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) I. Introduction

A. The Problem in California
Seepage from rivers and natural channels is a serious problem in

the Sacramento Valley of California. Impalrment of land use occurs

along the Sacramento, Feather, Yuba, and Bear Rivers as a result of

intenmittént periods of high ground water or ponded surface water.

When channel ievels exceed the adjacent ground surface elevation, water
moves through and under the confining levels into adjacent lands. If
drainage facilities are inadequate, the soll becomes saturated and water
often ponds on the surface. The water damages orchards and perennial
and annual crops, and prevents working of land, resulting in delays in‘
or prevention of normal planting of annual crops. |

A survey of seepage along the Sacramento River by the U. S. Bureau

of Reclamation led to the following statement (9):

"The survey indicates that the influence of high winter and spring
stages of the Sacramento River diminishes rapidly and is not notice-
able beyond 1.5 miles of the river and normally is negligible at 0.5
of a mile. The degree to which the river contributes water %o the
underground varies greatly from place to place along the river depending
upon the geology of the area and on the extent to which river stages
are above or below the level of the adjoining land. In those areas
that have sand strata connecting to the river, the river makes large
and rapid contributions to the ground water as the river stage rises.

In other areas, where the river channel is in heavy clay, the rlver

contributes water to the ground very slowly during perlods of hlgh river

#Numbers in parentheses refer to references at the end of the report.



j
stage and does not creabe gr&undwater pfoblems unl?ss the river stages
are maintained at high levels for a month or longéfo"

Extensive sespage damage occurred in Sacrameﬁto Valley in the winters
of 1937-38, 1940-41, 19L1-~42, 1951-52. Surveys of economic losses by
seepage during the period 1937-1953 show an average of 18,000 acres
affected annuallyo The average annual loss (at 1953 prices) amounted
to $1,834,000, cr $102 per acre affected (21). |

Most investigations of thé problem have been concerned with the field
conditions involved, including areas affected, periods and durations of
flooding, and esonomic losses sustainedo Little has been done to study
the physical picture éf the flow of water from'the stream channel
through subsurface strata to the adjacent ground surface. It is the pur=-
poseg'thereforag of this investigation to ahaiyze the hydraulics of
seepage flows for conditions similar to those existing in Sacraménto
Valley- |

B. Approach to the Problem

The nabtural conditieﬁs governing seepage from a stream channel into
adjacent lands include geology and sdilsg topography, ground water,
rainfall and runoff, and channel stage. The range of conditions for
each of these variables, together with their possible combinations,
makes it apparent that not ail situations for reaches in the Sacramento
Valley could be studied. Instead, key variables were selected for study
so that results could bé generalized. Modifications can then be made
to apply the restlis Lo particular sibuationsa

This study is a lab@rat@ry'inﬁestigation of seepage flow nets for
steady flows. Boundary conditions were selected to correspond to a

variety of field conditions. Data were obtained from an electric
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analogy model constfuct%d for.thié‘pufpose; ‘Results have been présenﬁéd'"'
in graphical form to facilitate interpretation and application to |

similar situations found in the field.

C. Previous Contributions

vSurveys of seepage conditioﬁs iﬂ‘Sacraﬁento Valléy ére summarized
in reports by the Joint Committee on Water Problems'of the California
Legislature (9) and by Plumb and 6ﬁhefs»(21);"Thé laﬁﬁer‘rep§rt also
contains a critical review of methods for controlling seepageo“'lliuéfram |
tions of the compiéi geology of alluvial deposits in the Valléy are
contained in the report by Plumb and others (21) and by McClure and
others (17). Discussion of seepage conditions at particular locations
can be found in works by Kabakov (10), Scott and Luthin (23)?'and Todd (28).

The engineering literature contains many references to seepage
through earth dams, under masonry dams, from canals, and to relief wells.
Significant contribuﬁions toward énaljtic'éoiutibns have been made by
Lane (11), Bemmett (2), Middlebrooks and Jervis (18), Barron (1), Shea
and Whitsett (25), and Hammad (5). Discussion of various field con-
ditions of seepage can be found in papers by Mansur and Kaufman (lé)
and Esmiol (4). Hydraulic models have often served as a valuable tool
to supplement analytic approachesb(z%vpp° 307-325). Applications of the
electric analogy model to seepage problems have been made by Harza(6),
Selim (24), and Johnson (8). Turnbull and Mansur (30) employed a sand
model, while Todd (28) investigated an unsteady case with a Hele~Shéw
model.

The electrolytic type of electric analogy model designed for tests
in this study is well known. Discussions of the model design and its

application to seepage studies date from the work of Pavlovsky (20), and
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include Lane, Campbell, ard Price (12), Vreedenburgh and Stevens (32),
, )
Stevens (27), Reltov (22), and Luthra and Ram (13). A recent summary
of the theory of the analogy has been prepared by Malavard (15).
The subsurface conditions in which seepage occurs in Sacramento
Valley necessitated study of flow through layered anisotropic scoils.
Fundamental contributions to the mechanics of this phenomenon have been

made by Casagrande (3), Maasland (14), Vreedenburgh (31), and Stevens (26).

D. Acknowledgments
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Hydraulic Laboratory of the College of Engineering at Berkeley.

Information on field seepage conditions was supplied by the
California Department of Water Resources and the United States
Geological Survey. Mr. G. E. Wilson and Mr. G. S. Sivanna assisted
in the laboratory work, while Dr. G. de Josselin de Jong furnished

advice on the theoretical computations.



1T, Seepage Cross-Section

A. Topography

Reaches along the Sacramento River caﬁ be classified into three
principal types: |

{1) Reaches whgre the adjacent ground surface is higher than the
highest water surface in the river;' In thssé reaches water flowihg
underground from the river will nqt réach ground surface. ,The water
table, whether free or controlled by drains, is always beiow ground
surface; hence seepage is not a problem. |

(2) Reaches where the adjacent ground surface is below the river
stage. A continuous seépage flow exists in this situation with the rate
of water movement at any location being governed by the difference in
elevation between the river stage and the water table in lands adjoining
the river. ‘The water table may vary in elevatidn depending upon the
subsurface flow rates, may be contrclled near one level by subsurface
drains, or may rise to the ground surface and appeaf as ponded water
during periods of excessive seepage. (In this connection it'shoﬁld be
noted that water ponded in fields back of levees may result g&§g
from excessive rainfall and inadequate surface drainage facilities).

(3) Reaches where the adjacent ground surface is below the rivér
stage only a portion of the time. Seepage becomes a seasoral problem .
here because high stages are invariably associated with winter and spring
floods and assoclated upstream releases from dams.

In the upper reaches of the river, above Hamilton City (see Fig. 1),
ground surface slopes generally from the foothills on either’side‘of f

the valley toward the riwver. The river slope decreases in the vicinity
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of Bubte City resulting in the formation of natural levee deposits from

overflows. These have created a ridge within which the river flows and

-

with land sleoping away from the river on both sides. Low areas parallel
the river on both sides, inclduing Colusa Trough and Yolo Basin on the
west sidé and Butte Basin ahd Sutter Basin on the east side, and extend
southward to the Delta. A breakiin slope'usually occurs about one-fourth
mile from the nivéfg formed by the edge of the heavier material deposited
by the rivers on the natural levees (21).

The Sacramento River merges with the San Joaquin River in the
Sacramento~San Joaguin Delta and théreafter flows into San Francisco
Bay. The Delta constitutés an area of nearly 400,000 acres of irrigated
agricultural land interlaced by more than éOO miles of tidal channels
which surround more than 50 islands. Most of the islands contain deposits
of peat at the suffaceg Intensive agricultural development of the land,
combined with drainage to lower the water‘tableg has resulted in loss
of peat from the surface: Qxidation and wind erosion are major contributing
factors. The destruction of peat has produced an average lowering of the
ground surface of about 3 inches per yearg‘consequéntly, many islands
are saucer-like depressions 10-15 feet below sea level and surrounded
by levees.

Seepage constitutes a problem in Sacramento Valley, therefore,
along the Sacramento Rilver south of Hamilton City, along the lower
reaches of the Feather, Yuba, and Bear Rivers, and throughout the
Sacramento-San Joaquin Delta.

B. Geology and Soils

Seepage in Sacramento Valley occurs almost entirely in Reqent

and Pleistocene alluvial depesits adjacent to and underlying the major



rivers. These depcsits may be classified (21) as follows:

- (1) Deposits that are moderately to highly permeable and most

likely to contein and bransmilt river seepage:
(a) Natural levee deposits
(b) Younger and older point bar deposits
(2) Deposits that ars relatively impermeable and not likely to
transmit seepage, or to ﬁransmit it at a very slow rate:
(2} PFine-grained river basin deposits
{b) Abandoned channel fillings
Each deposit is briefly discussed in the following paragraphs.

Natural leves deposits and the medium to fine-textured deep
permeable soils develeped on these deposits appear to have a greater
influence on river ssspage than any other geologic unit. These
deposits ars located on bobth sides of the Sacramento and Feather
Rivers in the Vzlley at elevations above the flood plain. During high
river stages the cearser-grained portion of the natural levee is sub-
merged so that water travels through the leveee from the river to
lewermlying adjacent land, Quter margins of the natural levees are
usually finer graimed. If mno impermeable barrier restricts the
horizontal movemenﬁ of sespage water, it appears at ground surface
and spreads out over lomeiying impsrmeable river basin deposits.

. Point bar deposits have an appreciable influence on river seepage.
These deposits, and the coarse to medium-textured soils developed on
them, are loceted mainly bstween present river channels and the artificial
levees, They are most exbensively developed in the upper and central

reaches of Sacramento River from Hamilton City south to Colusa. During



high river stages pointibar‘deposifs aré‘in:dirécflhydféﬁlié béﬁtaaﬁll“
with the rivéf; hence seepagé:cén'extenduundér and outside'bf the
artificial levees if nd‘adjécent déboéits restriét flow.

Relativelybimpérmeabié\fiver basin deposits and the.iﬁpermeable
soils developéd oﬁ them are.hot éffective for seepage @ranémiséiénm
These deposits occurqinvéépogfaphicaliy low areas adjacenﬁ:to'natural'
levees alogé the central and lower réachesibf SacramentéfRiﬁer;  They"
tend te act as seepage barriers rather than séepage condhiﬁsa

Abandoned channel filliﬁgs'are‘lécated on both sides of Sacfaw
mento River and are élosely assSéiéted with point béf dépoéits between
HamiltonvCiﬁy and_Knightg ngdinga These filiings are generally long,
narrow depreséions“formed by compaction of clay deposits. Although
theéewargas Qfﬁen contain étanding water which has seeped ffom rivers
through adjaceht depositsg:chaﬁpé¥ fillings are not likéiy'to sérve
aé conduits for transmissipn osteepégea

In order to obtain estimates of seepage through repfésenbative
cross-»sectionéj it was necessafy'to determine relative permeabilities.
Extensive field mgasurement of permeability would lead to average
ﬁalues for each type of.deﬁOSitﬁ_buticonsiderable scatter could be
anticipated around each mean. Because only relative permeabllities
were needed fbn the present purpose, rough estimates of permeabllities
were made from representative grain size distributions of the
deposits from data by Plumb ami -others (21 ). Permeabilities were
determined by the relation

K = 7100 dpgReR?

where K is the standard coefficient of permesbility (gal/day/ft=2)

-
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and dog is the 20 per cent finer grain size (mm). Results are shown
in Table I. Relative values of K’ére those in relation to the lowest
permeability, that of abandoned channelrfillings. Assumed relative
values of K are grouped by order of magnitude. These values were
then divided by ten for convenience to obtain rélative permeabilities
for the deposits in the model, Note that the permeabilities of aban-
doned channel fillings and river basin deposits were assumed negligible
in relation to the other deposits.

Table I - Estimates of Relative Permeabilities

for Fine-Grained Alluvial Deposits

Geologic Deposit dog, mm K, gpd/ft2 Relative | Assumed Relative K
K relative K for model

Older point bar 0.032 2.8 ' 1200 %Bé 50
Younger point bar} 0.020 1.0 420 _
Natural levee 0,0045 3.4 x 1072 S 1 L
Natural levee 0,003 1.3 x 1072 5
(outer fringe) _
River basin de- ~ |10.0022 6.5 x 1073 3

posit ' 1 0
Abandoned channel | 0,004 2.4 x 1073 1l

£fillings

C. Representative‘Geolpgié Sections

An investigation of well logs near Sacramento River and of geologic
sections plotted by Plumb and others (21) showed a wide diversity of layered
alluvial deposits. Fig. 2 shows an actual section; the irregularities, based
on the limited data available, are typical. This variety, combined with
inadequate field data, precluded any possibility pf determining seepage
through actual geologic sections. Instead, a number of hypothetical
sections were constructed for model tests which are representative of

. seepage conditions in Sacramentc Valley.
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Almost all seepage occurs in the ZOQelébove the_highest more or less
continuous‘clay layer. This layer may occur anywhere from near ground
surface to depths approaching 100 feet. It acts as a lower impermeable
boundary for the seepage flow pattern. In the permeable zone various
layers of deposits can be found. Based on the geologic deposits discussed
in the previous section, layers could be reduced to ones having relative
permeabilities of 50, 1, and O. These layers are essentially horizontal,
but may vary in thickness and in their relative vertical positions.

