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ON A RECTILINEAR MESH
OVER A RECTANGLE
Jonathan D. Young
Lawrence Berkeley Laboratory
University of California
Berkeley, California

January 1972

ABSTRACT
For a function of two variables, we construct an optimal bicubipv

spline which interpolates to specified function values at the grid-

points of é rectilinear mesh over a rectangle. Additional conditions

in the form of normal derivatives may be spécified. By optimality, we

mean that third derivative discohtinuities are minimized in the least

square sense.
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INTRODUCTION

The Domain and Mesh

We consider a closed rectangular domain

'
where
Iy =[x, X] withX >x
1, = [y, 7 with ¥ >y,

We'further consider a partitibn of ix by poinﬁs X = X7y Xpyeney
Xy = X with m 25 enA'a.partitiOn of Iy by y=yl, ¥p»---¥p with n 25;
Neither paftition need be ﬁhiform, but the points xi'for‘iﬁl to m and
yj for j=1 to_n must be strictly increasing witﬁ i and j respectively.

We call the mn points (xi,_yj) for i=1 to'mband j=1 to n grid- .

points for the mesh over R. See Figure 1.

The Bicubic Spline

s

As given in 1, the bicubic spline, u(x,y), defined on R with knots -

at the grid-peints,'(xi, yj) for i=l.to m and j=1 to n has the following

properties:

1. On any subrectangle, [x;, x5 31 X [y, yi;l],'u is a bicubic

polynomial in x and y; i.e.,

3 3 s
u(x y) = X Z a Xy
’ £=0 k=0 *kK

2. The bicubic spline has continuous second derivatives on

R; 1.e., Uy s uxy and uyy are eontlnuoue on R.
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The following propertles are readlly deducedl

3. For any fixed y—y* (in particular for any grid-line Y=Y ) the
functioﬁs; u(x,¥y) and up(x, yy) are cubic splines in x.

hf For any fixed x=x* (in particular for any grid-line X=Xi)&
the.functions; u(Xy,¥) and'ux(x*,y) are cubienﬁplines in y.

5. ' On any subrectangle the bicubic polynomial'"segment" of u is

uniquely‘determined when u, uy, Uy and uiy are known at each of its four

verticesqb (The si*teen Values specified determine the sixteen coeffi-
cients @y ). |

6. On the.retaﬁgie, R, thevbicubic splineg,u, is uniquely
determined when u is known at all grid-poiats,_when thexndrmal derixative
ux, is known the boundary grid-pointe, (xl,.yj) and (%Xp> yj)‘and uy is
knewn_at the points, (%;, yy) and (x4, y,) and the crose-derivative Uyy
is known at the four grid-points (vertices of R) (xl; ¥1)s (x> yl),

(x> ¥p) and (x3, y,). (A cubic’'spline is uniquely determined when its

~values at its knots and its terminal first derivatives are known, con-

sequently the values required by'propefty 5 can be'readily cemputed by

virtue of properties 3 and k.)

Optimization
.. From proberty 6 above, we see that fhe b1cub1c spllne cn R with
knots (xl, yJ) for i=1 to m and j=1 to n is unlquely determlned by
mn + 2m + 2n + h parameters, namely
(a) The mn values of u_at the gfid#points

(b) The 2m values of uy, at grid-points along y1 and yp
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() The:2n Qalues_of uy at grid-points #long xl.and X

(d) The 4 values.of ux& at the corners.
If all these parameters are in fact Specified, then the.bicubié spline
u is determined exactly and no optimization is possible. In general
u, uy an‘d'uy will héve third derivative diécontiﬁﬁitiés at the internal
grid-points. | |

If we assumebthat the mn.paramefers (a) are always specified but

that some or all of the remaining parameter sets are nbt, then we are

free to compute values for the unspecified parameters which will minimize

in the least square sense the afore-menticned third-derivative dis-

continuities. The "smoothest" bicubic spline thus obtained is called
the optimal bicubic spline for the given conditions. In the succeeding
section we consider thé construction of this bicubié'spline under a

reasonable variety of circumstances.
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"' CONSTRUCTION OF THE OPTIMAL BICUBIC SPLINE
In general the'éonstruetion of an optimal cubic spline involves

the following

R {
_(é) vaescriptioh b
(b)e Specificetion
(E)- Optimizatioﬁ-
'(d) 'EValuatioh“ | /
In (a) wé'preseribeithe knoﬁs,A This is ddnevadequately‘by

)-prov1d1ng values for Xi for 1_1 to.m and yJ for j=1 to n. :Iﬁ general‘_

- we must»have mz5 endvn@:S. The sets {xl] and {yJ} must be strlctly
iﬁcreasihg With respecﬁ'te the pert;nent index. Spec1ng ‘need not be
unifd;m.- : | | | .

