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ABSTRACT
Formulae are derived for the propagation of a X° - veam ﬁhrough

a series of plates and gaps. Various special cases of practical

interest are investigated,
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1. INTRODUCTIQN
» o

and K.

We consider the propagation of an arbitrary Kl 5 .

beam through a series of parallel plates, of thickness d s, with gap

separation L .

==

The plates are labeled 1, 2, *°* n . o ,  kMLJB;7}S3§m;

The gaps are labeled.@% @& cee Qg;).

We denote by tx the time, in thellaboratoryvsystemg‘for'the

Kq to cover the distance. x . Let %1,12

be the lifetimes, in the

v laboratory system, of the short- and long-lived K°s respectively;'

There-areAtwo cases of interest: Case (a), tL << T8 v
Case'(b),_tL > Ty

- Since a single plate, as viewed by the K meson, consisfé

mainly of vacuum, it .is clear that in Case (a) the set of plates and

i
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e
gaps will, under certain conditions, reproduce the behavior of a single,

diffuse plate.

On the other hand, in Case (b) the K. ©

i component dies out

completely in each gap, so we expect fhat,the wave function will simply

repeat ltself in each gap., These intuitive conclusions are ‘borne out

in the followihg calculations,

We shall consider only transmission regeneration. This can

“be sorted out experimentally from nuclear diffraction regeneration by

looking at sufficiently small angles about the forward diréctiona
The_resﬁlts derived below are not-claimed -to be new. In fact
the caléulations are rather trivial, and the results are known %o éany
péople. .The sole aim of this paper is to collect the formuiag and ,
derivations int§ an easily accessible form, which, it is hopea9 will
be of some use to the_experimenﬁglists. |
| In Secﬁion'Z we consider propagation through a single platev.
and in Section 3 propagation thfough the series of plates and gaps.

. Section I contains a summary of the results.
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2., PROPAGATION THROUGH A SINGLE PLATE

O

| : ' MUB-7109

- In practice the only case of importance is when the wave arriving

at X =0,

b= Ak 4 BKQ " (e

has |A] << |B| 4 .It is then permissible to neglect the regeneration

The Kl' component , at'a distance X from the origin, becomes

ik, X -tx/eri euNXUT/2

Ae T (2:2)

1]
o
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where k, is the K, lab nomentum,

1 -1

the number of a.toms/cm3 in the material of the plate , and

o (K

N

H

o]

T Op

l (K ) is the total cross section for K's

interacting with the nuclei of the plate,

It is supplemented by the regenerated amplitude

X | o
oy = jr Qo . o (23)
o . .
where
da,, = BiNAL,. exp [ik.x] ex [ik X - x)] ex 5- —L—] : |
21 21 2 P vl -3 7 |

r 7 .
X Lexp S ; X 5%— exp [uNXGT/Zde
1. -
is the Kl amplitude regenerated in an infinitesmal strip dx .
~ Here

fZ;é;= ‘%-[f(o) -,?(o)]A . o (2:4)

vhere f(o) and T(o) 'areéﬁhe forward scattering amplitudes for X°
and B° on the plate nuclei, and A and v are respectively the

wavelength and velocity of the K's (lab).

Putting
: mlA ' o o _ :
kg "klﬂj R-l-—' 5 | e : (235)'

‘with A=m =-m,



and defining

CoMm,
..Arl o »
§ = = 5 A = TV s (2:6)
it is easy to integrate (2:3) and get it into the erm
f Il - =NY
o () = Bi _Ilfgl elle e.tX/QTl . NYGT/Q
21" AZié + 1725

it.6/T. to/oT. -t./2tT. . -

xfe X LM e X2 gy (i)

We are neglecting 11/12 compared with 1 in the denominator,

- Lastly, the unconverted K2 component bécomes, at X,

: 1k2X _NXoT(z —tX/212
Be e e

ik XL =ty /2T, i8t./2t, v /2T, -t /2T, -NXo,/2

=Ble T e ) (e e e ) e .
(2:8)
If we now define
i . ik. X  =t./27
W) = e XX
and
(2:9)
iy Tis . 1 17
B(x) = (expt (8, L =
| X{'Tl 211 21,

then (2:2), (2:6) and (2:18) combine to give, for the total wave at X , _
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r
o v a id 1 s 3
P~ { - —
WX B exp {mly 5 + tX( — - 5 )Hl K, +K
Lo . 1 2 Lm

-6-
.

