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DYNAMICAL REGGE TRAJECTORIES FROM THE MULTIPERIPHERAL MODEL

J. 5. Ball** and G. Marchesini¥
Lawrence Radiation Laboratory -

" University of California
Berkeley, California

July 1969

ABSTRACT

A multiperipheral modei; based on'oneenion exchange dominance
of lowemomentum—transfer processes, is used to study the dynamical.origin
of the leadlng Regge trajectories which are coupled to the two pion
system. ‘A Bethe- Salpeter technlque is used to calculate the leadlng
s1ngular1t1es in ‘the angular momentum plane from an input 1nteractlon
that is determined by the observed low energy pion-pion scattering
amplitude plus the high energy contribution of>the Pomeranchon. The .
solution results in a partial bootstrap_system in which the parameters
of the Pomeranchon are'determined self-consistently._ The‘output
trajectories are found to correspond to what we conjecture are effective -
Regge traJectorles, whlch in reallty correspond to both Regge—pole and -
cut contrlbutlons. The traJectorles and coupllng constants obtalned
seem to be -in reasonable agreement w1th the values allowed by

’ experlment
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I. INTRODUCTION

The bbotsfrap deséription of eleméntafy particles is certainly
one of the most appealing and ambitious propoééls-for determining the
masses and coupling cénstanté of elementafy»particies. In this.picfuré
all particles:are dynaﬁically intefrelated in such a’way‘that.all the
parametérs describingiihe S.matfix fpr strongiy'inféracting particles
are determined through_éelf-consistency requireﬁenﬁs. ’Atbpresent,
'though a tremendous amount Qf efforf has been ekpéndéd,dﬁ investigating
" such theories, little has béen'learnéd exéept ﬁhat simﬁle,mbdels of this
type'fail to describe the spectrum éf particles fhat‘oqcur iﬁ nature
and wé are still ieft with the.fact-that.the‘béOtstrap theory,may be the‘
correct theory; better means of investigating its felévahce to strong |
interactions must be’developed.‘ | |

Recently Chewland Pignottil proposed a céicﬁlatiénal scheme

!

¥nown as the "Regge Bootstrap,' which adds one néW‘ingredient to_the ’
older bootstrap models. Papersg’5 based on this'general approach have .
yieldéd encouraging results.  In this papér we'pfesent a careful
calculation employing as ﬁﬁch experimental information as fossible,
with partiéular emphasis.on investigating_the‘dynamical origin of

the Poméfanchuk trajectory. As an introduction let us examihe what

the propoSal of CP. has added to the usuai‘bootstrap model.of a
‘dynamical particle,’ Consider, for example, the bootétrap of»the o
meson, of the type that was.proposed by Chew and Mandelstamg in 1960, 

and followed by more sdphisticated-calculations performed in the early

sixties. This is illustrated by the equation represented by the
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diagrems in fig. la.: The left hand 31de represents a dynamical pole of
-the pion—pion scattering amplitude, namely the p mesonrw1th angular
momen tum J = 1. The right-hand side of this.equetion isrsone sort of
ladder representing the repeated:interaction between the constituent _'
particles, produced_by thesexchange'cf some_particle. A sun of,iadder'
.graphs seems to be the only model of a_compoSite particle which.
satisfies analyticity and'some.truncated form ofvnnitarity. The general
érocedure wes to guess a set of“graphs to sum on the rignt, perforn an
‘approximete calCuletion;fand'then check to see whether the output' o)
meson had the correct.width end'mass This becomes the s1mplest boote
'strap model when the 1nteraction 1s taken to be the eychange of a P
'meson, which then binds two pions together to form a p meson, ‘and the.
-:mass and coupling constant are determlned self—cons1stently More
sophisticated calculations 1nvolved considering several resonances
,simultaneously;tsuch as the o) andv fb on both sides of the equation,
and 1ncluding addltlonal constituent particles 'such as K. mesons and the
w meson. .The general results,of these calculations were that if the
p meson was produced with the correct nass,.the width of the o was
necessarily too large, being somewhere between twice and four_times
experiment depending on the DartiCUlarnmodei being considered The
general fault of this type of model is that there is no direct way to
check whether the input to the right-hand s1de of this equation is
reasonable.

The;observation b& CP is related to‘our current understanding of

a- dynamical particle as a pole in the angular moment variable whose
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position depends on the energy Variabie. vInvparticular,‘if one considers

the point t = O and the variable s large, then the left-hand side of

the equation in Fig. la is interpfetéd as the contribution of the Regge

ﬁole to the - 'scattering amplitude at high energy. Furthermore, if

“oﬁe ﬁakes thé imaginary'parf of both sides of this equation the left-

hand side becomes'the.tbtai cfoss section at high‘énergy ahd‘the right-

“hand side_bécomeé a sum over the two- to n—particie partial cross

éection& This isvpartiCularly clear for the Pomeranchuk trajectory,
as it is the leading singularity in the scattering amplitude, but also
must be true for the 5 and other‘nonieading'trajectories provided

the appropriate partial cross sections afe summed'on the fight. From

- this point of view the dynamical equatiohébrepresented:in Fig. la is

. simply an identity and the correct ladderé to sum are those that give

the correct two-particle to n-particle cross sections. From experiment
we know that pions are most‘éopiously produced in high energy reactions,

thus the equation represented in Fig. la is more- correctly represented

by that given in Fig. 1b, where the "n particles are n pions. The

requirement that we have a:useful bootstrap equation is thét the

inelastic partial cross sections be calculable correctly by SOme

tractable model related to the Regge pole calculated on the left.
The original proposal by CP was that.the "two-to-n", amplitude

