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Abstract

Recently a construction was given for the stress tensors of all sectors of the gener-
al current-algebraic orbifold A(H)/H, where A(H) is any current-algebraic conformal
field theory with a finite symmetry group H. Here we extend and further analyze this
construction to obtain the mode formulation of each sector of each orbifold A(H)/H,
including the twisted current algebra, the Virasoro generators, the orbifold adjoint op-
eration and the commutator of the Virasoro generators with the modes of the twisted
currents. As applications, general expressions are obtained for the twisted current-
current correlator and ground state conformal weight of each twisted sector of any
permutation orbifold A(H)/H, H C Sy. Systematics are also outlined for the orb-
ifolds A(Lieh(H))/H of the (H and Lie h)-invariant conformal field theories, which
include the general WZW orbifold and the general coset orbifold. Finally, two new
large examples are worked out in further detail: the general Sy permutation orbifold
A(Sn)/Sn and the general inner-automorphic orbifold A(H (d))/H(d).

*E-Mail: hllywd2@physics.berkeley.edu



-1 Introduction

Orbifold theory!~? has a long history, yet until recently, orbifolds have been studied primar-
ily at the level of examples. This situation has now changed due to a recent synthesis of the
principles of orbifold theory with the principles of current-algebraic conformal field theory,
and we may now view at a glance the panorama of all current-algebraic orbifolds.®

In particular, Ref. 19 gave a construction® of the twisted currents J(o) and stress
tensors Ta

~

T=L%:JJy: — Tp= L8O Ly ) J(0)nryud (0)—n(r)w : (1.1a)

c=0,..,N.— 1 (1.1b)

of all sectors o of any current-algebraic orbifold A(H)/H. Here A(H), described by the stress
tensor 7', is any current-algebraic conformal field theory with a finite symmetry group H.
Technically, A(H) is a member of the class of H-invariant CFT’s2-2%1% on g, which includes
all the CFT’s with a symmetry H C Aut(g) in the general affine-Virasoro construction.?6:2",25
The number of sectors N, of the orbifold A(H)/H is the number of conjugacy classes of H
and the construction (1.1) is shown schematically in Fig. 1.

CFT’s

Fig. 1. The H-invariant CFT’s A(H) and their orbifolds A(H)/H.
The orbifold duality transformation indicated in (1.1)

Lp—Llmo) 12)

gives the twisted inverse inertia tensor 'L of each sector o in terms of the H-invariant inverse
inertia tensor Ly of the H-invariant CFT A(H). Other orbifold duality transformations
exist for other twisted tensors of the orbifold, and the explicit form of the generic orbifold .
duality transformation is a discrete Fourier transform. '
The central ingredients underlying the breadth and depth of this construction are
o local formulation of the theory in terms of currents, OPE’s and OPE isomorphisms

2This construction drew heavily on recent advances in the theory of cyclic permutation orbifolds, including
the discovery of orbifold affine algebra!® and the orbifold Virasoro master equation.??

1



o the L% formulation of the H-invariant CF'T’s in the general affine-Virasoro construction.
The local formulation (as opposed to a mode formulation) is the key to the orbifold duality
transformations, while the L% formulation allows us to study all current-algebraic orbifolds
at once, or any example.

The organization of this paper is best summarized by the names of its sections:

2 Local Formulation of Current-Algebraic Orbifolds

3 The Mode Formulation of Orbifold Theory

4 The Orbifold Adjoint Operation

5 The 7J OPE’s of A(H)/H

6 The Orbifolds of the (H and Lie h)-invariant CFT’s
7 About Permutation Orbifolds

8 The Permutation Orbifolds A(Sy)/Sn

9 The Inner-Automorphic Orbifolds A(H(d))/H(d).

In particular, Sec. 2 reviews and extends the local formulation!® of current-algebraic orbifold
theory in a form which exhibits the natural grading of the orbifold operator products. In
Secs. 3-5, we work out the implied mode formulation and other consequences of the local
formulation. We mention in particular four results obtained in the mode formulation for -
all sectors o of all orbifolds A(H)/H: the general twisted current algebra in Eq. (3.4), the
orbifold Virasoro generators in Eq. (3.13), the orbifold adjoint operation in Egs. (4.4) and
(4.7) and the commutator (5.9) of the Virasoro generators with the modes of the twisted
currents.

The (H and Lie h)-invariant CFT’s A(Lieh(H)) are those “doubly-invariant” CFT’s
with both a finite symmetry and a Lie symmetry?3-252%22 3lthough we mod out only by
the finite symmetry to obtain (see Sec. 6) the orbifolds A(Lie h(H))/H. The general WZW
orbifold and the general coset orbifold are discussed as special cases of A(Lieh(H))/H in
Subsec. 6.4. The twisted current-current correlators and ground state conformal weights
of the general permutation orbifold are computed in Sec. 7. We also work out two new
large examples in further detail, including the general Sy permutation orbifold in Sec. 8°
and the general inner-automorphic orbifold in Sec. 9. The story of the inner-automorphic
orbifolds A(H (d))/H (d) is particularly interesting, not least because of their overlap with
the orbifolds A(Lieh(H))/H. Indeed, we will argue that this overlap contains almost all the
inner-automorphic orbifolds which can be equivalently described by stress-tensor spectral
flow?930:26.25 whereas the generic inner-automorphic orbifold apparently can not be described
in this way.

The seminal case!® of the cyclic permutation orbifolds A(Zy)/Z, is used as an example
in various sections, -and the appendices include the setups for the permutation orbifolds
A(Dy)/Dy, and the outer-automorphic orbifolds.

This is as far as we have worked out the consequences of the “orbifold program”, but




‘much remains to be done, including other large examples and analysis of the situation when
A(H) has a larger chiral algebra.

2 Local Formulation of Carrent-Algebraic Orbifolds

In this section we review and extend the local formulation of the general current-algebraic
orbifold!®. The extension includes a new periodic notation and new “selection rules”, both
of which are necessary to exhibit the natural grading of the orbifold operator products. As
an illustration, the seminal case of the general cyclic permutation orbifold!? is recalled in
Subsec. 2.6.

2.1 The current-algebraic CFT’s
The study of current-algebraic CFT’s begins with the general affine Lie algebra31:322%.25

Gab + i achC(w)

(z — w)? zZ—w

Jo(2) Jp(w) = + O((z — w)?), Jo(ze*™) = J,(2) (2.1a)

[Ja(m), Jo(n)] = if,,°Je(m + n) + MGapOmainp (2.1b)
g=&; g’, G = @1 ki, -a,b,c=1,...,dimg, m,n€Z (2.1¢)

where G, and f,,¢ are the metric and structure constants of semisimple® Lie g. The desired
real form of the affine algebra is specified by the adjoint operation ‘

Jo(m)t = pJo(=m),  pSTpl =060 po=1 (2-2a)

G = pacpbdGCd’ fa" "= padpbef defpfc ) (2.2b)

where the conjugation matrix p is unity in any Cartesian basis, and corresponding forms
follow in other bases. For integer level z; = 2k;/v? of compact g/ with highest root ¢y, the

adjoint operation in (2.2a) guarantees unitarity of the affine Hllbert space.
26,27,33,34,25

The general affine-Virasoro construction is
_c/2 2 Ouw o
TETW) = 2+ (g + o) T@ 40— (23
T(z) = Labq: Jo(2)o(2) 1, L% =% (2.3b)
Lab — 2Lachdeb _ Lcheffcea_fdfb _ Lcd ceffdf (aLb)e, . c= 2GabLab (23C)

bNon-compact versions of g are included and abelian components of g are easily included?® as well (see
Subsec. 3.3).



where we have chosen® OPE normal ordering

dz Ju(2)Jp(w)

2.4
2mt z-—w ( )

: Jo(w)p(w) : :}é}

and the inverse inertia tensor L satisfies the Virasoro master equation in (2.3c). The L*
relation given below? ' '

Lo = [*p 2*p}* & L(m)' = L(—m) (2.5)

guarantees the indicated adjoint of the Virasoro generators, and this adjoint operation guar-
antees the unitarity of the CFT, given the unitarity of the affine Hilbert space.

2.2 The automorphism group H and the H-invariant CFT’s

We consider any H-covariant algebra g, that is, any algebra g with a finite-orderd automor-
phism group H C Aut(g). The automorphism group H acts on the g currents J in matrix
representation w,

Jo(2) = w(he) L Jb(2), w(hy) € H C Aut(g) (2.6&)-
w(he),fwi(hy) . = 6,° (2.6b)

w(ha)acw(ha)bdch = Ga, w(ha)adw(ha)befdefwT(hﬂ)f_c = fu° (2.6¢c)
wlh)*pwi(h,)=p & J.(m) T = J,(m)t’ ~ (2.6d)

where the relations in (2.6) hold for all h, € H. The relations (2.6¢) — which express the
H-invariance of Go and f,,¢ — guarantee that J' satisfies the same algebra as J, so that
H C Aut(g) is also an automorphism group of affine g. Consequently, we often refer to the
affine algebra as an H-covariant affine algebra on g. The H-covariance of the conjugation -
matrix p in (2.6d) is equivalent to the statement that the automorphism group preserves the
real form of the affine algebra (2.1b). '

The H-invariant CFT’s?3-251% A(H) are those CFT’s for which the inverse inertia tensor
Ly is invariant under H ' ‘

T=1L1%:J.Jdy:, L% why) S whe)t=L%, Vh,eHC Aut(g) (2.7a)

T = L%:J, 0y = L®:J,Jy: = T. (2.7b)

“Because of the symmetry L2 = L2, the stress tensor T in (2.3b) can equivalently be described by various
normal ordering prescriptions. OPE normal ordering however comes equipped with an efficient calculus®® for
computing OPE’s of products of ordered products and this prescription has been extended??!? to compute
corresponding OPE’s in the twisted sectors of orbifolds (see Subsec. 2.5).

d Automorphism groups of infinite order (including Lie groups) are also included formally. See our remarks

in Subsecs. 6.1 and 9.1.




" These are the CFT’s whose stress tensors also describe the untwisted sectors of the general
current-algebraic orbifold A(H)/H. For each symmetry group H, it is known?® that the
inverse inertia tensors of the H-invariant CFT's satisfy a consistent reduced Virasoro master
equation (with an equal number of equations and unknowns).

The simplest H-invariant CFT’s include A,(H), H C Aut(g), whose stress ten-
sor is the affine-Sugawara construction?®-392% on g and the general H-invariant coset
construction!®?! L(H ). We will return to these popular examples as illustrations below (see
Subsecs. 6.1-6.4 and 9.3). '

In what follows all inverse inertia tensors Ly are H-invariant, so we may drop the sub-
script L% — L without confusion.

2.3 The H-eigenvalue problem

Choosing one representative h, from each conjugacy class o of H, the H-eigenvalue problem
is defined as

whe) LU (0),"* = UN(0) M ¥ By (0),  0=0,.., N, — 1 (2.82)
U)W U(@) =1, Eunlo)=e %, n(r)eZ. (2.8b)

Here N, is the number of conjugacy classes of H and the integer r runs over the distinct
eigenvalues of the problem at each o. The eigenvalues E,)(0) are labeled by the spectral
index n(r) = n(r;o) and the degeneracy index p = p(n(r; o)) labels the degenerate eigen-
states with eigenvalue Eny(0). The quantity p(o) € Z* is the order of the automorphism
h,, defined as the smallest positive integer satisfying ’

w(ha)"(") =1. (2.9)}
As a convention, we assign o = 0 to the trivial automorphism

who) =62, U =UN0)=1, Eu)0)=p(0)=1. (2.10)

Other useful forms of the eigenvalue problem include
w=UEU, W'=UEU (2.11a)

WUl =U'E, Uw=EU, U'w*' = E'U*, w'Ul =U'E*, Uuw'=E'U (2.11b)

where diag(E) = {En(-)}. As seen here, we often suppress the label o for brevity.
The eigenvalues E.) are invariant under the transformation n(r) — n(r) £ p(o), so we
may require this periodicity for the eigenvectors as well, - '

Enryto0) (0) = En(ry(0) (2.12a)



UT(U) n(r)xe(o)m — [t (a)an(r)u’ U(U)n(r):tp(a),p,a - U(a)n(r),ua - (2.12b)
n r _ a n(s)v __ n(s)

Z UT ( )“U )n(r)y. b= 60,67 U(J)n(r)u Uf( ) (®) 5# n(r) (2120)

6n(,)"‘ = Saryonomod ooy 9 S (0(8)) 8" = F(n(r) (2.12d)

where the last identity holds for all f with period p(c). In what follows, relations such as
the first relation in (2.12c¢) will generally be written as

b:5b

UH0)"U (o) a (2.13)

n(r)u

with an implied summation on repeated indices.
Using the H-covariance of p in (2.6d), the eigenvalue problem can be recast in the form

w(pUN* = (pUN)*E* . (2.14)
This tells us first that the eigenvalues E* are in the spectrum E

Enry(0)" = Epo)-n(r) (0) = E_n(r)(0) | (2.15)

and, in particular, that —n(r) € {n(r)} is a spectral index when n(r) is a spectral index.
Moreover, (2.15) tells us that the degeneracy of E_p(;)(0) is the same as that of En()(0).
Since n(r) is only determined mod p(c), it is useful to define the twist class 7(r)

n(r) = n(r) =n(r) — plo) | —=], | n(r) € {0,...,p(c) — 1} (2.16)

where |z] is the largest integer less than or equal to z. The twist class is an integer which
evaluates n(r) in the fundamental range shown, and twist classes will control the mon-
odromies of twisted fields in the orbifolds below. Note that 7i(r) = n(r) when n(r) is in the
fundamental range. We also compute the twist class corresponding to —n(r)

“n(r) = —a(r) = { /(O)(a) — a(r) VVZIIIISIIII ;’:((:)) jg (2.17)

where we have used —|—z| = |z]| + 1 for  not an integer.

In what follows, the description of each sector o of the general current-algebraic orbifold
A(H)/H is given in terms of the solution {U'(c), E(0)} of the H-eigenvalue problem (2.8).
It is unlikely that a solution of the H-eigenvalue problem can be found across all H, but
solution of the H-eigenvalue problem is straightforward for any particular choice of H: The
solutions for the cyclic permutation groups H = Zjy

g=o) g, g ~g . (2.18a)

a—a,l, a=1,...,dimg, I=0,.,2-1 (2.18Db)

6




w(hﬂ)ab - w(h‘a)al o7 = 6ab(51+0,.1 mod A\ g = 0, (X33} A—-1 (2180)

A
n(r), u — r,aj, F=0,..p(0)—1, j=0,.,——1 2.18d
o o) = (2.15)
: ] 5 b 21ri}$}a)r(j—!) 2mir
t r) 1 roj _ _ Yq  mlleirig=l) A -+
U (U)a“( b5 U (U)al T = — :(O_)e i, mod 525 E.(0) __ e @) (2.18e)

were given in Ref. 19, which also defines the integers N(c). In this case, the labels (a, j) are
the degeneracy indices of the spectral indices n(r) = r, with 7 = r — p(0)|r/p(c)|. The U?
periodicity 7 — 7 & p(0) is a consequence of the support (( — I)p/A) € Z of the Kronecker
factor. More generally, the eigenvectors of each H-eigenvalue problem are the basis elements
of discrete Fourier transforms with period p(c) in the spectral indices {n(r)}.

‘The solutions for the permutation group H = Sy and the general group of inner au-
tomorphisms of simple g will be given in Secs. 8 and 9 respectively. The setups for the
permutation group H = Dy and the general group of outer automorphisms of simple g are
given in Apps. J and K respectively. Many other large examples remain to be worked out in
further detail, including the other permutation subgroups of Sy (see also Subsec. 3.1).

2.4 The twisted currents of the orbifold A(H)/H

We turn next to the twisted currents J of the current-algebraic orbifold

A(H '
L, H C Aut(g) (2.19)
H
where A(H) is any H-invariant CFT.
For each conjugacy class o, the-eigencurrent!® J (o) is defined as the linear combination

of the untwisted currents J
jﬂ(")#(z) = X(a)n(r)uU(a)n(r)u aJa(z)’ Ja(z) = X(U);(lr)”Ut(U)an(r)ujn(r)#(Z) (2.203.)

Tnryu(2) = Enw) (0) Tngryu(2) - (2.20b)

(
which (according to (2.6a) and (2.11)) has a dlagonal response Ey (o) to the automorphism
group. The numbers x(o)n) (o). = X(0)n(r)p With x(0) = 1 comprise an otherwise arbitrary
set of normalization constants. :
In general orbifold theory!®:13:1%:16:19,21 the sectors of each orbifold A(H)/H are labeled
by the conjugacy classes 0 = 0,..., N, — 1 of H. The twisted currents J (o) of sector o are

obtained from the eigencurrents of sector o by the OPE isomorphism?!>!?
Jn(r)u(z) 7 jn(r)u(z) (2-213‘)
automorphisms E,(;)(0) —* monodromies E,)(o) ' (2.21b)



which includes the automorphism/monodromy exchange in (2.21b).
The OPE isomorphism (2.21) gives the twisted current system!® of sector o

' . n($)s, \ 3

Ty (2) oy (w) = Qn((zu;_n (3;2(0) + %fnmmn(s)uz (_) La) Tostt) +0((z—w)°)  (2.22a)
Jnteu(2€™) = En(0)Jaru(2),  Eary(0) =€ 70 (2.22b)

Tow)so@n(@) = Ja@u(2),  Jp@-neryu(2) = Jon@yu(2) (2.22¢)

' Gn(ryuin(s)r (0) = x(@)nryux(@)n(ew U (0)ngry “U(0)n(syy "Gab (2.22d)

F n(r)uin(s)v "(5) = X(@)nryuX(0) (e X (@)U (0) ey “UL0) nisyu bf.. U (0)," W (2.22¢)
| #{J(0)} = #{J} = dimg (2,220

and (2.22b) tells us that the twisted current J,, has twist class 7(r) in (2.16). The relations
(2.22d) and (2.22e) are the orbifold duality transformations

G—G(G;0),  f-F(f;0) (2:23)

from the untwisted metric G, and structure constants f,,¢ to the twisted metric G(o) and
the twisted structure constants F(o) of sector o.
The twisted tensors G(o) and F(o) inherit the spectral index periodicity

_ n(t)s, \ _ n(t)s
Onryto(o) im0 (0) = Gntyumew (@) Fagrysoorumie ) = Foyumier (@) (2:24)

from the periodicity (2.12b) of the eigenvectors U(c) -and U'(c), and similarly for n(s) and
n(t). For the same reason, the periodicity n(r) — n(r) & p(o) holds for each spectral index
of each of the twisted tensors introduced below.