As most seepage occurs within a mile of the river, the model was limited
to a maximum distance of 3,000 feet inland from the leveeﬁ A maximum
depth of 100 feet below the water table was also selected. If symmetry
is assumed about the center of the river, a section on only one side of
the river need be investigated. |

Other aésumptions made for the model investigation were that the
river channel is rectangular with a depth of 25 feet (a few cases of
other depths were also studied) and a width of 600 feet., Levees were
assumed to be situated adjoining the river channel,‘to be impermeable,
and to have a base width of 100 feet at the elevation of the inland
water table. An impermeable levee, of course, implies that all seepage
passes under the levee. Depending upon the mode of construction and
materials employed, levee seepage may or may not be a significant item.
In any event, seepage tnrough a levee may be considered as occurring
independently of that under a levee. |

A final variable necessary to consider in evaluating éeepage is
that of the anisotropy of permeable zones. Most aliuﬁial strata are

deposited horizontally with a pronounced tendency for a greabter uniformity



in grain size and depositional,structure_horizontally.thanfverticallyg;_

Commonly this results in a condition-of anisotropic permeability where
the horizontal permeability may greatly exceed ﬁhat of the vertical.
Ratios of vertical to horizontal permeability of 1, 0.1, and O.OL
were selected to give a range of representative conditions.,
D. Water Table

The position of the water table relative to river stage and to
ground surface determines relative seepage;rates.and-howﬁsoonbseepage
may appear at ground surface. Seepage to a deep water table from a
short duration flood stage may not affect surface conditions, whereas
the same situation at a location with a high water table may have a
marked-surfac; effect.,

Water table slopes along Sacramento River are generally toward
therriver@ Exceptions occur in Bubtte Basin, south of Sacramento,
and in the.Deita; here slopes are away from the river even during
periods of low flow. Depths to water table vary widely depending on
location, season, river stage, and subsurface drainage facilities.

Extremes range from about 20 to zero feet below ground surface. It

is known (28; 29, pp. 163-165) that with a rise and fall of river stage,

a corresponding fluctuation occuré in the adjoining;water,;taable° The
magnitude decreases with‘distance.ffomvthe river and the time of the
maximum helight lags with distance inlanda

In most of the irrigated agricultural land in Sacramento Valley
the water table is contrelled to within narrow limits by subsurface
drainage facilities. The level is commonly maintained at 3 to 4
feet below ground surface. For steady flow conditions studied in the

electric analogy model, the water table was assumed stationary. -This

13
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might represent levels controlled either by subsurface drains or by
ponding at‘ground surface. Both horizontal and sloping water tables
were ilnvestigated.

BE. River Fluctuations

With upstream regulation Sacramento River in the Valley area is not
subject to large fluctuations in stage. In the central portion of the
Valley dam releases and flood flows raise river stages in winter and
spring for periods of from a few days to a few weeks at a time. The number
of such periods and the magnitudes- of ﬁhe rises are, of course, governed
by seasonal rainfall and snowmelt conditions. " South of Sacramento and
in the Delta, the river is subject to tidal action. The short tidal
period (approximating 12 hours) is too small to have an appreciable
effect on seepage; hence only the mean elevation above sea level need
be considered,

Field (9) and laboratory (28) investigations have confirmed that
seepage from flood flows iskpréportional to a duration-~height factar;
hence the nonsteady factors need no further consideration. This study
was limited to the steady case with emphasis on the distribution of
seepage in;and from the river. Factors of river stage magnitude and
duration are'variables necessary in applying these results to obtain
quantitative seepage for a given situation and location.

F. Cross-Section Assumed fdr‘EbdéllAnaiysis

Previous sections have reviewed field conditions governing seepage
in Sacramento Valley and have indicated assumptions necessary to obtain
representative model data. The general cross-section to be studied is
shown in Fig. 3 together with symbols identifying the constants and

variables involved.
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IMPERMEABLE . LE VEE RIVER

GROUND SURFACE WATER TABLEN = STAGE
R -

-2

(NN NI LINS ANV NI LN S _}'r !
v UPPER Ky X b b).-»i d
LAYER » o .
0 ~— Kxu L‘—B*—’
! PERMEABILITY Ky
LOWER L K
L uaver v
KXL !
1 PERMEABILITY K
L
Legend
Ttem : L . Symbol Range of Values
Channel depth d 0 -~ 100 ft.
Permeable zone depth D 100 ft. (constant)
Thickness of upper layer u 10 - 100 ft.
Thickness of lowey layer 1 0O - 90 ft.
Length of cross-section from ’ ~
centerline of river ' L 1000 - 3300 ft.
River stage above levee base ' H (None assigned)
Channel hglf-width B 100 = 300 ft.
Levee base width b 100 ft. (constant)
Distance landward from toe of levee x 600 - 2900 ft.
Permeability of upper layer ' Kﬁ' (None assigned)
Permeability of lower layer . Ky, (None assigned)
Anisotropy of upper layer KyU/KxU ‘ 1:1 - 12100
Anisotropy of lower layer ' KjL/KkL v 1:1 - 1:100

. Ratio of permeabilities of the

two layers | | - KU/Kt

12503 50:1

Figure 3 - Definition Sketch of Cross-Section
- Assumed for Model Analysis
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The total cross-section depth D and the levee base width b were

-held constant. The channel depth d.and the channel half-width B

were constant for all but a few model tests, Significant variables are
the thicknesses of the upper and lower layers, u and 1, respectively.
These are related by

Dzu+1 - 100 ft,
The length of crbss—section L was varied as required to obtain a
practical vertical scale to define the seepage flow pattern of each
model test., The river stage H determines the rate of subsurface flom9
but has no effect on the distribution of seepage;‘therefore, no values
were assigned,. Similarly, the permeabilities of the layers, KU and KL’
were unassigned, but thelr relative values expressed by their ratio:
KQ/KE form a key variable of the investigation. The amisotropies of the
individual layers are expressed by the ratio of their respective di-
rectional permeabilities, KjU/KxU and K&L/Kx§° Ratios were varied
from 1 to 0.0L. | )

Based on the variables defined in Fig. 3 and .on a study of field
conditions in seepage areas of Sacramento Vallej, a §eries of model
tests were outlined covering various combinations of the significant
variables, Table II lists 56rtests, identified by number, together with

values assigned for each parameter. The policy followed in selecting

these tests was to adopt cross-sections typical of the area of interest.

Test results; supplemented by field data on river stage and permeability,
should enable quantitative estimates of seepage amount and distribution
to be made for a large variety of field conditions. Furthermore, modi~
fication of test results, as described laier, extends the applicability

of results to many other conditions similar to those in the test series.



Table IT - List of Model Tests

(All dimensions refer to field conditions)
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Length

Channel

Test Thickness Thickness Permeability Anisotropy
No. of cross- of upper of lower ratio | depth
section layer , layer Kﬁ/KL d; ft.
Lyft. (u), ft. (1), fto L KoKy Kpr/Ky,
13 1000 100 0 - 1:1 - 25
2 1500 100 0 - 1:10 - 25
3 3000 100 0 - 1:100 - 25
A 1000 10 90 1: 50 1:10 1s L 25
5 1000 10 90 1:50 1: 10 1:10 25
6 1000 10 90 5081 1:10 151 25
7 1000 10 90 508 1 1:100 1zl 25
8 1000 10 90 5031 1:10 1:10 25
9 1500 10 90 5031 1:100  1:10 25
10 1000 25 75 1: 50 l:1 1:1 25
11 1000 25 75 1:50 1sl 1:10 25
12 1000 25 75 1350 1510 1:1 25
13 1000 25 75 1:50 1:10 1:10 25
14 1000 25 75 50z 1 1:1 1:1 25
15 1000 25 75 5021 1:10 1l 25
16 1000 25 75 5021 1:100  1l:1 25
17 1000 25 75 50:1 1:1 1210 25
18 1000 25 75 5021 1:10. 1510 25
19 1500 25 75 5031 1:100  1:10 25
20 1000 50 50 1250 lel. l:1 25
21 1000 50 50 1250 1:1 1:10 25
22 1500 50 50 1550 1:1 1:100 25
23 1000 50 50 1350 1:10 1:1 25
21 1000 50 50 1550 1:10 1:10 25
25 2000 50 50 1250 1:10 1:100 25
26 1000 50 50 5031 1:1  1:1 25
27 1000 50 50 5031 1:10 1:1 25
28 1500 50 50 5051 1:100  1l:1 25
29 1000 50 50 501 lsl 1:10 25



Table II (cont)

lest Length Thickness Thickness Permeability Anistropy Channel
Ne. of c€958~ ofi:pgfr OfWiOZir ;a}éo - ) 2ep§€
éEj ?E? (u)9y£%¢ (lg §£o "U ,L KyU/KxU ;‘KyL/KxL ’ J
30 1000 50 50 5031 1:10 1:10 25
2 2000 50 50 5021 1:100 1210 25
32 1000 75 25 1:50 1:1 1:1 25
33 1000 75 25 1: 50 1:1 1:10 25
34 1000 75 25 1:50 1:1 1:100 25
35 1000 75 25 1:50 1:10 1:1 25
36 1000 75 25 1:50 1:10 1:10 25
37 1500 75 25 1350 1:10 1:100 25
38 1000 75 25 5051 1:1 L:l 25
39 1000 75 25 5031 1:10 Lzl 25
40 1000 75 25 50:1 1:1 1:10 25
L1 1000 75 25 50:1 1:10 1:10 25
L2 2000 75 25 50:1 1:100 1:10 25
L3 3000 100 0 - 1:100 - 50
Ll 3000 100 0 - 15100 - 50
L5 3000 100 0 - 12100 - 50
L6 1500 100 0 - 1510 - 50
L7 3000 75 25 1550 1:100 1:100 50
48 3000 75 25 5051 12100 1:100 50
L9 3000 25 75 1:50 15100 1:100 50
50 3000 25 75 50:1 1:100 1:100 50
51 3000 100 0 - 1:100 - 0
52 1500 100 0 - 1:10 - 0
53 3300 100 0 - 12100 - 1.00
54 1800 100 0 - 1:10 - 100
553 1500 100 0 - 1:10 - 25
56% 1500 100 0 - 1:10 - 25

B = 300 ft. for Tests 1l=54, 100 fi. for Test 55, and 200 ft., for Test 56.
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ITI. Electric Anglogy

A. Theory

The electric analogj is a well~known devicé for studying the field.ﬁ' C
of fiow of fluid through borous media (8, iég i?, 2&); The aﬁalogy is
based on the similarity between the differential equations which |
describe the flow of fluid throﬁgh porous ﬁediag and those which
govern the flow of electric current through conducting materials (15).

Ohm's law for the flow of electricity through a conducting material

can be written

T - -0 grad V o . (1)
where - o

I = vector of electric current per unit area

o = conductivity of the conducting material

V = electric potential |

Similarly, Darcy's law for the laminar flow of fluid through porous

media can be written

d = -Kgradt® | | (2)

q = dischérge- rate per unit area |

K = permeability _

© = potential (or head) of the l‘iquidb; =2 +§
p = pfessure | -

zZ ™ élevation

Y = specif;‘ic‘ weigh‘t“ vof: fluid

For steady flow in a region with no sources or sinks, the electric
potential V satisfies the differential equation
div T = div( -o grad V) =0 (3)

which reduces to the Laplace equation
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5 5 2 o -

for an isotropic conducting material. Similar considerations of continuity
for the steady flow of an incompressible liquid through a. homogeneous and

isotropic porous medium lead td the equation

div T = div(-K grad¥ ) = O (5)
or
2 5 2 2 .
9 x 3y 8z '

Comparison of Egns. (1) and (2) and Egns. (4) and (6) leads to the
conclusion that any steady incompressible fluid flow problem having a
potential ¥ (x, y, z) may be investigated by an electrical model with

the following anai,ogies:

Fluid flow through porous media o Flow of electricity

Porous media Conducting media

Y = fluid potential V = electric pobential

4§ = specific fluid discharge T = electric current per unit area
K = permeability 6 = electric conductivity

Darcy's law and Laplace's equation‘ “Ohm's law and Laplace's equation
Thus, an unknown function P (x, v, 2) in a specified domain with

given boﬁndary conditions can be defined by an electric potential

V (x, ¥, ) of a conducting material model having the same geometric

shape and satisfying analogous boundary conditions. Measurements of

the electric potential V in the model provide a numerical solution

for ¥ (x, y, z) which satisfies Eqn. (65 and the given boundary conditions.
The electric analogy can be used for studying three-~dimensional

as well as two-dimensional fields of flow. The present work is concerned

only with the two-dimensional case of flow in the vertical (x, y) plane.



