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MEASUREMENTS OF QUANTUM NOISE IN RESISTIVELY
SHUNTED JOSEPHSON JUNCTIONS

) | -
" Roger H. Koch, D. J. Van Harlingen,“ and John Clarke

- o Department of Physics, University of California
Berkeley, California 94720

and

Materials and Molecular Research Division
Lawrence Berkeley Laboratory, Berkeley, California 94720

SEPTEMBER 1981

ABSTRACT
v _ low frequency
Measuremen;s-have been madevof theﬁépec;ral dgnsity of the voltage
’noise, SV(O), in current-biased resistively shunted Josephson tunnel
junctions under conditions in which the noise mixed down from frequencies
near the Josephson frequency (vJ) to the measurement frequeﬁcy (< vJ)

J B

mixed-down noise are important. The values of SV(O) measured on junctions

is in the regime hv_ > k_ T. In this limit, quantum corrections' to the

with current-voltage (I-V) characteristics close to the predictioﬁs of

thé Stewart—McCumber.mbael were in excellent agreement with the predic-

tion of Koch, Van Harlingen, and Clarke for I > Io’ SV(O)/Rg =‘(4kBT/R)

+ (ZeV/R)(IO/I)zcoth(eV/kﬁT), with no fitted parameters. Here, R-and RD
- ’ N are the shﬁnt and dynamic resistances,.and Io-is the critical current

in the absence of noise. In particular, the mixed-down noise at voltages

This work was supported by the Director, Office of Energy Research, Office
of Basic Energy Sciences, Materials Sciences Division of the U.S. Depart—
ment of Energy under Contract No. W-7405-ENG-48.
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above 300 uV did not change significantly when the temperature wés lowered
from 4.2K to 1.6K, and was in excellent agreement with the prediction
(2eV/R>(IO/I)2 that is valid whén th >’kBT. This result demonstrates
that the limiting noise arises from zero point fluctuations in the shunt
resistor. The mixed-down.noise for a wide range of bias Voltages was

used to compute the spectral density of the current noise in the shunt

 resistor, SI(v), at freqﬁency v. With no fitted parameters, the measured

value of SI(V) at frequepcies up to 500 GHz:was.in excellent agreement
with the Callen-Welton prediction (2hv/R)coth(hv/2kBT) at 1.6K and 4.2K.
The presegce of the zero point term, 2hv/R, at frequencies hv > kBT was
clearly demonstrated. The current-voltage characteristics of a juﬁction
with.BL = ZWLIO/®0~ O-SandBC EIZWIORZC/®O'< 1, whére.C is. the junction
capacitance and Ls is the shunt_inductance;_showed structure at voltages .
where the Josephson frequency was near a subharmonic of the LSC resonant
frequency. The additional non-linearity of the I-V characteristic caused
mixing down of noise near higher harmonics of the Josephson frequency,
thergby greatly enhancing the measured voltage noiée. The measured spec-
tralgdensity of the noise was in good agreement with that of a compﬁter
simulation in which the values of LS and C were fitted to match the mea-.
sured I-V characteristic. These data also clgarly demonstrated the quan-
tum corrections to the mixed-down noise, and, in particular, the presence

of the zero point term.
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I. INTRODUCTION

The effects of thermal noise on a resistively shuntedl’2 Josephson

junction (RSJ) have been extensively studied. The theories assume that

~ the noise originates as Nyquist noise in the shunt resistor R. The junc-

tion is modeled as a particle moving in a tilted periodic potential,
and the effect of the noise current is to induce random fluctuations in
the angle of tilt. These fluctuations have two effects. First, they en-

able the phase of the junction to slip by 27 when the bias current, I,

- is less than the noise-free critical current, Io, thereby producing a

voltage pulse across the junction. This effect produces noise rounding

of the I-V characteristics at low voltages, V; the noise rounding has

been calculated by Ambegoakar and Halperin4 and Vystavkin gE_gi,S for

the tase 'C = 0 (C is the capacitance of the junction). Subsequently,

Kurkijarvi and Ambegoakar6 and Voss7 computed the case C # 0. Second,

the fluctuations generate a voltage noise when the junction is current biased at
a non-zero voltage. 5

Likharev and Semenov  and Vystavkin et al.” showed that for the C = 0

case in the limjit th <§kBT (vJ = 2eV/h is the Josephson frequency) and

for frequencies'much less than v_, the spectral density of the voltage

J
noise is given by
: 4k TRD I ) - : '
-._B'D 1f o
§,(0)- = 1 +2<I . (1.1)

Here, RD,is the dynamic resistance. This result was derived on the as-

sumption that the noise is sufficiently small that one can neglect depar-

tures of the I-V characteristic from that of the ideal RSJ,l’2
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vV = R(12 - Iz) . | (1.2)

v

Thus, Eq. (1.1) is not valid in the noise-rounded region I < Io' Voss

and Koch and Clarke9 computed the noise for the case C ¥ 0. Experimental

- results are in good agreement with calculations for both the noise round-

inglO and voltage noise.

For a junction voltage-biased 6n a self—résonant-step, Stephen12 has
calculated the contribution of pair current fluctuations to ﬁhe linewidth
éf the Josephson radiation. This noise a;ises from photon nqmber fluctu-

ations (including zero point fluctuations) in the lossy cavity formed by

the junction, and is not intrinsic to the tunneling of Cooper pairs in a

. . . 13 . R
. non-resonant junction. Experimental results are in good agreement with

the predictions.

More recently, Koch gg_él.l4 considered the limit th g-kBT in which

' quantum corrections to the noise generated in the shunt resistor become

important, The equation of motion for the junction is

hC ‘.' h . . . .
%e § + 2eR § + 1051n6 =1 + IN s (l.?)

where § is the phase difference across the junction, and the noise cur-

rent, In(t), has a.spectral density15

2hv hv
St (")_ R COth<2kBT>

_ 4hy 1 L1
"R [exp(hv/kBT) -1t 2] : (1.4)
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In the limitl’2 0 < Bc = ZWIORZC/®O‘<J.(¢O = h/2e), thé first term on
the left-hand side of Eq. (1.3) can be neglected, and the equations can
then be solved analytically using the techniques of Likharev and Semenov.
At frequencies much less than vy and in the limit I/Io > 1 in which noise
rounding  can be. neglected, the spectral density of the voltagé npise,

SV(O), is given by

) _
5,0 4T ooy <z_o> coth<—":"—> | s

2 R I <
R kBT

%

The first term on the right-hand side is noise generated at the measure-
ment ffequency, while the second term is.noisé generated near the Joseph;
son frequency that is mixed down to the mgasurement frequency by the‘non—
linearity of the.junction. The contribution of noise'generated near fre-
quencies 2v._, 3vJ ... is negligible in the ideal RSJ model;'