could be calculated from the multi-Regge model; however, most of the

" experimentally obseived production occurs for‘relativelybsmall sub~

energies for particle pairs and therefore lies outside the region of

phase space whefe the multi-Regge model is directly applicable. If
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the duality picture is cofréct,‘in the sense that the Regge pole which
describeslthe'scattering at'high.énefgy continues to give the,correct
énergy average cross séctiohbat low -energies iﬁ thé resoﬂancé région;
‘one could set up a set of boofétrap equaﬁiqns for the leading.Régge’
tfajeétories. It appears tﬁat,dudlity.seems’tb bebav
‘sometime thing, forcing one to'seafch for-a'ﬁdré gengrally appliéable
model. It has béen'suggested by Chevathat the O?E mbdel, which has
_ had considerable success in describing produc tion. proéesses,6'mighf-
provide a good deséription of multiparticle prodnction

The basic assumptlon of the OPE model is that the plon pole
whlch exists in a scatterlng amplltude at the pion mass in the approp-
riate momentum transfer varlable contlnues to dominate for small negatlve
values'of this'variaﬁle Since experlmentally all processes are domln-'
~ated by the small-momentum -transfer region, one mlght hope that this
model would‘glve good results for the total production cross sectlons
also. Comparispn of this model with production 'ﬁroceéses in which theb
vertices are actuél physical scatteriné #mplitudes produces surprisingiy
good results, and one mighf expéct.the generaiiéations of this:model to
multiparticle production to produce equally good fesults, at least in
sbmevgverage sense. The generalization or perhaps iteration of this
model'for pions produéed from g-x collisions is that shown in Fig. 2..
The two-td—fourlamplitude is éhown in Fig. 2a, and the two-to-six
amplitude in Fig. 2b. Note, however, the ﬁertex that appears in the
two-to-six amplitude is just the two-to-four amplitude given by Fig. 2a,

and one can conclude that the two-to-six diagram is that given in
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Fig. 2c. The production of n particles is then given by a diagram

obtained by an.iteration of the foregoing procedufe; and such an

1teratlon we recognize will generate the multlperlpheral model proposed

by Amat1 et al. 1 With thls plcture the ladders to be summed to produce

the leadlng Regge trajectories are those shown in Flg Ba, and the sum
is the solution to the Bethe-Salpeter equatlon shown in Flg 3b, whlch

has as a kernel the off-shell elastic pion-pion cross section. One

should note, however, that since experimental momentum transfers are

generally less than 0.5 GeVE, and often dominated by smaller values,

only a small extrapolatlon off shell of the physical. Cross

'sectlon is required. A detalled comparlson of the OPE predlctlons with

: experlmentally measured multiparticle productlon is being conducted by

Chew, Rogers, and Snldegsfollow1ng earller work by Berger.

3

In a previous paper”’ we considered a!multiperipheral'bootstrap
modelvof a singie Regge pole in'which'duaiity was assumed to be exact.
In this paper we investigate the generation.of the ieading trajectories
in g-w scattering, namely the p and P, via the model described -
above. In the absence of a duality assumption this'results in a
partial bootstrap of these trajectories. A conplete bootstrap model
may be possible, but will of necessity be more complicated than the

one we consider.

In the following two sections we generalize our previous work

vcontained_in paper I, to'treat_hothrthe p and P poles simultaneously

and use expeiimental:information to eliminate the duality assumption. =

‘Section 4 contains the numerical solution to these equations at t =0
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together‘with:é diScussioh of ﬁﬁé réngé bf‘éolutibns.§03sibié.' Sec£i§ﬂ
5 déals with tﬁé generalization of this m6del‘£o nonzero moméntum
transfers, allowing the calcula@ion>of the t dependence of the tfajec~
tories. This of necessity includes a treatment of the interactioﬁ A
between the poles éhd the cutlproduced by,thé' P poie. The experimental
rglevance of this work is'diSCﬁSSed.in Sec._é;_ I§ is suggested that.

‘the experimentally observed Regge-pdleé are really effective Régge

poles which represent both pole and cut contributions, and that only

at extremelybhigh energies will the actual Reége poles dominate the’

scattering amplitude.
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II. FORMULATION OF THE MULTIPERIPHERAL MODEL
' FOR x-x SCATTERING

Our procedure is as follows: We first present the formal

-equations of the multiperipheral model, diagonalize the resulting Betheé

Salpeter equation for the special case of t = 0, by using the 0O(4)

symmetry of the equation, and finally invoke several reasonable approxi-
mations which simplify the numerical calculations and make the bootstrap
aspects of this equation clear. The Bethe-Salpeter equation shown in

Fig. 3b for the gy . scattering amplitude T is

N , 4  B(p T(q,p.
[(a - Q/2)° + uT(a + @/2)" + u7]
(2.1)
where the momentum assfénments are those shown in Fig. 4 and
, 2 o N2 ' 2 f . )
s = -(p - P )7, u= =(p+p') , and t = -Q . Here the isospin
indices have been suppressed.
For the remainder of this section we consider t = 0 only,
and drop this variable from T and . B. As explained in paper I, the
discontinuity of B across the cut in the s variable is given by
unitarity, and has the form
o :
3 N~ o
ma(p,p) - A | oad EERLII gLy (o)
- - 2pp 2 _1yez °
S 0 (x - l) oo

~where- T 1s again the pion-pion scattering ampliﬁude; but in this case
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two‘of‘the_pions are on the mass shell and
X =_(P +p'" + s)/°pp', X = cosh (1 + 1'), with
2

cosh 1 = (P + k + U )/2pk and” cosh @' = (p'2,+ uo o+ k )/EP'k .

