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ABSTRACT OF THE DISSERTATION

Essays on Causal Inference and Econometrics

by

Haitian Xie

Doctor of Philosophy in Economics

University of California San Diego, 2023

Professor Graham Elliott, Co-Chair
Professor Yixiao Sun, Co-Chair

This dissertation is a collection of three essays on the econometric analysis of causal
inference methods. Chapter 1 examines the identification and estimation of the structural function
in fuzzy RD designs with a continuous treatment variable. We show that the nonlinear and
nonseparable structural function can be nonparametrically identified at the RD cutoff under
shape restrictions, including monotonicity and smoothness conditions. Based on the nonparamet-
ric identification equation, we propose a three-step semiparametric estimation procedure and
establish the asymptotic normality of the estimator. The semiparametric estimator achieves the

same convergence rate as in the case of a binary treatment variable. As an application of the

X1



method, we estimate the causal effect of sleep time on health status by using the discontinuity in
natural light timing at time zone boundaries.

Chapter 2 examines the local linear regression (LLR) estimate of the conditional distribu-
tion function F (y|x). We derive three uniform convergence results: the uniform bias expansion,
the uniform convergence rate, and the uniform asymptotic linear representation. The uniformity
in the above results is with respect to both x and y and therefore has not previously been addressed
in the literature on local polynomial regression. Such uniform convergence results are especially
useful when the conditional distribution estimator is the first stage of a semiparametric estimator.

Chapter 3 studies the estimation of causal parameters in the generalized local average
treatment effect model, a generalization of the classical LATE model encompassing multi-valued
treatment and instrument. We derive the efficient influence function (EIF) and the semiparametric
efficiency bound for two types of parameters: local average structural function (LASF) and local
average structural function for the treated (LASF-T). The moment condition generated by the EIF
satisfies two robustness properties: double robustness and Neyman orthogonality. Based on the
robust moment condition, we propose the double/debiased machine learning (DML) estimators
for LASF and LASF-T. We also propose null-restricted inference methods that are robust against
weak identification issues. As an empirical application, we study the effects across different
sources of health insurance by applying the developed methods to the Oregon Health Insurance

Experiment.
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Chapter 1

Nonlinear and Nonseparable Structural
Functions in Fuzzy Regression Discontinu-
ity Designs

1.1 Introduction

The regression discontinuity (RD) design is one of the most important approaches to
causal inference in non-experimental settings. In an RD design, the researcher is interested
in the effect of a treatment 7" on some outcome Y. The basic idea is that there is an observed
running variable R (also called score or index or forcing variable) such that the treatment varies
discontinuously when the running variable crosses some cutoff (also called threshold) value 7.
By utilizing the variation induced by this discontinuity, the researcher has the power to identify
and estimate the causal impact of interest.

Most theoretical studies of the RD design assume that the treatment is a binary interven-
tion. However, in empirical studies of RD design, researchers may be interested in a continuous
treatment that takes values inside an interval. Such examples include sleep time [Giuntella and
Mazzonna, 2019], air pollution level [Chen et al., 2013, Ebenstein et al., 2017], and medical
expense for infants [Almond et al., 2010, Barreca et al., 2011]. Our study provides methods for
examining the causal effect of a continuous treatment variable in an RD setting.

With a binary treatment, the sharp design is the case where the treatment can be predicted



with certainty by whether or not a running variable R is above or below some cutoff (Figure
1.1(a)). The fuzzy design refers to the case where the treatment probability is a function of the
running variable R and changes discretely at the cutoff (Figure 1.1(b)). Regression discontinuity
methods exploit this predicted variation in the treatment above and below the cutoff to identify
the effect of the treatment.

(a) Sharp RD with a binary treatment (b) Fuzzy RD with a binary treatment

°
//.
°
0-e o e o o 0- ¢
cutoff l R ' cutoff ' R

Figure 1.1. Demonstration of RD designs with a binary treatment.

Graph (a) demonstrates the sharp RD design using a raw scatter plot. Graph (b) demonstrates the fuzzy RD design
using a binscatter plot, where each dot represents the treatment probability in the respective bin.

With a continuous treatment, where all observations are treated to some extent, the
distribution of the treatment is a function of the running variable R, and the distribution of
treatments shifts discretely at the cutoff. It is this variation, as in the binary treatment case, that
allows the identification of the effect of the treatment at the cutoff.

The essence of the idea is shown in Figure 1.2. For any R, we have a distribution of the
treatment 7. Suppose that 7 is increasing in R, as illustrated in Figure 1.2(a). As R increases,
the level of treatment becomes larger, as shown by the increasing quantiles of 7. At R =, the
distribution of treatment levels increases discretely, as shown by the discontinuous jump in the

quantiles. This is the discontinuity that will be exploited for estimating the effect of the treatment



(a) RD with a continuous treatment (b) Conditional quantile curves of the treatment
T T

quantile levels
® 25% e .
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cutoff ' R 25% 50% 75% Rank

Figure 1.2. Demonstration of RD designs with a continuous treatment.

Graph (a) demonstrates the regression discontinuities of a continuous treatment variable at different quantile levels.
The plot is a binscatter plot, where each dot represents the corresponding quantile treatment level in the respective
bin. Different quantile regressions bring different discontinuities. Graph (b) plots the conditional quantile curve of
the treatment from just below and just above the cutoff. The horizontal axis specifies which quantile level we are
looking at. The entire difference between these two curves constitutes the content of RD of a continuous treatment
variable. If there is no regression discontinuity, then the two quantile curves would completely overlap. Notice that
we use the same color to denote the corresponding jumps between the two plots.

on the outcome variable. Consider now the distribution of treatments just below and just above
the cutoff. Figure 1.2(b) shows that for R just below the cutoff, the distribution of treatment is
below that of the distribution of treatment immediately above the cutoff. Thus the treatment
levels differ, and we can separate levels of treatment when there is a small variation in R around
this cutoff point.

To capture the causal effect of the treatment 7 on the outcome Y, we introduce the

structural function

Y :g*(T7R78)7

where € contains unobserved causal factors (for easy reference, € will be called the error term

hereafter). The structural function g* specifies how the treatment 7 causes the outcome Y



together with the running variable R and error term €. The identification of g* is a difficult task,
especially without restricting the functional form of g* or the correlation between € and (7, R).
The goal of our paper is to identify the structural function g*(+,7,-) by utilizing the discrete shift
in treatment distribution at the cutoff 7. The proposed method fully describes g* at the cutoft.
Summary statistics that are functions of g*(-,7,-) can also be constructed.

We provide a nonparametric identification result for the structural function. The identifi-
cation assumptions are shape restrictions, including monotonicity and smoothness conditions.
Under these assumptions, the structural function is still allowed to be nonlinear in the treatment
and nonseparable between the treatment and the error term. We propose a three-step semi-
parametric estimation procedure for the identified structural function g*(-,7,-) and derive the
asymptotic normal distribution of the estimator.

