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ABSTRACT OF THE DISSERTATION

Inference for High-dimensional Left-censored Linear Model and High-dimensional
Precision Matrix

by

Jiagi Guo

Doctor of Philosophy in Mathematics

University of California, San Diego, 2018

Professor Jelena Bradic, Chair

In the first two chapters, we consider inference for high-dimensional left-censored linear
models. Left-censored data arises from measurement limits in scientific devices and social
science data. We consider the problem of constructing confidence intervals for the parameters in
left-censored linear models. In Chapter 1, we present smoothed estimating equations (SEE) and
smoothed robust estimating equations(SREE) frameworks that are adaptive to censoring level and
are more robust to misspecification of the error distribution. In Chapter 2, we study inference
problem for parameters in high-dimensional left-censored quantile regression model. We modify

the quantile loss to accommodate the left-censored nature of the problem, by extending the idea
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of redistribution of mass. Furthermore, applying the de-biasing technique to the initial estimator
leads to an improved estimator suitable for high-dimensional inference under left-censored
quantile regression setting. For both problems, asymptotic properties have been investigated.

In Chapter 3, we devise a projection pursuit testing procedure for generalized hypotheses
on high-dimensional precision matrix. We illustrate the procedure under specific examples of
hypotheses: testing for row sparsity, minimum signal strength, bandedness and generalized band-
edness. We demonstrate the performance of the testing procedure through extensive numerical

experiments, and present the findings for two real datasets.
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Chapter 1

Generalized M-estimation for
High-dimensional Left-censored Linear

Model

1.1 Introduction

Left-censored data is a characteristic of many datasets. In physical science applications,
observations can be censored due to limits in the measurements. For example, if a measurement
device has a value limit on the lower end, the observations are recorded with the minimum value,
even though the actual result is below the measurement range. In fact, many of the HIV studies
have to deal with difficulties due to the lower quantification and detection limits of viral load
assays [SCG™14]. In social science studies, censoring may be implied in the nonnegative nature
or defined through human actions. Economic policies such as minimum wage and minimum
transaction fee result in left-censored data, as quantities below the thresholds will never be
observed. At the same time, with advances in modern data collection, high-dimensional data

where the number of variables, p, exceeds the number of observations, n, are becoming more



and more commonplace. HIV studies are usually complemented with observations about genetic
signature of each patient, making the problem of finding the association between the number of
viral loads and the gene expression values extremely high dimensional.

In this chapter, we present a generalized M-estimation scheme for high-dimensional left-
censored linear model, also known as Tobit I model, which is first presented in [Tob58]. We begin
with an introduction of the model and its areas of applications, along with our major contributions
in the novel methodology. Following that we summarize related work in the literature. Finally,
we present Smoothed Estimating Equations (SEE) and Smoothed Robust Estimating Equations

(SREE) frameworks, together with their theoretical properties.

1.1.1 Contributions

In general, we cannot develop p-values from the high-dimensional observations without
further restrictions on the data generating distribution. A standard way to make progress is
to assume that the model is selected consistently, for example in [ZY06, FLO1], i.e., that the
regularized estimator accurately selects the correct set of features. The motivation behind model
selection consistency is that, given sparsity of the model at hand, it effectively implies that one can
disregard all of the features whose coefficients are equal to zero. An immediate consequence is that
p-values are now well defined for the small selected set of variables; see for example [BFW11].
Such results heavily rely on assumptions named “irrepresentative condition” and variants thereof,
including but not limited to the minimal signal strength, see [VDGB*09]. Thus, if we were to
know that such conditions hold, p-value construction would follow standard literature of what are
essentially low-dimensional problems. Many early applications of regularized methods effectively
impose conditions similar to the irrepresentable condition, and then rely solely on the results of
the regularized estimator. However, such restrictions can make it challenging to discover strong
but unexpected significant signals. The SEE and SREE frameworks address these challenges.

It is shown that valid p-values can be well defined for all of the features in the model through



development of robust, bias-corrected estimator that yields valid asymptotic inference regardless
of whether or not irrepresentable-type conditions are assumed.

Classical approaches to inference in left-censored models, include maximum likelihood
approaches as in [Ame73], consistent estimators of the asymptotic covariance matrix as in
[Pow84], bayesian methods as in [Chi92], and maximum entropy principles as in [GJP97]. These
methods perform well in applications with a small number of covariates (smaller than the sample
size), but quickly break down as the number of covariates increases.

The current framework explores the use of ideas from the high-dimensional literature to
improve the performance of these classical methods with many covariates. It is based on the
family of de-biased estimators introduced by [ZZ14], which allow for optimal inference in high
dimensions by building an estimator that corrects for the regularization bias. Bias-corrected
estimators are related to one-step M-estimators in that they improve on an initial estimator by
following a Newton-Raphson updating rule, see [Bic75]; however, they differ from the classical
one-step M-estimators in that their initial step is not consistent and direct estimator of the

asymptotic variance does not exist.

1.1.2 Related Work

From a technical point of view, our main contribution is an asymptotic normality theory
enabling statistical inference in high-dimensional Tobit I models. Results by [Pow86a], [Pow86b]
and [NP90] have established asymptotic properties in low-dimensional setting where the number
of features is fixed, while [Son11] and [ZBW*14] developed distribution free and rank-based
tests. [MvdG16] offered a penalized version of Powell’s estimator (penalized CLAD). Robustness
properties of sample-selection models in low-dimensions were studied in [ZGR16].

A growing literature, including [VAGBR"14], [ZZ14], [RSZ"15] and [RWG™16], has
considered the use of regularized algorithms for performing inference in high-dimensional

regression models. These papers use the bias correction method, and report confidence intervals



and p-values for testing feature significance. Meanwhile, [BCK14, BCK13], [ZKL14] and
[JM14b] use robust approaches to estimate the asymptotic variance, and then use related bias
correction step to remove the effect of regularization.

Several papers use one-step methods for eliminating the bias of regularized estimates.
In removing the bias of the regularized estimates, we follow most closely the approach of
[VAGBR14], which proposes bias correction estimator for least squares losses, and obtain valid
confidence intervals. Other related approaches include those of [JM14b] and [NL17], which build
different variance estimates to determine a more robust bias correction step; however, these papers
only focus on least squares losses (more importantly they do not extend naively to non-smooth
or non-differentiable loss functions). [BCK14] and [ZKL14] discuss one-step approaches for
quantile inference; however, the tools and techniques heavily depend on the convexity of the
quantile loss. It is worth mentioning that the double-robust approach of [BCCW17], which
proposes a powerful inference method for quantile regression, is based on leveraging principles

of doubly-robust scores and their estimating equations.

1.1.3 Content

In Section 1.2, we introduce the smoothed estimating equations (SEE) for left-censored
linear models. In Section 1.3, we present the main result on confidence regions. In Section 1.4,
we introduce robust and left-censored Mallow’s, Schweppe’s and Hill-Ryan’s estimators and
present their theoretical analysis. Section 1.5 provides numerical results on simulated data sets.
In Section 1.6, we include discussions and conclusions for this work. We defer more general
results for confidence regions, as well as the Bahadur representation of the SEE estimator, to

Section 1.7. In addition, Section 1.8 and 1.9 consist of technical details and proofs.



1.2 Inference in Left-censored Regression

We begin by introducing a general modeling framework followed by highlighting the diffi-
culty for directly applying existing inferential methods (such as de-biasing, score and Wald) to the
models with left-censored observations. Finally, we propose a new mechanism, named smoothed

estimating equations, to construct semi-parametric confidence regions in high-dimensions.

1.2.1 Left-censored Linear Model

We consider the problem of confidence interval construction where we observe a vector
of responses Y = (yy,...,y,) and their censoring level ¢ = (cy,...,c,) together with covariates
X1,...X,. The type of statistical inference under consideration is regular in the sense that it does
not require model selection consistency. A characterization of such inference is that it does not
require a uniform signal strength in the model. Since ultra-high dimensional data often display
heterogeneity, we advocate a robust confidence interval framework. We begin with the following

latent regression model:
yi =max {c;,x;p" +&1},

where the response Y and the censoring level ¢ are observed, and the vector B~ € IR? is unknown.
Observe that the censoring mechanism considered here is fixed and non-random. This model
is often called the semi-parametric censored regression model, whenever the distribution of the
error € is not specified. We assume that {g;}?_, are independent across i, and are independent
of x;. Matrix X = [X|,---,X,] is the n x p design matrix, where x;’s are i.i.d. random variables
centered to have variance one element-wise and max; ; |X;;| < K. When X;; follows an unbounded
continuous distribution, we can easily use truncation arguments to satisfy the bound above; this
can be efficiently done for a wide class of sub-gaussian distributions for example. We also

denote Sg := {j|B ; # 0} as the active set of variables in B and its cardinality by sg := |Sg|. We
B j B B



restrict the study to constant-censored model, also called Type-I Tobit model, where entries of the

censoring vector ¢ are the same. Without loss of generality, we focus on the zero-censored model,

yi:maX{O,xiB*+8i}. (1.1)

1.2.2 Smoothed Estimating Equations (SEE)

Smoothed Estimating Equations framework takes a general approach to the problem of
designing robust and semi-parametric inference for left-censored linear models, and is motivated
by the principles of estimating equations. Although estimating equations have been studied in
many previous works, the smoothed estimating equations (SEE) framework presented in the
following tailors to the high-dimensional and censored scenario. In addition, the method is simple
enough to apply more generally to non-smooth loss functions. We begin by observing that the

true parameter vector B* satisfies the population system of equations
]E[\P(ﬁ*)]zo. (1.2)

for some function () often taking the form of ¥(B) =n~ 'Y, w;(B) for a class of suitable
functions y;. Observe that for left-censored models € rarely, if ever, follows a specific distribution.

A particular example of interest, that allows error misspecifications, is

vi(B) = sign (y; — max{0,x;8})w/ (B) (1.3)

where w;(B) = x; I{x;B > 0}. The motivation comes from the renowned least absolute deviation
[ loss. The advantage of the function yj; above is that it naturally bounds the effects of outliers;
large values of the residuals y; — max{0,x;B } are down-weighted using /; distance. In fact, we

work with W resulting from this specific choice of y; function later in the analysis. Nevertheless,



the SEE framework has a much broader spectrum, see Remark 1 below. Other functions ¥ can be
applied as well. Another example of a function W that has semi-parametric advantage is a variant
of a trimmed least squares loss, where the vanilla quadratic loss is multiplied by an indicator
function as follows l{y; —x;B > 0,x;f > 0}.

However, with the appropriate choice of ¥, solving estimating equations ¥(B) = 0,
although practically desirable, still has several drawbacks, even in low-dimensional setting. In
particular, for semi-parametric estimation and inference in model (1.1), the function ¥ is non-
monotone as the loss is non-differentiable and non-convex. Hence, the system above has multiple
roots resulting in an estimator that is ill-posed, and additionally presents significant theoretical
challenges. Instead of solving the system (1.2) directly, we augment it by observing that, for a

suitable choice of the matrix Y € RP*P, B* also satisfies the system of equations

E[¥(B")]+Y[B" - B]

0. (1.4)

For certain choices of the matrix Y, we aim to avoid both non-convexity and huge dimensionality
of the system of equations (1.2). To avoid difficulties with non-smooth functions ¥, we propose

to consider a matrix Y = Y(B"), where the matrix Y(B") is defined as

Y(B) =Ex [VpS(B)],

for a smoothed vector S(B) defined as

S(B)= | _®(B.x)fel)dx.

The unknown error distribution smooths the function W, and acts as a kernel smoother function. In
the above display W(B*) = ®(B", ¢), for a suitable function ® =n"1 Y7 | ¢;and ¢; : R? xR — R,

whereas f: denotes the density of the model error (1.1). Additionally, Ex denotes expectation



with respect to the random measure generated by the vectors Xi,...,X,.
Following W as in (1.3), the respective smoothed score function that we will be working
with is

-1

] [1—2P: (yi—x;B* < 0)] (wi(B%)) ', (1.5)

i=1

where P; denotes the probability measure generated by the errors € in (1.1). Smoothed score
typically depends on the unknown density of the error terms and the unknown parameter of
interest. For practical purposes, we will propose a suitable estimate of the function (1.5) —
for homoscedastic errors &;, the unknown cumulative distribution function above can easily be
estimated using empirical distribution function. With this choice of the smoothed loss, we obtain
an information matrix as follows VB*S(ﬁ*) =2£(0)n 'Y wi(B™) "wi(B"). We then proceed

to define the matrix Y as

Y(B") = 2/e(0)Ex |n~ g BY)| == 2£.(0)(B"). (1.6)

We note that the matrix above is inspired by the linearization of non-differentiable losses,
and is in particular very different from the Hessian or the Jacobian matrix typically employed for
inference. Throughout the text, we denote the inverse of £(B*) as Z~!(B*), which is assumed
to exist. In addition, we have Z(B) :=n~! Yo, wi(B) "wi(B). To infer the parameter B*, we
need to efficiently solve the SEE equation (1.4). We can observe that solving SEE equations (1.4)

requires inverting the matrix Y(B"), as we are looking for a solution B that satisfies

Y(B)B=_(B")B" +E¥(B).

For low-dimensional problems, with p < n, this can be done efficiently by considering an initial



estimate B and a sample plug-in estimate T(B) of Y(B"),

wi(B) Twi(B) (1.7)

agE

Y(B) =2n"'£+(0)

i=1

and a sample estimate of E¥(B"), denoted with ‘P(B) and a suitable density estimate f¢(0).
However, when p >> n, this is highly inefficient. Instead, it is better to directly estimate Y~ ! (B") =
= 1(B*)/2f(0). Let Q(B) be an estimate of £~ (B*) (see Section 1.2.3 for discussion). Then,

we proceed to solve SEE equations approximately, by defining the SEE estimator as

~ -~

B =B +Q(B)¥(B)/2/:(0).

Remark 1. The proposed SEE can be viewed as a high-dimensional extension of inference from
estimating equations. Although a left-censored linear model is considered, the proposed SEE
methodology applies more broadly. For example, this framework includes loss functions based
on ranks or non-convex loss functions for the fully observed data. For instance, the method in
[VAGBR ™ 14] is based on inverting KKT conditions might not directly apply for the non-convex
loss functions (e.g., Cauchy loss) or rank loss functions (e.g., log-rank loss). Recent methods
of [NNLL15] do not apply to non-differentiable estimating equations (see Section 2.1 where a

twice-differentiable assumption is imposed).

1.2.3 Estimation of the Scale in Left-Censored Models

The methodology for estimating each row of the matrix r! (B") is introduced in this

section. For further analysis, it is useful to define W(B) as a matrix composed of row vectors

wi(B); W(B) =A(B)X, where A(B) = diag (II(XB >0)) € R” x R". The methodology is



motivated by the following observation:
7T (H(BY) TE(B") =),
where F(])(ﬁ*) = _ﬁ])(ﬁ*)la ) _Y?]) (ﬁ*)j—b L _Y?]) (B*)j-H )t 7_ﬁ])(ﬁ*)[7 and

Y(;)(B) := argmin E||W;(B) —W_ (Bl /n
yeRr-!

2
as well as TJZ =n"1E HWj (B") — W—j(ﬁ*)ﬁj) (B") ) This motivates us to consider the follow-

ing as an estimator for the inverse 1 (B*). Let Y i) (B ) and ?]2 denote the estimators of ¥ (B")

and ’L']Z respectively. We will show that a simple plug-in Lasso type estimator is sufficiently good
for construction of confidence intervals. We propose to estimate ')f(kj) (B™), with the following /;

penalized plug-in least squares regression,

SN (. - St
71 (B) = avemin {1 [y B) - w B, + 2411 . (18)
YERP-1

Notice that this regression does not trivially share all the nice properties of the penalized least
squares, as in this case the rows of the design matrix are not independent and identically distributed.
An estimate of ’CJZ can then be defined through the estimate of the residuals § j =W;(B") —
w_ j(B*)Y(j) (B). Throughout this paper we assume that § j has sub-exponential distribution,
and we denote ||1"(j)(/3*)||o =sjfor j=1,---,p, where | - [|o denotes the number of nonzero
entries in the vector. We propose the plug-in estimate for § j as Z = Wj(B )—W_ J(E)?( i) (B),

and a bias corrected estimate of TJZ defined as

7 (45) =n_1Z,TZ,-+7LjH?(,->(IA3)H]- (1.9)

10



~T ~
Observe that the naive estimate n~'{ j 4 ; does not suffice due to the bias carried over by the
penalized estimate 'y (ﬁ) Lastly, the matrix estimate of £~ ("), much in the same spirit as

[Z2714] is defined with
Q;iB)=772 Q- j(B)=-777,B), Jj=1L....p. (1.10)

The proposed scale estimate can be considered as the censoring adaptive extension of the

graphical lasso estimate of [VAGBR ™" 14].

1.2.4 Density Estimation

Whenever the model considered is homoscedastic, i.e., & are identically distributed with
a density function f¢ (denoted whenever possible with f), a novel density estimator designed to
be adaptive to the left-censoring in the observations is used. For a positive bandwidth sequence

I, we define the density estimator of fe(0) as

i XzB > 0) (0<y,—le3 Shn)_ (1.11)

Zz 1 ]I(xlﬁ > O)

Of course, more elaborate smoothing schemes for the estimation of f(0) could be devised for this

problem, but there seems to be no a priori reason to prefer an alternate estimator.

Remark 2. We will show that a choice of the bandwidth sequence satisfying

hy ' = o(v/n/(slogp))

suffices. However, we also propose an adaptive choice of the bandwidth sequence and consider

11



}z\n = ¢(1), such that with u; :=y; —xiﬁ,

N ~1/3 N
h, = c{sE logp/n} median{ui cu; > +/logp/n, xif > 0} :

~ denotes the size of the estimated set of the non-zero elements of

B

the initial estimator B ie., sy = HEHO

B

for a constant ¢ > 0. Here, s

1.2.5 Confidence Intervals

Following the SEE principles, the solution to the equations is defined as an estimator,

~

B =B +Q(B)¥(B)/2f(0). (1.12)

For the presentation of our coverage rates of the confidence interval (1.15) and (1.16), we start
with the Bahadur representation. Lemmas 1 - 6 in Section 1.9 enable us to establish the following

decomposition for the introduced one-step estimator B,

Vi(B-B") = g B) L L w(B) o, (113

where the vector A represents the residual component. We show that the residual vector’s size is
small uniformly and that the leading term is asymptotically normal. The theoretical guarantees
required from an initial estimator B is presented below.

Condition (I): An initial estimate E is such that the following three properties hold.
There exists a sequence of positive numbers r, and d, such that r,,d,, — 0 when n — o and
1B~ Bll2 = Op(r). 1B~ B"lli = Op(du) and |Bllo =1 = Op(sp")

One particular choice of such estimator can be /; penalized CLAD estimator studied in

12



[MvdG16]

B —argmm{—HY max {0, Xﬁ}Hl—l—lHﬁHl} (1.14)

Be%

which satisfies the Condition (I) with d, = sg++/log p/n, r; = sg+logp/n and I1Bllo = Op(sg X
Amax(X " X)/n), under the suitable conditions. However, other choices are also allowed. It is
worth noting that the above condition does not assume model selection consistency of the initial
estimator and the methodology does not rely on having a unique solution to the problem (1.14);
any local minima suffices as long as the prediction error is bounded accordingly.

With the normality result of the proposed estimator B (as shown in Theorem 10, Section
1.7), we are now ready to present the confidence intervals. Fix a to be in the interval (0, 1),
and let z¢ denote the (1 — or)th standard normal percentile point. Let ¢ be a fixed vector in R?.
Based on the results of Section 1.7, the standard studentized approach leads to a (1 —2a)100%

confidence interval for ¢ B* of the form
I, = <cTE—an,cTB+an>, (1.15)

where B is defined in (1.12) and

o~

ar =0\ QBIE(BIQ(B)e /2/af (0 (1.16)

with Q(E) as defined in (1.10), f‘.(ﬁ) as defined in (1.7) and f(0) as defined in (1.11). In the
above, for ¢ = e}, the above confidence interval provides a coordinate-wise confidence interval
for each Bj, 1 < j < p. Notice that the above confidence interval is robust in a sense that it is

asymptotically valid irrespective of the distribution of the error term &.

13



1.3 High-dimensional Asymptotics

Within this section, we present the theoretical results using a specific initial estimator.
However, the methodology has a much broader spectrum of applications. More details on the
preliminary theoretical results, as well as more general results than the ones presented below, can

be found in Section 1.7 in the later text. We begin with a set of very mild model error assumptions.

1.3.1 Theoretical Background

There has been considerable work in understanding the theoretical properties of high-
dimensional one-step bias correction estimators. The convergence and consistency properties
of least squares based methods have been studied by, among others, [BRT09], [MY09] and
[NYWRO09]. Meanwhile, their sampling variability has been analyzed by [VAGBR ™ 14]. However,
to the best of our knowledge, Theorem 1 is the first result establishing conditions under which
one-step estimators are asymptotically unbiased and normal in high-dimensional Tobit I models.

Probably the closest existing result is that of [BCK14] and [ZKL14], which showed that
high-dimensional quantile models can be successfully de-biased for the purpose of confidence
intervals construction. However, it is worth noting that their procedures do not adapt to censoring,
and their de-biased methods cannot be applied to fixed, left-censored models. Observe that
the optimal Hessian matrix we have developed depends on the level of censoring and an initial
estimate, whereas procedures in the above mentioned work do not: the post-lasso estimation
in [BCK14] relies on the score vector being a convex function of unknown parameters, and the
Hessian matrix in [ZKL14] depends merely on features. However, under convexity condition,
left-censored models cannot be solved non-parametrically (without knowing the density function
of the model error). Of course a surrogate score vector may be developed, but then it remains
unclear if efficient attainment of optimal bias-variance decomposition can be achieved. Although

the methods of [BCK14] and [ZKL14] may appear qualitatively similar to the current work in the

14



common choice of LAD loss, they cannot be used for valid inference in left-censored models.

The non-smooth losses have been studied extensively by [BCK13] as well as [ BCCW17]
who showed that rates slower than that of smooth counterparts should be expected for many
inferential problems; in particular rates are slower than those needed for estimation alone.
However, it is important to note that in all approaches the de-biasing step consists of a non-
smooth score and smooth variance estimate. In the current setting, however, we have non-smooth
score as well as non-smooth Hessian matrix (treated as parameters of the unknown). We identify
that such departure in structure of the problem requires new concentration of measure as well as
contracting principles regarding indicator functions: a step not needed in the mentioned literature.
Even in low dimensions, such results are of independent interest, as they provide a unique
Bahadur representation for left-censored semi-parametric method. Instead of using projections
for Hessian estimation, inference for Tobit models is usually performed in terms of bootstrap
sampling. High-dimensional inference with bootstrap, however, have proven to be unreliable
and inconsistent (unless done after bias correction step). As observed by [KP16], estimators
resulting from direct bootstrap in high dimensions can exhibit surprising properties even in simple
situations.

Finally, an interesting question for further theoretical study is to understand the optimal
scaling of the sparsity for Tobit models. Size of the model sparsity can be treated as a robustness
parameter. It would be of considerable interest to develop methods that adapt to the size of the

model sparsity and achieve uniform rates of testing.

1.3.2 Main Results

Condition (E): The error distribution F has median 0, and is everywhere continuously dif-

ferentiable, with density f, which is bounded above, fyax < oo, and below, fmin > 0. Furthermore,

f(+) is also Lipschitz continuous, |f(t) — f(t2)| < Lo - |t — 12|, for some Ly > 0. Define function

Gi(z, B,r) =E[I(|x;B| < ||xi]| - 2)||xi||"]. In addition, Gi(z,B,r) <K;-z, if 0<z<&, r=0,1,2,

15



for some positive K| and & such that || — B”|| < &.

We require the error density function to be with bounded first derivative. This excludes
densities with unbounded first moment, but includes a class of distributions much larger than
the Gaussian. Moreover, this assumption implies that x; B are distributed much like the error &,
for B close to B* and x;B close to the censoring level 0. Last condition in particular implies
that P(|x;B| < z) = o(z) for all B close to B*. This condition does not exclude deterministic
components of the vector x;, nor components which have discrete distributions; only the linear
combination x; 8 must have a Lipschitz continuous distribution function near zero. Therefore,
implying P(|x;B"| = 0) = 0. For fixed designs, this condition implies |x;B"| > ko, for ko > 0.

Apart from the condition on the error distribution, we need conditions on the censoring
level of the model (1.1) for further analysis.

Condition (C): There exist constants C, > 0 and @y > 0, such that for all B satisfying
(B —B)sc. 1 <31(B—B)s;.
91l (B — B )sy. I < (B —B")"EIX"X](B — B")sp-. Additionally, vy = Amin(E(B")) is also
strictly positive, with 1 /v, = O(1) and assume mjax (B =0(1).

1, |[max{0,XB*} — max{0,XB}||> > G| X (B — B")|3, and

The censoring level c; has a direct influence on the constant C;. In general, higher values
for ¢; increase the number of censored data. The bounds for the coverage probability (see Theorem
1 and Theorem 6) do not depend on the censoring level ¢;. The fact that the censoring level does
not directly appear in the results should be understood in the sense that the percentage of the
censored data is important, not the censoring level. Note that the compatibility factor ¢y does not
impose any restrictions on the censoring of the model, i.e., it is the same as the one introduced
for linear models [BRT09]. Observe that this condition does not impose distribution of W to be
Gaussian or continuous. However, it requires that £(B™), the population covariance matrix, is at
least invertible, a condition unavoidable even in linear models.

In order to establish theoretical results on the improved one-step estimator, we also need

to control the scale estimator in the precision matrix estimation, which requires the following
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condition. The condition is not uncommon, and can also be found in [VAGBR* 14, BCK14].
Condition (I'): Parameters Y?j) (BY) for all j=1,...,p are bounded and such that
{k: }"(kj%k(ﬁ*) #0}| <s; for some sj < n. Function ) (B) is Lipschitz continuous for all B
satisfying condition (C).
With the conditions above, we present our main result. More generalized results for initial

estimators satisfying Condition (I) are presented in Theorem 10 and 11 in Section 1.7.

Theorem 1. Letﬁ be defined as in (1.14) with a choice of the tuning parameter

A =AK (\/210g(2p)/n+ \/logp/n)

or a constant Ay > 16 and independent of n and p. Assume that §(log p 2 pl/4 = (1), for
g

5= sgV sQ with sg = max;s;. Suppose that conditions (E),(C) and (I') hold. Moreover, let

Aj =Cy/logp/n for a constant C > 1.

(i) Then, for j=1,....p

1
= Op (@Sjv logp/n) . (1.17)

(ii) Forjzl,...,pandc*andz

ke * *

) 8,n=58" ¢ n| = 0 (K25 /oglp v ).

(iii) Let Q(B) defined in (1.10). Then, for ?12 as in (1.9), we have ?j_z = Op(1). Moreover,
|2®B);—=1(8");| = or (K25} /1og(pvm)n) .