2L

Here the Lapacian operator in Eqns. (4) and (6) reduces to ’

w2 - 28 L A @
ax" ! a -

The imitation of a nonhomﬁgeneous domain ﬁith a conductivity Which
varies from point to point in the three-dimensional case can only‘be
accomplished if the variations take the form of large homogeheous sub-
domains which can be imitated by the use of dlfferent conductlng materials.
In the case of a two~d1men51onal fleld it is pOSSlble to represent varlable
permeability by wvarying the thlckness of the conductlng material in the
model. The electric potential must not vary with the thickness coordlnatee
Tﬁis restriction has to be considered wheﬁ the permeability changes by a
large amount abruptly along a line.. Here, varying the thiékness of the
conducting material in the model is not possible because the abrupt
change of thickness by a large factor causes the electric potential to
vary along the thickness coordinate. To circumvent this difficulty
different conducting materials, or different electrolyte concentrationé
of the same depth, can be installed in the model.

For two-dimensional cases where variations in thg thickness of the

conducting material are permissible, Egn. (l)_can be written in the form

I" = -oh (x,y)»gra& v (9)
where
T = electric current per unit width
h”(xg y) = thickness of conducting material
¢ = electric conductivity
If o dis constant, then

div T' = 0 e-gdiv (h grad V) (10)

and
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5 (, 2V 2 (n8¥ )= (1)
a:;c'(h"’“ggg‘) oy ( 3y 0 .

In addition to the anaslogy between ¥ and V, a second analogy exists
between the fluid stream function % and the electric current function W
The current element dW repi‘esents the current intensity dI across an arc dS,

so that
(12)

aW = - ok (2Y AV 9) g
W 5(9x8+9y9)d3

where g and @ are the direction cosines of the normal to dS (see Fig. 4)

defined by € = - «d&% and Q= g—%fo Egn. (,J.2)> becomes

Wz~ h Q@ ax - gy)
3 x

L : Y P (13)
but also by definition '
N = X + L “
Sx FtST W (1)

Comparing terms gives the relations between the functions V and W,

LV e 1. W . (15)

aﬁd
8V _ . 1 oW (16)
v o h 9 x S

Taking the derivative of Egn. (15) with respect to y and of Eqn. (16) with

respect to x and subtracting yields

3 (L _2W , 5,1 _BW,:p (17)
TG THx )t THe Tay ) TP

Eqs. (11)and (17) have the same form, and from them it can be seen that
both V and W satisfy the Laplace equation when h is constant.
Similar equations can be obtained for the functions Y and W o

If the permeability of a porous medium is variable, then

div(Kgrad P) = =_38 (x--8P -2 (x
| dx

2¥) =
9% 57 577 =0

(18)
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and ,
day o 9% ax o¥ dyz -k _BPax K _0o¥ ay (19)
g x o ¥ | 3y - 9x
Values of ¥ and ¥ are related by
oY . 1 _ oWy
3 x K oy (20)
and
o _ -1 3V (21)
oy K 9 x

If K is constant, both ¥ and q/ satisfy the Laplace equation.
There are, therefore, two types of analogy, which can be stated as

Type I Y omV; Y= oW; h = oK (22)

ne
and

Type 11t Ye=m'W; WYW=-n'V;h - _n'
. : m' 6 K (23)

where m, n, m' and n! are constants depending upon the system of units employed.
From.the'experiﬁental gbandpoint, it is simpier to measure énd plot the
electric potential V (x, y) than the stream function W (x, y). Plotting the
electric equipotentials ¥ {x, y) = constantvgives in the Type I analogy the
equipotential lines P = constant; and for the Type IL analogy, the steamlines
Y = constant. These lines form‘anrorthogonal network in homogeneous media.
Egn. (6) (or Egn. (18) for the nonhomogeneous case) is not sufficient in
itself to determine the unknown function P . Supplementary conditions,
usually in the form of boundary conditidns, must bé added. If thgse
boundary conditions can be satisfied by the electric analogy model, the
flow pattern can be ascertained.
Usual boundary conditions fall into one of three categories:
(a) The function ¥ (x, y) is given on the boundary (the Dirichlet
condition).

(b) The normal derivative o Y/ 9n, representing the velocity per-
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pendicular to the boundary, is given on the boundary (the Neumann
condition). m

(¢) Both % and 3%/ 3 n in the form of

£

(24)
are given on the bounddry (the Fourlerj or mlxed, condltlon)
The most common boundary condltlons are those in the first two

categories. They are partlcularly'81mple to reproduce in an electrlc

analogy model when they reduce to the form QP (x, y) - constant or m_@ Y =0.

In the case of W (x, y) = constant, the boundary is made of an electrode
raised to the corresponding potential V = constant, If _ gvﬁ)_ = Q?:corm
: 5 . ,

responding to an impervious boundary in thevprotoﬂypeg an insulating boundary
is installed in the model so that no electric -current crosses the boundary.

When ¥ or 8%/ 8 n vary along the boundary, the analog represeita.. .
of thése boundary conditions is samewhat more complicated. The boundary
of the model for these.cases is usually covered by a large number of small
electrodes which are insulated from each other, In the case of'Dirichlet”OOh—
ditions, each electrode is raised to a' potential V corresponding to the '
potential ¥ at the midpoint of that electrode: Thus, the continuous dis-
tribution of ¥ is replaced By;a stepwise distributien. In the case
of Neumann conditions, each of these_electrodes is set to allow a certain

current.I to flow. The value of I is given by

I~= &8 o V) ~'*'2
{ ® n/ts (25)

where S is the length of the electrode and ( IV ) is the average @V
. X A

cn.

over the length of the electrode.
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The main aim of the present work was to map the flow net, composed
of equipotential curves Y = constant and streamlines Y = constant.
In order to simplify construction of the model, it was decided to compute
rates of flow from the flow net rather than measure electric currents
and convert these to rates of flow. Scales for discharge are described
in Appendix I.

The two-dimensional flow fields to be studied are nonisobropic and
nonhomogeneous. In general, they consist of tw§ layers with different
permeabilities. Each layer is nonisotropic; thus the.permeabilities
KX,va, and Kz in the three coordinate directions x, ¥y, and z, respec=
tively, are diffefento

Let LPO and ¥, be the lowest and highest potentials in an

analogy of Type L. A potential difference V; - Vj furnished by an

electric current source in the model corresponds to the difference

P 1~ @ 5. It is convenient to express potentials as percentages

by installing a potential divider of 100 divisions; the potential dif-

ference between terminals V; = Vg5 = 100. From Eqn. (22)

Y o mV
Py - Yo =m (W -Vo) =100m
and D T G p
100 v
Therefore, |
=t zoolp 4 | =)

or letting ¥, = 0,

i
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Let qy, %y’ q, and K, , Ky, K, be, respectively, the specific.-dis~ . -
charges and the permeabilities in the coordinate directions of a homo-

geneous anisotropic media. From Egn. (2)

oY ' 0
W= 8x5‘1y?‘*'“K3’1g‘53,qu“Kz g‘z (28)

and, by the continuity equation (Eqn. 5),

vt - _9dax . _ 9% 8% (=)
d.lv'q"' o " Tyt TEe .
- _rv 22 3Ry

In an electric analogy model it is convenient to work with isotropic
media. It will, therefore, be shown first tHat an anisotropic system
can be made equiﬁalent to an isotropic s&éfém’by scale distortibne

To facilitate thé following discussion, the subscript e ill refer
to the equivalent system, the subscripﬁ ré‘to the bfoﬁbﬁypeg'ana'the"? |
Subscript r' to the ratio between the two. For prototype conditions

Eqn. (27) bécomes : S e

j 2 ‘ 92 v 92 e
K. »ﬁyﬁ— K o P - =
w G i Y v 0 O
For the isotropic equivalent system, Eqgn. (30) can be written
2 . 0, g _0%e _ -
fo G+ Se Zho + Ko 57 = O (32)
e

Considering only the two~dimensional caséj let

xpt = _Xe 3 yri= Je Pt PR =¥ Byrr = &3 Kypr = Ke (33)
Xp b ? . ¥p Rxp ) Kyp
Inserting these values in Egn. (32) gives
Kert®Prt . op RyetPrt K, _Pp ) (34)

By comparing Eqn; (34) with Eqn. (31)9 the design conditions for the
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equivalent system

er' \P oyt = Kyr' kP:c" = a (35)
) 2 .

X V.,

K K %2

xr! yp o= Xt (36)

B © BT 57

are obtained. Here x,i and y,t are the horizontal and vertical length
scales of the equivalent isotrépic system, and a is a constant.

Egn. (36) shows that an aniso.tropic system is equivalent to an
isotroj)ic system with distorted scales. The equivalent permeability
Ke can be determined by considering the flow through an arc with co-
ordinate projections A xp and A yp in an anisotropic flow field,
Let the equivalent transformed projections be Ax, and 4y, in
the ilsotropic field with the equivalenﬁ permeability K’ea The total

flow throughvthe given section must be the same in both systems

when = 5 5 hence
Yoz Yo f

/

4 : a't . \
- sal i A (2w ___..g}f +o%g gy\P ) 6D
e e

Rewrit{ing Egqn. (36) in the form

. CoNE s
A¥e (5?52)2 AT
ax, Kyp Axp

and J’inserting into Egn. (37) yields

K A;VE K A X _ Ke ( A‘ye + Axe)

, +
Xp —x yP A7, ‘ A X, AL Ye
1

K = K 2

g2 (=l (E)
A x, - 2 yp Ky
Multiplying by A Xp A T.Yp: N 1

2 K.\ 2 2 2

K - K XD, + K EIE. A X

Kep AV + By &% = Q(Kﬁ) ALY e(xp) o
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(Kxp 2yp « Kyp @xp) (1 - —2__ -0
VKo Kyp
and finally,
Ko o \/pr Kyp : (38)

Similar considerations for a three-dimensional case lead to

Ke o /pr K.;yp K.:zp/Ko (39)

where K, is an arbitrary cbnstant having the dimensions of permeability
(L 1h,

The next step is fo transform the isotropic equivalent system
into the isotropic model. Let‘ subscript m denote model values -and
subscript r dencte model—»prototypé ratio. The equivalent permeability
is related to that of the model by

Kez CEKpm
where C defines a scale factor to be selected in designing the model.
For an electric analogy Ky is replaced by the conductivity o ,

while ‘Pm = '}Dl v

The model dimensions are obtained from the equivalent system

through a scale reduction by a factor poe Hence:

p ® /ixei ym;f’l yesxra"‘*"gg"'ml ﬁx“f“"
R R
7. =Tn 1 =Tr
Ip B P
K K
K. =CK3 K _; =08 = m_ . CK
e w? e Kxp Kxp . xr
' K
Kiwi =Ke =C2m - CK
yrt = pe. = = fyr
w  fwp

‘ilor LPI"

it

Inserting these values in Egns. (35) and (36) yields ‘
‘KXI‘KPI' Kor'P o .(LLO)

29
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and 2
Kee _Bp _ X (41)
B ™ B ™ 32
Replacing a by K, . , where K, is an arbitrary constant having the
dimensions of permeability (L T~%), one obtains
| 1 1 ‘
e fn  me(Gfy, (12)
Hxp! Ky

Eqn. (42) indicates that the two steps described above, that is,
from an anisotropic prototype to an equivalent isotropic prototype and
from an equivalent isotropic prototypes to an isotropig model, can be
carried out in one step. It shows that the aniscotropy in permeability
is equivalent to modifying the coordinates of a point in the flow
field. By shrinking or expanding the coordinates of an anisotropic
prototype according to these equations, an equivalent isotropic
system is obtained. |

In a three-dimensional case it can be shown that if the square
root of each direcﬁional permeability is plotted in its corresponding
direction at a point of an anisobropic medium, an ellipsoid, desig-
nated the ellipsoid of direction (14), is formed.

