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This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not neccssarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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AN IMPROVED EQUATION OF STATE
: . o . x
- Otto Redlich'and Victoris B. T. Ngo
" Inorganic Materials-Research_DiViSion,
¢ Lawrence Radiation Laboratory, and
Department of Chemical Engineering

University of California, Berkeley

May 1969

Abstraetv
_ Repeétedly.attempts héve been héde.ih tﬁe last twenty years fo ;
improve the equatiohvof state_of Redlich and Kwong by introduction of a .
thirdvpafémeter;v A neﬁ improvement_systematically attacks the prihcipal |
shortcoming . of the old eqﬁatien,>namely, its fallure neaf‘the critical |

‘point.

Cx
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.The general'proﬁlem of/an eqﬁaﬁion of stéte sﬁitable for_practical
applications has 5een repeétedly Qiscussed. Vérious authors (befe and
zﬁdk_eyich,' 1961.  Wilson, 1966. Chueh and Prausnitz, 1967, 1968; and
ofhérs) applied and mbdified_ the equation of Re'diic'.h'and Kwoﬁg (19&9)_.
The tWotmain.probiems have alwajs beéﬁ'to maké the eqﬁation‘more flexible
by inﬁroductioﬁ of a third p@rameter; and td-obtéin an ihprqved.répresenta-
tién of'the‘néighbofhooa of the critical poiﬁt. At fhe sa@e time, the
géodjbehaViof of the oid equation at high_préééures énd‘at high teﬁpera_
tures was-fo be conéerved. Any'ngﬁ equation should aléo'be.cuﬁicfin.the
v vblume; at,leésﬁ.in,its priﬁcipal terms. »

- Inttwo previous'attémptsv(Redlich and DuplOp; 1963; Redliqh, et. al.,
i965)j'the improvement was aéhieved by.adding a functioﬁ'Of temperatﬁre |

and préSsure to the compressibility factor 7, computed by. the old equation.

k
Sﬁrihgeqt conditions for fhis.function_éould bé_formulated‘and_the simplest
_suitaﬁle functidn fesulﬁed from a réthér CUmbersome éompafisoﬁ ﬂith.
dbserved.data, ThevdiSaavantége was.the complicated nature of the.addij.
tional functions élthough fhey édntained only a sihgle'iﬁdividﬁal param-
eter in:addition to the éritiéal:temperatﬁre and préssﬁfe. It iéﬂdifficult_
_to ascertain the "reaéénable" Behavior of é complicated fuﬁction in the

- whole range of the two ihdepenaeﬁt variables and the three indi&iduai
parameters.j The purely.technical aiffiéﬁltiésbin‘the extenSipn of such

an equatipn to mikturés and'fhé derivation éflfugacity«coéfficiéﬁis ére.

considerable.



Pure Substances -

Ih‘numerOus, fairly systématic‘éttempts to mbdify the'old equation
'direc£ly'fa£he? than by aaaiﬁiOnal terms,we were.entirely uh$ucqéséfﬁl.
Finéll&;'theftwo-maih problems were Solved»in the following ﬁanﬁef; As
vthelthi;d pafamefe? the_cfiﬁical.ccmpféssibility factor‘ZC has.been
JChosen since thésimprbvement in.thé régidﬁ.around th¢ critical point is:'

a primary'dbjective.. At the same time the critical relations
S L v s » e e
(apfav) =05 o (@P/av¥) -0 . Q)

ghould. furnish as simple felations»as-the old'eQuatiQn:for}expreésing the

‘other two’parameters bY'Té and,Pc. 'Thesé conditionslcanube@satisfiéd_by_‘

'»introducﬁion'ofth6_functions L and G of the reduced temperature and,
, voiume'into the old equation. Theiimproved_equation"

s = RT(;-'L_)/(‘V-b)'..-' a(_.,l—_G')/[TO'SV(V+b5] | o | : o (2)

: satiSfies the requirements if at the critical point

=
i

‘u

1-32C o | -(dL/d{f)'T 03 (dQL/dVE)f?-O EENCOR

!
&)
o

G0 (ac/av), =05 (aTc/av7), =
 'These,conditions‘in turn'ban'bevéatisfied1if'L'aﬁd G depend on V bnlyv
- %hroﬁgh>ihé_intermediate variable

B L S U2 0 PR O}
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Varigus_other'conditions must be’obéerved: éoth L ahd G must disappear
at high‘té@peratﬁre, they must be finite at high pressure,;énd they must .
not.interfére with.thé ekistenée of a second virial coefficient (linear
ﬁepéﬁdenCe;of_Zbon P at low pfessures is reguired.at_any températuré).
.Ali.these conditions:are safiSfied;'and.CQnSidéfable flexigility is_

: obtainediby-the functions

e
-

L= (egrsmegedey _mg(ifrcgs)'_f @
o ;'chlog[1+¢5s2(;f;)?q' . W
The coefficient cq is chosen -

3
© The correct value z, for theICritiéal compressibility factor -is obtained
',with.