Ine(b) we specify knOWn5valees'relativeltp-dg_<We'mustjaiways‘ N
provide:éll velues | | | | | o |
o uij = ﬁ(xi’ yj):for i=isﬁo m= end--j=l te.n "
and none or any or all of the following sets of values.
-(1) uy(xl, V1) for i=l tom |
(2)',ux(3ﬁ5 yj) for j=l ton
(3) uy(};i, yn) f.or" i=1 tom
() ﬁx(xl{ y;) for j=l'ton
'_In case all the boﬁndary normal—aerivatives"aie_speeified5 we may a

' alsovspec1fy the cross derlvatlves | ‘ , r'

uxy(xl, 1) s Uy (X Yl) s uxy(xm: yn) and uxy(xl> yn) ' £

For this-cas 5e no optlmlzatlon is poss1ble and we proceed to. evaluatlon
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In (c) We'cbmpuxe valﬁes not specified above for boundary normal
derivatives and corner crbss-derivafives. These cqmputed values are
optimal in‘fhat they minimize third'derivative.discontinuities in the
least square sense.

In (d) we compute values fér ux, uy and uxy (not otherwise specifed
or computed) at every grid-point, (xi; yj). From these values (in
accordange with property 6) values for u and aﬁy desired first or secondf
derivatives may be computed at any point (x, y) in any subréctangle and,

consequently at any point in R.
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OPTIMIZATION
In the 31mplest case for optlmlzatlon, we know u at all grld-p01nte
and all normal derlvatlves at boundary grld-p01nts. |
Let sl'_ u (xl, yl) for 1—1 to m and from the p01nt set (x4, sl)
for i=1 to m determlne2 the optlmal values for s"(xl) and s'(xm) so that
the cublc spllne 5 has minimum thlrd derlvatlve dlscontlnulty and compute
s (xl)_and s (xm). We then set | |

uey(x1s ¥1) S’(Xl){ e

\

and : uxy(xm, Yl)

#0m)

-

In effect we have mlnlmlzed the dlscontlnulty in uyxxx along yi-

Slmllarly, let tl = uy(xl, yn) compute the optlmal cubic sp11ne t

.

and obtaln, & (xl) and g (m) and then set

i

uxy(x1: Yn) .vt'(xl)

tl(xm)'i

uxy(xm’ rYn)
: ‘ : . o

lnveffect ve have minlmized the discontinuity in'uyx};x along yn.
We can apply the same process to ux(xl, yJ) and ux(xm, yJ) obtaln
values for |
. uxy(xl,'yl)‘-and :uxy(xl: Yn)‘
~ and "j | xy(xm: ¥1) and uxy(xm, yn)

'Essentlally we have mlnlmlzed the dlscontlnulty 1n u along Xl and Xm

Xyyy
Now 1t is unl1kely that correspondlng corner values for Uyx and
Uxy w1llvbe in full agreement. Wejbelleve that Wlth most data the- .

disagreement will not be great and-a'reasonable_modicum of optimalityd‘.

‘can be attained by using the averages of corresponding Uy and‘nxy for

oo

—

"5'-.
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optimal corner values of the cross-derivative. -

’ : CIf fhe aﬁove method does not,éeem satisfactory for some data, a
procedure can be feadily devised for minimizing éimultaneously the third
derivative discontinuities in allvfour boundary normal derivative cubic
splines subject‘to four parameters,‘namely, the values of Uxy at‘the
four corners. |

In the next case of pptimization we considef that we know u at all
grid-points and uy at grid-points along bouﬁdaries y=ym,and y=¥Yp. To \
find uy at grid-points along x=x; and x=xy, we set for j=l tb n

vrj(ki) = Uy

and solve for the optimal cubic splinesvrj(i) and éet

ux(xl> YJ) = rj(xl)

ulms ¥3) =7} ()
vIn effect we have minimized_the diséontiﬁuiﬁy of Uxxxs We now proceed
as in the éimplest case, | |

The case where we know u ﬁt all grid-points_and ux‘at grid-points.
along Xy and Xy is freated_in an analogus manner.