Consider our empirical study for concreteness: we study the causal impact of sleep time
T on health status Y by exploiting the discontinuity in the timing of natural light at time zone
boundaries. In this empirical study, the running variable R is the distance to the time zone
boundary, and the cutoff 7 is at the time zone boundary. The causal identification is based on
the following fact: Individuals living on the late sunset side of the time zone boundary tend
to go to bed at a later time, while in the morning, everyone gets up and goes to work at 8 am.
Consequently, there is an exogenous variation in sleep time across the time zone boundary. This
RD design based on the time zone system is first proposed by [Giuntella and Mazzonna, 2019].
Figure 1.3(a) shows the histogram of sleep time based on the American Time Use Survey (ATUS)
and demonstrates that sleep time is indeed a continuous treatment variable. Figure 1.3(b) shows
the nonparametric estimates of the conditional quantiles of sleep time. The distribution of the
sleep time for individuals living on the early sunset side first-order stochastically dominates the
distribution on the late sunset side, which is evidence supporting the above identification strategy.

The empirical study can demonstrate the importance of having a general functional

form specification of the structural function. First, there are reasons for one to believe that the



(a) Histogram of sleep time (in hours) (b) Conditional quantile curves of sleep time
estimated at the time zone boundary

Density
Hour

=== early sunset side (just west of boundary)
= |ate sunset side (just east of boundary)

0.15-

0.10-

0.05-

0.00-
0 5 10 15 20 0.25 0.50 0.75 Rank
Figure 1.3. Empirical illustration of RD designs with a continuous treatment.
Graph (a) shows the histogram of sleep time. Evidently, this variable is better modeled as continuous rather than
discrete. Graph (b) shows the estimated conditional quantile curves of sleep time given that the geographical
location is just west and east of the time zone boundary. The nonparametric estimator used here is the local constant

quantile regression. The RD is clearly observed as the blue curve first-order stochastically dominates the black
curve, a similar situation as demonstrated in Figure 1.2(b).

' Second, a nonlinear

causal effect from sleep time to health is nonlinear and nonseparable.
structural function is required if the researcher wants to find the optimal sleep time for policy
recommendations. A fully linear structural function can only find if more or less sleep is better,
and would recommend sleeping 24 or 0 hours every day. This is obviously not the correct
policy implication, and is at odds with experimental findings. In Section 1.4, we present the
novel empirical results for the estimated structural derivative % g*(+,7,-) based on the proposed
estimator and derive the corresponding optimal sleep time.

The rest of the paper is organized as follows. The remaining part of this section discusses
the literature. Section 1.2 introduces the RD model with a continuous treatment and presents

the nonparametric identification result. Section 1.3 proposes the semiparametric estimation

procedure and derives its asymptotic properties. Section 1.4 presents the empirical study and

I'The nonlinearity can be due to the fact that both undersleeping and oversleeping are harmful to health [Hairston
et al., 2010]. The nonseparability can be due to the effect heterogeneity caused by unobserved eating habits, which
affect both sleep time and health.



simulation results. The technical proofs for the identification and estimation results are collected

in Appendices A.1 and A.2, respectively.

1.1.1 Relation to the literature

The RD method is first introduced by Thistlethwaite and Campbell [1960] into the
literature. Hahn et al. [2001] establish the theoretical foundation of RD designs by using the
potential outcome framework and demonstrate the identification of the local average treatment
effect (LATE) for compliers local to the cutoff. Early reviews of the RD design can be found
in Imbens and Lemieux [2008] and Lee and Lemieux [2010]. For more recent reviews, see
Cattaneo and Escanciano [2017] and Cattaneo and Titiunik [2021].

In the empirical studies, researchers typically use the two-stage least squares (TSLS)
method to estimate the following Wald ratio around the cutoff:

lim,+7E[Y[R = r] — lim, ; E[Y|R = r]
lim, 7 E[T|R = r] —lim,;E[T|R = ]

Wald ratio =

There are two motivations behind this procedure. First, in the binary treatment case, the Wald
ratio would identify the treatment effect.> Second, in the continuous treatment case, if the
structural function is linear and separable in the treatment, that is, g* can be decomposed
as g"(T,R,e) = BT + (R, €), then the Wald ratio would identify the slope coefficient 8 of
the treatment.> However, the Wald ratio, as calculated in the literature, cannot identify the
structural function in general because the structural function is infinite-dimensional, while the
Wald ratio only provides one-dimensional summary information. Under general functional form
assumptions on g*, the Wald ratio is identified as a function of g*(-,7,-), which represents a
weighted average effect of the treatment 7 on the outcome Y at the cutoff R = 7. Important

information in the original structural function, for example, the optimal level of treatment, is lost

2As shown in Hahn et al. [2001], the Wald ratio identifies the average treatment effect in the sharp design and
the local average treatment effect (for the compliers) in the fuzzy design.
3To see that, we can plug the structural function into the definition of the Wald ratio.



when the structural function is condensed into this scalar weighted average. Hence, there is room
for potential improvement in the above empirical studies by using our semiparametric estimator.

There are a few theoretical studies that extend RD design beyond the standard binary
treatment. Caetano et al. [2020] study RD designs with a multi-valued discrete treatment variable.
Section 3.4.2 of Lee and Lemieux [2010] discusses a fully linear model of RD design with a
continuous treatment. The most relevant paper to ours is the recent work by Dong et al. [2021],
which studies RD designs specifically with a continuous treatment variable. They propose a way
to identify and estimate the Quantile specific LATE (Q-LATE) defined as

lim,zE[Y|U = u,R = r] —lim,; E[Y|U = u,R = r]
lim+E[T|U = u,R = r] —lim, ;E[T|U =u,R=r]

The Q-LATE parameter is the Wald ratio given a particular quantile level of the treatment. This
parameter is a weighted average of the derivative of the structural function [Dong et al., 2021,
Section 2.2]. The identification of the Q-LATE parameter is achieved based on assumptions
weaker than our paper. In the current study, we make an effort to directly identify the structural
function and its derivative at the expense of making stronger assumptions. The structural function
itself can be more informative for policy design purposes than a weighted average. In particular,
by identifying the structural function, we can recover not only the Q-LATE parameter but also
many other policy-relevant quantities. For example, in the empirical study in Section 1.4, we
show how the estimated structural function helps determine the optimal sleep time.

Since RD design can be interpreted as a local instrumental variable (IV) approach, our
paper is naturally connected to the large body of nonparametric IV literature. In particular, the
identification result in this paper is related to the literature on instruments with small support:
Torgovitsky [2015, 2017], D’Haultfeeuille and Février [2015], Masten and Torgovitsky [2016]
and Ishihara [2021]. These papers examine a model with a discrete IV and a continuous treatment
variable. To directly apply the IV identification result to our setting, we would require the running

variable R to be a valid instrument: R is (conditionally) independent with € and is excluded from



the structural function g*.

