the linkage loop equations for any
topology of planar 1DOF linkage with revolute joints up to 8 bar.

To complete the automation of the configuration analysis, the
Dixon determinant can be derived from the loop equations and
used to solve for all possible assembly configurations. Continuous
smooth movement can be determined from the linkage loop

equations by deriving and solving the Jacobian to identify singu-
larities for the configuration of interest within the range of desired
input angles. The form of the automatically constructed linkage
loop equations is sufficient for automated derivation of both the
Dixon determinant and the Jacobian, but the details of that auto-
mation are beyond the scope of this paper.

This algorithm has been verified on all 4-, 6-, and 8-bar topolo-
gies for all unique combinations of the ground link and the ground-
connected input link. Limiting the research to the 8-bar kinematic
chains provided a convenient bounded scope. The approach is gen-
eral; therefore, it also forms a basis for automating the analysis of
1DOF kinematic chains of higher link counts. To test the algorithm
beyond the demonstrated 8-bar family, the present algorithm

Fig. 1 Example Watt I linkage reaching a task position
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successfully automated four 10-bar topologies including two with
nonplanar graphs and one with a quintenary link.

Literature Review

The specific connectivity of a kinematic chain can be repre-
sented as an adjacency graph where the vertices represent links
and the edges represent joints between the links. Tsai [1] pub-
lished an atlas of the 16 1DOF 8-bar ten-joint kinematic chains
and represented them in a set of linkage adjacency graphs and
linkage sketches.

Much of the work today is enumerating the unique kinematic
chains with high link counts. A key component of the enumeration
process is the detection and elimination of isomorphic kinematic
chains. Isomorphic kinematic chains are not unique because they
have topologies that can be transformed into a topology that has
already been enumerated by simply renumbering the vertices.
Sunkari and Schmidt [2] apply a McKay-type algorithm [3] to
show that there are approximately 20� 106 nonisomorphic topol-
ogies for the 16 bar, 22 joint, kinematic chain. Ding and Huang
[4] established a canonical representation of the kinematic chain
adjacency graphs and published a method for isomorphism detec-
tion based on the largest perimeter loop and the degrees of the ver-
tices. Ding et al. [5] published the enumeration of graphs of
kinematic chains up to 14 bar and recently published work extend-
ing the development of linkage graphs to linkages that contain
multiple joints, joints connecting more than two links on a com-
mon axis [6].

Tuttle [7] determined the number of distinct inversions, mecha-
nisms, of the 1, 2, and 3DOF kinematic chains. The results show
that for 1DOF linkages there are five distinct 6-bar mechanisms
and 71 distinct 8-bar mechanisms.

Using Baranov trusses, Manolescu [8] identifies three distinct
Stephenson 6-bar mechanisms and the two distinct Watt 6-bar
mechanisms, total of five, as well as 19 unique linkages. Of those
19 unique linkages, nine have a ground-connected input. Verho
[9] allows actuation through link pairs that are not grounded and
identifies 25 unique 6-bar linkages using Assur groups and visual
inspection. Of those 25 linkages, nine have a ground-connected
input and match the nine identified by Manolescu.

Linkage synthesis solves for the specific dimensions of the links
using one of the enumerated topologies. Soh and McCarthy [10]
published a methodology specific to the 8-bar family for synthe-
sizing linkages that can be constructed from a pair of constrained
3-R chains. Linkage synthesis approaches are published for a vari-
ety of selected kinematic chain topologies [11–13].

Linkage configuration analysis solves for the angles of all of
the output links. Approaches are typically shown for specific top-
ologies. Wampler [14] referencing Dixon [15] analyzed a double
butterfly 8-bar linkage using the Dixon determinant in a complex
plane formulation. The same linkage was also evaluated in
rational formulation by Nielsen and Roth [16]. Various other
methods for solving the configuration of a linkage have been pub-
lished such as the Gr€obner–Sylvester method by Dhingra et al.
[17] and the linear relaxation method by Porta et al. [18].

To determine if a particular assembly configuration moves
smoothly through a range of input angles, the singular configura-
tions must be avoided. Linkages that encounter a singularity
within the range of motion of interest have either a branching
defect or a circuit defect and have been addressed by several
authors. As defined by Chase and Mirth [19] a circuit is all possi-
ble orientations of the links which can be realized without discon-
necting any of the joints. A branch is the continuous series of
positions of the mechanism on the circuit between two stationary
configurations. Chase and Mirth use the sign of the determinant of
the Jacobian to identify the branches of 6-bar linkages. Myszka
et al. [20] identify the singularities and plot the singular configura-
tions as curves that are a function of the length of one of the links.