Equation (1.5) reduces to Eq. (1.1) in the limit eV'< kBT. In the

limit eV > k_T, quantum corrections to the mixed-down noise become import-
‘the second term

ant, and}yill become comparable to the first term on the right-hand side

of Eé. (1.5) when eV(IO/I_)2 z,2kBT. These requirements can be met

> 1, where

provided x >

k = eIOR/kBT . . _ '(lv.6) }

In the extreme quantum limit,eV >'kBT, Eq. (1.5) reduces to

I ' _ ,
v =ﬂ<-—q> : o @.7)
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and the observed noise is generated solely by zero point fluctuations in
the shunt resistor. In our picture, the resistor can be modeled as a
large collection of harmonic oscillators. In the ground state at T = 0, where

there are no thermal fluctuations, the zero point energy still induces

. fluctuations in the tilted periodic potential, thus generating a random-

ness in the rate at which the phase, 6, propagates.

This model also predicts ''quantum activation,' that is, a noise

rounding of the I-V characteristié of an overdamped junction (Bc < Deven at T
0 due to zero point fluctuations. Although we cannot yet make any quan-—’
titative statements, we suspect this déscription will fail when 1 becomes

significantly smaller than Io. In this limit, transitiomns out of the

zero voltage state become very infrequent, and the model represented by

Eq. (1.3) in which the pafticle is a point mass is likely to become in-

valid. Instead, one must treat the particle as a quantum mechanical wave-
packet, which has some probability of penetrating the barrier by macro-

scopic quantum tunneling (MQT), as has been calculated by several auth-

16-19

ors., Clearly, a quantitative theory that can deal with both zero

poiné fluctuations and MQT for éli values of the bias current and damping

is very much needed.

In this paper we describe measurements of the voltage noise in cur-

rent-biased overdamped junctions (8C < 1) in the free-running mode I > Io.

In Sec. II we describe the experimental procedures, and in Sec. III we

present the experimental results and compare them with the predictions

of the theory. Section IV contains some concluding remarks.
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IT7. EXPERIMENTAL PROCEDURES

A. Junction Fabrication

To observe quantum n&ise effects,rwe require junctions with « > 1.
Writing ¢ = (e/kBT)(BCQOjl/ch)%, where jl is the critical current den-
sity and c is the capacitance per unit area, we see that junctions with
high critical current densities are necessary to observe these effects
in the liquid He4 temperature range. At 4.2K, with BC = 0.2, j1 = 104A
cm—‘2 and ¢ = 0.04pF um.—2 we find «x = 1.1. This ié a convenient vaiue.of
K, since, as the temperature is lowered to mnear 1K, « .increases so that
quantum effects become dominant. |

‘Our PbIn—Ih203—Pb tunnel junctions, resistively shunted with
CuAl films,were fabricated.bn glass substrates using the photolithographic
lift-off techniques described by workers at IBM.ZO. Thechnfiguration is
shown .in Fig. 1(a). We first deposited a 10 ym-wide Cu (0-3 wt.% AR) film

40 to 100 nm thick, and then evaporated a 10 um-wide, 250 nm-thick Pb

(20 wt.% In) film at right angles to the CuA2 strip. After another re-

- sist patterning, a SiO oxide layer, 100 nm thick, was deposited and two

%

windows were opened by lifting off the Si0 to expose the PbIn and CuAl
films. After patterning the resist for the upper electrode, the exposed

metalvsurfaces_were cleaned by rf sputter-etching in Ar, the In203-oxide

~was-grown thermally in a low pressure of oxygen, and the 400 nm-thick Pb

counter-electrode was deposited and lifted off. ‘A final protective layer

of Si0 was then evaporated. The diameter of the junction was about 2.5

um, and the critical current ranged from 0.1 to 2 mA (0.2 to 4 x lO4 A
cm—z) at 4.2K, depending on the oxidation parameters. The capacitance

of the junction was estimated to be 0.5 pF (see Sec. II1.D.). The resist-
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ive shunt was about 5 um long'énd ranged in resistance from 0.05 to 0.7
and composition

2, depending on the thicknesspof the CuA%. The Pb counterelectrode formed
a ground plane for the shunt, reducing its inductance, Lé’ to about 0.2
ﬁH. The critical currents of these junctions proved to be quite reprodu-
cible for a given set of oxidation conditions;-and the junctions could be
recycled betweeﬁ rbom and liquid hélium temperatures at least several
times witﬂout significant deterioration. We found that storiné the junc-
tions at robm temperature for.(say) 24 hours caused their critical éur—
rents to decrease (up to a factor of 2), while annealing them at 70°C for
(séy) 1 hour caused their critical currents to increase. Thus, if neces-
sary, we could adjust the critical current somewhat, as we did with junc-
tion 3. Leads were attached to the junctions with pressed In pellets.

Junctions fabricated with these techniques omitting the resistive
shunts displayed excellent tunneliﬁg characteristics with little excess
current at voltageé below the sum of the gaps.

B. Measurement Procgdures

!Before measuring the noise of a given junction, we plotted its I-V
char;cteristic and dynamic resistance on a X-Y recorder, thus determin-

ing its critical current and the presence of any resonant structure. By

applying an external magnetic field or by trapping the critical current

to near zero we obtained the shunt resistance.

The noise measurement procedﬁres now to be described were those that
we used in the later measurements where most of the data were collected.
Small modifications to -the procedures used in the earlier work will be
mentioned at the appropriate places in Sec. III. The circuit for measur-

ing the noise across a junction is shown in Fig. 1(b). The bias current
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was filtered by two low-pass filters each consisting of a cooled 1.5 k&
resistor, RF’ and the cable capacitance, Cc. The junction was connected
across two cooled LC-~resonant circuits with inductors L 1’ Lt2 and capa-

