UC Berkeley

UC Berkeley Electronic Theses and Dissertations

Title

Strong Macdonald Theory and the Brylinski Filtration for Affine Lie Algebras

Permalink
https://escholarship.org/uc/item/1hk95821

Author
Slofstra, William Edward

Publication Date
2011

Peer reviewed|Thesis/dissertation

eScholarship.org

Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/1hk9582f
https://escholarship.org
http://www.cdlib.org/

Strong Macdonald Theory and the Brylinski Filtration for Affine Lie Algebras
by
William Edward Slofstra
A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy
in
Mathematics
in the

Graduate Division
of the

University of California, Berkeley

Committee in charge:

Professor Constantin Teleman, Chair
Professor Nicolai Reshetikhin
Professor Robert G. Littlejohn

Fall 2011



Strong Macdonald Theory and the Brylinski Filtration for Affine Lie Algebras

Copyright 2011
by
William Edward Slofstra



Abstract

Strong Macdonald Theory and the Brylinski Filtration for Affine Lie Algebras
by
William Edward Slofstra
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Constantin Teleman, Chair

The strong Macdonald theorems state that, for L reductive and s an odd variable, the
cohomology algebras H*(L[z]/2") and H*(L|z, s]) are freely generated, and describe the co-
homological, s-, and z-degrees of the generators. The resulting identity for the z-weighted
Euler characteristic is equivalent to Macdonald’s constant term identity for a finite root sys-
tem. The proof of the strong Macdonald theorems, due to Fishel, Grojnowski, and Teleman,
uses a Laplacian calculation for the (continuous) cohomology of L[[z]] with coefficients in
the symmetric algebra of the (continuous) dual of L[[z]].

Our main result is a generalization of this Laplacian calculation to the setting of a general
parahoric p of a (possibly twisted) loop algebra g. As part of this result, we give a detailed
exposition of one of the key ingredients in Fishel, Grojnowski, and Teleman’s proof, a version
of Nakano’s identity for infinite-dimensional Lie algebras.

We apply this Laplacian result to prove new strong Macdonald theorems for H*(p/2"p)
and H*(p[s]), where p is a standard parahoric in a twisted loop algebra. We show that
H*(p/2z"p) contains a parabolic subalgebra of the coinvariant algebra of the fixed-point
subgroup of the Weyl group of L, and thus is no longer free. We also prove a strong
Macdonald theorem for H*(b; S*n*) and H*(b /z"n) when b and n are Iwahori and nilpotent
subalgebras respectively of a twisted loop algebra. For each strong Macdonald theorem
proved, taking z-weighted Euler characteristics gives an identity equivalent to Macdonald’s
constant term identity for the corresponding affine root system. As part of the proof, we
study the regular adjoint orbits for the adjoint action of the twisted arc group associated to
L, proving an analogue of the Kostant slice theorem.

Our Laplacian calculation can also be adapted to the case when g is a symmetrizable
Kac-Moody algebra. In this case, the Laplacian calculation leads to a generalization of
the Brylinski identity for affine Kac-Moody algebras. In the semisimple case, the Brylinski
identity states that, at dominant weights, the g-analog of weight multiplicity is equal to the
Poincare series of the principal nilpotent filtration of the weight space. This filtration is
known as the Brylinski filtration. We show that this identity holds in the affine case, as



long as the principal nilpotent filtration is replaced by the principal Heisenberg. We also
give an example to show that the Poincare series of the principal nilpotent filtration is not
always equal to the g-analog of weight multiplicity, and give some partial results for indefinite
Kac-Moody algebras.
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Chapter 1

Introduction

The purpose of this dissertation is to study the Lie algebra cohomology of affine Kac-
Moody algebras and loop algebras, with two goals: extending the Brylinski filtration for
semisimple Lie algebras to affine Kac-Moody algebras, and proving new strong Macdonald
theorems for parahoric subalgebras of (possibly twisted) affine Kac-Moody algebras. This
chapter contains an overview of these results, and explains how they fit into the rich theory
of semisimple Lie algebras and Kac-Moody algebras. The reader is assumed to be familiar
with the basic representation theory and structure theory of semisimple Lie algebras. Sec-
tion gives a short introduction, with references, to Kac-Moody algebras and Lie algebra
cohomology. Section explains the development of the Brylinski filtration, starting with
Kostant’s generalized exponents, and ending with the Brylinski filtration for a Kac-Moody
algebra. Finally, Section covers the Macdonald constant term identity, the strong Mac-
donald theorems of Fishel, Grojnowski, and Teleman, and strong Macdonald theorems for
parahoric subalgebras. New material is covered in Subsections [1.2.1] and [1.3.1} most of what
is discussed has previously been presented in [Sl11a] and [SI11b].

1.1 Background

1.1.1 Kac-Moody algebras

Let L be a complex semisimple Lie algebra. It is well-known that L has a presentation as the
free Lie algebra generated by elements {hq,..., i}, {e1,..., e}, and {f1,..., fi}, satisfying
the Serre relations

(f)) =0, 1<i#j<l,
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where 0;; is the Kronecker delta, and A is an [ x | matrix with integer coefficients. The
matrix A satisfies the following conditions:

.A”:2

o Aij =0if Aji = O, and
e A is positive definite.

Any matrix satisfying these conditions is called a Cartan matrix, and gives rise to a presen-
tation of a semisimple Lie algebra. A matrix satisfying the first three conditions, but which
is not necessarily positive-definite, is called a generalized Cartan matrix. Just as Cartan
matrices correspond to semisimple Lie algebras, the generalized Cartan matrices correspond
to the larger family of Kac-Moody algebras. Specifically, if A is a generalized Cartan matrix,
let h be a vector space of dimension [ + corank A, such that h contains the free vector space
spanned by symbols {h4,...,l}. Choose oy, ..., in h* such that o;(h;) = A;;. The Kac-
Moody algebra associated to a generalized Cartan matrix is the free Lie algebra generated
by b, {e1,...,e}, and {f1,..., fi}, satisfying the relations

[h,e] = aj(h)e;, 15 <1,

lei, f5] = 0i5hs, 1 <4,5 <1,

' , 1<i#7<I and
, 1<i#Fj <1

Kac-Moody algebras were discovered by Kac [Ka67] and Moody [Mo67], and have proven to
be very important and useful objects in mathematics and physics. For example, they appear
in string theory and conformal field theory. One of the most surprising things about Kac-
Moody algebras is the extent to which they are analogous to finite-dimensional Lie algebras.
Kac-Moody algebras have a Weyl group, a root system, flag varieties, and irreducible highest
weight representations £(\) parametrized by dominant weights. A general overview of the
structure and representation theory of Kac-Moody algebras can be found in [Ka83|. For flag
varieties and representation theory, more background can be found in [Ku02]. We follow
[Ku02] in our presentation except where noted.

A generalized Cartan matrix is said to be indecomposable if no conjugate of A by a
permutation matrix has a non-trivial block decomposition. The classification theorem for
Kac-Moody algebras divides indecomposable Kac-Moody algebras into three types: if the
generalized Cartan matrix is positive definite, then the Kac-Moody algebra is a simple finite-
dimensional Lie algebra, and is said to be of finite type; if the generalized Cartan matrix
positive semi-definite, then the Kac-Moody algebra is said to be of affine type; otherwise
the generalized Cartan matrix is indefinite, and the Kac-Moody algebra is said to be of
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indefinite type. Affine Kac-Moody algebras are of particular interest, perhaps because they
can be constructed using loop algebras, as we will see in the next section. In contrast, no
nice construction for indefinite Kac-Moody algebras is known.

A Kac-Moody algebra g can be given a Z-grading by assigning every generator e; a non-
negative degree d; > 0. In the Kac terminology such a grading is called a grading of type d
[Ka83|. Let g,, denote the degree n component of g with respect to some grading of type d.
Then g is again a Kac-Moody algebra, and g has a decomposition g = u @ gg & u, where
u=@,. .9, and u = @, _, g, A subalgebra p is said to be a parahoric of g if it is of the
form p = €, -, g» for some grading of type d. When every d; is strictly positive, go = b, and
the decomposition g = U@ HDu is an analogue of the triangular decomposition for semisimple
Lie algebras. If g is an affine Kac-Moody algebra constructed from a (possibly twisted) loop
algebra L[zF!]% (this construction will be explained in the next section), let py be a fixed
parabolic subalgebra of L7, and let p denote the subalgebra {f € L[z] : f(0) € po}®CcdCd.
The algebra p is a parahoric, and we call subalgebras of this form standard parahorics.

A Kac-Moody algebra is said to be symmetrizable if there is a diagonal matrix D with
positive integral entries such that D=1 A is symmetric. A symmetrizable Kac-Moody algebra
has an invariant bilinear form. All finite and affine Kac-Moody algebras are symmetrizable.

1.1.2 Loop algebras and affine Kac-Moody algebras

Let L be a reductive Lie algebra with diagram automorphism o of finite order k. By definition
L has a triangular decomposition L = uy @ h P 1y where the Cartan algebra b and nilpotent
radicals 1y and g are o-invariant, and such that ¢ permutes the simple roots corresponding
to the Borel h duy. We say that a Cartan, Borel, or nilpotent radical is compatible with o if
it appears in such a decomposition. The twisted loop algebra is the Lie algebra g = L[z*!]°,
where & is the automorphism sending f(z) — o(f(q™'z)) for ¢ a fixed kth root of unity. g

can be written as
k-1

g= @ Lo ® 2°C[z*¥],
=0
where L, is the ¢*th eigenspace of o. If L is simple then each L, is an irreducible Lo-module.
In particular if L is simple then L is also simple; in general Ly will be reductive. A reductive
Lie algebra L has an anti-linear Cartan involution - and a contragradient positive-definite
Hermitian form {, }. These two structures extend to the twisted loop algebra g so that for
any grading of type d, g, = g_, and g,, L g, when m # n.

The root system of g can be described as follows. Let h be a Cartan subalgebra of L
compatible with the diagram automorphism. Then by := §? is a Cartan in Ly, and Ly has
a set aq,...,q; of simple roots which are projections of simple roots of L. The roots of g
can be described as o + nd € b x Z where either « is a weight of L, with n = a mod k,
or « = 0 and n # 0, and § comes from the rotation action of C* on g. Assume that L is
simple, and let 1) be either the highest weight of L; (an irreducible Ly-module) if £ > 1, or
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the highest root of L, if K = 1. Then the set ag = d — 9, aq, . ..,y is a complete set of simple
roots for g. If L is reductive then we can choose a set of simple roots by decomposing L as
a direct sum of o-invariant simple subalgebras plus centre, and taking the simple root sets
from each corresponding factor of g.

As with Kac-Moody algebras, the twisted loop algebra g can be given a Z-grading by
assigning degree d; > 0 to the positive root vector associated to «;. A parahoric subalgebra
of g is a subalgebra of the form p = €, -, 9n, for some Z-grading of g of type d. A parahoric
subalgebra contains a nilpotent subalgebra defined by u = D,-0 9. We will say that a
parahoric is standard with respect to the choice of simple roots if it comes from a grading of
type d such that d; > 0 whenever «; is of the form 0 — for ) € . Suppose p is a standard
parahoric. Let S = {«; : d; = 0}, and pg be the standard parabolic subalgebra of Ly defined

by
Po="bo @ @ Lo)o @ @
aEAT a€A—NZ[S]

where A* are the positive and negative roots of Ly with respect to the chosen simple roots.
Then p = {f € g : f(0) € po}, while u = {f € g: f(0) € up}, where uy is the nilpotent
radical of pg. Note that in this context the nilpotent radical of an algebra £ is defined to
be the largest nilpotent ideal in [€,€] (or equivalently the intersection of the kernels of all
irreducible representations), so that uy does not intersect the centre of L. If py is a Borel,
then p is called a standard Iwahori subalgebra.

If L is simple, define g to be the Lie algebra L[2*]° & Cc @ Cd, where the bracket is
defined, for x,y € L, 71,7, B1, B2 € C, by

[22™ + e+ Bid, yz" 4+ Yac + fod] =
[z, y]2" "+ Binyz" — Bamaz™ + 0y —nm(x, y)e,

for (,) a symmetric invariant bilinear form on L. Then g is an indecomposable affine Kac-
Moody algebra, and every indecomposable affine Kac-Moody algebra arises in this fashion.
When o is the identity, the affine Kac-Moody algebra is said to be untwisted; otherwise the
Kac-Moody algebra is said to be twisted. The root system of g as a Kac-Moody algebra
is the same as the root system of the loop algebra g described above. If L is semisimple
then it is still possible to turn g into a (possibly decomposable) Kac-Moody algebra, but
this construction needs to be repeated for every simple component of L.

1.1.3 Lie algebra cohomology

Suppose that g is a Lie algebra, € is a subalgebra of g, and V' is an L-module. The Koszul
homology complex (also called the Chevalley, Chevalley-Eilenberg, or Koszul-Chevalley com-
plex) C, for the pair (g, ) with coefficients in V' is defined as the space of coinvariants

C, = (/p\g/?@V)/?' (/P\g/?@:@‘/) :
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with differential d sending

xl/\~~-xk®vr—>Z(—l)”j[xi,:cj]/\xl/\~~:fl----:zfj~~-/\xk
—i—Z(—l)ixl/\~~~:f7;-~/\a:k®xiv,

where #; denotes that the symbol is omitted. The Lie algebra homology H.(g, V') is the
homology of the complex (C,,d). Cohomology spaces are defined similarly: the Koszul
complex C* is defined to be the space of invariants,

o - ((i\g/ey@v)immg (}'\g/e,v>

with differential 0 defined, for f € Homg( /\k g/t V), by

(af)(‘rlv"'axk-i-l) - Z<_1)i+jf([xi’xj]7xlv”' 755@'"" 7‘fj>"' ’xk-i-l)

i<j

+ Z(_l)i+1xif(xl7 s 7'fi7 B ,$k+1)~

The cohomology spaces H*(g, ¢; V') are then defined to be the homology spaces of the complex
(C*,0). Lie algebra cohomology was first defined by Chevalley and Eilenberg [CE4S]; the
treatment here is based on [Ku02].

Cohomology and homology groups are dual, in the sense that H*(g, ¢, V*) = H,.(g,& V)"
If g is infinite-dimensional, then H,(g,€; V') can be infinite-dimensional, and hence the co-
homology spaces can be very large: the full dual of an infinite-dimensional vector space. If
g is a topological Lie algebra, and V' is a continuous representation, then we can take, in
the Koszul complex, Hom(A" g/€ V') to be the space of continuous ¢-invariant maps. The
cohomology of the resulting complex is called the continuous cohomology of (g, %) with co-
efficients in V', and the resulting cohomology spaces will be denoted by H} (g, V). For
more background on continuous cohomology, see [Fu86]. Continuous cohomology is a very
valuable tool for working with infinite-dimensional algebras, and we use it without excep-
tion. Furthermore, the dual (g/€)* will always denote the continuous dual. However, for our
purposes it is enough to consider only one special case of this construction. Suppose p is a
Z>o-graded Lie algebra with finite-dimensional homogeneous components, so p = @, -, n
with [P, Pm] C Pmin and dimp,, < +oo. Take & = py. The algebra p has a completion

ﬁ—l%np/@pm

n>k
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where lim denotes the inverse limit. The completion p can given the inverse limit topology,
and (A"p/po)” = A" (p/po)*, where the continuous dual (p/pg)* is linearly isomorphic to
P, b5, a direct sum of duals of finite-dimensional spaces. Assuming that V" has a com-
patible Z>(-grading with finite-dimensional components, we can define the completion V in
a similar manner. The homology spaces H,(p,po; V) and cohomology spaces H (P, Po; V)
then inherit Z-o-gradings, and the homogeneous components are finite-dimensional and dual
to each other.

Lie algebra cohomology has been an important object of study throughout the devel-
opment of the theory of semisimple Lie algebras and groups. We highlight two historically
significant results. The first is the calculation of the cohomology of a reductive Lie algebra.
Recall that if G is a Lie group, a well-known theorem of Hopf states that the cohomol-
ogy H*(G) is a free super-commutative algebra generated in odd degrees. Accordingly, the
Poincare polynomial of G can be written as

J

for some non-negative collection of integers my,...,m;. This theorem has a long history,
a contemporaneous summary of which can be found in [Sab2]. In particular, the theorem
was first proved for the classical Lie groups by Pontryagin [Po39], and also by Cartan and
Brauer [Car36] [Bra35|. If G is a connected reductive complex Lie group then the cohomology
algebra of G is isomorphic to the cohomology algebra of the associated Lie algebra L [CE4S].
So if L is reductive, H*(L) is a free super-commutative algebra, with generators occurring in
homogeneous degrees 2m, + 1,...,2m; + 1. In this case, [ is equal to the rank of L and the
numbers my, ..., m; have become known as the exponents of L. As will become apparent in
the following sections, the exponents, along with subsequent extensions, have an important
place in Lie theory, with deep connections to geometry, combinatorics, and representation
theory.

Second, we point out Kostant’s theorem, which describes the cohomology H*(n;C,) of
a nilpotent radical n of a semisimple Lie algebra L, with coefficients in a weight module C,
[Kob9]. Kostant originally proved this theorem by calculating the kernel of the Laplacian
O = 00* + 00 of the Lie algebra cohomology differential 0, where 0* is the adjoint of
0 in the metric on the Koszul complex C* induced from the invariant bilinear form on
L. Computing the kernel of the Laplacian has become a standard tool for Lie algebra
cohomology calculations. Kostant’s theorem can be regarded as a Lie algebra cohomology
analogue of the Borel-Weil-Bott theorem, which describes the cohomology of equivariant line
bundles on the full flag variety. In fact, Kostant used this theorem to give a proof of the
Borel-Weil-Bott theorem. The Lie algebra perspective turns out to be very useful for working
with Kac-Moody algebras. The full flag variety of a Kac-Moody algebra can be infinite-
dimensional, so it is difficult to work with the cohomology. In contrast, Kostant’s theorem on
Lie algebra cohomology generalizes to the case of Kac-Moody algebras in relatively straight-
forward fashion. This generalisation is due to Garland-Lepowsky |GL76], while Kostant’s
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Laplacian calculation has been extended to the case of Kac-Moody algebras by Kumar
[Ku84]. Kumar has also proven a Borel-Weil-Bott theorem for the flag variety of a Kac-
Moody algebra [Ku87].

1.2 Generalized exponents and the Brylinski filtration

As mentioned in the previous section, the exponents of a reductive Lie algebra L arise as
the degrees of the generators of the cohomology algebra H*(L). If my,...,m; is the list
of exponents, then the generators occur in degrees 2m; + 1,...,2m; + 1. One of the first
questions asked about the exponents was how to compute them from the root system of
L. A simple procedure was given by Shapiro: if b is the number of positive roots of
order k, where the order of a root is the sum of the coefficients with respect to a simple
basis, then the multiplicity of m as an exponent is b,, — b,,+1 (to handle reductive Lie
algebras, set by to the rank of L) [Kob9]. Another procedure was given by Coxeter: the
exponents of L can be calculated from the eigenvalues of a certain element of the Weyl
group, known as the Coxeter-Killing transformation |[Cox51]. In the case of sl,, the Weyl
group is the permutation group .5, and a Coxeter-Killing transformation is a long cycle, for
example (12---n) in disjoint cycle notation. Since the exponents were known for the simple
Lie algebras, it was clear from the empirical evidence that the procedures of Shapiro and
Coxeter gave the exponents. A proof of the correctness of Coxeter’s procedure relying on a
small amount of empirical evidence was given by Coleman [Col58]. Kostant, in a seminal
paper, used the concept of a principal nilpotent of L to prove the equivalence of the different
procedures and definitions without reference to any empirical data [Ko59]. An element e of
L is nilpotent if e belongs to [L, L] and ad(e) is nilpotent on L, and regular if the centralizer
L¢ has dimension equal to the rank of L. An element which is both nilpotent and regular is
called a principal nilpotent. Every principal nilpotent belongs to an sly-triple {z, e, f}, i.e.
a 3-tuple satisfying the determining relations [z, e] = 2e, [z, f] = —2f, and [e, f] = z for sl,.
Kostant showed that the exponents of L are the highest weights of L as a module for the
subalgebra determined by a principal slo-triple, or in other words the eigenvalues of ad(z)
on the centralizer L°. In the case of sl,, the principal nilpotents are those matrices having a
single Jordan block, or in other words the matrices which are conjugate to the matrix with
ones down the first off-diagonal, and zeroes elsewhere. The exponents for sl, and gl, are
1,...,n—1and 0,...,n — 1 respectively.

Kostant followed his study of the exponents of L with another seminal paper, this time
describing the L-module structure of the ring S*L* of polynomials on the Lie algebra [Ko63b].
Central to this paper is the geometry of the adjoint orbits in L, and the multiplicity of the
highest-weight L-module £(A) in S*L* can be determined from this geometry. Specifically,
Kostant observed that S*L* is free as a J = (S*L*)*-module, and furthermore that there is
a homogeneous L-submodule H of S*L* such that the multiplication map J ® H — S*L*
is an L-module isomorphism. J is constant on any G-orbit O in L, so there is an L-module



CHAPTER 1. INTRODUCTION 8

homomorphism H — C[O]. Kostant showed that this morphism is an isomorphism if O is
the orbit of a regular element x. Thus H is isomorphic to the L-module C[G]¢", and the
multiplicity of £(A) in H can be determined from the Peter-Weyl theorem. Determining
the multiplicity of £()) in the submodule S*L* of polynomials of some fixed degree is more
difficult, and leads to a notion of generalized exponents. Specifically, the generalized expo-
nents for a highest weight representation £(\) are defined by stating that the multiplicity
m as a generalized exponent is equal to the multiplicity of £()) in the degree m component
of H, where H has a grading inherited from S*L*. The generalized exponents can also be
computed using a principal slo-triple {z, e, f}: they are equal to the eigenvalues of x on the
subspace £(\)%. To prove this last fact, Kostant turns again to the orbit geometry of L,
showing that the GIT quotient map L — L//G = SpecJ restricts to a submersion over
the open subset L™ of regular elements in L, and that there is an affine subset v C L™,
called the Kostant slice, such that v < L — L//G is an isomorphism. Incidentally, the
Kostant slice can be used to show that J is a free commutative algebra, with homogeneous
generators in degrees m; + 1,...,m; + 1. There is one further perspective on the L-module
H. The ideal of S*L* generated by the positive-degree elements of J corresponds to an
algebraic variety N’ C L. This variety consists of the nilpotent elements, and is known as
the nilpotent cone. Hesselink showed that A/ has only rational singularities, and in fact has
a resolution T*X — N where X is the full flag variety X = G/B of G [He76]. It follows
from Hesselink’s work that C[7T™*X] and C[N] are isomorphic to H as L-modules.

Computing the generalized exponents using Kostant’s definition requires working with
representations of L. The generalized exponents can also be computed directly from the
root system and Weyl group using a formula independently discovered by Hesselink and
Peterson. Let m)(q) = Y. d;q" where d,, is the multiplicity of m as an exponent. The
Hesselink-Peterson formula states that

my(q) = ) e(w)K(w(A+p) = p;q),

where W is the Weyl group of L, € is the usual sign representation, p is the half-sum of
positive roots, and K () is the Kostant partition function giving the coefficient of [e”] in
[T,eas+ (1 —ge*)~t. The formula was discovered by Hesselink using cohomological methods,
using ideas similar to those appearing in [He76]. Both Hesselink and Peterson later gave
non-cohomological proofs [He80] [Pe78]. Hesselink and Peterson’s formula connects the gen-
eralized exponents to other areas of representation theory and algebraic combinatorics. The
polynomials mj(q) are a special case of Lusztig’s g-analog of weight multiplicity, defined for
a weight u of L(\) by

mp(g) = Y e(w)K(w\+ p) — = p; q)
weW

These polynomials are analogs of weight multiplicity because mf;(l) = dim £()),,, the mul-
tiplicity of the uth weight-space of £(\). In combinatorics, these polynomials are equal to
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Kostka-Foulkes polynomials, which express the characters of the highest-weight representa-
tions in terms of Hall-Littlewood polynomials [Kat82] (see [St05] for an expository reference).
Lusztig observed that the mf; (q) are Kazhdan-Lusztig polynomials for the affine Weyl group
[Lus83].

An interesting feature of Lusztig’s ¢g-analogs is that the coefficients of mﬁ(q) are non-
negative when p is a dominant weight of £(\). There is an explanation for this phenomenon,
first conjectured by Lusztig [Lus83|: the weight space £()), has an increasing filtration ©F™*
such that m;\L(q) is equal to the Poincare polynomial

Pig) =Yg dm FLON), [ FILO), (1.1)

>0

of the associated graded space. This identity was first proved by Brylinski for u regular or g
of classical type; the filtration €™ is known as the Brylinski or Brylinski-Kostant filtration,
and is defined by

F(LAN)) ={v e L)y : Mo =0},

where e is a principal nilpotent. Brylinski’s proof states that the coefficient of ¢™ in m;\L(q)
is the multiplicity of £(\) in the mth component of the graded space of ['(O, F~#), where
O is the orbit of a regular semisimple element in L, F"~* is a line bundle defined over X by
the character p and pulled back to p, and I'(O, F~*) is the space of sections of F'~*, filtered
by polynomial degree of S*L*. Hence the polynomials mﬁ(q) can be regarded as pu-twisted
generalized exponents of £(\). Brylinski’s proof was extended to all dominant weights by
Broer [Bro93]. More recently Joseph, Letzter, and Zelikson gave a purely algebraic proof of
the identity m) = “P;, and determined P, for y non-dominant [JLZ00].

The g-analogs of weight multiplicity are also connected to one of the best-known theorems
of geometric representation theory, the geometric Satake isomorphism. This theorem states
that there is an equivalence between the representation category of G, and the category
of equivariant perverse sheaves on the loop Grassmannian Gr = GY((z))/G"[[z]] of the
Langlands dual group GV. The loop Grassmannian is an ind-variety, realized as an increasing
disjoint union of Schubert varieties Gr* parametrized by weights of G. Under the equivalence,
a highest-weight representation £(\) is sent to the intersection cohomology complex IC* of

Gr*. In addition to conjecturing the equality mﬁ(q) = ePﬁ\, Lusztig showed in [Lus83| that

A . . . . A . .
m;,(q) is equal (after a degree shift) to the generating function IC7(q) for the dimensions

of the stalk of the complex ICQ at a point in Gr* C Gr*. A direct isomorphism between

the stalks IC;\L and the graded spaces gr £(\),, appears in the geometric Satake isomorphism
[G195] [MV(7], leading to another proof that m) = “P (see [Gi95] in particular).

1.2.1 The Brylinski filtration for affine Kac-Moody algebras

The g-analogs of weight multiplicity mﬁ(q) can also be defined for an arbitrary symmetrizable
Kac-Moody algebra.In contrast to the case of semisimple Lie algebras, the root spaces of a
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Kac-Moody algebra are not necessarily one-dimensional; the dimension of a root space is
called the multiplicity of the root. The multiplicities have to be inserted into the Kostant
partition function, so that K'(3; ¢) is defined as the coefficient of [¢”] in [T, cx+ (1—ge®) ™™t
Viswanath has shown that the g-analogs of weight multiplicity of an arbitrary symmetrizable
Kac-Moody are Kostka-Foulkes polynomials for generalized Hall-Littlewood polynomials,
and determined m;(q) at some simple p for an untwisted affine Kac-Moody [Vi08]. A
principal nilpotent of a Kac-Moody algebra is defined to be a linear combination e = > ¢;e;
of the positive generators, where all the coefficients ¢; are non-zero. With this definition, the
principal nilpotent filtration ¢ F* of the weight space of a highest-weight representation can be
defined as in the finite case. Braverman and Finkelberg have proposed a conjectural analog
of the geometric Satake isomorphism for affine Kac-Moody groups [BF10]. Their conjecture
relates representations of g to perverse sheaves on an analog of the loop Grassmannian gV,
where g¥ is an untwisted affine Kac-Moody algebra and g is the Langlands dual to g. Their
model leads them to conjecture that mz\t(q) = ePlf‘ in the affine case, with both related to
the intersection cohomology stalks as in the finite case.

Brylinski’s original proof of the identity mf; = ePlf‘ uses at a crucial point the fact that
the cohomology groups HY(X, F~* ® S*T'X) are zero if ¢ > 0 and p is a dominant and
regular weight. Cohomology vanishing theorems are a standard tool in complex algebraic
geometry, and Brylinski deduces this cohomology vanishing theorem from a standard result
on positive vector bundles. In general, it is difficult to adapt these standard tools to the
infinite-dimensional setting. Teleman observes in [Te95] that one standard tool, Nakano’s
identity, can be adapted for the relative Lie algebra cohomology of the pair (L[z], L) (this Lie
algebra pair corresponds to the homogeneous space Gr of the loop group). Nakano’s identity
is used in [FGTO§| to calculate the Laplacian for the cohomology of the pair (L[z], L) with
coefficients in S*L[[z]]* with respect to the unique Kahler metric for the loop Grassmannian.
The Laplacian calculation implies that the cohomology groups HY(L[z], L; L ® S*L[[z]]*)
vanish for ¢ > 0 when L is a positive-level representation of the loop group L[z*!]. From
this, Fishel, Grojnowski, and Teleman deduce a Brylinski-like theorem: there is a filtration
of the G-invariant subspace £% of £ such that the graded space gr* £ is isomorphic to the
space (£ ® S*L[[z]]*)*F.