A~ -~

(iv) Let[Ni' be defined as in (1.12) with Q(E) defined in (1.10), E([Af) defined in (1.7) and f(0)
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as defined in (1.11). Then, for § = sgr V5@ with sq = max s, the size of the residual term

in (1.13) is

nl/2 nl/4

p . ))3/4
1Al = O <s210g(an)\/ g+ (log(pVn)) )

(v) Assume that 5(log p)>/*/n'/* = o(1), for 5§ = sg* V sq with sq = max;s;. Let I, and ay,
be defined in (1.15) and (1.16). Then, for all vectors ¢ = ej and any j € {1,...,p}, when

S,I/l,p >°° we hal/e

A few comments are in order. Part (1) of Theorem 1 implies that the proposed estimator
and confidence intervals have distinct limiting behaviors with varying magnitude of the censoring
level. In particular, (i) implies that H?( j) (E) — Y(Kj) (B") Hl inherits the rates available for fully
observed linear models whenever C, is bounded away from zero. Additionally, if all data is
censored, i.e., whenever C, converges to zero at a rate faster than A j» the estimation error will
explode. These results agree with the asymptotic results on consistency in left-censored and
low-dimensional models; however, they provide additional details through the exact rates of
B8,

rates, and the asymptotic result above matches those of fully observed linear models. In this

censoring that is allowed. For example, < n~ /4 s sufficient for optimal inferential

sense, our results are also efficient.

Part (i1) provides easy to verify sufficient conditions for the consistency of a class of
semi-parametric estimators of the precision matrix for censored regression models. This result
highlights specific rate of convergence (see Theorem 1 for more details). Part (iii) establishes
properties of the graphical lasso estimate with data matrix that depends on B In comparison

to linear models, the established rate is slower for a factor of s;, whereas in comparison to the
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results of Section 3 of [VAGBR " 14] (see Theorem 3.2 therein), we avoid a strict condition of
bounded parameter spaces.

Observe that Part (iv) is a special case of general theory presented in the Supplementary
document. There we show that a large class of initial estimates suffices.

For the case of low-dimensional problems with s = ¢'(1) and p = (1), we observe that

whenever the initial estimator of rate r,, is in the order of n~¢, for a small constant € > 0, then

ﬁ(ﬁ—ﬁ*) —U+A. (1.18)

with

U= —X‘I(ﬁ*>% g"”'(ﬁ*)

and ||Al| = Op(n~2€). In particular, for a consistent initial estimator, i.e. r, = &(n"'/?) we
obtain that ||Al. = Op(n~1/4).
For high-dimensional problems with s and p growing with n, for all initial estimators of

the order r, such that r, = ﬁ’(s‘;i* (logp)?/n¢) and t = O(sg+) we obtain that
||A||oo — Op <§(Za+3)/4(10gp)(1+b)/2/nc/2>

whenever §(log p)'/*/n'/* = €(1), where § = sV sq. Classical results on inference for left-
censored data, with p < n, only imply that the error rates of the confidence interval is ¢p(1);

instead, we obtain a precise characterization of the residual term size.

Remark 3. In particular, for the special case where the initial estimate is penalized CLAD

estimate, we show
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We obtain that the confidence interval I, is asymptotically valid and that the coverage errors are
of the order O <s‘(logp)3/4/n1/4>, whenever 5(log p)V/* /n'/* = 0(1).

Moreover, with p < n the rates above match the optimal rates of inference for the absolute
deviation loss (see e.g. [ZP96]), indicating that our estimator is asymptotically efficient in the
sense that the censoring asymptotically disappears even for p > n.

The condition §*10g> p < n is also similar to the results in [BCK13] obtained for p > n.
While it is unclear the orthogonal moments approach therein is applicable for fixed-censored
model, the rate condition required for quantile procedure is s° log3 (p) < n, for known density

and s*1og* (p) < n, for unknown density ( see Comment 3.3 and equation (ii) therein).

Lastly, observe that the result above is robust in the sense that it holds regardless of the
particular distribution of the model error (1.1), and holds in a uniform sense. Thus, the confidence
intervals are honest. In particular, the confidence interval I, does not suffer from the problems

arising from the non—uniqueness of B (see Theorem 11 in Section 1.7).

1.4 Left-censored Mallow’s, Schweppe’s and Hill-Ryan’s
One-step Estimators

Statistical models are seldom believed to be complete descriptions of how real data are
generated; rather, the model is an approximation that is useful, if it captures essential features
of the data. Good robust methods perform well, even if the data deviates from the theoretical
distributional assumptions. The best known example of this behavior is the outlier resistance
and transformation invariance of the median. Several authors have proposed one-step and k-step
estimators to combine local and global stability, as well as a degree of efficiency under target linear
model [Bic75]. There have been considerable challenges in developing good robust methods for

more general problems.
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We present here a family of robust generalized M-estimators (GM estimators) that stabilize
estimation in the presence of “unusual” design or model error distributions. Observe that
(1.1) rarely follows distribution with light tail. Namely, model (1.1) can be reparametrized
asy; = zi(B")B" + &, where z;(B") = x; W{x;B" +& >0} and & = & W{x;B" + & > 0}. Hence &
will often have skewed distribution with heavier tails, and it is in this regard important to design
estimators that are robust. We introduce Mallow’s, Schweppe’s and Hill-Ryan’s estimators for

left-censored models.

1.4.1 Smoothed Robust Estimating Equations (SREE)

In this section, we propose a robust generalized population estimating equations
E[¥(B)] =0 (1.19)
with " =n~1Y"  y/(B) and

v/ (B)=-n" iCIiWiT(ﬁ) W(Vi (vi —maX{O,Xiﬁ}))a (1.20)
i=1

where y is an odd, nondecreasing and bounded function. Throughout we assume that the function
y either has finitely many jumps, or is differentiable with bounded first derivative. Notice that
when ¢; = 1 and v; = 1, with y being the sign function, we have y; = y; of previous section.
Moreover, observe that for the weight functions ¢; = g(x;) and v; = v(x;), both functions of
R? — R, the true parameter vector B* satisfies the robust population system of equations above.
Appropriate weight functions g and v are chosen for particular efficiency considerations. Points
with high leverage are considered “dangerous”, and should be downweighted by the appropriate
choice of the weights v;. Additionally, if the design has “unusual” points, the weights ¢;’s serve

to downweight their effects in the final estimator, hence making generalized M-estimators robust
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to the outliers in the model error and the model design.

We augment the system (1.19) similarly as before, and consider the system of equations
EM(B)]+Y'[B" B =0, (1.21)

for a suitable choice of the robust matrix X" € R”*?. Ideally, most efficient estimation can be
achieved, when the matrix Y is close to the matrix that linearizes the smoothed score function of
the robust equations (1.19).
To avoid difficulties with non-smoothness of Y, we propose to work with a matrix X"
that is smooth enough and robust simultaneously. To that end, observe ¥ (B*) = ®"(B", ¢) for a
—1yn

suitable function ®" =n 10/ and ¢/ : R” x R — R. We consider a smoothed version of the

Hessian matrix, and work with ¥ = Y"(B") for
Y'(B) —Ex |V [ @ (B )]

where f. denotes the density of the model error (1.1). To infer the parameter B, we adapt a
one-step approach in solving the empirical counterpart of the population equations above. The
empirical equations are named as Smoothed Robust Estimating Equations or SREE in short. For
a preliminary estimate, we solve an approximation of the robust system of equations above, and

search for the B that solves

W(B)+Y (B)(B—B)=0.

The particular form of the matrix X" (B") depends on the choice of the weight functions g

and v and the function y. In particular, for the left-censored model (1.1),

Vg Ee[¥ (B =n"" f 4V g+Ee [ (vi(vi —max{0,x:8"}))] , (1.22)
i=1
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leads to the following form
1 5 / * T *
Y'(B")=Ex [n ') qviy’'(viri(B")xi wi(B) |,
i=1

whenever the function y is differentiable. We denote ' (v;ri(B)) := dy (viri(B)) /d B, where
ri(B) :=y;—max{0,x;B}). In case of non-smooth vy, y’ should be interpreted as g’ = dg/d B, for
g(B) =E¢[w(viri(B))]. For example, if y(-) = sign(-), then g(B) is equal to 1 —2P(r;(B) < 0)
and ¢(B") = 2/5,(0) I(xB" > 0)

1.4.2 Left-censored Mallow’s, Hill-Ryan’s and Schweppe’s Estimator

Here we provide specific definitions of new robust one-step estimates. We begin by
defining a robust estimate of the precision matrix, i.e., {X"}~'(B"). We design a robust estimator
that preserves the “downweight” functions g and v as to stabilize the estimation in the presence
of contaminated observations. For further analysis, it is useful to define the matrix W(ﬁ) =
Q'2W(B) and

Q = diag(qod) € R™",

where o denotes entry-wise multiplication, also known as the Hadamard product, with q =
lg(x1),q(x2),-- ,q(x,)] " € R and

N
d=1y'(iri(B")), ¥ (2r2(B")), -+, v (vra(B))| ER

for r;(B") = y; — max{0,x;8"}. When function ¥ does not have first derivative, we replace

v (vir;i(B")) with n-tyn Ew(v;r;(B*))]’. With this notation, we have
i=1

Wi(B*) = 0'2A(B")X;
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and Y (B")=n"'E [W( B*)TW(B")| takes the form of a weighted covariance matrix. Hence, to

estimate the inverse {Y"}~!(B"), we project columns onto the space spanned by the remaining

columns. For j =1,..., p, we define the vector 5( 7)(B) as follows,
- . . 2
G(j)(ﬁ):argminIEHWj(B)—W_j(B)OH /n. (1.23)
0cRrr-1 2
Also, we assume the vector 5(j) (B") is sparse with 5 := ||5(j) (B)||o < sq. Thus, we propose

the following as a robust estimate of the scale

QB =774  Q_;(B)=-776(,B), (1.24)

with

~ _ o~ ~ ~ 2
0. (B) = argmin {1, (8) - _,B)6 [, + 22,01, }.
0cRrr-! 2

and the normalizing factor

P =n [ WB) W 5(BI8 ) (B)| + 2118 Bl
Remark 4. Estimator (1.24) is a high-dimensional extension of Hampel’s ideas of approximating
the inverse of the Hessian matrix in a robust way, by allowing data specific weights to trim
down the effects of the outliers. Such weights can be stabilizing estimation in the presence of
high proportion of censoring.[Hil77] compared the efficiency of the Mallow’s and Schweppe’s
estimators to several others and found that they dominate in the case of linear models in low-

dimensions.
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Lastly, we arrive at a class of robust one-step generalized M-estimators,

B=B+Q(B) (nl iqinB) w(vi(yi—max{o,xiﬁ}))) . (1.25)

We propose a one-step left-censored Mallow’s estimator for left-censored high-

dimensional regression by setting the weights to be v; = 1, and
- . N N VT —9/2
gi = min { 1,b%2 ((w,,g(m —5(B)) Q55(B) (w,5(B) —w5(B)) ) } ,
for constants » > 0 and o > 1, with

n! i W[S(B)

i=1

=
N
E)
Il

and § = {j: [Ai s 0}. Extending the work of [CH93], it is easy to see that Mallow’s one-step
estimator with & = 1 and b = xs%0.95 quantile of chi-squared distribution with 5= |§ | improves a
breakdown point of the initial estimator to nearly 0.5, by providing local stability of the precision
matrix estimate.

Similarly, the one-step left-censored Hill-Ryan estimator is defined with
vi=ai=1/|Qs5(B)(w,5(B) —ws(B)) . (1.26)

and the one-step left-censored Schweppe’s estimator with the same ¢; as the left hand side of
(1.26), but v; = 1/g,. Note that these are not the only choices of Hill-Ryan and Schweppe’s type
estimators.

Another family of one-step estimators defined for Tobit-I models, for which we can use
the framework above, is the class of adaptive Huber’s one-step estimators, where v; = 1 and

gi = 1, and the function y takes the form of a first order derivative of a Huber loss function.
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However, it is unclear what the benefit of such loss would be for left-censored data, as the nice
convexity property of traditional least squares is no longer available regardless.

The purpose of this paper is to explore the behavior of the different types of one-step
estimators for left-censored regression model through studying their higher order asymptotic
properties. This provides a unified synthesis of results as well as new results and insights. We
will show that the effect of the initial estimate persists asymptotically, only if it is of least squares
type. We also show that the one-step robust estimate has fast convergence rates, and leads to a

class of robust confidence intervals and tests.

1.4.3 Theoretical Results

Similar to the concise version of Bahadur representation presented in (1.13) for the
standard one-step estimator with g; = 1 and v; = 1, we also have the expression for robust

generalized M-estimator,
Vi(B-B")=uU"+ar, (1.27)

but now with the leading term of a different form

;O){Zr}_l (ﬁ*)%ng/<vi (yi — maX{O,xz'ﬁ*}>) (wi(B™))".

r __
U=

Next, we show that the leading component has asymptotically normal distribution, and that the
residual term is of smaller order. To facilitate presentation, we present results below with an
initial estimator being penalized CLAD estimator (1.14) with the choice of tuning parameter as
presented in Theorem 1. We introduce the following condition.

Condition (rI'): Parameters 66)([3 "Yforall j=1,...,p are bounded and such that

{k: 06)7,(([3*) # 0} <5 for some s;j < n. Function 8(;(B) is Lipschitz continuous for all
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B satisfying condition (C). In addition, let q; and v; be functions such that max;|q;| < M and
max; |v;| < M, for positive constants M| and M, and E[y(&v;)] = 0. Moreover, let y be such
that Y(z) < e and 0 < Y'(z) < .

We will show that for the proposed set of weight functions, the above condition holds.
Boundedness of the function y’ allows for error distributions with unbounded moments, and
provides necessary robustness to the possible outliers in the model error. For the leading term of

the Bahadur representation (1.27), we obtain the following result.

Theorem 2. Assume that 5log'/?(p)/n'/* = o(1), with § = sg* V Sq and Sq = max;s;. Let

Conditions (C), (xT') and (E) hold and let Aj = C+/log p/n for a constant C > 1. Then,

For the residual term of the decomposition (1.27) we have the following statement.

Theorem 3. Let Conditions (C), (rT’) and (E) hold and let A; = C/log p/n for a constant C > 1.

Assume that $log'/?(p) /n'/* = o(1), for § = sg* V Sq with Sq = max;s;. Then,

§log(pVn) sﬁ*(log(p\/n))3/4
”Ar”‘x’ = Op < nl/2 \/ nl/4 ’

Remark 5. The estimation procedure described above is based on the initial estimator E taken to
be penalized CLAD. However, it is possible to show that a large family of sparsity encouraging
estimator suffices. In particular, suppose that the initial estimator B is such that || — B*[l2 < %,
and let for simplicity sg+ = s. Then results of Theorem 3 extend to hold for the confidence interval
defined as I, = (cT E —ay, ¢l B + a,) with a, as in (1.29). In particular, the error rates are of the

order of

(ﬁ/ztl/“ V%t )12 (log p) /% + \/%%/2%'%% + \/ﬁggz/zlﬂ"'

When s = €(1) and s; = (1), and all \/nA; = (1), previous result implies that the initial
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estimator needs only to converge at a rate of #(n~¢) for a small € > 0.

With the results above, we can now construct a (1 —2a)100% confidence interval for

¢' B of the form

L, = (cTB —dp,c' B +a“n> , (1.28)

where B is defined in (1.25), ¢ = e; for some j € {1,2,...,p},

~ N~ N~ A~

in =20\ QBT (B)R(B)e /v, (1.29)

with the robust covariance estimate that we define as

o~

TF(B) =n! zn:QiVill/(Vi(yi —xiTB))xiTWi(B)-
i=1

Remark 6. Constants M| and M, change with a choice of the robust estimator. For the Mallow’s

and Hill-Ryan’s, by Lemma 5 in Section 1.7,

2

w,5(B) —ws(B)| > 0.

2

(w,5(B) —75(B)) @5 5(B) (w,5(B) —75(B)) > C|

Thus, the coverage probability of Mallow’s and Hill-Ryan’s estimator is the same as that of the
M-estimator. However, the coverage of the Schweppe’s estimator is slightly slower, as result of

Lemma 1 and Lemma 5 in Section 1.7 imply

Together with Theorem 6 in Section 1.7, we observe now a rate that is slower by a factor of sg-,
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i.e., the leading term is of the order of & (s%* (log(pV n))3/4n*1/4).

Theorem 4. Under Conditions of Theorems 2 and 3, we have for Mallow’s and Hill-Ryan’s

estimator

34 2
o sg-(log(pVn)) §*log(pVn)
A ||m—ﬁp< Vi |

whereas for the Schweppe’s estimator

A= & S%*(IOg(PV”)FMv§3log(p\/n)
o= TP nl/4 nl/2

Remark 7. This result implies that the residual term sizes depend on the type of weight functions
chosen. Due to the particular left-censoring, the ideal weights measuring concentration in the
error or design depend on the unknown censoring. Hence, we approximate ideal weights with
plug-in estimators, and therefore obtain rates of convergence that are slightly slower than those of
non-robust estimators. This implies that the robust confidence intervals require larger sample size

to achieve the nominal level.

Corollary 5. Under Conditions of Theorem 2 and 3, for all vectors ¢ =ej and any j € {1,...,p},
when §,n,p — o and all o € (0,1) we have that (i) whenever the interval is constructed using
Mallow’s or Hill-Ryan’s estimator and §(log(p V' n))3/* /n'/* = o(1), the respective confidence in-
tervals have asymptotic coverage 1 — o; (ii) whenever the interval is constructed using Schweppe’s
estimator and §*(log(p Vv n))3/4 /nt/* = o(1), the respective confidence intervals have asymptotic

coverage of 1 — a.
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1.5 Numerical Results

In this section, we present a number of numerical experiments from both high-dimensional,
p > n, and low-dimensional, p < n, simulated settings.

We implemented the proposed estimator in a number of different model settings. Specifi-
cally, we vary the following parameters of the model. The number of observations, n, is taken to
be 300, while p, the number of parameters, is taken to be 40 or 400. The error of the model, &, is
generated from a number of distributions including: standard normal, Student’s ¢ with 4 degrees
of freedom, Beta distribution with parameters (2,3) and Weibull distribution with parameters
(1/2,1/5). In the case of the non-zero mean distributions, we center the observations before
generating the model data. The parameter g+ the sparsity of B*, #{j : B j # 0}, is taken to be 3,
with all signal parameters taken to be 1 and located as the first three coordinates. The n X p design
matrix, X, is generated from a multivariate Normal distribution .4” (i, X). The mean u is chosen
to be vector of zero, and the censoring level ¢ is chosen to fix censoring proportion at 25%. The
covariance matrix, X, of the distribution that X follows, is taken to be the identity matrix or the
Toeplitz matrix such that X;; = p|i_f | for p = 0.4. In each case, we generated 100 samples from
one of the settings described above and for each sample we calculated the 95% confidence interval.
The complete algorithm is described in Steps 1-4 below. We note that the optimization problem
required to obtain the penalized CLAD estimator is not convex. Nevertheless, it is possible to
write (1.14) as linear program within the compact set #, and solve accordingly [Pow84],

(uf +u;) +4 é (ﬁjﬂij)}

minimize n!
Be# {
ut,u">0

vi,v >0

BB >0

n

i=1

subject to u;r—ui_:yi—vl*, forl1 <i<n

p
vi—v =Y X; (B —B;) for1 <i<n.
=1
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In addition, as our theory indicates, we allow for any initial estimator with desired convergence

rate. Penalized CLAD is one example thereof.

1. The penalization factor A is chosen by the one-standard deviation rule of the cross validation,
2= argminy c 31 3m CV(4). We move 4 in the direction of decreasing regularization
until it ceases to be true that CV(14) < CV(I) + SE(?L) Standard error for the cross-

validation curve, SE(Z), is defined as a sample standard error of the K fold cross-validation

statistics CV{(A4),...,CVg(A). They are calibrated using the censored LAD loss as

CViA) =n ' Y i~ max{0,xB  (A)}].

i€k,

~—k
with B (1) denoting the CLAD estimator computed on all but the k-th fold of the data.

2. The tuning parameter A; in each penalized [, regression, is chosen by the one standard
deviation rule (as described above). In more details, A; is in the direction of decreasing
regularization until it ceases to be true that CV/(1;) < CV/ (I i)+ SE/ ()AL ;) for ?Lj as the

cross-validation parameter value. The cross-validation statistic is here defined as

~

Vi) =" Y (WiB) Wy (BIT )
i€k,
with ?j_k(l ;) denoting estimators (1.8) computed on all but the k-th fold of the data. This
choice leads to the conservative confidence intervals with wider than the optimal length.
Theoretically guided optimal choice is highly complicated and depends on both design
distribution and censoring level concurrently. Nevertheless, we show that one-standard

deviation choice is very reasonable.

3. Whenever the density of the error term is unknown, we estimate f(0), using the proposed

estimator (1.11), with a constant ¢ = 10. We compute the above estimator by splitting the
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sample into two parts: the first sample is used for computing B and B and the other sample

is to compute the estimate f(0). Optimal value of & is of special independent interest;

however, it is not the main objective of this work.

~

4. Obtain B by plugging Q(B) and f(0) into (1.12) with A and A; as specified in the steps

above.

The summary of the results is presented across dimensionality of the parameter vector.
The Low-Dimensional Regime with SEE Estimator are summarized in Table 1.1 and Figures 1.1
and 1.2. The High-Dimensional Regime are summarized in Table 1.3 and Figures 1.5 and 1.6. We
report average coverage probability across the signal and noise variables independently, as the
signal variables are more difficult to cover when compared to the noise variables.

We consider a number of challenging settings. Specifically, the censoring proportion
is kept relatively high at 25%, and our parameter space is large with p =400 and n = 300. In
addition, we consider the case of error distribution being Student with 4 degrees of freedom, which
is notoriously difficult to deal with in left-censored problems. For the four error distributions, the
observed coverage probabilities are approximately the same.

We also note that symmetric distributions are very difficult to handle in left-censored
models. However, when errors were symmetric (Normal), the coverage probabilities were
extremely close to the nominal ones. The simulation cases evidently show that our method is
robust to asymmetric distributions and does not lose efficiency when the errors are symmetric.

Lastly, to investigate smoothed robust estimating equations (SREE) empirically, we
preserve the previous high-dimensional settings with standard normal and Student’s 74 error
distributions respectively. However, to illustrate the robustness of the estimator, we artificially
create outliers in the design matrix X, and perform Mallow’s type SREE estimating procedures
with the perturbed X . Within each iteration, after generating X from .4 (u,X) accordingly, we

randomly select 10% of the columns, and then randomly perturb 10% of the entries in X by adding
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Table 1.1: Coverage Probability for Low-Dimensional Regime with Smoothed Estimating
Equations (SEE) Estimator

Distribution of the error term  Simulation Setting

Toeplitz design Identity design

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.97 0.98 0.95 0.94
Student 0.97 1 0.97 0.98
Beta 0.94 1 0.98 0.97
Weibull 0.98 0.98 0.94 0.98

Table 1.2: Coverage Probability for Low-Dimensional Regime with Powell Estimator as in
[Pow84]

Distribution of the error term  Simulation Setting

Toeplitz design Identity design

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.96 0.97 0.95 0.98
Student 0.95 0.98 0.96 0.96
Beta 0.94 0.99 0.91 0.99
Weibull 0.99 0.99 0.91 0.98

twice the quantity of the maximum entry in X, i.e. X; i = X;j+ 2 x max;; X;;. Such perturbations
create a considerate proportion of outliers in the design. The results are summarized in Table 1.4
and Figures 1.7 and 1.8. As coverages under various scenarios are close to the nominal level, the

results show that the SREE estimator is robust to high leverage points.

1.6 Discussion and Conclusion

SEE and SREE frameworks enrich regular high-dimensional inferential methods with
censoring and robust options. While a censoring option adds to the capacity of an existing
inferential methods extending them to non-convex problems in general, a robust option has the
potential to open a new direction. Usually, inferential methods have been aiming to create efficient

methods with asymptotically exact or pivotal properties in a class of specific models. However,
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Table 1.3: Coverage Probability for High-Dimensional Regime with Smoothed Estimating
Equations (SEE) Estimator

Distribution of the error term  Simulation Setting

Toeplitz design Identity design

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.92 0.96 0.97 0.95
Student 0.96 0.98 0.96 0.98
Beta 1 1 0.96 0.97
Weibull 0.95 1 0.87 0.97

Table 1.4: Coverage Probability for High-Dimensional Regime with Smoothed Robust Estimat-
ing Equations (SREE) estimator

Distribution of the error term  Simulation Setting

Toeplitz design Identity design

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.89 0.99 0.90 0.97
Student 0.92 0.96 0.90 0.99

0.4~

03-

— . |
-— -

normal student beta weibull normal student beta weibull

Figure 1.1: SEE estimator p < n and Toeplitz Design with p = 0.4. Comparative boxplots of
the average Interval length of Signal (left) and Noise (right) variables.
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Figure 1.2: SEE estimator p < n and Identity Design. Comparative boxplots of the average
Interval length of Signal (left) and Noise (right) variables.
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Figure 1.3: Powell estimator under p < n and Toeplitz Design with p = 0.4. Comparative
boxplots of the average Interval length of Signal (left) and Noise (right) variables.
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Figure 1.4: Powell estimator under p < n and Identity Design. Comparative boxplots of the
average Interval length of Signal (left) and Noise (right) variables.
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Figure 1.5: SEE estimator p > n and Toeplitz Design with p = 0.4. Comparative boxplots of
the average Interval length of Signal (left) and Noise (right) variables.
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Figure 1.6: SEE estimator p > n and Identity Design. Comparative boxplots of the average
Interval length of Signal (left) and Noise (right) variables.
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Figure 1.7: SREE estimator p > n and Identity Design. Comparative boxplots of the average
Interval length of Signal (left) and Noise (right) variables.
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Figure 1.8: SREE estimator p > n and Toeplitz Design. Comparative boxplots of the average

Interval length of Signal (left) and Noise (right) variables.
sometimes the nature of the data collection process has determined that a significant noise is
inevitable for some observations, or that portions of the observations have been corrupted by an
adversary. In big and high-dimensional data setting, such cases may occur naturally. When the
cost of error is too large to bear, it may be wise to consider an alternative that can improve upon
the inferential accuracy in a stepwise manner. With one-step robust estimators, one can often
successfully iterate the estimate, and identify misleading observations. Therefore, limiting the
effect of poor data quality.

Many different loss functions and penalty functions, including non-convex ones, may be
incorporated into this framework for the purpose of achieving correct inferential tools. A novel
theory is provided, with emphasis on diverging dimensions and left-censoring. Future work will
be devoted to how to better utilize longitudinal and heterogeneous observations.

There are many one-step estimators based on a suitable choice of loss function or esti-
mating equations, some of which have proved to work well, especially when the dimension is
reasonably high. The proposed method allows for left-censoring, non-smooth, non-convex losses

and/or non-monotone equations, and complements the existing methods in these domains. The
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method achieves rates comparable the ones of efficient methods (with full observations), and the
accompanying analysis provides tight control over both Type I and Type II error rates, which

makes it a practically useful and efficient alternative.

1.7 General Results

In this section, we present the general results along with theoretical considerations.
Statements and proofs of Lemmas 1 - 6 and Theorems 6 - 11 are included.

