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This dissertation considers the problems of sparse signal recovery (SSR) and nuisance

regression in functional MRI (fMRI). The first part of the dissertation introduces a Bayesian frame-

work to recover sparse non-negative solutions in under-determined systems of linear equations. A

novel class of probability density functions named Rectified Gaussian Scale Mixtures (R-GSM)

is proposed to model the sparse non-negative solution of interest. A Bayesian inference algorithm

called Rectified Sparse Bayesian Learning (R-SBL) is developed, which robustly recovers the

solution in numerous experimental settings and outperforms the state-of-the-art SSR approaches
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by a large margin.

The rest of the dissertation investigates the effects of nuisance regression in fMRI. Chapter

3 proposes a mathematical framework to investigate the effects of global signal regression (GSR).

GSR is a widely used nuisance removal approach in resting-state fMRI, however its use has

been controversial since it introduces artifactual anti-correlations between pairs of fMRI signals.

The proposed framework shows that the main effects of GSR can be well-approximated as a

temporal down-weighting or temporal censoring process, in which the data from time points with

relatively large GS magnitudes are greatly attenuated (or censored) while data from time points

with relatively small GS magnitudes are largely retained. The censoring approximation reveals

that the anti-correlated networks are intrinsic to the brain’s functional organization and are not

simply an artifact of GSR.

In Chapters 4 and 5, the effects of nuisance terms on the relationship between pairs of

fMRI signals both before and after nuisance regression are investigated. It is shown that geometric

norms of various nuisance regressors can significantly influence the correlation-based functional

connectivity (FC) estimates in both static FC and dynamic FC studies. It is demonstrated

that nuisance regression is largely ineffective in removing the significant correlations observed

between FC estimates and nuisance norms. Consequently, a mathematical bound is derived on

the difference between correlation coefficients before and after nuisance regression. This bound

restricts the removal of nuisance norm effects from FC estimates.
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Chapter 1

Introduction

This chapter provides a concise background that will be helpful in understanding the

methods used in this dissertation. Section 1.1 introduces the sparse signal recovery (SSR) problem,

probabilistic SSR techniques, and sparse non-negative least squares (S-NNLS) problem. Section

1.2 presents the basics of functional magnetic resonance imaging (fMRI) and shows how linear

regression is used as a nuisance removal method in fMRI studies. Finally, Section 1.3 provides an

outline of the dissertation and lists the contributions.

1.1 Sparse Signal Recovery

Sparsity arises in a myriad of applications in applied data science, machine learning and

signal processing [1,2,3,4,5,6,7]. Specialized algorithms can take advantage of the parsimony in

data to provide faster sampling rates in acquisition systems, more efficient digital communications,

and better data compression [8, 9, 10, 11, 12]. In the context of sparse signal recovery (SSR) the

following regression model is considered:

y = Φx+v, (1.1)
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where Φ ∈ RN×M is a fixed dictionary, y ∈ RN×1 is a measurement vector, x ∈ RM×1 is the

solution of interest, and v is a noise term often modeled as additive white Gaussian noise (AWGN)

with variance σ2. The goal of SSR is to estimate x given y and Φ.

In the simplest case, the linear system in Eq. (1.1) is over-determined and involves more

measurements than number of unknowns (N ≥M). The solution can then be uniquely recovered

by optimizing the least-squares objective:

minimize
x

‖y−Φx‖2. (1.2)

In cases where the number of measurements is less than the number of unknowns Eq. (1.1)

becomes under-determined (N < M). This means that for any arbitrary vector t in the null space

N (Φ), a projected solution x+ t may correspond to the same measurement y = Φx = Φ(x+t)

[8, 9, 11, 13]. For this reason, a recovered solution is not uniquely distinguishable from an infinite

number of other possible solutions. SSR approaches aim to recover a unique solution even in

under-determined settings.

One useful assumption made by SSR approaches is to constrain the solution subspace by

assuming x is k-sparse, meaning that at most k entries of x are non-zero where k�N. The solution

now lives in a simpler lower dimensional subspace and the SSR objective can be formulated as:

minimize
x

‖y−Φx‖2 +λ‖x‖0, (1.3)

where ‖.‖0 is the `0 pseudo-norm that counts the non-zero elements in x, and λ > 0 is a regu-

larization term to account for noise. This objective seeks to minimize the number of non-zero

elements in x while still satisfying linear equality conditions.

Theoretically speaking the solution to Eq. (1.3) is unique given that the underlying

solution is indeed sparse [13, 14, 15]. In practice Eq. (1.3) is no longer tractable since the `0

penalty is not a convex objective and the recovery problem is NP-hard [16, 17]. Therefore,
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numerous approximations to Eq. (1.3) have been proposed including ‘greedy’ algorithms such as

the Matching Pursuit (MP) and Orthogonal Matching Pursuit (OMP). These algorithms start with

an empty support set for the solution and select the non-zero elements of x iteratively by adding

a single element to the support [18, 19, 20, 21, 22, 23]. Greedy algorithms are computationally

attractive but may lead to sub-optimal solutions. Therefore, convex relaxations of the `0 penalty

in Eq. (1.3) have been proposed:

minimize
x

‖y−Φx‖2 +λg(x). (1.4)

which replaces the `0 penalty with a convex surrogate function g(x). For example, a choice of `1

norm for g(x) = ||x ||1 = ∑
N
i=1 |xi| is a convex function and Eq. (1.4) can now be cast as a linear

program [24]. Convex relaxations are very attractive due to ease of implementation and their

theoretical guarantees for uniqueness of the solution [25, 26].

1.1.1 Bayesian Sparse Signal Recovery

Alternative to the regularization-based approaches the SSR problem can be studied within

a Bayesian framework [1, 7]. In this case x is considered a random variable with entries drawn

from a probability density function p(x). This density is commonly referred to as a prior. For

the SSR problem, a prior p(x) should have a peaky probability mass centered around x = 0. At

the same time it should also have heavier tails to model the non-zero coefficients in x. In Figure

1.1a some examples sparse priors are shown including the Gaussian, Laplacian and Student‘s t

distributions. Bayesian SSR approaches are broadly categorized into Type I and Type II.

1.1.2 Type I (MAP Estimation)

Type I approach seeks a maximum-a-posteriori (MAP) estimate of the solution x given

the measurement y [27]. The distribution p(x|y) is usually unknown, therefore Bayes’ rule can
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Figure 1.1: Examples of sparsity promoting probability density functions (priors) for the general
SSR problem in panel (a) and for the non-negative SSR problem in panel (b). Priors that admit
sharp peaks around x = 0 and heavier tails are better priors for the SSR problem. All densities
are normalized to a maximum value of 1.0 for display.

be invoked to obtain p(x|y) ∝ p(y|x)p(x). In this case we already know p(x) since it is a sparsity

promoting prior of our choice. Moreover, p(y|x) is a Gaussian random variable with mean Φx

and variance σ2 due to the AWGN assumption in Eq. (1.1). Most regularization-based SSR

techniques discussed in the previous section can be derived using a Type I approach. For instance,

assuming a Laplace prior p(x) = (λ/2σ)e−λ|x|/σ the MAP estimation is equivalent to the `1

regularization approach in Eq. (1.4) [28].

Type I method estimates the mode of the posterior p(x|y). If the posterior admits a

bi-modal or skewed distribution then mode estimate will not represent the true probability mass

of p(x|y) and will result in a sub-optimal recovery. Therefore, it becomes more important to

characterize the posterior distribution of p(x|y) when it admits a more complicated distribution.

1.1.3 Properties of Prior

The choice of prior plays a very important role in the SSR problem. If a prior is more

peaky around 0 with heavier tails (as shown in Figure 1.1a like the Student’s t-distribution) then

it is a better choice for the SSR problem. In general, priors that are higher-order (super) Gaussian
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are suitable priors for the SSR problem. Assuming separable priors of the form p(x) = ∏i p(xi)

such super Gaussian priors can be obtained by introducing a hierarchical hyper-parameter γi and

using a scale mixture representation:

p(xi) =
∫

∞

0
p(xi|γi)p(γi)γi, (1.5)

where several choices for p(xi|γi) are Laplacian, Gaussian, and Power Exponential (PE) distri-

butions [29, 30, 31]. For instance, when p(xi|γi) = N (x;0,γi) the hyper-parameter controls the

variance of a zero-mean Gaussian density and when γi tends toward 0, sparsity in xi is achieved.

1.1.4 Type II (Evidence Maximization)

Type II approach approximates the posterior p(x|y) by first performing a maximum

likelihood (ML) estimate of the hyper-parameter γ:

γ̂ =maximize
γ

p(γ|y)

=maximize
γ

p(γ)p(y|γ)

=maximize
γ

p(γ)
∫

p(y|x)p(x|γ)dx.

(1.6)

where the last line in Eq. (1.6) shows that x is integrated out (treated as a hidden-variable) to obtain

p(y|γ). After an ML estimate for γ̂ is obtained, the posterior is approximated as p(x|y)≈ p(x|y; γ̂)

and the mean of p(x|y; γ̂) can used as the minimum-mean-square estimate for the solution.

1.1.5 Sparse Non-Negative Least Squares

In certain applications the solution in Eq. (1.1) is inherently non-negative (x ∈ RM×1
+ )

and a non-negative solution can be obtained (assuming an under-complete Φ) by solving the
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non-negative least square problem (NNLS):

minimize
x≥0

‖y−Φx‖2. (1.7)

NNLS has a rich history in the context of methods for solving systems of linear equations [32],

density estimation [33], and non-negative matrix factorization (NMF) [34]. It is widely used in

applications such as text mining [35], image hashing [36], speech enhancement [37], spectral

decomposition [38], and impulse response estimation [39].

For over-complete Φ (N < M), the regularization-based SSR techniques discussed in

previous sections can be constrained to the positive orthant provide non-negative sparse solutions:

minimize
x≥0

‖y−Φx‖2 +λg(x). (1.8)

where g(x) is a sparsity promoting surrogate function as defined previously. This is known as the

sparse NNLS (S-NNLS) problem which arises in numerous applications [5, 10, 40, 41, 42]. In

terms of the Bayesian framework, some examples of sparsity promoting priors are illustrated in

Figure 1.1b including examples of rectified Gaussian, Chi-square and exponential distributions.

Chapter 2 of this dissertation provides a Type II framework called Rectified Sparse Bayesian

Learning (R-SBL) to solve the S-NNLS problem. R-SBL employs a novel class of priors referred

to as the rectified Gaussian scale mixtures (R-GSM).

Assuming separable priors the R-GSM prior has the following form:

p(x) =
M

∏
i=1

∫
∞

0
N R(xi;0,γi)p(γi)γi (1.9)

6



where N R(xi;µi,γi) is a univariate rectified Gaussian density defined as:

N R(xi;µi,γi) =

√
2

πγi

e
−
(xi−µi)

2

2γi

erfc
(
− µi√

2γi

)u(xi), (1.10)

where µi is the location parameter, γi is the scale parameter, u(xi) is the unit step function, and

erfc(.) is the complementary error function.

1.2 Basics of Functional MRI

Functional MRI (fMRI) aims to understand the functional organization of the brain by

interpreting neuronal activity. fMRI has been introduced less than 30 years ago when Seiji Ogawa

and his colleagues discovered the blood-oxygenation-level-dependent (BOLD) contrast as a way

to measure the neuronal activity using MRI scans [43]. fMRI uses the regional concentration of

deoxyhemoglobin (dHb) in the brain as a natural contrast agent [43,44]. To briefly summarize the

BOLD effect, when neurons in a specific brain region are recruited in accordance with a mental

task they consume glucose and oxygen (O2). Since the neurons do not have internal reserves

of glucose and O2 the body delivers a fresh supply of these nutrients by increasing the cerebral

blood flow (CBF) to the involved brain regions.

A relatively small increase in the consumption in O2 is followed by a much larger increase

in local CBF causing an excess of O2 delivered to the involved brain regions [44, 45, 46]. The

excess O2 causes a decrease in the regional deoxyhemoglobin (dHb) concentration since free O2

bounds to the dHb molecules making them oxygeneted [44]. dHb has paramagnetic property

and disrupts the local magnetic fields induced by MRI scanner due to an effect known as spin

dephasing [47, 48]. The reduction in local dHb concentration (and reduction of spin dephasing)

yields a positive change in the observed MRI (BOLD) signal [43]. An illustration is provided in
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Figure 1.2: A finger tapping experiment induces a change in the local blood flow after a
couple of seconds after the neurons are stimulated. This change in blood flow affects the local
magnetization around the involved regions, which is then captured by the MRI scanner as the
BOLD signal (Image: Courtesy of Dr. Richard Buxton).

Figure 1.2 where we depict how a finger tapping experiment causes an increase in the CBF and

MRI BOLD signal in the left motor cortex of human brain.

fMRI studies can be divided into two sub categories. In task-based fMRI the goal is to

characterize the functional organization of the brain in response to a specific task. The subject

typically performs a pre-defined task (e.g. performing arithmetic calculations, finger tapping,

watching a video) during the scan. In resting-state fMRI the objective is to characterize brain’s

functional organization in the absence of an explicit task. The brain involves many complicated

and dynamic functional relationships even when the subject is at rest.

1.2.1 Functional Connectivity Estimation

Estimating brain’s functional organization involves analyzing the relations between BOLD

signals across different brain regions. The most widely used form of functional connectivity (FC)

estimation is the correlation of BOLD signals across different brain regions [49,50]. For example,
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denoting a pair of zero-mean BOLD signals from two different brain regions in vector notation

with x1 and x2, a single FC estimate is obtained by computing the Pearson correlation coefficient:

r =
xT

1 x2

‖x1‖‖x2‖
= cos(θ), (1.11)

where ‖.‖ denotes the `2 norm and θ is the inner-angle between vectors x1 and x2. The correlation

coefficient is bounded between −1 ≤ r ≤ +1. If r is close to +1 the BOLD signals from two

brain regions have similar fluctuations and are involved in similar functional activity. If r is

zero then brain function between these regions is considered unrelated and if r is close to −1,

BOLD signals are anti-correlated with each other, meaning that activation in one brain region

corresponds to a deactivation in the other region.

To give details about FC estimation approaches we first illustrate two hypothetical brain

networks in the first column of Figure 1.3 as Network A (blue color) and Network B (red color).

These networks contain nodes or seed locations (as shown with dots) which show that multiple

brain regions can be part of a single functional network. The solid lines (vertices) with same color

indicate that the seed pair at the ends of a vertex have similar BOLD signal fluctuations. There

are two popular methods for obtaining correlation-based FC estimates.

1.2.2 Static FC Estimation

In static FC estimation the correlation coefficient is computed over the whole fMRI scan

duration using all time points. This is illustrated in the second column of Figure 1.3, where a

pair of BOLD seed signals measured from network A (solid blue line) and B (solid red line) are

strongly anti-correlated r =−0.72 with each other. This means that networks A and B work in

an antagonistic fashion and activation in network A corresponds to a deactivation in network B.

Instead of focusing on a single seed pair, we can correlate a seed signal with every other

BOLD signal in the brain, which reveals a spatial FC map that involves varying degrees of
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Figure 1.3: Illustration of static and dynamic functional connectivity estimation. Two hypothet-
ical functional brain networks are illustrated on the left-hand side with labels Network A (blue
color) and Network B (red color). These functional networks consist of nodes (seed locations)
shown with dots, which means that more than one brain region can be part of a single network.
The vertices (solid lines) between nodes illustrate the functional relationship between seed
locations. A vertex between two nodes indicates the correlation value computed between the
seed signals is similar. In the second column, static FC estimation is illustrated. The correlation
coefficient between seed signals from network A (solid blue line) and B (solid red line) is
computed across the full scan duration and used as an estimate for FC. The correlation value
r =−0.72 indicates that two networks are anti-correlated and work in an antagonistic fashion.
In the third column, dynamic FC (DFC) estimation is illustrated. In DFC estimation, shorter
duration sliding-windows are used to obtain a set of correlation values from networks A and B.
The set of correlation values represent estimates of dynamic changes in brain function.

correlation. Examples of FC maps are provided in Figure 1.4a,b for a single fMRI scan using

a seed signal from the posterior cingulate cortex (PCC). The FC map in panel (a) is noisy due

to various nuisance effects which will be discussed later in Section 1.2.4. The FC map in panel

(b) is cleaner as compared to panel (a) since the fMRI data is cleaned prior to computing the

correlations between the PCC seed.1

In Figure 1.4c,d we computed the average FC maps obtained across 68 fMRI scans. In

1Note that we capture BOLD signals over a 3D brain volume. FC maps are usually visualized using a 2D
brain-slice format as shown in Figure 1.4. The slices from left to right in each panel correspond to 2D slices
sequentially taken from bottom to top parts of the brain.
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panel (d) the average FC maps display both positive and negative correlations between the PCC

seed signal and the BOLD signal across different brain regions. The correlation-based approach

have led to the identification of a number of functional brain networks and provided indispensable

insights into brain function.

For instance the red regions in panel (c) correspond to the default-mode network (DMN)

of the human brain, which is involved in a set of complex neuronal functions such as mind-

wandering [49]. The blue regions in panel (c) braoadly include the task-positive network (TPN)

which is activated when the brain is involved in performing a specific task. DMN and TPN are

considered as anti-correlated networks [51, 52, 53, 54].
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Figure 1.4: Examples of functional connectivity maps obtained for a single scan (panel a) and
averaged across 68 scans (panel c). These maps are obtained by correlating a BOLD seed signal
from the posterior cingulate cortex (PCC) and every other voxel in the brain. Nuisance effects
contaminate the spatial correlations making it hard to observe functional network structures.
In panels (b) and (d) we show the maps after performing global signal regression (a nuisance
removal approach). The maps are cleaner with increased spatial specificity. The red areas are
regions that are positively correlated with the PCC seed. These regions are known as the default
mode network of the brain. The blue regions are anti-correlated with the PCC seed and are
referred to as the task-positive network.

11



One drawback of the static FC estimation approach is the assumption of temporal sta-

tionarity. To elaborate a single correlation metric computed over the whole scan can only

represent a temporally averaged measure of brain connectivity over a typical scan duration of

5-10 minutes. This may lead to failure in capturing important dynamic temporal changes in FC

measures [55, 56, 57].

1.2.3 Dynamic FC Estimation

An alternative approach uses shorter duration temporal windows (30-60 seconds) to

obtain a set of correlation-based FC estimates [56, 57]. This approach is called sliding-window

dynamic FC estimation and is illustrated in the third column of Figure 1.3. In this approach, the

BOLD signals from networks A and B are first windowed across time (green rectangles) and the

correlation coefficient is computed for each window separately. The window is then shifted by a

certain amount of time samples and a new correlation value is computed for the next window.

This process is repeated until all sliding-window correlations are carried out across the scan

duration. This approach can capture the dynamic changes in the FC estimates between networks

A and B.

1.2.4 Nuisance Regression

The BOLD signal is an indirect measure of neural activity and shows a rather complex

relation to CBF and metabolism [58]. The signal-to-noise ratio (SNR) in a typical fMRI experi-

ment is inherently low since the neuronal changes in the BOLD signal happen in small scales and

a number of noise factors contaminate the neuronal signal of interest.

These noise factors can be broadly classified in two categories as scanner related noise and

physiological noise. Scanner related noise factors are typically due to the MRI system or to the

interaction between the MRI scanner and subject. This includes thermal noise, radio-frequency
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(RF) noise such as RF spikes, scanner drift, and other low-frequency fluctuations [59]. On the other

hand, physiological noise includes cardiac noise such as cardiac pulsations that give rise to non-

neuronal changes in the BOLD signal, respiratory noise such as perturbations of the main magnetic

field due to chest cavity expansions and contractions, and subject motion [59, 60, 61, 62, 63, 64].

If these confounds are not removed from the BOLD signal prior to analysis, they can lead to

an increase in the number of false positives and negatives causing erroneous interpretations of

the fMRI results [65]. The effect of noise on the correlation-based FC estimates was previously

illustrated in Figure 1.4a for a single subject.

In order to remove the nuisance confounds present in the fMRI data, a collection of

nuisance terms are used to form a nuisance matrix N, where each column of this matrix consists

of a single nuisance term. Typically, columns of N include Legendre polynomials (e.g. linear

and quadratic terms) to model scanner drift and low-frequency artifacts, physiological nuisance

regressors which include measures of cardiac and respiratory activity obtained using a pulse

oximeter and a respiratory effort transducer, respectively, and head motion measurements obtained

during the image registration process.

Other nuisance regressors can be obtained from the raw BOLD data by using the signals

derived from non-neuronal brain regions such as the white-matter (WM) and cerebrospinal fluid

(CSF) regions. The signals from WM and CSF regions mostly represent an ensemble of various

nuisance terms including the effects of scanner related, physiological and other noise.

To remove the contribution of these nuisance terms, a general linear model (GLM) of the

BOLD signal x is considered:

x = Nc+ x̂ (1.12)

where c is a set of regression coefficients to be estimated, and x̂ is the ‘cleaner’ BOLD signal that

cannot be linearly modeled by the nuisance terms. In resting-state fMRI we seek to obtain x̂ by
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projecting out the contributions of nuisance regressors as follows:

x̂ =x−Nc (1.13)

=x−N(NT N)−1NT x (1.14)

where c = (NT N)−1NT x can be obtained using a least squares fit.

Global Signal Regression: A significant portion of resting-state fMRI studies perform

global signal regression (GSR) in which a whole-brain averaged BOLD signal known as the global

signal (GS) is treated as a “catch-all” type of nuisance regressor. The underlying assumption

of the GS is that nuisance factors in average will dominate over the smaller scale neuronal

signals and GS will largely represent nuisance effects present in fMRI data. The GS is computed

as g = (1/K)∑
K
k=1 xk where K is the number of BOLD signals in the brain volume (typically

K ≈ 30,000). Examples of correlation-based FC maps after performing GSR were provided

in Figure 1.4c,d. GSR greatly improves the spatial specificity of the FC maps and reveals

the anti-correlated networks, which are otherwise obscured by uniform noise-like correlation

values [54].

Most of this dissertation (Chapters 3-5) is dedicated to analyze the effects of nuisance

terms and the limitation of nuisance regression in static and dynamic FC studies. We will show

that geometric `2 norm of various regressors will be significantly related to the correlation-based

FC estimates both in single scans (dynamic FC) and across a collection of scans (static FC). We

will derive a theoretical limitation of linear regression which will prevent the removal of nuisance

norm effects from the correlation values.
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1.3 Outline and Contributions

Chapter 2 studies the sparse non-negative least squares problem from a Bayesian per-

spective. We introduce a Type II Bayesian framework to recover non-negative sparse solutions

in under-determined systems of linear equations. Our main contributions are summarized as

follows:

• We propose a novel class of sparsity promoting priors called Rectified Gaussian Scale

Mixtures (R-GSM) to model the non-negative solution of interest p(xi) =
∫

∞

0 p(xi|γi)p(γi)γi.

The R-GSM prior utilizes a rectified Gaussian density for each mixture component p(xi|γi)=

N R(0,γi) and encompasses other sparse priors by using a different mixing density p(γi).

• We detail how the R-GSM prior can be used to solve the sparse non-negative least squares

(S-NNLS) problem. We name this technique as rectified sparse Bayesian learning (R-SBL)

and provide four expectation maximization (EM) based R-SBL variants that offer a range

of options for computational complexity and recovery performance.

• We provide an extensive set of experiments to show the superiority of R-SBL for various

distributions of the solution and dictionary coefficients. We demonstrate that R-SBL is

extremely robust to the structure of the dictionary and performs very well even when the

columns of the dictionary are non-Gaussian or non independent and identically distributed

(i.i.d.).

• We provide example applications of R-SBL on real data, including a face recognition

application based on sparse representation classifiers, and another application on functional

MRI data to estimate sparsely repeating spatio-temporal patterns of brain activations.

Chapter 3 investigates the temporal effects of global signal regression (GSR) on the fMRI

data. GSR has been a controversial nuisance removal approach in resting-state fMRI since it

introduces artifactual negative correlations between BOLD signals across different brain regions.
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This has led to a questioning of the existence of anti-correlations observed between functional

brain networks [51, 52]. Chapter 3 provides simpler mathematical approximations to GSR to

characterize its main effects on the fMRI data. Our main contributions are summarized as follows:

• We introduce a new mathematical framework to approximate the effects of GSR on the

fMRI data. We show that the GSR can be well approximated by a temporal downweighting

of the fMRI data, where the weighting factor varies with time but is uniform across space.

The weighting factor decreases with the magnitude of the global signal, so that fMRI data

from time points with large global signal magnitudes are greatly attenuated whereas those

time points with small global signal magnitudes remain mostly unaffected.

• We introduce a second GS censoring (GSC) approximation to GSR in which the fMRI data

is set to zero for time points where the GS magnitude exceeds a specified threshold. GSC

approach partitions the fMRI data into two orthogonal temporal subsets. A temporal subset

that corresponds to small GS magnitudes and a complementary subset that corresponds to

large GS magnitudes.

• We show that anti-correlated networks are inherent to brain’s functional organization and

are not simply an artifact of GSR. These anti-correlated networks reside in a temporal

subset of the fMRI data where the GS magnitudes are relatively small.

Chapter 4 investigates the effects of nuisance terms on the sliding-window correlations

(DFC estimates) obtained between pairs of fMRI signals. We show that nuisance regression is

largely ineffective in removing the relation between the nuisance terms and DFC estimates due to

a theoretical bound of linear regression on the correlation coefficients obtained before and after

regression. Our specific contributions are as follows:

• We reveal that sliding-window correlations (DFC estimates) obtained between pairs of

fMRI signals (x1 and x2) are significantly correlated with sliding-window fluctuations in

the `2 norm of various nuisance regressors.
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• We demonstrate that significant correlations between the DFC estimates and nuisance

norms can persist even after performing nuisance regression. We derive a theoretical bound

of linear regression that limits the difference in the correlation values obtained before and

after nuisance regression:

|r̃− r| ≤ 2

(
1−
√
|nO|2/|n|2

1+
√
|nO|2/|n|2

)
(1.15)

where r = xT
1 x2/(|x1||x2|) and r̃ = x̃T

1 x̃2/(|x̃1||x̃2|) are the correlation values obtained before

and after nuisance regression, respectively. The metric |nO|2/|n|2 is the relative amount of

energy of a nuisance regressor n which is orthogonal to both x1 and x2.

• This work highlights the fact that while linear regression can model the dependencies

between a regressor time course and multiple measurements, it does not consider the effects

of a regressor on the relationship between multiple measurements. We provide a potential

nuisance norm regression (NNR) approach to remove nuisance norm fluctuations from the

correlation values.

Chapter 5 provides an analysis of nuisance effects on the variability of static FC estimates

across different scans both before and after nuisance regression. A better understanding of

nuisance effects in comparing different scans is critical considering the increasing use of fMRI

to examine the differences in FC measures between healthy controls and important disease

populations such as Alzheimer’s disease [66, 67, 68], Parkinson’s disease [69], depression [70],

and schizoprenia [71]. Our specific contributions are as follows:

• We show that inter-scan variations in FC estimates are significantly correlated with the

norms of various nuisance terms including head motion measurements, signals derived

from the white-matter and cerebrospinal regions and the whole-brain global signal (GS)

both before and after nuisance regression. We introduce nuisance contamination maps,
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which illustrate the spatial distribution and the extent of nuisance contamination present in

the FC estimates across scans.

• We demonstrate that performing nuisance regression using non-GS regressors to be largely

ineffective in reducing the significant correlations observed between FC estimates and

nuisance norms.

• We generalize the theory developed in Chapter 4 to static FC measures and confirm the

validity of the theoretical limitation of nuisance regression for correlation-based static FC

estimates. Finally, we provide a detailed analysis of the limited efficacy of GSR and show

how GSR can introduce GS norm-related fluctuations in the FC estimates across scans.
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Chapter 2

Rectified Gaussian Scale Mixtures and the

Sparse Non-Negative Least Squares

Problem

In this chapter, we develop a Bayesian evidence maximization framework to solve the

sparse non-negative least squares (S-NNLS) problem. We introduce a family of probability

densities referred to as the Rectified Gaussian Scale Mixture (R-GSM) to model the sparsity

enforcing prior distribution for the solution. The R-GSM prior encompasses a variety of heavy-

tailed densities such as the rectified Laplacian and rectified Student-t distributions with a proper

choice of the mixing density. We utilize the hierarchical representation induced by the R-GSM

prior and develop an evidence maximization framework based on the Expectation-Maximization

(EM) algorithm. Using the EM based method, we estimate the hyper-parameters and obtain a point

estimate for the solution. We refer to the proposed method as rectified sparse Bayesian learning (R-

SBL). We provide four R-SBL variants that offer a range of options for computational complexity

and the quality of the E-step computation. These methods include the Markov chain Monte

Carlo EM, linear minimum mean-square-error estimation, approximate message passing and a
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diagonal approximation. Using numerical experiments, we show that the proposed R-SBL method

outperforms existing S-NNLS solvers in terms of both signal and support recovery performance,

and is very robust against the structure of design matrix. At the of this chapter, we apply R-SBL

to functional MRI data and present an approach for estimating repeating spatiotemporal brain

activation patterns.

2.1 Introduction

This work considers the following signal model

y = Φx+v, (2.1)

where the solution vector x ∈ RM
+ is assumed to be non-negative, the matrix Φ ∈ RN×M is fixed

and obtained from the physics of the underlying problem, y ∈ RN is the measurement, and v is

the additive noise modeled as a zero mean Gaussian with uncorrelated entries vi ∼N (0,σ2).

Recovering x using the signal model in Eq. (2.1) is known as solving the non-negative

least squares (NNLS) problem. NNLS has a rich history in the context of methods for solving

systems of linear equations [32], density estimation [33], and non-negative matrix factorization

(NMF) [5, 34, 41, 42]. NNLS is also widely used in text mining [35], image hashing [36], speech

enhancement [37], spectral decomposition [38], magnetic resonance chemical shift imaging [72],

and impulse response estimation [39].

The maximum-likelihood solution for the signal model in Eq. (2.1) is given by

minimize
x≥0

‖y−Φx‖2. (2.2)

In many applications, N < M and Eq. (2.1) is under-determined. This means that a unique

solution for x may not exist. Recovering a unique solution is possible if more information is
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known a-priori about the solution vector. For example, a useful assumption is that the solution

vector is sparse and contains only a few non-zero elements [73, 74, 75]. In this case, the sparsest

solution (assuming a noiseless case) can be recovered by modifying Eq. (2.2) to

minimize
x≥0, y=Φx

‖x‖0, (2.3)

where ‖.‖0 is the `0 pseudo-norm, which counts the non-zero elements in x. The count of non-zero

elements is also referred to as the cardinality of the solution. Then, the recovery objective in

Eq. (2.3) is to minimize the cardinality of x while satisfying the optimization constraints. This

approach is commonly referred to as solving the sparse NNLS (S-NNLS) problem.

The S-NNLS problem is becoming increasingly popular in certain applications where

the non-negative solution needs to be recovered from a limited number of measurements. For

example, in [40] an S-NNLS method was applied to magnetic resonance imaging (MRI) data

to reconstruct narrow fiber-crossings from a limited number of acquisitions. In [76], another

method was used to uncover regulatory networks from micro-array mRNA expression profiles

from breast cancer data. In [77, 78], an S-NNLS method was applied to functional MRI data

to estimate sparsely repeating spatio-temporal activation patterns in the human brain. S-NNLS

solvers are also used in applied mathematics for designing dictionaries for sparse representations,

such as sparse NMF and non-negative K-SVD [5, 10].

The objective function in Eq. (2.3) is not tractable since the `0 penalty is not convex

and the problem is NP-hard [16, 17]. Therefore, ‘greedy’ algorithms have been proposed to

approximate the solution [19, 20, 21, 22, 23]. An example is the class of algorithms known as

Orthogonal Matching Pursuit (OMP) [18, 19], which greedily selects the non-zero elements of x.

In order to adapt OMP to the S-NNLS problem, the criterion by which a new non-zero element of

x is selected is modified to select the one having the largest positive value [23]. Another approach

in this class of algorithms finds an x such that ‖y−Φx‖2 ≤ ε and x ≥ 0 using the active-set
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Lawson-Hanson algorithm [32] and then prunes x until ‖x‖0 ≤ K, where K is a pre-specified

cardinality [5].

Greedy algorithms are computationally attractive but may lead to sub-optimal solutions.

Therefore, convex relaxations of the `0 penalty have been proposed [17,79,80,81,82]. One simple

alternative replaces the `0 norm with the `1 norm and reformulates the problem in Eq. (2.3) as

minimize
x≥0

‖y−Φx‖2 +λ‖x‖1, (2.4)

where λ > 0 is a regularization parameter to account for the measurement noise. The advantage

of the formulation in Eq. (2.4) is that it is a convex optimization problem and can be solved

by a number of methods [82, 83, 84, 85]. One approach is to estimate x with projected gradient

descent [86]. In fact, the `1 penalty in Eq. (2.4) can be replaced by any arbitrary sparsity inducing

surrogate function g(x), thus leading to alternative methods based on solving

minimize
x≥0

‖y−Φx‖2 +λg(x). (2.5)

For example, a surrogate g(x) = ∑
M
i=1 log

(
x2

i +β
)

leads to an iterative reweighted optimization

approach [87, 88].

A promising view on the S-NNLS problem is to cast the entire problem in a Bayesian

framework and consider the maximum a-posteriori (MAP) estimate of x given y

xMAP = argmax
x

p(x|y). (2.6)

There is a strong connection between the MAP framework and the previous deterministic formu-

lations. Recently, it has been shown that formulations of the form in Eq. (2.5) can be represented

by using the formulation in Eq. (2.6) with a proper choice of p(x) [27]. For example, considering
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a separable p(x) of the form

p(x) =
M

∏
i=1

p(xi), (2.7)

the `1 regularization approach in Eq. (2.4) (i.e. a choice of g(x) = ‖x‖1 in Eq. (2.5)) is equivalent

to the Bayesian formulation in Eq. (2.6) with an exponential prior for xi. In this work our emphasis

will be on Bayesian approaches for solving Eq. (2.1).

2.1.1 Contributions of the paper

• We introduce a family of non-negative probability densities referred to as the rectified

Gaussian scale mixture (R-GSM) to model non-negative and sparse solutions.

• We discuss how the R-GSM prior encompasses other sparsity inducing non-negative priors,

such as the rectified Laplacian and rectified Student-t distributions through a proper choice

of the mixing density.

• We detail how the R-GSM prior can be utilized to solve the S-NNLS problem using an evi-

dence maximization based estimation procedure that utilizes the expectation-maximization

(EM) framework. We refer to this technique as rectified sparse Bayesian learning (R-SBL).

• We provide four alternative R-SBL methods that offer a range of options for computational

complexity and the quality of the E-step computation. These methods include the Markov

Chain Monte Carlo EM, linear minimum mean-square-error estimation, approximate

message passing and a diagonal approximation.

• We use extensive empirical results to show the robustness and superiority of the R-GSM

priors and R-SBL algorithm for the S-NNLS problem. Especially, under various i.i.d. and

non-i.i.d. settings for the design matrix Φ.
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2.1.2 Organization of the paper

In Section 2.2, we discuss the advantages of using scale mixture priors for p(x) and

introduce the R-GSM prior. In Section 2.3, we define the Type I and Type II Bayesian approaches

to solve the S-NNLS problem and introduce the R-SBL framework. We provide the details of an

evidence maximization based estimation procedure in Section 2.3.2. We present empirical results

comparing the proposed R-SBL algorithm to the baseline S-NNLS solvers in Section 2.5.

2.2 Rectified Gaussian Scale Mixtures

We assume separable priors of the form in Eq. (2.7) and focus on the choice of p(xi).

The choice of prior plays a central role in the Bayesian inference [1, 89, 90]. For the S-NNLS

problem, the prior must induce sparsity and satisfy the non-negativity constraints. Consequently,

we consider the hierarchical scale mixture prior

p(xi) =
∫

∞

0
p(xi|γi)p(γi)dγi. (2.8)

The scale mixture prior was first considered in the form of Gaussian Scale Mixtures

(GSM) with p(xi|γi) =N (xi;0,γi) [91]. Super-gaussian densities are suitable priors for promoting

sparsity [1, 7] and can be represented in the form shown in Eq. (2.8) with a proper choice of

mixing density p(γi) [29, 92, 93, 94, 95]. This has made scale mixture priors valuable for the

standard sparse signal recovery problem. Another advantage of the scale mixture prior is that, it

establishes a Markovian structure of the form

γ→ x→ y, (2.9)

where inference can be performed in the x domain (referred to as Type I) and in the γ domain (Type

II). Experimental results for the standard sparse signal recovery problem show that performing
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inference in the γ domain consistently achieves superior performance [1, 27, 96, 97].

The Type II procedure involves finding a maximum-likelihood (ML) estimate of γ using

evidence maximization and approximating the posterior p(x |y) by p(x |y,γML). The performance

gains can be understood by noting that γ is deeper than x in Eq. (2.9), so the influence of errors in

performing inference in the γ domain may be diminished [27, 96]. Also, γ is close enough to y

such that meaningful inference about γ can still be performed, mitigating the problem of local

minima that is more prevalent when seeking a Type I estimate of x [96].

Although priors of the form shown in Eq. (2.8) have been used in the compressed

sensing literature (where the signal model is identical to Eq. (2.1) without the non-negativity

constraint) [27, 98, 99], such priors have not been extended to solve the S-NNLS problem.

Considering the findings that the scale mixture prior has been useful for the development of sparse

signal recovery algorithms [27, 96, 100], we propose a R-GSM prior for the S-NNLS problem,

where p(xi|γi) in Eq. (2.8) is a rectified Gaussian (RG) distribution. We refer to the proposed

Type II inference framework as R-SBL.

The univariate RG distribution is defined as

N R(x;µ,γ) =

√
2
πγ

e
−
(x−µ)2

2γ u(x)

erfc
(
− µ√

2γ

) , (2.10)

where µ is the location parameter (and not the mean), γ is the scale parameter, u(x) is the unit

step function, and erfc(x) is the complementary error function1.

As noted in previous works [101, 102], closed form inference computations using a

multivariate RG distribution are tractable only if the location parameter is zero (by effectively

getting rid of the erfc(.) term). Although a non-zero µ could provide a richer class of priors,

possibly to model approximately sparse or non-sparse solutions, considering the tractability issues

1erfc(x) =
2√
π

∫
∞

x e−t2
dt

25



and the potential overfitting problems (twice as many parameters), we focus on the R-GSM priors

with µ = 0 to promote sparse non-negative solutions. It is a pragmatic choice and adequate for

the problem at hand. When µ = 0, the RG density simplifies to

N R(x;0,γ) =

√
2
πγ

e
−

x2

2γ u(x). (2.11)

Thus, the R-GSM prior introduced in this work have the form

p(x) =
∫

∞

0
N R(x;0,γ)p(γ)dγ. (2.12)

Different choices of p(γ) lead to different options for p(x) and some examples are presented

below.

2.2.1 R-GSM representation of sparse priors

We can utilize the proposed R-GSM framework to obtain a variety of non-negative

sparse priors. For instance, consider the rectified Laplace prior p(x) = λe−λxu(x). By using an

exponential prior for p(γ) = λ2

2 e−
λ2γ

2 u(γ), we can express p(x) in the R-GSM framework as [103]

p(x) = 2u(x)
∫

∞

0
N (x|0,γ)λ2

2
e−

λ2γ

2 u(γ)dγ = λe−λxu(x). (2.13)

Similarly, by considering a Gamma(a,b) distribution for p(γ), we obtain a rectified

Student-t distribution for p(x) and Eq. (2.8) simplifies to [1]

p(x) =2u(x)
∫

∞

0
N (x|0,γ)γa−1e

−γ

b

abΓ(a)
dγ (2.14)

=
2baΓ(a+ 1

2)

(2π)
1
2 Γ(a)

(
b+

x2

2

)−(a+ 1
2 )

u(x), (2.15)
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where Γ is defined as Γ(a) =
∫

∞

0 ta−1e−tdt. More generally, all of the distributions represented

by the GSM family have a corresponding rectified version represented by the R-GSM family

(e.g. contaminated Normal and slash densities, symmetric stable and logistic, hyperbolic, etc.)

[29, 91, 92, 93, 94, 95].

2.2.2 Relation to other Bayesian works

In [101], a modified Gaussian prior was considered for the NNLS problem. The authors

used a Gaussian prior of arbitrary mean and variance and performed non-negative rectification

using a ‘cut’ function. Their goal was to better represent non-sparse signals by avoiding the

selection of µ = 0, as we consider in our work. Our R-GSM prior substantially differs from this

work as we consider a mixture of zero-location RG distributions for the prior, as opposed to a

single Gaussian density with the ‘cut’ rectification. Our design objective is to induce sparsity by

using a hierarchical hyper-parameter γ.

In [104], a non-negative generalized approximate message passing (GAMP) approxima-

tion was proposed, using a Bernoulli non-negative Gaussian mixture prior of arbitrary location

and scale parameters. This extends the prior given in [101] but uses a fixed number of mixture

components e.g. L = 3. The sparsity is enforced by using a Dirac delta function and an additional

sparsity rate λ that would ‘favor’ the Dirac function and attenuate other mixture components

simultaneously. The authors infer a bulk of parameters including the scale, location, and mixture

weights as well as the sparsity rate simultaneously. Our R-SBL approach differs from [104] as we

only consider a single sparsity inducing hyper-parameter vector γ, and our mixture components

are strictly located at zero. Our approach simplifies the overall inference procedure and the

problem formulation. We also consider an infinite number of mixture components as opposed to

considering a fixed number of components.

Finally, we consider a more general class of priors than the existing methods since the

R-GSM prior is based on an arbitrary mixing density p(γ). As indicated in Section 2.2.1, different
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selections of p(γ) lead to more flexible and generalized priors for the sparse solution.

2.3 Bayesian Inference with Scale Mixture Prior

We detail the Type I and Type II methods for solving the S-NNLS problem with the

R-GSM prior. Though this paper is dedicated to Type II estimation because of its superior

performance in sparse signal recovery problems [27, 96], we briefly introduce Type I in the

following section for the sake of completeness.

2.3.1 Type I estimation

Using Type I to solve the S-NNLS problem translates into calculating the MAP estimate

of x given y

argmin
x
‖y−Φx‖2

2−λ

M

∑
i=1

ln p(xi). (2.16)

Some of the `0 relaxation methods described in Section 2.1 can be derived from a Type I

perspective. For instance, by choosing an exponential prior for p(xi), Eq. (2.16) reduces to the

`1 regularization approach in Eq. (2.4) with the interpretation of λ as being determined by the

parameters of the prior and the noise variance. Similarly, by choosing a Gamma prior for p(xi),

Eq. (2.16) reduces to

argmin
x
‖y−Φx‖2

2 +λ

M

∑
i=1

ln
(

b+
x2

i
2

)
, (2.17)

which leads to the reweighted `2 approach to the S-NNLS problem described in [87,88]. A unified

Type I approach for the R-GSM prior can be readily derived using the approaches discussed

in [27, 29].
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2.3.2 Type II estimation

The Type II framework involves finding a ML estimate of γ using evidence maximization

and approximating the posterior p(x |y) by p(x |y,γML). Then, appropriate point estimates and

the solution x can be obtained. We refer to this approach as the rectified sparse Bayesian learning

(R-SBL).

