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ABSTRACT OF THE DISSERTATION

Low Latency and Low Complexity Communication on High Noise Channels
by
Navid Gharavi

Doctor of Philosophy, Graduate Program in Electrical Engineering
University of California, Riverside, December 2021
Professor Ilya Dumer, Chairperson

Low latency and low power communications have broad applications such as Internet
of things (IoT), autonomous vehicles, industry automation (collaborative robots), health pro-
cedures (like robot assisted surgery requiring haptic feedback), satellite communication, radar
applications, virtual reality headsets and millimeter Waves (mmWave). Low latency communi-
cations is in high demand for autonomous systems to be able to react swiftly to changes in the
environment and to unexpected situations. Latency is tied to the technology used and even more
to the overall architecture adopted. Enhanced mobile broadband, massive machine type com-
munications and ultra-reliable and low latency communication are the most prominent promises
of 5th generation mobile network (5G). The low power wide area networks communications is
expected to grow exponentially from the 1.5B$ of 2018 to 65B$ in 2025 and communication
services, asset tracking and smart buildings (installation and operation) are just some of its
applications. Low power communications can use a number of different protocols and systems
like Narrow-band (NB) IoT and Long Range Wide Area Network (LoRaWAN). Long range wide
area networks use unlicensed spectrum and are more suitable for applications generated in low
traffic volume (which is typically the case for IoT). All these applications of low power and low

latency communication were the motivation behind our research.
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In this thesis, we introduce a low-rate low-density parity-check (LDPC) code for
channels with extreme noise and present a low latency and low complexity communication
method for low power applications. We then show that this design has the ability of outperforming
uncoded modulation for the signal-to-noise ratios (SNR) above —3 dB per information bit and
achieve a 3 dB gain as SNR grows. We use belief propagation (BP) decoding only on information
bits to decode these codes and by doing so the overall complexity of decoding would be log-linear
in terms of block size. To improve code performance, information bits are further protected
with a polar code. The combined design has low complexity of decoding, small latency and a
vanishing bit error rate (BER).

We also prove upper and lower bounds on bit error rate of these algorithms at any SNR
and study a combined scheme that splits the information block into b blocks and protects each
with some polar code. Decoding moves back and forth between polar and LDPC codes, every
time using a polar code of a higher rate. For a sufficiently large constant » and a large block
size, this design yields a vanishing BER at any SNR that is arbitrarily close to the Shannon limit
of -1.59 dB. This scheme also has very low complexity and decodes m information bits with
complexity of order &'(mlogm) per information bit.

In the subsequent chapters of this thesis, we combine polar and low-density parity-
check (LDPC) with parity checks of small weight to achieve low latency and low complexity
codes for high noise channels. Decoding of this codes also performs several iterations of the
belief propagation (BP) algorithm. Partially corrected bits are then passed to a short polar code
that uses successive cancellation list (SCL) decoder. The newly corrected bits then serve as the
new inputs for the LDPC decoder. For codes of rate less than 0.05, the algorithm performs on a
par with a cyclic redundancy check (CRC) aided successive cancellation list (CA-SCL) decoder,

while substantially reducing its latency.

vii



Contents

List of Figures X
List of Tables xi
1 Introduction 1
1.1 Contributions of thisthesis . . . . . . . ... ... ... .. ... .. ..., 5
1.1.1  Codes for high-noise memoryless channels . . . . ... ... .. ... 5
1.1.2  Codes approaching the Shannon limit with polynomial complexity per

information bit . . . . ... L Lo 6
1.1.3  Combined polar-LDPC design using Gallager ensemble of LDPC codes 6
1.2 Outline . . . . . . . e 7
2 Codes for high-noise memoryless channels 8
2.1 Introduction . . . . . . . . . L 8
2.2 BasicconStruCtion . . . . . . . . . . . .o e e e e 9
2.3 Belief propagation decoding on BSC and AWGN channels . . . . ... . ... 9
2.3.1 Decoding on binary symmetric channels . . . . . ... ... ...... 10
2.3.2 Decodingon AWGN Channels . . . . ... ... ... ......... 12
2.4  Lower bounds for BER of codes C,, on AWGN channels . . . . ... ... .. 15
2.5 Probabilistic bounds for BP decoding on AWGN channels . . . ... .. ... 19
2.6 BER bounds on binary symmetric channels . . . . ... .. ... ... . ... 31
2.6.1 Lower bounds for BER of ML algorithmon BSC . . . . . . . ... .. 32
2.6.2 Probabilistic bounds of BP algorithmon BSC . . . . . ... ... ... 33
2.7 Design improvements and simulationresults . . . . . . ... ... 36
2.8 Concludingremarks . . . . . . . . . .. 41

3 Codes approaching the Shannon limit with polynomial complexity per information
bit 43
3.1 Introduction . . . . . . ... e e e 43
3.2 Multilevel protection schemes . . . . ... ... ... ... .......... 44
33 Concludingremarks . . . . . . . ... Lo 52
4 Combined polar-LDPC design using Gallager ensemble of LDPC codes 53
4.1 Introduction . . . . . . . . . .. e 53
4.2 BasiCCOnStruCtion . . . . . . . . . . .. e e e e 54
4.3 BP algorithm for parity check of weightw . . . . . . ... ... ... ..... 56
4.4 Jointpolar-LDPCcoding . . . . . . . . . . .. .. 59



4.5 Simulationresults . . . . . ..
4.6 Concluding remarks

5 Conclusions and future work

Bibliography

ix



List of Figures

1.1

2.1
22
23
24
2.5
2.6

2.7
2.8
29
2.10
2.11
2.12
2.13
2.14

3.1
32

33

4.1
4.2

43
4.4

4.5

4.6

A general noisy communication system . . . . . . ... ..o

Communication system on a binary symmetric channel . . . . . ... ... ..
Antipodal Signal Representation of Binary Data . . . . . . .. ... ... ...
Binary symmetric channel . . . . .. ... ... Lo oo,
Communication system on an AWGN channel . . . . . . ... ... ... ...
Functions y = R.(x) and y = x for different values of SNR = 10log;, (c/4). . .
Simulation results and analytical bounds for the algorithm W, applied to
modulation-type codes Cipg of length 8256. . . . . . ... .. ... ... ...
Functions y = R, (x) and y = x for different valuesof SNR . . . . . . ... ..
BER of BP algorithm on BSC for codes C,,, form =128 . . . ... ... ...
BER of BP algorithm W, ¢ forcodesC,, . . . . . . . ... ...
BER of BP algorithm W, forcodes Gy s . . . . . . o 000000
BER of algorithm ¥y, s, for codes C,, ¢ with optimal parameters. . . . . . . . .
BER of BP algorithm Wggc for codes C,, s where m =128 and s = {1...6}

Polar-LDPC code design . . . . . . . . . . . . . . . .. ..
Block error rate of codes G, ¢ using BP decoding and polar-based precoding for
m=128,256 . . . . . ...

Multi level protection design on AWGN Channel . . . .. ... ... .....
Simulation results and analytical bounds for the algorithm W, applied to
modulation-type codes Cjog with a fraction A of frozen bits. . . . . . ... ..
Analytical bounds for the algorithm with frozen information bits . . . . . . . .

BER of BP algorithm fora (8192,k)code . . . .. ... .. .. ... .....
BER of BP algorithms for w = 3 and code (8208,513) with different number of
repetitions s = {1,...,4}. . . . . . L
Polar-LDPC Design . . . . . . . . . . . .
WER of algorithms A, B, C, and D of SCL-BP decoding for a (8192,400)-code
withw=3. . . . e e
WER of algorithms A, B, C, and D of SCL-BP decoding for a (8192,450)-code
withw=4. . . . e e
WER of four codes: (8208,400) polar-LDPC code A1, (8192,80) codes A3 [1]
and A4 [2], and (8192,400) polar code A5 [3]. . . . . . . . . .. ... ... ..



List of Tables

1.1  WER of Biorthogonal Codes

3.1 Relative gap to capacity as a function of number of divisions (b) . . . . . . ..

X1



Chapter 1

Introduction

The ultimate goal of communication is to transmit information form source to the
receiver with high reliability, low complexity, low latency and the least amount of power possible.
However, these goals are hard to accomplish due to presence of noise in communication channel.
In 1948 Claude E. Shannon [4] showed that reliable data transmission over a noisy channel,
described in Figure (1.1), is possible. Shannon coding theorem demonstrated that maximum rate
of transmission over a noisy channel is bounded by channel capacity, As long as the transmission
rate is smaller than channel capacity, there are long codes that can achieve arbitrary low probability
of output error. These random codes will obtain exponentially declining probability of error
when maximum likelihood (ML) decoding is implemented but ML decoding is NP-hard [5].

It is an open problem to design the efficient capacity achieving codes with low complex-

ity of encoding and decoding. In order to address this question there were a number of different

Noise

(+)

Source Transmitter ) Receiver Destination

Figure 1.1: A general noisy communication system



codes introduced in the up coming years. In 1950, Hamming introduced Hamming distance [6]
and formalized linear codes and lead to introduction of a number of important algebraic codes
such as Reed-Muller codes [7, 8], Bose-Chaudhuri-Hocquenghem (BCH) codes [9, 10] and
Reed-Solomon (RS) codes [11]. Even though these codes have lots of applications in real life,
they did not achieve channel capacity on binary input additive white Gaussian noise (BI-AWGN)
channels with low complexity.

In contrast to algebraic codes, probabilistic codes are mostly inspired by Shannon’s
random codes. Some of famous probabilistic codes are convolutional codes [12], product codes
[13], concatenated codes [14], Turbo codes [15], low-density parity-check codes (LDPC) [16,17],
irregular LDPC codes [18, 19] and convolutional LDPC codes [20]. These code are practically
important and have the ability of getting close to Shannon limit [21,22].

Polar codes [23] are theoretically have the ability to achieve channel capacity over
huge blocks. This capacity achieving property of polar codes has attracted the world to use this
code on a wide variety of topics such as data compression [24,25], broadcast channels [26,27],
multiple access channels [28,29], physical layer security [30,31], and coded modulation [32,33].
This indicates the significance of polar codes and the need for comparison of any new capacity
achieving codes with polar codes in terms of complexity and latency.

Low-capacity scenarios have become increasingly important in narrow-band and wide-
band communications. Narrow-band communication is used in the technology of the Internet
of Things (IoT) in cellular networks where a huge number of users need to be served [34] and
wide-band communication is considered in millimeter-Wave (mmWave) which is crucial for the
next generation of cellular networks (5G) [35]. In both of theses scenarios users need to work in
very low signal-to-noise-ratios therefore we are interested to explore these schemes and introduce
solutions for both asymptotic and practical cases.

Efficient code design protecting data from extreme levels of noise is central to many



low power applications. To efficiently employ Internet of things (IoT), prospective standards [36]
are supposed to achieve a 20 dB reduction in snr per channel bit (we use notation snr for signal-to-
noise ratios per input channel bits, while notation SNR will be applied to the output information
bits).

There are a few different ways to address this important problem. One prospective
approach is to design an efficient (possibly, capacity-reaching) sequence of codes of vanishing
code rates. Practically, these codes should also achieve low decoding complexity and rapid
decline of error rates. However, currently this problem is far from sound practical solutions.

From the theoretical standpoint, we consider binary linear codes C(n,k) of length
n — oo and dimension k used on the BSC and BI-AWGN .4 (0, 62) with noise power 62 — oo,
To achieve a fixed signal-to-noise ratio SNR =1/ (26313,,) , these codes must have the vanishing
code rates R, that have an order of 6, 2. Moreover, the fundamental Shannon limit shows that
any such code may achieve the vanishing BERs only if SNR > In2 (equivalently, this limit
corresponds to 10log;yIn2 = —1.5917 dB).

The central problem here is to design a capacity-achieving sequence of codes that
have low decoding complexity and a rapidly declining BER. Currently, this problem is far
from solution. To date, most existing capacity-achieving codes have code rates R, that decline
exponentially in code dimension m. In turn, this yields an exponential growth in bandwidth and
decoding complexity, both proportional to R, .

For example, biorthogonal codes [37] C (2’"‘1 ,m) achieve the Shannon limit; however,
their code rate R, = m /2"~ ! declines exponentially in m. By contrast, the output word error rates
(WER) of these codes experience very slow decline, which is only polynomial in block-length 7.
In particular, for the low SNR € (In2,41n2), codes C(2"~!,m) have word error rate (WER) [38]

bounded from above by

P, = exp{—m(vV/SNR —vIn2)*}



For a practically important range of SNR € [1,2] (which gives the range of [0,3] dB), long
codes C,,, — up to billions of bits — still have very high error rates P,,. This is shown below for

m = 18,21,25 and 30.

SNR (in dBs) 0 05 |1 1.5 |2 25 |3
m=18: Pig (in %) | 603 | 39.6 | 22.1 | 10.2 | 3.8 | 1.1 | 0.2
m=21: Py (in%) | 55.5 | 34.0 | 172 | 7.0 |22 | 0.51 | 0.085
m=25 Py (in%) | 49.6 | 27.7 | 123 | 42 | 1.1 | 0.19 | 0.02
m=230: Pyo(in %) | 43.1 | 214 | 81 |22 | 043 ] 0.05 | 4E-3

Table 1.1: WER of Biorthogonal Codes

Further analysis shows that concatenations of codes C(2”~!, m) with the outer Reed—Solomon
(RS) codes or algebraic geometry (AG) codes [39,40] still have similar shortcomings, due to
the fact that codes C(2"~!,m) should have length n proportional to 62 — 0. In summary, codes
C,, or their concatenations fail to yield acceptable output error rates on the high-noise AWGN
channels with SNR of [0,2] dB for the blocks of length n < 108.
As the second example, consider general RM codes or their bit-frozen sub-codes. Let
W, be a sequence of the binary symmetric channels (BSC,,) with transition error probabilities
pm = (1 —&,)/2 such that &, — 0 as m — 0. It is well known that channels W,, yield a sequence
of vanishing capacities

Cn~€/In4, m— oo

It was proven in [41,42] that long low-rate RM codes RM (m, r) of order r = o(m) and length
n = 2™ approach the maximum possible code rates C,, on channels W,, under the maximum-
likelihood (ML) decoding. Even in this case, code rates R, decline exponentially as m"2~" and
require exponential decoding complexity.