The challenge in the RD setting is that the independence and the exclusion restriction
for the running variable R are typically violated. In the time zone example, the location one
lives is correlated with the unobserved eating habits (contained in €) and may directly affect
the health status Y. The contribution of our paper is to formally establish the identification of
the structural function in the RD setting by utilizing only the discontinuity at the cutoff. In
particular, the running variable R is allowed to be correlated with € and included in g*. The
estimation procedure in our RD design is also more challenging than IV estimation because
we focus on a local neighborhood of the cutoff. Unlike in the IV setup, where +/n-consistent
estimators exist [Torgovitsky, 2017], the proposed semiparametric estimator in our RD design is

~2/5

n -consistent.

The problem studied by this paper is also related to the broad literature on nonseparable
models. Relevant papers include Matzkin [2003], Hoderlein and Mammen [2007, 2009], Sasaki
[2015], and Su et al. [2019]. The identification there relies on the exogeneity of the treatment,

which is not assumed in RD designs.

1.2 RD Design with a continuous treatment

This section describes the RD model with a continuous treatment, explains the assump-
tions of the model, and discusses the nonparametric identification of the structural function local

to the cutoff.

1.2.1 The model

We study the following causal equation:

Y =g*(T,R,¢), (1.1)



where Y is the outcome of interest, 7 is the treatment, and R is the running variable. The scalar
variable € represents unobserved causal factors in the outcome equation. We assume all the
random variables are absolutely continuous. The function g* is the unknown true structural
function.

The running variable R partly determines the treatment 7' by the following treatment

choice function:

mo(R,Up),R < T,
T = (1.2)

ml(R,Ul),R >,

where 7 is the cutoff value, and Uj and U] are scalar variables, representing other factors that are
not observable to an econometrician. For easy reference, they will be referred to as the error terms
hereafter. The important feature of the RD design is that the treatment varies discontinuously
when the running variable crosses the cutoff 7. The functions mq and m; represent respectively
the treatment choice mechanism when R is below and above the cutoff.

It is important to point out that the variables Up,U;,T and R are allowed to be correlated
with the error term €. If we assume € to be independent of (7', R), then we can follow Matzkin
[2003] or Hoderlein and Mammen [2007] to identify the structural function. If we assume € L R
and R is excluded from mg,m; and g, then we can follow Torgovitsky [2015] to identify the
structural function by treating the binary variable 1{R > 7} as the instrument.

We make the following assumptions on the model imposed by (1.1) - (1.2). Let ¢4 be
the set of candidate structural functions such that the true g* is contained in ¢. That is, ¥ is
the infinite-dimensional parameter space where the structural function belongs to. Denote the
conditional distribution function by F.(|-), the conditional density function by f.|.(--), and the

conditional quantile function by F ‘fl (-])-
Assumption 1.1 (Dual Monotonicity).

(i) Every g € 9 satisfies that for each given T =t and R = r, g is strictly increasing in €.



(ii) For each given R = r, my is strictly increasing in Uy and m is strictly increasing in U.
Assumption 1.2 (Smoothness).
(i) The functions mg,m| and every g € 4 are continuous on their respective domains.

.. .. . . 1 -1 . . ..
(ii) The conditional quantile functions Fy | glulr) and Fy; | r(ul|r) are strictly increasing in u

and continuous in (u,r).

(iii) The conditional distribution functions Fg|y, g(e|u,r) and Fey, r(e|u,r) are strictly increas-

ing in e and are continuous in r at r.

(iv) The running variable R is absolutely continuous, and its density is strictly positive around

the cutoff .

Assumption 1.3 (Rank Similarity). Uy|(€,R = 7~ ) has the same distribution as Uy|(€,R = F").

That is, for every u in the common support of Uy and Uy and every e in the support of €,

lim fy ¢ p(ule,r) = lim fiy ¢ p(ule,r).
rr rir

Assumption 1.1 restricts the shape of the structural function and the treatment choice
function. Assumption 1.1(i) has implications on the treatment effect heterogeneity. In particular,
it requires the error term € to be one-dimensional. Such a condition is imposed in Torgovitsky
[2015] and D’Haultfeeuille and Février [2015] for the IV setting and Matzkin [2003] for the
setting with an exogenous treatment. This condition is considered a reasonable sacrifice for
deriving a strong result of directly identifying the structural function. Assumption 1.1(ii) imposes
monotonicity on the unobserved heterogeneity in the treatment choice. This condition is similar
to Assumption 1 in Dong et al. [2021]. In fact, the monotonicity assumption in the treatment
choice model is common in the IV literature [e.g., Imbens and Newey, 2009]. From the theoretical
perspective, the entirety of Assumption 1.1 suggests that there is a one-to-one mapping between

(Y,T) and (€,Up,U;) for a given value of the running variable R.

10



Assumption 1.2 states that except for the discontinuity introduced in (1.2), everything
else is reasonably smooth. In particular, the conditional distribution of € given (U, R) needs to
be smooth with respect to the running variable R at the cutoff 7. This condition indicates that the
discontinuity in the outcome Y is purely generated by the discontinuity in the treatment 7.

Assumption 1.3 is similar to Assumption 3 in Dong et al. [2021]. It imposes the rank
similarity condition on the potential treatments. In the time zone example, this assumption
requires that the probability for sleep time to stay at a certain rank remains the same regardless
of whether the individual lives just east or west of the time zone boundary. 4

The treatment choice functions (mg,m;) are not identified. Rather than trying to identify
them, it is more convenient to consider a normalization to a quantile representation. By using the

monotonicity of mgy and m in Assumption 1.1(ii), we define
U =1{R < 7}y, r(Uo|R) + 1{R > 7}y, g (Ui R) = Frr(T|R), (1.3)
as the conditional rank of T’ given R.> Then the treatment choice model in (1.2) can be written as

ho(R,U),R < F,
T =h(R,U) =

hl(RaU)7R 2 F?
where
ho(r,u) = my (r,FU_OfR(u\r)) and hy(r,u) =m (r,FJlfR(u\r)).

By using [rp,r;] to denote the support of R, we can write the domains of /g and h; respectively
as []"077] X [07 1] and [F,I"]] X [071]

The following lemma shows that the function 4 defined above is the conditional quantile

“Notice that Assumption 1.3 is different from the rank similarity condition in the IV quantile regression model
Chernozhukov and Hansen [2005], where the similarity is imposed on the rank of potential outcomes.
>The second equality in Equation (1.3) is proved in Lemma 1.1

11



function of T given R, and the quantile representation is a valid normalization in the sense that it
preserves the monotonicity and smoothness conditions. Consequently, the function 4 (including
both g and k;) and the conditional rank U = h~! (R,T) are identified from the data, where h!
denotes the inverse of /& with respect to the second argument U. In fact, the two functions (7, -)
and h;(7,-) are the curves shown in Figure 1.2(b), in which the horizontal axis represents the

conditional rank U.

