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ABSTRACT

. The purpose of this report is to describe the construction of an
ootical analog to a symmetric quadrupole by use of an IRM 650 computer
progfam,

>

This work was done under the auspices of the U. S. Atomic Energy

Commission,
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INTRODUCTION

This report a63cribes the construction of an optical analog
to a symmetric quadrupole by use of an IBM 650 computer program called
TRIPOLE.

A quadrupole'consists of three magnetic—field‘sections separated
by field-free sections. In a symmetfic quadrupole the first'and.third.
fields are identical‘and the two innef‘field—free sections are likewise
identical. |

The quadrupole affects the trajectory of a charged particle in
much the same'wéy as é‘ray of light ié.éffected by a system of three lenses.
This analogy enables us to describe the effect of the quadrupole in optical
terms, |

If we considéf one field seétion there is one plane such that any
trajectory lying therein experiences the maximum convergent effect. As
for‘trajectories in this plane, the field is analogous to é convex lens
of some focal length. However, because of alternation of polarity in
‘the field, there is an orthogonal plane in which the field is analogous
to a concave lens of some other focal length. Thus associated with
each field section we have two focal lengths. However, we are able to
relate both to a single argument. The determination of this argument
for each field section is the first step in the devalopmentn of the

opticalyanélog.
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For the quadrupole as ; whple thevqttieal anslog is a convefgent—
divergentnconvergent (CDQ) ‘system in eneﬂplaney'while in an orthogonal
plane it is a divergent;convergent—divergent (DCD) system, See Figsa
1 and 2.

By successive application of the simple lens formula.and by use
of the argument relation mentioned above we are able to derive two
transcendertal equations for the.tWO‘arguments, .(We note that fields I and

III are identiealj hence their arguments are likewise identical) Due to

,trigenometric terms, we have a multiplicity of solutions. In the program

TRIPOLE we seek the least p051t1ve ‘values of the arguments whichgsatlsfy

_the two equatlons, In solving the equatlons, we must know the object and

1mage distances in both the ¢DC and DCD planes, and the lengths of - fleld
and field-free sections of the quadrupoleo

With any point.on'a trajectory lying in the CDC plane we can ass—.
ociate a vector with two components, respectively‘the distance trom tre
point to the longitudihal axis of the quadrupole and the slope of the

trajectory at the point with respect to that axis. The argument and the

' length of a field section determine a 2 x 2 matrix which represents the
transformation of an entering trajectory by the. field. The matrix;veetor

" product is the vector characterizing the trajectory as it leaves the field,

A sihiiar but simpler matrix dependent on the length of a field~free
section likewise gives the effect on a trajectory as it passes through.

The product of all such matrices for all seetions gives the total effect
of the quadrupole on an entéring trajectory lying in the CDC plane°

A similar process used in the DCD plane gives a second matrix

representing the total effect of the quadrupole on an entering trajectory

which lies in the DCD plane.
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From the argumenfs-for the'field‘sectioné we can compute the focal
lqnéths, and their partial derivatives with réépect to object distance,v
- Using the CDC'and DCD matrices described above, we dan'compute the pbsitions
- of .the principél planes aﬁdthe mégnifications and by perturbing the
arguﬁents détermine the éircles of confusion respectively for the CDC
énd_DCD systems., | ’

By using section ﬁatrices in the CDC plane successivelyvve can
determine the maximum slope for a trajeétory originating at a given object
distance such that thevtrajectény lies within all limiting surfaces of the
qﬁadrupole and collimator. A similar prgcess gives the maximum slope in
the DCD system. For this, the transverse dimensions of the collimator

and the radius of the quadrupole orifigé,must-be known,

Complete formulation for the above is given in Appéndix 2.

DESCRIPTION OF PROGRAM

The basic information must be supplied in IBM 650 machine -

¢

language floating—point numnbers By means of two input data cards. All

distances are in inches. See Fig. 3 and Fig. L

First Data Card

First wofdz P» objéct distance in CDC plane measured to centerline
of first field section. |

Second words p', object distance ih DCD plane measured to
centérline of first field sectibnov

Third word: = q, image distance in CDC plane measured from centerline
of third secﬁion? ?