Consider also the existing low-complexity algorithms known for RM codes [43—45]
or their bit-frozen sub-codes [46]. For low SNR < 1 dB, these algorithms yield high error rates

above 1073 or require unacceptably large lists under successive cancellation list (SCL) decoding.

4



Polar codes [23] of rate R, — O that operate under growing noise power 62 ~ 1/ (2SR,,)
for a fixed SNR = S. One construction of such codes is considered in [47]. For G,f — oo,
these codes begin with a growing number u ~ log, 62 of upgrading channels and employ
long repetition codes B(2*,1) or RM codes C(2*,m+ 1). This design again results in a rapid
complexity increase as 6> — oo, To advance polar design, it is important to analyze how polar
codes of length n — o operate within a vanishing margin g, — 0 to the Shannon limit. One
important problem here is to find the minimal length n(€) which polar codes approach the
Shannon limit within a gap €. It is known [48] that such a length is a polynomial in ¢!,

For moderate lengths, one efficient construction of [49, 50] concatenates repetition
code of length 4 with a (2048,40) polar code. The resulting code has WER of .002 at the SNR of
2 dB and improves the NB-IoT standard [36] by 1 dB. Another recent design [51] yields WER of

0.0007 for the similar parameters. In this thesis, we present algorithms to improve asymptotic

and practical performance of low rate designs with low complexity and low latency.

1.1 Contributions of this thesis

1.1.1 Codes for high-noise memoryless channels

We consider codes for channels with extreme noise that emerge in various low power
applications such as [oT or sensor networks. To address this case, we design simple LDPC-type
codes that have growing dimension m and length m(m+ 1) /2 where m — . These codes can
be regarded as a “modulation-type” codes. We use belief propagation (BP) [16,52] algorithm
only on information bits to decode them. We show that this design has the ability to improve
the original channel output for any signal-to-noise ratios (SNR) per information bit SNR > —6
dB and outperform uncoded modulation for SNRs above —3.7 dB. It also obtains a 3 dB

gain over uncoded modulation as SNR grows. The proposed low rate LDPC design has an



overall complexity of order &'(m?logm) and a latency of order &(logm) when BP algorithm
is implemented in parallel. Similar to uncoded modulation, these codes also exhibit a floor on
the output bit error rate (BER) for any m. To improve code performance, information bits are
further protected with some polar code of length m. This design also has low complexity of order
O(m?logm), a latency of order ¢(m), a vanishing BER of order & (exp{—m'/?}).

Tight lower and upper bounds for the maximum likelihood (ML) and BP algorithm,
which are virtually identical to simulation results, are then obtained for BER at any SNR for
binary symmetric channel (BSC) and binary-input additive white Gaussian noise (BI-AWGN)

channels.

1.1.2 Codes approaching the Shannon limit with polynomial complexity per infor-

mation bit

We introduce a combined scheme that splits m information bits into b blocks and
protects each with some polar code. Decoding moves back and forth between polar and LDPC
codes, every time using a polar code of a higher rate. We then present theoretical boundaries for
BER of this algorithm with frozen information bits and compare them with simulation results and
show that they are practically identical. We then show numerically that for a sufficiently large
constant b and m — oo, this design yields a vanishing BER at any SNR that is arbitrarily close to
the Shannon limit of -1.5917 dB. Unlike other existing designs, this scheme has a polynomial
complexity of order &'(mInm) per information bit. The latency of this capacity achieving design

is of order &'(m) which is significantly smaller than that of polar codes.

1.1.3 Combined polar-LDPC design using Gallager ensemble of LDPC codes

We combine polar and LDPC codes to address data correction for various low power

applications. We use a combination of Gallager’s design [16] and repetition codes to create long



low rate LDPC codes that have parity checks of a small weight w. Decoding first improves the
information bits by using the small block of repeated information bits and then performs several
iterations of the belief propagation (BP) algorithm that recalculates the information bits only.
Partially corrected bits are then passed to a short polar code that uses successive cancellation
list (SCL) decoder. The newly corrected bits then serve as the new inputs for an LDPC decoder.
For codes of rate less than 0.1, the algorithm performs on a par with a CRC-Aided SCL polar

decoder (CA-SCL), while substantially reducing its latency.

1.2 Outline

We start by introducing a low rate LDPC code in Chapter 2 and showcase the abilities
of this code combined with repetition code and compare it to uncoded modulation. We then
present precise lower and upper bounds for BER of this design. Then we combine this design
with polar precoding and show the simulation results of this low rate and low latency code and
compare it with state-of-the-art polar-repetition codes. In Chapter 3, we introduce a back and
forth polar-LDPC scheme with the ability of approaching the the Shannon limit of -1.59 dB.
In Chapter 4 we showcase an extension of these codes that uses parity check of higher weight
and has the ability of introducing practical code design under moderate block lengths. The
performance of this code is on a par with the best existing codes such as CA-Polar codes and
hybrid non-binary repeated polar codes with much smaller latency. Finally, in Chapter 5 we

conclude this work and discuss the potential future work.



Chapter 2

Codes for high-noise memoryless

channels

2.1 Introduction

In this chapter, we introduce a low rate and low latency LDPC code and we discuss
its properties, encoding and decoding algorithm. We present bounds for bit error rate (BER) of
maximum likelihood (ML) and belief propagation (BP) algorithm and prove them on BSC and
AWGN channels. Then we combine repetition codes with this low rate design and show that
this design can outperform uncoded modulation for SNR > —3 dB. We also use polar codes as a
precoding for this modulation LDPC code and present a low rate and low latency scheme that
has the ability of outperforming polar-repetition codes with similar complexity and much smaller

latency.



2.2 Basic construction

Our basic code - which we denote C,, - has generator matrix G,, = [I,,|Jn], where I,
is an m x m identity matrix and J,, is an m x (}) matrix that includes all columns of weight 2.
Clearly, n = (") and k = m. Let a(;) be any codeword generated by s rows of G,,. Note that

every row in J,, has weight m — 1, every two rows have a single common 1, and every s > 2 rows

have () common 1s. Any codeword a(y) that has weight s in /,, has overall weight

wy=ms—2(3)=s(m—s+1) (2.1)

Thus, code C,, has distance m, which is achieved if s = 1,m. All other codewords have weight
2(m—1) or more. Note also that code C, represents a heavily truncated Hadamard code [53]
that leaves only positions of weight 1 and 2 and excludes other m — 2 spherical layers formed by

the full space of positions E3'. You can see the generator matrix Gy in (2.2).

Gy = (2.2)

2.3 Belief propagation decoding on BSC and AWGN channels

Tanner proposed to represent codes as bipartite graphs and to visualize iterative decod-
ing as a message-passing algorithm on such a graph [54,55]. Kim and Pearl introduced the belief
propagation algorithm [56,57] to solve statistical inference problems [58]. LDPC codes can also
be represented as a bipartite graph and belief propagation algorithm can be used to decode them.

Here we implement BP only on information bits.



2.3.1 Decoding on binary symmetric channels

In this section we consider communication on a BSC, described in Figure (2.1), and
present their belief propagation decoding. Let [i, j] = [, | denote code positions in G,,, where
0 <i# j <m.Encoder aG,, receives a string a = (a1, ..., do ) of m information bits and adds
() parity bits a; 2,...,a,—1,, such that g; j = ao,i +ao,j. Note that encoding has complexity
O(n). Let code C,, of rate R =2/(m+ 1) be used on a BSC channel described in Figure (2.3) .
We use a map {0,1} — {1} for each transmitted symbol a; ;, describe in Figure (2.2), where

0 <i# j < m. Then the parity checks a; ; form the real-valued products

a()’,- = Cl()JCl,'J (23)

It is important to note that when we send antipodal signals s; = =1 we can claim that error
probability p = (1+up)/2 where uy — 0. In this thesis we assume that the communication rate
is small, » — 0 and because of that we can estimate uy = /cp/m where ¢, = 8SNR/x. It can be

shown that lim,_,o Q(x) = 0.5 —x/v/27 where Q(x) is:

n(x) = (21) "2 exp{—x%/2) (2.4)

Data Source Encoder

ceCcc{o,1}"

O,

b=c+e be{0,1}"

e; ~ Bernoulli(p)

ae{o,1}™
Data user Decoder

Figure 2.1: Communication system on a binary symmetric channel
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0—-1
1 = -1

Figure 2.2: Antipodal Signal Representation of Binary Data

Our decoding algorithm Wpsc performs several steps of belief propagation. However, unlike
conventional algorithms, we estimate only information bits ag ;. In the first iteration our estimate
comes from the BSC channel but after the fist iteration this random variable will have a Gaussian
distribution due to central limit theorem and independence of information bits and parity check
bits. After the first iteration we assume that by removing intrinsic information in each step
and having a large size, m — oo, there is a weak dependence between theses estimates. A
number of sources show that summation of m dependent random variables can have a Gaussian
distribution [59-64]. Our conjecture is that similar conditions hold for our partial log-likelihood

random variables to the conditions that are mentioned in [65, 66].

Figure 2.3: Binary symmetric channel

In our decoding algorithm we assume that the received parity checks have probability
offsets u; ; = b; jug, where their sign is the same as the received bits, b; ;, of the BSC. Given

some received bit b; ;, an input a; ; = 1 has posterior probability

qi,j = Pr{1 | bij} = (1+b; juo) /2.

11



Now we can describe the soft decision belief propagation decoding algorithm for a total of L

iterations as follows:

Foralli,j€ {1,...m} and j #i:

A. Derive quantities u;|41(j) = ui ju;| ¢(J)
and A1 () = 2tanh™" w41 (/)] -

B. Derive quantities A, = ¥ ; hi0+1(J)
and hjy o1 (8) = hijepr — R (J)

C.If ¢ <L, find u;| g1 (j) = tanh(h; o1 (j)/2).
Goto Awithl:=¢+4+1.If{=L:

estimate BER 7, = 1 ¥, Pr{h;;, < 0};

output numbers ;| and a; = sign (h;|1.). 25)

2.3.2 Decoding on AWGN Channels

Let us assume that the code C,, is transmitted over an AWGN channel with pdf.
N (0,0?), described in 2.4, and constant SNR = (262R)_1 per information bit. In the sequel, it
will be more convenient for us to use a constant ¢ = 4(SNR). We use the same mapping described
in (2.2) for each transmitted symbol a; ;, where 0 < i # j < m. Then the parity checks a; ; form
the real-valued products seen in (4.3). Let an all-one codeword 1" be transmitted. Then the
received symbols y; ; = y;; form independent Gaussian random variables (r.v.) .4 (1, 0?). We
will use rescaled r.v. z; j = 8y; jwhere 8 = 1/ (62 +1) = ¢/ (m+c+1). Itis easy to verify that

this scaling gives power moments xo = E(z; ;) and 6§ = E(z7 ;) such that

x=05=2 (2.6)

12



Given some z; j, an input @; ; = 1 has posterior probability:

qij = Pr{l | zi;} =1/(exp(—2z;)+1). (2.7

Decoding algorithm Wy, (z) described below employs two closely related quantities,

the log-likelihoods (L1.h.) 4; ; and the “probability offsets” u; ; :

hij =1In[g; ;] —In[1 —g; j] = 2z;; (2.8)

ui,j = 2q; j— 1 = tanh(z; ;) (2.9)

Given the offsets ugp ; and u; ; in (4.3), it is easy to verify that symbol ag; has offset ug; =
up ju; j. Also, u; ; = tanh(z; ;) = tanh(/; ;/2). Function tanh(x) has derivatives tanh’(0) = 1 and

tanh”(0) = 0 at x = 0. Thus, for the vanishing values of z; ; — 0,

uij=2zij+0(z ;) =hij/2+o(h)) (2.10)

Algorithm Wy, s, performs several steps of belief propagation. Unlike conventional algorithms,
we estimate only information bits ag ;. We will show that ¥, s, requires L ~ Inm /Inc iterations

to achieve the best performance. For every step £ = 1, ..., L and every symbol ay ;, consider its

aec{0,1}"
Data Source Encoder
ceCC{l,—-1}"
e~ N (0,62) (+)
y=c+e,yeR"
ae{o,1}"
Data user Decoder

Figure 2.4: Communication system on an AWGN channel
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J-th parity check ag; = ag ja; ;j of (4.3). To re-evaluate ag ;, we introduce the offset uj| ¢(j) of the
symbol ag ; used in this parity check. Then the estimate u;, JUj| ¢(j) re-evaluates symbol aq; via
the product ag ja; j. We then obtain the 1.Lh. &; ¢, (j) of the j-th parity check using transforms
(2.8) and (2.9). Next, the sum of 1.Lh. h;,,(j) gives the compound estimate %; ¢4 of the
symbol ag ;. Finally, we derive the partial 1.Lh. /., (i) of the symbol ag; that will be used in
the next round to estimate ao,; via its i-th parity check ag ; = ag ;a; ;. This excludes the intrinsic
information ;| ¢ (j) that symbol ap ; already used in round £. Our recalculations begin with the

original estimates ;o () =S uo,;- Round ¢ of Wy, is done as follows.