One of the main results of this dissertation is an extension of Brylinski’s result to affine
(i.e. indecomposable of affine type) Kac-Moody algebras. This extension follows from the
vanishing of the cohomology groups H%(b, h; S*u" @ L(\) ® C_,) for ¢ > 0, where b is the
analog of the Borel in a Kac-Moody algebra g, b is the Cartan subalgebra of g, u is the
analog of the nilpotent subalgebra of b, £()\) is a highest-weight integrable representation of
g, and p is a dominant weight of £(\). To prove this vanishing theorem, we use Nakano’s
identity as in [FGTOS|. Teleman’s version of Nakano’s identity is given only for L|[z], but
the proof applies in a very general setting; this is explained in Chapter 2 While the loop
Grassmannian has a unique Kahler metric, the corresponding homogeneous space for (b, b)
has many Kahler metrics. We show that there is a particular Kahler metric that allows us
to imitate the Laplacian calculation of [FGTO08]. Again, this can be done in a very general
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setting; this is explained in Chapter

From the cohomology vanishing theorem we conclude that, as in the finite-dimensional
case, there is a filtration on £(\), such that when g is dominant, mi‘L(q) is equal to the
Poincare series of the associated graded space. Unlike the finite-dimensional case, the prin-
cipal nilpotent is not sufficient to define the filtration in the affine case; instead we use the
positive part of the principal Heisenberg (this form of Brylinski’s identity was first conjec-
tured by Teleman). We give examples to show that mﬁ(q) is not necessarily equal to ePﬁ\,
so our result gives a correction of Braverman and Finkelberg’s conjecture. There are two
difficulties in extending this result to indefinite symmetrizable Kac-Moody algebras: there
does not seem to be a simple analogue of the Brylinski filtration, and the cohomology van-
ishing result does not extend for all dominant weights u. We can overcome these difficulties
by replacing the Brylinski filtration with an intermediate filtration, and by requiring that
the root A — pu has affine support. Thus we get some partial non-negativity results for the
coefficients of m,’)(q) even when g is of indefinite type. The extension of Brylinski’s filtration

to Kac-Moody algebras is explained in Chapter [6]

1.3 Strong Macdonald theory

One of the first significant achievements in the theory of Kac-Moody algebras was the proof,
by Kac [Ka74], of a generalization of the Weyl character formula for highest weight represen-
tations to symmetrizable Kac-Moody algebras. This character formula synthesized a number
of previously discovered identities in algebraic combinatorics; in particular, the Weyl denom-
inator identity for affine Kac-Moody algebras is equivalent to certain Dedekind’s n-function
identities discovered by Macdonald [MaT72a].

The strong Macdonald theorems give a connection between the Lie algebra cohomology
of loop algebras, and Macdonald’s constant term identity. The constant term identity states
that if A is a reduced root system then

@ T 0o ema—ge =T (M7 (12)

acAt =1 i=1 q

where my, ..., m; is the list of exponents of L and (‘;)q is the ¢g-binomial coefficient, defined

by
<a> I € e R G G
b/, Q-1 =¢Y)--(1-q)

Equation (1.2) makes sense when N = 400, in which case the identity is just the Weyl
denominator formula. Thus the constant term identity can be regarded as a truncation of
the denominator formula. Macdonald presented the identity as a conjecture in [Ma82], and
observed that it constitutes the untwisted case of a constant term identity for affine root
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systems. Further extensions (including a (g, t)-version) and proofs for individual affine root
systems followed (see for instance [BZ85] [Hab86)] [Ze87] [St88] [Ze88] [Ma8&8] [Gu90] [GGII]
[Kad94]) until Cherednik gave a uniform proof of the most general version using double affine
Hecke algebras [Ch95].

Suppose A is the root system of a semisimple Lie algebra L with exponents mq,...,m;.
Prior to Cherednik’s proof, Hanlon observed in [Ha86] that the constant term identity would
follow from a stronger conjecture:

The cohomology H* (L[z]/z") is a free super-commutative algebra with N gen-
erators of cohomological degree 2m; + 1 for each @ = 1,...,1, of which, for fixed (1.3)
1, one has z-degree 0 and the others have z-degree Nm; +j for y=1,..., N — 1.

Hanlon termed this the strong Macdonald conjecture, and gave a proof for L = sl,. Feigin
observed in [Fe91] that the identity of (1.2]) and the theorem of (1.3)) follow from:

The (continuous) cohomology H*(L[z, s]) for s an odd variable is a free super-
commutative algebra with generators of tensor degree 2m; + 1 and 2m; + 2,
z-degree n, for ¢« = 1,...,1l and n > 0, where tensor degree refers to combined
cohomological and s-degree.

(1.4)

This version of the strong Macdonald conjecture corresponds to the (q,t) version of the
Macdonald constant term conjecture. However, an error was discovered in Feigin’s proof of
. A complete proof of and was given by Fishel, Grojnowski, and Teleman
[EGTO08], using an explicit description of the relative cocycles combined with Feigin’s idea (a
spectral sequence argument) to prove from (L.4). The free algebra H*(L[s]) (which can
easily be calculated from the Hochschild-Serre spectral sequence) appears as a subalgebra
of H*(L|z,s]), and Fishel, Grojnowski, and Teleman also prove that if b is the Iwahori
subalgebra {f € L[z] : f(0) € bo} then H*(b[s]) is the free algebra H*(bg[s]) @p=(L[s))
H*(L|z,s]). In this case their proof does not yield explicit generating cocycles.

The strong Macdonald theorem is connected with the version of the Brylinski filtra-
tion given by Fishel, Grojnowski, and Teleman. Recall that the proof of the Brylinski
filtration for Kac-Moody algebras was based on the vanishing of the cohomology groups
H . (6,b; S*u* ®L(N) ® C_,), where b is an Iwahori in a Kac-Moody algebra, and \ is a
dominant weight. This vanishing theorem holds even when L£()) is the trivial representa-
tion. Fishel, Grojnowski, and Teleman’s version of the Brylinski identity depended on the
vanishing of H}, (L|[z], L; L& S*L[[2]]*), where L is a positive-level representation of the loop
algebra. In contrast to the Kac-Moody case, this vanishing theorem does not hold when £
is trivial; instead H}, (L[z], L; S*L][[z]]*) is isomorphic to H} (L|z,s], L), which in turn is a

free subalgebra of HY (L|z,s]) with countably many generators. So the strong Macdonald

cts
theorem can be thought of as the failure of this cohomology vanishing theorem at level zero.
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1.3.1 Strong Macdonald conjectures for the parahoric

The second main result of this thesis is a strong Macdonald theorem for H*(p[s]) when
p is a standard parahoric in the twisted loop algebra L[z*!]°, for o a (possibly trivial)
diagram automorphism of L. Our proof is along the same lines as [FGTO08]; in particular,
we are able to give an explicit description of cocycles for the relative cohomology, and hence
apply Feigin’s spectral sequence to determine the cohomology of the truncations p/z"p
when N is a multiple of the order of 0. Combined, our results for L[z]° give an extension
of the strong Macdonald theorems to match the affine version of Macdonald’s constant
term identity. For a general parahoric, our calculation reveals that H*(p[s]) is isomorphic
to H(po[s]) @m~(ros)) H(L[z,5]7), and hence can be viewed as providing an interpolation
between the two extremal results of Fishel, Grojnowski, and Teleman.

The algebras H*(p/z"p) also have an interesting description. As in , the algebras
H*(L[z]° /2V) are free, but this is no longer the case with a non-trivial parabolic component.
The algebra H*(p/z"p) is isomorphic to H*(go) ® Coinv (L7, go) @=(1o) H*(L[2]° /z"), where
go = PoMNPpo is the reductive component of the parabolic pg, and Coinv (L7, go) is the (parabolic
subalgebra of the) coinvariant algebra of the Weyl group of L?. A classic theorem of Borel
states that Coinv(L7,go) is isomorphic to the cohomology algebra of the generalized flag
variety X corresponding to the Lie algebra pair (L7, po) [Bob3] [BGGT3]. The cohomology
of X is in turn isomorphic to the Lie algebra cohomology algebra H*(L?,go). If p is a
parahoric in an untwisted loop algebra, then it is not hard to show that H*(p/zp, go) is
isomorphic to H*(L7,gp), and hence in the simplest case our result gives a Lie algebraic
proof of Borel’s theorem.

One intriguing consequence of Hanlon’s conjecture is that H*(L[z]/2") is isomorphic as
a vector space to H*(L)*N. Since L[z]/(zY —t) = L®N for t # 0, this means that while the
structure of L[z]/(2" — t) changes dramatically as ¢ degenerates to zero, the cohomology is
unchanged. Hanlon termed this “property M”, and conjectured that it holds not only for
semisimple Lie algebras, but also for the nilpotent radical of a parabolic in a semisimple Lie
algebra and the Heisenberg Lie algebras [Ha90]. Kumar gave counterexamples to property
M for the nilpotent radical of a parabolic [Ku99]. The conjecture for Heisenberg Lie algebras
remains open, along with a number of other questions [Ha94] [HWO03]. In the case of a
parahoric in a twisted loop algebra L[2*1]?, if ¢+ # 0 then the truncation p/(zV — t)p is
isomorphic to L&N/¥ irregardless of the parahoric component. Our calculation shows that
the cohomology is unchanged for L[z]7 /(2™ —t) as t degenerates to zero, but degenerates
from H*(L)*N'* to H*(go) @ H* (L%, go) @+ (o) H*(L)®N/* for a general parahoric truncation
p/(2N —t)p.

The proof of the strong Macdonald theorem in [FGTO08] is based on a Laplacian cal-
culation for H*(L[z, s]) using the unique Kahler metric on the loop Grassmannian. The
Laplacian calculation shows that the ring of harmonic forms is isomorphic to a ring of basic
and invariant forms on the arc space L[[z]]. The well-known facts about adjoint orbits in
a reductive Lie algebra extend immediately from L to L[[z]], and can be used to determine
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the ring of basic and invariant forms on L[[z]]. As occurs with the cohomology vanishing
theorem used in the proof of the Brylinski identity, the homogeneous space corresponding
to a parahoric can have many Kahler metrics; we show that there is one particular choice of
Kahler metric that makes an analogous Laplacian calculation work. The ring of harmonic
forms is isomorphic to (a ring similar to) the ring of basic and invariant forms on p. To cal-
culate this ring, we study the adjoint orbits on the twisted arc space L[[2]]° (the significant
facts about adjoint orbits no longer extend immediately). As part of our calculation of the
basic and invariant forms, we show that the GIT quotient of L[[z]]° by G[[2]]? is Q[[2]]°,
where Q = L//G. We also prove a slice theorem for twisted arcs in the regular semisimple
locus, and an analogue of the Kostant slice theorem. This is done in Chapter [4]

Removing the super-notation, the cohomology ring of p[s] is isomorphic to the cohomology
ring of p with coefficients in the symmetric algebra S*p* of the restricted dual of p. Frenkel
and Teleman have shown that H*(b; S*n*) is a free algebra (and determined the degrees of the
generators) when b and n are Iwahori and nilpotent subalgebras respectively of an untwisted
loop algebra [F'T06]. We prove Frenkel and Teleman’s result in the twisted case and calculate
the cohomology of the corresponding truncation b /2¥n. More generally, strong Macdonald
theorems for different choices of coefficients might allow us to determine the cohomology
of other truncations, such as L[z]?/2" when N is not divisible by k. At the moment, this
question appears to be open.

1.4 Organization

Chapters establish the necessary ingredients for proving strong Macdonald theorems and
developing the Brylinski filtration. Chapter [2] gives a proof of the Lie algebraic version of
Nakano’s identity using semi-infinite cohomology. Chapter 3| uses Nakano’s identity to make
the essential Laplacian calculations. Finally, Chapter 4| is concerned with proving analogues
of the Kostant slice theorems for twisted arc and jet spaces.

Chapter [5| concerns strong Macdonald theorems for parahoric subalgebras, and the cor-
responding truncations. This chapter uses the material from Chapters

Chapter [g] concerns the Brylinski filtration for affine Kac-Moody algebras. This chapter
uses material from Chapters|2] and gives a new Laplacian calculation, analogous to one of the
Laplacian calculations from Chapter [3, but more applicable to symmetrizable Kac-Moody
algebras.
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Chapter 2

Semi-infinite cohomology and
Nakano’s identity

In this section we will construct the semi-infinite chain complex and use it to prove a Lie
algebraic version of Nakano’s identity. This version of Nakano’s identity applies to any Z-
graded Lie algebra with finite-dimensional homogeneous components and the additional data
of a grading-reversing anti-linear automorphism. As such, it generalizes the Lie algebraic
version of Nakano’s identity first given by Teleman for the loop algebra [Te95]. However,
the material in this chapter should not be regarded as new, as it follows straight-forwardly
from placing Teleman’s proof in the standard framework for semi-infinite cohomology. The
treatment of semi-infinite cohomology is based on [FGZ86] and [Vo93]. One novel detail is
the explicit formula given for the semi-infinite cocycle, which makes it easy to compute the
cocycle for specific examples.

We use the following terminology through this section:

e g=Pg, will be a Z-graded Lie algebra such that dim g, < +oo for all n.

e The grading of g induces a triangular decomposition g = u~ &gy & u', where ut =
D0 0k, and u™ = P, _, gx- The direct sum go ® u™ will be denoted by p.

o If V=0, V, is a Z-graded vector space, the restricted dual is defined to be &, V,’,
and will be denoted by V*. In the case of u™, the restricted dual (u™)* is the same as
the continuous dual u* of the completion of u™ defined in the introduction. However,
we use the restricted dual in this section so that we can also take a “small dual” of
Z-graded spaces such as g.

e The Clifford algebra C of the vector space g @ g' with respect to the dual pairing (,)
is the universal associative algebra containing g & g' such that zy + yx = 2(x,y)1 for
all z,y € g @ g'.
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2.1 Semi-infinite forms

Pick a homogeneous basis {z;}icz of g by running through bases of the graded components

t gk—17 gk‘? gk+17

in order, with indexing chosen so that z; € u™ if and only if ¢« < 0. Let {2} denote the
corresponding dual basis of g'. The space of semi-infinite forms A*_ is defined to be the span
of forms

ZUNZEAN NN

where the sequence iy, 79, . . . satisfies a stability condition: there is some N such that i =
i — 1 for any k > N. Otherwise the forms behave as in the finite-dimensional case. Suppose
that T is a graded operator on g of degree zero. Then T will act on A’ via the diagonal
action as long as T satisfies the following stability condition: there is some N such that for
k < N, T|,, is an element of SL(gx). Thus our construction of semi-infinite forms really
depends on a choice of “semi-infinite volume” for g, rather than a choice of basis.

Note that if 7" had non-zero degree then any reasonable extension of T' by the diagonal
action will be zero. On the other hand 7' can be extended to A’  as a derivation. For
example, if n # 0 then g, acts on A’ by the adjoint action. Denote this action by p. On
the other hand, degree zero maps can’t necessarily be extended by derivations. The rest of
this section is about how to define a coadjoint action of gy on A .

Semi-infinite forms are by definition constructed from the restricted dual, and conse-
quently interior and exterior multiplication are still well-defined. If x € g then «(z) will
denote interior multiplication by x. Similarly if f € g' then e(f) will denote exterior mul-
tiplication by f. As in the finite-dimensional case, the anti-commutator [e(f),¢(x)] acts as
scalar multiplication by f(z), so A% is a C-module. It is not hard to see that it is irreducible.
Let (,) denote the dual pairing between g and g°. The algebra g acts on itself by the adjoint
action, and the coadjoint action on g’ is defined so that (x -y, f) = —(y,z - f). Tt follows
that g acts on the Clifford algebra C. Note that if x € g,,,n # 0, then

p(x)ew = (2 - ¢)w + cp(z)w.

Another way to think of this is that [p(z), ¢(2)] = ¢([z, 2]) and [p(x), e(f)] = e(ad’(z) f). This
idea is the starting point for defining the action of gy. Let wy denote the homogeneous form

wozzfl/\zfz/\z’?’/\...,

and define p(z)wg = B(x)wp for all = € gy, where 8 is chosen from gf. The annihilator of wy
in C is generated by the elements of p and (u™)?, and is thus preserved by go. Thus p(x) can
be extended to all semi-infinite forms by the formula p(z)cwy = (- ¢)wy + () cwy. Because
g acts by algebra derivations on C, it follows immediately that p(z)cw = (x - c)w + cp(x)w
for all x € g and forms w. In particular, p(z) is completely determined by p(z)wy. For
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instance, [p(z), p(y)|cwo = ([z,y] - ¢)wo + c[p(z), p(y)]wo, so p is a Lie algebra action if and
only if [p(x), p(x)lwo = p([z, y])wo. Since [p(x), p(y)] = 0 for z,y € go, p is only projective
in general. This can be fixed for gy by choosing /3 vanishing on [gg, go], but cannot be fixed
over g.

Proposition 2.1.1. Let p denote the action of g on A’ defined above. Then p can be
expressed in terms of the C action as

ple) = 3 elw- 2 ulz) = 3 u(z)e(a - ) + Bla),

i>0 i<0
where the formal sums are finite on any element of A% .

From an intuitive perspective, given w and x € g it is possible to find ¢ € C such that
p(r)w = cw, and the formal sum allows us to find ¢ in a nice way. More formally, the formal
sum represents the action of an element of a completed Clifford algebra C constructed as
follows: take the obvious linear isomorphism

C = /\ (v @p") ® /\ ((u*)t @p) :

and grade the second exterior factor by giving (u™)* the natural Z-o-grading which reverses
the grading on u™. Define C to be the completion of C with respect to this grading, i.e.
elements of C are sums »_, - anb, where a,, € A" (u” @p) and b, is an element of total

degree n in A\* ((u_)t @ p). The action of C on A’ extends to an action of C.

Proof of Proposition [2.1.1. Suppose x € g,,,n # 0, and w € A’ . Then there is some N such

that
N

p(x)w = Z e(x - 2)u(z)w.

i=—N

Since z - 2% is zero on z;, €(x - 2) anti-commutes with «(z;) in C, so the formal sum is valid
in this case. If € go then all the terms except S(z) vanish on wy, and only finitely many
terms are non-zero on any element of A% .

Since only finitely many terms are relevant at any given time, the commutator calculations

le(z - 2)e(2i), (z)] = 2 ([, 26))e(z0) = —[e(z)e(@ - 27), o(2)]
and . ‘
[e(z - 2)1(2:), €(2F)] = Qie( - 2°) = =[e(zi)e( - 27), €(2M)]

prove that the commutator of the formal sum with ¢ € C gives x - ¢. Thus p(z) is given by
the formal sum for z € gy as well. O
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One of the keys to working with the formal sum is the following lemma:
Z T2 @2+ Z 2 @[x,2]=0
Z;€0n 2j€0n—k
for fixed n € Z and x € gy.
Proposition 2.1.2. Let p be the action of g constructed above from [ € gf. Then:

® p is a projective action, in the sense that

[p(x), p(y)] = p([z,y]) + (=, y),

where v : g x g = C is a 2-cocycle. In addition |4, «g, = 0 unless m +mn =0, and
Y0goxgo = A8, where d is the Lie algebra cohomology operator.

e Denote the dependence of v on B by v = v3. Then
V6o — VB = d(ﬁo - 51)7

where d 1s the Lie algebra boundary map for g.

o If [7] is a trivial cohomology class in H?(g,C) then there is a choice of 3 € g such
that v = 0.

Proof. Suppose x € gi, y € g;. Using the action of g on C combined with Proposition [2.1.1],
we get that

(@) p()] =Y elw-y-2)ulz) ey 2Nl z) = Y ula - z)ely - ') + uz)e(w -y - 2°).

>0 <0

Z ey - 2z - 2)

Ziegn

Now for n > 0, the term

can be replaced with

— > elyw- =),
Z2i€0n+k

and similarly if n < 0. Thus it immediately follows that

[p(2), p(y)] = p([z,y]) — B([z,y]) + Cay,

where

:—ZZ ely-x-2") Zz—i-zzzz ey -x-2)]

k<n<0 z;Egn 0<n<k z;€Egn

== 2 2 A=+ 3 D A alya]

k<n<0 z;Egn 0<n<k z;€gn
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If K+ 1 # 0 then [z,[y,2]] € gntr in each summand, so ¢, will be zero. Let y(z,y) =
coy+dB(x,y). That v is a cocycle follows from the Jacobi identities for g and End(A%), and
the fact that [p(x), p(y)] is skew-symmetric in x and y.

Finally, suppose v = da for some a € g'. Since 7], g, = 0, m +n # 0, we can assume
that a € gf,. By replacing 8 with 8 — «, we get the cocycle v — da = 0. O]

Ifx € g, y € g_k, and k > 0 then the operator ad(z) ad(y) acts on each g,,. The quantity
Czy appearing in the proof is easily seen to be >, ;. trg, (ad(z) ad(y)), and consequently

Ywy) = Y trg,(ad(z) ad(y)) + dB(z, ).

0<n<k

This formula can easily be verified by calculating ([p(x), p(y)] — p([x,y])) wo, and observing

that
D trg(ad(@)ad(y)) = Y trg,(ad(y)ad(z)).
0<n<k —k<n<0
We will make heavy use of this formula for .

So far we have only assumed that g is Z-graded with finite-dimensional components.
However, our construction of semi-infinite forms that g is infinite-dimensional, and indeed the
existence of semi-infinite forms stems from the fact that infinite-dimensional Clifford algebras
have more irreducible representations than their finite-dimensional analogues. Nonetheless,
as long as our arguments can be phrased in terms of the Clifford action, they hold for finite-
dimensional Lie algebras just as well; hence the results of this and the following sections
do hold for finite-dimensional Lie algebras where A, is replaced with the ordinary exterior
algebra A" g'. If we place g in degree zero, then the semi-infinite cohomology is the same as
the ordinary cohomology, but if we choose a different grading we can get something new.

2.2 The semi-infinite Chevalley complex
The degree of a semi-infinite monomial w = 2z A 22 A ... is defined to be

i1, iz, .. .} N Zso| = |Z<o \ {i1, 02, .-}

Another way to define the degree is to declare that wy has degree 0, that gt C C acts by
degree +1, and that g C C acts by degree —1. Let A* be the span of the monomials of
degree k, and define a boundary operator d : A — Ak by

d= 3 ZE(ZZ)p(ZZ) + % ZP(Zz)ﬁ(ZZ) + %E(ﬁ)’

i>0 i<0

where p and (3 are as in the previous section. Note that changing S to 5+ ' changes d to
d+ e(f"). Also d is an operator of degree 1.
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The Clifford algebra C contains the exterior algebra A" g’, which acts on A*_ by exterior
multlphcatlon Similarly the completed Clifford algebra C Contams a completed exterior

algebra /\ g' which extends the action of A" g’. Specifically, /\ g’ is the completion of
A pt @ A"(u)! with respect to the grading on the second factor, or equivalently the tensor
product A" p ® (A"u™)", where we take the full dual in the second factor. Intuitively,

elements of /\ g are elements « of the full dual of /\ g such that for any £ the restriction of o
to €,,~; On is contained in the restricted dual A" g’. The semi-infinite cocycle is a particular

example of /\*gt. The completed exterior algebra f\*gt is closed under the ordinary Lie
algebra cohomology differential.

Proposition 2.2.1. Let d be the boundary operator defined above. Then:
e The anticommutator [d,v(x)] = p(x) for all z € g.

e The commutator [p(z),d] = [t(z),e(y)] for all z € g.

o d? = €(v), where v is the projective cocycle corresponding to the projective action p.

Suppose o € /\*gt. Then [d,e(a)] = e(da), where da refers to the ordinary boundary
map in Lie algebra cohomology.

Proof. Tt is useful to set d = d — €()/2. Using the graded commutator, we get

[J, L(l‘)} :%Zzl(a:) (z;) + = Z ([zi %ZL([Zi7$]>€(zi)

>0 1<0
() 1
S TV IDIREETEEE Db
n>0 2i€9n+k n<0 z;€Gn+k

where z € gi. If k # 0 then €(z - 2) anticommutes with ¢(2;), so the last two summands
are equal to (p(z) — B(z))/2. But if 2 € gy there is no need to take anticommutators to
show that these summands equal to (p(x)— B(x))/2, and hence the whole expression is equal
to p(x) — f(z)/2. On the other hand [e(5), ()] = B(z), so it follows immediately that

[d, u(2)] = p().
Next, [p(x), J] = A+ B, where

A= 3 Y ea)lpla)s ] + 5 Y lpla). ple)le(=),
B:%ZG(I z szz €(x - z
= =3 S eenlle ) — 5 3 alles el - 2,
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for x € g; and

= Y S+ Y Yol ),

—k<n<0 z;E9n 0<n<—k z;€gn
= 2 ellmal N+ 3 D el s
—k<n<0 z;E9n 0<n<—k z;Egn

So
oo d] =5 St 20z - 5

is multiplication by a 1-form. Applying this 1-form to y € g; we get

DD IEI SIS D) SEA ]

—k:<n<0 Z;€0n 0<n<—k z;€9n

Now this is zero unless k + [ = 0, in which case using the expression for v(z,y) from the
previous section this is equal to

Y(@y)  vysw) + By 7))
2 2

Bz, y])
o

= v(x,y) +

Multiplication by the 1-form sending y to v(z,y) agrees with the operator [¢(x), €(7)], so

@), = [p@).d] + L2~ @), ()]

2
To get d?, let w be any form 2V L A2V 2 A2V =3 A- .. where there is some n > 0 such that
ZN_1,2N_2, ... runs through bases for gi, £ < n, in descending order. All pure semi-infinite

forms can be constructed by successively applying the operators ¢(z) to forms w of this type.
Now dw = 0, so d*w = 0 = €(y)w. Also

[(x), d* — e(7)] = [e(x), d]d — d[u(z), d] — [e(z), ()]
p(e)d — dp(x) — [1(x), e(y)] = 0.

So ker(d? — €(v)) is closed under successive interior multiplications. Thus d* = €(y) on A%_.

To prove the last part of the Proposition for a € A*g!, we only need to show that
[d, e(a)] = €(da) for a a 1-form, since then we will have da Aw = (da) Aw + a Adw. If a is
a 1-form, then

1

[d,e(@)] = 5 D [e(@). plz)]e(=") + 3 Y el)p(z)s e@)]

>0 <0

=2 ) e(2)e(zi - @) = e(da).
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If a is a completed k-form, let ay be the restriction of a to €5 g Then (do)y depends
only on asy, and in fact (da)y = (dasy)y. If w is any semi-infinite form then there is N

such that a Aw = ax Aw for all K < N and forms a € /\*gt. Choosing N < 0 small enough
so that this property holds simultaneously for w and dw simultaneously, we get that
[d, e(a)|w = [d, €(aan]w = €(dagy)w

= (dagy)yw = €(da)w.
O

One consequence of this proposition is that if w is a completed k-form on g, then
[d,e(w)] = 0 if and only if w is a cocycle.

Definition 2.2.2. Let V' be a Z-graded vector space. A g-action on V is simply a graded
linear map 7 : g — End(V') (the idea is to allow projective representations and other such
things). We say that the action is negative-energy if there is N € Z such that V,, = 0 for
n > NO.

The space of semi-infinite forms with coefficients in 'V is the graded space A5, @ V', and
is denoted by A5 (V). If V' has a p-finite action, then the boundary map dy is defined to be

dy =d® 1y + Z e(2) ().

The action p+ m of g on A (V) will be denoted by 6.

We use negative energy actions for simplicity, but it is likely that the class of actions
we consider can be considerably loosened; for example, locally negative energy (i.e. for all
v € V there is N such that 7(g,)v =0 for n > N) is fine.

Corollary 2.2.3. Let V' be a graded vector space with an negative-energy action. Let © be
the End(V)-valued 2-form Y_._. 2" AN 27 ([r(z:), m(2;)] — 7([2i, 25])). Then:

o d} =¢(y+0O).
o [u(x),dy] =0(x).
o [0(z),dv] = [(x), (v + O)].

O should be thought of as a curvature term.
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Proof. Recall that the anticommutator [e(f),d] = e(df) = %Zl e(z)e(zf). So

d%/:d2®ﬂ+z zz+z )7(2)

=e(v) — 2 Ze(z Je(2)m([2i, 2;]) + Z (2i), m(z5)]
=e(y) + Zé(zi)E(Zj) ([r(20), 7(25)] — 7 ([, 25]))
Next
[L(2), dv] = [u(z), d] + Z[L(ﬁ% e(2)|m(z:) = p(z) + 7(z) = 0(z)
Finally
pw): dv) = (o), )] + 3 el - 2)(z0) = ), )] = 3 (")l =)
while

[
So far we have defined A% (V) = A% (g; V). Now we define the relative Chevalley complex.

Corollary 2.2.4. Let by be a subgroup of g. The space of relative forms A% (g,b; V') is defined
to be the intersection of the kernels of the operators 6(x),x € h and (z),x € b.

o dy restricts to an operator on A% (g,b; V) if and only if e(y+©) restricts to an operator
on A5 (g,b; V).

o [u(z),e(v+O)] = 0 for allx € b is a sufficient condition for dy to restrict to A (g,b; V).

o [1(x),e(y)] =0 for all x € b if and only if Y|pxg = 0, while [t(z),e(O)] = 0 if and only
if 7([x,y]) = [r(x), 7(y)] for allz € b and y € g.