Fourth words: q', image'distance in DCD plane measured frém
"centerline of'third field}section,‘

Fifth word: £ length of first (and third) field sections.

l 2
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Sixth Wordi ,éé, length of second field section.
Seventh word: d, distance from centerline of a field section
to centerline of the next field section,

Eighth word: P, moméntum in Mev/c.

Second Data Card

‘Firsp Word#',hc5 distance from collimator face to longitudinal
axis of quadrupole in'the‘CDC plane.

Second word: hf;, distance from collimator face to.axis of
quadrupole in the DCD plane.

‘Third word: k,'distance from inner face ©of collimator to centerline
of first_field section., | |

Féurth word: h, distance from field facé to axis.

Other words:- All zeroes.
OUTPUT FROM TRIPOLE

The output from TRIPOLE is punched cards with IBM 650 machine

language floating-point numbers as follows:

First Output Card :

Repeats iirst data card.

Second Output Card

First word: féi'— argument for first (and third) field section

Second word: @2 - argument fdr second field section
Fifth word: ( %% ) - field derivative for first field in
1 :
kG/cm.
Sixth word: e(%% ¢ =.. field derivative for second field in kG/cm.
. , -2

All other words: Zeroes,
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Third Output Card
 First wOrd:l fl’ b- ébsolute»focal length, first/field;vCDC plane.
Second word:l f'il - absoluﬁe focal.length, first.field, DCD plane.
Thiré word’s fzi - absolgte fécal length, second field, CDC i)lanef
Fourﬁh wprd'l f,2 | ~ absolute focal 1ehgth, second field, DCD

plane.

All other words: Zsroes.

- Fourth Output Card

of .
First word: 755— - partial derivative of fl,with'respect to p.
| <3f'l . o . - (b.
. Second word: — . -
oP
df,
Third words ——— .
T oP

| 5f'2_.
op

Fourth word:

Fifth word: 129

P

. t

Sixth word: 6-9,— .
op

All other words: Zeroes.

Fifth OQutput Card — A, the CDC Matrix

First word: agq -
Second word: a12 .

Third Word: a21

Fourth word: ays -

All other.words: Zeroes.

¥
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Sixth Output Card — A , the DCD Matrix

. .
Fifth word: a,, .

. 1 . ‘
$1th wor@: al2’ o ) ; | ‘
o B oo 1z
Seyenth Wo?d: a.2l.“.

. ¥
Eighth words a

& 22 22

All other words: Zeroes.

Seventh Output Card.

First word: b(0), distance from centerline of first field "
séction to objec£ prinéipél blane in thé CDC ;&steﬁ, |

Second wofd: b(I), distance from dnterliﬁe-of last field section
to image principal plaﬁe in the CDC éystem. |

Fourth word: M, magnification in CDC sjstemo

A1l other word: Zeroes,

Eighth Output Card

Fifth ;word: -b'('O) distance from centerline of first field
“section to object principal plahe in DCD system. . o

Sixth word: b'(I) diétance from centerline of last field section
to image principal plane in DCD system.

Eighth word: Mv, magnification in DCD system:

All other words: Zeroes.

‘Ninth Output Card
- First word: ' r, radius of confusion in 'CDC plane.
Fifth word: fj, radius of confusion'in DCD plane.
A1l othef quds(zeroes. |

Tenth __ Output Card(fl

Repeats second data card. .
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Berenth Output Card

First word: maximum slope'from object point in CDC plane.

- Third word: maximum slope from object point in DCD plane.
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APPENDIX.'I. OPERATING INSTRUCTIONS
The program deck containg standard drum-clear and- load-punch routines.
Place program deck followed by data cards in "read" hoppesr. Several
sets (two data cards each) may be processed successively.

Set

Programmed Stbp

Control Run

Overflow Stop

Errér Stop

Console - 70 1951 . 1951

Display Program register
Press

Conputer reset
Program start
Read start

Punch start

On completion the program stopé with a read command in the program
register° About seven minutes are required for each. case.

Remove punched cards from punch hopper and print.
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 APPENDIX II. FORMULATION.