If X, is the permeability in direction n making angles 6., O

S}s

and &, with the coordinate axes, then

1. cos? Oy cos< @ cos® ©
= . 2
e e (13)
and the equation of the ellipsoid is
2
K, Ky K, .

For the two~dimensional case, the ellipsoid reduces to the ellipse

shown in Fig. 5, for which
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FIG.5 ELLIPSE OF DIRECTIONAL PERMEABILITIES
FOR TWO DIMENSIONAL FLOW
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| ;
L cog Oy co‘sg‘@ ’
K, KY Ky ]
and
2 2
e o tlom =
Kx &y 1 (46)

In an ischbropic medium equipoteﬁtialﬁ ézﬁd streamlin:esr.fam an
orthogonal network. For a nonisctropic medium, the equipctentials
are gonjugate to the streamlines with regard to the ellipse (14).
In general, therefore, the potential gradient and the streamlines
do not have the same direction.

In the two-dimensional case, let e be the angle between the
flow direction and the xwa;}cﬁ.s and ﬁ be the angle betwsen the normal

to the equipotential line and the x~-axis (Fig. 6). Then

Oy = Q COS &€ . = = Ky gmwzﬂKX{a“P)GOS§
: 8 x L o n
Oy =g sinec = - '3%9:~K(3¢P)sinﬁ
y A R yKM. §
& oy . an
from which it folliows that
ban % =¥ (7)
Lan F‘;‘ KZ

This equation gives the relation between the direction of the steam-
lines and equipotentials in a two”di@ensi@nal anisotropic system and
the ratio of permeabilities in the prineipal directions of anisotropy.
In addition to being anisotroplc, the investigated cross—sections
are also nonhomogenégﬁs due o tha twé 1ayers of different permsability.
Fig. 7 shows the case of flow at the boundary of two homogeneous iso-
tf@pic layers wibh permeabilities Kl and Kgo Continuity requires
that the flow between the two streamlines be the same in both regions.

Therefore,
Ki _ah AA =K, Ah B B!

R il

A'B A B



FIG. 6 STREAMLINES AND EQUIPOTENTIAL LINES

IN AN ANISOTROPIC SYSTEM
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FlG 7 REFRACTION AT THE BOUNDARY BETWEEN
| TWO HOMOGENEOUS lSOTROPIC LAYERS
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and :
Ky cot ox 1 = Ky cot o

or
tan o, - K1 (48)
Tan o, T K3

From

it follows that

cot 4 | Ky - (49)

Eqns. (48) and (49) define the refraction of streamlines and equi-
potential lines, respectively, at a permeability boundary.

When anisotropy is introduced into the layers, the relation
‘given by Eqno(38)a1ds in defining the refraction. For two
» anlsotroplc layers with permeabllltles Ky1s Ky » sz,‘and Kyg,

the refraction formula for the transformed system will be

tan ec 2 ~ tan ﬁ 1 \sz KyZ

tan ¢ 1 _ tan @ » ;‘nylKl) (50)

Selection of model scales is governed not only by the conversion
~ of anisotropic layers to fictitious isotropic ones, but also by the
need to make the individual layers have coincident adjoining boundaries.
Consider the example of Fig. 8.

The anisotropy for the lower region is defined by the
ellipse O, with semi-axes (Kr1)® and (Kr0)2. The anisotrolsy for
the upper. region is defined by the ellipse Oy with semi-axes (KU1)2
and(KU2)§° Let the principal directions of Oy make a 45° angle
with the coordinate direction and let those of Op coincide with

the original coordinate directions.
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FIG 8 TRANSFORMATION OF AN ANISOTROPIC TWO-LAYER
SYSTEM (a) INTO A FICTITIOUS ISOTROPIC
TWO - LAYER SYSTEM (b)



In the upper region let E be a fixed point and transform the UjU,

plane into a Uy'Uy® plane, according to Egn. (42) by

(51)

KX

(\)h—J

l\)IH

UlK fmg§

utote ( Uy

hi}

ﬂ-uu
by

Pi’;

By letting Koy = Ky, the transformation shifts points only in the U,
direction. As a result the region ABCDEH is transformed into A'BfC'DYEH’

such that every ordinate U, becomes

.

U2 :{éUlﬁﬁ Uz (52)
' VAR ‘

Similarly, for region L, the transformations

L' = L\ ;0 Lot = (K \
= (B oy, s B2’ = (Sonf (53)
-\ - \Kpz© 7@

are applied. If E is kept fixed again and K, = Ky, then Iy' = L!

and the region EFGH is transformed into EF®G"H such that for every
ordinate L2 | '
3 (54)
vLZ »

= )

VK2
It can be seen in Fig. 8 that the two transformed regions do not
colncide along the common boundary EH. To connect this line EH' is
~first rotated through an angle 7~ , then all dimensions of one fegion
are multiplied by a factor such that the common boundary will have the
same length in both regions. This could also be.accomplished by

selecting K, such that

ST )

The connected transformed isotropic regions now have egquivalent

permeabilities
Ky = (KU1 KU2)~ (56)
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" ¢ Y
Kp, = gy Kpp)

B

(57)
The fliow nsb can now be d@ﬁenmined‘with‘aid of an electric analogy,
and the resulbts transformed back to the original anisctropic regions=§
When the boundary betwesn the two reglons is an arbitrary curve,
the boundary limes of the transfcrmed regions cannot be made to coin-
cide with one ancther. However, common points on the boundary can be
identified in esach transformed region. In an electric model, sach
transformed reglom is veproduced sepsrabtely and the c@mm@n‘baundany
is composed of many swall separate slectrodes. If electrodes of
corresponding points are connescted by conductors having negligible
resistance, the flow fields in the two regions can be determined

Ld»q

In the present work the houndary between the two regions is

62}

hydraulic con=

From Egu. {28)

it

"KYU = E‘sQTJ 5 Fay K‘\L

Kyu %L KL (58)

it

LE

(59)

neides after bransformation.

<& . £ " o g o
the ccmmon boundary of

establishing the model

Eqns. (58) and (59) provide the basis
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scales and dimensions. An illustrative example of a typical cross—
section follows.

Examples

Figure 9a shows the prototype cross-section for Test 4 (see
Table II).

Given the length of the model to be 5 ft., then the
length éf 1000 ft. in the prototype establishes

Xp = _2 = _ 1
1000 200
From Eqn. (41)
R 2 _
yI‘U :Xr Ii“}-gg,
. KyU
‘ v 1 A
T = Xy (KXU)E = (1:2}3 =
- 00§ 1/ o
s 2 /T 83.L
and similarly,
L 1
Ik = X, (KXL}a - L (lf = ok
KyL 200 {1, 200
Figure 9bshows the dimensions of the resulting model constructed
for Test 4.

The model scales and dimensions selected to carry out the tests

listed in Table IT are shown in Table III. In all tests Ly = 5 ft.
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Table III - Model Scales and Dimensions

NEEEZF *e try L Yo ?m ?m ,?m Pno P
1R A, T dn. in: - B3 o PO 1.

:

1 1:200 15200 - 6.00 0 1.50 6,20 6,00 18,00
2 1:300 1:948 - 12.65 0 3.16 12.65  4.00 12.00
3 13600 1:60 - 20.00 0 5,00 20,00  2.00  6.00
A 12200 1s63.4 15200  1.90 5.40 2.80 7.30  6.00 18.00
5 1:200 1:63.4  1:63.4  1.90  17.05 4-73 18.95  6.00 18,00
6 11200 1:63.4 15200  1.90 5,40 2,80 7.30  6.00 18.00
7 1:200 1:20 1:200 = 6.00 5.40 6.90 11.40  6.00 18.00
8 1:200 1:63.4 1:63.4 1.90  17.05 4.73 18.95  6.00 18.00
9 12300 1:30 1:94.8  4.00  11.40 5,90 15.40  4.00  12.00
10 - 15200 15200 13200  1.50 450 1,50 6.00  6.00 18.00
11 12200 1:200  1:63.4 1.50 14,20 1.50 15.70  6.00 18,00
12 12200 1:63.4 12200 4.73 L .50 LT3 9.23  6.00 18,00
13 12200 1:63.4 1363.4 4.73 14,20 L.73 18.93 6,00 18.00
1, 15200 1:200  1:200  1.50 L+ 50 1.50 6,00  6.00 18,00
15 15200 1:63.4  1:200  4.73 L. 50 L.73  9.23  6.00 18.00
16 1:200 1:20 1:200 15.00 4.50  15.00 19.50  6.00  18.00
17 11200 15200 1:63.4 1.50  14.20 1.50 15.70  6.00 18,00
18 15200 1:63.4  1:63.4 4,73 14.20 4.73 18,93  6.00  18.00
19 1:300 1:30 1:94.8 10,00 9.50  10.00 19.50 4,00 12.00
20 12200 1:200  1:200  3.00 3.00 1.50 6,00  6.00 18.00
21 12200 1:200  1:63.4  3.00 9.50 1.50 12,50 6,00 18.00
22 15300 1:300  1:30 2.00 20,00 1.00 22,00  4.00 12,00
23 1:200 1:63.4 12200  9.50 3.00 L.73 12,50  6.00 18.00
21 12200 1:63.4  1:63.4  9.50 9.50 4.73 19.00  6.00 18.00
25 12400 12127 1:40 4.75  15.00 2.38 19.75  3.00  9.00
26 1:200 1:200  1:200  3.00 3.00 1.50 6.00. 6,00 18,00
27 12200 1:63.4 1:200  9.50 3,00 L.73 1250 6,00 18.00
28 1:300 1:30 13300  20.00 2.00  10.00 22,00  4.00 12,00
29 1.:200 12200 1:63.4  3.00 9.50 1.50 12.50 6,00 18.00
30 13200 1:63.4  1:63.4 9,50 9.50 L:73 19.00  6.00 18.00

,hl



Table IIT (cont.)

Ngrizzf YrU YrL ‘f‘m %‘m dm I?m b m ?m
in. 1. in. 1N in. 1.
31 1:400 1:40  1:127 15.00  4.75  7.50 19.75  3.00  9.00
32 12200 12200 12200 4.50 1.50 1.50 6.00  6.00 18.00
33 12200 12200  1:63.4  4.50 475 1.50  9.25  6.00 18,00
3l 1:200 1:200 1320 L.50  15.00 1.50 19.50  6.00 18.00
35 15200 1:63.4 13200  14.20 1.50 L.73 15.70 6,00 18.00
36 1:200 12630 1:63.4 1he20 4T3 LT3 18.93  6.00 18.00
37 13300 1:94.8 1330 9.50  10.00 3,20 19.50  4.00 12.00
38 15200 1:200  1:200 4,50 1.50 1.50 6.00  6.00 18,00
39 1:200 1:63.4, 13200  14.20 1.50 L.73 15.70  6.00 18,00
4O 12200 12200  1363.4 450 75 1.50 9.25  6.00 18.00
41 1:200 1263.4  Ll:63.4 14.20 LeT3 LeT73 18,93 6,00 18.00
42 12400 1240 1:127 22,50 2.37 11.20 24,.87  3.00  9.00
43 1:600 1:60 - 20,00 - 10.00 20,00  2.00  6.00
Ly 1600 1260 - 20,00 - 10.00 20.00 = 2.00 6,00
L5 1:600 1:60 -~ 20,00 - 10.00 20,00  2.00  6.00
L6 1:300 1:94.8 - 12.64 - 6,32 12,64  L4.00 12,00
L7 12600 1:60 1:60  15.00 5,00 10,00 20,00  2.00 6,00
4,8 1:600° 1260 1260  15.00 5,00 10,00 20.00 2,00  6.00
49 12600 1260 1:60 5.00 15,00  10.00 20,00 2,00 6,00
50 1:600 1:60 1260 5,00 15,00  10.00 20,00 ~ 2.00  6.00
51 12600 1:60 - 20,0 - 0. 20,00 2,00  6.00
52 15300 1:94.8 - 12.65 - 0 12,65  L4.00 12,00
53 12600 1:60 - 20.0 - 20.00 20,00 2,00 (6.00)
51, 1:300 1:94.8 - 12.65 - 12,65 12,65 4,00 (12.00)
55 1:300 1:94.8 - 12.65 - 3.16 12,65 4,00 4,00
56 12300 1:94.8 - 12.65 - 3.16 12.65  4.00  8.00




C. Description of the Model

The electric analogy model for this study consisted of severél
components, including the electrolytic tank, the electrical circuit,
the conducting medium, the analogy boundaries, and the drawing table.
A sketch of the assembly is shown in Figo 103 two‘photographic‘views
vare given by Fig. 11. Individual model components are discussed in
the following subsectibns@

(1) Electrolytic Tank

As the conducting medium was an electrolyte, a large shallow tank
was constructed to hold the liquid. The fank was ﬁade of %minch
" Lucite plates with dimensions of 25 inches by éb inches and a depth 1
bf 3 inches., The bottom was plane and was levelled to insure a uni-
form.depth‘of electrolyte..