We begin theoretical analysis with the following decomposition of (1.12)

vn(B-8")
_; —1/p*\_* a R* L R’y _y—l/pxy) L (R*
=570 B 7 LvilB) + 55 (QB) -2 71(8")) Y wi(B)

o~

+vn(B-B")+ z—wmﬁw(wéw 12% ) (130)

We can further decompose the last factor of the last term in (1.30) as

w8 LB = CulB) - Cu(B) ! L5 [wiB) - wi(B)].

i=1

where

Ga(B) =" Y. [vi(B) ~Evi(B). (1.31)

To characterize the behavior of individual terms in the decomposition above, we develop

a sequence of results presented below that rely on the conditions that we listed in Section 1.3.

Lemma 1. Suppose that the Conditions (E) hold. Consider the class of parameter spaces model-
ing sparse vectors with at most t non-zero elements, € (r,t) = {w € R? | ||w]|]2 < rn,):§:1 I{w; #

0} <t} where ry is a sequence of positive numbers. Then, there exists a fixed constant C (inde-
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pendent of p and n), such that the process 11;(8) = T{x;6 > x;f"} — {0 > x;B"} satisfies with

probability 1 — 6.

n

Y. 14(8) ~ El(8)]

i=1

sup n!

8€C (ry,t)

e \/ natilog(np/8) tlog(20p/5)

n n

The preceding Lemma immediately implies strong approximation of the empirical process
with its expected process, as long as r,, the estimation error, and ¢, the size of the estimated set of
the initial estimator, are sufficiently small. The power of the Lemma 1 is that it holds uniformly
for a class of parameter vectors enabling a wide range of choices for the initial estimator.

Next, we present a linearization result useful for further decomposition of the Bahadur

representation (1.30).

Lemma 2. Suppose that the conditions (E) hold. For all B, such that ||B — B*||1 < &, the

following representation holds

n! iEw(B) —2£(0)Z(B")(B*—B) + 0B — Bl (B —B).

where X(B") is defined in (1.6).

Once the properties of the initial estimator are provided, such as Condition (I), Lemma
2 can be used to linearize the population level difference of the functions l[/,(B) and y;(B").
Together with Lemma 1, Lemma 2 allows us to overpass the original highly discontinuous and

non-convex loss function. Utilizing Lemma 2, Conditions (I)-(C) and representation (1.30), the

Bahadur representation of 8 becomes

Vi(B-B") = %(0)2‘1(!3*)% Y i(BY) 41+ bt Iy +1s (1.32)
i=1
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where

=i (1-QB)ZB") (B-B"). b= 5558V or(I1B—B11)(B~B")

27(0)
1

O (@) -='(8") %ié%(ﬁ*), L= fm)ﬂ(ﬁ)\/ﬁ Ga(B) - Gu(B)|.

We show that the last four terms of the right hand side above, each converges to 0
asymptotically at a faster rate than the first term on the right hand side of (1.32).

The following two lemmas help to establish /; column bound of the corresponding
precision matrix estimator. The first one provides properties of the estimator ?( j) (E) as defined in
(1.8). Although this estimator is obtained via Lasso-type procedure, significant challenges arise
in its analysis due to dependencies in the plug-in loss function. The design matrix of this problem
does not have independent and identically distributed rows. We overcome these challenges by

approximating the solution to the oracle one and without imposing any new conditioning of the

design matrix.

Lemma3. LetA; =C ((logp/n)l/2 V (r,i/z \/t1/4(logp/n)1/2> t3/4(logp/n)1/2) for a constant
C > 1 and let Conditions (I), (E), (C) and (I') hold. Then,

1
| = ﬁp (msj‘lj) .

Remark 8. The choice of the tuning parameter A; depends on the I, convergence rate of the

|7 (B) -7, (8")

initial estimator ry, and the size of its estimated non-zero set. However, we observe that whenever
ry is such that ry < t=3/* and the sparsity of the initial estimator is such that tsj\/m <1,
then the optimal choice of the tuning parameter is of the order of \/W. In particular, any
initial estimator that satisfies r, < n~ V4 s sufficient for optimal rates of inference in a model

where t < n!/4 and s; < nl/4,

The next result gives a bound on the variance of our /}\'( j) (B) estimator.
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Lemmad4. LetA;=C ((logp/n)l/2 V <r,11/2 \/t1/4(logp/n)1/2> t3/4(10gp/n)1/2> for a constant
C > 1 and let Conditions (1), (E), (C) and (T') hold. Then, for j=1,...,p and § ’]k and Z j

8 8in=54] G n| = 0n (1352)

Next is the main result on the properties of the proposed matrix estimator Q(B).

Lemma 5. Let the setup of Lemma 4 hold. Let Q( B) be the estimator as in (1.10). Then, for @2
as in (1.9), we have %\j_z = Op(1). Moreover,

|e®); =718 = or (K25)°4)).

1
The one-step estimator B relies crucially on the bias correction step that carefully projects

the residual vector in the direction close to the most efficient score. The next result measures the

uniform distance of such projection.

Lemma 6. Let the setup of Lemma 4 hold. There exists a fixed constant C (independent of p and

n), such that the process V,,(8) = Q(8 + B*) [Gn(8 + B") — G, (B")] satisfies

Y

sup ||V, (8)|..<C \/(rntl/z\/r%t)tlog(”l?/&\/tlog(an/S)

ISAGRS! n n

with probability 1 — & and a constant K, defined in Condition (E).

Lemma 6 establishes a uniform tail probability bound for a growing supremum of an
empirical process V,,(8). It is uniform in 8 and it is growing as supremum is taken over p, possibly
growing (p = p(n)) coordinates of the process. The proof of Lemma 6 is further challenged by the
non-smooth components of the process V,(8) itself and the multiplicative nature of the factors
within it. It proceeds in two steps. First, we show that for a fixed & the term ||V,(8)||- is small. In

the second step, we devise a new epsilon net argument to control the non-smooth and multiplicative
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terms uniformly for all 8 simultaneously. This is established by devising new representations of
the process that allow for small size of the covering numbers. In conclusion, Lemma 6 establishes
a uniform bound ||/4||. = Op (r,l,/zt3/4(logp)1/2 \ rat(log p)'/2 \/tlogp/nl/z) in (1.32).

Size of the remainder term in (1.13) is controlled by the results of Lemmas 1-6 and we

provide details below.

Theorem 6. Let A; = C ((logp/n)l/z\/ <r,i/2Vt1/4(logp/n)1/2> t3/4(10gp/n)1/2> for a con-
stant C > 1 and let Conditions (1), (E), (C) and (I') hold. With sq = max;sj,

|Allee = Op ((r,lﬂtl/4 \/rntl/z)tl/z(logp)l/z\/\/Esf{zljr%\/\/ﬁsfz/zljrn) .

We first notice that the expression above requires = ¢(n'/?/log(p V n)), a condition
frequently imposed in high-dimensional inference (see [ZZ14] for example). Then, in the case of
low-dimensional problems with s = ¢'(1) and p = €(1), we observe that whenever the initial
estimator of rate r,, is in the order of n~¢, for a small constant € > 0, then ||Al|. = Op(n¢/2). In
particular, for a consistent initial estimator, i.e. r, = ¢ (n~'/2) we obtain that ||A||. = Op(n~1/%).
For high-dimensional problems with s and p growing with n, for all initial estimators of the order

r,, such that r,, = ﬁ(s“ﬁ*(bgp)b/nc) andt = ﬁ(sﬁ*) we obtain that
Al = Op (S—(2a+3)/4(10gp)(1+b)/2/nc/z)

whenever §(log p)'/*/n!/* = 0(1), where § =1V sq.
Next, we present the result on the asymptotic normality of the leading term of the Bahadur

representation (1.13).

Theorem 7. Let A; = C ((logp/n)l/z\/ <r,11/2\/t1/4(10gp/n)1/2> t3/4(logp/n)1/2> for a con-
stant C > 1 and let Conditions (I), (E), (C) and (I") hold.
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Define U := #@2*1([3*)%52;;1 Vi(B*) = op(\/n). Furthermore, assume
(r,l/ztl/4 Vit /)t 2 (1og p) /2 \ \/ﬁsg{zljr,% \/ \/ﬁsé/zljrn =o(1).
Denote s =tV sq. If £(0), the density of € at 0 is known,

1
T Y 1
Q(BE(B)Q ] Ui —4 s o (0,— ).
(ﬁ) (ﬁ) (ﬁ) .. ) 4f(0)2
Remark 9. A few remarks are in order. Theorem 7 implies that the effects of censoring asymptot-
ically disappear. Namely, the limiting distribution only becomes degenerate when the censoring

rate asymptotically explodes, implying that no data is fully observed. However, in all other cases

the limiting distribution is fixed and does not depend on the censoring level.

Density estimation is a necessary step in the semiparametric inference for left-censored
models. Below we present the result guaranteeing good qualities of density estimator proposed in

(1.11).

Theorem 8. There exists a sequence hy, such that h, = ¢(1) and lim,,_e Zn Jhy =1 and h, ' (r, Vv

i’,]1/2t3/4(10gp/n)1/2 Vtlogp/n) = o(1). Assume Conditions (I) and (E) hold, then

Together with Theorem 7 we can provide the next result.

Corollary 9. With the choice of density estimator as in (1.11), under conditions of Theorem 7

and 8, the results of Theorem 7 continue to hold unchanged, i.e.,

PU;-2f(0) —E— 4 (0,1).

jj n,p,s—roo

Q(B)Z(B)Q(B)
Remark 10. Observe that the result above is robust in the sense that the result holds regardless
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of the particular distribution of the model error (1.1). Condition (E) only assumes minimal
regularity conditions on the existence and smoothness of the density of the model errors. In the
presence of censoring, our result is unique as it allows p > n, and yet it successfully estimates

the variance of the estimation error.
Combining all the results obtained in previous sections we arrive at the main conclusions.

Theorem 10. Let A; =C ((logp/n)l/z\/ (r,l/z\/tl/“(logp/n)lﬂ) t3/4(logp/n)1/2> for a con-

stant C > 1 and let Conditions (1), (E), (C) and (I') hold. Furthermore, assume
(r,}/ztl/4 vV rntl/z)tl/z(logp) 1/2 \/ \/Esg{zljr,% \/ \/ﬁsz/zljrn =o(1),

for sq =maxs;. Denote § =tV sq. Let I, and a, be defined in (1.15) and (1.16). Then, for all

vectors ¢ =ej and any j € {1,...,p}, when n,p,5 — oo we have
P (Jﬁ* c 1n> —1-2a

Let ]P’ﬁ* be the distribution of the data under the model (1.1). Then the following holds.

Theorem 11. Under the setup and assumptions of Theorem 10 when n, p,§ — oo

sup Pg (cTﬂ* € In> =1-2a.
Be#

1.8 Proofs of Main Theorems

Proof of Theorem 1. The proof for the result with initial estimator chosen as the penalized

CLAD estimator of [MvdG16] follows directly from Lemma 1-6 and Theorem 6-10 with r,, =
1/2

Sﬁ/* (logp/n)'/? andt = sg-. O

Proof of Theorems 2, 3 and 4. Due to the limit of space, we follow the line of the proof of
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Theorem 7 but only give necessary details when the proof is different. First, we observe that with

a little abuse in notation

vi(B)=w (B)R], Rl =qy(—vi&)

thus it suffices to provide the asymptotic of

1 & 1 &
TNo=—)Y V= — I{x;B > O}R:.
n \/ﬁl; i \/ﬁ;xl {sz } i

Moreover, observe that R} are necessarily bounded random variables (see Condition (1T"). Follow-

ing similar steps as in Theorem 7 we obtain
Var(T") > n—2exp{—n®/2}

where in the last step we utilized Hoeffding’s inequality for bounded random variables.
Next, we focus on establishing an equivalent of Lemma 2 but now for the robust general-

1ized M-estimator. Observe that

n

n 'Y By (B)]=n"" éx,T I{x;B > 0}¢;E¢ [l//(—vixi(ﬁ* -B)— v,-8,~>] . (1.33)

i=1

Moreover, whenever W' exists we have

Be w8~ B) —vier) | = v B) [ () i

for E(u) = a(—vix;(B" —B)) + (1 — a)(—v;u) for some & € (0,1). When y’ doesn’t exist we
can decompose Y into a finite sum of step functions and then apply exactly the same technique

on each of the step functions as in Lemma 2. Hence, it suffices to discuss the differentiable case
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only. Let us denote the RHS of (1.33) with AZ(B)(B" — B), i.e.

N(B) = - 0B > O)gwiaf v [/ (E(w) e

Next, we observe that by Condition (1T),

[ v ve)

< sup|y/'(x)| :=Cy

for a constant C; < . With that the remaining steps of Lemma 2 can be completed with X
replaced with L.

Next, by observing the proofs of Lemmas 3, 4 and 5 we see that the proofs remain to hold
under Condition (rT"), and with W replaced with W. The constants K appearing in the simpler
case will now be KM M,. However, the rates remain the same up to these constant changes.

Next, we discuss Lemma 6. For the case of robust generalized M-estimator v,,(8) of

Lemma 6 takes the following form

Va(8) =n"" Zn: Q(8+B")x/ [/i(8)8i(8) - fi(0)gi(0)]

i=1

with g;(6) = gy (vi(x;0 +€;)). Moreover, E¢[fi(8)gi(6)] = fi(8)Ee[qiw (vi(x;0 + &))] :==wi(9).
We consider the same covering sequence as in Lemma 6. Then, we observe that a bound equivalent
to 71 of Lemma 6 is also achievable here.

Term 7, can be handled similarly as in Lemma 6. We illustrate the particular differences

only in 751 as others follows similarly. Observe that

fi(8)8i(8) = W{x;6 > —xiB"}qiw(v(&;)) + I{x;6 > —x;B" }qivixi &y’ (&5)
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for 5 = vigi + (1 — @)vix; 0 for some o € (0,1). Next, we consider the decomposition

fi(6)8i(8) —E[fi(8)gi(8)] = T1,(8) + T51,(8)

where

T511(8) = (I{x;6 > —xiB"} —P(x;6 > —xiB")) iy (vi€:)
and

T312(8) = 1{x;8 > —xiB" }qvixi8y' (Es) —E [1{x;8 > —xiB" }qivixi8y'(E5)]

Furthermore, we observe that the same techniques developed in Lemma 6 apply to 73, (6) hence
we only discuss the case of T,;,(6). We begin by considering the decomposition 7;,(8) =

T3121(8) + T3, (8) with

T121(8) = I{xi8 > —xiB" }qvixi8 (v (&5) — Ee(v'(&5)))

and
T3122(8) = I{xi8 > —xiB" }qvixi8Ee (v (&5)) — E [I{x;6 > —x;B" }qivixiOE v (&5)]

Let us focus on the last expression as it is the most difficult one to analyze. Observe that we are
interested in the difference 7};,,(6) — T5},,(0x). We decompose this difference into four terms,
two related to random variables and two related to the expectations. We handle them separately
and observe that because of symmetry and monotonicity of the indicator functions once we

can bound the difference of random variables we can repeat the arguments for the expectations.
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Hence, we focus on
I = 1{x:8 > —x;B"}qvixiOBe (' (E5)) — W{x;8 > —Xiﬁ*}qivixinge(l//'(ﬁgk))-
First due to monotonicity of indicators and (1.57) we have
\h| < hi+Ia+1i3
with

I = (]I{x,-gk +L,>—xiB*} — ]I{xigk > —xiﬁ*}> QiVixings(‘Vl(ggk))
Iy = T8y + Ly > —xiB " YgimiLaEe (W' (E5))

hi3 = H{xigk—i—zn > —xiﬁ*}(ﬁ"ixigk <E£(V/(€5)) _Eg(wl(égk»)

As sup ' < o, I11 can be handled in the same manner as 75 of the proof of Lemma 6, whereas
L, =0p (Zn) For 113 it suffices to discuss the difference at the end of the right hand side of its

expression. It is not difficult to see that

Ee(y'(85)) —Ee(W' (&) < 4CviLy <ACMyL,

with C = sup, |y (x)| for the case of twice differentiable v, C = sup,d/dy| J”.. v’ (x)dx| for
the case of once differentiable y and C = f,ax for the case of non-differentiable functions y.
Combining all the things together we observe that the rate of Lemma 6 for the case of robust

generalized M-estimators is of the order of

\/Mg(rnt1/2 v K2M2M2r2)tog (2np) §) \1ogCne/d)
n n
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with M3 = sup, |y’(x)| for once differentiable W and M3 = fax for non-differentiable .

Now, with equivalents of Lemmas 1-6 are established, we can use them to bound succes-
sive terms in the Bahadur representation much like those of Theorem 1. Details are ommitted due
to space considerations.

For Theorem 4 in the Main Material, the same line of the proof of Theorem 11 applies,
but only replace the matrix £ with the matrix £'. The result of the Theorem then follows from
the arguments in Remark 2 in the Main Material. Uniformity of the obtained results is not

compromised as the weight functions ¢; and v; only depend on the design matrix. [l

Proof of Theorem 6. The proof of the theorem follows from the bounding residual terms in the
Bahadur representation (1.32) with the help of Lemma 3 - 6.

Recall in Lemma 6, we showed that
sl = G (204 2 2 108 p) 2\ tlog p /a2

For the term /I3, we have that

[e5)

by applying Holder’s inequality and Hoeffding’s inequality along with Lemma 5.

For the term I, we have

H B)vi-o(IB—B1)(B-B")|

ng (H“ ~x (B + (= B)L) B - B7I3)
< op (Vutsy 22\ Vi)
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by Hoélder’s inequality and Lemma 5, where ||A ||« denotes the max row sum of matrix A, and
|Al|1 denotes the max column sum of matrix A.

Lastly, for the only remainder term in (1.32), /1, we apply Holder’s inequality and Lemma

Vi (1-QB)ZB")) (B-B)
=V (Z7'(B")-(B))Z(B") (B-B")
<cvalz B -aB)| I1B-Bl:

< Op <\/ES22/2),]'7‘”) .

Proof of Theorem 7. We begin the proof by noticing that

yi(B") = sign(y; — max{0,x:8"}) (wi(B")) "

= sign(max{0,x;B" + &} —max{0,x;8*})(wi(B*))".

Recollect that by Condition (E), P(g; > 0) = 1/2. Additionally, we observe that in distribution,
the term on the right hand side is equal to w; (B*)R;, with {R;}""_, denoting an i.i.d. Rademarcher
sequence defined as R; = sign(—¢;). Hence, it suffices to analyze the distributional properties of
w," (B”)R;. Moreover, Rademacher random variables are independent in distribution from w;(B*).

Thus, we provide asymptotics of

s Ly TR,
s (B Ll (BR:



We begin by defining

1 * 1 *
V= —VV,'J' ]I(xiﬁ > O)Ri = _Xij ]I(x,-ﬁ > 0)R,‘
n n

n n

and we also define 7, := Y.} | V;. Notice that V;’s are independent from each other, since we

assumed that each observation is independent in our design. We have

n 1 246 n . n
Y BV = <%> EY X M(xB* > 0)*T° <n 'R [x;7T% <n¥/%.
i=1 i=1 i=1

(1.34)

Moreover, VarT),, = %Z?:lE (X,-j I(x;B* > O)R,-)2 — (EX,-J- I(x;B* > ())R,-)Z. Since R; are inde-
pendent from X,

EXij ]I(Xiﬁ* > O)Ri = ]EXU ]I(x,ﬂ* > O) -ER; = 0.

In addition, also due to this fact, V; follows a symmetric distribution about 0. Thus,

E

(ngE

VarT, =

S | =

—n

2
. 1 (& . L
(Xij D(x;B™ > O)Ri)2 = EE (;Xij I(x;B" > O)Ri> > E/ b f (1) dtn,

i=1

where with a little abuse in notation we denote the density and distribution of 7, to be f(z,) and

F(t,). Observe that

2
1 [& i} 1 [~ 1 n
;]E (injﬂ(xiﬁ >O)R,~> = / wr,% f(t,)dt, > - / 2 (t,)dty.

i=1 -n
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Thus,

1 n
VarT), > — (t,fF(r,,,) 1", =2 / tnF(tn)dtn) (1.35)
n —n
17, 2 "
> — nF(n)—n F(—Vl)_z tndtn
n —n
1
= — (2n*F(n) —n*) =n(2F (n) — 1)
n
. . Y EVi2e .
Now combining (1.34) and (1.35), we have lim, l—1+5 = 0. Thereby, we arrive at the
(VarT,) "2

result

%<iwy<ﬁ*)&> ¥ (0,VarTy),

j
with the fact that Var7,, = 1EY" , W;;(B")? = %EW]-T(ﬂ*)Wj(ﬁ*) =X(B"),;. Also, the covari-

ance

Therefore, we have the following conclusion,

[2f<0>2 (B 5 L il >]jwV(o,4f(0)2 =6z 6] ),

where j =1,---, p. This gives

[Z7'(B")5]
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Notice that for two nonnegative real numbers a and b, it holds that

L0 Vbeya_ bea
va b Vab  Vab(Vb+/a)

We first make note of a result in the proof of Theorem 10, that

= op(1) (1.37)

Leta = ﬁ(ﬁ)):(ﬁ)ﬁ(ﬁ)} _and b =X"!(B");;. By Condition (C), we have /b is bounded
Jji
away from zero. Then, /a is also bounded away from zero by (1.37), and so is \/%(\/5 ++/a),

since we have

=B, - [QBZBRB)| < |QBZBIB) -2 7(B")

Ji

The rate above follows from (1.41) in the proof of Theorem 10. Notice the rate is of order smaller
than the rate assumption in Theorem 6.

Thus, we can deduce that

for some finite constant C. Applying Slutsky theorem on (1.36) with the inequality above, the
desired result is obtained. O

-~

Proof of Theorem 8. We can rewrite the expression f(0) in (1.11) as

_ - Y I(x;B>0) M0 <y —xB < /};n)
= h; .
1 I(x; > 0)
E—l”fl P 0GB >0) M0 <yi—xif <h,) n 'YL P{xB" >0}

n n 1Y P{xp" >0} n LY (xB > 0)

£(0)
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Since ’nil ’ [H{x,ﬁ >0} —P{x;p" > 0}} ‘ = op(1), we have

o a ()TN WG > 0) (0 <y —xif < hy)
n-1y!, P{x;B" > 0}

Using a similar argument and the fact that lim,,_,c Zn /h, =1, we have

o a (b)Y T(xB > 0) I(0 < yi —xiB < i)
f(0) = YT BB > 0] :

Now we work on the numerator of right hand side. Specifically, let ; = y; —x; 8™ and

ni=yi— xl-ﬁ, we look at the difference of the quantities below,

i <} — Y xB* >0} {0 < m; < hy
i=1

< (han)™"| Y {x;B > 0} {0 < 7y <7} — Y M{x:B™ > 0} {0 < 7j; <,
i=1 i=1
+2(han) | B > 0} O <y < 1y} — ¥ B > 0} {0 < 1 <}
i=1 i=1

Y I{xB* > 0} {0 < 7 <hy}— Y I{xiB" > 0} {0 < 7 < hy}
i=1 i=1

We begin with term 77. By Condition (E), we have ET} = o(h,, ! HB —B*||1). By Corollary

1, we have

Ty Ty < |Ty ~ETy| = op (' (n/ >4 (10g p/m)! /2 v t1og p/m) )
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which then brings us that 7} is of order ¢p(1). For term 7, we work out the expression

H{O < ﬁi < il\n} - H{O < ni < hn} = ]I{O < ﬁl} ]I(ﬁi < 7’l\n} - ]I{O < nz} H{ni < hn}
= 1{0 < A} (W) <} = B <} + (1{0 < i} = {0 < 1)) W{ms < o}

< {7 < I} — T{m; < By} + {0 < 7} — {0 < i}

Next, we notice that for real numbers a and b, we have I(a > 0) — (b > 0) < I(|b| < |a — b]).

Thus, we have

T2 S (hnl’l) -1

Y {H(ﬁi <} — M < by} + {0 < i} — I{0 < Tli}> ‘

i=1

<h,'n7Y M|y — i < i — B + 105 = 4]} + By ' Y I{nil <Imi—mil}
i=1 i=1

<ty 07 Y W = i < [ — il + [l B — B2}
i=1

if
n ~
+hy Y il < lxilleol| BT~ Bll1}
i=1
T

To bound 751, we use similar techniques as with 7. Notice that
ETs1 = iy P ([l =l < [on =+ i1 |1B — B°I11)

It is easy to see that |k, — n);| shares the nice property of the density of &. Thus, ET5; is bounded
by op(1). Then by Hoeffding’s inequality, we have that with probability approaching 1 that 75 is

of ¢p(1). Ty can be bounded in exactly the same steps.
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Finally, we are ready to put everything together that

n ~ R n
(han) ™'Y, ;B >0} {0 < 7y <y} — Y. W{xiB™ > 0} M{0 < 1; < hy}| = op(1).
i=1 i=1
By applying Slutsky theorem, the result follows directly,

d Yi H{xiﬁ* >0}I{0<m; <h,}
— = .
n~ ! YL P{xB” > 0}

=)

(0)

]

Proof of Corollary 9. By multiplying and dividing the term f(0), we can rewrite the term on the
left hand side as

1 1
2

QBZB)RB)| U;-27(0) = |BEPB)QB)| " U;-2£(0)

JJ JJ

0
0

S]
A>
N—

~

Also, as a result of theorem 8, we have

1£(0) = f(0)] = =
T—!f(o)/f(o) 1| =op(1),

with Condition (E) guarantees that f£(0) is bounded away from 0. It also indicates that

o~

7(0)/£(0) & 1.

Finally, we apply Slutsky’s Theorem and Theorem 7, we have

N

' Uj-2f(0) —L— 4 (0,1).
J

J n,p,sﬁ* —00

Q(B)E(B)Q(B)
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Proof of Theorem 10. The result of Theorem 10 is a simple consequence of Wald’s device and

results of Corollary 9. The only missing link is an upper bound on

|e®)zB)2B) -=7'(8") (1.38)

max

First, observe that

Q(B)Z(B)R(B)-=7'(B") = (QB)~Z(B") ) £(B)(

T Ib)

E)
+
™
=
N
—
M
=)
2
E)
|
=
~

Regarding term 77, observe that by Lemma 5 it is equal to ¢p(1) whenever HZ(B )Q(B) || max 1S

-~ ~

Op(1). This can be seen from the decomposition of £(B)Q(B) — I, which reads,

|=B)2(B) -1

= =78 (2B)-x(8")|

max max

-~

I
+||(e®)-276") (2B) -z8)) |
+ =) (2B) -z 8)|

[\
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We notice that

15 =

=7'(B) (w Y wl BwiB)—n ! Yow) (B )wi(BY)

i=1 i=1

! iwﬂﬁ*)wi(ﬁ*)—nIEiwﬂﬁ*)wi(ﬁ*))

(1.39)

(1.40)

max

For (1.39), we have the following bound

(1.39) < [[Z71(BY) |, ”Z(vv, ) +wi(B ))T<wz~(l§)—wz~(ﬁ*))

max

< Csi?n 1221(2( (xiB > 0)~ 1(xB")),
i=1

for some positive constant C, where ||A|| denotes the max row sum of matrix A and ||A||max
denotes the maximum element in the matrix A. By Lemma 1, we can easily bound the term above

with Op (Kzsgz(r,i/zﬂ/“(log p/m)' 21 logp/n)) . For (1.40), we start with the following term,
n 'Y (Wi (B")W(B*) —EW;;(B")Wi(B™)) -
i=1

Applying Hoeffding’s inequality on this term, we have that with probability approaches 1, the

term is bounded by ﬁp(n_l/ 2). Then we bound term (1.40) as following, for some constant C,

(1.40) < |27 (8. | ; (s (B wi(B") — =] (B")wi(B"))
< sy mk{ 'Y (0B W)~ )m(ﬁ"))}—ﬁp(w
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Term T3, can be bounded using Lemma 5 and the results from term 7>, and turns out to
be of order Op <K4s§2/2/1j(r,i/zt3/4(logp/n)1/2 v tlogp/n)) :
Lastly, by Lemma 5, term 753 is of order Op (Kzsf-z/zl j> .