Kecskem�ethy et al. [21] published work automating the genera-
tion of the equations of motion of multibody systems. The method

establishes a minimal cycle basis for the mechanism graph, gener-
ates local dynamics solutions for each mechanism loop, and then
combines the local dynamics solutions into a global solution.

A general method for automating the derivation of loop equations
for all topologies of planar 1DOF linkages has not been published.

Demonstrated up to the 8-bar family our contribution shows a
method to automatically produce the linkage loop equations for
any 1DOF linkage with revolute joints. The loop equations are in
a form sufficient to complete the automation of the linkage config-
uration analysis by enabling automated derivation of the Dixon
determinant and the Jacobian.

Linkage Graph and Adjacency Matrix

The number of joints in a planar 1DOF linkage is given as a
function of the number of links by the equation,

j ¼ 3n=2� 2 (1)

where j is the number of joints and n is the number of links.
The number of independent loops is given by

L ¼ j� nþ 1 (2)

where L is the number of independent loops, j is the number of
joints, and n is the number of links.

Beginning with the 4-bar kinematic chain, the planar 1DOF ki-
nematic chains are comprised of loops of links. The 8-bar 1DOF
kinematic chains exist in three link assortment families that are
categorized by the quantity of links that are binary, ternary, qua-
ternary, quintenary, etc. Binary links connect to two adjacent
links, ternary links connect to three adjacent links, etc. For exam-
ple, the 4400 link assortment family is comprised of 8-bar kine-
matic chains with four binary and four ternary links. The planar
1DOF link assortments and the quantity of topologies for each are
listed in Table 1 up to 8-bar kinematic chains, Tsai [1]. Quinte-
nary links appear in some 10-bar kinematic chains.

For planar 1DOF linkages with revolute joints, the number of
connections between two links is limited to one since a revolute
joint only allows 1DOF. Having two joints between the same two
links forms a rigid structure.

Each topology can be represented in the form of an adjacency
matrix where a “1” indicates a joint connecting two links and a “0”
indicates no connection between the two links. The topology can
also be represented as an adjacency graph where the vertices repre-
sent links and the edges represent joints connecting the links. For
the double butterfly topology, the adjacency matrix and a nonplanar
adjacency graph are shown in Fig. 2 along with a sketch of the
linkage.

Rooted Cycle Basis

Before constructing the linkage loop equations, the loops must
be identified. To do so, we use the adjacency graph to establish
the smallest cycle basis through a common root edge, the edge
connecting the ground vertex to the input vertex. We call this the
rooted cycle basis.

Table 1 Planar 1DOF kinematic chain topologies

Class Link assortment Topology

Loops n j n2 n3 n4 n5 Quantity Total

1 4 4 4 0 0 0 1 1
2 6 7 4 2 0 0 2 2
3 8 10 4 4 0 0 9 16

5 2 1 0 5
6 0 2 0 2
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A cycle basis is a set of independent cycles that form a basis for
the graph such that every other cycle can be formed by a linear
combination of the basis cycles. Our automation requires every
loop of the cycle basis to pass through the edge connecting the
ground vertex to the input vertex.

The graphs of planar 1DOF linkages are in the family of graphs
called two-vertex connected. To divide the graph into two separate
graphs, two vertices must be removed. Removing one vertex
leaves a connected graph. Two-vertex connected graphs have the
property that the graph can be decomposed into a set of ears, an
ear decomposition. Per Whitney [22] any nonseparable graph
based on a loop, or circuit, remains a nonseparable graph with the
addition of ears, also called “suspended chains.” The first ear is a
loop, or cycle. The second ear, significantly higher, is a simple
path that has only the end joints in common with the previous loops.
An independent loop can be obtained by following the ear and the
previous loops to a common vertex. Similarly, an open ear decom-
position starts with a single edge and adds ears to form the graph.