citors C (ln fact, four-terminal comnections were used). In a

tl" t2
typical experiment, Ltl = 69 uH, Lt2 = 35 uH, C 1 " 75 nF, and Ct2 = 21.5
nF, giving resonant frequencies of 70 and 183 kHz. The leads across each
tank circuit were connected in turn to a Brookdeal 5004 preamplifier to
measure the noise across the junction at the appropriate frequency. 1In
addition, By connecting together the leads acrbss the tank circuits at the
top of the cryostat we could measure the noise at a third, intermediate
frequency, about 106 kHz for the values given above. After further ampli-
fication, the noise from the preamplifier was hixed down to frequencies
below SOO‘Hz using a PAR 124.i .Afterilow—pass filtering,
the spectral density of the noise was measured using a PDP-11 computer.
The junction, which was immersed directly in liquid Hea, was enclosed in
a lead can, and the cryostat was surrounded by a mu-metal shield. The
cryostat, bias supply, and preamplifier were encloéed in a shielded room.
i;To make the noise measurements, we first édjusted the bias current
through. the jupctioﬁ to obtain the required voltage, which was measufed
with a high-impedance voltmeter. We measured the vol;age noise.with the
appropriafe resbnant circuit, using a typical averaging time of 10 min;
The noise produced b§ the junction across the tank éircuit was QZS 0)
w L [s (O)/RD], so .that the required quantity § (O)/RD was 1ndependent of
Q. We note that the predlcted value of § (0)/RD is v1rtually independent

of BC in the range 0 < Bc < 0.5, while the wvalue of SV(O) does increase

; : g .
significantly as Bc is increased in this range. ’ Thus, for Bc appreci-
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ably greater than zero (junctions 2 and-3), it is much more reasonable
to compare experimental and theoretical values of.SV(O)/Rg, rather than
values of SV(O). However, a knowledge of the tank circuit impedance,
QZRD, was required to enable us to suﬁtract the preamplifier current
noise. We determiﬁed Q at each bias point by exciting the tank circuit
inductively and measuring the half-power frequencies, us;ng a funétion
generator. From time to time'during the noise measurements, the gain of
the preamplifier-mixer-computer chain was calibrated by measuring the Ny-
quist noise across a room-temperature resistor RC (5.1 kQ) connected to
the input of the preamplifier. We estimate the accuracy of the gain to
be + 2%. These measurements of the noise and of vaere repeated at each
of the three frequencies for a series of voltages at each temperature and
for a range of temperatures. Below 4.2K, the temperature of the helium
bath was controlled by regulating the vapor pressure;

.We now discuss the various measured correctioné to thé noise:
(i) The spectral densities of ;he voltage noise contributed by the pre-~
-1

amplifier voltage noise (typically 6.1 x 10"19 Vsz at 183 kHz) and cur-

rentgnoise (typically 2.8 x 10_26 AZHz-l at 183 kHz) were‘suytracted from
thé measured spectral density. The spectral density of the current noise
was measured in a separate experiment by measuring the voltage noise across
a cooled‘LC—resonant‘ciréuit containing a known resistor. The spectral
density of the voltage noise was obtained during eaﬁh set of measurements
on a junction by shorting the input of the'preamplifier. Because the cur-
rent noise was éhecked less frequently than the voltagé noise,}we designed
- the tank circuits so that the contribufion of the formér Qas typically
257% of the latter. The total preamplifier noise was comparable with the

junction noise at 4.2K, and as much as three times higher than the junction

noise at 1.6K; the corresponding errors introduced by the correction varied
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from * 5% to * 15% of the spectral demsity of the noise in the

junction.

(ii) Losses in the tank gircuit (for example, due to the presence of
stray registance) are a source of noise. The spectral density of this
contribution was quite negligible (< 0.1%) for the 70- and 183-kHz. tank
circuits. However, the iOé-kHz tank circuit contained two leads parts of
which were at room temperature. Their noise contribution was measured

with the junction in the zero resistance state, and was typically compar-

able with the spectral density of the voltage noise of the junctionm.

The error in the correction at 106 kHz was * 57%.

" (iii) From the noise‘measurements at the three frequencies and at each

bias voltage and temperature we determined that some junctions (2 and 4)
generated a small excess noise -with a spectral density.very close to 1/f.
The spectral density was proportional to (3V/8IO)2, suggesting that the
noise arose from fluctuations in the critical Current.21 For example,
for junction 2 the 1/f noise at 183 kHz was typically 5% of the spectral
dens%ty of the voltage noise at the higher bias voitages, where BV/BIO
beca&e small. We subtracted the measured 1/f noise from the total junc-
tioﬂwnoise at 183 kHz; even if the uncertainty in the ﬁoise was as high
as 30%, the error introduced was no more thén‘i 3%. | |

(iv) The-ﬁoise measurements were all'performed at bias voltages well be-
low the sum of the gaps of the two superconductors. The quasiparticle
current contributes a noise with a current spectral density
Zqupcofh(eV/ZkBT), where qu is fhe quésipa;ticle cﬁr?ent. Thus, the
ratio of the spectral density of the quasiparticle noise to the predicted

spectral density of the mixed-down noise is of order qu/(V/R), which we
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estimate to be < 10_2 at 4.2K over the voltage range of interest. At

-the lower temperatures, the quasiparticle current is substantially re-

duced, and.its noise contribution is even smaller. -Thus, we have neglect-
ed quasiparticle noise.
(v) The pbwer dissipation in the shunt resistor caused its temperature
to rise significahtly above the bath tempefature-at the higher bias volt-
ages in some junctions. For each junction we determined the heating ef-
fect as a function of temperature by reducing the critical current almost
to zero and measuring the Nyquist noise of the shunt as a function of
power dissipation. At low bias voltages the measured noiée agreed with
the Nyduistbformula to within + 3%. For most junctions the heating ef—

: only
fect was importantAat bias voltages‘V >’kBT/e, where the mixed-down term

in-Eq. (1.5) is nearly independent of the shunt temperatufe. Thus, it

‘was sufficient to correct the data by subtracting the increase in the

" noise generated at the measurement frequency, AkBAT/R, from the measured

value of SV(O)/Rg, where AT is the temperature rise. In these cases, the
heating correction was uncertain by * 10% and was éf most 30% of the to-
tal ﬁoise spectral density‘of the junction, thereby introducing a maximum
error of * 3% into the measurement. However, for'junction 3, where‘the
heating correction Qasbparticularly lafge, it was nécessaryvto‘correct
the mixed-down term.as well by also subtracting (4hv/R){[exp(hv/kBT*)
-l]_l - [exp(hv/kBT) - l]—l} from the data, where T* = T + AT.

(vi) We took coﬁsiderable care to shield the exﬁeriment from extraneous
noise sources, and designed the measurement. circuitry to. avoid coupling

significant 300K noise into the low-~temperature circuitry. Measured

values of the Nyquist noise in cooled resistors in the range 1.5 to 4.2K
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‘were within * 37 of the predicted value. Furthérmore, measurements on
junctiéns in the classical limit eV <ik.BT showed the correct température
dependence and were in excellent agreementvwith theory (see Sec. III. A.,
B.,.and c.). Thds, we Believe our measurements were not signifiééntly

influenced by extraneous noise sources.