Putting the terms together, we have HE(B)Q(B) - ]I‘

bounded by

max
Op ((sslz/2 vV s?{zﬂtj) (ra%63/*(1og p/n) /2 V t1og p/n) \/s?z/zﬂtj)

Thus, H)’.‘.(/B\)Q([Ai) |lmax is @p(1), and so can T, be shown similarly. The expression (1.38) is then

bounded as,

|aBiz@Q®) -6 (1.41)
— Oy ((s;{ 2y s3225) (283 (og p/m) /2 v tog p/n) \/ si) %)
which then completes the proof.
L]

Proof of Theorem 11. The result of Theorem 11 holds by observing that Bahadur representations
(1.32) remain accurate uniformly in the sparse vectors B € ; hence, all the steps of Theorem 6

apply in this case as well. 0

1.9 Proofs of Lemmas

Proof of Lemma 1. Let {gk}ke ivs] be the centers of the balls of radius r,&, that cover the set
% (ra,t). Such a cover can be constructed with Ng < (7)(3/&,)", see [VAV00] for example.

Furthermore, let D,,(8) = n~ 'Y, [1;(8) — E[w:(6)]] and let

,%’(gk,r) = {5 eERP: ||5k—5||2 <r, supp(6) C supp(gk)}
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be a ball of radius r centered at gk with elements that have the same support as gk. In what
follows, we will bound supsce(,, ;) |Dx(8)| using an €-net argument. In particular, using the

above introduced notation, we have the following decomposition

sup  |Dy(8)| = max  sup  [D,(8)]
5 (rn ) kEIN6) 5 (81 )

< max |D, (5k)|—|— max  sup |Dn(5)—Dn(5k)|. (1.42)
EM Nl ses@ing)

We first bound the term 77 in (1.42). To that end, let Z;; = (ui(gk) —-E [u,(gk)D . With

a little abuse of notation we use [ to denote the density of x; 8" for all i. Observe,

E [1(8)] = P(x,ﬁ* < x,-a) —IP’(x,-ﬁ* < o): wi(8) — wi(0),

where w;(8) := P(x;B" < x;8), as a function of §. Then Ty = maxycy,) |2~ Licpy Zix| - Note

that E[Z;] = 0 and

Var[Z [11 <x,ﬁ* < x,-Sk) + H(x,-ﬁ* < 0) 21 (xiﬁ* < x,Sk) I <x,-;3* < o)}
{]E (x,-B* < xi5k> “E 11<x,.ﬁ* < xiék)} 2
Lol (o <o) a0
|l s s )

B0 ()2 (8 —wi(0)] <3

wi(81) —w,-(O)‘ : (1.43)

where (i) follows from dropping a negative term, and (ii) follows from taking absolute value

within the second expectation. We can apply linearization techniques on the difference of
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wi(8x) — wi(0).

(iif)
<

iv)

wi(8%) —wi(0) xigk‘ ! (Cixi5k> (S

xigk‘ K1 (ci€0,1]),

where (iii) follows by the mean value theorem and (iv) from the Condition (E). Hence, we have

Zi| < Cmax;

that almost surely, x;0 k‘ for a constant C < oo. For a fixed k, Bernstein’s inequality,

see Section 2.2.2 of [VDVW96] for example, gives us

Kilog(2/0 - log(2/6
”_IZZik <cC 1 gg/ )szak‘\/ g(2/é)
ic[n] n = n
with probability 1 — . Observe that for Y;c(,) xigk , we have

~ ~T ~
x,~5k‘ < Cn\/ 8, XTX8) < Cluryt\/? (1.44)

where the line follows using the Cauchy-Schwartz inequality.

i€n]

Hence, with probability 1 — 26 we have for all A; > A+/log p/n that

ray/tlog(2/9) \ log(2/9)

n n

<C

l’l_l Z Zik

i€[n]

Using the union bound over k € [Ng|, with probability 1 — 23, we have

e[ o

n n

62



Let us now focus on bounding 7 term. Let Q;(8) = u;(6) —En;(8). For a fixed k we have

sup D,(6) — Dn(gk) < sup
5 B(85,mE) 5B (8r.rabn)

n 'Y 0i(8)— 0i(8y)

i€[n]

= T21.

We further simply the expression, with a little abuse of notation,

Zi = 0:(8) - 0(81) = [1(58 > 1) — Uy > )]

_ [E ]I(x,-6 > X,‘ﬁ*) +E ll(xigk > x,-ﬁ*)} .
Then it is clear that EZ!, = 0 and as shown earlier in Var(Zy),

Var(Z;,) <3

wi(8) —w,-(Is’k)\ < 3K, ‘xi (5 _ Ek) ‘

Moreover,

(8 - 89| < K18~ Bullzy|supp(8 - )

where K is a constant such that max; j |x;;| < K. Hence,

max max  sup )x,ﬁ —x,ﬁk’ < rp€yv/t max lxij] < Crpé vt =: Ly,
ke[Ng] i€[n] 86%(51(7”15”) i,j

The term 751 can be bounded in a similar way to 77 by applying Bernstein’s inequality

and hence the details are omitted. With probability 1 — 24,

L,log(2/8) vlog(2/5)

n

1 <C

1

b

A bound on 7> now follows using a union bound over k € [Ng]|. We can choose &, =n~

63



which gives us N5 < (pn?)". With these choices, we obtain

)
n n

T<C \/r"’ﬁlog(”l’/& V tlog(2np/§)

which completes the proof.

]

Proof of Lemma 2. We begin by rewriting the term n~! Y, wi(B), and aim to represent it

through indicator functions. Observe that

! Zn: yi(B)=n" Zn:xiT I(x;B > 0)[1 —2- M(y; —x;B <0)]. (1.45)
i=1 i=1

Using the fundamental theorem of calculus, we notice that if x;8* > 0, [ x?(Bf B*) f(&)de =

F(0)—F(x;(B—B")) = 3 — P(y; < x;B), where F is the univariate distribution of €. Therefore,

with expectation on €, we can obtain an expression without the y;.

n i n 0
Y Eew(B) = |1 Ll 0GB >0)-2 /Xi(ﬁ_ﬁ*)f(u)du]

= ”_lixiTH(xiﬁ>0>-2f(u*)xz'(l3*—ﬁ) = Au(B)(B”—B).

i=1

for some u* between 0 and x;(B" — B), and where we have defined

n

Au(B) = [n_l Y 1(xB > 0)x; x; - 2f(u*)] :

i=1

We then show a bound for A := ‘ [ExAn(B) —2f(0)Z(B™)] j&|» Where we recall L(B)is
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defined as earlier, £(B*) =n~ 'Y | Ex I(x;8" > 0)x, x;. By triangular inequality,

A<

-~ Z]E (6B > O - 2(f () — £(0)) (1.46)

+ (1.47)

n! iEX I(x;B > 0)xijxi - 2 (0) — n! i]EX I(x;B" > 0)x;jxix - 2f(0)] .
. ~

i=1 i

Notice that T(x; > 0) — I(x;B" > 0) < U(x;f >2x;B") = N[x;" < x;(B — B*)]. Moreover, the
original expresion is also smaller than or equal to Il (|x;8*| < |x;(B — B")|). The term (1.47) can

be bounded by the design matrix setup and Condition (E),

n

n 'Y Ex L(x;B > 0)x;jxy - 2(0) —n " zn‘,Ex I(x;B" > 0)xijxix - 2 (0)

= =

<2f(0)K’n"! iiEX L (|xiB"| < I|xill (B — B™)Il1) <2(0)K*[[(B—B")lhr-

With the help of Holder’s inequality,

(146)| <n 'YL Ex T(xif > 0)[lxi||2 - 2| f(u*) — £(0)].

By triangular inequality and Condition (E) we can further upper bound the right hand side with

n
207"y Ex|xi|2 - Lollxill< 1B — B7|l1-
=1

Then we are ready to put terms together and obtain a bound for A. Additionally, by the design

matrix setup we have

A< (C+2f(0)K>|B—B |,

for || — B*||; < & and a constant C. Essentially, this proves that A is not greater than a constant

multiple of the difference between B and B*. Thus, we have as n — oo

nliwm - éwgwm —2/(0)=(B")(B"—B)+ (1B~ B ) (B"—B).
(1.48)
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]

Proof of Lemma 3. For the simplicity in notation we fix j = 1 and denote ?(1)(?3) with ?(B)
The proof is composed of two steps: the first establishes a cone set and an event set of interest
whereas the second proves the rate of the estimation error by certain approximation results.
Step 1. Here we show that the estimation error ¥ — ¥* belongs to the appropriate cone set
with high probability. We introduce the loss function /(B,y) =n" 'YL, (Wi1(B) — Wi By~

The loss function above is convex in ¥ hence

A~

@1 Vol (B Dlyy~ Vol (B.Vlyy | 2 0.

Let h* = HV,,Z([A?, Y)|y=y Hoo Let 8 =¥ — ¥*. KKT conditions provide (VYZ(B, 7)|7_Y*+5>j =
—Aisgn(Y;+8;) forall j € S{N {7, #0} with §; = {j : ¥* # 0}. Moreover, observe that § ; = 0
for all j € SN {¥; = 0}. Then,

@—7) [VAB.Ply5— VAl B Vlyy

=Y &/ (VB Dlyyi5)i+ ¥ 8/ (Vyl(B.V)yoyer5)i +8 (—Vol(B.Y)ly—y)

]ESCI‘ j€S1
< Y 8;(—Msgn(Y;+8,))+ A1 Y, 18,1+h*[ 8]
JESS JESI

=) M8+ ) Ml +h(18s, [l + k|| 8s: 11
JES§ JES)

= (1" = 2)[18s5 [l + (A +17) |85, [11-

Hence on the event i* < (a—1)/(a+ 1)A, for a constant a > 1, the estimation error 8

belongs to the cone set

€(a,8)) ={x e R ||xg 1 <allxs,[I1} (1.49)
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Next, we proceed to show that the event above holds with high probability for certain

choice of the tuning parameter A;. We begin by decomposing
W < VB Py |+ ||V B Vv = V4B V) lpr |

Let Hy = Vyl(B",¥)|y=y and let H, = Vyl(B",¥)ly=y- — Vyl(B.¥)|y—y- We begin by
observing that Vyl(B, Vly=y = Vol (B*,Y)ly=y + A1 + Ao + Az + Ay, for

~

~ T
A1 =20~ (W-1(B) = W-1(B")) Wi(B)
(

Next, by Lemma 1 we observe

[A| < 2K?n~! = 0Op (Kzr,l/zt3/4(logp/n)l/2\/Kztlogp/n> ,

Y 1w(B"—B) — 1i0)
=1

and similarly |A, ;| = Op (I(zr,ll/2t3/4(10gp/n)1/2 \/K%logp/n). Then, it is not difficult to see
that such assumption provides ||[W_;(B*)¥*|l. = Op(K). By Holder’s inequality followed by
Lemma 1

Y. [1(B" ~B) ~ )

i=1

— Op (I{Zr,l/zﬁ/“(logp/n)1/2 \/K3t10gp/n) :

As | < 2Kt

and similarly |A4 ;| = Op <K2r,1,/2t3/4(logp/n)1/2 VK%t logp/n> . Putting all the terms together
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we obtain

H, = Op <K2r$/213/4(10gp/n)1/2\/Kztlogp/n> .

Next, we focus on the term H;. Simple computation shows that for all k =2,--- p, we

have
n

Hl,k = —27[71 Z u;
i=1
for u; = XikCT,i I{x;B" > 0}. Observe that the sequence {u;} acrossi=1,---,n, is a sequence
of independent random variables. As €; and x; are independent we have by the tower property

Elri] = Ex [Xa I{x;B" > 0}E,[{] ;]| = 0. Moreover, as {7 is sub-exponential random vector, by

Bernstein’s inequality and union bound we have

2
nfc ¢
P(||Hi|| >¢) < pexp{—i (—Nz Y —N) }

1/2

where ||u;|y, < K||§>1kl v := K < o0. We pick c to be (log p/n)

, then we have with probability

converging to 1 that

B < [|Hi oo+ ||Ha | < (log p/n)'/? +Cira >4 (log p/m)! 2 + Catlog p

<(a—1)/(a+1)A,
for some constant C; and C,. Thus, with A chosen as
Ja = ((togp/m) 2\ (/> \/ 1"/ (tog p/m)'/2) /4 (10g p/m)'/2)

for some constant C > 1, we have that 4* < (a — 1)/(a+ 1)A; with probability converging to 1.
More directly, with the condition on the penalty parameter A, this implies that the event for the

cone set (1.49) to be true holds with high probability.
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Step 2. We begin by a basic inequality

1B,7)+ M7 < 1B.¥) + MYl

guaranteed as ¥ minimizes the penalized loss (1.8). Here and below in the rest of the proof we
suppress the subscript 1 and B in the notation of W; (B) and W_, (B) and use W and W~ instead

and similarly W* := W (B*) and W " = W_; (B"). Rewriting the inequality above we obtain

o~ T —
o WIWy+n W Wy

o~ —_— /\T/\ o~
<20 'WIWoy Ty T W Wy =AY A Y

Observe that W;;(B) = Wi;(B*) + Xij[(B* — B) — 14;(0)]. Let o4; = X;;[wi(B* — B) —
ui(0)]. Let A be a matrix such that A = {@;;}1<i<n,1<j<p. From now on we only consider
A to mean A; and A~ to mean A_;. Next, note that W;* = W;*y* + ¢ by the definition of
Y* in the node-wise plug-in lasso problem. Together with the above, we observe that W, =

Wi_*y* + (A= Wi_*'y* + €. Hence, the basic inequality above becomes,

o (W Er) (WA ) Y WA (W AT
<o "Wy e) WA )Y Ay T (W AT (W ATy

— 7+ MY
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With reordering the terms in the inequality above, we obtain

n W - W Y| < 8+ 8+ 8 — Al + 4
for S =2n"legf" (Wf*-l-A*) (Y—7),

&=2n"ly WA (Y-Y),

s=n"(r+7) (ATA 2w A7) (v 7).

_%T

Next, we observe that A; are bounded, mean zero random variables and hence
v 1/2
n | Y Al = Op(n!/?).
i=1

Moreover €/ is a sum of sub-exponential and bounded random variables, hence is sub-exponential.

Thus, utilizing the above and results of Step 1 we obtain
81 < K*(a+1)|[¥s, — 15,11 6p(n~'1?),

& < K*(a+1)|[¥5, —¥5, 1195, op(n~1/2),

Lastly, observe that
& <nly T (A‘TA‘ n 2W—*TA—) ¥y’ (A‘TA‘ n 2W—*TA—> ¥ (150

Moreover, as ¥ — ¥* belongs to the cone C(a,S;) (1.49) by Step 1, by convexity arguments it is

easy to see that ¥ belongs to the same cone. Together with Holder’s inequality we obtain

n
_ S ~
3 <3k~ Y Wit Az, (176, 13+, 1B
l:
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Utilizing Lemma 1 now provides

83 < e (1175, 112+ 117, 112]

where K is such that Kk = ﬁp(Kzr,I,/zt3/4(logp/n)1/2). Moreover, observe that if A; is chosen to

be larger than the upper bound of k. Putting all the terms together we obtain

n—l

ks %k 2 ~ -~ -~
(W7 =Wy)” < 2hl¥s, —¥s, o+ 2195, 13+ Al ¥s, 12— Al ¥+ 21yl

-

1

<3hll¥s, = ¥s, 1+ Aallvs, 12+ A1, 112

where the last inequality holds as |; — ¥i| > |vi| - |7;| for j € Sy, and disregarding the negative
terms — A1 [[¥se[1-
Moreover, by Condition (C) and Step 1 we have that the left hand side is bigger than or

equal to Con™! Y (Xi_?— Xi_y*)z, allowing us to conclude

_ ~ 2 ~ ~
n G X @), < 3Mll¥s, — 95, I+ 22175, 12+ A 175, — 75,113 (1.51)

holds with probability approaching one. Let S = Sg+ for short. Condition (') and (CC) together

imply that now we have

(66C2 = M) ¥s, — Y5, 113 < 3/s5124[[¥s, — ¥, 2+ 224175, |12

Solving for |[¥5, — ¥, ||2 in the above inequality we obtain

75, = 75,12 < 3v/5141/(65C2 — M)
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The result then follows from a simple norm inequality

[Y=7"1h < (a+DIYs, — 5,111 < @+ D/sil|¥s, — V5, [l2
and considering an asymptotic regime with n, p, s g*: 81— .
]
Proof of Lemma 4 . Recall the definitions of Z ;j and 4 j Observe that we have the following

inequality,

173 1T N _ T
ST sl 7 W T ol

“1ll * - * ] gk | gox — * 1 gox
sn IHCPLCJ ongj_Cj ﬁ‘” ' & -n'EE; L

L8 m—EL L

’

using triangular inequality and Holder’s inequality.
We proceed to upper bound all of the three terms on the right hand side of the previous

inequality. First, we observe

¢

S| Wi = w8, (B)

o HWJ(E)—W—j(B)%(ﬁ)H (1.52)

[}

Moreover, the conditions imply that |W; (E )||- < K (by the design matrix condition),

W=7, (Bl < K (1175,(B) ¥, (B") | + Op(K)

and by Lemma 3, for 7Lj as defined, the right hand size is Op (Ks jlj VK ) Thus, we conclude

|&5+¢;

= ﬁp(K\/KsjAj\/K): Op (KVKVKsjh;).
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Its multiplying term can be decomposed as following

<n! X0 (1(XB >0) - 1(XB" >0)) H1

,1‘/\ _

7t W (BY¥ ) (B) — W= (B") 7, (B

where o denotes entry wise multiplication between two vectors. The reason we have to spend

such a great effort in separating the terms to bound this quantity is that we are dealing with a
1-norm here, rather than an infinity-norm, which is bounded easily

We start with term i. Notice that

n

n! Hon <]I(XB >0)-T(XB" > 0)) Hl <Kn~ Z x,B >0)— I(x;B" > 0)],

by Hoélder’s inequality and the design matrix condition. Moreover, by Lemma 1 we can easily

bound the term above with Op (Kr,]/zt3/4 (logp/n)'/?\/ Kt 10gp/n> , with r,, and ¢ as defined in

Condition (I).

For the term ii, we have

i <n~! Hx_ﬁ(j)q?) o I(XB >0)~X_;¥;,(B*)o (X > 0)((1
4! Hx_jy(*j)(ﬁ*) o I(XB > 0)~X_ ;¥ (B") o I(XB" > O)H1 .

Observe, that the right hand side is upper bounded with

(o]

Jwcp o

K |[7,(B) ~ 7, (B)

n! i [ (xiB > 0) — M(x;B* > O)]

i=1

b8
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by the design matrix condition. Utilizing Lemma 1, Lemma 3 and Condition (I') together we

obtain

i = Op (KsjAj) + Op (Kr,l,/zt3/4(logp/n)l/2\/Ktlogp/n) ,

for the chosen A;. Combining bounds for the terms i and ii, we obtain

n! HZJ—‘S

= Op (Ksjkj\/Kr,£/2t3/4(logp/n)]/2\/Ktlogp/n>

P _ T . . .
Next, we bound ‘n 17 ¢ —n""EL; §|. If we rewrite the inner product in sum-

mation form, we have ‘n_IC}kTCj — n_lECjTCj-

=n Y1, (Cf}z — EC{;z> . Notice that {5 =

W;i(B") — Wi—i¥()) (B") is a bounded random variable and such that || = ﬁp(K+Ks}/2). We
then apply Hoeffding’s inequality for bounded random variables, to obtain
—1 x| g% — * 1 gox _
w8 'L G| = 0p(KPsjn! ).
O

Proof of Lemma 5 . We begin by first establishing that %72 = Op(1). In the case when the penalty

~

part A; H/')?( J) (B) Hl happens to be 0, which means ?( 7 (B) = 0, the worst case scenario is that the

~ ) ~ 2
regression part, 7! HWJ(ﬁ) — W_j(ﬁ)?(j) (B) Hz’ also results in 0, i.e.

0=W;(B)—W_;(B)¥;(B) (1.54)

We show that these terms cannot be equal to zero simultaneously, since this forces Wj( B)=0,
which is not true. Thus, ?;2 is bounded away from O.
In order to show results about the matrices Q(B) and Q(B”), we first provide a bound on

the 7 and 7. This is critical, since the magnitude of Q(+) is determined by 7. To derive the bound

on the 7’s, we have to decompose the terms very carefully and put a bound on each one of them.
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Recall definitions of Z jand 4 j
§,=W(B)-W_;(B¥;(B), & =Wi(B")—W_;(B")¥;(B").

Moreover, by the Karush-Kuhn-Tucker conditions of problem (1.8) we have A4 j||?( i) (B )N =

~T ~ o~
n'¢ i W_;(B)Y(B), which in turn enables a representation

. T AT ~

TJZ =n lgj §;+n lgj W_;(B)Y(B).
By definition we have that ’CJZ =n"'EL jTC ;7, for which we have ?12 as an estimate. The TJZ and
?12 carry information about the magnitude of the values in £~ (B*) and Q(B) respectively. We
next break down ‘L'J2 and ?J2 into parts related to difference between 7}7( i) (B) and Y{j) (B™), which

we know how to control. Thus, we have the following decomposition,

+ n”fijj(B)?(j) (B) :

J/ S J/
-~

1 11

. T
T | <|n7'C 8-

The task now boils down to bounding each one of the terms / and /7 , independently. Term
[ is now bounded by Lemma 4 and is in order of Op (K 25 iA j). Regarding term /1, we first point

out one result due to the Karush-Kuhn-Tucker conditions of (6),
217 = dgsien (3, (B)) - =n" (Wi(B)~ W-;(B)¥;,(B)) W-;(B)=n""C,; W-;(B).
For the term /1, we then have

5! Y
n &, W_;(B)Y;(B)| <

= 0p (5 1V 327
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since by Lemma 3 we have

= Op(s)*) + Op(sjy).

7o ®]], <78

|7 B -7, 8

1

Putting all the pieces together, we have shown that rate

2 2 2 1/2 2
|Tj—’L'j‘—ﬁP<K Sjlj\/sj ljvsjlj)

As ?]._2 = Op(1) we have

= ﬁ = Op (‘TJZ_?JZD . We then conclude
i T

Jod);-=8] <5270 B8+ s 80 |-

= Op (Kzsi/zlj V Sj)Lj vV Sj/zl]z)

]

Proof of Lemma 6. For the simplicity of the proof we introduce some additional notation. Let
§=B—B* and
n ~ ~
va(8) =n"' Y Q(B) [wilB) — wi(B")]

i=1

Observe that 1T {yi —xiﬁ < O} = [{x;6 > &} and hence
1 - 21{y;—x;B >0} = 211{y,-—x,-[§ < 0} 1.
The term we wish to bound then can be expressed as

Va(8) = va(8) —Ev,(8)
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for v,,(8) denoting the following quantity

Va(8) =n”! ima BT (8)8i(8) — £:(0)2i(0)
and

fi(8) =W{x6>—xiB"},  gi(8)=21{x6>¢g} -1

Let {gk}ke[N(;} be centers of the balls of radius r,&, that cover the set €'(r,,t). Such a

cover can be constructed with Ng < () (3/&,)", see [VAV00] for example. Furthermore, let
#(8i,r) = {8 RV 1|8~ 8]l <r, supp(8) C supp(8y) }

be a ball of radius r centered at gk with elements that have the same support as gk. In what
follows, we will bound supgc ., 1) |V,,(8)|]- using an e-net argument. In particular, using the

above introduced notation, we have the following decomposition

sup || V(8)[| = max  sup  |[V,(8)]]eo

86%(””” kE[Ng] 86%’(5,{%@1)
- ~ 1.55
< max [[V,(8p) |t max  sup  |[Va(8) = V()| (1.55)
EG[NS} 7 ke NB] 56%(51(:’%&1)
}: ~ 7

fp)

Observe that the term 7] arises from discretization of the sets € (r,,t). To control it, we
will apply the tail bounds for each fixed / and k. The term 7> captures the deviation of the process
in a small neighborhood around the fixed center gk. For those deviations we will provide covering
number arguments. In the remainder of the proof, we provide details for bounding 77 and 75.

We first bound the term 77 in (1.55). Let a;;(B) = e]TQ(ﬁ)xl-T We are going to decouple
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dependence on x; and €;. To that end, let
Zij = aij(B" +8¢) ((1(80)8:(81) —E | £i(80)8:i(8) ] ) = (£i(0)5i(0) —E[£i(0)g:(0)]x])

and

Zij = aii(B" +8) (E | 1(80)8:(81) k| —E[£:(0)g:(0) ]
—E [aij(B"+80) (/i(80)gi(81) — £:(0)g(0) )|

With a little abuse of notation we use f to denote the density of ¢; for all i. Observe that
E[fi(8)gi(8)|xi] = fi(6)P(&; < x;8). We use w;(8) to denote the right hand side of the previous

equation. Then

T| = max max

< max max |n~ Z Zijk|+ max max |n - Z Zijk| -
ke[Ns] j€(p]

ke[Ns] je[p] ic[n] kE[Né JElp icln)

T Tl 2

n! ) <Zijk+zijk>
i€n]

Note that E[Z; i | {xi}ic[y)] = 0. With a little abuse of notation we use / to denote the density of

x;B* for all i.