Several strategies exist for estimating γ. The first strategy considers the problem of

forming a ML estimate of γ given y [1, 27, 105, 106]. In our case, p(γ |y) does not admit a closed

form expression making this strategy difficult. The second strategy investigated here, aims to

estimate γ by using the EM algorithm [27, 98, 106]. In the EM approach, we treat (x,y,γ) as the

complete data and x as the hidden variable. Utilizing the current estimate γt , where t refers to the

iteration index, the expectation step (E-step) involves finding the expectation of the log-likelihood,

Q(γ,γt) given by

Q(γ,γt) =Ex|y;γt [ln p(y|x)+ ln p(x|γ)+ ln p(γ)] (2.18)

=̇
M

∑
i=1

Ex|y;γt

[
−1

2
lnγi−

x2
i

2γi
+ ln p(γi)

]
, (2.19)

where =̇ indicates that constant terms, and terms that do not depend on γ have been dropped since

they do not affect the consequent M-step. For simplicity, we assume a non-informative prior on

γ [1]. In the M-step, we maximize Q(γ,γt) with respect to γ by taking the derivative and setting it

equal to zero, which yields the update rule

γ
t+1
i = Ex|y,γt ,σ2 [x2

i ] := 〈x2
i 〉. (2.20)

To compute 〈x2
i 〉, we consider the multivariate posterior density p(x|y,γ,σ2) which has the form

29



(see Appendix 2.8.2)

p(x|y,γ) = c(y)e
−
(x−µ)T Σ

−1(x−µ)
2 u(x), (2.21)

where µ and Σ are given by [1, 98, 107]

µ = ΓΦ
T (σ2I+ΦΓΦ

T )−1y (2.22)

Σ = Γ−ΓΦ
T (σ2I+ΦΓΦ

T )−1
ΦΓ, (2.23)

and Γ = diag(γ). The posterior in Eq. (2.21) is known as a multivariate RG (or a multivariate

truncated normal [108]). The normalizing constant c(y) does not admit a closed form expression.

However, the M-step in Eq. (2.20) only requires the marginal density. Unfortunately, the marginals

of a multivariate RG are not univariate-RG’s and do not admit closed form expressions [108],

which also means no immediate expressions for the marginal moments.

However, we can approximate the first and the second moments 〈xi〉 and 〈x2
i 〉 of the

multivariate RG posterior. In the following, we propose four different approaches for this purpose

that offer a trade-off between computational complexity and theoretical accuracy.

Markov Chain Monte Carlo EM (MCMC-EM)

Advances in numerical methods made it possible to sample from complex multivariate

distributions [109, 110, 111]. Numerical methods are particularly useful when the first and

second order statistics of a posterior density do not have a closed form expressions. In this

case, the E-step can be performed by drawing samples using numerical Markov Chain Monte

Carlo (MCMC) and then calculating the sample statistics. This approach is usually referred to as

MCMC-EM [112, 113].

First, we consider the Gibbs sampling approach in [114,115]. We use hat notation to refer
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to the empirical estimates of various parameters (e.g. Σ̂, µ̂). We use the multivariate truncated

normal (TN) definition in [115] and write

TN(x; µ̂, Σ̂,R,αL,αU) =

ctne
−
(x− µ̂)T Σ̂

−1
(x− µ̂)

2

1αL≤Rw≤αU , (2.24)

where 1(·) is the indicator function and ctn is the normalizing constant for the density. In the case

of a multivariate rectified Gaussian, the truncation bounds are αL = 0 and αU = ∞, and R = I.

By introducing the transformation, w = L̂ -1(x−µ̂) where L̂ is the lower triangular Cholesky

decomposition of Σ̂, it can be shown that w is TN(w;0,I, L̂,α∗L,α∗U) with new truncation bounds

α∗L = αL− µ̂ =−µ̂ and α∗U = αU − µ̂ = ∞.

The Gibbs sampler then proceeds by iteratively drawing samples from the conditional

distribution p(wi|y, γ̂,σ2,w−i), where w−i refers to the vector containing all but the ith element

of w. Given a set of samples drawn from w, we can obtain the samples for the original distribution

of interest by inverting the transformation: {xn}N
n=1 = {L̂wn+µ̂}N

n=1. Then, the first and second

empirical moments can be calculated from the drawn samples using

〈xi〉 ≈
1
N

N

∑
n=1

(xn
i ) , (2.25)

〈x2
i 〉 ≈

1
N

N

∑
n=1

(xn
i )

2 , (2.26)

and the EM can be iterated by updating γ̂i
t+1 = 〈x2

i 〉.

After convergence, a point estimate for x is needed. The optimal estimator of x in the

minimum mean-square-error (MMSE) sense is simply x̂mean = 〈xi〉. An alternative point estimate
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is to use x̂mode given by

x̂mode =argmax
x

p(x |y, γ̂,σ2) (2.27)

=argmin
x≥0

‖y−Φx‖2
2 +λ

M

∑
i=1

x2
i

γ̂i
, (2.28)

where Eq. (2.28) can be solved by any NNLS solver. The estimate x̂mode could be a favorable

point estimate because it chooses the peak of p(x|y, γ̂,σ2), which may not be well-characterized

by its mean.

For the sparse recovery problem at hand, we experienced very slow convergence with

Gibbs sampling. Convergence was particularly slow for higher problem dimensions and at larger

cardinalities. The latter was expected as a sparse solution is harder to recover in those cases.

Thus, we resorted to Hamiltonian Monte Carlo (HMC) which is designed specifically for target

spaces constrained by linear or quadratic constraints [111]. HMC improves the MCMC mixing

performance by using the gradient information of the target distribution [112].

Despite use of the state of the art MCMC techniques, MCMC-EM might still converge

to poor local minima solutions and result in sub-optimal performance [116, 117, 118]. Partic-

ularly, performance may be poorer for under-determined problems. Though MCMC-EM is

not thoroughly investigated for the sparse recovery problem, here we list four major issues for

consideration:

I. Convergence: MCMC-EM based algorithms can get stuck in a local minima depending on

the problem dimensions and complexity of the search space. This is true even for well-posed

problems [113, 119]. In under-determined problems, the solution set for Eq. (2.2) may

contain many local minima and thus, a good MCMC-EM implementation should try to

avoid local minima.

II. Computational Limits: Current MCMC sampling techniques are not optimal for drawing
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large sample sizes from high dimensional multivariate posterior densities. Therefore, the

number of available samples is often limited by computational constraints [109, 110, 111].

III. Quality of Parameter Estimates: Since the MCMC samples are determined by random

sampling at each iteration, the estimates of γ̂, µ̂, and Σ̂ depend highly on the quality of the

MCMC estimates x̂, which in turn affects the quality of next cycle of MCMC samples. This

may lead the EM algorithm to converge to a sub-optimal solution.

IV. Structure of the Empirical Σ̂: When M is large and the dimensions of the empirical scale

matrix are also large, Σ̂ may no longer be a good numerical estimate [117, 120, 121]. This

issue could be exacerbated when the problem is inherently under-determined with N < M,

and reveals itself as Σ̂ being close to singular. Therefore, regularization methods for Σ̂ are

often used to alleviate this problem [117, 118].

The scale matrix Σ̂ has direct control over the search space for MCMC and spurious off-diagonal

values tend to increase the number of local-minima. Therefore, to address the issues listed above,

we incorporated ideas from prior work to regularize the estimates of Σ̂:

• As in [117, 118], we assume that Σ̂ is sparse and we prune its off-diagonal entries when

they drop below a certain threshold Tp. This prevents the spurious off-diagonal values in Σ̂

from affecting the next cycle of MCMC samples and improves future estimates of γ̂.

• We incorporate the shrinkage estimation idea presented in [118, 120] and regularize Σ̂ as

a convex sum of the empirical Σ̂ and a target matrix T such that, Σ̂ = λΣ̂+(1−λ)T. A

simple selection for T is the matrix Σ̂β, which is equal to the original Σ̂ with diagonal

elements scaled by a factor β. Though this approach does not guarantee convergence to a

global minimum and the solution could still be a local minima or a saddle point solution,

we empirically observed better recovery performance.
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Linear minimum mean-square-error (LMMSE)

The LMMSE estimation approach is motivated by the complexity of the MCMC-EM

approach. Examining the parameters being computed, one can interpret them as finding the

MMSE estimate of x and the associated MSE. This motivates replacing the MMSE estimate by

the simple LMMSE estimate of x. The affine LMMSE estimate for x is

x̂ = µx +RxΦ
T (ΦRxΦ

T +σ
2I)−1(y−Φµx), (2.29)

where Rx is the covariance matrix of x (a diagonal matrix). The estimation error covariance

matrix is given by [122]

Re = Rx−RxΦ
T (ΦRxΦ

T +σ
2I)−1

ΦRx. (2.30)

To elaborate, in the E-step where γ is fixed at γt , the entries of x are independent, and the prior

mean and the prior covariance will be equal to the mean and variance of the independent univariate

RG distributions with p(xi|γi) = N R(0,γi). The mean of a univariate rectified Gaussian density

with zero location parameter is given by [123]

µx,i =

√
2γi

π
, (2.31)

and the variances which are the diagonal entries of the diagonal matrix Rx are given by

Rx,ii = γi (1−2/π) . (2.32)
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Using the values of µx and Rx from Eq. (2.31) and Eq. (2.32) in Eq. (2.29) we obtain the LMMSE

point estimate for the solution vector. Similarly, the update for γ (M-step) is given by

γi = x̂2
i +Re,ii. (2.33)

This is sufficient to implement the EM algorithm. Upon convergence, the mean point estimate is

simply x̂mean = x̂, and the mode point estimate can be obtained by utilizing the converged values

γi in Eq. (2.28).

Generalized approximate message passing (GAMP)

In this section, we present an EM implementation using the generalized approximate

message passing (GAMP) algorithm [97, 124]. A different GAMP based approach was used

in [104], which uses an i.i.d. Bernoulli non-negative Gaussian mixture prior with a fixed mixture

order that is independent of M. To overcome the convergence issues with the type of GAMP

algorithm in [104] e.g. when a non-i.i.d. design matrix Φ is used [125, 126, 127], we incorporate

the damping technique in [97, 127] into the proposed R-SBL GAMP algorithm.

GAMP is a low complexity iterative inference algorithm. The low complexity is achieved

by applying quadratic and Taylor series approximations to loopy belief propagation. GAMP can

approximate the MMSE estimate when used in the sum-product version, or can approximate the

MAP estimate when used in the max-sum version. The sum-product version computes the mean

and variance of the approximate marginal posteriors on xi which are given by

p(xi|ri;τri) ∝ p(xi)N (xi;ri,τri), (2.34)
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where ri approximates an AWGN corrupted version of the true xi as

ri ≈ xi + r̄i (2.35)

r̄i ∼N (0,τri). (2.36)

In the large system limit and when the design matrix Φ is i.i.d sub-Gaussian, the approxi-

mation in Eq. (2.35) was shown to be exact [124, 128]. Therefore, in the sum-product version

of GAMP, the estimate x̂i in Eq. (2.37) corresponds to the MMSE estimate of xi given ri, and

similarly the conditional variance of xi given ri is defined in Eq. (2.38).

x̂i = E{xi|ri;τri} (2.37)

τxi = var{xi|ri;τri}. (2.38)

In the max-sum version of GAMP, the MAP estimate x̂i given ri is obtained in Eq. (2.39)

using the proximal operator defined in Eq. (2.41), while τxi given in Eq. (2.40) corresponds to

the sensitivity of the proximal thresholding.

x̂i = prox− ln p(xi)(ri;τri) (2.39)

τxi = τrprox′− ln p(xi)(ri;τri) (2.40)

prox f (â,τ
a), argmin

x∈R
f (x)+

1
2τa |x− â|2. (2.41)

When implementing the EM algorithm, the approximate posterior computed by the sum-

product GAMP can be used to efficiently approximate the E-step [129]. Moreover, in the case of

max-sum GAMP, in the large system limit and under i.i.d sub-Gaussian Φ an extra step can be

added as in [104] to compute the marginal distributions using Eq. (2.34). These marginals then

can be used to approximate the E-step. For the rectified Gaussian scale mixture prior p(x|γ) the

details of finding x̂i and τxi estimates in both the sum-product and max-sum cases are shown in
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Appendix 2.8.1.

Upon convergence of the GAMP algorithm, the approximate E-step of the EM algorithm

is complete and we can evaluate the M-step in Eq. (2.20) as

〈x2
i 〉=

∫
xi

x2
i p(x|ri;τri) = x̂2

i + τxi. (2.42)

The EM-based R-SBL GAMP algorithm is summarized in Table 2.1. Here, the steps used

by the GAMP algorithm to evaluate s and τs are the same for both sum-product and max-sum

versions (for AWGN case) [124]. In Table 2.1, all mathematical operations are element wise. Kmax

is the maximum allowed number of GAMP iterations, εgamp is the GAMP tolerance parameter,

Imax is the maximum number of EM iterations, and εem is the EM tolerance parameter. Also,

θs ∈ (0,1] is the damping factor which can be selected according to the empirical criteria in [97],

and η, ν, h(.), and g(.) are defined in Appendix 2.8.1.

Diagonal approximation (DA)

We know a-priori that the posterior in Eq. (2.21) does not admit a closed form expression.

However, to implement the EM algorithm we only need the marginal moments of the posterior.

We first note that, if the scale matrix Σ is diagonal then we could evaluate the normalizing constant

c(y) in closed form since the multivariate RG posterior can be written as a product of univariate

marginals (see Appendix 2.8.2).

In the diagonal approximation (DA) approach, we resort to approximating the posterior

in Eq. (2.21) with a suitable posterior density p(x|y,γ)≈ p̃(x|y,γ), which could be written as a

product of independent marginal densities i.e. p̃(xi|y,γ). This approximate posterior density is
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Table 2.1: R-SBL GAMP Algorithm

Initialization
S← |Φ|2 (component wise magnitude squared)
Initialize τ̇

0
x ,γ

0 > 0
ṡ0, ẋ0← 0
for i = 1,2, ...., Imax

Initialize τ1
x ← τ̇

i−1
x , x̂1← ẋi−1,s1← ṡi−1

// E-Step Approximation
for k = 1,2, ....,Kmax

1/τk
p← Sτk

x
pk← sk−1 + τk

pΦx̂k

τk
s ←

σ−2τk
p

σ−2+τk
p

sk← (1−θs)sk−1 +θs(pk/τk
p− y)/(σ2 +1/τk

p)

1/τk
r ← S>τk

s
rk← x̂k− τk

rΦ
>sk

if MaxSum then
τk+1

x ← νk

x̂k+1← ηku(rk)
else

τk+1
x ← νkg(ηk

νk )

x̂k+1← ηk +
√

νkh(ηk

νk )

end if
if ‖x̂k+1− x̂k‖2/‖x̂k+1‖2 < εgamp , break

end for %end of k loop
ṡi← sk

if MaxSum
ẋi← ηk+1 +

√
νk+1h(ηk+1

νk+1 ) , τ̇
i
x← νk+1g(ηk+1

νk+1 )

else
ẋi← x̂k+1 , τ̇

i
x← τk+1

x
end if
// M-Step
γi+1← |ẋi|2 + τ̇

i
x

if ‖ẋi− ẋi−1‖2/‖ẋi‖2 < εem , break
end for %end of i loop
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derived in Appendix 2.8.2 as

p̃(x |y,γ) =
M

∏
i=1

p̃(xi|y,γ) (2.43)

=
M

∏
i=1

√
2

πΣii

e
−
(xi−µi)

2

2Σii u(xi)

erfc
(
− µi√

2Σii

) , (2.44)

where µi is the ith element of µ and Σii is the ith diagonal element of Σ obtained using Eqs. (2.22)

and (2.23). The marginal p̃(xi|y,γ) in Eq. (2.43) is the univariate RG density defined in Eq. (2.10),

where p̃(xi|y,γ) = N R(xi;µi,Σii). Then, the univariate RG marginals are well-characterized by

their first and second moments given in [123], with the first moment given as

〈xi〉= µi +

√
2Σii

π

e−
µ2
i

2Σii

erfc
(
− µi√

2Σii

) , (2.45)

and the second moment given as

〈x2
i 〉= µ2

i +Σii +µi

√
Σii

π

e−
µ2
i

2Σii

erfc
(
− µi√

2Σii

) . (2.46)

Note that the moments of p̃(xi|y,γ) are approximations to the moments of the true marginals

which do not admit closed form. However, we can perform EM using the approximate moments

to approximate the true solution. EM can be carried out by setting γ
t+1
i = 〈x2

i 〉 and iterating over

t. After convergence of γis, the mean point estimate is obtained as x̂mean = 〈xi〉. The mode point

estimate x̂mode can be calculated by using converged values of γis in Eq. (2.28).

If the diagonal elements of Σ are large valued or become large over EM iterations as

compared to the off-diagonals, then DA is expected to work well. Note that assuming a diagonal

Σ was also motivated by prior work [117, 120, 121, 130, 131] for various applications. In this
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Figure 2.1: Top: Empirical observations for the structure of Σ. We performed S-NNLS recovery
using MCMC-EM (without regularizing the estimates of Σ) and monitored the average value
of off-diagonals for |Σ|. We simulated for 1,000 runs and overplotted the results (blue lines).
The average of average off-diagonals for |Σ| over 1,000 results is shown with the red line. The
exponentially decreasing behavior suggests that the off-diagonal magnitudes of Σ decrease over
MCMC iterations, indicating that true Σ is approaching to a diagonal form. Bottom: The distance
between the true Σ and a diagonal matrix formed by its diagonal entries ΣD. This suggests that
the true Σ approaches to a diagonal form over MCMC iterations.

40



work, we empirically report that DA has very good sparse recovery performance and has low

complexity.

To further support the DA approximation, we present empirical findings regarding the

structure of Σ. We performed sparse recovery simulations using Eq. (2.1) with the MCMC-EM

approach as the ground truth (without regularizing the MCMC estimates of Σ̂). We assumed that

x was of size 200 with 10 non-zero elements drawn from N R(0,1). The dictionary Φ ∈ R50×200

columns were normally distributed Φ∼N (0,I). We solved this problem for 1,000 simulations

and overlay plots of the average absolute value of the off-diagonals of Σ̂ as a function of MCMC-

EM iteration in the first row of Figure 2.1 (blue lines).

We see that the average off-diagonal elements of |Σ̂| exponentially approach 0 as a function

of MCMC-EM iteration. The average of this behavior over 1,000 simulations (red line) has a final

value of 10−4 after 10 iterations. This indicates that the off-diagonals of Σ̂ of the true posterior

(with MCMC sampling) approach zero. Moreover, in the second row of Figure 2.1 we overlay

plots of the Frobenius norm of the difference between Σ̂ and Σ̂D, where Σ̂D is the diagonal matrix

consisting of diagonal elements from Σ̂. This shows that as MCMC-EM converges Σ̂ approaches

a diagonal form.

These results suggest that, if there is flexibility in choosing the dictionary Φ as in com-

pressed sensing, then proper choice of Φ can lead to the DA approach producing high quality

approximate marginals p̃(xi|y,γ) that are close to the true marginals.

2.3.3 Computational complexity of proposed methods

For computational comparisons, we assume that N ≤M. Under this assumption, the time

complexity of the DA algorithm is O(N2M) per EM iteration. This complexity is similar to the

original SBL algorithm in [7, 98] and is due to the computationally intensive matrix inversion

step (σ2I+ΦΓΦ
T )−1 given in Eq. (2.22). Time complexity of the LMMSE algorithm is also

O(N2M) per EM iteration. This complexity is determined from a similar matrix inversion step
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(ΦRxΦ
T +σ2I)−1 in Eq. (2.30) (note that Rx is diagonal). The GAMP algorithm bypasses the

computationally intensive matrix inversion and the resulting complexity is O(NM) time [97].

This is linear in both problem dimensions and significantly faster than the both the DA and

LMMSE methods. For the MCMC-EM algorithm, the actual computational cost is determined by

the random Hamiltonian MCMC sampling, which is explained in more detail in [111].

2.4 Experiment Design

In this section we provide the layout of our numerical experiments. We provide extensive

comparisons between the proposed R-SBL variants LMMSE, GAMP, MCMC and DA and the

baseline S-NNLS solvers, including NNGM-AMP [104], SLEP-`1 [132], and NN-OMP [133]. In

all of the experiments below, we generate sparse vectors xgen ∈ R400
+ , such that ||xgen||0 = K, and

random dictionaries Φ ∈ R100×400. We normalize the columns of Φ by 1/
√

N [134]. For a fixed

Φ and xgen, we compute the measurements y = Φxgen and use the baseline algorithms and the

proposed R-SBL variants to approximate xgen.

In the first set of experiments, we simulate a ‘noiseless’ recovery scenario, where the

noise variance is set as σ2 = 10−6, the non-zero entries of the solution vector are drawn from

a rectified Gaussian density N R(0,1) and the dictionary columns are i.i.d. Normal distributed

Φ∼N (0,I). We experiment with cardinalities K = {10,20,30,35,40,45,50}.

In the second set, we construct various dictionary types to analyze the robustness of

our R-SBL method and the baseline solvers for the S-NNLS problem. The dictionary types

considered here are not necessarily i.i.d. Gaussian and are similar to the ones used in [97, 135].

These dictionaries can be low-rank, coherent, ill-posed, and non-negative as detailed below:

A. Coherent dictionaries: We introduce coherence among the columns of an original dictionary

Φ = N (0,I) and report recovery performances for a fixed K = 50. This was done by multiply-

ing Φ with a coherence matrix C to obtain a new dictionary Φc with coherent columns. Here,
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C is the Cholesky factor of the Toeplitz(ρ) matrix with a coherence parameter ρ. We experi-

ment with different coherence values by selecting ρ = {0.1,0.2, ...,0.80,0.85,0.90,0.95}.

B. Low-rank dictionaries: We construct rank-deficient dictionaries such that Φ = AB, where

A ∈ RN×R, B ∈ RR×M and R < N. The entries of A and B are i.i.d. Normal. The rank

ratio R/N is considered as a measure of rank deficiency, where smaller values indicate more

deviation from an i.i.d. dictionary. We experiment with R/N = {1,0.95, ...,0.4} and report

recovery performances for a fixed K = 50.

C. Ill-conditioned dictionaries: We experiment with ill-conditioned dictionaries with a condition

number κ > 1. For a fixed κ, the dictionary is constructed as Φ = USVT . Here, U and V

contain the left and right singular vectors of an i.i.d. Gaussian matrix, and S is a diagonal

matrix containing the eigenvalues. We decay the elements of S with Si+1,i+1 = κ−1/(N−1)Si,i

for i = 1,2, ...,N−1. The value of κ measures the deviation from an i.i.d. Gaussian dictionary,

with larger κ values indicate more deviation. We experiment using the condition numbers

κ = {8,10, ...,28}.

D. Non-negative dictionaries: Non-negative dictionaries are used in sparse recovery applications

such as sparse NMF [5] and NN K-SVD [10], where a positive mapping is required on

the solution vector. We construct non-negative dictionaries Φ with columns that are drawn

according to Φ∼ RG(0,I). We experiment with cardinalities K = {10,20,30,35,40,45,50}.

In the third set of experiments, we set the noise variance σ2 for v such that the signal-to-

noise ratio (SNR) is 20 dB and repeat the first set of experiments. This experiment was meant to

assess the robustness of R-SBL variants under noisy conditions.

In the fourth set of experiments, we investigate recovery performances for a variety of

distributions for Φ, and for the non-zero elements of x. We randomly draw the nonzero elements

of xgen according to the following distributions:
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I. NN-Cauchy (Location: 0, Scale: 1)

II. NN-Laplace (Location: 0, Scale: 1)

III. Gamma (Location: 1, Scale: 2)

IV. Chi-square with ν = 2

V. Bernoulli with p(0.25) = 1/2 and p(1.25) = 1/2

where the prefix ‘NN’ stands for non-negative. These distributions are obtained by taking the

absolute value of the respective probability densities. We also generate random dictionaries Φ

according to the following densities:

I. Normal (Location: 0, Scale: 1)

II. ±1 with p(1) = 1/2 and p(−1) = 1/2

III. {0,1} with p(0) = 1/2 and p(1) = 1/2

In all of the experiments detailed here, the results were averaged over 1,000 simulations.

Moreover, the R-SBL MCMC approach was only used in the first set of experiments to demon-

strate the high quality of the parameter estimates obtained with the lower complexity approaches

such as DA, LMMSE and GAMP. We omit the MCMC in other experiments due to computational

constraints.

2.4.1 Performance metrics

To evaluate the performance of various S-NNLS algorithms, we used the normalized

mean square error (NMSE) and the probability of error in the recovered support set (PE) [17].

We computed the NMSE between the recovered signal x̂ and the ground truth xgen using

NMSE = ‖x̂−xgen‖2/‖xgen‖2. (2.47)
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The PE metric was computed using

PE =
max{|S|, |Ŝ|}− |S∩ Ŝ|

max{|S|, |Ŝ|}
, (2.48)

where the support of the true solution was S and the recovered support of x̂ was Ŝ. A value of

PE = 0 indicates that the ground truth and recovered supports are the same, whereas PE = 1

indicates no overlap between supports. Averaging the PE over multiple trials gives the empirical

probability of making errors in the recovered support. The averaged values of NMSE and PE over

1,000 simulations and for each experiment are reported in the Experiment Results section.

2.4.2 MCMC implementation

We used the MCMC implementation presented in [111]. The MCMC parameters explained

in Section 2.3.2 were selected as follows. The off-diagonal pruning of the empirical scale

parameter Σ̂ was performed with a threshold of Tp = 5×10−2. Diagonal scaling was performed

with a factor of β = 1.7, and a shrinkage parameter of λ = 0.5. These values were empirically

determined to minimize the NMSE for the first set of experiments.

2.5 Experiment Results

Here, we show that in all of the sparse recovery experiments detailed above, the proposed

R-SBL variants outperform the baseline solvers in terms of NMSE and PE. The R-SBL variants

outperform the baseline solvers when the dictionary is non-i.i.d., coherent, low-rank, ill-posed or

even non-negative, showing the robustness of R-SBL to different characteristics of the dictionary

Φ.

In Figure 2.2(a) we show the sparse recovery performance of the R-SBL variants and the

baseline solvers as a function of the cardinality for the first set of experiments. As the cardinality
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of the ground truth solution increases (after K = 30) the performances of NN-OMP and SLEP-`1

deteriorate both in terms of NMSE and PE. On the other hand, R-SBL variants and NNGM-AMP

are quite robust with very small recovery error. For the largest cardinality of K = 50, we see that

R-SBL DA and MCMC outperform other methods. The DA variant is nearly identical to MCMC

in terms of NMSE and PE. This is expected since MCMC prunes off-diagonal elements of the

scale matrix Σ iteratively, when they drop below a certain threshold.

2.5.1 Coherent Dictionaries

In Figure 2.2(b) we show the recovery performances when the dictionary is coherent. The

degree of dictionary coherence is shown on the horizontal axis with ρ which ranges from 0.1 to

0.95. The proposed R-SBL variants are extremely robust to increasing coherence and outperform

the baseline solvers in terms of both NMSE and PE. SLEP-`1 is robust to increasing coherence

but performs worse when compared to the R-SBL variants. NNGM-AMP breaks down after

ρ = 0.3 and performs worse than SLEP-`1 after ρ = 0.5, and worse than NN-OMP after ρ = 0.8.

The LMMSE and DA variants are not affected by the coherence level and achieve better recovery

even for ρ = 0.95. The performance of R-SBL GAMP slightly deteriorates after an extreme

coherence of ρ = 0.90, but is still better than the baseline solvers.

These results demonstrate that the proposed R-SBL variants are robust to dictionary

coherence and are superior to the baseline solvers. The robustness of our R-SBL framework

seems to be inherited from the robustness of the original SBL algorithm to the structure of

Φ [97, 136], which uses a GSM prior on x. Our R-GSM prior on x seems to provide a similar

robustness to the R-SBL algorithm.
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Figure 2.2: (Figure on the following page.) Sparse recovery performances (NMSE and PE)
of the R-SBL variants and the baseline S-NNLS solvers for various Φ. In (a) the dictionary
elements were i.i.d Normal and the sparse recovery results are shown for cardinalities K = 30 to
K = 50. R-SBL DA achieves the best recovery performance. R-SBL LMMSE and GAMP are
similar to NNGM-AMP and are much better than SLEP-`1 and NN-OMP. In (b) the dictionary
columns are coherent with the coherence degree ρ indicated in the x-axis. R-SBL variants are
extremely robust to increasing coherence and result in a very small NMSE and PE across all ρ

values. NNGM-AMP breaks down after ρ = 0.2 with deteriorating performance with increasing
ρ and SLEP-`1 is better than NNGM-AMP after ρ = 0.5. In (c) the dictionary is rank-deficient
with rank-ratio R/N indicated in the x-axis. R-SBL variants are superior to baseline methods
across all R/N values.
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2.5.2 Low-rank Dictionaries

In Figure 2.2(c) we show the recovery performances for rank-deficient dictionaries. The

degree of rank deficiency is shown on the horizontal axis with the rank ratio R/N. The R-SBL

variants outperform the baseline solvers in terms of both NMSE and PE for all values of R/N.

The recovery performances of the R-SBL variants are extremely robust against the changes in

R/N. Among the R-SBL variants, DA performs slightly better than LMMSE and GAMP, and

GAMP performs similar to LMMSE. The recovery performance of NNGM-AMP is better than

NN-OMP and SLEP-`1, however its performance degrades as R/N gets smaller.

2.5.3 Ill-conditioned Dictionaries

In Figure 2.3(a) we demonstrate the recovery performances for ill-conditioned dictionaries.

The condition number on the horizontal axis varies from κ = 8 to κ = 28. The proposed R-SBL

variants perform significantly better than the baseline solvers across different κ values in terms of

NMSE and PE. The recovery performances of the R-SBL variants are also extremely robust to

different selections of κ. SLEP-`1 is better than NN-OMP and NNGM-AMP and is also robust to

the selection of κ. The performances of NN-OMP and NNGM-AMP methods rapidly deteriorate

with increasing κ values.

2.5.4 Non-negative Dictionaries

In Figure 2.3(b) we show the recovery performances when the dictionary is non-negative

with elements drawn from i.i.d. RG(0,1). The cardinality K on the horizontal axis of Figure

2.3(b) varies from K = 10 to K = 50. The NNGM-AMP approach was not able to recover feasible

solutions for non-negative dictionaries and the point estimates for x diverged for different K.

Therefore, the NMSE values for NNGM-AMP were not shown in Figure 2.3(b). Unlike in Figure

2.2(a), where the dictionary can be both positive and negative, NN-OMP performs better than
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Figure 2.3: (Figure on next page.) Sparse recovery performances of the S-NNLS solvers for
various Φ. In (a) the dictionary is ill-conditioned with condition number κ given in the x-axis.
R-SBL variants outperform the baseline solvers for various κ and are very robust to the selection
of κ. R-SBL DA achieves the lowest NMSE and PE. SLEP-`1 is superior to NNGM-AMP.
In (b) the dictionary is non-negative with elements drawn from i.i.d. RG(0,1). The recovery
performances are given for various cardinality K in the x-axis. R-SBL variants achieve superior
recovery across all values of K. NNGM-AMP diverges regardless of the value of K and is
unable to recover a feasible solution. In (c) the dictionary is i.i.d. Normal and SNR is 20 dB.
The R-SBL variants perform similar to NNGM-AMP under noisy conditions, but are superior to
SLEP-`1 and NN-OMP at larger cardinalities.
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SLEP-`1. The proposed R-SBL variants outperform the baseline approaches. Among the R-SBL

variants, DA performs slightly better than GAMP, and GAMP is slightly better than LMMSE.

2.5.5 Noisy Conditions

We compared the recovery performances in a noisy setting, where the dictionary is i.i.d.

Normal distributed. In this case, the observations were contaminated with additive white Gaussian

noise to have a signal-to-noise ratio (SNR) of 20 dB. Figure 2.3(c) shows the NMSE and PE

versus the cardinality. Compared with the noiseless case in Figure 2.2(a), the performances of

all of the methods noticeably reduced. However, the proposed R-SBL variants performed better

as compared to the NN-OMP and SLEP-`1 solvers, and performed similar to the NNGM-AMP

approach.

2.5.6 Other types of xgen and Φ

Here, the dictionary Φ was drawn according to i.i.d. Normal, ±1 Bernoulli, and {0,1}

Bernoulli distributions. We experimented with different distributions for the non-zero entries of

xgen, as detailed in Tables 2.2, 2.3 and 2.4.

For i.i.d. Normal Φ in Table 2.2, the R-SBL DA generally outperforms the baseline solvers

and other R-SBL variants when xgen is RG, NN-Cauchy, NN-Laplace, Gamma and Chi-square

distributed. The LMMSE variant achieves slightly better performance in terms of PE for the

NN-Cauchy distribution. The NNGM-AMP is better than LMMSE and GAMP variants, when

xgen is RG, however it fails in terms of PE when xgen is NN-Cauchy. The NNGM-AMP approach

shows better performance when xgen is Bernoulli. This is expected since the prior density for

NNGM-AMP is a Bernoulli non-negative Gaussian mixture. The R-GSM prior, on the other hand,

is not well matched to the Bernoulli distribution, as it is a mixture of continuous distributions.

Overall, we see that R-SBL DA approach results in the best recovery performance.
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Table 2.2: NMSE and PE results for various distributions for xgen. The dictionary is i.i.d Normal
distributed.

Φ is i.i.d Normal

xgen NN-OMP SLEP-`1
NNGM
AMP

R-SBL
(LMMSE)

R-SBL
(GAMP)

R-SBL
(DA)

N
M

SE

RG 0.4460 0.1439 0.0389 0.0488 0.0428 0.0313
NN-Cauchy 0.0097 0.0086 0.0020 0.0004 0.0003 0.0002
NN-Laplace 0.1566 0.0693 0.0091 0.0066 0.0059 0.0034

Gamma 0.1476 0.0661 0.0074 0.0065 0.0045 0.0024
Chi-square 0.1583 0.0673 0.0091 0.0077 0.0066 0.0035
Bernoulli 0.5845 0.1265 0.0052 0.0524 0.0416 0.0339

PE

RG 0.4601 0.3208 0.0711 0.0873 0.0823 0.0549
NN-Cauchy 0.2307 0.3509 0.2142 0.0187 0.0200 0.0408
NN-Laplace 0.3202 0.3137 0.0407 0.0292 0.0229 0.0118

Gamma 0.3091 0.3093 0.0416 0.0260 0.0207 0.0080
Chi-square 0.3200 0.3086 0.0473 0.0307 0.0280 0.0133
Bernoulli 0.4852 0.3283 0.0101 0.1714 0.1514 0.1264

In Table 2.3, we present the results for when Φ is ±1 Bernoulli. The recovery perfor-

mances observed in Table 2.3 are very similar to Table 2.2 and overall, the R-SBL DA approach

enjoys better recovery performance.

In Table 2.4, we show recovery results for {0,1} Bernoulli distributed Φ. The R-SBL

DA and LMMSE variants achieve superior recovery when compared to the baseline solvers.

The NNGM-AMP approach diverges for different xgen. This is consistent with our previous

observation that NNGM-AMP failed when the dictionary elements were positive e.g. drawn from

i.i.d. RG(0,1) in Figure 2.3(b).

2.5.7 Recovery time analysis

In Section 2.3.3, we presented the worst case computational complexity of the DA,

LMMSE and GAMP variants per EM iteration. As the execution time also depends on how fast

an EM approach converges to the final solution, we provide an analysis of the average execution

times for different cardinality values. First, we provide a simple way to speed up the proposed

R-SBL algorithms. We prune the problem size when the elements of γ become smaller than a
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Table 2.3: NMSE and PE results for various distributions for xgen. The dictionary is i.i.d ±1
Bernoulli distributed.

Φ is ±1 Bernoulli

xgen NN-OMP SLEP-`1
NNGM
AMP

R-SBL
(LMMSE)

R-SBL
(GAMP)

R-SBL
(DA)

N
M

SE

RG 0.3996 0.1387 0.0409 0.0504 0.0415 0.0332
NN-Cauchy 0.0083 0.0077 0.0023 0.0005 0.0004 0.0003
NN-Laplace 0.1368 0.0712 0.0101 0.0096 0.0090 0.0050

Gamma 0.1294 0.0665 0.0079 0.0061 0.0051 0.0023
Chi-square 0.1267 0.0667 0.0109 0.0083 0.0094 0.0055
Bernoulli 0.5610 0.1180 0.0113 0.0466 0.0412 0.0363

PE

RG 0.4272 0.3182 0.0794 0.0950 0.0824 0.0568
NN-Cauchy 0.1810 0.3475 0.2307 0.0187 0.0175 0.0321
NN-Laplace 0.2909 0.3131 0.0508 0.0369 0.0333 0.0163

Gamma 0.2682 0.3072 0.0472 0.0274 0.0248 0.0093
Chi-square 0.2769 0.3104 0.0532 0.0357 0.0369 0.0195
Bernoulli 0.4734 0.3290 0.0154 0.1727 0.1571 0.1345

Table 2.4: NMSE and PE results for various distributions for xgen. The dictionary is i.i.d {0,1}
Bernoulli distributed.

Φ is {0,1} Bernoulli

xgen NN-OMP SLEP-`1
NNGM
AMP

R-SBL
(LMMSE)

R-SBL
(GAMP)

R-SBL
(DA)

N
M

SE

RG 0.2063 0.2497 Diverged 0.0873 0.0520 0.0386
NN-Cauchy 0.0085 0.0188 Diverged 0.0031 0.0286 0.0002
NN-Laplace 0.0960 0.1406 Diverged 0.0296 0.0070 0.0043

Gamma 0.0901 0.1335 Diverged 0.0283 0.0047 0.0022
Chi-square 0.0894 0.1360 Diverged 0.0327 0.0077 0.0054
Bernoulli 0.2203 0.2586 Diverged 0.0747 0.0682 0.0558

PE

RG 0.3558 0.4070 0.8404 0.1782 0.0950 0.0581
NN-Cauchy 0.2651 0.4434 0.8314 0.1131 0.4480 0.0354
NN-Laplace 0.3140 0.4071 0.8398 0.1193 0.0371 0.0134

Gamma 0.3102 0.4016 0.8354 0.1240 0.0275 0.0087
Chi-square 0.3126 0.4072 0.8377 0.1341 0.0363 0.0171
Bernoulli 0.3803 0.4120 0.8399 0.2689 0.1705 0.1455

given threshold. For example, when an index of the vector γ becomes smaller than i.e. γi ≤ εγ, we

ignore the computations regarding that index in the next iterations. This effectively reduces the

problem dimensions and improves execution time.

In Figure 2.4, we included the average execution times of the proposed algorithms in units

of seconds. The pruning threshold was selected as εγ = 10−5 for all methods. For the EM based
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Figure 2.4: Execution times of the S-NNLS solvers as a function of cardinality for the noiseless
scenario.

methods, we monitored the convergence of the γ’s in EM iterations. We stopped the EM updates

when ‖γt− γt−1‖2 ≤ 10−3, where t is the current EM iteration index. For other approaches, we

monitored the linear equality constraints and stopped the algorithms when ‖y−Φx̂t‖2 ≤ 10−3,

where x̂t is the solution estimate at iteration t. As expected due to computationally intensive

random sampling, R-SBL MCMC is the slowest method. For display purposes, we scaled down

the average MCMC execution time values by 30. The LMMSE approach takes about 3 seconds

for K = 50 to recover the optimal solution and is the second slowest method. Even though the

complexity of DA and LMMSE is similar, DA achieves much faster convergence and takes about

0.5 to 1 seconds as K increases.

For this particular experiment, GAMP is the fastest R-SBL variant regardless of the cardi-

nality and is similar to SLEP-`1. However, since the complexity of GAMP is O(NM), for very

large problem sizes (e.g. large N and M) GAMP may become slower despite superior recovery
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Figure 2.5: (a) Illustration of the sparse FR process. A query face is down-sampled to obtain an
observation y. Using the training dictionary Φ, a sparse solution is obtained using the R-SBL
variants and baseline solvers to satisfy y = Φx. The index that corresponds to the maximum
positive value in x is used to select a corresponding column in Φ. The image in this column
corresponds to the correct individual. (b) FR accuracy for different feature sizes using all test
samples. The R-SBL GAMP enjoys better FR performance for different feature sizes.

performance. In this case, a convex solver may be preferable depending on the desired recovery

performance. R-SBL GAMP is faster than NNGM-AMP at larger cardinalities. Finally, NN-OMP

is similar to SLEP-`1 but its execution time increases for larger cardinalities. Considering the

fast recovery speed and good recovery performance of R-SBL GAMP under various Φ types, the

R-SBL GAMP variant is a very good candidate for time sensitive sparse recovery applications.

2.5.8 Application: Face Recognition

Here, we present a face recognition (FR) application based on the non-negative sparse

representations considered in [137,138,139]. Our goal is to show that the R-SBL approach works

well in real-world applications involving real-data. A sparse representation classifier (SRC) for

FR was initially proposed in [140] using the `1 penalty without the non-negativity constraints.

The SRC approach was found to be robust against occlusion, disguise, pixel corruptions, and

achieved superior results as compared to well-known FR algorithms [138, 140, 141, 142].

In the SRC framework, the dictionary Φ represents the training samples and each column

56



of Φ contains training features from a single face image. A single person may have more than

one training image, and hence multiple columns of Φ might correspond to the same person. For a

given test face y in vectorized form, a vector x is obtained by solving Eq. (2.1) using `1 sparsity,

with the assumption that only a few non-zero entries will exist in the solution x. Ideally, the index

of the maximal non-negative entry in x is used to select the corresponding column in Φ. This

column should correspond to one of the training samples for the correct person. In [138], the

SRC performance was further improved by adding the non-negativity constraint on x in addition

to the `1 sparsity. The authors have shown their algorithm to be more robust against noise and to

be computationally more efficient as compared to the original SRC approach.

In our experiment, we consider the R-SBL framework for the FR problem and compare it

with the baseline solvers. Note that SLEP-`1 was considered as the non-negative `1 minimization

counterpart of R-SBL in place of [138]. We used the public AR dataset [143] and selected the first

30 males and 30 females for the FR problem. Each person in the dataset has 26 face images with

different facial expression, illumination, and disguise (e.g. sunglasses and scarves). The first 13

images of each person (M = 13×60 = 780) were selected as the training set, and the remaining

780 face images were used for testing. For feature selection, we used the down-sampling method

used in [137, 138, 140], where the pixel dimensions of each face image were down-sampled to

have a total of N pixels. In separate experiments, each 165×120 pixel image was down-sampled

by a factor of {1/28,1/26, ...,1/6}, yielding feature dimensions of minimum of N = 30 to a

maximum of N = 650.