For the untwisted sector ¢ = 0 one has U'(0) = 1, A(r) =0, u = a and

Gas(0) = G,  Fu®(0) = £  Jalo=0)=To(c=0)=1J, (2.25)

so the system (2.22) reduces in this case to the OPE’s (2.1a) of the affine Lie algebra of
the H-covariant algebra g. The number of twisted currents in (2.22f) is independent of ¢
because U'(o) is an invertible square matrix. The twisted current system (2.22) was called
g(H C Aut(g); o) in Ref. 19.

The twisted metric of sector o also satisfies

gn('r)u;n(s)u(a) = gn(s)u;n('r)y,(a) (226&)
Gntrysn(s) (0)(1 = En(r)(0) Bns)(0)) = 0 (2.26b)
Gr(ryun(s)r (T) = On(r)+n(s),0 mod p(¢) In(r)pss—n(r)w (0) - (2.26¢)

8




where the selection rule for G in (2.26b) is the dual® in sector o of the H-invariance of G
in (2.6c), and (2.26¢) is the solution' of the selection rule. Similarly, the twisted structure
constants of sector o satisfy

Foopmtar " 0) = ~Fatumin ) (2.272)

ey O F s @)+ Fainirs ™ OV Fniranae™ " (0)
tF asin(ryu " (o), n(s)vin(u) " (0) =0 (2.27b)
Fatopintsn6(0) = Foipyn”  (0)Gntu)ens(0) = = Fauntsntow(0)  (2:27¢)
F, n(r)u;n(s)yn(t)d(o- ) (1 = Engy(0) Ens)(0) Bngy(0)*) =0 (2.27d)
7, n(r)u;n(s)un(t)6(0 ) = On(r)+n(s)—n(t),0 mod p(a)f,;(,)ﬂ,n(s),,"(r)”(s)"s(a) - (2.27e)
}-n(r)”’n(s)un(r)fn(s»“(a) =0  unless n(r) +n(s) € {n(r)} . (2.27f)

The relation (2.27b) is the Jacobi identity of the twisted structure constants, and the twisted
structure constants in (2.27c¢) with all indices down are totally antisymmetric. The F-
selection rule (2.27d) (and its solution in (2.27¢,f)) is the dual in sector o of the H-invariance
(2.6¢) of the untwisted structure constants.

The H-invariance conditions (2.6¢) also imply® that the twisted metric and twisted struc-
ture constants are class functions'® under conjugation in H

w(hy) — vi(o)w(he)v(o), v(o)vl(o) =1, v(o) € H (2.28a)
U(o) = U(o)w(o), Ul(o) = vt(0)U' (o), (2.28b)
G(U(o)v(o);0) = G(U(o);0),  F(U(o)v(o);0) = F(U(0);0) (2.28¢)

where the H-eigenvalue problem (2.11) was used to obtain the change of U(c), U'(c) under
conjugation.
A more informative presentation of the twisted current system (2.22) is

. - d, Gn(rypu— o
Jn(r) ( )Jn(S)u (w) = -n(r)+n(S),0 mo(ipﬁf)w;z(T)#: n(T),V( )
¢To prove the selection rule (2.26b), use (2.6¢) to replace G by w?G in the orbifold duality transformation
(2.22d), followed by the appropriate form of the H-eigenvalue problem in (2.11). All the selection rules below
follow similarly from the orbifold duality transformations,' the H-eigenvalue problem and the corresponding
H-invariances of the untwisted tensors.
fWhen H is a direct product group, further Kronecker factors can occur in the reduced twisted tensor
Gn(r)ui—n(r),»(0)- Similarly, further Kronecker factors can occur in the reduced forms of each twisted tensor
below.
8To prove that G is a class function, use the duality transformation (2.22d), the change of U in (2.28b) and
the H-invariance of G in (2.6¢). With the relevant duality transformation and H-invariance, each twisted
tensor introduced below is similarly proved to be a class function.
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iF o O w .
+ n(r)y,,n(s)y ( ) 'I'L( )+n(s) 6( ) + O((z _ w)o) (2.293')
zZ—Ww
2rin(r) . ’
Faryu(2€) = €5 Juulz), 0 =0,., N —1 (2.29b)

where the F term is summed only on the repeated degeneracy index 4. In this form, we
have incorporated the solutions of the G- and F-selection rules to exhibit the grading of
the orbifold system. Looking back, one sees that this grading is a consequence of the H-
covariance of the untwisted affine algebra g.

[

2.5 The general orbifold affine-Virasoro construction

The stress tensor T, of sector o of A(H)/H follows by first rewriting the stress tensor T
of the untwisted sector in terms of the eigencurrents and then using the OPE isomorphism
(2.21a) to obtain® the derived OPE isomorphism!®

T(z2) = Ty (2) . & (2.30)

The result is the general orbifold affine- Virasoro construction'®

e _ ¢o)/2 2 Ow v, 0
Ty (2)Ty(w) = Z—w) + ((z ) +— w)T,,(w) + O((z — w)?) (2.31a)
T, (z) = LPOBnEY () . jn(,)ﬂ(z)jn(s),,(z) 5, é(0) =c=2GgL* (2.31b)
LA () = x(0) 7k X0y, LU (0), MU (o), e (2:31c)
Ln(r)u;n(S)V(o) — En(S)V;n(T)u(U) (2.31d)

which reduces in the untwisted sector of each orbifold to the general H-invariant affine-
Virasoro construction 75— = T in (2.7a). Here (2.31c) is the orbifold duality transformation

L — L(L; o) | (2.32)

from the H-invariant inverse inertia tensor £(0) = L of the untwisted sector to the twisted

inverse inertia tensor £(o) of sector o.
The symbol : (-) : in (2.31b) denotes the orbifold extension of OPE normal ordering3%2219

.' n(t)s, \ 5
2 a S ~ gn Puin(s V(U) 7’]:71. ru;n(s)v (0) J"(t)5(w)
! Inryu(2) Ingsy (W) 0 = Jn(ryu(2) Jngey (w) — <(z>u_ (uj)z _ L n(rmin( )Z -

(2.33a)
(2.33Db)

o A dz jn,. (z)jnsu(,w)
Jn("')lt(w)']n(s)u(’l.U) : :% _2.;7? (rp Z__ u())

hSchematically, T=L:JJ:=L:JJ: - T, =L:JJ .
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where the contour in (2.33b) does not encircle the origin. We emphasize that the simplicity
of the result (2.31b) would be compromised should other ordering prescriptions be employed
(see Eqgs. (3.11) and (H.2b)). Following the usage in Refs. 22, 19, and 21, we will refer to
the prescription (2.33) as OPE normal ordering.’

The general orbifold affine-Virasoro construction (2.31) is the center of the orbifold pro-
gram. Although the OPE isomorphisms (2.21) and (2.30) gave a simple derivation of this
result, the Virasoro property (2.31a) of T, was checked against the earlier general Vira-
soro construction?? for cyclic permutation orbifolds. The Virasoro property (2.31a) was also
checked by direct OPE computation in Ref. 19 (see also Sec. 5 and App. E). Because of the
OPE normal ordering, one finds that every step of this computatlon follows by the duality

algorithm?!®
a—n(r)p, G-—26G, f—-F L-—mL (2.34)

from the corresponding step in the direct OPE verification of the Virasoro property of the
general affine-Virasoro construction 7" in (2.3b). The final result of this computation is that
the twisted inverse inertia tensor L£(o) must satisfy the general orbifold Virasoro master
equation®®

LR () = LMW (0)G o () X7 (o) (2.5
_En(r W n(s' ! ( )En(t)é in(t')s ( )Fn(r’)#/;n(t)g(r)ﬂ (U)fn(sl)y';n(tl)gln(sw(J)

n

n(r )y ;n(s" )/ n(t')§ n(s)v);
— ()l in(s") (0)F " m()8 ) (o) fn(s’)u’;n(t’)&’(n(r)”(U) L£7s) )n(t)&( )

which can indeed be obtained by the duality algorithm (2.34) from the Virasoro master equa-
tion in (2.3c). Moreover, the general orbifold Virasoro master equation (2.35) is dual (by the
orbifold duality transformation (2.31c)) to the Virasoro master equation. A final connection
is that (2.35) reduces to the Virasoro master equation (2.3c) when the automorphism group
H is trivial. The result (2.35) generalizes the earlier orbifold Virasoro master equation®® for
cyclic permutation orbifolds. :

The twisted inverse inertia tensors L£(o) of the various sectors of each orbifold are related
by the orbifold duality transformation (2.31c) and its inverse L(L) according to

En(r)’p’;n(s)’u’ (U’)

X(a)n r X(a)n s)v n(r
= o D L O () (U (0)UH(0')) ey
X(U )n(r) u » x(a' )n(r) 73 .
Similar relations are easily found among the sectors o of the twisted tensors G(o), F(o)
introduced above, as well as among the sectors of the other twisted tensors introduced
below.

"E V(U0 e - (2.36)

iThe OPE normal ordering in (2.33) is the natural finite part of the orbifold operator product, but, except
in the untwisted sectors,® this ordering is generally not a true normal ordering (with zero vev). Indeed, this
fact accounts for the non-zero ground state conformal weights of most orbifold sectors.
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The twisted inverse inertia tensors £(o) also satisfy'®
LA (0) (1= Buir(0) B (0)) = 0 (2:372)

Lrrnis (0) = bn(r)-+n(s),0 mod p(o) Lrowny (0) (2.:37b)

where the L-selection rule in (2.37a) is the dual in sector o of the H-invariance (2.7a) of the
inverse inertia tensor L in the untwisted sector. Another consequence of the H-invariance
(2.7a) is that each L£(0) is a class function'® '

L{U(o)v(0);0) = L(U(0); 0) (2.38)

under the H-conjugation in (2.28).
Incorporation of the L-selection rule (2.37) gives a more informative presentation of the
general orbifold affine-Virasoro construction

T,(z) = LA (5) I () amyp(2) 1 T (2€¥™) = T,(2) (2.39a)

&(0) = 20n(ryps—n(r) p (O) L (0) = 2G L =¢, 0=0,..,N.—1  (2.39b)

which shows that the orbifold stress tensors have trivial monodromy. Moreover, the £-
selection rule (2.37) is consistent with the general orbifold Virasoro master equation (2.35),
and the two can be combined to obtain a reduced master equation for LMMH—)¥(g),
Looking back, one sees that this consistency is a consequence of the underlying H-symmetry
of the CFT A(H).

2.6 The cyclic permutation orbifolds A(Z))/Z)

9

As an example, we recall the seminal case!® of the general cyclic permutation orbifold

A(Z)) /2L, :
a—al, L®IY=-p% — [=0,.,A-1 (2.40a)

~

’I’L(T), u—r, a’j7 Jn(r)y, - j(g); X(o)n(r)u — X(U-)raj = p(O") (240b)
graj;sbl(a) = p(a)knabéjl5r+s,0 mod p(a)s fraj;sbltcm(a) = fabc jl61m67+s—t,0 mod p(0) (240C)
¢ abcjc(;+5)(w)

F(r v"s paknaér 5,0 mo a
JE(2) I3 (w)=6;{ ()R- mod ) }4+0((z—w)®)  (2.40d)

(z — w)? (z — w)
j(g;)(ZeZWi) — e—%%jg) (), j‘gip(a)) (2) = j(g)(z) (2.40e)
. o)~ st -
T,(2)= Y. S i) JD(2)J57 (=) - (2.401)
=0 7,0=0
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(o)1
1 21nN a)rs
[ bl b
LT85T — _(__ ZO >‘)s+j—l (2.40g)

(o)-1
c oy Ak ,,2 ’ N( b
= ) L% 2.
Ao(0) v (0){ E csc?( p(a)r} (2.40h)
)\
a,b=1,..dimg, 75=0,..p(c)~1, ,l:O,...,————l, o=0,.,A—1
g p(o) J o)

(2.401)

whose relation to the orbifold Virasoro master equation®? provided a nontrivial check of the
orbifold program.

The special case (2.40) follows from the discussion above and the Zy-eigendata in (2.18).
In this case the twisted current system (2.40d,e) describes a sector-dependent set of semisim-
ple orbifold affine algebras.!® The orbifold duality transformation £(L; o) in (2.40g) is a set
of discrete Fourier transforms of L, with spectral index periodicity 7 — r + p(c), where L is
the inverse inertia tensor of any Z,(permutation)-invariant CFT A(Z,). The twisted inverse
inertia tensors £~ (g) were called £:9°®) (o) in Ref. 19 and the result in (2.40h) is the
ground state conformal weight of sector o.

The orbifold duality transformations for G and F in (2.40c) can also be written as discrete
Fourier transforms and, indeed, because of the periodicity of the eigenvectors of each H-
eigenvalue problem, all the orbifold duality transformations- of this paper

G(G;o), F(f;0), L(L;o), = (2.41)

are discrete Fourier transforms with period p(o) in the spectral indices {n(r)}.

3 The Mode Formulation of Orbifold Theory

As an application of the local formulation above, we turn now to the mode formulation of
the general current-algebraic orbifold.

3.1 The general twisted current algebra

The first step in the mode formulation is to find the twisted current algebra of each sector
of each orbifold A(H)/H, beginning with the general twisted current system (2.29).
The mode expansion of the twisted currents -

(20
r)# ZJ (ryulm ) ooy~ (3.1a)
mezZ
PN ~ nlr o _ n(r)+p(c
Taeyu(2) = Tniyzotoru(2) = Y Ja(rytpieru(m + 22522 (e 20(d)—1 (3.1b)
' meZ
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follows from the monodromies (2.29b) and the periodicity (2.22c). From (3.1b) we find the
periodicity of the modes

n(r)xp(c
n(rrapteru(m F 1+ 2O = Jooy, o), (m + H n(r)u(m + ) (3.2a)

j—"("‘) M(m - ;(}—)) a) n(r), u(m -1 + %2) _ (32b)
Ty otoru(m + M) 2 Jooy (m + 55) (3.2¢)

which includes and generalizes the mode per10d1c1ty of orbifold affine algebra.!>?21® Note
that the modes do not satisfy the naive periodicity (3.2¢c).
We introduce next the operators J with trivial monodromy

2 n(r) .

Fronle) = 253 du(2) (3.39)
on(2) w1 n(r)/p(o)
Iniryu(z )J"(s)" (w) = 6"(")‘*‘"(5) 0 mod p(a)w  #@  ( + )Gn(ryi—n(r)w(0)

(z—w)?  w(z—w)

i, n(r) u,n(s)un(r)Jrn(S)’J(a) Ja(ryin(s)s(w)
Z—w

The Kronecker delta in the first term of (3.3b) guarantees that these OPE’s are free of branch

cuts, which is a necessary condition for the monodromies (2.29b) to be consistent with the

OPE’s (2.29a).
Then standard analysis of the OPE’s (3.3b) gives the geneml twisted current algebra

8(o) = §(H C Aut(g);0)

+0((z —w)?). (3.3b)

r)+n(s),0 7 n(s
[Jn(T‘)ﬂ(m + _pi(E)l) Jn(s)u(n + #)] Zf r)u,n(s)un( ) ( ) (U)Jn(r)+n(s)’6(m + n + E(zpl(——t;'__(—z)

+(m %(ﬂ)ém+n+ngrz(4:;gs) 0 Gn(ryui—n(r) v (0) (3.4a)
m,n € Z, c=0,...,N,— 1 (3.4b)

in sector o of each orbifold A(H)/H. Here N, is the number of conjugacy classes of H, and
the duality transformations for G and F are given in Eq. (2.22). To obtain (3.4) we have
used the identity .

(5n(r)+n(s),0 mod p(a)5m+n+2—(%‘)—(§l,0 = 5m+n+wg—g;il,0 (35)

to simplify the G term.

The general twisted current algebra (3.4) shows a natural grading across all orbifolds.
The general twisted current algebra also satisfies the Jacobi identity (see App. A), which is
the ultimate check of the consistency of the principle (2.21).

Looking back, one sees that the grading and the consistency of the general twisted current
algebra are consequences of the H-covariance of the underlying affine algebra (2.1b) on g.
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'The general twisted current algebra is also consistent with the mode periodicity relations
(3.2) and, in the untwisted sector o = 0, the general twisted current algebra reduces to the
H-covariant affine algebra on g. .

Another feature of the general twisted cuirent algebra is the 1ntegral affine subalgebra

( )(U) C §(o) : [JOu( m), JOV( )] = 2«7:0“;01/ o )JOJ(m"‘ n) +m5m+n,o Gousov(0) (3.6)

which is an untwisted affine Lie algebra generated by the set of currents in twist class
7i(r) = 0. The integral affine subalgebra §(®)(¢) is non-trivial for all known non-abelian §(o).

As an example of §(c), we mention the semisimple orbifold affine algebra at orbifold
affine level k(o) = p(o)k

§(0) = 8(Z(permutation) C Aut(g);o), g=@158, 9 =g (3.7a)

[ Dm+ —‘j) i (n+ 7)) = 6jl{ifabcjc(;+5) (m+n+2E5) +(m+ R%)ém+n+%%,o p(0)knan}

) : (3.7b)
JGED (m+ 5) = IS (m + o) (3.7¢)
A
a,b=1,...,dimg, 75§=0,..,p(c)—1, §l=0,.,——1, c=0,..,A—1
| | p(o)
(3.7d)

which holds’ in sector o of each cyclic permutation orbifold A(Z,)/Z,. Using the data
(2.40b,c,i), the form (3.7) follows from the general twisted current algebra (3.4). The algebra
is also equivalent to the twisted current system in (2.40).

Here is a summary of what is known about (the H-eigenvalue problem and) the twisted
current algebra g(H C Aut(g);o) : ‘

o H is any subgroup of Sy(permutation) — sets of commuting orbifold affine

algebras!®—17:22:19=21 at various levels.

o H is a group of inner or outer automorphisms of simple g — inner-automorphically

twisted 041304218 and outer-automorphically twisted*®41!8 affine Lie algebras.

o H is a group of inner automorphisms of each copy g/ = g times a permutation group

which acts among the copies — doubly-twisted affine algebras.?219:21
The results'® for H = Z,(permutation) are collected in Egs. (2.18), (2.40) and (3.7). The
case H = Sy(permutation) is discussed in detail in Sec. 8 and the case of the general group
H = H(d) of inner automorphisms of simple g is discussed in Sec. 9. The setups for the
case H = I, (permutation) and the outer automorphlsm groups of simple g are included in
Apps. J and K respectively.