02‘= exp[25303(1%32c)/ql] - 1.  . ' ' o _ v (9)

Thé coefficients c tovc

1 are functions of the temperature. A

p)

satisfactory representation of experimental data and of.the tables of -

Pitzer and his coworkers was obtained with the following values:

= 0.1/i1+2.06(Tg;l)] ,_‘ | o - '.,-‘:‘.-_V‘ o)
cg = 143/107 - 132 (for s 1) R S
ey, = Qi9sll.21}2.7h(Tr-l)]/(1+0.lT;)? , ‘_" ‘ fi o (1e)



-5-
::és_;.0;085£1;21+u.3#(?;}1)]/(140.1Tr)2 i?; ::.”  - N - (13)

. With

S
i

g s o R R B
chr/(o,259921o6Tr }) e , (15)v )

il

SoBeoesgmEOZR /T )

_onewcaﬁ represent eqn. (2) in the standard form -

'  ZM'i 2

’1—L):¥ ZM[A(1~G) _ (1) - 57 - A8(1-0) ? 5 - ;j a8

©-All coefficiente are given by eqns. (6) to (15).- Thé'équation is solved B

'fbr-ZM by g’trial and error procedure. One may_star£ Witth,= 0 and G = O.

K

A better starting point is the solution Z ofgthe equation'of Redlich and
~ Kwong. One introduces the first approximation for Z into eqn. (5) by

nzimeahs"ofi

N V- Pz /(1.2) . ,.  ;, S S o o an -
computes L ahd G,*recélculates the:éoeffiéients-of (16);1énd ogtains é v
'éecoﬁd‘approXimatiOnjEy»sOlving'thé\cﬁbic eQuéfiéh‘agaiﬁl The straight~ _
. forward.ﬁrQCedure leads 6ftén.to-a peribdic‘reﬁetifioh of a Set'of |
 aivergéﬂtvngmbér$. This ié avoided_bj ”dampingﬁfthe‘appfoiiméfion;_i.é.;'
-éhéosiné”for_z in (lT) afvéluevbétwéen £he:iasf"and ﬁhé lést—but;oné
fesuit,: v E | | | |

| Aﬁo&é:thé“érifi051 temperatuf¢ thé-}eéults‘ﬁefe'unsafiSfac£ory, WorSéﬁ
ﬁban zée résﬁité:of_Rédlﬁéh_and.deng.’.We miﬁéd thé rééﬁifs éaléuiaﬁing:}

Fo+ (l-c
1oy U

) S no. o, o no
e v )ZK’ using a "mixing factor'

12



'-6-vf

L - _— : _
.;a—-exp[—O.QS/(Tr-;)] (for T2 1.02) ': (18).

i

‘12

c1p =1 ' ~ (for Tr < 1.92) .o | o (}9)'_

This.improVemeht Was not yet satisfactory. So we added ﬁhevdeviation
»function'.

7 =P

o r(?r_;)ﬁ(37281 - 11.1Z )(T; - 2.6T  + glé)

o o L R 0;5 6 R 2 - R ST .
o+ {(h.36-15ZC)Tr - 6‘TO'+ 21f3zc}Pr ]/(Tr+Q.hPr)>- : o (20)
(for T >1.02);

Z.=0 1 (for T. < 1{02) . '_' : - (21)

The final repfesentationbis n@w given by -

B Eely (¥hcle)z

s + 2y | (22)



Fugac1ty Coeff1c1ents

The . computatlon of the fugac1ty coefflclent by'

Ing = f (z}l)dP/P" o R o (e3)

can be carrled oﬁt algebralcally except for a small term 1nvolv1ﬁg L and
G. ‘This term must be 1ntegrated numerlcally.,‘The co@putat;on therefore‘
‘has been arranged for‘equal ;ntervals in E'(furthef‘gubdividea'for the
'“inﬁegréfibh) oﬁ arbitrarily‘choséd’isofherméis. |

The célqulation’éan,bé carfied out éeparately for the thrée:ﬁerms of

(22) so that
In® = ﬂn¢ + (lc )Zn¢ + Inf E R (eh)
 .The second term'is given by Rédliqh’and‘KWOng'as._f
B =7 -1 - In(z, —B o) - (& /B )on( (1 +p,P /z : . (25)
with

A :%vQ.6540/Tif25 ; B

For the computatlon of ¢ we 1ntroduce two small quant1t1e= € and n

by deflnlng .
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‘Table I. Ethane (data by Sage and Lacey).