A rooted cycle basis can be derived from an open ear decompo-
sition by constructing a path that follows the edges of each ear to
the endpoints of that ear, then from each endpoint follows part of
the next lowest ear to its end points. This repeats until arriving at
the endpoints of the edge connecting the ground and input vertex.
Since each cycle formed in this way contains an ear that is not
part of the previous cycles, each cycle contains at least one edge
that is not part of the previous cycles. Therefore, the set of cycles
found by this method is independent. The quantity of cycles con-
structed in this way is the same as the number of independent
loops necessary to form a cycle basis. Since the cycles are inde-
pendent and of the proper count to form a cycle basis, a set of
cycles formed in this manner is a valid cycle basis that meets the
additional constraint that all cycles in the basis pass through the
common edge connecting the ground and input vertices.

Deriving the Rooted Cycle Basis

To find the rooted cycle basis, we do not find the ear decomposi-
tion directly, rather we find the loops directly. The list of vertices
along a loop from the input vertex to the ground vertex is called a
path and the length of the path is its number of vertices. We use a
shortest path algorithm to find loops that are of minimal length.

There are several means of identifying the shortest path
between two vertices. Because all of the edges in these graphs rep-
resent joints they all have a positive distance, therefore, Dijkstra’s
shortest path algorithm [23] is sufficient for finding the shortest
distance between two vertices. Mathematica contains a shortest
path function that can be constrained to use the Dijkstra algorithm,
but the default settings are also suitable.

To generate the loops, the list of edges is produced for the
entire graph and the root edge, the edge connecting the ground
vertex to the input vertex, is eliminated. Through the remaining
portion of the linkage, the shortest path back to ground is identi-
fied and forms the first path. To find more independent paths, an
edge in the first path is eliminated along with the root edge. Each
edge in the first path is eliminated one at a time to find one or
more independent paths. These paths can be visualized as being at

the same level, the second level of paths. To find the third level of
paths, an edge in a second level path is eliminated along with all
the edge eliminations that created that second level path. This pro-
cess continues until no new paths are found and every edge elimi-
nation has been attempted.

At any of these levels, if there are multiple paths of equal length
one of them may be selected arbitrarily. At the next level, the path
not selected will still be the shortest path; therefore, it will not be
overlooked.

Because these are two-vertex connected graphs, elimination of
two edges can separate the graph into two components such that
there are no paths from the input vertex back to ground. When
this occurs the elimination is not valid and the algorithm tests the
elimination of the next edge.

From all of the paths identified, all of the unique paths are col-
lected and formed into cycles by appending the root edge. The
direction along each cycle is consistently defined such that the
first vertex in each cycle is ground, the second vertex is input, and
the last vertex is ground.

Some of the cycles may not be independent. An independent
cycle will contain an edge that is not in any of the previous cycles.
The cycles are ordered by length and then by vertex degree along
the cycles. The smallest cycle is chosen as the first cycle in the
cycle basis. In the sorted list of cycles, the next cycle which con-
tains the fewest new edges not presently in the cycle basis is an in-
dependent cycle and is added to the cycle basis. This continues
until a full set of independent cycles have been selected. The
8-bar family has three independent cycles.

Example Automated Cycle Basis Derivation

We apply the automation to an example 8-bar linkage from one
of the nine topologies in the 4400 link assortment family, Table 1.
The adjacency graph and adjacency matrix are shown in Fig. 3.
Vertex 5 is the ground and vertex 2 is the input.

The first elimination is the root edge connecting ground to input
(5–2), and the first level shortest path for the example 8-bar is
shown in Fig. 4.

To find the shortest paths at the second level, each of the edges
along the first shortest path is eliminated one at a time along with
the edge connecting ground to input. The next shortest path back
to ground is found through the rest of the linkage. Elimination of

Fig. 2 Double butterfly 8-bar adjacency matrix, graph, and linkage sketch

Fig. 3 Example 8-bar adjacency matrix and adjacency graph
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the edge set (5–2) and (2–6) will eliminate all connections to the
input vertex and is not valid. To produce the second shortest path,
the first valid edge elimination set is (5–2) and (6–7), Fig. 5.

There remains one more edge to eliminate in the first loop, the
elimination of the edge set (5–2) and (7–5). This elimination pro-
duces two shortest paths of equal length, Fig. 6. Either path can be
selected for the next shortest path and in this example we select
the first one. Although this is the same path as previously found,
the other path will still be the shortest path during a later step and
will not get overlooked.