III. EXPERIMENTAL RESULTS AND COMPARISON WITH THEORY
We report results on four different junctions that illustrate vari-

ous aspects of the theory. The essential parameters of the junctions are

listed in Table I.

A. Junctién 1

As a tesﬁ of our measurement systemvand of the effectiveness of the
shielding we first investigated a junction in the limit ¥ <€ 1 in which
“the Likharev—Sémenva result, Eq. (1.1), is applicable. At 4.2K, the
value of x was 0.066. The paramete.rsBc and B = 21TLSIO/¢>O were’0.003
and 0.2,'respecfive1y, so that the I-V characteristic was very close to
that_for an ideal resistively shunted junction (see Sec. IV.D. for a dis-
cussion of the_effects of the value of BL). The 1/f and heétiﬂg cor-
rections were negligible throughout the range ofymeasurément, so that the
only corrections to the measured data were for preamplifier and tank cir-
cuif noise. (In this experiment, the measurements were at two freﬁdencies
only, 30 and 100 kHz.) In Fig. 2 we compare the measured noiéevwith the
predictions of Eq. (1.1). 1In plotting the theoretical points we used

2

the predicted dynamic resistance

=i

Ry =‘R<l'— 12/12) : - (3.1)
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so that only the measured yalues of R, Io, I, and T were used. Thus, we

have neglected noise rounding,4 and the predicted spectral density of the
noise diverges as 1 —+ Ib' Above the noise—rounde@ region, the agreement

between theory and experiment is #ery good indeed. At very low voltages,
the measured noise decreases as the current is lowered because the noise-
rounded dynamic resistance decreasés.

The good agreement between theory and experiment for I > Io indicates
very strongly that the contribution of extraneous noise sources is negli-
gible.

B. Junction 2

The parameters bf this junction (Table I) wére chosen to emphasize -
the quantum'effééts: Thus k increased from‘0.99 at 4.2K tb 3.0 .at 1.6K
(the critical current increased slightly as the temperature was lowered).
The values of BC and BL’ about 0.38 and 0.31 at 4.2K,»respectiyely, were
small enough that the deviations from the ideal resistively'shunted junc-
tion were relatively minor. . Figure 3 shows I and dvV/dI vs. V at 4.2K.
There is a small drop in dV/dIl at about 800 uV whiéh we believe is asso-
cigtéd with a resonance.of the shunt inductance and the jﬁnction capaci-
tﬁﬁce (see Sec. II1.D.).  There.is also some very fine structﬁre and a
dip at 300 uv of.uhknown origin. We emphasize that in comparing the |
quantity SV(O)/Ré with the .theory, small de&iations in Ry from Eq. (3.1)
will be suppressed provided the mixing coefficient (12/212) in Eq. (1.5)
is not affected by the additional non-linearity, Anotﬁer deviation from
the simble model arose 5ecause the shunt resistance, R, which was mea- |
sured with the critical current suppressed nearly to zero, varied between

0.65Q and 0.75Q as the voltage bias was increased from 0 to 1 mV. We
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believevthis variation was the‘feSult of abproximity effect between the
shunt and the electrodes, or possibly of diffusion of Pb into the shunt.
The ﬁeasu;ed valﬁe of R was used at each voltage bias when we compared
theory and experiment.

In Fig. 4 we plot measured values of SV(O)/Rg.vs. voltage (open cir-
cles) after the preamplifier noise has been subtracted. The solid circles
are the noise aftér the 1/f noise subtractioh and the heating correction
have been made. At low voltages the correction is entirely due to 1/f
ﬁoise, while at high voltages, the correction is largely due to heating.
In the mid-voltage range, both corrections are small.  The solid line
through the éolid circies is the prediction of Eq. (1.5) using the mea-
sured values of R, Io’ I, V, and T. The upper dashed line is the pre-—

dicted noise in the absence of zero point fluctuations, that is

' 2
Sv(o) _ quT + b4eV Eg ' 1
I exp(ZeV/kBT) -1

(3.2)

2 R R

%

The triangles in Fig. 4 represent the measured mixed-down noise, which
was computed by subtracting 4kBT/R from the solid circles; ‘Tﬁe solid
line through the triangles is the mixed—dqwﬁ noise prediced by Eq. (1.5),
(2eV/R)(IO/I)zcoth(éV/kBT), while‘the lower dashed line is the mixed-down
neise prédiéted by Eq. (3.2) in the absence of zefo péint fluctuations,
(Aev/ﬁ)(IO/I)Z[exp(ZeV/kBT) - l]—l. The small discrepaﬁcies between tﬁe

data and Eq. (1.5) at very low voltages are possibly due to our neglect

 of noise rounding in the theory. It is evidentvfrom‘Fig. 4 that both

the total measured noise across the junction and the measured mixed-down:

noise are in excellent agreement with the theory that includes a contri-.
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bution from the mixed-down zero point fluctuatioﬁs, and are substantially
higher than the predictibns of a theory that does not include this con-
tribuﬁion.

In Fig. 5 we show the temperature dependence of the noise for twelve
bias voltages ranging from 50 pV to 550 uV. The notation is the same as
that in Fig. 4. The temperature T = 2eV[kB is indicated for the six low-
est vdltéges; mixed-down noise at temperatures well above this tempéraj

ture is in the classical limit eV <§kBT, while that at temperatures well

below this temperatu;e is in tbe quantum limit eV >‘kBT. The mixed-down
‘noise at the.six highest voltages is in the quantum limit at all tempera-
tufés measured. For all twelve voltages, the total junction noise is in
good"agreement with the predictions of Eq. (1.5), and'Substangially great-
er than the predictions of Eq. (3.2). Tﬁe data atb300 uV, however, lie
somewhat above the prediction. This discrepancy arises from the structure
at 300 uV (see Fig. 3) that increases the magnitude of.the mixed-down
noise above the value predicted by Eq. (1.5) (this.topic will be discﬁssed
in détail in Sec. III.D.). The mixed-down noise at 350 uV and above.is
indeéendent of temperature, And in excellent agreement with the value of
Eq. (1.7), Sv(O)/Ré = (ZeV/R)(Ié/I)z. (As the température was lowered,

Io increased slightly, gi?ing rise to the slight increase in the mixed-
down noise that is evident in both the data and the theoretical predic-
“tion.) ‘As tﬁe voltage is lowered the mixed-down noise becomes increasinély
teﬁperature dependent, and remains in géod agreement with the ﬁredictions
of Eq. (1.5). At 50 uV, the mixed—dowﬁ‘ﬁoise is in the claséical limit
for the whole témpérature range, and proportionai to T, as expécted.