There are many other cases for which the twisted current algebras have not yet been
worked out (e.g. H is a group of outer automorphisms of each copy g’ = g times a permu- -
tation group which acts among the copies). Another basis for the general twisted current
algebra g(o) is given in App. C. ‘

JFor prime X one has p(c) = A andA 7 =0 for all A —1 twisted sectors, so each twisted sector has only the
simple orbifold affine algebra at level £ = Ak. This was first seen'® in the characters of cyclic copy orbifolds.
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3.2 Operator products and mode ordering

In addition to OPE normal ordering (2.33), it is convenient to introduce a mode ordering®

HJngru(m + ) T (n+ H) i = 0(m+ 58 > 0) Jngep (n+ 28 Jagryu(m + 55)

p(o) ple) =
+6(m %;_) < 0) Jugryu(m + %;%)Jn(s)u(n + %(%-%) (3-8)

denoted by the subscript M. Then one may use (3.1a), (3.4) and (3.8) to compute the exact
operator product of the twisted currents

o) = (23 (s DG (0

n(s),0 7
F iyt O (0) Sy (a6 (W)

+

}+ : jn(r)u‘(z)jn(S)u(’lU) M (3.9) |

zZ—w
where 7(r) is the twist class of jn(r)u (see Eq. (2.16)). The partial conversion n(r) — 7(r)
seen here is detailed in App. D, and it is easily checked that the result (3.9) is consistent with
the OPE’s (2.29). We also note that every term in (3.9) is periodic under n(r) — n(r) +p(o),

n(r) — n(r).

Comparing (3.9) with (2.33), we may express the OPE normal ordered product

o o N A i'ﬁ("") n(r)+n(s), 7
t Jnryu(2) s (2) 1 = 1 In@u(2) Ingsy(2) im _Zl;(_a_j]:n(r)u;n(sw O3 Futryin(s) 6 (2)
1 #(r) a(r) :
) 1- n(r)u;n(s)v 10
22 2,0(0)( (0)) (r)um(s) (o) (3.10)

in terms of an M ordered product.
With the relation (3.10), the general orbifold stress tensor (2.39a) can be expressed in
terms of an M ordered product as

Tg(z) _ Z L —n(r)v ( ){ jn(r)u(z)j_n(r),y(z) M —%fn(ﬂﬂ,—n 06(0) JOJZ(Z)
2y ) ﬁ(r) ﬁ(’r) ‘ . |
5 20(0) (1- ;((j—))gnmu;—n(r),u(d)} : (3.11)

In this form, we note the presence of the Freericks-Halpern® term Jys(z)/z, where Jos are
- the generators of the integral affine subalgebra.

kMany mode orderings are possible, the most effective ordering being the one that is closest to “normal”
(zero vev), given the mode characterization of the ground state of a given sector. The M-ordering in (3.8)
is a normal ordering for the orbifold affine algebras of the general permutation orbifold (see Secs. 7 and 8).
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3.3 The Virasorb generators of sector o

The OPE normal ordered product of the tw1sted current modes can also be expressed in
terms of M ordering'

: Jn(,.)u('m + ;(%)Jn(s),,(n + ;%;)2) = J,,(,)u(m + ;%)Jn(s)y(n + %;)2)

(7”) n(r)+n(s),s s (v (s .
p(o’) n("‘)l‘ n(s)v (U) Jn(j‘)-{-n(s),& (m +n+ rC )
ar) o)

Y mTJrnss n{rp;— v . 12
2p(0) P OL p(o’)) m+n+—L3%Ll,og (r)s=n(r), (o) (3.12)

~ Then (using the mode expansion (3.1a) of the twisted currents) the general orbifold stress
tensor in (2.39) or (3.11) glves the orbifold Virasoro generators

=Y Ly(mz"™7? 0=0,.,N~1 (3.13a)
meZ . .
Ly,(m) = Z Lrr=nln)y( Z Tniryu(p + ,,—((;%)J—n(r J(m—p— ;é;%) : (3.13b)
T\ PEZ
= Y LR O0) (3 o+ BT el )
TV pEZ

((cg n(r)p;—n(r)v () Jos(m)

7i(r) ( )
+5m, 1- gn u;—n(r),y\O 3.13c
for all sectors o of each orbifold A(H)/H. This result is the mode form of the general orbifold
affine-Virasoro construction. For the untwisted sector o = 0, the general construction (3.13)
reduces to the mode formulation of the general H-invariant affine-Virasoro construction?® in

(2.7a).
The simplest example of this result is the orbifold U(1)/Zs:
J(2)J (w) = (;,«—_1;555 FO(G-w)),  T()=y:7): (3.14a)
o=1: Jk)=~-Jw), p1)=2  Ul)=x1)=1 (3.14b)
J(2) F(w) = (7:1—10—)2 O w)), () = — () (3.14¢)
)= 32 et B s St )= (4D nsnesa 0140
Loms(m) = 3 3+ Jlp+ HIm=p = 1) Himos (3.140)



J(m+ %) > 0)[0) = (Lo=1(m > 0) - m016)10>—0 (3.141)

Here J = jn(,)zl = jn(r)=_1 = 3X is the current of the standard %-integrally moded scalar
field X. This twisted field was invented! by Halpern and Thorn, who used it to construct
the first twisted sector of an orbifold.

For the seminal non-abelian example,'® the Virasoro generators of the permutation orb-
ifolds A(Z,)/Z, ‘

-1

plo)-1 p(a)
Li(m) = [ > £97™0) D IR0+ ) (m—p = 35) im
r=0 7,l=0 pEZ
p(a) :
+ Lradi= er o aCJc(q) m —|—6m. r 1-— r kp(o)n. 3.15

follow from (2.40) and (3.13).

4 The Orbifold Adjoint Operation

4.1 The orbifold conjugation matrix

To study the adjoint operation in the twisted sectors, we first introduce the orbifold conju-
gation matrix R,

p ~—s* R(p;o) (4.1a)

Ry (0) Z X@)aty X0V, U0V n,® *0UN @)™ (4.1b)
R(0)*R(o) =R(o)R(0)" =1 (4.1c)

'Rn(r)u n(S)t/(o') (1 - En(,_)( ) n(s) ( )) (4_1d)

Riryn " (0) = Gnryin(s)0 mod p0) Ringry .—"(T)’"(U) (4.1e)

which is the dual in sector o (see the following subsection) of the conjugation matrix p in
Eq. (2.2). Eq. (4.1a) and its realization in (4.1b) is another orbifold duality transformation
on the same footing as the earlier ones for G, F and £. From Eq. (4.1b) and the H-eigenvalue
problem (2.11), one sees that the R-selection rule in (4.1d) (and its solution in (4.1e)) is
the dual in sector o of the H-covariance (2.6d) of the conjugation matrix p. The orbifold
- conjugation matrix R also controls the complex conjugation of the other twisted tensors'

Gt (@) = Ry (0) R, (0) Gniyringuy (0) (42a)

ITo prove (4.2c), for example, use the duality transformation £(L) in (2.31c) and the L* relation in (2.5),
followed by the inverse L(L) of the duality transformation.
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n(®)8 yx _ @ [\ 1o ()’ n(w)d" ©6 _\+
Faepmiaw  (O) =Ry, (0) Ry ™ (0) Frpwintopr (0) Ry (2 9b)
En(r)u;n(s)u(o_)* — Ln(t)“l;n(u)y’ (0) :R’n(t)#ln('r)u (0)* Rn(u)uln(s)u (0_)* (420)

in each sector o of each orbifold A(H)/H. These results are dual to Eqs. (2.2b) and (2.5),
so that, in particular, the relation (4.2c) holds when the CFT A(H) is unitary.

Another consequence of the H-covariance of p in (2.6d) is that each R(c) is a class
function

R(U(o)v(0);0) = R(U(0); 0) (4.3)
under the H-conjugation in (2.28).

4.2 The adjoint of the twisted currents

We can now give the adjoint of the twisted currents of sector o

nryu(m + )T = ZRW T (0)J a0 (—m — 3) (4.4a)
jn(r)u(m + %%)H = jn(r)u(m + Z((; ) (4.4b)

where R(0) is the orbifold conjugation matrix defined above. The orbifold adjoint operation
(4.4a) is the dual™ in sector o of the adjoint operation (2.2a) on the untwisted currents. The
consistency relation (4.4b) is easily checked with Eqgs. (4.4a) and (A.3).

The orbifold adjoint operation (4.4a) defines a real form of the general twisted current
algebra §(o) in (3.4) because the adjoint of the algebra

[ngryu(m + 2N, Jngoy (n 4+ 2T = —(m + 2D)G ) s nis (0 T) 0 g nielinte) o
)il
is consistent with g(o). To verify this statement, use (A.4a) and (A.4b).

In the case!® of the permutation orbifolds A(Z,)/Z,, the twisted current algebra is the
semisimple orbifold affine algebra (3.7) and we obtain the orbifold adjoint operation

~(nlryn(s).2 (U)*jn(r)-kn(s),ﬁ(m +n+t %)T | (4.5)

Pl = py ¥ = plbs,’, I,J=0,..,A-1 (4.6a)

R(0) = Ryg;(0) = P20 rssomod o)y g (m+ 555)t = p 57 (—m — o£5) (4.6b)

from (2.18), (2.40) and (4.4a). This adjoint operation is in agreement with the standard
‘adjoint operation for orbifold affine algebra!®!® and it is known'® that this adjoint operation

mThe local form J(z)! = RJ(2~1*)2=2* of the adjoint operation (4.4a), including the form (4.1b) of R,
follows by duality transformation from the local form J(2)t = pJ(2~1*)2=2* of the adjoint operation (2.2)
in the untwisted sector.
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guarantees unitarity of the twisted affine Hilbert space when the untwisted affine Hilbert
space is unitary.

More generally, as we will note in Secs. 7, 8 and 9, the orbifold adjoint operation defines
a unitary twisted affine Hilbert space for each sector of the orbifolds®

A(H)/H, where H is any subgroup of Sy (permutation)

o A(H(d))/H(d), where H(d) is any group of inner automorphisms of simple ¢

o A(H)/H, where H is a product of any subgroup of Sy (permutation) times a group of

inner automorphisms :
when the untwisted affine Hilbert space is unitary. On the basis of this evidence, we con-
jecture that the orbifold adjoint operation implies unitarity of all the twisted affine Hilbert
spaces of A(H)/H, given the unitarity of the untwisted affine Hilbert space.

4.3 The adjoint of the orbifold Virasoro generators

The adjoint (4.4a) of the twisted currents gives the desired adjoint operation on the Virasoro

generators
Ly(m)t = Ly(—m) (4.7)

in every sector o of each orbifold A(H)/H. To see this, apply the orbifold adjoint operation
(4.4a) to the mode form (3.13c) of the Virasoro generators and use the £* relation (A.4c).
In further detail, one finds that the (J)2, (J)! and (J)° terms in (3.13c) satisfy the adjoint
relation (4.7) separately.

It follows that all the twisted sectors of the orbifolds bulleted in Subsec. 4.2 are unitary
when the CFT’s A(H) are unitary,® and similarly for all A(H)/H if our conjecture in that
subsection can be proven.

5 The 7J OPE’s of A(H)/H

The OPE isomorphisms also allow us to compute the T, J(o) OPE’s of orbifold theory.
To begin this discussion, we remind the reader of the TJ OPE of the general affine-

Virasoro construction?6:44:45,23,25

T(a(u) = MDAyt 22 )+ ;f”(f,’)"°(w) HO((z-u)) (5.15)
[L(m), Jo(n)] = —nM (L) 2 Jo(m +n) + N(L),* Y : Jy(p)Je(m +n — p): (5.1b)

pEZ
ML) = 2Go L + f,,°L%f..%,  N(L)J* = —if,, L (5.1c)

"In all these cases, unitarity of the twisted affine Hilbert spaces follows easily from known orbifold induc-
tion procedures.40:41,30:42,15,22
°This result was established for the permutation orbifolds A(Z,)/Zy in Ref. 19.
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M(L)w = M(L)(Gos = M(L)sa, ~ N(L),"* = N(L)* (5.1d)

M(L) = pM(L)p* = M(L)',  N(L)** = —p/N(L)Tp"pf" . (51e)

In the special case of the H-invariant CFT’S».A(H ), one finds that the H-invariances of the
tensors M(L) and N(L)

w, ML) =0,  w!N(L)WhOWhf=ND)" VYweHCAu() (52

follow from (5.1c), (2.6c) and (2.7a).
For the general orbifold A(H)/H, the OPE isomorphisms for J(o) and T, in (2.21a) and
(2.30) combine to give the derived OPE isomorphism

~

T(Z)jn(,-)u(w) —= Ta(z)Jn(T)u(w) (53)

and this isomorphism gives the general 7, J(c) OPE in sector o of A(H)/H
1 O

L@ Iuon(w) = My, ™ O + =y e (@) (5.42)
+Nn(7‘) R () ¢ ey (w )Jn(t)a(W)i+ O((z - w))
z— W
M0, (0) = (@) 2(0) 2, U (0)nryu® M (L),2U (0)," (5.4b)
Ny "m0 (g) = Xt 5y apy (1) bt (0)," P Ut (0),20 . (5.40)

X(0)n(s)rX(O)n(t)s

The twisted tensors M(o) and M (o) in (5.4b,c) are the dual in sector o of the untwisted
tensors M (L) and N (L) :

M(L) = M(M(L);0),  N(L)—» N(N(L);0) (5-5)

and the same result (5.4) can be obtained by direct OPE calculation (see App. E) in the
twisted sectors of the orbifolds. The orbifold duality transformations (5.5) (and their real-
ization in (5.4b,c)) are on the same footing as the earlier ones for G, F, £ and R.

One also finds the M- and N -selection rules and their solutions

Mn(,)u"“)%a)(l ~ Bur)(0) o (0)") = 0 (5.62)
Mn(r)/,tn(s (0) = On(r)-n(s),0 mod P(‘T)Mn(r)p. V(U) (56b)
n(s)y; é
Moty Ein®(gy(1 - Enr)(0)En(s)(0)" Eny(0)*) =0 (5.6¢)
n(s)vin(t)é n(s)v;n(r 0
N'n,(r)y, Epintt) ( ) = On(r)—n(s)—n(t),0 mod p(a)N (r)p (s)vin(r)=ns) (0') (56(1)
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Nty mn) =M () =0 unless n(r) —n(s) € {n{r)} (5.6e)

which are the dual in sector o of the H-invariances (5.2) of M (L) and N(L) in the untwisted

sector.
Another consequence of the H-invariances in (5.2) is that the twisted tensors M(o) and

N (o) are class functions (
M(U(o)v(0);0) = M(U(0);0),  N(U(o)v(0);0) = N(U(0);0) (5.7)

under the H-conjugation in (2.28).
Using the M- and N -selection rules in (5.6), one obtains the 7, J(o) OPE’s in the more

informative presentation

“ - n(r)v 1 a‘”
To(2) Jamu(w) = M,"" (U)[(z “w) T e w)

+N n(s)v; n(r)—-n(s),6 (0)

VIngryo(w) (5.8)

: jn(s)u(w)jn(r)-n(s),d(w) :
zZ— W

n(rlu

+O0((z — w)%)

~which shows the consistency of the monodromies on both sides of the relation. The associated
commutator?

[Lo(m), Jaryu(n + 2] = —(n + ZIYM,, " (0) Jogry(m +n + 23) (5.9)

. n(s)vin(r)—n(s),0 2 nis)y 3 .
FN,yr " TGN N a2+ H) ey nie) 6 (m + 1 — p 4 R

oo
PEZ

follows from (5.8).

6 The Orbifolds of the (H and Lie h)-invariant CFT’s

Our presentation of these “doubly-invariant” CFT’s and their orbifolds will follow the pro-
gression '

A(Lie h(H))
H

starting with a review of Lie symmetry in current-algebraic conformal field theory.

A(Lieh) — A(Lieh(H)) (6.1)

_ PThe complex conjugates M* and N'* can be computed with (5.1e), and the results follow the pattern
seen in Eq. (4.2): a factor of R* or R for an up or' down index respectively. Then it is easily checked that
(5.9) is consistent with the adjoint operations in (4.4a) and (4.7).
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6.1 The Lie h-invariant CFT’s

The Lie h-invariant CFT’s?3-2528.22 on g, called collectively A(Lieh), are those CFT’s with
a Lie symmetry? h C g, which may be realized globally or locally. Large numbers of Lie
h-invariant CFT’s are known,?® and simple examples of A(Liek) include the WZW model
A,(Lie g), described by the affine-Sugawara construction?36-392% on g and the g/h coset
constructions.2%36:46,25 '

To describe this class of CFT’s more precisely, we begin with the index decomposition

a= (A1), Ainh, I'ing/h: Gar=fapg'=fuy =0 (6.2a)

Ja(2)Jp(w) = (zCiAZ)2 L4 A’; C_‘]z(w) +O((z — w)?) ~ (6.2b)

where h is any reductive subalgebra of the ambient algebra g and J, = {Ja} are the A
currents. The Lie h-invariant CFT’s A(Lieh) are those CFT’s on ¢ whose inverse inertia
tensor is invariant under infinitesimal transformations generated by Lie h

T=L%:JJy:, 64L% =1L%f Y= _iN(I),®*=0 A=1,..dimh 6.3
cA A

where N(L) is defined in (5.1). The inverse inertia tensors of A(Lie h) satisfy a consistent?
reduced Virasoro master equation.
At least for all unitary CFT’s in A(Lieh), it follows that**?3
M(L)," =0, M(L),°M(L)c® = M(L),* (6.42)
1 Ow
(z—-w)? 2z-
where M(L),2 is the h block of M(L) (see Eq. (5.1)). As seen in (6.4), the essential
simplifications of the Lie h-invariant CFT’s are that a) M (L), is a projector and b) there
is no two-current term on the right side of (6.4b). It then follows*>? in a left eigenbasis
of M(L),®B that the h currents are either (1,0) or (0,0) operators of T'(z). For the affine-
Sugawara constructions, one has h = g and all the h currents are (1,0) operators, so that
Lie h is realized globally. For the g/h coset constructions the h currents are (0, 0) operators,
so that Lie h is realized locally. For general Lie h-invariant CFT’s, the affine h subalgebras
(6.2b) decompose as®®

T(2)Ja(w) = M(L) 4"(

)Jp(w) +0((z—w)?)  (64)

h=ho®h | (6.5)
where ho and h; are the closed affine subalgebras of the (0,0) and the (1,0) operators
respectively.”