~NXo,,/2 " " Be - ;
P(x) = v(X) e .<<A + ——— [8(X) - 113 K, + BB(X)K
=+ ié S
LB

/

We have introduced the notation

T XM .
1AJA21

A T

[#]

There are two cases of particular interest:

Case (i), ty<<ty 3 A=0 (pure incoming K, beam):
stx :
y(x) ~ B -T—Im Kl +‘K2_ R

i.e., the K, component increases linearly with t

1 X °

in this case

ik. X

YOX) -1] = e % ex;_;{»cxg’-i-‘i--&-”..:

¥

_ Thus

.NXOT

.
oy

f
{

\ .
2)(0. (2:10) |

(2:11)

(2:12)
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T

i.e., equilibrium is established and the ratio of Kl to K2v remaing

fixed at the value. . We note that for a vacuum (2:10) becomes -

5_"4'16

\vv(x) = Y(X)'{AKl + B B(X) Kg} . - (2:1&)'

and that for the vacuum following the plate on which a pure K beém

2
is impinging,
. ’ 7
- -Nega/2 b 1 -
v, (X) = y(d)e AT, [8(a)-1]K; + B(x)K, Y, . (2:15)
: k—é'-!- id : - ' .
L
where x'= X - &, For Cases (i) and (ii) ébove we get )
y_(X) ;V B (X){_EEQ K >+ B( )K'j ‘ <2-l6)
and
‘ -I-IdoT/2 : S .
v (X) < By(d)B(d) e S y(x) — K+ B{x)K,l . - (2:17)
v Liss 1 2 L

P . . L d
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3. PROPAGATION THROUGH A SERIES OF PLATES

Consider an incoming pure .-K, bean.

_ 2 _
We denote by wn(x) the wave at a point at distance x  inside
the nth plate. OSimilarly gﬁ$x)' is.the wave at a distance x inside

_.the nth gap.

Thus the point x in wn(x) is actually at

X = (n-1)(L+d)+x Ogxga .  (3:1)
Similarly, x in y_{(x) is the point
i)
X = (n~1)L+nd+x 0g<xgL . (3:2)

Using the fact that y(x) , 8(x) are exponential functions, so that,
eeges Y(x) vly) = y(x +7y) , a repeated application of Egs. (2:10)

and (2:14) yields

, wéFX) = ‘§{(ﬁ - 1)(L + 4d) .+ x exp[-No,/2 | (n ;il)d + #)Jl
,x.'{.[s[s(d.)-l][l + B(L’ +4d) + B(ZL + 24) + ~f;,+8 ((n_- 2)(L_+ 'd))]

¢ sl8(0-1)8 (=D v a)] T + 8 (D@ s a) v x) k),

(3:3)



0=

‘ -NoTnd/E . e
%ﬁ§x) = Y nd + (n - l)L.f x) e S <(B(d) -1 (1 + 8(L + 4)
2
. ‘ W\
# 8[(n = DL+ D)DK +8{nd + (a - DL+ x) K, e
‘ }
The series in squaresbrackets can be summed, énd using (3:1) and
(3:2), we get finally
(
B(d)-1 "
wg(x) = y(X) exp [-NGT (n ~1)a + X]/QMI - <B(L+d ‘{8 ((n»l)(b*d_); .._1]
: P
L
+[80x) = 118((n - D@ + D)) ) K, + BXIK, (3:5)

and

%§§x)_=‘v(x) exp [—Ncmnd/Z %1& B?édi\i)il [B{n(L + d)) ]Kl
,2 ,
+’B<><>K2{g . | . (3:6)

We now make the fundamental assumption that n 118 so large

that

. (3

Then (3:5) and (3:6) simplify to the form



f .
" 5 B(d) =1 i}
: : 5
| - e
+ [8(x) - 118(X) DK + a(xmzj . (3
( .
: : | . :
_ L ) s 4, B(d) -1 BERE
w@(x) ¥(X) exp [-Nond/2] \_1_4_ P (8(x) = 115 Ky
13 v _ N
~
M L
i o : :
+ B(x)K2> . ‘ . (3:9)
These are the fundamental equations, valid as long as n >> 1.,
We now look at various special cases,
Case’(al), too<<ty 3 tyRT .
Then
~ p -| =No, 1 - K +B(3 :
b(x) 2 Y(0) e [ Nqud/e]%* = [8(X + x) - 1] € BRI, )
’ o ' - (3:10) -
v (x) 2 v(X) exp [-Nognd/2] T [B(X) - 1]k, + 8(X)K,) . | |
: =t id ' :
; | - (3:11)
Since n >> 1 , it follows for Case al that
t. 5> 1 oo (312)

=10~




-11l~

Then Egs. (3:10) and. (3:11) assume the same form, and we have, using

" the definitions of y and B ,

N3
. YOT

' . fis 1 V1) s . . .
P(X) ~ exp [;klx - 5 f tX (, -5 J . &l + Kz (3.13»

for any t, >>T ,- vhether in a gap or in a plate.
Equation (3:13) is identical with (2:13) for a single thick
plate, Thus, as is intuitively clear, a series of thick plates with

small gaps behaves like a single thick plate,

Case (aII),AtL < Ty 3ty T

This is the case of great practical interest,

Equations (3:8) and (3:9) become

t

| v (x) 22 ¥(X) exp [-Nopna/e] ( —=— ( 3 : - .[.B(X)-.-l] + =2 (18 + 1/2)8(x))
— -é- + id ) . 1
+ B(X)K, L (3l

(

W'(x):g Y(X)véxp [—NoTnd/g]ﬁ;i';s .'ilf < [B(X)-_ 1]Kl +‘5(X)K%j .