Foralli,je€ {1,....m}and j #i:

A. Derive quantities u;| o1 (j) = ui ju;| ()
and hy|p41(j) = 2tanh ™" [u501(j)] -

B. Derive quantities ;s = ¥ hije41(j)
and hj\£+1(i) :hi\z+1 —hi\z+1(j)

C.If L <L, find u; 41 (j) = tanh(h; 041 (j)/2)-
Goto Awithl:=/¢+1.1f¢=L:

estimate BER 7, = %Zi Pr{h;, <O0};

output numbers h,~|L and a@; = sign (hi|L).

@2.11)

To estimate the complexity of Wz, note that Step A uses at most n multiplications and n
two-way conversions u <> h. Step B calculates the sums h;| ¢, using m operations for each i. It
also requires 2n operations to derive the residual sums /;|,,(j) and their offsets u; s, () for all
pairs i, j. Then the overall complexity has the order & (n) for every iteration . Assuming that we

have L = 0'(logm) iterations, we obtain complexity &'(nlogn).
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2.4 Lower bounds for BER of codes C,,, on AWGN channels

We will now study the output BER of codes C,,. We first show that long codes C,, fail
to achieve BER P, — 0 for any SNR = ¢/4 even if they employ ML decoding. This is similar to
the uncoded modulation (UM). Assume that an all-one codeword 1" (formerly, a 0" codeword in
[F}) is transmitted and z = (z; j) is received. Consider the sets of positions Iy = (0, j| j # 0,1)

and I; = (0, | j #0,1). For any vector z, we will define the corresponding r.v.

Yo = Zj;éo,lzod" Y= Z#OJZ]J

Below we use asymptotic probability density functions (pdf) as m — . Then r.v. z; ; have
asymptotic pdf .47(3,8). Itis also easy to verify thatr.v. Z; =}, z; j, Yo, and Y1 have asymptotic
pdf N(c,c). Code-words of minimum weight in C,, include m generator rows g'P), where
p=1,...,m, of the generator matrix G,, and their sum g(®) = g() +- ..+ ¢(") Under ML decoding,
any two-word code {1”, g(”)}, has BER

mé — o

P.=Pr{Y; <O}:Q<m(5—52)

> ~0(Ve) (2.12)

Here we write f(m) ~ g(m) if lim f(m)/g(m) = 1 as m — oo. Similarly, we use notation f(m) =

g(m) if lim f(m) /g(m) > 1.

Theorem 1 Let codes C,, be used on an AWGN channel with an SNR of ¢ /4 per information bit.

Then for m — oo, ML decoding of codes C,, has BER

pur(c) Z 2Pe(1—P.) =20 (Ve) —20° (Ve) (2.13)

Proof. Without loss of generality, we consider BER of symbol g ;. In essence, we prove that
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ML decoding gives ag; = —1 if so does one of the codes {1”, g<1’)} for p=0,1. All received

vectors z form four disjoint subsets U = A, B,C, D, where

A={z|Yo<0,Y; >0}, B={z|¥% >0, Y, <0} (2.14)

C={z|¥%>0,% >0}, D={z|¥ <0, Y, <0} (2.15)

Clearly, Pr{A} = Pr{B} = P.(1 — P.). We will prove that py(c) 2 Pr{A} + Pr{B}.
Two vectors g'?), p = 0,1, have supports J, = {(p, j)}, where j € {0,....m}\ {p}.
For any z, consider bitwise products g(?)z that flip symbols of z on the supports J,. Then

¢9a=c,gVA=D,g"B=D, ¢VB=C (2.16)

Let z be decoded into some a(z) € C,, and let ag 1 (z) be the first symbol of a(z). We decompose

each set U into

Ur={z€U:a01(z2) =1}, U_-={z€U:api1(z) = —1}

Note that a (§P)z) = g'P)a(z). Then

¢4, =c_, gVA, =D_ (2.17)

gVB=C_, g"B.=D_

Conditions (2.16) and (2.16) show that maps g(®) and g(!) flip full sets U and there subsets U,

and U_.
In the next step, we remove the first symbol ag | from each vector z and obtain four sets

U'=A',B',C’',D' with a punctured symbol ag ;. Let U’_ and U’ denote the punctured subsets of
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U, and U_. Below we show in Lemma 2 that the maps 29 and g(") cannot reduce the probability

of the sets A’ + B’. Namely,

Pr{C }+Pr{D } >2Pr{A } (2.18)

Pr{C"}+Pr{D" } >2Pr{B } (2.19)

Finally, consider py(c) = Yy Pr{U_}. We then prove in Lemma 3 that removing one bit a |

has immaterial impact on Pr{U} as m — oo, so that Pr{U} ~ Pr{U’}. Then

pur(c) =Y, Pr{U_}~ Y Pr{v"}

We can now use (2.18) and (2.19), which gives

pur(c) ~Pr{A"} +Pr{B_} +Pr{C" } +Pr{D }
>Pr{A" } +Pr{B } +Pr{A,}+Pr{B,}

=Pr {A’} + Pr {B’}

Thus, we obtain (2.13). |

Lemma 2 Punctured sets U' = A", B',C', D’ satisfy inequalities (2.18) and (2.19).

Proof. Recall that 1" is the transmitted vector. In this case, the set C has the highest probability
among all sets U, while D is the least likely. We now can establish stronger conditions. In
essence, we show that the transition A — C (or B — C) produces a greater increase Pr(C) — Pr(A)
than the drop Pr(A) — Pr(D) required in transition A — D.

We say that any x € A’, B is a (0, p) vector if ¥j = 0, Y} = p. According to (2.14),
any x € A has 6 <0, p > 0, whereas it is vice versa for x € B.
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Recall that r.v. Yy, ¥; have asymptotic pdf .4 "(c,c). (The exact pdf is A (cA,cA —

cdA)). Consider (8, p)-vectors x € A. On the subset Iy = {(0, j)}, these vectors x have pdf
p (9) ~ (27176)71/2 67(976)2/26

For any x, the transform g(®x only flips symbols xo,; thus replacing pdf. p (6) on the set Iy with

p(—0). This gives the ratio

r(0)=p(-6)/p(8)=e?

The other transform g(!x of any (6, p)-vector x flips symbols x; ;. Then we obtain the ratio

r(p)=p(p)/p(—p)=e?

Now we consider two vectors from A, , namely, x =x(6,p) and y = y(—p,—8). Then g¥x e C
and g(x € D. The same inclusion holds for vector y. Also, both vectors x and y have the same
pdf p(x) = p(y) = p generated on the sets Iy and I;, since both r.v. ¥y and ¥} have the same

distribution. We can now estimate the total pdf of vectors g(p)x and g(f’) y as follows

Pe) () (0 4)s

z’(g“”y)-+17(g(”y) =:(629-F62p)17

Since exp{—2a} +exp{2a} > 2 for any a, we can reduce the latter equalities to

22Fup@m0+p@@ﬁzﬂ,
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This immediately leads to inequality (2.18). Inequality (2.19) is identical if we replace A} with
B, . Other inequalities of the same kind can be obtained if we consider subsets A’, B’ (or A’ ,B").
[ |

We now prove that removing position (0, 1) is immaterial for our proof.
Lemma 3 Any set U and its one-bit puncturing U’ satisfy asymptotic equality Pr{U} ~ Pr{U'}.

Proof. Note that r.v. zo 1 has pdf .4'(8,68), where 8 ~ ¢/m — 0 as m — oo, whereas r.v. ¥ (or
Y1) has pdf 4(c,c). Let r = \/c/mlnm and r’ = rlnm. Then with probability tending to 1, we

have the following conditions:

201 € [-nr], Yo & [, 7] (2.20)

Thus, Pr{zo /Yy — 0} — 1 as m — oo. Now we see that equalities Pr{U } ~ Pr{U’} hold for any

setU or Uy or U_ as m — oo. |

2.5 Probabilistic bounds for BP decoding on AWGN channels

Our next goal is to study BP algorithm Wy, s, of (4.7). We first slightly expand on our
notation. We say that events U, hold with high probability B, if P,, — 1 as m — . Let .4 (a,b)
denote the pdf of a Gaussian r.v. that has mean a, variance b, and the second power moment a” + b.
Consider a sequence of Gaussian r.v. x,, that have pdf .4 (a,b,,), where b,, = b(1+6,,),b > 0
is a constant, and 6,, — 0 as m — o. Consider also any sequence #,, such that ,, = 0(6,, 1/ 2).
Then Pr{x,, > t,,} ~ Q((tw — a)b~"/?) and we write A (a,b,,) ~ N (a,b).

Consider also r.v. z; ; that has pdf asymptotic .4#(8,8) as m — oo. Then restriction
(2.20) shows that with high probability z; ; — 0. Then equality (2.10) shows that u; ; = z; ; +

o(z,%j) ~ z; j. Thus, we will replace r.v. u; j in algorithm Wy, with z; ;.
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To derive analytical bounds, we will slightly simplify algorithm ¥y, s, and assign the
same value h;|¢y1(j) = hije4 for all j instead of different assignments ;|1 (j) := hijeq1 —
hje+1(i). It can be shown that this change is immaterial for our asymptotic analysis. It also
makes very negligible changes even on the short blocks C. The simplified version of the algorithm
W, f1 - described below - begins with the initial assignment u ;o = zo ; in round £ =0. We will

perform L = 2Inm/Inc rounds. In round ¢, ¥y, 7+ proceeds as follows.

A. Derive quantities u;|¢4.1(J) = zi juj|¢
and f;j o1 (j) = 2tanh ™" {041 ()] -
B. Derive quantities A;¢,1 = Y. i 041 (J)
C.1f ¢ <L, find u; 41 = tanh(h;| 141 /2).

Goto Awithl:=(¢+1.1f{=L:
estimate BER 7, = %ZiPr{h”L <0},

output numbers 4;|; and ao; = sign (h;|1).

2.21)

To derive analytical bounds, what we need to show is that z; ju |, for different values of j are
weakly dependant. We know that z; ; for different values of j are i.i.d random variables but u |,
are not necessarily independent from each other. Namely, we call r.v. &, ..., &, weakly dependent

if for m — oo, we have asymptotic equality

E(é”éil?'”?éjh) —)E(é,) (2.22)

For any constant b, index i, and any subset J = { i, ..., j } such that i ¢ J. In particular, we will
assume that the conditional moment E (h;| ;11 | hj,|¢,---, ], | ¢) tends to the unconditional moment

E (h,-| ¢4+1)- This assumption does not necessarily hold if b is a growing number. However, in our
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case, .v. hj|y; includes m — 1 different summands £;| ¢ (j) for all j # i. On the other hand,
only one related term £ ¢(i) is included in each sum h;| for any j € J. (Both terms include the
same factor u; ; used to evaluate symbols ag; and ay ; in parity check (4.3)). We further assume
that the sums of weakly dependent r.v. satisfy the central limit theorem (CLT). This has been
proven in many settings [59—64], where “’the future” r.v. have vanishing connection to the past
(or “distant” past). In this case, our conjecture is that similar conditions to [65,66] will hold for
partial log-likelihood ratio random variables. The above assumption is also corroborated by the
simulation results, which essentially coincide with the theoretical bounds derived below (see
Figure 3.2, in particular).

Our goal is to derive BER Py, (c) = lim7, for Wy, as L,m — oo. Given ¢ > 0,
consider the equation

tanh (+/xc)e =V 124y (2.23)

X

1 o
-7l
In Lemma 8, we will show that for ¢ < 1 equation (2.23) has a single root x = 0. For ¢ > 1, (2.23)
has the root x = 0 and two other roots x, and —x,, where x,. € (0, 1).

For any £ =0,1,..., L and any m — oo, we introduce parameter ¢, = c+1/2 We then

derive probabilities Py using recursion Py = (1 — P;)S; + P, T;, where

Sy = (2m)~'/? / ) O(cqt)e =<2y (2.24)

T, = (21)~'/? / ) O(cgt)e e’y (2.25)

and Py = Q(+/c). For any ¢, probabilities P, depend on c¢ only. P is representative of having a
negative average for log-likelihood ratio random variables given the all-one codeword was sent
at iteration ¢. We will also show that quantities P, converge exponentially fast as £ — co. Let

P.. =limy_,.. P,. We can now establish the asymptotic value of BER as m — oo.
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Theorem 4 Let codes C,, be used on an AWGN channel with an SNR c¢/4 per information bit.

For m — o and ¢ < 1, algorithm W, ¢, has BER Py,f:(c) — 1/2. For ¢ > 1,

Pagi(€) ~ (1= P.) Q (/o) + Po(1 - 0(y/5:0)) (2.26)

In Figure 2.6 of this section, we will plot analytical bound (2.26) along with simulation
results and the lower bound (2.13) of ML decoding. We will see that all three bounds of Figure
2.6 give very tight approximations.

We begin the proof of Theorem 4 with Lemma 5. Here we analyze the sums of r.v. z;

that have asymptotic pdf .#'(8, §) with a small bias § — 0.