Proof. If dy restricts, then so does d?, = ¢(y + ©). Going in the other direction, if €(y +
©) restricts to an operator on A (g,h;V) and w is in this latter space then t(z)dyw =
—dyi(r)w + 0(z)w = 0, while 8(z)dyw = dyb(z)w + [t(z),e(y + O©)]Jw = 0. This also gives
the second part of the proposition.

The last part of the proposition is obvious, since [¢(x), €(y)] = €(«), where « is the 1-chain
sending y — v(z,y), and a similar argument works for ©. [
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Example 2.2.5. If h = go then v|g,xg = 0 if and only if Bg9,90) = 0.

Example 2.2.6. The hypotheses of this corollary hold very naturally if h = go, 5 =0, and
7 is a representation such that w|, and 7|,- both preserve the Lie bracket, where p~ is the
algebra u™ xgo. For example this happens when V is one of the truncated spaces u™ = g/p~

orp=g/u.

2.3 A bigrading on semi-infinite forms

The basic idea of this section is to give A% a bigrading as follows: a form 2" Az2 A zB A -
has bidegree (a,b), where

a = |{i1,’i27 .. } ﬂZZO| and b = —|{i1,i27 .. } ﬂZ<0|.

This grading could also be constructed by giving wy bidegree (0,0), declaring ¢(f) to have
bidegree (0,1) when f € p’, and declaring ¢(x) to have bidegree (—1,0) when & € u~. The
total degree of w is a + b as before.

Another way to define the bigrading is to look at the space

b —a
et =P = Np'® A\u @Cs.

There is an obvious bidegree-preserving bijection between C** and A% — namely, that which
sends a®b to €(a)u(by) . .. t(bg)wp. The term Cg is not relevant to the vector space structure,
but does affect the go-module structure on C%°. There is actually an action of p Su~ (direct
sum of Lie algebras, so [p,u~] is defined to be zero) on C%°, given by considering u~ as the
p-module g/p and p’ as the dual of the u~-module g/ u~. Denote the action of p & u~ on

itself by ;&, and the dual action by éﬁt. The map C%° = A%P is go-linear, but neither u* nor
u~-linear. The map C** = A% is also C-linear, where p and p’ act as usual on /\b pt, and u~
and (u™)" act on A\"“u~ by exterior and interior multiplication respectively. Note that the
action of u~ and (u~)* is defined with a sign, so that for example z(a ®b) = (—1)*la®@ 2z Ab
for any x € u™.

Proposition 2.3.1. The boundary operator d = D + 0, where D has bidegree (1,0) and O
has bidegree (0,1). On C**, O is the Lie algebra cohomology boundary operator

_ ) 1 —~
0= Z e(2") <§ ad;(zi) + ad(z;) + /B(ZZ))
i>0
for p with coefficients in \*u~ @Cpg, while D is the Lie algebra homology boundary operator
1 —~t .
D= Z (5 ad,-(z;) + ad (zz)) t(z").
i<0

for u™ with coefficients in \" pt.
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Proof. Let x € g, k # 0. If £k > 0 then

:ZZe(x-zi)L(zi)—ZL( Z Z €(x - Z t(z;) + B(x),

n>k z;€9n <0 0<n<k zi€gn

where the first two summands have degree (0,0) and the last summand has degree (1,—1).
If £ <0 then

pla) = elw-2Nu(z) =D D wzelw-2) = Y Y ulz)e(x -2,

>0 n<k z;€gn k<n<0 z;Egn

where again the last summand has degree (—1,1) and the first two have degree (0, 0).
From this it is clear that d = D + 0 where

= > Nilzg) = Y elz)elzy)e(z - 2)

n>k>0 2:€0k >0
Z;€0n 7<0

= 3 Y daela el + 2(8),
k<n<0 2zi€9k
Zjegn
and

2D = Z’Zl ZZ u(z)e(zi - 27)e(2")

7>0 n<k<0 2i€Pk
<0 Zj€0n

EPIDILCECIEIICN

0<n<k zzegk
ZJ' gn

Start with 20. The first sum is equal to
Z e(2")e(ady(z:)2")u(z)) = ZE(ZZ) ady (z;),
i,j>0 i>0

which translates straightforwardly on C%® to the cohomology boundary operator for p. The

last two sums
—Ze(zi)L(zj) Z Z o[z, 25))e(27)

i>0 n<—k<0 ZiE0k
§<0 Zj€0n

and

=D D> Uzea = 30N el

k<n<0 Zzegk k<—n<0 Zzegk
Z;€0n 2j€0n
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are equal, since in the second sum ¢([2;, z;]) and €(z7) anti-commute. Added together, these

two sums translate to
2 Z ad (2i)zj)L z] = QZ ad (z)
1>0,5<0 120

on O,
Next, we look at 2D. We have

S el 2 ulz)elz) = 3 ad (zi)e(2),
§>0>i i<0
which translates to the Lie algebra differential for u~, while

Z z:e(zz)e(zZ Z Z t([2i, 25])

0<n<k zi€9k k>—1>0 ZzEQk
Z;€0n Z;€0;

:_ZZ €(z; - )e(z:)

S>O 2;€Ps
1<0 2;€8

= > el 2ul=)e(2)

i>0>j
is equal to the above equation. When written on C*?, the sum of the two becomes

2 Z;&t(zi)L(z

<0

- Z Z W(zj)e(zi - 2)e(2) = Z e[z, 7)) e(27)e(2),

n<k<0 2 €0k ,j<0
Zj gn

Finally

which on C'*? becomes
> ellzn z)u(@)u(z) =Y ade-(z)u(=).
%,j<0 i<0

O
If V has a negative energy action, define C‘Lb(V) = (C*®V. Then dy = Oy + Dy, where
Oy =001+ e(z)m(z)

>0

and
Dy=D®1+ Z t(z)m(2)

1<0

on C**(V).
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2.4 Hodge star and fundamental form

Let g be a graded Lie algebra as before, but with the additional structure of an anti-
isomorphism z +— Z such that g, = g_,. In addition, suppose that a (positive-definite)
Hermitian metric is given on ut. As usual in Hodge theory, this metric can be used
to define a Hodge star operator and an action of sl(2,C) on the subspace C**(V) :=
AWt @ Au @Cs @ V of Cg’b(V). In this section we define this action, and prove
a rudimentary Kahler identity. L
Extend the metric on u* to u™ @u~ by making u™ L u™ and setting (Z,7) = (z,y) =
(y,z) if z,y € u=. Let ¢ : u= — (u")’ be the isomorphism induced by the metric, i.e.
¢(a)(b) = (b,a). The dual metric on (u™)* is the metric which makes ¢ an isometry. Give
C*b(V) a metric by multilinear extension. Explicitly the metric on an exterior power is

n

1
(ax A A, by A Ab) = — - sen(o) sgn(p) [ [ (a0, bo)

’ o,pESR i=1

= Z sgn(p) H(ai,bp(i)) alternatively

pPESH i=1
= Z sgn(a)H(aU(i),b,-) alternatively.
o€Sn 1=1

For the purposes of the next two sections, pick a basis {z;}iz0 for ut @u~ as before but
omitting gg, and obeying the convention that z; = z_; and 2; € u™ if and only. if i > 0. In
some situations it will be helpful to assume that {z;} is orthonormal.

Definition 2.4.1. The Hodge star x is the operator
CP1 - C7a®a— (—1)Pé(a) @ ¢~ ).
Clearly *2 = 1.
Lemma 2.4.2. If a,3 € N"(uh)t, a,b € N"u, then (a ® a, 8 @ b) = (—1)1P1Ma(b) - B(a).

One way to think about this lemma is that if f € C~?9 is regarded as a map A%ut —

A’ u” then (f,*8®b) = (f(b)) A consequence of this lemma is that * is self-adjoint.

If S is an endomorphism of u™, let S* denote the operator on A*u*t induced by dualizing
and then extending the dual as a derivation. Let S denote the extension of the conjugate on
u” to A"u.

Lemma 2.4.3. Let {z;} be an orthonormal basis following the above convention.

o Ifi>0 then o(z)* = e(2%). Ifi <0 then t(2)* = €(2).
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o If fe(uh) and z € uT then xe(f)x = e(¢1(f)), and *u(2)* =1 (gb(Z))
o IfS,T € End(ut) then (S'®T)* = (Tt @ S)*.

Proof. The adjoints are obvious after taking an ordered orthonormal basis. If o« @ 8 € CP4
then

we(f)ra®b= (1) M fArob) ¢ (a) = (-1 a@s  (flrb=e@ ' (f)a@b.

while

wu(z)rah = #(-1)*" 3 (-1 Jo(bo)A - -AG(Bi)A-- @67 (a) = (1) azi (6(2)) b

since ¢(b;)(2) = ¢(Z) (b;), and this latter expression is ¢(¢(2))a ® b.
Finally,

(S'@T)(a®a),+5@b) = a(SHB (T(@) = a (50)) T(B)@) = (e @ a,«(T" ® S)(B@Y)).

Thus ((S'®T)A,B) = ((S"®@T)A,xx B) = (A, *(T" ® S) = B). O

The first part of the proposition can be expressed in coordinate free fashion using the
fact that ¢(z_;) = 2°.

By definition, the fundamental form of the metric is w = —i ), (2, 2;)2" A 277, The
operator e(w) can be written on C**(V) as L = —i > (2, z;)e(2))e(277). For convenience,
assume that {2’} is an orthonormal basis so that L = —iy . e(z')i(27"). Then L is an
operator of bidegree (1,1), and

A=L"= ZZ €(z_
i>1
is an operator of type (—1,—1). Now

Ho=[A L] =) [e(z-i)e(z), ez (=) = Y elzmi)u(z7") = e(2)ulz))

i,j>1 i>1

acts on CP? by —p —q. Thus [H, L] = —2L and [H, A] = 2A. This proves that the operators
{H, A\, L} give an action of sl(2,C) on C**(V).
The proof of the following proposition (for g a loop algebra) can be found in [Te95].

Proposition 2.4.4. Let V' be a Z-graded vector space with a negative-energy g-action such
that V,, is finite-dimensional for all n. Then the action of sl(2,C) on C**(V) lifts to an
action of SL(2,C). Consequently

exp (g(A — L)) = Py,
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on CPA(V). )
Finally, if T is a bigraded operator on C**(V') of total degree one and [L,T] = 0, then

T — ilA,T] T has degree (1,0)
| =i[A,T] T has degree (0,1).

The last part of this proposition is a version of what are called Kahler identities.

Proof. Note that A annihilates C~° = u~ and sends C%! to C~°, while L annihilates C%!
and sends C~'0 to C%'. Thus M = C~0 @ CO' = (u™)! @ u~ is an sl(2, C)-submodule of
C**. Because of the grading assumption, M is a direct sum of irreducible representations of
highest weight 1, so M is integrable. It is helpful to write the action of A, L, and H on M
in block matrix form with respect to the direct sum decomposition M = u~ G(u™):

0 ox 0 O 1 0
a= (o 5)or= (L 0) mam= (5 L)

On M the operator A — L is equal to i*, so
exp (0(A — L)) = cos(f)1 + sin(0)i * .

Now C** is the exterior algebra of M, albeit with a modified grading. Extending the
5[(2, C)-action on M by derivations gives an sl(2, C)-action on C**. But H,A, and L act by
derivations on C**, so this new action agrees with the one we started with. Thus the action
of s[(2,C) on C** can be integrated by taking the diagonal action of SL(2,C) on A" M.
Thanks to the term (—1)?? in the definition of the Hodge star, the Hodge star on C agrees
with its diagonal extension to A" M. Consequently

exp (g(A — L)) =i Ptk

on CP1,

Finally, SL(2) acts on End(é’*’*) by conjugation. If T is a graded operator of degree (1,0)
or (0,1) on C** then [H,T] = —T. If [L,T] = 0 then T is a lowest weight vector of weight
—1, s0 {T, AT} is an irreducible subrepresentation of highest weight 1. If v is a lowest weight
vector in this irreducible representation then LAv = v, so

exp (A(A — L)) = cos v + sin OA(v).

The conjugate of T by i P17 is —i « Tx if T has degree (1,0), and 7 * T if T has degree
(0,1). Comparing these two expressions for exp(m(A — L)/2)T finishes the proposition. [
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2.5 The Kahler identities

In this section we continue the conventions of the previous section, including the choice of
basis for u™ @ u~. Additionally, suppose that dy preserves the space A% (g, go; V). The map
C’g’b(V) = A (V) is go-linear, and preserves the action of «(z) for all z € go. The space of
u(z)-invariants, = € go, can thus be identified with the space C**(V) defined in the previous
section. The space A% (g, go; V') can be identified with the space é“’b(V)go of go-invariants in
é’“’b(V). While the operator dy, and consequently the operators 0 and D, act on the latter
space of go-invariants, it is not clear that 0 preserves the space Cm’b(V). However, on the
space of go-invariants 0 agrees with the Lie algebra cohomology differential

_ . 1 —~
ares = ! 5 dt 7 d 7 7 .
i§>1 e(z") (2a wt(21) +a (Z)+7T(Z))
for u* with coefficients in A*u~ ®V. Thus we can use this as the definition of 8, on C**(V).

Proposition 2.5.1. Let V' be a vector space with a negative-energy g-action m, and a metric
(,) such that w(x)* = —n (7). If Ov = Opes and Dy are the relative boundary operators on
C* (V) then 0f, = — x Dy*, and D} = — Oy .

Proof. Suppose {z;} is an orthonormal basis. If z € u™, then ad! () is the dual of — ad,+ (2),

while ad,+(z) = ad,-(2). So ad's(2)* = — * ad,-(2)*. Similarly if 2 € u~ then ;&t(z) on
(u™)! is the dual of —;d/(z) on u™, while ;&(z) = ;&(2), soif z € u™ then ;&(z)* = —*;&t(i)*.
Finally 7 commutes with *, so 7(2)* = — % m(Z)*. Thus

7= 3 (Sadie e + all + w0 ) )

i>1

=3« (_ ady- (z_;) + ad (2_i) + w(zn) * (x0(27")%)

1>1

=—xDx.
Since * is self-adjoint, this also proves that D* = — % 0. O

Definition 2.5.2. Say that a metric on g is graded if g, L g,, for m # n. A Kahler metric
for (g,90) is a graded go-contragradient positive-definite Hermitian metric (,) on ut such
that the corresponding fundamental form w = —i 21,321(22" zj)2" Nz is a cocycle.

A metric is go-contragradient if ad(x)* = —ad(Z) for all x € go. A Kahler metric can
be regarded as a metric on g by extending by conjugation on u~ (as done in the previous
section), and by zero on gg. The point of go-contragradience is that the adjoint of a goy-linear
map with respect to a go-contragradient metric will be go-linear. The fundamental form w



CHAPTER 2. SEMI-INFINITE COHOMOLOGY AND NAKANO'’S IDENTITY 31

of a metric on u™ can be written explicitly as the 2-form on g sending z € u™, y € u™ to
—iw(z,y). The scalar multiple of —i is chosen so that w is conjugation equivariant. The
cocycle condition states that

w([z,y], 2) —w(lz, 2], y) + w(ly, 2], 2) = 0

for all x,y,2 € g. Since w is zero on gy by convention, the requirement that (,) be go-
contragradient is implied by the cocycle condition when one of z,y,z € gg. Since w is
conjugation invariant and of type (1, 1), if go-contragradience is assumed then the cocycle
condition only needs to be checked for z,y € u™, 2 € u~. Hence the cocycle condition can
be written in terms of the metric as

([z,9],2) + (y, [z, 2]) — (2, [y, 2]) = O
forall x € g,, ¥ € G, 2 € §_imn, m,n > 0.

Example 2.5.3. Consider the loop algebra g = L[2*Y] graded by z-degree, where L is a simple
finite-dimensional Lie algebra. Then (g,80) has a unique (up to positive scalar multiple)
Kahler metric given by (x2",yz™) = Spmnm (2, Y)ine, where (, )iy i a contragradient metric
on L.

To show that this is unique, observe that go = L, and that g, is isomorphic to the
adjoint representation of L as a go-module. The graded and go-contragradience assumptions
imply that the restriction of a Kahler metric (,) to @, is a scalar multiple of the unique
contragradient metric on L, i.e. (22", yz™) = OmnCm(Z,Y)inn. For the cocycle condition, we
then have to check that cpyp — Cp — ¢ = 0, s0 ¢, = ncy.

If w is the fundamental form of a Kahler metric then [e(w), dy] = 0. Comparing gradings
it follows that [e(w),dy] = [e(w), Dy] = 0. Now L = e(w) preserves C**(V), annihilates g},
and acts as an algebra derivation. So L also preserves the obvious complementary subspace
to C’**(V) in C**(V'), namely the ideal of the exterior algebra generated by g} (for contrast,
D does not preserve this complementary subspace). If @ € C%*(V), then dya = dyeser + (%),
where (%) is in this complementary subspace. S0 [Ores, L] = 0 = [D, L] on C**(V). If V has
a metric such that 7(z)* = —m(z) then Propositions [2.4.4] and [2.5.1| combine to give

D* =i[A, 9] and 0" = —i[A, D]

on C*"(V). These are the canonical Kahler identities.

Since the operators D, D*, 9, and 0* are odd, the graded commutators [J = [Dy, D}/]
and O = [0y, %] can be interpreted as Laplacians. That leads to the following proposition,
whose proof once again is taken from [Te95].

Proposition 2.5.4 (Nakano’s identity). Suppose V' is a Z-graded vector space with dim V,, <
+00 and a negative-energy g-action. Let v be the semi-infinite cocycle and let © be the
curvature of V.. If V' has a metric such that w(x)* = —n(Z) then

O=0O+i[e(y+0), Al
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on Ceb (V)90

Proof. Start by applying the Kahler identity [D, D*] = i[D, [A,0]]. This latter expression
is equal to i[[D,A],d] + i[A,[D,d]]. But [D,A] = —id", so the first part of this sum is
[0,0%] = 0. In the second part, D* = 9> = 0, so [D,0] = d* = ¢(y + ©). O

In the examples we are interested in, V' has g-action 7 such that 7|, and 7|y are both Lie
algebra actions. In this case

on C*)(V), while
A= Z €(z_i)e(z)

i>1
with respect to an orthonormal basis in the Kahler metric. Now

e(00(7), el iulea)] = (o) e )ua)]ulz) + (Vo 7), el
= —Spe(z_p)e(z77) + 6jk€(2i)L(Zk).

Thus
ile(©),A] = — Z[E(zi)b(z_j% e(z—r)u(z)] ([ (20), m(2—5)] — 7([2i, 2-5])) (2.1)
=2 (e(z—)e(z77) = e(2")elzy)) ([m(z), m(2—5)] = m([21, 2-5])) (2.2)
Since the semi-infinite cocycle v has type (1,1), (z,y) = —y(z,7) is a Hermitian form on u™*

with fundamental form w = ivy. Since v is a cocycle, if (,) is positive definite then it is a
Kahler metric for (g, g0). So i[e(y),A] = [L,A] = —H, so we can simplify Nakano’s identity
to:

Corollary 2.5.5. Suppose in addition to the hypotheses of Proposition that V is a p
and p Lie algebra module, and that (-,-) = —v(-,7) is positive definite. Then

O=0+deg+ Y (e(e—i)u(z7) = e(z')ul2) (Im(20), m(z-5)] = ([0, 2-5)))

ij>1

where deg acts on Cab s multiplication by a + b, and {z;} is a basis for ut orthonormal in
the Kahler metric.
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Chapter 3

Laplacian calculations

In this section, we make a Laplacian calculation for the cohomology rings H%(p, go; S*it")
and HY (P, go; S*p*), where p and u are subalgebra of a Z-graded Lie algebra g, as in the last
chapter. Specifically, we assume that g has finite-dimensional homogeneous components, an
anti-linear conjugation automorphism sending g, to g_,, and a positive-definite contragra-
dient Hermitian form (satisfying g, L g, if m # n and (z,y) = (Z,7)). The subalgebras
p and u are equal to @, g, and €, ., gn, respectively. While we used restricted duals g*
and u' for greater flexibility in the previous chapter, in this chapter we are only concerned
with the algebras p and u, and hence we return to using the continuous duals p* and 1" of
the completions of p and u, as in the introduction. Also, since the conjugation operation
will be available throughout this chapter, we prefer the notation u and o to u*!. Finally, we
make a non-degeneracy assumption: we will assume that u¥ = 0, where 1 is regarded as the
p-module g/p.

To be specific, choose a homogeneous basis {23} for u, and let {z*} be the dual basis of
u". Let (V,m) be a p-module. The Koszul complex for HZ (p,go; V) is the chain complex

(C?,0) defined by
Cp,go;V </\ i ® V)

and

d= e(2F (ladflz —|—7rz>.
> ) (g adi(an + w(a)

If CY is given a positive-definite Hermitian form then the cohomology H* can be identified
with the set ker O of harmonic forms, where O = 90* 4+ 0*0. The goal of this chapter is then
to calculate ker 0 for V = S*p* and V = S*1i, in a Kahler metric that we will introduce.

In the prototypical example, g is a twisted loop algebra of a semisimple Lie algebra, p
is some parahoric, and u is the nilpotent subalgebra. When g = L[z*!] is an untwisted
loop algebra and p is the current algebra p = L[z], then S*p* and S*u* are isomorphic as

p-modules, and the relevant Laplacian calculation has been made in [FGT08]. The same
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Laplacian calculation works in our more general setting, but two considerations have to
be made. The first is that, for an arbitrary parahoric, the modules S*p* and S*u* are no
longer isomorphic, and hence we make two Laplacian calculations to cover both cases. The
second consideration is that, while L[z] has a unique Kahler metric, the same is not true of
an arbitrary parahoric. However, we show that the Laplacian can be calculated using the
Kahler metric coming from a semi-infinite cocycle. The non-degeneracy condition (u)" =

is needed to make sure that the Kahler metric constructed in this fashion is non-degenerate.
Note that this condition does not hold if g has a non-trivial centre. In particular, it does not
hold if g = L[2*!] where L has a non-trivial centre. However, in the latter case the centre
splits off as a direct sum, and as long as this happens, the theorems in this section still hold.

3.1 The ring of harmonic forms

Lemma 3.1.1. Let V be an p-module, and J a derivation of p which annihilates go. If
e N0 @V is p-invariant then

I A AN = o(Jxy, . Jag) (3.1)
is a cocycle in Ck(p, go; V).
Proof. Let f be the cochain constructed as in equation (3.1). Then

@) (o, - ax) = > (=1 f([wi x5, dy, ) + Z(—l)imif(. L E )
_Z 1) (] [z, 2], Jzo, . .. +Z Yea;o(Jxo, .. .)

1<J

_Z " (ad"(2:)9) (Jxo, .. . , @i, +Z Yaid(Jxo, ... &, .. ),

where the last equality follows from the fact that .J is a derivation (ad’ denotes the adjoint
action of p on U, extended as a derivation to the exterior product). If ¢ is p-invariant then
the last line is zero, so f is a cocycle. That f is go-invariant is clear from the p-invariance
and the fact that J annihilates go. [

Definition 3.1.2. A cochain w € \" 0" ®S*p* is U-basic if o(f)w = 0 for all linear functions
f:p— 1 of the form y — [z,y], x € u.

The main theorem of this section allows us to identify H*,(p, go; S*p*) with the ring of
ui-basic p-invariant cochains.

Theorem 3.1.3. There is a positive-definite Hermitian form on C* = C*(p, go; S*p*) and
a deriwation J of p such that the harmonic forms in C* are closed under multiplication,
and furthermore the map in Lemma [3.1.1] gives an isomorphism between the ring of -basic
p-invariant elements of \* 0" ® S*p* and the ring of harmonic forms.
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Before proceeding to the proof, we note that Theorem |3.1.3| can be rephrased in a geo-
metric manner. Let P and N be pro-Lie groups with Lie algebras p and tt respectively. The
space p/ @, 9» has the structure of an affine variety, so the pro-algebra p can be regarded
as a pro-variety, with coordinate ring S*p*.

Definition 3.1.4. The tangent space Tp is isomorphic to p x p. Let Tsop denote the sub-
bundle of Tp isomorphic to p x u, and T p the continuous dual bundle of T-o. Let Q2% p
denote the ring of global sections of \* T%p.

The bundle Tsop contains all tangents to N'-orbits. We will say that an element of Q% p
is N-basic if it vanishes on all tangents to N -orbits.

With this terminology, we can identify the ring of ti-basic p-invariant cochains with the
ring of P-invariant A-basic elements of Q% p.

Although Theorem covers the main case of interest, a more natural result occurs
if S*p* is replaced with S*0*. An element w of A" 0" ® S*i" is p-basic if ¢(f)w = 0 for all
linear endomorphisms f of 1t of the form y — [z,y], = € p.

Theorem 3.1.5. There is a positive-definite Hermitian form on C*(p, go; S*Ut*) and a deriva-
tion J (the same as in Theorem[3.1.5) such that the harmonic forms are closed under mul-
tiplication, and furthermore the map of Lemmal3.1.1| gives an isomorphism between the ring
of p-basic and invariant elements of \" 1" ® S*U* and the ring of harmonic forms.

In geometric language, the ring of p-basic and invariant cochains is the same as the ring
of P-basic and invariant algebraic forms on 1.

As mentioned at the beginning of this chapter, the assumptions of Theorems and
rule out the case that p is a parahoric of L[z*!] if L is a reductive algebra with a
non-trivial centre 3. However, in this case L = [L, L] @ 3, and it is easy to deduce Theorems
13.1.3] and [3.1.5| by splitting off 3[z] (for instance, take J to be the identity on 3|z]).

3.2 Construction of the Kahler metric

Proposition 3.2.1. Let {,} be the contragradient positive definite Hermitian form on g.
There is a derivation of p, annihilating go and positive-definite on u, such that (-,-) =
{J-,-} = {-,J-} is a Kahler metric for (p,go) with fundamental form iy, where v is the
semi-infinite cocycle.

Proof. Let ;Hp denote the truncated action of p & p on p = g/u, and define

J = Z éap(xk)éap(ﬁk)*,

k>1

where {z} }r>1 is a homogeneous basis for u, orthonormal in the contragradient metric. Define
(+,-) = {J-,-}. Then J is positive semi-definite by definition, so (,) is a positive semi-definite
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Hermitian form. Suppose a € g,, b € g_,v, n,n’ > 0, and assume without loss of generality
that 21, ..., T, is a basis of g; @ ... gn. Since ad p(Tr)" = —ad »(Tx) we have

(a,b) = {Ja,b} = Z{ T, al, [Tk, ]}

== {lb[a, 7], 7} = - Ztrgfl(ad(b) ad(a)).
k=1 =1

Now tr,_,(ad(b) ad(a)) = try,_,(ad(a)ad(b)), so —i(a, b) iv(a,b). Since 7 is a cocycle and

{, } is contragradient, it follows that .J is a derivation. O]

To give an example, suppose p is a parahoric in a twisted loop algebra g = L[2*!]7 of
a semisimple Lie algebra L. The parahoric p comes from a grading of type d, where d; is
a non-negative integer giving the degree of the simple root vector e;. In particular, p is
generated by go and the simple root vectors e; with d; > 0. Now J annihilates go, and if
d; > 0 then
lei, [fi eil]

Jey = ST = 9(p, e,
= et poe

where f; = —¢;. Since J is a derivation, this determines J on all of p. There is a Kac-
Moody algebra g associated to g, and this Kac-Moody algebra has a standard non-degenerate
invariant symmetric bilinear form (, ). The contragradient Hermitian form {, } on g defines a
symmetric invariant bilinear form {-,~}, and this symmetric form extends to a scalar multiple
of the standard invariant form on g. The twisted loop algebra g is also graded by the root
lattice of the Kac-Moody algebra associated to g. Let p be a weight of the Kac-Moody
defined on simple coroots by p(e;’) = 0if d; = 0 and p(«)) = 1 if d; > 0 (note that the a;’s
are coroots of the associated Kac-Moody, not of the twisted loop algebra g). Then J is the
derivation of p acting on root spaces g, as multiplication by 2(p, a).

3.3 Calculation of the curvature term

If S is a linear operator it* — p*, define an operator dg(S) on A" " ® S*p* by
If T is an operator p* — 1", define a similar operator dr(T) by

dL(T)(Ct®b10'~-O~ ZT /\Oé®blo...[;i...obl

Recall that truncated actions are denoted by ad, with subscripts denoting the appropriate
truncated space. By abuse of notation, let J~! denote the inverse of the restriction of the
derivation of Proposition to u. We will also use J~! to denote the dual operator on u1".
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Proposition 3.3.1. Let p be a parahoric subalgebra of a twisted loop algebra g. Let V = S*p*
with the contragradient metric. The Laplacian on C*(V) with respect to the dual Kahler
metric from Proposition has curvature term

ile(y + ©), ZdR (ad ) *1>* dx (Ed’i(xi)ﬁ) ,

where {x;} is a basis for u orthonormal in the contragradient metric, and " is considered

. , ~t e
as the subset of p* that is zero on gy (so that ad, sends u” to p*).

Proof. Applying Corollary [2.5.5 we just need to determine R = i[¢(©)], where R is given

by Equation |.) The action ad acts as a derivation on the symmetric algebra S*p ,
so by Equation (2.1)), R is a second-order operator. This means that if ag,...,a; € 1
bo,...,b € p* then

Rlag A+ Ay @byo---ob) = S (=1)R(c @ by)ag- ;- by - b,
i,J
In particular, R is determined by its action on 1" ® p*.