The overall process is shown in Figure 2.5(a), where a query face is shown in the top

right-hand side panel. This image was then down-sampled and the original feature dimension

was reduced from 19,800 to 512. After sparse recovery with R-SBL, the original faces belonging

to several largest non-zero elements of x are shown. As desired, the maximal positive index of x

belongs to the same person in the query face.

In Figure 2.5(b) we performed FR using all 780 samples in the test set and measured the
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recognition rate for different feature sizes. The recognition rate was computed by counting the

number of test samples for which R-SBL recovered the correct individual from x. This count was

normalized by 780. Overall, the R-SBL variants with the exception of R-SBL GAMP performed

similar to the baseline solvers for large feature sizes. This is expected since the recovery problem

was highly sparse, and the cardinality was very small K = 13 as compared to the length of x (i.e.

largest length of x is 780). R-SBL GAMP was superior to all algorithms for large feature sizes

and performed significantly better in identifying the correct individual. NNGM-AMP diverged

for this application and did not yield reportable results.

2.6 Conclusion

In this work we introduced a hierarchical Bayesian method to solve the S-NNLS problem.

We proposed the rectified Gaussian scale mixture model as a general and versatile prior to promote

sparsity in the solution of interest. Since the marginals of the posterior were not tractable, we

constructed our R-SBL algorithm using the EM framework with four different approaches. We

demonstrated that our R-SBL approaches outperformed the available S-NNLS solvers, in most

cases by a large margin. The proposed R-SBL framework is very robust to the structure of Φ and

performed well regardless of Φ being i.i.d. and non-i.i.d. distributed. The performance gains

achieved by the R-SBL variants are consistent across different non-negative data distributions

for x, and different structures for the design matrix Φ in coherent, low-rank, ill-posed and non-

negative settings. The DA variant was found to be an easy to implement S-NNLS solver with

simple closed-form moment expressions.
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2.7 Application on fMRI data: Sparse Estimation of Quasi-

periodic Spatiotemporal Components in functional MRI

The complex spatiotemporal nature of resting-state functional connectivity has received

increasing attention over the recent years [144, 145]. Quasi-periodic spatiotemporal patterns

have been observed in both animal and human fMRI studies [146, 147, 148]. These patterns are

space-time brain activity patterns with a duration of tens of seconds that repeat in a somewhat

periodic manner across the course of an fMRI scan.

2.7.1 Problem Definition

We define a spatiotemporal template across space (s) and time (t) as P(s, t). This

template repeats itself across the fMRI data at different time points such that sum of scaled

and temporally delayed versions of the template form a global spatiotemporal component:

ST (s, t) = ∑
k
i=1 xiP(s, t− ti), where ti is the amount of delay for the ith recurring copy of the

template and k is the number of counts the template appears within an fMRI scan. Based on this

assumption we decompose the whole fMRI data Y (s, t) as follows:

Y (s, t) = ST (s, t)+R(s, t) (2.49)

=
k

∑
i=1

xiP(s, t− ti)+R(s, t), (2.50)

where the residual component R(s, t) in Eq. (2.50) represents the part of the fMRI data that could

not be explained by the spatiotemporal template P(s, t). The estimation objective is to recover a

set of non-negative weights x and estimate ST (s, t) given Y (s, t) and P(s, t).
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Figure 2.6: First, a spatiotemporal template (upper right) is estimated using the approach
of [146]. Then, R-SBL (DA) is used to estimate the optimal weighted sum of templates that best
fits the original data, with the recovered non-negative weights shown in lower right of the figure.
The fMRI global signal of the original data (blue) is highly correlated (r = 0.78) with the global
signal of the weighted sum.

2.7.2 Spatiotemporal Component Estimation

In Figure 2.6 we illustrate the spatiotemporal estimation approach. First, using the pattern

matching algorithm as described in [146], we identified a basis spatiotemporal template P(s, t)
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with a window duration of 36 seconds.2 This template is a 4D matrix where the first 3 dimensions

correspond to spatial coordinates for each voxel and the 4th dimension corresponds to time. We

then vectorized the basis template to form a column vector p. The fMRI data Y (also 4D matrix

but longer in duration) were also vectorized to form a column vector y. We constructed a large

dictionary D (not shown in the figure) where each column contains a shifted and zero-padded

version of p. The number of rows in D was equal to the length of y and the shift between adjacent

columns was equal to the number of voxels (number of spatial elements in the first 3 dimensions

of Y). We assumed that the spatiotemporal template repeated itself sparsely across the whole

fMRI scan duration. Thus, we sought a representation of the data of the form: y≈ Dx where x

is an unknown vector of non-negative coefficients from Eq. (2.50). A solution to this problem

can be obtained by solving the sparse signal recovery problem. We used the R-SBL framework

(R-SBL DA variant) to estimate the sparse non-negative solution x.

2.7.3 Data

Resting-state functional MRI data (5 minutes) were acquired from a healthy subject using

a 3 Tesla GE MR750 scanner. We used echo-planar imaging (EPI) with 166 volumes, 30 slices,

3.4×3.4×5 mm3 voxel size, 64×64 matrix size, with TR = 1.8s and TE = 30ms. We discarded

the initial 6 volumes to minimize longitudinal relaxation effects, leaving 160 frames for further

analysis. All images were then slice-time corrected and co-registered. The resultant images

were converted to coordinates of Talairach and Tournoux (TT), resampled to 3 mm cubic voxels,

and spatially smoothed using a 6 mm full-width-at-half-maximum isotropic Gaussian kernel.

The 1st and 2nd order Legendre polynomials (a constant term to model the temporal mean and a

linear trend) were projected out from each voxel’s time course. Each voxel time series was then

converted into a percent change BOLD time series through demeaning and division by its mean

2Note that we describe an alternative way of obtaining a basic spatiotemporal template in [149] which uses
singular value decomposition of the spatio-temporal data.
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value.

2.7.4 Results

The recovered non-negative solution x̂ by the R-SBL framework is shown in Figure 2.6

on the right-hand side. This solution is 26% sparse and large non-zero coefficients appear in

quasi-periodic intervals with approximately about 40 to 50 second gaps between the large peaks.

This means that the spatiotemporal template repeats itself quasi-periodically across an fMRI scan

of 5 minutes.

To assess whether the estimated spatiotemporal component Dx̂ captured the true spa-

tiotemporal structure in y we computed empirical measures of the spatiotemporal correlation of

the original fMRI data, the estimated spatiotemporal component Dx̂ and the residual data y−Dx̂.

This was achieved by computing the spatiotemporal correlation between all possible pairs of

vectorized space-time blocks of the respective data, where the duration of each spatiotemporal

block was fixed as 36 seconds. The results are displayed as a spatiotemporal correlation matrix

(STCM) where the (i, j)th entry corresponds to the correlation between the space-time blocks at

times i and j.

Figure 2.7 shows the STCM for the original data, the estimated spatiotemporal component,

and the residual term. The STCM for the estimated spatiotemporal component largely captures

the quasi-periodic structure seen in the STCM of the original data. This structure is greatly

attenuated in the STCM of the residual data.

Finally, we computed the whole-brain averaged global signal (GS) of the original data y

and compared it to the whole-brain GS of the estimated spatiotemporal component Dx̂. These

time courses are shown at the bottom of Figure 2.7 with blue and dashed red lines for the original

and spatiotemporal data, respectively. The GS of the original data was significantly correlated

(r = 0.78, p < 10−3) with the GS of the weighted sum of templates. This indicates that in average

the spatio-temporal part of data ST (s, t) as estimated by R-SBL accounts for a large variance 60%
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Figure 2.7: Spatiotemporal correlation matrix (STCM) for the original data (first row), the
estimated spatiotemporal component (second row), and the residual term (last row). Color maps
on the right-hand side show the correlation values obtained between the space time blocks taken
from the respective data at time indexes i and j. The blue and red diagonal stripes indicate that
a space-time data block at time i correlates quasi-periodically well with other blocks with an
approximate periodicity of 20 to 40 time points where the duration between consecutive time
points is 1.8 seconds. The estimated spatiotemporal component Dx̂ in the second row has a
clear quasi-periodic correlation structure that largely captures the correlation structure from the
original data. Removal of this data results in a “flat” or cleaned up STCM in the residual data.

63



in the entire fMRI data Y (s, t).

2.7.5 Discussion

We have presented an approach for estimating repeating spatiotemporal patterns in resting-

state fMRI data and demonstrated the approach using a sample resting-state fMRI data. This

preliminary finding suggests that the activity represented by sparsely repeating spatiotemporal

pattern may account for a significant fraction of the fMRI global signal and a large variance in the

fMRI data. However, further work is needed to understand both the origins of the quasi-periodic

patterns and their potential link with the global signal.

2.8 Appendix

2.8.1 Full derivation of GAMP

We use the R-GSM prior p(x|γ) and evaluate Eq. (2.37) and Eq. (2.38) to find the first

two moments of the approximate marginal posterior under the sum-product GAMP mode

x̂i = E{xi|ri;τri}=
∫

xi

xi p(xi|ri;τri) (2.51)

=
∫
+

xiN R(xi|0,γi)N (xi,ri,τri), (2.52)

then using the Gaussian multiplication rule3, we obtain

x̂i =
∫
+

xiϒN R(xi|ηi,νi), (2.53)

where ηi and νi are given in Eq. (2.55) and Eq. (2.56), respectively.

3N (x;µa,τa)N (x;µb,τb) = ϒN (x;
µa
τa +

µb
τb

1
τa +

1
τb

, 1
1

τa +
1

τb

), where ϒ is a scaling factor.
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We then find the mean of the resulting rectified Gaussian

x̂i = ηi +
√

νih(
ηi

νi
) (2.54)

ηi =
riγi

τri + γi
(2.55)

νi =
τriγi

τri + γi
(2.56)

h(a) =
ϕ(a)

Φc(a)
, (2.57)

where ϕ refers to the pdf and Φc refers to the complementary cdf of a zero-mean and unit-variance

Gaussian distribution. The conditional variance of xi given ri is simply

τxi = var{xi|ri;τri}=
∫

xi

x2
i p(xi|ri;τri)− x̂2

i (2.58)

=
∫
+

x2
i N R(xi|0,γi)N (xi,ri,τri)− x̂2

i , (2.59)

using the Gaussian multiplication rule

τxi =
∫
+

x2
i ϒN R(xi|ηi,νi), (2.60)

we find the variance of the resulting rectified Gaussian as

τxi = νig(
ηi

νi
) (2.61)

g(a) = 1−h(a)(h(a)−a) . (2.62)
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In the case of max-sum GAMP implementation, we evaluate Eq. (2.39) and Eq. (2.40)

x̂i = argmin
x̂i≥0

x2
i

2γi
+

1
2τri

|x̂i− ri|2 (2.63)

x̂i =


riγi

τri+γi
= ηi if x̂i ≥ 0

0 if x̂i < 0
(2.64)

Using Eq. (2.40)

τxi =


τriγi

τri+γi
= νi if x̂i ≥ 0

0 if x̂i < 04
(2.65)

Upon convergence of the max-sum, the approximate marginals are obtained using Eq. (2.54) and

Eq. (2.61).

2.8.2 Approximate marginals and moments using DA

We derive the approximate moments used in the R-SBL DA approximation. We start with

the posterior p(x |y,γ) and use chain rule to write

p(x |y,γ) = p(y |x,γ)p(x |γ)∫
x p(y |x,γ)p(x |γ)d x

. (2.66)

Here p(y |x,γ) is a Gaussian density due to the Gaussian noise assumption. Since p(x |γ) is a

rectified Gaussian density the numerator of Eq. (2.66) is a Gaussian multiplied by a rectified

4Practically it was found that setting τxi = 0 when x̂i < 0 increases the chances of the algorithm getting stuck at a
local minimum. Instead, we set τxi =

τri γi
τri+γi

= νi.
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Gaussian, which results in a rectified Gaussian density. Then, we can simply write

p(x |y,γ) = c(y)e
−
(x−µ)T Σ

−1(x−µ)
2 u(x), (2.67)

where c(y) is the normalizing constant for the posterior density and µ and Σ are given by Eqs.

(2.22) and (2.23), respectively. Let Σ = LLT and r = x−µ, so that d x = dr and Σ
−1 = L−T L−1.

Therefore, we have

1 = c(y)
∫

∞

−µ
e
−rT L−T L−1r

2 dr. (2.68)

Now, let z = L−1r, which implies that dr = |L|dz and

c(y) =
1

|L|
∫

∞

−β
e−zT z/2dz

, (2.69)

where β = L−1µ is the lower limit of the new integral in vector form. The lower limit β depends

on a linear combination of elements of µ since L is not diagonal. Thus, the integral in the

denominator of Eq. (2.69) is not tractable as the integration limits are not separable and the

multidimensional integral over z in Eq. (2.69) is not separable as a product of one dimensional

integrals.

Assume that, we are interested in an approximate density p̃(x |y,γ), instead of the exact

posterior. We calculate an approximate c̃(y) by approximating Σ with its diagonal i.e. Σd =

diag(Σ)≈ Σ. In this case, the new L is diagonal with entries
√

Σii. Thus, the integral in Eq. (2.69)

is separable and the approximate normalizing constant c̃(y) has closed form

c̃(y) =
1

|Σd|1/2
∏

M
i=1

√
π

2
erfc

(
− µi√

2Σii

) . (2.70)

67



Approximating the actual normalizing constant with c̃(y), we write the approximate posterior as

p̃(x |y,γ) = e
−
(x−µ)T Σ

−1
d (x−µ)

2 u(x)

∏
M
i=1

√
πΣii

2
erfc

(
− µi√

2Σii

) (2.71)

=
M

∏
i=1

√
2

πΣii

e
−
(xi−µi)

2

2Σii u(xi)

erfc
(
− µi√

2Σii

) (2.72)

=
M

∏
i=1

p̃(xi|y,γ) (2.73)

Eq. (2.73) shows that multivariate p̃(x |y,γ) is separable into product of univariate densities. The

univariate density p̃(xi|y,γ) is the univariate RG density defined in Eq. (2.10) e.g. p̃(xi|y,γ) =

N R(xi;µi,Σii). The first and second moments of a univariate RG density are well-known in closed

form (i.e. Eqs. (2.45) and (2.46)) and are used in the R-SBL DA algorithm.
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Chapter 3

Global Signal Regression Acts as a

Temporal Downweighting Process in

Resting-State fMRI

In resting-state functional MRI (rsfMRI), the correlation between blood oxygenation

level dependent (BOLD) signals across different brain regions is used to estimate the functional

connectivity of the brain. This approach has led to the identification of a number of resting-state

networks, including the default mode network (DMN) and the task positive network (TPN).

Global signal regression (GSR) is a widely used pre-processing step in rsfMRI that has been

shown to improve the spatial specificity of the estimated resting-state networks. In GSR, a whole

brain average time series, known as the global signal (GS), is regressed out of each voxel time

series prior to the computation of the correlations. However, the use of GSR is controversial

because it can introduce artifactual negative correlations. For example, it has been argued that

anticorrelations observed between the DMN and TPN are primarily an artifact of GSR. Despite

the concerns about GSR, there is currently no consensus regarding its use. In this paper, we

introduce a new framework for understanding the effects of GSR. In particular, we show that the
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main effects of GSR can be well approximated as a temporal downweighting process in which the

data from time points with relatively large GS magnitudes are greatly attenuated while data from

time points with relatively small GS magnitudes are largely unaffected. Furthermore, we show

that a limiting case of this downweighting process in which data from time points with large GS

magnitudes are censored can also approximate the effects of GSR. In other words, the correlation

maps obtained after GSR show a high degree of spatial similarity (including the presence of

anticorrelations between the DMN and TPN) with maps obtained using only the uncensored

(i.e. retained) time points. Since the data from these retained time points are unaffected by the

censoring process, this finding suggests that the observed anticorrelations inherently exist in the

data from time points with small GS magnitudes and are not simply an artifact of GSR.

3.1 Introduction

In resting-state functional magnetic resonance imaging (rsfMRI), the correlation between

the blood oxygenation level dependent (BOLD) signals from different brain regions is used to

estimate the functional connectivity of the brain in the absence of an explicit task [150]. A set of

regions that shows a high degree of mutual correlation is referred to as a resting-state network

(RSN). Since the initial observation by [151] of resting-state correlations in the motor RSN, many

other RSNs have been identified, including visual, auditory, and language networks [152,153,154],

the default mode network (DMN) [49], and the task positive network (TPN) [50]. The DMN

and the TPN consist of those brain regions that exhibit decreases and increases, respectively, in

metabolic activity during the execution of attention demanding tasks [49]. In the resting-state

it has been observed that signals in the DMN are negatively correlated with signals in the TPN,

giving rise to the notion of the DMN and TPN as anti-correlated networks [50].

Many rsfMRI studies employ a pre-processing step known as global signal regression

(GSR) in which a global mean time course is regressed out of each voxel time course prior to
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the computation of the correlations. However, the use of GSR is controversial as it has been

shown that the process can create artifactual negative correlations [51, 52, 155, 156, 157]. In

particular, it has been been claimed that the observed anticorrelations between the DMN and TPN

are largely a mathematical artifact introduced by GSR [52]. In response to these concerns, [51]

acknowledged the validity of the mathematical argument put forth by [52], but argued that the

characteristics of the correlation maps obtained with GSR could not be solely determined by

the mathematical constraint. For example, they showed that negative correlations between the

DMN and TPN were present even without the application of GSR, an observation supported

by subsequent studies [158, 159, 160, 161]. To address some of the concerns regarding GSR,

alternative approaches for either reducing global signal effects or determining when the application

of GSR is valid have been proposed [158, 162, 163]. Related studies have demonstrated that there

are significant neural contributions to the global signal [164, 165, 166] and have also examined

the potential diagnostic value of the signal [67].

However, despite the growing understanding of the global signal and the potential lim-

itations of GSR, a consensus regarding the use of GSR is lacking. Because the application of

GSR greatly improves the spatial specificity of functional connectivity maps [51, 162], it is still

widely used [167, 168] even in the face of the strong concerns that have been raised [169, 170].

From our perspective, this lack of consensus partly reflects the difficulty in thinking clearly about

the process of GSR, even though it is a relatively straightforward and compact mathematical

operation. In the prior work, mathematical proofs that describe the general characteristics of GSR

(e.g. the sum of correlation values must be negative) or simplified models based on a few brain

regions have been used to examine the effects of GSR [51, 52, 157]. While these approaches have

provided useful perspectives on GSR, it has been difficult to leverage them to develop an intuitive

understanding of the specific effects of GSR when it is applied to a typical rsfMRI dataset that

has hundreds of time points and tens of thousands of voxels.

In this paper, we introduce a simple framework for understanding the effects of GSR.
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Figure 3.1: Fractions of positive (red) and negative (blue) voxels versus GS value for each
time point in the dataset described under Methods. The GS magnitude is higher when a large
fraction of the voxels have the same sign, and tends towards zero when there are roughly equal
proportions of positive and negative signal values.

In particular, we show that the main effects of GSR can be well approximated by a temporal

downweighting process in which the data from different time points are attenuated as a function

of their global signal magnitude (i.e., absolute value), such that the time points with the highest

global signal magnitude experience the greatest amount of attenuation. We also show that a

limiting case of the downweighting process in which time points with a global signal magnitude

greater than a specified threshold are censored (i.e. excluded) can provide a good approximation

to GSR. Furthermore, we demonstrate that the ability to model the effects of GSR as a temporal

downweighting or censoring process can provide insight into the controversy regarding the

existence of anti-correlated networks.
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3.2 Theory

3.2.1 The global signal as a time-varying measure of spatial homogeneity

As a starting point, it is useful to review the basic properties of the global signal (GS).

In describing these properties we focus on providing a reasonable description of the average

behavior that is observed empirically in the experimental data, and acknowledge that this “average”

description is not intended to cover all possible cases.

The value of the GS at each time point is simply the average of the BOLD percent signal

change values across all voxels in the brain. In considering the empirically observed properties of

the GS, we find that the value of the GS will be positive when the majority of the voxels have a

positive BOLD signal value and will be negative when the majority of voxels have a negative

signal value. At time points where there are roughly equal proportions of positive and negative

signal values, these signal components will tend to cancel out and the GS magnitude will tend

towards zero. Thus, the GS magnitude will be higher at time points when there is a relatively

high level of spatial homogeneity (e.g. most voxels have a positive BOLD signal) and lower for

time points where the data exhibits spatial heterogeneity (e.g. a roughly equal mix of positive and

negative values across the brain). These properties are demonstrated in Figure 3.1, where we plot

the fraction of positive (red) and negative voxels (blue) versus the GS value for each timepoint in

the dataset described under Methods. Large GS magnitudes (i.e large positive or negative values)

correspond to zones where there is either a large fraction of either positive or negative voxels,

respectively, whereas low GS magnitudes (i.e. small positive or negative values) correspond to

zones where there are roughly equal fractions of positive and negative voxels. The GS magnitude

can also be relatively low for time points when the BOLD values across voxels are uniformly

small.

Another view of the basic properties of the GS is provided in Figure 3.2, where the

BOLD images from a representative subject and slice are shown over 45 time points in panel
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Figure 3.2: (a) Examples of brain images from a representative subject and slice with GS values
represented by colored underbars for each image. A total of 45 consecutive time points are used
to demonstrate a range of GS values. Large GS magnitudes correspond to brain images with
greater spatial homogeneity, while small GS magnitudes correspond to images where there are
similar proportions of negative and positive voxel values. (b) Histogram of whole brain voxel
values corresponding to three selected time points with small (TR = 72) and large (TR = 82 and
94) GS magnitudes. The centers of mass of these histograms correspond to the GS values at
their respective time points.

(a), along with colored bars below them indicating the value of the GS at each time point and

histograms (in panel (b)) of the BOLD signal values at 3 selected time points. At time point 72,

the image is relatively heterogeneous with a roughly equal mix of negative and positive values.

The corresponding histogram is centered about zero and the GS magnitude is close to zero at

this time point. In contrast, at time point 82 the image is relatively homogeneous with negative

values, leading to a large negative value for the GS. The corresponding histogram clearly shows

that the overwhelming majority of voxels have a negative value at this time point. At time point

94 the image is mostly positive with a large positive GS value. Taken together, the observations

in Figures 3.1 and 3.2 suggest that the magnitude of the GS can be thought of as a time-varying

measure of spatial homogeneity.
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3.2.2 Global Signal Regression primarily affects time points where the GS

magnitude is high

In this section we take a closer look at the process of global signal regression (GSR). We

should note that the simple examples and arguments presented in this section are meant primarily

to provide background and motivation for the experimental measures (described in Methods and

Results) that empirically demonstrate the temporal downweighting effects of GSR.

Our basic observation is that GSR largely affects those time points where the magnitude

of the GS is high. To see why this is the case, we first consider the toy example shown in the left

column of Figure 3.3, where we have designed a set of three signals to highlight the properties

of GSR. Each of the signals is constructed as the sum of six Gaussian waveforms of varying

magnitudes and time shifts. In Figure 3.3 (a), the three signals are designed such that the Gaussian

waveforms perfectly cancel out in the intervals centered about time points 30, 70, 90, and 110

and sum in a constructive fashion around time points 10 and 50. As a result, the resulting GS

(computed as the mean of the three signals) in panel (d) has a large positive peak for the interval

around time point 10 and a large negative peak for the interval around time point 50 (indicated

by the thick black bars), but is otherwise equal to zero. Panel (g) shows the results of applying

GSR to each of the original signals from panel (a). Because the GS consists solely of Gaussian

waveforms centered about times points 10 and 50, the process of regression completely eliminates

the signal components in these intervals. In contrast, regression has no effect on time points

where the GS is equal to zero, so that the Gaussians centered about time points 30, 70, 90, and

110 are untouched by GSR.

In panel (b), we have slightly modified the signals from panel (a) so that there is no longer

perfect cancellation of the Gaussian waveforms for the intervals centered about time points 30 and

70. As a result, the GS in panel (e) has small but non-zero values in these intervals. For this case,

GSR still largely attenuates the waveforms at time points 10 and 50 with minimal attenuation
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Figure 3.3: (a) Three voxel time series are constructed such that the Gaussian waveforms at
time points 30, 70, 90 and 110 sum to zero, whereas the waveforms at time points 10 and 50
(indicated with thick black bars) sum constructively. This summation results in the large peaks
at time points 10 and 50 in the GS shown in (d). Panel (g) shows that the original waveforms
at time points 30, 70, 90 and 110 are preserved after GSR, whereas the waveforms at times
points 10 and 50 are completely eliminated. Panels (b,e,h) demonstrate a more realistic case
where the cancellation of signals at time points 30 and 70 is not complete and the GS has small
values at these points. GSR greatly attenuates the waveforms at time points 10 and 50 and has
a slight effect on the waveforms at time points 30 and 70. Panels (c,f,i) show three example
BOLD time series where the GS in (f) is computed over the entire brain. The magenta and black
lines indicates regions with low and high GS magnitudes, respectively. GSR greatly attenuates
signals in the high GS regions and has a smaller effect on signals in the low GS regions.
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of the waveforms at time points 30 and 70 (as shown in panel (h)). This reflects the fact that

the computation of the regression coefficient in GSR is dominated by those time points with

larger GS magnitudes, so that scaled versions of the GS will have a better fit to the voxel time

series at these time points. From a mathematical point of view, those time points with larger GS

magnitude have greater leverage on the regression [171, 172]. Denoting the global signal as the

column vector g, the leverage at each time point is given by the corresponding diagonal term

of the projection matrix g(gT g)−1gT . Since (gT g)−1 is simply a scalar, the leverage at the ith

time point is proportional to the square g2
i of the corresponding global signal value. The concept

of leverage is useful for understanding that time points with large magnitudes tend to be more

influential in the regression, but the detailed effects of GSR require consideration (and therefore

computation) of the entire projection matrix [172]. As a result, while we use theoretical concepts

such as leverage to help motivate our approach, we need empirical measures to demonstrate the

actual effects.

In Figure 3.3 (c), we show three BOLD time series from a representative subject (see

Methods for details on the data). The GS for the dataset is shown in panel (f), where in contrast

to the toy example, the GS is computed over all voxel time series (of which only 3 out of about

50,000 are shown in the plot). The dashed magenta and solid black lines correspond to time

intervals in which the GS magnitude is either relatively small or large, respectively. After GSR

(see panel (i)), the waveforms are greatly attenuated for those intervals where the GS magnitude

is large and minimally affected for the intervals where the GS magnitude is small.

In summary, the examples shown above suggest that the main effect of GSR is to reduce

the magnitude of waveforms in those time intervals in which the GS has a relatively large

magnitude. In the appendix we present mathematical arguments that provides greater insight

into this effect. Specifically, we introduce the concept of splitting the global signal g into two

orthogonal components g = gH +gL where the subscripts H and L denote the sets of time points

where the global signal is high and low, respectively. A voxel time series x can be similarly
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decomposed into the sum x = xH + xL of two components. In addition, since GSR is a linear

operation, the voxel time series after regression x̃ can be written as the sum x̃ = x̃H + x̃L. In the

appendix we show that x̃ ≈ xL, such that to first order GSR can be viewed as attenuating the

signal component xH in temporal regions where the global signal is high while having a relatively

small effect on the component xL for intervals where the global signal is low. If the global signal

is identical to zero for all time points in the set L, the approximation becomes an equality (i.e.

x̃ = xL), consistent with the observations related to the toy example in the leftmost column of

Figure 3.3.

As noted above, both the toy example and the mathematical perspectives are meant to

provide background and insight that will be useful for understanding the extensive empirical

findings that are presented in later sections. Our focus has been on presenting examples and

arguments that help to explain the average behavior that is empirically observed, and it is certainly

possible to come up with exceptions. For example, if the voxel time series is uncorrelated with

the global signal, then GSR will have no effect on the time series and therefore there will also be

no reductions in the GS magnitude. However, given the widespread correlation observed between

the GS and voxel time series [173], uncorrelated voxels are the exception and do not drive the

average behavior.

3.2.3 Effect of GSR on Seed-Based Correlations

We now consider the effects of GSR on the computation of the correlation coefficients

between voxel time series. Without loss of generality, we will assume that the voxel time series

have been normalized to be unit norm and zero mean. Then the correlation coefficient r between

a seed voxel time series s and another voxel time series x is simply given by the inner product r =

sT x, where the time series are represented as column vectors. Using the orthogonal decomposition

described above and in the Appendix, this may be rewritten as r = sT
HxH + sT

L xL. Similarly, the

correlation coefficient after GSR (denoted as r̃) can be written as r̃ = βs̃T x̃ = β
(
s̃T

H x̃H + s̃T
L x̃L
)
,
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where the tilde notation indicates the values after GSR and the coefficient β = (‖s̃‖‖x̃‖)−1 is

needed to renormalize the signals. Using the approximations discussed in the prior section, the

signals after GSR can be expressed as s̃≈ sL and x̃≈ xL, so that the correlation coefficient can

be approximated as r̃ ≈ βsT
L xL. In other words, the correlation coefficient after GSR is largely

determined by those time points where the global signal has low magnitude. This argument can

be extended to correlation maps, by defining a data matrix X consisting of individual voxel time

series as columns which are normalized to have unit norm. The correlation map in vectorized

form is then given by R = sT X, which can be approximated as R̃ ≈ diag(β)sT
L XL after GSR,

where diag(β) denotes the matrix with the vector β of renormalizing coefficients along the

diagonal. This result suggests the following testable hypothesis: functional correlation maps

obtained with GSR should resemble correlation maps obtained from a subset of the original

dataset corresponding to time points where the global signal magnitude is low.

To further demonstrate the reasoning behind this hypothesis, we note that a correlation

map can also be written as the sum of weighted images R = ∑
T
t=1 stXt where st and Xt represent

the unit norm seed signal value and the data image, respectively, acquired at time t. (Note Xt

is the t’th row in X). In Figure 3.4 we show examples of raw and weighted brain images (both

before and after GSR) along with the corresponding correlation maps. The weighted images are

obtained by multiplying the raw images by a seed voxel time series (represented by the colored

bars) from the posterior cingulate cortex (PCC; see Methods). Due to space constraints, we only

show representative images where the GS magnitude is very small (time points 66 to 68) or

relatively large (time points 81 to 84 and 92 to 95). However, the correlation map is obtained

from the sum of all weighted images (most of which are not shown). Because GSR reduces the

magnitudes of both the PCC time series and the raw images at time points where the GS is large,

the contribution of the weighted images at these time points to the overall correlation map is

greatly diminished. As a result, the correlation map will be dominated by those time points where

the GS is small in magnitude, i.e. R̃≈ diag(β)sT
L XL as noted above. This initial result suggests
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Figure 3.4: Construction of correlation maps for uncorrected data (rows 1 to 2), data after GSR
(rows 3 to 4) and data with GS censoring (rows 5 to 6). Images are shown for representative
time points where the GS magnitude is either very small (TR= 66-68) or large (TR = 81-83
and 92-94). In each group, the upper and lower rows show the images both prior to and after
multiplication by the unit norm PCC seed signal (referred to as unweighted and weighted),
respectively. Note that for the weighted images the voxel time series have been normalized to
unit norm prior to multiplication by the unit norm PCC seed signal in order to be consistent with
the mathematical description of the correlation sum provided in the text. The PCC correlation
maps for each condition are obtained by summing all of the weighted images across the duration
of a scan (note only 9 time points are shown here due to space limitations). For display purposes,
the PCC weighted images in rows marked with (*) have been scaled to match the intensity scales
of the images in the upper rows. The symbol (⇒) indicates that the summation of the images
yields the correlation maps on the left, after taking into account the display scaling. The values
of the GS and the PCC signal both prior to and after GSR are indicated by the colored bars at
each time point, where the PCC-related signals in the bottom two rows have been divided by
2.25 for display purposes. Both the unweighted and weighted images are largely unaffected by
GSR for time points where the GS magnitude is small, whereas the images at time points with
large GS magnitude are greatly attenuated. As a result, the correlation map after GSR largely
reflects the contribution of the weighted images from the time points with small GS magnitude.
In the GS censoring approach, the unweighted images with large GS magnitudes are censored
(e.g. multiplied by zero) while all other images are unaffected. The resulting correlation map is
similar to that obtained with GSR.
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that one might obtain maps similar to those with GSR by simply censoring those time points

where the GS is large. An example correlation map obtained using this approach is shown in

Figure 3.4.

As with the temporal downweighting arguments stated in the prior section, the examples

and arguments provided in this section are meant to provide background and motivation for

the experimental measures (described in Methods and Results) that empirically demonstrate

the effect of GSR on correlation maps. In addition, it is important to note the fundamental

difference between the temporal downweighting process, which is a time-varying modification

of the signal magnitudes, and a simple scaling of the overall amplitude of the entire time series,

which represents a time-invariant scaling of the signal magnitudes. To help make the distinction

clear, we use term magnitude to refer to the absolute value of the GS at each time point and

reserve the term amplitude to refer to the standard deviation of the GS over the course of the

scan. Whereas the correlation coefficient is invariant to a simple scaling of the overall amplitude

of the time series, it can be greatly altered by a temporal downweighting process. For example,

censoring represents a limiting case of temporal downweighting and can have a significant effect

on the correlation coefficient through the zeroing of data at the censored time points.

3.3 Methods

3.3.1 Subjects and Data Acquisition

We used data originally analyzed by [174] and downloaded from www.brainscape.org

(dataset BS002). The data were acquired from 17 young adults (9 females) using a 3 T Siemens

Allegra MR scanner. Subjects underwent 4 BOLD-EPI fixation runs (32 slices, TR=2.16 s, TE=25

ms, 4×4×4 mm), each lasting 7 minutes (194 frames). Subjects were instructed to look at a

cross-hair, and asked to remain still and awake. High-resolution T1-weighted anatomical images

were also acquired for the purpose of anatomical registration (TR=2.1 s, TE=3.93 ms, flip angle=7
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deg, 1×1×1.25 mm).

3.3.2 Data Processing

Standard pre-processing steps were conducted with the AFNI software package [175].

The first 9 frames from each EPI run were discarded to minimize longitudinal relaxation effects,

leaving 185 frames for further analysis. Images were slice-timing corrected and co-registered and

the six head-motion parameter time series were retained. The resultant images were converted

to coordinates of Talairach and Tournoux (TT), resampled to 3 mm cubic voxels, and spatially

smoothed using a 6 mm full-width-at-half-maximum isotropic Gaussian kernel. Nuisance terms

were removed from each voxel’s time course using multiple linear regression. These were: (1) a

constant term to model the temporal mean of each voxel, (2) a linear trend, and (3) six motion

parameters obtained from the head motion correction algorithm. A temporal low pass filter

was applied to the remaining time course using a cutoff frequency of 0.1 Hz [152, 176]. Each

detrended and filtered voxel time series was converted into a percent change BOLD time series

through division by its mean value. The GS was then calculated as the average of the percent

change time series across all voxels within the brain for each scan. GSR was implemented by

regressing the GS out of each voxel time series [177].

Correlation maps were formed by correlating a seed signal with the time-course from

every voxel in the brain. The seed signal was computed as the average signal from a region

selected with spheres of radius 9 mm (3 voxels) centered about the regions of interest. We

obtained the following sphere centers by converting the MNI coordinates obtained from [178] to

TT coordinates using the MNI to TT conversion algorithm [179]. For primary analysis we focused

on the posterior cingulate cortex (PCC) with a seed region centered in TT coordinates [0,-51,26].

For the left and right auditory network (AUD) we used [-41,-26,14] and [41,-26,14]. For left and

right motor networks (MOT) we used [-36,-25,57] and [36,-25,57], and for the medial prefrontal

cortex we used [0,46,-7]. For MOT and AUD seeds we merged two spheres from the left and right
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hemispheres of the brain to obtain a final region of interest for each seed. For right intraparietal

sulcus we used the coordinates [27,-58,49] from [180] and for the white matter seed we defined

the seed center as [31,-28,32]. Correlation maps were computed for (a) the pre-processed time

series (referred to as uncorrected maps) and (b) the pre-processed time series after the application

of GSR or one of the weighting schemes described below.

3.3.3 GSR Ratio: Characterizing the average effect of GSR

In Section 3.2.2 we made the observation that GSR largely attenuates the signals in time

intervals where the GS is large and has a minimal effect in those intervals where the GS is small.

To further characterize this effect, we calculated a GSR ratio gr(t) that captures the average effect

of GSR at each time point t. This is defined as

gr(t) =
〈

vi,a(t)
vi,b(t)

〉
=

1
N

N

∑
i=1

vi,a(t)
vi,b(t)

(3.1)

where vi,b(t) and vi,a(t) are the values of the i’th voxel’s time course before and after GSR,

respectively, and N is the number of voxels. Because the ratio blows up for small values of vi,b(t),

outliers were removed prior to the computation of the mean. The threshold for outlier detection

was defined as the median plus 2.5 times the median absolute deviation of the central 95% of the

data, where initial censoring of the data in the extreme tails of the distribution was performed

to avoid excessive skewness prior to the computation of the statistics [181, 182]. This process

resulted in a threshold value of 2.25 that was applied to the magnitude of gr(t).

By definition, the GSR ratio should be less than 1 when the average attenuation (across

voxels) due to GSR is large and be close to 1 when the average effect of GSR is minimal. In

Figure 3.5 (a,b) we show the GSR ratio plotted along with the magnitude of the GS from two

representative scans. The GSR ratio exhibits local minima at time points where the GS magnitude

has relatively large values. In contrast, when the GS magnitude has small values the GSR ratio is
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close to 1, indicating minimal perturbation on average of the original voxel values.

Figure 3.5: (a), (b) GSR Ratio time series (red dashed lines) and GS magnitudes (solid blue
lines) from two representative scans. (c,d) PCC seed correlation maps obtained after: (1)
preprocessing only, (2) application of GSR after preprocessing, and (3) GSR ratio weighting
after pre-processing.

To further evaluate the properties of the GSR ratio, we multiplied each of the pre-processed

voxel time series vi,b(t) by the GSR ratio to obtain a new time series for each voxel of the form

ṽi,GSRW (t) =
〈

vi,a(t)
vi,b(t)

〉
·vi,b(t) = gr(t) ·vi,b(t) (3.2)

where the subscript GSRW indicates that the time course is GSR ratio weighted. For time points

where GSR has the same effect for all voxels, then
〈

vi,a(t)
vi,b(t)

〉
=

vi,a(t)
vi,b(t)

and multiplication by the

GSR ratio acts in the same manner as GSR so that ṽi,GSRW (t) = vi,a(t). On the other hand, for

time points where the effect of GSR varies over voxels, multiplication by the GSR ratio only

captures the average spatial effect of GSR so that the weighted values can only approximate the

values obtained with GSR, such that ṽi,GSRW (t)≈ vi,a(t).
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Figure 3.6: Density weighted scatter plot of GSR Ratios versus GS magnitude (% change) for
all subjects and runs, i.e. a total of 12580 data points. Maximum data concentration is indicated
by the red color and a density value of 1. Piecewise linear (black dashed line) and rectified
Gaussian fits (magenta dashed line) are shown. In addition a censoring function with threshold
gC = 0.5 is shown (red dashed line).

The GSR ratio weighted time series ṽi,GSRW (t) were used to compute an additional set

of PCC correlation maps. In Figure 3.5 (c), (d), we compare these maps to PCC correlation

maps obtained using the pre-processed voxel time series both before GSR (i.e. vi,b(t)) and after

GSR (i.e. vi,a(t)). There is a strong similarity between the GSR and GSR Ratio weighted maps,

suggesting that the main effects of GSR are reflected by its average attenuation (at each time

point) of the voxel values. Differences in the maps reflect the fact that GSR performs a unique

regression for each voxel time series, whereas the GSR ratio is constrained to use the same

weighting function for each voxel time series. Additional examples of GSR ratio weighted maps

are shown in the Results section.
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3.3.4 Global Signal Weighting: An approximation for the GSR Ratio

In the previous section we presented preliminary evidence for a relation between the

GSR ratio and the magnitude of the GS in two representative scans. We further evaluated the

generality of this relation by computing the GS and GSR ratio for all scans. As shown in Figure

3.6, we found a strong inverse dependence of the GSR ratio on the GS magnitude. To quantify

this dependence, we fit the data to a piece-wise linear model of the form

f (GS(t)) =


1−α | GS(t) | for | GS(t) |≤ g,

0 otherwise
(3.3)

To calculate the optimal fit we used a robust regression method based on an iteratively reweighted

least-squares (IRLS) algorithm with bisquare weights [183,184] as implemented in the MATLAB

Curve Fitting Toolbox. This resulted in parameter values of α = 2.7 and g = 0.37 and a model fit

(shown by the dashed black line) with R2 = 0.94. We found that other models provided similar

fits. For example, a rectified Gaussian model (shown by the dashed magenta line) provide a

fit with R2 = 0.95. The similarity in the performance of the fits reflects the fact that the main

deviation between the models occurs in a region (|GS|> 0.30%) where the density of data points

is very low. Due to the simplicity of its form, we will use the piece-wise linear model for the

remainder of this paper.

The explanatory power of the piece-wise linear model indicates that the average voxel-

independent effect of GSR can be well approximated by a simple function of the GS. In other

words, the average weighting effect of the GSR operation can be achieved without actually

needing to perform the regression on each voxel time series. Instead, we can multiply each voxel

time series by a ‘GS weighting’ function to obtain a new time series ṽi,GSW (t) = f (GS(t)) ·vib(t)

where the subscript GSW indicates that the time series is GS weighted with the piecewise linear

function. Correlation maps computed using ṽi,GSW (t) will be referred to as GS weighted maps.

86



3.3.5 Global Signal Censoring

When using the piece-wise linear function f (GS(t)) from Eq. (3.3) as a weighting

function, the voxel time series values are scaled by a linearly decreasing function that gradually

decreases to zero. This can be characterized as a soft censoring operation. We also considered a

hard censoring function of the form

C(GS(t))=


0 for (1−α|GS(t)|)≤ gC,

1 otherwise.
(3.4)

This function censors those time points for which the predicted average weighting due to GSR

is below a threshold value gC. For example, a threshold value of gC = 0.5 would censor those

data points for which GSR would scale the data on average by a factor of 0.5 or less. This is

equivalent to censoring those time points for which the GS magnitude is greater than 0.18% (i.e.

|GS|> (1−gC)/α using the value of α = 2.7 estimated above). A plot of this censoring function

is shown by the red dashed line in Figure 3.6.

The rationale behind the hard censoring approach relies in part on the preliminary observa-

tion (see Section 3.2.3) that the correlation maps after GSR are expected to be largely determined

by those time points that are largely unaffected by GSR. The choice of gC quantifies the degree to

which a time point is considered to be “unaffected” by GSR. For example, for the threshold value

of gC = 0.5, those time points for which the average scaling due to GSR is predicted to range

between 0.5 and 1.0 are considered to be unaffected and will not be censored. As the threshold is

increased, the number of time points censored increases as fewer time points are considered to be

unaffected by GSR (see Figure 3.13 in Results).