(0) _ N
Var(Z;j | {xi}iep)] < 3a5;(B” + 8¢) ’Wi(5k) —Wi(O))
xigk‘ ) (T[,’X,’Sk) (T], - [0, 1])

x,-gk‘l(l

(ii) o~
< 3aji(B" + 8;)fi(8x)
(i)

< 3a%(B" +84)

where (i) follows similarly as in equation (1.43) in proof of Lemma 1, (ii) follows by the mean
value theorem, and (iif) from the assumption that the conditional density is bounded stated in

Condition (E) and taking the indicator to be 1.
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Furthermore, conditional on {x;}c|, we have that almost surely,
Zijel < 2max jaij(B” + &)
We will work on the event

o = {max Hﬂj(ﬁ* +8;) —Z;l(ﬁ*)

J€lp]

| < Cn} (1.56)

which holds with probability at 1 — d using Lemma 5. For a fixed j and k Bernstein’s inequality,

see Section 2.2.2 of [VDVW96] for example, gives us

Kilog(2/8 18 |
A N L LR
= i€[n]
R ij(B” 5
\/maXze[nLJe[p]’LaJ(B + k)llog(2/5)>

with probability 1 — §. On the event .o/

Y (B +8y)

i€n]

(26" +80 -2 '(B") a7 += (B0 )

xigk‘ = ZH xigk‘
icn
<Y (|=e
i€n]

<Y K (ALET(B)+C)
i€[n]

2 ~
5 +K2C%> ’x,ﬁk‘

X,‘gk‘
<K* (AL (ETY B +C) nrpt'/?

min

where the line follows using the Cauchy-Schwartz inequality, equation (1.44) in proof of Lemma

1, and results of Lemma 5. Combining all of the results above, with probability 1 —20 we have
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that

<c \/C%rn\/?log(2/5) Vil log(2/8)

n n

I’lil Z Zijk

i€[n]

Using the union bound over j € [p] and k € [Ng], with probability 1 —28, we have

n n

I \/cnrnﬁlog@zvap/&vcnlog@zvap/s)

We deal with the term 77, in a similar way. For a fixed k and j, conditional on the event &/ we

apply Bernstein’s inequality to obtain

<c (\/c,%rgzlog(z/a) e log(2/6))

n_] Z 2ijk

icn) n n

with probability 1 — &, since on the event <7 in (1.56) we have that |Z; jk’ < CuAmax (Z(B™)) and

Var [Z- jk} <E {a%j(ﬁ* +80) ( £:(81)P(& < x:8y) — f:(0)P(&; < 0))2}

<K (AN (B +C) (3 |Gi(ra, B",0) = Gi(0,B",0)] +f£axrnr1/2)2 < CCuryt

where in the last step we utilized Condition (E) with z = r,,. The union bound over k € [Ns], and

J € [p], gives us

2,2
<c ( [ CRrirIoe 060 /8) 1og<2N3p/6>>

n n

with probability at least 1 —28. Combining the bounds on 77; and Tj,, with probability 1 — 49,

80



we have

n n

2 1/2\/ 42
T, <C (\/Cn(rnt \/rnt)log(2N5p/5)anlog(2N6p/5>)’

since r, = Op(1). Let us now focus on bounding 7> term. Note that a;;(B" + 8¢) = a;;(B") +

agj(Bk)&( for some B, between B* + &; and B*. Let

Wij(8) = aj;(B,) 8k (fi(8)8i(8) — £i(0)gi(0)),
and
0ij(8) = a;j(B) (fi(8)8i(8) — £i(0)i(0)).

Let Q(6) = Q(8) —E[Q(8)]. For a fixed j, and k we have

= ] (Va(8)~Va(80)]

is upper bounded with

sup [0t Y Qi(8) ~Qii(8)|+  sup |n' Y Wii(8) —E [Wi(8)]|.
8 B(8y,rnkn) icn] | 136@(3]“"5") i€|n]

1 Tn

J/

We will deal with the two terms separately. Let Z; = max{&;, —x;B"}

£:(8)3i(8) = 1{x;8 > 2} — W{x:8 > —x;B"}.

Observe that the distribution of Z; is similar to the distribution of |g;| due to the Condition (E).

Moreover,

(8- 80)| < K118~ Bl |suop(8 - 50

81



where K is a constant such that max; ; |x;;| < K. Hence,

max max sup
ke[Ns] i€[n] 66,%(51(,”;1‘5:1)

x;8 _xigk‘ < rnén\/frrilajl,X\xz-j| < CraépV/t =: L. (1.57)

For 751, we will use the fact that I[{a < x} and P{Z < x} are monotone function in x. Therefore,

Ty <n! Y [ |aij(B")| < ]I{Zi < x;8; +Zn} —1 {—Xiﬁ* < x;8, _Zn} —1I {Zi < Xigk}
i€(n]
+ H{—xiﬁ* < xigk} —P [Zi < X8y — Zni| +P [—xiﬁ* < xi8y +zni|
+P [Zi < xigk} —P [—xiﬁ* < xigk} )}
Furthermore, by adding and substracting appropriate terms we can decompose the right hand side

above into two terms. The first,

8 o8 (12 )0 <))

i€ln
+1 {—xiﬁ* < xigk} —P [Zi < xigk —|—Zn] +P [—xiﬁ* < xigk —Zn]

+P [Zi < xigk] —-P [_xiﬁ* < xigk] )]
and the second

n! Z {‘aij(ﬂ*)‘ <IP’ [Zi < x:8; +Zn} -P [—xiﬁ* < x:8;— Ly
i€[n|

_P [Z,- < x;8, —Zn] +P [—x,ﬁ* < x;8, +Zn] )] .

The first term in the display above can be bounded in a similar way to 71 by applying Bern-

stein’s inequality and hence the details are omitted. For the second term we have a bound
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CC,L,, since |aij(B")| <K (A;iln/z(z_l (B") +Cn> by the definition of ¢;; and Lemma 5, and

P [Zl- < xl-gk —|—Zn] —P [Zl— < x,-gk — Zn} < (| fig HmZn < 2C fmaxLn. In the last inequality we
used the fact that || fig,[|e < 2|| fe;||o- Therefore, with probability 1 — 24,

-
— \/ S Gl 108(2/8) /G log /0 7,

n

A bound on 7»; is obtain similarly to that on 75;. The only difference is that we need to bound

agj(Bk)Sk, for B, = af” +(1—a)(B* -I—Ek) and a € (0,1), instead of |a;;(B”)|. Observe that

aij(B )?12 = —?( j).i- Moreover, by construction 7; is a continuous, differentiable and convex
function of B and is bounded away from zero by Lemma 5. Additionally, ?( j) 1s a convex
function of B as a set of solutions of a minimization of a convex function over a convex constraint
1s a convex set. Moreover, ?] is a bounded random variable according to Lemma 5. Hence,
/

|a; j( B*)| <K', for a large enough constant K’. Therefore, for a large enough constant C we have

< C(\/fmaxr,%g,gLnlog(z/S) \/L log (2/8) \ oGl )

n

A bound on 7, now follows using a union bound over j € [p] and k € [Ns].
We can choose &, = n~!, which gives us N5 < ( pnz)t. With these choices, the term 75 is

negligible compared to 77 and we obtain

Y

2y 1/21 2
e \/c ! 2 i )log(np/3) | Gtlog(2np/9)

n n

which completes the proof.
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Chapter 2

Estimation and Inference for

High-dimensional Left-censored Quantiles

2.1 Introduction

In this chapter, we present a quantile regression framework for high-dimensional left-
censored linear models. Comparing to the generalized M-estimation framework in Chapter 1, the
method introduced below is tailored towards quantile regression. Specifically, even though least
absolute deviation (LAD) estimator for the left-censored linear model is used as a primary example
in the Chapter 1, and LAD estimator is a special case of quantile estimators, a different approach,
namely redistribution of mass, was adopted in the initial estimation here. This creates new
challenges in estimation and inference of the problem. In return, the optimization problem can be
transformed from a nonconvex optimization involving left-censored data into a modified quantile
regression, which then greatly relieves computational burden. Since the problem considered
in this chapter relates much to Chapter 1, we only include here related work in addition to the

literature review in Chapter 1.

85



2.1.1 Contributions

We develop methodology for the quantile estimation and inference under high-dimensional
and left-censoring settings. In details, the work provides a T-quantile estimator and confidence
intervals for high-dimensional left-censored regression, for any 7 € (0, 1), along with the theoreti-
cal guarantees. We modify a quantile regression estimation approach for right-censored data to
accommodate the left-censored nature of our problem, and further extend the recently developed

de-biasing techniques to derive an improved estimator suitable for high-dimensional inference.

2.1.2 Related Work

Quantile regression, as an robust alternative to ordinary linear regression, has received
great attention since its introduction in [KBJ78]. The concept has then been taken to settings with
heteroskedastic errors [KBJ82] and non-linear regression model [Obe82]. [Pow86a] first studied
censored quantile regression, where the method was first applied under fixed left-censored data
setting, with known censoring levels. Despite of the difficulties present in the censored nature
of the data, Powell showed that the proposed natural estimator is consistent and asymptotically
normal. However, many works, including [KP96], [Fit97], [BH98] and [FW07], have discussed
computational burden due to the nonconvexity nature of the minimization objective function
involved in Powell’s estimator.

Meanwhile, progress has been made in application of survival analysis. Under right-
censored data settings, both [KGO1] and [Por03] have studied quantile regression with random
right-censored data in details. Moreover, [Por03] proposed a recursively reweighted estimator of
the regression quantile process, which generalized the Kaplan-Meier estimating scheme. Based
on the redistribution of mass idea of [Efr67], the method in [Por03] recursively updates the weight
of censored cases. Similarly, motivated by the same idea, [WW12] proposed a method, such that

the weights of the censored observations are estimated in a single step. We extend the idea to
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high-dimensional left-censored models.

2.1.3 Content

In Section 2.2, the methodology is presented with both procedures for deriving the initial
estimator and the de-biased estimator. In Section 2.3, we study the conditions and asymptotic
theory of the proposed method. Numerical simulations and a real data application are presented
in Section 2.4. Finally, lemmas and their proofs are provided in Section 2.5 and 2.6, and the

proofs of theorems are provided in Section 2.7.

2.2 Methodology

We start with the problem setup with model description. Then we lay out the methodology
in two parts. In the first subsection, we describe our proposal for initial estimator, and in the

second subsection we present the details of bias correction for the initial estimator.

2.2.1 Model Description

We consider the problem in the context of left-censored linear models. Let 7; be an
underlying response variable, which is uncensored. We also denote x; as our covariates vector of
length p. The underlying latent quantile regression model for some quantile 7 € (0, 1) comes in

the form of

E:XiBO(T)_l_gi(T)ﬂ izl?"'vna (21)
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where &;(7) is a random error, whose 7-th quantile conditional on x; we assume is at 0. Due to

left-censoring, however, we only observe the triplet (x;,Y;,C;), where
Y, = max(T,-,Ci), and let §; = ]I(Tl > Cl'>, 2.2)

andi=1,...,n. Together (2.1) and (2.2) specify a left-censored quantile regression model. As
Ci 1s observed, one can always reduce (2.2) to a constant-censored model, also known as Type-I
Tobit model, in which the censoring vector is a constant ¢ across i. Our interest lies in obtaining
confidence intervals for the quantile coefficient B°(7) for various 7, under high-dimensional
settings with p > n. Bearing the high-dimensionality in mind, we denote Sgo = {;j|B ‘]’ #0} as

the active set of variables of the coefficients and denote its cardinality by sgo = |S B |.

2.2.2 Initial Estimator

In the case without censoring, quantile regression is carried out with the specific loss
function p;(z) = z(t — I{z < 0}), also known as the check function. In the censoring case,
however, directly fitting using the quantile loss results in a nonconvex optimization problem.
In addition, simply removing the censored observations results in loss of information and bias.
With such consideration, we borrow an algorithm from [WW12]. Specifically, we mimicked the
"locally weighted censored quantile regression” method, which is based on Efron’s redistribution
of mass idea. The method assigns different weights on censored data and non-censored data,
and avoids discarding all censored data, while maintaining partial information provided by the
non-censored ones.

The method redistributes the mass of each censored observation to some point far on
left, which is —eo in the case of left censoring. Note that if x;B8(7) > C; for all x;, then the left
censoring at C; has no impact on our estimate of T-quantile. This observation comes from the

fact that the quantile regression estimator is only determined by the signs of residuals, in another
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word, we only care about the order of the responses.

We now present the initial estimator B, with the justification of the weights following.
1 n

B:arg;nin—z[w,wo)pf( i—xiB) + (1 —wi(Fo))pe (Y, —xiB)] + A Zlﬂl
=1

3

where w;(Fp) is defined as following, Fy being the distribution of T},

1 if & =1or Fp(Ci|x;)) <7t

1— if 5l-:OandF0(C,~|X,~) >7T

__T
Fo(Cilxi)

Notice that the additional penalty term is added, in order to accommodate the high-dimensional
setting. To make sense out of the weights, we begin from the objective function of the underlying

model under quantile loss,
Z p(Ti —xiB).

Taking the derivative, we have the first order estimating equation

DA(B) =~ Yx] (e~ I{Ti—xB <0}).
i=1

The subgradient condition D, (B) = ¢, (1) depends only on I{7; —x;B < 0} for each x;. Now fix
any B, if an observation is uncensored, then Y; = T; is observed, and so is T{7; — x;B < 0}. For
censored observations (Y; = C; > T;), if x;B > C;, we immediately know 7; < x;B. The tricky case
is when x; B < C;, we cannot determine the sign of 7; — x; 8. Hence, we look at the expectation

I[D(Xiﬁ <T; < Ci)

BT —xiB > 0T <G = =5y
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where Fj is the distribution of 7;. When 8 = B°(7),

P(x;B°(t) < T; < C)
P(T; < G)
Fo(C,'|Xi) -7
F()(Ci|Xi)

E[I{7;—xB°(1) > 0}|T < C]] =

The observations above motivated us to assign weight w;(Fp) = 1 to the first two scenarios,
when we have uncensored or Fy(C;i|x;) < T observations. Note that at the location x;, even when
a data point is censored, if we believe the quantile of interest is above the censoring level, we
still assign full weight to that data. Intuitively, we are only interested in estimating in quantile
7. In terms of a specific data point, our only concern is whether it is above or below the
quantile line x;8°. For censored and ambiguous scenarios which we cannot determine the sign of
T; —x;B° (1), we assign weight w;(Fp) = 1 — m By assigning the complimentary weight to
any point below, such as (x;, —0) or (x;,¥;" ™), the quantile fit remains unaffected. Without loss
of generality, we assume fixed censoring level C; = 0O for all i.

Finally, using a consistent plug in estimator F,, for Fy, we have the initial estimator as,

Step 0: Initial estimator

/\

= argml

:IH

i [ (Y —xiB) (2.3)
i=1

N p
(1= wi(F)ps(¥; —xm] 2 1. 1B

We delay the discussion of the estimator F,, to Condition 1, where we will lay out the requirement

on such estimator.
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2.2.3 Bias Correction

With our inference objective, the estimator given in (2.3) needs improvement. As we
show later, the initial estimator is consistent. However, as other penalized estimators, our initial
estimator is also a biased one. Following classical one-step estimation framework, typically an
one-step improvement of the following form is considered. With appropriate estimators plugged
in as proxies, we have

Step 1: Bias correction

B=B—0S,(B,F), (2.4)

where the vector S, is the score and the matrix @ is a proxy to the inverse Hessian matrix H™!.
H is defined as the subgradient of S,,.

We first define S,,, and then provide an explanation for the transition between ® and H™!.

Sh( ———Zx wi(F)yr(Yi—xiB) + (1 —wi(F))y (Y7 —x;B)]

with yz(z) = 7 — ll{z < 0} being the differential of p(z). Note that Y, —x;B < 0 due to our

choice of ¥, = —oo. Therefore, we have y;(Y,"” —x;B) = 7 — 1 for all i, and hence

S.(B.F) = ——ZX wi(F —xif)+ (1 —wi(F))(t—1)]
= ——Zx wi(F) I{Y; —x;8 >0} — (1 —1)]. (2.5)
Notice that S, (E,ﬁn) depends on both the initial estimator 3 and F,. This imposes an
additional challenge on the theory, which we address later in Lemma 8. As for (2.3) being a

consistent estimator, only consistency of the estimator F;, is required. However, for inference

a slightly stronger convergence rate requirement on the error of the estimator F, needs to be
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imposed, which is summarized in Condition 1.

As for the Hessian matrix H, we observe that the function y; is not everywhere differ-
entiable. Hence, we propose to consider another candidate for the subgradient of S,,. We first
compute the expectation of the score S,(B,F), and then compute its gradient. Thus, for the

simplicity of notation, the following expectations are taken with respect to 7; given X.

Proposition 12. Assuming the true distribution Fy, we have

n

E[S,(B.F)] = —% Y x; (’L’—P(Yi <xiB) — TI{F(0|x;) > T} I{x;B < 0}>

i=1

3 X xi (T —P(T; < xiB)) if xif >0
= (2.6)
—%Z?ZIX,'(T— TH{F0(0|X,') > ‘L'}) le,ﬁ <0
and hence the Hessian
0 1 &
H(B) = ﬁE[Sn(ﬁ,Fo)] = Y x/ xifo(xiBx;) T{x;B >0} 2.7)
i=1

where fy is the density function of T;.

Remark 11. Note that E[D,(B)] = —n~ 'Y x; (T —P(T; < Xiﬁ)). Comparing to (2.6), we
know when x;B > 0, E[S, (B, Fy)] = E[D,(B)], and hence when B = B, E[S,.(B,,Fo)] = 0 since
E[D,(B,)] = 0. Furthermore, T{Fy(0|x;) > 1} = I{x;B, < 0}, if Fy is strictly increasing, and
hence E[S,(B,,Fo)] = 0 when x;B, < 0 as well. In summary, at the truth B, the expectation of

our score estimator E[S, (B, Fy)] is indeed zero.

Note that the matrix H(B) is not invertible for general B when the number of parameters
p exceeds the number of observations n. In fact, with a little abuse of notation, we only assume
the existence of H™!, which is layed out as Condition 7 later in the text (here, the expectation is

with respect to x;). In the following section, we describe the details in obtaining the proxy O for

H .
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2.2.4 Inverse Hessian Estimator: Nodewise Lasso

Our Inverse Hessian estimator is inspired by the nodewise lasso method proposed in

[VAGBR ™ 14]. For notation simplicity, we first rewrite (2.7),

HB)=n"Y u/u;= n*IXEXﬁ,
i=1

where u; == x; I(x;$ > 0)+/ fo(xiB|x:), Xg = WX, and Wy is defined as

n

Wp = diag (n<xiﬁ > on/fo(ximx,-)). . 2.8)

i=1

That is, Xﬁ is a new design matrix with i-th row to be u;, which can also be treated as the product
of weighted matrix Wg and X. Note that for fixed data, (WB) jj only depends on B.

Then we carry out nodewise lasso using Xg. Note that as we use the initial estimator B as
the plug in for X, we also use a consistent estimator fn in place for fj in (2.8). The discussion of
the estimator fn is delayed later to Condition 2. We have the nodewise lasso scheme as following.

Foreach j=1,---,p, define

¥, = argmin (n~']|(X5),; — (X5)-;71B+ 2411 ) 29
yeRr—1 B P

where (XB>_ j 1s the design submatrix without the j-th column. Note that (2.9) can be solved

using standard lasso regression. We further denote the components of ?j c R as {/)\/] k=

l,---,p,k# j}. Then define

L Y - =Y,
&. Y21 1 = Yap
ST
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and

D?:= diag <c§’?, ,cfz> ,
where for j=1,---, p,
di =n""|(X5); — (Xg)-15 + A1 %l11- (2.10)

d?. serves as an estimate to the noise level of the regression in (2.9). Finally, our proxy @ is

defined as,

®:=D2C. (2.11)
In addition, we note that using the KKT conditions, we can show
IH(B)®; —e)l|- < 2/, 2.12)
and

(H(B)@T)jj =1 (2.13)

Finally, we propose the novel High-dimensional Left-censored Quantile Regression in

Algorithm 1 and 2.

2.3 Theoretical Considerations

In what follows, we briefly discuss the preliminary theoretical results, along with the
conditions required. In the first subsection, we address the requirements for the distribution and

density estimators. Then we move on to conditions for acquiring consistency using the initial
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Algorithm 1 High-dimensional Left-censored Quantile Regression
1: procedure INITIAL ESTIMATION
2: Obtain an estimator fn R
3 Plug in F,, into (2.3) and obtain B
4: end procedure
5: procedure ONE-STEP CORRECTION
6: Obtain estimator (:), more details in Algorithm 2
7
8
9

Plug in initial estimator B and F, for S, (B, 13,,) asin (2.5)

Obtain the one-step improved estimator B as in (2.4)
: end procedure

Algorithm 2 Inverse Hessian estimation ®

Obtain an estimator fn R
Plug in initial estimator B and ﬁl into (2.8)
for j=1,....,pdo
Obtain ?j and ‘2 as in (2.9) and (2.10) respectively
end for
Obtain O as described in (2.11)

SANN AN S o ey

estimator. We are inspired by the consistency result of the penalized censored least absolute
deviation estimator in [MvdG16]. Finally, we present the derivation of the normality result for the
improved one-step estimator, which follows from the sketch of [BG16]. Under the current context,
however, extra challenges surface as both score and inverse Hessian depends on distribution and

density estimator in addition to the parameter estimator 8.

2.3.1 Distribution and Density Estimators

We impose the following condition on the choice of distribution estimator.

Condition 1 (Distribution estimator condition). The estimator Fy,(t|X) is a consistent estimator

of the conditional distribution of T, Fy(t|X), for all x. More precisely, for any t € R,

sup |,(11%) ~ Fo(tx)| = 0, (85)
xeRP
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where 61; P0asn — oo,

Note that the condition essentially only requires F,, to be a consistent estimator. We have
selected the classical Kaplan-Meier estimator for analysis later in the paper. Likewise, we also

impose a consistency condition on the density estimator fn as following.

Condition 2 (Density condition). 1. The conditional density function fy(y|X) is a Lipschitz

function in y with a uniform Lipschitz constant L for all x.
2. There exists M > m > 0 such that m < fy(y|x) < M for all y and x.

3. The conditional density estimator fn(y|x) is a consistent estimator of fo(y|x). To be precise,

// (ﬁz(ﬂx) - fo(y|x))2du(x)dy —0,(1),

where UL is a measure on the support of X.
4. limg_,o+ P(|xB°| > €) = 1.

The two conditions above are not restrictive in their nature, though distribution and density
estimation in high-dimensional settings remains an active research topic. Nevertheless, we refer

one to [HYOS5], [Efr07] and [IL15] for more discussions on the topic.

2.3.2 Consistency of Initial Estimator

In the section, we present the consistency analysis for the initial estimator. For notational
simplicity, throughout this section, x and x; are row vectors. Also, we denote w = w(I? ) and wd =

w(Fp). We also define the linear function fg(x) = x, the reweighted loss function p(x,y,w) =

wpr(y — fg(x)) + (1 =w)p(y™" — fp(x)), the risk Ppy = Epy(x,y, w?), the empirical risk

~

Pupr = % " pr(xi,yi,w?) at Fy, and the empirical risk @pf = % 1 Pr(Xi,yi,wi) at F.
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Then we define f* as a linear functional such that for all x,

f*(x) = argminE Wope(y—a)+(1—=w")pe(y™= —a)|x].

In order for f* to be uniquely defined, we need the following censoring condition Con-
dition 3. To see the necessity of this condition, let B be the true parameter. By the first order

property, E[wOy;(y —a) + (1 —w®)(t — 1)|x] = 0. Hence, for all x,
Ew’ Iy > a)|x] = 1 — 1. (2.14)

By the definition of weight wY, if Fy(0|x) < 7, (2.14) means Fy(a|x) = 7, and hence, fy(x) =
fpge(x). Butif Fy(0[x) > 7, then any a < 0 is a solution to (2.14). However, we require (2.14) to
hold for every x. So as long as not for all x, Fy(0|x) > 7, then because of the linearity of f*, there

exists a unique solution.

Condition 3 (Censoring condition). Let i be measure on 2. There exists a set E C % such
that W(E) > 0 and Fy(0|x) < 7 for all x € E. Furthermore, at the censoring level 0, there exists a

constant 0 < My < T such that Fy(0|x) > M for all x.
Some additional conditions also need to be imposed.

Condition 4 (Error condition). The conditional error distribution function vy(t|X) is continuously
differentiable for all X, and the first derivative Vy(t|X) satisfies Lipschitz condition with constant
L uniformly for all X, and is bounded from above and below. Furthermore, V(0|x) > 0 and

J5 (e —=t)dvy(t|x) > 0 for all € > 0 and x.

The above condition is our only limitation on the error distribution. Even though we
require bounded first derivative for the error density, which excludes densities with unbounded

first moment, the condition still allows for a class of distributions much larger than the Gaussian.
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Next, we have a condition on the design. First, we denote y; := argmin, E[|X; — X_ V12, and

then X_y; is the projection of X into X_; under the inner product (X;,X;) = EXX;/n.

Condition 5 (Design matrix condition). The design matrix X satisfies ||X||. = max; ;

Xijl =
O(1), that is, every column || X || = O(1). If furthermore, the projection X_v; is also bounded
forall j, i.e. | X_;¥j|l.c =O(1), we say X is strongly bounded.

A bounded condition on design matrix entries X;; is not uncommon in high-dimensional
settings [VAGBR " 14]. In fact, in many cases, if X follows an unbounded distribution, one can
always approximate its distribution with a truncated one. The following is the same compatibility
condition introduced for linear models [BRT(09], which is standard condition when applying lasso

estimators.

Condition 6 (Compatibility condition). There exists some ¢y > 0 and all B satisfying ||(B —

B)s5, I < 3|(B = B®)sgo 1 it holds that

1B —B)syll} < BB — B*)E"XI(B - B°).

1>
0

Denoting the excess risk as &(f) = Ppy — Ppy,, and the sum of squares norm as
|If1]* = Ef*(x), in the linear case, || fg]|* = Ef; (x) = B'E[x"x]B, we are now ready to present

the consistency result.

Theorem 13. Under Conditions 3 - 6 and define

Ar) = 4Ky —ZIOgn(zP) +Kxy/ %

Then for A > 4A(t) with t = 2log(p) and some constant C, with probability at least 1 —

log, (8np?)/p?,

6C2,Sﬁ0
o

1B —B°||: < (2.15)
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9C*A%sgo

2.16
0 210

(B—B")'EX'x](B—B’) <
In other words, with A < \/log p/n, we have HB -B°lh =0, (sBo @) and

2 log(p)
5 = Op (SBU " ) .

Corollary 14. Under the assumption sgo = o ( n/log( p)), we have consistency for the initial

n|X(B-B)

estimator P.

2.3.3 Asymptotic Normality of One-step Penalized Estimator

This section entails the delicate details of obtaining the asymptotic normality of the
improved one-step estimator, with imposed conditions as well as the preliminary lemmas. We

start the analysis with the following decomposition of (2.4),

B
)
Rl
|
2
~—
I
=
—

n(B,~B7) v (88,(8" ) @.17)

—~Vn®, (S4(B. )~ S.(B,F)) —v/1 (©,(ES. (B.Fo) ~ES, (B, Fv))

J (. J/

I A

where © ; denotes the j-th row of ®. With the help of this decomposition, our aim is to show that
part (N) converges to a Normal distribution, while the other terms converge to zero at a faster rate.
In order to characterize and bound each individual term, we have lemmas for results leading up to
Theorem 15 below. However, for the purpose of presentation, we defer the lemmas to Section 2.5.

Finally, we introduce the last condition we impose. One may also refer to this condition

99



as the restrictive eigenvalue assumption, which requires the population Hessian to be at least

invertible. We note that even in linear models without censoring, this is an indispensable condition.

Condition 7. The smallest eigenvalue Anin of E [X EOXBG / n] is strictly positive and 1/Ampin =
o(1).