H/RT

. R.K. preéent__ obs. - R.K. preéent obsir

" cale. o .- calc.

1.017 ;2.80 ohs2o Lbol o Lkesl .353 . .332 ;3&3

5.5 .T73 .7h5 7565 .67 .2k .255
339 1072 LOf2 LTk 257 23 .2hs
flLia_;a&)L3%-,Ly£8'.m3 250 261
) ;3;98"'1§638'_ 1.588 -'1.6530’ ;305'~'.281Av 202
| i;éhﬁiyé@80'*_.4698, .603 L7010 .690 .70L .70
'. ‘- 5559. .819- ~.807"’";811¥' .5?3 ’.£579 L .582
839 Lok 1012 L0298 553 5% .5l
| '11-18 1.235 ‘1&226;»51;2576 ﬁ:;57u- .575,'1;5853
o 1398 | 1,4@ lh39 1u799 j>.6i8 .. ‘_ 618 _:._6_3-1;'
,l;67i-'2?80, B7h - .885 .8937 2852"+,877,?_J878’1-

N 4\\)7.‘ .

 8.39  1;ou3'f;1.o52' 1.0658 _.77&-«-.808 816

11.18 . 1.196 1.202  1.2332 .800" .837:";850_

113.98. 1.355 .1.359  11.&050'v'.85q,-uf890 : ;912

59 .91u-f .928 - 933k .78k 813 .818

. present
calc. .. ..

-179
J069
6
818
56%0
{h79 :
L066
175
;1u8j-
.656f
688
S
.361
351
33

- obs.

-3.

Bek
}906”
.820
.6?&
507
;080ﬁ
186
165
.093
12
;13; -
;326 Y

307
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Table II. Sulfur Dioxide (Datavby Kang ).

1.000

1.215 -

o R.K.  present  obs. R.K.
calc. - .
G6k 76 Mg k73 6719
1,928 .30 .218 .2869 b6
| 2.802  .hsg _ ,.39& 020 CL3es
3.856 '.575' ;508 . . 5086 "v;283 ,
.96k .803_‘ .809 ‘._.8é3i | . 826
1,928 L6k .601 e 67T
| .1 2.892 | _;584 _'.568j'” L5760 . ';573

3.856_ ' .6u3_ - .620 6148 .512

y

~ present
" calc.

.668
.388
.296

253

.852“
697
;586:

.521 -

obs.
.67
pite}

- .31 i

26

-

.70
.60

Q53'




"o
g, =g /eme) < a2 fpER) v e
g g - W) e

A D1fferentlat1ng the last equatlon, we obtaln 1n view of - (23) an expression o

contalnlng dn/dP for
dzn¢ /dP - ZMl)/P sy

'Uging‘(l6Llone finally arrives at

P
T

[ ey ey

=
it

- with

"

AG/(ZM+B)ZraL/(ZMB) R € S R

-Thls minor term is computed by numerlcal 1ntegratlon

" For the 1ntegrat10n of the last term in- (2&)

A =
n?D

with'zb given.by (20),;we introduce the ‘abbreviations

6
)O 25

(o AOP /T 'f(32)':'
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 EA.= (3 281 11. 1oz )(T 2 6T +2 6) -1»/0 632&56T3) o (33)
_EBaz'(3.281—11.lOZM)th36—15.QZM)Tfe6iTQ+21a3ZM](Tr-l)/Ti.' | (34)

=
Il

- 0.1767Y[En(lwaE+w2)'-e ﬁn(1+wJ§¥w?)-

+ 2 tan'l(wvg/[lfwgl)Ja,. : ':f B e o (35)

-’Tbe'resulf is‘vv
e s, oos ST
'?HQD-Z EAtan l(w ) + QEBEWTi'?/O.4O _T5 o : R - (36)v.