The truncated action on V' is isomorphic to the truncated action on V' = S*p via the
contragradient metric. Let R’ = i[e(Oy/),A]. If f € 0" and w € p then we claim that

R(f@w) =" ad,(w)z @ ads(=)6 (1),

>0

where {z;} is any homogeneous basis of u, ¢ is the isomorphism & — @* induced by the

Kahler metric, and ut is considered as a subset of p, so that ady maps from u to p. To prove
this, let {z;} be orthonormal with respect to the Kahler metric, and think about f = 2*, w
arbitrary. Observe that

Jw =3y ([zu)y-s.

s>1
where {ys}s>1 is a homogeneous basis of p and y_, = 75. So if z_; € g_,,, then

ads (%) ad Jw = Zy ([2i, [2=5, w]])Y—s,

s>1

éﬁﬁ( adp Zi)w = Z v ([, w]) [z, y—s]

s>1

=3 > v (e [z wl)ys, and

n<0 Y—s€Pn—m
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ad ([2i, 2—))w = Zy [[2i, 2—5], W])y—s.

s>1

Consequently

([gﬁﬁ(z@-),éaﬁ(z—jﬂ — ady([z, 7] > 2 2 v el uly-e

—m<n<0yY—sEgn

After removing the reference to m here, we get

([ads(z0). adg(=5)| = adg([z0,2-3]) ) w = 30 30y~ ([=g 22 (20, w])yo

s>1 1>1

Now from Equation ([2.1)),

R (Z* @ w) Zz ® ([ad (z), adp(z k)] — adg w([2i, 2 k])) w

>0

= — Z 2 ® y_s([z—k,Zl])zl([zivw])y—S'

Moving the w action from z; to 2%, the last expression becomes

= > adyw) @y (2 alys = D ad, ()2 @ adg(z)2-

i,5>0 i>0

The proof of the claim is finished by noting that this last expression is independent of the
choice of basis {z;} for u and that that z_; = ¢~ 1(2%).

Now we can translate from V' to V using the isomorphism 1 : p — p* induced by the
contragradient form. The operator J on u has a basis {m } of eigenvectors orthonormal in
the contragradient metric. If Jz; = \;x; then o(T;) = Nz, and thus Yo ¢~ (a?) = A\ 1o, Tt

follows that 1o ¢! = J~1 on 0", Next, ad., Jw)(x) = —ad, o(2)Y(w). Since ¥(T;) = 2* we

can conclude that

R(f®g)= Zad a:zg®ad (x)J 7,

1>0
where ;d/é (77) is regarded as a map from p* to .
If S,T € End(p*), let Sw1tch(S T) be the second order operator on " p* ® S*p* sending

a® f+— T ® Sa. Note that ad., o(Ti)" = —ad, »(Ti). We have shown that R is the restriction
of the operator

S Switeh (ady (), ad (1))

to A" 0" ® S*p*, where J~! is zero on go. It is easy to see that Switch(S,T) = di(T)dg(S) —
(T'S)", where (T'S)" is the operator T'S extended to A" p* as a derivation. Also, dr(T)* =
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dp(T*J~1), where T* is the adjoint of T in the contragradient metric. Note that the J~!
term comes from the difference between the contragradient metric on the symmetric factor
and the Kahler metric on the exterior factor. Finally we have

R=Ydn (ady ()T ) i (ady() ) + > (5&;(@)5&;(@)J—1>A .

Now ). ;&z (Tz);&:,(%) is the negative of the dual of the derivation J on u, while J~! is the
dual of the inverse of J. Thus on A" 1", this second summand is simply — deg. But since we
have chosen a Kahler metric with fundamental form i, we have ie(y),A] = [L,A] = —H =
deg, finishing the proof of the Proposition. n

Similarly, given endomorphisms S and 7" of " we can define operators dg(S) and d,(T)
on A0 ® S*u".

Proposition 3.3.2. Let p be a parahoric subalgebra of a twisted loop algebra g, and let u
be the nilpotent subalgebra. Let V = S*U* with the contragradient metric. The Laplacian on
C*(V') with respect to the dual Kahler metric from Proposition has curvature term

ey +€).4] = 3 d (a7 ()T )

where {y; }i>0 s a basis for p orthonormal in the contragradient metric.

Proof. Once again, let R = i[e(©), A], and let V' = S*u. The proof is similar to the proof of
Proposition [3.3.1] except that if f € u, w € u, then

R(f @ w) =3 ady(w)y' @ ads(y)s™ (£), (32)

where {y;}i>0 is a basis for p. To prove this, let {2;} be orthonormal with respect to the
Kahler metric, and think about f = z*, w arbitrary. Observe that

adg(2)w = Zzi([z, w])z;.
i<0
Soif z_; € g_,, then

adg(z;)adg (2w = 27 (=, [z, )z,

k>1

;Hg( ad (zi)w = Z 27 (2, w)) 25, 2—k]

k>1

=3 3 e H (e [z w]))z—s, and

n<0 z_k€Gn—m
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adg([z:, 25w =Y 27 ([[z0, 2], w]) 2.

k>1
Consequently

(|adaz:).ads(z))| = adallzi =D)) w= D D7 27 (le s wl)) o
—m<n<0 z_gEgn
Removing the reference to m, we have

([ad (i), adg a(z)] — ad ([2i, 2—5]))w = ZZz (2, ys)) Yy ([2i, w]) 2.

k>0 s>0

From Equation ,
i), Al (F @ w) = =3 2 @ ([ada(z), ade(z-4)) — ada([z, 2-4]) ) w

== Y @ (e us)y (20, w]) 2.

0,j>0 >0
Now moving the z_; action from z; to 2%, we get
—~1 —~t —~
=3 > ady(w)y* @ 27 ([, ys)zy = Y ady(w)y® @ adg(ys) (z-)-
5>0 j>0 >0

Finally z_;, = ¢~ 1(2%). O

3.4 Proof of Theorems 3.1.3 and [3.1.5]

Once again let J denote the operator on t* which is the dual of the derivation J on u. We
give a proof of Theorem [3.1.3} the proof of Theorem is identical. Let Ja denote the

diagonal extension of J to the exterior factor of A" 1" ® S*p*. The adjoint of z;ai(x) in the
Kahler metric is —Jad,(Z)J~!. Thus we can directly calculate that

D' = = Y ele) (Ui fe )Y + ),

i<0
where {z;} is a basis of u orthonormal in the contragradient metric and z_; = 7;. On
C%4(V) the D-Laplacian is [0 = DD*, so the set of harmonic cocycles is the joint kernel of

the operators D* above and dg (%;(xi)J*), i > 1. The kernel of D* on C%(V) is the

—~ N~
joint kernel of the operators (Jadi(xi)J”) + ad; (z;)%¥™, i > 1. Now we have
—~t —~t
dp <adp(xi)r1) Ja = Jadg (adp(xi)> and

—~ A —~ —~ —
((Jadi(xi)J_1> +ad, (xi)Sym> Ja = Ja (ady(es)" + ady(@)*™)
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Thus we see that J5' identifies the set of harmonic cocycles with the joint kernels of the
—~t —~t —~t

operators dp (adp(mi)>, i > 1, and (adu(a:i)/\ + adp(xi)sym), i > 1. Since the elements of

C%4(V) are go-invariant by definition, the kernel of the latter family of operators is the set

of p-invariant cochains. The kernel of the former family of operators is the set of u-basic
cochains, finishing the proof.
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Chapter 4

Adjoint orbits of arc and jet groups

Let L be a reductive Lie algebra with a diagram automorphism o of finite order k, and
fix a qth root of unity. Let py be a parabolic in Ly, and let p be the standard parahoric
{f € L[z]° : f(0) € po} of the twisted loop algebra g = L[2*']°. Let u denote the nilpotent
subalgebra of p. Grade g so that p = €, -, 9, and go = po N po. Theorems and
state that the cohomology H.(p, go; S*p*) is isomorphic to the ring of basic invariant
elements of Q-op, and that HZ (P, go; S*1") is isomorphic to the ring of basic invariant
forms on 1. Thus, to prove the strong Macdonald theorems in the next chapter, we need
to show that basic invariant elements of Q<op correspond to certain types of forms on the
GIT quotient of p, and similarly with &t. In this chapter, we extend two well-known results
on the orbit structure of the adjoint representation of a reductive Lie algebra to the case
of a standard parahoric. The results we are interested in extending are the slice theorem
for regular-semisimple orbits (addressed in subsection and part of the Kostant slice
theorem for regular orbits (addressed in subsection [4.2.2)). These results will then be used
in the next chapter to determine the ring of basic invariant forms.

This chapter is adapted from part of [SI11D].

4.1 Twisted arc and jet schemes and the twisted arc
group

This section covers background material on twisted arc and jet schemes, and proves basic
facts about the twisted arc group arising from a diagram automorphism. The material in
this section will be used to study adjoint orbits in Section [4.2]

4.1.1 Twisted arc and jet schemes

By a variety, we mean a separated, reduced, but not necessarily irreducible, scheme of
finite type over C. The arc scheme J,X of a variety X over C is a separated scheme of
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infinite type representing the functor Y — Hom(Y x SpecC[[z]], X). Intuitively the arc
scheme is the space of maps from the formal arc SpecC|[z]] into X. The mth jet scheme
JnX (0 < m < 400) is a separated scheme of finite type over C representing the functor
Y — Hom(Y xSpec C[z]/2™, X). If m < n then there is a morphism J, X — J,, X, and Joo X
is the inverse limit of the jet schemes of X. The C-points of J,, X are m-jets, i.e. morphisms
Spec C[z]/2z™ — X. For example, JoX = X and J; X is the tangent scheme of X. If X is the
affine subset of C" cut out by the equations f; = ... = fr = 0 then J,,,X is the subscheme
of (C[z]/z™)™ cut out by the equations f;(z1,...,2,) =0,1=1,..., fx, where x; € C[z]/2™
and (C[z]/2™)™ is regarded as the affine space of dimension mn. The association V' +— J,,,V
is functorial, so if G is an algebraic group then J,,G is an algebraic group when m < +oo,
and a pro-group when m = +o00. The arc scheme of X is sometimes denoted by X[[z]], but
we use the notation J,, X so that propositions can be stated uniformly for both arc and jet
schemes.
The following well-known lemma is useful for working with jet schemes:

Lemma 4.1.1 ([Mu01]). If X =Y is etale then J, X = X xy J,Y for all 0 < m < +o0.

Open immersions are etale, so if U C X is an open subset then the pullback of U via
IJnX — X is equal to J,,U. In particular, J,, X is covered by open subsets J,,U, where
U C X is an affine open (if m = +oo then we use the fact that the inverse limit of affine
schemes is affine). If there is an etale map X — A" then J,,X = X x A™ for all m < 400,
while J, X = X x A*. Consequently if X is smooth of dimension n then J,, X — J,. X is a
(Zariski) locally-trivial A™™~*)_bundle for all k < m < +oo. In particular, J,, X is smooth
and the truncation morphisms J,,X — J,X are surjective. Similarly J,X — J X is a
locally-trivial A>-bundle for all 0 < k < +oo]]

The following lemma is likely well-known (and follows easily from formal smoothness):

Lemma 4.1.2. If X — Y s smooth and surjective then the maps J,, X — J,,Y are smooth
for all 0 < m < +o00, and surjective for all 0 < m < +o00

From Lemmas and we get the following proposition:

Proposition 4.1.3. Let 0 < m < +oo. If E — M is an etale-locally trivial principal
G-bundle then J,E — J, M is an etale-locally trivial principal J,,G-bundle.

Proof. For E — M to be etale-locally trivial means that there is a surjective etale morphism
U — M such that the pullback of E over U is isomorphic to the trivial G-bundle U x G.
Now J,,, preserves etale maps (by Lemma and the fact that etale maps are preserved
under base change) and thus J,,U — J,,,M is etale and surjective. The proof is finished by
observing that .J,, preserves pullbacks (which follows from the definition of the pullback via
the functor of points). O

!The infinite-type schemes we work with are nice enough that they could be called “smooth” in their
own right. However, we avoid this complication and only use smoothness for schemes of finite type. See for
instance the wording of Lemma m
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Proposition [4.1.3] on jet schemes has the following corollary:

Corollary 4.1.4. Suppose X has a free G-action such that an etale-locally trivial quotient
X — X/G exists. Then J,,,(X/G) is isomorphic to J, X/ JnG, 0 < m < 400, and Joo(X/G)
is isomorphic to J X/ JooG, where this last quotient is the pro-group quotient, i.e. the inverse
limit of the quotients J,, X/JnG, 0 <m < +o0.

If X — X/G is etale-locally trivial then it is also surjective, so by Corollary and
Lemma the map JoX — JooX/JG is surjective. If X is affine with a free G-action
and G is reductive then X/G = X//G, the GIT quotient, and X — X/G is etale-locally
trivial by Luna’s slice theorem [Lu73| (the theorem applies because all orbits under a free
action are closed, see the discussion on page 53 of [Bo91]). All the quotients we study will
be of this type.

Now suppose that X has an automorphism o of finite order k. This automorphism lifts
to an automorphism o of the jet and arc schemes J,,X. Choose a fixed kth root of unity ¢,
and let m(q) denote the automorphisms of C[z]/2™ and C[[z]] induced by sending z — ¢z.

Definition 4.1.5. Let 6 denote the automorphism o om(q)~'. The twisted jet (resp. arc)

scheme J2 X is the equalizer of the morphisms 1, x and G in the category of schemes.

In other words, if m < +oo then J2 X represents the functor Y + {f € Hom(Y x
SpecC[z]/2™, X) : fom(q) = oo f}, while J. X represents the functor Y w {f € Hom(Y x
SpecCl[[z]], X) : fom(q) =00 f}.

J? X is a closed subscheme of J,, X, and (.J,,, X)? is separated for all m. Since Spec C|[2]] is
the direct limit of schemes Spec C|z]/2", it follows from the functor of points characterisation
that JZ X is the inverse limit of schemes J2X, 0 < m < +oo. Since J2X is a closed
subscheme of J,, X, it is covered by the inverse images of the open subschemes J,,U C J,, X,
for U C X open affine. The inverse image of J,,U in J2 X is the same as the inverse image
of 6(J,U) = J,,o(U). Thus the inverse image of J,,U in JZ X is the same as in the inverse
image of J,,V, where V =UnNa(U)N...Nco* 1 (U). By definition o(V) = V, and V is affine
because X is separated. Finally, the pullback of J,,V to J2 X is JoV, and J2V is affine.
We conclude that J2 X is covered by open affines J°U where U C X runs through open
affines such that o(U) = U.

The following lemma is an immediate consequence of the definition of tangent and jet
(resp. arc) schemes via functor of points.

Lemma 4.1.6. Let o, be the automorphism induced by o on T X. Then the tangent scheme
to J2 X is naturally isomorphic to the twisted jet (resp. arc) scheme J5* (T X) of the tangent
scheme to X.

Using known results for finite-dimensional varieties, we can show that the twisted jet
scheme of a smooth variety is also smooth.
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Lemma 4.1.7. Let 0 < m < 4o00. If X is a smooth variety with a finite-order automorphism
o then J2 X is a smooth variety. In addition, if X and Y are both smooth varieties with
finite-order automorphisms ox and oy and X — Y is a o-equivariant smooth map then
JS X — JOY is smooth.

Proof. We can assume that X is affine. Since X is smooth, J,,X is also a smooth variety. The
twisted jet scheme JZ X is the fixed-point scheme of the finite group (7). It is a well-known
consequence of Luna’s slice theorem that the fixed-point variety of a reductive algebraic
group acting on a smooth variety is also smooth. This also holds for the fixed-point scheme
by Proposition 7.4 of [Fo73], so JZ X is smooth

Since J2 X is a smooth variety the tangent scheme is a vector bundle. By Lemma
H1.6 7,05 X = (TpJnX)% and similarly T,J2Y = (T,J,,Y)%. If X — Y is smooth then
JnX — J,,Y is smooth by Lemma hence T'J,,X — TJ,,Y is surjective on fibres, and
it follows that (7,J,,X)%* — (T,J,,Y)%* is surjective. Since both J? X and J2Y are smooth,
J2 X — J°Y is a smooth map. O

Note that J2 X is not necessarily irreducible, as X can be disconnected.
We also have the following analogue of Lemma [4.1.1]

Lemma 4.1.8. Let 0 < m < 400. Suppose that X and Y have finite-order automorphisms
ox and oy. If X =Y is an etale o-equivariant map then J2X = X7 Xyo JOY.

Proof. By Lemma [4.1.1 J,,X = X Xy J,,Y. The automorphism &x on J,, X translates to
the unique automorphism on the latter space which lies above ox on X, oy on Y, and oy
on J,,Y. The result follows from the functor of points characterisations of the twisted jet
and arc schemes and the fibre product. O

Finally, the jet structure distinguishes a subbundle of the tangent bundle of a jet or arc
space.

Definition 4.1.9. If X is a variety with finite-order automorphism o, we let ToonstJo X
denote the pullback X° xpxo TJS, where TJS X — TX? is the differential of the projec-
tion JOX — X7 and X° — TX is the zero section. Intuitively T.onsJC, is the space of
infinitesimal families of jets (resp. arcs) which are constant at z = 0.

4.1.2 Connectedness of the twisted arc group

In this section G will be a connected algebraic group with Lie algebra L, such that the
diagram automorphism o lifts to G (for example, this occurs if G is simply-connected). H
will be the torus corresponding to the chosen Cartan b.

We recall some basic facts about diagram automorphisms and the structure of L, using
terminology and basic results from Chapter 9, Section 5 of [Ca05]. Let h; denote the ¢'th

2If X is not smooth then the fixed-point scheme of a reductive group action can be non-reduced.
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eigenspace of o acting on h. By definition, there is a choice of simple roots aj, ..., q; such
that o permutes the corresponding coroots h,, and Chevalley generators e,,. If J is an orbit
the o-action on simple roots, let oy = ﬁ Y acy @ Then the set {aly, : J is an orbit of o} is
a set of simple roots for Ly. Restriction to by gives an isomorphism between the subgroup W7
(where W is the Weyl group of L) and the Weyl group W (L) of Ly. The simple generator
sy of W(Lg) given by reflection through «; on by corresponds to the element of W7 C W (L)
which is the maximal element in the subgroup of W (L) generated by reflection through the
simple roots in J. In addition, we will need:

Lemma 4.1.10. If N(H) is the normalizer of H in G, then N(H)° = Ngo(H), the nor-
malizer of H in G°. Consequently W’ = N(H)?/H? C W(L). Furthermore, the inclusion
W(Ly) 2 W7 — W(L) is length-preserving, in the sense that if w € W7, then it is possible
to get a reduced expression for w by first taking a reduced expression w = sy, --- Sy, forw in
W (Ly), and then replacing each s;, with a reduced expression in W (L).

Proof. For the first part, let p € h be the element such that a(p) = 1 for all simple roots «
of L. Then p is regular in h and belongs to hy. Any element of Ngo(H?) sends p to another
regular element of b, and hence belongs to N(H).

For the second part, we we refer to the proof of Proposition 9.17 of [Ca03]. n

We can use Lemma to prove:

Lemma 4.1.11. Choose a Borel subgroup B of G containing H and compatible with o and
let X = BB be the big cell of the corresponding Bruhat decomposition. If x € G belongs to
a Bruhat cell BwB with w € W€ then there is g € N(H)? such that gz € X.

Proof. If we take for g a representative of w™" in N(H)?, then gBwB C BB. O]
Proposition 4.1.12. G is connected.

Proof. The connected component (G7)° of G is a connected reductive group with Lie algebra
Ly. Since ¢ permutes coroots, it is easy to see that H? is a connected torus, and in fact is
a Cartan in (G7)°. As in Lemma let B be a Borel subgroup of G containing H and
compatible with o, and let X be the corresponding big cell. If g € G° belongs to a Bruhat
cell BwB then g € BuBNo(BwB), sow € W?. By Lemmal4.1.10] every element of N (H)?
can be implemented by an element of (G?)°. So by Lemma , we just need to prove
that G? N X is contained in (G7)°.

Now as an algebraic variety, X = U x H x U, where U is the unipotent radical of B. The
action of ¢ on X translates to the action of o on each factor. Let u be the Lie algebra of U.
The exponential map for nilpotent Lie algebras is bijective, so U7 is the unipotent subgroup
corresponding to the nilpotent Lie algebra u?. In particular U? is connected, and similarly
with U”. We conclude that X7 = G° N X is connected. O]
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Using the fact that the exponential map for nilpotent (resp. pro-nilpotent) Lie algebras
is bijective, we immediately get the following corollary.

Corollary 4.1.13. If0 < m < +oo then JS G is a connected algebraic group with Lie algebra
L[z]/z™. Similarly JIG is a connected pro-algebraic group with Lie algebra L[[z]]°.

As a scheme the Lie algebra of J2 G can be identified with J? L.
The following proposition will be crucial in the next section, since it proves that J7 (G/H)
is a J2 G-homogeneous space.

Proposition 4.1.14. J°(G/H) = J2G/J% H, where the latter space is either the group
quotient if 0 < m < 400, or the pro-group quotient if m = +oo.

Proof. G — G/H is an etale-locally trivial principal bundle, so J,,(G/H) = J,G/J,H.
There is an inclusion J5G/JS H < (J,,G/J,,H)?. To prove the proposition, we will show
that this inclusion is surjective for all m < +o0o0. If m < 400 then biregularity follows from
bijectivity because (J,,G/J,,H)° will be a homogeneous space. Biregularity for m = +oo
follows from the universal property of inverse limits.

Define a : J,,G — J,,G by g — g~'6(g). To show that the inclusion is surjective we
need to show that every element of (J,,,G/J,,H)° has a representative x € J,,G such that
a(z) = e. The map « has a number of nice properties. First, the fibres of a are left J° G-
cosets. Second, g € J,,G represents an element of (J,,G/J,, H)? if and only if a(g) € J,,, H.
Third, if a(g) € J,H and h € J,, H then a(gh) = a(g)a(h). By these last two properties,
we will have (J,,G/J,H)° = JoG/JS H if and only if o(J,,G) N J,H = a(J,, H).

Our proof depends on the Bruhat geometry of G, so pick a Borel subgroup B C G
compatible with 0. Let X = BB be the big cell. Suppose z € J,,G and a(x) € J,H.
Writing x(0) = bywb;, we get a(z(0)) = by 'wta(by)o(w)o (b)) € H. But a(by) € B, so
wB N Bo(w)B # (), and thus w belongs to W?. Consequently there is go € G? such that
gox(0) € X, implying that goz € J,,X. Since a(z) = a(goz) for go € G7, we just need to
show that a(.J,,X) N J,, H is contained in «(J,,,H).

The space X is isomorphic to U x B via the multiplication map, where U is the unipo-
tent subgroup of B. Thus we can write any element of J,, X uniquely as a(2)b(z), where
a(z) € J,U and b(z) € J,,B. Suppose a(a(2)b(z)) = h(z) € J,H. Since a(a(z)b(z)) =
b(z)'ala(2))a(b(2)), we see that a(a(z)) = b(2)h(2)F(b(2))~" € J,B. Since a(a(z)) € JU,
this implies that a(a(z)) = e and consequently «(b(z)) = h(z). To finish the proof, observe
that B =2 U x H via the multiplication map, where U is the unipotent subgroup of B. Writing
b(z) =b'(2)l(2) for V' (2) € J,,U and W' (2) € J,, H, we get a(b(z)) = h'(2)ta(V(2))a(R'(2)),
and hence a(b'(z)) can be written as an element of J,, H. This implies that a(V'(2)) = e,
finishing the proof, since a(h/(2)) = h(z2). O
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4.2 Slice theorems for the adjoint action

We continue to use the notation from Section [4.1] In particular, G is a connected algebraic
group with Lie algebra L such that o extends to G, and the Lie algebra of J2 G is identified
with J2 L. In addition, we fix a standard parabolic subalgebra py C Lo, and let p,, = {f €
J2 : f(0) € po}. Note that p., is the completion of a standard parahoric in L[z*!]?, which
we also denote by p. We let P, be the connected algebraic (resp. pro-algebraic) subgroup
of J¢ G corresponding to p,,, and N, be the nilpotent (resp. pro-nilpotent) radical of P,,.
The reductive factor py N pg of pg is denoted by go.

In this section we prove two slice theorems for the adjoint action of P,, on p,,. The first
is an analogue of the well-known slice theorem for regular semisimple elements in L, and is
given in Subsection [4.2.1] The second is an analogue of the Kostant slice theorem, and is
given in Subsection [£.2.2] These theorems will be used in the next section to determine the
Poo-invariant N,.-basic elements of Q% jpo..

The slice theorems are stated in terms of the GIT quotients @ := L//G (i.e. @ is the
affine variety with coordinate ring C[Q] = (S*L*)¥) and R := py//Py. Recall that C[Q] is
a free algebra generated by homogeneous elements in degrees m; + 1,...,m; + 1, where [ is
the rank of L and my, ..., m; are the exponents. A similar result holds for C[R]:

Lemma 4.2.1. Let uy the nilpotent radical of po, so that po = go ® ug. If f € C[R] then
f(z,y) = f(x,0) for all x € go, y € ug. Consequently, if M is the Levi subgroup of Py then
R>go//M=ho//W(go), where W(go) is the Weyl group of go, and C[R] is a free algebra
generated by homogeneous elements in degrees given by the exponents of go.

Proof. The set of regular elements b, is dense in hy. Since [go, 2| + by = go for any element
x € b, the set Mbj is dense in go. Let N be the unipotent subgroup corresponding to .
If = belongs to b then Nyz = x + ug. Since N is normal in Py, this property extends to
any x € Mbj. Soif f is invariant then f(x,y) = f(n(x,0)) = f(z,0) for z in an open dense
subset of pg N Po. O

4.2.1 The regular semisimple slice

Let L™ C L be the subset of regular semisimple elements. L™ is an affine open subset of L
(its complement is the vanishing set of a single G-invariant function) and consequently the
image Q" of L™ in Q = L//G is open. The well-known regular semisimple slice theorem
states that there is a commutative square

G/H xy b ——= L5 | (4.1)

L

hT/W%QT
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where W is the Weyl group of L and §" is the set of regular elements in . The notation
G/H xw b" denotes the quotient of G/H x h" under the free action of W = N(H)/H acting
by right multiplication on G/H and by the adjoint action on h”. Both horizontal maps
are isomorphisms. The top horizontal map is given by multiplication, while the bottom
horizontal map is projection to Q.

Since ¢ is an automorphism, the sets L™ and h" are closed under o and we can apply
J? to both spaces. The image R" of py N L§® in R is open, since it’s complement is the zero
set of a single Py-invariant function. As usual, let Py, /J5 H denote the pro-group quotient.
Similarly Pso/JLH X (gy) J2h" will denote the pro-group quotient of P /JL H x JLb" by
W(go), and JZbh" /W (go) denotes the pro-group quotient of J7h" by W(go). We have the
following analogue of Equation for twisted jet and arc schemes.

Theorem 4.2.2. Let 0 < m < +oo. Then there is a commutative diagram

Pm/J,iLH X W (go) ngf)r — Py N ngLTS (4.2)

| |

(J7b7) /W (go) R xqe J5Q"

in which the horizontal maps are isomorphisms, with the top map induced by multiplication
and the bottom map induced from the two projections JH" /W (go) — J2Q" and b /W (go) =
R".

To prove Theorem [4.2.2) we start with the case m = 0 (likely well-known, but we give
the proof for completeness).

Lemma 4.2.3. There is a commutative diagram

Po/H Xw(gy) by — po N Ly’

| |

ho/W(go) R

in which both horizontal maps are isomorphisms. The top horizontal map s induced by
multiplication, while the bottom horizontal map is induced by the projection hy — R.

Proof. That the bottom map is an isomorphism comes from Lemma [4.2.1]

The Weyl groups of go and Ly can be expressed in terms of M and G7 as W(gy) =
Nu(H N M)/(H” N M) and W(Ly) = Ng-(H?)/H?. Using the Bruhat decomposition
for G and M simultaneously, as well as the Levi decomposition for Py, it is possible to
show that Ngo(H?) NPy C Nyp(H? N M). The resulting inclusion Ngo(H?) NPy/H? C
Nm(H? N M)/H? N M is an isomorphism.
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Now the commutative diagram in Equation (4.1)) can be extended by adding the com-
mutative square
Po/H? Xw(g) o —=po N Li" , (4.3)

| |

GU/HU XW(LO) hg LSS

in which the vertical maps are the natural inclusions. To show that the left vertical map is
injective take two elements ([p], z) and ([p], ") which are equal in the codomain. This means
that there is w € Ngo(H?) with [pw™!] = [p/] and wzy = xj. The former condition implies
that w € PoNNg(H), so [w] € W (Ly) represents an element of W(go), and ([p], z) = ([¢], 2’)
in Po/Ho X W (go) Do-

Since the bottom map of Equation (4.3)) is an isomorphism, we just need to show that
Po/H? X (gy) by maps onto po N Li®. Suppose x € pg is semisimple in Ly. Since diagonaliz-
ability is preserved by restriction to an invariant subspace and by descent to a quotient by an
invariant subspace, we can write x = ¢+ x1, where z is a semisimple element of poMNpg and
1 € ug. Conjugating xy by an element of the Levi factor M to be in by, we can assume that
x € by, a Borel subalgebra of Ly contained in py. Thus the problem is reduced to showing
that bp NL{° C Bohi. Given z in the former set, take g € G such that gr = y € hj. Then
by and g by both contain g, so there is w € Ngo(H?) such that wby = gby. Since Borel’s
are self-normalizing, ¢~ 'w € By and = = (¢ 'w)(w™y) € Byhj,. O

We need two facts about diagram automorphisms and the structure of L. We use the
convention from Section to express the simple roots {a;} of Ly in terms of simple roots
{a} of L.