Lemma 5 Consider m independent r.v. 7y, ...,z with pdf A (8,0), where § ~ c/m. Let Z =

Y, zjandY =Yz} ;. Then for m — oo,
E(Z|Y)~E(Z)~c (2.27)

Proof. Consider rv. g =z;— & that has pdf .#'(0,8). Let R = ¥;&;. This r.v. has X?
distribution that tends to .#"(c,28c¢) as m — oo. Next, note that r.v. z? and 812 are equivalent with
high probability. Indeed,

2= 4208+ 8> ~ €l (2.28)

Here with high probability we have two events. First, €2 > /8 /Inm, whereas the terms |8 € j’ and
82 are bounded from above by §%/2Inm = o (\/3/ lnm) . Thus, z? ~ 8} and Y ~ R as m — oo.
In turn, this implies that r.v. ¥; has asymptotic pdf .4 (c,2dc¢).

To prove (2.27), we now may consider unbiased r.v. €; and prove asymptotic equality

E(Y,&lR) ~E (X&) =0 (2.29)
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Consider any subset . of 2" unbiased vectors (¢, ..., £€;) that give the same sum R =Y ; 8}.

Then asymptotic equality (2.29) holds for each subset .#, which proves Lemma 5. |

To prove Theorem 4, we will first study r.v. u;|, and their average power moments

Xp = EZi (u,-|g/m) (2.30)

ot =EY, (i/m) 2.31)

Then r.v. up =Y u;), /m has power moments x; and Gf /m (here we assume that r.v. uj|¢ are
weakly dependent).

In the following statements (Lemmas 6-8 and Theorem 4), we will show that r.v. u,
undergo two different processes as £ — oc. In the initial iterations £ = 1,..., r.v. uy take vanishing
values with high probability as m — . In these iterations, they also may take multiple random
walks across the origin. For ¢ < 1 and £ — oo, 1.v. 1y converge to 0. By contrast, for ¢ > 1, r.v. uy
gradually move away from the origin in opposite directions, albeit with different probabilities.
In the process, r.v. uy cross 0 with the rapidly declining probabilities as £ — oo. They approach
two end points, x, and —x, with probabilities 1 — P, and P., respectively, and converge to these
points after £ 2 Inm/Inc iterations. At this point, any r.v. u;, (that represents a specific bit 7)
has BER of 0 (\/ﬂ) and 1 — Q (\/ﬂ) This constitutes bound (2.26).

We first derive how quantities x; and crg2 change in consecutive iterations. Let 6 > 0
and —o < x < 0. Below we use two functions F;(x,0) and G.(x, o) that are related to E (u;¢41)

and E(”iz\ul)

F.(x,0) = (2m)"'/? / " tanh (o1/c) e 1=3Ve/0) g (2.32)

G.(x,0) = (2m) "/ / tanh? (G14/c) e (V92 gy (2.33)
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Lemma 6 Let rv. u;j¢, i = 1,..,m, have average power moments x; and ng of (2.30) and (2.31).

Then any r.v. u;| o1 has conditional power moments

E (XZ+1 ‘X(g, G/{) = FC (XZ, Gg) (2.34)

E (67, |x0,00) = G, (x4, 00) (2.35)

Proof. Below we considerr.v. z; j, Z; =Y ;zijand ¥; = }; zi% i The proof of Lemma 5 shows
that these r.v. have pdfs .47(8,68), 4 (c,c), and .4 (c,28c), respectively. For m — oo, we

will use three restrictions, all of which hold with high probability. Firstly,

Zi,j‘ < A, where

A =2v81nm — 0. Indeed,

Pr{|z ;| > A} <20(2Inm—V§) = m~2nmtol) (2.36)

Also,
c—vVchhm<Z <c++Vclnm (2.37)
Y€ (c—Ar,c4+Ar), Ay =m 'clnm (2.38)

Since z; j — 0 for all 7, j, algorithm ¥, f; can use the following approximations

Wil 1 (J) = wi juj o ~ i juj|e (2.39)

hije1(j) = 2tanh™" [z juj o] ~ 2z ju;), (2.40)

Here we assume that r.v. z; ; and u;|, are “weakly dependent”. Indeed, any estimate of ),

includes m — 1 terms and only one term includes r.v. z; ;. We then fix the sums Z; =}, i and
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consider conditional r.v. z; ju il | Z;. Given restrictions (2.37) and (2.38) we obtain the moments

E(zi,ju”ﬂZi) :E(ziyj)E(ujM):ngi/m (241)

D (zijujie) Zi) = E(5 | Z)E () — (xeZi/m)* ~ 807 (2.42)

and similarly to the proof of Lemma 5, we consider r.v. zlz ; and the sums Z; to be independent.
We also remove the term (ngi/m)2 in (2.42). Indeed, this term is immaterial since x% <
62 and (Z;/m)* < em2Inm = 0(8), according to (2.37). In essence, here r.v. zijuj|¢ have
negligible means, which yield similar values of conditional variances & (z; ju;|,|Z;) and the
second moments E (z; ju; | Z,-)z.

We can now proceed with r.v. h;j, 1 =2) ;7 ju;, that sums up independent r.v.

ZijUj|0 derived in Step B of ¥y, ;. Here we obtain

E (hij¢s1|1Zi) = mE (zijuj (1 Zi) ~ 2x0Z; (2.43)

D (hije112i) = mP (zijuj0| Zi) ~ 4co} (2.44)

We can now proceed with the r.v. u;| 1 ~ tanh(h;|,,/2) used in Step C of Wy, . For a given Z;,
r.v. h; o1 has Gaussian pdf .4 (2x.Z;,4co7). By using the variables z = x,Z; and 1 = z/0y4/c,

we obtain (2.34):

E (ujjp41) ~ (271'0526)71/2/ tanh(z)e*(zfxfc)z/zwfdz

= (2m)"1/? / tanh(oyt/c)e™ XV 24y = F(x,, 07) (2.45)

Similarly, we obtain (2.35):

E (u?m) ~ Ge(xt, 01) (2.46)
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which completes the proof. |

Recall that the original r.v. u;o have equal power moments xo = og of (2.6). The
following lemma shows that nonlinear transformations (2.45) and (2.46) preserve this equality. It
is for this reason that we rescaled the original r.v. y; ; into z; ; to achieve equality (2.6).

Consider function F,(x, ) of (2.32) for |x| = 6. For any c, this gives the function

Re(x) = (2m)~'/? / ) tanh(t\/W)e’G’\/W)z/ 2dt (2.47)

Lemma 7 For any two quantities x, ¢ such that |x| = 6* and any ¢ > 0, functions F.(x,oc) and

G.(x,0) satisfy relation

F.(x,0) =G.(x,0) = R.(x), ifx>0
(2.48)

FC(X,G) = —GC(X,G) = —RC(X), lf)C <0

Proof. Letx = o2 and r = ty/xc. Then e~ —VX)/2 — gre*/2¢=3¢/2_ Consider the function

er _ e*"

F(r) =€ (tanh(r) —tanb?(r)) = -~

Clearly, f(r) is an odd function of . Then

F.(x,0)—G.(x,0) = (2717xc)_1/2 e*’“/z/ f(r)efrz/zxcdr =0

—o0

The case of x < 0 is similar. Note that F.(x, ¢) is an odd function and G.(x, ) is an even function.

Then we proceed as above. |

Lemma 8 For c < 1, equation (2.23) has a single solution x = 0. For ¢ > 1, equation (2.23) has

three solutions: x =0, x, € (0,1) and —x..
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Proof. Let x > 0. Integration in (2.47) includes the pdf of .4"(/xc, 1), which gives negligible
contribution beyond an interval ¢ € (—xil/ 4l 4). For x — 0, we can now limit 2.47) to this

interval. In this case, 71/xc — 0 for any ¢ and tanh(¢v/xc) ~ t1/xc. Then

R.(x) ~ (2m)~ /2 / tv/xce VI 2qp = xe (2.49)

—o0

Thus, inequality R.(x) > x holds for sufficiently small x iff ¢ > 1. On the other hand, tanh(#/xc) <
1 and therefore R.(x) < 1 for any x. Now we see that functions y = R.(x) and y = x intersect at
some point x, € (0, 1) for any ¢ > 1. Finally, it can be verified that R.(x) has a declining positive
derivative R/.(x), unlike the constant derivative 1 of the function y = x. Therefore, equation (2.23)
has a single positive solution x,. |

In Figure 2.5, function y = R.(x) is shown for different values of x € [0, 1] and SNR =

10logy(c/4). The cross-point of functions y = R.(x) and y = x represents the root x,.. Here the

threshold ¢ = 1 corresponds to SNR = —6 dB. Summarizing Lemmas 6-8, we have corollary 9.

0.8

0.6

0.4

— Y=X

Rc(x) for SNR = -6 dB
—— R(x) for SNR = -4 dB
—— Rc(x) for SNR = -2 dB
—— Rc(x) for SNR = 0 dB
—— Rc(x) for SNR = 2 dB

Rc(x) for SNR = 4 dB
—— Rec(x) for SNR = 6 dB

0.2

0.0

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 2.5: Functions y = R.(x) and y = x for different values of SNR = 10log,, (c/4).

27



Corollary 9 Let m — o. Then r.v. u; ¢, i = 1,..,m, have power moments x; and Gez that satisfy

equality |x;| = ng for any iteration £. Iteration ¢ transforms x; and ng into

Xer1] = 07y = Re(xe) (2.50)

Proof of Theorem 4.

1. Lemma 8 shows that for ¢ > 1, function R.(x;) grows for positive x;. Thus, equality
R:(x¢) = x; holds iff x; = x,, where x, the root of (2.23). Next, consider initial iterations
¢ =0,... Here r.v. up has pdf .4 (8,8/m) and (with high probability) has vanishing values
lug| < \/5/7 Inm. In further iterations ¢, transform (2.49) performs simple scaling xy, | ~ cxy as
long as x; — 0 for m — oo. Thus, algorithm W, fails for ¢ < 1 since x; — 0 in this case.

2. Now let ¢ > 1 and L = Inm / Inc. Note that uy < 0 with probability Q(v/8m) ~
Q(4/c). For iterations £ = o(L) and m — oo, we still obtain vanishing moments |E (u)| < ¢/ — 0
It can also be verified that E (u;) moves away from 0 in 4 = L iterations for some o > 0.. Note
also that r.v. uy has variance 7 (us) < 9(uj|¢)/m < 1/m. Thus, both cases, uy — x. or uy — —xx,
hold with high probability as £ — oo,

3. We can now derive the BER for both cases. From (2.43) and (2.42), we see that the

Gaussian random variable 7;|,, | has the moments

E (l’li|g+1) ~ 2XgE (Zl) = 2)656', 9 (hi\é—i—l) ~ 4CG£2

For any iteration ¢, we can now estimate BER p; ;| = Pr{h;,1; <0} as

0 (y/xic), if x, > 0
pijer1 = Q (xec/0p/c) = 2.51)

1—0(/—xec), ifx, <0
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4. Consider the probabilities P, = Pr{x; < 0} and 1 — P, = Pr{x; > 0}, which define
conditions of (2.51). We will now use two partial distributions of r.v. uy that have opposite means
+by, where by = |x¢|. According to (2.50), r.v. u;|, have the second moment E(”?Ié‘) = by. Then

r.v. ug = Y, (uj ¢ /m) has the pdf .#"( £ by, 1) with the variance
Nne = (bg —x%) /m = bg(l —bg)/m

Note that by — x, for ¢ > L, whereas 1y — 0 as ¢,m — co. Thus, r.v. u, cross 0 with a vanishing
probability for any iteration £ > L. On the other hand, r.v. #, may cross 0 multiple times if

¢ =o(L). From now on, we take ¢ = o(L). Then we will express Py, via P; using the mean
by=c's

5. Consider both distributions .4 (x;, 1), where x; = +b; = £c§. Given some value

uof r.v. uy, define r.v. up, | |u=m='Yy; (71041 |u) . This r.v. has pdf
p(u) = JV(CM,CTM) = (Znn[)—l/Ze—(u—xg)zm/Zm

First, let E(uy) = by. Clearly Pr{cu < 0} = Q(u+/c/n;). Then we average over all values u of

uy and obtain the probability

Sy = Pr{uss1 < O|E(ug) = b} = /_ZQ(m/c/m)p(u)du

~ @m) 2 [ oty I Ry

Here we use variable r = u/,/7;. Next, we consider the initial iterations £ = o(Inm/Inc) and
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introduce parameter

Co=by/ /M~ \/c”l/(l—m*lc”l) ~ /2 (2.52)

Note that b;/\/N¢ = C; ~ c¢, which gives (2.24). Similarly, for E(u;) = —b,, we obtain the

probability
0r =Pr{urs1 < O|E(ue) = —be} = [~ 0w/ /e/mi)p(~w)du
For ¢ < L =1nm/Inc, this gives the probability
Priy =Pr{up <0} =(1—-P)Se+PQr =S+ PTy (2.53)

where Ty = Qy — Sy is given by (2.25). We can also slightly tighten estimates (2.24) and (2.25),
by using quantity C, of (2.52) instead of ¢;.

We can now proceed with iterations P;, which begin with Py = Q(y/c). For any /¢,
quantities Sy and 7 depend on c only. Also, quantities ¢y = /2 grow exponentially, in which
case S¢y — 0 and Oy — 1. Thus, quantities P, converge, since P, ~ P;Qy for sufficiently large
{>L.

We can now evaluate Py, ;. For £ — oo, we replace P, with P, in (2.53) and use x, of
(2.23). Finally, note that (2.26) is only an asymptotic estimate. Here we excluded the residual
term O (Inm/+/m) used in approximations (2.36) and (2.38). [ |

High-signal case. Consider functions S, and 7y of (2.24) and (2.25) as ¢ — co. Then
S¢—0, T, — 1, and Po — Py = Q(+/¢). In this case, Py ~ 20 (v/c) ~ (2/7c)'/?e=¢/2. The
latter represents a 3 dB gain over the uncoded modulation, whose BER has the order of e¢/4.