To find the third level paths, an edge in each of the second level
paths is eliminated along with the edge eliminations that formed
the second level path. The first valid elimination set is the edges
(5–2), (6–7), and (8–5). This elimination produces the shortest
path shown in Fig. 7.

The last unique third level path is found by eliminating the
edge set (5–2), (7–5), and (6–4). This elimination produces the
shortest path shown in Fig. 8.

The unique shortest paths are formed into cycles by adding the
root edge. The four unique cycles are sorted by length and loop
vertex degree and shown in Fig. 9.

The first cycle {5, 2, 6, 7, 5} is the smallest and is selected as
the first cycle in the cycle basis. The cycle {5, 2, 6, 7, 1, 8, 5} con-
tributes the fewest new edges so it is selected next. Both of the
remaining cycles contribute three new edges so the first one in the
sorted list is added to the cycle basis {5, 2, 6, 4, 3, 8, 5}. For an 8-
bar linkage, there are only three independent cycles; therefore, the
remaining cycle is not independent of the selected three cycles
and is discarded. The selected cycles are once again sorted by

Fig. 4 The first level shortest path

Fig. 5 A second level shortest path

Fig. 6 Two second level shortest paths

Fig. 7 A third level shortest path

Fig. 9 The four unique cycles

Fig. 10 The cycle basis

Fig. 8 Another third level shortest path

011006-4 / Vol. 7, FEBRUARY 2015 Transactions of the ASME

Downloaded From: http://mechanismsrobotics.asmedigitalcollection.asme.org/ on 04/06/2015 Terms of Use: http://asme.org/terms



length and loop vertex degree to produce the rooted cycle basis
shown in Fig. 10. The loops and the vertex degrees are shown
numerically in Table 2.

Unique Mechanisms and Unique Linkages

The automation must be able to analyze the configuration of all
unique linkages, specifically, all unique combinations of topology,
ground link, and ground-connected input link. To test the analysis
routine, we enumerated and analyzed all of the unique linkages.

For each topology, there may be several choices for the ground
link that produce the same mechanism. Similar to the definition of
a graph isomorphism, nonunique mechanisms will have graphs
with a one-to-one correspondence of vertices that preserve the
incidence, meaning the degree of the adjacent vertices, as well as
the correspondence of the selected ground link. For example, the
double butterfly 8-bar mechanism has only two unique choices for
the ground vertex, Fig. 11. Every other selection for the ground
vertex can be made into one of the two unique mechanisms by
renumbering the vertices.

Several selections of ground and ground-connected input link
may produce the same linkage. Similar to a graph isomorphism
and a nonunique mechanism, the graphs of nonunique linkages
will have a one-to-one correspondence of vertices that preserve
the incidence as well as the correspondence of the selected
ground link and input link. For the double butterfly 8-bar linkage,
there are only three choices for the ground and ground-
connected input vertex that are unique, Fig. 12. Every other
selection for the ground and ground-connected input vertices can

be made into one of these three linkages by renumbering the
vertices.

To identify a nonunique linkage, the algorithm compares the
incidence of the vertices along the cycles of the rooted cycle basis.
The two cycle bases being compared have both been consistently
sorted by cycle length and consistently ordered within each cycle
such that the first vertex is ground, the second vertex is the
ground-connected input, and the last vertex is ground. The inci-
dence of each cycle is represented by the vertex degrees taken in
order along the loop, Table 2. 8-bar linkages that are not unique
preserve the incidence along the loops of the cycle basis, meaning
they have the same set of three vertex degree lists in the same
order. Comparing the vertex degree lists of every possible 8-bar
linkage with a ground-connected input reveals that every unique
linkage has a unique set of three vertex degree lists defined by the
rooted cycle basis.

Defining the Linkage Dimensional Features

The only input needed to construct the loop equations is the
rooted cycle basis. To automatically establish the linkage loop
equations, we apply a naming convention to the linkage loops to
construct unique names for the links, the joints, and the lines
between joints along a loop. We also define the name and location
of the link angles and the fixed angles representing divergence
and convergence of loops on ternary and higher links. When two
loops diverge or converge, we name the lines along the two loops
and the angle between them.