In the CDC plane, successive application of the thin-lens formula

giveé
«£,°f, st + fog, w86 +25, -0 =0, | @)

where

o( = p + g+ 2d,
B- (p+a) (q+qd), o (2)
: ,b’¥ 2(pq + pd + qd),

8= d(2pg + pd + qd),

% = 2pdg,

19
third) magnetic field and f

with f the focal lengh. of the lens corfesponding to the first (and
Py the focal length for the second field.

For arguments 91 and Qé’ for the first and second fields

respectively, we have

W A 2
f. = — l. 5 £, = '——-—-é“"‘— . . . (3)

‘.: . . A ) e . . .
Gl sin Gl 9, sirh 62

Substituting these values in (1) and rationalizing yields
—O{/gl,é—/@,gl292 s:th 9 +Zf/.// ‘51r*9'
+ 8127 9 sin: @l 51nh 9 - 2.4? 51n e -

;}? ( 912 sin2 Qi)( '92 sinh \Qé) =0, (&)
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Letting x = Q;’sinh ~%3:-" and' y = ‘Qi? sin 91 , we write
x| —c +cy-cyil + |-c + C.y -ﬂicy2 = 0, (5)
2 Ty T by 1773 CXARE
| /20 0 \
wher§ Cl = fj,éab_lg; s Ch.— éléi,
o J2 L 27 ‘ | |
c, - BL2, -3 ) (6)
G5 = yZL//:/: =
or, more simply,
x Uy) + v,(3) =0, | ()
wheré
U, (y) =-C, +C - ¢y v()'=.-cv+c - C P : (€)
1T T R TR TR s Y 17Uy T Y 8

In the DCD plane (denoted by primes) we have, similarily,

'f' 2fr r.fy .f' . r LI | If + £ . - 0
R R B R T BT

(9)
1 1 v . i t o t !
A =p +q +2d , § =d(2p g +pd+qd), \
'i
1 1 1 _ 3 v |
B = (» +d)q +d), € =2p q 4, > (10)
1 [ v ' rr 2 ‘ ‘:“,'
¥V =200q +pd + ga), N = pq d, J
. A "Zl_ | £ = /ZZ -
with f | = =————— = —— (11)

fa
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gnd ot - 91 sinh 91 s s = 62 sin 92. | g (12)
.Wevhave
s Uy (1) =Vy(t) =0 | | : (13)
with |
_ .2 _ 2 ' ,
U2(t) = - D, -D)t - Dyt%, | v, (t) = D, + D3t * Dt , (14)
where _
_ 1 2 / A
b= ' A ’Zz D, 54,
_ & g2 | _ 27 -
D2 = /6 _jl . ‘ ’ Ds - E -/Zz P . <l5)
v . . - 1

Equatiohs (7) and (3)must be solved simultaﬁeously for
( 91, 92) corresponding to the thin-léns'system°
The matrix repréesenting the transformation of a trajectory vector

by either field-free section is

§= 1 L\, where L =4d -~ 1/2(% _,,’62')' in either the - (16)

0] 1

-CDC or DCD plane.

"~ In the CDC plane the matrix for the first and third fields is



/ Ql (/g sin 9} 1

“, sin. 8]>/_,g ] . cos 6
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©

while for the second field it is

cosh e @2 sinh eg/e

, sinh eg/,é'2 cosh 6,

and the matrix for the whole

AT LA

Likewise in the DCD

cosh © @l sinh G:yg

1 1

Gl s;nh elyjl | cosh ©
cos 62 ' Cé sin © “62
—éz sin 92>//62 cos 92

and

AL IA-

]
If A and A applied respectively to a trajectory from p

i
and to a trajectory from p

CDC system is the prpduét

plané we have
/

-A

2

4

:B 9

give trajectories that will cross the

- (17)

(1)

- (19)

- (20)

(21)

s
-
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longitudinal axis near q and q' respectively, then our thin-lens
‘formulation is good enough. Otherwise we correct (91, 92) by

solving

~ Error (q).= corr (Gl) Si@?_ + qorr (92) 592 5

Error (q') corr (G ) ge - 4 . corr (92) -é%—
, 2

(23)

(24)

for corr (91) “and  corr (92), The partial derivatives are approximaﬁed‘

by difference ratios, using‘first a small variation of Gl with 92..
fixed, theﬁ’a small variation of 92 with ~Qi fixed.

