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AN IMPROVED EQUATION OF STATE 

v "'* Otto Redlich and Victoria B. T. Ngo 

.Inorganic Materials Research Division, 
Lawrence Radiation La.boratory, and 
Department of Chemical Engineering 
University of California, Berkeley 

Mayl969 

Abstract 

UCRL-19010 

Repeatedly attempts have been made in the last twenty years to 

improve the equation of state of Redlich and Kwong by introduction of a 

third parameter. A new improvement systematically attacks the principal 

shortcoming of the old equation, .namely, its failure near the critical 

point. 

* .Present address: Shell Development Company, Emeryville, California 
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The general problem of an equation of state suitable for practica.l 

applications has been repeatedly discussed. Various authors (Joffe and 

Zudkevich, 1961. Wilson, 1966. Chueh and Prausnitz, 1967, 1968; and 

others) applied and modified the equati.on of Redlich and Kwong (1949 ). 

The two main problems have always been to make the equation more flexible 

by introduction of a third parameter, and to obtain an improved representa-

tion of the neighborhood of the critical point. At the same time, the 

. . 
good behavior of the old equation at high pressures and at high tempera-

tures was to be conserved. Any new equation should also be cubic in the 

volume, at least in its principal terms. 

In two previous attempts (Redlich and Dunlop, 1963; Redlich, et. al., 

196 5), the improvement was achieved by adding a function of temperature 

and pressure to the· compressibility factor Zk computed by the old equation. 

Stringent conditions for this function could be formulated and the simplest 

suitable function resulted from a rather cu..rnbersome comparison with 

observed data. The disadvantage was the complicated nature of the addi-

tional functions although they contained only a single individual param-

eter in addition to the critical temperature and pressure. It is difficult 

to ascertain the "reasonable" behavior of a complicated function in the 

"lvhole. range of the two independent variables and the three individual 

parameters. The purely technical difficulties in the extensipn of such 

an equation to mixtures and the derivation of fugacitycoefficients are 

considerable. 
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Pure Sub stances 

In numerous, fairly systematic attempts to modify the old equation . . 

directly r13.:ther than by additional terms. we were entirely unsuccessfuL 

Finally, · the two main problems were solved in the following manner. As 

the third parameter the critical compressibility factor z has been 
. .. . . c 

chos.en since the. improvement in .the region around the critical point is· 

a primary objective. At the same time the critical relations 

Oj 0 (l) 

should. _furnish as simple relations as the old equation for expressing the 

other two parameters by T and P . These conditions can be ·satisfied by . .· . c . c 

introduction of two functions L and G of the reduced temperature and 

volume into the old equatiQn. The improved equation 

P- RT(l-L)/(V-b)- a(l-G)/[T
0

·5v(V+b)] (2) 

satisfies the requirements .if at the critical point 

L 1 -3Z · ·c' Oj 0 (3) 

G o· . J (dG/dV)T 0 ( 4) 

These conditions. in turn can be satisfied if L ·and G depend on V only 
·, 

:·11nmgi1 'the inteni1ediate variable 

s = 3V /v - 3(v /v)~ + (v /v) 3 
c c. c 

( 5) 
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Various other conditions must be observed: Both L and G must. disappear 

at high temperature, they must be finite at high pressure, _and they must 

not interfere with the existence of a second virial coefficient (linear 

dependence of Z on Pat low pressures is required at any temperature). 

All these conditions are satisfied, and considerable flex:ibility is 

obtained by the functions 

(6) 

(/) 

The coefficient c
3 

is chosen 

c
3 

= l for s > l . (8) 

The correct value Z for the critical compressibility factor is obtained 
c 

Hith 

A The coefficients c
1 

to c
5 

are functions of the temperature. 

satisfactory represerita.tion of experimental data and of the tables of 

Pitzer and his coHorkers was obtained with the following values: 

O.l/[l+2.06(T -1)] . .r 

c3 
. l 5 

1.43/T • - 1.32 (for s < l) 
r -

c4 0.95[l.2l+2.74(T -1)]/(l+ti.lT )
2 

. • . . r · r · 

_-,__ 

(10) 

(ll) 

(12) 
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. ~ 

c = o.oBsEl.21+4.34(T -l)J/(l+O.lT ) . 5 · · · · r r (13) 

With 

A (14) 

B = 0.25992106z P /T c r r (15) 

one ·can represent eqn. (2) in the standard form 

3 2 . [ 2 ZM - ZM(l-L) + ~ A(l•G) - B(l-L) -' B ] - AB(l-G) = 0 (16) 

All coefficients are given by eqns. (6) to (15). The equa.tion is solved 

for ZM by a trial and error procedu:J:'e· One may start with L = 0 and G = 6. 