We are now ready to present the main result.
Theorem 15. Under Conditions 1 - 7, with A < \/log p/n and A; < /logp/n, and define s :=
. . 1/2 1/2 P~
H@?HO = ‘{k #j: G?’k # 0}, assuming Kséologp/n\/sﬁ/o sj/ (logp/n)]/4VK|]®j — ®9H1 =
o(1), where K = V/Sj and in the strongly bounded case, K = 1. Let I, = (ﬁj —an,ﬁj -l—an)

an = 2Zg\/ C:)Jﬁ(:)j/n, where

~ \2
X, X; <¢i+ll/i> ;

-

I
_

o1
Q=-
n

U= — [wi(ﬁn) I{Y; — x;B >0} — (1 — ’c)] and
~ ~ I(E, > 1) (Y, =0
¢,‘ =1l <Xl'ﬁ < O) H(Yl = 0) (+2) ZBnl(Xi) (1 — ¥> .
Fn =1 Fn
I+
The distribution estimator fn is chosen to be the classical Kaplan-Meier estimator,

n

~ 1 n;j()
Fy(tx) =T] (1 ST < Y,-)) : (2.18)

J=1

where Nj(t) = I(Y; >1,8; =1). For j e {l,...,p}, when n,p — oo, we have

P(ﬁ?eln> —1-2a.

Remark 12. The quantity s; quantifies the sparsity nature of the underlying precision matrix e’

which we aim to estimate with . This is a standard assumption in high dimensional inference.
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Essentially, it restricts the column (XBo) j to be dependent with only s; number of columns in

(Xpge)—j-

2.4 Numerical Experiments and Application

In this section, we present the application our proposed method in details, along with

simulation results under various settings and an application in real data study.

2.4.1 Further Details of Algorithm 1 and 2

We start with the definition of ¥ . In practice, we have taken
Y7 :=—1000 X [|Y || = —1000 x max |Y;|.
l

For the estimator of conditional distribution of 7;, as mentioned earlier, there are options
specifically tailored for distribution estimation in high-dimensions, we provide here a possible
estimator F, for line 2 in Algorithm 1 based on the ideas of Kaplan-Meier estimator, which is

defined as the following.

n

R B Bj(x) n;(t)
B =11 (1 TYL I < Y»Bnk(x)) ’ 2.19)

J=1

where n;(¢t) = I(Y; >t,6; = 1). Choosing B, (x) = 1/n results in the classical Kaplan-Meier
estimator. We also note that the Nadaraya-Watson’s type weights for B,;(xX) is also a common

choice, which is

(2.20)
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where K is a density kernel function, and &, € R™ is the bandwidth converging to zero as n — oo.
In the simulations, we have opted for the classical Kaplan-Meier estimator for simplicity. In
addition, we have the following density estimator for fn in line 1 in Algorithm 2. For a positive

bandwidth sequence ﬁn,

& I(xB > 0) 1 (0<Y—xﬁgﬁ)
i=1 1]I()c,[3>0)

(2.21)

This estimator is inspired by the estimator for error density at O presented in [BG16], which
translates to an estimation for density of 7; at x;8°(7). For the choice of En, we also follow the

adaptive choice of the bandwidth sequence thereof. Let u; :=y; —xi[Ai,

~ ~1/3 ~
h, = c{sE logp/n} median{ui cu; > +/logp/n, x;f > 0} ,

for a constant ¢ > 0. Here, SE denotes the size of the estimated set of the non-zero elements of
the initial estimator B, ie., 5§ = H[ASHO

An additional note is also in place for line 3 of Algorithm 1. Regarding the computation
procedure to obtain the initial estimator, we note that this boils down to a weighted quantile regres-
sion problem and is readily solvable using linear programming techniques. The penalty parameter

2 in (2.3) is chosen by the minimum of K-fold cross validation statistic, argmin, YX_, CV (1),

and

CVi(A) =g Y |wilE)pe(vi—xiB )+ (1—wiE)per = —xiB)| . 222)

i€k

where Fj, denotes the k-th fold of the n observations, n; is the number of observations in F;, and
~k

B is the parameter coefficients fitted on F¢ observations. Likewise, the choice of 4; in line 4 of
Algorithm 2 is chosen in the same way, except in the cross validation statistic, the squared error

loss is used instead of the weighted quantile loss in (2.22).
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Table 2.1: T = 0.4 Coverage Probability for High-dimensional Left-censored Quantile Regres-
sion (HLQR) with True Fy and True fy

Distribution of the error term  Simulation Setting for n = 200, p = 300

Toeplitz design Identity design

p=03

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.95 0.97 0.95 0.93
Student’s 0.95 0.94 0.95 0.92
Beta 0.90 0.93 0.91 0.93
Weibull 0.94 0.97 0.98 0.94

2.4.2 Simulation Data

We are now ready to present the simulation results. The size of the model settings are
chosen to be of n = 200 for the number of observations, and p = 300 for the number of parameters.
In addition, the sparsity of the underlying true parameter B, denoted as sge earlier in the text, is
set to be 5. We have also selected four different distributions for the error of the model: standard
normal, Student’s 7 with 4 degrees of freedom, Beta distribution with parameters (2,3) and
Weibull distribution with parameters (1, 1). The design matrix X is generated from a multivariate
Normal distribution .4"(u, X), where u is chosen to be the zero vector, and the covariance matrix
L is taken to be the identity matrix or the Toeplitz matrix such that X;; = p|i_j | for p =0.3. The
two quantiles of interest are chosen to be T = 0.4 and 7 = 0.7. In the case when 7-th quantile of
the error is not zero, we subtract off the 7-th quantile of the error distribution from the model.
The censoring level c is chosen such that the proportion of the censoring data is set at 10%. We
present simulation results for when the true Fy and fy plugged in, and also when we use our
proposed rudimentary estimators F, and fA,, as described earlier in the section.

Table 2.1 and 2.2 summarize the average coverage probabilities of the constructed 95%
level confidence intervals for obtaining 7 = 0.4 and 0.7 quantile regression estimators under
various settings. We report the signal and noise parameters separately, as the coverage of the signal

ones are known to be more difficult. In conjunction, we have also included box plots of interval
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Figure 2.1: 7 = 0.4 comparative boxplots of the average interval length (with true F and true
fo)- Signal (left) and noise (right) variables, and Toeplitz design with p = 0.3 (top) and identity
design (bottom).
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Figure 2.2: 7 = 0.7 comparative boxplots of the average interval length (with true F and true
fo)- Signal (left) and noise (right) variables, and Toeplitz design with p = 0.3 (top) and identity
design (bottom).
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Table 2.2: T = (.7 Coverage Probability for High-dimensional Left-censored Quantile Regres-
sion (HLQR) with True Fy and True fy

Distribution of the error term  Simulation Setting for n = 200, p =300, T = 0.7

Toeplitz design Identity design

p=03

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.94 0.97 0.92 0.97
Student’s 0.91 0.94 0.91 0.95
Beta 0.96 0.99 0.89 0.95
Weibull 0.92 0.94 0.87 0.91

widths under these settings (Figure 2.1 and 2.2). From the results of applying our methodology
with true Fj and true fo, it is observed that the coverage probabilities are approximately the same
and are close to the nominal values. In addition, we noticed that among the four chosen error
distributions, our method turns out to be most efficient, in terms of the confidence interval width,
when the error distribution is bounded. Howeyver, it is observed that our method is sensitive to
heavy-tailed distributions, such as the Student’s ¢ distribution with degrees of freedom being 4.

The results of plugging in estimators F, and f,, are summarized in Table 2.3 and 2.4 for
the two quantile settings T = 0.4 and 0.7. In terms of coverage probability, we observe similar
results as the ones with true Fp and fj, as the probabilities are approximately the same and are
close to the nominal values. We notice that the interval widths almost tripled for the cases of
error being standard normal and Student’s ¢ distribution as seen in Figure 2.3 and 2.4. However,
this is not unexpected as we using estimators instead of the true underlying values. With better
tailored estimators to the scenario, we believe that the width of the intervals in the two cases can
be reduced.

In addition, we have also examined the power of our estimator. Maintaining similar
settings as in previous simulations, that is n =200 and p = 300, whereas sgo is also set to be
5. We have our null hypothesis for the coefficients being 1 for the signals and O for the noises.

We test Hy : B; = B versus H : B; = B +h. While keeping the significance level at 0.05, we
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Table 2.3: © = 0.4 Coverage Probability for High-dimensional Left-censored Quantile Regres-
sion (HLQR) with Estimated F;, and Estimated f;,

Distribution of the error term

Simulation Setting for n = 200, p = 300

Toeplitz design Identity design

p=03

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.95 0.97 0.97 0.94
Student’s 0.98 0.94 0.98 1.00
Beta 0.99 0.95 0.97 0.97
Weibull 0.99 0.92 0.96 0.95

Table 2.4: 7 = 0.7 Coverage Probability for High-dimensional Left-censored Quantile Regres-
sion (HLQR) with Estimated F;, and Estimated f;

Distribution of the error term

Simulation Setting for n = 200, p =300, T = 0.7

Toeplitz design Identity design

p=03

Signal Noise Signal Noise

Variable Variable Variable Variable
Normal 0.89 0.99 0.96 0.97
Student’s 0.93 0.93 1.00 0.96
Beta 0.96 0.97 0.91 0.96
Weibull 0.95 0.95 0.99 0.96
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Figure 2.3: 7 = 0.4 comparative boxplots of the average interval length (with estimated I?,, and
true f;,). Signal (left) and noise (right) variables, and Toeplitz design with p = 0.3 (top) and
identity design (bottom).
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Figure 2.4: 7 = 0.7 comparative boxplots of the average interval length (with estimated I?,, and
true f;,). Signal (left) and noise (right) variables, and Toeplitz design with p = 0.3 (top) and
identity design (bottom).
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Figure 2.5: Power curve of signal (left) and noise (right) variables under normal errors, Hy :

B¢ = c versus Hy : B} # c, where the true parameter B = ¢+ h. The deviation from the null

hypothesis / ranges from O to 1.
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Figure 2.6: Power curve of signal (left) and noise (right) variables under normal errors, Hy :
B = c versus Hj : B # ¢, where the true parameter B = ¢+ /. The deviation from the null
hypothesis / ranges from O to 1.
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increase the deviation from the null hypothesis /# gradually from 0.1 to 1. We observe that both
the signal and noise variables converges to power of 1 quickly for various settings, which testifies

the effectiveness of our estimator. The results are summarized in Figure 2.5 and 2.6 below.

2.4.3 Real Data

In this section, we apply our High-dimensional Left-censored Quantile Regression
(HLQR) to a microarray dataset of cardiomyopathy in transgenic mice, kindly provided by
Professor Mark Segal, who also studied the dataset in [SDCO03]. To study human diseases such
as chamber dilation and left ventricular conduction delay, a transgenic mouse model of dilated
cardiomyopathy was used.

Specifically, [RDK"00] proposed to control a G protein-coupled receptor, designated as
Rol, through an inducible expression system. Thirty mice are used for the study, and are divided
into four experimental groups. Six transgenic mice expressed Rol for two weeks, which did
not show symptoms of disease. Nine other transgenic mice expressed Rol for eight weeks, and
exhibited cardiomyopathy symptoms. The recovery group consists of seven transgenic mice,
whose expression of Rol was on for eight weeks and off for four weeks. Finally, the control
group is made up of non-transgenic mice expressed Rol for eight weeks.

The goal is to identify genes involved in the Rol expression changes, which may provide
new diagnostic markers for cardiomyopathy. To this end, Affymetrix Mu6500 arrays were used
for the study, and the response of interest is Ro1, whereas the predictors are 6,319 microarray gene
expressions. The dimensionality of the model is then 30 observations (n = 30) and 6,319 features
(p = 6319). In order to verify the effectiveness of our High-dimensional Left-censored Quantile
Regression framework, we artificially created a 10% censoring on the response Rol value, and
fitted the dataset for five quantiles, T = 0.5,0.75, and 0.9. The regularization parameter in the
initial estimator is chosen using a five-fold cross validation procedure as described in (2.22). The

gene expressions deemed to be significant by the confidence intervals are summarized in Table
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Table 2.5: Gene expressions selected by High-dimensional Left-censored Quantile Regression
(HLQR) with 10% censoring in comparison with the ones selected by L; norm QR model in
[LZ08] (L QR) with no censoring

GeneBank 7=0.5 t=0.75 t=0.9

HLQR LiQR HLQR LOR HLQR LiOR
D31717  (97.68,97.92) v (97.65,97.96) v (97.61,97.91) v
U73744  (20.09,20.32) v (20.08,20.29) v/ (20.06,20.31) v
U25708 (46.61,46.82) v (46.60,46.83) v (46.60,46.90)
AA061310  (9.07,9.26) v (9.07,9.22) (9.05,9.29)
M30127  (—0.04,0.06) v (—0.03,0.05) v (—0.04,0.06) v
L38971  (20.36,20.54) v’ (20.35,20.54) (20.34,20.58)
732675 (25.07,25.28) v (25.03,25.15) (25.02,25.36)
W75373  (41.96,42.17) v (41.94,42.20) (41.94,42.16)
AA044561  (0.02,0.18) (—0.01,0.28) v (—0.05,0.33)
AAI111168 (—0.12,0.22) (—0.10,0.17) (-0.13,021) v
MI18194  (—0.04,0.10) (—0.12,0.15) (—0.04,0.09)

2.5. We also noticed that the same dataset has also been studied in both [LZ08]. Thereby, we
included real data results therein for comparison.

As one can see from Table 2.5, there are quite a few overlaps between the gene expres-
sions selected in [LZ08] and the ones selected by our High-dimensional Left-censored Quantile
Regression method, even with 10% of censoring introduced. In addition to merely identifying the
significant genes, our methodology is capable of providing a precise confidence interval for the
significant gene expressions. Moreover, we notice that the sets of selected genes by models across
various quantiles, i.e. T=0.5,0.75, and 0.9, using our HLQR are more consistent than the sets
reported for models with different quantiles from L;QR. In other words, our methodology tends
to agree on a common set of significant gene expressions across models with different quantile
levels.

The starkest contrast between the gene expressions reported can be seen in M30127
(Mouse MHC class I tum-transplantation antigen P35B gene), whose importance has been
noted consistently across quantiles in L;QR, whereas our HLQR procedure does not find the
expression significant. Instead, we do notice that our resulting confidence interval does suggest

the significance of another gene expression M20985 (Mouse MHC class I H2-Qa-Mbl1 gene).
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The confidence intervals for M20985 is as following (91.14,91.32) in T = 0.5, (91.14,91.30) in
7=0.75,and (91.11,91.35) in T = 0.9. Whereas as of date the M30127 expression’s role in the
cardiomyopathy development is yet to be determined, [PSA™10] has confirmed that M20985 is
part of a locus that confers susceptibility of viral-induced chronic myocarditis. In such case, our
methodology has correctly identified a substantial gene candidate for further study of the disease.

Last but not the least, we would like to emphasize on the necessity of considering censoring
data cases. In fact, it is difficult to accurately measure absolute expression levels and reliably
detect low abundance genes [DKESO06]. Thus, we believe our method would be a great asset for

researchers analyzing datasets, which have observations with lower detection limit.

2.5 Lemmas

The following result gives a bound on the estimation error of our inverse Hessian estimator

) ; to the underlying population quantity @?.

Lemma 7. Under Conditions 1 - 7,

H@BJ —Opo [l = 0p(4)s;) + Op(Ky/Asgos)) +Op(K(lsﬁos?/n)l/4) 1+ 0,(y/5784K),

~ o~ 2
where 8¢, :=n"'Y <f(x,ﬂ]x,) —fo(xiﬁ0|x,~)> . For bounded case, K = /5, and K = 1 in

the strongly bounded case.

Remark 13. In particular, in the bounded case, if we choose A < \/log(p)/n, A; =< +/log(p)/n,
s%sﬁo\/log(p)/n =o0,(1), sﬂos‘} log(p)/n® =o0p,(1) and sj+/ 05, = 0,(1), then

105, —©pe 111 =0,(1).
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In the strongly bounded case, we only require A < \/log(p)/n, A; < /log(p)/n,
syspo/log(p) fn = op(1)

and s;0f, = 0,(1).

Finally, we begin presenting preliminary results for each term in the decomposition (2.17).
We start with term (III), which measures the error of the one-step improvement quantity using the

estimator F,,.

Lemma 8. Under Condition 1 - 7, for I?n chosen to be as in (2.18)

I~ T K logn 3/4
III:—Z;(*)J-Xi ¢+ 0, (;-I-K(T) ,

where K = | /5, and in the strongly bounded case, K = 1, and

0 I(Fo > 1) & (H(Yz >0,8=1) /°° dFo(S\X))
=TI (x;p° <0)I(T7; <0)————=) B(x; — .
(P (X ﬂ ) ( ) F02 ll_El l(x ) FO(Y]‘X) max{0.Y,} FO2 (SlX)

Furthermore,
n

2
1 ~ o
_Z@jx?@iw(o,_‘i’),
n n

i=1

AT
where Gq% =EO®;Qy®; and Qs =Y, X, X7 /n.

Remark 14. Lemma 8 implies that an additional normality term results from using the classical
Kaplan-Meier estimator as a proxy for the true distribution F. Such a term can be understood as

the extra variability due to the missing information regarding underlying distribution.

In the following, we apply linearization on the term (A) and then combine the term together

with (I), which then gives us the following Lemma. The rationale behind such arrangement is that
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the term (A) describes the difference in the one-step correction with expectation of score using

initial estimator B, whereas the term (I) is exactly the difference of B and B°.

Lemma 9. Under Conditions I - 7, when H@BJ — 0O ; ‘] =o0,(1),

[—Al=0, (K)L,-Asﬁo) +0,(KA2s50),

where K = VS and in the strongly bounded case, K = 1.

For part (II), we have the following lemma, which aims to bound the difference of a

empirical process.

Lemma 10. Under Conditions I - 7,

11| =0, (, /lsBosj/n> .

Last but not the least, we show the normality of the term \/ﬁ(:)Sn( B?) for part (N). The
lemma shows that the leading term of the Bahadur decomposition (2.17) follows a normal

distribution.

Lemma 11. Assuming Conditions 1 - 7,

2
o2
7n b

where y; = — [wi(Fp) I{Y; — x;,° > 0} — (1 — 7)], and G&, = IE(:)jS'Zl,,(:);r and

:I'—‘

Qy = inTxil//iz/n

i=1
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2.6 Proofs of Lemmas

Proof of Lemma 7. Let wg be the diagonal of the weighted matrix Wg. Denote

Xﬁo,]- = XB07*].’}/B03]. + nﬁ()J’ (223)

and

Tp,; = aremin|Xg  ~ X _ 712 +2% 711

where yg ; = argmin, E[Xgo ; — XB”,fﬂ’”%- Define
n;j:=X;—X_¥pe (2.24)
we can rewrite equation (2.23) as
WX = WpeX_jrpe j+ Wpemj,
and similarly by (2.24), we also have
WX = WX jrpge j+Wgnj. (2.25)

By the definition of ?ﬁ P

o~ J— o~ A/\ 2 . A/\
HXﬁ,j Xﬁﬁj’yﬁ,j”"+2)b]||yﬁ,j”1
< X5, X3, .Ypo,jllﬁ+2/1jll70,jl|1-
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Replacing )A(E j by (2.25) and rearranging terms, we get

1X5 (T~ 130 ) B+ 2240175

IN

2 T ~
~(Wany) X, = )+ 24 el

- Znﬁ(),jxﬁov*f(?ﬁ,j - yﬁ”,j) +24; ”YﬁOJ |1 +Rem,

-
where the remainder Rem = (2/n) ((W%3 ~W2,)n j> X_ J(?ﬁ] —Yge ;)- Note that by Condition
5, IMjllee < 1Xjilleo + X780 ;lleo = Op(,/57)- In the strongly bounded case, we have the projec-
tion [ Xge _ ;¥ jlle = Op(1), hence |[1]le = Op(1). In the following, we write ||7[| = Op(K)
where K =, /5j in general case, and K = 1 when data is strongly bounded.

We can bound the remainder term

!Rem!<—H( Wzo)n;HzHX (Mg ;=) 2

Therefore,
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VAN
1
=
=
\_
8_
/\
'c:>N
|
=
=
Q
N
[\*)

n

- %”nBOJ’ Z( (xiBlx) I(xiB > 0) - fo(XiﬁO|Xi)11(Xil3">0)>2

IN

g 23 X (FoxBix) — Bl )2+g(fo<x,-B|xi>—fo<xiﬁ0\xi>)2}

r—/H

n

g -1 ) (105 > 0) 1" > 0))

N

= 310, (K%) 4 X (B~ B)I30,(K) %Z( xB >0)~ 1(xB° >0)) 0, (k)

1 n

M
'ca>

= 0(5f7nK2)+0p(l SﬁOK —l—O K2

Y 0 2 o 2
where 8¢, = n_IZ?:l <f(x,ﬁ]x,-) — fo(xiB \xi)> and %;(B) = (]I(x,-B >0)— I(x;,8° > 0)) .
Observe that for any fixed B, %;(B) is Bernoulli random variable. Let &2 =P (%; = 1). Note

that

max [x;B —xiB°| = | XB — Xl < [IX[|[|B — B°lli < Kx[|B — B[,

and

s LB B ="' IX(B - B

3

Therefore, 2 < P(|x;B°| < Kx||B — B°|l1) = O(||B — B°||1) by the boundedness of density fp.

By Chernoff inequality,
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Hence, we have

Therefore, for any § > 0,

Rem| = 8(|X5 (7 =12 I3 +0(87.,K?)

+ OP(AZS[;”KZ) + Op(KZASB") + OP(K2W)'
By the standard arguments, choosing A; < /log(p)/n, we get
||X[;_J(?[§J - Yﬁ”,j) ||;% = Op(ljzsj) + 0(5f7nK2) + Op(lsﬁ”Kz) + Op(Kz\/ lsﬁ"/”)
and
7., — ¥pe 111 = Op(Risy) + O/ 81K y/57) + Op (K [Asgesy) + Op(K (hsgosh/m) 4.
Using (2.24) again, we get

N

2 2 _yw/l = 72 T 2 w2 . A~
di —dgo;=Xpo (Xgo;—Xgo 75 )/n dp07jj.+z<j (W5 = Wp) (X, X_,yﬁjj)/;z.

(i) (if)

By Theorem 2.4 in [VAGBR™14], we have (i) = O,(4;,/5;). For the second part (ii), by

Condition 5,

(il) = O0p(K)- Y |F(xiBlx) U(x:B > 0) — fo(xiB’|x)) U(x;B° > 0)

S|
M-

= 0p(1/6raK)+0p(A SﬁoK)+0P(K(7tsﬁr>/n)l/4).
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Therefore,

d2

=B ;| = 001 57) + 0, (1 [814K) + 0y (A 55 K) + Op (K (s /m)' 1),

2
N dﬁ”,j

Combining all previous results,

H@BJ—%",J-Hl
o e/ e (U2 1
< W7, — tpe 0B el (12— 1/

= 0p(Ajs;j)+O0p(K,[Asgos;) + Op(K(Asgost /m)/*) + 0, (1/587.4K).

]
Proof of Lemma 8. We begin with expanding on the following difference,
o - 08.B.F)| (- 1%8:B.F)| (7 Y
©, (Su(B.F)~S:(B.F)) =0, == (R—R)+3 =05 (R-R).
F=F -
(2.26)

for some F between F, and Fy. We then work on rewriting the terms in the summation of
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S, (B,F). LetS, (B,F):=n"'Y" s (B,F),

si(B,F) = —x; [wi(F) 1(Y;—x;f >0)+7—1]
— x/ :]I(T,-SO) (r—1+%11(x,~ﬁ <0)I(F > r))

+1(7; > 0) (7 — 1 + I(T; > x;B))]

T [HxB <0) (T < 0) (= 1)+ (T S O) L U(F > 7)+ £ 1(T; > 0)
+I(xiB > 0) (I(T; < 0)(t— 1)+ I(T; > 0)(z— 1) + L (T; > x;B))]

= —x/ [1(xiB <0) (7= (T} < 0)+ I(T; < 0)-Z N(F > 7))

+ 1 (x;B>0)(t—1+1(T; > x;B))]

— x/ [r—ll(xl-ﬁ <0,7;<0)+ I(x;B <0,T; <0)~ L(F > 1)

T
F
— I (x;B >0)+ 1(T; > x;B,x;8 > 0)].

We derive the first derivative of S, with respect to F at Fy,

-~

98.(B.F)
oF

£—0

1y -
—lim — Y x/ ¢l (x 0.7, <0)
i3

=Fy

F0—|—£(F—F0) F

1 ]I(F()—I—E(F—Fo) > T) ]I(F() > T)
% S(F—F() < )

)
1 & =
— —r—leiTrll<x,-B <0,T; §0>
i=1

o lim 1 W(F+elF—F)>1)  I(FH>1)
8%08(F—F0) F()—I—E(F—Fo) F0+8(F—F0)

]I(F() > ’F) ]I(F() > T))

F()—I—E(F —F()) Fy
I(Fy > )
Fy

1y -
—— Y x tl(xB <0) 1(;<0)
i=1

)
n;:=
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where the details of taking the limit is as the following.

lim 1 (]I(Fo—f—S(F—F()) > 7) B I(Fy > 1) I(Fy > 7) B ]I(F0>‘C))

e—0 E(F—Fo) F()—I—S(F—F()) F()-l-S(F—F()) F0+8(F—Fo) F

B 1 I(F+e(F—F)>rt)—1(F>1) _ e(F — Fy)

= e (F—R) < Fote(F—R) FolFo + e(F — Fy)) 10> T))
]I(F() > ‘L')

since Fy is bounded away from 7. Likewise, we have the second derivative of S,, with respect to

mem

aZSn(B,F) 2N -~ ]I(F > T)
9°5.(P.F) ~:_Zi;xhﬂ<xiﬁgo> (T <0) ==,

J0F?

as for F close to Fy, F is also bounded away from 7.

Plugging the derivatives into (2.26), we have

A( S.(B,E,) —S (B,Fo)):%é@jx?ﬂI(xi[}§0>H(7}§0)11(F;—()2>Q(F,,—F0>
—%é@jxfrn<xiﬁgo> (T<0)%(F —F0>2/.

(i)

Following the framework of Theorem 1 of [LS86] and Theorem 2.3 of [GMCS94] that for the

classical Kaplan-Meier estimator }?n as defined in (2.18), we have the following linearization.