Lemma 1.1 (Quantile Representation). The following statements hold under Assumptions 1.1 -

1.3:
(i) U LR, U|R ~ Unifl0,1], and P(T < h(R,u)|R) = u,u € [0, 1].
(ii) For each R =r, hy and hy are strictly increasing in U.
(iii) The functions hg and h| are continuous.
(iv) The conditional distribution function Fe|y g (e|u,r) is strictly increasing in e and is contin-

uous in r at r, that is,

li%l_lF8|U_‘R(e|u,r) = liil_ng‘U7R(e|u,r), for every (e u). (1.4)

By construction, U is independent of R, but U and € are possibly correlated even after
conditioning on R. The following assumption states that the support of the unobserved € does
not vary with U or R. This invariance of the support is not strong since it still allows € to be

correlated with U or R in any way.

Assumption 1.4 (Support Invariance). Supp(e|U = u,R = r) does not depend on u or r in the

neighborhood of 7. This common support is denoted by &.

We use the following notation to denote the left and right limits. Let Fyr g be the

12



conditional distribution function of ¥ given 7" and R. We define

/
B Fyir g0Vt 7), ifr<r,
FHT’R(y’t,r) = 9
\limrTFFY|T,R<y‘t7r); ifr=r.
¢
Fy|T7R(y|f,l"), if r> f,
F;‘_T’R(y|t7r> =

\limrﬁFﬂT’R(y‘t,r), ifr=r.

The conditional density functions fT_| z and f;f‘  are analogously defined. These left and right

limits exist in view of Assumptions 1.1 and 1.2.

1.2.2 Nonparametric identification

We derive the key identification equation starting from (1.4), which is presented below

for reference:
lim Fyy g(efu,r) = lim Fgy g(efu, 7).
rr ’ riF ’

This equation means that the conditional distribution of € is smooth at the cutoff of the running
variable. Then we recall that Assumption 1.1 (the dual monotonicity condition), together with
Lemma 1.1, establishes a one-to-one mapping between (€,U) and (Y, T). Consequently, we can

relate the unobserved distribution of € to the observed distribution of (Y, T') as follows:

lng8|U7R(e|u,r) = F}]_|T7R(g*(h0(f,lxt),7,6)“’10(7,le),f),

lrifFlFe|U,R(€|”7r) = Fy)r (8" (1 (F,u), 7€) |l (F,u), 7).
Combing the above equations, we obtain that
FY_‘T7R(g* (ho(F,u),7,e)|ho(F,u),7) = FYJTTR(g* (hy(F,u),F,e)|h(F,u),7), for every (e,u).

13



Given that we can identify F;—TT = and (ho,h1), the above condition imposes a constraint on the
structural function g*(-,7,-). This constraint helps us identify g*(-,7,").
In order to precisely refer to the above condition, we introduce the following definition:

A function g € ¥ is said to satisfy Condition (1.5) if for every e € & and u € [0, 1],

Igaij(g(hO(f7u)af7e)’h0(f7u)7f) ::]gﬁij(g(hl(fau)vf7e)|hl(77u)7f)' (1-5)

The previous analysis shows that the true structural function g* satisfies Condition (1.5), which

is formally presented in the following lemma.

Lemma 1.2 (Local Control Function). Under Assumptions 1.1 - 1.3, g* satisfies Condition (1.5)

with both sides of the equation equal to Fgyy g(e|u, 7).

For the true structural function g*, Condition (1.5) can also be written as

UimP(e|T = ho(r,u),R =r) =limP(e|T = hy(r,u),R=r).
7 rlr

The above equation leads to another interpretation of Lemma 1.2: U can serve as a control
function local to the cutoff. After fixing the value of U, the variation in the treatment 7 becomes
locally exogenous. This is because given U and R, the treatment 7 becomes deterministic. The
only variation left in 7 around the cutoff is due to the discontinuity in the treatment choice
function. Lemma 1.2 is related to Lemma 1 in Dong et al. [2021], but unlike in that paper, here
we explicitly express the distribution of € in terms of the observed distribution of (¥, T) and the
structural function g*.

From the IV perspective, we can relate Lemma 1.2 to two results in the literature. First,
Lemma 1.2 corresponds to Theorem 1 in Imbens and Newey [2009], where they show that the
normalized unobserved heterogeneity in the first stage is a valid control variable. Second, Lemma

1.2 is similar to Theorem 1 in Torgovitsky [2015] in the sense that it provides a (necessary)
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characterization of the identified set of the structural function.®
Lemma 1.2 can be used to invalid a candidate structural function g in the parameter space

¢ . Particularly, if
Fy (8(ho(Fo0). F.)l0,P) # Fy'y, (g (7). F.€)|u, ), for some e and u,

then g can not be the true structural function. This means that Condition (1.5) is a necessary
condition for the identification of g*. To make Condition (1.5) also a sufficient condition that

uniquely specifies the true g*, we further introduce some regularity conditions below.
Assumption 1.5.

(i) (Fuzzy RD). The support of T|R from just below and above the cutoff are intervals denoted
respectively by Supp(ho(7,U)) = [t;,t}] and Supp(h(7,U)) = [t],t]]. The two supports

are overlapping: [t),1)] N [t],t]] # 0.

(ii) (Strong Discontinuity). Local to the cutoff, the functions hg and hy intersects and only

intersects finitely many times. That is, the following set is nonempty and finite:

{hO(fau) : hO(f7u) = hl(fvu) S [l(/)at(l)/] N [tiati/]au € [07 1]}

Assumption 1.5 imposes restrictions on the nature of the discontinuity. Assumption 1.5(i)
requires that the RD design is fuzzy in that there are treatment levels that are taken both below
and above the cutoff. Assumption 1.5(i1) imposes restrictions on the strength of the discontinuity.
It requires that the conditional quantile functions (7, -) and (7, -) only intersects finitely many

times. The two curves should intersect but not overlap. If the two functions Ay (7,-) and A (7, -)

The identified set can be defined as the subset of ¢ that contains the functions g that can generate the observed
distribution of (Y,T,R). However, it is rather a detour to formally define such a set because in Section 1.3 we
directly use Condition (1.5) for estimation.

"Infinite intervals are also allowed. For example, Supp(ho(F,U)) can be (—oo,1]], [t5,0), or R. We use the
notation [t),#,] to represent all these cases.
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overlaps on some interval, then the structural function is not identified on that interval because
there is no exogenous variation in the treatment inside that interval.® In the extreme case where
the two curves completely overlap, there is no discontinuity. Figure 1.4 provides two examples
and one counterexample of the strong discontinuity condition.