K]

The function B also hés a similar_cut in the u variable, which
-becomes.a cut for pegafive s or X, whlch we con51der later in
1 relatlon to deflnlng the s1gnature of the Regge poles that are being
calculated In partlcular for =0 the imaginary part of B is v
vglven dlrectly in terms of the plon-plon elastlc Cross sectlon by the -
relat;on,-

%

o Ls - ,2)] |
ImB = H(s(gn)p ) -ez($) R .._ . ,'v o J (213)

ﬁheie the cross section is for pions offlﬁﬁe pass shellc .Since’bofh
the input and output of these equatiohs are the pionepion scattering
aﬁplitude, the pootstrap'aepectS'are.evident but notbyet explicit.
Again following paper I, Eq (2.1) can be dlagonallzed in the

O(M) 1ndex n; however the resultlng equatlon cannot be dlrectly
contlnued into the complex n plane due to- the presence of both left~
and rlght—hand cuts 1n B ln_the X plane. vThe procedure forvphe
:aoalytic continuation in n is similer to the usual contlnﬁetion in.
£, and is accomplished by the introdoction of.sigoeture. This is as

. follows: We define
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(%) = T(x) £ T (x)

where TR ‘and ‘TL are the contrlbutlon due to “the rlght- and left-hand

cut, respectively, to T. The O(h) partlal—wave progectlon of TF

then takes the form

oM

T = by ':gx_[Im TR(x) ¥ -Im fL(4x)], fn(x) 5 '. (g,u)

. ‘ 1 : R T
with fn(x) =[x - (x2 - 1)2]n+l and X =1+ s/huga The. diagonal

_form of Eq. (2.1) is then

.Tli"(p2 é'e)' _ B t(p p'?
n . ’ - ’ Zn + 15 2.2
v (q + u,)

¢ TS - (2.5)

n

The analytic continuation of the plus and minus equations is now
obtained by the continuation of an and Bn-, as these functions have -

a. unique definition. A pole of T : in the n plane at n = a+

contrlbutes to the scattering amplitude the term

-ine
~inC,

.2 2y L @ S
- EH 2 —_ .
T(P;P')_ =  B (p ;p [x + (x© - 1)2] %' EEIE—;7§:£ ’ (2.6)

where Bi(pe,p'g) is the residue of the pole in the n plane.
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We nowheonsider the I-spin structure of these equefions' 'Note
that there are three relevant 1sosp1ns to consider, the total I-spin
- of the ladder. I which is the I—spln-of the output pole, and the I-
spin of the four particle vefticesAalong I“ end‘acrOSS‘the ladaer
~I;. Since unltarlty, which is expressed by Eq. (2.2) is dlagonal in

I- spln, a deflnlte value for I is glven dlrectly by a sum of T

_.L )
- and is obtalned by use of the cross1ng relatlons. On the other hand; a
deflnlte value of {L is in turn glven by a sum of I” R agaln

obtained by simple appllcatlpn of the crossing relations. The resulting
relation between I and I” is most simply expressedvby ihtroducing'

the functidns‘

Im.BIi;(p,'p*) - /—2“——1'3[‘ (0,27,5) T (0,9 ,%) 8(x - x.)
| ~(2.7) ‘

~and the superscripts on thé T's refer to the value of I ‘The

1mag1nary part of B w1th a deflnlte isotopic spin along the ladder

(t-channel isospin) is

I=0

1 .
Im B = Im Bll + 3 Im BOO 5
. . (2.8)
I=1 1 . 1 o )
Im B = §Im Bll + 3 Im(Blo + BOl)- >

where we neglect the I = 2 contribution due to the absence of Regge

poles in that channel. Due to the Pauli principle I = O has only
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even signature amplitudes, and I = 1- o_nly'odd'.v We then obtain

£, 2 2
Bn (p P! )

8 fdx m B(p,p') £(x) ,

(2.9)

5, 60 - 6 [axm e 5,00
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' III. DETERMINATION OF’KERNEL'FROM.EXPERIMENfAL
| xex SCATTERING B
The equations whioh’we’hove obtained apﬁear.to be‘ofﬁa bootstrapt

nature in that the T's, whichbare theAsolutionsAof Eq; (2«1),:are the
- same T's as are used to calculate B in Eq. (2.8).. This is not the
caSe, however; as the.assumptions used in defi&ing this‘set_of'equations
brestrlcts the energy reglon for the various -T's: Sinée the T's b
solutlons of Eq. (2. l) are calculated by a multlperlpheral model s’j‘
must be large, certainly greater than 10 GeV2, and in the reglon in
whlch multlpartlcle productlon domlnates the cross sectlon On the
other hand the input T's in Eq (2 2) have a large contribution from
the resonance reglon, and may well be domlnated by the region of ‘s
less than 2 GeV2 From this dlscusslon we see that the only reglon of
overlap is the hlgh energy part of the 1nput whlch must be equal to the
' output, and a partial bootstrap is poselble only for this part of the
amplitude. | | | ) |

| At thislpoint we consider a poesible simolifioation of this
model, based on the observatlon that the average subenergles are small
in productlon processes. If one con51ders the plon-plon elastlc crooe
section determlned from -experiment,: 9 one sees that except for the high -
energy tail the. cross section is domlnated by p resonance. If one' .
_approx1mates the 1nput by the resonance contrlbutlon, the calculatlon
that is actually belng done is Just the 0ld- fashloned N3 bootstrap
for a dlfferent range of the varlables, i.e., t =0 -rather_than

t = mpe. The ‘results. of this preliminary calcul&tibn are the following:
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If one wants to produce a o Regge pole with the experimentally
observed intercept [ap(O) ~ 0.5], the input p width must be of the

order of twice the experimental width and because of the similarity to

the older calculations this result was certaihly riot unexpécted. Tt

is of interest, however, that thé P pole produced by.this model has an

intercept very close to unity, and that both trajectories‘have about

the same slope and are in reasonable. agreement with experiment.