Complexity. Given m information bits, algorithm W,z has complexity of order
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Figure 2.6: Simulation results and analytical bounds for the algorithm W, applied to
modulation-type codes Cypg of length 8256.

m*logm. Indeed, each iteration ¢ recalculates quantities uj|¢(j) and h;|,(j) for all ordered
pairs (i, j). This requires O(m?) operations. We also need O(logm / logc) iterations ¢ to make
the estimates u;|, bounded away from 0 as m — . Also, it can be shown that the stable point x.
can be reached within a margin € — 0in O (Ine~! / Inc) iterations. For € = m™!, this gives the

overall complexity of m?Inm / Inc operations.

2.6 BER bounds on binary symmetric channels

In this section, we use all the techniques introduced in Chapters 2.4 and 2.5 to come
up with theoretical bounds of BER for ML algorithm and BP algorithm on the BSC. In order not
to repeat the entire section, we try to reuse as many of those theorems as possible to explain the

proofs on the BSC.
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2.6.1 Lower bounds for BER of ML algorithm on BSC

Theorem 10 Let codes C,, be used on a BSC with an SNR of s where c, = 8s/T per information

bit. Then for m — oo, ML decoding of codes C,, has BER

pmL(s) 2 2P, (1= P.,) =20 (\/cp) —20% (\/cp) (2.54)

Proof. This theorem follows the proof of theorem 2.13 closely. We assume that the all-one

codeword 1" is sent and then we define r.v. B; as follows.

Bo = Zj;éo.,l bo.j; B1= Zj;é()J by

Below we use the assumption that m — oo. It is easy to verify that r.v. By, and B have asymptotic

pdf A (\/mcp,m).
Code words of minimum weight in C,, include m generator rows g® . p=1,...m,of

the generator matrix G,, and their sum g0 =g 4 4 Under ML decoding, any two-word

code {1, g}, has BER

P, =Pr{Y) <0} ~ Q(\/cp) (2.55)

Without loss of generality, we consider BER of symbol ag ;. In essence, we use the same proof
as theorem 2.13 to show that ML decoding gives ag; = —1 if so does one of the codes {1”, g(p)}

for p =0,1. All received vectors b form four disjoint subsets U = V1, V;, V3, Vy, where

V]I{Z|Bo<0, B1>0}7 VQZ{Z‘B0>O, B]<0} (2.56)

V3 ={z|By >0, By >0}, Va ={z|Bp <0, B; <0} (2.57)

Clearly, Pr{V; } =Pr{V,} = P, (1 — P.,). We use the same technique used in theorem 2.13 and

32



show that pyr.(s) 2 Pr{V; } + Pr{V»}.

2.6.2 Probabilistic bounds of BP algorithm on BSC

Now, in order to show BER of BP algorithm we first show the probability of high

weight errors with F.. and then show BER of those cases by calculating the correct x... For any

£=0,1,..., L and any m — oo, we introduce parameter ¢, = cl(fﬂ)/ % We then derive probabilities

Py using recursion Py = (1 — Py)Sy + PyT;, where

S¢=(2m)"'/? / " Q(er)e e 2y (2.58)

T, = (2n)" /2 1 " 0leu) (e—<’+0f>2/2) dt (2.59)

and Py = Q(,/cp). For any /, probabilities P, depend on c;, only. F; is representative of high weight
errors after ¢ iteration. Quantities Py converge exponentially fast as £ — oo, Let Po = limy_o, Pp.

We can now establish the asymptotic value of BER as m — oo,

Theorem 11 Let codes C,, be used on a BSC channel with an SNR s per information bit and

cp = 8s/m. For m — oo and ¢, < 1, algorithm Wgsc has BER Pgsc(s) — 1/2. For ¢, > 1,

Posc(s) ~ (1 - P) Q (/o) + Pul1 — Q (\/Xoh) (2.60)

where P., can be calculated using equations (2.58), (2.59) and x, is the positive answer to the

equation x = R, (x) where R, (x) is (2.61) .

Re,(x) = \/1271 /_ itanh(t wep)e (=) gy (2.61)

We begin the proof of this theorem by introducing to two random variable A;, and u;,
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where A, is half of the log likelihood of information bit i at iteration £ and u;) is the probability
offset of that information at iteration £. Here we assume the all-one 1" codeword is sent (without
loss of generality we can later claim that BER of this one information bit is the same as all
other information bits). It is important to mention that /;; is a Gaussian random variable with

distribution .4 (cbu%, cbu%) where uy = \/cp/m is the probability offset of BSC.

;= tanh(hy) (2.62)

hijer1 =Y tanh™" (uyobixito) (2.63)
k

Lemma 12 Let us consider a r.v. V with a Gaussian distribution A (a,a) where a — 0. We can
claim that tanh(v) = v.
Proof. We know that lim,_,o tanh(x) = x and we can say that Pr[|v —a| < c\/a] — 1 where c is

any desired large constant, so we can say tanh(v) = v.

Theorem 13 If ciu% < 1 and hyy has a Gaussian distribution A (ciu%, ciu%) we can say that

hij¢1 will have a Gaussian distribution ,/V(cff]u%, ci“u(z)).

Proof. We use lemma (12) and weak dependence of these random variables to show that /; 0

will have a Gaussian distribution 4" (cj ™ u2, ¢t 1ud).

Theorem 14 If E(u;,) = a and E (u,) = a then hy,,\ has a Gaussian distribution N (cpa, cpa).

Proof. We use weak dependence of u;y and show

E(hyy1) = mugE (ui) = cpa (2.64)

E(hi,,) = ug(mE (ugy) +m*uf (u;)*) = cpa+ (cpa)® (2.65)

34



Theorem 15 If by, has a Gaussian distribution A (x,x) then E(u;) = lix and E (u3,) = 0 where

Wy and Oy can be calculated using equations (2.66) and (2.67)

Note. By using lemma 7 we can show that |u,| = o}

My = (Zx”)_l/z/ tanh(t)e*((t*x)z/z)f)d[

—oo

ze = (2X7T)_1/2/ tanhz(t)e*((’*x)z/z)C)dt

—oo

2

(2.66)

(2.67)

Now we can put together the proof of theorem (11) by stating that if E (u;,) = E (u;jr11)

and E (u},) = E(uj,. ) the point x, will satisfy equation (2.61) and BER of Wsc is going to be

Pgsc(s). It is interesting to point out that in Figure 2.7 for SNR < —4.07 dB our x,. = 0. In Figure

2.8 we can see that simulation result and theoretical bound Pggc are virtually identical to each

other.

0.8

0.6

0.4

0.2

0.0

Figure 2.7: Functions y = R, (x) and y = x for different values of SNR

— Y=X

Re,(x) for SNR = -6 dB
—— Rq,(x) for SNR = -4 dB
—— Rq,(x) for SNR = -2 dB
—— Rq,(x) for SNR = 0 dB
—— Rq,(x) for SNR = 2 dB

Re,(x) for SNR = 4 dB
—— Rq,(x) for SNR = 6 dB

0.0 0.2 0.4 0.6 0.8 1.0
X
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Figure 2.8: BER of BP algorithm on BSC for codes C,, for m = 128

2.7 Design improvements and simulation results

In Figure 2.6, we plot analytical bound Py, of (2.26) along with simulation results
Py;» and the lower bound Py of (2.13). Here we consider codes C,, of dimension m = 128 on
the AWGN channels with various SNRs 101og;,(c/4). We see that both bounds (2.26) and (2.13)
tightly follow simulation results and each other. This also supports our main assumption that the
algorithm Wy, s; can be considered using independent random variables. For completeness, we
also plot non-asymptotic bound Prinire jengsn Obtained by using parameters Cy of (2.52) in both
formulas (2.24) and (2.25). Unexpectedly, this bound completely coincides with a much simpler
lower bound Py, for high SNR.

Simulation results of the BP algorithm Wy, for different values of m are presented
in Figure 2.9. These results show that for different values of m BER of these codes are similar
and the assumption m — oo can be relaxed to m being a large number and still the theoretical

probabilistic bound (2.26) can describe BER of these Codes. It is also important to note that they
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Figure 2.9: BER of BP algorithm ¥, ; for codes C,,

improve on uncoded modulation for SNRs above 0 dB.

To improve performance of Wy, ;, recall from (2.13) that ML decoding error py;, ~
20(y/c)(1—0Q(y/c)) of any symbol ay; is defined by the two codewords of minimum weight,
¢W and g = g() 4 o0 The latter also affects all m bits ap,;, unlike ¢'). We now repeat s
times the information block I,, of code C,, using generator matrix Gy, s = [Ly]|...|Ln|J;n]. This will

also increase s times the weight of g(*). Then we obtain code G s with parameters
nm7szm(m—|—2s—l)/2, k:m, dm7s=m—|—s—1

Decoding of code C,, s is almost identical to the algorithm W, s;. The only difference arises in

calculating the quantities hf;’i in (4.6). With a new matrix G,, s, we now have s copies a((){l) ,...,a(()‘fl).
of any symbol ag ; and can use s estimates of these symbols instead of a single estimate in (4.6):

hy ;o= hy') )+ S5,

¥ i



For s > 1, code Gy, s has a lower code rate Ry, s = 2(m+ 2s — 1)_1.

Given SNR c for a former code A,, |, we now obtain a lower SNR ¢Ry, /Ryn,1. Accord-
ing to (2.12), then decoding into any vector g of minimum weight d has probability O(\/cm),
where Ny = (m+s—1) /(m+2s—1) < 1. On the other hand, decoding into the vector g(*) of
weight sm has a much lower BER of Q(,/cT), where 09 = sm (m +2s—1)"". In other words

by repeating information bits a number of times we can reduce the probability of P in formula

(2.26) considerably.
10-11
ot
[wa]
M 10-2
— m=32, s=2
m=64, s=3
—— m=128, s=4
10-3{ —— m=256, s=4
—— Uncoded modulation
S N T T
SNR [dB]

Figure 2.10: BER of BP algorithm ¥y, for codes G,

For s > 2 and m — oo, we have 1y ~ s and 1; — 1. It is important to mention that for

any large constant s > 2 we can say that Q (y/cx.11) > Q (y/cMo)-

Corollary 16 For m — oo and a large constant s code C,, s has output BER where x, can be

calculated using the same recursive equations used to calculate (2.26)

Pms(c) ~ Q(Vexam) +Q(v/emo) (2.68)
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Figure 2.11: BER of algorithm W, s; for codes C,, s with optimal parameter s.

Figures 2.10 and 2.11 we show BER achieved by codes C,, s on AWGN Channel. In
Figure 2.12 we show BER of BSC for m = 128 and s = {1,...,6} and in Figure 2.10, we have
BER of AWGN channel for the case of s = 2,3,4 depending on m but keep the same s for all
SNRs. Figure 2.11 presents the output BER when parameter s is also optimized depending on a
given SNR. As SNR grows, parameter s declines and reaches s = 1 for ¢ > 3. By contrast, codes
Con,s outperform codes C,,; at the lower SNRs. Codes C,,, s also outperform uncoded modulation
at SNR > —3 dB and gain about 1.4 dB at the channel capacity SNR = —1.59 dB and about 2
dB at SNR = 0.

Finally, we combine modulation codes C,, ; and results of BP algorithm ¥, with
some polar code of length m, which is formed by m information bits ag ;, described in Figure
(2.13). In decoding, the algorithm ¥, s; outputs bits aq; and passes them to a SCL decoder of
the polar code that selects the optimal frozen bits [67, 68].

Note that adding a polar code of some rate R < 1 reduces the overall SNR by a factor R.

To compare code performance at the given SNR, we will adjust the SNR and use BP algorithm
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Figure 2.12: BER of BP algorithm Wggc for codes C,, s where m = 128 and s = {1...6}

W, s at the lower SNR. For each bit a;, we then consider its output as a soft-decision AWGN
channel and calculate the channel capacity. This way we can calculate the optimal precoding rate

that allows the minimum SNR per information bit.

Data | 2€{0,1}* |polar | @€{0,1}" |LppC

Source Encoder Encoder
ceCC{l,—-1}"
ei ~ N (0, 07) (+)
y=c+eyeR"
Daa | P01} |pLigt be{0,1}* | polarscrL| @€ {0.1}" |LppC
User Decoder Decoder Decoder

Figure 2.13: Polar-LDPC code design

For the non-asymptotic setting with parameters m = 128,256, and precoding rate,
R = 0.64 the results of this optimization are shown in Figure 2.14. Here we use SCL decoding

with the list size L = 32 and after SCL we select the best candidate over the entire block size.
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For m = 128, we reduce the output WER of [49] by a factor of 3 and also double the code rate.
Selecting the best codeword over the entire block size will reduce the WER for non-asymptotic

cases.

100,
10—1,
ﬁ 10-2
m
103
— m=128
1041 m=256
-1.0 -0.5 0.0 0.5 1.0 15 2.0

SNR [dB]

Figure 2.14: Block error rate of codes G, s using BP decoding and polar-based precoding for
m = 128,256

2.8 Concluding remarks

In first part of this chapter, we introduced “modulation ” binary codes C,, and we
discussed their code properties, encoding and decoding algorithms. Then we described belief
propagation (BP) decoding on BSC and AWGN channel and proved BER bounds for the max-
imum likelihood and belief propagation algorithms for BSC and AWGN channels. Then we
showed that simulation results and theoretical boundaries are very close on both channels. Then
we introduce a very easy approach to reduce BER of AWGN channel by repeating information
bits s times and called theses codes C,, ;. We showed that encoding and decoding of these codes

are very similar to C,, but they have the ability of outperforming uncoded modulation for any
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channel SNR above —3 dB on AWGN channel for moderate lengths and for asymptotic condi-
tions, m — oo, they can outperform uncoded modulation for any SNR > —3.7 dB per information
bit. They also gain about 3 dB on UM for the AWGN channels with a higher SNR.