9The Lie h-invariant CFT’s A(Lieh) are also invariant (at least) under the connected part (Lie H), of
the corresponding Lie group Lie H. Moreover (Lie H), C LieG C Aut(g) and (Lie H). C Aut(h), so one
_may consider the orbifolds by a Lie group A(Lie h)/(Lie H). for any Lie h-invariant CFT. We shall not do

so here.

' "In what follows, we will generally assume unitarity of the Lie h-invariant CFT’s and hence the Lie h
relations (6.4). For the affine-Sugawara and coset constructions, however, it is clear that (6.4) holds without
assumption of unitarity. Section 9 gives further evidence that the relations (6.4) may follow directly from
the Virasoro master equation.
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6.2 The (H and Lie h)-invariant CFT’s |
We consider next the (H and Lie h)-invariant CFT’s, called collectively A(Lie h(H)),

A(Lieh(H)) C A(Lieh),  A(Lieh(H)) C A(H) (6.6a)
hCg, HCAut(g), HCAut(h). (6.6b)

These are the CF'T’s which are simultaneously invariant under some Lie h and also a finite
group H, and the CFT’s of A(Lieh(H)) can be used to from the orbifolds A(Lieh(H))/H.
Because g, h and H are not fixed, these doubly-invariant CFT’s provide a different slice of
orbifold theory than the large examples in Subsec. 2.6 and Secs. 8 and 9.

We will not attempt to classify the (H and Lie h)-invariant CFT’s, but the set is large,
including the general WZW model

A (H) = Ag(Lieg) = A(Lieg(H)), HC Aut(é) (6.7)

29,36—39,25

which is described by the affine-Sugawara construction on g, and the general H-

invariant coset construction!®?! .
%(H) C A(Lieh(H)) . (6.8)
Many other examples in A(Lie h(H)) are known including a) the level families that live on
the Lie h-invariant graphs with a graph symmetry3*232% and b) the Lie (h = gg;o,)-invariant
CFT’s*®!% in A(Z,(permutation)), whose stress tensors describe the untwisted sectors of the
G diag(s)-invariant cyclic orbifolds.
Another large class of doubly-invariant CFT’s A(Cartan g(H(d))) is discussed in Sec. 9,
where H = H(d) is any group of inner automorphisms. These doubly-invariant CFT’s
are particularly important because, as we shall see, they underlie the connection between

inner-automorphic orbifolds and stress-tensor spectral flow. ,
- For CFT’s in A(Lieh(H)), the subalgebra h C g is an H-covariant subalgebra®

who)' =0,  Ja'=who) BJp, Vwlh,)€H, A=1,..dimh (6.9)

of the H-covariant ambient algebra g. Here w(h,) £ is the h block of w(h,) and J4 ' satisfies
the same OPE as Jyu, given in (6.2b). Then, using (2.6b,c) and (6.2b), the properties

w(hU)Ach(h’U)CB :b(SAB) w(ha)IA =0 (610&)

W(ha)ACw(ho)BDGCD = G 48, w(hcr)ADw(ha)BEfDE FWT(hU)Fc = fag ¢ (6-10b)

are obtained for all h,. The relations in (6.10b) express the H-invariance of the h tensors
Gap and f,5°. Tt follows that each matrix action w(h,) is block diagonal

w(hy) = (w(hg)AB w(h(:), J) (6.11)
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‘and that the A and g/h blocks w(h,) 4 and w(h,); 7 of w(h,) are separately unitary. Then
the unitary eigenvector matrices U(c) and U't(o) may also be taken block diagonal with each
block separately unitary. Finally, Egs. (5.2) and (6.11) imply the vanishing commutator

w(ha) ACM(L)6® = M(L) ,Ceo(biy) ® - (6.12)

among the h blocks of w(h,) and M(L).

6.3 The orbifolds A(Lieh(H))/H
We turn now to the orbifolds by H of the doubly-invariant CFT’s A(Lieh(H))

A(Lieh(H)) _ A(H)
H H

hcg, HCAut(g), HC Aut(h). (6.13)

The twisted g currents .]An(r)# of these orbifolds satisfy the twisted current algebra
9(H C Aut(g), H C Aut(h);0) ' (6.14)

whose form is included in (3.4). In this case, the ambient algebra (6.14) has a twisted h
subalgebra?! generated by the twisted h currents jx‘;(a)’ which we will discuss below. When Lie
h is realized locally, one must learn to gauge the twisted A currents in an action formulation
of these orbifolds.

To study the twisted h currents-in a “conformal weight” basis (see Eq. (6.16)), we begin
with the simultaneous left-eigenvalue problem

U(0)agrypsn (o) 5 = Eagr)(0)U(0)arype” (6.15a)
U(O)ﬁ(r)eipBM(L)BA = eiU(U)ﬁ(r)gmA (6.15b)
Enpy(o) =¢ 7@, () e{n(r)}, 6:€{0,1}, o0=0,..,No—1 (6.15c)

defined on the (unitary) h block of U. Eq. (6.15a) is the induced H-eigenvalue problem®! for
the H-covariant subalgebra h, and the consistency of the simultaneous eigenvalue problem
(6.15) is guaranteed by the vanishing commutator in Eq. (6.12). The allowed values of 6;
in (6.15¢) follow from M? = M in (6.4a), and we emphasize that the matrix M (L) and its
eigenvalues 0;(c) = 6;(0) = 0; are independent of o. '

The analysis' reviewed in Sec. 2 for the ambient algebra g can now be applied, mutatis
mutandis, to the H-covariant subalgebra h. With (6.4) and (6.15), we find that the h-
eigencurrents Ji(0) = {Jaqye.u} of sector o ‘

Tapu(2) = x(amyoul (@)amo Ja(2)y  Tawpn(2) = Eaey(0) Tamew(z)  (6.16a)

e _1'w)2 +7 3_ww)‘-7ﬁ(7‘)0iﬂ(w) +0((z — w)°) (6.16b)

T(2) Ta(rosn(w) = 0; (
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have conformal weight 6; € {0,1} and simultaneously a d1agona1 response Ej(y(0) to the

automorphism group H.
Then using the OPE’s (6.2b) of the h current algebra the h-eigencurrents (6.16a) and

the OPE isomorphism
Ti(o) — Jioy o) = {Jamen) (6.17a)
automorphisms Ej(,y(0) — monodromies Ey()(0) (6.17b)

one finds the twisted h current system (read Eq. (2.22a) with n(r)u — 7(r)6;1). The twisted
h tensors of this system are

Ga(r)osi(s)o;0 (0) = X(U)ﬁ(r)o.-ux(a)ﬁ(s)ojuU(G)ﬁ(r)omAU(U)_ﬁ(s)oj,,BG'AB (6.18a)
; a®)ors, \ _ X(0)ar)e:uX(0)a(s)e;v 4 By Crrt A(t)0,6
T 5r)6s1:(5)05 (o) = xX(0)at)6xs U(0)amyon Ul aw, fas U (0)e ™
(6.18b)
8 7(0)0m A(u)f A(v)0m
T r0cusi(s)0; SO Faasacme (@) + F,s aaens O F s ©)
{u)fre (v)0m —
+F; ()0, 0:A(r)0: 1 8 (0)F, ﬁ(s)o,-u;ﬁ(u)o,en : (o) =0 (6.18c)
u)0;€ )
fn(r)alu 1(5)8;5(00:6 () = T o, msn(s)0; n( (s )Ga)bien(t)8x6(T) = = Fa(r)tusin(t)0, 550(s)8;0 ()
(6.18d)
Ga(rowsn(s)o;0(0) (1 — En(r)(0) Ba(sy(0)) = 0 (6.18e)
f(t)86
F o (r)0s(s)050 O (5)(1 — Eagry (o) n(s)(ff) Ea@(0)*) =0 (6.18f)
and the corresponding twisted h subalgebra, is-
blo) = h(H C Aut(h);0) < §(H C Aut(g), H C Aut(h);0) (6.19a)

[Jn(r)ﬁlu(m + _—j) n(s 0; v(n + n(s))] (m+ ,T:; )5m+n+ﬂ1§t¢l gﬁ(r)em;—ﬁ(r),aju(a)

+ifﬁ(r)0iu;ﬁ(s)0juﬁ(r)+ﬁ(3)’ek6(0) jﬁ(r)+ﬁ(s),0k6(m + n.+ n(ﬁrg%@) (619b)
#{Jsy} = #{Jn} = dimh . (6.19¢)

The subalgebra h(o) is the dual in sector o of the untwisted affine h subalgebra in (6.2b),
" and the Jacobi identity of §(o) follows with (6.18¢,d).
We turn next to the twisted inverse inertia tensor £(c) in the stress tensor 7, of each
- orbifold in A(Lieh(H))/H. In addition to the selection rules (2.37) — which are dual to the
H-symmetry of A(Lie h(H)) — we find that £(o) also satisfies the condition®
En(u)'y (n(s)v (0_) ()0 tu‘:'l(t)(ﬂ (0_) — —iNﬁ(r)oiM n(S)V;n(t)J(O_) =0 (620)
A special case of this condition was first seen for cyclic permutation orbifolds in Ref. 22.
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“which is dual to the Lie A condition (6.3). Moreover, the Tojﬁ(a) relations

7i(s)0; A(s)8;v :
M rytin s (0) = 05n(r)0# (s)9; (6.21a)

L 1 B 0
T () amnw) = 0 (s + 72 Mom) + Oz = ) (6.21b)
(Lo (m), Jarau(n + 2D = ~0; (n+ 2D Jupu(m +n+ 32) (6.210)

can be obtained from (6.16b), (6.17) and the derived isomorphism (2.30), or as a special
case of (5.8) and (5.9). These results show that each twisted A current of any orbifold
A(Lieh(H))/H is either® a twisted (1,0) operator (defined by 6; = 1) or a twisted (0, 0)
operator (defined by §; = 0). Looking back, we see that the properties (6. 21) are orbifold
reflections of the Lie h properties in (6.4) and (6.16b).

6.4 WZW orbifolds, coset orbifolds and orbifold K-conjugation

We work out here the general WZW orbifold!® and the general coset orbifold,? which provide
simple sets of examples in A(Lieh(H))/H. In this discussion, we emphasize the role of the
WZW orbifolds in orbifold K-conjugation,'® and the role of orbifold K-conjugation in the

construction of the coset orbifolds.
29.36--39,25

The affine-Sugawara construction on g

Ay(H) = A(Lieg(H)), H C Aut(h=yg) (6.22a)
T,=L%: J,Jy: L = 691—77?— (6.22b)

g g ’ g 2kr +Qr

cd,  a, b __ rab —
Liw'w, =Ly, Vwé€HC Aut(h=g) (6.22c)
N(Ly)r =0, M(Ly). =4 . (6.22d)
[Lg(m), Jo(n)] = —ndo(m +n) (6.22¢)

is always a (global Lie h = g)-invariant CFT which is also H-invariant under any H C Aut(g).
Then the description of the general WZW orbifold!®

A (H)  A(Lieg(H)) VR
H H ’ h(o) = 8(0) (6.23a)
Tyo) = ,C;((;;l‘;—n(r),u ©) : Jnudontryw 5 0 =0,y No—1 (6.23Db)
Lo (0) = x(0)7,x(0) ey LEUT (@) FORUT(0), Y (6.23¢)
Nn(,.)u n(s)l/;n(t)ts(o._) =0, Mn(,,.) n(s)u(o_) — dn(r)ﬂn(s)u (623d)
[LE (m), Jngryu(n + D)) = —(n + 28) oy (m +n + 28) (6.23¢)
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is obtained from the results of the previous subsection. In the WZW orbifolds, the twisted
g currents {J(o)} satisfy the general twisted current algebra §(c) in (3.4) and each of the
twisted g currents is a twisted (1,0) operator (with 6;(¢c) = 6; = 1) under the orbifold
affine-Sugawara construction T@(U). The case of the WZW cyclic permutation orbifolds was
discussed in Ref. 19 and further discussion of WZW orbifolds is found in Secs. 7 and 9.

Returning for a moment to the general affine-Virasoro construction (2.3), we remind the
reader that the affine-Sugawara construction T, also plays a central role in the operation
known as K-conjugation??:36:46,47,26,25

Ay A (6.24a)

Ty(2) =T(2) +T(2), T(2)T(w)=0((z - w)°) (6.24b)
L¥=L"+ L“b, Cg=C+¢C (6.24¢)

which relates K-conjugate pairs A, A of current-algebraic CFT’s on g. The simplest example
of K-conjugation is the g/h coset construction2%:36:46:25

Ty =Ty — Th, Cg/h = Cg — Chy [Lg/n(m), Ja(n)] = 0, A=1,..dimh (6.25)

which is a (local Lie h)-invariant CFT (with 8; = O for each h current).
We emphasize that K-conjugation is closed on the space of H-invariant CFT’s

A(H) « A(H),  H C Aut(g) - (6.26)
because the affine-Sugawara construction T, describes the H-invariant CFT AAg(H )-

For the corresponding orbifolds by H, one finds that K-conjugation (6.26) and the duality
transformation (2.31c) combine to give orbifold K-conjugation®®

AH) | A(H) | |
7R T (6.27a)
Too@) = To(2) +To(2),  Tal@To(w) =O(z-w)®)  (6:27)
.ﬁg((;;#;n(S)V(o_) — cn(r)#;n(S)u(a) + ﬁ:n(r)u;n(s)u(a) (627C)
Gy =Cp  Ho)=¢, Eo)=¢ (6.27d)

~which relates K-conjugate pairs of stress tensors in A(H)/H through the orbifold affine-
Sugawara construction Tj).
The simplest example of orbifold K-conjugation, namely the general coset orbifold

A(H) _ A(Lieh(H))

i i , h Cg, H C Aut(h), H C Aut(g) (6.28a)
Tyn(2) = Ty(2) = Ta(z) = Topn(2)o = Ty — Ty (6.28b)
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Th=L$8: Judg: — Tﬁ(a) = Lg‘g;o" ;_ﬁ(r)’o"(a) : jﬁ(r)guj_ﬁ(r)’ou : (6.28¢)

E:(;;on,n(s)OV (o) = x( 0);(1r)oux(0);(1s)ou LfBUf (a)f(T)O“U" (o) Bﬁ(s)ou (6.28d)
is also found in A(Lieh(H))/H. The untwisted sectors of these orbifolds are formed from
the H-invariant coset constructions i (H), and the twisted h currents jb( ) = {jn(r)Ou} have
0;(c) = 6; = 0 in this case because the untwisted A currents J are (0,0) operators of Tg/p.
In further detail, the twisted h currents are twisted (1,0) operators under T (o) and T

and hence twisted (0,0) operators under T(g Jh)/H
[Lg(a) (m) n(r Op ('ﬂ + A )] = (n + %)jﬁ(r)o;/, (m +n+ ;L; ) (6293')

(L3 (m), Jagyou(n + 5] = ~(n +

L3
[Lj}é— (m), jﬁ(r)Ou(n + %’r_%) =0 . _ (6290)
The eigenvalue 6; = 0 of the twisted h currents controls the vanishing final commutator with
the coset orbifold Virasoro generators. The results (6.28a,b) and (6.29c) are equivalent to
those given in Ref. 21, which also discusses the orbifolds of the Z,-invariant coset construc-
tions in further detail. Finally, the twisted h currents satisfy the twisted h subalgebra

M) Jagryou(m +n + 24) (6.29b)

[ayou(m + 53, Jagsyon (n + 53] = (m + %(%)5m+n+_<._.—_" nente) o Galrous—r),o0 (0)
. A(r)+a(s),08 a(r s '
_ +7f}-ﬁ(r)0p;ﬁ(s)0u (r+2(6) (0) n(r)+n(s) 05(m +n+t+ p-l;)b )) . (630)
which is dual to the untwisted h algebra whose OPE’s are given in (6.2b).
Other applications of orbifold K-conjugation are found in the following subsection and
Subsec. 9.5.

6.5 Decomposition of the twisted h subalgebras

With the help of orbifold K-conjugation, we will show in this subsection that the twisted
affine h subalgebra (o) of each sector of each orbifold A(Lie h(H))/H decomposes as

b(0) = bo(o) ® by(0) (6.31)

where ho(0) and b, (o) are the closed affine subalgebras of the twisted (0,0) and (1,0) opera-

tors respectively. The algebra §(o) C §(o) is given in (6.19) and the orbifold argument given

below parallels the argument in Ref. 23 for the decomposition (6.5) of the h subalgebra of
any Lie h-invariant CFT.

' For the orbifolds A(Lieh(H))/H, we may combine orbifold K-conjugation (6.27) with

the L, jﬁ(a) commutator in (6.21) to find the relation

A(Li A(Li : j
( 16};L(H)) (T)_A(LIZZ(H)) : 95 — 1 = ¢, + 6; (6.32)
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among the “conformal weights” 6 of the twisted h currents of each K-conjugate orbifold pair
in A(Lieh(H))/H.

In what follows, we consider various pairs of generators }J(U) of the twisted h subalgebra
6(0) of sector ¢ in any particular orbifold A(Lie h(H))/H, starting with an arbitrary pair of
twisted (0, 0) operators. According to (6.21), the commutator of this pair of twisted currents
commutes with the stress tensor T, of this orbifold

(Lo (m), [Fagryou(n + 23), Jasyon (0 + 2] = 0 (6.33)

so the set of twisted (0, 0) operators of this orbifold is closed under commutation. Similarly
the set of twisted (1,0) operators of this orbifold is closed under commutation because,
according to (6.32), these currents and their commutators are twisted (0, 0) operators of the
K-conjugate stress tensors T,. To prove that the twisted (0,0) and twisted (1,0) operators
of the orbifold commute, use the chain rule and the commutator (6.21) to see that

[La (m)) [jﬁ(r)Op, (’fL + %%)7 jﬁ(s)lt/(p + Z((; )]]

= —(p+ X Jamou(n+ 23), Jaono (p+m+ 5] . (6.34)

Then use the twisted h algebra-(6.19) on both sides, followed by the commutator (6.21)
again on the left side. The result of this computation

gn(r)Ou,n(s)lu = f"n,(r)Op,,n(s)11/71'(’,‘)—}_71‘(3)’6’6(S =0 (635)

establishes the decomposition (6.31) of the twisted h subalgebra (o) of sector o. As dis-

- cussed in Subsec. 6.4, the general WZW orbifold and the general coset orbifold provide simple
examples of this decomposition.