With these results in mind we described the prbéedure used to
approﬁimate the input T's. Clearly some source 6f.additiona1 inter-
action is required if reasonable results are to.be obtained. 'Thé two
most reasonable possibilities are either'ihcludinguthe effects of.the :

high energy tail which are certainly there as the P exists or making

" some rather drastic assumption about the off-shell dependence of the

crosis secfion; The off-shell dependence of the pion-pion §Cattering
amplitude is~a1ready‘constrained to some extent by the faét'that the
experiméntal measurement of this amplitude‘can be accomplished only
with the assumption that this depéndence is weak--at least when only one
pioﬁ is off the maés shell. Furthermore, the'neafest singularity in
the pion mass variaﬁle ié at 9p2, aﬁd, since this is a three-body
branch cut, important gontribﬁtions probably come from much larger
values. For these reasons we restrict ourselves to rather weak depen-:
dence oﬁ these variables, alibwing substantial variation'only when. the
mass is chaﬁgea by thé ordér of a GeV.

Direct dﬁservatién of the P contribution to pion;pion

scattering has not yet been possible; however, the Regge pole fits to
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pion-nucleon and nucleon;nucleon eeattering together with the factoriza-
tion imply a nearly constant high?energy tail for.the elastic eross
sectlon, and because of this nearly constant behavior this contrlbutlon-
- can be quite 1mportant in the calculatlon of output scatterlng amplltude
in the limit of very high energles

E We now take'as our interaction terms the contrihution of theh
resonance region of pion—pion scattering as gi§én hy experiments including
“the p; fo,:and g contfibutions, plus the Pomeranchuk contribution to
thevhigh“Subenergy reglon. Since we are looking foi polesvin the n
plane, 1t is. convenlent to assign certain: n-plane s1ngular1t1es to
these various terms although the exact pos1tlons of those singularities
assoolated with the resonance terms cannot be taken very seriously.
The procedure will be similar,tovthat in papen-I,.where the input T's
are taken to be the o and P Regge poles, but rather.than trusting
that duality will allow the Vp cOntribution to give an aocurate repre-
sentation of the resonance reglon, we s1mply adJust the o) coupling
to make duallty exact. This of course means that our input 0 pole has
nothing in principle in common with the output p pole, whlch is that.
appllcable to high energy processes. Should these terms prove.to be
equal we will have shown that duality is not violated in this case. 'The

form we assume for the input T's in Eq. (2.8) are
I, v 2 2 2 D > 2
n (75K = g o 965k - 056 6.0%, 0 - 1P

L y |
X ““-GP‘[ , <,x2~1>“%-‘1>a(l L, (5.1)
o _ .
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where ¢I 'isvthé vertex function normalized to uhity'at the zero value
of all three arguments, and contains all'the bff-shell dependence.
- D P - I 2 . ’
The quantities o (-k"), ¢, and g; 4, 8re the trajectory, the
. R I
- signature factor »and the coupling-to the g-r- system, respectlvely,
for the Regge pole with 1sosp1n T, evaluated at t = kga The-s1gnature

factor is

SRR ('1“0‘('k ) 4 1) Jsin xab . (5.2)

We ndW'impose the condition that

22 1 | |
B,(0%0%) = —= fax [s(s - %) 1% 0, (s) £, (x) (33)
| en> |
for small values of p2 and p'g, i.e., near the mass shell, and allow
2 . . , 2 N
gl,in to be a function of_ n. ihe quantlty gl,in will be needed both

for n =~ a (0) and n ~ (0). The resulting n-plane interaction terms
are computed as in paper I, where the form of Eq. (3.1) allows analytlc
1ntegratlon of x in Eq. (2.9). For example the contrlbutlon of the

Bll’ to the I =0 amplitude is

T - N T NN A G

Bl o(Pp52'7) = g, —,-<BP—> |
) P,1n PP SO

| 0

term containing two p poles,

_ o . . +1-2a (-k7)
X ¢p2(p2, '|~'-2; kg) ¢p2(p,2, ‘ug’ kbg) SOT(Pk)Y(‘p'k>>n p

n+1 - Qap(‘-kg_') T PP’ |
| (3.4)
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- where 7Y(p,k) = exp(-n). This functlon has Just the AFS cut7
ariSing from two o's, beglnnlng at n, 2a (0) - 1. If the P
pole has an intercept'near one, the"I =0 channel will have a cut

arising from two- P's near the expected p031tlon of the pole, and

oW

more distant but perhaps stronger cut due to the two - p s."The I=1
channel has a p-P cut'near the expected position of the o pole, and
again the two-p cut farther away. |

| A modificationvof the signature factors is required to elininate
the ghost poies that appear in Eq. (3.2) when. a(t) is at a correct
signéture:point for negative> t. The>procedure which we ddopt is.to
simply replace sin ﬂa('k ) by 1 when al =k ) reaches the half-integer
before the flrst ghost pole.