This temperature dependence demonstrates that the contribution of any ex-
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‘traneous noise was negligible.

We can extract from our data the measured spectral density ofvthe
c;rrent noise SI(v) génerated by the shunt resistance R at the Josephson
frequency v = 2eV/h, We divide each valﬁe of the mixed-down noise by
the mixing cqefficient (10/1)2/2, a procedure that converts the mixed-
down noise in Eq. (1.5) into Eq. (1.4). The results are plotted in Fig.
6 for 4.2K (solid circles) and 1.6K (open circles). The solid lines are
the corresponding predictions of Eq. (1.4) using measuréd values of v =
2eV/h, R, and T. The slight increase of the data above the theory at the highest
voltages may reflect thg;presence of a resonance on the I-V characteristic.

The agreement between the data and the predictions is rather good, bear-
ing in mind th#t, once again, no fitting parameters are;used. By con-
trast, the dashed lines represent the theoretical prediction in the ab-
sence of the zero point term, (Ahv/R)[exp(hv/kBT) - 1]*1, and fall far

. below the data at the higher frequencies. The existence of zero point
fluctuations in the measured spectral density of the current noise is
rather convincingly.demonstrated.

?C. ~Junction 3

An alternative means of varying thevmixed—down'noise‘between the
.qpantum and therm;l_limits is to change IO at fixed temperature. The
critical current was lowered by trapping flux in the junction. The 1/f
noise in junction 3 at 183 kHz was insignificént (< 2%), but the heating
correction at thé higher voltages was substanﬁial, so that it was neces-
sary to correct the mixed-down noise in additibn to the noise generated

~at the measurement frequency. In Fig. 7 we plot SQ(O)/R; vs. V at 4.2K

for four values of IO corresponding to values of k ranging from 0.65 to
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0.07. At the ﬁighest two values of Io, the presence of a resonance near
200 uv increased the magnitude of the measured noise somewhat above the
prediction of Eq. (1.5). Apart from this discrepancy, the measured total
noise and the measﬁred mixed-down noise are in very good agreement with
the predictionis. ' For k = 0765,.the data lie convincingly above the theory
that does not include the mixedfdown,zero point fluctuations, while for
¢« = 0.07 the contribution of the zero point term is less than our experi-
mental error. Once again,; the correct observed dependence of the noise
on Io demdnstrateslthe absence of any significant extraneous noise. |

D. Junction 4

As noted earlier, some junctions contain resonances that can affect
- the magnitude of thg noise mixed down Fo‘the measurement frequency.
Junction 4 exhibited strong resonant structure, and we have. investigated
its origin and its effect on the noise in some detail. Figure 8 shows
the I-V and (dVv/dI) -V charactefistics at 1.1K for four values of criti-
cal current: the three lowest values were obtained by trapping flux in
the junction. The structure afises from the resonant circuit formed by
the ;hunt inducténce, Ls’ and junction capacitance, C; the equivalent
circuit is shown in the inset in Fig. 9. The resonant circéuit pulls the
Josephson frequency slightly so that it becomes more closely a subharmoniq
of the resonant frequency. Hence, as the current bias is increased, the
dynamic resistance will be alternately increased.and decreased as the
Josephson frequency passes through each subharmonic fréquéncy of the LCR
resonance. The 1/n dependencevof the dynamic resistance is shown clearly
in Figs. 8 and 9 (n is an integer). |

- The equations of motion are
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=~
]

I sin§ +CV +1 , (3.3)
(o] S

and

(3.4)

<
]

IR+ IL +V,
where 18 is the current flowing through the shunt, and VN is the equili4
brium noise voltage generated by R with spectral density Zthcoth(hv/ZkBT).
We have computed the I-V characteristics and the spectral density of the
voltage noise across the junction, using the procedure outlined in the
Appendix. To obtain these curves, itvwas necessaryvto fit the valuesvof
Ls aﬁd C. From our simulatibns, we conclude that ﬁﬁe I—V.chafacteristic
will shoﬁ substantial resonant structure when BL = ZWLSIO/¢O > 0.5 and the
approximate Q bf the LCR circuit (BL/BC)I/2 > 1. The observed rapid de-
crease iﬁ the magnitude of the resonant structure as Io is lowered is de-
monstrated in Fig. 8.

;Figure 9 éhows I and RD vs. V for junction 4 at 1.4K, the temperature
at which the noise measuremeﬁts were made. The'coﬁputed dynamic resist-
ance is also shown, using LS =‘O.23_pH and C = 0.81 pF; these values are
consistent with values-éxpected from the dimensions of the sample. The
agreement bet@een the measured and computed values is quite good, although
the measured structqre at the higher vqltages is considerablyvmore smeared
than predicted, possibly because of noise rounding. Furthermore, the measure-
_ : values ' . _
ments lie slightly below the computedAat lower voltages, even though noise

rounding is negligible in this region. This discrepancy occurs because

the measured shunt resistance at low voltages dropped somewhat below the
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high voltage value, a fact that could not readily be included in the com-

puter simulation (see Appendix).

This junction was investigated at an early stage of our work, and
mostly .
we measured the noiseAet one frequency only, 98.6 kHz, with a few measure-
ments at 31.6 kHz. We used the following procedure to subtract the 1/f

noise in the range of voltage where the oscillations occured. First, if

the 1/f noise arises from fluctuations in the critical

current,21 the spectral density of the voltage noise should be proportion-

al to (av/an)z. At voltages where the RSJ result, Eq. (1.2), is valid we find

2 .

2 IR ; -
v _ 270
<alo> - ( v ) . ' (3.?)

Hence, the voltage noise arising from 1/f fluctuations will be

2,1/%
51

/£,y = g2
s,/ (v) =R (IOR/y) .

), (3.6)

whereé S%/f(v) is the spectral density of the 1/f fluctuations in the criti-
° .

cal current at the measurement frequency. Second, the mixed-down noise

ie Eq.-(l.lj.for voltages well below kBT/e can be written -as (ZkETR)(IOR/V)z.
Thus, at low Volteges where . the deviations from the RSJ model are negli-
gible aﬁd for fixed values of Io’ R and T, the spectral densities of both

the mixed-dewn noise and 1/f noise (and their sum) should be proportional

to l/Vz; . Figure 10 shows the spectral densities of the voltage noise across
the junction for V <»lOO uV at 98.6 kHz, and for two voltages at 31.6 kHz,
. with the direct term (4kBT/R)R§ subtracted out. At 98.6 kHz the plotted
quantity sceles with l/Vz, suggesting that the 1/f noise scales as (BV/aIO)z.