(a) Strong (b) Strong (c) Not Strong

Figure 1.4. Graphical illustration of the strong discontinuity condition.
Under the strong discontinuity condition stated in Assumption 1.5(ii), the two curves ho(7,-) and h; (7, ) can either
follow the stochastic dominance relationship as in (a) or cross each other for multiple times as in (b). Graph (c) is a
violation of the strong discontinuity condition, where the two curves completely overlap on an interval.

With the above assumptions, we present the main identification result of the paper. The

following theorem shows that Condition (1.5) identifies the true structural function up to a

monotone transformation of the error term €.

Theorem 1.1 (Nonparametric Identification). Let Assumptions 1.1 - 1.5 hold. If g € ¢ satisfies
Condition (1.5), then there exists a continuous and strictly increasing function A8 such that for
everyt € |1y, 151U [t],1]],e € &, and u € [0, 1), g*(¢,7,e) = g(t,7,A%(e)). The specific form of A8
is given in the proof.

Remark. 7o prove Theorem 1.1, we take any g € ¢ that satisfies Condition (1.5). Then we apply

the sequencing approach developed in the proof of Theorem 2 in Torgovitsky [2015] to show that

g and g* are related by the transformation A8.

81n that case, it is possible to partially identify the structural function.
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Theorem 1.1 is the best one can achieve in terms of identifying the nonseparable structural
function because the error term is unobserved. Any g € ¢ that satisfies Condition (1.5) is equally
good as the true g*. The only difference is that the error term is rescaled by the monotone
transformation A8. Therefore, such a function g can also be seen as a “version” of g*.

Inspecting the conditions of Theorem 1.1, we can see that no independence assumption
is needed. However, in some theoretical studies of RD designs, a local independence assumption
is imposed on the running variable around the cutoff. For example, Assumption A3(i) in Hahn
etal. [2001] requires (&,U) to be jointly independent of R conditioning on R near 7. In the binary
treatment case, Dong [2018a] shows that this local independence condition is not needed to
achieve identification.

Based on the observation made in Lemma 1.2, we can recover the conditional distribution
of € given U and R = 7. For any g € ¥, if g is the true structural function, then the corresponding

conditional distribution of € is

Fég\U,R(e‘u’f) = FYTT,R(g(hO(ﬁu)?F7e)|h0(f7u)7f) = FY+|T7R(g(hl(F7u)7fve)‘hl (f7u)7’7)' (16)

In fact, the above conditional distribution F¢_ . , is a transformed version of the true conditional

e|U,R
distribution F|y; g, where the transformation is the A8 defined in Theorem 1.1. This means that
the conditional distribution of €|U,R = 7 is identified up to the same monotone transformation

as the structural function. To eliminate such inconvenience caused by the error term, we can

integrate out € and obtain a unique conditional average structural function (CASF):

B*(t) =Elg" (s, €)|R =17],

where the expectation is taken with respect to the true conditional distribution of € given R = 7.

The following corollary summarizes the above analysis.

Corollary 1.1 (CASF). Let Assumptions 1.1 - 1.5 hold. For any g° € ¢ that satisfies Condition
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(1.5), let A8 be the transformation defined in Theorem 1.1. The following two statements hold

true. 9

(i) Foreverye € & andu € [0,1], FjUyR(/”Lgo(e)m,f) = Fey rlelu, 7).

(ii) For anyt € [t),t)|Ut],t}], the CASF B*(t,F) is uniquely identified as
B*(t) = /go(t,f7e)dFéU7R(e|u,f)du.

The CASF B*(¢) gives the average outcome the policy-maker can achieve when the
treatment level for individuals with characteristic R = 7 is set to ¢. It is worth noting the
difference between the CASF and the local average structural function (LASF) commonly seen
in the LATE literature. The LASF represents the average outcome for the so-called compliers,
an unobservable subpopulation. Therefore, the policy-maker cannot assign treatment to the
compliers even when the LASF is identified. On the other hand, the identified CASF can directly
guide the treatment assignment to the subpopulation with R = 7. The derivative of the CASF is
not the causal effect specific to any subpopulation. Following the spirit of, for example, Heckman

and Vytlacil [2001], we may call CASF a policy-relevant parameter.

1.3 Semiparametric estimation

In this section, we consider parametrizations of the structural function that maintain
nonlinearity and nonseparability. We propose a semiparametric estimation procedure and derive
its large-sample properties. The estimator is semiparametric because the structural function is
parametrically specified, while the treatment choice model is left nonparametrically specified.

We do not consider a fully nonparametric estimator since such a procedure can be too

data-demanding for practical use, which is especially true for the RD design since the estimation

9Since the conditional distribution of & given U,R = 7 is identified. We can also identify other structural
parameters, including the conditional quantile structural function.
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is in the local neighborhood of the cutoff.!”
1.3.1 Construction of the estimator
Consider the following parametrization of ¢ local to the cutoft.

Assumption 1.6 (Semiparametric Specification). There is a one-to-one mapping from the class
{(t,e) — g(t,7,e) : g € G} of functions to a finite-dimensional parameter space T C R, We
write such parametrization as {gy(-,7,-) : Y € I'}. Assume this parametric model is correctly

specified, that is, there exists y* € I such that gy (-, 7,-) = g* (-, 7,").

Assumption 1.7 (Normalization of I). For any v,y € T, if there exists a transformation A such

that

gY('va') :gV('7F7)L('))7

then Yy =7 and A is the identity transformation.

Assumption 1.7 is a normalization condition that fixes the scale of the error term €. An
example is provided below to illustrate the parametrization of the structural function. One way to
achieve such normalization is to have some treatment value 7 such that g,(7,7,e) = e, forall y €

I.

Example 1.1. Ler 7 € [t),t)| N [t],1]]. We can specify the structural function by
gy(T,7.8) =n(T D) +n(T - +n(T—De+e.

The parameter Y = (1,7, 73) is three-dimensional. The function gy(T,F,€) is strictly increasing

in € for all y satisfying P(y3(T —1) + 1 > 0) = 1. The parametrization satisfies Assumption 1.7

10From the theoretical perspective, it can be challenging to construct a fully nonparametric estimator. If we follow
the sieve approach, for example, we would need to consider a basis of functions that are strictly increasing in one of
the arguments to accommodate the monotonicity of the structural function, which is a non-trivial task.
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because, by construction, g,(f,7,e) = e for all values of y and e.!! The model is quadratic in T
and nonseparable between T and €. The effect of T on'Y is allowed to be nonlinear and contain

unobserved heterogeneity. The distribution of € is not parametrized and thus can be very general.