In paper I we examlned,in some detail the dependence’of the"
solution to the type of equation we are. cons1der1ng on the partlcular -
off-mass- shell vertex function used In that work qulte a number of ;
dlfferent forms- of @ were trled and as long as the functlons did not
vary too rapldly the results were more or less 1ndependent of" the
A partlcular form of ¢I 'chosen For this reason wevuse the slmple

factorizable expression

' 1 , 1 : ‘
: 2 \2 - 2 n
2, 2 2.2y A A A VA I
_ ' A"+ D +q- v +k
where A 1is a free parameter, but necessarily of the order of a GeV or

larger, and v for the P can be determined by the diffraction peak.

Tor T =0 we take v = 1 GeV. and mo = l;
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The situation for the p is somewhat less clear in that we are

" really trying to represent an amplitude that really looks more like a

' p-wave resonance in the 's channel, which, rather than falling off like

some diffraction péak, looks more like a polynomial in the t variable.

‘(-ke). For this reason we considered two'cases; m =0, and m = -1,

~with v fixed to be 1 GeV. The condition given in Eq. (3.3) is imposed

in both cases, and this should reduce the sensitivity of the output to

the particular form assumed for the input':p term.
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IV. NUMERICAL SOLUTIONS AT t = 0
Equation (2.5) is readily soluble by the numerical method
described in paper I, where the location of poies in the n plane is

determined by obtaining the eigenfunctions of the homogeneous form of

this equation. The general form of the output pole obtained is

| I . | T
Tiole(p’p') T = ng.l W(P )W(P )C [X + (x - 1)
: 55 | JUTIRTT (u.i»)
€,out 2 |5 (%7 = 1) ]] o ,

where aI is the position of the pole, 'W(pg) is the first éigen}
function evaluated at n = a;, and E' is the derivative of the first
eigenvaiue ﬁith respeéf to .n.

~ Let us now enumerate the fixed parameters that enter into the
calculation;_ The Regge trajectdries were faken-to be linear functionév
.of t,a(t) = a + a't, with the slopes both taken to be the canonlcal
value.of-l GeV_g. We assume the values of. the output ap and ap, and
this determines at what values of n Eq.v(5.3) must be used to obtain
‘the‘input 0 coupliﬁg. For convenience we chose the input p 'intércept
to be that of the output p. Since the values of &, in determined

’ .

by Eq. (3.3) depend on the value of g, iﬁ’ we chose a value of
\ s _

gp iﬁ in the range allowed by experiment (see Appendix). With
2
o, A, 8 all fixed, we vary A to see whether the rémaining

P p” Tp,in
bootstrap condition on the P, gp,in = gp,out can be §at1sf1ed.. Note.
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that « -0 _ . has already been imposed. Once a solution has
P,in p,out

~been found the parameters of the output p 7poles are also calculated

The results of these calculations are given in Table I for

e both forms of m, = 0,-1

1

Table-I. Value of the solutions -

o
“A
\2 . ol 2 | o 2
GeV Q 0 ..y n =0 -, s n =0
(Gev)™} D o | % |%,in’ o} 8o,in® T %p | B out
m =0 y 10.95]0.451 0.1 0.119 . 0.126 0.049
m = -1 '3 10.9710.55} 0.1 " 0.087 |- 0.099 | 0.0k2
We tested the effect of the condition..a = by fixing
,1n p,out -
a . = 0.5, and the results are given in Table II for the case m, = 0;

o,1in 1

one can see that the parameters of the P. are*esgentlally
unchanged. It should be noted that there is some- range of acceptable
 solutions possible_around those given in the tables with ap determined

to about 2% and 10% variations of ap and gp are possible.
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Table II. Value of the solution ¢« . fixed to be o . = 0.5
0,in ~ Yp,in
2 2
* ' €,in’ | &p,in’ .
A2 e o7 2 n=«q9 n=aq g2
P pyout gp " Tp,in TP p,out
m1'= 013 cev?{0.957| 0.51 | 0.1] o0.120 | 0.128| 0.059

Avéomparison of the output'_p parameters with ex?eriment is in
prinéiple poSsible,vand in‘the Appendi% we examine thevvarious typé$
of experiment thaf give some information abOuf the p¥ﬁ4n coﬁpling.
‘The values we have obtainedvare in reasoﬂabie agreement with those
obtained from factorization and ﬁegge-pole fits to charge-exchange
prgcesses. The experiméntal b intefcept, ap = 0.57, is somewhat
larger than ours, and leads one to favor the solution with m1 = =1,
As far as duality is concerned our results indicate that it is correct
within avaCtor of two for'the‘case we‘have_considered.lo

The solutions we héve obtained of course imply definite
multiparticle production cross sections, and a comparison between a
‘model very similar to ours and exﬁeriment is being carried out by
Chew, Rogers, and Snider.

It was shown by AFS_7 that the aveiage multiplicity of particles

generated by a multiperipheral model at large s is quite simple, and

is given by

) = ¢ ,.en"-z-~ , , (4.2)
O .
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-Where

=
oY
i)

I\,

and g  is the cdupling'constant of the threeéparticlevvertex..AFor
our case, with a fixed ratio of P to 0 coupling, 05(0) is the

solution of

-

E(a) = 8

From thié rolation, and noting that each time a gu‘ appears in our

ladder two'pértioles are produced, we obﬁain _

- PRt n R |
oy = 28 —p = 2E(a)m_ . o (k3)
oo dg 'Envnzo‘ - o

From'ouf solutions CN is around 0.2, to be compared with experimental
estimates of 1 to 5,15 but these ‘depend heav1ly on ultra~high- energy
cosmic- ray data, which have large errors. v