A better starting point is the solution ZK of the equation of Redlich and 

KHong. One introduces the first approximation for Z into eqn. ( 5) by 

means of 

V /V_= P Z /(T Z) 
c r c r 

(1'7) 

computes L and G, recalculates the coeffi"cients of (16 ), and obtains a 

second approximation by solving ·the cubic equation again. The straight-

forward procedure leads often to a periodic repetition of .a set of 

divergent numbers. This is avoided by "damping" the appro~im~tion, i.e., 

choosing for Z in (17) a value between the last and the last-but-one 

r.esult. 

Above the critical temperature the results were unsatisfactory, worse 

tban -::.he results of Redlich and Kwong. We mixed the results calculating 

-- + ( l )z • . II • • f t II cL,;c,M· '-e12 '-'I( us1nga m1x1ng ac or· 
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\ 
c = l,- exp[-0.05/(T -l)] (for T > 1.02) · 12 . r r - · 

c = l 12 (for T < 1.02) 
r 

(18) 

(19) 

This improvement was not yet satisfactory. So we added the deviation 

function 

. . 3 . 
Z = P (T -1)((~.281- ll.lZ )(T - 2.6T + 2.6) 

D r- r _ · . c r r 

z = 0 D . 

(for T > l. 02); . r- , 

(for T < 1.02) . r . 

The final representation is now given by 

(20) 

(21) 

(22) 



Fugacity Coefficients 

The. computation of the fugacity coefficient by 

£n¢ 

p 

r (Z-l)dP/P 
J 

J 
0 

(23) . 

can be carried out algebraically except for a small term involving L and 

G. This term must be integrated numerically. The computation therefore 

has been arranged for equal intervals in P (further subdivided for the 

·.integration) on arbitrarily chosen isothermals. 

The calculation can be carried out separately for_the three terms of 

(22) so that 

£n¢ c 
2

£n¢ + (l-c 
2

)£n¢ + £n¢ 
l M l K D 

(24 )' 

The second term is given by Redlich and Kwong as 

(25) 

with 

Bk 0.0867/T 
r 

(26) 

For the computation of ¢M we introduce two small quantities E and TJ 

by defining 
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Table I. Ethane (data by Sage and Lacey). 

T p z ¢ H/RT. r r 
R.K. present obs. R.K. present obs. present obs. 

calc. calc. calc. 

. l. 017 2.80 . 452 .404 .4251 . 353 .. 332 -343 -4.179 -3.824 

5· 59 . ·773 • 745 ·7565 .26'7 .244 . 255 -4.069 . -3-906 

8.39 1.0'(2 1.072 1.0714 .257 .234 .. . 245 - 3• 964 -3.820 . 

11.18 l.J60 1.386 1.3688 .273 -250 .261 ~3.848. -3.674 

13-98 1.638· 1.688 1.6530 .305 .281 .292 -3~670 -3· 507 

1.344 .2.80 .698 .693 ~7010 .690 .'(Ol -704 -,1.479 -1.452 

5·59 .819 .807' ·.sn4 . 573 ·579 . ·582 -2.'066 -2~080 

s~ 39 1.024 1.012 1.0298 . 55:3 . . 556 . 561 -2;175. -2.186 

11.18 1.235 l. 226 . .1.25'(6 ·574 . 575 ·. . 585 . -2.148 -2.lb5 

13-98 1.444 l-439 1.4799 .618 . .618 .634 -2.056 -2.093 

1.671 2.80 .874 .885 .. 8937 .852 .877 .878 . -0.688 ... o. 712 

5-59 -914 -928 ·9334 .784 .813 .818 -1.124 -l.13l 

8.39 . l. 043 1.052 1.0658 • 774 .. ·.8oS .816 -1.301 . -1.296 

ll.l8 1.196 1.202 l.2332 .Boo .837 .850 .. -1. 351 -1~.326 

13-98 l.355 l.359 1.4050 .850 .890 -912 -1-334 -1-30'( 
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Z_. = Z j(z._ -BP ) - AP /(Z_+BP ) + E 
~ M M. r r ··~ r 

(2'r) 

Dtfferentiating the last equation, we obtain in view. of (23) art expression 

containing dT]/dP for 
r 

. (28) 

Usirtg (16), one finally arrives at 

p 
r 

I 
0 

( EZ_ ./P )d (P /z )· 
· ~ r r 

with 

E = AG/(~+B) - V'/(~-B) (30) 

This ininor term is computed by .. numerical integration. 