The true parameter ¥* in the normalized semiparametric model can be identified as
follows. Hereafter, we use h* = (h), h]) to signify the true conditional quantile functions and
h = (ho,h;) a generic pair of conditional quantile functions. Let w(e, u) be a weighting function

defined on R x [0, 1]. Define the criterion function as

. 1/2
”D%hHW: </0 /R|Dy7h(e,u)|2w(e,u)dedu> , (1.7)

where Dy (e, u) is defined to be

| (Pl o). 7)o (). 7) = B glgyln (Fv) )l (Fov).7) v (1)

This criterion function is based on Equation (1.5), which by Lemma 1.2 is a necessary characteri-
zation of the identified set. We take an integral form of Condition (1.5) because it gives a faster

convergence rate of the resulting estimator.

Assumption 1.8 (Weighting function w). The function w is nonnegative, integrates to one, and
is bounded on R x [0,1]. The support of w contains & x [0,1]. The criterion function ||D%/1HW

defined in (1.7) is finite.

In practice, we may use a weighting function w that is supported on the entire domain
R x [0, 1] since & is unknown. For the numerical results in Section 1.4, we use the normal density
function as the weighting w. The following corollary provides the semiparametric identification
result, which is based on the nonparametric identification result in Section 1.2. It shows that the
criterion function, when evaluated at the true nuisance parameter value /*, is uniquely minimized

by the true y*.

'This normalization strategy is presented in Equation (2.5) of Matzkin [2003].
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Corollary 1.2 (Semiparametric Identification). Let Assumptions 1.1 - 1.8 hold. For any y €T’

such that y # v*, we have HD%h*

OfHDY*,h*

2> Dy

, = 0. In other words, 'y* is the unique minimizer

"
Assume there is an independent and identically distributed (iid) sample (Y;,T;,R;)?_,
available. We propose an estimation procedure based on the above semiparametric identifi-
cation result. The idea is that we first estimate the nonparametric components (hg,4;) and
(F;‘ TR FYT T, ) that appear in the criterion function. Then we construct an empirical version of
the criterion function and take its minimizer to be the estimator.
The estimation procedure of ¥ is more specifically divided into three steps. The first step

is to estimate the conditional quantile functions /g and &;. The second step uses local linear

and F, It is standard to use

regression (LLR) to estimate the conditional distributions YIT.R

F, Y_\T,R
local polynomials in the estimation of RD designs [Porter, 2003, Sun, 2005]. The challenge
here is that, unlike in the classical RD methods where local polynomial is used to estimate the
conditional expectation function of Y given R, here we estimate the conditional distribution of
Y.!2 The third step constructs an estimate of the criterion function by replacing the nonparametric
nuisance parameters in (1.8) by their estimated counterparts and then finds the estimate of y* by

minimizing the estimated criterion function. We describe the detail of the estimation procedure

as follows. Denote % as the range of the outcome Y.

« STEP 1. Estimate the conditional quantile of T given R. Choose estimators /i(F, -) and
Iy (F,-) of the corresponding conditional quantile processes, ho(F,-) and h; (7, -). Specific

constructions are provided in Section 1.3.3.

* STEP 2. Estimate the conditional distribution of Y given 7', R. Choose two bandwidth
sequences by = by, and by = by, and three kernel functions ky, k7, and kg. Define

Ky (y) = [2wky (§)dy. For eachy € % and t € [t},1]/], solve the following minimization

121 ocal linear estimation of the conditional distribution function can be found in Hansen [2004] and Chapter 2 of
this dissertation.
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problem:

2
min (Ky <yb ’)—a_—a}(Ti—t)—aE(Ri—f)>
- 9 i'R; 2
T, —t R, —7
k k .
. T( b ) R( b )

(v|t,7). Foreachy € # and t € [t{,]], solve the

The minimizer 4~ is the estimate FY*‘T R

following minimization problem:

2
min <Ky <y l) —a+_a_T‘—(Ti_l‘)—a;(Ri—l7)>
+ af l’)z

+ . _
a’,ar,dg i:R;>F

« . . At s . A+ —
The minimizer @™ is the estimate Fypr, 20[E,7).

* STEP 3. Construct the empirical version of the criterion function:

1/2
1
0 ([ [10stemtcanan)

where lA)yﬁ(e, u) is defined to be

u a _ . _ . N _ . .
/0 <Fy_|T,R(gy(h0("a v),7,e)|ho(F,v),7) — F;F‘TyR(gy(hl(r, v),F,e)|h (F, v),r)) dv.
The estimator 7 is any parameter value in I that satisfies
1Dsall,, < inf[Dyall,, +Op (an) (1.9)

where o, — 0 is a deterministic sequence specified by Equation (A.3) in Appendix A.2.
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1.3.2 Asymptotic normality

In order to derive the asymptotic distribution of the semiparametric estimator, we consider

the regularity assumptions listed below.
Assumption 1.9 (Distributions of Y, T, and R).

(i) The support of T does not vary with R except when crossing the cutoff 7, i.e., Supp(T |R =
r) = [ty,13] for r < ¥ and Supp(T|R = r) = [t},{] for r > F. The density functions f  and

f;{ g are bound away from zero.

2
(ii) The density functions fi g and f; r are twice continuously differentiable, and % fi R(t,7)

2 . . . .
and % f;{ r(t,7) are Lipschitz continuous with respect to t.

and F..

(iii) The support of Y, %, is compact. The conditional distribution functions YIT.R

Fyirr
are three-times continuously differentiable over % x [t} /| x [ro, 7] and & x [t} ,t]'] x [F, r1],

respectively.

Assumption 1.10 (Complexity of the Parametric Model). The parametrization {g,(-,7,-) : y€I'}

satisfies the following conditions.

(i) The parameter space 1" is compact.
(ii) The class of functions {T — gy(T +v,F,e): yeT',v € (—1,1),e € &} is finite-dimensional.

(iii) The function gy(t,F,e) is twice continuously differentiable over y € ', t € [t},15] U [t],1]],

ande € &.
(iv) The gradient VyDy: j+(e,u) is a vector of linearly independent functions of (e, u).
Assumption 1.11 (Kernels).

(i) The kernel functions kr and kg are (1) supported on [—1,1], (2) strictly greater than zero
in the interior of the support, (3) of bounded variation, (4) continuously differentiable on

R.
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(ii) The kernel function ky is (1) nonnegative and (2) integrable on R with [ ky(y)dy =1 and

satisfies (3) [ yky(y)dy = 0.
Assumption 1.12 (Bandwidth). The bandwidth b, and b, satisfy the following conditions:
(i) by < by.13
(ii) (nlogn)b$ =o(1).
L
(iii) nb; = — oo, for some sufficiently small € > 0.

Assumption 1.13 (First-step Conditional Quantile Estimators). The estimators hy and hy satisfy

the following conditions.

(i) Monotonicity and smoothness: for every n sufficiently large, there exist C > 0 and deter-

ministic and finite partitions 2§ and 2} on (0,1) such that
P (holr.-) ¢ #6(2%)) B (ln(7.) ¢ H4(21)) = 0(Vbr ).
where

HR(PL) ={ function h from [0,1] into [ty,1)] : on each element of P}, h is strictly
increasing, its inverse h=Vis three-times continuously differentiable,

and (h™")®) is Lipschitz continuous 1,

and S (7) is defined analogously by replacing P with 7.