Lemma 4.2.4. hy N h" = b, the set of elements in by which are reqular in Ly. Similarly,
LoNL"™ = L.

Proof. The restriction map h* — bj sends roots of L to positive multiples of roots of Ly by
Proposition 9.18 of [Ca05]. All the roots of Ly are covered by this map, so ho N h" = . An
element x € Ly is semisimple in L if and only if it is semisimple in L. If it is semisimple in
Ly then it can be conjugated to an element of by, so the statement for Ly follows from the
statement for . O

Lemma 4.2.5. There is a parabolic p' of L preserved by o such that p' N Ly = po. If m
is the standard reductive factor of p' then m N Ly = go, the reductive factor of py, and
W(m)? = W(go), where both are regarded as subgroups of W (L).

Proof. Let S be the subset of simple roots {«;} determining py and let S’ be the subset
of simple roots of L which appear in some o-orbit J for a; € S. Let p’ be the parabolic
subalgebra determined by S’. Clearly p’ is o-invariant. By Lemma an element
w € W7 belongs to W (go) if and only if it has a reduced expression consisting of reflections
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through simple roots in S’, which is exactly the condition that w belongs to W(m). If a;
is a simple root of Ly, then the corresponding positive Chevalley generator e; is a linear
combination of the positive Chevalley generators corresponding to the simple roots of L in
J, and similarly for the negative Chevalley generator f;. Since py is generated as a Lie
algebra by g, all the e;’s, and the f;’s such that oy € S, it follows that py C p’ N Ly. Since
the f;’s with a; € S are the only negative generators in p’ N Ly, and p’ N Ly is a parabolic
subalgebra of Ly, it follows that p’ N Lo = po. Similarly m N Ly = go. O

The real form b of b is the real subspace where all roots take real values, or equivalently
the real span of the coroots. If x € § let Rex be the projection of x to hr under the
(real-linear) splitting h = br @ ihg. Note that Reoxr = 0 Rex and Rewx = wRex for all
weWw.

Proof of Theorem [{.2.9 First we show that the bottom map of Equation is an isomor-
phism. Let p’ be the parabolic of L over pg, as in Lemma [4.2.5] We start by proving that
JoH" /W (go) = JS (h" /W (m)), where W (m) is the Weyl group of the reductive factor of p’.
Since JZ (h" /W (m)) is smooth when m < +oo by Lemma [4.1.7] it is sufficient to prove that
the map is bijective. By Corollary 4.1.4] J,,b"/W(m) = J,,(h"/W(m)), so every element
of J2 (h" /W (m)) is represented by an element of f € J,,h" such that wa(f) = f for some
w € W(m). Let S’ be the set of simple roots determining p’, let A" be the set of all roots
of m, and let D = {z € hr : a(z) # 0, € A’}. The connected components of D are of the
form C' x R", where C' is an open Weyl chamber of m and r = dimbh — |S’|. Consequently
W (m) acts transitively and freely on the connected components of D, so we can assume that
Re f(0) € Dy = {x € bg : a(z) > 0, € S’'}. But S’ is o-invariant, so Dy is also o-invariant,
and thus Reo f(0) = o Re f(0) € Dy. Since Re f(0) = wo Re f(0), this implies that w = e
and consequently f € J2h". Thus the map J2h" — J2(h"/W(m)) is surjective. Suppose
f,g € Jh" are equal in JZ (h"/W(m)). Then there is w € W (m) such that wf = g. Since
£(0),¢(0) € b, we have o(w)f(0) = g(0) = wf(0), and consequently o(w) = w. Thus f and
g are related by an element of W (m) N W7 = W(g).

As a special case of the above argument, we have (h"/W (m))? = /W (gy) = R". Con-
sequently J (h” /W (m)) maps to R" via evaluation at zero, and we conclude that the map
JoH" /W (go) — R" X JSQ" factors through the isomorphism to JZ (h"/W(m)). Since
h"/W(m) — b7 /W (L) is etale, the space JZ (h" /W (m)) is isomorphic to R" xgo JZQ" by
Lemma [4.1.8

We have shown that the bottom map of Equation is an isomorphism, so we just need
to do the same for the top map. Consider the case when py = Ly, so that P,, = J7G and
W(go) = W(Ly). Combining Corollary [4.1.4] (note that H is reductive so that G/H is affine)
and the isomorphism (G/H) xw h" — L™, we get an isomorphism J,,(G/H) Xw J,bh" —
Jm L™, where the former space is the quotient (resp. pro-quotient). The automorphism &
on J,, L™ translates to the diagonal action on J,,(G/H) xw (L) Jnb", and we can show that
this isomorphism identifies J3 L™ with J3 (G/H) Xw (L) J5,b" by a similar argument to the
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proof of Lemma [4.2.3] Namely, ([f],g) € Jn(G/H) x J,b" represents an element of J7 L'
if and only if there is w € W(L) such that [6(f)]w™ = [f] and ws(g) = g. Assuming
that Reg(0) is in the open Weyl chamber we get that w = e and thus [f] € Jo(G/H),
g € Joh". Similarly, any two elements of J (G/H) x J2h" with the same image in J,, L™
are W (Ly)-translates. Finally we can apply Proposition to replace J2(G/H) with
JoG/Jo H.

Now for the general case look at the square

Pon JEH Xw(g0) S —— p 0 JELT .

| |

JgLG/ngH XW(LO) anbr E— ngLrs

The group quotient (resp. pro-group quotient) P,,/J¢ H is a closed subscheme of J2G/J H.
As in Lemma both vertical maps are inclusions and consequently the top horizontal
map is injective. Every z € J2 L™ can be written as gy for g € J°G and y € Joh". If
x € p,, then x(0) € po, after which Lemma implies that there is w € W(Lg) such
that g(0)w™! € Py. Consequently gw™' € P,, and (gw™', wy) maps to z, so the top map is
surjective as required. O

4.2.2 Arcs in the regular locus

Let L"9 denote the open subset of regular elements in L, i.e. the set of elements z such
that the stabilizer L* has dimension equal to the rank [ of L. Note that L™ is o-invariant.
Kostant famously proved that the map L9 — () is surjective and smooth, and furthermore
is a G-orbit map, in the sense that every fibre is a single G-orbit [Ko63b]. The proof uses the
Kostant slice, an affine subspace v C L™ of the form e + L/, where {h, e, f} is a principal
slo-triple. Kostant showed that v intersects each regular G-orbit in a unique point, and that
v — L™ — (@ is an isomorphism. The following theorem extends this idea to jet and arc
groups.

Theorem 4.2.6. There is a Kostant slice v of L which is o-invariant and such that v° s
a Kostant slice for Ly. If v is such a slice then Jov — J2Q° is an isomorphism for all
0 <m < +oo, and every J2G-orbit in JS L™ intersects Jo,v in a unique point.

At m = 0, Theorem implies that Q7 = Ly//G".
For Kostant’s smoothness result it is possible to incorporate a parabolic component.

Theorem 4.2.7. The map p,, N JS L™ — R Xgo J2.Q is a surjective P,,-orbit map for all
0 <m < 400, and is smooth for 0 < m < 4o0.

Finally, we have a technical corollary which we will need in the next section. Recall the
definition of T,,s from the previous section, and define 7% ¢p,, to be the subbundle of T'p,,
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of the form p,, x u,, where u,, is the nilpotent subalgebra of p,,, i.e. the subset of elements
f € pm with f(0) € ug, the nilpotent radical of py.

Corollary 4.2.8. Let 0 < m < +oo. The differential of the map p,, — R Xge JS,Q induces
a bundle map Tsopm — R Xgo Teonst S, Over p,, N JS L™ the bundle map is surjective on
fibres.

To prove Theorem [4.2.6] we start by proving some simple facts about regular elements
in Ly, using Kostant’s characterisation of regular elements (Proposition 0.4 of [Ko63b|) in
L: if x = y + 2z is the Jordan decomposition of x, so that y is semisimple, z is nilpotent, and
ly, z] = 0, then z is regular if and only if 2 is a principal nilpotent in the reductive subalgebra
LY. Note that, by definition, a nilpotent element of a reductive algebra L is required to be
in [L, L], and if z is a nilpotent in L commuting with a semisimple element y, then z is also
a nilpotent in LY.

Lemma 4.2.9. L™ N Ly = Ly, the set of reqular elements in Ly.

Proof. Suppose = in Ly has Jordan decomposition x = y+ 2z in L. Then x = y+ 2 is also the
Jordan decomposition in L, and in particular y and z are in Ly. Now by conjugating by an
element of G? we can assume that y € by, and in fact that y is in the closed Weyl chamber
corresponding to the Borel Ly N b, where b is the Borel in L compatible with o. Since the
simple roots of L project to positive multiples of the simple roots of Ly, y is also in the closed
Weyl chamber of L corresponding to b. Let S be the set of simple roots «a; for Ly that are
zero on ¥y, and similarly let S” be the set of simple roots for L that are zero on y. Since y is
in the closed Weyl chamber, the stabilizer L§ (respectively LY) is the reductive Lie algebra
bo & D.czis)(Lo)a (respectively b & B,z s) La). Now z is regular in Ly (respectively L) if
and only if z is a principal nilpotent in L{ (respectively LY). Every nilpotent element of Lj
is contained in a Borel, and all Borels are conjugate, so we can conjugate z by an element
of (G7)¥ to get z contained in the Borel L§ N b (since it does not have a component in the
centre, z will in fact be in the nilpotent radical of Lj Nb). By Theorem 5.3 of [Ko59, z is a
principal nilpotent in L§ if and only if the component of z in (Ly), is non-zero for all « € S.
But by the construction of the simple Chevalley generators of Ly, this is equivalent to the
component of z in L, being non-zero for all « € S’. So z is a principal nilpotent in L§ if and

only if z is a principal nilpotent in LY, and hence x is regular in Lg if and only if = is regular
in L. O

We also need the following standard technical lemma.

Lemma 4.2.10. Let q be a Z>-graded Lie algebra, and let n denote the ideal @, qx.
Suppose y is an element of qo, and that v C n is a graded subspace such that n = [n,y] @ ¢.
Then for every x in the completion n there is g in the pro-nilpotent group exp(n) such that
gly+z)ey+t.
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Proof. Let {z;} be the sequence in #t with zy = z and z;41 = exp(—2;)(y + ;) — y, where
z; € nis chosen so that x; = [z;, y] +1; for r; € t. Since exp(—z;)(y+z;) = y+r; — [z, x3], we
can show by induction that z; and the component of x; in [n,y] are both zero below degree
i+ 1. Hence the element g = ---exp(—z22) exp(—21) exp(—=zp) is a well-defined element of
exp(n), and g(y + =) is contained in y + t as desired. ]

Proof of Theorem[}.2.6 1If m < +oo then there is a homomorphism of Lie groups J2G —

7 |G, so the induced map JSL — J? L on Lie algebras preserves semisimple (resp.
nilpotent) elements. We say that an element of J7 L is pro-semisimple (resp. pro-nilpotent)
if the image of the element is semisimple (resp. pro-nilpotent) in J? L for every m < +oo0.
Just as in the finite-dimensional case, every element of J7 L can be written uniquely as y+ z
where y is pro-semisimple, z is pro-nilpotent, and [y, z] = 0.

If y € J°L is semisimple (resp. pro-semisimple) then y(0) is semisimple in L, and
hence L = LY @ [L,y(0)]. It follows from Lemma that there is g € J2 G such that
gy = y(0) + 2, where z € JZ L¥® and z(0) = 0. Since z is nilpotent (resp. pro-nilpotent),
uniqueness of the Jordan decomposition implies that z = 0.

More generally, if z is an arbitrary element of J? L then there is ¢ € J° such that
gr = y + 2, where y € L is semisimple and z € J? LY is nilpotent (resp. pro-nilpotent).
In particular e = z(0) is nilpotent in L{, so pick an sls-triple {h,e, f} in L§ containing e.
Then LY = LW/ @ [LY, ], so applying Lemma again there is ¢ € JGY such that
gz €e+ JOLWI = Jo (e + LI}) and ¢/(0)2(0) = e.

Using this canonical form, we move on to the proof of the theorem statement. Pick
a principal sly-triple {h,e, f} in Ly. By Lemma {h,e, f} is also principal in L, so
v = e+ L/ is a Kostant slice in L invariant under o, and 17 = e+ L} is a Kostant slice in L.
It follows immediately that J2v — J2@Q is an isomorphism, and also that Q7 = Ly//G°.
Since J2 L™ — //J°Q is J?G-invariant, each orbit in JZ L™ can intersect Jov at most
once. So we just need to show that the multiplication map J G x J2 v — J L7 is surjective,
or equivalently that every fibre of the map JZ L™ — JoQ is a J? G-orbit.

The projection L™ — (@) is smooth and every fibre is a G-orbit, so the multiplication
map G X v — L is surjective and smooth. Hence by Lemma the multiplication map
InG X Jpv — J, L7 is surjective. Suppose x; and xo are two points of J2 L™ with the
same value in J2@Q. Using the m = 0 case and the canonical form above, we can assume
that z1(0) = 22(0) = y+ ¢/, where y is semisimple in Lg and ¢’ is a principal nilpotent in L,
and that x; and x5 are in y + J2 1/, where v/ is the Kostant slice ¢’ + LW} in LY. Since x4
and x5 have the same image in J,,Q), there is g € J,,G such that gz, = x5. Multiplication
by ¢ preserves Jordan decomposition, so g € (J,,G)Y. The subgroup GY is a connected
reductive subgroup of G by Lemma 5, page 353 of [Ko63b|, and the exponential map is a
bijection for nilpotent (resp. pro-nilpotent) groups, so (J,,G)¥ = GY - exp(zJ,, LY) = J,,GY,
the connected subgroup of J,,L with Lie algebra J,,LY. Hence x; — y and x5 — y are in the
same regular J,,,GY-orbit of J,,(LY)"%. But ¥y —y and zo — y belong to Jo v/ C J,,,/, which
we have already observed intersects each J,,,GY-orbit exactly once, implying that x; = x4 as
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desired. []

Theorem implies that the map JJ L™ — J?Q is surjective for 0 < m < 400, and
smooth for 0 < m < +oo. To prove Theorem 4.2.7, we need to account for the parabolic
component. Recall that go = po N po.

Lemma 4.2.11. The projection po N Ly — R is a surjective smooth Py-orbit map. In
addition, if g € G7 fizes an element of po N L™ then g belongs to Py.

Proof. Let by be a Borel of Ly contained in py and compatible with hy. Let uy be the
unipotent radical of pg, so that go = po/ug. Finally let A be the set of roots of Ly, and
let S C A be the set of simple roots. Similarly let Sy C S be the set of simple roots of gg
corresponding to the Borel by Ngg, and let Ag = A N Z[Sy] be the set of roots of go.

Now suppose y € pg is semisimple in Ly, and let y = yo + y1 where yo € go and y; € uy.
Then ug = [ug, Yo] @ uy’, so by Lemma there is p € Py such that py = yg + 2z, where
z € ul’. Since py is semisimple, we conclude that z = 0, and ultimately that y is conjugate
by Py to an element of hj.

Every element z € py can be written as x = y + 2z where y,z € pg, y is semisimple
in Ly, z is nilpotent in Lo, and [y,z] = 0. By the previous paragraph, it is possible to
conjugate = by an element of Py so that y € hy. We can then conjugate x by an element
of P§ so that z belongs to bj. Assume x is given with y € by and z € b§. By a dimension
argument, by is a Borel for the reductive Lie algebra Lj. The corresponding simple roots are
the indecomposable elements S, of AF = {a € A" : a(y) = 0}. Similarly bj Ngg is a Borel
for gf, and the simple roots are the elements of S, N Ay. The element z is regular in Ly if
and only if z is a principal nilpotent in L§, which is true if and only if the projection to (Lg)a
is non-zero for all & € S,. If this latter condition holds then the image of = in go = po/ o is
regular in go. The projection py — go is Pp-equivariant, so we conclude that the projection
sends regular elements of Ly to regular elements of gg.

Conversely, if 2 € g™ then we can conjugate z by an element of the subgroup of go to
be of the form y + z where y € b and z € b is a principal nilpotent. This means that the
projection of z to (Lg), is non-zero for every o € S, N Ay. Let 2’ be an element of Ly such
that the projection of 2’ to (Lg), is non-zero if a € S, \ Ay, and is zero otherwise. Then
x + 7z’ is a regular element of Ly which projects . Using equivariance again, we conclude

reg

that the projection py — go induces a surjection pg N Ly — gp“. The map g, — Ris a
smooth surjection, and py — go is smooth, so we conclude that po N Li™ — R is a smooth
surjection.

Now suppose 7 and x5 in po N Ly™ map to the same element of R. As in the third
paragraph, we can assume without loss of generality that x; = y; + z; with y; € hg and z; a
principal nilpotent element of L§" contained in bj’. In addition, the images of z; and x5 in
go are conjugate by an element of Py, so in particular we can assume that y; = y,. Thus z;

and zp are both principal nilpotents of L§' contained in by, and hence are conjugate by an
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element of the Borel subgroup of b3'. We conclude that the projection po N Li™ — R is a
Py-orbit map.

For the last part of the lemma, we again assume that 2 € poN Ly™ is of the form y+ 2z with
y € o and z € by. If x is regular then L§ = (L{)? is contained in by C po. By Proposition
14, page 362 of [Ko63b|, (G?)” is connected, and hence a subgroup of Py. ]

Proof of Theorem[{.2.7. Suppose x1, s € p,, N JS L™ have the same image in R X o J2 Q.
By Theorem there is g € J2G such that gr; = x5, while by Lemma there is
po € Py such that pox1(0) = z5(0). Thus py'g(0) fixes 21(0) € po N LY, so g € Py, by
Lemma[4.2.11] and p,, N JSL™ — R X o J3,Q is a Pp-orbit map.

To show surjectivity, observe that p,, N JSL™ = (po N Ly™) Xp, JLL™. A point of
R xgo J2Q is determined by a pair of points # € R and y € J2Q which have the same
image in Q. Given a point specified in this manner, choose ' € poN Ly™ mapping to 2 and
y' € J2 L™ mapping to y. Since x and y have the same image in Q7, there is g € G” such
that gy(0) = z. Then gy belongs to p,, and maps to the point (z,y) € R Xgs J2 Q.

Since p,, N JS L™ — R Xgo J2Q is a Pp,-orbit map, to show smoothness it is enough
to show that the map Tp,, N JS L™ — T(R xqo J2Q) is surjective. This follows from a
similar argument to the last paragraph. As mentioned in the proof of Theorem [4.2.6] if vy is
a Kostant slice in Ly then G7 x vy — L™ is smooth and surjective, so TG x Tvy — T Ly™
is also surjective, and hence if two elements of T'Ly* have the same image in TQ° then they
are conjugate by an element of TG?. Surjectivity of po N L™ — R and J2 L™ — J°Q
follows from Lemma [£.2.11] and Theorem 4.2.6 O

Proof of Corollary[£.2:8 RXgeTeonstJ,Q is isomorphic to the pullback RX1g-TJ2 Q, where
the map R — T'Q7 is the composition of the zero section R — TR with the differential
TR — TQ. The restriction of the differential Tp,, — TR to T-op,, factors through the
zero section R — TR, so the image of Tsop,, is contained in R Xrgs TJ2Q. To show that
this bundle map is surjective on fibres, observe that, in the argument for smoothness in the
proof of Theorem [£.2.7], if z € T'R is a zero tangent vector, then we can pick 2/ € TpoNT L™
mapping to x which is also a zero tangent vector, and hence the resulting point of Tp,, will
be contained in T%op,. O]
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Chapter 5

Strong Macdonald theorems

In this chapter we state and prove the strong Macdonald theorems for a parahoric. We
assume that p = {f € L[z] : f(0) € po} is a standard parahoric in a twisted loop algebra
L[2*1]7, where py is a parabolic in a reductive Lie algebra L.

This chapter is adapted from part of [SI11h].

5.1 Statement of theorems

5.1.1 Exponents and diagram automorphisms

The exponents of L are integers my, ..., m; such that H*(L) is the free super-commutative
algebra generated in degrees 2mq+1,...,2m;+ 1, where [ is the rank of L. Equivalently, we
can define the exponents by saying that (S*L*)% is the free commutative algebra generated
in degrees m; + 1,...,m; + 1. Extend the action of o to S*L* by o(f)(z) = f(oc~'z). This
convention is chosen so that o(ad’(z)f) = ad'(o(x))o(f) for all f € S*L* and x € L. Let
9 be the ideal in (S*L*)L generated by elements of degree greater than zero. The diagram
automorphism o acts diagonalizably on the space /9?2 of generators for (S*L*)L, and
consequently it is possible to find homogeneous generators of C[Q] which are eigenvectors of
0.

Definition 5.1.1. Choose a set of homogeneous generators for (S*L*)L which are eigenvec-

tors of o. The exponents of L can be sorted into different sets mﬁ“), . ,ml(:), a € Zy, by
letting m§“) +1,... ,ml(f) +1 be the list of degrees of homogeneous generators of (S*L*)Y with
eigenvalue q—* (note the negative exponent). We call the elements of these sets the exponents

of Lg.

Recall that if V is an Lg-module and {h,e, f} is a principal sly-triple in Ly, then the
generalized exponents of V are the eigenvalues of h/2 on the subspace V%10 fixed by the
abelian subalgebra L§. The generalized exponents are always non-negative integers, and the
dimension of V%6 is equal to the dimension of the zero weight space of V.
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Proposition 5.1.2. The exponents of L, are the generalized exponents of L, as an Lg-
module.

The proof of Proposition will be given in Subsection The generalized expo-
nents of Ly are the same as the ordinary exponents, and [y is the rank of Ly, so there is no
conflict in our terminology. In general [, is the dimension of h N L,, where b is a Cartan
compatible with o. If L is simple, then £ is either 1 or 2, except when L = s0(8) in which
case k can be 3 and L, is isomorphic to Ly. As a result, the exponents of L, are the same as
the exponents of L_,. A principal sly-triple in Lg is also principal in L (see Lemma ,
so L° is abelian and hence L.0 = L¢, simplifying the definition of generalized exponents in
this case. The eigenvalues of h/2 give a principal grading L, = € LY of each L, such that
L=, D, LY is a principal grading for L. The representation theory of sl then implies:

Corollary 5.1.3. The multiplicity of m in the list of exponents of L, is dim L™ —dim L,(lmﬂ),
where L, = @ LY s a principal grading.

The exponents of L, can be easily determined when L is simple, and are given in the
following table:

Type of L | k | Type of Ly | Exponents of Ly | Exponents of L
Agp, 2 B, 1,3,....,2n—1 2,4,...,2n
Agpnq 2 Ch 1,3,....,2n—1 2,4,...,2n —2
D, 2 B, 1,3,...,2n—3 n—1
Eg 2 Fy 1,5,7,11 4,8
Dy 3 Go 1,5 3

5.1.2 Cohomology of superpolynomials in a standard parahoric

Let p={f € g: f(0) € po} be a standard parahoric in a twisted loop algebra g, and let p[s]
denote the superpolynomial algebra in one odd variable with values in p. The cohomology of
the super Lie algebra p[s] can be calculated as in the ordinary case using the Koszul complex,
so any grading on p[s] induces a grading on H% (p[s]). In particular H} (p[s]) is graded by
z-degree and by s-degree.

Theorem 5.1.4. Let m@, e ,ml(:) denote the exponents of L., and let rq,...,r), denote
the exponents of the reductive algebra po N pg, where pg is a parabolic in Ly. If p is the
standard parahoric {f € L[[2]]° : f(0) € po} then the cohomology ring HZ (p[s]) is a free
super-commutative algebra generated in degrees given in the following table:
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Cohomological degree | s-degree | z-degree Index set

o + 1 0 0 i=1,....1

ri+1 r; +1 0 i=1,...,1
m§‘“’+1 m§‘“>+1 kn—a |n>1,a=0,...,k—1,i=1,...,1_,
mz(»_a)+1 mz(»_a) kn—a |n>1,a=0,....k—1,i=1,...,1_,

To prove Theorem [5.1.4] we give an explicit description of a generating set of cocycles for
the relative cohomology ring H%,(p, go; S*p*), where go = poNpo. Choose a set of generators
It a € Zg, i = 1,...,1, for (SL*)* such that I¢ is an eigenvector of o with eigenvalue
g~ Also choose a set of homogeneous generators Ry, ..., Ry, for (S*gg)%. The polynomial
functions I¢ on L induce functions I¢ : L[[z]] — C][[z]], and the coefficients [2"]I¢ of 2" in
I¢ restrict to p-invariant polynomial functions on p. Similarly, the polynomials R; on pg
can be pulled back via the quotient map p — go to p-invariant polynomials on p. Finally,
1-cocycles can be constructed as follows. If J is a derivation of p that kills gy and ¢ € S*p*
is p-invariant then the tensor

1S +C:2®@s10...08,1+ ¢(Jros o005, 1). (5.1)
is a cocycle (see Lemma (3.1.1)).

Theorem 5.1.5. Let p be a standard parahoric in g, and let J be the derivation from Theorem
[3.1.5 Then there is a metric on the Koszul complex such that the harmonic cocycles for

H:, (P, go; S*p*) form a free supercommutative ring generated by the cocycles in the following
table:

Cocycle description Coh. deg. | Sym. deg | z-deg. Index set
RZ’ 0 deng 0 Z'Zl,...,lo
kn—alT—a —a _ n>l,i=1,...,l4
[zl 0 deg I, kn —a P
kn—alT—a —-a o nzlai:]-a"‘)l—a;
T® s 2Tz o s) 1 deg I; 1| kn—a P

Proving Theorem is the main concern of the paper; the proof is finished in Subsection
5.2.2

Proof of Theorem [5.1.4) from Theorem[5.1.5 Since the bracket of p[s] is zero on the odd
component, the Koszul complex for p[s] reduces to the Koszul complex for p with coefficients
in S*p*. Thus there is a ring isomorphism H} (p[s]) = H,(p; S*p*) in which HJ, ?(p; S7%p*)

corresponds to the cohomology classes in H” (p[s]) of s-degree ¢q. This isomorphism preserves
z-degree. The degree zero component of p is go = po N Po, a reductive algebra which is the
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quotient of p by the standard nilpotent subalgebra u. It follows from the Hochschild-Serre
spectral sequence (in particular Theorem 12 of [HS53]) that there is a ring isomorphism

Then Theorem follows from the description of relative cohomology. O
When py = Ly, Theorem states that the algebra H

cts

(L[z,s])? is the free super-
commutative algebra with generators in tensor degree 2m§a) +1 and nga) + 2, and z-degree
nk+a,fora=0,...,k—1,2=1,...,l,, and n > 0. In addition the Hochschild-Serre spectral
sequence implies that H*(po[s]) = H*(go) ® (S*g5)®, where go = po N Po, so H*(po[s]) is
isomorphic to the subalgebra of H (p[s]) of z-degree zero. In fact, the inclusion is the
pullback map given by evaluation at zero, as can be seen from the explicit description of
harmonic cocycles, so H}, (p[s]) is naturally isomorphic to H*(po[s]) ®p=(1,[s)) His(L[2, 5]7).

We can also ask for an explicit description of the relative cohomology groups HZ (P, go; S*U").
In this case, we can only provide an answer when p is an Iwahori subalgebra—that is, a stan-

dard parahoric {f € L[[2]]° : f(0) € po} where py is a Borel subalgebra.

Theorem 5.1.6. Let b be an Iwahori subalgebra of g, and let n be the nilpotent subalgebra.
Let J be the derivation from Theorem . Then there is a metric on the Koszul complex
cts

such that the harmonic cocycles for H} B,hO;S*ﬁ*> form a free supercommutative ring

generated by the cocycles in the following table:

Cocycle description Coh. deg. | Sym. deg | z-deg. Index set
kn—al7—a —a o nx>1,1= 1a---7l7a7
[z, 0 deg I; kn —a a—0. .. k-1
kn—a)7—a —a n>1,1=1,...,04
T®@ s [T o s) 1 degI;“ =1 | kn—a a=0... . k—1

Theorem [5.1.6| can be used to calculate H},,

(6; S*ﬁ) as in the proof of Theorem [5.1.4]

With an appropriate degree shift, the cohomology ring H,, 6, b; S*n ) can also be regarded
as the h-invariant part of H}, (n[s]). The proof of Theorem will be completed in
Subsection [£.2.3

5.1.3 Cohomology of the truncated algebra

If N is a multiple of k then zVL[2]° is a subset of L[z]°, and hence 2™p is an ideal of p.
Theorem [5.1.5|can be used to determine the cohomology of the finite-dimensional Lie algebra
p/Np.