7 About Permutation Orbifolds

_In this section, we discuss some features common to all permutation orbifolds

é%@, H c Sy(permutation) C Aut(g), g= @ﬁ}lgl, K<N (7.1)
where the copies g/ = g in the (H C Sy) permutation-invariant CFT’s are taken at level
k. In this case, the general twisted current algebra §(c) of sector o consists of a set of
- commuting orbifold affine algebras'®'%1920 at various orders (see also Sec. 8). We have also
checked that the orbifold adjoint operation (4.4a) gives the standard!®!® adjoint operation
(see Eq. (4.6b) and Sec. 8) for each commuting orbifold affine algebra in each sector o, so that
unitarity of the twisted sectors of any permutation orbifold A(H)/H follows from unitarity
of the permutation-invariant CFT A(H).
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From the orbifold induction procedure for orbifold affine algebras'® we know that the
ground state |0), of sector o is a twisted affine primary state

Tau(m+28) > 0)[0), =0, (0 Tamu(m + 2E) < 0) =0 (7.2)

where the second relation follows from the first by the orbifold adjoint operation. It follows
“from (7.2) that M ordering, defined in (3.8), is a true normal ordering

~

Gniryu(@)e = ¢ ey (2) oy () tarde = 0 (7.3a)

> Fan + Z) Ty u(m —p— 23) 1y [0)y =0, form >0, Vn(r),pv (7.3b)

peEZ
for all permutation orbifolds. The relations (7.2) and (7.3) hold for all n(r) and n(s), not
necessarily in the fundamental range. As a consequence of (7.3a), we obtain the twisted
current-current correlators in each sector o of the general permutation orbifold

n(r)/plo

1:: ﬁ;%[ Z '—111))2 + w((z)/—p(w)) ]gn(r)u;—n(r),u(a)
_ (7.4)
from the exact operator product (3.9). Correlators of more than two twisted currents can
be computed from (3.1a), (3.4) and (7.2).

Using (3.13c), (7.2) and (7.3b), we may also compute the ground state conformal welght
Ag(o) of sector o

<jn(r)p(z) jn(s)u (’LU)),,- = On(r)+n(s),0 mod p(a)(

Lo(m > 0){0)5 = 6m080(0)[0), (7.5a)

A — ’I'_l(’l‘) _ ;(T) n(r)u;n(s)y
Ao(0) Z 20(0) (1 o a))ﬁ (0)Gn(ryuinisyv () (7.5b)
= ¥ - H O i) (59

The ground state conformal weights are class functions and the factor 7A(r) in (7.5¢) tells
us that twist class 7i(r) = 0 (the integral affine subalgebra) does not contribute to Ag(0).
When the CFT A(H) is unitary, the ground state conformal weights Ag(c) must be real

Ag(0)* = Ag(0) (7.6)

~because the twisted sectors of these orbifolds are also unitary in this case. To see this
explicitly, use the G* relation (A.4a), the £* relation (A.4c), the relation (A.3) for R and
the symmetry of G and L.

Using the duality transformations for G and £ in Egs. (2.22d) and (2.31c), the ground
state conformal weights (7.5b) can also be expressed in terms of the inverse inertia tensor
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L. of the untwisted sector

= 146a Y 50 Z“}) (A(r)i ) (7.78)
P(i(r);0) = Z Ut(o “"“‘U( AL =" Euny(0)P(a(r);0) (7.7b)
P(a(r); o) P(a(s); o). = n(,)"‘”mn(r)-a): 4 (7.7c)

“where P(7(r); o) is the projector onto the 7i(r) subspace of sector 0. Other properties of
these projectors are collected in App. B.

To go further for H C Sy, we need a more explicit notation for the semisimplicity of the
Lie algebra g in (7.1) and the degeneracy indices of the H-eigenvalue problem:

a—a,l, n(r), p — n(r), aj, a=1,..,dimg, I=0,...K -1 (7.8a)
Gab = Garps = knasbrs,  Fup® = farps ™ = fup%6156M (7.8b)

kng o Jea(w
Jo1(2) oy (w) = 5”{( ”;)2 +f bz _Ju() )} +0((z — w)°) (7.8c¢)

L — Lo, o = par ™ = 0517, W(he)y’ = w(ho)or ¥ = 8 w(ho)”  (7.8d)
Ut (0) 2k = Ul(0),, ™™ = 62U (0) Y, wihe) U (0) Y = Ul (0),"Y Engry (0)

_ . (7.8e)

'P(ﬁ(r)' o)l — ’P(ﬁ(r)' o) ¥ = 6,P(a(r); U)IJ (7.8f)

(A(r); o Z Ut (0) " U (0) ngr (7.8g)

gn(r)aj;n(s)bl (U) X kna.b, . fn(r)aj;n(s)bl n(t)cm( ) X ab s Rn(,r)ajn(s)bl(O') X pab (78h)
T =L Jids: — T, = E"(r)“j‘"(s)bl(a) : jn(r)ajjn(s)bl D (7.81)

Here the a indices to the right of the arrows are the Lie algebra indices of the copies g/, with

Killing metric 7, and p = (a,5) labels the A(r) subspace. The reduced matrix Ut(c) ™

(which solves the reduced eigenvalue problem in (7.8¢)) is also unitary, and the reduced

matrix P(7i(r); o)’ is also a projector onto the 7i(r) subspace. '
Then the ground state conformal weight (7.7a) takes the form

al bl a(r) . 7A(r) Ao

%The structure %(1 - %) was first seen in the ground state conformal weights of the free-field examples
discussed by Dixon, Harvey, Vafa and Witten in Ref. 6.

32




for all H C Sy, where Pr; = P,%X§x;. For the case of the cyclic permutation orbifolds
A(Z))/Z,, a more explicit form of the ground state conformal weights can be obtained

a 1 2niN(o)(J~-I)r
L IbJ — LI J P(T;O')[J == E;)‘e A I,J mod -2~ (7.103:)

p(v)

(o)1 ' '
Ay ke pPo) =1, T 7rN() ab _ 3
Ao(0) = 4p2(0){ 3 L ngl csc?(———— e )LP(J) b, o=1,.,A-1 (7.10b)

from (2.18) and (7.9), in agreement with the result given in Ref. 19.
Returning to the general permutation orbifold, we find that the reduced matrices w and

U satisfy
> wlho), =1 (7.11a)

I

O UN0) " ™)(1 = Enny(0) = <Z U(0)niry (1 = Engry(0)) = 0 (7.11b)

(Z UT (U)In(r)j)’ (Z U(U)n(r)] and Z P I x 677'(7') 0 mod p(o) (7110)
I I v

for all H C Sy. Here (7.11a) follows because w(ha) 77 is a permutation matrix, while the
selection rules (7.11b) follow from (7.11a) and the reduced eigenvalue problem.

The relations (7.9) and (7.11c) give a simple form for the ground state conformal weights
of the permutation orbifolds A(Sy)/Sn

LoTbT — pebgld 4 pab Zp o) = dim[a(r)] _(7.12&)

Ao(0) = ke /\“"Z 5 (0 Tg) dim(A(r)] (7.12b)

where dim([n(r)] is the dimension of the 7(r) subspace. This simplification depends on the
form of the inverse inertia tensor in (7.12a), which describes the general Sy-invariant. CFT.
A more explicit form of these ground state conformal weights will be obtained in Sec. 8.

The relations (7.11) also give a simple form for the ground state conformal weights of the
general permutation copy orbifold"

1
XII:}AI C Ai_f), H C Sy(permutation) | (7.13a)
LA = yebg!Y (7.13b)
A c n(r (r v
No(0) = 5 Z 2p((0)) (1-— p(( g) dim[7(r)], ¢ = 2knuA?® (7.13c)

“For the case H = Zx(permutation), results equivalent to (7.13) were given in Refs. 19 and 21.
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where A; & A are K copies (permuted by H C Sy) of any affine-Virasoro construction A
with central charge c. Included in this set of copy orbifolds is the general WZW permutation
orbifold (see also Subsec. 6.4), whose twisted inverse inertia tensors are given by
| . ab
£"}(7‘)GJ;"(3)M o) = Ty _ gn(r)aj;n(s)bl o), gn(r)aj;n(s)bl o) Q__, c=0,..,.N.—1.
S e) = g @), (@) L
(7.14)

Here N, is the number of conjugacy classes of H C S, hy is the dual Coxeter number of
each copy g and z, is the invariant level of affine g. The twisted tensor G with all indices up
is the inverse of the twisted metric Gp(r)ajin(s)pi(0) in (7.8h).

For both A(Sy)/Sn and the general permutation copy orbifold (7.13) we find an a <+ b

symmetry of £ :
LrDein@H () = £rrbin(s)al (o) (7.15a)

3 js—n(r 7 7 I
- Tp(z) = L0950 (6 2 J i (2) Toniry 5 (2) tm +;A0(a) (7.15b)

so that no linear terms in the currents appear in the M-ordered form of the stress tensors. For
Z-(permutation) copy orbifolds, many examples of this phenomenon were seen in Ref. 15.

8 The Permutation Orbifolds A(Sy)/Sy

8.1 The permutation group Sy

' As a large example beyond A(Zy)/Z, we will work out the permutation orbifolds

A(Sy)
Sy

Sn(permutation) C Aut(g) (8.1)

in further detail, where A(Sy) is any Sy (permutation)-invariant affine-Virasoro construction.
The case of A(S3)/S3 was worked out previously in Ref. 19. In the Sy-invariant CFT’s, we
have N copies g’ of an affine Lie algebra on simple g with currents Jyy

g=o15'e, ¢ =g (8.2a)

[Jar(m), oy ()] = 815{ifop Jer(m + 1) + MmkNabOmn,0} (8.2b)
Jor "= wpl g, w € Sy(permutation) (8.2c)

a,b =1,...,dimg, I,J=0,..,N -1, m,n €7Z (8.2d)

and the action of Sy (permutation) on the currents is given in (8.2c).
In the cyclic notation for the elements of Sy, the action of a cycle of length [

(5

G=0°"+

L_y): L=0.,N-1  j=0,.,1-1  L#ILwhenj#1i (83)
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is a cyclic permutation of the copies of g according to
g - ghn,  j=0,.,01-2 g o g . (8:4)

All elements of Sy are products of disjoint cycles, and the general element can be written
as a product of elements of disjoint cyclic groups Z,

n—1
H(I’ ol )y T # L whenj#i (8.5)
§=0
where o; is the length of the jth disjoint cycle, 7 counts within a cycle and n (the number
of disjoint cycles) is some positive integer.
A property of each element of Sy is its cycle type &, which is the collection of lengths of
cycles written in order of decreasing length

n(d)—

7 E-{Uo, ...,O’n_l}, Oj+1 < Oj, Z 0; = (86)

The cycle types & are the 0,41 < o; partitions of N for any n = n(&), and & also labels
the conjugacy classes of Sy. Conversely, the elements of conjugacy class ¢ are obtained by
relaxing the restriction on the ordering of the lengths in &. As an example, the table below

Conj.Class & [ Elements :
{00’01’02}:{1’1’1} (0)(1)(2) (8.7)
{00, 01}={2,1} | (01)(2),(02)(1),(12)(0)
{ao}::_{3} (012),(021)

shows the conjugacy classes of S;.
Modeling our choice on the cycle types, we choose one representative from each conjugacy
class & by determining {I J’} as follows

n(&)—1
gi—={y: I = ;ak +7, o <oy Z o;=N (8.8a)
§=0,.,n(@ -1, j=0,..,0;-1 (8.8b)

given & and the ranges of 4,7 in (8.8b). Here j labels the disjoint cycles and 7 labels the
integers in each disjoint cycle. For example, the chosen representatives for the elements of
S3 and S are

S4: Conj. Class & | Representative
Ss: Conj. Class & | Representative {1,1,1,1} | (0)(1)(2)(3)
L1 [ OOR=( WD) 21} @) gy
2.1} | O)E)=(RIY() {22} | (01)(23)
{3} | (012)=(L) P 5) | {3,1} | (012)(3)
{4} | (0123).
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We will refer to the representative of conjugacy class & as hy € Sy.

8.2 Automorphisms and the twisted currents

To construct the action w of the automorphism hz on the currents, we begin by relabeling
the copies of g

g’ = g", a, I = a,j], Jor = Juj3 (8.10a)
j-1
Sor+i=1 je{0,..,n@) -1}, je{0,..,0;-1} (8.10b)
k=0

where I is the semisimplicity index in (8.2), j and j are the unique solutions to (8.10b) given
I, and G solves Eq. (8.8). This relabeling (which is the inverse of (8.8)) corresponds to the
pictorial representation in Fig. 2 of the action of hz on the copies

j=0 j=1 j=n(@) -1

I=0 00 g9 + 01 I=N-1
Fig. 2. The action of hz on the copies.

where j labels the integers which are cyclically permuted 7 — 7 + 1 inside each box (disjoint
cycle) j. It follows that the action w(d) = w(hz) on the currents is

w = wy Y (E) = w, M(E) = 040" (3) - (8.11a)

— (= U=y
']a.jj' = ijj‘ (J)Jal[’ wjj‘ (0) - 6jl55+1,fmod g (811b)
L :
where the block-diagonal matrix wﬁ’i (6) is orthogonal. In what follows, all quantities have
the spectral index periodicity 7 — j + 0j.
The next step is to solve the Sy-eigenvalue problem

n(r),u — 7,af, Ut = UT(ﬁ)j.aj[bl =6, U1 (6’)31.& (8.12a)

Y wam (B)UN@), 7 = UN(&) 5 B (5) | (8.12b)
il

for the block-diagonal and unitary matrix U?(¢") and the eigenvalues E(&):

N 8. _2mifl N S 2migl . _2mij
Uhe)t= e, U@t = e, El@)=e (8.13a)

Yy \/U_J

Vi
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Z u(@); " UT(U) 5]+l 0 mod o Z Ut(a)ij” = \/315,‘,0 mod g7 (8.13b)
The second identity in Eq. (8.13b) is the form taken by Eq. (7.11c) in this case.

With the choice x;,;(6) = /05 we find the twisted current system of sector & of the
orbifold A(SN)/SN )

j"(")ll - Ja] ) g - g jaj; lbl(g) = 0; lajknab(s i+1,0 mod o; (814&)
F = Fgin - 0) = fas“05101 ™8 11,0 mod o  (8.14b)

e ¢ 7G4 '

(J) #(D) ( )T’ab6]+l 0 mod o; U ab ch ('w) Y
JD () JP(w) = 6 = w)? + =} +0((2 vw)) (8.14c)

2mij 3
J(J)(zeZm) —e leJ‘E;)(z), a;:l:or, (2) = J(;-)(z) (8.14d)
) n(a)—1

#{J} = dimg( ) | 0;) = Ndimg = dimg = #{J} (8.14e)

a,b=1,..,dimg, j,l=0,..,n(&~1, j=0,.,0;—1  1=0.,0~1 (814f

where ] =7 - oj L] /o;] evaluates j in its fundamental range. According to (8.14d), the
fraction

plo) g
controls the monodromies of the twisted current jg)
The modes of the twisted currents follow from the monodromies
JD(2) =3 JD(m+ 1)z ™% AR (8.162)
mez ,
gt m =14 82) = JO(m+ 1) (8.16b)
'jg)(m + ;?J—)|0) =0 when (m+ %) >0 (8.16¢)

where the periodicity and ground state condition are special cases of Eqgs. (3.2a) and (7.2)
respectively. '
This leads to the twisted current algebra §(G) of sector &

§(5) = §(Sn(permutation) C Aut(g);5) = &1 4, (8.17a)
{J(] (m+.-L) Jlf[l)(n+az)] = {zfabCJ§§+l)(m+n+ %i)+(ajk)nab(m+%)5m+n+-%ﬂ,o} (8.17b)
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a,b=1,..,dimg, 51=0,..n@ -1 ;=0 .,0—1, =0,..,0.—1 (8.17c)

i
which is a special case of the general twisted current algebra in (3.4). This algebra consists
of a product of n(5) commuting sets of orbifold affine algebras'® §,. of order o;, where the

factor §,, has orbifold affine level kj = o;k and k is the level of the untwisted algebra.
According to the identification (8.15), the quantity j = 7 — 0;|j/0;] is the effective twist

class of .]Ag), relative to the order o; of §,..