F0%) — Fo(Ofx) = - 3" £(%, 81, logn\ Y1) _ 5 (L (loen)*
n\YUX o(VUIX ; 1,90,X p n —Up \/f_l n

n
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for some 0; between (x —x;)/h, and (x —x;) /hy,, where

C(Yla&,x) =

I(Y; > 0,8 = 1]x) /°° dFy(s|x)
Fo(Yi[x) max{0.¥;} Fg (s|x)
In fact, for i # [, (7; < 0) £ (Y, 8;,x) are independent random variables with mean zero and
finite variances for any given x.
Replacing the term (I/T\n — Fo> with its linearization, and separating the terms of i = [/ from

i # 1, for term (i), we have

1 n n ~ ]I F
(=-5) ) O tl(xp’<0) I(1;<0) %Bnl(xi)g(lﬁ, 8, %;)
i=11l=1 0
1#£i
+ % )3 0x T <11 (Xzﬁ < 0) — I (x;B° < 0)) (2.27)
gt
SICEDLUESINMII S
0
+%Z@JXTTH( lﬁ <O> (T SO) @Bm(xl)C(Yh&hXJ
i=1 0
no__ 3/4
(fonratagunsatien) o))
=) Y. 0/t (xB’ <0) I(T; <0) %Bnl(xi)c(n, 8, %;) (2.28)

KAsgo K logn 3/4
+0P( nﬁ )+0P( 3/2)+0 (K(T) : (2.29)

where K = /s, and in the strongly bounded case, K = 1. The order in (2.29) results from the

condition that H@B i Og- ||1 = 0p(1), and similar arguments as in Lemma 7. For the other
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term (ii), we can bound it as following,
. Il T ~ I(F > 1) 1 logn 32 log®*n
(ll):(;i—zlngi T]I<X1B§0>]I(Tl§0)+ '0]1 -+ +W

F3 n n
K 1 3/2
n n

For convenience in notations, define random variables ¢; as following,

6= Tl (B < 0) 1(7; < 0) W=Dy

Then {(:) jxiT ¢;}._, are i.i.d. mean zero random variables with finite variance. Thus, by the central
~ T
limit theorem, (2.28) KNy ((), Glz/n), where 612 = E®j§21®j ,and Qp:=Y" x?xiq)iz/n.
[

Lemma 12 (Preliminary Result for Lemma 9). By the construction of inverse matrix @° and (:)

we have 1/623 =0(1).

Proof of Lemma 12. First, we note that ®9~7 = 1/ d?, which is a result of the KKT condition
following similar arguments as in 2.3.1 of [BG16]. Second, following the proof of lemma 5.3 in

[VAGBR T 14], we can show c% = djz +0,(1). Then the results follows from Condition 7. O

Proof of Lemma 9. We will suppress Fy in the argument of S,, for the proof, and start by first

examining part of A. Denote H(b) = [JES,(B)/dB]g_.

ES.(B) —ES.(B°) = H(b)(B-B°)
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Thus, we can rewrite A as

Subtracting (A) from (I), we have

I-A = B;—B5—©H(B)(B—B°)—©;(H(b)—H(B))(B-B°)
(] ~Om(B) (B—B") +8;(H(B) (1) (B—p")

() (11)

Using the KKT condition described in (2.12), we could work out a bound for (i). In more

detail,

IN

(" — ©;H(B))|l||B — Bl
Ais o,

d_é"ﬁ_ﬂ 1

= Op(ljlsﬁ”)

(] -&,H(B))(B-B")

IN

where the last inequality is due to the consistency result of Theorem 13 and the fact that 1/ cg is

bounded, which is shown in Lemma 12. Now for part (i),

;(H(b)—H(B)) (B - B°)
®,x! x;(1(x;b > 0) fo(xiblx;) — N(xi > 0)fo(x:B[x) (B~ B°)

®)

IN
S| =

1

1

< X0 (x(B-B7) M|, Y Ox/x(B ) (n<xib>o>—n<xiﬁ>o>)‘
< LIX® [X(B — B)lls/n+ MKX|X® B~ Bl Y [ (xib > 0) — H(xiB > 0)

i=1

Bi.

S | =
1=

N
I
—_

= 0,(KA? sge) +Op(KAsgo)
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When ||@j - ®?||1 =0p(1), the term ||X@)JT||0<, is O,(K), where K = , /5 in the bounded case, and
K = 1 in the strongly bounded case. By similar argument in Lemma 7, n~' Y| %; = Op(Asgo).

Putting parts of (i) and (ii) together, we have

1-Al=0, (msﬁu) +0,(KA%5,).

Proof of Lemma 10. Suppressing the argument Fy for simplicity of notation, define

(x]

(B) = ©;[Su(B)—Su(B")] -, [ES,(B) —ES.(B")]
= 0;[S.(B) —Su(B")] ~E®; [Su(B) —Su(B°)] .

-~

U]

n

where the expectation is with respect to response variables 7; and @ is any p by p matrix with
1©,|| = O(,/5}) (s; is still the j-th row cardinality of ®°. So in another word, ® is any matrix

with the same row cardinality as ®°). Then the term (II) is just E(E) with © = ©. Note that

&, = \/TE iS;l/ZG)inTWi [0(Y; > x;B%) — (Y; > x:B)] -
i=1

-~

Si

Now for any i, without loss of generality, assume x;8 > x;8° > 0. Then &; = EI /O jxiTwi isa

Bernoulli random variable

1, ifxB°<Y;<xiB

0, elsewhere

and P(& = 1) = Fy(x;BIx;) — Fo(xiB°|xi) = fo(x;b|x;)x;(B — B?) for some x;B° < x;b < x;B.
Therefore, Var(&;) <P(&=1)=0,(||B—B°||1) by Condition 2 and 5, and so is the variance of 3
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because ||s;]/ ‘0 i(B)X! wi| | is bounded. Furthermore, it is easy to see that g, is a stochastically
bounded random variable, say \§,| < a almost surely. Then Var(gi) Ja=0,(||B—B°|l1) and this

holds true for all B. Invoking Bennett’s inequality and the fact HB —B’lli = Op(sgoA), we have
E(B) = Op(/Asges;j/n), and hence Lemma 10. O

Proof of Lemma 11. We start by rewriting part of term (N), we note that

n

S.(B°,Fy) = —%Z [ wi(Fo) I{Y; —x;B% > 0} — (1 — 7)]

i=1

1 -
= ;in Vi
i=1
where y; = — [w;(Fp) I{Y; — x;$” > 0} — (1 — 7)]. It is easy to show that, for each i,
E[yilx;) = — (7= P(¥; <x;B’) — 7(I(x;8 <0))*) = 0.

Furthermore, |y;| < 1. Then we can apply Lindeberg central limit theorem to random variable

{(:)jxiTl,tIi}f-‘:l. We have
N ) 1~ + 4 G&,
®]Sn(ﬂ 7F0) = ZZ®]X1 llll_>¢/1/ 077 >
i=1

~ T ~ ~T
where 67 = E@; (n 1y, xiTx,-l/fiz] 0, =EO;Qy0; and Qy =} x| x;y?/n.
[

Proof of Lemma 13. Assume fg(x) = a > 0. Let the distribution function of error at x be
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vo(]x) = P(e < £]x).

Zpslx = Elwpe(y—a)+(1—-w)p:(y ™ —a)lx]
= [ 0pste = a)+ (1= w(e)psly ~ @] dFy(e}
+/i DPe(t —a) + (1= w(t))pe(y™ — a)] dFo(t[x)
+/‘ et —a) + (1 —w(t))pe(y™ — a)] dFo(t]x)
- / T(t — a)dFy(1]x) +/ T—1)(r —a)dFy(1]x)

o i I
[0 e D (- 107"~ )] Rt

_ r/ tdFo—/ tdFy+ (tFo(0[x) — 7 — Fo(O[x)) a + aFo(alx)
0 0

0T T T o ]
+/_m (0 o) (T D@+ s (=107 —a) | dFo(el).

Ppplx = Ewpe(y—xB")+(1—-w)pe(y™" —xB7)[x]

~ /ootdFo /OXB 1dFy+ (TFo(0[x) — 7 — Fo(0[x)) xB° + xB° Fo(xB°[x)

0 T e o
+/ [ 0|X T 1)(t—Xﬁ )"‘W(T—l)(y —XB ) dF()(t‘X).
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Pprlx— Pplx=— /B"tdFo + (TFy(0]%) — T — Fo(0[x)) (a — xB) + aFo(alx) — TxB°
X

0 T v
[0 e e -a

T

+m(r —1)(xB° — a)} dFy(t|x)

- /X;otdFO + (tFy(0x) — T — Fy(0]x)) (a —xB’) + aFy(alx) — xB’

T

== [ [0 ) + | 4P

_ /ﬁ tdFo + (TFo(0x) — 7 — Fo(0[x)) (a — xB°) + aFo(alx) — xB°
+(xB” —a)(t— 1)Fy(0fx)

T /oaXﬁo(l +xB%)dvo(t[x)
1 (tvo(—xB°I%) — 7 — vo(—xB°[x)) (a—xB°)

+avo(a—xB°Ix) — 1B’ + (xB° — a) (r— 1)vo(—xB’x)

= —/OHﬁ tdvy(t|x) + (a —xB°) (vo(a — xB°|x) — 7). (2.30)
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Let z :=a—xf8°, then:

230) = - /O " 1dvo(t]%) + (Vo (2]x) — 7)

= —/Oztdvo(t|x)+/ozzdvo(t|x)

= /Z(z —1)dvy(t|x)
0

_ /0 (z— 1) Vo(t|x)dt

— /z(z—t)\'lo(O\X)dt+/Z(z—t)(\'/o(f|x) — Vo(0[x))d1
0 0
z 2|

> [ e=0)%0(0)di— [ (el =0)l¥o(rix) ~ Vo(0lx)lds

> (i) /Oz(z—t)\'/o(0|x)dt—L/OZ(|z| —1)tdt

1 1
=  —v(0|x)z* — =Lz 2.31
SV — L] (2.31)

In (i), we use the Lipschitz condition of the density function of error. Because of (2.31)
and Condition 4, we can then use the Lemma in Stadler (2010) to conclude that there exists

C1 > 0s.t. &(fg) > Cillfp — foll* O
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Proof of Lemma 14.

78 (7, %) = [wpe(y =xB) + (1 = w)pe(y™™ = xB) —wp(y =xB") — (1 = w)p:(y = —xB’)]
= [wp:(y =xB) —wp:(y —xB%) + (1 —w)p (7" —xB) — (1 —w)p:(y ™ —xB)|
= |w(p:(y =xB) — p:(y —xB")) + (1 —w)(z — 1)x(B* — B)|
<(i) wlmax(7,1 = 7)x(B — B°)[ + (1 —w)|(z— )x(B" - B)|
= {wmax(7,1-7)+ (1 -w)(1 - 1)} x(B — B°)]
< max(t, 1 - 7)|x(B — B°)|
< max(7, 1 - 7)||x]|-|[B — B[l

<(isy max(t,1 —7)Kx||B — B’|]:.

for all x, y, B in the range. The inequality (i) is from triangle inequality and property of loss

function pz, and (i1) is because of Condition 5. Therefore, we have

v (visXi) — Eyg (vi,xi)| < 2max(7,1 —7)||B — B|[1Kx.

Denote ¢; g := 2max(t,1—17)||[B — B’||1Kx, it is easy to show that

n
sup Z ?p < (4max(7,1— T)2M2K)2() n < 4M*K3n.
1B—B°[1<Mi=1

)

By the concentration theorem (Massart, 2000), we have

nt?
P(Zy > EZy +1) <exp [ ——2 ).
(2u = M+)—6Xp< 32M2K§)

/32t
P(ZMZEZM—i—MKX 3—) Seil,
n

Therefore,
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By the contraction inequality (Lemma 14.20 in Buhlmann and van de Geer (2011)), we have
2log(2p)
EZy <4AMKx\| ——.
n
Consequently, for all # > 0 and M > 0,

2109(2 301
P (ZM > 4MKX\/M+MKX,/—> <o
n n

Let

A(r):41<x\/21%(2p)+1<“/%, (2.32)

we have

P(Zy > MA(t)) <e'.

2.7 Proofs of Theorems

Proof of Theroem 13.

Lemma 13. Assuming Conditions 3 and 6, there exists some constant Cy such that

&(fg) > Ctllfp — fol >

Lemma 14 (Concentration inequality). Define

’}/ﬂ(yax) = pr (y,X,W) _pfﬁo(y7xaw)7
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1 n
Iy = sup —Z}’ﬁ(Yiaxi)_]EYB(Yiaxi) J
1B-B°Ili<m | i=]
A(t) = 4K ZIOi(zp)Jer %

Then we have

The following argument follows Muller and van der Geer (2014). We start with bounding

the excess risk for fB’

@@(f[;) = @pf,g_gzpfo

= —(Fu=2)psz —Pp) (2.33)
+24(pr;) + MIBII = (Zalpr) + 1118111 ) (2.34)
+4/1B°Ils = A[1Bll; (2.35)
+Zu(Pry) — «@(Pfﬁ) +Pu(pg) — PulPsy). (2.36)

The plan is that, for equation (2.33), the empirical process part, we bound the term using
concentration inequality. While equation (2.34) is negative by the definition of B, equation (2.35)
can be bounded using triangular inequality. Finally, for equation (2.36), it is negligible because
|[W? — W||w = 0,(1), which is shown in the proof of Lemma 8.

We then bound (2.33), (2.34), (2.35) separately. For (2.35), it is easy to show:

MBI =AlBIh <A Y, IB=B7I—-2 ). Bl
jes(B?) jese(B?)
For (2.33), we have

_(yn_ e@xpflg _pfo) = _(@n_ 32)757
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and

ZM: sup |(<@n_<@)7ﬁ|
BB’ <M
Now define
Py— P
Z}?f[ = sup M
Hﬁ—B“ngMHﬁ—B ll1Vvé
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We have

P(Z5, > 2A(1))

IN

IN

IN

IN

IN

IN

P — P
(s 1P
1B—p°|l<m |IB—B°Il1Vé

[~ logy 6-1] P,
Y P sup ’(—0)7’[3| > 2A(1)
j= - tomm) \271<|g—pe <27 1B =B7ll1 VS

+P su > 2A(t
<|B—ﬁ”p1<6||l3—ﬁ |1 V& (t)

[—log, 0—1] gzn _ P
Z P sup w > 21(1‘)
2 <|p-p <2 2

Jj=[—log, M|
+P ( sup ’('%S—L@W > 2&@))
IB-B°Il1<5
[—logy 6—1] ,
) IF’( sup (Pn— P)1g] >2_17L(t)>
j=l-logam| \2777'<[|B—p°[1<27
+P < sup  [(Pn— P)1pl > 25/1(t))
BBl <5
[—log, 611 .
Y  P(Zpi>27A) +e!
Jj=|-1log, M|
[—logy 6—1]
e*l_i_efl
Jj=[—log, M|

([—logy 6 — 1] —[—logy M| +2)e™"
(Mogy M| — [logy 6+ 1] +2)e”

([logy M1 —[log, 6] +2) e

log, (STM) e

Therefore, for any B with ||B — B°||1 < M, we have

((Zn—2)vgl <24(t) (/1B — Bl v )
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with probability at least 1 —log, (%) e,

It is easy to show that ||B —B°||i < n. Thenlet § = p~2,t = 2log(p) we have

(Zu— 25l <24(0) (1B BV p~?)

with probability at least 1 —log, (8np?) /p*.
If HE — B°||1 < p~2, trivially we have consistency.
If ||B — B°||1 > p~2, then because (2.34) is always non-positive by the definition of B.

we have

E(f) < ~(Pu=P)pgy = pp) + ANl — Al

<2(0)|1B — Bl + Al1Bl: — AlB]I:

u(r)( Y BB+ ¥ Bj)

JeS(B?) Jjes<(B”)

+A( Y B Y 1Bl- % B})

JeS(B?) JeS(B?) jesc(B?)

<2ﬂ,(t)( Z |B\j_B]Q‘+ Z B}) +l( Z ’B\j_ﬁﬂ_ Z B\J)

J€S(B?) jese(B?) J€S(B?) J€se(BY)
=2r0+A) Y BB+ -2) Y 1Bl (2.37)
J€S(B?) J€s<(BY)

Since g(fB) >0and A > 4A(z), from (2.37), we know

Byl < 553 o B Bl < 3B~ B)s 2.39)

which allows us to use the compatibility and censoring conditions. And again by (2.37) and
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A > 4A(t), we have
E(f) <CAO+A) Y B —BYI. (2.39)
jes(B?)

By Lemma 13, equation (2.39), the censoring condition and the compatibility condition,

we have

CAO+MIB-B)slh = Cllfz—foll
= Cl(B—B")"EX"x](B—B)

¢2 » 0
> Cfﬁll(ﬂ —B)s, |13 (2.40)

where (i) is from the compatibility condition.

By (2.40),

sge(2A(1)+ 1)

1B~ B)s,IIi < (2.41)
Cr o5
Equation (2.38) implies that || — B°||; < 4||(B —B?)s, 1|1, and hence by (2.41),
~ Asgo(2A(r) +A)
BB < 20
Ci oy
< b (2.42)
= o |
WithC =1/ C?, we have Theorem 13. Furthermore, by (2.40), we have
=~ ~ 3AC 5
(B—B")"EX'X|(B-B") <=~IB—B°Il- (2.43)
]
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Proof of Theorem 15. Following results from Lemmas 8 - 11, when H@B i~ Bp ; ‘1 =o0,(1),
the representation (2.17) can be simplified as
R Ia o7 g T
o
\/ﬁ(ﬁj_ﬁj) =Vn 5291'?‘1' ‘I’H';Z@jxi 0;
i=1 i=1
K 10g3/4n
2.2
+0, (KAJ'ASBO\/E-FK)L Sﬁo\/ﬁ-i— )LSBOS]' + % +K7

— (%i@jxf(wiwi)) +op(1).

The last line follows from assuming both A and A; are of order O(+/logp/n), and Ks%(, logp/nV

1/2 1/2

Sgo S (log p/n)"/* = o(1). Then we have that

Vi (B;~B%) 44 (0.07).

where GJZ = I[-E‘;(:)]Q(:)]T and Q:= Y xx;(w; + ¢;)? /n.

. AT
The only missing part of the proof is the bound on the estimation error for 0'12 = 0Q0

~ AT A~ . ~\2 . ... N
from E@;QO; , where Q =} ", X; X; (l;/l + (])i) /n. We start with rewriting the estimation error,

J/

67— 07| = |0,08, —ei0e) |+ |ejae)  —elae’

-~

Ty L}
+ ‘@99@3” - @‘}EQ@?T) + (E (®3Q®?’T 6,08, ) ’

g g

T3 T

For the term 77, we can further decompose it as

T < ‘(@9—(?),-)9@3,T’+’€),-Q(@5?T_(?),T)’

IN

2|@f0(e] - 6))7| + |(©) - 6,06 -8))|

IN

2|©%Q|||®; -8 + Q|- ©; - j]|F.
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Because ‘@?X? = O(K) and x|l = O(1), we know ||®(}QHoo = O(K) and ||Q||. = O(1).

Therefore, T = 0, (1) if K ||(:) e 9(} |1 = 0,(1). We note that term 7 can be bounded similarly.

For the term 75 + T3, denote & = @i + ¢, then

1y - Iy
@) <f_l i:ZIX,-TXi (éiz - 5:‘2)) ®3T (r_z > (X?Xigiz - EX;'TX"éz)) GS’T '

l:
. > .
g g

Ip) I3

Hh+1T; =

>

For term T3, since || X[ = O(1) and |&;| < 1, by Hoeffding’s inequality, we have

lz": (GOXTX.@)O,ng _E@)OXTX.@O,T§2> _0 K*
- iXi Xi@) G i X950 ) = 0p( 2 )

i=1

Next, note that for 7»

+§, )

M-
/\ /'\

S| =

1I’l
3

=)
|
=
N

Vit 6+ v+ o) (Wi

+aL (50

i=1

D=

S| =
[\

:I*—*

IA

~
—
S| =
WM:

—_

For the first difference, we have

%i@’ “Y= IZ (wi(Fo) 1~ xiB = 0) = wi(Fy) (Y, —x,B° > o>>‘
= %Z( —wi( Fo)) + %i(H(Yi—xlﬁZO)—II(Y,-—X,ﬁOZO)>‘
i=1 i=1
= 0,(1/v/n) + 0p(Asge),
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following results in Lemma 8. In addition,

Gi— i< liH<Fn>T> (1_H(n_0))_lZH<F0>T)( _11()/,_0))
o = Ey nis K Fo
T y H<F”>T>_1I(F0>T)
n =1 I/;‘;Z FOZ
I#i
+Z”: ]I(F0>T)]I(Y1—O)_]I(Fn>T>H(Yl—0)
=1 Fo3 f;f
I#i
= p(l/ﬁ)7

which then gives that [}l - x,Tx,-(El? —&2) e Op(1/+/n+ Asge). Then we conclude that
T3 = 0,(K*/\/n+K*Asgo).
Finally, when KS%() logp/n\/slla/,;zsj/z(logp/n)]/4 \/KH@J- — @)?H] \/KZ/\/E\/KZASBO =

o(1), we have that 6; = 0; + o(1), which then completes the proof. N
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Chapter 3

Testing Generalized Hypotheses for

High-dimensional Precision Matrix

3.1 Introduction

High-dimensional precision matrix arises in many areas of application, such as gene
network discovery in [SS05, WZV104], brain connectivity analysis based on FMRI data in
[NVPT13], climate studies in [RPK14], as well as financial data mining and social network
analysis. As the precision matrix is often considered as a characterization of the network structure,
entailing information regarding the interaction among subjects of the network, it serves as a proxy
to a concise network depiction. Thus, it is often the case that an investigation of underlying graph
of the network can be transformed into a problem on precision matrix.

It is known that the (i, j) entry in the precision matrix corresponds to the partial correla-
tions between the variables i and j. In addition, the close connection between precision matrix
and Gaussian graphical model results in an even stronger property. Under Gaussian graphical
model setting, this further indicates conditional independence, see [Lau96]. In other words, if

the data follows a multivariate normal distribution, the (i, j) entry of the precision matrix is
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zero, if and only if variables i and j are conditionally independent given all other variables. In
terms of the graph, this indicates that there is no edge between i and j. Thus, establishing the
connection between a sparse graph and a sparse precision matrix. As often only few partial
correlations among the large number of variables are significant, sparse precision matrix is a
standard assumption high-dimensional setting.

We present here a testing framework for generalized hypotheses in high-dimensional

precision matrix, based on the projection pursuit method.

3.1.1 Related Work

Although there is not much results in inference for high-dimensional precision matrix,
its estimation problem has been extensively studied. In estimating the sparse precision matrix,
one of the major approaches is neighborhood selection, which was introduced in [MBO06]. The
method estimates the zero entries of the precision matrix, by regressing each variable against
the rest with standard Lasso, and thus also the name nodewise regression. [YualO] uses the
Dantzig selector to derive a precision matrix estimator under the nodewise regression framework,
whereas [SZ13] proposed an estimator with scaled Lasso. Alternatively, CLIME and its adaptive
version ACLIME, presented in [CLL11] and [CLZ™16], offer to solve the problem using a related
optimization framework, in place of regression setup.

Another major approach in estimating the precision matrix is through a penalized maxi-
mum likelihood estimator for the precision matrix. The method is named graphical Lasso, and is
considered more of a global approach than nodewise regression. As opposed to the column-wise
nature in the nodewise regression, this approach optimizes for an estimator to the precision
matrix in its entirety. [YLO7] solved the optimization problem as a max-det problem, and showed
convergence result in low-dimensional case. [BGdO8] accelerated the optimization process by
making use of duality, and solved the problem using semi-definite programming. [FHTO08] further

improved the computation efficiency by connecting the optimization with Lasso, and hence the
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name graphical Lasso. Variants of graphical Lasso have also been proposed. [RBL"08] applied
penalty limited to off-diagonal entries, and specified the convergence rates under Frobenius norm
loss. [LF09] and [FFWO09] explored the graphical Lasso with noncovex penalty functions, such
as SCAD and adaptive Lasso. In addition, various pseudo-likelihood based objective functions
have been proposed, for example, [FHT10, RZY08, KOR15, PWZZ09]. While these methods
preserved symmetry property of the precision matrix, only the CONCORD estimator in [KOR15]
is shown to guarantee convergence in optimization and asymptotic consistency.

Despite that precision matrix estimation has been extensively studied, not many works
have pursued in high-dimensional precision matrix inference problems. [Liul3] developed a
multiple testing procedure for conditional dependence in Gaussian graphical model, capable of
asymptotically controlling the false discovery rate. In [WKR*14], Berry-Essen type bounds on
the coverage confidence intervals on edge weights are provided, along with bootstrap confidence
intervals for certain high dimensional graphs. [RSZ'15] extended the scaled Lasso estimation
and nodewise regression. By regressing variables i and j against the remaining ones, a proxy for
the covariance matrix of the residuals results in an estimator for the (7, j) entry in the precision
matrix, and the inference result for such an estimator has been established. More recently,
[JVDG™15] and [JvdG17] have developed confidence intervals for entries in the precision matrix,
by de-sparsifying the graphical Lasso and nodewise Lasso estimator respectively, with the help of
de-biasing results in [VAGBR " 14].

Nevertheless, existing literature has only considered inference for each entry in the
precision matrix. In fact, most existing work on inference in linear models, which is closely
related to precision matrix estimation, focused on testing hypotheses that specify parameters to be
given values [JM14a, VAGBR ' 14, ZZ14, ZB16]. With an initial Lasso estimator, [VAGBR*14]
proposed a bias correction estimator, in order to obtain confidence intervals, while [JM14a]
implemented a similar de-biasing procedure, but proposes a different scheme for estimating

the inverse covariance matrix required in the bias correcting step. Until recently, [ZB17] and
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[JL17] developed frameworks for testing general and complex hypotheses in high-dimensional
models. In this paper, inspired by [ZB17], we propose a projection pursuit framework in testing

generalized hypotheses for high-dimensional precision matrix.

3.1.2 Contributions

While the problem of testing general hypotheses remains wide open, there is a need
in practice for testing general hypotheses. For example, a common assumption in de-biasing
framework requires the precision matrix to be row sparse, see [VAGBR"14]. However, no
statistical testing procedure has been developed to check such an assumption. Another common
assumption, particularly in time series data, is that the precision matrix is banded, which translates
to decreasing values as the entries deviate from the diagonal. While bandedness testing in
high-dimensional covariance matrix has been studied [CJ*11, QC™12], there has been no testing
procedure devised for bandedness testing in high-dimensional precision matrix. Recently, [Biel6]
presented graph-guided banding, a more generalized notion of bandedness. Testing the graph-
bandedness of precision matrix can be appealing to researchers, who want to apply specific
domain knowledge on underlying variable interactions. The following work provides a viable
framework for testing a general hypothesis on high-dimensional precision matrix. We demonstrate
the framework through three testing hypotheses. In addition, extensive simulation studies and

real data analysis have been included.

3.1.3 Content

In Section 3.2, we introduce the projection pursuit approach for testing general hypotheses
regarding the precision matrix. In details, we demonstrate the method with concrete testing
hypotheses. As examples, we present hypotheses regarding row sparsity, minimum signal strength,

bandedness and generalized bandedness. A comprehensive simulation study with numerical
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experiment results can be found in Section 3.3. Finally, in Section 3.4, two real data application
are demonstrated. As this is still a work in progress, we only present here the methodology and

its empirical performance, along with preliminary Lemmas and their proofs in Section 3.5.

3.2 Methodology

Let the vector Y¢ = (34,4, - - ,yl;,)T, k € [n] be n i.i.d. observations, from a multivariate
distribution with mean 0 and covariance matrix X. We also denote Q =¥~ = ((a),- 7)(i,j)elp] % [p])
as the inverse covariance matrix. We denote the i-th row of a matrix X as X;., and the j-th column
as X.j.