The cycle basis provides an ordered list of vertices for each
loop. These vertices are also the names of the links which are
joined in order along each loop. Following the rooted cycle basis
along each loop, we assign a unique name for the joints based on
the links being joined. Because there is only one joint between
any two links, these joint names are always unique. The first char-
acter of the joint name is “j,” followed by the number of the first
link being joined, followed by “t,” and finished with the number
of the second link being joined. For example, a joint between link
7 and link 5 is called j7t5. The t enables unambiguous distinction
between links even when the link number has more than one digit.

Also following the order of the links as shown for each linkage
loop, the physical distance between two joints on the same link is
given a unique name based on the two end joints. The first charac-
ter is “L,” followed by the name of the first joint (with the j omit-
ted), followed by t, followed by the last digits of the ending joint.
For example, the dimension of the line on link 5 between the
joints j7t5 and j5t2 is called L7t5t2. In a binary link, this dimen-
sion is intuitive, the distance between the two joints. In a ternary
link, this is the distance between two of the three joints.

For defining angles, we use the convention that all angles are
positive counter clockwise. The global angle of a link is defined
from a global reference to a feature on the link. The selected
global reference is the x axis. The selected feature on a binary link
is intuitive, the line between the two joints. For ternary and higher
links, there will be two or more features that could be selected.
We define the global angle of the link as the angle from the global

Table 2 Example linkage rooted cycle basis and vertex degree
list

Loops Cycle basis Vertex degree list

1 {5, 2, 6, 7, 5} {3, 2, 3, 3, 3}
2 {5, 2, 6, 4, 3, 8, 5} {3, 2, 3, 2, 2, 3, 3}
3 {5, 2, 6, 7, 1, 8, 5} {3, 2, 3, 3, 2, 3, 3}

Fig. 11 Double butterfly unique mechanisms

Fig. 12 Double butterfly unique linkages
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x axis to the line between the joints along the first loop that con-
tains the link. The origin of that angle is the first joint of the link
encountered along the loop. The name assigned to this angle is
“th” followed by the link number. For example, if dimension
L7t5t2 is part of the first loop then the angle relative to the global
frame for L7t5t2 is called th5 and the origin of that angle is at the
joint j7t5.

The vertices where loops diverge (or converge) represent ter-
nary or higher links. We need to define the angle for the line along
the divergent (or convergent) loop. We do this by defining a fixed
angle to describe the angle of the divergent (or convergent) loop
relative to the reference loop from which the loop diverges (or
converges). This fixed angle is added to the angle defining the line
along the reference loop. The fixed angle is located at the common
joint of the two loops and begins from the line along the reference
loop and ends at the line along the divergent (or convergent) loop.
The name of the fixed angle is based on the two lines. The name
is “fix” followed by the name of the line in the reference loop
(with the L omitted), followed by “tt,” followed by the name of
the line along the divergent (or convergent) loop (with the L omit-
ted). In quaternary links, there will be three loops that pass
through the link. The third loop may diverge or converge relative
to a line that diverges or converges from the link angle. The same
naming convention applies in this case so the final angle of the
third loop will be a summation of the link angle and two fixed
angles.

Derived automatically from the cycle basis shown in Fig. 10,
we apply the naming convention to the example 8-bar linkage in
Fig. 13.

Converting the Rooted Cycle Basis to Loop Equations

To automate the process of developing the loop equations, we
apply the naming convention by automating the construction of a
convention called FTLA. FTLA describes the link feature along
each loop with four terms {from joint, to joint, link dimension,
and angle}. Each loop is represented by a series of these four-term
sets and the first of the four-term sets for each loop represents the
line between two joints on the ground link. To sufficiently define
a line between two joints, only three of these four terms are
needed and the fourth can be derived; however, we choose to
retain all four terms for ease of automation. The only input needed
to develop the FTLA is the rooted cycle basis.

To create the FTLA for a linkage, first the rooted cycle basis is
converted to the series of joints it represents. The joints are then
paired to represent the end points of the link features along the
linkage loops. The lines between the joints are named based on
the joints and ordered such that the first line in each FTLA repre-
sents a line on the ground link.