For this case, the orbifold adjoint operation (4.4a) takes the form

R. BHF) = 6;p,06

703 3’+i,0 mod o — J(S,;) (m + }%)T = paleE;J)(_m - }%) . (818)

This is the standard adjoint operation of orbifold affine algebra,'®!® which guarantees u-
nitarity of the twisted affine Hilbert space given unitarity of the untwisted affine Hilbert
space. As noted above, unitarity of the permutation orbifolds A(Sy)/Sn then follows from
unitarity of the CFT A(Sy). :

8.3 The stress tensor of sector &
The stress tensors of the Sy-invariant CFT’s A(Sy) are
' | N-1
T — [o)bL Z s dor o [odbL — yabgJL + jeb (8193,)
J,L=0
A = pbe o qeb _pba o= ONEp, (A 1) (8.19b)
where the inverse inertia tensors A% and 1% satisfy the reduced Virasoro master equation

A% = ANAPp 2B — XN 4 20¢0) £, 0 fu® — (A 4 1) £, T £ OADe (8.20a)

190 = 4k1%neg (AP +1%) + 2k (N — 2127, A% — 147 £ 0 .0 — (Ad 4 190) £, 1 £, (@1 (8.20b)

This is a consistent set of dimg(dimg + 1) quadratic equations for the same number of
unknowns and so the generically-expected number of inequivalent solutions at each level is

M(g, N) = 2Wdime)* ' (8.21) -

Remarkably, M(g, N) is independent of N.
Then the stress tensor of sector & of A(Sy)/Sn

. MOt eedlog)-l () (—ofd—)
TEES Z Z Ly 5 3y B (8.22a)

4l
wd”

L — L1970 () = X
Oj

+16; (8.22b)
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follows as a special case of the general Virasoro construction (2.31). Here z =gcd(z, y) is the
greatest integer such that z/z and y/z are also integers. Combining (8.22a) and (8.22b), we
find a more transparent form of these stress tensors

n(@)-1 . oj— n(&)—1
Ty = ot Z Z JOFED . o S JQI (8.23a)
7,0=0

n(d)—1 agi—1

Z{/\ab Z Z J(J) J( J)(m p— ..L)_

PEZ
n(d)~1
+H 3" S IPm - p) 1} (8.23b)
7,0=0
&(3) = ¢ = 2Nkngp (A% + 1) (8.23c)
n(d)—1 ‘ n(é)—1
~ o kng)®® 1 kngs A2 1
Ro(@) =" > (0 - ) =V - Y ). (8.23d)
j=0 J , j=0 7 ' _

The ground state conformal weight of sector & is given in (8.23d).
The result (8.23d) for the ground state conformal weights of A(Sw)/Sy is in agreement
with our earlier result (7.12b). To see this, start with (7.12b) and follow the steps

A _ W ) oonlr)y ab a(r) . a(r)
Ao(o) = knas) 22 S0y o)) Al = k) 2(:) 200 o))
n(a) 1 0’_7—1 A, ~ ab n(ﬁ")—l
ab J knapA 1
= = -2 . 24
mA;;% - ¢2;@0ﬂ (8.24)
i -

Here we have used Eq. (8.15) in the fundamental range (where ; =.7) and the identities

n(d)—-1o;-1 :
Yo o= dimfar), Y= (8.25)
u(r) 7ye{r) =0 j=0

to convert from the notation of Sec. 7 to the present notation. As examples, the cases
A(S3)/S3 and A(Sy)/Sy are further discussed in App. F. '

9 The Inner-Automorphic Orbifolds A(H(d))/H(d)

Our next large example is the set of all” inner-automorphic orbifolds A(H(d))/H(d), where
A(H(d)) is any inner automorphic invariant CFT. The story of these orbifolds is particularly

¥The special case of inner-automorphic WZW orbifolds has been considered in Refs. 40, 48, 30, 49, 14
and 18, and inner-automorphic coset orbifolds were also considered in Ref. 30.
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interesting, not least because of their overlap with the orbifolds A(Lie h(H))/H. Indeed, we
will argue that this overlap contains almost all the inner-automorphic orbifolds which can
be equivalently described by stress-tensor spectral flow?%:30:26:25 whereas the generic inner-
automorphic orbifold apparently can not be described in this way.

9.1 Inner Automorphisms of simple g

We begin in the Cartan-Weyl basis of the general affine algebra on simple g

. ) 0
Gab = knaba Nab = Pab = ( AB ) (gla’)
0 6a+ﬁ,0 : :
- ) ' E,
Ha()Hp(w) = ~22 4 0((z-w)%),  Ha(2)Falw) = 2220 4 0((z—w)?) (9.10)
(z — w) , z—w
Hde ) 4 O((z - w)") ifa+p=r
Eo(2)Ep(w) = § him + 52l +0((z—w)’)  ifa+B=0 (9.1¢)
O((z — w)?) otherwise
a=(4,0a), A,B =1,...,rankg, a,B,v € Ag) . (9.1d)

In this basis, the action of the general group H(d) of inner automorphisms has the form

H(d) C LieG C Aut(g) o (9.22)
Ha(2) = Ha(2),  Bal2) = 4B, (2) (9.20)
0=0,..,p(1) =1, N, =p(1) | (9.2¢)

where LieG is (the action in the adjoint of) the Lie group whose algebra is Lieg and p(1) =
p(o = 1) is the order of the ¢ = 1 element of H(d). The general form"™ of the vector d

9 rankg Q/\ )
_ 2/\ +- ) +
d_N;ag’ NeZ*, g€l (9.3a)
o? o
Q; - )\] = _2_161,], ng(N, a1, ""qrankg) =1 (93b)

gives p(1) = N. Here {a;} and {);} are the simple roots and weights of g, and z = ged({z,})
is the greatest integer such that (z,/z) € Z* for all n. Note that d is inversely proportional
~to the length of the highest root. For o > 2 one finds that p(o) = p(1)/ged(o, p(1)), which
holds for all cyclic groups. As an example, the grade automorphism is discussed in App. G.

“Further discussion of the allowed vectors d is given in Ref. 48. More general forms of the vector d
describe automorphism groups of infinite order. Our results below are well defined in this case, leading at
least formally to orbifolds with an infinite number of sectors ¢ = 0, 1, ...0cc.
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We also need the H-invariance condition (2.7a) for the inverse inertia tensor in this case:

LA%(1 — e¥rioedy =, [2B(1 — gPmioleatB)d) — no restriction on L2 (9.4a)
| 0=0,..,p(1)~1. (9.4b)
This gives the stress tensors of the inner automorphic invariant CFT’s A(H(d))
T=L%:J,J,:, L¥=1I" (9.5a)
[**=Ounlessa-d€Z  L**=0unless (a+p)-d€Z (9.5b)

where (9.5b) is the solution of (9.4a).

As a simple example, the affine-Sugawara construction?:36-39.25

on g

5AB

da
Tg = L;b s oy, LAB LoF = -+B’0 , ZCMAOZB = Q¢5AB (9.6)

2k+Q¢ 9 2k + Qy

describes an H (d)-invariant CFT for any H(d). When we have in mind a particular H(d),
we say that the affine-Sugawara construction describes the H(d)-invariant CFT A,(H(d)).

9.2 Inner-automorphically twisted currents

~ The action of the automorphism group H(d) in (9.2) is already dlagonal SO the eigenvalues,
spectral indices n(r) and twist classes 7i(r) read

2rin(r

Enpy = € %0 = 2mood 5 =0, p(1) — 1 (9.72)
n(r) = ne,=-plo)oa-d, ng=0 ' (9.7b)
No = —p(o)(oa-d+ |—oa-d]), Tfa=0, (9.7¢)

where (9.7c) is obtained from (2.16). By the same token, we may choose
Ule)=Ulo)=1, x@)=1 —= Juo)=Jo a=1,..,dimg (9.8)

so that the eigencurrents J are the untwisted currents J. It follows that the twisted tensors
of the general inner-automorphic orbifold A(H(d))/H(d) are identical to the tensors of the
untwisted sector

Far'(0) = fur®s  Ga(0)=Gw, L%(0)=L"  RS(0)=p,. (9.9)

Then, the £-selection rule (2.37a) is nothing but the H-invariance of L in (9.4), and the G-
and F-selection rules in (2.26b) and (2.27d) are automatlcally satisfied by the metric and
structure constants in the Cartan-Weyl basis.
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Then Eq. (2.22) gives the inner-automorphically twisted current system of sector o

Hy(2)Hp(w) = (—;“—‘5’—*3—)+0((z w)®),  Ha(2)Ba(w) = —q—%li——r(w—)-i-()((z—w)o) (9.10a)
o oA () “’;’S’f W10((z-w))  fa+f=v
Ea(2)Ep(w) = | ohm+% AW L O((z—w)?)  ifa+Bf=0 (9.10b)
O((z — ) ) otherwise
Bo(26") = €™%%E,(2),  Ha(2e’™) = Ha(2) (9.10¢)
A,B =1,...,rankg, a, 8,7 € Ag) ' (9.10d)

of each orbifold A(H(d))/H(d). Here we have suppressed our usual labeling by the spectral
indices of the twisted currents, but the monodromies (9.10c) are recorded in the modes

Hy(z) = Ha(m)z™™, | Eo(z) =) Eo(m — oa - d)z=moed 1 (9.11)

mEZ - meL

These expansions lead to the twisted current algebra g(o) = §(H(d) C Aut(g); o)

[H(m), Hp(n)] = kmé 4B6m1n,0, [H(m), Ey(n—0oa-d)] = agEq(m+n—oa-d) (9.12a)

(aﬁ) L(m+n—oy-d) ifat+B=19
[Ea(m—aa'd),f?ﬁ(n'— of-d)] = { o H(m+n)+k( m—oa-d)bminoe fa+p=0
- 0 otherwise
(9.12b)
A,B =1,...,rankg, o, B,7€ A(g), o=0,..,p(1)—1 (9.12c)

which is a special case of the general twisted current algebra (3.4). As expected, this algebra
is a sector-dependent set of inner-automorphically twisted%:*1:3%42 affine Lie algebras, and
we note that, in this case, the integral affine subalgebra §® (o) of each sector is at least the
affine Cartan subalgebra.

The adjoint of the twisted currents

~

Hym)t = fIA(—m), Ey(m —oo-d)f = E_o(—m + 0o - d) (9.13) -

follows from the orbifold adjoint operation (4.4a), using R(0) = p in this case, and we know

from the orbifold induction procedure for inner-automorphic twists*%:41:3%:42 that this adjoint
guarantees unitarity of the orbifolds A(H(d))/H(d) when the CFT A(H(d)) is unitary.

' In this case, it is convenient for our discussion below to choose M’ ordering (mode ordering

with respect to m € Z) defined in App. H. This gives the exact operator products

Hu(2)Hg(w) = —k(S—A~L+ : fIA(z)f[B(w) M (9.14a)




; _ oaBa(w) (9.14b)

Hy(2)Eo(w) = — : Ha(2) Ea(w) ae
(g_)o'a-d Nz(a,/i)Ez(w) if o + IB =
Eo(2)Esg(w) = : Ea(2)Ep(w) ipr + (2) >ty — aiay + af)] a4 f=0
‘ otherwise
(9.14¢)
A,B =1,...,rankg, a, 8,7 € Ag) (9.144d)
and then the relations
: Ha(2)Hp(z) : = : Ha(2)Hp(2) ur, c Hpo(2)Eo(2) : = : Ha(2)Eo(w) iar - (9.152)
.. ) 224N, (a, B) Ey(2) fa+pB=7y
t Bo(2)Bp(2) 1 = : Ba(2) Ep(2) 1 +{ 22dq. H(z) — Fexdloadtl) 54+ =0
0 . otherwise
(9.15b)

express the OPE normal ordered products in terms of M’ ordering.

9.3 The Virasoro generators of A(H(d))/H(d)
For each inner-automorphic orbifold A(H (d))/H(d), the stress tensor of twisted sector o
T,=L%:J,Jy: = : (L*PH Hp + LA(HAE, + E,H,) + L*?EoEp) : (9.16)

is obtained from (2.39a), (9.5) and (9.9). For these orbifolds, all the sector dependence of
T, resides in the twisted currents.
With M’ ordering, the corresponding Virasoro generators of sector o are

Lo(m) = Li(m) + L' (m) - 6m,0§ Z L* *(oa -d)? (9.17a)
Lim) = SUSLAP Ha)Hp(m—p) » (9.17b)
peZ A,B .
+ZLA°‘  [Ha®)Eo((m —p+ 0o -d) — oa-d)
+E,((p+oa-d)—oa-d)Ha(m —p)]
+ ZLO‘ﬂ : Eo(p—oa- d)Eg((m —p+o(a+ B) - d) “‘_Uﬁ -d) i}
Lim) = Y I¥Ny(e,B)(0a-d)By((m+oy-d) = oy-d) (9.17¢)

a+fB=y

+ZL°" (oo -d)a - H(m)
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LA =0 unless a-d € Z, L*# = 0 unless (a+ B)-d € Z, o=0,.., p(l). -1 (9.17d)

where ¢ and [ label the terms quadratic and linear in the twisted current modes. The result
(9.17) follows from (9.11), (9.15) and (9.16), or as a special case of the general M'-ordered
orbifold Virasoro generators in (H.2¢). In this result, we have written the arguments of the
twisted root operators in the form

A

E,((integer) — oa - d) (9.18)

to exhibit their proper modeing. To see that the quantities in the inner parentheses are
integers, one must use* the solutions (9.17d) of the L-selection rules. .

As a simple example of (9.17), we use the affine-Sugawara construction (9.6) to obtain
the Virasoro generators of the general inner-automorphic WZW orbifold:

A-"gigi)), 0=0,..,p(1) -1 : (9.19a)

(2k + Qy) L5 (m) = Z{ Z Eo(p—oa-d)E_y(m—p+oa-d) gy (9.19b)
+ XA: : Ho(p)Ha(m —p) e} + Qui{od - H(m) — Jm,0202d2}

(L8 (m), H4(n)] = —nEL4(m +n) (9.19¢)

(L8 (m), Ey(n — oo - d)] = —(n — o - d)Eg(m +n — oo - d) . (9.19d)

This result (including the fact that E, H are twisted (1,0) operators) is a special case
of the result given for the general WZW orbifold in Eq. (6.23). In sector o, the orbifold
affine-Sugawara construction L& is equivalent (with od — d) to the inner-automorphically
twisted affine-Sugawara construction of Refs. 40 and 30.
Other special cases included in the result (9.17) are the Virasoro generators of the general
inner-automorphic coset orbifold :
1(H(d) A(H(d))

H(d) C Hd) '(9.20)‘

These orbifolds were discussed at the level of stress-tensor spectral flow in Ref. 30.

*For example, consider the term proportional to EQEB in Eq. (9.17b). The quantity in the inner paren-
theses of Eg is an integer because the solution of the L®? selection rule allows the term to contribute only
when o + ) -d € Z. This term can also be written simply as L*¥E, (p — oa - d)Eg(m — p+ oa - d). Since
this term can contribute only when Eﬁ is in the twist class of E_a, the simple expression is actually in the
form Jn(,) J_n(, of the general result (H.2¢). Similarly, all the other terms in (9.17) can be put in the form
of (H.2¢).
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9.4 Action on the untwisted affine vacuum

In this and the following subsection, we study the action of the orbifold Virasoro generators
(9.17) on a particular state |0) which satisfies

(Ha(m) = 6 00kd4)|0) = Eq(m — 0a - d)|0) = 0 when m > 0 .. (9.21)

- According to the orbifold induction procedure®*1:3%42 for inner-automorphically twisted
affine Lie algebras, the state |0) is the untwisted affine vacuum (see Eq. (9.26b)). (Except
for small {oad}, the untwisted affine vacuum |0) is not the true ground state |0), of twisted
sector o, but, so far as we know, identification of the true ground state is an unsolved
problem.) As emphasized in Ref. 30, the untwisted .affine vacuum |0) is a twisted affine
highest weight state only so long as ca - d > —1 for all & € A(g). One may compute

(01L(m)]0) = mo {k*>_ L*B(0d,)(0dp) + ZL"’ oo -d)?} (9.22)
A,B

for all {oa - d}, but, as also emphasized in Ref. 30, |0) is not Virasoro primary in general
unless oa- d > —1 for all @ € A(g).

This situation can presumably be avoided by computing on twisted affine primary states
or, as we will study here, by choosing only LA% and L%~ not equal to zero in (9.17). In
this case, we find that |0) is Virasoro primary

L,(m) = ZZLAB : Hy(p)Hg(m = p) im | (9.23a)

pEZ A,B

+ZL°" "{Z Ey(p—oa-d)E_g(m—p+oa-d) qp +oa-d(a-H(m)— 6,900 -d)}

PEZ _
Ly (m > 0)[0) = m,oAO(L, d;o)|0), o=1,..,p(1)—-1 (9.23b)
Ao(L,d;0) = k* Y~ L*B(0d4)(0dp) + ZL" ~%(oa - d)? (9.23¢)

A,B

without restriction on {oa - d}. Recall from (9.5b) that there is no H-i -invariance restriction
on LAB or L@@ -

9.5 Connection with spectral flow

When there is an orbifold induction procedure, one may rewrite orbifold Virasoro generators
in terms of untwisted current modes¥ J,(m) which satisfy (2.1b). Such procedures are known

YThe inverse of this unconventional step3® was introduced by Freericks and Halpern, who studied the
twisted current formulation of inner-automorphic WZW orbifolds starting from the spectral flow discussed
below.
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for inner-automorphically twisted affine Lie algebrat®4130:42 and orbifold affine ‘algebrals
Hy(m) = Hy(m) + 6 okody, Ea(m —oa-d) = E4(m) (9.24a)

JD (m+ ;(G—)) = J(ploym+71), r=0,.,p(c)-1 (9.240)

as well as the doubly-twisted affine algebras?®!® which combine (9.24a) and (9.24b).

As discussed in App. I, rewriting orbifold stress tensors in terms of untwisted currents
leads to generically exotic and unfamiliar forms of the Virasoro generators L,(m). In these
forms one sees a generic mode imbalance, in which the modes of the untwisted currents do -
not sum to the integer m. ‘

We rewrite here only the special case LAB, L%~ = 0 of the inner-automorphic orbifolds
n (9.23), which avoids this mode imbalance phenomenon. In this case one finds

L,(m) = L(m) + D(L,d;0) - H(m) + 6molo(L,d;0), o : 0,.,p(1) -1 (9.25a)

=> )L : Ha(p)Hp(m — p) +ZL°‘"" Eo(p)E_o(m—p):}  (9.25b)
pEZ A,B

D(L, d; a)A =0 dgM(L)®,  M(L)*® =2kL*8 +) L[> a’a® (9.25¢)
B .

2
(Lo(m > 0) = dmoAq(L,d;0))|0) =0,  Ao(L,d;0) = %’— > dadsgM(L)*?  (9.25d)
AB

where the matrix M(L)4? is 64°M(L),? and M(L) 4% is the Cartan block of M (L), in
(5.1c). In (9.25d), the conformal weight Ag(L, d; o) of the untwisted affine vacuum |0) is the
same as that given in (9.23c). All the current modes in (9.25) are untwisted and we have
written the operator L(m) in (9.25b) as an OPE normal ordered product

L To(m)Jy(n) : = 1 Ja(m)dp(n) ar = 0(m > 0)Jy(n) Ju(m) + O(m < 0)Ju(m)Jy(n) (9.26a)

Ha(m > 0)]0) = Ea(m > 0)|0) = L(m > —1)|0) =0 (9.26b)

although OPE normal ordering is the same as M’ ordering for untwisted currents.