~The ekplanation of the small multiplicity predicfed by our
model is the following; The elgenvalue E(n) of thevhomogeneous
equatlon has a logarlthmlc s1ngular1ty at n ='oc 'whioh domin&fes the

derivative of E if O is near n,. This is theﬂcase for our

solutions as the P intérceptbis closé to unity We w1ll return to

thls dlfflculty later, as 1t will be seen that the prox1m1ty of this

cut also causes problems with the +t dependence of the trajectories.
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V. VTHE'SOLUTION FOR t 40
We generallze our prev1ous calculatlon to cons1der a value of
[t] 1ess than 1 Gev® The ok) symmetry of Eq. (2.1) is for t £ 0,
broken by the propagator‘ahd by the'function. B(p,pTQQ). WThe‘symmetry

breakihg in B is produced by the vértek"functibns
¢I(p + %,'-pe, 2), by the 51gnature factors -t (k + Q)Q (k - @)’

and by the sum o (k + -) + a (k - 9) .This.iastiterm does,not'break
the symmetry if the slopes of the trajectories are. equal -as in the
model we are considering.

If one expands in a power seriesvihrvt the_terms breaking the
o(k) ‘symmetry, the expansion paraﬁetervof the'propagator~is the
quentit& t/pg,.whereas‘the breaking terms in. B’ are’proﬁortionel to t/so
and t/AE' end'ehould be negligihle for small values of‘ t. In this
approximation B is diagonal in n and Bn(pz, p'2~, t) 1is again given
by Eq. (3.&); with k° replaoed by k2 - t/h. Since all ‘the symmetry
breaklng is now 1n the propagator, we. apply dlrectly the method of Chung‘

and Snlder,ll deflnlng

T(p,p',Q) = T(p,0',Q) — . (51)
(e - D + %1 + DZ + b2

The O(4) projection of Eq. (2.1) then becomes
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rp t(f T4 st Gt vt T?

2.2 ~ 4 )
nn n n' n,n+2 n+2,n’ n,n-2 "n-2,n

) .
(" - t/h+ )" T,

21

' 2 o~
= By T mr 1) J(Q 49" By Ty 5 (5.2)

- where
.Z 2.2 2.2
fnn' = (A )+ (a n-1 ) ’
£ ~ A £ £
n,n+2 n “n+l
£ . b Y/
fn,n-2 = A Ao
~and
At o (n -2 +1)(n+ 24 +2)\°
'm0 bin + 1)(n + 2)
£ is. the usual angular momentum and .n,n' '=£ + integer. The‘system of

» eqﬁations‘given in Eq.(5.2) is an -infinitely coupled integral equation;‘
Ahpweﬁer; the coefficients Qf‘thévnondiagqnal part fnfn?- become very
small ag n and n' .giow;_ In addition, the Qoupling terms-are
. ?roportional to pet/(pg - t /b + ME)E, ﬁhich is less than unity for

t < Hu2.’-This allows one to sélve the Eq.'(5.2) éccu?ateiy with only a

few coupled equations, for example for t > -1 GeV2 no more than'four

éoupled equations are'important;
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We solved Eq. (5.2) for z.= n' for the solutions reﬁoffed in
Table I,>and the resulting trajectofies are shown in Fig. 5a, and‘b for: 
the”case with mi = O. The general features are fhe following: For
positive t thHe trajectories appear to have’about the same slope as
vtheIinput’trajectpries, but, as the pole approaches the cut,rit appears
to be repelled and endé ub wiﬁﬂ about the Same 'siope‘as the cut, &
of the input sldpe; This:efféct.is agaiﬁ‘aue fhé loga;ithmic singularity
in E,.which is in turn due the'singularity.présent in;the kernel.
| | To clarify the Question:of the interaétionbof a pole with é
‘.gut, let'us cénsider a sinple modei.proﬁosed by Frazer and MEhﬁal?'.in
which the denominator function [the functibn .gg - E(n) .in-oﬁr'model]

is assumed to have the form
D(n) = n - (a +bt) +'¢c £n(n - né) . : (5.%)

The trajeé%ory'is'bbtaihed from the eéuation' D(d)\: é.'

Let us cohsidér‘thé variatiqn of D és a.function of t for
‘the. case in which ¢ is smaii. For +t. large positive the zer§ is
at n =a +bt; as t is reduced the'pole,mb§esltolthe left, aﬁproaching
the cut, but never passes through the cut. Because of the.logarithmié"
siﬁgﬁlafity ét _nc._the residue of the pole-geﬁstuite small when n
appréaches nc;. as thg‘log term cpntrdls the derivative of: D with
respect tQ n. There aré of-éourse pdles on all other sheets df the
.lqg.function. For large positive t fhese poles simply move with the\
pole on theAphysicai Sheet,'but.és_ t is reduced these poles -move by

the point- n, aﬁd continue on to the left. One of these‘poles is close
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to the physical sheet and-should have a'nofmal>residue;..ThuS'fOrv
negative‘-t it appears that the cﬁt-plué-ﬁolé Cmeinafion iooks like
a pole‘on the second sheet of the n plané, and fhis>single complex
pole should pfovide.a good repfesenfafiqﬁ of the amplitﬁde. It is of
course true that at infinite energies the actual'poléé whiéh is to the
‘right of ., dominates; buﬁ'at.finife energies the pole on the_second :
shee£ should be more important, due‘to'its lérger residue. From é
phenomenological.point_Of &iéW'thé behavior of the pole and cut appears
to‘betthé following; For poéitive lt  the pole ﬁpves~liﬁe;rly with fhe
expectéd slope, and for some negativé ‘t it intersects wifh the father
v weaki P cut and passes inﬁo the second sheet, becoming éomplex, but
continuing to be é linear trajectory with ﬁhe'normal~slope._ Some of
the consequencés of such a model have been:invéstigated by Ball and
Zachariasen in a recent paper.lh