This ability of outperforming uncoded modulation for SNRs smaller than —1.59 dB
allows us to use this design as an inner code for a two stage polar-LDPC code. In turn, codes
Con,s - combined with polar codes - improve code performance on the high noise AWGN channels
with a vanishing channel snr as m — oo. It can be proven that these modified codes can achieve
exponentially declining BER for any SNR > —1.0 dB. The main advantage of theses codes is

their latency which is of order &'(1/n).
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Chapter 3

Codes approaching the Shannon limit
with polynomial complexity per

information bit

3.1 Introduction

In this chapter, we present a multilevel protection scheme, described in Figure 3.1, that
uses b different polar codes in parallel as the precoding for the low rate LDPC code. We then
present tight bounds for BER of LDPC codes with frozen information bits and show that these
bounds closely follow simulation results. Using these accurate bounds we then numerically show
this design has the ability of achieving the Shannon limit of —1.5917 dB per information bits. It
is also important to mention that this capacity achieving design achieves the channel capacity
with a latency of order /n if all operations of LDPC code decoding is done in parallel. The main

claim of this chapter is mentioned in Statement 1 as follows.

Statement 1 There exist codes ém of dimension k — o and length O(k*) that have complexity of
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order 0 (k*logk) and upper-bound BER to the order of exp{ —csyg\'k}, where csyg > 0 depends

on SNR and is positive for any SNR above the Shannon limit of In2.

Statement 1 is predicated on our “weak-independence” assumption discussed in section 2.5.
From a practical point of view, this design heavily relies on the capacity achieving property of the

small polar precoding blocks and this may result in really large block sizes for practical purposes.

3.2 Multilevel protection schemes

Let B; = B;(u,uur;) be a sequence of b capacity-achieving polar codes with rates
0<ry<..<rp_1,that will be specified later. We first encode data block a; of length ur; into
some vector A; € B; and then form a compound block A = (Ao, ...,Ap—1 ) of length m = ub. Below
1 — oo and b is a constant. Block A is further encoded by code C,, of rate R,, =2/(m+1) and
length n = (g”l) . We use notation ém for the compound code of rate R ~ R,,r, where r =Y, r; /b.
Thus, code C,, reduces code rate R,y by a factor of r, which gives SNR of ¢/4r per information
bit.

Let I, = {us+1,...,u(s+ 1)} for any s = 0,...,b — 1. The received block C = C(0)
of length n is first decoded by the algorithm W, s, using L = O(Inm) iterations. The result is
some block A(0) of length m. We then retrieve the first i decoded bits in A(0) that form the
sub-block Xg = (Zil , ...,Ziu) of length u. Block Zo is decoded by a polar code By into some block
Ao ={ai,..., a#}. We assume that the corrected block Ag has WER — 0 as u — oo. We then use
Ay to replace the first £ symbols of the block C(0). The result is a new block C(1) of length .
This completes round s = 0.

Round s = 1 is similar. Algorithm ¥, now also employs block A to recalculate
the remaining m — gt information bits of C(1). The obtained sub-block A} = (Ausr, - o) is

decoded into some vector A; = {ay 1, ..., asy } using code B;. Then A; replaces A | in positions
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i € I1 and yields a new block C (2). Similarly, rounds s = 2,...,b — 1 only retrieve a block A; on
positions i € I; Then we obtain block C (s+ 1) that include corrected bits aj, ..., (s 1)y-

In any round s, ws corrected information bits serve as frozen bits and aid the algorithm
W,z:- Indeed, with high probability, we use correct estimates u;, = a; for all j < us. Then the
parity checks u;|¢41(j) = u; ju;|, are reduced to the repetitions/inversions u;| ¢4 (j) = aju; ; of
symbols u; ;. Also, recall that algorithm (4.7) outputs the likelihoods £, of all symbols a;. Thus,

we use /;|; as our bit estimates in every round s as follows.

Forallie {us+1,...m}and j € {1,....m}:

A. Use block f(s) Derive u;|¢y1(J) = ui juj |
and ;|41 (j) = 2tanh_1(u,-7juj|g)

B. Derive hijpp1 = Y hije1(j)

C.If ¢ <L, find u; o,y = tanh (hyp41/2) .
Goto A with u;j,y and £:= £+ 1.

D.If ¢ =L, use block A, = (h;|, i € Iy).
Decode it into As € Bs(u, pry).

E. Replace A, with A, to form C(s+ 1).

Ifs<b—1,lets:=s+1, £:=0. Goto A.

If s=b—1, output bits ay, ..., a,.

Let an information block A consist of m zeros. We then use antipodal signaling and transmit a

codeword 1" over an AWGN channel. Round s includes s correct information bits u; , = a; = 1.
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polar precoder 1 ——— polar precoder 1

polar precoder 2 —— N (0,0?) polar precoder 2
LDPC < ) LDPC
Encoder _> Decoder

polar precoder b-1 ——— polar precoder b-1

polar precoderb ——— polar precoder b

Figure 3.1: Multi level protection design on AWGN Channel

Let A; = s/b. Then the remaining m — s r.v. uj|¢, i > Us, have the average power moments

xo=[m(1 —As)]‘lzinu,.,@ (3.1)

ng = [m(l - As)]il Zi>usE (ulzv) (32)

In particular, the initial setup with £ = 0 employs the original r.v. u;|o that have asymptotic pdf

N (8,8) for all i > ws and satisfy equalities xo = 6f = §.

Theorem 17 Let the algorithm Wy, s have Am correct information symbols a) = ... = ay,, = 1,

where A € (0,1). Then the remaining (1 — A)m symbols a; have BER

Posi(A,c) ~ O ( cX(?L)) (3.3)
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where X (1) satisfies equations

X(A) =24+ (1-21)x(A) (3.4)

tanh (m/cx(/l)) ¢ (VED) /2y (3.5)

)

—oo

x(2) =@

Proof. In essence, we follow the proof of Theorem 4. The main difference - that simplifies the
current proof - is that the former vanishing point xo = & — 0 is now replaced with Xy — A. This
removes the random walks across 0 analyzed in parts 4 and 5 of the former proof. Thus, now we
have the case of P.. = 0. The details are as follows.

For any j > ps+ 1, we use approximations (2.39) and (2.40) and take u;|, = 1 for

Jj < us. Then

Zi Ul if j>pus+1
hij o1 (J) ~ 2ui 41 () ~
Zijs if j < s

. . ! (L
For any given Z;, consider the sums Z; =) <,z j and Z;' =} ;> 11 %,j- These sums have

expected values E(Z)) = AZ; and E(Z') = (1 — 1) Z;. Let

Xe=A+(1—-2)x

07 =1+ (1-1)o}
Then we define the moments

E (hijps1) ~ 2x0Z +2Z; ~2Z; [A +x0 (1 = A)] = 2Z:X; (3.6)

D (hije1) ~4c(1—A) 07 +4ch = 4c6] (3.7)
Thus, r.v. h;|¢41/2 has Gaussian pdf 4" (X;c, 07c).
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Next. consider r.v. u; 41 ~ tanh(h;| 41 /2). Similarly to equalities (2.34) and (2.35),
we have

E (i141) ~ (2102¢) " / tanh(z)e~ X"/ 2% 4z = F.(x,.,6,) (3.8)

—oo

E[ul.zléﬂ] ~ (2%9%0)71/2/ tanhz(z)e_(z_xfc)z/zefzcdz = G¢(Xy,6)

—oo

Any round s = Ab begins with the initial values Xo(1) and 63(A) that satisfy equalities
Xo(A)=603(A)=A+8(1—-21)~A (3.9)

which are similar to the former equality xo = Gg. Thus, we may follow the proof of Theorem
4 and obtain equality F.(Xy, 0;) = G.(X, 0;) for any iteration £. Now we see that x¢| = CFZZJrl
and X; = 67. Then for any A and £ — oo, we use variables x(A) and X(1) = A + (1 — A)x(1).

Equalities (3.1) and (3.8) then give

which can be rewritten as (3.5).

This also gives estimate (3.3). Indeed, iterations (3.6) and (3.7) show that the original
iteration for £ = 0 gives r.v. &} that has Gaussian pdf .4 (2Ac,4Ac). Then for any round
s=Ab,rv. uy =m 'Y, 5 u;); has the mean F.(Ac,Ac) = R(Ac) and the vanishing variance
2 =R(Ac)/(1—A)m, where R.(x) is defined in (2.47). Thus, for any A > 0, our iterations begin
with the crossover probability Py = Pr{u; <0} — 0 as m — co. The latter implies that P, — 0

for £ — oo, as defined in (2.53). In turn, we can remove P., = 0 from (2.26). Now we can use r.v.
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hj| ¢4 that have pdf 4" (2X;c,4X;c), according to (3.6) and (3.7). For £ — oo, this gives (3.3) as
Puogi(hsc) = Pr{hij.. < 0} ~ 0 (VX(2)e) (3.10)

||

The absence of random walks in our current setup also makes bound (3.3) very tight.

This is shown in Figure 3.2, where we plot analytical BER of (3.3) along with simulation results
obtained for the algorithm Wy, s, (4 ). Here we consider codes C,, with m = 128 and test various

fractions of frozen bits A = s/m and different S/N ratios 10log;,(c/4).

—— Psot Simulation A =0.125
Psort Analytical A =0.125
Psot Simulation A = 0.25
Psort Analytical A = 0.25
Psort Simulation A = 0.375
Psort Analytical A =0.375
Psort Simulation A = 0.5
—— Psort Analytical A = 0.5
Psot Simulation A = 0.625
Psot Analytical A = 0.625
Psort Simulation A = 0.75
Psort Analytical A =0.75
—— Psot Simulation A = 0.875
—— Psort Analytical A = 0.875

BER

10-1

-0 -9 -8 -7 4 3 2 1

—‘6 _‘5
SNR [dB]
Figure 3.2: Simulation results and analytical bounds for the algorithm ¥y, applied to
modulation-type codes Cjpg with a fraction A of frozen bits.

It is also important to mention we can assume this frozen portion as a precoding for our
LDPC code and estimate the asymptotic BER of the code for m — . Figure 3.2 and the bound
(3.10) will allow us to have an accurate estimate of BER of this code a with a frozen portion A
(we assume Am bits out of m bits do not contain information and are frozen with value of 1). In

Figure (3.3) we can see that these code can outperform uncoded modulation for any SNR larger
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than —3.7 dB (this is the ¢ where x, = 0.5). In this case A will affect the SNR and ¢ and change

itto cpey =c(1—1).

10—1 4

Average BER

1072,

—— Uncoded Modulation

Psort Theory with Repetition A = 0.05
Psort Theory with Repetition A = 0.1
Psoit Theory with Repetition A =0.15
Psort Theory with Repetition A =0.2
Psot Theory with Repetition A =0.25

-10 -9 -8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4
SNR [dB]

Figure 3.3: Analytical bounds for the algorithm with frozen information bits

Recall that the likelihoods /;j;(A) give BER (3.3) in round s = Ab. We can now
represent any Gaussian r.v. h;;(A) as a channel symbol that has pdf N(1,6%) and a BER
Q(1/c). Thus, 6> = 1/cX(A). An important note is that codes By(i, (r;) now operate on the
AWGN channels N(0, 6?) that have a limited noise power 1/cX(A). Unlike the original code

Cun, we can now use codes By (U, (ir) of non-vanishing code rates that grow from rg to rp_j.

Theorem 18 Codes C,, of dimension k — o and length n = O(k?) precoded with b polar codes
have overall complexity of O(nlnn). For sufficiently large b, these codes achieve a vanishing

BER if used arbitrarily close to the Shannon limit of —1.5917 dB per information bit.

Proof. In round s = Ab, we use a capacity-achieving code B(l, ltrs). The corresponding
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BI-AWGN channel .#;(0, 62) has noise power 62 = (X(A)c) " and achieves capacity [69,70]

cX(A)
2me

pe(2) = log, — [ 10tz £3) dy (3.11)

£iy) = C);(;) [tz | =t Pex(i2
Here parameter A changes from 0 to 1 in small increments 1/b, which tend to 0 as b — oo. The
average capacity for all AWGN channels .4;(0,62) is p. = fol Pc(A)dA. Thus, for m — oo, code
ém achieves a vanishing BER for any code rate r < 2p./m, which gives SNR > c¢/4p..

We now proceed with code complexity. For b polar codes B (U, Lry), design complex-
ity has the order of bu? ~ 2n/b or less. Their decoding requires the order of bulnu < mlnm
operations. Algorithm Wy, s, includes b rounds with L = O(Inm) iterations in each round. This
gives complexity order of nlnn if b is a constant or nln®n for growing b < Inm. Thus, overall
complexity has the order of k% Ink, where k — p.m is the number of information bits.