In all tests the meximum length of the tank was utilized. It was
found that meking a test of the largest possible size in the model

minimized inaccuracies and boundary errors.

(2) Electrical Circuit

The electric circuit for the model is shown in Fig. 12. A 60-cycle

alternating current was connected to the electrolytic tank. The voltage
Was reduced by a transformer from 110 volts to 12.6 volts to avoid

dangerous voltages and heating of the electrolyte. The potential
divider is a 2000 ohm precision Helipot which can accurately divide
the voltage inte 1,000 subdivisions.

Visual identification of the potential at the probe position in the

tank was obtained with a cathode ray oscilloscope (RCA Model 158, 5
- inch) connected to the probe and the Helipot. The amplitude of the
sinusoidal wave on the oscilloscope screen decreased as the probe ap-

proached a preset potential; when the wave was reduced to a horizontal
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line, the probe was on the desired potential. In this position there
was no potential difference between the probe and the potentiometer;
hence no. current flowed through the cscllloscope.

The resistance box pfovided a means for establishing a wide variety
of fixed potentials on slectrodes in the tank, Most tests required only
the limiting potentials of O and 100 per cent; but to represent sloping
water tables, intermediate pohtentials with specified differences were
necessary. The box contained L0 precision resistors of 150 milliohms
each, connected in series. A plug can be ccnnected to the end of each
resistance so that potenﬁial diffepences of 2.5 per cent can be obtained.
Larger resistancesg which can be added at either or both ends of the series,
increase the possible combinations of potential ranges and differences.
Tablé IV lists the possibilities.

Table IV - Combinations of Resistances Possible

in the Resistance Box

Resistance added Reslistance in Resistance added DNumber of Range Potential
at the beginning the main series at the end outlets (per cent) increment
(per cent)
0 H0pse 0 40 0-100 2+5.
0 20p ’ 0 20 - 0-100 5
20p 20p 0 20 50-100 2.5
0 20p 20p 20 0-50 2.5
0 L0p LOp- 4O 0-50 1.25
LOp LOp 0 LO 50-1.00 1.25
20p 40D 20p L0 25-75 1,25
L0p L0p . 20p LO - L40-80 - L
40p LOp LOp _ 40 33.3=66.7 0,83

Fp = 150 miiliohms

In order toc avoid further adjustments when intermediate potentlals were

being connected to the electrodes in the tank, resistances in the resistance



box wers made relatively small as compared to the resistance of the
electrolyte in the tank. In this way only very small amounts of current
ware consumad at the inbermediate points on the main llnec The deviation

by variable current from a linear distribution of potentials along the

’)‘) & A A
(2) Conduct bing Meddium

A weak slectrolyte was selected as the conducting medium for these
tests. Various voncentrations of a copper sulfate solution as well as
tap water were employed. Liguld conduchtors are advantageous when a
large number of tests with différent boundaries are to be studied.
Sclutions could be poured into the model readily, and after each test
could be drained into storage containers. Also, where a permeability
ratio in two layers of 50:1l was under investigation, this difference
was obtained oy sslecting sclubtions with a corresponding conductivity
ratis. Tap water with a resistivity of about 2,000 ohms/cm and a
copper sulfats solution with a resistivity of about 40 ohms/cm met the
requirements, GConductivities (reciprocals of resistivities) were

ked with 2 conductivity bridge before each test and adjustments

@

O.r
S
&
03,

were made as necessary. Filg. 13 shows the relation between concen-

1

tration and conductivity of CuSQko Liquid depths over the entire cross-—
s

sechicn were kept egual to about 2 inches.

Three kinds of boundaries were required in the model: permeable
and impermeable scuber boundaries, and inner boundaries between layers

of different permeability. The construction of each is described below.
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‘Pérmeable‘bbﬁndaries Weréyﬁaée of strips of No. 21 ooppéf'BVinchéS
wide. These were bent to fit the configuration of the boundary and
carried a given potential by means of a connection with the resistance
box, The strips were held in place at the top by small copper clamps
and at the bottom by modeling clay. For boundaries representing sloping
water tables, a variable potential was required. Because the pressure
is constant (atmospheric) on a water table, the potential is everywhere in
proportion to the elevation. Therefore, such a boundary was reproduced
by a series of closely spaced copper electrodes (see Fig. 1lb), sach
connected to its corresponding potential in the resistance box, The
potentials along the boundary were expressed in percentages of the
ﬁotal head difference between the chamnel water level and the lowest
water table elevation.

Impermeable boundaries were nonconducting strips of Lucite, 3
inches wide by 1/16-inch thick. These were held in place at the bottom
by modeling clay. Where an impermeable boundary coincided with an
edge of the tank, the Lucite wall of the tank served as the boundary.

The inner boundaries between layers had to provide a waterproof

seal between the two liquids, had to conduct electricity freely across

it, but each point on a boundary had tomaintain a unique potential value.
The boundary was constructed by modifying a procedure first suggested by
Vreedenburgh and Stevens (27, 32). Iucite strips, 3 inches wide by l/léu
inch thick, were notched and perforated at 3/16;inch intervals. A

short length of 1 mm diameter copper wire was inserted in each hole and
bent so that the ends crossed in the notch above., Fig. 14 shows a
photograph of a short sectiom of the boundary. The boundary was held

in place by modeling clay at the bottom. Thus, the Lucite and clay

furnished the waterproof boundary, and the individual copper loops pro-



FIG.14 PHOTOGRAPH SHOWING A SECTION OF AN
) INNER BOUNDARY BETWEEN LAYERS OF

DIFFERENT PERMEABILITY IN THE MODEL




52

vided for the passage of current throagh but not along the boundary.

Outer boundaries were interchanged during each test. As described
previously, electrodes on permeable boundaries enabled equipotential
lines of electricity and flow to be sketched. Placing electrodes on im~
permeable boundaries allowed streamlines to be located. Variable potential
boundaries could be interchanged only after computing the redistribution
of potentials along such boundaries.

(5) Drawing Table

The drawing table can bé Seen in Figs. 10 and 11, A pantograph
held the electrical probe at one end and a pencil at the other end.
Movement of the probe was recorded on a drawing paper at a 1l:l scale.
Whenever a point on abdesired equipotential line was located by a
zero indication on the oscilloscope, the pencil was depressed to leave
a mark on the drawing paper. By connecting points of the same equi-
potential, each equipotential liné was obtained. Sketching time for

one set of lines of & cross-section amounted to about 30 minutes.

D, Flow Net

(1) General

As already mentioned, the solution of a two-dimensional seepage
problem in an isotropic homogeneocus region requires finding the potemtial
function \P (x, y) and the stream function VY (x, y) which are re-

lated to each other by the conditions

2Y _ 1 oY
'b x _'.K ‘:7) y
P .1 D
Dy T K Dx



53

and which satisfy the Laplace equations

V2L§0 =0 and VZ\}) =0
The curves‘P(X,)Q: constant and%fbg): constant form two orthogonal
families of curves which together form the flow net. FEach two neigh-

boring streamlines form a flow chamel, in which the amount of flow is

equal to the difference between the two V} values of the corresponding
streamlines. Usually a flow net ié constructed with an integer number
of flow channels, eaéh transmitting the same amount of flow. Similarly,
the number of equipotential lines is chosen such that the drop of head
between adjacent ones will be the same throughout.

If H = total loss of head,

= number of equipotenbial drops .chH, and

= 9
B i

nﬁmber of stream chamnels with a flow rate AQ in each,
5 .

then by Darcy's law

b
. Q =K H a
N N, b
or
a=_Q N (60}
b KH N; .

The quantities a and b are spécings defined in Fig. 15, The ratio
% remains constant throughout any homogeneous isotropic region.
Sometimes NS and Ne are chosen such that a = b. The flow net for these
cases is composed of "squares™ and the total flow per unit length of
chénnel is given by

Q=kils (61)



FIG. 15 DEFINITION SKETCH OF AN ELEMENTAL
RECTANGLE IN A FLOW NET

FIG.16 MODI?ICATION IN @ AND b IN CROSSING
A BOUNDARY OF PERMEABILITY .



For reasons of simplicity it was decided to draw the flow nets for

the present work with Ng =N 20. This gave a potential drop between

s =
two equipotential lines equal to 5 per cent of the total available
head H, and a flow in each flow chamnel equal to 5 per cent of the total
flow from the river. The total flow was given by

Q:KH% (62)

&
b

to insure a reliable flow value.

and an average of = from several measured "squares" was found sufficient

When two layers are present, the ratio % is different in each zone.

From Fig. 16

Q;:K a.
15 75 2 %2 75
hence
21 -8 22 ,
by T K b, (63)

The refraction on the boundary is given by BEans. (48) and (49).

(2) Equipotential Lines

The Type I analogy was used for drawing equipotential lines. The
river bank and bed (ABCD in Fig. 9b) were connected to the 100 per cent
electric potential;, and the ground water level and the end of the model
(EFGH in Fig. 9b) were connected to the O per cent electric potential.
The impervious base of the levee (ED), the impervious bottom (HI); and
the right.edge of the model which is a line of symmetry (IA) were made
oflnon-conductive Lucite. TFrom a theoretical standpoint the line FH
should have been infinitely distant from the channel, but the error
introduced by assuming it to be about lOOO~2000 feet from the channel

is negligible. For these boundaries and a given KU/KL ratio, the

equipotentials were drawn.

55
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(3) Streamlines

The Type 2 analogy was used for drawipg the streamlines. Boundaries
for the equipotential lines were reversed. At the same time the con-
ductivities of the two layers have to be interchanged. This follows
from comparing Eqn. (49) with Eqn. (48). The streamlines have to satisfy
Egn. (48), but when they are measured és equipotentials they satisfy
Eqn. (49). When Ki and K2 are interchanged, thé boundary condition given
by Eqn. (48) is satisfied.

When more than two layers are present, Eqns. (48) and (49) must be
satisfied for the streamlines and for the equipotentials on each
boundary, respectively. Let K, K2, K3 - s« o denote the permeabilities
o s e denote the per-

20° KBO’

meabilities of the same layers when boundaries are interchanged in

of the layers 1, 2, 3, . . . and K105 K

order to obtain the streamlines. Then because

Elg - K. KZO K. KBO - K24 etc..

=
\8}
O

s
}_l

=
N
O

{

=
V]

I\)ﬁ
O

|

=
W

it follows that

10 ¢

Ra
O
N
S
1
=i
-
=h=

1 Ky Ky (64)

The flow net drawn directly from the isotropic model is an ortho-
gonal one. The prototype itself is anisotropic; therefore, the actual
flow net is not orthogonala When the drawing is reduced by distorted
scales, that is, the horizontal reduction differs from the vertical, the
resulting drawing is also a nonorthogonal flow net (see Plates 1-56).

(4) Sloping Water Table

Almost all tests, listed in Table II; have an upper boupdary formed
by a fixed horizontal water table, the elevation of which’Was teken as

the datum level ( Y = 0). This approximated conditions existing in



fields adjacent to a river where surface drains control the water table.
In this way the problem of investigating‘flowrhaving an unknown phreatic
surface was avolided. Such cases can only be studied by trial and error.
However, in some field cases of interest the controlled steady‘
water table is not horizontal, but slopes away from the river with a
gradient of from about 1:500 to 1:1500. Tests 43 and Lk were performed
with sloping water tables to study these situations. The lowest point
of the water table (at a disbancs of 3000 ft, from the center of the
river) was taken as the datum level ( % =0). A slope of 1:500 was

assumed for the water table, so that the drop equaled &322 2600 = 5.2 ft,

500
In Test 43 it was assumed that this drop represents 30 per cent of the
total avallable head of H ft. or H = g£§ = 17.35 ft. In Test 44 it was

assumed that the drop of 5.2 ft. represents 60 per cent of the total
available head; hence H = % 8¢6é ft. Both tests involved a homo-
geneous anisatropic aquifer with K /K = 1:100. A1l the prototype
‘ Jp xp
dimenslons are shown on Fig. 173 other scales and data are given in
Tables II and IIT.

The equipotential lines for Tests 43 and L4 were drawn by the
electrical analogy, while the streamlines were drawn by constructing
an orthogenal family of curves tc the equipotentialvlinas aceording
to the rules of‘gfaphi@al flow net construction (3).