As with the previously discussed weighting functions, we can multiply each preprocessed

voxel time series by the hard censoring function to obtain a new time series ṽi,GSC(t) = C(GS(t)) ·

vib(t) where the subscript GSC indicates that the signal has been GS censored. Correlations maps
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Figure 3.7: Diagram of the proposed GSR approximations and the data processing pipeline.
The average effects of GSR can be approximated by multiplying the pre-processed voxel time
courses vi,b(t) with GSR ratio, GS weighting or GS censoring functions (shown in red). The
resulting time series are used to form PCC correlation maps shown on the righthand side. The
GSR ratio approach uses all the voxel time courses prior to GSR (vi,b(t)) and after GSR (vi,a(t))
to determine a weighting function to approximate GSR. In contrast, the GS weighting and
censoring operations use only the GS as an input to determine the weighting function.

computed using ṽi,GSC(t) will be referred to as GS censored maps. Figure 3.7 summarizes the

various weighting and censoring approaches and the signal paths used to compute the correlation

maps shown in the Results sections.

3.3.6 Motion Censoring

As motion censoring approaches are sometimes used in the analysis of rsfMRI data, we

wanted to compare the GS censoring approach with motion censoring. To do so, we implemented

the motion censoring method described in [185], which is based on the frame-wise displacement

(FD) and DVARS time series. An FD threshold value was computed for each scan as the mean

plus one standard deviation of the FD time series, and an overall threshold for the sample was
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then computed by averaging over the individual scan thresholds. This resulted in a threshold value

of TFD = 0.23 mm. The DVARS threshold value was computed in the same fashion, yielding

TDVARS = 0.38%. Individual FD and DVARS masks were formed by thresholding the FD and

DVARS time series with the pre-computed thresholds. The FD and DVARS masks were then

dilated to include one frame prior to and one frame immediately after each of the time frames

identified by thresholding. Finally, the intersection of the FD and DVARS masks was computed

to form a combined motion censoring mask for each run. Correlation maps were then computed

using those time points that survived the censoring process with the combined mask.

Figure 3.8: Images from a representative slice and scan obtained before GSR and after the
application of GSR, GSR Ratio weighting, GS Weighting, and GS Censoring. The colored bars
indicate the value of the GS at each time point.
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3.3.7 Similarity Measures

We used cosine similarity to quantify the similarity of the correlation maps obtained

with GSR and the various approaches [186, 187]. As cosine similarity preserves the means

of the correlation maps, it is suitable for comparing approaches where visible differences in

the associated maps reflect a strong dependence on the mean level (e.g. compare the first

and second rows of Figure 3.9). We should note that cosine similarity would be equivalent to

Pearson correlation if the mean were subtracted prior to the computation of the normalized inner

product [187]. However, the mean subtraction procedure can introduce potential confounds

related to post hoc centering of the correlation values, which biases correlation maps towards the

GSR correlation map [51].

To assess the significance of the similarity between the maps obtained with GSR and

each of the approaches on a per-scan basis, we constructed an empirical null distribution of

the corresponding similarity measure for each scan. This was accomplished through random

permutation (10,000 trials) of the temporal ordering of the calculated weights (i.e. GSR ratio, GS

weight, or 0 or 1 for GS censoring). The cosine similarity was calculated between correlation

maps obtained with GSR and the maps obtained after application of the permuted weights, and

this process was repeated over all permutations in order to form a null distribution of similarity

values. Note that for GS censoring the randomized approach is similar to the random censoring

procedure used by [188]. In addition, we performed a paired t-test to assess whether there was a

significant difference between the similarity of the correlation maps obtained with GSR and the

GS weighting approach versus those obtained with GSR and the GS censoring approach.

3.4 Results

The application of the various weighting approaches to data from a representative scan is

demonstrated in Figure 3.8, where the raw images and global signal from Figure 3.2 are shown
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again for comparison. In addition, the images after the application of GSR, GSR ratio weighting,

GS weighting, and GS censoring (with threshold gC = 0.5) are shown. For time points where

the GS magnitude is low (such as time point 75), the images are largely unaffected by GSR. In

contrast, for time points where the GS magnitude is high (such as time points 82 and 93), GSR

results in an average decrease in the magnitude of the images. These average effects are reflected

in the uniform downweighting of the images with either GSR ratio weighting or GS weighting.

Note that the attenuation introduced by GSR can vary across voxels whereas the attenuation

Figure 3.9: PCC seed correlation maps obtained before GSR, after GSR, and after application
of GSR ratio weighting, GS weighting, and GS censoring. Maps are shown for 20 different
scans, with at least one scan from each subject. For GS censoring a threshold of gC = 0.50 was
used.
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due to GSR ratio weighting and GS weighting is by definition the same across voxels, as these

approaches are designed to capture the average effect of GSR across all voxels. In the bottom

row, the GS censoring approach censors (i.e. multiplies by zero) images at those time points

where there is significant attenuation introduced by GSR. With the specific threshold used in this

example, the censored time points occur for images where the average attenuation is large (i.e.

scaling factor less than gC = 0.5) in the GS weighted images.

Correlation maps obtained with the PCC seed and using the proposed approximation

approaches are shown in Figure 3.9 for a representative slice from each of 20 different scans.

Maps obtained with the uncorrected data (i.e. after preprocessing but before GSR) are shown

in the top row. From a qualitative viewpoint, the correlation maps obtained after GSR are very

similar to those obtained after GSR ratio, GS weighting and GS censoring. This suggests that the

main effects of GSR on the correlation maps are well approximated by using voxel-independent

weighting and censoring approaches. Maps using other seed voxels are provided in Supplementary

Figures 7.1 to 7.4.

To quantitatively assess the similarity of the PCC correlation maps obtained with GSR

and the various approaches, we tested the similarity values against the empirical null distributions
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Figure 3.10: The similarity of the maps obtained with the proposed approaches to the GSR
versus the maximum similarity in the respective null distribution for each scan (derived from
randomized weighting or censoring). In (a) the absolute difference in the means was 0.2326
and effect size was d = 1.46, in (b) the difference in the means was 0.2318 and effect size was
d = 1.50 and in (c) the difference in the means was 0.2191 and the effect size was d = 1.49.
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obtained with randomized weighting or censoring, as described in the Methods section. This was

done for each scan. For the similarities between the maps obtained with GSR and either the GSR

ratio or GS weighting approaches, the empirical p-values were in the range p < 1×10−4 (i.e.

less than the smallest empirical p-value that could be assessed with 10,000 random trials). For

the similarities between maps obtained with GSR and GS censoring, the empirical p-values were

in the range p < 3×10−4. These results indicate that the observed similarities were significantly

different from those that could be obtained with randomized weighting or censoring of the data.

To provide a complementary view, we show in Figure 3.10 the actual similarity values between

the various approaches versus the maximum similarity values obtained from the respective null

distributions. These maximum values from the null distributions represent highly unlikely values

(p = 1×10−4). The absolute differences in the means of these maximum null distribution values

and the actual similarity values ranged from 0.2191 to 0.2326, and the effect sizes (Cohen’s d)
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Figure 3.11: Comparison of similarity values between GS censoring and GSR maps versus
similarities between GS weighting and GSR maps. There was not a significant difference
(p = 0.92) between the values.
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ranged from d = 1.46 to d = 1.50. These results indicate that the effects of randomized weighting

and censoring greatly differ from the proposed approaches and the similarity of the correlation

maps obtained with these methods to GSR maps cannot be explained by randomized weighting

and censoring of the data.

In Figure 3.11 we compare the similarity between the GSR and GS weighted maps with the

similarity between the GSR and GS censored maps. The similarity values were not significantly

different (p = 0.92), with an absolute difference in similarity means of 0.0003 and effect size

d = 0.0040. This result suggests that the hard censoring approach (with weights of either 0 or 1)

can capture the important spatial features of the GSR maps about as well as the soft censoring

approach that has linearly varying weights. The advantage of the hard censoring approach is that

the maps obtained can be simply interpreted as estimates of the functional connectivity for the

subset of time points that survive the censoring operation.

As motion censoring (or scrubbing) is finding increasing use in the analysis of rsfMRI

data, we compared the effects of motion censoring and GS censoring. First we looked at the

percent overlap of time points that were censored by both approaches. This was calculated by

Figure 3.12: (a) PCC correlation maps for three low head motion runs (S2 R1, S8 R4, S8 R2)
and three high motion runs (S16 R3, S12 R2, S6 R3). The maps shown were obtained before
GSR and after the application of GSR, motion censoring, and GS censoring. FD time series are
shown for (b) low motion and (c) high motion subjects, with the censoring threshold shown by
the dashed black lines. The differences between the motion censoring and GS censoring maps
indicate that the two approaches are fundamentally different.
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dividing the number of time points that were censored by both approaches (i.e. the intersection)

by the total number of time points that were censored by either approach (i.e. the union) and

then multiplying the ratio by 100. We found that there was relatively low overlap between

time points censored by the two approaches, with a median percent overlap of 5.67%. We then

investigated temporal censoring based on individual FD and DVARS masks instead of their

intersection. Application of the FD only and DVARS only masks resulted in median percent

overlaps of 12.73% and 24.83%, respectively. The FD only censoring had a much smaller overlap

as compared to DVARS, suggesting that the results obtained with the intersection mask were

largely determined by the FD mask. This most likely reflects a closer link between the GS and

DVARS time courses (i.e. root-mean square of the temporal derivative of the brain images), as

compared to the link between the GS and FD time courses.

Next we compared PCC correlation maps obtained using the two different censoring

Figure 3.13: (a) PCC maps from a representative subject obtained before GSR and after the
application of GSR and GS censoring approaches using different thresholds. (b) GS of the same
subject with time points retained after censoring with gC = 0.50 (red dots) and gC = 0.90 (green
circles). (c) Average percentage of censored time points versus censoring threshold gC, with
standard deviation across all scans indicated by the bars. (d) Average percentage of censored
time points versus percent change GS magnitude threshold, where the threshold is computed
using |GS|= (1−gC)/α with α = 2.7.
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approaches. Figure 3.12 shows PCC correlation maps for scans from 6 representative subjects

with three low head-motion scans (S2 R1, S8 R4, S8 R2) and three moderate to high head-motion

runs (S16 R3, S12 R2, S6 R3) that were selected according to the RMS values of their respective

FD time series. FD time series for low-motion and high-motion runs are shown in panels (b)

and (c), respectively, with the censoring threshold for FD indicated with dashed black lines.

Low motion runs incur little or no motion censoring and the resultant motion-censored scans are

similar or identical to the uncorrected maps. On the other hand, high motion runs incur a large

degree of motion censoring, resulting in some clean-up of the correlation maps. For both low

motion and high motion runs, the maps obtained with GS censoring are similar to those obtained

with GSR but are markedly different from those obtained with motion censoring.

To provide additional insight into the GS censoring approach, we show in Figure 3.13(a) a

representative subject’s PCC correlation maps obtained prior to GSR and after the application of

either GSR or GS Censoring using different thresholds ranging from gC = 0.10 to gC = 0.90. As

we increase the the threshold value, the number of time points censored increases, as indicated by

the percentage values listed next to each row. For a threshold value of gC = 0.10, only time points

with a GSR ratio below 0.10 and a relatively high GS magnitude (|GS|> 0.33%) are censored,

corresponding to about 22% of the total number of points. At this level of censoring, the DMN

and TPN are more clearly delineated as compared to the uncorrected maps, but the value of the

correlations in the TPN are more positive than those observed in the after GSR map. As we

increase the value of gC and censor an increasing number of time points, the correlation values

in the TPN become more negative and the maps become more similar to those obtained with

GSR. In Figure 3.13(b) we indicate the location of the censored time points for threshold levels

of gC = 0.50 (red dots) and gC = 0.90 (green circles). At a threshold value of gC = 0.90 only

about 14% of the time points are retained and yet the PCC correlation maps are similar to those

obtained with GSR. In Figure 3.13(c), we show that the average percentage (across all scans)

of censored time points increases with the threshold gC, consistent with the qualitative behavior
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discussed above. Because of the approximate relation between GSR ratio and GS magnitude

(see Figure 3.6 and Eq. (3.3)), we can associate each threshold value gC with a GS magnitude

threshold |GS|= (1−gC)/α where the value α = 2.7 is obtained from the fit to the data. Only

those time points with GS magnitude higher than the GS magnitude threshold are censored. As

the GS threshold is increased, the average percentage of censored points decreases, as shown in

Figure 3.13(d).

Figure 3.14: PCC correlation maps expressed as the sum of a map corresponding to retained
points with low GS and a map based on the censored points with high GS. For display purposes,
the low GS map were scaled to better delineate the features in the map. The symbol (⇒)
indicates that the correlation maps is equal to the sum of the low GS and high GS maps, after
taking into account the display scaling of the low GS maps.
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Figure 3.15: (a) The average GSR ratio for each scan (computed as the mean of GS ratios across
all time points within a scan) versus the standard deviation of the GS across the scan. (b) The
average of temporal weights obtained with the GS weighting approach for each scan versus the
corresponding GS standard deviation. (c) The average fraction of censored time points versus
the GS standard deviation for each scan.

The GS censoring approach implements a temporal partitioning of the data into a subset of

retained points (with relatively low GS magnitude) and a subset of censored points (with relatively

high GS magnitude), where the exact delineation between low and high magnitudes is determined

by the threshold. As noted previously in Section 3.2.3, a correlation map can be decomposed into

a sum of weighted images. Using this observation, we can decompose correlation maps into the

sum of a map corresponding to the subset of retained points (these are the GS censored maps

already shown) and a map corresponding to the subset of censored points. Figure 3.14 shows

examples of this decomposition applied to PCC correlation maps with a censoring threshold of

gC = 0.5. As expected, the high GS subset maps exhibit a high degree of spatial homogeneity

while the low GS subset maps reveal the spatial structure of the anti-correlated networks.

By averaging the GSR ratio across the duration of a scan we can obtain a value that

represents the average temporal downweighting due to GSR. In Figure 3.15(a) we show that

the average GSR ratio exhibits an inverse relation with the standard deviation of the GS. Thus,

scans with greater GS fluctuations undergo more downweighting (on average) by GSR. In Figure

3.15(b) we show that a similar inverse dependence on GS standard deviation holds for the average
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GS weighting across the scan (blue dots). The average fraction of time points censored by GS

censoring (green dots) increases with GS standard deviation (shown in Figure 3.15(c)), consistent

with the associated increase in downweighting shown in panels (a) and (b) (i.e. more censoring

for lower GS ratio and GS weighting values). The implications of these relations are discussed

further in the following sections.

3.5 Discussion

3.5.1 A new framework for understanding GSR

We have shown that the average effects of GSR can be well approximated by a temporal

downweighting of the voxel time series, where the weighting factor varies with time but is uniform

across space. The weighting factor decreases with the magnitude of the global signal, so that time

points with large global signal magnitudes are greatly attenuated whereas those time points with

small global signal magnitudes are largely unaffected. We also introduced GS censoring as a

limiting case of the downweighting approach, in which the weighting factor is equal to zero for

time points where the GS magnitude exceeds a specified threshold and is equal to one otherwise.

In the prior studies and debates concerning the use of GSR, a combination of mathematical

arguments, empirical findings, and simulations have been used to examine the strengths and

limitations of the approach [51, 52, 157, 162]. However, the process of GSR has remained

somewhat mysterious as it is not easy to visualize the process of regression with a global mean

signal in a high-dimensional signal space. The use of differing perspectives in prior studies has

complicated the development of a unified view of GSR and made it difficult to resolve the ongoing

debate. By showing that GSR can be well approximated by a temporal downweighting operation,

we have introduced a simple way of viewing GSR that facilitates a more intuitive understanding

of its effects. Instead of having to visualize how regression affects each individual voxel time

series, we can simply consider consider how the data from each time point is downweighted
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prior to the computation of functional correlations. In the limit of GS censoring, the data from

each time point is either included in (weighting of 1.0) or excluded (weighting of 0.0) from the

computation. The similarity in the maps obtained with GSR and GS censoring suggests that the

first order effects of GSR are well approximated by censoring a large fraction (i.e. greater than

50% or more) of the data.

3.5.2 Anti-correlated Networks

With respect to the highly debated anti-correlated networks, our work suggests that

the negative correlations between the DMN and the TPN are not simply an artifact of GSR.

Specifically, the application of the GS censoring approach shows that negative correlations can be

observed when computing the functional correlation for a temporal subset of the data. Within

this subset, there is no mathematical constraint that forces the existence of negative correlations,

because the images retained in the subset are not modified by the censoring operation. In other

words, the negative correlations are inherent in the data when considering time points with low

GS magnitudes.

Our results suggest that the presence of anti-correlated networks is often obscured by the

contributions of images at those time points where the GS magnitude is high (see for example

Figure 3.4). Because these peaks in GS magnitude occur when there is a high degree of spatial

homogeneity in the images (e.g. either largely positive or negative), the inclusion of these images

gives rise to spatial homogeneity in the correlation maps. By downweighting the contribution

of these images, GSR and the various associated approaches presented in this paper leads to a

reduction in the spatial homogeneity of the correlation maps.

Prior work has shown that the application of GSR [51, 52] forces the sum of correlation

values to be negative, thus potentially introducing artifactual negative correlations. The present

work does not contradict these prior findings, but rather presents a new way of looking at the

effects of GSR. In essence, the process of GSR can be viewed as approximately partitioning the
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data into two sets – a set of images in which the GS magnitude is relatively high and a set in

which the magnitude is relatively low. GSR greatly attenuates the images in the high magnitude

set while having a smaller effect on the low images in the low magnitude set. When viewed

from this perspective, GSR helps to reveal the inherent negative correlations that exists in the low

magnitude set by reducing the contributions of the images in the high magnitude set, which have

a high degree of spatial homogeneity.

3.5.3 Differences in Global Signal Magnitude

What differentiates images with high GS magnitude from those with low GS magnitude?

While the origins of the GS are not completely understood, there is growing evidence that a

significant component of the GS is due to neural fluctuations [164, 165, 166]. In particular, [165]

found that the average amplitude of the global signal (computed as its standard deviation over

the course of a scan) exhibited an inverse relation to EEG measures of vigilance, with higher

amplitudes corresponding to lower states of vigilance. In a recent preliminary study, [189]

demonstrated a negative correlation between the GS and EEG vigilance time courses over the

course of a scan. Thus, at time points where the GS signal exhibited positive peaks, the EEG

vigilance was found to be low, whereas negative peaks in the GS corresponded to high EEG

vigilance values. [190] found evidence for a similar negative correlation between the GS time

course and LFP measures of arousal in non-human primates. Furthermore, a recent study identified

characteristic events in global electro-cortical activity that were related to drops in arousal [191].

These temporally distinct events may contribute to the appearance of high magnitude events

observed in the GS. The link between global activity and dynamic changes in arousal finds further

potential support in the observations of [192], who used pupilometry to measure arousal states in

mice. They found that increases in arousal were associated with decreases in an optical measure

of global hemodynamic activity.

While the neurobiological mechanisms linking vigilance to global fluctuations are still
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not fully understood, it is thought that the global nature of the fluctuations may reflect widespread

projections of various arousal systems onto the cortex [193,194]. Although further work is needed,

the existing evidence suggests that images with high GS magnitudes (i.e. uniformly positive

or negative) are associated with temporal peaks and valleys in the state of vigilance or arousal.

Because GSR and its variants downweights these images, it is likely that these approaches are

minimizing the contribution of vigilance fluctuations to the resulting correlation maps. In addition,

the results in Figure 3.15 demonstrate that scans with higher GS standard deviation undergo a

higher degree of downweighting or censoring, suggesting that GSR and its variants may have

a greater effect on scans with low mean vigilance levels. Further studies are needed to better

understand the origins of vigilance-related signal components in fMRI and to assess the effects of

GSR (and its variants) on these components.

As shown in Figures 3.2, 3.4, and 3.8, images from time points with low GS magnitudes

can contain spatial patterns resembling the DMN and TPN. For example at time point 68 in Figure

3.4, the GS is relatively small and the image values in the DMN and TPN are largely negative

and positive, respectively. The opposite signs in these two networks (that are both fairly spread

out across space) results in a cancelation of voxel values when computing the global average,

consistent with the low GS magnitude. When multiplied by the value of the PCC signal (which

is negative because it is in the DMN), the resulting weighted images have positive values in the

DMN and negative values in the TPN. The inclusion of these weighted images in the correlation

sum will tend to enhance the presence of anti-correlations in the resulting correlation map. Thus,

the presence of anti-correlated DMN and TPN networks after GS censoring largely reflects the

fact that the retained images already exhibit this spatial relationship.

3.5.4 Related Approaches

Our findings with the GS censoring approach complement prior studies, which demon-

strated that key features of resting-state functional connectivity maps could be obtained using
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a fraction (e.g. 5 to 15%) of the original time points [195, 196]. In particular, [196] found that

an average image constructed from a set of timepoints showing the highest (top 15%) PCC

signal values exhibited a pattern that almost perfectly matched the group average PCC correlation

map, which exhibited anti-correlation between the DMN and TPN. They further decomposed

the selected images into a sum of co-activation patterns (CAPs). It is likely that the CAP time

points identified by [196] partially overlap with the time points that would be retained with a GS

censoring approach, since it is these time points that exhibit the DMN and TPN spatial patterns

in the individual images. The partial overlap reflects the fact that the CAP time points occur

for positive peaks in the PCC signal, whereas the GS censoring approach will pick out time

points that can have either positive or negative peaks in the PCC signal. As support for this

conjecture, we note that [196] found that GSR did not affect the spatial patterns of the CAPs.

This is consistent with our finding that GSR has a minimal effect on those time points for which

the GS magnitude is low. In addition, in Supplementary Figure 7.6, we show that the average of

images from those time points that are retained by GS censoring and have a positive PCC signal

shows a strong similarity with the PCC correlation maps obtained after GSR. Further work to

elucidate the connection between the GS censoring and CAP approaches would be of interest.

At first glance the downweighting approaches presented here may be considered to be

similar to the frame-to-frame intensity stabilization that has been used in prior studies (also

referred to as global signal normalization) [51]. In the stabilization approach, all computations,

including calculation of the global signal, are performed prior to the removal of the temporal

means of the voxel time courses. At each time point, the image data are divided by the global signal

and then a constant term (typically equal to 1.0) is subtracted from the normalized images prior to

the computation of inter-voxel correlations. The apparent similarity between the stabilization and

downweighting approaches lies in the fact that they both apply a uniform scaling to all voxels at a

given time point. A key difference is that the global signal used in the stabilization approach has a

large positive mean while the global signal signal in GSR and its variants has zero mean. Taking
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into account this difference, it can be shown that the stabilization process is equivalent to simply

subtracting out the zero mean global signal from each demeaned voxel time series (see Appendix

B). Thus, intensity stabilization is more accurately viewed as a global mean subtraction approach

(also known as global signal subtraction) as opposed to a downweighting or scaling approach.

In comparing intensity stabilization to GSR, the key difference is that GSR finds the optimal fit

(through regression) between the voxel time series and the GS prior to removal of an appropriately

scaled version of the GS, whereas intensity normalization simply subtracts the GS from each

voxel time series, without any voxel-specific scaling. Supplementary Figure 7.5 provides further

examples of the fundamental difference between stabilization, GSR, and downweighting.

In this paper we have focused on the effects of GSR on seed-based correlation analysis.

Independent components analysis (ICA) is another popular approach for the analysis of resting-

state fMRI data, and some ICA implementations use global signal subtraction as a pre-processing

step [197]. As discussed above and in Appendix B, when the voxel time series is approximately

equal to the GS (i.e. voxel-specific scaling is approximately 1.0), then GSR and global signal

subtraction would be expected to have similar downweighting effects. However, the validity of this

approximation is likely to vary across voxels and scans. In addition, some ICA implementations

do not use global signal subtraction. [197] have reported differences in ICA results obtained with

and without global signal subtraction, with slightly better performance observed with subtraction.

Additional work would be useful for better understanding the effect of the global signal on

ICA-based analyses, including an examination of the effects of GS downweighting and censoring.

In the Results section, we showed that the GS censoring approach differs from the motion

censoring methods that have been adopted by some rsfMRI studies, with a relatively small

overlap between the censored points. As it is the average of all brain signals, the GS captures the

contributions of many potential signal sources, such as motion-related artifacts and the neuronal

contributions previously discussed. In computing the GS, we used a “clean” version of the GS in

which nuisance terms, such as motion covariates, were regressed out as part of the preprocessing
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pipeline [162]. This step minimizes but does not entirely eliminate the contributions of motion to

the GS. We also performed our analyses with a version of the GS in which motion covariates were

not removed, and still found clear differences in the effects of GS censoring and motion censoring

(see Supplementary Figure 7.7). Nevertheless, further work is needed to better understand the

relation between GS and motion censoring.

In prior work, our group presented evidence suggesting that the GS could be viewed

as an additive confound [160, 162]. The current work provides further support for this view,

as it presents a useful temporal partitioning of the GS into sections with low and high signal

magnitudes. From this perspective, the additive effect of the GS is primarily confined to the time

points with high GS magnitudes, and it is these time points that are largely attenuated by GSR and

the other approaches proposed here. It is also important to note that the orthogonality between

the temporal segments with low and high signal magnitudes is fundamentally different from the

approximate orthogonality between the GS and other principal components discussed previously

in [162, 198]

3.5.5 Future Steps

While our results provide insight into the effects of GSR, the question of how best to use

GSR or one of the variants proposed in this paper will require further discussion and investigation.

Much of the prior concern regarding the use of GSR arose out of the potential introduction

of negative correlations. The current work partly mitigates this concern because it provides a

means (GS censoring) of defining a temporal subset of the original data in which the negative

correlations already exist. Researchers can use this approach to examine group differences in

negative correlations within these temporal subsets. For example, it would be instructive to use

the censoring approach to compare anticorrelations in studies where global signal differences

have been found (e.g. schizophrenic versus healthy controls [67]).

In addition, by comparing the correlation maps obtained before and after GSR with
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those obtained after GS censoring, researchers can estimate the extent to which the functional

connectivity maps are dominated by the GS signal in the censored time points. In comparing

maps across groups or conditions, the proportion of points that are censored could prove to be

a useful metric. Given the prior work relating average GS amplitude to vigilance [165] and the

results shown in Figure 3.15, it is likely that scans in subjects with a lower level of vigilance and

higher GS amplitudes will experience a greater degree of censoring.

In this work, we introduced the concept of GS censoring using a threshold based upon a

piecewise linear function of the GS, as this approach was useful for making a link between GSR

and GS censoring. In general, there is no need to use a function of the GS and instead one can

censor time points using a threshold on the GS magnitude (see for example Figure 5). However,

the choice of threshold may depend on the specifics of the fMRI acquisition (such as echo time

and magnetic field strength), as these parameters can affect the range of GS magnitudes. Further

work is needed to best determine how to best generalize the censoring approach to a wide range

of studies. In addition, there is a direct loss in the temporal degrees of freedom when using GS

censoring, and the implications of this loss on between-subject and between-group comparisons

will need to be considered. Furthermore, our observation that GSR can be approximated as a

temporal downweighting process suggests that there is an effective loss of temporal degrees of

freedom when using GSR. Additional work is needed to quantify this loss and assess its impact

on subsequent analyses.

As shown in Figure 3.13, the choice of the threshold has a direct effect on the extent and

magnitude of negative correlations, with the anti-correlations becoming more pronounced as

a greater number of time points are censored. However, this observation does not tell us how

best to select a threshold level. Is a threshold that reveals more anti-correlations preferred to one

that yields less pronounced anti-correlations? To answer this question we will need a deeper

understanding of the mechanisms that give rise to large GS magnitudes, including whether or not

these mechanisms can be viewed as introducing an additive signal confound that obscures the
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presence of anti-correlations in the censored data points. If this is the case, it may be possible to

devise algorithms that use the data in the retained time points to estimate the underlying data in

the censored time points. Future studies are needed to address these issues.

3.6 Appendix

3.6.1 Approximating the Effects of GSR

In this appendix we provide a mathematical perspective of the basic observations presented

in Section 3.2.2. Our goal is to provide background and motivation for the empirical findings (see

Methods and Results) demonstrating that GSR largely attenuates signals for time intervals where

the global signal magnitude is high. To begin, we express the global signal as the sum of two

non-overlapping parts in time:

g = 1Hg+1Lg = gH +gL, (3.5)

where 1H is the indicator function for the set H of points surrounding large values in the global

signal and 1L is the indicator function for the set L of remaining points corresponding to relatively

small values of the global signal.

In the example shown in Figure 3.3, the set H corresponds to the time points surrounding

the peaks of the global signal and is indicated by the thick black horizontal bars. Similarly,

we can also partition an arbitrary voxel time series in the same way x = xH +xL. Note that by

construction, H∩L = 0 and the time series from different sets are orthogonal, such that gT
HgL = 0,

xT
HxL = 0, gT

HxL = 0, and gT
L xH = 0. Note that without loss of generality, we assume that both g

and x are zero-mean percent normalized time series (i.e. both represent percent BOLD signal

changes).
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Using the decomposition above, we rewrite the voxel time series after GSR as:

x̃ = x−g
(
gT g
)−1 gT x (3.6)

= xH +xL−
(gH +gL)(gH +gL)

T (xH +xL)(
gT

HgH +gT
L gL
) (3.7)

=

(
xH−

gH (gH +gL)
T (xH +xL)(

gT
HgH +gT

L gL
) )

+

(
xL−

gL (gH +gL)
T (xH +xL)(

gT
HgH +gT

L gL
) )

(3.8)

=

(
xH−

gH
(
gT

HxH +gT
L xL
)(

gT
HgH +gT

L gL
) )︸ ︷︷ ︸

x̃H

+

(
xL−

gL
(
gT

HxH +gT
L xL
)(

gT
HgH +gT

L gL
) )︸ ︷︷ ︸

x̃L

, (3.9)

where we have used the orthogonality relations described above. The first part x̃H in the expression

corresponds to the part of x̃ with points in the set H while the second term x̃L corresponds to

points in the complementary set L.

As noted in Section 3.2.1, large peaks in the global signal occur when the majority of

voxel waveforms sum in a constructive fashion. As an approximation, we represent the voxel

waveforms surrounding these peaks as a scaled version of the global signal xH ≈ αgH . Although

we expect that for most voxels α > 0 because of the widespread positive correlation that exists

empirically between the global signal and the voxel time series [173], it is important to note that

the derivations below do not depend on the sign of α. Using this approximation, we rewrite the

first term x̃H in Eq. (3.9) as

x̃H ≈ αgH−
gH
(
αgT

HgH +gT
L xL
)(

gT
HgH +gT

L gL
) (3.10)

= αgH

(
1−

gT
HgH +

(
gT

L xL
)
/α

gT
HgH +gT

L gL

)
(3.11)

≈ αgH

(
1− gT

HgH

gT
HgH +gT

L gL

)
(3.12)

where the last approximation reflects our expectation that gT
HgH � gT

L xL, due to the small
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magnitude of the signal components in gL and the fact that the cancellation of signals across

voxels will tend to make gL orthogonal to the voxel time courses for time points within the set L.

In the event that gL is equal to zero, it follows directly from Eq. (3.11) that x̃H = 0. In

addition, this will lead to x̃L = xL in Eq. (3.9) , so that the remaining signal is simply x̃ = xL. In

other words, GSR will eliminate the signal at time points where the global signal is large but will

not affect the original voxel values xL for those time points where the global signal is zero. This

is the case for the example shown on the lefthand column of Figure 3.3, where the peaks in the

original voxel time series that coincide with the large peaks in the global signal are completely

eliminated by GSR, whereas those signals that correspond to segments where the global signal is

zero (due to complete cancelation of the signals across voxels) are unaffected by GSR.

In the more realistic case where the cancellation of signals is not complete, the magnitudes

of the signal components in gL are still expected to be smaller than the magnitudes in gH , but gL

will differ from zero for some points in L. An example of this case is shown in the middle column

of Figure 3.3, where the cancellation of the signal components centered about time points 30

and 70 is not complete, leading to the appearance of small magnitude peaks in the global signal

around these time points. The attenuation term
(

1− gT
HgH

gT
HgH+gT

L gL

)
in Eq. (3.12) can be rewritten as

the ratio gT
L gL

gT
HgH+gT

L gL
of the energy (i.e. squared norm) of the smaller magnitudes signals in gL to

the overall energy of g. Based on the partitioning of the signal, this ratio is expected to be much

smaller than 1. As a result, the signal components in xH will still be greatly reduced by GSR as

shown in panels (h) and (i) of Figure 3.3.

We can approximate x̃L in Eq. (3.9) as

x̃L ≈

(
xL−

gL
(
αgT

HgH +gT
L xL
)(

gT
HgH +gT

L gL
) )

(3.13)

≈ xL−gL
αgT

HgH

gT
HgH +gT

L gL
(3.14)

≈ xL−αgL (3.15)
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where we have used the approximations already noted above (xH ≈ αgH , gT
HgH � gT

L gL, and

gT
HgH � gT

L xL). The perturbation αgL in the final expression is proportional to the global signal.

Since this occurs in time intervals where the global signal magnitude is assumed to be small (by

definition), the magnitude of the perturbation is also expected to be small. This is consistent with

the minimal perturbation of the signals at time points 30 and 70 in panel (h) of Figure 3.3 and in

the intervals indicated by the magenta dashed lines in panel (i) of the same figure. As discussed

above, when gL = 0, the waveforms are completely unaffected and x̃L = xL (i.e. time points 30,

70, 90, and 110 in panel (g) and time points 90 and 110 in panel (h).

3.6.2 Intensity Stabilization Approach

In this approach, computations are performed prior to the removal of the voxel-wise

temporal means or percent normalization. Thus, we can define the unnormalized global signal

gU as the sum gU = ḡ1M + g̃ of a mean term ḡ and a zero-mean fluctuation term g̃, where 1M

indicates a M×1 column vector of ones. An unnormalized voxel time series is similarly defined

as xU = x̄1M + x̃. The process of intensity stabilization (or GS normalization) is formally defined

as

(diag(gU))
−1 xU −1M (3.16)

where diag(gU) denotes the matrix with gU along the diagonal [51].

To proceed, let g̃[i] and x̃[i] denote the values of g̃ and x̃ at the ith time point. Then the
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normalized values are

x̄+ x̃[i]
ḡ+ g̃[i]

−1 =
x̃[i]− g̃[i]+ x̄− ḡ

ḡ+ g̃[i]
(3.17)

=
x̃[i]− g̃[i]

ḡ+ ˜g[i]
(3.18)

≈ x̃[i]− g̃[i]
ḡ

(
1− g̃[i]

ḡ

)
(3.19)

≈ x̃[i]− g̃[i]
ḡ

(3.20)

=
x̃[i]
x̄
− g̃[i]

ḡ
(3.21)

where we have made use of the fact that the magnitude of the fluctuations in fMRI GS time series

are typically only a few percent at most of the overall mean, so that ḡ� g̃[i]. In addition we

assumed that x̄ = ḡ, where this last relation holds because we can always scale the data such that

the means of all the voxels are the same. Thus, to first order the process of GS normalization is

equivalent to simply taking the difference between the percent change voxel time series x̃[i]/x̄

and the percent change global signal g̃[i]/ḡ. Using vector notation, the approximation to GS

normalization is expressed as the difference x−g of the percent normalized voxel time series and

global signals. Thus, GS normalization and GS subtraction are nearly identical methods.

The GS normalization (and subtraction) approach and GSR are expected to give similar

results when

x−g≈ x−g
(
gT g
)−1 gT x (3.22)

This will occur whenever the fit coefficient α =
(
gT g
)−1 gT x between the voxel time series and

the GS is approximately equal to 1.0.
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Chapter 4

Nuisance Effects and the Limitations of

Nuisance Regression in Dynamic

Functional Connectivity fMRI

In resting-state fMRI, dynamic functional connectivity (DFC) measures are used to

characterize temporal changes in the brain’s intrinsic functional connectivity. A widely used

approach for DFC estimation is the computation of the sliding window correlation between blood

oxygenation level dependent (BOLD) signals from different brain regions. Although the source

of temporal fluctuations in DFC estimates remains largely unknown, there is growing evidence

that they may reflect dynamic shifts between functional brain networks. At the same time, recent

findings suggest that DFC estimates might be prone to the influence of nuisance factors such as

the physiological modulation of the BOLD signal. Therefore, nuisance regression is used in many

DFC studies to regress out the effects of nuisance terms prior to the computation of DFC estimates.

In this work we examined the relationship between seed-specific sliding window correlation-

based DFC estimates and nuisance factors. We found that DFC estimates were significantly

correlated with temporal fluctuations in the magnitude (norm) of various nuisance regressors.
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Strong correlations between the DFC estimates and nuisance regressor norms were found even

when the underlying correlations between the nuisance and fMRI time courses were relatively

small. We then show that nuisance regression does not necessarily eliminate the relationship

between DFC estimates and nuisance norms, with significant correlations observed between the

DFC estimates and nuisance norms even after nuisance regression. We present theoretical bounds

on the difference between DFC estimates obtained before and after nuisance regression and relate

these bounds to limitations in the efficacy of nuisance regression with regards to DFC estimates.

4.1 Introduction

In resting-state functional magnetic resonance imaging (fMRI), the correlation between

the BOLD time courses from different brain regions is used to estimate the functional connectivity

(FC) of the brain in the absence of an explicit task. This approach has revealed a number of

resting-state networks, where each network consists of brain regions that exhibit a high degree of

mutual correlation [50]. For the most part, FC estimates have assumed temporal stationarity of

the underlying BOLD time courses and are obtained by computing correlations over the entire

scan duration. As the resulting estimates represent a temporally averaged measure of brain

connectivity over a typical scan duration of 5-10 minutes, they can miss important dynamic

temporal changes in FC [55, 56, 57].

An increasing number of studies have focused on the dynamics of functional brain

connectivity by considering dynamic FC (DFC) measures that are computed over time scales

typically on the order of tens of seconds and thus much shorter than the scan duration [55, 56, 57].

Approaches for estimating DFC include sliding window correlation method [56, 199], time-

frequency methods such as wavelet transform coherence [144, 200], and probabilistic inference

methods such as hidden Markov modeling [201]. To date, the sliding window correlation

approach is the most widely used DFC estimation method [56]. In this approach, the correlations
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between BOLD time courses from different brain regions are computed over sliding windows

with durations typically ranging from 30-60 seconds [57]. Regardless of the analysis method,

non-neural processes that affect the BOLD time series can also contaminate the DFC estimates

[56, 57, 202]. These confounds are often referred to as nuisance terms and include the effects of

motion, cardiac and respiratory activity, and fluctuations in arterial CO2 concentration. [56] noted

that non-neuronal sources that introduce spatial correlations into the time series can also give

rise to spurious dynamics in FC measures. Recently, [203] reported that temporal fluctuations in

network degree were related to fluctuations in both heart rate and end-tidal CO2. [204] found that

temporal fluctuations in FC were related to temporal variations in a global measure of average

BOLD signal magnitude.

A common step in most fMRI analyses is the use of nuisance regression to minimize

the contributions of nuisance terms in BOLD time courses [205, 206]. Nuisance regressors

include cardiac and respiratory activity derived time courses [63,64], head motion parameters,

Legendre polynomials to model scanner drift, signals from white-matter (WM) and cerebrospinal

fluid (CSF) regions, and a whole brain global signal (GS) [78]. Although nuisance regression

is widely employed prior to the computation of DFC estimates [202], efforts to examine its

efficacy with regards to DFC estimates have been limited. [56] noted that residual nuisance effects

“inevitably remain” in the BOLD time series and must be considered in the interpretation of

DFC measures. In support of this view, [203] found that nuisance regression diminished but did

not completely remove the relationship between network degree and measures of cardiac and

respiratory activity. On the other hand, [207] reported that global signal regression (GSR) had a

spatially heterogeneous impact on DFC estimates, but did not assess whether GSR removed GS

contributions from the DFC estimates.

In this paper, we take a closer look at (1) the role of nuisance terms in correlation-based

DFC estimates and (2) the efficacy of nuisance regression for DFC studies. In particular, we

use two independent datasets to examine the relationship between seed-specific sliding window
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correlation-based DFC estimates and the norms of various nuisance regressors (WM and CSF

signals, GS, cardiac and respiratory measurements, and head motion). We then assess the effect

of nuisance regression on this relation, considering both regression applied to the entire scan

and regression applied on a sliding window basis. To interpret the empirical findings, we derive

mathematical expressions to describe the effect of regression on DFC estimates and compare the

experimental results with the theoretical predictions. Preliminary versions of this work have been

presented in [208, 209].

4.2 Methods

4.2.1 Datasets

In this work, we analyzed two datasets in order to show the generality of our results and

to experiment with different types of nuisance measurements. First, to understand the effect of

nuisance measurements derived directly from the MRI images such as the GS, WM and CSF,

and head motion (HM) time courses on the DFC estimates, we used a publicly available dataset

originally analyzed by [174], which we will refer to as the BS002 dataset. Second, to understand

the effect of physiological measurements such as changes in the respiration and cardiac rate on

the DFC estimates, we used the dataset analyzed by [160], which we will refer to as the CFMRI

dataset.

BS002 data were acquired from 17 young adults (9 females) using a 3 T Siemens Allegra

MR scanner. Each subject underwent 4 BOLD-EPI fixation runs (32 slices, TR=2.16 s, TE=25

ms, 4×4×4 mm), each lasting 7 minutes (194 frames). The subjects were instructed to look at a

cross-hair and asked to remain still and awake. High-resolution T1-weighted anatomical images

were acquired for the purpose of anatomical registration (TR=2.1 s, TE=3.93 ms, flip angle=7

deg, 1×1×1.25 mm).

CFMRI data were acquired from 10 healthy volunteers (4 males and 6 females) using a 3
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Tesla GE Discovery MR750 system. Each subject underwent four separate resting-state scans (5

minutes per scan with either their eyes open or closed). High resolution anatomical data were

collected using a magnetization prepared 3D fast spoiled gradient (FSPGR) sequence (TI=600

ms, TE=3.1 ms, flip angle = 8 degrees, slice thickness = 1 mm, FOV = 25.6 cm, matrix size =

256×256×176). Whole brain BOLD data were acquired over thirty axial slices using an echo

planar imaging (EPI) sequence (flip angle = 70 degrees, slice thickness = 4 mm, slice gap = 1 mm,

FOV = 24 cm, TE = 30 ms, TR = 1.8 s, matrix size = 64×64). Cardiac pulse and respiratory data

were monitored using a pulse oximeter (InVivo) and a respiratory effort transducer (BIOPAC),

respectively. The pulse oximeter was placed on each subject’s index finger while the respiratory

effort belt was placed around the subject’s abdomen. Physiological data were sampled at 40 Hz

using a multi-channel data acquisition board (National Instruments).

4.2.2 Preprocessing steps for the BS002 dataset

Standard pre-processing steps were conducted with the AFNI software package [175].