The form (9.25) (but not the more general case in (I.1)) provides an opportunity to
check some results of the orbifold program against known results in affine-Virasoro theo-
ry. In particular, we want to compare the result (9.25) to the general c-fized conformal

deformation®3%26:25 of the general affine-Virasoro construction:
L(m; D) = LY : Ju(p)Jo(m — p) : +D*Ja(m) + Ao(D)dm,o (9.272)
PEZ
Lab — 2Lachdeb _ Lcheffce afdfb _ LCdfcdffdf (aLb)e, C(D) —c= ZGGbLab (927b)
D*M(L),*=D%  M(L)} =2G.L* + f, Lf,.° (9.27c)
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(LGn 2 ;D) = 6npBo(D)I0) =0, Ao(D) = 1GuD'D*.  (9274)

Here the first term in (9.27a) is the undeformed affine-Virasoro construction with central
-charge ¢, and Ay(D) is the conformal weight of the untwisted affine vacuum |0) under the
deformed Virasoro L(m; D) as a function of the deformation D. The matrix M(L) in (9.27c)
is the same matrix defined in (5.1c), and the eigenvector condition DM(L) = D constrains
the allowed values of the deformation D. The eigenvector condition is equivalent to the
requirement that D - J is a (1,0) operator of the undeformed Virasoro. Because the scale
of D is not fixed by the eigenvector condition, the c-fixed conformal deformations are also
called stress-tensor spectral flow?3%26:25 which is equivalent3? to inner-automorphic twisting
or spectral flow of the underlying currents.4%41:30:42 The first example of stress-tensor spectral
flow was given by Bardakci and Halpern in Ref. 29.

To begin this comparison, we note first that the orbifold result (9.25) must be in the
spectral flow (9.27), with the identifications

Lo=o(m) = L(m) = L(m; D =0),  L*={LAB,1*®}, ¢o)=c(D)=c (9.28a)
DA=D(L,d;0)%, D*=0, AoD)=Ay(L,d;0) (9.28b)

because the first term L(m) in (9.25a) is precisely the Virasoro generator L,—o(m) we started
with in the untwisted sector of each orbifold. For the affine-Sugawara construction on g in
(9.6), the two systems (9.25) and (9.27) are indeed equivalent with

L§(9) L D
L) = Ly(mi D) = 5

> Ja(p)Js(m — p) : +D;HJa(m) + Ao(Dyg)bmo (9.292)
rel

. k.
M(Ly), =46r, D2#=D(L,d;0) =ad*, Ao(D,) = Ay(Ly d;0) = -Z—Dg (9.29b)

9
Ce(0) = cg(D) = ¢, a=1,...,dimg, A=1,...,rankg, 0=0,..,p(1)—1 (9.29c)

and these Virasoro generators are also the same as those in (9.19). For arbitrary D, the
result (9.29) is the canonical example of stress-tensor spectral flow first studied by Freericks
and Halpern in Ref. 30, and applied more recently in Refs. 14 and 50. As emphasized in
Ref. 30, the orbifold sectors in (9.29) are special points of the spectral flow.

But the more general identification given in (9.28) is surprising because the “deformation”
D(L, d; o) in (9.25¢) is a function of the inverse inertia tensor L and it is not obvious that
the conformal weight Aq(L, d; o) in (9.25d) of the untwisted affine vacuum agrees with the
spectral flow form Ay(D) in (9.27d).

The key to understanding this identification is an unsuspected® Lie k invariance in the
Virasoro generators L,—o(m) of the untwisted sectors of these orbifolds!

zMotivation for a Lie h invariance of the orbifold Virasoro generators L,—o(m) = L(m; D = 0) comes
from the spectral-flow side of the identification: Lie h-invariant CFT’s with a non-trivial global component
hy (see (6.5)) are the only known CFT’s with (1,0) operators. Conversely, for any Lie h-invariant CFT,
arbitrary deformation by the (1,0) operators of h; automatically solve the spectral flow system (9.27).
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To see this Lie invariance, one must verify the identity
§aL® = L7ef P = —iN(L),* =0, A=1,..,rankg (9.30)

which follows (when only L42 and L*~° are non-zero) from the form of the structure con-
stants in the Cartan-Weyl basis. The identity (9.30) tells us (see Subsec. 6.1) that the subset
LAB | [*~=a o£ ( of inverse inertia tensors in A(H(d)) also has a Lie symmetry

Lieh = Cartang ' (9.31)

in addition to the inner-automorphic invariance H(d).
In the nomenclature of Subsec. 6.2, we have shown that L,_o(m) = L(m) in (9.28a)
describes a large set of doubly-invariant or (H and Lie h)-invariant CFT’s which we will call

A(Cartan g(H(d))) C A(H(d)),  A(Cartang(H(d))) C A(Lieh) . (9.32)

It follows that the orbifold Virasoro generators L, (m) in (9.23) or (9.25) describe the orbifolds

A(Cartang(H(d))) _ A(H(d)) A(Cartang(H(d))) _ A(Lieh(H))
H(d) < H@ H(d) C T & (9:33)
by H(d) of the doubly-invariant CFT’s A(Cartan g(H (d))).
Returning to the untwisted sectors, the Cartan invariance (9.30) implies that |
M(D),°M(D)o” = M(L),®, ML) = (9.342)
[L(m), Ha(n)] = ~nM(L) PHp(m +n) . (9.34b)
[L(m), DA(L,d;0)Ha(n)] = —nD(L, d; 0)A H 4(m + n) (9.34c¢)

at least for unitary CFT’s,**? where (9.34a,b) are special cases of the general properties
of Lie h-invariant CFT’s in (6.4). The relation (9.34c), which follows from (9.25c) and
(9.34a,b), says that D - H is a (1,0) operator of the undeformed Virasoro. As noted above,
this means that D4(L, d; o) solves the eigenvector condition for D in (9.27c). More explicitly,
the eigenvector condition in (9.27¢) takes the form

UZdB {M(L)g" - Z M(L)g M(L)d'} =0 (9.35) |

upon substitution of D(L,d; o) for D. Then, using M? = M in (9.34a), we see that the
eigevector condition is satisfied identically for arbitrary ¢ and d.
Finally, the equality of the conformal weights

Ao(D = D(L, d; o)) = %sz(L, d:0) = Ao(L, d: o) (9.36)
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is established by using the definition of D(L, d;c) in (9.25¢) and M2 = M in (9.34a). This
completes our check that, at least for unitary A(Cartan g(H(d))), the orbifold systems (9.25)
are points in the general spectral flow (9.27). '

We close this section with a number of remarks:

o Conditions on the vector d. The vector d is determined in the orbifolds by the choice of
H(d), but, as we saw in (9.35), the vector d is not determined by the eigenvector condition
(9.27c) for the spectral flow. This is of course the phenomenon described by Freericks and
Halpern in their original study® of inner-automorphic orbifolds as special points of stress-
tensor spectral flow.

o Unitarity revisited. Infact, the Lie h relations (9.34) — and hence the conclusions above
for the orbifolds — can be checked directly, without using unitarity. The Lie h relations
N(L),% = 0 and M,* = 0 (which are necessary for (9.34b)) follow immediately from
LAB [%~= £ (. To check the last Lie h relation M? = M in (9.34a) we need the reduced
Virasoro master equation of the doubly-invariant CFT’s A(Cartan g(H(d)))

LAP =2k LAPLPE -3 “(L7*)2ataf + ) | L P LP1a®) (9.37a)
D . a a,D )
Lo =2(k+ o) (L) + ) (2L%™ — L) LA~PNZ(B,7) (9.37b)
' B+r=a _ _
c=2k() LA +) L) (9.37c)
A o

where the structure constants N, (c, ) are defined in (9.1). The inverse inertia tensors of
A(Cartan g(H(d))) are controlled entirely by this system because there are no H-invariance
restrictions on LAB, L*~ =£ 0. The reduced Virasoro master equation (9.37) is a consis-
tent subansatz of the Virasoro master equation, with the generically-expected number of
inequivalent solutions at each level '

N(g) = 2"9) — 9}((ranko)* +dimo) | (9.38)

where n(g) is the number of equations and unknowns in the system.
Using the reduced master equation (9.37) to eliminate terms linear in L, we find that the
relation M? = M in (9.34a) can be reduced to the consistency relation

> aBPLe LA (- B) = Y ataP{20X(LOT)2 + Y 2L LATING(B, )

S aB B+y=a
- > L»IAPNI(B,7)} (9.39)
. B+v=a
and this relation is in fact an identity because
Ny(o, B) = N_g(—7,0) = —=N_,(—a, —) (9.40a)
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a-f= (6—a+ﬁ,0 - (Scx+,8,(])012 + 64a+ﬂ,'y"Nf$' (—a,B) - 6a+ﬁ,'7N3(a’ B) | : (94Ob)

where (9.40b) follows from the Jacobi identity of Lie g. This completes the check that the
Lie h relations (9.34) are true independent of unitarity, and we conjecture that the general
Lie h relations in (6.4) are similarly true independent of unitarity.

o K-conjugation in spectral flow. We note that orbifold K-conjugation

L,(m; D(L,d;0)) + Ly(m; D(L, d; o)) = L&) (m; D(L,, d; o)) (9.41a)

L+L=L, c+é=c, [L,(m; D(L,d;0)), Ly(n; D(L, d; )] = 0 (9.41b)

holds for the special points of the stress-tensor spectral flow which describe the orbifolds
A(Cartan g(H(d)))/H(d). Here the modes of L¥? are given in Eq. (9.29), and (9.41) is a
special case of the general orbifold K-conjugation in (6.27). Eq. (9.41) is the first observation
of K-conjugation in stress-tensor spectral flow, and K-conjugation in the general spectral -
flow (9.27) deserves further study.

o Twisted h currents. We return for a moment to the twisted current formulation of the
orbifolds A(Cartan g(H(d)))/H(d). Another consequence of the Lie h =Cartan g invariance
of A(Cartan g(H(d))) is the orbifold statement

[La(m), Hy(n)] = —nM(L) ,BHg(m + n), A=1,...,rankg, o=p(1)—-1 (9.42)

where L,(m) is given in (9.23) and H,(m) are the Cartan modes of sector o. In a left
eigenbasis of M (L), Eq. (9.42) is a special case of the more general result (6.21).

o Beyond spectral flow. We have seen that A(Cartang(H(d)))/H(d) is a large subset
of inner-automorphic orbifolds which can also be described by stress-tensor spectral flow.
We emphasize however that Eqs. (9.17) and (I.1) contain the Virasoro generators of a much
larger class of inner-automorphic orbifolds which apparently (due to the mode-imbalance
phenomenon discussed in App. I) can not be described by spectral flow.

o SL(2,R) WZW models. We finally note that the stress tensors proposed for SL(2,R)
WZW models in Ref. 50 are special cases (with oo - d € Z for g = SL(2,R)) of the inner-
automorphic WZW orbifold stress tensors (9.19) or (9.29).
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Appendix A. Incorporation of the Selection Rules

In this appendix we incorporate the solutions of various selection rules to obtain reduced
forms of relations in the text.

For example, we may combine the solution (2.27¢) of the F-selection rule and the Jacobi
identity (2.27b) for F to obtain the reduced form of the Jacobi identity

(r) () afr)Hn(s)+n(0),
D Faiesmier™ T (O F gyt T O (o)

n(r)+n(t),u (0_)}_ n(r)+n(sj+n(t),’y (0_)

n(s)vin(r)+n(t),u’
n(r)+n(s)+n(t),y (0_)} =0 (Al)

+F nt)in(r)u

TL(S)"‘ (t)a !
M (O-)fn(r)p;n(s)'l'n(t):/-l'

in which no spectral indices are summed. Similarly the solution of the F-selection rule and
(2.27c) imply the relation

+7, n(s)vin(t)d

Fa(r)uin(s)vi—n(r)+n(5)),6 (0) = = Fn(r)ui—(n(r)+n(s)).6:n(s)v (A.2)

among the reduced, twisted totally-antisymmetric structure constants of sector . The
relations (A.1) and (A.2) are found to guarantee the Jacobi identity of the general twisted
current algebra g(o) in Eq. (3.4).

Using the solution (4.1e) of the selection rule for the orbifold conjugation matrix R we
obtain the reduced form of (4.1c)

;T,J n(r)v * —n(r),d *y n(r)v v
ZJ Rty ") (@R )6 (o) = Za Ry “(0) R _niry s (o) = 8, (A3)

which is needed to verify Eq. (4.4b). :
Similarly, the reduced forms of (4.2a), (4.2b) and (4.2c)

g”"("')#: n(r), z ,R'n(r)u_n(r),#_(U)R—n(r),u e (U)gn('r);b';—n(r),u’ (0) (A4a‘)
uhy!
fn(r)l—t;—n(r),u 06(0)* = Z ,R’n(r)u—n(r),u (U)R—n(r) V"("”)V (U)f n(r),p in(ryv’ ’(J)ROG’ 05(0)*
w8 : :
(A.4b)
En(r)p.,—n(r), Z ﬁ—n(r) o n(r)u )R (T)#ln(r)li (U)*Rn(r)yl—n(r),u (O’)* (A4C)
uy

are needed to verify (4.7) and (7.6), and to check the consistency of (4.5).

Appendix B. The Projectors of A(H)/H
The projectors ’P("( ); o) onto the 7i(r) subspaces of sector o,
Z UN0) 2 U (0) s P((r);0)* = dima(r)] (B.1a)

ol



P(a(r) £ pl0); 0) = P@(r);0),  P(=nlr);o) = P(o(o) — alr)o)  (Bb

( )

P(a(r);0) P(A(s); 0) = 8,,," P (a(r); 0), _P(A(r);0) =1 (B.1c)
w(he) =, Ba)(0)P((r);0),  [w(ho), P((r);0)] = 0 (B.1d)

P((r); 0)a"P(A(s); 0)5’Gea(1 = Eniry Bints)) = 0 - (B.1le)

P#(r); 0)o*P(A(s); 0)° fae P(A(2); 0) (1 = Bnry Bn(s) Engyy) = 0 (B.1f)

L®P(7(r); 0),"P(=7(r); 0)y"Gea = L*GesP(7i(r); 0), (B.1g)

are defined for all orbifolds A(H)/H. The identity in (B.1g) can be proven by using duality
transformations to write out »_ ., f (n(r)) LHOBmEG oy m(s)w In two ways, both with
and without the selection rules, for arbitrary periodic f. These projectors were encountered
in Sec. 7 and will play a central role in App. C.

Appendix C. A Constrained Basis for Twisted Currents

We consider another basis for the twisted currents of A(H)/H

JoO(m+23) =3 x(0)2,UN(0) O Jogry(m + X3) (C.1a)
2O (m + 22yt = p b gm0 (—n — 2y | (C.1b)

P((s); 0) Iy (m + 28y = Jr) (m + 28 6, 0 (C1c)
a=1,..,dimg, #a(r)€{0,..,p(0) —1} - (C.1d)

where {P(7(r);o)} is the set of projectors in App. B. These twisted currents carry the
original Lie algebra index a, but the basis is overcomplete with the constraints (C.1c).
In this basis, the twisted current algebra and the orbifold stress tensors take the form

To(@) = 22, L 1,702, () (C.22)
Jr0(z) = 3 Jr0 (m+ zz%r_g)z,—<m+%>—1, j”(”(ze?’"') = Enr(0)J*M(2)  (C.2b)
meZ
[Jn(r) (m + n(r) n(s)( + Eéf‘ ] = n(r ) ( ( ); U)bd{(m + %%)chém+n+%ﬂ,0

+ifog TP (m 4 2OERED) ) (C-2¢)

where L% is the H-invariant inverse inertia tensor of the untwisted sector of the orbifold.
The Jacobi identity for (C.2¢) is verified with the selection rules (B.1le,f).
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Appendix D. Conversion from n(r) to a(r)

In Eq. (3.9), various integers n(r) are converted into their corresponding twist class 7(r). To
see how this happens, follow the steps

1 wv%Ze(m+”f > 0)(2) (D.1a)
mez
1 w 1, #lr T-I,(T)
- ;(—z—)p(a) mlzeza(m + ,—)%;)» > O) ( ) , 0 < m,< 1 : (le)
= %(%)%‘3 ©y™ = (%)%%Z _1 - (D.1c)

where we have used (2.16) and the change of variable m' = m+|n(r)/p(o)] to obtain (D.1b).

Appendix E. Direct Computation of the TJ OPE’s

Orbifold operator products of the general currents fn(,)u can be obtained in one step by the
prescription :
ra — n(r)p, I = Foryu (E.1)
from the formulas of Appendix A of Ref. 22. For the operator product T, J(c), one finds the
same OPE’s as in Eq. (5.4a), but the forms of the twisted tensors M(o) and N (o) which
result from this computation are:

M"(T)un(S)u(a) - ‘Cn(t)a;n(U)e(0)Mﬂ(t)é;n(u)e;n(r)un(S)y(0) (E-2a)
n{s)v;n(t)s u)e;n(v n(s)v;n(t)é
N"(")Il- (Jrintt) ( ) En( )'Y(O-) n(u)en('u)’y,n(r)u. (Ghin® (U) (Ezb)
n(u)e _
Mn(r)/,l.;n(s)u;n(t)é (0') - 6( n(r)u, g”(s ),n(t)é(a)
+ ]: n{v)y;(n(r)p “)5(0-) n(s)u),n(t)& n(v)'v(g) (EZC)
n(u)en(v)y _ (n(u)e : n(‘u)'y‘)
Nn(r)u;n(S)V;n(t) ( ) - 26(n(r),u. fn(s)u);n(t)ﬁ (0’) . (EZd)

As expeéted, these results can be obtained by the duality algorithm (2.34) from the untwisted
TJ OPE’s in (5.1) and the standard relations among the untwisted tensors?6:44:45:23,25

M(L) - LCdM da ) N(L)abc = LdeNdea, be (E3a‘) :
1 e e
Mape® = 0G5 few Fire®s  Nane™ = Ed(tgdfb)c . (E-3b)

Using the duality transformations (2.22d,e) and (2.31c) for G, F and L, one finds that the
forms of M(¢) and N (o) in (E.2) are equivalent to the duality transformations for M(o)
and NV (o) in (5.4b,c).
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Appendix F. A(S3)/ 53 and A(Sy)/S4

0A(S3)/S;
We begin this appendix by checking the results of Sec. 8 against the results for the permu-
tation orbifolds A(S3)/S; given earlier in Ref. 19. The permutation orbifolds A(S;)/Ss have
three sectors named by the partitions ¢ = {1,1,1}, {2,1} and {3}. The first of these is
the untwisted sector (see (8.19)), where the ambient algebra g consists-of three copies of an
untwisted (oo = 01 = 02 = 1) affine algebra at level ko =k, = ky = k.