Drawing the streamlines by exchanging boundaries and liguids-—as
was done in the cases with a horizontsl water table--is not possible
because the sloping water table is neither a streamline nor an equi-
potential line. It can, however, be done in an approximate way without

rescrting to trial and error. The procedurs is described in Appendix II.
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FIG. 17 CROSS SECTION WITH SLOPING WATER TABLE



Es Frrors and Limitations

The following limitations of an electric analogy model should be
mentioned.

.(l) Only steady flows can be investigated.

(2) Flow lines cannot be directly obtained for the more complicated
'cross~sections, such as those with a sloping water table.

(3) Experiments involving an unknown water table can be investigated
only by trial and error,

(L) A sloping water table, which means a continuous drop of
potentials in the prototype, can be represented only by a step-like
change of potentials in the model where each step represents the average
potential in the vieinity.

(5) In some cases, becauss of the anisctropy ratio, one layer in
the model migh® become too narrow (less than one inch) or it might
become wider than the model tray. Such tests camnot be investigated
without changing the tray size.

(6) 4When the boundary between adjacent layers differs from a
horizontal line, the transformed boundaries in the model become more
complicated and require special construction.

(7) The copper-wound plastic strips representing permeability
boundéries in the model introduce errors in the potential distribution
near these boundariss. VThe copper wires act as a line of sinks on one
side and as a line of sources on the other side (Fig. 18). It can be
shown that the errvors d@bend upon the spacing between the wires and
the wire diameter. The affact diminishes rapidly with distance from
the boundary, ﬁhe error being negligible at distances greater than ap-

proximately the spacing between the wires.
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In general, with proper insmmmentationg any degree of accuracy
can be obtained in an el@@t:olybic model. As the present work is con-
cernad with ground water flow, basic data such as boundaries, permeabil—
ities, and anisotropy ratios are only approximately known. ' Therefore, a
high degree of accuracy was not required in the idealized model cross-

sections. Results are estimated to be accurate to within =+ 5 per cent. -
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IV. RESULTS )

Ao Prgsentation of Results

In Tables II and III the various prototype conditions studied inr
the model, together with the model scales and_dimensions,'were listed.
Results of the model tests are summarized in Plates l-5érand in Tables
V and VI. Plate and test numbers are identical. The plates show the
flow net for each of the 56 cross-sections. Solid lines are streamlines
and dashed lines are equipotential lines. It should be noted that the
distortion of scales in reduction of flow nets to plate size results
in nonqrthogonal flow nets.

Data in Table V summarizes the seepage quantities and distribution

.for each test. The total seepage factor values were obtained from

measured velues of % in the upper layer, and from Eqn. (62),

K%H =2 (5)

Therefore, the total seepage from one side of the channel for a given
cross-section is obtained by multiplying the factor by appropriate
values of KU and H. The percentage of bank seepage gives the fraction
of total seepage from the chammel that emerges through the vertical
side of depth d (Fig. 3). The remaining columns in Table V indicate
the distribution of seepage occurring at ground surface as a function
of the distance inlaﬁd from the levee. Thus, in Test 1, 97 per cent
of the channel seepage appears at ground surface within the first 250
feet inland from the levee, Blank values indicate values that could
not be determined because of limitations of model size.

Table VI lists scales that enable dimensions‘in Plates 1-56 to

be converted to prototype conditions. The columns headed X'rU, quU
. i LV



63
and YgrL give the ratio of the plate length to the prototype distance

for the corresponding dimensiocns: Note that primed values are used -

to distinguish them from model-prototype scales. No column is necessary

for X' because X' gy = X'.7. The right column of Table VI contains
values of oc ,; a dimensionless scaling factor that enables the test
data %o be extended to other anisotropies of the upper and lower layersa

The factor is related to the permeabilities and scales by

Y“rU = oo X“I“U ﬂﬂ (66)

and

(67)

An example showing application of the scaling factor appears in a sub-

sequent section.
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Table V - Seepage Quantities from Model Tests

Test Total Percentage Percentage of total seepage cccurring

seepage of bank up to a distance of X f£t. from levee
factor seepage
Q/KyH T X= 250 X=500 | X=750] X=1000
1 0.64 50 97 99.5 - -
2 1.08 60 85 96,5 99 9%
3 1.88 73 70 82 89 92.5
b 9.16 I 39 51 - -
5 21.20 L0 17 23.5 - -
6 0,29 98 99 - - -
7 0.68 99 98 99 - -
S O.42 97 99 99.5 99.5 99.5
9 069 98.8 97.5 97.5 - -
10 8,45 35 50 65 - -
11 17.90 10 23 34 - =
12 8,70 6 25 35 - =
13 16.20 4 11 13 - -
14 0.29 90 99 - = =
15 0.66 97 99 - - -
16 1.17 98 ., 87 97.5 - -
17 0.3k 90 99 - - -
18 0.59 97 99 99.5 - -
19 1.14 99 84 98 99.5 99.5
20 L.60% | 10 40 61 - -
21 6.50 10 20 28 - e
22 5.35 7 14 21.5 27 31
23 2.85 28 33 42 - -
2l 3.50 20 16.5 19. - -
25 3.05 20 18, 22, 25 27
26 0.36 60 99. 99, - -
27 0.88 70 93, 98, - -
28 1.46 80 75, 90. 95,5 97
29 0.40 55 97. 99.5 - -
30 0.86 70 | 91. 99 - -

# Result questionable o
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Table V (cont,)

Test Total Percentage Percentage of total seepage occurring
seepage of bank up.to a distance of X ft. from levee
factor seepage ‘ . , .
Q/KyH X = 250 X= 00 ' X=750; X= 1000
31 1.7 - 75 89 | 955, 9
32 2,20 15 50 6L - -
33 3450 , 15 26.5 32.5 - -
34 3.70 10 12.5 16.5 - -
35 1.87 : 37 Llyo _ 50.5 .- -
36 2.20 30 27.5 32.5 - L -
37 2.45 30 27.5 31.5 3345 36
38 0.50 , 55 | 99 99 - -
39 1.03 60 88 96 - -
L0 0.48 60 99 99 - - -
L1 . 0.96 60 88 96 - -
42 1.71 82 , 67 8, 90 93.5
43 1.55 8l 62 73 82 g6
Ly 0.91 79 45 58 b | 68
L5 2.6 85 63 77 85 90
L6 1.22 75 83. 96 98 99
L7 2.7 6l 36 L5 51 52
48 1.75 87 64 80 88 92
49 16,1 60 9 13 17 20
50 1.14 : 99.5 8l 96 198 99 1
51 1.06 0 72 83 90 93
52 © 0,90 0 8l 95 95 95
53 2.03 , 100 59 Th - 83 89
54 1.30 100 83 97.5 - 97.5 9795
55 1.10 55 87 97.5 97.5 97,5
56 1.15 55 85 98 98 98




Table VI - Scales for Converting Flow Nets of Plates
to Prototype Conditions

Test .Scale from plate to prototype | - Scale from plate
to any prototype
XﬂrU" ‘ anU""""YgrL""""" .. ec.
1 151200 12240 - 5,00
2 151800 13240 = 2.36
3 13600 1:240 = 1.50
L 121200 1:92.5 13292 L1l
5 121200 13240 15240 1.58
6 121200 1:92.5 1:292 Lol
7 121200 1346 13460 2,61
8 121200 1:240 1:240 1.58
9 151800 - 1:925 1:292 1.95
10 1321200 1:240 12240 ‘ 5.00
11 121200 1:636 15202 1.89
12 121200 1:117 13370 3.2l
13 121200 12240 13240 1.58
14 151200 13240 1:240 5,00
15 1:1200 1:117 12370 3.24
16 151200 1:78 1:780 1.54
17 121200 1:628 1:199 1.91
18 121200 1240 13240 1.58
19 1:1800 1s117 1:369 1.54
20 121200 12240 12240 5.00
21 121200 15500 13158 2. 40
22 1:1800 151320 1s132 1.36
23 151200 1:158 13500 ‘ 2.40
2Ly 121200 1:240 12240 1.58
25 152400 135500 13158 1.52
26 151200 15240 12240 5.00
27 151200 1:158 12500 2. 40
28 121800 1:132 1:1320 1.36
29 151200 15500 1s158 2.40




Table VI (cont.)

Test Scale from plate to prototype Scale from plate

- o to any prototype
XirU Y%rU' ann'- e
30 151200 13240 15240 1.58
31 122400 1:158 13500 1.52
32 121200 1:240 15240 5,00
33 151200 1: 368 12117 3.26
3l 121200 12780 1:78 1e54
35 1:1200 12199 1:628 1.91
36 131200 1:231 1:231 1.6l
37 1:1800 1:368 1:117 1.54
38 151200 1:240 12240 5.00
39 151200 1:199 1:628 1.91
40 121200 1:368 1:117 3.26
41 1:1200 1:240 15240 1.58
42 122400 1:202 1:642 1.19
143 123600 1240 - 1.50
L 123600 | 1:240 - 1.50
L5 123600 15240 - 1.50
L6 121800 12240 - 2,37
L7 123600 12240 12240 1.50
148 1: 3600 1:240 12240 1.50
49 1323600 1:240 1:240 1.50
50 123600 15240 1:240 1.50
51 123600 1:240 - 1.%0
52 1:1800 15237 - 2.40
53 123600 12240 - 1.50
5L 121800 15237 - 2.40
55 121800 12237 - 2.40
56 1:1800 12237 - 2640
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B. Analysis of Results

The seepage flow nets for the cross—sectlons studied depend upon
the following variables:

(1) Channel depth

(2)_ Chamnel width

(3) Levee baée width

(4) Anisotropy

(5) Arrangement and thickness of layers

(6) Tater table slope
From the test results an effort was made to determine the effect of
each of these factors on the seepage. Analyses are discussed indi-
vidually in the following subsections.

(1) Effect of channel depth

An indication of the effect of channel depth can be obtained
by comparing Tests 52, 2, 46; and 54 with Tests 51, 3; 46 and 53,
respectively- Discharges as Q/KUH are plotted for these tests against
the depth ratio d/D in Fig. 19. In general, the discharge increases
with depth, the rate of rise being dependent upon the anisotfopy raiio°
For an increase in depth ratic of 0.25 to 1.00, the seepage increases
8 per cent for an anisotropy ratic of 1:100. This may be compared
to an increase of approximately 45 per cent for an increase of
depth ratio from O to 0.25. For an anisotropy ratio of 1:10 the
increase in discharge is 5 per cent for an increase in depth ratio
from 0.25 to 1.00 and thé same for an increase in depth ratio from |
0 to 0.25.

Analytic evaluations of channel depths d = O and d = D are

discussed in Appendix III.
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(2) Effect of channel width

Most of the tests were performed with the half channel width equal
to 300 ft., so that a direct observation as to this effect for the
various anisotropy raﬁios and thicknesses of layers cannot be made.
However, it can be seen that a relatively small portion of the tobal
seepage takes place through the chamel bottom in all cases where
the upper layer is a pervious one not extending appreciably below
the channel bottom. Tests 6;93 14-19, and 26=31 indicate this trend.
The variations within each of these groups are due to variations in
the anisotropy ratio. Tests 14, 15, 16 and 27-28, among cthers,
show that seepage decreases through the bbttom of the channel with a
decreasing anisotrepy ratio in the upper pervious layer.

In those tests where the bottom of the upper pervious layer
extends to well below the chamnel, the percentage of seepage through
the bottom increases up to approximately 50 per cent. The exact
percentage depends in each case upon the geometry of the cross—~section
and the anisotropy ratio. When the upper layer is semipervious,
most of the seepage takes place through the bottom (Tests 10-13,
20-25, and 33-37) unless the thickness of this léyer is smaller than
the depth of the channel (Tests 4 and 5).

The smll effect of chamnel widbth for the homogeneous anisotropic
case can be demonstrated by comparing Tests 2, 55, and 56, having
bottom widths of 300, 200, and 100 ft., respectively. The resulting
seepage discharges were Q/KUH = 1.08, 1.10, and 1l:15, respectively.
Similarly, small differences were obtained in the analytic treatment
of a zero depth channel, described in Appendix III. Here for a
homogeneous isotropic section with b/D = 1, Q/KH = l°335, 1.325,

and 1.265 for B = 300, 200, and 100, respectively (see Fig. III-j).