13The notation by < b, means that there exists C > 1 such that by /b, € [1/C,C].
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(ii) Uniform Bahadur representation:

ho(F,u) — ki (F,u) = bivo(u) + Op(b7)

Ri—F
q0(Ti,Ri;u)kg o (Ib—l) {R; < 7}+0p(1/\/nb1>,

n
+ N
nby =

I (F,u) — I (Fyu) = bivi (u) + O, (b7)

1 ¢ Ri—F
+ Zm(Ti,Ri;u)kQ,l (—l ) {R; > f}+0p<1/\/nb1>,
l’lbl i—1 bl

uniformly over u € (0, 1). The functions vy and v\ are bounded. The functions qo and g
are (1) bounded, (2) centered, that is, E[qo(T,R;u)|T,R| = Elq\(T,R;u)|T,R] = 0, and

(3) does not vary with n. The functions kg o and kg 1 are bounded.

(iii) Uniform convergence rate:

’|fl_h*’|w = sup |IA10(f,u) —hé(f,l/l” \ |ill(fau) _hT(fvu”
ue(0,1)

= 0, (Viogn ) +57).

A brief discussion of the assumptions is in order. Assumption 1.9 imposes smoothness
restrictions on the joint distribution of (¥,7,R). In the previous section, the identification
result only requires continuity of the relevant functions. For estimation, we need higher-order
smoothness regarding the distribution functions. Assumption 1.10 imposes restrictions on the
parametric model of the structural function. Part (i1) restricts the complexity of the model. Part
(ii1) imposes high-order smoothness on the structural function. Part (iv) is similar to Assumption
D4 in Torgovitsky [2017] and requires that V Dy« 5+ to carry information about each component
of the parameter.

Assumption 1.11 imposes restrictions on the kernel functions k7, kg, and ky. The

differentiability is needed to prove a stochastic equicontinuity condition. Assumption 1.12
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restricts that by and b, are of the same asymptotic order, which is slightly faster than n=1/% and
slightly slower than n=3/13, This assumption is not restrictive and allows for the asymptotic
mean squared error (AMSE) optimal bandwidth as well as undersmoothing.

Assumption 1.13 imposes high-level restrictions on the first-stage nonparametric condi-
tional quantile estimators. Part (i) assumes that the quantile estimators are piece-wise monotonic
and smooth with a high probability. Part (ii) and (ii1) give the uniform Bahadur representation
and the uniform convergence rate, which are fairly standard in the quantile estimation literature.
In Section 1.3.3, we discuss a specific nonparametric quantile estimator that satisfies Assumption

1.13.

Theorem 1.2 (Asymptotic Distribution of the Semiparametric Estimator). Let Assumptions 1.1 -

1.13 hold. Then || —v*|, = 0,(b3+1/+/nb;) and

(Vabr(2- +20)7" ) AT —7) - 6}(B- — B1)) S NO. L),

where I, is the dr-dimensional identity matrix. The exact forms of A, B_, B;, X and XL are

given in Equations (A.11), (A.12), (A.13), (A.14) and (A.15) in Appendix A.2, respectively.

Remark. The convergence rate of § is b% + 1/+/nby, which is equal to n~2/5 when by < n=1/5.

This rate is the same as the one obtained in the classical RD design with a binary treatment
variable [Hahn et al., 2001 ]. Having a continuous treatment does not slow down the convergence
rate of the estimator in this case. This is due to the integral smoothing in the definition of the

criterion function Dy, in (1.8).

Remark. The proof of Theorem 1.2 follows the general steps of proving asymptotic normality
of semiparametric estimators as in, for example, Torgovitsky [2017] and Chen et al. [2003].
The main difficulty is that the usual stochastic equicontinuity condition is not sharp because
the criterion function is nonparametrically estimated. More specifically, the consistency of ¥ by

itself is not enough to eliminate the estimation errors asymptotically. To overcome this issue,
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we first use the empirical process theory to derive a uniform convergence rate for the estimated
criterion function, which gives an initial bound on the convergence rate of J. A sharper stochastic
equicontinuity result is then derived based on this initial bound together with more applications
of the empirical process theory. This sharper stochastic equicontinuity result helps demonstrate
that the usual linearization of the criterion function is valid. See the proof in Appendix A.2 for

details.

Once the asymptotic normal distribution of the estimator 7 is established, we can conduct
inference for y*. Theorem 1.2 together with the undersmoothing condition that nbf =o(1) gives

that

Vb (7 77) % N(0,A7 (Z+Z4)A7).

A linear null hypothesis regarding ¥ can be written as Hy =1, where 1 € R% and H is a dn X dy

full-rank matrix. Consider the test statistic

nby (7— 7" (HA*I(Z, +2+)A1H/)_1 (7=7,

where A, £_, and 3. are consistent estimators of A, X_, and ¥, respectively. By Slutsky’s
theorem, the above test statistic converges in distribution to the y? distribution with dp degrees
of freedom. In Appendix A.2, we discuss how to construct consistent estimators for A, X_, and

>,
1.3.3 First-step nonparametric quantile estimators

This section discusses how to construct nonparametric conditional quantile estimators
that satisfy Assumption 1.13. Consider the following two-step estimation procedure introduced

by Qu and Yoon [2015]. Define p,(t) = t(u—1{t < 0}).
* STEP 1. Choose a bandwidth sequence b3 = b3, = o(1) and a kernel function kgg.
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Partition the unit interval (0, 1) into a grid of equally spaced points {uy,--- ,uy,}, where

Jn/ (nb3)'/* — oo, Solve the following optimization problem:

Ri—F
min, ZZp,,,j( i~ —H}(R;— 7)) sz< ; r) 1R < 7. (1.10)
{hj.h j 1j=1li= b3
Denote the minimizers by (fg(7,u1),- -, ho(F,uy,)).