We then assume that the spectral density of the excess noise scales as 1/f,
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and from data at the two voltages where measurements were made at two fre-

quencies, calculate the spectral density of the 1/f noise in the critical

1/f -22 AZHZ—l

I
o

voltage noise computed using Eq. (3.6) from the data at 98.6 kHz, we ob-

current:. S’ 7(98.6 kHz) = 5.5 x 10 . By subtracting the 1/f

tain the mixed-down noise shown in Fig. 10. The mixed-down noise is in
excellent agreeﬁent with the predicted value. Thus, this procedure pro-
vides strong evidence that the spectral density of the excess néise at

low voltages scales ciosely as 1/f (as is the case for -all junctions on

which we have measurements at three frequencies). We then calculated the

1/f voltage noise at the higher voltages (> 100 uV) from measurements at

1/f

98.6 kHz, using the value of SI quoted above, together with measured

o .
values of BV/BIO. We also measured the noise at 31.6 kHz at several vol-

tages between 100 and 200 uV, and obtained values that were consistent

-with those obtained by the above procedure. Since the overall 1/f corree--

. tion was small, typically 15% or less of the total junction noise at 200
uV, we believe that the error introduced by the correction»is at most

+ 5% of the mixed-down noise.
As a further complication, we did not measure the heating correction

on this junction, but rather on one fabricated simultaneously.' As a re-
sult the‘heating correction had a higher uncertainty, which we estimate

to be = 6% of the total spectral density, than for the other junctions.

Figure 11(a) shows the spectral density of the measured voltage noise

at 1.4K, together with the measured ﬁixed—down noise computed by subtract-
ing AkBTRélR, with the 1/f noise subtractéd. The solid line shows the =~
result of the computer simulation, with the zero point term included and
with the values of LS and C obtaineq.by fitting the hodel to the I-V char-
acteristics in Fig. 10. The data tend to lie sémewhat above the computed
curve at voltages above 100 wV. In Fig. 11(b) we have applied a heating

correction bySubtraCtingAkBATRg/R from the solid circles in‘ll(a). The

e

wre

ST
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agreement between chebmeasured and computed values is now réthe; good,
indicating thatvour model is a good approximation.

Oﬁr computer simulation yields the magnitudes of the contributions
Qf the noise generated at multiples of the Josephson frequency, as shown

in Fig. 12. We define a mixing impedance,8 Zk, via the relation

o0

o
= (k) _ 12
5,(0) = ; 55 (0) -k}: |2, 1%, (ko)) (3.7)
=0 =0
where k = 0, 1, 2 ..., and S(k)(O) is the spectral density of the mixed-

v
: . 2
down voltage noise due to noise near frequency kv;. We note that IZO| =

Rg. For B, = 0.031and8L = 0.05, Z, is essentially zero for k 2 2, and
the deviation; from the RSJ model are negligible. On the other hand, for
BL = 0.4 and 1.05; there are very substantial contributions to the noise
from harmonics out to the 5th and 9th, respectively, and the noise is
considerably enhanced over the valué predicted by Eq. (1.5). Theéé re-

‘sults explain quantitatively the additional noise associated with the re-
sonant structure, and, qualitatiﬁeiy, the additionél noise observed on

. juncéions 2 and 3 in the vicinity of structure on the I—V.characteristié.

In fact; the capacitance and inductance of these two junétions were esti-

mated from computer fits to this structure.-

Altﬁough the daﬁa obtained from junction 4 are considerably harder

to interpret than those from the other junctions, the role of zero point

fluctuations is éven more important because of the large numbef of har-

monics that contribute to the mixed-down noise. The noise generated at fre-

quencies near the higher harmonics can be in the quantum limit even for

junctions with « < 1.
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IV. CONCLUDING REMARKS
We emphasize that in comparing the data for junctioms 1, 2, and 3
with theory we have used only measured parameters; there is no fitting

of the data. - Thus, junctions 2 and 3 provide the main evidence for the

accuracy of Eq. (1.5). We believe the results obtained from these junc-

- tions are a convincing demonstration first, of the existence of a zero

point term in the spectral density of the current noise of a resistor in
thermal eduilibrium (Fig. 6), and, second, that these fluctuations give
rise to the limiting voltage noise in a current-biased resistively shunted

Josephson junction'in the quantum limit for I >'Io (Figs. 4, 5, and 7).

-Furthermore, the good agreement between our results and Eq. (1.5) justi-~

. : 14 : . . . . b s
fies our use of a Langevin equation together with a zero-point driving
term to predict quantum noise effects in a current-biased Josephson junc-
tion in the overdamped limit when it is in the free-running mode I > Io.

We were not able to examine the validity of the theory in the noise-

rounded case I < Io sidce quantum effects are negligible in this regime

in the He4 temperature range for the parameters of our junctioms.

The data from junction 4, which exhibited resonant structure, require
a fittigg of LS and C to compare the exper?mental results wiéh tﬁe theory.
However,;wé note that the values of LS and C thaf yiéld an excellent fit
to the measured I and dV/dI vs. V characteristicé, also produce a very
good fit to the noise data (Fig. 11). These resﬁlts show very dramatic-
ally the strong effects of additional non-liﬁearities on the voltage
noise due to the mixing-down of higher order harmoniés; Because quantum
effects increase rapidly as the ordgr of the ﬁafménic increases, the role

of zero point fluctuations is even more pronounced in junctions with re-
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sonant structure.

The fact that the zero point fluctuations in the resistor can be ob-
served at-%requencies as high as 5 x 1011 Hz implies that a josephson
mixer using the ac J6sephson-effect'as the local oscillator is an_ideal
quantum-limited déviceat theSefrequencies. When an external local oscil-
~lator is used, however, the additional non-linearity induced on the I-V
characteristic causes noise near the higher harmoniés-of the Josephson
frequency to be mixed'down, thereby greatly increasing the noise of the
mixer. This limitation of the Josephson mixer with an external local os-

cillator has been discussed extensively by other authors.zz’23

Finally, in accord with other pbservations, 4,25

we find no evidence
_ for a contribution to the measured noise arising from the shot noise of
pairs tunneling through the junction. For example, in Fig. 4, the spec-

tral density of a term 4eI° would be about 3.2 x 10—,22 A-zl-lz_l

,'a value
at least five times greater than the observed mixed-down noise at 1 mV.
We emphasize, however, that this observation in no way invalidates the

theory of Stephen,12 which is applicable to a quite different situation;
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APPENDIX. TWO METHODS OF COMPUTING I-V CHARACTERISTICS AND NOISE IN RE-
- SISTIVELY SHUNTED JUNCTIONS .