(3) Effect of Levee Bgse Width

Because all tests were performed with a levee base width of 100
ft., no conclusions can be drawn as to the efféct of this factor.
However, for the theoretical case of a channel with zero depth, de-
scribed in Appendix IIT, the effect of levee base width was determined
(see Fig, III-j)., For a given B/D ratio, the discharge decreases
with increasing levee base width b/D. This trend is believed to be
generally true also for the investigated crossmséctions°

(4) Effect of anisotropy

Fig. 20 shows discharge as a function of the anisotropy ratio
of the more permeable layer. In general, ﬁhe seepage rate increases
as the anisotropy ratio becomes smaller, that is, as the horiéontal
permeability becomes iqcreasingly greater than the vertical. This
relation holds both for the homogeneous cases (Curve I) and for two
layer cases (Curves II, IIL, and IV).

It is appérent from the flow nets that the flow in the semiper—
vious layer, when it occurs as an upper layer, is mainly vertical
50 that its anisotropy ratio is unimportant (see, for example, Plates
5, 10, 12, 13, 20, 21, 24, 25, 32, 33, 34, 35)6 Also, whenever the
semipervious layer lies below the pervious one, the flow transmitted
through it is very small sc that the effect of its anisotropy is
again negligi’bleo

The distribution of seepage through the side of the channel
depends upon the anisotrcpy ratio. For both the homogeneous and the
layered cases with the more permeable layer on top,the seepage
through the banks increases as the anisotropy ratio decreases.

When the less permeable layer is on t@p the seepage through the

banks increases with an increase in the anisotropy ratio. These
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trends are shown on Fig. 21. In some cases the effect is negligible,

The distribution of seepage with landward distance from the levee
is shown in Fig. 22 for three tests with homogeneous cross-sections
and for three tests with isotropic semipervious layers on top. These
results verify that seepage 1s distributed further inland as the
anisotropy ratio decreases. Similar effecﬁs for an upper more per—
meable.layer can be observed by noting results of Tests 14-19 and
26-31 in Table V.

(5) Effect of Arrangement and Thickness of Layers

In comparing the effect of the position of the relatively permeable
layer to that of the relatively impenmeable layer, certain observations
can be noted. Data from selected pairs of tests, summarized in |
Table VII, illustrate this effect. In all pairs (except the first),
the discharge 1s greater when the more permeable layer is on top.

Also, a greater concentration of séepage appears near the levee,
as indicated by the right column of Table VII.

The effect of the relative thicknesses of the two layers is
shown in Fig. 23 for selected tests. These show, for different
’anisotropiesg that the discharge decreases as the thickness of an
upper permeable layer decreases (Fig. 23a) but the converse is true

if the the upper layer is the relatively impermeable one (Fig. 23b).

f
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Table VII - Test Results Showing Effect of
Position of Layers on Seepage

Test U Eg Eig §i5 9 Q. * Percent of total seepage

L K v | Ea K[ KH O et X = 250 ft,
5 1:50 . . 2L.2 042 17
0 L 1:10 | 1310 bl , ,
8 90 50:1 o C 042} 042 L. 99

10 1:50 845 | 0,17 ' - 50
25 o o
7e 1:1 1:1

14 5051 b 0,29 0,29 99

13 25 1:50 - 16.20 |- 0.32 11
7E 1:10 1:10

18 50:1 R D N ‘0659' Om59 99

20 1:50 - v © Le6O | 009 40
50
5 l:l 1:1

26 50:1 ' 0.36 0.36 ' 99

27 so | 150 | 3450 0.07 | 16.5
) 1:10 1:10 :

30 : 50:1 | 0486 | 0486 T 9L

32 75 ‘1250 - 2620 004 |- 50
5% 1l:1 1l:1 :

38 2 | s0:1 o o500 | 0050 | 99

L7 75 1:50 - 27| 0405 36
75 . 1:100 1:100

L8 50¢1- |- .. ... U B /2 S S L 7S bl

# In this column K is the permeabllity of the more permeable layer.
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(6) Effect of Water Table Slope

This effect was studied by Tests 43 and 44. In both cases the
water table slope was 13500, bubt the total drop (in feet) represented
a different percéntage of the total head H. In Test L3 the difference
of elevation along the slope amounted to 0.3 H, while in Test 44 it
was O°67H° A direct comﬁarison between Tests 43 and 44 cannot be
made; however, individual comparisons are possible between these

tests and Test 2, which represents a similar cross=section having

| a horizontal water table.

The head H in Tests 43 and 44, represented by a 100 per cent
electric potential drop in the model, is measured from the lowest
point of the slope, whéfeas in Test 2 it is measured from the toe
of the levee, When the head H in Tests 43 and 44 is also measured
from the toe of the leves, so as to enable a comparison with Test 2,
the total heads represented by the 100 per cent electric potential
drop in Tests 43 and 44 become H/0.7 and H/O.4. The resulting dis-
charges are 1.3 KH and 3.88 KH, respectively, as compared to a flow
of only 1,08 KH for Test 2,

The slope of the water table also affects the seepage distri-
buﬁion landward from the levee, The seepageiis more concentrated
near the levee for the horizontal water table‘with a reduction in
concentration as the slope covers a larger portion of the total

available head above the lowest point of the slope. Thus, 85 per

cent of the seepage appears within 250 feet of the levee in Test 2,

while 62 per cent and 45 per cent are the corresponding amounts in

Tests 43 and 44, respectively.
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Ce Example of Seepage Determination for Any Cross=Section

To illustrate the application of the test results to any cross—
section, which msay only approximate one of the investigated cross—
sections, the following example is carried out in detail.

Givens A chanmnel 20 ft. deep and 500 ft. wide intersects
permeable strata. The upper layer has a thickness
of 15 ft; the lower, a thickness of 50 ft. The
upper and lower equivalent permeabilities are 0.04
ft/day and 2.00 ft/day, respectively. The aniso-
tropy of the upper layer, K

yU
the lower layer, KoKy, = 1325,

ngU = L343 that of

Required: To determine the rate and distribution of seepage
when the water level in the channel is 10 ft. above
the water table. Assume only the first 1000 ft,
from the channel center to be important.

From the given data

3 KxU 1 Kg
- . - -3 AR
Ky = 0.04 ft/day = (K UJQyU) XU =3
s0 that K, = 0.08 ft/day. Similarly,
K..i K
K QOOftdaw(KK)"?’ (x . . =xby2 . 2xb
L~ / 7 xL 25 5

hence, K g = 10 ft/day.,

Prototype data from test cross—sections in Table II are examined
to find sections comparable with the above given section. Although
none agree exzactly {the usual situation), sections for Tests 5, 11,

22, and 25 may be regarded as rough appf@ximabionso Te determine which
cross—section by modification best represents the given one, a compu-
tation table, shown below, is prepared. Compubtations are based on the
assumption that the more permeable layer (in this example the lower)

governs the seepage. Explanation of each column item follows the table.
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Col. 93

1 2 -3 4 5 6 7 8 9
Test Ud} inO YYI"U x ..X' Lpg ftﬂo YY]?L ld’ ino lpp ft?o
5 0.55 12328 1.58 | 121040 865 1:132 Lol 4L8.8
11 0.55 13328 1.89 | 1:1240 1032 13132 Lolh 48.8
22 0.45 1400 1.36 | 131090 908 l?léO L.55 60.6
25 1.20 | 1:150 | 1.52 | l:456 | 380 | 1:60 3,80 19.0
Col. 1l: "Selected test numbers (plate and test number correspond)
Col. 2: Measure Uy (in inches) from appropriate plate (U is defined,
in Fig. 3, and the subscript d refers to an actual plate dimension).
Col. 3: Compute Y'  from¥' = Ud .1 =Ua.1
r r 2 U, 12 15
Col. 4 Values of o©¢ are read from Table VI.
o K
Col. 53 Compute X' from X' = Y' 1 KyUP
. : S o< xUp
Col. 6: Compute Ly (in ft.) from L, = Ly/X' =10 » 1
p rTo=s
r o1z T
Col. 7: Compute Y' . fromY' . = oc X' /%ap
rL rL r z
‘ ' ‘ yLp
Col. 8: Measure 1, (in inches) from appropriate plate (see Fig. 3 for
definition of 1)
Compute 1_ (in ft.) from 1_ = iﬂ o L
b P12

Comparing Cols. (6) and (9) with the given data, it is found that

Tests 5 and 11 closely fit the given data.

The closer correspondence

of Lp to 1000 ft, in Test 11 made this the first choice; therefore,

Plate 11 with the scales of Cols. (3), (5), and (7) provides a means

for mapping the flow net for the given cross-section.
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Checking for the width of the chamnel and the base of,the levees

Width of channel = 2% 312 1240 . 620 ft.

Base of levee = éméi%§59>= 103 ft,

Both results are acceptable., The effect of a small difference in the
width of the channel is negligible.

From Test 11, Q = 17.90 KyH. With Ky = 0.04 ft./day and H =
10 £t., Q = 7.16 £t.3/day/ch. on each side of the chamel, or the

total discharge per mile of channel is given by

= 7.16 x 2 x 5280 . 0.87 ofs.
Qr 88,500 -

This example has shown how a test cross-section can be modified
to furnish an estimate of the seepage through a given cross-section.
The variety of cross-sections tested enables almost any given cross-—
section which can be treated as a two-layer system to be analyzed.
Generally, the procedure requires some judgment and trial-and-error
computations to select the most representative cross-section. Small
differences of anisotropy, ZLa;yjet:lf'‘th,j_c:kness“3 and chamnel width and depth
have minor effects on the seépageg as shomn previously by the analysis
of results; hence; considering the accuracy of the field data, rea-

sonable estimates of seepage can be obtained,
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V. CONCLUSIONS

The model tests demgnstrated that steadyvseepage from a leveed
river into adjoining low-lying lands is a function of the permeabilities
of the subsurface strata and of the river stage. Effects of channel
depth and width on seepage are minor. The greater the base width of
an impermeable leveeg'thevless the seepage. It was found that with
a smaller anistropy ratio (greater horizontal permeability) the seepage
was greater and extended farther inland. Only rough estimétes of
anisotropy are necessary to define a seepage flow pattern. In two-
layered strata, seepage is greater if the more permeable stratum is
the upper one and increases with the thickness of the more permeable
stratum. With a watcrrtablg slqping awgy»from the river, the seepage
guantity and inland m@vement increases with slope.,

- The electric analogy model was‘fopnd to provide a rapid and
versatile means of evaluating seepage under a variety of boundary
conditions. The model is general in application, being capﬁble of
representing an infinite number of geologic conditions. Only lack
of subsurface data precludes analysis of seepage from given cross-
sections. |

iResults of the model tests defins seepage for a variety of
geologic conditions, particularly those where two strata govern the
flow. By means of the dimensicnless scaling factor, these results
can be modified to furnish good estimates of seepage quantity and
distribution for many other cross-sections which only approximate
the test conditions. These results should be helpful in solving

seepage problems in Sacramento Valley and in other similar areas.
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The discharge scale is obtained by comparing Ohm's law with Darcy's
law. If the flow per unit width (Q for the prototype and I in the model)

is considered, then for an isotropic prototype (see Fig. I-1)

; //R\ af, av
.

ONE UNIT ] ' J Q1
r~——ékx —
F‘Go I‘i_
= K ‘A!P
Q 4 Y? A X
Y
and
- . AV
Iz ¢ A‘Ym-ijEQH
hence

K AT A% Al

Q=TI. °
¢ & A%, 2%, av

For the isotropic case there is no distortion of scales; therefore,

AY: o X
m = m
AYP AXp
and
Q=1_K AY 1 __K o
o2 AV A F



where m is defined by Ega. (22).

‘For a nonisotropic case,

143

_ AY
Q = pr a¥ X Xp
I « oo oY AV
X m = A%,
or
e T
;x s Y a v
and
>.E.'K L X A Y
Y= A Y
p
Lzo aX AV
; —
or
o fp &t
Ly ] Xy AV
But
B
I, Iy I
hence,
Q. Bpk  A¥
I s Y. AV
; ' 1
Multiplying both numerator and denominator by ija s then
ga Ke Atpzm}ig
I & AV &



1L,
In the model for A Y =H, AV = 12.6 volts, and K in cm/sec.

is represented by & mhos/cm. If I is measured in amperes, then

- K (em/sec) . H (cm) _ T K o3 /cen
=1 (amp) & (mhos/cm) 12.6 (volts) ~ 1 cnr/sec.