The initial 9 frames from each EPI run were discarded to minimize longitudinal relaxation

effects. Images were then slice-time corrected and co-registered, and the 6 head motion parameter

time series were retained. The resultant images were converted to coordinates of Talairach and

Tournoux (TT), resampled to 3 mm cubic voxels, and spatially smoothed using a 6 mm full-

width-at-half-maximum isotropic Gaussian kernel. The 1st and 2nd order Legendre polynomials

(a constant term to model the temporal mean and a linear trend) were projected out from each

voxel’s time course. Each voxel time series was then converted into a percent change BOLD time

series through demeaning and division by its mean value.

To analyze the effect of nuisance regression on DFC estimates, we used both (1) full linear

regression in which regression is performed over the whole scan duration and (2) block regression

(also referred to as sliding window regression) in which regression is performed for each window

separately (more details on block regression are provided in Section 4.2.6). For each type of
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regression, we performed a separate regression on the data using one of the following types of

regressor: (1) the set of all 6 head motion parameters, (2) nuisance signals from WM and CSF

regions, and (3) the global signal (GS), which was calculated as the average of the percent change

time series across all voxels within the brain.

For DFC analysis, we used seed signals derived from the posterior cingulate cortex (PCC),

intraparietal sulcus (IPS), frontal eye fields (FEF), and motor network (MOT). These seed signals

were obtained by averaging time series selected over spheres of radius 6 mm (2 voxels) centered

about their corresponding TT coordinates [162]. The sphere centers were obtained by converting

the MNI coordinates from [178] to TT coordinates [179]. For the PCC, left MOT, and right MOT

seeds we used the coordinates [0,-51,26], [-36,-22,52] and [37,-21,52], respectively. A combined

MOT seed was obtained by using the left and right MOT coordinates to define two spheres and by

merging them. For the IPS and FEF seeds, we used the coordinates [27,-58,49] and [24,-13,51]

from [180]. Finally, for the WM and CSF nuisance signals, we defined the sphere centers as

[12,-36,27] and [9,-9,15], respectively.

4.2.3 Preprocessing steps for the CFMRI dataset

We used FSL and AFNI packages to preprocess the CFMRI dataset [210, 211]. First,

high-resolution anatomical data were skull stripped and segmentation was applied to estimate

WM, gray matter, and CSF partial volume fractions. Images were then slice-time corrected and

co-registered and the 6 head motion parameter time series were retained. The anatomical data

were then aligned to the functionals. Each subject’s native space data were transferred to TT

coordinates and spatially smoothed using a 6 mm full-width-at-half-maximum isotropic Gaussian

kernel. A binary brain mask was created for each subject using the transferred data and was eroded

by 2 voxels along the brain edges to eliminate possible inclusion of non-brain areas [212]. The

first 6 frames (10.8 seconds) from each functional data were discarded to minimize longitudinal

relaxation effects. For each run, the 1st and 2nd order Legendre polynomials and the 6 head
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motion parameters were projected out to obtain the ‘baseline’ CFMRI data.

We performed RVHRCOR by simultaneously projecting out the physiological nuisance

regressors derived from cardiac and respiratory signals using both full linear regression and block

regression [63, 64]. Specifically, a respiratory variation (RV) signal was computed as the standard

deviation of the respiratory signal using a 7.2 second sliding window and was then convolved

with the respiration response function (RRF) to obtain the respiration regressor (RVf). Similarly, a

heart rate (HR) signal was computed as the inverse of average peak to peak time interval between

two consecutive heartbeats over a 7.2 second sliding window. The HR was then convolved with

a cardiac response function (CRF) to obtain the cardiac regressor (HRf). In this process, we

discarded 4 scans out of 40 due to the poor quality of physiological signals, leaving a total of 36

scans for analysis. For DFC analysis, we used the same seed coordinates as mentioned for the

BS002 dataset.

4.2.4 Calculation of the DFC estimates: Sliding window correlations

The DFC estimates were obtained by computing the sliding window correlations between

pairs of seed signals selected from the PCC, IPS, FEF, and MOT regions. Specifically, we

computed the sliding window correlations between the following seed pairs: PCC and IPS, PCC

and FEF, PCC and MOT, IPS and FEF, IPS and MOT, and FEF and MOT. Denoting x1 and x2 as

two seed time series and x1,k and x2,k as the windows taken from those signals (where k denotes

the window index), we computed the window correlation value as rk =
xT

1,kx2,k

|x1,k||x2,k|
= cosθk. Here,

θk is the observed angle between those time courses and |.| is the vector norm. Note also that

here and throughout the paper the time courses are represented as column vectors. This process

was repeated by temporally shifting the window index until all sliding window correlations

were carried out over the entire scan duration. The final aggregated set of correlation values

rDFC = [r1,r2, · · · ,rT ] was used as an estimate for the DFC.

In our primary analysis, to maximize the number of available DFC samples per scan,
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the sliding window duration in this paper was fixed at 30 TRs and a window shift of 1 TR was

used [56,207]. This duration corresponds to a window length of 63 seconds for the BS002 dataset

and 54 seconds for the CFMRI dataset. These window lengths lie within the range of durations

typically used in the existing DFC literature [57]. In supplementary analyses, we considered two

additional window sizes: a longer window of duration of 100 seconds, which corresponds to 48

TRs for the BS002 dataset and 56 TRs for the CFMRI dataset, and a shorter window size of 40

seconds, which corresponds to 20 TRs for the BS002 dataset and 22 TRs for the CFMRI dataset.

4.2.5 Calculation of the nuisance metrics: Nuisance norms

To examine the relationship between the nuisance measurements and the DFC estimates,

we used the norm of the regressor as our nuisance metric. Note that the norm of a regressor is

simply the geometric length of the column vector used to represent the regressor time course. In

Section 4.4 we present some toy examples and geometric arguments to show how DFC estimates

can be related to the norms of various nuisance terms. The theoretically inclined reader may

choose to read that section first before continuing.

For a single regressor, the computation of the windowed norms was done by first demean-

ing the nuisance regressor for each window. Denoting nk as the demeaned nuisance measurement

in the kth window, the window norm was computed as |nk|=
√

∑
tk+TD
t=tk nk(t)2, where t indicates

time in TR units and TD is the window duration minus 1 (e.g. TD = 29 for a window duration of

30 TRs). When multiple regressors were used in the regression (e.g. for HM), we computed the

total norm as |nk|Total =
√

∑
NR
i=1 |nk,i|2, where i denotes the index for different regressors and NR

is the number of regressors. In the text we use the term norm and the notation |nk| to denote both

|nk| and |nk|Total. The norm was computed for all windows by temporally shifting the window

index. The final set {|n1|, |n2|, ..., |nT |} of nuisance norms comprised the nuisance norm time

course. To examine the relationship between the nuisance norm and DFC estimates, we computed

the correlation coefficient between the DFC estimates and the nuisance norm time courses.

120



4.2.6 Analysis of nuisance regression techniques

We applied two types of linear regression, which we refer to as full regression and block

regression. In full regression, the nuisance terms were projected out of the voxel time series

over the entire scan duration. For example, for a single regressor, the clean time course after

full regression was obtained as x̃ = x− n(nT n)−1nT x = x− bn, where n is the column vector

representing the nuisance regressor and b = (nT n)−1nT x is the scalar fit coefficient for the entire

scan duration. In block regression, the nuisance measurement was projected out of each window

separately, such that the clean time course for the kth window was x̃k = xk−nk(nT
k nk)

−1nT
k xk =

xk−bknk, where bk = (nT
k nk)

−1nT
k xk is the window-specific scalar fit coefficient. Note that all time

courses (seed and nuisance signals) were demeaned prior to the regression process. The signals

were demeaned across the full scan duration when performing full regression and demeaned for

each window independently when performing block regression.

Note that we will refer to the “clean” DFC estimates obtained after the application of

regression as Post FullReg DFC and Post BlockReg DFC estimates for full and block regression,

respectively. To simplify the presentation, we will also use the shorter term Post DFC to refer to

Post FullReg DFC, since full regression is the method that has typically been used in the literature.

4.2.7 Significance testing of the relationship between DFC estimates and

nuisance norms

To assess the statistical significance of the relationship between the DFC estimates and

nuisance norms, we used an autoregressive (AR) bootstrapping procedure based on the work

of [144, 213, 214]. As our null hypothesis was that the DFC estimates and nuisance norms were

not linearly related, we fit (on a per scan basis) separate AR processes of model order q to the

DFC estimates and nuisance norm time courses both before and after full/block regression. The

model order q was determined according to the Bayesian information criterion (BIC). Using the
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estimated AR coefficients from each scan, we generated 10,000 surrogate time series for both

the DFC estimates and nuisance norms and then computed the associated surrogate correlation

coefficients.

To create a null distribution for the assessment of significance across the study sample,

we computed the absolute value of each of the surrogate correlation coefficients in the sample

and took the mean of the absolute values across the sample (i.e. mean across all scans, seed pairs,

and regressor types). The resulting null distribution consisted of 10,000 surrogate mean absolute

correlation values. We used this null distribution to assess the significance of the sample mean

absolute correlation value.

As a secondary descriptive analysis, we also assessed significance on a per-scan basis. We

formed a null distribution of correlation values for each scan by correlating the surrogate nuisance

norms with the surrogate DFC estimates. We used the resulting null distribution to compute the

p-value associated with the correlation coefficient computed from each scan’s measured data. We

then calculated the percentage of scans that showed significant correlations between the DFC

estimates and nuisance norms for significance thresholds of 0.05 and 0.10.

4.3 Results

In this section, we first show that the DFC estimates obtained between pairs of seed time

courses can be significantly correlated with the norms of various nuisance measurements. We

demonstrate that strong correlations between the DFC estimates and nuisance norms exist even

when the correlations between the nuisance and seed time courses are small. We then show

that performing nuisance regression prior to the computation of the DFC estimates does not

necessarily eliminate the presence of strong and significant correlations between the nuisance

norms and DFC estimates.
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Figure 4.1: 9 example scans that demonstrate strong and significant (p < 0.02) correlations
between the nuisance norms and DFC estimates. The type of nuisance regressor is indicated
by the row label. The seed pair for the DFC estimate is indicated by the column label. The
solid blue line in each panel shows the DFC estimate prior to nuisance regression (labeled
as Pre DFC on the legend) and the solid black line shows the corresponding nuisance norm.
Correlation values between the DFC estimates and nuisance norms are indicated in the legend
labels. The correlations between the nuisance norms and the Pre DFC estimates varied from
r = 0.68 to r = 0.94 with a mean value of r = 0.79. The DFC estimates after performing full
linear regression are shown with solid red lines (labeled as Post DFC on the legend). The
correlations between the nuisance norms and the Post DFC estimates ranged from r = 0.63
to r = 0.82 with a mean value of r = 0.74. See Figure 4.3 and Supplementary Figure 7.8 for
examples of weak and moderate correlations.
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4.3.1 Examples of correlations between DFC estimates and nuisance norms

In Figure 4.1, we present examples of scans from the BS002 dataset in which significant

positive correlations between the DFC estimates and nuisance norms were observed. The column

labels indicate the seed region pair (e.g. PCC and IPS, PCC and FEF, and PCC and MOT) and

the row labels indicate the type of nuisance norm. The solid blue line in each panel shows the

DFC estimate before nuisance regression (labeled as Pre DFC) and the solid black line shows the

respective nuisance norm. In these scans, the correlations between the nuisance norms and the

Pre DFC estimates ranged from r = 0.68 to r = 0.94 with a mean correlation value of r = 0.79,

corresponding to a range of explained variances from 46% to 88% over the example scans.
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Figure 4.2: 6 example scans showing that the DFC estimates are significantly (p < 0.03)
correlated with the norms of physiological nuisance terms. Row labels indicate the type of
physiological nuisance term considered and column labels indicate the seed pair. Correlation
values between the DFC estimates and nuisance norms are indicated in the legend labels. The
correlations between the Pre DFC estimates and the nuisance norms ranged from r = 0.56 to
r = 0.85 with a mean correlation of r = 0.71. The DFC estimates obtained after performing
RVHRCOR (Post DFC) are similar to the Pre DFC estimates. The correlations between the
Post DFC and the nuisance norms ranged from r = 0.54 to r = 0.84 with a mean correlation
of r = 0.71. See Figure 4.3 and Supplementary Figure 7.8 for examples of weak and moderate
correlations.
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Figure 4.3: 15 example scans that demonstrate weaker correlation values (r < 0.30) between
the nuisance norms (black) and the Pre DFC estimates (blue). The type of nuisance regressor is
indicated by the row label. The seed pair for the DFC estimate is indicated by the column label.
Even though the observed correlations are weaker in this Figure, there is some visual similarity
between the nuisance norms and DFC estimates. Post DFC estimates with full (red) and block
(green) regression are also shown.
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The nuisance norms in these scans were significantly correlated with the DFC estimates with

per-scan p-values across the example scans of p < 0.0075 for WM+CSF, p < 0.0009 for GS and

p < 0.0237 for HM regressors.

In Figure 4.2, we show 6 example scans from the CFMRI dataset demonstrating significant

positive correlations between DFC estimates and physiological nuisance norms. The first row

shows 3 scans using the HRf norm as the nuisance measure and the second row shows 3 scans

using the RVf norm. Each column shows a different seed pair for the DFC estimates. The

correlations between the Pre DFC estimates and the nuisance norms in these scans ranged from

r = 0.56 to r = 0.85 with a mean correlation of r = 0.71 corresponding to a range of explained
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(d) Absolute Correlation values after Full and Block Regression
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Figure 4.4: (a) Histogram of correlation values obtained between the Pre DFC estimates and the
nuisance norm across all scans, seed pairs, and nuisance norms. Distribution of the correlation
values ranged from r =−0.83 to r = 0.96. (b) After regression, the correlation values ranged
from a minimum of r = −0.88 to a maximum of r = 0.86 for full regression, and from a
minimum of r = −0.89 to a maximum of r = 0.87 for block regression. (c) Histogram of
absolute correlation values between the nuisance norm and Pre DFC estimates with a sample
mean of |r|= 0.37. (d) Absolute correlation values after full and block regression with sample
means of |r|= 0.31 for full and |r|= 0.30 for block regression.
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variances from 31% to 72%. The RVf and HRf norms were significantly correlated with the DFC

estimates with per-scan p-values of p < 0.0345 for RVf and p < 0.0355 for the HRf regressors.

In Figure 4.3 and Supplementary Figure 7.8, we show additional examples for each

regressor and seed pair in cases of weak to medium positive correlations observed between the

DFC estimates and nuisance norms. Note that all qualitative examples shown in this paper are

from different scans but can be from the same subject.

In Figure 4.4a, we show the histogram of correlations between the nuisance norms and the

DFC estimates across all scans, seed pairs, and nuisance norms. The histogram includes a total of

1,656 correlation values with 1,224 belonging to the BS002 dataset (68 scans × 6 seed pairs ×

3 types of nuisance norm) and the remaining 432 from the CFMRI dataset (36 scans × 6 seed

pairs × 2 types of nuisance norm). The correlations ranged from a negative value of r =−0.83

to a positive value of r = 0.96, with a skewed distribution in which 68% of the correlations were

positive and the remaining 32% were negative. In Supplementary Figure 7.9, we present the

correlations from Figure 4.4a separated into the values for individual regressors. Figure 4.4c

shows the histogram of absolute correlation values, with a sample mean value of |r|= 0.37. The

significance of the sample mean absolute correlation value is assessed in the following section.

In Figure 4.5, we show 3 example scans to demonstrate the existence of significant
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Figure 4.5: 3 scans showing examples of strong anti-correlations between the nuisance norms
(black) and the DFC estimates both before (blue) and after full (red) and block (green) regression
. The type of nuisance regressor and the seed region pair are indicated in the column labels.
The correlation values between the DFC estimates and the nuisance norms are indicated in the
legend labels.
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anti-correlations between the Pre DFC estimates and various regressor norms. The type of

nuisance regressor and the seed region pair are indicated in the column labels. For these scans,

the correlation values were strongly negative ranging from r = −0.82 to r = −0.61 with an

increase in nuisance norm corresponding to a decrease in the DFC estimate. The nuisance norms

in these scans were significantly anti-correlated with the DFC estimates with per-scan p-values of

p < 0.001 for HRf, p < 0.0024 for WM+CSF and p < 0.0226 for the HM regressors.

As an exploratory analysis, we also assessed whether the state of the eyes (open or closed)

in the CFMRI dataset affected the relationship between the DFC estimates and the norms of the

RVf and HRf time courses. We found no significant difference (p = 0.95, two-tailed paired t-test)

in the correlations obtained between eyes open and eyes closed conditions.
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Figure 4.6: (a) Empirical null distributions for mean absolute correlation values when consider-
ing all regressors both before regression (blue) and after full regression (red) or block regression
(green). The sample mean absolute correlation values for these conditions are shown by the
circles, squares, and triangles, and are equal to the values previously reported in 4.4c-d. The
sample mean absolute correlation values were found to be significant (p < 10−6) both before
and after full or block regression. (b) Empirical null distributions and sample mean absolute
correlation values when considering only the GS regressor. There was a marked reduction in the
sample mean absolute correlation values after regression. However, the sample mean absolute
correlation values were still found to be significant (p < 10−6) both before and after nuisance
regression. (c) Empirical null distributions and sample mean absolute correlation values for
the Non-GS regressors. Sample mean absolute correlation values were found to be significant
(p < 10−6) both before and after nuisance regression.
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4.3.2 Assessing significance across the sample

We now consider whether the DFC estimates are significantly correlated with nuisance

norms across the study sample. As demonstrated in the previous section, both positive and

negative correlations can exist between the DFC estimates and nuisance norms. Taking this into

account, we focused on the absolute value of the correlation values and computed the mean of the

absolute correlation values across the sample. As described in the Methods section, we assessed

the significance of the mean absolute value using an empirical null distribution. Figure 4.6a

shows the empirical null distribution and the sample mean absolute value, which was found to be

significant with p < 10−6. Note that the sample mean absolute value indicated here is simply the

mean of the histogram of the absolute correlation values shown in Figure 4.4c. In panels (b) and

(c), we show the null distributions and sample values when considering complementary subsets

of the sample where the global signal (GS) is either included or not included, respectively, with

associated p-values of p < 10−6 for both subsets. In Supplementary Figure 7.10, similar plots are

provided for analyses with window lengths of approximately 40 and 100 seconds.

To complement our primary analysis, we also considered the extent to which the correla-

tion coefficients were significant at the per-scan level. Using the scan-specific null distributions

(see Methods), we found that 24% of the correlations between the nuisance norms and Pre DFC

estimates were significant at the p < 0.05 level and 30% of the correlation values were significant

at the p < 0.10 level. In supplementary material, Table 7.1 summarizes these findings and pro-

vides results for analysis window lengths of 40s and 100s. The results for a shorter window length

of 40s were fairly similar to that of our primary results (approximate window length of 60s).

However, we observed a slightly higher percentage of significance scans at the longer window

length of 100s.
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4.3.3 Strong correlations between DFC estimates and nuisance norms ex-

ist even when the underlying correlations between the nuisance and

seed time courses are small

In this section, we ask the question: can strong correlations between DFC estimates

and nuisance norms occur even when the nuisance time course are only weakly correlated with

the seed time courses? Figure 4.7a shows the correlations between the DFC estimates and the

nuisance norms plotted against the root-mean-squared (RMS) correlations between the underlying

nuisance and seed time courses. Each point corresponds to a specific scan, nuisance term, and
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Figure 4.7: (a) Correlation between the DFC estimate and nuisance norm versus the RMS
correlation between the raw nuisance signal and the two seed time courses. Correlation thresh-
olds are indicated by the black dashed lines such that points that lie above and below these
lines correspond to cases in which the DFC estimates are considered to be ‘strongly correlated’
(|r|> 0.5 with empirical p≤ 0.09) with the nuisance norms such that nuisance norms explain
more than 25% of the total variance in the DFC estimates. The relative density of correlations
(maximum density is normalized to 1.0) is indicated by the color map on the right-hand side.
The relative density is computed by summing the total number of data points in smaller sub-grids
and normalizing by the total number of points. (b) The blue bars show the percentage (%) of
cases in which the nuisance norms explain more than 25% of the total variance in the DFC
estimates as a function of the RMS correlation between the raw nuisance and the two seed time
courses. The red dotted line (dots are located at bin centers) shows the cumulative sum of the
percentage of strong correlations as a function of the RMS correlations. The green bars show
the percentage (%) of strong correlations that are accounted for by the GS regressor.
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seed region pair. For each point, the RMS correlation is computed by correlating the nuisance

time course with each of the two seed time courses (from the same scan) and then calculating

the RMS value (e.g. rRMS =
√

(r2
Seed1 + r2

Seed2)/2, where rSeed1 and rSeed2 are the correlation

coefficients between the nuisance time course and the first and second seed signals, respectively).

We first observe that strong correlations (points above and below the dashed lines in

Figure 4.7a) between the DFC estimates and nuisance norms exist even when the RMS correlation

between the nuisance and seed time courses is close to zero. We defined strong correlations

between the DFC estimates and nuisance norm as those correlations for which |r| > 0.5, cor-

responding to an explained variance of greater than 25%. This threshold corresponded to an

empirical p = 0.09 as assessed with the null distribution obtained by correlating the surrogate

time series across all scans and realizations. Note that the threshold we have used merely serves

as a convenient way to delineate strong correlations and its exact value is not critical. Conclusions

similar to those stated here and below would be obtained even if we increased or decreased the

threshold.

For further analysis, we binned the points according to the RMS correlation values using

a bin width of 0.05. For each RMS correlation bin, we counted the number of points in which the

nuisance norm explained more than 25% variance in the DFC estimates (i.e. number of scans

above the threshold) and then divided this count by the total number of points across all bins.

In Figure 4.7b, the blue bars indicate the percentage of strong correlations between the DFC

estimates and nuisance norms as a function of the binned RMS correlation values. The green bars

indicate the percentage of strong correlations associated with the GS regressor. The cumulative

percentage of strong correlations versus RMS correlation value is shown by the red dotted line.

We found that a large percentage of the strong correlations between the DFC estimates

and nuisance norms occurred for fairly small RMS correlation values between the raw nuisance

time course and seed signals. For example, 22% of the all strong correlations between the DFC

estimates and nuisance norms occurred for RMS values in the interval r = 0 to r = 0.15. Note
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that in this interval, the nuisance terms account for less than 2.2% of the average variance of the

seed time courses. Excluding the GS, 33% of the strong correlations between the DFC estimates

and Non-GS nuisance norms occurred in the same interval. If we expand the interval r = 0 to

r = 0.25, then 36% of the strong correlations lie within this expanded interval, corresponding to

nuisance terms that account for less than 6.25% of the average variance of the seed time courses.

Excluding the GS, 54% of the strong correlations lie within the same interval. In other words,

for 36% of the all cases and 54% of the Non-GS cases examined, the nuisance norm explains

more than 25% of the variance in the DFC estimates even though the raw nuisance time courses

explain less than 6.25% of the average variance of the seed time courses.

Overall, we have the rather surprising observation that strong correlations between the

DFC estimates and nuisance norms can exist even when the underlying nuisance terms account for

only a small fraction of the variance of the seed time courses. We present a plausible explanation

for this observation in Section 4.4.3 and examine its implications for nuisance regression later in

the text.

Finally, the green bars in Figure 4.7b show the percentage of strong correlations between

the DFC estimates and nuisance norm due to the GS regressor. This shows that the RMS

correlation values between the GS and seed signals are relatively higher as compared to the

Non-GS regressors. This is expected since the GS is computed as the average of all voxels

time courses and is expected to correlate well with the seed time courses. On the other hand,

the Non-GS regressors (difference between the blue and green bars) have fairly small RMS

correlation values with the seed time courses even though their norms can be strongly correlated

with the DFC estimates.
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4.3.4 Regression does not eliminate the relation between the DFC esti-

mates and nuisance norms

In this section, we show that full regression does not necessarily eliminate the relationship

between the DFC estimates and the nuisance norms. Revisiting Figures 4.1 and 4.2, our focus

now is on the solid red lines (Post DFC), which show the DFC estimates obtained after projecting

out the relevant nuisance regressors. The fluctuations in the Pre DFC and Post DFC estimates

in both figures are similar to each other and there is very little difference in their relationships

to the nuisance norm. In the scans shown in both figures, the mean correlation value between

the Post DFC estimates and the nuisance norms was r = 0.73, which is very close to the mean

correlation value of r = 0.76 between the Pre DFC estimates and the nuisance norms. For these

example scans, the Post DFC estimates were still significantly correlated with the nuisance norms

after nuisance regression for the WM+CSF, GS and HM regressors (p < 0.02) and also for the

RVf and HRf regressors (p < 0.04). Additional examples of Post DFC estimates are provided in

Figures 4.3 and 4.5 and Supplementary Figure 7.8.

Viewed across the entire sample, the Post DFC correlation values shown in Figure 4.4b

ranged from a minimum of r =−0.88 to a maximum r = 0.86 with a skewed distribution in which

60% of the correlations were positive and the remaining 40% were negative. The correlation

distributions were similar to the Pre DFC histograms in Figure 4.4a,b with a cosine similarity

values of S = 0.77 and S = 0.87 for the correlation and absolute correlation values, respectively.

Over the sample, the mean absolute correlation |r| was found to be significant with

p < 10−6 (see Figure 4.6a). Moreover, we found that 14% of the correlations between the

nuisance norms and Post DFC estimates were still significant at the p < 0.05 level and 22% of

the correlation values were significant at the p < 0.10 level.

To further demonstrate the relationship between the Pre and Post DFC estimates, in Figure

4.8a we plotted the correlations between the Post DFC estimates and nuisance norms versus the

133



−1 −0.75 −0.5 −0.25 0 0.25 0.5 0.75 1
−1

−0.75

−0.5

−0.25

0

0.25

0.5

0.75

1

Correlation(Pre DFC, | Nuisance |)

C
or

re
la

tio
n(

P
os

t D
F

C
, |

 N
ui

sa
nc

e 
|)

(a) Correlation between Pre/Post DFC and Nuisance Norm

 

 

(r=0.77, p<1e−06)

Linear Fit (R2=0.59)

−1 −0.75 −0.5 −0.25 0 0.25 0.5 0.75 1
−1

−0.75

−0.5

−0.25

0

0.25

0.5

0.75

1

Correlation(Post DFC, | Nuisance |)

C
or

re
la

tio
n(

B
lo

ck
R

eg
 D

F
C

, |
 N

ui
sa

nc
e 

|)

(b) Correlation between Full/Block Regression DFC and Nuisance Norm

 

 

(r=0.93, p<1e−06)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Linear Fit (R2=0.86)

Figure 4.8: (a) The correlations between the Post DFC estimates and the nuisance norms
(y-axis) versus the correlations between the Pre DFC estimates and the nuisance norms (x-axis).
Post DFC estimates were still largely correlated with the nuisance norms and there was a strong
linear relationship when compared to the correlations between the Pre DFC and nuisance norms
(linear fit shown with black solid line, R2 = 0.59, r = 0.77, p < 10−6). The relative density of
correlations (normalized to 1.0) is indicated by the color map on the right hand side. (b) The
correlations between the DFC estimates and the nuisance norms after block regression (y-axis)
and after full regression (x-axis). There was a strong linear relationship between the correlation
populations (fit shown with black solid line, R2 = 0.86, r = 0.93, p < 10−6). The correlation
distributions for full and block regression were not significantly different (paired two-tailed t-test
p = 0.86). The effect size (d = 0.0017) and the absolute difference in correlation population
means (0.0006) were negligibly small.

corresponding correlations between the Pre DFC estimates and the nuisance norms across all

scans, nuisance time courses, and seed pairs. The relative density of correlation values is indicated

with the color bar on the right hand side. There was a significant linear relationship between the

two correlation populations (r = 0.77, p < 10−6) indicating that the Post DFC estimates largely

retain the correlation with the nuisance norms that is observed in the Pre DFC estimates.
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4.3.5 Block regression is similarly ineffective in removing nuisance effects

from the DFC estimates

As an alternative nuisance removal approach, we performed block regression in which

nuisance measurements were projected out from each window separately. In Figure 4.9, we

superimposed plots of the DFC estimates after performing block regression (green lines; referred

to as Post BlockReg DFC) on the plots previously shown in Figure 4.1 for the BS002 dataset. The

correlations between the Post BlockReg DFC estimates and nuisance norms ranged from r = 0.63

to r = 0.86 with a mean correlation of r = 0.70 and per-scan p < 0.03. For the CFMRI dataset,
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Figure 4.9: Same 9 representative scans from Figure 4.1 with the DFC estimates after block
regression (solid green line) superimposed. The block regression DFC estimates were signifi-
cantly correlated (p < 0.03) with the respective nuisance norms with a mean correlation value
of r = 0.70.
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the corresponding qualitative figures for block regression results are given in Supplementary

Figure 7.11. Additional examples are provided in Figures 4.3 and 4.5 and Supplementary Figure

7.8.

Viewed across the entire sample, the Post BlockReg DFC correlation values shown in

Figure 4.4b ranged from a minimum of r = −0.89 to a maximum r = 0.87. The correlation

distributions were similar to the Post FullReg DFC histograms with cosine similarity values of

S = 0.93 and S = 0.95 for the correlation and absolute correlation values, respectively.

Over the sample, the mean absolute correlation |r| between the Post BlockReg DFC

estimates and nuisance norms across all scans was significant with p < 10−6 (see Figure 4.6a).

We also found that 14% of the correlations between the nuisance norms and Post BlockReg DFC

estimates were significant at the p < 0.05 level and 22% of the correlation values were significant

at the p < 0.10 level.

Lastly, in Figure 4.8b, we plot the correlations between the Post BlockReg DFC estimates

and the nuisance norms versus the correlations between the Post FullReg DFC estimates and

the nuisance norms. A linear fit between the two correlation populations (shown with solid

black line) revealed a significant linear relationship (R2 = 0.86, r = 0.93, p < 10−6). In addition,

the correlation distributions for full and block regression were not significantly different from

each other (p = 0.86, paired two-tailed t-test). The effect size (d = 0.0017) and the absolute

difference in correlation population means (0.0006) were negligibly small. Thus, with respect to

the relationship between the DFC estimates and the nuisance norms, block and full regression

have nearly identical effects.

In the results presented so far, we have looked at the effects of nuisance regression when

using different groups of regressors separately (e.g. WM and CSF, RVf and HRf, GS, and the 6

HM regressors). Note that multiple regression was used when there were more than one regressor

in a group. In Supplementary Figures 7.12 and 7.13, we show that similar results are obtained

when performing multiple regression with (a) WM and CSF grouped with the 6 HM regressors
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and (b) GS grouped with WM, CSF, and the 6 HM regressors.

4.4 Interpretation

4.4.1 Nuisance effects on correlation estimates

In Section 4.3.1, we showed that DFC estimates can be related to the norms of various

nuisance terms. Here, we aim to provide an intuitive understanding of how this relationship might

arise. We use simple toy examples to demonstrate the key principles and to establish concepts

that will be further developed in the Theory section. In the toy examples, we represent time series

as vectors in a low-dimensional (2D or 3D) space, such that the correlation between time series is

simply the cosine of the angle between the vectors. For all of the examples, we will assume that

there is a set of two underlying vectors with a fixed angle across time windows, corresponding to

an idealized case in which the windowed correlation between two time series is fixed across time.

Then, we examine what happens when a nuisance term is added to the underlying vectors. Note

that due to considerations of simplicity and mathematical tractability, we restrict our presentation

to the case of a single nuisance regressor in both this section and the following Theory section.

4.4.2 2D Examples

Positive correlations (Aligned Case)

We begin with a simple 2D toy example in which an additive nuisance term points in the

same general direction as the underlying vectors. The underlying vectors are depicted with green

vectors and denoted as y1 and y2 in Figure 4.10a for 5 consecutive windows (k through k+4).

The angle between the vectors is fixed at an angle of 135◦, such that the correlation is r =−0.70

for each window. We consider an additive nuisance term pointing along the horizontal axis with a

norm that varies across windows (indicated by the red vectors and denoted as nk through nk+4).
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Figure 4.10: The relationship between the DFC estimates and the nuisance norms under an
additive nuisance model. We present two cases indicated as the (a) aligned case and the (b)
anti-aligned case. In the first row in (a), we simulate a set of fixed underlying vectors y1 and
y2 across 5 windows (green arrows). The nuisance vectors nk have different norms in each
window (red arrows). The observed time courses x1,k and x2,k in the second row (shown with
blue arrows) are the sum of the corresponding underlying vectors (y1 and y2) and the nuisance
vector nk. In the last row in (a), the simulated DFC estimates (cosθk, solid blue line) follows the
norm of the nuisance term (|nk|, solid red line). The aligned case shows that an increase in the
norm of a nuisance vector that points in the direction of the underlying signals decreases the
inner angle between the observed time courses and increases the value of DFC estimates. The
anti-aligned case in (b) shows that an increase in the norm of a nuisance vector, that points in a
direction opposite to that of the underlying signals, can decrease the DFC estimate and lead to
anti-correlation between the nuisance norm and the DFC estimate.

138



In this example, the nuisance vectors nk are aligned with the underlying vectors y1 and y2,

meaning that the inner products (yT
1 nk > 0 and yT

2 nk > 0) are positive. The sum of the underlying

vectors and additive nuisance terms yields the observed time series as shown by the blue vectors

in the second row of Figure 4.10a and denoted as x1,k and x2,k. The angle between the observed

vectors (shown with θk) varies with the nuisance norm, with smaller angles observed for larger

nuisance norms. In the last row of Figure 4.10, we plot the correlation between the observed

signals (cosine of the angle between observed signal vectors) and the nuisance norm across

windows. There is a strong relationship (r = 0.98) between the window correlation values and

the nuisance norm. This simple example shows how variations in the norm of a nuisance term

may induce variations in the windowed correlation estimates that are highly correlated with the

norm of the nuisance term.

Anti-correlations (Anti-aligned Case)

As noted in Section 4.3.1, the DFC estimates can sometimes be anti-correlated with

the nuisance norms. To see how this might arise, we consider the ‘anti-aligned’ case shown in

Figure 4.10b. In contrast to the aligned case discussed above, the nuisance vector points in a

direction opposite to the average direction of the underlying signals, such that the corresponding

dot products (yT
1 nk < 0 and yT

2 nk < 0) are negative. In this example, the correlation between y1

and y2 is fixed at a value of r = cos37◦ = 0.80.

The addition of the anti-aligned nuisance vector leads to cancellation of vector components

along the horizontal axis. As a result, the angle between the observed vectors x1,k and x2,k in

the second row tends to increase as the nuisance norm increases. Taking the cosine of the angle

between the observed vectors to obtain the correlation estimates, we find that the correlation

values are anti-correlated (r =−0.98) with the nuisance norm, as shown in the third row of Figure

4.10b. This simple example shows that an additive nuisance term can induce variations in the

windowed correlation estimates that are anti-correlated with the nuisance norm.
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We should note that if the nuisance norm becomes extremely large for the anti-aligned

case, the observed vectors can be dominated by the nuisance term in a manner that can cause the

nuisance norm to be positively correlated with the resulting DFC estimates (see the first three

windows nk through nk+2 in Supplementary Figure 7.14 for an illustration). It is possible that this

mechanism may contribute to the positive skew observed in the correlation histograms in Figure

4.4a-b. However, in the absence of ground truth it is not currently possible to make any definitive

conclusions in this regard. In general, the extent to which a nuisance term induces positive or

negative correlations between the correlation estimates and the nuisance norm depends on both

the angle between the underlying vectors and the relative direction and magnitude of the nuisance

vector.

Finally, in Supplementary Figure 7.14 we present a last 2D example in which the rela-

tionship between the DFC estimates and nuisance norms exhibits both positive and negative

correlations such that the overall observed correlation is r = 0. The nuisance norm is extremely

large in the first three windows (k through k+ 2) and dominates over the underlying vectors

such that the nuisance norm is positively correlated with the resulting DFC estimates. The

nuisance norm then becomes much smaller in the last two windows (k+3 and k+4) so that the

nuisance term is no longer able to dominate over the underlying vectors and the nuisance norm is

anti-correlated with the resulting DFC estimates. Because of this varying relationship between

the DFC estimates and nuisance norms, the observed correlation across all windows is equal to

r = 0 even though there is a clear effect of the nuisance term on the observed vectors. In general,

the relationship between DFC estimates and nuisance norms will exhibit a highly variable and

complex behavior across different scans, such that there are many other possible scenarios (in

addition to the simple one presented here) that could be used to explain the observation of small

correlations between DFC estimates and nuisance norms.
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4.4.3 Extension to 3D with addition of an orthogonal nuisance component

In the 2D examples discussed so far, the nuisance term was completely within the 2D

plane spanned by the observed vectors. We now expand the example to 3D by including an

additional nuisance component that is orthogonal to the 2D plane, such that the overall nuisance

term is the sum n = nI +nO of an in-plane component nI that lies in the subspace spanned by the

observed vectors x1 and x2 and an orthogonal component nO that is orthogonal to the subspace.

In Figure 4.11, we have constructed the observed signals (blue vectors in the first row)

using the fixed vectors and in-plane nuisance components previously used in the 2D example

of Figure 4.10a. We then modify the nuisance terms by adding orthogonal components, such

that the overall nuisance terms (red vectors) have both in-plane and orthogonal components.

We construct the orthogonal component in each window such that its norm is proportional to

the norm of the in-plane component (i.e. |nO,k| ∝ |nI,k|). Here, it is useful to define a metric

|nO|2/(|nI|2 + |nO|2) = |nO|2/|n|2 that reflects the relative fraction of nuisance energy that lies in

the orthogonal component. The orthogonal nuisance fraction is equal to 1.0 when the nuisance

component is completely orthogonal to the observed signal subspace and is equal to 0.0 when the

nuisance component lies within the subspace. For this example, the orthogonal nuisance fraction

(indicated by the black dots in the fourth row) is relatively large and fairly constant with a mean

value of 0.94.

The resulting 3D example has several important properties. First, the Pre DFC estimates

(blue dots in the third row) exhibit a strong correlation (r = 0.98) with the nuisance norm (red

dots), similar to that previously shown for the 2D example in Figure 4.10a. This is because (1) the

observed signals are the same in the 2D and 3D examples and (2) by construction the nuisance

norm of the 3D nuisance term scales with the norm of the in-plane component.

Second, because the orthogonal nuisance fraction is relatively large, the underlying

correlations between the nuisance terms and the observed vectors (i.e. cosine of the angle between

the red and blue vectors) are relatively small as shown by the red and blue curves in the fourth
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row. Thus, this example is consistent with the empirical findings discussed in Section 4.3.3: a

strong correlation between the Pre DFC estimates and the nuisance norms can exist even when

the correlation between the nuisance and seed signals is small and the orthogonal fraction is high.

Third, linear regression has a minimal effect in this example, such that the signal vectors
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Figure 4.11: Linear regression can fail to eliminate the relationship between the nuisance norm
and the DFC estimates due to a large degree of orthogonality between the nuisance measurement
and fMRI time courses. The observed signals (blue vectors) were obtained using nuisance terms
(red vectors) for which the in-plane nuisance components are the same as those previously
used in Figure 4.10a. The Pre DFC estimate (blue line) is highly correlated (r = 0.98) with
the nuisance norm (red line) . The nuisance term also has a large orthogonal nuisance fraction
(indicated by the black dots in the fourth row) with a mean value of 0.94. Therefore, linear
regression has a minimal effect and Post DFC estimates (green line) are also highly correlated
(r = 0.98) with the nuisance norm. The correlations between the nuisance term and the observed
vectors (red and blue lines in bottom row) are relatively weak. Note that for display purposes, the
orthogonal axes (vertical) in the top 2 rows are compressed (×0.7) with respect to the in-plane
axes.
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after regression (blue vectors in the second row) are similar to the original observed signals (blue

vectors in the first row). Note that to simplify the presentation, we have used block regression to

obtain the Post DFC estimates. The resultant Post DFC estimates (shown with solid green line

and diamond markers in the third row) are also highly correlated (r = 0.98) with the nuisance

norm. This is consistent with the empirical findings from Sections 4.3.4 and 4.3.5 that nuisance

regression can have a minimal effect on the relation between the DFC estimates and the nuisance

norms.
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Figure 4.12: The scan-averaged orthogonal nuisance fraction |nO|2/|n|2 versus the percent
variance explained by the raw nuisance regressors (squared RMS correlation values from Figure
4.7). As shown by the black least squares line, the orthogonal fraction decreases in a linear
fashion (R2 = 0.79) with increasing percent variance. The relative density of values (maximum
density is normalized to 1.0) is indicated by the color map on the right-hand side.
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To aid in relating the orthogonal nuisance fraction to the experimental results, Figure

4.12 plots the orthogonal fraction values (averaged over each scan) versus the average percent

variance in the seed time courses that is explained by the nuisance regressors (computed as the

square of the RMS correlation values previously shown in Figure 4.7). As the average percent

variance explained increases, the fraction of the nuisance term energy that is orthogonal to the

plane spanned by the observed time series decreases. As noted in Section 4.3.3, 36% of the

strong correlations between the DFC estimates and nuisance norms occurred when the percent

variance explained was less than 6.25%. Using the linear fit shown in Figure 4.12, this percentage

corresponds to orthogonal nuisance fractions greater than 0.80, consistent with our use of a large

orthogonal fraction in the example.

4.4.4 Regression effects depend on the orthogonal nuisance fraction

In this section, we present a 3D example to demonstrate how the effects of regression

depend on the orthogonal nuisance fraction. In each of the 5 cases shown in Figure 4.13 the

nuisance vector n has different orientations with respect to the 2D subspace spanned by the

observed signals x1 and x2. The orthogonal fraction starts at 1.0 for Case 1 and then decreases to

0.0 for Case 5, with intermediate values for the other cases. The correlation between the observed

time courses is fixed at r = 0.78 for all of the cases. In the middle column, we show the vectors

(denoted as x̃1 and x̃2) after nuisance regression.

When the orthogonal fraction is 1.0 (Case 1), the nuisance vector is completely orthogonal

to the space spanned by the observed signals, and therefore the regression coefficient between

the nuisance vector and each observed signal is zero. As a result, linear regression has no effect,

and the post regression signals are identical to the observed signals. Consequently, for Case 1 the

post regression correlation value is equal to the pre regression correlation value, as shown in the

rightmost plot in Figure 4.13 as the intersection between the red dot and the horizontal green line

representing r = 0.78.
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When the orthogonal fraction is 0.0 (Case 5), the nuisance vector lies completely in the

plane spanned by the observed time courses. After regression, the vectors x̃1 and x̃2 must point in

opposite directions in order to achieve orthogonality to the in-plane nuisance term. As a result,

the correlation between the post regression time courses will be −1. (Note that if the nuisance

term n is in-plane but lies outside of the inner angle formed by x1 and x2 then regression will

force x̃1 and x̃2 to point in the same direction and the correlation will be forced to be +1. In the
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Figure 4.13: The effect of linear regression on cosine of angle between two vectors. We illustrate
5 cases for the same observed fMRI time courses with a fixed correlation value (r = 0.78; as
shown with the green solid line) and a variable nuisance component. In Case 1, the nuisance
vector is orthogonal to the observed vectors and the orthogonal nuisance fraction (|nO|2/|n|2)
is 1.0, in which case regression has no effect on the pre regression correlation values. Thus,
the post regression correlation value is also r = 0.78 as shown with the red marker. In Case
5, nuisance vector lies within the observed vectors with |nO|2/|n|2 = 0 and post regression
correlation value is −1.0 regardless of the pre regression correlation value. For Cases 2, 3, and
4, the fraction |nO|2/|n|2 takes on intermediate values, such that the difference between the pre
and post values increases as the orthogonal fraction decreases. The blue line represents the
theoretical values obtained from Eq. (4.2).
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Appendix, we refer to this as the complementary case).