Recall that the coinvariant algebra of the Weyl group W (Ly) is the quotient of S*h by the
ideal generated by (S5>%h%)"W (o) We define Coinv(Lg, go) to be the graded algebra which is
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the quotient of (S*gg)% by the ideal generated by (S”°L#)%0, where S* L} acts on S*g;; by re-
striction. By the Chevalley restriction theorem, Coinv( Ly, go) is isomorphic to the subalgebra
of W(go)-invariants in the coinvariant algebra of W (Lg). It is well-known that the Poincare

series for Coinv(Lg, go) with the symmetric grading is [], (1 —¢" 1)~ [, (1 — qmgo)“),

where mz(»o) refers to the exponents of Ly and r; refers to the exponents of go. The dimension

of Coinv (Lo, go) is |W(Lo)|/|W (go)]-

Theorem 5.1.7. Let mﬁ“), e ,ml(:) denote the exponents of L., and let ry,... 1, be the
exponents of the reductive Lie algebra go = po NPo. Let Coinv(Ly, go) denote the coinvariant
algebra, with a cohomological grading (resp. z-grading) defined by setting the cohomological
degree (resp. z-degree) to twice (resp. N times) the symmetric degree.

If p is the standard parahoric {f € L[[z]]° : f(0) € po} and N is a multiple of k then
the cohomology algebra H*(p/zNp) is isomorphic to Coinv(Lg, go) @ A, where A is the free
super-commutative algebra generated in degrees given by the following table:

Cohomological degree z-degree Index set
2r; + 1 0 1=1,...,0
2m{™ 41 N\ +nk4ala=0,...k—1,i=1,...,l,0<nk+a<N

As in the proof of Theorem [5.1.4] we have

H*(p/="p) = H"(g0) ® H*(p/2"p, g0),

so we only need to compute the relative cohomology. This will be done with a spectral
sequence argument in Section (see Proposition [5.3.6)).
When the parabolic component is trivial, H* (L[z]5 /2N ) is simply the free super-commutative

(0)

algebra with one set of generators in cohomological degree 2m,;’ + 1 and z-degree 0 for

1 = 1,...,lp, and another set of generators in cohomological degree 2m§a) + 1 and z-
degree nga) + nk 4+ a, where a = 0,...,k — 1, i« = 1,...,l,, and n such that 0 <
nk + a < N. Theorem can be restated as saying that H*(p/zVp) is the algebra
H*(go) ® Coinv(Lo, go) ®n+(ro) H*(L[2]7/2Y).

In Lemmal5.3.7, we prove that if g is untwisted and N = 1 then H*(p/zp, go) is isomorphic
to H*(Lo, go). This algebra is in turn isomorphic to the cohomology ring of the generalized
flag variety corresponding to the pair (Lg, pg). The z-grading on H*(p/zp, go) corresponds to
the holomorphic grading appearing in the Hodge decomposition. The fact that Coinv(Lg, go)
is isomorphic to H*(Lg, go) is a classic theorem of Borel ([Bo53], see Theorem 5.5 of [BGGT3]
for the parabolic case). Thus Theorem can be seen as a generalization of Borel’s
theorem.

We can compare the cohomology of p/z"Vp with the cohomology of more general trunca-
tions. If P(z) is a polynomial in z, then P(2*)L[2]° is a subset of L[z]°, and hence P(z*)p is
an ideal of p. We can assume that P is monic, and write P = 2? + P, where d is the degree

7



CHAPTER 5. STRONG MACDONALD THEOREMS 62

of P and P, contains lower degree terms. Suppose x € L; for i > 0. Then (2% + Py(z*))z2!
is in P(2*)p if and only if either i > 0 or = € py, so the dimension of p/P(2*)p is d - dim L.

Lemma 5.1.8. If P and Q are coprime then p/P(z*)Q(zF)p = p/P(z*)p ® p/Q(2*)p.

By Lemma “ 8 the study of p/P(2*)p reduces to the case where P is the power of a
linear factor. In the untwisted case, L[z] & L[z—a], so L[z]/(z—a)™ = L[z]/2". However, in
the twisted case this argument does not apply, since the automorphism z — ¢~'z is different
from z — a + ¢~ !(z — a). In particular:

Lemma 5.1.9. If a # 0 then p/(2* — a)p is isomorphic to L.

Proof. Let 3 be a kth root of . Then evaluation at 3 defines a morphism p/(2* —a)p — L.
Both L and p/(2* — a)p have the same dimension, so we just need to show that this map
is onto. Given z € L, write z = Zf;ol x; where x; € L;. Let f = Z’.Cfll ;872 4+ oo 2R,

1=

Then f(5) = =. O

The author does not know if an analogue of Lemma holds for higher powers of
(2% — @). The main case of interest is p/(z" — )p, which can be regarded as a deformation
of p/zNp. Since zV/* — ¢ splits into N/k coprime linear factors, the algebra p/(z" — t)p
is isomorphic to L®N/k for t # 0. At t = 0, the algebra p/zVp has a large nilpotent
ideal. Ignoring z-degrees, Theorem tells us that H* (L[2]°/2") = H*(L)®M*, so the
cohomology of L[z]° /(2" —t) is independent of the value of t. On the other hand, Theorem
tell us that H* (p/(z" — t)p) changes from H*(L)*N'* to H*(go) @ H*(Lo, g0) @r+(Lo)
H*(L)®N/* as t degenerates to zero, where H*(Lg) acts on H*(go) via pullback. Interestingly,
the cohomology of p/z*(2V — t)p is unchanged as ¢ degenerates to zero.

If p = b is an Iwahori and n is the nilpotent subalgebra, then a similar analysis can be
performed for b /zVn.

Theorem 5.1.10. Let mga), co,m ) denote the exponents of Ly, let b be an Twahort subal-
gebra of the twisted loop algebra g, and let n be the nilpotent subalgebra. Then H*(b /2%n)

s the free super-commutative algebra with a generator in cohomological degree 2m§a) +1
and z-degree nga) + nk +a for everya =0,....k—1,79=1,...,l,, and n such that
0 <nk+a< N, as well as ly generators of cohomological degree 1 and z-degree 0.

As with Theorem the proof of Theorem [5.1.10| reduces via the Hochschild-Serre
spectral sequence to the computation of the relative cohomology, which is also completed in

Section (see Proposition 5.3.8]).
If P(z) is a polynomial of degree d, then b /P(z*)n has dimension d-dim L +l,. Further-

more, [b, P(2*)ho] is contained in P(z*)n, and there is a morphism b /P(z*)n — b /P(2*)b
with kernel P(z%)hg, so b /P(zF)n is a central extension of b /P(2*) b of rank .

Lemma 5.1.11. Ift # 0 then b /(2 — t)n is isomorphic to LNk @ C, where the second
summand is abelian.
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Proof. b /(2" —t) b is isomorphic to the direct sum of N/k copies of L. If L is semisimple,
then so is b /(2" — t) b, so all central extensions are trivial. The reductive case reduces to
the semisimple case by splitting off the centre. O]

Thus H* (b /(2" — t)n) is also independent of ¢ when z-degrees are disregarded.

5.1.4 The Macdonald constant term identity

Theorem can be used to prove the affine version of Macdonald’s constant term conjec-
ture. If & = o + nd is an affine root, o a weight of Ly, set e = ¢ "e®. In a slight abuse of
notation, the operator [e°] will denote the sum of the e™ terms, i.e. it is C(g)-linear. Let §*
denote the dual element to . The following theorem is Conjecture 3.3 of [Ma82], and was
proven for all root systems by Cherednik [Ch95].

Theorem 5.1.12 (Cherednik). Let N be a multiple of k, and let S be the set of real TOOtéﬂ
a+nd of the twisted loop algebra g with 0 < n < N, such that « is a positive (resp. negative)
root of Ly if n = 0 (resp. n = N). Let p be the element of by such that a;(p) = 1 for all
simple roots oy, ..., of Ly, and let py = —Np +90*. Then

] T == T (1 =ge)™,

aESN aESy

0

where €(a) is the sign of a(pn).

Define a twisted ¢g-binomial coefficient for a € Z; and multiples N, M of k by

<Aj\;>k,a: II a-a II a-o

N—-M<i<N o<i<M
i=a mod k i=a mod k

The right-hand side of Theorem [5.1.12|can be simplified by extending an idea of [Ma82] from
the untwisted case.

Lemma 5.1.13. The identity of Theorem s equivalent to

la (@
o= (") - 52

a€ESN a€Zy, 1=1

Proof. Let A, be the set of weights of the Lg-module L,, and let A} denote the subset
of @ € A, such that a(p) > 0. If § is an arbitrary function from positive integers to a
multiplicative group, then

oalp)+1) =0 (m+1)
I Zee =g

e a##0
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To prove this, note that the eigenvalues of p on L, are integers giving the principal grading
of L,, so the identity follows immediately from Corollary by comparing the number of
times 6(m) occurs on the top versus the bottom.

Define
A= I (1 — glew) @

a+ndESN
O{GA&

and set 0_,(m) = (1 — ¢V 2)(1 — ¢gN™m=F=a) ... (1 — gNm=N+k=a) for a € 7 represented by
one of 0,...,k —1. Then

N/k—1 N/k

Ay = H H (1 _ qNa(p)fnk)_l H (1 . qNa(p)+nk)
aGAS‘ n=0 n=1
while if a # 0 we have
N/k—1
Aa — H H (1 i qNa(p)—nk—a)_l (1 . qNOé(ﬂ)-l-TLk—‘r(z) ]
aeAT n=0

In both cases,

Aa= 11 0-alalp)) " bulalp) + 1)

aeAS

Even if —a and a are not congruent, L, and L_, are still isomorphic, so

AAa = [T 0-alalp)) " 0u(alp) + D)ba(clp))'0-a(alp) + 1)

aeAT

Hence the right hand side of Theorem [5.1.12] is equal to

k-1 la_ ), (mga) + 1)
4= T —5 75—

as required. N

Let C* be a chain complex with an additional grading C* = @ C. The weighted Euler
characteristic of C* is
X(C*q) =) (=1)"dim Ciq".
As in the unweighted case, the weighted Euler characteristic is invariant under taking homol-
ogy. Let p = {f € L[[2]]° : f(0) € po} be a standard parahoric and gy = po N Po. Theorem
can be proved by comparing the z-weighted Euler characteristic for the Koszul complex
of the pair (p/zVp, go) with the weighted Euler characteristic of the cohomology ring:
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Proof. Write pg = go @ uo, for uy the nilpotent radical. Let K be a compact subgroup acting
on L with complexified Lie algebra gg, and let 7' be a maximal torus in K with complexified
Lie algebra hy. Let 7, denote the representation of K on L,, and let ¢ and ¢ denote the
representation of K on uy and Uy respectively. The weighted Euler characteristic of the
Koszul complex is

; K
X(q) =) (~1)'¢' dim (/\(P/ZNP)*> :
By orthogonality of traces of representations with respect to Haar measure,
o) = [ det(1 = (1)) det(1 — “5(0) [T det(t —q"m (k)
K 0<n<N

The integrand is conjugation invariant, so by the Weyl integral formula,

x(q) /det t)det(1 —g¥o(t)) [] det(d —q*m(t)) J] (1—e*®)at
’ 0<n<N a€A(go)

1
- m[e ]aelA'([go)u —e”) - @,

where A(gg) is the root system of gy and
O = H (1—e 1 —q¢"e 1H (1—e9) H(l—q”)l"
a€AT(go) aESN 0<n<N

(note that the inverses divide into the other multiplicands). The coefficient of ¢ in @ is (up
to sign) the character of a go-module, so ® is W (gg) invariant. Now we use the identity

1— q N(ri+1)

1 —
> O i H T (5:3)

weW (go) a€At(go) =1
found in [Ma82][Ma72b] to get

lo

W0 = g it 11 X TT 0 T 0

1—qV
weW (go) acAt(go) a€A(go)
lo
1-— q 0 - q ea a
|H1_q rz—i-l.[e} Z w- H 1_ea H (1—6)@
weW (go) a€AT(go) a€A(go)

Since the action of W (go) does not change the constant term, this last sum gives

lo

@) =JJa—g"e ) I =g [e] [T (1 —e™)

=1 0<n<N acSn
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On the other hand, Theorem implies

lo

@) =TI a=a")" I] ﬁ(l—quz‘””")

i=1 0<n<N i=1
Identifying these two equations gives the identity of Lemma [5.1.13 O

Note that when p = b is an Iwahori the equivalence follows without using the Weyl
integration argument or identity (5.3). The z-weighted Euler characteristic identity for
H*(b /2Nn, by), is similarly equivalent to the identity of Lemma |5.1.13]

5.2 Calculation of parahoric cohomology

In this section we finish the proofs of Theorems |5.1.5| and [5.1.6| and Proposition [5.1.2, We
continue to use the notation of Section 4.2l

5.2.1 Proof of Proposition [5.1.2]

Pick a principal sly-triple {h, e, f} in Ly, and note that {h, e, f} is principal in L by Lemma
. We need to show that the eigenvalues of h/2 on L¢ agree with the subset of the
exponents defined in Definition [5.1.1l Let L = @ L™ denote the principal grading of
L induced by the eigenspace decomposition of h/2. Then m > 0 appears in the list of
exponents of L with multiplicity dim (L(m) )e.

Let v denote the Kostant slice f+ L¢. As previously mentioned, Kostant’s theorem states
that the restriction map C[@)] — CJv] is an isomorphism. Actually, a stronger statement
is true. Identity C[v] with polynomials on L¢ in the obvious way. Filter C[v| by setting
C[v];m to be the subring of polynomials on ", (L(i))e. Choose homogeneous generators
for C[Q] = (S*L*)% and let C[Q],, be the subring generated by generators of degree at most
m + 1. Then, by Theorem 7, page 381 of [Ko63b], the restriction map gives an isomorphism
between C|Q),, and C[v],,. Furthermore, if I is a generator of degree m+1 then the restriction
of I to v takes the form f+ Iy where f is in the dual space of (L(m))e and Iy € Clv],,—1 does
not have constant term.

The automorphism o acts on both C[v] and C[Q], preserving the filtration in both cases,
and the restriction map is o-equivariant. As before, let M denote the ideal in (S*L*)¢
containing all elements of degree greater than zero, so that M /M? is the space of generators.
By definition, the multiplicity of m as an exponent is the multiplicity of ¢~ as an eigenvalue
of o acting on the degree m + 1 subspace of M/M?. By the previous paragraph, this is
equal to the multiplicity of ¢~ as an eigenvalue of ¢ acting on the dual space of (L(m))e, or
equivalently the dimension of ¢ as an eigenvalue of ¢ acting on (L(m))6 itself.
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5.2.2 Proof of Theorem [5.1.5

Let Q... R X g J2 Q denote the sections of \* Rxge T, ., J Q, where Tc*cmst{]‘7 @ is the dual
bundle to T.onstJo Q. Similarly, let Q* L oPm denote the sections of N T ZoPm, wWhere TZ.p,,
is the dual bundle to T-¢p,,. As per Theorem [3.1.3] we want to calculate the algebra of

Poo-invariant N-basic elements of Q% jpoc.

Proposition 5.2.1. Pullback via the bundle map TS op,, — R X go TeonstJS, gives an isomor-
phism from the algebra 0}, R Xgo J2Q to the algebra of Py,-invariant N,-basic elements

of QL oPm.

Proof. Every section of Q% b, is a pullback from QZ yp,, for some m < +oo. By Corollary
[4.2.8] the pullback map is injective, so it is enough to prove surjectivity when m < +oo0.
Let ps denote the open subset p,,, N J2 L™ of p,,. We start by showing that the pullback
map is an isomorphism from QcothJ" XQU J2Q" to the algebra of P,,-invariant N,,-basic
elements of Q% p’s. By Theorem [4.2.2 pr¢ is isomorphic to P, /JoH Xw(g) J5b". By

Proposition [4.1.3]

const

T P/ T3 H Xwi(go) J507) = TP/ H Xw(gy) TISH.

Py /Ny, is isomorphic to the connected reductive subgroup of P, corresponding to the
subalgebra gy C J L. We work for a moment in the analytic category. Suppose ; is a curve
in p;° representing an element of 7% ¢p,,, so that the image 7; of v; in go is constant. There are
curves «; and (3; in P, and Jgh’” respectively such that o;8; = ;. Let @; denote the image
of oy € P/ Ny, Then 7; = a;5;(0) is a constant curve in go, so ap ‘az3:(0) is a constant
curve in hj. This implies that @y 'ay € wH? for some w € N(H)?, from which we can
conclude that ag~'a;3:(0) = wp:(0), so B;(0) is constant, and hence represents an element of
TronstJSH". Since wtag~ta; € HY, the curves ay and o~ 'agw are equal in Py, /J2 H. The
latter curve projects to a constant curve in P, /N,,, and since P,,, = P,,, /N, X N,,,, is tangent
to a left N,,-coset in P,,. Since N,, is normal, every left A,,-coset is a right N/,,-coset. We
conclude that over pI*, TS op,, is isomorphic to the subbundle Ty, P,/ anH X W (g0) Leonst anbr
of T P/ IS H Xw(go) JEB"), where T, P/ J3 H is the subbundle of tangents to N;,-orbits.
Recall from the proof of Theorem that J2h" /W (go) is isomorphic to JZ (h"/W (m)),
5O Tronst Of the former space is well-defined. By Proposition again, (T'J2H") /W (go) =
T(J2H" /W (go)), 50 Teonst(JSH" /W (go)) is a subbundle of (T'J25")/W (go). A tangent vector
v € TJ2H" represents an element of T,,.s(J2H" /W (go)) if and only if the projection of
v(0) to by/W(go) = (h"/W(m))? is a zero tangent vector, where v(0) is the image of v in
Th;. Since by — by /W(go) is etale, this is true if and only if v(0) is a zero tangent vector,
50 Teonst (S50 /W (g0)) = (TeonstJ5b") /W (go). Similarly the isomorphism J3b"/W (go) =
R"Xgo J2Q" sends Toonst J2H" /W (go) t0 R” X go Tronst JSH" (see the proof of Corollary .
Applying Theorem [4.2.2] we want to show that the bundle map

T, mpm/inH XW(go) Tconstjg—bbr — Tconstanhr/W(QO)
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induced by projection on the second factor gives an isomorphism from Qc(mstJ ohT /W (go) to
the ring of P-invariant N-basic sections of A" Tx: Pr/J5H Xw(ge) TronstJob"-

By pulling back to P,,/J2 H x Joh", we can identify the ring of P,,-invariant A/,,-basic
sections of A" T, P/ 5 H Xw(ge) TronstJnb" with a subring of the P,,-invariant N, -basic
sections of \* T, P/ JS H X T%, . J2h". This latter ring is isomorphic to the ring Q7. J2 b
by pullback via projection on the second factor. An element of Q7  .J°h" descends to
a section over Pp,/JIH Xy (g Joh" if and only if it is W(go)-equivariant. The split-
ting TJ2H" = J2h" X By @ ToonstJoB" allows us to identify the W (go)-module Q. Joh"
with the subalgebra of differential forms which vanish on J7h" x hOEI There is a sim-
ilar splitting for T'J2h" /W (go), and thus a similar identification for Q. .JoH" /W (go).
The differential TJ2h" — TJSh" /W (gy) preserves this splitting, so the pullback map
Qs JoBT /W (go) — Q0BT agrees with the pullback map on differential forms. Thus
pullback gives an isomorphism from Q7 .., J2b" /W (go) to the W (go)-equivariant elements of
Q4 Job" (see, e.g., Theorem 1 of [Br9g|), and this implies that all P,,-invariant N,,-basic
sections of A" Tx: P/ IS H Xw(ge) Tronst /50" come from pullback on the second factor.

To finish the proof, let pr® = p N JZ L™, and let ¢ denote the map p’® — R Xgo J2 Q.
By Theorem [4.2.7, ¢ is smooth and surjective. Hence if f is a regular function defined on
an open dense subset of R Xg- J2Q such that ¢*f extends to pr¢Y, then f has a unique
extension to R Xgs J2Q.

Suppose w € Q% pr is P,,-invariant and N,,-basic. Then there is o € QCOnStRT Xgs JoQ
such that ¢*a = w over pI*. We can write a« = ) f;ay, where the a;’s are elements of
QR Xgo JSQ which are linearly independent in fibres, and the f;’s are functions on
R™ Xgs J2Q". Since the bundle map is surjective on fibres, the pullbacks ¢*«a; are linearly
independent in fibres. Since ¢*a = ), ¢* fid*a; extends to p;e?, the functions ¢* f; must
extend to pr, and consequently « extends to R Xgo J2 Q. The pullback ¢*« agrees with w
on an open dense subset, so every P,,-invariant A,,-basic element of Q%p’ is the pullback
of an element of Q. R Xgo J2Q as desired. O

Proof of Theorem [5.1.5. Let I and R; be generators for C[Q)] and C[R] as in the statement of
Theorem . Choose coordinates {y;,} for @ such that pullback of y;, via the projection
L — Q@ is If. Similarly, choose coordinates {r;} for R such that the pullback of r; via
the projection py — R is R;. Note that the coordinates {y;,} with a fixed correspond to
the subspace @), of  on which ¢ acts as multiplication by ¢* (by previously established
convention, this means that oy;, = ¢~%y;,). Consider the r;’s as functions on R X o J2Q,
and let g;, denote the induced map J,@ — Q. Then the coordinate ring of R x g JZQ is the
free ring generated by the r;’s and the functions [2"*~%]g; , fora =0,...,k—1 and n > 1.
Consequently the ring QR Xg- J2Q is the free super-commutative ring generated by the
above generators for the coordinate ring, along with the restrictions of the differential forms
d[z"*g; 4, a=0,...,k—1and n > 1. Let p = p., denote the completion of a standard
parahoric. Applying Proposition we conclude that Q% ,p is the free super-commutative

2In contrast, there is no such identification for the P,,-module Q< gp,,.
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algebra generated by the R;’s, the functions [z~ [~ for a = 0,...,k — 1 and n > 1, and
the restrictions of the 1-forms d[zF"~?|I. % to Tsop, again for a = 0,...,k — 1 and n > 1.
Theorem [5.1.5 then follows from Theorem [B.1.3 O

5.2.3 Proof of Theorem [5.1.6]

The proof of Theorem [5.1.5 can be simplified and used to prove that pullback via the map
pPm — R Xg- J2Q gives an isomorphism between algebraic forms on R Xgo J2Q and P,,-
basic and invariant forms on p,,. When py = Ly, this can be proved without Theorem
4.2.2l Namely, if v is a Kostant slice in L then, as previously mentioned, G x v — L™
is surjective and smooth. By Lemma and Theorem the multiplication map
JOG x Jov — JO L™ is surjective for all m, and smooth for m < +oo. Since Jov is
isomorphic to JZ Q, identification of algebraic forms on J2@Q with J?G-basic and invariant
algebraic forms on J? L follows by pulling back to J2G x J2v.

This idea can be adapted to determine the algebra of B-basic and invariant forms on n,
where b is an Iwahori subalgebra, B is the subgroup corresponding to the completion b, and
n is the completion of the nilpotent subalgebra of b. More specifically, let b,, be the image
of b in J? L, let B,, be the corresponding connected subgroup of J2G, and let n,, be the
image of nin J L. If X is a variety with finite order automorphism o, and p € X, let J,‘;’WX
denote the subscheme {f € J7 X : f(0) = p} of jets with a fixed base point.

Proposition 5.2.2. There is a map n,, — ng,on and pullback via this map gives an isomor-
phism between the ring of algebraic forms on J%OQ and the ring of B,,-basic and invariant
algebraic forms on n,,.

Proof. Once again it is sufficient to give the proof for m < 4o00. Let e be a principal nilpotent
of Ly, contained in ny. Recall that G€ is a connected subgroup of By. Let (J,‘;’,JG)E denote the
connected subgroup {f € J2G : f(0) € G°} of J G with Lie algebra {f € J2 L : f(0) € L§}.
Since f € n,, belongs to J2 L™ if and only if f(0) is a principal nilpotent in ngy, and all
principal nilpotents in ny are conjugate by an element of By, it follows that the map

B X(s5,6), Sl — W N IS LTI

is an isomorphism. Consequently B,,-basic and invariant forms on n,, N JZ L™ correspond
to (J3,G) -basic and invariant forms on Jg, L.

The projection L — @ sends e to zero, so the restriction of J7 L — J7 Q) to Jy, L factors
through JS’%OQ. Choose a principal sly-triple {h, e, f} in Ly containing e, and let v = e+ L7.
The isomorphism J v — J5,Q identifies .J7, ,v with J7, 1@, and every (J3,G) -orbit on J7, L
intersects J7, . in a unique point. Consequently the map J7, L — J7 (@ is a surjective
smooth (JzG) ~orbit map. It follows that the multiplication map (ngG)e X wau — JgLyeL
is smooth and surjective. We conclude that the pullback map from algebraic forms on
J%, L to algebraic forms on (J7,G)_ x J7 v is injective, and thus pullback via the map
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Jo L — J7 (@ gives an isomorphism between algebraic forms on J7, (@ and (J3,G) -basic
and invariant forms on Jy, L.

Thus every B,,-basic and invariant form on n,, N J2 L™ is the pullback of a form from
J70Q. Since ny,, N J7 L™ is dense in n,y,, the proposition follows. O

This proof does not extend to nilpotent subalgebras of other parahorics, as uNL™[[z]]
is non-empty only in the Borel case. As in the proof of Theorem [5.1.5] Theorem [3.1.5] and

Proposition together imply Theorem [5.1.6]

5.3 Spectral sequence argument for the truncated al-
gebra

In this section we finish the proof of Theorem using a spectral sequence argument. We
start by defining the spectral sequence, and establishing its convergence. We then prove, in
Lemma [5.3.5] the key step: the collapse of the spectral sequence at the Ea-term.

Recall from Chapter [3| the definition of the operators dg(S) and dr(T) on A" p ® S*p.
The operator dg(S) is a generalized interior product, while d.(T") is a generalized exterior
derivative. Hence we have the following version of Cartan’s identity:

Lemma 5.3.1. dg(S)d(T) + dp(T)dr(S) = (ST)%™ + (T'S)", where (ST)SY™ is the ex-
tension of ST to the symmetric factor as a derivation, and (T'S)" is the extension of T'S to
the exterior factor as a derivation.

Let P : p* — p* be the dual of multiplication by z¥ on p. Define Q : p* — p* by
(Qf)(z) = f (&), where T is the projection to z™Vp using the splitting p = (2Vp) @ (p/2"Vp)
suggested by the root grading. Note that PQ = 1, while QP is projection to (zVp)*
using the corresponding splitting of p*. Thus (dr(P)dr(Q) + di(Q)dr(P))w = (n + q)w
if we A"(p/zVp)* @ N"(2Vp)* ® S9p*. Then dr(P)? = 0, and we can use Cartan’s identity
to show that

EIN O\ ok * Nk dR(P) — A
0—=A\"(p/z"p) A p A

is exact. Further, dp(P) commutes with the Lie algebra cohomology operator 0 with co-
efficients in S*p*. Since dg(P) is p-equivariant and preserves the subset of cochains which
vanish on gg, we can restrict to the relative cochain complex to get an exact sequence

0——> (/\*(ﬂ/ZN]S)*)go K*’D dr(P) K*71dR(P) .

where K™ is the bigraded algebra (A" 1" ® S*p*)* graded by tensor (i.e. combined exterior
and symmetric) degree and symmetric degree, regarded as a bicomplex with differentials 0
(the Lie algebra cohomology differential for &t with coefficients in S*p*) and dr(P). Note

that both 0 and dg(P) are derivations of the algebra structure.
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Lemma 5.3.2. Give K** a z-grading by taking the usual z-degree for the exterior factor,
and z-degree + N on p* for the symmetric factor. This z-grading descends to H*(total K**),
and there is an isomorphism H*(p/z"p, go) — H*(total K**) which preserves z-degrees.

Proof. We have just shown that there is a chain map from the Koszul complex for (p/2"p, go)
to total K**. Consider the spectral sequence induced by the column-wise filtration of K**,
i.e. the descending filtration where the pth level contains all elements of K®* with a > p.
The E;-term of this spectral sequence is

i — {(Ap@/z%)*)% 1=0

0 g>0’
with differential the restriction of 0. Hence

FPa — HP(p/z"p,g0) ¢=0
2 0 g>0

It follows from naturality of the spectral sequence that the induced map H*(p/2"p,go) —
H*(total K**) is an isomorphism. The z-degrees on K** are preserved by 0 and dg(P), so
the z-grading descends to homology and likewise is preserved by the isomorphism. O

To calculate H*(total K**), consider the spectral sequence of the bicomplex K** in-
duced by the row-wise filtration, i.e. the descending filtration where the pth level contains
all elements of K®* with b > p. This spectral sequence has E}? = HZ P(p, go; SPp) with

cts

differential dgr(P) (note that the order of the degrees is swapped compared to K**, so p
is symmetric degree and ¢ is tensor degree). Thus E["" is a freely generated differential

super-commutative algebra, with generating cocycles explicitly described in Theorem [5.1.5

. . . . i+1,r+1
as follows. If ry, ..., 7, is a list of exponents for gy then there is a generator in """ repre-

9 ,ml(ja)

a

sented by a cocycle R;. If mgf is a list of twisted exponents then there is a gener-

m(ia)—i—l,mfa)—i-l

ator in E] for every n > 1, represented by a cocycle f*+7¢ = [z”k_“]f(_a), and a

i %

(=a)  (~a) -
generator in E}" "™ ™ for every n > 1, represented by a cocycle Wit = Jad[z" 1 (~a),

Since dg(P) is a derivation, we just need to determine its action on these generators. By
degree considerations, dr(P) kills the generators R; and f/"*~® Note that f° = [20]1:2-(0)
lies in B}, as it belongs to the algebra C[R] generated by the R;’s (apply Theorem [4.2.6]
with m = 0). If the reductive algebra L splits as a direct sum L = 3@ L®, where 3 is
the centre and the L®’s are o-invariant simple components, then we can assume that the

generators Ii(_a) of (S*L*)* used to construct the cochains f*~ belong either to S* 3* or to
(S* (L(i))*)L for some i. With this assumption we have:

Lemma 5.3.3. The differential dgr(P) on K** sends w?k_a to a non-zero scalar multiple of
fl-”k_“_N if nk —a > N, and to zero otherwise.
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Proof. The generator w*~* can be rewritten as dy (J) f/*~*. Both dg(P) and d,(J) preserve

the subalgebras (S*(L™W)*)F and S*3*, so we can assume that L is either simple or abelian.
Since dg(P)f™*~* = 0, we can use Lemmam to get dr(P)w!™ ™ = (PJ)Sy™ "= As an
element of the dual of S*p, (P.J)5¥™ f"*~¢ is defined by

r10---0 xm§7‘l)+1 — Z[znk—a][i(_a)(. e} JZN:BJ O --- )
J

Suppose L is abelian. Then, as noted after the statement of Theorem [3.1.3, we can assume
that .J is the identity, so (P.J)5v™ fr*=a = frk=a=N a5 required.