Appendix II

Determination of Streamlinss for Variable

Potential Boundaries

The equipotentials shown in Fig. II-1 are first obbtained directly
by the model. The line AB is the given sloping water table. The problem

is to determine the distribution of streamlines lP reaching this

_ k
line from a given potential distribution along this line. If the number
of equipotential drops m equals the number of flow channels, then for

any rectangle DEFG of the flow net in the interior of the field of flow

v
: - &
tan fS =5
On the boundary AB
W k+1"~ W k= AW
. I
%ng 17 4’k =AY
As
a . ¢ b = &
b~ ban B3 b= tan 8
2-tane ;b o= B
bt tan &
b . tan ec o aY
bt tanﬁ AW&
hence » ’
Il e taané - >S;EL
AW E AW s AW G

For a given m (in the present investigation m = 20}, A Y is known (5%) and

the ratio % is determined by constructing the rectangles between two

equipotential lines in any part of the region not bounded by the sloping
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GIVEN POSITION
OF SLOPING
WATER TABLE

KNOWN
EQUIPOTENTIAL LINES [

ey

OOoo
100+

FIG.IT-1 FLOW NET WITH A SLOPING WATER TABLE
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water table (Fig., II-2a) and the ratio Zi is determined by perpendic-
ulars drawn from the points A, B, C, etc., where the equipotentials meet
the sloping water table (see Fig. II-2b). TWhen all the walues of A W1
have been determined, the values of W can be determined by starting |
from any known value of W ., The distribution of Y thus obtained

is then used as the potential distribution when the boundaries are

interchangedo'
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BY MODEL
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(b)

FIGI-2 DETERMINATION OF BOUNDARY CONDITIONS
FOR A SLOPING WATER TABLE
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Appendix IIT

Analytic Evaluation of Effect of Channel Depth-

on Seepage for d = Q and d = )

Analytic detefmination of éeepagéAis practicable only for a very
few simplified cross—sections. Solutions are presehted here for two
cases: a chammel depth equal to zero (d = 0) and a‘fully penetrating
channel (d = D). These supplenent the.moael.results and their inter-
pretation.

Case 1 ~ Channel with Zero Depth (d = 0)

Fig@ ITI-a shows the cross-section of this case, With regard
to the resulting flew net, Figs. IIT-b and III-c are equivalent to
Fig, ITI-a. Fig. III%Q is then used as a starting point for a set
of Schwaftzuchristofel transformations. The Z-plane shown in Fig. IIT-d
is transformed into the & lmplane of Fig. ITI-= by means of the

transformation

) 2 “ Z
=1 2D

and m and n in Fig. IIT-e are defined by

Z8 - IB m(b_B) - 7 (b B)
2D 2D. - 2D . - =D
M o= o - n ==& = & :

The Q'?mplane shown in Fig. IIT-f is equivalent to the & laplane
shown in Fig, IIT-e. By this transformation the entire width (2B) of
the channel is considered and, accordingly, the resulting discharge
will correspond to the whole channel. The §3 -plane is obtained fram

the ?2 ~plane by rotating
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The & ,~plane is obtained from the & ~~plane by reducing the
;+ ot

cale by a factor m. Finally, the upper half of the = & A~plane is

w

transformed into the inside of the rectangle in the oy 5nplane by the

transformation

(%\.a - / g!! ﬂ_«___..._d..};_..,_“
5T !
T =2 (1R
Y
In Fig. IIT-3 ‘ f’g;l dt
o j/ i 5 o
Yoo J @) (1%7)
and
i
~7. ds
iK! = / /k — .
o /1 %MZ) (1-k%s)
where k = %o |

The total flow from the channel (2Q) is equal to the flow through

the rectangle of Fig. IIT-i which is

2 = Ko x X % S = Kl %
where K is the hydraulic conductiviﬁy of the porous media and H is
the head difference between the water in the channel and the water
table. The quantities K and K' are shown in Fig. III-i.

Test 51 will serve as an éxamplea The above considerations apply
to isotropic medias hence the given-crosémsection has first to be
transformed into an isobropic one., The discharge is determined by the
ratio %%’c It follows that the scale can be reduced arbitrarily;
consequently, the model dimensions (distorted) given in Table IIT

are used in examples throughout this appendix.,
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- B _ . _.TB
? - 6 lno D = 003 b ] N 2D - 0?14-71
b 2in, B *;)bgom ; m(B+Db) = 0.628
- ‘ 2D
D = 20 in.

o om g e N 0N 1 600 - 0.624 | 0.978 | .727
n

= :).628 e~0°628 = 1875 - 0.53L - T.35,1

From (7),.

sin ¢

M

k=0.727 3 ocm46O40T 5 P= T

k' = 0.686 ; K = 1.880 K = 1.830
2 x 1.880 .
2Q = ~T80 KeH = 2,06 KJH 3 Q= 1,03 KH

The result of Test 51 was Q = 1.06 K H. Similarly for  test 52:

- from the test ‘
Q= 0.9 KeH

while by computation

Q’ = Oe935 KeH
Fig.. III-j gives the discharge for various ratios of % and %
The distribution of seepage with distance from the leveelcan now be

computed. The complex potential w = #7 + 1 4/ for the rectangle

Sis
CL o dat
_
wei L.=1 fl-tz) (12 = W+ 1Y
5 0
or
» L ogip 2
= sin 5 i
_ 2 ¢
wes | fadh) @aad)
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Let 1 denote the distance from the origin in the horizontal direction
(Fig. IIT-a). In the transformed z-plane this distance is represented

by ¥y along the imaginary axis. Along this axis

) .._’.‘_:,,,77’.&.’---’ L En_ e 20 B
T ED db Zm -dt

s 42 .__22" s 22 22y
" O‘/(lt)(lkt) =1/ ﬁt)(lkt)

or
P - db
w1 \/(l-t ) (la-kztz)
where
Ty . LwY.
vegp - @ 2D ..
P

The integral must be evaluated in three separate parts:
(l)o<y§Boro:§Pgl

for this case

for

and for

y=B P=1, ‘kil = K. (The total flow from half
a channel.)

(2) B<y<B+borl < P< & or _CEfromKtoK-.a-iKu
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Along this line Y remains cdnstant and only the value of
changes, This follows frvom’the fact that the integral has a real
part; which is the same as that of part (1), and an imaginary
part which gives the change of potential along the base of ‘the levee,
In general, values for ¥ and ‘P can be obtained from w;
hbwevérs only the values of HL’ are considered here,

(3) B+b <y < eo or%<AP<oo or foromK-#—iK‘ to iK',

/ \/{l-ut ) (1uk2t2)'

/ at P dt

For this case

\/(1«1;2) (1-1:21;2) -1 /(t2~1)(1=k2t2) [ /l‘:\/(:t,;:cﬁ)(1--1:2.*02‘)r

| /‘1 dt P a
2y01 .22y 1 ' —
o V[l-is ) (1%t ) = /l j(t2=l)(t2==l-{-%)
‘ k "

where both integrands (and also the integrals) are real in their inter-

vals. Evaluation by tables yields
W=k-F(x, ¥)

where

sin P

]

]
2y

gin &
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Thus the value of P is
| for y=0, Y=o
W a=B+b; Y
ye=oo , Y =0

The following example shows how this last equation can aid in

B
=
L}
(@)

y=235

determining the distribution of seepage.
Example: At 100 ft. from the levee in Test 51, where

B=6in., b=2in., y=6+2 +2 =10 in., D = 20 in., 2m = 0,978

LR AT e g 0785 L g 0785y s
0.978 0.978

k = 0.727; % = 1.372; K = 1.880

: 2 2! :
sin Y = 1.375 \/l = L.775" x O.727 = 0,762

1 - 1.7752
HD b2y Ll—9oéO
sin o¢ = k = 0.727 oc = 46.7°

F (07275 49.5%) = 0.92
W=1.88 -0.92 = 0.9
0,96
As a percentage the value of %U equals Tag X 100 = 51.2 & as compared
to approximately 53 % obtained by the model.

Case 2 ~ Fully Penetrating Channel (d = D)

Fig. III-k shows the cross-section for this case. Following a
series of transformations similar to those described for Case 1 (Figs. III-1

to III-p), the following results can be written:
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. A
Cl len-fEﬁ“m

which for Z = ib yields

T b - b 7b - b
foLe 2D o 2D ' o D o 2D
=1 5 ‘ = im; m = 5

Also,

from which it follows that

B
l._l
+
BN
Q
3
=
i

L.
k 14+ m

. 2 dt
43 =F ( 522 = /o / (l~t2)(1mk?t2).

/l at

~
- ) “ 2 2Nm ;2,2\
K = /o ¢(qu Y(1-k"t<)

,and finally,

for which

> 1

K ds
iK'= /4 \/(1%2)(1@1«:252)'

The total discharge (for one side) is

M K
Q=K ZK =KH . 2
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Example (Test 53):

b = 2 in. (corresponding to 100 ft.)
D = 20 in. (corresponding to 100 ftq’ The region is non-isotropic).
00157 "‘00157
m - e “’e = lol?O il 00855 - OglﬁS
2 2 ,
K = —ele158 = 0.156

/Ll + 0,158

From tables in (7),
Yo T ;5sin o =k o= 82550

K= 1,58 K' = 3.265

L]

_ 3,26 ‘
Q=KH TE = 2.06 KgH
This compares with approximately 2.03 KeH obtained by the model.

The seepage distribution can be obtained in a similar way to that

described for Case 1. The complex potential for this case is

£2 dt
W = 4’3 = Jy /(1422 glnthZ)T

The distance from the levee is represented by the 17 5 axis in Fig. III-o.

( ¢ 2==plane)° Along this axis

M2

we [ 1R (-k%R)

Substituting + = i%' ylelds

2 dt ! 2 dt?

: P 22 i / 2 1'v 2y
W= + L)L A KTT) == + £8%)(=p + b1
=i /5 \/(l, t' ?( k 3 " 0 (1 t,. ?:(k’?" t )
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From (7),
w=iF ( ¢ , Y ) where k = cos o< ; tan YV = N,
Hence
w: In(W):F(OCS\P)

represents the flow. For data of Test 53, the total flow is found from

7‘) 2= 090 lP = u——g——, = 0.156, and o< = 8100535 therefore;
the total flow is given by F = 3.27. In order to compute the flow in
the distance y! from the toe of the levee, the distance in the original
z-plane (Fig. III-m) is converted into V? 5 in the transformed C 2==

plane (Fig. III-0) by y = y'+ b.

: S s 2D _- 2D
o : zZ . (& = -€ A\
For Z = iy, élgsmgg;sm-gﬁfm:l(‘ 2 ):1)’1}
Hence,
€ _ 1 éta_‘_ m2 _ i“egﬁ_é% l
S 1 y/ 2 m
Z’J_f_’., .;.#(‘2 ~ \‘l
- i [e,zv“ =@ ff} - 1
\ 2m ]
and

As an example, for y' = 1 inch (equal to 50 ft. in prototype), y = 3 inches,

- 4 y 5
- ‘\e Oe236 - 8“00236 2 "l e \10266 . OQ??O)Z— _‘l - l«,lZ
727 [(Tzx01s8 (=555

>



-
4

161
hence %7 = ASBZO and F = 0.957 . It follows that the percentage of
olesn ,
flow in y! of the total flow is §T%%z x 100 = 29.3%. For y' = 3 in.,

5/’: 5 in03

'

Y -1 = /L1480 = 0676 .1 _ 2.3.0
) o 0,316 = 2.3k

/’/ 0392 _ 63-“00392
7, = \/( 2 x 0.158

hence HQ = 65,9 and F = 1.52. The flow percentage in y' amounts to

1.52
3.27

from data of Test 53,

x 100 = 46.5%, These results compare with 28% and 48%, respectively,

Fig. III-q shows the relationship between the discharge (expressed

as Kgﬁj ard the width of the levee (expressed as %}n

Discussion

Géses 1l and 2 lead to the following conclusions:

(a) Increasing the width of the channel increases the discharge
very rapidly at first, but has almost no effect for % > 2.

{b) For a fixed ratio of %9 the discharge incréases as the ratio
% decreases.

(¢) For a fully penetrating chamnel, its width has no effect
on the discharge., The discharge from the charmel increases as the length
of the base of the levee decreases,

Although these conclusions were obtained from the theoretical
cases of a chamnel with no depth and a fully penetrating chamnel, it
is believed that these trends remain true alsc for the cross-sections
investigated in the model., |

The analytic study was based.on an équifer of infinite extent,

whereas' the model tests of necessity presupposed an aquifer of limited
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extent, Comparison of results by the two methods reveal that differences
were negligible, thus justifying the model work,

In general, the theoretical approach described above is applicable
only to'a limited nunber of simplified cresgmsections in a homogeneous
aqﬁiferm Even for these cases, the determination of the complete flow
net rsquires many hours of caleulation for each case. From é practical
point of view, therefore, the electric analogy model was essential

to investigate the seepage through cross-sections approximating field

conditions,
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