In this éppendix, we outliné two methods of computing the I;V char-
acteristics and spectral dehsity of the voltége noise for résistively
shunted'junétions. The first method calculates the I-V characteristics
~and RD; including noise-rounding, and can also be used to combute the
spectral density of the voltage noise, althouéb the last‘calculation is
rather slow. Unfortunately, for'reaéons tﬂat we will explain, this me-
thod is not useful for computing'the néise in a junction with resonant
structure, such as junction 4. The second method calculates the noise
very efficiently at voltages where noise rounding is negligible. With the
. model of the junction we.have used, this method appears to account for
most of the data observ;a on junctiqn 4 gatisfactorily, although higher
order corrections might provide a better fit at voltages above, say 500
. . .

Method 1

The model circuit, inset in Fig. 9, is described by Egs. (3.3) and
- (3.4). .We rewrite these.equations in dimensionleés units v = V/IOR, i =
I/Io, s = IS/IO, and 6 = t/(¢o/2ﬁIOR), and use was a dimensionless angular

frequency to obtain:

e
]

siné + Bcg + s ' (A1)

_and

Ose
I

. . _ _ v o v
s ELS + Vn s (A2)‘
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where 8§ = 36/38, etc., and we have used 2eV = h3§/3t. . As usual, Bc =

271 RZC/¢ and 8, = 27L I /% . The instantaneous state of the junction
o o . L s o o

is specified completely by 8, § and s. Using Eqs. (Al) and (A2) one can

compute s and § and the higher order derivatives of § and s, for example;
BE=8-5, ' (a3)

(a4)

w
o
0
|
(=21
n
2]
1)
(o]
I
e

and so on. We have neglected all derivatives of v Once the derivatives

have been evaluated numerically for the existing values of §, &, and s at

time 68, we cqmpute the ?éw values 61,.61, and‘sl at a later timg, e + Ts
by using a fifth—ofder Taylof expansion:

6, =6+ 8t + ...+ (376/007) 7051, (A5)

LR I e (3°6/30°) 7% /41 (46)
and

sl = s+ 81+ pe + (3°s/38°)1°/51 . (A7)

To predict the average voltage for i > 1, we set vy = 0, integrate Egs.
(Al) and (A2) numerically over exactly one Josephson cycle, measure the

required time 6, and compute <v> = <§> = 27/8. This procedure was used

to compute the values of RD in Fig. 9, with values of LS and C chosen to
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fit the data.
The results were independent of the length of the time step, T, pro-

vided t was less than the smaller of Bc or B.. To check that the presence

L
of noise did not affect the characteristics for i > 1, we varied v in
time to simulate noise from the resistor while the junction was allowed
to evolve over many Josephson cycles. The resulting values of the voltage
were idenéical to thqse with v, = 0.

Tp obtain avtimefrepresentation of vn(e) with a white power spectrum,
'S:(w), we used a.pseudorandom number génerator to produce voltage pulses
-tﬁat were gaussian distributed in amplitude and uncorrelated ;n time. A
non-vwhite poﬁer épectrum, S:w(w), could be generated, when necessary, by
convolving this time representation with an appropriate filter function.
"This filter function wa; chosen so that its transfer function in the fre-
.quency domain, T(w), satisfied

s:w(w) = ]T(m)]zsz(w) . (A8)

The high-frequency cut—off,wH, of vn(e) was always chosen to be large
enough that the predicted average voltage and noise voltage were indepen-

dent of the wvalue of'wH when the latter was varied over ‘a factor of 20 or

more. Furthermore, when the noise near the Josephson frequency was non-
white, we took account of the implied non-zero correlation time by ensur-

ing that the correlation time of the filter was much larger than l/vJ.

To obtain <§>, the cbmputed values of é(e) were filtered with a low-

pass gaussian filter with a roll-off frequency, I

w; of 0.03 to 0.1 v

The fluctuations in thefiltered values of <6> were used to compute the low
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frequency’speétral density of the voltage noise. This.spectrél density
was independent of the roll-off frequency of this low-pass fil- |
ter.

This method was used in two earlier papersls’26'to predict <é> and
" the fluctuations in é in single junctions and dc SQUIDs, including low-—
voltage regions 6f the I-V characteristics w@ere there is siénificant
noise rounding. However, when we tried to use this method to predict the
noise in junction 4, which has substantial resonant structure, we obiained
very poor results. .Thé essential problem was that the resonant frequency,

1 : ] ‘
= (LSC)—?, was typically 5 to 20 times higher than Wy while w, was

@ H

LC

necessarily at least several times greater than w Thus, since w, was

LC’ L

typically'an order of magnitude less than w, the ratio of mH/wL was typi-

J .
_caily 103. Consequently, the ratio of the "input" noise power to the "out-
put" nbise power forv"f—noiseﬁ was typically 106. The computed spectral
densities of the noise proved to be erratic with such large ratios, pos-
sibly because of our neglect of the derivatives of.vn in Eq. (A3). As a
result, we had to abandon this technique~fof junctions with resonant
~structure. |

Method 2

Above the noise—rognded region of the I-V characteristic, we uséd a
more accurate but more complicated'method to calculate the hoise in reson-

ant junctions. In this region, following the perturbation approach of

Likharev and Semenov,8 we can expand § and s:

5(8) = 8 () + 5(6) - a9
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and
s(8) = s _(6) +s(8) , (A10)

where 50 and s, are the noise-free solutions for the phase and shunt current,

~

and § and s represent small departures from 60 and s, due to noise. Sub-

stituting these expressions into Eqs. (Al) and (A2), we find

o
]

§ cos§ +B8B 8 +3 (A11)
o c
and

+v . | (AlZ)‘

- 0
n
0
+

jos)

We Fourier transform these equations over the range - © < w < to obtain

[~ -]

— Y . ' 2.7 ~
0= {K: F(w")é(w = w')dw' + ﬁc(— w8 (w) + s(w) . (A13)
_ and
Sw(w) = a+jmeL)Z(w) RO N - (A14)

where F(w') is the normalized Fourier transform of coséo(e). Since
cqsdo(e) is a periodic function, F(w') consists of a series of spiked

- functions centered at w = 0 and spaced at invervals of w Setting w' =~

3
ka, where k is an integer, we can transform the integral to a sum, replace

F(ka) with Fk’ and
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eliminate s between Eqs. (Al3) and (Al4) to find