The correction process is iteratéd until desired agreement
with q and q is obtained. "

From the corrected solution-. (el, 92) we compute

2- . 2
( B ). - Pel » ( dB ) ) 'PQZ
3 . . 2
_dr 1 0.3 ZQZ dr ‘2 O.BJééz
and then
‘ ,éa o Aé;
‘f I T e l.f. } = e y
1 | Ql sin 61 .2 . 92 sinh 92 v
LA : : 2
‘f' ’ = _;=£i_;____ _ ‘ f‘ \ = ._;zéi_____
1 ©. sinh © 4 2 92 sin 92

1 1

Next we compute numerators for partial defivatives,
= X » , ~& -
N pf @pf + ?fpflfz +§pfl 5pf2‘\?p>

, ‘etc.,

[l
o -

where . €
‘ dp

(25)

(26)

(27)
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Then we compute .
afl = - | )
— _ 2
Op  -RXIjf, - 2L UL, 44

I3 =<—<>(f 98, -& ’

5 ‘ N .. S | ’ J>

ga | N i

8p e

5
lz-fl(gq+2ff6+i‘6—4f£ Ny

dp . 20(s 1, -2(6 £ +V,J'f'2—8'

(28)

(29)

(30)

ar- fito- 1@

Next we dompute corrocted matrices: A and A from the corrected

(el, e ), using Eqs° (16) through (21)..

T .
+2f f {5 ,-flg , FRELE -

Using the vector u = (h,O), characterizing an entering trajectory

’ 1
parallel to the axis, we compute Au = v = (Xl, X2) and Au = v

= (yl’ y2)’
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then .
: ! h-x
1 1
b(I) = - {3+ —
{ 2
and ‘
b'(I) {/gl h - yll,
. 2 y2 ’ )
& J
By symmetry of quadrupole we have
| - o b
b(0) =Db(I), b (0; =b (I) .
Next we compute magnifications,
. . . ¥
M = gl ‘ M = S'(Il_- ,
s (0) .
whefe
s(I) = b(I) + q, s(0j = bi0) + p ,
1 1 : 1 ' v v !
s (1) =b (1) +aq, s'(0)=b(0)+p .

To determine the radii of confusion we replace Ql by Gl - 0.005 61

and .92 by 92
t
and A by Egs. (16) - (21), using these values ~ Using vectors

h

u=(h, —5—::2272 ) and u = (h, h/p «é7/2 ) for trajectories

- 0,005 62, and'compute new perturbed matrices A ‘l

originating at p and p respecylvely, we - compute

t
Au =v = (Xl’ x2), Au =v = (ylf y2)’
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give respective radii of confusion.

Reverting now to the corrected (not”perturbea) solution

(Gl, 6 ) and the assoc1ated section matrices, !ia AO B, we take
he (p - /4 N )%
the vector u = |{ TR - k ) ’aed compute Hu = u;, = (xl, x2)

and test for xl<.h"; if so then test fer x2>-0; if so the ﬁrajectory
clears the face of the first field section. '

For x2 {0, the tragectory has a maximum height Within the field
section which.can be approximated by finding the intersection of the \
entering tragectory extended as a straight line, with the eXltlné trajectory
traced back as straight line, for the distance h < h then the traJectory
clears the face of theifirst field.

| If the trajectory strikes the face of the first field section
we reduce the slope of the trajectory from p.

Srnilar.tests applied to suecessive seetions in the CDC system
and.te the section in-the DCD system finally give the maximum slopes
Jfl ,J?I for frajecteries originating at e and p' reepectively which

will pass through the quadrupole without striking any surfaces.
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Tripole input and output
| Quadrupole |
F——p—'—%—d——%—— d—-fq::;'q—-l
I-—l—-l hfd

g Mop,,l%lw&l X plane

0_—"8 i!‘-c b(O)H ‘ h_.'b(l)
)
0 & 7 i — T
4e b'(O)l-—**l( I"—"b'(I)
| I
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fo——p'—= o q'—
m-—sI/s.O
fo S " - CH o
0 | ! I
i ol : } I'
e s‘O o :'—————— s'I———-l
|
- ]
! sI/s
MU=-19117

Fig. 3
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