The angle for a given line is defined in two steps. First, we es-
tablish the global angle from the x axis to the link, specifically to
the line between the joints along the first loop that contains the
link. Second, we establish the fixed angle that must be added to
the reference line to properly define the divergent or convergent
line. When two loops converge the “to joint” will match, when
two loops diverge the “from joint” will match. Subtracting the
from joint and to joint terms of each previous loop from the same
terms in the current loop reveals the locations where the current
loop converges to (or diverges from) the previous loop. These fit
the form of the following equation:

convergent loop form : fJoint2 � Joint1; 0g
divergent loop form : f0; Joint2 � Joint1g

(3)

Because we know which entries in the FTLA lists are sub-
tracted, we know the locations of the loop divergences and con-
vergences so we map the fixed angles to the appropriate location
in the FTLA and the appropriate name for the fixed angle is added
to the angle defining the reference line.

We convert from the FTLA form to the final loop equations by
taking the sum along each loop of the product

X : ðlink dimensionÞ � cosðangleÞ
Y : ðlink dimensionÞ � sinðangleÞ

(4)

Example, Creating the Loop Equations

Continuing with our example 8-bar shown in Fig. 13, the first
step in deriving the linkage loop equations uses text manipulation
of the rooted cycle basis in Table 2 to define the terms {from joint,
to joint, link dimension, and link angle}. At this first step, the link
angle does not account for the fixed angles between divergent or
convergent loops. The {from joint, to joint} pairs along the loops
are shown in the following equation:

Loop1

fj7t5; j5t2g; fj5t2; j2t6g; fj2t6; j6t7g; fj6t7; j7t5g
Loop2

fj8t5; j5t2g; fj5t2; j2t6g; fj2t6; j6t4g; fj6t4; j4t3g;
fj4t3; j3t8g; fj3t8; j8t5g
Loop3

fj8t5; j5t2g; fj5t2; j2t6g; fj2t6; j6t7g; fj6t7; j7t1g
fj7t1; j1t8g; fj1t8; j8t5g

(5)

Using Eq. (5), we subtract each term in loop 1 from each term
in loop 2 to reveal where the loops diverge and converge. Loop 2
and loop 1 converge at j5t2 and diverge at j2t6. The difference
between the two loops fits the desired pattern at these joints, as
follows:

fj8t5; j5t2g � fj7t5; j5t2g ¼ fj8t5� j7t5; 0g
fj2t6; j6t4g � fj2t6; j6t7g ¼ f0; j6t4� j6t7g

(6)

The same process is applied to loop 3 relative to loop 1 and
loop 2. Loop 3 converges to loop 1 at j5t2 following the same
path along L8t5t2 as loop 2; therefore, the fixed angle about j5t2
is the same for both loop 2 and loop 3. Loop 3 also converges to
loop 2 at j8t5 and diverges from loop 1 at j6t7.

The locations of the loop divergences and convergences are
mapped to the appropriate location in the loops and the appro-
priate name for the fixed angle is assigned. The final angle of
the linkage feature is the sum of the fixed angle and the link
angle.

The final FTLA convention is shown in the following
equation:Fig. 13 Naming convention, example 8-bar
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Loop1fj7t5; j5t2;L7t5t2; th5g; fj5t2; j2t6; L5t2t6; th2g;
fj2t6; j6t7;L2t6t7; th6g; fj6t7; j7t5; L6t7t5; th7g

Loop2fj8t5; j5t2;L8t5t2; fix7t5t2tt8t5t2þ th5g;
fj5t2; j2t6;L5t2t6; th2g;
fj2t6; j6t4;L2t6t4; fix2t6t7tt2t6t4þ th6g;
fj6t4; j4t3;L6t4t3; th4g; fj4t3; j3t8; L4t3t8; th3g;
fj3t8; j8t5;L3t8t5; th8g

Loop3fj8t5; j5t2;L8t5t2; fix7t5t2tt8t5t2þ th5g;
fj5t2; j2t6;L5t2t6; th2g; fj2t6; j6t7; L2t6t7; th6g;
fj6t7; j7t1;L6t7t1; fix6t7t5tt6t7t1þ th7g;
fj7t1; j1t8;L7t1t8; th1g;
fj1t8; j8t5;L1t8t5; fix3t8t5tt1t8t5þ th8g

(7)

The final loop equations are shown in the following equation:

Loop1

X : L7t5t2 cosðth5Þ þ L5t2t6 cosðth2Þ
þ L2t6t7 cosðth6Þ þ L6t7t5 cosðth7Þ ¼ 0

Y : L7t5t2 sinðth5Þ þ L5t2t6 sinðth2Þ
þ L2t6t7 sinðth6Þ þ L6t7t5 sinðth7Þ ¼ 0

Loop2

X : L8t5t2 cosðfix7t5t2tt8t5t2þ th5Þ þ L5t2t6 cosðth2Þ
þ L2t6t4 cosðfix2t6t7tt2t6t4þ th6Þ þ L6t4t3 cosðth4Þ
þ L4t3t8 cosðth3Þ þ L3t8t5 cosðth8Þ ¼ 0

Y : L8t5t2 sinðfix7t5t2tt8t5t2þ th5Þ þ L5t2t6 sinðth2Þ
þ L2t6t4 sinðfix2t6t7tt2t6t4þ th6Þ þ L6t4t3 sinðth4Þ
þ L4t3t8 sinðth3Þ þ L3t8t5 sinðth8Þ ¼ 0

Loop3

X : L8t5t2 cosðfix7t5t2tt8t5t2þ th5Þ þ L5t2t6 cosðth2Þ
þ L2t6t7 cosðth6Þ þ L6t7t1 cosðfix6t7t5tt6t7t1þ th7Þ
þ L7t1t8 cosðth1Þ þ L1t8t5 cosðfix3t8t5tt1t8t5þ th8Þ ¼ 0

Y : L8t5t2 sinðfix7t5t2tt8t5t2þ th5Þ þ L5t2t6 sinðth2Þ
þ L2t6t7 sinðth6Þ þ L6t7t1 sinðfix6t7t5tt6t7t1þ th7Þ
þ L7t1t8 sinðth1Þ þ L1t8t5 sinðfix3t8t5tt1t8t5þ th8Þ ¼ 0

(8)

Dixon Determinant Derivation

To solve for the angles of all of the links, we solve the
Dixon determinant using the complex plane formulation as
shown by Wampler [14]. To convert the loop equations to
complex form, we treat the Y direction as along the imaginary
plane. Multiply the Y equations by i where i2¼�1 and sum the
X and Y equations. We apply trigonometric identities and expo-
nential identities to transform the loop equations into imagi-
nary form. To solve for the unknown link angles, the
conjugates of the complex loop equations are used to provide
the full equation set.

The Dixon determinant method requires the selection of one
unknown angle to be used as a generalized eigenvalue while the
remaining angles are solved as a generalized eigenvector. The
Dixon determinant form is

MHn � N½ �t ¼ 0 (9)

where M and N are matrices with constant coefficients comprised
of the linkage dimensions, the ground angle, the input angle, and
the complex conjugate of the input angle. Hn is the unknown
angle selected to be the eigenvalue and the vector t is the set of
monomials representing the remaining unknown link angles.

Some unknown angles are poor choices for the eigenvalue Hn

because the resulting eigenvector t cannot be used to solve for all
of the remaining link angles. To cancel any scaling factors that
may exist, the final step of the solution process takes the ratio of
two elements of t to determine the true numerical value of each
angle. With a poor selection of Hn, there is no combination of ele-
ments in t whose ratio defines one or more of the unknown angles.
To automate this aspect of the configuration analysis, we simply
test each unknown angle as a candidate eigenvalue, derive the
eigenvector t and verify, symbolically, that there exists a mono-
mial ratio that will produce every unknown angle. The first candi-
date Hn that meets these criteria is selected as the eigenvalue.

Some linkages cannot be solved as a whole linkage using the
Dixon determinant process, not because of a flaw in the process
but because there is no valid selection of the eigenvalue Hn. These
linkages partition and can be solved as independent sublinkages.

When a valid Hn is found, numerical values for the link features
determined from the linkage synthesis are substituted into the
Dixon determinant and the Dixon determinant is then numerically
solved for a given input angle. The output provides all of the pos-
sible linkage assembly configurations for that input angle.

Block Diagonal Jacobian Derivation

Because the Dixon determinant provides all of the possible real
assembly configurations, a means of identifying a particular assem-
bly configuration within the solutions is needed. McCarthy and
Soh [13] show a numerical method to track a particular solution
through the range of input angles. The present research identifies a
particular linkage assembly by factoring the Jacobian into 2� 2
blocks and seeking the assembly configuration where the signs of
the determinant of the 2� 2 blocks match a desired pattern. The
desired pattern represents the assembly configuration that reaches
the task positions used in linkage synthesis. When the desired pat-
tern does not exist for a particular input angle, either a branch or
circuit defect has been encountered and the linkage assembly con-
figuration will not move smoothly through that input angle.