For the remaining cases, the post regression correlation values vary as a function of the

orthogonal nuisance fraction as shown by the red circles on the right hand side of Figure 4.13. The

green line in the plot indicates the pre-regression signal correlation values (r = 0.78), which are

independent of the fraction. Cases with a larger orthogonal nuisance fraction have post regression

correlation values that tend towards the pre regression correlation value of r = 0.78, whereas

cases with a smaller orthogonal nuisance fraction have post regression correlation values that tend

towards −1. The blue line in the plot shows the theoretical relation between the post regression

correlation values and the orthogonal nuisance fraction. This relation is discussed in greater detail

in the Theory section.

Overall, we see that when the orthogonal nuisance fraction is relatively high (e.g. greater

than 0.5), the difference between the pre and post regression DFC estimates (distance between

blue and green lines) will be relatively small. The exact bound on this difference (over all possible

pre-regression correlation values) is provided in the Theory section, where it is also shown that

most nuisance regressors lie within the high orthogonal fraction regime and therefore exhibit a

small difference between the pre and post regression DFC estimates. The primary exception is

the global signal, which provides the motivation for our next example.

4.4.5 DFC estimates after regression with smaller orthogonal nuisance

term

In this subsection, we consider a second example in which the orthogonal nuisance

fraction is relatively modest with a mean value of 0.47 across windows, as shown with the black

line with circles in the fourth row of Figure 4.14. As discussed further in the Theory section,

this value for the orthogonal nuisance fraction is consistent with what is observed for the global

signal nuisance term. In this case, linear regression has a noticeable effect as can be seen by the

difference between the original signal vectors (blue vectors in the top row) and the post regression
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vectors (blue vectors in the second row). Regression moves the post regression correlation values

away from the pre regression correlation value towards −1.0, similar to Cases 2 and 3 in Figure

4.13. However, since the orthogonal nuisance fraction is relatively constant across windows, the

difference between the Pre and Post DFC estimates is also fairly constant. As shown in the third

row in Figure 4.14 the Post DFC estimates can be approximated as a shifted version of the Pre
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Figure 4.14: Toy example illustrating how linear regression can fail to eliminate the relationship
between the nuisance norms and the DFC estimates when the nuisance orthogonality is weak.
Similar to the first toy example in Figure 4.11, the in-plane nuisance components are the same
as those previously used in Figure 4.10a, however, the orthogonal part of the nuisance term in
this example is much smaller as compared to Figure 4.11. Therefore, linear regression has a
noticeable effect on the DFC estimates. Since the orthogonal nuisance fraction is fairly constant
across windows, the difference between the Pre and Post DFC estimates is also fairly constant.
As the correlation coefficient is invariant to constant offsets, the correlation between the nuisance
norm and Pre DFC estimate (r = 0.98) is essentially the same as the correlation between the
nuisance norm and the Post DFC estimate (r = 0.99).
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DFC estimates. Because correlation is invariant to constant offsets, the correlation (r = 0.99)

between the Post DFC estimates with the nuisance norm is essentially the same as the correlation

(r = 0.98) between the Pre DFC estimates and the nuisance norm. The construction of the toy

example is consistent with our overall observation of a fairly constant difference between the

Pre and Post DFC estimates obtained after GS regression. A real example scan with slightly

smaller but confined orthogonal nuisance fraction is shown in the second row of Figure 4.15 for

GS regression. In Section 4.5.3 we provide additional empirical and theoretical results regarding

this effect.

The correlations between the observed signals and the nuisance terms are shown with

the blue square and red dotted lines in the fourth row of Figure 4.14, with values ranging from

r = 0.44 to r = 0.70. Consistent with the smaller orthogonal fraction in this example, these

correlations are higher than those observed in the example shown in Figure 4.11. The range of

correlation values used in this example is consistent with the range of RMS correlations that

is empirically observed for scans, in which the DFC estimates and GS norm are significantly

correlated. Specifically, as shown by the green bars in Figure 4.7b, the empirical correlations

range from r = 0.25 to r = 0.89 with a mean of r = 0.59.

In concluding the Interpretation section, it is important to note that the toy examples con-

sidered here are designed to provide a basic level of intuition that can be helpful for understanding

both the empirical findings in the Results section and the theoretical expressions which will be

presented in the Theory section. While the examples shown here demonstrate behavior similar to

that observed in the experimental data, they are by no means exhaustive and alternative examples

might be useful to consider in future work.
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4.5 Theory

4.5.1 The DFC estimate after block regression

In this section, we provide the expression for the DFC estimate after block regression.

The detailed steps of this derivation can be found in 4.7.1. Dropping the window index subscript

k for simplicity, the correlation coefficient after block regression for a single window is given by:

r̃ =
x̃T

1 x̃2

|x̃1||x̃2|
=

xT
1 x2−

|nI|2

|n|2
xT

1 PnI x2

|x1||x2|

√
1− |nI|2

|n|2
xT

1 PnI x1

|x1|2

√
1− |nI|2

|n|2
xT

2 PnI x2

|x2|2

(4.1)

where x1 and x2 are the time course column vectors prior to regression, x̃1 and x̃2 are the time

course column vectors after regression, n and nI are the nuisance term column vector and the

in-plane component (also a column vector), respectively, and PnI denotes the projection matrix

onto the in-plane nuisance component.

This can rewritten as

r̃ = λr+O (4.2)

where r = xT
1 x2/(|x1||x2|) is the correlation coefficient before regression and the scaling λ and

offset O terms are defined as

λ =
1√

1− |nI|2

|n|2
xT

1 PT
nI

x1

|x1|2

√
1− |nI|2

|n|2
xT

2 PnI x2

|x2|2

(4.3)

O =−λ
|nI|2

|n|2
xT

1 PnI x2/(|x1||x2|) . (4.4)

As the orthogonal component nO becomes arbitrarily large compared to the in-plane component
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nI , then the orthogonal fraction
|nO|2

|n|2
→ 1 and the term

|nI|2

|n|2
=

(
1− |nO|2

|n|2

)
→ 0. In this case,

the scaling term λ→ 1 and the offset term O→ 0, such that the correlation coefficient after

regression approaches the pre-regression value r̃→ r. This corresponds to Case 1 in Figure 4.13.

On the other hand, when the orthogonal component becomes arbitrarily small and the

orthogonal nuisance fraction
|nO|2

|n|2
→ 0, it can be shown that r̃ approaches either −1.0 or 1.0

(see Eq. (4.29) in the Appendix). When the terminal value is −1.0, this corresponds to Case 5

in Figure 4.13. For intermediate values 0 <
|nO|2

|n|2
< 1 of the orthogonal nuisance fraction, the

correlation coefficient r̃ takes on values between −1 and r, corresponding to Cases 2 through 4.

4.5.2 A mathematical bound on the change in DFC using block regression

Here, we consider the difference ∆DFC = r̃− r between the correlation coefficients

obtained before and after block regression. In 4.7.2, we show that this quantity is bounded as

follows:

|∆DFC| ≤ 2

(
1−
√
|nO|2/|n|2

1+
√
|nO|2/|n|2

)
(4.5)

As an example of this bound, in the second column of Figure 4.15 we plot ∆DFC versus the

orthogonal nuisance fraction
|nO|2

|n|2
for WM regression (first row) and GS regression (second row)

applied separately to two representative scans. Consistent with the discussion in the previous

sections, when the orthogonal nuisance fraction
|nO|2

|n|2
is close to 1.0, the theoretical bound (black

dashed line) approaches 0.0. Consequently, the post regression correlation coefficients for the

WM signal in the first column of Figure 4.15 are constrained to be close to the pre regression

coefficients.

On the other hand, as the orthogonal nuisance fraction
|nO|2

|n|2
approaches zero, the theoret-

ical bound relaxes and approaches ±2. This corresponds to the case where the post regression

correlation coefficient approaches either −1.0 or 1.0. Since the pre regression correlation coef-
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Figure 4.15: Two representative scans that demonstrate the theoretical bounds on ∆DFC. In
the first column, we show the DFC estimates obtained between the PCC and IPS seeds. In
these scans the DFC estimates show a large degree of correlation with the norm of the WM
time course (r = 0.66) in the first row, and with the norm of the GS time course (r = 0.7) in
the second row. Performing full or block regression does not reduce these correlations and
the correlations are larger than 0.7 after each regression technique. In the second column, we
show the ∆DFC values versus the orthogonal nuisance fraction for the WM and GS regressors.
Each point in these plots corresponds to the orthogonal nuisance fraction and ∆DFC values in a
specific window. We also superimpose the theoretical bounds. For the WM nuisance term, the
effects of regression are limited by the tight bound imposed by the large orthogonal nuisance
fractions. For the GS nuisance term, the bounds are more relaxed due to the smaller orthogonal
nuisance fraction. However, the ∆DFC values are clustered around −0.5 and the difference
between the Pre DFC and Post DFC values in the first column is also fairly constant. Thus, the
Post DFC values remain correlated with the nuisance norms after GS regression.
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ficient is bounded between −1.0 and 1.0, the maximum absolute difference in coefficients is 2,

consistent with the theoretical bound on |∆DFC|. The post regression correlation coefficients for

the GS signal in the first column of Figure 4.15 have a noticeable negative offset when compared

to the pre regression coefficients.

To demonstrate the general validity of the bound, in Figure 4.16, we plot ∆DFC versus the

fraction
|nO|2

|n|2
for six different nuisance regressors using the data from all scans and different seed

pairs. For head motion (HM), the nuisance regressor was defined as the first principal component

of the 6 motion regressors. All of the empirical DFC differences are found to lie within the

theoretical bounds. For WM, CSF, HM, RVf, and HRf regressors, the mean of the orthogonal

fractions ranged between 0.78 and 0.83, reflecting the fact that for most of the data windows there

is a large orthogonal fraction and a fairly tight bound on ∆DFC such that mean difference between

the pre and post regression values is small, ranging from −0.049 to −0.0065. In contrast, for the

GS regressor, the mean orthogonal fraction is 0.47, and so the data for most of the windows lie in

a range where the bounds on ∆DFC are not as tight and the mean difference between pre and post

regression values is −0.26. The smaller orthogonal nuisance fraction observed for GS reflects

the fact that it is derived as the mean of all the voxel time courses in the brain and therefore is

expected to exhibit a greater similarity (and hence a greater in-plane component) with the seed

voxel time courses, as compared to the other regressors.

4.5.3 Approximate Constant Offset observed in ∆DFC for GS regression

In both the previous section and Section 4.4.5, we noted that GS regression resulted in a

relatively constant difference ∆DFC between the Pre and Post DFC values. In addition, we can

see from the upper left-hand panel in Figure 4.16 that the per-window ∆DFC values with GS

regression are clustered close to the lower bound.

To further investigate this effect, we computed the mean and standard deviation of the

∆DFC values for each scan. We also computed the mean lower theoretical bound for each scan
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Figure 4.16: ∆DFC versus the fraction
|nO|2

|n|2
for six different nuisance regressors (from left

to right and top to bottom: GS, WM, CSF, HM, RVf, and HRf) using the data from all scans.
Each point in a given plot corresponds to a single window. The theoretical bounds for block
regression are shown with the dashed black lines. The empirical ∆DFC values were found to lie
within the theoretical bounds. For WM, CSF, HM, RVf and HRf regressors, the mean of the
orthogonal fractions ranged between 0.78 and 0.83. In this region, the bounds are fairly narrow
such that the mean differences between the pre and post regression values were small, ranging
from −0.049 to −0.0065. For GS, the mean orthogonal fraction was 0.47 and the bounds on
∆DFC were not as tight. However, the the ∆DFC values were clustered about a mean value
of −0.26 and closely followed the lower bound. Note that the relative density of data points
(maximum density is normalized to 1.0) is indicated by the color map on the right-hand side of
each plot.
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Figure 4.17: (a) Mean ∆DFC versus scan-averaged theoretical bound. Data for GS and non-GS
regressors are indicated by the circle and square markers, respectively. For GS regression, the
linear fit (magenta line, R2 = 0.79, Slope = 0.78) is close to the line of unity (dashed green
line). For non-GS regressors, the linear fit is indicated by the black line and most values occur at
small ∆DFC values. (b) Negative Standard Deviation (NSD) of ∆DFC (over each scan) versus
the mean theoretical bound. For GS regression, both the slope of the best fit line (magenta line,
R2 = 0.38, Slope = 0.2) and the magnitude of the NSD values are considerably lower than the
slope and magnitudes observed for the mean ∆DFC values. The relative density of data points
(maximum density is normalized to 1.0) is computed for GS and non-GS data separately and
indicated by the color map on the right-hand side.

by computing the lower bound for each window and then averaging over windows. Figure 4.17a

plots the mean ∆DFC values versus the mean theoretical bounds, with the data for GS and non-GS

regressors indicated by the circle and square markers, respectively. The line of unity is indicated

by the dashed green line. Due to the additive property of inequality, the mean bound is strict

so that all points must lie above this line. A linear fit to the GS data is shown with the magenta

line (R2 = 0.79, Slope = 0.78), which is fairly close to the line of unity. This indicates that the

mean ∆DFC values after GS regression approximately follow the mean theoretical bound over a

large range of ∆DFC values. In contrast, the mean ∆DFC values shown for the non-GS regressors

are relatively small, consistent with the large orthogonal nuisance fractions observed for these

regressors in Figure 4.16.

In Figure 4.17b, we plot the negative standard deviation (NSD) of ∆DFC for each scan
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versus the average bound, where the standard deviation is negated for display purposes. Note

that in contrast to the mean ∆DFC values, there is no requirement that these points lie above the

line of unity (dashed green line). The slope of the linear fit for GS (Slope = 0.2, magenta line) is

much smaller than the slope of 0.79 observed for mean ∆DFC in Figure 4.17a. In addition, the

magnitudes of the SD values are significantly smaller than the magnitudes of the mean ∆DFC

values (p < 10−6, paired t-test). Thus, the primary effect of GS regression is to induce a negative

offset in the mean of the DFC estimates accompanied by a relatively smaller change in the DFC

fluctuations about the mean. As a result, the Post DFC estimates after GS regression can be

approximated to first order as a shifted version of the Pre DFC estimates and will therefore largely

retain the correlation with the nuisance norm. An example of this limitation was previously shown

in the GSR example in the second row in Figure 4.15.

4.5.4 DFC estimates after full regression

In the Results section we have shown that effects of block regression and full regression on

the DFC estimates were very similar. Here, we present the expression for the DFC estimate after

full regression as a modified version of the expression obtained for block regression. The main

difference between the two approaches is that the regression fit coefficients for full regression are

computed from the entire time series data, whereas the fit coefficients for block regression are

computed using only the data in the window of interest. However, it important to note that both

approaches subtract out a scaled version of the nuisance term in the window of interest.

As derived in 4.7.3, the correlation coefficient after full regression for the kth window can
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be written as:

x̂T
1,kx̂2,k

|x̂1,k||x̂2,k|
=

xT
1,kx2,k− [1− γ1,kγ2,k]

|nI,k|2

|nk|2
xT

1,kPnI,kx2,k

|x1,k||x2,k|

√
1− [1− γ2

1,k]
|nI,k|2

|nk|2
xT

1,kPnI,kx1,k

|x1,k|2

√
1− [1− γ2

2,k]
|nI,k|2

|nk|2
xT

2,kPnI,kx2,k

|x2,k|2

(4.6)

where the hat notation is used to refer to time courses after full regression, and γ1,k and γ2,k are

scalar correction terms that account for the difference between full and block regression. When

these correction terms are zero, the expressions for block and full regression are identical.

The correction terms γ1,k and γ2,k are empirically determined and vary with the specific

features of the signal and nuisance time series. Thus, in contrast to the block regression, it is

challenging to derive theoretical bounds on ∆DFC for the full regression case. However, as shown

in Figure 4.18, the empirical values of ∆DFC for full regression are largely within the theoretical

bounds obtained for block regression. This is consistent with the empirical similarity of the DFC

estimates obtained after block and full regression.

The correction term for a time course x1 is given in 4.7.3 as γ1,k =
β1,F −β1,k

β1,k
, where

β1,F is the regression fit coefficient using full regression and β1,k is the per-window fit coefficient.

As defined, the correction term γ1,k blows up for very small β1,k values. However, in practice

this term is actually multiplied by β1,k (see Eq. (4.45)), so that it is sufficient to consider the

difference between the fit coefficients m1,k = β1,F −β1,k. Similarly, for the second time series x2,

we may consider the difference term m2,k. Note that as m1,k, m2,k, and the product term m1,km2,k

go to zero, then γ1,k, γ2,k, and the product γ1,kγ2,k all approach zero, and full regression and block

regression become identical operations. To provide examples of the behavior of these differences,

Supplementary Figure 7.15 shows that m1,k and m1,k as well as the product m1,km2,k are centered

around zero for the GS and WM regressors.
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Figure 4.18: The empirical ∆DFC versus the
|nO|2

|n|2
fraction for the same six nuisance regressors

used in Figure 4.16. This time full regression was performed to obtain the empirical values
but the same bounds are taken from the block regression derivation. The empirical values of
∆DFC for full regression are largely within the theoretical bounds obtained for block regression,
consistent with the empirical similarity of the DFC estimates obtained after block and full
regression. Note that the relative density of data points (maximum density is normalized to 1.0)
is indicated by the color map on the right-hand side of each plot.
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4.6 Discussion

4.6.1 Summary

We have shown that sliding window correlation DFC estimates can be strongly and sig-

nificantly correlated with the sliding window norms of various nuisance measurements. This

relationship between the DFC estimates and the nuisance norms can exist even when the correla-

tions between the underlying nuisance and seed time courses are relatively weak. Moreover, we

found that significant correlations between the DFC estimates and nuisance norms can persist

even after performing nuisance regression. We derived mathematical expressions to describe

the effects and limitations of nuisance regression on DFC estimates and demonstrated that the

empirical results lie within the theoretically predicted bounds.

Based on our empirical and theoretical findings, we identified two main mechanisms for

the inefficacy of nuisance regression. First, as shown in Figure 4.7, the DFC estimates can be

strongly correlated with the nuisance norms even when the underlying correlation between the

nuisance terms and the seed signals is relatively low. As a result, for most cases a large fraction of

the nuisance term is orthogonal to the subspace spanned by the seed signals. This greatly reduces

the efficacy of nuisance regression, such that the difference between the Pre and Post DFC values

is relatively small and the relation between the DFC estimates and nuisance norms is largely

unaffected. We observed this major limitation of nuisance regression particularly for WM, CSF,

RVf, HRf, and HM regressors as demonstrated in Figure 4.16.

The second mechanism applies primarily to the GS nuisance term which has a smaller

orthogonal nuisance fraction. The reduced orthogonal nuisance fraction reflects the fact that the

GS is computed as the average of the BOLD time courses across the brain and will therefore

tend to have a higher correlation with the seed time courses. As shown in Figure 4.17, the

mean ∆DFC values observed for GS regression closely follow the mean theoretical bound, which

approaches -1 as the orthogonal fraction approaches zero. In contrast, the standard deviations of
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the ∆DFC values exhibit a much weaker dependence on the orthogonal fraction. As a result, the

Post DFC estimates after GS regression can be approximated to first order as a shifted version of

the Pre DFC estimates, as illustrated in the second row of Figure 4.15 for a representative subject.

Because the Post DFC estimates largely retain the fluctuations in the Pre DFC estimates, they

will also retain the correlation with the nuisance norm. Although this mechanism is most often

observed for the GS nuisance term, it can sometimes be observed for WM and CSF nuisance

terms (e.g. upper righthand panel in Figure 4.9) in which partial volume effects with gray matter

can make the WM and CSF nuisance terms to behave more like the GS.

4.6.2 Nuisance effects in DFC studies

It has been previously noted that nuisance effects might account for a significant portion

of the fluctuations in DFC estimates [56, 57]. The effects may be especially pronounced for

sliding window DFC estimates since transient nuisance effects can greatly alter the correlation

estimates within a short temporal window [56]. [144] looked at the inter-subject correlation

between measures of motion and DFC variability, but did not find a significant relation. They

also found that intra-subject correlations between sequences of motion-based and DFCs-based

deviations were not significant. However, they did not consider the intra-subject correlation

between DFC estimates and motion nuisance norms, as was done in this study.

[203] found that dynamic fluctuations in network degree were significantly correlated

with the spectral power of end-tidal CO2 and heart rate measurements. Since the network degree

calculated in that study was based on the summation of DFC magnitudes, these findings are

roughly consistent with our observation of a significant correlation between the DFC estimates

and the norms of the RVf and HRf regressors.

[215] used multivariate kurtosis to assess deviations from constant covariance and found

that the removal of high-motion frames reduced the observed kurtosis. They concluded that a

significant portion of the resting state functional connectivity dynamics could be attributable to
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subject motion.

[204] reported that measures of instantaneous BOLD variance (averaged over the entire

brain) were significantly correlated with instantaneous average correlation (over all pairwise

correlations). These results are consistent with our findings of significant correlations between

DFC estimates and the GS norm. A distinction is that the GS norm is the magnitude of an

average signal whereas the instantaneous BOLD variance was calculated as the average across

variances from different regions. However, prior work has shown that these two measures are

highly related [160, 162].

A key finding of this paper is that DFC estimates can be significantly correlated with the

nuisance norms even when the underlying nuisance time courses are largely orthogonal to the

observed seed time courses. As discussed in the Interpretation section, one plausible scenario that

can give rise to this effect is the presence of an additive nuisance term consisting of time-varying

in-plane and orthogonal terms, where the magnitudes of the two terms are roughly in sync and

the magnitude of the orthogonal term is much larger than that of the in-plane term. Under this

scenario, the time-varying in-plane component can cause DFC fluctuations in the observed vectors

(since it affects the inner-angle between the observed vectors) even when the correlation of the

putative underlying signal vectors (which are not observed) remains constant. Because of the

assumed relation between the in-plane and orthogonal terms, the resulting DFC fluctuations are

correlated with the overall nuisance norm. In addition, because the in-plane term is much smaller

than the orthogonal term, the overall nuisance term exhibits a weak correlation with the observed

vectors. It is important to note that while this plausible scenario provides some insight into the

empirical observations and helps to motivate the theoretical findings, it is by no means intended to

serve as a “model” of the data. The modeling of nuisance effects in fMRI is still an area of active

investigation [202, 205] and future work will be needed to more fully characterize the impact

of nuisance terms on DFC estimates. Such efforts are likely to require a consideration of the

non-linear and non-stationary aspects of the underlying signals [56, 216].
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4.6.3 Efficacy of Nuisance regression in DFC studies

Although nuisance regression is widely performed in DFC studies [56, 57], its effects on

DFC estimates have received relatively little attention. [203] reported that regression reduced but

did not eliminate the correlation between dynamic measures of network degree and measures of

heart rate and respiratory spectral power. These findings are aligned with our results showing

that regression has a limited effect on the correlation between DFC estimates and HRf and RVf

nuisance norms.

In recent work, [207] found that global signal regression (GSR) had a maximal impact

on DFC estimates in temporal windows where the GS mean absolute magnitude was large and

a lesser impact in windows where the magnitude was small. They interpreted their findings

using the framework introduced in [54], where it was shown that GSR can be approximated as a

temporal down-weighting process. The authors noted that the main effect of GSR was a spatially

heterogenous negative shift in the sliding window correlation values, an observation consistent

with the predominantly negative ∆DFC values found in this study (see the upper righthand panel

in Figure 4.16). However, in contrast to our study, the authors did not consider the relationship

between the DFC estimates and the GS norm.

There is related work for static FC studies regarding the inefficacy of nuisance regression

[64, 173, 185, 217]. For instance, [173] observed that frame-wise displacement (FD), a summary

measure for head motion, remained highly related with resting-state fMRI time courses even after

HM regression. As we have discussed in detail, the efficacy of nuisance regression increases as the

orthogonal nuisance fraction decreases. Due to the inverse relationship between the orthogonal

fraction and the percent variance explained (see Figure 4.12), this means that the efficacy of

regression will decrease as the amount of variance that can be explained by the nuisance regressors

decreases. [64] found that RVf and HRf regressors together explained only 15.8% of the average

total variance in voxels which showed a significant correlation between the BOLD time series and

nuisance regressors, and the RVf regressor explained only 11.7% of the average total variance
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when used on its own. This is roughly in-line with the results shown in Figure 4.7 where the

percent variance values observed for non-GS regressors were largely below 20%, with 54% of

the strong correlations between the DFC estimates and non-GS nuisance norms occurring when

the percent variance was less than 6.25%.

4.6.4 Other Approaches

In this work, we used the sliding window correlation approach, which is widely used in

DFC studies [56, 57, 199] both as a primary analysis approach and as an intermediate analysis

step (e.g. used to generate DFC estimates that are then further analyzed with k-means clustering

or principal components analysis). Other approaches include time-frequency methods such as

wavelet transform coherence [144, 200] and probabilistic methods such as hidden Markov model-

ing [201]. Regardless of the approach, nuisance regression is a standard preprocessing step using

nuisance regressors based on either independent measures (e.g. physiological measurements) or

data-driven measures (e.g. GS, WM+CSF, or independent component analysis (ICA) compo-

nents). Our findings regarding the limited efficacy of nuisance regression for sliding-window

DFC estimates suggest that caution must also be exercised when interpreting DFC estimates

obtained with other approaches. Nevertheless, future work to assess the impact of nuisance terms

and the efficacy of nuisance regression when applied to additional DFC approaches would be of

great interest.

In this study, we have examined the use of both physiological (respiratory and cardiac)

and data-driven (motion, GS, and WM+CSF) nuisance regressors, which are all widely used in the

field [206]. There has also been growing interest in the use of ICA-based approaches for denoising

of fMRI data. Recent work has pointed out that both traditional nuisance regressor (excluding GS)

and ICA-based approaches are limited in their ability to eliminate spatially widespread effects and

suggest the continued need for some type of global signal regression [173, 206, 218, 219]. In the

case of ICA-based approaches, the limitations most likely reflect the spatial independence criteria
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that is inherent to the ICA algorithm. Given this limitation it is unlikely that ICA-based approaches

alone can eliminate the relation between DFC estimates and nuisance norms. Nevertheless, the

development and comparison of nuisance regressor and ICA-based approaches continues to be

an active area of research, and future work to assess the efficacy of ICA-based approaches with

regards to the relation between DFC estimates and nuisance norms would be of great interest. In

addition, as methods for the removal of nuisance terms continue to evolve, it will be useful to

evaluate whether these future approaches can better attenuate the relation between DFC estimates

and nuisance norms.

For our examination of the relation between DFC estimates and nuisance norms, we used

a seed-based approach in which the average time series from four different seed regions were

used. The utilization of the seed based approach with two independent datasets serves as a solid

approach for an initial and detailed characterization of the relation between DFC estimates and

nuisance norms and the limited efficacy of nuisance regression. An extension of the current work

to further characterize these effects using other brain regions and networks would be of interest.

This could entail the use of cortical parcellations or ICA-based network components as described

in [56, 57, 199, 215]. The fact that the various potential approaches all utilize some type of spatial

weighting to derive region-based or network-based time courses suggests that they may yield

similar results with regards to DFC estimates and nuisance norms. Nonetheless, further work in

this area would be useful to determine if there are any substantial differences.

4.6.5 Nuisance Norm Regression

Given the inefficacy of nuisance regression in reducing the correlations between the DFC

estimates and the nuisance norms, it is reasonable to consider alternative approaches. A potential

solution is to compute the sliding window norm for each regressor and then project these out

from the DFC estimates using linear regression. This procedure is described in 4.7.4 and referred

to as nuisance norm regression (NNR). This approach differs from traditional nuisance regression
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techniques which regress out nuisance measures directly from the fMRI time courses. Instead,

NNR acts on the correlation coefficients. Further work is needed to characterize the potential

advantages and disadvantages of this approach.

4.6.6 Vigilance Effects

There is a growing appreciation that variations in vigilance may account for a considerable

portion of the dynamic fluctuations in resting-state fMRI data [190, 220, 221]. In addition, the

state of vigilance can have an effect on physiological measures, such as the recently reported

dependence of pulse oximetry amplitudes on the level of wakefulness [222]. Our preliminary

analysis in Section 4.3.1 did not reveal an effect of the state of the eyes (open or closed) on

the correlations between the DFC estimates and nuisance norms. Nevertheless, future work to

assess how the relation between DFC estimates and nuisance norms might depend on the state of

vigilance would be of great interest.

4.6.7 Implications for static FC estimates

In this paper, we have considered the relation between nuisance norms and FC estimates

obtained across different temporal windows. In DFC studies, the temporal windows under

consideration are typically on the order of 40 to 100 second windows. However, the framework

for interpreting the observed effects is applicable to arbitrary window lengths. It is therefore of

interest to consider whether similar effects are observed for static FC estimates where the window

length is equal to the scan duration. In this case both the static FC estimates and nuisance norms

are computed over the full duration of each scan and we look to see whether static FC estimates

and nuisance norms are related across scans.

In Supplementary Figures 7.16 and 7.17 , we present a preliminary analysis showing the

existence of significant correlations (both before and after nuisance regressions) between static

164



FC estimates and nuisance norms across the 68 scans in the BS002 dataset. These preliminary

findings are roughly consistent with recent work looking at the correlation between static FC

measures and motion-related metrics [167, 206, 223]. In the preliminary example, the relation

between static FC estimates and nuisance norms is examined using different combinations of

regressors, as detailed in the figure captions. Similar to the prior work, the inclusion of additional

regressors led to a greater reduction (with nuisance regression) in the observed correlations, as

compared to the use of only motion regressors.

This preliminary work suggests that the framework we have presented may be useful for

providing deeper insights into the effects of nuisance terms and regression in static FC studies.

Further work that considers the proposed framework within the context of the growing body of

related studies on the effects of nuisance terms in static FC studies would be of interest.

4.6.8 Conclusion

We have provided a detailed examination of nuisance effects and regression in DFC

measures. Our findings both confirm and significantly extend the limited prior work in this

area. In particular, we have shown that DFC estimates can be strongly correlated with nuisance

norms even when there is only a weak correlation between the nuisance and seed signals. We

have demonstrated that although nuisance regression can sometimes reduce the correlation

between DFC measures and nuisance norms (e.g. when the GS is used as regressor), significant

correlations can persist after regression with either GS or non-GS regressors. Furthermore, we

provided a mathematical framework to describe the effects of nuisance regression and showed

that the experimental findings are in agreement with the theoretical predictions. The current

mathematical framework considers a single nuisance regressor and provides valuable insights

into the experimental findings. It can be used to approximate the multiple regressor case by

taking the first principal component of the regressors, as was done for the HM regressors in

Figure 4.16. While our preliminary efforts indicate that an extension of the framework to readily
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handle multiple regressors is not straightforward, future work in this area would be of interest.

It is important to note that there is an ongoing discussion in the literature regarding

whether DFC estimates are largely due to sampling variability versus true changes in FC (e.g.

fluctuations in wakefulness) [215,221,224,225,226]. The present work does not make any claims

as to whether DFC estimates reflect dynamics changes in brain functional connectivity as opposed

to sampling variability or other artifactual factors. Instead, the focus is on presenting an empirical

finding of a relation between DFC estimates and nuisance norms. This represents an additional

factor that should be considered in the interpretation of DFC estimates.

This work highlights a potential confound in the interpretation of DFC studies, which

typically make the implicit assumption that nuisance effects are largely minimized in the pre-

processing stage. Our findings suggest that the interpretation of DFC measures should be

expanded to consider potential correlations with the nuisance norms. If these correlations are

not adequately considered, differences in DFC estimates (e.g. between groups or treatment

conditions) may be incorrectly interpreted as reflecting meaningful effects when in fact they

may be largely attributable to differences in nuisance activity. Because nuisance effects such as

subject motion, respiration, and cardiac activity originate in brain networks that control these

functions [205, 227], it will be important to distinguish between spatially widespread effects

that may be largely considered as measurement confounds and more localized effects that may

be viewed as meaningful reflections of links between DFC measures and physiological activity.

Future DFC studies would benefit from the development of analysis methods that more effectively

take into account the origins of the nuisance effects.
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4.7 Appendix

4.7.1 Block regression on windowed time series

In this Appendix section we derive expressions that make explicit the dependence of the

correlation coefficient after block nuisance regression on the orthogonal and in-plane components

of the nuisance term. We then use these expressions in 4.7.2 to derive bounds on the difference

between the pre and post regression DFC estimates.

To link our derivations with the geometric concepts presented in Section 4.4, we represent

the time courses as column vectors and use projection matrices to represent the process of

regression. We note that alternate derivations are certainly possible. For example, it is possible to

start with the Yule expression for partial correlation [228] to derive Eq. (4.17). However, such an

approach would not be as straightforward since the Yule expression does not explicitly model the

dependence on the orthogonal and in-plane components of the nuisance term.

We begin by presenting the notation for the time series, where each time course is

represented as a column vector. For the kth window, let x1,k and x2,k be a pair of windowed fMRI

time series, with x̃1,k and x̃2,k corresponding to the time courses after block regression using nk as

the nuisance regressor. Since each window is treated independently in block regression, we can

simplify the derivations by dropping the window index k for now. We also assume without loss of

generality that the time series have zero mean.

For x1 we can write the time course after regression as:

x̃1 = x1−n(nT n)−1nT x1 = x1−Pnx1, (4.7)

where Pn = n(nT n)−1nT is the projection matrix onto n, and a similar expression holds for x2. For

the derivations that follow, we decompose the nuisance regressor into in-plane and orthogonal

components such that n = nI +nO where nI is the component of n that lies in the subspace spanned
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by x1 and x2, and nO is the orthogonal complement.

The squared norm for the time series after regression is:

x̃T
1 x̃1 = (x1−Pnx1)

T (x1−Pnx1) (4.8)

= xT
1 x1− xT

1 Pnx1 (4.9)

= xT
1 x1−

xT
1 (nI +nO)(nI +nO)

T x1

|n|2
(4.10)

= xT
1 x1−

xT
1 nInT

I x1

|n|2
(4.11)

= xT
1 x1−

|nI|2

|n|2
xT

1 PnI x1, (4.12)

where |n|2 = nT
I nI +nT

OnO, PnI = nI(nT
I nI)

−1nT
I , and we have made use of the relation nT

Ox1 = 0

and the symmetry of the projection matrices. The corresponding norm can then be written as:

|x̃1|=

√
xT

1 x1−
|nI|2

|n|2
xT

1 PnI x1 (4.13)

= |x1|

√
1− |nI|2

|n|2
xT

1 PnI x1

|x1|2
. (4.14)

A similar derivation holds for |x̃2|.

To compute the correlation coefficient after regression, we start with the dot product

between x̃1 and x̃2 and use the orthogonal decomposition to write:

x̃T
1 x̃2 = (x1−Pnx1)

T (x2−Pnx2) (4.15)

= xT
1 x2−

|nI|2

|n|2
xT

1 PnI x2, (4.16)

where the omitted steps in the derivation are similar to those shown above for the derivation of

the norm. Normalizing the dot product by the appropriate norms yields the correlation coefficient
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after regression as:

r̃ =
x̃T

1 x̃2

|x̃1||x̃2|
=

xT
1 x2−

|nI|2

|n|2
xT

1 PnI x2

|x1||x2|

√
1− |nI|2

|n|2
xT

1 PnI x1

|x1|2

√
1− |nI|2

|n|2
xT

2 PnI x2

|x2|2

. (4.17)

This can be rewritten in the following form:

r̃ = λr+O, (4.18)

where r =
xT

1 x2

|x1||x2|
is the correlation coefficient prior to regression, and the scaling λ and offset O

terms are defined as:

λ =
1√

1− |nI|2

|n|2
xT

1 PnI x1

|x1|2

√
1− |nI|2

|n|2
xT

2 PnI x2

|x2|2

(4.19)

O =

−λ
|nI|2

|n|2
xT

1 PnI x2

|x1||x2|
. (4.20)

Note that if the orthogonal nuisance component nO is large compared to the in-plane component

nI , the ratio
|nI|2

|n|2
= 1− |nO|2

|nI|2 + |nO|2
approaches 0, such that the scaling term λ approaches 1,

and the offset term O goes to 0. As a result, the correlation coefficients before and after regression

will be approximately equal r̃ ≈ r.

To gain further insight, it is useful to rewrite Eq. (4.17) using trigonometric functions.

First, note that the correlation coefficient prior to regression can be also written as r = cosθ,

where θ is the angle between x1 and x2. Then without loss of generality, we can write θ = θ1+θ2

where θ1 is the angle between nI and x1 and θ2 is the angle between nI and x2, where both θ1 and

θ2 are assumed to be non-negative. This corresponds to the case where the in-plane term nI “lies”
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between the vectors x1 and x2. Note it also possible for the in-plane term to lie outside of the

vectors, such that θ =±(θ1−θ2). We refer to this second case as the complementary case.

With the stated assumptions, we rewrite the post regression DFC in Eq. (4.17) as:

r̃ =
x̃T

1 x̃2

|x̃1||x̃2|
=

xT
1 x2

|x1||x2|
− |nI|2

|n|2
xT

1 PnI x2

|x1||x2|√
1− |nI|2

|n|2
xT

1 PnI x1

|x1|2

√
1− |nI|2

|n|2
xT

2 PnI x2

|x2|2

(4.21)

=

cosθ− |nI|2

|n|2
cosθ1 cosθ2√

1− |nI|2

|n|2
cos2 θ1

√
1− |nI|2

|n|2
cos2 θ2

(4.22)

=

cosθ− |nI|2

|n|2
(cosθ± sinθ1 sinθ2)√

1− |nI|2

|n|2
cos2 θ1

√
1− |nI|2

|n|2
cos2 θ2

(4.23)

=

(
1− |nI|2

|n|2

)
cosθ∓ |nI|2

|n|2
sinθ1 sinθ2√

1− |nI|2

|n|2
cos2 θ1

√
1− |nI|2

|n|2
cos2 θ2

, (4.24)

where we have used the identities:

xT
1 PnI x2 =

xT
1 nInT

I x2

|nI|2
= |x1||x2|cosθ1 cosθ2, (4.25)

xT
1 PnI x1 = |x1|2 cos2

θ1, (4.26)

xT
2 PnI x2 = |x2|2 cos2

θ2. (4.27)

Also note that in Eq. (4.23) we have used the trigonometric identity cosθ1 cosθ2 = cosθ±

sinθ1 sinθ2. If θ = θ1 +θ2, the sign of ∓ in Eq. (4.24) is a minus (−), and in the complementary

case for θ =±(θ1−θ2) (i.e. when nI lies outside of x1 and x2) the sign is a +.
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Finally, by making the substitution
|nI|2

|n|2
= 1− |nO|2

|n|2
, the correlation coefficient after

regression is:

r̃ =

|nO|2

|n|2
cosθ∓

(
1− |nO|2

|n|2

)
sinθ1 sinθ2√

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

√
sin2

θ2 +
|nO|2

|n|2
cos2 θ2

. (4.28)

If the orthogonal component becomes small and the orthogonal fraction
|nO|2

|n|2
→ 0, then

r̃ reduces to:

r̃ =± sinθ1 sinθ2

|sinθ1||sinθ2|
=±1, (4.29)

where the minus sign applies to the case where the nuisance vector lies between the observed

vectors and the plus sign applies to the complementary case where the nuisance vector lies outside

the vectors. In terms of the underlying fMRI data, when the orthogonal component is zero,

the nuisance term completely lies within the hyperplane spanned by the two voxel time series

(e.g. Case 5 in Figure 4.13, which corresponds to the conditions that give rise to a minus sign).

As a result, when the nuisance term is projected out, the resulting time series are forced to be

completely anti-correlated, as represented by the post regression vectors pointing in opposite

directions in Case 5.

4.7.2 Derivation of limits on difference in DFC estimates

Here we derive the analytical bound on the difference ∆DFC = r̃− r, between the pre and

post regression DFC estimates. First, we provide derivations for the case when θ = θ1 +θ2 (we
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will consider the complementary case θ =±(θ1−θ2) later). In this case, the ∆DFC is:

∆DFC =

|nO|2

|n|2
cos(θ1 +θ2)−

(
1− |nO|2

|n|2

)
sinθ1 sinθ2√

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

√
sin2

θ2 +
|nO|2

|n|2
cos2 θ2

− cos(θ1 +θ2). (4.30)

Note that since nI lies between the observed vectors x1 and x2, nuisance regression will increase

the angle (and decrease the correlation value) between the vectors x1 and x2, and we will have

r̃ < r. As a result, we are looking for a lower bound on ∆DFC as a function of
|nO|2

|n|2
.

It can be shown empirically that the expression for ∆DFC is minimized when θ1 = θ2.
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Using this, we simplify the original expression for ∆DFC in Eq. (4.30) as:

∆DFC =

|nO|2

|n|2
cos2θ1−

(
1− |nO|2

|n|2

)
sin2

θ1

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

− cos2θ1 (4.31)

=

(
−sin2

θ1−
|nO|2

|n|2
cos2 θ1 +

|nO|2

|n|2

)
cos2θ1 +

(
|nO|2

|n|2
−1
)

sin2
θ1

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

(4.32)

=

(
|nO|2

|n|2
sin2

θ1− sin2
θ1

)
cos2θ1 +

(
|nO|2

|n|2
−1
)

sin2
θ1

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

(4.33)

=

(
|nO|2

|n|2
−1
)

sin2
θ1(2cos2 θ1−1)+

(
|nO|2

|n|2
−1
)

sin2
θ1

sin2
θ1 +

|nO|2

|n|2
cos2 θ1

(4.34)

=

(
|nO|2

|n|2
−1
)

sin2 2θ1

(1− cos2θ1)+
|nO|2

|n|2
(1+ cos2θ1)

(4.35)

=

(
|nO|2

|n|2
−1
)

sin2 2θ1

1+
|nO|2

|n|2
+

(
|nO|2

|n|2
−1
)

cos2θ1

, (4.36)

where in the numerator of Eq. (4.35), we used the trigonometric identity: 2sin2
θ1 cos2 θ1 =

sin2 2θ1/2, and in the denominator of the same equation, we used: sin2
θ1 = (1− cos2θ1)/2 and
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cos2 θ1 = (1+ cos2θ1)/2. We then take the partial derivative with respect to θ1 as:

∂

∂θ1
[∆DFC] =

∂

∂θ1


(
|nO|2

|n|2
−1
)

sin2 2θ1

1+
|nO|2

|n|2
+

(
|nO|2

|n|2
−1
)

cos2θ1

 (4.37)

= 2sin2θ1

1−4

|nO|2

|n|2(
1+
|nO|2

|n|2
+

(
|nO|2

|n|2
−1
)

cos2θ1

)2

 . (4.38)

Now solving for the non-trivial roots of the derivative yields θ∗1 =±tan−1

(√
|nO|
|n|

)
. Finally, by

using this value in the ∆DFC expression we find the lower bound as:

∆DFCLB =−
(

4
1+ |nO|/|n|

−2
)
=−2

(
|n|− |nO|
|n|+ |nO|

)
. (4.39)

For the complementary case: θ =±(θ1−θ2), in which nI is positioned outside of x1 and

x2, linear regression will decrease the angle between the vectors x1 and x2 and the correlation

value after regression will increase yielding ∆DFC ≥ 0. Therefore, we are seeking an upper

bound. It can be shown empirically that the expression for ∆DFC is maximized when θ1+θ2 = π.