- with_ihcfeasing pressare, w runs from O to_ivand Highef.ao that the
”afgument of tan-l in.(355 rune.frOm.Q'to + é and,then ffom;-“w to 0. The
_fan-l function is cOntinuoue_but ene‘hasatefadd ﬂ“ﬁo the fugdameptal
Vaiae:giVen by.the eomﬁufer in (35) whenever W > l The‘argument of ﬁaael'
(36) is always in the fundamental range.
: The results are 1lluctrated by Tables I and II. Ethane~is quite
.,bwell reprecented by the equatlon of Redllch and Kwong, the present equatlon -
hardly offers any lmprovement;_ But‘the~newvresul£s-are consplcuoualy-

better for sulfur dioxide.

\
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{-Mixtures-a.

The appiicatioh of an equation of state to.mixtures requiresva'.
"combinapiou of_Parameters";,i.e:,'a rule for computiug.the_pafametefs* -
A and B of eqns. (14) and><l5> fof a mixture. There*appeafs.to be a

-general consensus that the best rule (llnearlty for A -5 and B) ‘is not
R good enough.v'In order_torallow the 1ntfoduct;on of .a better comblnatlon;
we definé fqr a mixture with the mole,fractions yi,the inpepacuion coeffA_.

ficients X.; byf
T S Wy IR

i 13 1 J 1J

A - (mA sy ¥ o 6n
L If data are available, the besp‘values of thepcoefficieuts Xij can bei
‘found. with the aid of the'compufer program fof.the-eQuation of'state, by
a trlal and-error procedure. If not, “the best guess usually will be K j;Q§
"The critical compreSS1b111ty factor Z ‘is always assumed to be‘
-llnear in the mole fractlons.v-
' Equations (lL) and (15) deflne now “the pseudocfatlcal ualues T. and

'Pcpof the mixture.- | o v

The further calculatlon does‘not dlffer from tﬁe procedure for a pure .
substance, except that ¢ is now the mean fugac1ty coeff101ent deflned by

the 1nd1v1dual fuga01ty coeff1c1ents ¢ as .

log % = Zy log¢ flia IR e o (38)

. Thedvalhespof the ¢i are.obtained (cf.xRedliCh_l965) according to -

- log#, = log + dlogtfdy, - Ty dogddy, - - (39)
R : v S a & 5 o



In ﬁhe différ¢ntiation all mole fractions except the diffe;éﬂtiatiqn
_Variébievare képtrc9nstaht; 'The éomputatioﬁ‘is carried ot numéricaliy.v-
Numefical.differenhiaﬁioﬁ of - £n? With.reSpéct‘to théjﬁemﬁerature
'leéds:tb the molal heat conten£ and éntfopy. |
The example shdwﬁ_in:Table;IIi illustrates the impfovemept for the
mixt#fe containing O;l mole n-buténévand.0.9 ﬁole Carﬁoh dioxide. The
vmixtﬁre éontaining O.é'mole.hQButane is abouf equally Wéli £epfésentea.by o
béth‘eqﬁafiohs.. | | | |
“The compu£er programsLE868Z (for'pﬁre.éubétances, ndt in6luding,
vfugacity coefficieﬁtsj_apd'ESGBM:(for purefsugstanées.ahd.mixturéé,> .
'ihéiﬁQing fugacity c§efficient3) are described in aetéil in our Reporﬁ}
_Lawrencé‘Rééiétion Laboratory UCRL419Oil (1969). |
We are.indébted‘to Pfofe;sor angfd A; Grens fbr“advice reéérdiﬁgv
thévappréximatiOn procedgre;i | | | |
| v The‘presenﬁ}%ork:has.been épons§réd'by the U; S. Atomic Enefgj

Commission.



Table III. N-Butane(l) - Carbon Dioxide(2).

ik

(_ompressibility Factor Z. Data by Sage and Lacey)v

TP

°R " psia

‘A = 0.1

' = 0.
vy _9

R.K.

present
calc.

obs.

‘R.K.

present
calc.

Qbs,

559.68 ‘veood .
o ©hooo
. 6600 
‘.8000f .
» | looQo' ,
_919}68,_ vzooovv

4000 -

6000

8000

10000

.358

NIV
.860 -
<091

1.315

-875

‘i;859"
933
o2

'1.163

304

.56Af

1.055

1.288

898

.888 -

.960'-
1.@63'

1.178

.81k

‘.325

.580

.82i
051

-eTe

912

.906;‘

973
079
£199

. .550
1.048

- 1.523

1.982

2.432
 .632 .
o
1.206
:”1fu9h’

CL.TT5

v.u87'
.933
1%
1;752

2.137 .f_

.615.
.887
l;l85>

178
1.76k

.510

| ,,989_
1.448

.891_
<324
.627‘

'f895
,fl99:v

493

782
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:
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