_ 2 ~ vn(w)
_Z Fﬁ(w—kw)+<l+38 -wBC)ﬁ(w)=m. (A15)

In subsequent calculations, we have shown that there exists a maxi-
mum value of ]kl, km, above which the noise at}frequency ka is not signif-
icantly mixed down to the measurement frequenéy. Cutting off the summa-
tion at % km, we are left with ka + 1 inhomogeneous equations wiﬁh un—.»

where 2] <kg.
known phases G(w - me ) AN G(m + 2 o ),A To solve these, we first com-

k

~tuations in the §(w - QmJ) are then obtained by a conventional matrix in-

pute the coefficients F, using method 1 (with v, = 0). The required fluc-

version of Eq. (Al5). We find

+k

: A v (0 + kw.) o

~ 2,k 'n J

S(w + 2w,) = E — - » ’ (A16)
J 1= 1+ J(mv+ ka)BL

where A E-E_l, and §‘is the matrix represeﬁtation of Eq. (AlS5):

- j(w + le)'
Bl = Fx S k|T+ i +’1wJ)BL

- + le)ch INED)

In Eq. (Al17), 52 K is the Kronecker delta. Since the vn at different fré—
b . . i

quencies are independent, the noise at the measurement.freduency can be
obtained from Eq. (Al6) with |w| < le] and £ = 0O:
k

s; (W) = }Ej; Izk(w)lzsi(m ), . (A18)
K= |

- m

where
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j(w + sz)Al,k
s b

1+ j(w+ ka)BL

zk(w +_2wJ) = (A19)
is the complex dimensionless impedance that mixes noise from (w + ka) to

(w + lmJ), and si(m_+ ka) is the dimensionless spectral density of the

noise current in the resistor. We obtain Eq. (3.7)»ffomAEq.,(A18) by
replacing w with v, setting v = 0, using positive frequencies only, and
_assigning appropriate dimensions. In dimensioned units, at frequencies
small compared with zo/Ls’ Z_ is just the dynamic resistance. Thus, the
method can be tested by comparing the value of Zo with.the value of‘RD ob-
tained with method 1. The computed values of z(w) Qere shown to be inde-

pendent of w for w <§wJ, and w/mJ was chosen to be between 1/30 and 1/10.

> e
J 7 %c?

The value of km’ typically 16 to 25, was chosen so that kmw the
value of km was varied to show that the values of Z(w) did not depend on it.
The method was used to compute the spectral density of junction 4
X . . 2 .
shown in Fig. 11, and the corresponding values of',Zkl in Fig. 12. The
complexity of the method does not easily allow the value of R to be volt-
aée>dependént, and the noise in Fig. 11 Qas computed with R = 0.092 2 for

all voltages. This approximation gave rise to the discrepancy between

" the measured and predicted noise at low voltages in Fig. 11.
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TABLE I. Parameters of Junctionsa’b

Junction 1 v A 2 ‘ ‘ .' 3 - v 4

Temperatdre (K) - 4.2 4.2 , 1.6 4.2 1.4

I (nh) 0.32 0.51 o060 0.3 1.53

R @) : | 0.075 © 0.672 at 50uV ~0.58Q at 50uV °  0.084Q at 50uV
0.702 at 100wV 0.620 at 1004V 0.0922 at 100V
0.75Q at 400uv '’ . 0.682 at 200uV

0.77Q at 400uV

B 0.003 0.38 0.45 0.21 : 0.032

Ge

c

B, ©0.20 0.3 0.37 - 0.22 1.05

c - 0.066 0.9 | 3.0 0.62 1.17
sVl <o 10722 6.0 x 10723 3.0 x 10723 __' <3x107%% 5.5 x 10‘?2
(f:equehéy) o (100kHz) (183kHz) (183kHz) o (183kHz) (100kHz)
Heating (K/wW) <1 0.25 1.6 7 | 1.6

a C=0.5pF for 1, 2, 3,0.81 pF for 4; R taken at. 100pV.

0.2 pH for 1, 2, 3, 0.23 pH for 4; R taken at 100 pV.

.

b L
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FIGURE CAPTIONS

(a) Configuration of resistively shunted tunnel junction;.

-(b) Schematic of measuring circuit; the dashed lines enclose the

components immersed in liquid helium.
SV(O) vs. I for junction 1 at 4.2K. Solid circles are data with

dashed line drawn through them; solid line is prediction of Eq.

.

(1.1).
I and RD vs. V for junction 2 at 4.2K.
SV(O)/Rg vs. V for junction 2 at 4.2K. The open circles show

the total measured noise across the junction; solid circles be-

. low show the noise remaining after correction for 1/f noise and

heating. Upper solid and dashed lines are predictions of Eq. .
(1.5) and (3.25. Solid triangles are measured mixed-down noise,
lower solid and dashed lines are mixed-down noise predicted by

Eqs. (1.5) and (3.2).

_ SV(O)/Rg vs. T for junction 2 at 12 bias voltages. Notation is

as for Fig. 4. Arrows indicafe 2eV = kBT.

Measured spect:al density of current noise in 'shunt resistor of
junction 2 at 4;2K (solid c¢ircles) and 1.6K (open circles).
Solid lines are prediction of Eq. (1.4), whilé dashed lines are
(Ahv/R){exp(hv/kBT) - 1]—1. | | |

S?(Q) vs. V for junction 3 at 4.2K fot 4 values of Io; Notation
is as for’Fig. 4,

I—V and dv/dI-v curvés for junction 4 at 1.1K for four values
of T . |

o
I and RD vs. V for junction 4 at 1.4K with Io =1.53 mA, R =



Fig. 10

Fig. 11

Fig. 12
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0.0922, x = 1.17, 8 = 1.05, and'8_ = 0.032. Dashed line is com-
puted RD7 Inset is equivalent circuit of junction.

Speétral density of total voltage noise across juﬁction 4 at two
frequencies in the region V <'kBT/e with (AkBTRg/R) subtracted

out (open and solid circ1es)Q Solid lines have slope - 2. Tri-

angles are measured mixed-down noise assuming excess low frequency

noise is proportional to 1/f; dashed line is prediction of Egq.
(1.1).

(a) Open circles are measured ﬁoltage noise across junction 4 at
1.4K, solid circles'are mixed-down noise with 1/f noise subtracted.

Solid and dashed lines are predictions of computer simulation

with and without zero point term.

(b) Solid circles are data after heating correction haé been made,
solid line is identical to that in. (a).
IZkIZ/R2 for a junction with Bc = 0.031 for 3 values of BL and a

bias CurrentvI/Io = 1.42.
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