Following a derivation similar to the one used for the lower bound, the upper bound is obtained

as:

∆DFCUB =+2
(
|n|− |nO|
|n|+ |nO|

)
. (4.40)

4.7.3 Derivation of DFC estimate after full regression

In this section, we show that the correlation coefficients obtained after full regression can

be expressed as a modified version of the correlation coefficients obtained with block regression.
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First, we note that for the kth window the residual after block regression can be written as:

x̃1,k = x1,k−Pnkx1,k (4.41)

= x1,k−β1,knk, (4.42)

where Pnk = nk(nT
k nk)

−1nk is the projection matrix onto the windowed nuisance time series nk,

and β1,k = (nT
k nk)

−1nT
k x1,k is the corresponding scalar fit coefficient computed for the windowed

time series x1,k.

For full regression the residual can be written as:

x̂1,k = x1,k−β1,Fnk, (4.43)

where β1,F = (nT n)−1nT x1 is the scalar fit coefficient computed using the entire time series x1

and the full nuisance time series n.

Noting that the expressions in Eq. (4.42) and Eq. (4.43) differ only in the scalar fit

coefficients β1,F and β1,k, we can rewrite Eq. (4.43) as:

x̂1,k = x1,k−
(
β1,k +m1,k

)
nk (4.44)

= x1,k−
(

1+
m1,k

β1,k

)
β1,knk (4.45)

= x1,k− (1+ γ1,k)Pnkx1,k, (4.46)

where m1,k = β1,F −β1,k is the difference in fit coefficients and γ1,k =
m1,k
β1,k

is a correction term

that captures the difference between full and block regression. Note that if γ1,k = 0 then full

regression and block regression have identical effects for the kth window. The expression for x̂2,k

has the same form as Eq. (4.46).

To compute the correlation coefficient between x̂1,k and x̂2,k, we first note that the dot

175



product can be written as:

x̂T
1,kx̂2,k = (x1,k− (1+ γ1,k)Pnkx1,k)

T (x2,k− (1+ γ2,k)Pnkx2,k) (4.47)

= xT
1,kx2,k− [1− γ1,kγ2,k]xT

1,kPnkx2,k (4.48)

= xT
1,kx2,k− [1− γ1,kγ2,k]

|nI,k|2

|nk|2
xT

1,kPnI,kx2,k, (4.49)

which is similar in form to the dot product expression previously derived in Eq. (4.16) for block

regression with the addition of a correction term [1− γ1,kγ2,k] and the window index k. The norms

|x̂1,k| and |x̂1,k| can be derived using similar modifications.

Incorporating all the correction terms, we can write the correlation coefficient after full

regression as:

x̂T
1,kx̂2,k

|x̂1,k||x̂2,k|
=

xT
1,kx2,k− [1− γ1,kγ2,k]

|nI,k|2

|nk|2
xT

1,kPnI,kx2,k

|x1,k||x2,k|

√
1− [1− γ2

1,k]
|nI,k|2

|nk|2
xT

1,kPnI,kx1,k

|x1,k|2

√
1− [1− γ2

2,k]
|nI,k|2

|nk|2
xT

2,kPnI,kx2,k

|x2,k|2

.

(4.50)

Note that if γ1,k = γ2,k = 0 and we drop the window index k, then this expression is identical to

the expression for block regression previously shown in Eq. (4.17).

4.7.4 Nuisance Norm Regression (NNR)

Nuisance norm regression aims to remove the nuisance norm-related variance from the

DFC estimates. In this technique, nuisance removal can be performed in the relevant DFC

metric space in addition to traditional nuisance removal on raw time series. For sliding window

correlations obtained between pairs of ROIs, we define a sliding window correlation vector

R = [r1,r2, · · · ,rk, · · · ,rM]T , where k is the window index, M is the total number of windows, and

rk is the pairwise correlation value for the kth window. Similarly, we define a nuisance norm
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vector (or matrix for multiple nuisance terms) N = [|n1|, |n2|, · · · , |nk|, · · · , |nM|]T , where |nk| is

the norm of the nuisance regressor for the kth window. Then the effects of a nuisance norm can

be removed through linear regression to obtain a “clean” DFC estimate R̃ = R−N(NT N)−1NT R.

In the case of multiple nuisance terms, the nuisance norm matrix can be expanded to include

additional norm vectors. For example, let NWM, NCSF , NRV f , NHR f , and NHM be the sliding

window norm vectors for the WM, CSF, RVf, HRf, and HM (total norm) regressors, respectively.

Then the corresponding nuisance norm matrix is N = [NWM,NCSF ,NRV f ,NHR f ,NHM]. Potential

variations include expansion of the nuisance norm matrix to include additional terms, such as the

squared norms or temporal derivatives of the sliding window norms.
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Chapter 5

Nuisance Effects in Inter-scan Functional

Connectivity Estimates Before and After

Nuisance Regression

In resting-state functional MRI (fMRI), the correlation between blood-oxygenation-level-

dependent (BOLD) signals across brain regions is used to estimate the functional connectivity

(FC) of the brain. FC estimates are prone to the influence of nuisance factors including scanner-

related artifacts and physiological modulations of the BOLD signal. Nuisance regression is widely

performed to reduce the effect of nuisance factors on FC estimates on a per-scan basis. However,

a dedicated analysis of nuisance effects on the variability of FC metrics across a collection of

scans has been lacking. This work investigates the effects of nuisance factors on the variability of

FC estimates across a collection of scans both before and after nuisance regression. Inter-scan

variations in FC estimates are shown to be significantly correlated with the geometric norms of

various nuisance terms, including head motion measurements, signals derived from white-matter

and cerebrospinal regions and the whole-brain global signal (GS) both before and after nuisance

regression. It is shown that GS regression (GSR) can introduce negative GS norm fluctuations into
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the inter-scan FC estimates. This work shows that caution must be exercised when interpreting

inter-scan FC measures across scans both before and after nuisance regression.

5.1 Introduction

Resting-state functional magnetic resonance imaging (fMRI) is a widely used method

that aims to characterize the functional organization of the brain at rest [150, 229]. The blood-

oxygenation-level-dependent (BOLD) signal reflects metabolic changes in the brain that result

from neuronal activity [62, 151]. The correlation between BOLD signals across different brain

regions is computed to estimate the functional connectivity (FC) of the brain [49, 50].

It is well-known that the BOLD signal is prone to the influence of various nuisance

confounds including thermal noise, scanner drift, head motion, and physiological activity such as

changes in respiration and heart rate [60, 61, 62, 63, 64]. If these confounds are not removed from

the BOLD signal prior to analysis, they can lead to an increase in the number of false positives

and negatives, causing erroneous interpretations of the fMRI results [65].

Nuisance regression (NR) is widely performed to improve the spatial specificity of FC es-

timates on a per-scan basis. This involves projecting out a combination of nuisance measurements

from the BOLD data prior to the computation of FC estimates. Nuisance measurements typically

include but are not limited to head motion (HM) measurements, signals from the white-matter

(WM) and cerebrospinal fluid (CSF) regions, cardiac and respiratory activity derived time courses,

and the whole-brain global signal (GS) [63, 78, 159, 205, 230].

Despite the fact that NR is adopted with the assumption that it removes nuisance confounds

from the FC estimates, it has been previously shown that it can be quiet ineffective in reducing the

effects of nuisance confounds [60,185,231]. For example, HM regression has been shown to be a

largely ineffective approach for reducing HM confounds in FC estimates even after projecting out

12 motion regressors [185, 232, 233].
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More recently, in [231], we have shown that dynamic FC (DFC) estimates were related

to the norms of various nuisance regressors such as the HM, WM+CSF, GS, heart rate, and

respiratory derived time courses. We have shown that NR was largely ineffective in removing

nuisance effects from DFC estimates with significant relations between the nuisance norms and

DFC estimates remaining even after NR. We presented a theoretical basis explaining why NR was

ineffective and found that the effects of nuisance norms on the DFC estimates were significant

even when the raw nuisance signals and BOLD signals were largely unrelated.

The fundamental difference between DFC and FC studies is the temporal duration over

which the FC estimates (correlations between BOLD signals) are computed. In DFC studies the

temporal window is typically on the order of 30-60 seconds, where as in static FC studies the

duration is the whole scan duration which is typically several minutes long [56, 57].

Although the effects of nuisance terms and efficacy of NR have been investigated on a

per-scan basis [78], efforts to examine nuisance effects with regards to variations in FC estimates

across scans have been rather limited. A better understanding of these effects is critical considering

the increasing use of fMRI to examine the differences in FC measures between important

disease populations and healthy controls [234]. Some important studies include the investigation

of FC metrics in Alzheimer’s disease [66, 67, 68], Parkinson’s disease [69], depression [70],

schizoprenia [71], dementia [235], and amyotrophic lateral sclerosis (ALS) [236, 237].

In this work, we first investigate the effects of nuisance terms on the variability of FC

estimates across different scans. Specifically, we compute the norm of the HM measurements,

WM+CSF time courses, and the GS for each scan. We show the existence of significant correla-

tions across scans between the FC estimates and nuisance norms. We find nuisance regression

using non-GS regressors to be largely ineffective in reducing the correlations between FC es-

timates and nuisance norms. We show that though GSR is partially effective in reducing the

relation between GS norm and FC estimates, a considerable portion of the GS norm-related

variance remains in the FC estimates, and strong GS norm-related fluctuations can be injected

180



into the FC estimates.

Our work significantly extends the preliminary results in [231]. We provide a more

extensive analysis of various nuisance effects on the FC estimates before and after NR. We

generalize the theory developed in [231] to static FC measures and confirm the validity of

the theoretical limitation of nuisance regression for correlation-based static FC estimates. We

introduce nuisance contamination maps which illustrate the spatial distribution and extent of

correlations between nuisance norms and FC estimates across scans. We also provide a detailed

analysis of the limited efficacy of GSR and show how GSR can introduce GS norm-related

fluctuations in the FC estimates across scans.

5.2 Methods

5.2.1 Data

We used a publicly available dataset originally analyzed by [174]. The data were acquired

from 17 young adults using a 3T Siemens Allegra MR scanner. Each subject underwent 4 BOLD

echo-planar imaging (EPI) scans (32 slices, TR=2.16 s, TE=25 ms, 4×4×4 mm) each lasting 7

minutes (194 frames). The subjects were instructed to look at a cross-hair and asked to remain

still and awake. High-resolution T1-weighted anatomical images were acquired for the purpose

of anatomical registration (TR=2.1 s, TE=3.93 ms, flip angle=7 deg, 1×1×1.25 mm).

Standard pre-processing steps were conducted with the AFNI software package [175].

The initial 9 frames from each EPI run were discarded to minimize longitudinal relaxation effects.

Images were then slice-time corrected and co-registered, and the 6 head motion parameter time

series were retained. The images were converted to Talairach and Tournoux (TT) coordinates,

resampled to 3 mm cubic voxels, and spatially smoothed using a 6 mm full-width-at-half-

maximum isotropic Gaussian kernel. The 1st and 2nd order Legendre polynomials (a constant

term to model the temporal mean and a linear trend) were projected out from each voxel’s time
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course. Each voxel time series was then converted into a percent change BOLD time series

through demeaning and division by its mean value. This version of the data will be referred to as

“uncorrected” data in this paper.

We used seed signals derived from the posterior cingulate cortex (PCC), intraparietal

sulcus (IPS), frontal eye fields (FEF), auditory (AUD) and motor (MOT) networks. These seed

signals were obtained by averaging time series selected over spheres of radius 6 mm (2 voxels)

centered about their corresponding TT coordinates [162]. The sphere centers were obtained

by converting the MNI coordinates from [178] to TT coordinates [179]. For the PCC, IPS,

FEF and MPF seeds we used the coordinates [0,-51,26], [32,-51,41], [24,-13,51], and [6,32,28],

respectively. For the left MOT, and right MOT seeds we used the coordinates [-36,-22,52] and

[37,-12,52], respectively. A combined MOT seed was obtained by using the left and right MOT

coordinates to define two spheres and by merging the spheres. A combined AUD seed was

obtained by using the left and right AUD coordinates [-41,-26,14] and [41,-26,14], respectively.

Finally, for the WM and CSF nuisance signals we defined the sphere centers as [31,-28,32] and

[-15,-28,21], respectively.

5.2.2 Inter-scan variations in FC estimates

To investigate the variations in FC estimates across scans, we computed the Pearson

correlation between a seed signal and every other voxel in the brain for each scan. Denoting a pair

of zero mean percent change BOLD signals from the PCC and IPS regions with x1 and x2 in vector

notation, the FC estimate for the kth scan was obtained by computing FCk = (xT
1 x2)/(|x1||x2|),

where |.| denotes the `2 norm and k is the scan index. For each seed-voxel pair, we computed

the FC estimates across all scans and concatenated them to form a vector of FC estimates:

FCVec = {FC1,FC2, ...,FCK} where K = 68 is the total number of scans. This vector will be

referred to as the inter-scan FC estimates or simply as FC estimates. We obtained a separate

vector FCVec for each seed voxel pair in the brain (i.e. for a single seed, we have N vectors where

182



N is the number of voxels).

5.2.3 Nuisance regressions

To investigate the effects of nuisance regression on FC estimates, we performed 4 separate

nuisance regressions on the uncorrected data. This was done prior to the computation of FC esti-

mates. Nuisance regressions involved projecting out (1) 6 HM parameters, (2) 6 HM parameters

combined with the signals from the WM and CSF regions, (3) the GS time course, and (4) HM,

WM, CSF signals combined with the GS. The global signal (GS) was obtained as the average

of all (percent) change BOLD time courses across the whole brain volume. For each nuisance

regression, the vector of inter-scan FC estimates prior to nuisance regression will be referred to as

“Pre FC” estimates and after regression as “Post FC” estimates.

5.2.4 Norm as a nuisance metric on FC estimates across scans

To measure the effect of nuisance terms on the FC estimates across scans we adopted

the approach in [231]. For GS regression, we first computed the `2 norm of the GS time course

for each scan. Denoting the GS time course for a scan k with nk, we computed the `2 norm

as |nk| =
√

∑
T
t=1 n2

k(t), where t indexes over time and T is the total number of time points.

We then concatenated the GS norms across different scans to obtain a vector of GS norms as

|n|Vec = {|n1|, |n2|, ..., |nK|}.

For multiple nuisance regressions (e.g. HM+WM+CSF) we obtained a total norm of all

the regressors involved by computing |nk|=
√

∑
NR
i=1 ∑

T
t=1 n2

i,k(t), where ni,k is a single regressor

time course, i is the index over multiple regressors and NR is the total number of regressors.

Finally, we concatenated the corresponding total nuisance norms across different scans to obtain

a nuisance norm vector as |n|Vec = {|n1|, |n2|, ..., |nK|}.
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Figure 5.1: Diagram illustrating how to obtain nuisance contamination maps. These maps
visualize the spatial distribution of the correlations between inter-scan FC estimates (FCVec) and
nuisance norms (|n|Vec). In the first row, a seed signal (e.g. PCC seed) is correlated with signals
from other voxels in the brain to form a vector (vertical vector with red color) of FC estimates.
This vector represents the canonical seed-based PCC correlation map. This step is repeated
across all 68 scans and the resulting PCC maps are concatenated column-wise to form a matrix
of FC estimates across scans. This matrix is shown on the bottom left-hand side. The individual
rows of the matrix correspond to inter-scan variations in the FC between the PCC seed and a
single voxel (an example is shown with green color). Each column is the PCC map for a single
scan. The individual rows of this matrix are then correlated with the nuisance norm (shown at
the bottom left) to obtain the nuisance contamination values as a 1D vector. An entry of the
nuisance contamination vector corresponds to the correlation between the nuisance norm and
the FC vector from a single seed-voxel pair. This is illustrated with the dark green (+) symbol on
the contamination map. The nuisance contamination vector can be reshaped into a 3D volume
to investigate regions of nuisance contamination across the brain.
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5.2.5 Nuisance Contamination Maps: nuisance contamination of FC esti-

mates across scans

We quantify the nuisance contamination in inter-scan FC estimates by correlating the

nuisance norm vectors |n|Vec with the vector of FC estimates FCVec for each seed-voxel pair. This

approach is illustrated in Figure 5.1. In the top row, we first computed the correlations between

a seed signal (e.g. PCC seed shown with red color) and the time series from every other voxel

(lines with blue color) to form a seed-based correlation map for each scan (represented as a

N×1 column vector with red color). We then repeated this for all 68 scans and concatenated the

resulting seed-based correlation vectors (FC maps) to form a (N×68) matrix as shown in the

left hand side in the second row. Each row of this matrix corresponds to the FC estimates vector

for a single seed voxel pair (an example row is shown with green color). We then computed

the correlations between the FC estimates rows and nuisance norm vector (time series with

black color) to form a nuisance contamination vector which can be reshaped into a 3D nuisance

contamination map. The green colored square in the nuisance contamination vector corresponds

to a single correlation coefficient obtained between the nuisance norm and the FC vector from a

single seed voxel pair. This is also depicted on the nuisance contamination map with the green

(+) symbol.

We obtained nuisance contamination maps both before and after each regression and for

different seed signals including the PCC, IPS, FEF, MOT, and AUD seeds. Note that these maps

are not functional connectivity maps, but instead quantify the relations between seed-based FC

estimates and nuisance norms across different scans.

5.2.6 Theoretical bound on ∆FC

In [231] we presented a theoretical expression for the difference ∆DFC = (Post DFC−

Pre DFC) between the dynamic FC (DFC) estimates obtained before and after nuisance regression
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in seed correlation-based DFC studies. This mathematical theory applies for static FC studies as

well by noting that a temporal sliding window in DFC analysis can be replaced by the whole scan

duration. Thus, the following theoretical bounds apply for the difference between Pre FC and

Post FC estimates obtained before and after nuisance regression:

|∆FC|= |Post FC−Pre FC| ≤ 2

(
1−
√
|nO|2/|n|2

1+
√
|nO|2/|n|2

)
. (5.1)

Here, n is a single nuisance regressor time course represented in vector notation. The nuisance

regressor can be decomposed as n = nI +nO, where nI is an in-plane component that lies in the

subspace spanned by a single seed-voxel pair x1 and x2 and nO is the component orthogonal to

this subspace.

The orthogonal nuisance fraction 0≤ |nO|2

|n|2
≤ 1 reflects the nuisance energy that lies in the

orthogonal subspace and serves as a measure of orthogonality between the nuisance regressor and

the seed-voxel pair (e.g. x1 and x2). If nO becomes arbitrarily large then the fraction
|nO|2

|n|2
→ 1

and |∆FC| → 0. An example of this bound is provided in Figure 5.5 where a large orthogonal

nuisance fraction for the HM, WM, CSF and HM+WM+CSF regressors impose a strict bound on

|∆FC| values forcing them to cluster close to 0.

Note that an exact value for the orthogonal nuisance fraction
|nO|2

|n|2
can be obtained when

using a single regressor such as the GS. In the case of multiple regressors, an estimate of the

orthogonal nuisance fraction and |∆FC| can be obtained by using the first principal component

(PC) of the multiple regressors as in [231]. This simple approximation enables us to understand

the an approximate relation between |∆FC| an the orthogonal nuisance fraction. When we analyze

multiple regressors, we will provide the approximate orthogonal nuisance fraction values and

will also show that regression with the first PC is a good approximation to performing multiple

regression.

186



5.2.7 Significance testing of the relation between FC variations and nui-

sance norms across scans

We assessed the statistical significance of the relation between the FC estimates and

nuisance norms across scans using non-parametric null testing. As the ordering of scans is not

important, we formed null distributions by randomly permuting the scan ordering of FC estimates

for each seed voxel pair and nuisance norm over 10,000 trials. We then correlated the resulting

surrogate FC estimates with nuisance norms and obtained 10,000 null correlation values both

before and after nuisance regression. We used the null distributions to assess the statistical

significance of the correlations between the non-permuted FC estimates and nuisance norms.

5.3 Results

In this section, we show that variations in FC estimates across multiple scans are sig-

nificantly correlated with geometric norms of various nuisance terms. We demonstrate that a

considerable portion of the FC estimates still remain significantly correlated with nuisance norms

even after nuisance regression. We make use of the theoretical findings in [231] to show that the

inefficacy of nuisance regression for non-GS regressors such as HM, WM and CSF is largely due

to the large orthogonality between nuisance regressors and the BOLD data within each scan. We

further show that GSR can introduce negative GS norm fluctuations into the FC estimates.

In the first row of Figure 5.2 we show 3 examples of the relation between nuisance

norms and FC estimates for 3 seed pairs: PCC&AUD, MPF&AUD and PCC&IPS. The column

labels indicate both the type of nuisance norm and the specific seed-pair. The FC estimates in

each column (blue lines, labeled as Pre FC) are significantly (p < 10−3) correlated with various

nuisance norms (black lines) before nuisance regression. The correlations obtained between

the Pre FC estimates and HM, HM+WM+CSF, and GS norms in the first, second, and third

columns are r = 0.56, r = 0.58, and r = 0.82, respectively. After nuisance regression, the Post FC
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Figure 5.2: FC estimates obtained from 3 example seed pairs are significantly correlated
(p < 10−3) across scans with various nuisance norms before (blue lines) and after (red lines)
nuisance regression. The type of nuisance norm and seed pair are indicated by the column labels.
In the first row the FC estimate values are indicated on the left y-axis in each column, nuisance
norm values are indicated on the right y-axis, and scan numbers are indicated by the x-axis.
Before nuisance regression, the correlations between the Pre FC estimates and nuisance norms
were r = 0.56, r = 0.58, and r = 0.82 for the HM, HM+WM+CSF and GS norms, respectively.
After nuisance regression, the correlations between the Post FC estimates and nuisance norms
were r = 0.50, r = 0.55, and r = 0.54 for the HM, HM+WM+CSF and GS norms, respectively.
The first row serves as a nice visual demonstration of the similarity between the fluctuations in
nuisance norms and FC estimates. The second row shows the relation between the FC estimates
and nuisance norms using scatter-plots.

estimates are still significantly correlated with the nuisance norms with correlations of r = 0.50,

r = 0.55, and r = 0.54 observed for HM, HM+WM+CSF, and GS norms, respectively. The

second row shows the same relations using scatter-plots where the FC estimates are shown in the

y-axes and respective nuisance norms are shown in the x-axes.

The results presented below generalize the relation between various nuisance norms and

PCC-based FC estimates to include all PCC seed-voxel pairs. We provide the results for other

seeds in the supplementary material and main text below.

188



                     (a) HM Contamination of PCC-based FC Estimates Across Scans
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Figure 5.3: HM contamination maps obtained by correlating the HM norm with FC estimates
before (a) and after (b) HM regression. These contamination maps in (a) and (b) are fairly similar
to each other (cosine similarity S = 0.98) and both show widespread correlations between the
HM norm and FC estimates across scans. This indicates that HM regression is largely ineffective
in removing the relation between the HM norm and FC estimates. We show two example
seed-pairs (PCC & AUD and PCC & MOT) at the bottom to illustrate the relation between HM
norms and FC estimates for two different regions.

5.3.1 HM regression

In Figure 5.3a,b we show the PCC-based HM contamination maps before and after HM

regression. These maps are very similar to each other (cosine similarity S = 0.98) and show

widespread correlations between the HM norm and FC estimates across scans both before and

after HM regression.

In the scatter plot shown in Figure 5.4 we plot the correlations obtained between the Post

FC estimates and HM norm versus the correlations obtained between the Pre FC estimates and

HM norm. The sideways histogram along the y-axis shows the distribution of correlation values

obtained between the Post FC estimates and HM norm, which ranged from r =−0.36 to r = 0.60

with a mean of 0.27. The histogram along the x-axis at the bottom shows the correlations obtained
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Table 5.1: Summary of the relationship between the FC estimates and nuisance norms computed
for each seed-voxel pair before and after nuisance regressions. The seed signal and regression
state (e.g. before and after) are indicated in the first and second columns, respectively. For
each nuisance regression we report the % seed-voxel pairs for which there was a significant
correlation between the FC estimates and nuisance norms. We also provide the mean and
standard deviation of the percent variance explained in the FC estimates by the nuisance norms
over the respective subsets of significant seed-voxel pairs.

HM HM+WM+CSF GS HM+WM+CSF+GS

Seed State %Brain
%Var

mean±SD %Brain
%Var

mean±SD %Brain
%Var

mean±SD %Brain
%Var

mean±SD

PCC
Pre FC 45 11±4 88 27±12 96 37±15 91 31±14
Post FC 51 11±4 56 13±6 27 11±5 26 11±5

MOT
Pre FC 45 13±5 96 26±9 99 38±13 98 30±10
Post FC 49 13±5 74 15±7 30 13±6 20 11±5

AUD
Pre FC 60 13±5 98 28±10 99 40±13 98 33±12
Post FC 63 14±6 75 16±8 25 11±5 22 10±4

FEF
Pre FC 43 11±4 100 32±9 99 49±11 99 38±10
Post FC 49 11±4 82 17±8 24 11±5 23 11±5

IPS
Pre FC 40 11±4 97 25±9 99 40±13 98 29±10
Post FC 43 11±4 63 13±6 20 12±5 23 11±5

between the Pre FC estimates and HM norm, which ranged from r =−0.34 to r = 0.61 with a

mean of 0.26.

These two correlation distributions were strongly related to each other (r = 0.94, p <

10−3). The linear fit (blue line) between these correlation distributions (Slope= 0.91, Offset=

0.04) was very close to the line of unity (yellow dashed line). This indicates that HM regression

had a very limited effect in removing the correlations between the Pre FC estimates and HM

norms, and the correlations with the HM norm largely persisted after HM regression.

As shown in Table 5.1, 45% of the PCC-based Pre FC estimates were significantly

correlated (p < 0.05) with HM norms. We further computed the mean and standard deviation of

the percent variance explained by the HM norm for those significant 45% Pre FC estimates. The

HM norm explained an average of 11%±4% (mean+SD) of the variance in those significant Pre

FC estimates. After HM regression, 51% of the Post FC estimates were significantly correlated

with the HM norm. The HM norm explained an average of 11%±4% (mean+SD) of the variance

in those Post FC estimates, which is the same percent variance explained prior to HM regression.
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Figure 5.4: The correlations between the Post FC estimates and HM norm after regression
versus the correlations obtained between Pre FC estimates and HM norm. These correlation
distributions were significantly related (r = 0.94, p < 10−6) to each other. The linear fit (blue
line, Slope= 0.91 and Offset= 0.04) between the two correlation distributions was fairly close
to the line of unity (dashed yellow line). At the bottom histogram, the correlations between
the Pre FC estimates and HM norms ranged from r =−0.34 to r = 0.61 with mean 0.26. We
superimposed the significance lines (p < 0.05) on this histogram using magenta lines with
triangles (labeled as Pre Significance). Based on the significance line, 45% of the Pre FC
estimates were significantly correlated with HM norms. In the sideways histogram to the left, the
correlations between the Post FC estimates and HM norms ranged from r =−0.36 to r = 0.60
with mean 0.27, where significance lines are shown with red lines with triangles. 51% of the
Post FC estimates were significantly correlated with HM norms after HM regression.
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Figure 5.5: ∆FC versus orthogonal nuisance fraction
|nO|2

|n|2
for HM (∗1st PC), WM, CSF and

HM+WM+CSF (∗1st PC) regressor groups. Each point in these plots represent the values for a
single scan and a single seed-voxel pair. In (a) we plot the ∆FC versus the orthogonal nuisance
fraction for HM regression. We see that the points are strictly clustered on the right hand
side around a mean orthogonal nuisance fraction value of 0.99. This imposes an extremely
tight bound on the ∆FC values before and after regression and HM regression resulting in a
negligible effect on the FC estimates (mean ∆FC = 0). In (b), (c) and (d) we plot the ∆FC versus
the orthogonal nuisance fraction for the WM, CSF, and 1st PC of HM+WM+CSF regressors,

respectively. These regressors are largely orthogonal to BOLD data with
|nO|2

|n|2
> 0.70 which

results in fairly tight bounds on the ∆FC values. Thus, effects of these regressor groups on the
FC estimates are very limited with |∆FC| ≤ 0.13.
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Ideally, HM regression should fully remove the HM norm variance from the Post FC

estimates. However, from Figure 5.4 we see that the Post FC estimates are still correlated with

HM norm nearly as much as the Pre FC estimates are correlated with HM norm. In Figure 5.5a

we show the theoretical limitation of HM regression. Each point in this plot shows the ∆FC

(difference between the Pre FC and Post FC estimates) versus the orthogonal nuisance fraction

|nO|2/|n|2 for a single seed-voxel pair in a single scan. The HM regressors are largely orthogonal

to most seed voxel pairs across scans with a mean orthogonal fraction of |nO|2/|n|2 = 0.99. Due

to the large orthogonal fraction, the theoretical bounds force the ∆FC values to be clustered

around a mean value of 0. Since HM regression cannot really alter the Pre FC estimates, the slope

of the linear fit in Figure 5.4 remains close to the line of unity.

Note that as in [231] we used the first principal component (PC) across all head motion

measurements for the ∆FC plot in Figure 5.5a. We provide the ∆FC plot after performing multiple

HM regression in Supplementary Figure 7.18, which shows that ∆FC values are still largely

clustered around zero (mean ∆FC =−0.037), roughly within the tight theoretical bounds.

We present the HM contamination maps and their respective correlation distributions

before and after HM regression for other seeds (e.g. MOT, AUD, FEF, and IPS) in Supplementary

Figures 7.20 to 7.23. These were similar to the PCC-based results discussed above. Additionally,

Table 5.1 summarizes the significance results of the relation between nuisance norms and FC

estimates for other seeds.

5.3.2 HM+WM+CSF regression

In Figure 5.6a,b we show the HM+WM+CSF contamination maps both before and after

nuisance regression. These maps show widespread correlations between the nuisance norm and

FC estimates across scans. In panel (b) there is a visible reduction in the positive correlation

values (i.e. red regions) after regression with a slight increase in anti-correlations (i.e. blue

regions start to appear).
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In Figure 5.6c the correlations between the Pre FC estimates and nuisance norm ranged

from r =−0.26 to r = 0.81 with mean 0.46. After nuisance regression, the correlation between

the Post FC estimates and nuisance norm ranged from r = −0.42 to r = 0.66 with mean 0.23.

We found a strong linear relation between the two correlation distributions (r = 0.82, p < 10−3)

with a slight increase in significant anti-correlations residing below the lower red significance

line. The linear fit between the two correlation distributions was close to the line of unity with a

large slope (0.83) and a small negative offset (−0.15).

As noted in Table 5.1, 88% of the Pre FC estimates were significantly correlated (p< 0.05)

with the nuisance norm. The nuisance norm explained an average of 27%±12% (mean+SD) of

the variance in those significant correlations. After regression, 56% of the Post FC estimates were

still significantly correlated with the nuisance norm, and the nuisance norm explained an average

of 13%±6% (mean+SD) of the variance in those Post FC estimates.

In Figure 5.5b,c we show the ∆FC plots for the WM and CSF regressors. We found

that the mean orthogonal nuisance fraction for the WM and CSF regressors were still relatively

large with |nO|2/|n|2 = 0.81 and |nO|2/|n|2 = 0.71, respectively. Due to the theoretical bounds

associated with the large orthogonal fractions, the ∆FC points were clustered close to 0 with mean

∆FC values of −0.08 and −0.13 for the WM and CSF regressors, respectively. In Figure 5.5d

we show the ∆FC plot for the HM+WM+CSF regression using the first PC of those regressors.

This revealed a mean orthogonal fraction of |nO|2/|n|2 = 0.73 (similar to individual WM and

CSF regressors) with mean ∆FC around −0.13 and ∆FC values bounded below by the theoretical

bound. In Supplementary Figure 7.19, we show the ‘true’ ∆FC values (e.g. not approximated

with the 1st PC) were within the theoretical bounds with a mean ∆FC =−0.17, similar to Figure

5.5d.

To summarize, although HM+WM+CSF regression partially reduced the correlations

between the nuisance norm and Pre FC estimates (as compared to HM regression alone), a

large fraction of seed-voxel pairs (56%) exhibited significant correlations between the nuisance
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                     (a) HM+WM+CSF Contamination of PCC-based FC Estimates Across Scans
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Figure 5.6: Nuisance contamination maps obtained by correlating the total HM+WM+CSF
norm with the FC estimates before (a) and after (b) nuisance regression. In (c) the correlations
between the Pre FC estimates and the nuisance norm (x-axis) ranged from =−0.26 to r = 0.81
with mean 0.46. The correlations between the Post FC estimates and nuisance norm (y-axis)
ranged from =−0.42 to r = 0.66 with mean 0.23. There was a strong linear relation between
the two correlation distributions (linear fit r = 0.82, p < 10−6). The linear fit between the two
correlation distributions was close to the line of unity with a large slope (0.83) and a small
negative offset (−0.15).
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norm and Post FC estimates. The limited efficacy of nuisance regression reflects the fact that

the theoretical bounds on ∆FC estimates in Figure 5.5d are still very tight since the orthogonal

nuisance fraction is large and close to 1.0.

We present the HM+WM+CSF contamination maps and their respective correlation

distributions before and after nuisance regression for other seeds (e.g. MOT, AUD, FEF, and IPS)

in Supplementary Figures 7.24 to 7.27. These were similar to the PCC-based results discussed

above. Additionally, Table 5.1 summarizes the relations between nuisance norms and FC estimates

for other seeds.

5.3.3 GS regression

In Figure 5.7a,b we show GS contamination maps both before and after GSR. In panel (a)

we observe strong positive correlations (red regions) between the GS norm and Pre FC estimates.

The distribution of these correlations is shown in Figure 5.8, with values ranging from r =−0.22

to r = 0.87 with mean 0.57. Across the sample, 96% of these correlations were significant

(p < 0.05) and 99% were positive with a strong left skew S =−0.96. The GS contamination map

after GSR is given in Figure 5.7b. This map shows brain regions consisting of both positive (red

regions) and anti-correlations (blue regions) between the GS norms and Post FC estimates.

In Figure 5.7b we observe that GSR introduces anti-correlations between the GS norm

and FC estimates which were not present prior to GSR in panel (a). An example seed pair is

provided at the bottom of Figure 5.7 as a scatter plot. The FC estimates obtained between the

PCC&MPF seeds on the left-hand side are positively correlated with the GS norm before GSR

and anti-correlated with the GS norm after GSR. As shown along the y-axis of Figure 5.8 the

correlations between the GS norm and Post FC estimates ranged from r = −0.61 to r = 0.66

centered around a mean 0 with standard deviation 0.21. 49% of these correlations were positive

(remaining 51% were negative) and 27% were significant (p < 0.05).

In Figure 5.8 we found a significant linear relationship (r = 0.59, p < 10−6) between
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                     (a) GS Contamination of PCC-based FC Estimates Across Scans
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Figure 5.7: GS contamination maps obtained both (a) before and (b) after GSR. In panel
(a) the contamination maps show positive and significant correlations (99% positive and 96%
significant) between Pre FC estimates and GS norm. In (b) the contamination map after GSR
involves both positive (49%) and negative (51%) correlations between the GS norms and
Post FC estimates. 27% of these correlations were significant (p < 0.05). In the seed-pair
examples shown at the bottom, the FC estimates between the PCC & MPF across scans are
positively correlated with GS norms before GSR (r = 0.44) but become anti-correlated after
GSR (r =−0.45). The FC estimates between PCC & MPF seed pair are positively correlated
with the GS norm both before and after GSR with correlation values of r = 0.82 and r = 0.54,
respectively.

the correlations obtained between the Post FC estimates and GS norm versus those correlations

obtained before GSR. The linear fit (shown with the blue line) is fairly parallel to the line of unity

(green dashed line) with a slope of 0.77 and has a very large negative offset −0.44. The negative

offset indicates that GSR produces a strong negative shift in the correlations obtained between the

Post FC estimates and GS norms when compared to those correlations obtained before GSR. This

results in significant anti-correlations (p < 0.05) between the GS norms and Post FC estimates.

The significant anti-correlations between the GS norms and Post FC estimates are shown with

the points residing below the bottom significance line (red line with triangles) within the dark

blue zone in the scatter plot. The points residing above the top significance line in the dark red
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zone are significant positive correlations remaining after GSR. These correlation values remain

significant and positive despite the negative offset.

These results indicate that effects GS norm can largely remain in the Post FC estimates

after GSR. GSR can result in “residual” positive correlations between the GS norm and Post FC

estimates and can also “introduce” significant anti-correlations between the GS norm and Post

FC estimates due to the negative shift in correlation values. To understand why GSR results in

both positive and negative correlations between the GS norm and Post FC estimates we start by

defining two zones as illustrated in Figure 5.8 with dark red and dark blue zones labeled by Zone

I and Zone II.

Zone I (GSR undercorrects): GSR is limited in removing GS norm from FC estimates

In Figure 5.8, red background colors (both light and dark colors) show those correlations

between GS norm and FC estimates that are positive both before and after GSR. In this case,

“GSR undercorrects” and is unable to fully remove the positive correlations between the GS norm

and FC estimates.

We define Zone I (dark red background) to include the significant positive correlations

(p < 0.05) between GS norm and FC estimates remaining after GSR. In Figure 5.9a we plot the

average FC estimates (across Zone I seed-voxel pairs) versus the GS norm before GSR (blue line

and dots) and after GSR (red line and diamonds), where each point corresponds to a single scan.

The correlation between the average Pre FC and GS norm is r = 0.87. The correlation between

the average Post FC and GS norm after GSR is still large r = 0.77. This indicates that GSR is

unable to fully remove the GS norm effects from the Pre FC estimates.

The effect of GSR is fully characterized by the average ∆FC values (black squares) shown

in Figure 5.9a. The average ∆FC is anti-correlated with the GS norm (r =−0.81) where the slope

of the linear fit (black line) is −0.068. The slope (0.11) of the linear fit (blue line) between the

Pre FC estimates and GS norm has a greater magnitude than the slope (−0.068) for ∆FC. Since
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Figure 5.8: In the scatter plot, we show the correlations between the Post FC estimates and
GS norms plotted versus the correlations obtained between the Pre FC estimates and GS
norms. We found a significant linear relationship between the two correlation distributions
(r = 0.59, p < 10−6). The linear fit (blue line) had a slope of 0.77 and a very large negative
offset −0.44. In the bottom histogram, the correlations between the Pre FC estimates and GS
norms ranged from r = −0.22 to r = 0.87 with mean 0.57 and standard deviation 0.16. 99%
of the correlations were positive with a strong left skew (Skewness =−0.96) and 96% of the
correlations were significant (p < 0.05) (correlations residing to the right of magenta line with
triangles). In the sideways histogram on the left, the correlations between the Post FC estimates
and GS norm ranged from r = −0.61 to r = 0.66 with mean 0 and standard deviation 0.21,
where significance lines (p < 0.05) are shown with red lines with triangles. We found 27% of
the Post FC estimates to be significantly correlated with HM norms after regression. The labels
on the scatter plot (“Zone I” (red zone) and “Zone II” (blue zone)) refer to two main cases where
GSR fails to remove correlations between the GS norm and Post FC estimates.
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Post FC = Pre FC + ∆FC, this difference in the slope magnitudes results in a positive slope for

the relation between Post FC estimates and GS norm (linear fit shown with red line).

In Figure 5.10a we plot the ∆FC values versus orthogonal nuisance fraction for Zone I,

where each point represents the values obtained for a single seed-voxel pair in a given single scan.

The ∆FC values are strongly related to the orthogonal nuisance fraction with r = 0.93 (p < 10−3),

where the linear fit shown with the green line is almost tangent to the lower theoretical bound.

We observe that ∆FC values are clustered around the lower theoretical bound with mean value
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(a) Average FC vs. GS Norm in Zone I
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(b) Average FC vs. GS Norm in Zone II

Avg. Pre FC (r=0.69, Slope=0.041)
Avg. Post FC (r=-0.72, Slope=-0.033)
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Figure 5.9: Average FC estimates and average ∆FC versus GS norm in Zone I (a) and Zone II
(b). In panel (a) GSR adds the average ∆FC (shown with black color) to the average Pre FC
estimates (blue color). The resulting average Post FC estimates (red color) are still positively
correlated with the GS norm r = 0.74. This is because the slope for average ∆FC (−0.068)
has a smaller magnitude than the slope for average FC estimates (+0.11). Thus, the slope for
average Post FC estimates remains positive 0.038≈+0.11−0.068. In panel (b) the average
Pre FC estimates for Zone II are significantly larger than those in Zone I in panel (a) p < 10−3

(paired two-tailed t-test) with a smaller standard deviation (0.09 in Zone II as compared to the
0.19 in Zone I). Thus, the slope for average Pre FC estimates in Zone II has smaller magnitude
+0.041 as compared to Zone I. The slope (−0.074) of average ∆FC in (b) is similar to the slope
(−0.068) of average ∆FC in (a). Since the average Post FC estimates are simply the sum of
average Pre FC points and average ∆FC points, the average Pre FC estimates are dominated
by the larger ∆FC effect and the relation between the average Post FC estimates and GS norm
exhibits a negative correlation (r =−0.72, p < 10−3).
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Figure 5.10: ∆FC versus orthogonal nuisance fraction
|nO|2

|n|2
for GS regression in (a) Zone I

and (b) Zone II. In both zones, ∆FC values are clustered close to the lower theoretical bound
with mean ∆FC −0.37 for Zone I and −0.28 for Zone II with similar mean orthogonal nuisance
fractions of 0.45 and 0.52. Moreover, the standard deviation for ∆FC is 0.17 which is much
smaller than the mean ∆FC values. The linear fits shown with solid green lines show that ∆FC
values are strongly correlated (p < 10−3) with the orthogonal nuisance fractions with r = 0.93
and r = 0.89 for Zone I and Zone II, respectively. Both linear fits are extremely close to the
lower theoretical bound.

of −0.37 with a relatively smaller standard deviation −0.17. This is consistent with the average

∆FC values in Figure 5.9a. The bound plot reveals that effects of GSR on the FC estimates in

Zone I are bounded below by the theoretical curve such that the magnitudes of ∆FC cannot exceed

the lower bound. As a result, the magnitude of ∆FC in Figure 5.9a cannot increase as rapidly as

the Pre FC estimates.