,Wé now consider the case where u is knoﬁh at all grid—points and
ux’is known only atvgrid—boints.along iéxi, In this case we muSﬁ firét
éolve for optimizing vaiues for u, at grid-points along x=xp. We set

“for j=i.to n \

_rj(xi) = U,

I
o
]
—~
=
’_.I
“ .
« .
Ca.
A

and : | ‘rj(xl) =
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Then we use a one- parameter (the velue of r"(xm))to determlne an optimal
cubic spllne, Ty (x) for which thlrd derivatlve discontlnultles are T

minlmized. Agaln we’ are mlnlmlzlng discontlnultles in uXxx We now. set o

oA

ux(xmvaj) = Tj(xm)h )

and.proceed as. ‘outlined above. 3

When only u, is known along xm, oruy along y1 or uy along yn, the
procedure 1s analogous to that Just descrlbed. L1kew1se any comb1nation~
of sPec1f1cat10ns of" boundary normal derlvatlve sets can - be handled. |

The most complete case for optlmizatlon occurs when only values :;
for u are known at the grid—p01nts. In thls case we compute opt1mal
cubic splines in x for u(xl, yi) for every j and in y for u(xi, yJ) for
‘every i thereby determlnlng opt1m1z1ng values for normal derlvatlves at
all boundary grld—p01nts; We then proceed as 1n the first - paragraph
- of thiseseCtion; It is 1nterest1ng to note that in thls case" alternative-h

values uyx ‘and Uxy at the corners do agree

~,

L e e
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- EVALUATION
After the optimization process (if any) we need to compute.véiues
v for u#, Uy and Uyy at all grid—ppints where they ére.not presently known.
We set for j=1, n | | |
Tii = B4

x3y = uyxys ¥y)

‘ rém = u(xm’ Yj)

‘and for the (uniquely determined) cubic spline rj(x) we compute
'y . _
rj(xi) for i=2 to m-1
and seﬁ

ux(xi3 YJ) = r&(xi)-

By avsimilar process for i=1 to m we obtain
uy(xi, y3) for j=2vt6 n-1.

For j=1 and n, we use the correspondiqg cubice spline in x for Uy

‘ﬁith the_known values.of Uxy as terminal derivatives to éompute
uxy(Xi, Yl) |
and - _ for i =‘2 to m-1.
. uxy(xx’ yn) . .

For i=l to m, we use cubic splines in y corresponding tovux(xi, yj)

having terminal first derivatives_uxy(xi, y1) and uxy(xi, yp) to

determine

ey (%55 ¥3) fog'j=2-tb n-1.
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: COMPUTER CODE
A FORTRAN computer subroutlne, OBCSPY has been written to perform "g'
_the computatlon descrlbed in the optlmlzatlon and evaluatlon sectlons ..qff
above. - Under its various optlons, any of the spec1f1cat10ns dlscussed )
‘ abové.and,-as well, the pase where;the<b1cub1cv§p11ne is complétely
specified can be handled by the code.. ,Lis£ings' and insvtru"ctiv'oﬁvsﬁ for use

beQBCSRY can be obtained from the authors.
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CONCLUSION

 The problem of surface fiﬁting ovef a rectangle fof a function,
f(x, y), when f is known.only at grid-pointé'of a rectilinear mesh over
and including the boundaries of Rvis readily haﬁdled by the techniQue
described above. We simply set uijlﬁ f(xi, yj) andf¢ompu£e the optimai
bicubic spline u. Cases where boundary normal derivatives for f are
known can likewise be solved by simply requiring u to‘agree.with f in
these péfticulars. | |

Like cubic spline fitting3, bicubic splihe fitting has the

advantage over local (relatively low degee) bipolynomial fitting in that
it obtains second derivative continuity over éll.of R. Its advantage

over high degree bipolynomial fitting is that it avoids the extreme

vinflection which sometimes occurs under the latter. -In contrast with

least square bipolynomial'fitting the bicubic spline is an exact fit of

. known data while the latter is not.

"Bicubic spline fitting is‘quite convenient for interpolatioh to

obtain approximated values of the fitted function f at any non-grid

~ point in_R. Let (x*, y*) be such a point, then (x*, y*) lies in the

interior of some sub-rectangle (x;, xj,1) X (yj, yj+l)4 We compute
u(x*, y*) as an approximation for f(x*, y*). We use the fact that u

and u,, are cubic in x between x; and xi+l.along-both'yj and y The

y 1 J+L1°
known values of u;fuy and uyy at (x, yj) and (Xi+l,_Yj) are sufficient
to determiné u and uy at (x*, yj). Simjlérly we can determine u and
uy at (x*, yj+l)' We use thé fact that u is a cubic iﬁ y between yj

and yj+l'along x*, and the values for u an uy at (x¥, yj) and (x¥, yj+l)

sufficient to determine u(x¥, y*).
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