To calculate the minimum SNR ¢ = min, (¢/4p.), we select parameters ¢ and b. Then
we solve equation (3.4) for different values of A = s/b, where s =0,...,b — 1, and calculate
pc. The following table gives the highest value of code rate p., and the corresponding value of

» = »(c,b). Here we count s in dB, as 10log, . The last line shows the gap »¢/In2 — 1 to the

Shannon limit of In2.

b 102 10° 10* 25000

Pe 0.404 3621 3623 3623
s (indB) | —1.5655 | —1.5890 | —1.5915 | —1.5917
»/In2—1| 6E-3 | TE—4 | 6E—5 E-5

Table 3.1: Relative gap to capacity as a function of number of divisions (b)

Finally, note that b is a constant for any SNR > In2. Statement 1 now follows directly
from the existing bounds [23] on BER for polar codes. Here polar codes B; have length u =

m/b > 2k/b.
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3.3 Concluding remarks

In this chapter, we study new codes that can approach the Shannon limit on the BI-
AWGN channels. We first employ “modulation ” codes C,, that use parity checks of weight
3. These codes can be aided by other capacity achieving codes B,, via back-and-forth data
recovery. Using BP algorithms that decode information bits only, codes C,, achieve complexity
order of nlnn. Then new analytical techniques give tight lower and upper bounds on the output
BER, which are almost identical to simulation results. Finally, we employ multilevel codes of
dimension k — oo that approach the Shannon limit with complexity order of k2. It is interesting
that in the asymptotic case the number of overall information bits of the design approaches to
0.36k. One open problem is to find out if there exists a close-form solution to the transcendental
equations (3.4), which (unexpectedly) give the Shannon limit using numerical integration in
(3.11).

It is important to highlight that if all the BP decoding part of LDPC code gets done
in parallel, the latency of this capacity achieving design can be reduced to the latency of polar
precoding stage which results in an overall latency of order (¢ (k)). Latency of order (&'(k)) is

much smaller than the latency of polar codes over the same block size which would be of order

(O (n)).
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Chapter 4

Combined polar-LDPC design using

Gallager ensemble of LDPC codes

4.1 Introduction

In this chapter, we consider code design for channels with high noise that can emerge
in the Internet of things (IoT) for moderate block sizes. The design of [2] (multi-level design)
becomes competitive only on the very large lengths n > 2!7. The main shortcoming is the very
short length of m /b used in multilevel constructions even for small b = 2, 3. Therefore, below
we again take b = 1 and use LDPC codes with parity checks of weight w where w > 2. We show
that a combination of repetition of information bits and parity checks of weight w have the ability
of achieving low BER for low rate codes over moderate blocks. More importantly, the latency of
this design is of order &'(||) where k is the number of information bits.

In section 4.2 we describes the basic sequence Cy 4, of the LDGM codes that have
dimension k. These codes have systematic generator matrices, in which every parity-check

column has fixed weight w. We only use w < 4 then we proceed with the basic decoding
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algorithm in Chapter 4.3 and describe its enhancements in Chapter 4.4 and proceed with a
two-stage design. Here we combine BP decoding of codes Cy 4,, with a SCL decoding of the
shorter polar codes. Simulation results are discussed in section 4.5. In particular, new codes of
length 2'3 achieve WER of about 10~* at SNR ~ 1 dB using the lists of 32 candidates for polar
codes. This yields a 0.75 dB gain over the designs of [1,49]. However, the latter gain comes with
a much higher dimension of about k ~ 400 that simplifies code design compared to [1,49]. We
propose 4 different algorithm and compare their complexity, latency and performance. Using
simulation results we compare these 4 algorithms with each other and compare the best version
of them with CA-Polar codes. The new two-stage codes presented below are also on par with the
best CA-Polar codes that have similar parameters. Here we substantially reduce the latency of

SCL decoding over the same block size and rate.

4.2 Basic construction

Let ¢; denote a binary column of some length &’ that has a single symbol one in
the position i € {1,...,k’} only. We then consider a k' x kK’ identity matrix Iy and its cyclic
permutation P, = [e,4+1, - ey, €1, - ,es), where s € {0,...,kK' — 1}(modk’). Here P) = Iy. Now

consider integer parameters k', d, and 2 < w < min{k’,d}. We then form the (k'w x k'd)-matrix

Ik/ Ik’ Ik/
0 1 d—1
P, Py P
Jedw=|PY P3 ... P2 @1
0 -1 (w—1)(d—1)
Fe By Py l
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Each column in matrix J 4,, has weight w and each row has weight d. Note also that columns of
the matrix Jj 4, are pairwise different if d < k’ but some are repeated at most [d /k’] times if d >
K'. Next, let Cy 4, be a systematic LDPC code with the generator matrix Gy 4., = [Ix|Jk 4] This
code has dimension k = k'w and length n = k+ k'd. Its parity check matrix Hy 4,, = J,{T’djw | L—k
has rows of weight w+ 1. Below we only consider low-rate codes Cy 4,,, that have small parameter
w = 2,3 4 and a large parameter d.

Remarks. Systematic codes Cy 4, also form low-density generator matrix (LDGM)
codes [71]. Polar-based LDGM codes of [72] may achieve the capacity of the binary memoryless

channels if the columns of generator matrices have weight (logn)!!8

or more. Some high-rate
LDGM codes that use circulant matrices le: are considered in [73]. Our previous construction
[2,51] differs from (4.1) and forms each parity bit as a binary sum of p = 2 information bits. It
was shown that BP gives the output BERs that is equivalent to that of maximum likelihood (ML)
decoding for large m. A more general construction of [74] analyzed ML performance of such
codes for any p > 2.

Next, consider the parity check equations generated by matrix (4.1). Leta = (ay,- -+ ,ax)
denote the string of k information bits a; encoded by the generator matrix Ix|Ji 4, into the string
ai,--- ,a,. Consider the subset J(i) of d columns that contain 1 in row i. For two rows i,/ € [1,k]
and any column j € [1,n], we write 6;(i,i") = 1 if both rows of the generator matrix Gy 4,, have
common 1 in column j. Otherwise, 8;(i,i') = 0. Each column j € J(i) forms a parity check with
respect to the information bit a;. The first such column j = i forms a trivial parity check a; = a;.

For any j > k, the remaining d — 1 parity checks include one parity bit a; and w — 1 information

bits a; such that §;(i,i’) = 1. Thus, each information bit g; satisfies d parity checks

aj=daj + Zi’ 2 8;(0,)=1 aj, \V/_] S J(l) (42)
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4.3 BP algorithm for parity check of weight w

Let code Cy 4,, be used on an AWGN channel with a pdf. .47(0, 62) and a constant
SNR = (267R) - per information bit. We use a map {0, 1} — {£1} for each transmitted symbol

a;, i € [1,n]. Then the parity checks (4.2) form the real-valued products

ai - aj Hl’/ . 6]_(1',1'/):1 ai'7 ] 6 J(l) (43)

Let an all-one codeword 1" be transmitted. Then the received symbols y; form independent
Gaussian r.v. .#'(1,02). In decoding, we will use rescaled r.v. z; = y; /0. Given some z;, an

input a; = 1 has posterior probability

q; 2 Pr{l |z} = (e +1)7"

Decoding algorithm W, s (z) described below employs two closely related quantities, the log-
likelihoods (1.1.h.) /; and the “probability offsets” u;.

hj=1n[g;] —In[l — g;] = 2z,
“4.4)

uj =2q;— 1 =tanh(z;)

Algorithm ¥, , performs several rounds of belief propagation. We use the conven-
tional BP algorithm of [16], with the only difference that our recalculations are limited to
information symbols only. This is used to reduce complexity of the BP decoding. Our simulation
results showed that this extra restriction caused only a slight degradation of code performance.
Similarly to [2], we use u = O'(Ind) iterations to achieve the best performance.

For every step £ = 1,..., u and every symbol a;, consider its j-th parity check of (4.3).

For each information bit ay, every decoding round ¢ will employ its offset u;| ¢(i"), which will be
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recalculated in the next round. For each i = 1,...,k and each j € J(i), we can now rewrite (4.3)

using the offsets u; (') :

”i|é+1(j) =Uuj Hif 28 (i) =1 ”ilf(i,)a j€J(i) 4.5)

Similarly to conventional BP decoding [16], we then obtain the 1.Lh. &;|,, () of the j-th parity

check. Now we can derive the compound estimate

hijey1 = Z.,-#hiwﬂ(j) (4.6)

of the symbol ;. The algorithm Wy, , begins with the original estimates u;|(/) £ u; = tanh(z;)

in iteration ¢ = 0 and proceeds in round ¢ as follows.

For each i € [1,k] and each j € J(i) :
A. Derive the offsets ;s (j) of (4.5)

and LLh. ko1 (j) =2tanh™" ;041 ()] -
B. Derive full LLh. &4y of (4.6) and

partial LLh. 11 (i) = hijoy1 — hijei1 (j)
C.If ¢ < p, find u;j41(j) = tanh(h;j41(j)/2).
D.Goto Awith¢:=/(+1.1f/=pgotoB

and find BER 7, = Ly, Pr{h;, <0};

output numbers ;| , and a; = sign (h;|,,). @7

To estimate the complexity ®y 4,, of the algorithm Wy, s, note that Step A uses (d —

1) (w—1) multiplications and d conversions into /;|,,(j) for each of k information bits a;.
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For each i, step B uses d parity checks j € J(i). Here we use d — 1 operations to find the
full sums %;|,, 1 and d — 1 operations to find the partial sums h,-|g+1( J)- Then step C uses d
conversions into u; |y (j). Taking all k symbols for each iteration ¢, we obtain complexity
order @y 4, ~ kd(w+4). Given the length n = kd /w+k , we obtain Oy 4,, ~ (n —k)w(w+4).

Following the analysis of [2], we further assume that we need u ~ 2log, k iterations. Then

Dy 440 ~ 2nw(w+4)log, k (4.8)

In Figure (4.1) we can see the results of this algorithm for a number of different parameters
k = {256, 512, 1024} and w = 2. These codes are similar to code C, that are introduced in
Chapter 2 in terms of weight of parity checks but are different due to their selection of parity
checks. They basically select a portion of all possible parity checks and subsequently will have a
higher rate, r, and lower distance, d, over the same block size. Higher rate of these codes will

reduce the probability of high weight errors that was discussed in Chapter 2.

10-14

BER

1072,

— W2 (8192, 256, d=63)
W2 (8192, 512, d=31)

1073,
— W2 (8192, 1024, d=15)

6 4 ) 0 2 4
SNR [dB
Figure 4.1: BER of BP algorithm for a (8192, k) code
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4.4 Joint polar-LDPC coding

One significant shortcoming of the above codes Cy 4, is their heavy reliance on
information bits in the BP decoding ¥y, ;. Indeed, each parity check (4.5) forms a sequence of
degrading channels that multiply w — 1 information offsets u;| ¢(') and only one parity-bit offset
u;. We will now reduce the BER of BP decoding by repeating all information bits s times, where
we take small s < 5. Clearly, using multiple copies, we can make all received symbols z; more

reliable. The resulting code Cy 4,,(s) has a generator matrix that includes s copies of Iy :

Graw(s) = |-+ s\ ka w] 4.9)

This gives the length n,,(s) = k'd + sk = k(d/w + s) and reduces the code rate R by a factor

ny/ny(s) = (d/w+1)(d/w+s). For the same SNR, we now need to handle a slight increase in

noise power 6. Note, however, that we use parameter d >> ws, in which case 6> undergoes only
(1)

a slight increase. On the other hand, we can now begin BP decoding using s copies q; ,...,al(s) of

any symbol a; and combine s 1.L.h. of the symbol g; into a single estimate

We then convert /;(s) into u;(s) = tanh(/;(s)/2). Now the first round of our decoding Ws, s (s)
employs the s-fold estimates u;)o(j) = u;(s) instead of the single estimates u;. The following
rounds are identical to the algorithm Wy, ¢;.

Our simulation results in Figure 4.2 also indicate that the BER of BP decoding can be
reduced 2 to 3 times by taking s = 1, ...,4. To make codes Cy 4,,(s) have the same length N, we
will perform one more modification. Namely, we will keep s copies of identity matrix I in (4.9)

but will reduce the number d of blocks /i to keep the former length n = k(d/w+1).
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BER

10724

—— W3 (8208, 513, d=46),

W3 (8208, 513, d=44),
—— W3 (8208, 513, d=42),
— W3 (8208, 513, d=40),

w n n n
nn nn
B W N

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

SNR [dB]

Figure 4.2: BER of BP algorithms for w = 3 and code (8208,513) with different number of
repetitions s = {1,...,4}.

We will now combine any LDPC code Cy 4, with some polar code P|k, kr] that has
length k and code rate r, described in Figure (4.3). Recall that the algorithm ¥, outputs 1.Lh.
hi|y of k bits a; obtained after y iterations. These L.Lh. will be passed to a SCL decoder of the
polar code. Following the theoretical analysis of [2], we assume here that L.Lh. /;),, can be scaled
as independent Gaussian random variables obtained by sending quantities +1 over a Gaussian
channel with pdf. .4 (0, 62). Unlike [2], this assumption only follows simulation results without

theoretical justification.

Polar Precoder Polar SCL Decoder

N (0,02)

LDPC Encoder O LDPC Encoder

Figure 4.3: Polar-LDPC Design
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Let Q(x) denote the cumulative density function of the Gaussian pdf. .47(0,1) in the
interval (—eo, —x). In our model with a Gaussian pdf. .#"(0,6?), r.v. ;) have some BER P that

can be regarded as Q(1/0). Thus, BER P of a BP decoder defines the input noise power

c6?:0(1/c)=P

of the SCL decoder. Then we consider any polar code P[k, kr] on the input channel .4 (0, 62).
However, adding a polar code of some rate r < 1 reduces the overall SNR by a factor r. Thus,
to keep the overall SNR at a given value ¢, a polar code P[k, kr] must operate on the Gaussian
channel .4 (0,02 /r).

Let Prp(k,r,06%) denote the BER of a polar code P[k, kr] on a Gaussian channel

A (0,02 /r). Then we can consider different codes P[k, kr] and select the optimal rate

r. = min, Prp(k,r,6?)