Let us now see how this discussion relates to our moael. Because
of the large.intercept of the P trajectory, the point bf intersection‘
vof a linear trajectory with the cut is very close.to t = 0, and the
calculation aroﬁnd t = 0 1is near  this coﬁplicated region of crossover.

| In our model the kernel becomes éomplex when evaluated forv

n < n,, as can be ‘seen f}om.Eq; (3.4); however, fhe imaginary part of
Bh  has a simple factorizéble férm; We then write the kernel in the

form-

K = vReK +l‘l’ _'g v o | (5‘1;)
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The function analogous to  D(n) for our. equation is the determinant
v of 1 - K, and because the iﬁagiﬁary'part is factorizable we obtain the

simple result

det(l ~ K) = det(Ll - Re X)+ det(T +i(1 - Re K) ™" ¥« x)

.

det(1 - Re K)( - i((l - Re,K)_;¢|x§> L (5(5)

IThe'éeros of the'realvpart éf the determinént theﬁ giVe the locatién.of
the poleé oa‘the sécdnd éheet of the‘n plané;’these zé;osvare moét
easily bbtained_by solving the eigénvalue equatibn"that uées the real

. part of the kernel: Iﬁ Fig. 6 wé éhOW'the inverse of the first eigeﬁ—
value ?loﬁtéa versus n, for .the solutién'of Table T with m =0 in
the I =1 channel. In this case n, = o.&f  Note that the_fuﬁction

we have plotted has a behavior very éimilar.to the.fﬁnctiOn D given

in Eq. (5.3); Changing the value of ¢ corresponds roughly to shifﬂing
the cﬁrve-verticaliy. ”ForA t .positive the function has only one zero
to the right of the cut, but as t moves to the left the curve falls
~ and for some value of 1t dévelops three zeros. The rightmostﬁis the
actual pole, WhiQh is stuck to thé right éf the.gingularify at n,-
The next zefo is a sort of.mirror image of the poie.in that iog n-n,
is a symmetric function around n,. The leftmost zero is the position
vof the pole on the second sheet, which moves freely as one-varies. t.

Furthermore, it appears that the curve to the right of 035 Joins

smoothly with the curve to the left of O.B,-meaning that the trajectory
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location of the effective pole for negative

the actual pole for positive t.
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 should be nearly linear and one should be able to extrapolate the

t from the behavior of
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VI. DISCUSSION -

In this paper we have presented a dynamical calculation based
on the multiperipheral’model which produced:acceptable values of the
intercept of the p and P ‘trajectories and reasonable values of their.

- coupling to the nx sjstem..'The range of possible'intercepts of the
P is rather restrictive, end.may be'considered one, of the predictions
of this model. The value'ot the. p coupllng is also predlcted to be
relatlvely small and in agreement with the rather uncertaln number
obtalned‘from experlment

The apparent defects of 'this model are the. very small value of
the mult1p11c1ty predlcted and the behav1or of the traJectorles calcu-
lated. Both of these effects are directly related to the existence of
the P‘ as'a normal Regge pole. Admittedly, one needed to include-this
pole in order to have enough 1nteractlon to produce the P and the o
in the output but it seems 1nescapable that a P- llke obJect does
| exist and plays an 1mportant part in observed hlgh energy processes such
as qll  scattering and NN scatterlng. There are of course several
possible means to resolve the apparent conflict;of thiS'typelof theory
with e%periment, other than discarding this model as incorrect, or
clalmlng that some. at present unknown term rs important, or that some
v1olent off-shell dependence is requlred

One possibility is that the Pomeranchuk traJectory is exactly
unlty at t = 0., In th1s case the P pole and all the cuts obtalned
from the iteration of this pole are no longer separated s1ngular1t1es.

The resultlng combination of s1ngular1t1es mlght_have a cons1derably

v
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different behaﬁiorvfrom the simﬁle log Behaviorvthat‘ene obtains when
the intercept is less than'enel

Another possibility is the foliowiné conjecture:' wé accept the
P cuts are correctly glven by a logarlthmlc 51ngular1ty that forces allg
poles to remain to the right of the cuts, and this will be the observed
"behavior as the energy goes to 1nf1n1ty. Based partly on the observa-~’
tioﬁ that pure cut terms have net been shown to be important at current
accelerator energles, we congecture that in some intermediate energy
region the, amplltudes containing a pole plus a cut due to the P are
| well represented_by a single complex tragectory whlch represents the
-‘pele on the second sheet of the n plane and that it is.this_pole that
- has been. observed experimentally'and has a'slbpe of 1 GeV_g. This type
: ‘of pole then appears_to pass through theicut without difficulty, and
can easily:be a linear function of t. The multiplicity implied by such
a‘poie is still given by Eq..(h.5); however, the function ‘o is the
smoeth one that would be obtainedvby remeving the iogarithmic singularity,
and can be obtaiﬁed in our model by simply evaluating the multiplicity
fer some poSitive.value ofv t for which the effect of the cﬁt is less
importanﬁ. A rough evaluation of thiquuantity gives CN in the_range
of 1 to 2. Note also that thevtrajectories haﬁe a réaéonable.slope if
one extrepolated the trajecﬁory from the positive ¢ region; The
célculation of the coupling of the.polesvto the nn. systemat t =0
is probably net strongly affected by»ﬁhe presenee of the‘branch cut.
The use of an effective_pole‘to represenf a cut‘is:very much like using