T

D 5'+ is .
= (3:15)
Ty X : L | S |

Now —=- = T 0sxg in. (3.14). Sso, provided‘{B(X)_- 114, 0 , we

4

1 N t

can neglect the term -—= in (3:1k) a
‘ 1

1
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This will be the case if ty 2Ty e We then get again that there is
/5

no difference betweén wn and %f)’ and both are given by

[ A!
r No_nd . \i},_ o P
s T id 1 d S v \
- : - AR, L, * \ 0
(X) exp | iK% - =g+ by | = - 57 T+ T SIS
L ' 1 2 i BL = A 16 J
N o (3:16)
If we now define
= a - ' : )
F = x5 0 - | (3:17)
- ilegl
s % A 4
then (3:16) becomes
= . ( 3
. ‘ - No, X X o } = ' o
W) = exp| kX e s (2 XV S L b (3:18)
| 1 5 7 x.kr s )J\ TN T e

which is identical with (2:13) with N » T .

Thus the collection of thin plates with small gap lengths

behaves for tk > T+ like a”single plate‘ofudiffuse'mgterial, having

. 1
. : L W
S N & g N

- Note that in this Case (aII),_the condition tx g,rl actually' ‘v";

implies n >> 1 , as required for the validity of (3:8) and (3:9)



L

b (x) = y(X) exp [-Fo, [(n - l)d + x]/21 ¢

Case (b), tL > T

Here we need not insist on n >> 1 to get simple results,

Hence we return to Eqs. (3:5) and (3:6), which now simplify to.b

f,

T <M-L[B“najﬁﬁd),n
15' 1o |

8

N
)

(n - l)(L + d)i exp [-NéT(h -.l)d/2]

4 [B(X) - i]e((n - 1)L+ @) DK, + B(X)K

Y[ - 1)+ a)e

, (- o : 3 _
v{x) exp [—NoTx/2]z S [B( ) - 1] K+ B(x)K;g » . (3:20)

w(x) = y[tn - 1+ Q)8{(n = (L + @) exp [-opN(n - 1)a/2)

3y
x y(d)B(d) exp [-—Non/2]y(x)<l B (d) - l]K + B(X)K—!
o + 18
B (3:21)

 In this case the behavior in the plates and'gapévdoes not become

identical, However, the waveé function in each plate or gap is the

same, except for the overall attenuation--phase factor

P(nj

= vfte - D s - DY 0] exp Logta - Des2]
= exo [i(n-L)x, (14a)] exp [<n-1><t # )( .'5%;-\}exp (~(n-1)Toa/2] . .

 (3:22)"
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Moreover, aside from this,attenuation;nphase factor, Egs. (3:20)

and (3:21) are identical with (2:10) (for the case A =0) and (2:15)

respectively, i.e., with the single-plate, single~gap formulae, Hence,
. {

as expected, large-size gaps lead to results to which thé plates act .

individually as if no others were present, and the pattern.simply

repeats itself in each plate and gap.

4 1

Corresponding to the Cases (i) t. << 1. or (ii) ﬁd 2 T,

[analogous to Cases (i) and (ii) in Section 2], we get

st !
v (x) = P(n) { —= X +K, ,
- 1
-
std , , .
%jKX) = P(n)Y(x).. ?1~' Kl + B(x) K2 s (td << Tl)
‘L‘ -
_and
T No.x
v (x) = P(n) exp tlk.x - + 1t (-" - \| -
n 1 2 x| T 2T, “ ‘é‘-* 18

§'+ ié

o (x) = P(n)y(d)s(d) exp [-rlch/Z]y(x){i-—-s—-K+ B(‘X)K

1
(3,23)
® (332’4)
. -y
o
Kl + K2 S

(3:26)
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‘behaves like a single, diffuse thick place of nuclear density N

15~

4, SUMMARY OF RESULTS

) the set of plates

= N
TLtd

‘Casev(a):. For small gap lengths (tL < Ty

This behavior sets in whén: n >> 1 for the case t 2T 4 and when

a~"1

tX 2Ty s for the case. td << Ty

The latter case is especially useful for studying the ot

0 . ' .
decay of the K » Since by careful choice of § one can arrange for

2

the ratio of Kl to K2 to be such that their decay intensities into

27 are of comparable magnitudes.,

Case (v): TFor large gap lengths (tL >> rl) the pattern in

- each plate or gap simply repeats itself except for an overall attenuatione-

phase factor., The pattern in each plate or gap is the same as it woﬁld

be for a single plate and gap.
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