Often in the literature of high-dimensional statistics, row sparsity of € is assumed, namely,

max ||Q;.|lo = maxz I(Q;#0) <c.
14 1 ]

Sometimes, we are also interested in testing for the minimum signal strength within the precision
matrix, i.e.
min |Q., j’ > c,
(i,j)esupp(Q)

where supp(Q) = {(i, j) € [p] % [p]|Qi; # 0}. In addition, there are other interesting matrix
structures that one may be interested in testing, such as the bandedness of a matrix, or a bandedness
that is much more general than the conventional diagonally banded ones.

However, there has been no testing framework for such an assumption. We provide here

an extension to the projection pursuit framework in [ZB17] for testing row sparsity assumption of

the precision matrix Q2.
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3.2.1 Row Sparsity

Row sparsity has become a popular assumption for precision matrix in the literature,
especially in de-biasing frameworks for correcting the bias in high dimensional estimates, see
[VAGBR ™ 14] for examples. For this reason, we are interested for testing such an assumption. We
formally state the hypothesis test for such an assumption. Let %) = {S € RP*P|max; ||S;.|jo < c},

then we are interested in testing
Hy: Qe Svs. H : Q¢ ..

For the initial estimator SAZ, we use the CONCORD framework in [KOR15], which is

o~

Q =argminL(Y,S) + P(S)
S

i Yi+ ) ;Y

) P 1L
= argmin — _lnlogwii+§; )
= i= JFI

(@ij)h<ij<p i

2
+A )Y oyl GO
2

1<i<j<p

The null Hy : Q € .%) is equivalent to d(Q,.y) = 0, where we define the measure of

deviation d(-) in this case as the Frobenius norm distance, i.e.

= min
S Gy()
or alternatively, the minimization of the infinity norm,

d(Q,.%) = fnin 1€2 = S|, -

Intuitively, this is a measure on deviation of Q from the null set .. However, as Q is unknown,
we plug in the initial estimator for Q. In order to obtain the deviation measure, we also need the

closest element to Q within the null set, which we denote with Q. The following optimization
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gives us an estimator for €2,

QzargminHﬁ—SH or Q:argminHﬁ—SH . (3.2)
SeA F SeA °°

> ‘ﬁi.

The optimization results in the solution ﬁ, such that ﬁ,- = ﬁ,- ;I (‘ﬁ, j ( )), for all
C

. Such a solution is justified

(i,J) € [p] X [p], where ‘SAZ, © denotes the c-th largest entry of ‘SAZ,
c

through Lemma 15 in Section 3.5.

Finally, for the test statistic, a possible choice is

max )Qij_-Q-ij .
1<i,j<p

However, for high dimensional parameter estimation, we need to correct for the bias introduced by
the regularization during initial estimation, so that the test statistic is not driven by the difference
in bias in the initial estimator. For the bias correction, we follow the sample splitting approach
and de-biasing procedures as in [ZB17]. Assume for simplicity, we have an even number of
n samples, which we then split evenly into subsample A and B, each of size n/2. Define the
combined bias for Q and Q with,

n/2 n

5=(n/2)"'Y M (Yk,fz) ~(/27" Y em (Yk,fz) 7

k=1 k=n/2+1

where M(Y,S) = VsL(Y,S) and 0,0 ¢ RP**P” are estimates for the population inverse Hessian

matrix O := (Vé]EL(Y, S )) ! based on respective Q and Q. The proposed test statistic is then
Tn:\/ﬁHvec (ﬁ—ﬁ)—SH , (3.3)

where vec(-) denotes the operation of vectorizing a matrix by stacking the columns on top of one

another.
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In details, M (Y*,S) and @ are calculated. For the first derivative, we have

IL(Yk,S) B (wiiyf+):j¢i wijy]}> y’f,
doy

I +i

_w%,' + (a)iiyf + X i (Dijy]j) v 1=

For the second derivative, we have

IPEL(Y:,S) | BV,

(90),'11 &(Dﬂz

11751'01‘12751'

LyEGH?, h=b=i

Thus, the population second partial has a block diagonal structure. Define

U= [u17u27"' 7up] =

L Wpp |
Then the blocks within the population second partial are ¥ + u,-ul-T € RPXP,

Z—i—ululT

X+ llzll—r
VAEL(Y,S) = 2

T+upu,

We take a look at the inverse of X + u,~uiT in details. By Sherman-Morrison formula,

1

B B —5 €.
(srua)) ' TN Qw0 et
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Thus, a good estimator © takes the form of

Q.9;.
o) +0r1

5,0,
©3,+ @)

o)
I

gi . Q.,Q,.
0% +0
pp " PP |

Finally, considering the difficulty to derive the actual distribution of the test statistic 7,
we apply multiplier bootstrap to derive the critical value for the test statistic. Notice that under

the null hypothesis, 7;, is set to approximate the quantity

OM(Y*,Q), 1<k<n/2
NG

, where R, =
o OM(Y*,Q), n/2+1<k<n.

2n/2 ) n
[Ty
=1

n k=n/2+1

Then given a set of Gaussian multipliers {&;}7_,, where & follows a p*-variate multivariate

standard normal distribution .4 (0,1), for 1 < k < n. The bootstrap statistic is defined as

(EEs)al £ aon)s)

k=1 k=n/2+1

T; = /n , (3.4)

[e]

where Ry = (n/2)*12',zg1 Ry and Rz = (n/Z)’IZZ:n/ZHR\k, and

-~

oM (Y’(,ﬁ), 1 <k<n/2

R =

@M(Yk,fz), n/2+1 <k<n

The o-level critical value is taken to be (1 — o) quantile of {7,}, denoted as T*, _,.
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3.2.2 Minimum Signal Strength

Minimum signal assumption is common for parameter estimation in high-dimensional
linear models. Here, we expand the idea, and test whether partial correlations among variables
have a minimum signal strength. For the hypothesis testing on minimum signal strength in a
precision matrix, we formally state the hypothesis. Let o = {S € RP*P|min; j)eupp(s) ’S,- j| >c},

then we are interested in testing
Hy: Qe Svs. H : Q¢ ..

While we still use the same initial estimator as in (3.1) and the same projection optimization to
acquire the closest estimator to the initial Q under the null, the solution to 52 however, is changed

accordingly. Specifically, the optimization results in Q such that Qi = ﬁi I (‘ﬁl j

= C> +
cll (’ﬁ,j‘ € (c/2,c)>. The solution is justified with Lemma 16 in Section 3.5. The rest of the

testing procedure follows as in the test for precision matrix row sparsity.

3.2.3 Bandedness

For sparse large matrices, often the bandedness assumption is imposed. The nonzero
entries of a banded matrix are confined to a diagonal band with certain bandwidth. It is a
well studied type of matrix structure for high-dimensional covariance matrix, see [BL08] and
[CZZ™"10] for bandable covariance matrix. Defining such a banded structure is not only for
theoretic convenience, but it also has intrinsic meanings attached. Often in financial time series
and genomics data variables interact only with the ones in vicinity.

In this section, we present a testing framework for high-dimensional precision matrix

bandedness. Such hypothesis can be set up as the following. Let /) = {S € RP*?|S;; =
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0, for |i — j| > ¢}, we are interested in testing
H()Z.QEy()VS. H ZQ%y(). 3.5

After obtaining the same initial estimator as in (3.1), following the Frobenius projection as in
(3.2) gives us Q, such that ﬁij = ﬁij I(|i — j| <c¢). Such a projection is justified by Lemma 17

in Appendix. The testing procedure then follows as in the test for row sparsity.

3.2.4 Generalized Bandedness

In addition to the conventional definition of bandedness as .7 defined in (3.5), we also
consider a more generalized banded structure. Recently, graph-guided banding presented in
[Biel6] expanded the traditional diagonal band, and redefined bandedness under the context
of graphs. In practice, this enables researchers to incorporate background information into the
testing problem, and test the progress in development from the original graph. We begin with the
definitions of generalized bandedness.

We denote a known graph G = ([p],E), where [p] denotes the p nodes and E denotes the
edges. The B-th power of a graph G, denoted as G5, connects nodes that are B hops of each other
in the original graph G. In other words, using an adjacency matrix A to describe G2, we have
A;jj # 0 for dg(i, j) < B, where dg(i, j) denotes the distance between node i and j. Thus, G is
also referred as the seed graph. We formally define graph-guided bandedness with the following

two definitions.

Definition 1. A matrix Q is b-banded with respect to a graph G, if supp(Q) = E (Gb), that is

Definition 2. A matrix Q is (by,---,b,)-banded with respect to a graph G, if Q;; #0 <=
dg(i,j) < max{b;,b;}.
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We also denote ¢ (B, - -- ,B)) as the set of (by,--- ,bp)-banded matrices with respect to
G, where by < By, -+ ,b, < B,. The two definitions can be regarded as graphs with a global
bandwidth and a local bandwidth respectively. The latter one is more general, as one with a global
bandwidth can be seen as a special case to one with a local bandwidth. For our testing purposes,

we are interested in testing the bandedness based on a seed graph, i.e. given a seed graph G,
Hy:Qe9(By, - ,By) vs. H : Q& 9 (By,--- ,Bp). (3.6)

Intuitively, the test utilizes the difference in sparsity pattern among graphs with different band-
widths. However, the change in sparsity patterns with B; stops when B; > diam;(G), where
diam(G) denotes the diameter of the j-th node in graph G. Thus, given a seed graph G, the
generalized bandwidth test is only effective for testing hypothesis j-th node bandwidth less than
or equal to the j-th node diameter in the graph.

With the initial estimation as described in (3.1), we derive the Frobenius projection as in
(3.2), which gives us SN2,~]- such that SN2,~]~ = ﬁij I [dc(i,j) < max{Bi,Bj}}. The testing procedure

then follows as in previous sections.

3.3 Simulations

We evaluate the empirical performance of the projection pursuit high-dimensional preci-
sion matrix testings with an extensive simulation study, which include numerical experiments of
all the precision matrix testing hypotheses mentioned in Section 3.2.

Three scenarios are considered, with dimensionality settings (n, p) as (100,200),
(200,300) and (300,400). Under each setting, we provide simulation results for precision matrix
test for row sparsity, minimum signal strength, bandedness and generalized bandedness. While
the significance levels for all tests are held at 0.05, we vary the alternative hypothesis and examine

the power performance of the testing method.
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The testing procedure is straightforward. Given generated dataset Y and the prespecified
significance level & = 0.05, our testing procedure is as following. We apply CONCORD algorithm
as in (3.1) to obtain an initial precision matrix estimator Q. Then we derive the projection estimator
Q under the null hypothesis as in (3.2). The test statistic is calculated as (3.3), with bootstrap
iterations chosen to be 200. Finally, the a-level critical value results from the multiplier bootstrap

as in (3.4). The testing conclusion follows accordingly.

3.3.1 Row Sparsity

The underlying true precision matrix is chosen to be modified Toeplitz matrix, i.e.

Qi =5 (P (i —jl <)+ 1 = ))), (3.7)

| =

where the Toeplitz parameter p = 0.9, and r = 4. The underlying true precision matrix has row

sparsity so = 2t — 1 = 7. We test for the hypothesis that

Hy: Qe Avs. Hllﬂg_fyo, (3.8)

where %) = {S € RP*P|max; ||S;.|lo < ¢}, for c € {1,3,5,7,9,11}. In total, we generate data Y
according to multivariate normal distribution .#"(0,Q~!), and perform 100 iterations of the test.
Within each iteration, the test statistic using multiplier bootstrap is carried out with 200 bootstrap
iterations. The results under various dimensionality settings are summarized in Figure 3.1. As
the plot indicates, for the test in (3.8) with ¢ = 7, the true underlying sparsity, the proportion of
rejecting the null hypothesis is close to the nominal level 0.05 for each of the three dimensionality
settings. Once the null deviates from the true sparsity, the power of our row sparsity test gains

power quickly.
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Figure 3.1: Power curves for precision matrix row sparsity test as in (3.8) under various
dimensionality settings. The underlying true precision matrix takes form of (3.7), with p = 0.9
and r = 4. The tested sparsity level ¢ € {1,3,5,7,9,11}, and the true sparsity is 7.

3.3.2 Minimum Signal Strength

For the minimum signal strength, we use the modified Toeplitz matrix structure as in (3.7)
for the underlying true precision matrix. The Toeplitz parameter p = 0.9. However, t = 17, in
order to provide a sufficient range for analysis in statistical power. The underlying true precision

matrix has minimum signal strength of 0.5 x 0.9'% = 0.0927. We test for the following hypothesis
Hy:Q e S vs. H :.Q@éy(), 3.9

where .7 = {S € RP*P|min; jequpp(s) |Sij| = ¢} for ¢ € {0.075 X 1+0.5 % 0.9}, where  is a
integer such that —1 <[ < 4. The results under various dimensionality settings are summarized
in Figure 3.2. As the minimum signal of interest increases in the null hypothesis, we observe that

the proportion of rejecting the null increases with the increase of testing minimum signal.
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Figure 3.2: Power curves for precision matrix minimum signal test as in (3.9) under various
dimensionality settings. The underlying true precision matrix takes form of (3.7), with p = 0.9
and r = 17. The tested sparsity level ¢ € {0.075 x14+05%x09% e v —1<I< 4}, and the
true minimum signal is 0.5 x 0.9'® ~ 0.0927.

3.3.3 Bandedness

We demonstrate two examples for the conventionally defined banded matrices. In addition,
we compare our precision matrix test performance with the covariance matrix bandedness test of
[QC™12]. In order for the covariance matrix test to be comparable to the precision matrix test,
the underlying matrix structure of choice and the test hypothesis are set for the covariance matrix
and the precision matrix respectively.

We begin with an example matrix structure used in [QC"12]. In details, we generate the

precision matrix with a vector ¥ = (0,71, ,%). The precision matrix Q is then generated as

the following,

S sy s for [j—i] <1
Q= . (3.10)

0, otherwise

Specifically, we let y = (1,0.4,0.4,0.4,0.4,0.4), resulting in an underlying precision matrix with
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bandwidth 5. This matrix structure corresponds to one used in the test of Hy : £ = Bs5(X) with
1 =--- =179 = 0.4 in [QC"12]. To make the two tests comparable, we specify (3.10) as the
precision matrix for precision matrix test, and (3.10) as the covariance matrix for covariance
matrix test. In other words, we take the inverse of (3.10) to generate data for the precision matrix
test, in contrast to using (3.10) directly for data generation.

We apply testing procedure as described in [QC T 12]. We perform hypothesis test 77,

Hy:X e .S vs. H112¢y(), (3.11)

where .7 = {S € RP*P|S;; =0, for |i — j| > ¢}, for c € {0,1,2,3,4,5,6}. In comparison, we
also apply our precision matrix bandedness test, using (3.10) as our underlying precision matrix

Q and apply our precision matrix bandedness test, which results in the test 75,

Hy:Q e Svs. H : Q¢ S, (3.12)

where .7 = {S € RP*P|S;; =0, for |i — j| > c}, for ¢ € {0,1,2,3,4,5,6}. We summarize the
power curves of the two tests in Figure 3.3. As n increases, our precision matrix test gains
more and more statistical power in rejecting the null hypothesis when the alternative is true, and
becomes comparable to the performance of covariance matrix testing.

The second example is under the modified Toeplitz matrix setting, with parameter p = 0.9
and r = 4. The underlying true precision matrix thus has bandwidth 3. We perform the hypothesis

test 77 for covariance matrix bandedness,

Hy:X e S vs. H :Z%yo, (3.13)

where %) = {S € RP*P|S;; = 0, for |i — j| > ¢}, for ¢ € {0,1,2,3,4}. We also perform the
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Figure 3.3: Power curves for covariance matrix and precision matrix bandedness tests as in
(3.11) and (3.12) under various dimensionality settings. The underlying true covariance matrix
for 71 and precision matrix for 7, take form of (3.10), with y; =--- =95 =0.4 and t = 5. The
tested bandwidth level ¢ € {0,1,2,3,4,5,6}, and the true bandwidth is 5. Left: n =100, p = 200;
Center: n = 200, p = 300; Right: n = 300, p = 400.

hypothesis test 7, for precision matrix bandedness,
Hy:Qe SAvs. H : Q¢ ., (3.14)

where ./ = {S € RP*P|S;; =0, for |i— j| > c}, forc € {0,1,2,3,4}. The results are summarized
in Figure 3.4. In contrast to covariance matrix testing 77 as in (3.13), our testing procedure 75 for

precision matrix is more powerful in detecting small deviations from the null hypothesis.

3.3.4 Generalized Bandedness

For generalized bandedness, we generate a seed graph G by connecting two nodes with
0.0015 probability. To generate the underlying precision matrix, we let
iy Uda(i,j) < max{B;,B,}|, j#k

Ajy =2 ot , (3.15)

a, j=k

where a is chosen to ensure the minimum eigenvalue of A is at least 6% (¢ = 0.01 throughout).

Finally, we standardize the diagonal of A, and Q = (diag(A))_l/ 2A (diag(A))_l/ 2. For graph-
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Figure 3.4: Power curves for covariance matrix and precision matrix bandedness tests as in
(3.11) and (3.12) under various dimensionality settings. The underlying true covariance matrix
for 77 and precision matrix for 7> take form of (3.7), with p = 0.9 and r = 4. The tested

bandwidth level ¢ € {0,1,2,3,4}, and the true bandwidth is 3. Left: n = 100, p = 200; Center:
n =200, p = 300; Right: n = 300, p = 400.

guided banding with global bandwidths, we let the true bandwidth to be b = 3. A visualization of

the seed graph G and its global bandwidth 3 graph under various dimensionality settings can be

found in Figure 3.5.

To investigate the power performance, we vary the hypothesis,
Hy: Qe g(Bl,- . ,Bp) vs. H; : Q ¢ %(Bl,--- ,Bp), (3.16)

where B; = c, for all j € [p], and we vary ¢ € {1,2,3,4}. The result is summarized in Figure 3.6

For graph-guided banding with local bandwidths, we generate random local bandwidths

according to the following distribution,

(

1, with probability 0.1

bj= 42, with probability 0.1 - (3.17)

3,  with probability 0.8

\

Figure 3.7 offers a visualization of the locally banded graphs, in contrast to their seed graphs,

under various dimensionality settings.
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Figure 3.5: Visualizations of seed graphs and their globally banded graphs under various
dimensionality settings. Top: seed graph under various dimensionality settings; Bottom: global

bandwidth of 3 for respective seed graphs above. Left: p = 200; Center: p = 300; Right:
p = 400.
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Figure 3.6: Power curves for precision matrix graph-guided globally bandedness test as in

(3.16). The underlying true precision matrix of the seed graphs and their globally banded graphs

are visually presented in Figure 3.5. The tested bandwidth ¢ € {1,2,3,4}, and the true global
bandwidth is 3.

We investigate the power performance with the following hypothesis,
Hy:Qe9(By, - ,By) vs. H : Q& 9 (By,--- ,By), (3.18)

where Bj =b; —c x [I(bj = 3), and we vary ¢ € {2,1,0,—1}. The result is summarized in Figure

3.8.

3.4 Real Data

We also apply the methodology for two real datasets. Specifically, we compare the findings
of row sparsity test with the literature, and demonstrate that an estimation of the underlying

precision matrix row sparsity can be achieved through multiple tests by varying the alternative

hypothesis.
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Figure 3.7: Visualizations of seed graphs and their locally banded graphs under various di-
mensionality settings. Top: seed graph under various dimensionality settings; Bottom: local

bandwidths generated according to (3.17) for respective seed graphs above. Left: p = 200;
Center: p = 300; Right: p = 400.
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Figure 3.8: Power curves for precision matrix graph-guided locally bandedness test as in (3.18).
The underlying true precision matrix of the seed graphs and their locally banded graphs are
visually presented in Figure 3.7. The tested bandwidth perturbation parameter ¢ € {2,1,0,—1},
where the true bandwidth perturbation parameter is 0.

3.4.1 Riboflavin Data

The first dataset considered is riboflavin production by bacillus subtilis, and is readily
available from the R package hdi. The dataset contains n = 71 observations of genetically
engineered mutants of bacillus subtilis, while each observation is comprised of a record p = 4088
logarithms of gene expression levels. Instead of investigating the conditional independence
structure among the covariates, we are interested in determining the sparsity of such a structure.
Thus, we consider the top 500 covariates with the highest variances, and test the precision matrix

Q as the following,

Hy:Q e .S vs. H1:Q.§7_f§/0, (3.19)

where . = {S € R”*P|max;|[|S;.]jo <c} and 1 < ¢ < 10.
As we perform the row sparsity test by varying the parameter c, theoretically the observed

p-values stay below the nominal level 0.05 for ¢ less than the true underlying row sparsity.

162



1.00-

0.75-

P-value
o
1
o

settings = intact = permuted

Figure 3.9: P-values for precision matrix row sparsity test with riboflavin dataset as in (3.19).

The curves correspond to intact and permuted dataset respectively.
However, once the parameter c is larger than the true row sparsity, p-values of the tests start
increasing. Thus, we take the parameter c, after which the p-value begins increasing above
nominal level 0.05, as our estimate for the row sparsity. In order to achieve a stable p-value, we
set the number of bootstrap iterations to 1000. We estimate that the row sparsity of the precision
matrix of the riboflavin dataset to be 7.

In addition, we also independently permuted variables, in order to remove existing
conditional dependencies among the variables. As we performed the same testing procedures, it
is observed that the row sparsity of the precision matrix is 1, which indeed confirms the fact that
variables are conditionally independent after the permutation. For the same dataset, [JVDG ™' 15]
identifies 5 edges as significant. Our finding is inline with [JVDG™ 15], if the 5 edges happen to
be related through a gene expression acting as a hub. Otherwise, our results may indicate there

are more significant edges. We summarize the test results in Figure 3.9.
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3.4.2 Breast Cancer Data

Our second real dataset originates from breast cancer research. After [HAST06] first
analyzed the dataset, it was made available online at http://bioinformatics.mdanderson.
org. Due to its accessibility, the dataset has been examined in [FFW09], [CLL11], [ZL13] and
[WRG16] under the context of precision matrix estimation. The dataset consists of 133 subjects,
each with an observation of 22,283 gene expression levels. Among the 133 subjects, 34 of
them have obtained pathological complete response (pCR), which is associated with excellent
long-term cancer-free survival. On the contrary, the other 99 subjects have residual disease (RD).
In previous works, the problem has been regarded as a classification task, and the performance
depends on the estimation of the precision matrix. The common assumption for the problem is
that the gene expression data follows a multivariate normal distribution with different mean, but
the same covariance matrix, for the two groups.

As the methodology focuses on precision matrix testing, we decide to apply the methodol-
ogy and estimate the row sparsity of the precision matrix. We select 110 gene expressions that are
most statistically distinctive between the pCR and RD group of subjects, following procedures in

[FFWO09]. We test the precision matrix € as the following,

Hy: Qe Hvs. H : Q¢ .S, (3.20)

where A = {S € RP*P|max;||S;.|lo <c}and 1 <c¢ <5.

Our estimate for the row sparsity of the precision matrix for the 110 gene expression
levels is at 2. We note that the gene networks constructed in [FFW09] exhibit a similar pattern,
where the edges among genes are very scarce. In addition, we also independently permuted
variables to remove existing conditional dependencies among the variables. Our method remains
valid, as the p-values stay at a level close to 1 throughout the choices of the sparsity parameter c.

We summarize the test results in Figure 3.10.

164



0.75-
(]
=
$0.50
|
o
0.25-
0,05 = 7= 77 7ot S ool ssoososoosioooooiooooo
0.00 !
i 2 3 4 5
C

settings = intact = permuted

Figure 3.10: P-values for precision matrix row sparsity test with riboflavin dataset as in (3.19).
The curves correspond to intact and permuted dataset respectively.

3.5 Proofs of Preliminary Lemmas

Lemma 15. Let X € RP*P and sy be a nonnegative integer. Suppose that m; : {1,--- ,p} —

,fori=1,--- p. Let

{1,---, p} are permutations such that |Xi,n,-(1)| > ‘Xivﬂi(z)‘ > > |Xi,7r,-(p)

X € RP*P, where

_ Xij, Jje{m(l),--m(so)}
X, — (3.21)

0, otherwise

fori € [p. Then X solves mingcpp<p | X — S||p s.t. max; ||Si.|jo < so, and mingegp=p | X — S||., s.t.

max; ||S;.|lo < so.
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Proof of Lemma 15. We fix an arbitrary S € RP*P, with max; || S;.||o < so. We have that

Y X — S| (3.22)

M~

2
1X =S|l =

N
I

—_
~

.

2

p
»
(3.23)

Y Y Xim() = Sim]

( Xomy =S+ X \Xz‘,mu)\z> 324
Esupp (S;i.) )

Il
I
~.
j

I
™=

i=1 Jjésupp(S;.
y § i Y Xl

> Xin(j > min 7 (3.25)
i=1 J¢supp S.) v i=1 \/SlPLVIZp=s0 jg
p

- 1X; (s HX XH (3.26)
i=1 j=so+1

for an arbitrary S. In addition, since max; ||X;.||o < s, X is the minimizer. The proof for X as the

minimizer for the optimization with infinity norm follows similarly. 0

Lemma 16. Let X € RP*P and ry be a nonnegative integer. In addition, let X € RPXP, where
j\(/,‘j :Xij Il (‘Xij‘ > r()) + 710 Il (‘Xij‘ S (r0/2,r0)) (327)
for1<i,j<p. Then X solves

min ||X -S|z sz min |S,j|>r0,

SERPXP (i,7)€supp(S)
and
min [|X -S|, s.t.  min __[S;;| > ro.
SERP*P (i,j)€supp(S)
Proof of Lemma 16. We fix an arbitrary S € RP*?, with min(; ;)cqupp(s) |Sij| > Sij| €
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{0} U[rp,0), for 1 < i, j < p. We can see that

2 . 2 > |?
X;i — S > min Xii—t| =|Xii — X;; (3.28)
Xy =Sl 2 iy P e = (=
Rewriting the Frobenius norm and summing up all the entries,
2
IX -S|z = Z Z |X;; — Sij] (3.29)
i=1j=
2
> min Xii—ti (3.30)
,Zi ,Zl i1 €{0}U[ro.e0 } il
p 12
> Y Y [x- %, = HX—XHF, (3.31)

~.

1j=1

)?i il = ro, X is the minimizer. The proof for

for an arbitrary S. In addition, since min; j)csupp(s)

X as the minimizer for the optimization with infinity norm follows similarly. 0

Lemma 17. Let X € RP*P and to be a nonnegative integer. In addition, let X € RPXP, where
Xij =X 1(Ji— j| < to) (3.32)
for1<i,j<p. Then X solves

min || X —S||p s.t. S;; =0, for|i— j| > 19,
SeRpxp

and

min || X —SJ|,, s.t. Si; =0, for |i— j| > to.
SeRp*p

Proof of Lemma 17. We fix an arbitrary S € RP*?, with S;; = 0 for |i — j| > fp. Thus, we have
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that

p P
|’X_S”%:;ZI‘Xij_Sij‘2 (3.33)
i=1j=
= Y y-syl+ X xg-syl’ (3.34)
i~ 7T<t0 [
= Y x-slt+ Y Il (3.35)
i~ 7T<t0 [
> Y \X,-jf:Hx—iHZ, (3.36)
li—jl>to F

for an arbitrary S. In addition, since X; ;= 0for |i— j| > 1, X is the minimizer. The proof for X

as the minimizer for the optimization with infinity norm follows similarly. [
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