8 Breit-Wigner resonance form to represent a branch cut in the energy
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Qariable; Finally,-fhe.uSé of fheée effecfive poles in the input
simply iﬁcludes a more,acéurate description of the intermediéte—energy
amplitude used to calculate the kernel. v>  o o o _ .
If such a pictﬁre is correct the expeiimenfal implicafidns are
~as followé: Atv t =0 ‘the energy dependenceIShould be thaf given by
the effective pole; as there is little diffefgn@é»betWEen the true pole.
and the effective one. _Hoﬁever,\fqr-negaﬁivevﬁalues’qf ‘t,.the true
pole has a.small residﬁe, but dominates for sufficiently High'energies
because of higher-intercept.k At a fixed vélue of % ;and'iﬁcreasing;
energy one should see a.shift in?the energy dependence that.marKS'tbe‘
transitién between the iﬁtérmediate and hiéh energy fegion, The new-
énergy deﬁendence should be thatvgiven‘ﬁy‘a pble with half the slope
of the effective pole, which controls‘the éhergy dependence at lower
energies. ‘Nofe} however,lthat the leédiﬁgadepmmdeﬁée is gtill given
by'alpole-aﬁd therefore still.satisfies factorization.. |
'This conjecture about efféctive poles maw'still’be'falid if
the P interce?t.is uﬁity'but the.anaiysis of this papér-ié no longer

applicable.

)
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APPENDIX
Detérmination of Régge pole couplings'ffom experiment. .Thé
P coupling constéﬁt as: defined in Eq. (h;l).can_bevévaluated
from the total . y-x cross section. This cross section is,estimdted to
be‘about 15 mb, from the factorization theoreﬁ'and the observed NN and

N total'éross Sections.15 This gives ~ 0.13. If one assumes

2

. gp,out
that the t dependehce of the scattering amplitude is similar to that
observed for othér'elastic processes, the elastic cross section can be

calculated to be a few mb}

The determination ofvthe slope of the P trajectory from fits

“to experimental data is somewhat confused due to the presence of the P’

'trajectofy. The value of 1 GeV_g éeems to_be a- reasonable guess for
the avérage_effect of thése'two trajectbrieé.lo |

The p Regge péle éoupling-to thé =73 Syétem can again.be
obtained by factorization, and the.Regge pole fits to an.and NN
chaige—éxcﬂaﬁge scattering} At £t =0 the I = i -pioanion amplitudé:
is given by | |

T(S) = AﬂN2/¢l )

1 _ m_
(2x)” Vs
where ¢l is the NN helicity amp¥itude and AnN is the Msual nonflip

7N amplitude. All these quantities refer to the o contribution only.

!

" Unfortunately theﬁanalysis of np charge exchange is complicated by -

uncertainties about how the pion trajectory is to be included and whether

or not a conspiracy occurs. As a result “the o parametérs for this
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process are not well determined, but using the analysis of Ref. 16,

we obtain g ~ 0.025 - 0.02.

p,out

Another way of estimating gi is from the coupling

yout
vCOnstantl7 ’Ybﬂ# obtained from the e+ -'e’;—aﬁﬂ data with the vector-

- dominance hypothesis.l8 The value from this source is

gi but'.z 0.07 - 0.0H,_depending r on the extrapolation of this quahtity :
2 . ’ . .
from J =1 to J = 5. The last .estimate is to use the experimental

p. width and the extrapolatiqn from the p mass to "t = 0. as defined
by the Veneziano formula.  This result.is in agreement with'the value

obtained above;_’
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FIGURE CAPTIONS

.(a) Graphlcal representation of a dynamlcal partlcle.

.(b) Graphical representatlon of a dynamical partlcle 1n the

large~s limit by multlpartlcle unltarlty

(a) OFPE nodel for Qn - by

(b) OPE model for 2y — 6.

(¢) Multiperipheral model for 2x - 65, obtained by iteration

-of QOPE.

(a) Multiperiphefal contribution to the multiparticle produc-

tion cross section.

(b) Graphlcal representatlon of the Bethe-Salpeter equation
for 1811 scatterlng amplltude

The momentum assignment for the pion-pion scattering amplitude.

~(a) n-Plane singularities in the I = O channel. The dashed

curve (a) is the input P trajectory, the solid curve (b) is
the output P trajectory, and curve (c) is the input cut
produced by'two P's. The variable: t 1s given in units of

2
M.

(b) n-Plane Singularities in the I #Ll channel. The dashed

curve (a) is the input p trajectory, the solid curve (b) is

the output p trajectory, and the curve (c) is the input cut

-prodﬁced by the p and the P.

A plot of the inverse of the first eigenvalue, E(n), as a

function of n for fhe I =1 channel.
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Fig. 1b
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LEGAL NOTICE

This report was prepared as an account of Government sponsored work.
Neither the United States, nor the Commission, nor any person acting on
behalf of the Commission:

A. Makes any warranty or representation, expressed or implied, with
respect to the accuracy, completeness, or usefulness of the informa-
tion contained in this report, or that the use of any information,
apparatus, method, or process disclosed in this report may not in-
fringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for damages
resulting from the use of any information, apparatus, method, or
process disclosed in this report.

As used in the above, "person acting on behalf of the Commission”
includes any employee or contractor of the Commission, or employee of
such contractor, to the extent that such employee or contractor of the
Commission, or employee of such contractor prepares, disseminates, or pro-
vides access to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.
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