For the integra.tion of the last term in (24) 

p· 
.!~··r 

.in¢ = ! . (ZD/P. )dP , 
D · 1 r r 

I 

(31) 
' 0 

with ZD gi -:en .by (20 ), we introduce the abbreviations 

(32) 
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(3. 281-ll.lOZ ) (T3 -2.6T +2. 6) (T -l)/(0.632456T3 ) 
M .r , r · r · r (33) 

R ·- (3.281-ll.lOZ )[(4.36-l5.0Z )T -6.j0+21.3Z ](T -l)/T
6 

(34) 
~ ~ M r · ~M r r 

(35) 

The result is 

(36) 

With increasing pressure, w J;"uns from 0 to l and higher so that the 

argument bf tan-l in .(35) runs from 0 to + 00 and then from- 00 to 0. The 

-1 
tan function is continuous but one has .. to add TI to the fundamental 

value given by the computer in (35) whenever w > l. 

in (36) is always in the fundamental range. 

-1 
The argument of tan 

The results· are illustrated by Tables I and II. Ethane is quite 

1-iell repres'ented by :the equation of Redlich and Kwong; the present equation 

hardly· offers any improvement. But the new results are conspicuously. 

better for sulfur dioxide. 
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Mixtures 

The application of an equation of state to mixtures requires a 

II b • t ; . f t II • l f t • . t.h t com 1na 10n o parame ers , 1.e., a ru e or compu 1ng e parame ers 

A and B of eqns. (14) and (15) for a mixture. There appears to be a 

. o. 5 
general consensus that the best rule (linearity for A and B) is not 

good enough. In order to allow the introduction of.a better combination, 

we define for a mixture with the mole fractions y. the interaction coer..: 
l . . . 

ficients \j by 

A (~. A0~5 ~ ~ ·)2 y.. . + y.y ... 
ill ij l.J lJ 

(57) 

If data are available, the best values of the coefficients ~ .. can be . lJ . 

, found, with the aid of the computer program for the equation of state, by 

a trial and error procedure. If not, the best guess usually will be ~ij=O. 

·The critical compressibility factor Z is always .assumed to be 
c 

linear in the mole fractions. 

Equations (14) and (15) define now the pseudocritical values T and 
c 

P c of the mixture. 

The further calculation does not differ from the procedure for. a pure 

substance, except that ¢is now the mea.n fugacity coefficient, defined by 

the individual fugacity coefficients ¢. as 
l 

log ¢ = L:y .log¢. · 
. . l l 

The values of the ¢. are optained (cf. Redlich 1965) according to 
l 

· · log¢._ = log¢ + dlog¢ /dy. - ~Y dlog¢ /dy 
. :l · · 1· . a a (39) 

a 
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In the differentiation all mole -fractions except the differentiation 

variable are kept constant. The computation is carried out numerically. 

Numerical differentiation of £n¢ with respect to the temperature 

leads to the molal heat content and entropy. 

The example shown in Table III illustrates the improvement for the 

mixture containing 0.1 mole n-butane and 0. 9 mole carbon dioxide. The 

mixture containing 0. 9 mole n-butane is about equally well represented by 

both equations. 

The computer programs .ES68z (for pure substances, not including 

fugacity coefficients) a!ld ES68M (for pure .substances and mixtures, 

including fugacity coefficients) are described in detail in our Report, 

Lawrence Radiation Laboratory UCRL.:..19011 (1969). 

We are indebted to Professor Edward A. Grens for advice regarding 

the approximation procedure. 

The present work has. been sponsored by the U. S~ Atomic Energy 

Commission; 
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Table III. N-Butane(l)- Carbon. Dioxide(2). 
(Compressibility Factor Z. Data by Sage and Lacey) 

p 

psia R.K. 

2000 ·358 

4000 .61'7 

6000 .860 

8ooo l-091 

10000 1.315 

2000 .8'75 

4000 .• 859 

6000 ·933 

8ooo 1.042 

10000 1.163 

present 
calc. 

-304 

• 564 

.814 

1.055 

1.288 

.898 

.888 . 

·960 

1.063 

1.178 

obs. 

.J25 

• 58o 

.821 

1.051 

1.2'72 

. 912 

·9o6. 

. 9'73 

1.079 

Ll99 

R.K. 

·550 

i.o48 

l. 523 

1.982 

2.432 

.632 .· 

··911 

1.206 

1.494 

L 7'75 

present 
calc. 

.48'7 

. 933 

1.352 

L '752 

2.137 

.615· 

.887 

1.185 

1.478 

1.764 

obs. 

-510 

·989 

1.448 

1.891 

2.324 

.62'7 

~895 

1.199 

1.493 

1.782 
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