The Jacobian is the derivative of each of the six loop equations,
Eq. (8), with respect to each unknown angle. We convert the Jaco-
bian to block upper triangular form through a determinant preserv-
ing transform as shown by Silvester [24], Eq. (10). The Jacobian
can now be factored as the product of the determinant of each
2� 2 block matrix along the diagonal

A B

C D

� �
I 0

�D�1C I

� �
¼ A� BD�1C B

0 D

� �
(10)

Since the transform involves an inverse of submatrix D, the col-
umns of the Jacobian are first sorted so that the blocks along the di-
agonal are full rank to ensure that D is full rank. For the 8-bar
family, the Jacobian is a 6� 6 matrix and we apply the transform
twice, the first transform treats the lower right 2� 2 along the diag-
onal as D, the second transform treats the lower right 4� 4 as D.

The example linkage, Fig. 13, has the input link and the ground
link within a 4-bar sublinkage; therefore, singularities occur when
the following features are collinear: L2t6t7 and L6t7t5, L6t4t3 and
L4t3t8, or L7t1t8 and L1t8t5. Taking the determinant of each
2� 2 block along the diagonal produces the three Jacobian factors
expected, Eq. (11). One of these factors is zero when one of the
expected link pairs is collinear

J1 : �L2t6t7 L6t7t5ðcosðth7Þ sinðth6Þ � cosðth6Þ sinðth7ÞÞ
J2 : �L4t3t8 L6t4t3ðcosðth4Þ sinðth3Þ � cosðth3Þ sinðth4ÞÞ
J3 : �L1t8t5 L7t1t8ðcosðfix3t8t5tt1t8t5þ th8Þ sinðth1Þ
� cosðth1Þ sinðfix3t8t5tt1t8t5þ th8ÞÞ

(11)

For many linkages, the sign combination of the Jacobian factors
uniquely identifies the configuration of interest among the
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solutions of the Dixon determinant. However, there may be excep-
tions such as the Stephenson III 6-bar linkage that could contain a
link that rotates more than 360 deg before encountering a singu-
larity [19]. For such linkages, the factored Jacobian alone may not
be sufficient because within a particular range of input angles
there may exist two configurations with the same sign list.

Results

Following this procedure, we have automatically derived loop
equations for the entire family of 4-bar, 6-bar, and 8-bar 1DOF
linkages with revolute joints. Four 10-bar topologies have also
been successfully automated including two with nonplanar graphs
and one with a quintenary link.

The process identified the five unique 6-bar mechanisms, Watt
I–II and Stephenson I–III, as well as the nine unique 6-bar link-
ages with a ground-connected input, matching the known Watt
and Stephenson families [8,9]. The quantity of 71 unique mecha-
nisms identified for the 8-bar family matches the result published
by Tuttle [7]. The process also provided a new result showing 153
unique 8-bar linkages with a ground-connected input. The results
are summarized in Table 3.

The algorithm also properly identified the Watt IIb linkage as
the one 6-bar linkage that partitions. Like the Watt IIb, the algo-
rithm identified 24 linkages in the 8-bar family that do not have
an acceptable selection for the eigenvalue angle Hn and cannot be
solved as a whole linkage using the Dixon determinant. Inspection
of these 24 linkages, and the Watt IIb, shows that the ground and
input links are driving two 1DOF sublinkages whose assembly
configurations are independent.

Conclusions

In this paper, we present a procedure to automatically create the
linkage loop equations for the entire family of 1DOF linkages
with revolute joints up to 8 bar. The process provides equations in
a format suitable for the automation of the complete configuration
analysis of planar 1DOF 8-bar linkages with revolute joints. The
method is also general and forms the basis for automation of 10-
bar and higher linkages.

Linkages containing multiple joints, joints connecting more
than two links on a common axis, can be represented with these
automated loop equations by setting the appropriate physical fea-
ture sizes to zero. Future work should determine if there are spe-
cial considerations for the configuration analysis of multiple joint
linkages through the automated Dixon determinant.

Extensions of the work are expected to include planar multide-
gree of freedom linkages, 10-bar and higher linkages, prismatic
joints, inputs not connected to ground, and spherical linkages. We

also expect to incorporate improvements in the algorithm for com-
putational efficiency.
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