This leaves the case that L is simple, in which case J is defined as the derivation of p
acting on weight spaces g, as multiplication by (p, @), where p is the weight of the associated
Kac-Moody satisfying p(/) = 1 if d; > 0 in the grading of type d determining p, and
p(ay) = 0 otherwise. Following the Kac convention in [Ka83], the Kac-Moody associated to
gis g = g® Cc@ Cd, where ¢ is central and d acts by z%. The roots of g belong to the dual
of the Cartan by & Cc & Cd, and are defined similarly to the roots of g, with d* replacing
0. f oy = d* — 1, aq,...,qq is a list of simple roots for g, then the associated coroots are
ay = — o, o, ..., ), where 1 is either ¢V in the untwisted case, or the element of b
such that (x,10) = ¥ (x) in the twisted case. The standard non-degenerate invariant form
(,) for g satisfies (ho,c) = (ho,d) = (¢,c) = (d,d) = 0 and (c,d) # 0.

Write p = po+Ac* for some py in bj. If 2; € g, in the above equation then ZNZL"j € ot Nd*s
so J2Nx; = 2N(N{p,d*) + J)z;. Since (p,d*) = A(c*,d*), we have

(NA(ml(*C" F1)(er, d*) + JSW) fri=aN pp s N

dr(P)w™ ™ = :
0 nk <N
Take a basis {4} for g, and let 2, be the dual basis. Then J%¥™a2¢ = (p, a)z’, = ({po, o) +
A{c*,a))zl,. There is py € ho such that a(py) = (po,a) for all roots a, so ad’(po)z!, =
—(po, )z’ Hence on the subring of hg-invariant functions of S*p*, J5¥™ agrees with the
derivation which sends z?, to A(c*,a)z’,. The product (c*,a) is equal to (c*,d*) times the
z-degree of z%. We conclude that J™fr5=a=N — A(c* d*)(nk —a — N)f™** N and
consequently that
dp(P)w™ = (e, d") (N(m{™ + 1)+ nk — a = N) oo™

7
if N <nk — a. Since nk —a — N > 0, the coefficient is non-zero as required. O

We now have a situation parallel to when we defined dg(P). Let Vj be the free vector
space spanned by basis elements v?““ forn>0,a=0,....,k—1,andi=1,...,l,. For any
integer m, let V,, be the subspace of V; spanned by the v/***’s with nk + a > m. Identify
N Vi ® S*V, with a subalgebra of E{"" by sending U?H“ to fl-”k” in the symmetric term and

to w*® in the exterior term. Let P’ be the linear map Vg — Vj sending v to vP* o= if
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nk+a > N, and to zero otherwise. Let Q' be the operator Vj + V; sending v s y/ktatV,

Then P'Q)" = 1, while Q'P’ is projection to Vy. So dr(P’)dL(Q’) + dp(Q")dr(P’) acts as
multiplication by the combined symmetric degree and exterior Vy-degree. By Lemma [5.3.3]
the differential on E}™ restricts to dg(P") on \* Vi ® S*Vj, and hence the homology of the
differential on this subspace is the subalgebra A; of the Fs-term generated by wf““’s with
0 <nk+a < N. To get the whole Fs-term, recall:

Lemma 5.3.4. (S*g3)% is a free (S* L) 0-module.

Proof. Let S = (S*g5)® and A = (S*Lj)% 0. Restriction to the Cartan by gives isomorphisms
S =2 (S*p)W0) and A =2 (S*h;)"W (Lo) 5o A is a subalgebra of S. By the Chevalley-Shephard-
Todd theorem [Chb5] [Ko63b], there is a subset Hy C S*h such that S*hj = A ® H, as a
W (Lg)-module, where the isomorphism is given by multiplication, and Hj is isomorphic to

the regular representation. Hence S~ A ® H where H = H;" (80), O

The algebra C[Q°] generated by the f’s is a subalgebra of A"V} ® S*V;. Note that
dr(P’) is C[Q7]-linear, since it kills C[Q?] and is a derivation. The Ej-term is isomorphic
to the base extension C[R] ®cg-) A" Vi ® S*V, with differential given by the base extension
1 ® dgr(P") of dg(P'). Freeness implies that the Ey-term is C[R] ®cgo] A1. Since the action
of C[Q°] on A; sends everything of symmetric degree > 0 to zero, the Es-term is isomorphic
to Coinv(Lg, go) @ A;.

Lemma 5.3.5. The spectral sequence collapses at the Eo-term. Consequently the graded al-
gebra of H*(total K**) with respect to the row-wise filtration is isomorphic to Coinv(Lg, go) ®
Ay

(=a)

Proof. A, is a free algebra with a generator w*~* € " Ym0 for every twisted exponent
mg_a) of L and n such that 0 < nk—a < N. The subring Coinv(Ly, go) lies in bidegrees (a, a),
so the entire Es-term is contained in bidegrees (a,b) with a < b. Suppose more generally
that the E,-term is contained in bidegrees (a,b) with a < b, and is generated in bidegrees
(a,a + 1) and (a,a). The Fy-term differential has bidegree (2, —1), and thus annihilates
Coinv(Lg, go) and the generators w™ ™. The same argument works for higher F,-terms as
well. O]
Now we just need to determine the ring structure of H*(total K**). The row-wise filtra-
tion of K** is the descending filtration where F K** = @, K*". Likewise F* H*(total K**)
is the subspace of homology classes which have a representative cocycle in FPK**. If k € K9P
is such that Ok = dgr(P)k = 0, then k determines a homology class [k] in FP HP*9(total K**).
Referring to the construction of the spectral sequence of a filtered differential module (see,
e.g., pages 34-37 in [MCO01]), we also see that k determines a persistent element of the spec-
tral sequence, i.e. k represents an element in each EP9 (once again, note that the degrees

are swapped between K** and E**) that is killed by the rth differential, and the homology
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class of this element corresponds to the element represented by k in E!Y,. The projection
FPHP*(total K**) — EP? sends [k] to the element represented by k in E.,. Finally, when
EP? is identified with H9(K*?,0) the element of | represented by k is simply the homology
class represented by k in H?(K*?,9), and consequently the same is true of the identification
of By with H*(H*(K**,d),dr(P)). Note that this would not necessarily be true if k was
not homogeneous.

We know that the Fs-term is generated by classes represented by elements R;, i = 1,..., 1y
and wfk“, i=1,...,l,and 0 < nk+a < N in K**. Let A denote the subalgebra of K**
generated by the elements w?’”“, 1=1,...,l;, 0 < nk+a < N. By Theorem and
Lemma [5.3.3, C[R] ® A C K** is annihilated by both 0 and dz(P). Hence there is a
homomorphism C[R] ® A — H*(total K**). Since dw! = 0, Lemma implies that the
image of f) in H*(total K**) is zero, so the homomorphism C[R] ® A — H*(total K**)
descends to a map Coinv(Lg, go) ® A — H*(total K**). By Lemma and the argument
of the last paragraph, this map is a bijection. We record this calculation in the following

proposition.

Proposition 5.3.6. Let Coinv(Ly, go) denote the algebra of Lemmam graded by symmet-
ric degree. Give Coinv(Lg, go) a cohomological grading by doubling the symmetric grading,
and a z-grading by multiplying the symmetric grading by N. Then H*(p/zNp, o) is iso-
morphic to Coinv(Lg, go) ® A, where A is the free algebra generated in cohomological degree
om\® + 1, z-degree Nm' + nk + a, fora=20,....k—1,i=1,...,1l,, and n such that

% [

O<nk+a<N.

Consider the untwisted case where n = 1. In this case, p/zp is the semi-direct product
po X Lo/po, where Lg/po has Lie bracket equal to zero. Then Proposition implies that
H*(po X Lo/po, go) is isomorphic to Coinv(Lg, go). The following Lemma implies that Propo-
sition actually gives a direct Lie algebra proof of Borel’s theorem that Coinv(Lg, go) is
isomorphic to H*(Lg, go). Note that the z-grading on H*(po X Lg/po, go) is half the cohomo-
logical grading, and thus corresponds to the holomorphic grading on H*(Lg, go).

Lemma 5.3.7. Let pg X Lo/po be the semi-direct product where Lo/po has Lie bracket equal
to zero. The cohomology ring H*(po X Lo/Po, 8o) is isomorphic to H*(Lg, go)-

Proof. We use a standard Hodge theory argument. Let X be the generalized flag variety
G /Py, where Py is the parabolic subgroup of G? corresponding to po. The complex-valued
de Rham complex of X can be realized as the relative Koszul complex

*

C* (Lo, go; O (K;C)) = (/\(LO/GO)* ®C°O(K;<C)) 7

where K is a compact form of X. The de Rham differential d translates to the Lie algebra
cohomology boundary operator for (Lg,go). Let uy be the nilpotent radical of py. The
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holomorphic structure on X gives the de Rham complex a bigrading, which can be written
in terms of C*(Ly, go; C°(K;C) as

CPI(C(K; C)) = </p\u_o*®/q\u3 SO @) |

where p is the holomorphic degree, and ¢ is the anti-holomorphic degree. The differential d =
0+ 0, where 0 and 0 are the holomorphic and anti-holomorphic differentials respectively. On
C**, 9 is the Lie algebra cohomology differential of g with coefficients in A" uf @C>°(K; C),
where 1 is the fig-module Ly /Po. Similarly 9 is the Lie algebra cohomology differential of
with coefficients in A" p* ® C°(K; C). The Kahler identities then imply that the Laplacian
dd* + d*d of d with respect to a Kahler metric is equal to twice the Laplacian 00* + 0*0. In
particular the two differentials give the same cohomology.

A theorem of Chevalley-Eilenberg implies that the de Rham complex is quasi-isomorphic
to the subcomplex C(Ly, go; C) of equivariant forms [CE4S8]. Since K acts by holomorphic
maps on X, the same is true of the de Rham complex with the anti-holomorphic differential.
Hence the Kahler identities imply that the cohomology of C*(Lg, go; C) is the same with
respect to either d or 0. Finally (C (Lo, g0; C), 5) can be identified with the Koszul complex
for the Lie algebra cohomology of H*(po X Lo/Po, go)- O

To finish the section, we observe that if p is an Iwahori, then a similar spectral sequence
calculation can be made with S*p* replaced by S*ii. In this case the spectral sequence will

converge to H*(p/2™n, b), while the Ej-term of the spectral sequence is the free super-

~ N _ (—a) (—a)
commutative algebra H* (p,ho; S*ii) generated by elements f'*~¢ ¢ E}" +1,m{" Y41

and
Wik ¢ g m T for everyn >1,a=0,....,k—1,and 2 = 1,...,l,. The differential
on the Ej-term sends w/™ ™ to f/*~* " if nk —a > N, and to zero otherwise. Thus the
Ex-term will be the free algebra generated by the w*™*’s with 0 < nk —a < N. Since the

algebra is free, the isomorphism on graded algebras lifts to give:

Proposition 5.3.8. Let b be an Iwahori subalgebra of g, and let n be the nilpotent subalgebra.
Then H*(b /2Nn,bo) is a free algebra generated in cohomological degree 2m§a) + 1, z-degree

Nmz(-a)+n/{:+a,fora:O,‘..,k;—l,izl,...,la, and n such that 0 <nk +a < N.
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Chapter 6

The Brylinski filtration

The point of this chapter is to define a Brylinski filtration for affine (i.e. indecomposable
of affine type) Kac-Moody algebras. Throughout, g will refer to a symmetrizable Kac-Moody
algebra. For standard notation and terminology, we mostly follow [Ku(2]. We assume a fixed
presentation of g, from which we get a choice of Cartan b, simple roots {«;}, simple coroots
{a}, and Chevalley generators {e;, f;}. We can then grade g via the principal grading,
i.e. by assigning degree 1 to each e; and degree —1 to each f;. By choosing a real form
br of h we get an anti-linear Cartan involution x — T, defined as the anti-linear involution
sending e; — —f; for all ¢ and h — —h for all h € hr. As usual g has the triangular
decomposition g = n @ h @ n, where n is the standard nilpotent €, ., g,. The standard
Borel is the subalgebra b = h @ n. Associated to n and b are the pro-algebras n = lim, n/ny
and b = lim. b /nk, where ny, = @B, -, 9n-

Recall from the introduction that the Kostant partition functions K(3; q) are defined for

weights (3 by
ZK(B;Q)G'B — H (1 — ge®)~multe
B

acAt

where AT is the set of positive roots and mult @ = dim g,. The g-character of a weight space
L(\), is the function
my(q) = Y e(w)K (w* X — p;q), (6.1)
weW
where W is the Weyl group of g, € is the usual sign representation of W, and w x A =
w(A + p) — p is the shifted action of W.

Let £(\) denote the irreducible representation of g of highest weight A. We show that, as
in the finite-dimensional case, there is a filtration on £(\), such that when x is dominant,
m;\L(q) is equal to the Poincare series of the associated graded space. Unlike the finite-
dimensional case, the principal nilpotent is not sufficient to define the filtration in the affine
case; instead, we use the positive part of the principal Heisenberg (this form of Brylinski’s

identity was first conjectured by Teleman). Brylinski’s original proof of the identity mﬁ =
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er uses a cohomology vanishing result for the flag variety. Our proof is based on the same
idea, but uses the Lie algebra cohomology approach of [FGT0§]. In particular we prove
a vanishing result for Lie algebra cohomology by calculating the Laplacian with respect
to a Kahler metric. Although we concentrate on the affine case for simplicity, our results
generalize easily to the case when g is a direct sum of algebras of finite or affine type.
There are two difficulties in extending this result to indefinite symmetrizable Kac-Moody
algebras: there does not seem to be a simple analogue of the Brylinski filtration, and the
cohomology vanishing result does not extend for all dominant weights . We can overcome
these difficulties by replacing the Brylinski filtration with an intermediate filtration, and by
requiring that the root A\ — u has affine support. Thus we get some partial non-negativity
results for the coefficients of mﬁ(q) even when g is of indefinite type.
This chapter is adapted from [Sl11a].

6.1 The Brylinski filtration for affine Kac-Moody alge-
bras

A principal nilpotent (with respect to a given presentation) of a symmetrizable Kac-Moody
algebra is an element e € gy of the form e = > ¢;e;, where ¢; € C\ {0} for all simple roots
e;. If g is affine it is well known that the algebras s, = {z € g : [z,e] € Z(g)} are Heisenberg
algebras, and these algebras are called principal Heisenberg subalgebras.

Definition 6.1.1. Let L(\) be a highest-weight module of an affine Kac-Moody algebra g.
Define the Brylinski filtration with respect to the principal Heisenberg s by

FLN),={ve L), :2v=0 for all z € srm}.

Let
*PMq) = ¢ dim*F'L(N), [ *FL(N),.
>0

be the Poincare series of the associated graded space of L(N),.

Note that the principal nilpotents form a single H-orbit, so the filtration *F™ is indepen-
dent of the choice of principal Heisenberg.

Recall that a weight y is real-valued if u(h) € R for all h € bg, and dominant if pu(«) > 0
for all simple coroots ;.

Theorem 6.1.2. Let L(\) be an integrable highest weight representation of an affine Kac-
Moody algebra g, where X\ is a real-valued dominant weight. If p is a dominant weight of
L(X) then *P(q) = m)(q).

"

The dual n* of a pro-algebra will refer to the continuous dual. If V' is a b-module then
H} (b, b; V) will denote the relative continuous cohomology of (b, ). The proof of Theorem

depends on



CHAPTER 6. THE BRYLINSKI FILTRATION 78

Theorem 6.1.3. Let L(\) be an integrable highest weight representation of an affine Kac-
Moody algebra g, where X is a real-valued dominant weight. Let V = L(\) ® S*n* @ C_,,
where p is a dominant weight of L(X\). Then H% (b,h;V) = 0 for d > 0, and in addition

cts
there is a graded isomorphism gr L(N\), = HY (b,b; V), where the latter space is graded by
symmetric degree.

Proof of Theorem [6.1.9 from Theorem[6.1.3 Let VP = L()\) ® SPa* ® C_,. By Theorem
6.1.3, Pﬁ\(q) =2 >0 dim Hgts([;, h; VP)gP = > X(B, h; VP)gP, where x is the Euler characteris-
tic (the second equality follows from cohomology vanishing). Since n* has finite-dimensional
weight spaces and all weights belong to the negative root cone, A" f* ® L(\) ® SPa* has

finite-dimensional weight spaces. Thus we can write

k b
ZX(67 h; VP)q" = Z (—1)*¢? dim (/\ M ® Vp>

p=>0 p,k>0

= [e"]chL(A) J] (1 —e@)mto(d — gemo)mbe,

acAt

Applying the Weyl-Kac character formula

chL(\) = Z e(w)e” ™ - H (1 — e—@)~ multa

weW acAt

we get the result.

[l
The proof of Theorem will be given in Sections and 6.4 If g = Py is a

direct sum of indecomposables of finite and affine type, the conclusions of Theorems |6.1.2
and remain true with s replaced by a direct sum of principal nilpotents (for the finite
components) and principal Heisenbergs (for the affine components).

6.2 Examples

In the finite-dimensional case, the Brylinski filtration is defined to be the increasing filtration
°F*, where ‘ '
F(LN) L) ={veLN,: e v=0},

for e a principal nilpotent. This definition makes sense for an arbitrary Kac-Moody algebra.
Let “P7(q) be the Poincare series of the associated graded space of L()),.

__ We now give some elementary examples to show that °F' is different from “F'. Consider
sly, the affine Kac-Moody algebra realized as sly[2*!] @ Ce® Cd, where c is a central element,
and d is the derivation %. Let {H, E, F'} be an sly-triple in sly, and take principal nilpotent
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e = F + Fz. The principal Heisenberg s is spanned by the elements ez", n € Z, along with
c.

The Cartan subalgebra of E/E is span{H, c,d}. Denote a weight aH* + hc* + nd* by
(o, h,n). The weight A\ = (a,h,n) is dominant if 0 < a < h, and the corresponding
irreducible highest-weight representation L(\) can be realized as the quotient of the Verma
module U(g) @y sy Cy by the U(g)-submodule generated by F**' @ 1 and (Ez~!)" @ 1.
Let

w= (Fz ) (Ez ),

where v is the highest weight vector in L(c*). Note that w is a weight vector of weight
(0,1,—2). Tt is easy to check, using the defining relations for L(c*), that e*w = 0, while
(ez)ew = 3v, so w € F? but is not in *F?.

The same idea can be used to calculate Poincare series. For the above example, where
A =(0,1,0) and p = (0,1, —2), we have dim £()), = 2. The Poincare series for °F is ¢ + ¢*,
while the Poincare series for *F is mﬁ(q) = ¢* + ¢*. For an example with a dominant regular
weight, let A\ = (0,3,0) and p = (2,3, —3). The Poincare series of °F is q + 2¢*> + ¢ + ¢°,
while m/’i(q) =q+ ¢+ 2¢+ .

6.3 Reduction to cohomology vanishing

In this section we introduce an equivalent filtration to the Brylinski filtration, which will allow
us to reduce Theorem to a cohomology vanishing statement. The line of argument is
inspired by [Bry89] and [FGTO08]. As usual, g will be an arbitrary symmetrizable Kac-Moody
algebra except where stated.

Associated to g is a Kac-Moody group G. The standard Borel subgroup B of G is a solvable
pro-group with Lie algebra b. The standard unipotent subgroup U C B is a unipotent pro-
group with Lie algebra n. The Borel B also contains a torus H corresponding to . Defining
the new filtration requires two lemmas.

Lemma 6.3.1. There are algebraic isomorphisms U = B/H = 1 giving U the structure of a
linear space with an affine B-action.

Proof. Note that the spaces in question can be naturally expressed as inverse limits of affine
schemes, and hence are affine schemes in their own right. Pick § € § acting on g, as
multiplication by n, and define 7 : B — n by Ad(b)d = é +m(b). Then the composition U —
B — B/H — nis an isomorphism. fi has a linear structure, while 5/H has a left-translation
action of B. If by, by € B then Ad(b1by)d = Ad(b1)(d + 7(bsy)) = § + (b)) + Ad(by)7(b2), so
7(b1be) = Ad(by)7(bg) 4+ w(b1) and the resulting action of B on 1 is affine. O

Lemma 6.3.2. Let V' be a pro-representation of B. Then evaluation at the identity gives an
isomorphism (V @ C[U])P — V.
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Proof. Any element v € V7 extends to a B-invariant function & — V by [b] — bu. O

The linear structure on n and the isomorphism of U with n gives a B-stable filtration of
C[U] by polynomial degree. Lemma implies that if V' is a pro-representation of B then
VI can be filtered via polynomial degree on C[U]. If i is a weight of g then extending p
by zero on U makes C_,, into a pro-representation of B. The reason for introducing a new
filtration is the following lemma, which reduces the proof of Theorem to a vanishing
result.

Lemma 6.3.3. Let W = L(\) ® C_,, and filter L(\), = W via the isomorphism W =~
(W & CIU))B. If HY.(6,5; W @ S*i*) = 0 then HY,, (b, b; W ® §°4%) 2 gr L(\),..

cts

Proof. Let FP be the subset of C[i] of polynomials of degree at most p. Then gr C[U{] = S*n*
as B-modules, so there are short exact sequences

0=WeFr 'S WeF - WS — 0
of B-modules for all p. The corresponding long exact sequence in Lie algebra cohomology is

cts([;? b’ W ® Spﬁ*)
— HiF b, b; W @ FPY).

cts

HY, (b,b; W @ FP~Y) — HL (b,h; W ® FP) —H!

cts

Since H*

i (b,h;W @ SPA*) = 0 for i = 1, the inclusion W ® Frol e W @ FP induces a
surjection in degree one cohomology for all p. Since F~! = 0, H(}ts(b,ﬁ; W ® FP) =0 for all
p. The long exact sequence in degree i = 0 gives an isomorphism HY, (b, bh; W®S5Pa*) = (W

FP)e /(W @ FP~1)®. This latter quotient is the graded space of (W @ C[U])® as required. [
Now we show that the new filtration is equal to the Brylinski filtration when g is affine.

Proposition 6.3.4. Let L£L(\) be an integrable highest-weight representation of an affine
Kac-Moody g. Then the Brylinski filtration on a weight space L(\), agrees with the filtration
of LIN),, = (L(\) ® C_, @ C[U])B by polynomial degree.

The proof of Proposition requires two lemmas.

Lemma 6.3.5. If g is affine and s is a principal Heisenberg then Ad(B)(sMn) is dense in
n.

Proof. The principal nilpotents form a single orbit, so it is only necessary to prove this
fact for a single principal nilpotent. We claim that there is a principal nilpotent such that
f = —¢ € s, so that in particular [e, f] € Z(g). Indeed, let A be the generalized Cartan
matrix defining g, i.e. A;; = «o;(q;). Since g is affine there is a vector ¢ > 0, unique up
to a scalar multiple, such that A'c = 0. If we pick e = >~ \/c;e; then [e, f] = > iy, and
a;j(fe, f]) = > c;Ai; = (A'e); = 0 for all simple roots ;.
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Now we show that n = (s, n) + [b,e]. In degree one we have [h,e] = g;. For higher
degrees, let {,} denote the standard non-degenerate contragradient Hermitian form on g
which is positive definite on n. An element x € n is orthogonal to [b,e] if and only if
0 = {le,z],z} = {2z, [f,z]} for all z € b, or in other words if and only if = € Cy(f).
Suppose = € g, n > 2 belongs to [b,e]t. Using the fact that [e, f] € Z(g) we get that
{le, z], [e, z]} = {[f, ], [f,z]} =0, and conclude that z € s..

(s Mn) + [b,e] = n implies that the multiplication map B x (s Mn) — i is a submersion
in a neighbourhood of (1,e). Since B acts algebraically on s ‘n C b, the subset B(sNn) is
dense in n. O

Lemma 6.3.6. Let L(\) be an integrable highest-weight module. Considered as a B-module,
L(N) is a submodule of ClU] ® C,.

Proof. This statement would follow immediately from a Borel-Weil theorem for the thick
flag variety of a Kac-Moody group. As we are not aware of a formal statement of the
Borel-Weil theorem in this context, we recover the result from the dual of the quotient map
Miow (=) = Liow(—=A), where Mo, (—X) = U(g) Q@) C_, is a lowest weight Verma module,
and Ly, (—A) is the irreducible representation with lowest weight —\. Both these spaces
are g-modules with finite gradings induced by the principal grading of g. Let My, (—\)*
and L£(—\)* denote the finitely-supported duals, consisting of linear functions which are
supported on a finite number of graded components.

Using the fact that M,,(—\) is a free U(n)-module, we can identity My, (—\) with
S*n ® C_, where S*n has the b-action (y,x) — [y,0] o z + ad(y)z, the symbol o denotes
symmetric multiplication, and ¢ is defined as in Lemma [6.3.1] as an element of f which acts
on g, as multiplication by n. The finitely supported dual of M;,,(—\) can be identified with
S*n* @ C, where b acts on S*n* by (y, f) — ad"(y)f + «([0,y])f. It is not hard to check
that this action integrates to the B-action coming from identifying S*n* with C[/]. Since
the quotient map preserves the principal grading, the dual of the surjection Mjg,(—\) —
Liow(—A) is an inclusion L(A) = Liow(—A)* = Mipw(—A)* = C[U] ® C, as required. O

Proof of Proposition[6.5.4 Let V = Cg ® C[U], where f = X\ — . By the last lemma, we
can prove the proposition with £()), replaced by V#, where the filtration on V# is defined
by VH = (V @ C[U])B. An element f of this latter set can be identified with a B-invariant
function & x U — Csz. The polynomial degree on the second factor is the maximum ¢-
degree of f(u,tx) as u ranges across U and x ranges across i = . Suppose this maximum
is achieved at (ug, o). Since B(sMn) is dense in n, we can assume that o = Ad(b)s for
b € Band s € smn. Now sNn is abelian and graded, so the graded components of s
commute with each other. This allows us to find § € s Mn such that 7(e”®) = ts. Since the
degree of f(ug,-) is achieved on the line Ad(b)7w(e'®), it is also achieved on the parallel line
Ad(b)m(e?) + w(b) = m(be®). Thus the polynomial degree of f is equal to the ¢-degree of
f(ug, b (%)) = B(b) f (b~ ug, m(e*¥)). Since B(b) is a non-zero scalar, we conclude that there
is u € U and s € sMNn such that the degree of f is equal to the t-degree of f(u,m(e'®)).
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Conversely if s € s Nn then m(e®) is a line in A, so the degree of f is equal to the t-degree of
f(u,m(e)) as u ranges across U and s ranges across § Nn.

Given f € (Cg ® ClU] ® ClU]) let f € Cs ® C[U] be the restriction to U x {1}. The
B-action on Cs @ C|U] is defined by (b- f)(u) = B(b) f(b~u), so if f is B-invariant then the
t-degree of f(u,m(e")) is equal to the t-degree of (etsf) (u). Since

~ tn ~
ts p § Zoon
€ f - n!S f?

n>0
the degree of f is equal to the smallest n such that s**!f =0 for all s € s Nn. O

The proof of Proposition works just as well with s "n replaced by any graded abelian
subalgebra a of i such that Ad(B) a is dense in n. For example, in the finite-dimensional case
we could take a = Ce. If g = @ g; is a direct sum of indecomposables of finite or affine type
then we can take a = @ a;, where q; is either the positive part of the principal Heisenberg,
or the line through the positive nilpotent, depending on whether g; is affine or finite.

6.4 Cohomology vanishing

Throughout this section g will be an arbitrary symmetrizable Kac-Moody algebra. (V)
will be a b-module such that 7|g, extends to an action of b (this conjugate action will also be
denoted by 7). Note that since n = g/b, #* is both a b-module and a b-module. The space
1 = g/ b has the same property. Recall that the semi-infinite chain complex (C**(V),d, D)

is the bicomplex
b a go
C~ (V) = (/\ﬁ*@/\ﬁ@ V) .

with differentials @ and D, where the former is the Lie algebra cohomology differential of
n with coefficients in A*7 ® V, and the latter is the Lie algebra homology differential of 7
with coefficients in A" #* ® V, both restricted to go-invariants.