Here we use one of the algorithms [67] or [75] to construct some polar code Pk, kr|. One
drawback of this procedure is that these programs estimate codes P[k, kr| using SC decoding
with the list size L = 1, whereas we use larger lists, typically, L = 32. We will also use various
CRC checks introduced in [76, 77].

Below we consider polar codes of length k£ = 512. We will then combine some polar
code Pk, kr] with the LDPC code Cy 4, of a larger length n ~ 8192. For these codes, we will
compare four different algorithms that use joint BP-SCL decoding. Two of them, A and B, use no
CRC checks, while two others use different CRCs. Also, two algorithms (A and C) will perform
a single run of BP decoding, while two others (B and D) will make two runs.

Our basic algorithm A performs BP decoding and then proceeds with the SCL decoding
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that processes L = 32 candidates. All L final candidates of length kr are encoded by the chosen

L) are then encoded to the full

polar code P[k, kr] of length k. The obtained vectors a(!), .., a
length n. Finally, we select the best (most probable) candidate ¢ € Cy 4,,. Thus, we replace
inspection of codewords of length k in SCL decoding with ML decoding in the extended list of L
candidates.

Decoding complexity of algorithm A is dominated by the complexity @y 4,, ~ 2w(w +
4)nlog, k of the BP decoding (4.8). Indeed, SCL decoding has much smaller complexity & ; <
4kLlog, k (SCL decoding of [78] meets this bound). Also, encoding to the length n requires
about Law binary operations. Selection of the best candidate requires Ln operations with real
numbers. Both terms are still small relative to ® 4 ,,. A slight reduction in complexity can also
be obtained by encoding L' < L of the best candidates to the full length n. Note also that the
parallel BP decoding only depends on the number of iterations and has the latency of order logn.
The overall latency is then dominated by the latency k of SCL decoding. This compares favorably
to the SCL decoding of polar codes of length n that have latency of order n.

Our second algorithm B trades off BER for the higher complexity by performing
the second run of BP decoding. Here all L candidates a'!), ..., a'l) obtained by the SCL de-
coder are again encoded to the full length n. Let ¢ € Gy 4, be the most probable candidate and
a=(ay,...,ar) € P[k, kr] be its information set of length k. We then replace the received sym-
bols y1, ..., yx with the hard-decision inputs ay, ...,a; and perform the second round of BP/SCL
decoding. The best candidate ¢’ € Cy 4, is selected similarly to the first run. Finally, we select
the better candidate of ¢ and ¢’. One possible advantage of this approach is due to the fact that the
second round of SCL decoding can further eliminate some errors left in first round. Simulation
results show that the second round indeed reduces the output WER; however, the third round
brings virtually no improvements. Algorithm B has complexity order of 2Py 4 ..

Our third algorithm C is similar to algorithm A but also performs the CRC checks on
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the length k. It proceeds with the final inspection of the best remaining candidates on the full
length n. Given a CRC-¢ check of degree ¢, we use notation P|k,kr,q| for a polar code that has
kr information bits and uses g other bits for the CRC check. Below we select g=11, 7, and 4, and
use polynomials x'' +x'0 +x? +x3 4+ 1, x” +x* 4+ 1, and x* +x+ 1. We first execute the BP-SCL
decoding of Algorithm A, and then perform CRC-11 check for all 32 candidates. Let a(!), ...,
a'L’) denote the list of L/ < 6 most probable candidates left after the CRC-11 check. Here we
keep the results of BP decoding if L' = 0. Otherwise, we again encode all L’ candidates to the
full length n and select the best candidate ¢ € Cy 4,,,. Note that CRC check has low complexity of
order Lkg. Thus, algorithm C has complexity order @y 4 .

The fourth algorithm D uses the following observation. Consider some polar code P.
Let W~ denote some degrading channel of the SC decoding, W be some upgrading channel, and
W =W~ , W be either of them. For any polar code, generic SC decoding is first done on all k/2
“one-bit downgraded” sequences W (—) = W, ,W,,...,W; of depth ¢t = log, k. It then proceeds
with k/2 “one-bit upgraded” sequences W (+) = W1+, Wa,...,W;. In terms of the Plotkin u,u+ v
construction, SC decoder first finds the vector v on the set W(—) and then proceeds with vector u
on the set W(+). Here the two corrupted copies of vector u are combined together on the first
channel W;".

Let P = P[k,kr,q1,q2] be a polar code that employs a separate CRC-g; check on W (—)
and then CRC-¢; check on W(+). Let (uy,u, +v.) € P be the original vector encoded into the
code Cy 4, and y be the received vector of length n. Algorithm D performs BP decoding of vector
y. It proceeds with SCL decoding of code P but stops after processing all sequences W(—). We
then select s < 6 most probable candidates v =v(1), ..., v(s) that satisfy the CRC-q;. Let v be the
most probable among them. We then proceed with SCL decoding on the remaining set W (+)
starting with only s candidates (0,v) left on W(—). Upon completion, we apply CRC-¢, to all

obtained vectors u and form the list of L’ < 6 most probable candidates (u,u+ v) on the length k.

63



These may include different vectors u and v. We again encode these candidates to the length n
and select the best candidate ¢’. To this end, algorithm D is similar to B.

However, we will also apply extra processing to the most probable candidate (0, V)
obtained after CRC-q. Here we encode this vector into some code vector ¢ € Cy 4,,,. First, let us
assume that vector y is not corrupted by noise. Then we would obtain v = v, and encode vector
(0,v4) into the correct vector c. In this case, yc is formed by encoding vector u,, u, and includes
k information bits ay, ..., ax, which form 2-bit couples a; = a;,, ; for all j =1, sk /2.

Next, consider the noisy versions of vectors y and yc. Let ay, ..., a; denote the first
k 1.Lh. of yc. We then replace these L.Lh. with k new LLh. a; = ay/»,; = @; + a2 ;. Then
BP decoding proceeds using the new vector yc. In each iteration i = 2,..., i, we repeat the

5§~i+1) _ gD g 40

coupling =y = a4 T,

. The obtained vector of k 1.1.h. is then processed with
SCL decoding on the sequences W (+). All possible candidates undergo a CRC-qs,.

We again select L” < 6 most probable candidates &”. Then vectors (u”,u” 4 V) are
encoded to the full length n. Let ¢”” be the most probable codeword among them. Finally, we
select the most probable candidate among the two remaining vectors, ¢’ and ¢”. Clearly, algorithm
D has complexity order of 2®y 4 ,,, since we perform two rounds of BP-SCL decoding.

Remark. All channels W (+) can be further decomposed into two subsets: W (+—) =
W1+, Wy, ..,and W(++) = Wfr, W;, .... Thus, we can similarly return to BP decoding after SCL
decoding on channels W (+—). However, in our simulations multiple returns to BP decoding

showed little improvement in BER while increasing complexity of algorithm D. We also avoided

the second round of BP decoding for all but the best candidate (0,v) due to the extra complexity.
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4.5 Simulation results

The above algorithms A, B, C, and D were considered for two polar-LDPC codes. The

first design uses an LDPC code Cy 4,,(s) with parameters

k=513, w=3,s=3,d=239

Following (4.1) and (4.9), note that this code is formed using sub-matrix J; 4, that consists of
circulants P,i, with k' = 171. This gives an [8208,513] code. The second design uses an LDPC

code Cy 4, (s) with parameters

k=512, w=4,5=5,d=44

Here matrix J 4,, consists of circulants P}, with k' = 128. This gives an [8192,512]
code. We then select polar codes of length k using design of [67]. Here we also employ the
CRC-11 in algorithm B and two CRC checks of degrees g; = 7 and ¢g» = 4 in algorithm D. The
selected polar codes have dimensions k; = 400 and k; = 450. This gives polar-LDPC codes
A1[8208,400] and A,[8192,450]. In Figure (4.4) and (4.5) we present simulation results for these
two codes. Interestingly, algorithms A and B slightly outperform algorithms C and D that employ
CRC checks (both C and D) and half-way correction (D). Here the CA-Polar codes used in
algorithms C and D improve the selection of the best candidates; however, our simulation shows
that extending this process to the full length n also performs efficient selection in algorithms A
and B. CA-Polar codes of algorithms C and D also have better weight spectra; however, extra
parity checks used here cause a slight channel degradation.

Observe also that algorithm D does not improve on algorithms A and B despite a more

powerful error correction of vectors u on the channel set W (+). This is due to the fact that BP

65



—— Alg. A W3 (8208,400)
1071 Alg. B W3 (8208,400)
—— Alg. C W3 (8208,400)
—— Alg. D W3 (8208,400)

10—2,

WER

10-3

10—4,

0.0 0.2 0.4 0.8 1.0 1.2

0.6
SNR [dB]

Figure 4.4: WER of algorithms A, B, C, and D of SCL-BP decoding for a (8192,400)-code with
w=3.

decoding - if incorrect - often keeps possible vectors v substantially corrupted. In this case, SCL
decoding fails to keep the correct vector v, among the survived candidates. Our simulation results
confirmed the fact that incorrect decoding of vectors v in the (u,u + v) construction is indeed the
main source of the remaining errors.

In Figure 4.6, we also compare the WER of code A1[8208,400] with three other recently
constructed codes: two [8192,80]-codes, A3 of Figure 4a in [1] and A4 of [2], and a CA-Polar
code A5[8192,400] optimized using the software package [3]. Here codes A and A3 use polar
codes of length 512 as their components, while code A4 uses a polar code of length 128, which
reduces decoding latency about 4 times. All four codes use the lists of size L = 32. We see that
an LDPC-polar code A| achieves the WER ~ 10~* at the SNR = 1 dB, which is on par with the
CA-Polar code As. This code also substantially reduces decoding latency of As, due to the much
shorter polar code of length 512 used in A; instead of the length 8192 of code As.

We also see that code A; gains about 0.75 dB at the output WER of 10~# compared to
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Figure 4.5: WER of algorithms A, B, C, and D of SCL-BP decoding for a (8192,450)-code with
w=4.

the code A3 [1]. Note, however, that this improvement is achieved at a much higher code rate of
about 0.05 instead of the rate below 0.01 used in [1,2]. Our conjecture is that for a given length
n ~ 213 codes of a rate 0.05 may achieve a much lower BER than the lower-rate codes. We
also assume that this conjecture is valid for ML decoding or SC decoding or BP decoding when

different codes are used on the AWGN channels with the same SNR.

4.6 Concluding remarks

We introduced a general low rate LDPC code Cy 4, with parity checks of weight w
with flexible size and distance and presented simulation results for their BER performance. We
studied joint decoding of long low rate LDPC codes C; 4, combined with short polar codes.
We used the results of polar SCL decoder to improve the estimate of LDPC BP decoder in the
second run a subsequently improve the overall performance of this code . Two step decoding

algorithms increase the complexity of decoding but reduce WER for these codes. This design
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Figure 4.6: WER of four codes: (8208,400) polar-LDPC code A, (8192,80) codes A3 [1] and
A4 [2], and (8192,400) polar code As [3].

yielded performance that is similar to that of SCL decoding of polar codes, while substantially

reducing decoding latency.
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Chapter 5

Conclusions and future work

In this thesis, we introduced low latency and low rate communication schemes that
can achieve the Shannon limit of a vanishing rate on the BI-AWGN channels. We first derived
theoretical boundaries for the probability of error for these codes and then modified our design to
consider practical cases of communication on limited block sizes and complexity. We demon-
strated that these new designs are on a par with CA-Polar codes in terms of performance and
complexity. For similar rates over the same block sizes, they achieved the same WER with much
smaller latency.

In Chapter 2, we introduced the modulation binary codes C,, s and described their en-
coding and BP decoding algorithms on BSC and AWGN channels. We also presented boundaries
for BER of ML and BP algorithm and compared them with simulation results. We showed that
this simple design had the ability to outperform uncoded modulation for any SNR > —3 dB.
Then we used a polar code as precoding to further protect information bits and showed that this
design achieves exponential decline for WER on moderate SNR < 2 dB per information bit but
is unable to achieve the Shannon limit of —1.59 dB.

In Chapter 3, we introduced a multilevel protection scheme that used a number of
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polar precoders with different rates and combined them with modulation code C,,. Then we
presented boundaries for BER of this design with frozen information bits and showed that they
are practically identical to simulation results. Using these tight boundaries and capacity of the
BI-AWGN channel we demonstrated that this back and forth decoding algorithm can get as close
as we want to the Shannon limit of vanishing rates for a large number of polar precoders.

In Chapter 4, we proposed a design for low rate LDPC codes with parity checks of
small weight. This design can achieve better WERSs than the polar-modulation codes, described
in Chapter 2, over the same block size. However, it is crucial to note that these codes have higher
rates and bigger decoding complexity than the previous design. We also offered a novel decoding
scheme for these designs by incorporating their polar-LDPC structure and provided simulation
results that are better than or on a par with the state of the art algorithms such as polar coded
repetition [1] codes and CA-Polar codes [3].

There are several open questions that could lead to interesting research problems. In
order to prove bounds on BER we assumed that log-likelihoods of partial terms in each iteration
are weakly dependent and used this assumption to prove our bounds. These bounds are practically
identical to the results of simulations; however, we did not prove their weak independence. We
also showed numerically that for a large number of capacity achieving polar precoders we can
achieve the Shannon limit of vanishing rates but did not present closed-form formulas. Finally,
we believe that the combination of parity checks of weight w where the majority of parity checks
are of weight 1,2 and a small portion of the parity checks are of higher weights can actually

achieve a much faster decline in WER on moderate blocks sizes.
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