The twisted sector & = {3} has an order gy = 3 orbifold affine algebra'® whose currents

J(EJJ) =0 5 = 0, 1, 2 have orbifold affine level ko = ook = 3k. The stress tensor, central charge

and ground state conformal weight of this sector are

R )\ab . o . . .
T{B}: ; (J(O)JIS(()))_*_JtS.(I))Jb(o 1)+J$)J£0 2)) + Jeb . J(O) J(O) : (F.la)
A 2kn A%
é({3}) = ¢ = Bknw(A® +1%),  Ay({3}) = ——QlL—— (F.1b)

With the identification J& = J (])—0 and the symmetry of the bilinears given in®?, the result
(F.1) is recognized as the stress tensor and ground state conformal weight of the sector w;
given in Ref. 19.

Finally, the twisted sector & = {2,1} has an order oy = 2 orbifold affine algebra whose
currents jg}:O, j = 0,1 have orbifold affine level I%o = ook = 2k, and a commuting order
o1 = 1 untwisted affine algebra with currents J, j© ) = at level k= k. The stress tensor, central
charge and ground state conformal weight of thls sector are

- Aeb _ A(0) 2
Ty = 5 : ( J(o J(o + J(l) szo 1)) Y. J(EO) J(O) :
£ (OO 4 JOO 4 JO O 4 jO 5O (F.2a)
p ab , jab knab)‘a .
¢({2,1}) = ¢ = 6k (A¥ +1%), Ao({2, 1}) (F.2b)
With the identifications J = ,57]) v Jo = jg?zl this is recognized as the stress tensor and

ground state conformal weight of sector wy in Ref. 19. Agreement is obtained in this case

because wy and our w(é = {2,1}) are in the same conjugacy class of Ss.

0A(S4)/Ss

We turn next to the permutation orbifolds A(S4)/Ss, which have five sectors named by the
partitions ¢ given in Eq. (8.9). Consider first the sector & = {3, 1} with the identifications

Ji = ja)_ i=0,1,2 J, = JO_

a,j=0? a,j=1

(F.3)

o4




where J is an orbifold affine algebra of order three and J is a commuting integral affine
algebra. In this notation, we obtain

A ab -~ ~ ~ ~ ~ ~
Ty = %— L (JOJO 4 JOFED 4 fO Y b g g
+ 19 (JOJO 4 JO g, 4 7,00 + T : (F.4a)

anab)‘ ab

e({3,1}) = c = 8kmep(A® +1%),  Ag({3,1}) = (F.4b)

from Eq. (8.23). The remaining ground state conformal weights Qf A(S;)/Sy are easily
computed

N 5 11

Ao({4},{2,2},{2,1,1}) = kna,,,\“”(—é- 73 (F.5)
from the partitions & in Eq. (8.9).
Appendix G. The Grade Automorphism Group
vThe grade (inner) automorphism group is defined by

1
vd = — A G.1
=52 Z o ed=5-0),  VacA( (G.1a)
= Z n;(@)  when o = Zni(a)ai (G.1b)
i=0 =0 A
N,=plc=1)=2hy, 0=0,...,2h,—1. (G.1c)

Here r = rankg, h, is the Coxeter number of g and G(c) is the grade of a € A(g). The
order p(1) of the o = 1 automorphism given in (G.1lc) is computed from (2.9) and the fact
that G(v),) = hy — 1, where ¢, is the highest root of g. Using (2.16), one may also compute
the twist classes of the twisted currents J of sector o =1

[ 2h—Gla), a>0
Nelo=1) = { _G(a), o <0 (G.2)

and the other sectors may be similarly analyzed.

Invariance under the grade automorphism group restricts the inverse inertia tensors of
the untwisted sectors to the form LAB, L®~ =£ 0, so the stress tensors of the orbifolds by
the grade automorphism group are included in Egs. (9.23), (9.25) and (9.27).
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Appendix H. Another Mode Ordering

M’ ordering is mode ordering by the integer part m of the mode number (m + Z((g)

 Jnryu(m + 5 o (n + 28 1= 0(m 2 0)Jogeyu(n + H2) Jnu(m + X3)
+0(m < O)jn(r)“(m + %%)jn(s)u(n + Z; ) . (H.1)
With M’ ordering, we find in place of Egs. (3.9), (3.11) and (3.13c):

L r)/plo)

(z —w)? w(z w)

. . W w()
Inryn () Jngep (w) = ()7 {] 1Gn(ryuin(syv (0)

'7: run u"("‘)"‘n( ’6(0)‘7 n(r)+n(s 5('111) R .
L nir)pin(s) — () }+ t Iy (2) Jngsy (W) e (H.2a)
Tv _ n(rip;—n(r),v .7 ' . zn(r) 0d jOJ(z)
o(2) = DL D@ Tno (D ontey (@) 2w =03 Fuanion™ (@)
LR
1 n(r) n(r)
Y 1- n(r)p;—n(r)v H.
+Z2 zp(o_)( (0,) )g ( )u, ), (0)} ( 2b)
L,,(m) Z ﬁn(r)“"n ’V {Z Jn(r)y. D+ %%)j—n(r),u(m — P Eé%) M
Tk V pEZ
n(r) 2 n(r) n(r)
‘7:7' —n{r)v o)J m+5m, 1- gnr s—n(r o
_ p(a) (r)pi—n{r), ( )Jos(m) 02p(a)( (o )) (P)pi—nlr).v (o)}
(H.2¢)

Curiously, the M' results (H.2) can be obtained by the map M — M', fi(r) — n(r) from
their M-counterparts in (3.9), (3.11) and (3.13¢c). The M’ ordered product in (H.2a) is not
periodic under n(r) — n(r) + p(c), but the change is compensated by the G term so that
the operator product on the left is periodic. Similarly, the total summands of (H.2b,c) are
periodic, so that each n(r) can be replaced by 7(r). }

Because of its relation to the untwisted affine vacuum |0), M’ ordering is used to discuss
the general inner-automorphic orbifold in Sec. 9.

Appendix I. The Mode Imbalance Phenomenon

We begin this appendix by using the orbifold induction procedure (9.24a) to rewrite the
stress tensors (9.17) of the inner-automorphic orbifolds in terms of untwisted currents. The
result is

Lo(m) = LY (m) + L(m) + 6moBo(L, d; 0) | (L1a)
= Z{Z LA . H (p)Hp(m — p) pp

peZ A,B

56




+ZLA°‘ [Ha(p)Eo(m — p+oa-d) + Eo(p +oa - d)Ha(m — p)] :m

+ZL“'3 : Eo(p)Eg(m —p+o(a+ ) - d) s} (L)
o,f
Lim)= 3 LN, (o, B)(0a- d)Ey(m+0y-d)+ 2 Y 0dsL**Ey(m + oa - d)
at+f=y A _
+2k Y " 0dsLAP Hp(m) + Z L% %(co - d)o - H(m) (1.1c)
AB '

LA = 0 unless .- d € Z, L% =0 unless (a + f) - d € Z, 0=0,.,p(1)—1 (I.1d)

where the quantity Aq(L, d; o) is given in (9.23c). In this form, the arguments (modes) of the
root operators are exactly the quantities in the inner parentheses of Eq. (9.17), so (according
to the discussion around (9.18)) all the modes here are integers.

In spite of their unfamiliar form, these constructions are Virasoro generators when their
inverse inertia tensors satisfy the H-invariance conditions (I.1d) and the Virasoro master
equation (2.3c). Although the current modes were balanced (i.e. summed to m) when the
generators were written in terms of the twisted currents (see Eq. (9.17)), we see in the form
(I1.1) a generic mode imbalance (when LA% and L°®, a + B # 0 are non-zero) in which the
modes of the currents of L,(m) do not necessarily sum to m. It follows that the generic
inner-automorphic orbifold can not be described by the stress-tensor spectral flow (9.27), in
which the current modes sum to m. (The mode imbalance phenomenon is avoided however
for the special case when only LA® and L®? are non-zero, so that, as discussed in the text,
these special inner-automorphic orbifolds can be described by spectral flow.)

A similar mode imbalance is found for all the stress tensors of all the permutation orbifolds
when the orbifold induction procedure (9.24b) is used to express these stress tensors in terms
of untwisted current modes. As an example, we mention the form

(o)1 71

= ST o) S du(e(o)p + 1) dulp(o)(m —p) = 1) m

r=0 ,l=0 pEZ
o), o (1= ——)kp(0)w)] (12)
Z p(O’) ab CJ(p(a)m) + m,0 2p(0_)( p(O') PAO )Tab -

obtained from (3.15) for the sectors of the orbifold A(Z,)/Z.

Appendix J. The OVME and A(Dy)/Dy

In Ref. 19 it was shown that évery solution of the orbifold Virasoro master equation??
(OVME) at order A is a sector of a permutation orbifold of type A(D))/Z,. Moreover, it was
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asserted in Ref. 19 that the sectors described by the OVME also occur in the permutation
orbifolds A(IDy)/Dj. ‘ ¢

To see this we begin with (the inverse of) the first (¢ = 1) duality transformation,®
which constructs a particular Dy-invariant CFT described by L from any particular solution
Lovue = L of the OVME at order A:

A-1 .
Ly =AY LOUW)gU() g, L =L =L - L= L =L  (Jla)
r=0 '
]. 2mirl
UV, = —=e 5, D=2x  ILJr=0,.,A-1. J.1b
(Drir = 7 p(1) (J.1b)

The solution £ of the OVME was identified in Ref. 19 as a sector of the orbifold A(Dy)/Zy
because of the Dy symmetry of L in (J.1a) and the fact that Ut(1) satisfies

_ 2wir

wh) U ) s = U (D)1em 3, w(hi)f =0r410modn, 1 € Zy (J.2)

which is the Zj-eigenvalue problem at ¢ = 1.
Consider next the permutation orbifold A(D,)/Dy, where the untwisted sector is de-
scribed by the same Dy-symmetric L. The 2) elements of the group D, are

{h,} = {TU, 87'0; o= 0, ,)\ — 1}, T‘)‘ = 52 =1, rg = 37~_1 (J3)

and D acts by permuting the currents according to

'

Ju =w)1sdes,  VheD (J.4a)

w(ra)IJ = 5I+0,J mod X, r’ € Zy C Dy; LU(S'I‘U)IJ = 514_0,_‘] mod A~ (J4b)

The action of the element w(r°=!) € Dy in (J.4b) is the same as the action of the element
w(hy=1) € Z) in (J.2). Then, the first duality transformation into the first twisted sector of
A(Dy)/Dy :

T
L

L= LY UM (W)U V) gier, L =LY =L « LR =1%=Lg (J5)

0

> =

I

o
Il

gives the original solution £ of the OVME. This establishes the assertion of Ref. 19.

Appendix K. The Setup for Outer-automorphic Orbifolds

In our notation, the outer automorphism***!' groups of simple g are described by

rankg rankg
d=r(0) > o =Y mr(@) ol =bbims  @f =Y dur(e)®  (Kla)
=1 i=1

é‘ai =1, §ol-a = 1: fagﬁg;lN‘r('y)(T(a)aT(lB)) = N’y(a,ﬁ) (Klb)
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where a, 8,7 € A(g), {\} are the fundamental weights of g and we have taken o? = 2.
For SU(3), the outer automorphism group is a Z,

p(O' = 1) = 27 | T(a1,2) =091, g:t(alﬂ-az) =-1 (K2)

and solution of the H-eigenvalue problem gives eight twisted currents J = {ﬁn(r)zg,l,

Eff(‘:s —0,10 Ei(:;“;”)} which, as expected, satisfy the outer-automorphically twisted affine

Lie algebra A(2) The inverse inertia tensors of the outer automorphlc mvarlant CFT’s on
SU(3) satisfy the H-invariance conditions

Loer = [e02 [en-as _ [oaen (K-35)
La1+az,:i:al — _Lal+az,:f:az, L—(a1+ag),:ta1 — _L~(a1+a2),:|:az (K3b)

and corresponding conditions on LAZ, LA®. The reader is encouraged to work out the outer-
automorphic orbifolds in further detail.

References

1] M. B. Halpern and C. B. Thorn, Phys. Rev. D4, 3084 (1971).

2] E. Corrigan and D. B. Fairlie, Nucl. Phys. B91, 527 (1975).

3] J. Lepowsky and R. Wilson, Commun. Math. Phys. 62, 43 (1978).

[

[

[

[4] 1. B. Frenkel, J. Lepowsky and A. Meurman, Proc. Natl. Acad. Sci. U.S.A. 81, 3256 (1984)
[5] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B261, 678 (1985).

[6] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B274, 285 (1986).

[7] L. J. Dixon, D. H. Friedan, E. J. Martinec and S. H. Shenker, Nucl. Phys. B282, 13 (1987).
[8] S. Hamidi and C. Vafa, Nucl. Phys. B279, 465 (1987).

[9] L. J. Dixon, P. Ginsparg and J. A. Harvey, Commun. Math. Phys. 119, 221 (1988).

[10] R. Dijkgraaf, C. Vafa, E. Verlinde and H. Verlinde, Commun. Math. Phys 123, 485 (1989).
[11] A. Klemm and M. G. Schmidt, Phys. Lett. B245, 53 (1990).

[12] J. Fuchs, A. Klemm and M. G. Schmidt, Ann. Phys. 214, 221 (1992).

[13] R. Dijkgraaf, G. Moore, E. Verlinde and H. Verlinde, Comm. Math. Phys. 185, 197 (1997).
[14] V. G. Kac and I. T. Todorov, Commun. Math. Phys. 190 57 (1997).

[15] L. Borisov, M. B. Halpern and C. Schweigert, Int. J. Mod. Phys. A13, 125 (1998)

[16] P. Bantay, Phys. Lett. B419, 175 (1998).

[17] K. Barron, C. Dong and G. Mason, “Twisted sectors for tensor product vertex operator

algebras associated to permutation groups,” math.QA /9803118.

[18] L. Birke, J. Fuchs and C. Schweigert, “Symmetry Breaking Boundary Conditions and WZW
Orbifolds,” ETH-TH/99-11, hep-th/9905038.

[19] J. de Boer, J. Evslin, M. B. Halpern and J. E. Wang, “New Duality Transformations in
“Orbifold Theory,” UCB-PTH-99/36, hep-th/9908187, to appear in Int. J. Mod. Phys. A.

[20] P. Bantay, “Permutation Orbifolds,” hep-th/9910079.

99



[21] J. Evslin, M. B. Halpern and J. E. Wang, “Cyclic Coset Orbifolds,” UCB-PTH-99/53, hep-
th/9912084, to appear in Int. J. Mod. Phys. A.

[22] J. Evslin, M. B. Halpern and J. E. Wang, Int. J. Mod. Phys. A14, 4985 (1999).

(23] M. B. Halpern, E. B. Kiritsis and N. A. Obers, Int. J. Mod. Phys. A7 [Suppl. 1A}, 339 (1992).

[24] M. B. Halpern and N. Sochen, Int. J. Mod. Phys A10, 1181 (1995).

[25] M. B. Halpern, E. Kiritis, N. A. Obers and K. Clubok, “Irrational Conformal Field Theory,”
Physics Reports 265 No. 1&2 (1996).

[26] M. B. Halpern and E. Kiritsis, Mod. Phys. Lett. A4, 1373 (1989); Erratum, ibid. A4, 1797
(1989).

- [27] A. Yu. Morozov, A. M. Perelomov, A. A. Rosly, M. A. Shifman and A. V. Turbmer Int. J.
Mod. Phys. A5, 803 (1990).

[28] J. de Boer and M. B. Halpern, Int. J. Mod. Phys. A13, 4487 (1998).

[29] K. Bardakci and M. B. Halpern, Phys. Rev. D3, 2493 (1971).

[30] J.K. Freericks and M. B. Halpern, Ann. of Phys. 188, 258 (1988); Erratum, ibid. 190, 212
(1989).

[31] V. G. Kac, Funct. Anal. App. 1, 328 (1967).

[32] R. V. Moody, Bull. Am. Math. Soc. 73, 217 (1967).

[33] M. B. Halpern, E. Kiritsis, N. A. Obers, M. Porrati and J. P. Yamron, Int. J. Mod. Phys. A5,
2275 (1990).

(34] M. B. Halpern and N. A Obers, Commun. Math. Phys. 138, 63 (1991).

[35] F. A. Bais, P. Bouwknegt, K. Schoutens and M. Surridge, Nucl. Phys. B304, 348 (1988).

[36] M. B. Halpern, Phys. Rev. D4, 2398 (1971).

[37] R. Dashen and Y. Frishman, Phys. Rev. D11, 278 (1975).

] V. G. Knizhnik and A. B. Zamolodchikov, Nucl. Phys. B247, 83 (1984).

[39] G. Segal, unpublished.

[40] V. G. Kac and D. H. Peterson, Adv. Math. 53, 125 (1984).

[41] P. Goddard and D. Olive, Int. J. Mod. Phys. A1, 303 (1986).

[42] W. Lerche, C. Vafa and N. P. Warner, Nucl. Phys. B324, 427 (1989).

[43] V. G. Kac, Infinite-dimensional Lie Algebras, third edition (Cambridge University Press, Cam-

bridge 1990). '

4] M. B. Halpern and J. Yamron, Nucl. Phys. B332, 411 (1990).

5] A. Giveon, M. B. Halpern, E. B. Kiritsis and N. A. Obers, Nucl. Phys. B357, 655 (1991).

| P. Goddard, A. Kent and D. Olive, Phys. Lett. B152, 88 (1985).

| E. Kiritsis, Mod. Phys. Lett. A4, 437 (1989).

[4
[4

N
=

N
\]

[
[
[

N
0

] P. Bouwknegt, J. Math Phys. 30, 571 (1989).
9] P. Bouwknegt and A. Ceresole, Phys. Lett. B238, 224 (1990).
0] J. Maldacena and H. Ooguri, “Strings in AdS3 and SL(2,R) WZW Model: I,” hep-th/0001053.

[4
[5

60




EREsr EEANEE LAVREIEHR EEEEY NATIERAL LACER:NERN
BEMNE EMELERTRED READ | BERELEY, GAUIFERND 478

LreparcdlforthalUlSIDepartmentlof{EnergylundenGontractiNOYDEFAGO3276SF00008