Zone II (GSR overcorrects): GSR introduces anti-correlation between GS norm and FC

estimates

The light and dark blue backgrounds in Figure 5.8 show those correlations between GS

norm and FC estimates that are positive before GSR and are negative after GSR. In this case,

“GSR overcorrects” by first removing the positive correlations between GS norm and Pre FC

estimates and then introducing anti-correlations between the GS norms and Post FC estimates.

The brain regions which are red in Figure 5.7a but are blue in Figure 5.7b correspond to this case.
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These regions broadly include the default mode network, medial-prefrontal cortex and thalamus

regions, when using the PCC as the seed signal.

In Figure 5.8 we define Zone II (dark blue background) to include significant negative

correlations (p < 0.05) between GS norm and FC estimates after GSR. In Figure 5.9b we plot the

average FC estimates versus the GS norm for Zone II. The slope (0.041) of the relation between

Pre FC estimates and GS norm in Zone II in Figure 5.9b is weaker in magnitude as compared to

the slope (−0.074) of the relation between the ∆FC and GS norm. Since Post FC = Pre FC +

∆FC, a stronger negative relation between ∆FC and GS norm dominates over the weaker relation

between Pre FC estimate and GS norm and the average Post FC estimates become significantly

anti-correlated with the GS norm (r =−0.72, p < 10−3).

The average Pre FC estimates in Zone II in Figure 5.8b are significantly greater than those

in Zone I in panel (a) p < 10−3 (paired two-tailed t-test). This means that BOLD signals residing

in Zone II exhibit greater intrinsic similarity (in average) to the seed signal as compared to those

in Zone I. To verify this, in Figure 5.11a we plot the correlations between the seed signal (PCC)

and the average BOLD signal in Zone II versus the correlations between the seed signal and the

average BOLD signal in Zone I. The average BOLD signal in Zone II was significantly (p < 10−3

paired two-tailed t-test) more correlated with the seed signal as compared to Zone I.

In Figure 5.11b we plot the correlations between the GS and average BOLD signal in

Zone II versus the correlations between the GS time course and average BOLD signal in Zone I.

We found no significant difference (p = 0.45 paired two-tailed t-test) between those correlation

values for Zone I and Zone II. This means that the GS regressor is similar to the raw time courses

in both zones. This is consistent with the fact that the average ∆FC in both zones were fairly

similar to each other (r = 0.94) in Figure 5.9, with similar linear fits (green lines) between ∆FC

and orthogonal nuisance fractions (r = 0.93 for Zone I and r = 0.89 for Zone II).

The difference in Zone I and Zone II behavior is caused by the fact (1) GSR imposed a

similar ∆FC in both zones as shown in Figure 5.10a,b. This was largely because that the GS time
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course were similarly related to the average BOLD signals in Zone I and Zone II (Figure 5.11b)

and thus the orthogonal nuisance fraction fractions between the GS and seed-voxel pairs were

similar in Figure 5.10 for both zones. (2) the underlying differences in FC estimates in Zone I

and Zone II were significantly different as shown in Figure 5.9. FC estimates in Zone II were

significantly greater as compared to those in Zone I and exhibited a weaker dependency on the

GS norm (slope 0.041, r = 0.69) in Figure 5.9b as compared to the Zone I (slope 0.11, r = 0.87).

GSR fails to model this difference in intrinsic similarities and the relation (slope) between FC

estimates and GS norm.

Figure 5.11a shows that brain regions that are intrinsically similar to the seed signal are

more likely to involve Zone II effect. Brain regions that suffer either Zone I limitation (remaining

positive correlation between the GS norm and Post FC estimates) or Zone II limitation (an
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Figure 5.11: In (a) we show the correlations obtained between the PCC seed and the average
BOLD signal in Zone II versus the correlations obtained between the PCC seed and the average
BOLD signal in Zone I. The average BOLD signal in Zone II was significantly (p < 10−3 paired
two-tailed t-test) more correlated with the PCC seed signal as compared to Zone I. This means
that brain regions that are more similar to the seed signal are more likely to have the Zone II
limitation of GSR. In (b) we show the correlations between the GS the average BOLD signal
in Zone II versus the correlations between the GS and the average BOLD signal in Zone I. We
found no significant difference (p = 0.45 paired two-tailed t-test) between Zone I and Zone
II correlations. This indicates that in average, the difference in Zone I and Zone II effects are
not dependent on the relation between the GS and the underlying BOLD time courses in those
zones.
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introduced negative correlation between the GS norm and Post FC estimates) depends on the seed

signal used. These regions can be determined by looking at the GS contamination maps after

GSR for other seeds as provided in the Supplementary Figures 7.28 to 7.31. Table 5.1 generalizes

the significance results of the relation between the GS norm and FC estimates.

5.4 Discussion

We have shown that inter-scan variations in FC estimates can be strongly and significantly

correlated with the geometric norms of various nuisance measurements. We found that the

relationship between the FC estimates and nuisance norms can persist even after performing

multiple nuisance regression. We used the mathematical framework developed in [231] to describe

the limitations of nuisance regression in cleaning inter-scan FC estimates and demonstrated that

the empirical results were largely within the theoretically predicted bounds.

For non-GS regressions, we found nuisance regression to be largely ineffective. This was

because non-GS regressors were largely orthogonal to BOLD data (as shown in Figure 5.5 with

large values for orthogonal nuisance fractions). The large orthogonality imposed tight bounds on

the difference between the FC estimates obtained before and after nuisance regression, which

limited the removal of nuisance norms from the FC estimates. This limitation is largely consistent

with our previous findings for dynamic FC measures in [231].

We introduced nuisance contamination maps to visualize the effects of nuisance norms

on the FC estimates both before and after nuisance regression. These maps serve as a useful

tool in analyzing the spatial location and extent of nuisance contamination present in seed-based

FC estimates across scans. In Figures 5.3 and 5.6, the FC estimates obtained between the PCC

seed and BOLD signals from other brain regions involved strong correlations with the HM and

HM+WM+CSF norms both before and after nuisance regression. As summarized in Table 5.1,

depending on the seed signal, 40-99% of the seed-voxel pairs in the brain exhibited significant
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correlations with nuisance norms before nuisance regression. After nuisance regression, FC

estimates from 40-80% of the seed-voxel pairs still exhibited significant correlations with nuisance

norms. This reveals that non-GS nuisance regressions were largely ineffective in cleaning the

nuisance norms from FC estimates across scans.

We found that GSR removed a large portion of the GS norm fluctuations from the FC

estimates across scans. Unfortunately, depending on the seed signal, a considerable portion

(20-30%) of the FC estimates still remained significantly correlated with the GS norm. We

provided a detailed analysis of the residual GS norm effects after GSR. We found that GSR can

‘undercorrect’ FC estimates by leaving a positive GS norm residual in the FC estimates (Zone I

limitation) or it can overcorrect by introducing negative GS norm fluctuations (Zone II limitation).

If GSR is not performed then a majority portion (>95%) of the FC estimates significantly depend

on the GS norm. This means that differences in GS norms will largely determine the variations

in FC metrics across scans. On the other hand, if GSR is performed then the dependency of the

FC estimates to the GS norm will be weaker, however there is a risk of introducing negative

correlations between the GS norm and inter-scan FC estimates.

The difference in Zone I and Zone II behavior is caused by the fact (1) GSR imposed a

similar ∆FC in both zones as shown in Figure 5.10a,b, and (2) the underlying differences in FC

estimates in Zone I and Zone II were significantly different as shown in Figure 5.9. The former is

due to the fact that GSR does not take into account the underlying differences in FC estimates

since GS is similarly correlated with the underlying BOLD signals in both zones as shown in

Figure 5.11b.

Lastly, GS contamination maps in Figure 5.7b resembled FC maps appearing after

GSR [50, 53]. However the contamination maps are fundamentally different from FC maps

as contamination maps show the relation between the GS norm and FC estimates. So why do

they look similar to each other? In Figure 5.11a we have shown that the average BOLD signal in

Zone II exhibited a greater intrinsic similarity to the seed signal as compared to Zone I. Moreover,
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in Figure 5.9b for Zone II, GSR resulted in significant negative correlations between the FC

estimates. This shows that brain regions that are functionally more similar to each other (e.g.

involving greater correlation values) are more likely to involve a negative correlation between

their FC estimates and GS norms after GSR. An example was provided in Figure 5.7b where a

negative GS norm is introduced to the default-mode network (DMN) regions (blue regions).

5.4.1 Studies Investigating FC Across Scans

A multitude of fMRI studies have investigated the differences in FC measures between

disease populations and healthy controls. Examples of such studies include investigations on

Alzheimer’s disease [66, 67, 68], Parkinson’s disease [69], depression [70], schizoprenia [71],

dementia [235], and amyotrophic lateral sclerosis (ALS) [236, 237]. These studies have all used a

form of nuisance regression to remove possible effects of nuisance terms on their analyses.

Our results strongly indicate that these studies can be confounded by various nuisance

effects both before and after nuisance regression. Therefore future FC studies should consider

the possible relations between nuisance terms (norm) and FC estimates. To provide an example,

in [69] the authors observed an increased subthalamic nucleus-motor cortex FC in Parkinson’s

disease as compared to healthy controls [69]. They made an attempt to analyze the effect of HM

on their group analysis by averaging (across scans) the HM parameters in the Parkinson’s and

healthy control groups and did not find a significant difference in the averaged HM parameters.

However, they did not consider the effects of HM directly on the FC estimates. We have shown

that HM norms can be significantly positively correlated with the FC estimates across scans

both before and after HM regression. It is highly possible that FC estimates will be larger in

with Parkinson’s group due to increased motion as compared to healthy controls, and this is

regardless whether or not HM regression is performed. We strongly believe that any future study

that compares FC estimates across subject groups should also consider the potential link between

FC estimates and nuisance norms.
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5.4.2 Nuisance Effects in FC Studies

Understanding the relationship between nuisance terms and the BOLD signal has been a

challenging task in fMRI [61, 64, 65, 159, 167, 185, 217, 238, 239, 240, 241, 242]. Performance

of nuisance removal techniques is usually characterized by their effects on raw BOLD signals

on a per-scan basis e.g. percentage of variance removed from raw BOLD signals. However,

investigating the effects of nuisance terms and the efficacy of nuisance regression is often

neglected, especially when considering a collection of scans.

fMRI studies rely on linear regression to remove nuisance effects from BOLD data by

either using direct nuisance measurements [61, 64, 159, 167, 185, 240] or using a set of nuisance

regressors derived by data-driven methods [65, 239, 241]. Unfortunately, so far none of these

methods have become a gold-standard approach for cleaning fMRI data [167]. We believe this

is largely because the underlying relations between nuisance effects and BOLD data are more

complicated. As we have shown in this work and in [231] a simple general linear model (GLM)

has theoretical limitations in cleaning nuisance effects from FC metrics.

Our results indicate that as long as a regressor exhibits a moderate to large orthogonality to

the BOLD data then nuisance regression will suffer from theoretical limitations. This is regardless

of whether a regressor is obtained using data-driven methods or measured directly. Therefore,

we believe that a proper analysis of nuisance effects on the fMRI data should also consider the

relation between nuisance norm on FC measures.

5.4.3 Nuisance Norm Regression

The present study shows the inefficacy of nuisance regression in removing the relation

between nuisance norms and FC estimates across scans. Given this limitation, a reasonable

approach is to perform nuisance norm regression (NNR) on the inter-scan FC estimates, as

originally proposed in [231] for cleaning sliding-window dynamic FC estimates. This involves
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projecting out the norms of nuisance measures from the inter-scan FC estimates. Though this

approach would ensure orthogonality between the nuisance norms and inter-scan FC estimates it

might not be suitable for cleaning FC estimates.

From a mathematical point of view, one potential issue with NNR is the leverage effects

[171, 172]. In computing the regression fit coefficient between the nuisance norms and inter-scan

FC estimates, scans with larger nuisance norms will have greater leverage on the regression effect.

This means that a scan with a large nuisance norm value will determine the amount of nuisance

norm removed from other scans. Therefore, although NNR might help reduce the effects of

nuisance norms on FC estimates across scans, we believe NNR should not be used in studies that

investigate FC estimates on a per-scan basis. Future work and new approaches are of interest to

understand how to best remove nuisance norm effects from the inter-scan FC estimates.

5.4.4 Vigilance Effects

There is growing evidence that vigilance fluctuations are responsible for a considerable

portion of the resting-state fMRI data [78, 160, 165, 243, 244]. Vigilance fluctuations can account

for approximately 10-20% variance in the whole-brain GS [78]. Our results in Table 5.1 reveal

that inter-scan FC estimates strongly depend on the differences in GS norms across scans. It is

also known that the global signal takes on large values (either positive or negative) when there are

large deviations in vigilance levels [78,244]. This implies that scans exhibiting larger fluctuations

in their vigilance levels (this will correspond to a larger GS norm) can also have larger values in

their FC estimates. Therefore, future investigations into the effect of vigilance on FC estimates

will be very useful.
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5.4.5 Anti-correlated Networks

Prior work has demonstrated that GSR places a constraint on the sum of seed-based

correlations (FC estimates) for each scan [50, 52]. GSR increases the spatial extent and strength

of anti-correlations present in fMRI data, especially between the default-mode (DMN) and task-

positive networks (TPN) [51, 53, 157]. It was also shown that anti-correlations between the DMN

and TPN were inherently present in a temporal subset of fMRI data [54]. Still use of GSR remains

a highly debated issue. We found that GSR largely removed the GS norm-related fluctuations from

the FC estimates, however about 20-30% of the FC estimates after GSR remained significantly

correlated with GS norm.

To understand the behavior of GSR on inter-scan FC estimates, we divided the brain into

two spatially non-overlapping regions (or zones). In Zone I, GS norm remained significantly posi-

tively correlated with inter-scan FC estimates even after performing GSR. In Zone II, significant

negative correlations between the GS norm and inter-scan FC estimates were introduced.

For the PCC seed, the TPN region resided in Zone I and DMN region resided in Zone II.

In both zones, GSR produced a large negative offset (mean -0.37) in the FC estimates. As a result

of this negative offset, the mean FC estimates in Zone I in Figure 5.9a became predominantly

negative, however the FC estimates in Figure 5.9b still remained largely positive despite the

negative offset. This negative offset in the correlation values obtained after GSR is consistent

with [52]. Despite the negative offset, we revealed that GSR also highlighted the differences in

the underlying similarity between Zone I and Zone II (e.g. between DMN and TPN).

5.5 Conclusion

We provided a detailed examination of nuisance effects and the efficacy of nuisance

regression on the variability of FC estimates across scans. We have shown that the norms of

various nuisance terms can be strongly and significantly correlated with the variations in inter-scan
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FC estimates both before and after nuisance regression. We found that non-GS regressions (HM,

HM+WM+CSF) were largely ineffective in reducing the correlations between nuisance norms and

FC estimates. We showed that though GSR removed a large fraction of the GS norm fluctuations

from the FC estimates, a considerable portion (20− 30%) of the FC estimates still remained

significantly correlated with the GS norm. We identified two distinct effects of GSR and have

shown that the process can introduce significant negative correlations between the GS norm and

FC estimates.

This work stresses an important issue in the interpretation of FC measures. Most FC

studies implicitly assume that the effect of nuisance terms on FC estimates are minimized

by nuisance regression in the pre-processing stage. Our findings strongly suggest that the

interpretation of FC measures should also consider the effect of nuisance terms (e.g. nuisance

norms) on the relationship between BOLD signals (e.g. correlation-based FC measures). If the

relationship between FC estimates and nuisance norms are not considered, the differences in

FC estimates may be incorrectly interpreted as meaningful effects, when in fact they may be

largely due to differences in nuisance activity. This is especially true in FC studies comparing FC

measures between disease groups or treatment conditions.

As we have shown, linear regression-based nuisance removal approaches have important

theoretical limitations in cleaning the FC estimates. Therefore, future FC studies will greatly

benefit from newer nuisance removal approaches that avoid the potential issues highlighted in

this work.
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Chapter 6

Conclusion

This dissertation focused on the problems of sparse signal recovery (SSR) and linear

regression-based nuisance removal in functional MRI. In the first part of the dissertation, we

developed a Bayesian algorithm called Rectified Sparse Bayesian Learning (R-SBL) to recover

non-negative sparse solutions in under-determined systems of linear equations. R-SBL was able to

outperform the state-of-the-art non-negative SSR approaches in a variety of experiments. R-SBL

was particularly robust to the structure of the dictionary in coherent, low-rank, ill-conditioned or

non-negative settings.

In the second part of the dissertation, we analyzed the effects of nuisance regression on

the raw fMRI data and functional connectivity estimates (correlation values) computed across

fMRI data. In Chapter 3, we proposed temporal downweighting and censoring approximations

to model the effects of global signal regression (GSR). These approximations revealed that the

anti-correlated functional brain networks in the brain were intrinsic to the fMRI data and were

not an artifact introduced by GSR.

In Chapters 4 and 5, we have shown that functional connectivity (FC) estimates obtained

between pairs of fMRI signals across different brain regions were significantly correlated with the

norms of various nuisance terms in both static and dynamic functional connectivity (FC) studies.
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We found that linear regression methods were ineffective in removing the significant correlations

observed between the nuisance norms and FC estimates. We derived a mathematical bound of

linear regression on the difference between correlation coefficients obtained before and after

regression. This mathematical bound restricted nuisance regression in removing the nuisance

norm effects from FC estimates.
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Chapter 7

Supplementary Material
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Supplementary Figure 7.1: Auditory network seed correlation maps obtained before GSR,
after GSR, and after application of GSR ratio weighting, GS weighting, and GS censoring. For
GS censoring a threshold of gC = 0.50 was used.
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Supplementary Figure 7.2: IPS seed correlation maps obtained before GSR, after GSR, and
after application of GSR ratio weighting, GS weighting, and GS censoring. For GS censoring a
threshold of gC = 0.50 was used.

216



Supplementary Figure 7.3: MPF seed correlation maps obtained before GSR, after GSR, and
after application of GSR ratio weighting, GS weighting, and GS censoring. For GS censoring a
threshold of gC = 0.50 was used.

217



Supplementary Figure 7.4: Motor network seed correlation maps obtained before GSR, after
GSR, and after application of GSR ratio weighting, GS weighting, and GS censoring. For GS
censoring a threshold of gC = 0.50 was used.
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Supplementary Figure 7.5: Posterior-cingulate cortex (PCC) and white-matter (WM) seed
correlation maps obtained prior to GSR and after the application of GSR, GSR ratio weighting,
GS weighting, GS censoring, GS normalization (intensity stabilization), and GS subtraction.
Consistent with the approximation shown in Appendix B, GS normalization and GS subtraction
yield nearly identical maps for all scans. For some scans, the GS normalization and subtraction
maps show significant differences with the maps obtained after GSR and the other GS weighting
approaches, indicating clear differences in the approaches. These differences are greater when
using a WM seed, where the fit between the WM seed voxel time series and the GS is expected
to be lower, such that subtraction of the GS is not a good approximation for subtraction of an
optimally scaled version of the GS. When the GS normalization and GSR approaches provide
similar PCC correlation maps, there is a reasonably good fit between the PCC and GS time
series, such that subtraction of the GS is a good approximation to subtraction of a scaled version
of the GS (see also Appendix B)
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Supplementary Figure 7.6: The spatial patterns in the PCC correlation maps after GSR are
similar to the patterns found in the average of the images retained by the GS censoring approach
(with gC = 0.5). To account for the occurrence of positive and negative values of the PCC seed
signal, the set of retained images was divided into subsets with positive and negative PCC signal
values and averages were computed for each subset. The average for the negative subset was
multiplied by -1.0 to account for the sign change. The overall averages of the two subsets (after
multiplying the negative subset by -1.0) are also shown. The PCC correlation map is scaled for
display purposes.
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Supplementary Figure 7.7: PCC correlation maps obtained without regression of head motion
covariates in the preprocessing stage. Maps are shown for the same scans used in Figure 3.12,
with three low head motion runs (S2 R1, S8 R4, S8 R2) and three high motion runs (S16 R3, S12
R2, S6 R3). These maps were obtained before GSR and after the application of GSR, motion
censoring, and GS censoring. The differences between motion and GS censoring are evident
even when motion covariates are not regressed out.

Supplementary Table 7.1: Percentage of scans exhibiting significant correlations between the
DFC estimates and nuisance norms across all the cases examined. We show the results for
window sizes of ∼40 seconds, ∼58 seconds and ∼100 seconds as indicated in the top row.
The significance thresholds are indicated in the leftmost column. For each significance level,
the percentage of scans with significant correlations are shown for the Pre (prior to nuisance
regression), Post (after full regression), and BlockReg (after block regression) conditions. The
columns with the ‘Overall’ label show the significance results when considering all regressors.
The columns with the ‘GS’ label display the percentage of scans with significant correlations
when considering only the GS regressor. The columns with the label ‘Non-GS’ show the
significance results when considering all regressors except for the GS.

% of Significant Scans
(Window Size: 40 seconds)

% of Significant Scans
(Window Size: 58 seconds)

% of Significant Scans
(Window Size: 100 seconds)

Significance
Level State GS Non-GS Overall GS Non-GS Overall GS Non-GS Overall

p≤ 0.05
Pre 52% 15% 24% 44% 17% 24% 43% 24% 29%
Post 12% 11% 11% 12% 15% 14% 20% 24% 23%

BlockReg 11% 11% 11% 11% 15% 14% 18% 24% 22%

p≤ 0.10
Pre 59% 23% 32% 52% 23% 30% 53% 37% 41%
Post 21% 20% 20% 19% 22% 22% 29% 35% 33%

BlockReg 20% 19% 20% 19% 23% 22% 29% 33% 32%
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Supplementary Figure 7.8: 15 example scans that demonstrate a range of moderate to strong
correlations (0.30 < r < 0.65) between the nuisance norms (black) and the DFC estimates
before (blue) and after full (red) and block (green) regression. The type of nuisance regressor is
indicated by the row label. The seed pair for the DFC estimate is indicated by the column label.
There is some evidence of a delay between the nuisance norm and DFC estimates as in the first
two columns for the HM regressors.
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(a) Mean Absolute |r| Null Distributions (WSize: 100s)
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(a) Mean Absolute |r| Null Distributions (WSize: 40s)
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Supplementary Figure 7.10: Empirical null distributions and sample mean absolute correlation
values for window sizes of 100s (top row) and 40s (bottom row). (a) Empirical null distributions
for mean absolute correlation values when considering all regressors both before regression
(blue) and after full regression (red) or block regression (green). The sample mean absolute
correlation values for these conditions are indicated by the circles, squares, and triangles. These
values were found to be significant p < 10−6 both before and after full or block regression. (b)
Empirical null distributions and sample mean absolute correlation values when considering
only the GS regressor. There was a marked reduction in the sample mean absolute correlation
values after regression. However, the sample mean absolute correlation values were still
found to be significant p < 10−6 both before and after nuisance regression. (c) Empirical null
distributions and sample mean absolute correlation values for the Non-GS regressors. Sample
mean absolute correlation values were found to be significant p < 10−6 both before and after
nuisance regression
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Supplementary Figure 7.11: 6 representative scans showing that both before and after nuisance
regression the DFC estimates (e.g. between PCC and IPS, PCC and MOT and PCC and FEF)
are strongly correlated with the respective nuisance norms.
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(c) Mean Absolute |r| Null Distributions
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Supplementary Figure 7.12: Results obtained when using WM, CSF, and 6 HM regressors
for nuisance regression. (a) Histogram of absolute correlations (before nuisance regression)
between the total norm of the WM, CSF and 6 HM regressors and Pre DFC estimates obtained
across all seed pairs. The mean of the absolute correlations across all cases was |r| = 0.36.
The signed correlation values (not shown) ranged from r =−0.83 to r = 0.94 with a skewed
distribution in which 72% of the correlations were positive and the remaining 28% were negative.
(b) Histogram of absolute correlations between the total norm after full and block regression
with sample means for both cases of |r| = 0.31. The signed correlations (not shown) ranged
from r = −0.80 to r = 0.83 for full regression (65% of the correlations were positive) and
from r =−0.75 to r = 0.83 for block regression (69% of the correlations were positive). The
distribution of absolute correlation values before and after nuisance regression were similar with
cosine similarity values of S = 0.82 and S = 0.75 for full and block regression, respectively.
(c) Empirical null distributions and sample mean absolute correlation values before and after
nuisance regression. All sample mean absolute correlation values were significant (p < 10−6)
as assessed using their respective null distribtuions.
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Supplementary Figure 7.13: Results obtained when using GS, WM, CSF, and 6 HM regressors
for nuisance regression. (a) Histogram of absolute correlations (before nuisance regression)
between the total norm of GS, WM, CSF and the 6 HM regressors and Pre DFC estimates
obtained across all seed pairs. The mean of the absolute correlations across all cases was
|r|= 0.42. The signed correlation values (not shown) ranged from r =−0.74 to r = 0.95 with a
skewed distribution in which 96% of the correlations were positive and the remaining 4% were
negative. (b) Histogram of absolute correlations after nuisance regression with sample means
of |r|= 0.31 and |r|= 0.29 for full and block regression, respectively. The signed correlations
(not shown) ranged from r = −0.77 to r = 0.86 for full regression (63% of the correlations
were positive) and from r = −0.72 to r = 0.71 for block regression (67% of the correlations
were positive). The distribution absolute correlation values before and after multiple regression
were similar with a cosine similarity value of S = 0.79 for both full and block regression.
(c) Empirical null distributions and sample mean absolute correlation values before and after
nuisance regression. All sample mean absolute correlation values were significant (p < 10−6)
as assessed using their respective null distributions.
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Supplementary Figure 7.14: In the first three windows (k, k+1, and k+2) a decrease in the
nuisance norm corresponds to a decrease in the DFC estimates since the angle between the
observed vectors increases as the norm decreases. In the last two windows (k+3 and k+4), the
nuisance norm continues to decrease and a crossover occurs such that the angle between the
observed vectors starts to decrease, leading to an increase in the DFC estimates. Overall, the
nuisance term induces a decrease in DFC estimates in the first 3 windows and an increase in the
last two windows. Thus the nuisance norm appears uncorrelated with the DFC estimates with
r = 0, even though the nuisance term has a clear effect on the observed vectors.
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Supplementary Figure 7.15: Top row: Histograms of the difference terms m1,k = β1,F −β1,k
and m2,k = β2,F −β2,k for GS and WM regressors. The plots combine the instances of the two
terms. Bottom row: Histograms of the product term m1,km2,k.
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(b) FC Estimates and the Total |HM+WM+CSF| Scan Norm
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(c) FC Estimates and the Total |GS+HM+WM+CSF| Scan Norm
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Supplementary Figure 7.16: Example of relation between static FC estimates and nuisance
norms. In each of the panels, the blue line shows the per-scan estimates (prior to nuisance
regression) of static FC between the PCC and IPS seeds versus the scan number. The black lines
in each of the panels shows the per-scan nuisance norm as a function of scan number, where the
nuisance terms used in computing the total nuisance norms were (a) 6 HM regressors, (b) WM,
CSF, and 6 HM regressors, and (c) GS, WM, CSF, and 6 HM regressors. For each combination of
regressors, the static FC estimates were significantly correlated (r > 0.37; p < 2×10−3) across
scans with the total nuisance norms, with the correlation coefficients and p-values for each case
indicated in each panel. The red lines in each of the panels show the static FC estimates after
performing nuisance regression using the regressors previously described for each panel. After
regression, the static FC estimates were still significantly correlated (r > 0.30; p < 0.02) across
scans with the total nuisance norms, with the correlation coefficients and p-values for each case
indicated in each panel. A scatter plot version of these results is provided in Supplementary
Figure 7.17.
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(c) FC Estimates vs. Total |GS+HM+WM+CSF| Scan Norm
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Supplementary Figure 7.17: Scatter plots detailing the relationship between the static FC
estimates and nuisance norms. In each of the panels, the blue dots and red asterisks show the
FC estimates before and after nuisance regression, respectively, with each point representing a
single scan. Following the format of Supplementary Figure 7.16, the nuisance terms used in
each panel were: (a) 6 HM regressors (b) WM, CSF, and 6 HM regressors, and (c) GS, WM,
CSF, and 6 HM regressors. For each combination of regressors, we found a significant linear
relationship between the static FC estimates and total nuisance norms (r > 0.37; p < 2×10−3

prior to nuisance regression and r > 0.30; p < 0.02 after nuisance regression).
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Supplementary Figure 7.18: (a)The empirical ∆FC versus the orthogonal nuisance fraction
|nO|2/|n|2 for the 6 HM regressors used in Figure 5.5a. This time full multiple HM regression
was performed instead of using the 1st principal component (PC) of the 6 HM regressors to
obtain the ∆FC values. The empirical values of ∆FC are clustered around 0 largely around the
theoretical bounds similar to the ∆FC plot presented in Figure 5.5a. The ∆FC values slightly
violate the bounds since the bounds for multiple regression is only approximate and correct
bounds only apply for the analysis of a single regressor. (b) Post FC estimates obtained after
regressing out the 1st PC of HM measurements and after regressing out all 6 HM regressors
were strongly linear with respect to each other r = 0.95.

Supplementary Figure 7.19: (a)The empirical ∆FC versus the orthogonal nuisance fraction
|nO|2/|n|2 for the HM+WM+CSF regressors used in Figure 5.5d. This time multiple regression
was performed instead of using the 1st principal component (PC) of all the regressors to obtain
the ∆FC values. The empirical values of ∆FC are clustered around −0.17 and were mostly
within the theoretical bounds similar to the ∆FC plot presented in Figure 5.5d. The ∆FC values
slightly violate the bounds since the bounds for multiple regression is only approximate and
correct bounds only apply for the analysis of a single regressor. (b) Post FC estimates obtained
after regressing out the 1st PC of all HM+WM+CSF regressors and after performing multiple
HM+WM+CSF regression were strongly linear with respect to each other r = 0.81.
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                     (a) HM Contamination of MOT-based FC Estimates Across Scans
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           (c) Correlations between Pre/Post MOT-based FC Estimates and |HM|
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Supplementary Figure 7.20: MOT-based HM contamination maps before (a) and after (b)
HM regression. These maps were fairly similar to each other (cosine similarity S = 0.98) and
show widespread correlations HM norm and FC estimates across scans. The scatter plot in (c)
shows the correlations between the Post FC estimates and HM norm after regression versus the
correlations obtained between Pre FC estimates and HM norm. These correlation distributions
were significantly related (r = 0.94, p < 10−3) to each other. The linear fit (blue line, Slope= 1
and Offset= 0.007) between the two correlation distributions was nearly identical to the line
of unity (dashed yellow line). At the bottom histogram, the correlations between the Pre FC
estimates and HM norms ranged from r = −0.32 to r = 0.60 with mean 0.2 and 45% these
correlations were significant (p < 0.05). In the sideways histogram on the left, the correlations
between the Post FC estimates and HM norms ranged from r =−0.40 to r = 0.64 with mean
0.21. The post regression significance lines are shown with red lines with triangles. 49% of the
Post FC estimates were significantly correlated with HM norms after regression.
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                     (a) HM Contamination of AUD-based FC Estimates Across Scans
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           (c) Correlations between Pre/Post AUD-based FC Estimates and |HM|
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Supplementary Figure 7.21: AUD-based HM contamination maps before (a) and after (b)
HM regression. These maps were fairly similar to each other (cosine similarity S = 0.99)
and show widespread correlations HM norm and FC estimates across scans. The scatter plot
in (c) shows the correlations between the Post FC estimates and HM norm after regression
versus the correlations obtained between Pre FC estimates and HM norm. These correlation
distributions were significantly related (r = 0.93, p < 10−3) to each other. The linear fit (blue
line, Slope= 0.99 and Offset= 0.01) between the two correlation distributions was nearly
identical to the line of unity (dashed yellow line). At the bottom histogram, the correlations
between the Pre FC estimates and HM norms ranged from r =−0.34 to r = 0.61 with mean
0.26 and 60% these correlations were significant (p < 0.05). In the sideways histogram on the
left, the correlations between the Post FC estimates and HM norms ranged from r = −0.36
to r = 0.60 with mean 0.27. The post regression significance lines are shown with red lines
with triangles. 63% of the Post FC estimates were significantly correlated with HM norms after
regression.
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                     (a) HM Contamination of FEF-based FC Estimates Across Scans
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           (c) Correlations between Pre/Post FEF-based FC Estimates and |HM|
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Supplementary Figure 7.22: FEF-based HM contamination maps before (a) and after (b)
HM regression. These maps were fairly similar to each other (cosine similarity S = 0.97) and
show widespread correlations HM norm and FC estimates across scans. The scatter plot in (c)
shows the correlations between the Post FC estimates and HM norm after regression versus the
correlations obtained between Pre FC estimates and HM norm. These correlation distributions
were significantly related (r = 0.9, p < 10−3) to each other. The linear fit (blue line, Slope= 0.91
and Offset= 0.032) between the two correlation distributions was nearly identical to the line
of unity (dashed yellow line). At the bottom histogram, the correlations between the Pre FC
estimates and HM norms ranged from r = −0.34 to r = 0.55 with mean 0.21 and 43% these
correlations were significant (p < 0.05). In the sideways histogram on the left, the correlations
between the Post FC estimates and HM norms ranged from r =−0.40 to r = 0.55 with mean
0.22. The post regression significance lines are shown with red lines with triangles. 49% of the
Post FC estimates were significantly correlated with HM norms after regression.
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                     (a) HM Contamination of IPS-based FC Estimates Across Scans
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           (c) Correlations between Pre/Post IPS-based FC Estimates and |HM|
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Supplementary Figure 7.23: IPS-based HM contamination maps before (a) and after (b) HM
regression. These maps were fairly similar to each other (cosine similarity S = 0.99) and
show widespread correlations HM norm and FC estimates across scans. The scatter plot in (c)
shows the correlations between the Post FC estimates and HM norm after regression versus the
correlations obtained between Pre FC estimates and HM norm. These correlation distributions
were significantly related (r = 0.96, p< 10−3) to each other. The linear fit (blue line, Slope= 1.0
and Offset= 0.0039) between the two correlation distributions was nearly identical to the line
of unity (dashed yellow line). At the bottom histogram, the correlations between the Pre FC
estimates and HM norms ranged from r = −0.33 to r = 0.58 with mean 0.20 and 40% these
correlations were significant (p < 0.05). In the sideways histogram on the left, the correlations
between the Post FC estimates and HM norms ranged from r =−0.36 to r = 0.62 with mean
0.21. The post regression significance lines are shown with red lines with triangles. 43% of the
Post FC estimates were significantly correlated with HM norms after regression.
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                     (a) HM+WM+CSF Contamination of MOT-based FC Estimates Across Scans
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                         (c) Correlations between Pre/Post MOT-based FC Estimates and |HM+WM+CSF|
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Supplementary Figure 7.24: MOT-based nuisance contamination maps before (a) and after
(b) HM+WM+CSF regression. There was a visible reduction in the correlation values after
regression with a slight increase in anti-correlations with blue regions appearing in (b). In (c) the
correlations between the Pre FC estimates and the nuisance norm (x-axis) ranged from =−0.11
to r = 0.76 with mean 0.49. The correlations between the Post FC estimates and nuisance norm
(y-axis) ranged from =−0.55 to r = 0.71 with mean 0.31. There was a strong linear relation
between the two correlation distributions (linear fit r = 0.67, p < 10−3). The linear fit between
the two correlation distributions was close to the line of unity with a slight reduction in the slope
(Slope= 0.81).
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                     (a) HM+WM+CSF Contamination of AUD-based FC Estimates Across Scans
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                         (c) Correlations between Pre/Post AUD-based FC Estimates and |HM+WM+CSF|
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Supplementary Figure 7.25: AUD-based nuisance contamination maps before (a) and after
(b) HM+WM+CSF regression. In (c) the correlations between the Pre FC estimates and the
nuisance norm (x-axis) ranged from = −0.29 to r = 0.79 with mean 0.51 and 98% of these
correlations were significant (p < 0.05). The correlations between the Post FC estimates and
nuisance norm (y-axis) ranged from = −0.36 to r = 0.70 with mean 0.33 and 74% of these
correlations were significant (p < 0.05). There was a strong linear relation between the two
correlation distributions (linear fit r = 0.70, p< 10−3). The linear fit between the two correlation
distributions was close to the line of unity with a slight reduction in the slope (Slope= 0.87) and
a small negative offset −0.11.
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                         (c) Correlations between Pre/Post FEF-based FC Estimates and |HM+WM+CSF|
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Supplementary Figure 7.26: FEF-based nuisance contamination maps before (a) and after
(b) HM+WM+CSF regression. In (c) the correlations between the Pre FC estimates and
the nuisance norm (x-axis) ranged from 0 to r = 0.78 with mean 0.56 and 98% of these
correlations were significant (p < 0.05). The correlations between the Post FC estimates and
nuisance norm (y-axis) ranged from = −0.51 to r = 0.71 with mean 0.35 and 75% of these
correlations were significant (p < 0.05). There was a strong linear relation between the two
correlation distributions (linear fit r = 0.53, p< 10−3). The linear fit between the two correlation
distributions was close to the line of unity with a slight reduction in the slope (Slope= 0.78) and
a small negative offset −0.08.
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                         (c) Correlations between Pre/Post IPS-based FC Estimates and |HM+WM+CSF|
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Supplementary Figure 7.27: IPS-based nuisance contamination maps before (a) and after
(b) HM+WM+CSF regression. In (c) the correlations between the Pre FC estimates and
the nuisance norm (x-axis) ranged from −0.1 to r = 0.77 with mean 0.48 and 97% of these
correlations were significant (p < 0.05). The correlations between the Post FC estimates and
nuisance norm (y-axis) ranged from = −0.37 to r = 0.68 with mean 0.27 and 63% of these
correlations were significant (p < 0.05). There was a strong linear relation between the two
correlation distributions (linear fit r = 0.76, p< 10−3). The linear fit between the two correlation
distributions was close to the line of unity with a slight reduction in the slope (Slope= 0.93) and
a small negative offset −0.18.
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                     (a) GS Contamination of MOT-based FC Estimates Across Scans
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                         (c) Correlations between Pre/Post MOT-based FC Estimates and |GS|
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Supplementary Figure 7.28: MOT-based GS contamination maps obtained both before (a) and
after (b) GSR. In panel (a) the contamination map involved positive correlations (99%) between
Pre FC estimates and GS norm. In (b) the contamination map after GSR involves both positive
(50%) and negative (50%) correlations between the GS norms and Post FC estimates. In (c) the
correlations between the Pre FC estimates and the nuisance norm (x-axis) ranged from −0.18
to r = 0.87 with mean 0.60 and 99% of these correlations were significant (p < 0.05). The
correlations between the Post FC estimates and nuisance norm (y-axis) ranged from =−0.62 to
r = 0.66 with mean 0 and 30% of these correlations were significant (p < 0.05). There was a
strong linear relation between the two correlation distributions (linear fit r = 0.50, p < 10−3)
and the linear fit (blue line) was fairly parallel to the line of unity with slope 0.95 and a very
large negative offset −0.57.
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                     (a) GS Contamination of AUD-based FC Estimates Across Scans
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Supplementary Figure 7.29: AUD-based GS contamination maps obtained both before (a) and
after (b) GSR. In panel (a) the contamination map involved positive correlations (99%) between
Pre FC estimates and GS norm. In (b) the contamination map after GSR involves both positive
(48%) and negative (52%) correlations between the GS norms and Post FC estimates. In (c) the
correlations between the Pre FC estimates and the nuisance norm (x-axis) ranged from −0.35
to r = 0.88 with mean 0.61 and 99% of these correlations were significant (p < 0.05). The
correlations between the Post FC estimates and nuisance norm (y-axis) ranged from =−0.66 to
r = 0.59 with mean 0.01 and 25% of these correlations were significant (p < 0.05). There was
a linear relation between the two correlation distributions (linear fit r = 0.30, p < 10−3) and the
linear fit (blue line) was fairly parallel to the line of unity with slope 0.47 and large negative
offset −0.30.
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Supplementary Figure 7.30: FEF-based GS contamination maps obtained both before (a) and
after (b) GSR. In panel (a) the contamination map involved positive correlations (100%) between
Pre FC estimates and GS norm. In (b) the contamination map after GSR involves both positive
(53%) and negative (48%) correlations between the GS norms and Post FC estimates. In (c) the
correlations between the Pre FC estimates and the nuisance norm (x-axis) ranged from −0.02
to r = 0.92 with mean 0.70 and 100% of these correlations were significant (p < 0.05). The
correlations between the Post FC estimates and nuisance norm (y-axis) ranged from =−0.60 to
r = 0.60 with mean 0 and 24% of these correlations were significant (p < 0.05). There was a
weak linear relation between the two correlation distributions (linear fit r = 0.23, p < 10−3) and
the linear fit (blue line) was moderately parallel to the line of unity with a slope 0.55 and a large
negative offset −0.37.
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                     (a) GS Contamination of IPS-based FC Estimates Across Scans
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Supplementary Figure 7.31: IPS-based GS contamination maps obtained both before (a) and
after (b) GSR. In panel (a) the contamination map involved positive correlations (100%) between
Pre FC estimates and GS norm. In (b) the contamination map after GSR involves both positive
(49%) and negative (51%) correlations between the GS norms and Post FC estimates. In (c) the
correlations between the Pre FC estimates and the nuisance norm (x-axis) ranged from −0.1
to r = 0.87 with mean 0.62 and 100% of these correlations were significant (p < 0.05). The
correlations between the Post FC estimates and nuisance norm (y-axis) ranged from =−0.59 to
r = 0.62 with mean 0 and 20% of these correlations were significant (p < 0.05). There was a
linear relation between the two correlation distributions (linear fit r = 0.43, p < 10−3) and the
linear fit (blue line) was fairly parallel to the line of unity with a slope 0.69 and a large negative
offset −0.42.
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                     (a) HM+WM+CSF+GS Contamination of PCC-based FC Estimates Across Scans
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Supplementary Figure 7.32: PCC-based HM+WM+CSF+GS contamination maps obtained
both before (a) and after (b) multiple regression. In panel (a) the contamination map mostly
involved positive correlations (99%) between Pre FC estimates and nuisance norm. In (b) the
contamination map after nuisance regression involves both positive (54%) and negative (46%)
correlations between the nuisance norm and Post FC estimates. In (c) the correlations between
the Pre FC estimates and the nuisance norm (x-axis) ranged from −0.26 to r = 0.83 with mean
0.50 and 99% of these correlations were significant (p < 0.05). The correlations between the
Post FC estimates and nuisance norm (y-axis) ranged from =−0.59 to r = 0.62 with mean 0.01
and 26% of these correlations were significant (p < 0.05). There was a linear relation between
the two correlation distributions (linear fit r = 0.61, p < 10−3) and the linear fit (blue line) was
fairly parallel to the line of unity with a slope 0.73 and a large negative offset −0.35. These
results were very similar to performing GSR alone.
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