The semi-infinite cocycle is defined by 7|4, x4, = 0 if m +n # 0 and by

W)= 3 trg,(ad(x) ad(y))

for x € gr, y € g_k, kK > 0. Since h = gq is abelian, (z,y) = —v(z,7) defines a Hermitian
form on n.

Lemma 6.4.1. Let (,) be a symmetric invariant form on g (real-valued on a real-form of
g) such that {-,-} = —(-,7) is contragradient and positive-definite on n. Then the Hermitian
form (-,+) = —v(-,7) on n agrees with the form defined by

(z,y) = 2(p, a){z,y}, 7 € ga-
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Proof. Suppose z,y € go. If {u;} and {u'} are dual bases of h with respect to (,) then

trg, (ad(z) ad(7)) = > (us, [, [, u]])

= (&, 9){e, ).

Next, let {ej} and {e’ 5} be dual bases of gg and g_z with respect to (,). Let p € b* be
such that p(«;’) = 1 for all coroots «;’. Then

Y, y) = (@D loa) + > Y (el (2 [7,eh]-]),
BeAt+ @

where x_ is the projection of x € g to n using the triangular decomposition. Rearranging
(€', [z, [7,e5]-]) = (x,[e" 4, [e},7]-]) and applying Lemma 2.3.11 of [Ku02], we get that
V(2,7) = 2(p, a)(z, 7). O

The result of Lemma is that (,) defines a go-contragradient Kahler metric on n.
Suppose V' has a positive-definite Hermitian form contragradient with respect to 7. Using
the Kahler metric on n, we can give C* *(V) a positive-definite Hermitian form by defining
(Z,7) = (x,y) for 2,y € n. Let O = d0* + 0*0 be the d-Laplacian, and 0 = DD* + D*D
be the D-Laplacian. Recall that Nakano’s identity states that the 0-Laplacian O and the
D-Laplacian [ are related by

O = 0O+ deg + Curv,

where deg acts on C**(V) as multiplication by a + b, and

Curv = — Z e(zi)b(zj) ([ (2i), m(2—5)] = 7([25,2-4])) »

i,j>1

on C% (V) for {z;} a homogeneous basis of n orthonormal in (,).

6.4.1 Laplacian calculation

Given an operator T' on 71*, let dg(7T") and dy(T') denote the operators on A" n*® S*n* defined
by

Ao hapg@Be Y (Dar A di . Aoy @ T(q) 0 B
and

!
a@ﬁlo...oﬁl|—>ZT(@;)/\a®ﬁlo...o@o...oﬁl
i=1

respectively. Define an operator J on 0* by f — f/2(p,a) if f € g5. As in the last
section, let (,) be a real-valued symmetric invariant bilinear form such that {, } = —(-,) is
contragradient and positive-definite on n.
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Proposition 6.4.2. Extend the contragradient Hermitian form {,} onn to V = S*n*. On
coo(V),
Curvy = Y _dy(ad'(y}))dr(ad'(y,)J) — deg,

s>0

where {y,} is a homogeneous basis for b and {y.} is a basis for b dual with respect to (,).

Proof. Let V' = S*u, and let m denote the actions of b and b on V’. From Proposition
2.5.4] we see that Curvy: is a second-order differential operator, and thus is determined by
its action on n* @ n. We claim that if f € n* and w € n then

Curvy (f @ w) = Z ad’ (w)y® @ ada(ys)o " (f),

s>0

where ¢ :  — n* is the isomorphism induced by the Kahler metric, and {ys} is any homo-
geneous basis of b. To prove this claim, let {z;} be orthonormal with respect to the Kahler
metric, and think about f = z*, w = z_;. Observe that

m(2)w = Z 2 ([z,w]) .

1<0

Using this expression, we get that if z_; € g_,, then

(r(z), w(eg)] = m(lz —Dyw = 3 3 ([ [ wl]) i

—m<n<0z_gEgn

We can then remove the reference to m and write

([ (za), (2 )] = (202w = Y >~ 2 (e w )y (21 w]) 2

k>0 s>0

Now we can calculate

Curvy/(2F @ 2) = — Z 2@ ([r(z), 7(2—i)] — 7([2i, 2-])) 21

i,7>0 >0

By summing over z; € g, for fixed n, it is possible to move the z_; action from z; to z°. The
last expression becomes

= (ad'(z)y®) @ 27 ([emky wsl) 2y = Y _(ad' (20)y") @ 7(ys) (2—k)-

s>0 5>0 s>0
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The proof of the claim is finished by noting that z_j = ¢~1(2%).

Next, the contragradient metric {, } gives an isomorphism 1) : # — f* of b and b-modules.
J = ¢t while ad"(w)y®* = ad‘(y.)1(w) where {y.} is the dual basis to {y,}. Identifying
V with V7 via 1 gives

Curvy (f @ g) = > _ad'(y))g ® ad'(ys)J f.

s>0

Given S, T € End(n*), define a second-order operator Switch(S,T) on A" a* @ S*n* by
f®g—Tg®Sf. Then Switch(S,T) = dr(T)dr(S) — (T'S)", where (T'S)" is the extension
of TS to \"n* as a derivation. We have shown that

Curvy = Z Switch(ad’(ys)J, ad’(y.)) ZdL (ad"(y.))dg(ad" (ys)J) — (TJ)",

s>0 s>0

where T = 7 ad’(y,) ad’(ys). It is not hard to see that (T'¢(y))(x) = —y(z,y) for 2 € n,
yen, soT = J ! by Lemmal[6.4.1] O

Note that dr(T'J) = dr(T*), where T* is the adjoint of 7' € End(n*) in the contragra-
dient metric. The map J appears because the Kahler metric is used on A" n* while the
contragradient metric is used on S*n*. Since the isomorphism v appearing in the proof is
an isometry, ad’(z)* = — ad(Z)* in the contragradient metric.

6.4.2 Cohomology vanishing for affine algebras

If g is affine then g can be realized as the algebra (L[z%!] @& Cc @ Cd)?, where L is a simple
Lie algebra and ¢ is an automorphism of g defined by

g(c)=c,a(d)=d,o(xz")=("0(x)2", z€L

for o a diagram automorphism of L of finite order k£ and ( a fixed kth root of unity. We use
the conventions of [Ka83] (see chapters 7 and 8 in particular). The bracket is defined by

[22™ 4+ e+ Bid, yz" + yac + fod] =
[z, Y]z "+ Piny " — Bomxz™ + 6y _nm(z, y)e,

for 2,y € L, 1,7, 01,02 € C, where (,) is the symmetric invariant bilinear form on L
normalized by setting the length squared of a long root to 2k. The diagram automorphism
acts diagonalizably on L, so that

k—1
g= @ L' ® C[z**] @ Cc @ Cd,

=0
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where L; is the ('-eigenspace of o. The elgenspace Lo is a simple Lie algebra, and there
is a Cartan hC L compatible with ¢ such that E)O h MLy is a Cartan in Ly. The algebra

b []0 @Cc® Cd is a Cartan for g. The eigenspaces L; are irreducible Ly-modules. Choose a
set of simple roots a, ..., q; for Ly, and let ¢ be either the highest weight of L; (if k£ > 1),
or the highest root of Ly (if £ = 0). Then ay = d* — 1, aq,...,qq is a set of simple roots

o o*

for g, and of = ¢ — v (¥),ay,...,q) is a set of simple coroots, where v :h,—h, is the
isomorphism defined by (,). There is a unique real form hg = spang{a;} ® Rd, and the
anti-linear Cartan involution sends z2™ + ac + fd — Tz~™ — ac — Bd, where x — T is the
anti-linear Cartan involution of x in L. The real-valued symmetric invariant bilinear form

(,) on g is defined by

(2™, y2") = O —n(x,y), (c,d) = ap, and
(2™, c) = (x2™,d) = (¢c,c) = (d,d) =0,

where ag = (¢, 1) /2 (in fact, ag = 1 except when L = s[(2] + 1) and k£ = 2, in which case
ap = 2). The contragradient metric {, } = —(-,7) is positive-definite on n as required.
The following lemma finishes the proof of Theorem [6.1.3]

Lemma 6.4.3. Let 1 be a dominant weight of an integrable highest weight g-module L(\),
where X is a real-valued dominant weight and g is affine. If  is dominant then Cts(b h; L(N)®
S ' ®@C_,) =0 for all d > 0.

Proof. The result is trivial if A = p = 0, so assume that A\ and p have positive level.

S*n* has a contragradient positive-definite Hermitian form from {, }. Since u is a real-
valued weight, C_, has a contragradient positive-definite Hermitian form. Finally, £(\) has
a contragradient positive-definite Hermitian form because A is a real-valued dominant weight.
Putting everything together, V = L(\) ® S*n* ® C_, has a contragradient positive-definite
Hermitian form.

The cohomology Cts(b h; V) can be identified with the kernel of the Laplacian OJ on
the zero column C%*(V) of the semi-infinite chain complex. By Nakano’s identity, (0 =
0 + deg 4+ Curv. [ is positive semi-definite by definition. The curvature term splits into
a sum Curv = Curvgy + Curvg. +Curve_,. Since £()) is representation of g, Curve(y) is
zero. Next consider Curvg- +deg. We use the realisation of g via the loop algebra. The
contragradient metric {, } induces a positive-definite metric on the loop algebra g’/Cec, so
we can pick a homogeneous basis for b consisting of an orthonormal basis {ys} for the
projection of b to ¢g'/Cc, as well as ¢ and d. The dual basis to {¢,d,v0,...,Vs,...} is
{ag'd,ay'c, ~7o, ..., ~7s,...}. Since c is in the centre, we have ad’(c) = 0, so the terms
dr(ad’(ay'c)) and dg(ad’(c)J) in Curvs- are zero. Consequently

Curvg- +deg = ZdL(ad —3))dr(ad’ (ys)J ZdR (ad*(ys)J)*dr(ad (ys)J)

s>0 s>0
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is semi-positive. Finally we get that

Curve, = — > > e(2h)ilZa)il[Zai Zas));

aEAT 7’7]

where z,,; runs through a basis for g, orthonormal in the Kahler metric. Now

_N([Za,i’ ED = {Zaﬂ'v Za,j}(ﬂ» a>'

The result is that Curvc_, is a derivation which multiplies occurrences of zJ by the non-
negative number 2(p, o) (u, cv), and thus is semi-positive.

Now we look more closely at the kernel of 0. The operator Curvc_, is strictly positive
on 2P A A PR @ unless all B; € Z[Y], where Y = {a; : u(a)) = 0}. Let Ay be
the submatrix of the defining matrix A of g with rows and columns indexed by {i : a; €
Y}. Recall that the Kac-Moody algebra g(Ay) defined by Ay embeds in g. The standard
nilpotent of g(Ay) is ny = €D ,ca+nzp) Ja C 8- Let uy = D, ca+\zpy] Ga- Since p has positive
level, Y is a strict subset of simple roots, and since g is affine, g(Ay) is finite-dimensional.
Harmonic cocycles must belong to the kernel of Curve_,, so any harmonic cocycle w must
be in the h-invariant part of

Ay @S e L)) eC,.
As a vector space, this set can be identified with Q7 ny ® Cluy]| ® L(A), where Q7 is the
ring of polynomial differential forms and 1y is pro-Lie algebra associated to uy. For w to be
in the kernel of deg + Curvg-, w must lie in the kernel of the operators dg(ad’(y,)J), s > 0.
Since dp(ad’(c)J) = 0, we get that dr(ad’(z)J)w = 0 for every z € by C g’ Nb, where by is
the standard Borel of g(Ay). Let Jy' denote the diagonal extension of J~ to A" #*. Then
Jx'w vanishes under contraction by the vector fields ny — Tny : 2 +— (z,[z,9]), y € b. At a
point x € ny, these vector fields span the tangents to By-orbits. ny is the positive nilpotent
of a finite-dimensional Kac-Moody, so ny has a dense By-orbit and thus w must be of degree
Zero. [l

The same proof applies with slight modification if g is a direct sum of indecomposables
of finite or affine type.

6.5 Indefinite Kac-Moody algebras

In this section g will be an arbitrary symmetrizable Kac-Moody algebra. Recall from the
proof of Lemma that if A is the defining matrix of g and Z is a subset of the simple
roots then Ay refers to the submatrix of A with rows and columns indexed by {i: a; € Z}.
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Proposition 6.5.1. Let g be the symmetrizable Kac-Moody algebra defined by the gen-

eralized Cartan matriz A, and suppose p is a dominant weight of an integrable highest

weight representation L(\), where X is real-valued. Write X — p = > kiay, k; > 0, and

let Z ={a; : k; > 0}. If Ay is a direct sum of indecomposables of finite and affine type then
H (b,h; S*7* @ LN) @ C_,) =0 ford > 0.

Recall that the weight space £(A), of an integrable highest weight representation is
filtered via polynomial degree on the isomorphic space (£(A\)®C_,@C[U])P. Let */ P} (q) be
the corresponding Poincare polynomial. Excepting Proposition [6.3.4] the results of Sections

and [6.3 imply the following corollary:
Corollary 6.5.2. If the hypotheses of Proposition hold then m;)(q) = degPli‘(q)

The conclusions of Theorem hold similarly, with the Brylinski filtration replaced by
the degree filtration.

The requirement in Proposition and Corollary that A — u have affine support
is a technical assumption used to prove the positive-definiteness of the deg + Curvg« term in
the Laplacian. It is unclear to the author whether or not this hypothesis can be dropped.

Proof of Proposition [6.5.1. We continue to use the notation of Section[6.4] For instance, V =
S *@L(N)®@C_,,. Recall that [J = O+deg + Curvy, and Curvy = Curvgy) + Curve_, + Curvgs.
The operators U, Curvg(y), and Curve_, are positive semi-definite as before, while

deg+ Curvg. = Y dp(ad'(z4)J) dp(ad' (z;)J) + ZdL (ad(u))dg(ad! (u;).]),

k>1

where {z;} is a basis for n orthonormal in the contragradient metric, and {u;} and {u'} are
dual bases for . The first summand in this equation is positive semi-definite, but the second
is not if there are roots with (a, a) < 0. Indeed, writing

ZdL (ad®(u'))dg(ad! (u;)J) =
> Switch(ad (u')J, ad"(u;)) + Z (ad!(u?) ad! (w;)J)", (6.2)

we see that the first summand in Equation (6.2)) is the second order operator defined by

<O./,ﬁ> * *
YRIT,r € gyl € dps
2(p, ) ’

rTRY

while the second summand in Equation (6.2) is the derivation of A*n* induced by the map

(o, a)

2(p, @)

T — T, T € g,
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on n*.

Let g(Az) be the corresponding Kac-Moody subalgebra of g, and let ny be the stan-
dard nilpotent. g(Ayz) has a Cartan subalgebra h, C b, and the real-valued non-degenerate
symmetric invariant form on g restricts to such a form on g(Az). Any bh-invariant ele-
ment of A" n* ® V must belong to A" 0} ® S*n}, ® L(A) ® C_,. We claim that the opera-
tor Y, dr(ad’(u?))dgr(ad’(u;)J) on A" 0* @ S*n* restricts on A" 0} ® S*A} to the operator
> dr(ad'(v?))dg(ad' (v;)J), where {v;} and {v'} are dual bases of hz. To verify this claim,
note that a choice of symmetric invariant form corresponds to a choice of a diagonal ma-
trix D with positive diagonal entries, such that DA is a symmetric matrix. If x € h* the
invariant form satisfies (x, ;) = D;x(). The operator in Equation thus depends
only on A and D; the claim follows from the observation that the action of the operator on
Nt} ® S*n}, depends only on Az and Dy.

Now suppose Ay is a direct sum of indecomposables of finite and affine type. The operator
> dr(ad'(v'))dr(ad’ (v;).J) decomposes into a summand for each component, each of which
is positive semi-definite as in the proof of Lemma We finish as in the proof of Lemma

6.4.3, but taking Y = {a; € Z : u(a;) = 0}. O



90

Bibliography

[BGGT3] LN. Bernstein, .M. Gel'fand, and S.I. Gel’fand. Schubert cells and cohomology of

[Bob3]

[Bo91]

[Bra35]

[BF10]

[BZ85]

[Brog]

[Bro93]

[Bry89]

[Car36]

[Ca05]

the spaces G/P. Russ. Math. Surv. 28 (1), 1973.

A. Borel. Sur la cohomologie des espaces fibres principaux et des espaces homogenes
des groupes de Lie compacts. Ann. of Math. 57 (2), pp. 115-207, 1953.

A. Borel. Linear algebraic groups. 2ed, Springer-Verlag, Graduate texts in math-
ematics 126, 1991.

R. Brauer. Sur les invariants integraux des varietes des groupes de Lie simple clos.
C. R. Acad. Sci. Paris 201, pp. 419-421, 1935.

A. Braverman and M. Finkelberg. Pursuing the double affine Grassmannian, I:
Transversal slices via instantons on Ay-singularities. Duke Math. J. 152 (2), pp.
175-206, 2010.

D. Bressoud and D. Zeilberger. A proof of Andrews’ q-Dyson conjecture. Discrete
Mathematics 54 (2), pp. 201-224, 1985.

M. Brion. Differential forms on quotients by reductive group actions. Proceedings
of the American Mathematical Society 126 (9), pp. 2535-2539, 1998.

B. Broer. Line bundles on the cotangent bundle of the flag variety. Invent. Math.
113, pp. 1-20, 1993.

R.-K. Brylinski. Limits of Weight Spaces, Lusztig’s q-Analogs, and Fiberings of
Adjoint Orbits. Journal of the American Mathematical Society 2 (3), pp. 517-533,
1989.

E. Cartan. La topologie des groupes de Lie. L’Enseignement Mathematique 35,
pp. 177-200, 1936.

R.W. Carter. Lie algebras of finite and affine type. 1st ed., Cambridge Univ. Press,
Cambridge, 2005.



BIBLIOGRAPHY 91

[Cho5]

[CE48]

[Ch55]

[Cox51]

[Col58]

[Fe91]

[FGTO8]

[Fo73]

[FT06]

[FGZ36]

[Fus6)

[GL76]

[GGI1]

[Gi95]

[Bry87]

I. Cherednik. Double Affine Hecke Algebras and Macdonald’s Conjectures. Annals
of Mathematics 141 (1), pp. 191-216, 1995.

C. Chevalley and S. Eilenberg. Cohomology Theory of Lie Groups and Lie algebras.
Transactions of the American Mathematical Society 63 (1), pp. 85-124, 1948.

C. Chevalley. Invariants of finite groups generated by reflections. American Journal
of Mathematics 77 (4), pp. 778-782, 1955.

H.S.M. Coxeter. The product of the generators of a finite group generated by
reflections. Duke Mathematical Journal 18, pp. 765-782, 1951.

A. J. Coleman. The Betti numbers of the simple Lie groups. Canadian Journal of
Mathematics 10, pp. 349-356, 1958.

B.1. Feigin. Differential operators on the moduli space of G-bundles over curves
and Lie algebra cohomology. Special functions (Okayama, 1990), ICM-90 Satel L.
Conf. Proc., Springer, Tokyo, pp. 90-103, 1991.

S. Fishel, I. Grojnowski, and C. Teleman. The strong Macdonald conjecture and
Hodge theory on the loop Grassmannian. Annals of Mathematics 168 (1), pp.
175-220, 2008.

J. Fogarty. Fized point schemes. American Journal of Mathematics 95 (1), 1973.

E. Frenkel and C. Teleman. Self-extensions of Verma modules and differential
forms on opers. Compositio Mathematica 142, pp. 477-500, 2006.

I.B. Frenkel, H. Garland, and G.J. Zuckerman. Semi-infinite cohomology and string
theory. Proc. Nat. Acad. Sci 83 (22), pp. 8442-8446, 1986.

D. B. Fuchs. Cohomology of infinite dimensional Lie algebras. Consultants Bureau,
New York, 1986.

H. Garland and J. Lepowsky. Lie algebra homology and the Macdonald-Kac for-
mulas. Invent. Math. 34, pp. 37-76, 1976.

F. Garvan and G. Gonnet. Macdonald’s constant term conjectures for exceptional
root systems. Bulletin of the American Mathematical Society (N.S.) 24 (2), pp.
343-347, 1991.

V. Ginzburg. Perverse sheaves on a loop group and Langlands duality. arXiv:alg-
geom/9511007v4.

R. K. Gupta. Characters and the q-analog of weight multiplicity. J. London Math.
Soc. $2-36 (1), pp. 68-76, 1987.



BIBLIOGRAPHY 92

[Gu90]

[Hab80]

[Has6]

[Ha90]

[Ha94]

[HW03]

[He76]

[HeS0]
[HS53]

[JLZ00]

[Ka67]

[KaT74]

[Ka83)

[Kad94]

[Kat82]

R. Gustafson. A generalization of Selberg’s beta integral. Bull. Amer. Math. Soc.
(N.S.) 22 (1), pp. 97-105, 1990.

L. Habseiger. La q-conjecture de Macdonald-Morris pour Go. C.R. Acad. Sci. Paris
Ser. I Math 303, pp. 211-213, 1986.

P. Hanlon. Cyclic homology and the Macdonald conjectures. Inventiones Mathe-
maticae 86 (1), pp. 131-159, 1986.

P. Hanlon. Some conjectures and results concerning the homology of nilpotent Lie
algebras. Adv. Math. 84 (1), pp. 91-134, 1990.

P. Hanlon. Combinatorial problems concerning Lie algebra homology. In Formal
Power Series and Algebraic Combinatorics, Series in Discrete Mathematics and
Theoretical Computer Science 24, American Mathematical Society, 1994.

P. Hanlon and M. Wachs. On the property M conjecture for the Heisenberg Lie
algebra. J. Combin. Theory Ser. A 99 (2), pp. 219-231, 2002.

W. H. Hesselink. Cohomology and the resolution of the nilpotent variety. Math.
Ann. 225, pp. 249-252, 1976.

W. H. Hesselink. Characters of the nullcone. Math. Ann. 252, pp. 179-182, 1980.

G. Hochschild and J.-P. Serre. Cohomology of Lie algebras. Annals of Mathematics
57 (3), pp. 591-603, 1953.

Anthony Joseph, Gail Letzter, and Schmuel Zelikson. On the Brylinski-Kostant
filtration. Journal of the American Mathematical Society 13 (4), pp. 945-970, 2000.

V.G. Kac. Simple graded Lie algebras of finite growth. Funct. Anal. Appl. 1, pp.
328-329, 1967.

V.G. Kac. Infinite-dimensional Lie algebras and Dedekind’s n-function. Funct.
Anal. Appl 8, pp. 68-70, 1974.

V.G. Kac. Infinite-dimensional Lie algebras / an introduction. 1st ed, Birkhauser,
Progress in Mathematics 44, 1983.

K.W.J. Kadell. A proof of the q-Macdonald-Morris conjecture for BC,. Memoirs
of the AMS 108, 1994.

S. Kato. Spherical functions and a g-analogue of Kostant’s weight multiplicity
formula. Invent. Math. 66 (3), pp. 461-468, 1982.



BIBLIOGRAPHY 93

(K059

[Ko63a]

[Ko63b]

[Ku84]

[Ku87]

[Ku99)

[Ku02]

[Lu73]

[Lus83]

[MCO1]

[MaT72a]

[Ma72b)

[Mag82]

[Ma88]

IMV07]

B. Kostant. The Principal Three-Dimensional Subgroup and the Betti Numbers
of a Complex Simple Lie Group. American Journal of Mathematics 81 (4), pp.
973-1032, 1959.

B. Kostant. Lie Algebra Cohomology and Generalized Schubert Cells. Annals of
Mathematics 77 (1), pp. 72-144, 1963.

B. Kostant. Lie Group Representations on Polynomial Rings. American Journal
of Mathematics 85 (3), pp. 327-404, 1963.

S. Kumar. Geometry of Schubert cells and cohomology of Kac-Moody Lie algebras.
J. Diff. Geometry 20, pp. 389-431, 1984.

S. Kumar. Demazure character formula in arbitrary Kac-Moody setting. Invent.
Math. 89, pp. 395-423, 1987.

S. Kumar. Homology of certain truncated Lie algebras. Contemporary Mathematics
248, pp. 309-325, 1999.

S. Kumar. Kac-Moody Groups, their Flag Varieties, and Representation Theory.
Progress in Mathemtics 204. Birkhauser, 2002.

D. Luna. Slices etales. Bull. Soc. Math. France, 33, pp. 81-105, 1973.

G. Lusztig. Singularities, character formulas, and a g-analog of weight multiplic-
ities. Analysis and topology on singular spaces, Asterisque 101-102, pp. 208-229,
1983.

J. McCleary. A User’s Guide to Spectral Sequences. 2nd ed., Cambridge University
Press, Cambridge studies in advanced mathematics 58, 2001.

[.G. Macdonald. Affine root systems and Dedekind’s n-function. Inv. Math. 15,
pp. 91-143, 1972.

[.G. Macdonald. The Poincare series of a Coxeter group. Math. Annalen 199, pp.
161-174, 1972.

[.G. Macdonald. Some Conjectures for Root Systems. SIAM Journal on Mathe-
matical Analysis 13 (6), pp. 988-1007, 1982.

I. G. MacDonald. A new class of symmetric functions. Publ. .R.M.A. Strasbourg
372/5-20, 1988.

I. Mirkovic and K. Vilonen. Geometric Langlands duality and representations of
algebraic groups over commutative rings. Annals of Math. 166 (1), pp. 95-143,
2007.



BIBLIOGRAPHY 94

[Mo67]

[Mu01]

[PeT8]

[Po39)]

[Sab2]

[Sl11a)]

[SI11b]

[Stss]

[St05]

[Te95]

[Viog]

[Vo93|

[Ze87]

[Ze88]

R. V. Moody. Lie algebras associated with generalized Cartan matrices. Bull.
Amer. Math. Soc. 73, 217-221, 1967.

M. Mustata. Jet schemes of locally complete intersection canonical singularities.
Invent. Math. 145 (3), pp. 397-424, 2001.

D. Peterson. A formula for the generalized exponents of representations. MIT,
unpublished, 1978.

L. Pontryagin. Homologies in compact Lie groups, Mat. Sbornik N.S. 6, pp. 389-
422, 1939.

H. Samelson. Topology of Lie groups. Bull. Amer. Math. Soc. 58 (1), pp. 2-37,
1952.

W. Slofstra. A Brylinski filtration for affine Kac-Moody algebras. Advances in
Mathematics, to appear.

W. Slofstra Tunsted strong Macdonald theorems and adjoint orbits.
arXiv:1105.2971.

J.R. Stembridge. A short proof of Macdonald’s conjecture for the root systems of
type A. Proceedings of the American Mathematical Society 102 (4), pp. 777-786,
1988.

J. R. Stembridge. Kostka-Foulkes Polynomials of General Type. AIM workshop
on Generalized Kostka Polynomaials, 2005.

C. Teleman. Lie algebra cohomology and the fusion rules. Communications in
Mathematical Physics 172 (2), pp. 265-311, 1995.

S. Viswanath. Kostka-Foulkes polynomials for symmetrizable Kac-Moody algebras.
Seminaire Lotharingien de Combinatoire, 58 (2008)

A. A. Voronov. Semi-infinite homological algebra. Invent. Math. 113, pp. 103-146,
1993.

D. Zeilberger. A proof of the Gy case of Macdonald’s root system-Dyson conjecture.
SIAM Journal on Mathematical Analysis 18, pp. 880-883, 1987.

D. Zeilberger. A unified approach to Macdonald’s root-system conjectures. STAM
Journal on Mathematical Analysis 19 (4), 1988.



	Introduction
	Background
	Kac-Moody algebras
	Loop algebras and affine Kac-Moody algebras
	Lie algebra cohomology

	Generalized exponents and the Brylinski filtration
	The Brylinski filtration for affine Kac-Moody algebras

	Strong Macdonald theory
	Strong Macdonald conjectures for the parahoric

	Organization

	Semi-infinite cohomology and Nakano's identity
	Semi-infinite forms
	The semi-infinite Chevalley complex
	A bigrading on semi-infinite forms
	Hodge star and fundamental form
	The Kahler identities

	Laplacian calculations
	The ring of harmonic forms
	Construction of the Kahler metric
	Calculation of the curvature term
	Proof of Theorems 3.1.3 and 3.1.5

	Adjoint orbits of arc and jet groups
	Twisted arc and jet schemes and the twisted arc group
	Twisted arc and jet schemes
	Connectedness of the twisted arc group

	Slice theorems for the adjoint action
	The regular semisimple slice
	Arcs in the regular locus


	Strong Macdonald theorems
	Statement of theorems
	Exponents and diagram automorphisms
	Cohomology of superpolynomials in a standard parahoric
	Cohomology of the truncated algebra
	The Macdonald constant term identity

	Calculation of parahoric cohomology
	Proof of Proposition 5.1.2
	Proof of Theorem 5.1.5
	Proof of Theorem 5.1.6

	Spectral sequence argument for the truncated algebra

	The Brylinski filtration
	The Brylinski filtration for affine Kac-Moody algebras
	Examples
	Reduction to cohomology vanishing
	Cohomology vanishing
	Laplacian calculation
	Cohomology vanishing for affine algebras

	Indefinite Kac-Moody algebras

	Bibliography