* STEP 2. Let up =0 and u;,,, = 1. Let ﬁo(f,uo) = min;g,<77T; and flo(f,ujnﬂ) =
max;g;<7 ;. Linearly interpolate between the estimates to obtain an estimate for the
entire quantile process. That is, for any u € (u;,u;11), define

. Wiv] —U » ,_ U—uj »
fo(F,u) = o (7o) + —— g (Fy ).
Ujr1 —Uj Ujrl —Uj
The estimator /1; (7,-) can be analogously defined by using the data with R; > 7.14 We can verify

Assumption 1.13 for the estimator constructed above. Denote

Qoo = / (1,0)(1,2) 1{x < O}kps (x)lx

Qo1 = / (1,2)(1,0) 1 {x > OVkps(x)dx

Proposition 1.1. Let Assumptions 1.2(iv) and 1.9(i)-(ii) hold. Assume that the third-order

derivatives 2 ho(r u) and —h*(r u) are Lipschitz continuous respectively on [rg, 7| x [0,1]

OR3 oR3

and [F,r] x [0,1]. Assume that the bandwidth bz = cb| for some constant ¢ > 0. Assume that the
kernel ks is nonnegative, of bounded variation, compactly supported, having finite first-order

derivatives and satisfying

/kFS(x)dx = 1,/xkFS(x)dx = 0,/x2kpg(x)dx < oo,

4There are three estimators of conditional quantile process in Qu and Yoon [2015]. The estimator explained
here is their second one, denoted by &* in that paper. Their third estimator imposes a monotonicity constrain to the
minimization problem (1.10).
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Then the estimators hy(F,-) and h\(F,-) described above satisfy Assumption 1.13. The specific

forms of vo and v, are

2 12

vo(u) = %%hé(?,u)l/QQ}o / x%(1,x) kps(x)1{x < 0}dkx,
c? 92

Vi) = 5SS ag) / 2 (1,x) ks () 1{x > O}l

The specific forms of kg o and kg 1 are
ko,j(x) = l/Qé}jU7x/c)/kFS(x/C)/C,j =0,1.

The functions qg and g, are

qo(T,Ryu) = (u =T < ho(7,u)})/ (fr(F) S (ho(F,u)[T)),

1 (T, Rsu) = (u— T < hj(F,u)})/ (fr(F) f (1 (F,u)|F)),

which take the form of an influence function for quantiles.

Other quantile estimation methods are also available. For example, one can consider the
generic framework proposed by Chernozhukov et al. [2010] for rearrangement. In particular, they
show that the rearrangement of a preliminary estimated quantile process delivers a monotonic
estimator that preserves the asymptotic properties. This result gives a different way to generate
estimators that satisfy Assumption 1.13. We can start with an estimator with desired asymptotic
properties that give rise to Assumption 1.13(i1) and (ii1), and then apply the rearrangement
procedure. The resulting estimator would be monotonic on the entire domain, and partitioning is

unnecessary.
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1.4 Numerical results

This section presents the empirical study and the simulation results. The empirical study
shows that the semiparametric estimator is considerably better than the simple TSLS estimator
in discovering quantitative information regarding the structural function. The simulation studies
show that the semiparametric procedure can accurately estimate the parameters with moderate

sample size.!?

1.4.1 Empirical study

In this empirical study, we examine the causal effect of sleep time on health status by
exploiting the discontinuity in the timing of natural light at time zone boundaries. The unit
of observation is the individual in the American Time Use Survey (ATUS). The outcome Y
is the individual’s health status measured by the body-mass index (BMI).!6 The treatment T
is the sleep time. The running variable R is the longitudinal distance to the nearest time zone
boundary, with cutoff 7 = 0 denoting the time zone border. As explained in the introduction,
the identification is based on the exogenous variation in the sleep time around the time zone
boundary. This exogenous variation is due to the difference in the timing of natural light on each
side of the time zone boundary.

Many studies in the medical literature examine the effect of sleep time on overweight
issues. See Beccuti and Pannain [2011] and the references therein. These studies typically use
survey or laboratory data. This problem is first studied by using the RD design in Giuntella
and Mazzonna [2019].)7 The relevant outcome variable they use is a binary indicator of the
obesity (or overweight) status indicating whether the BMI is above some threshold. They use

the TSLS procedure to estimate the Wald ratio across the time zone boundary. We consider two

ISReplication files for the empirical and simulation studies are available from the author upon request.

I6BMI is a person’s weight in kilograms divided by the square of height in meters. The Centers for Disease
Control and Prevention define overweight as BMI ;, 25 and obesity as BMI ; 30.

7Giuntella and Mazzonna [2019] study many health and economics-related issues. Here we only mention the
relevant ones.
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improvements based on their work. First, we directly use BMI as the outcome variable, providing
a more quantitative measure of the health status. Second, we use the proposed semiparametric
estimator to estimate a nonlinear structural function. Previous medical studies have provided
evidence of the nonlinearity of the structural function. For example, Hairston et al. [2010] show
that both undersleeping and oversleeping lead to an increase in BMI while sleeping around 8
hours leads to a more healthy BMI level.

The data for this empirical study is collected from IPUMS CPS [Flood et al., 2020] and
IPUMS ATUS [Hofferth et al., 2020] during the periods 2006 - 2008 and 2014 - 2016. By linking
these datasets, we can locate the county where the individual lives and then use the county’s
centroid as the location of the individual. We focus on counties near the time zone boundary
between the Eastern and Central time zone. The counties are divided into two regions based on
their latitude. We estimate the model separately for each region.

The estimated marginal effects of sleep on BMI from the semiparametric estimator and
the TSLS estimator are shown in Figure 1.5. Several interesting findings are observed based
on the semiparametric estimates. First, the marginal effects are increasing and increase from
negative to positive. This lends some support to the previous argument that the structural function
is nonlinear and neither sleeping too little nor too much is preferable. Second, we can determine
the optimal (in terms of BMI) sleep time by finding the zero of the marginal effect curve. In both
cases, the optimal sleep time is estimated to be between 7 and 8 hours, which also aligns with the
findings in previous medical studies. Third, the results from the two regions are similar, meaning
that the variation across different latitudes is small.

From Figure 1.5, we can also see that the TSLS estimates are not capable of demonstrating
the above results. First, the TSLS procedure only provides a constant estimate of the marginal
effect across all levels of sleep time. This means an extra hour of sleep would lead to the same
effect on health regardless of the person’s current sleep time, which is inappropriate in this
setting. Moreover, we cannot estimate the optimal sleep time based on the linear structural

function. Second, the magnitude of the TSLS estimates is small. This is because the TSLS
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Figure 1.5. Estimated marginal effects of sleep time on BMI (kg/m?).

The plots show the estimated marginal effects based on the semiparametric and the TSLS estimator. Graph (a) is
computed based on counties with latitude ; 37. Graph (a) is computed based on counties with latitude ; 37. We
can see that the marginal effects are increasing, indicating a nonlinear (U-shaped) structural function. The optimal
sleep time computed as the zero of the marginal effect curve is between 7 and 8 hours. However, the marginal effect
estimated from the TSLS procedure is constant across different sleep times. These estimates are small in magnitude
and less informative for the researcher.

provides a weighted average of the marginal effects across the entire range of sleep time. By

averaging the negative and positive effects, the TSLS delivers an estimate attenuated toward zero,

which is not informative for the researcher.!®

1.4.2 Simulations

We use simulation studies to investigate the performance of the proposed semiparametric
method and compare it with the performance of the TSLS estimator. The data generating
process (DGP) for these simulations was chosen to roughly approximate the ATUS data used
in the empirical study. Let marginal distributions of U and € be given by Fy = Unif(0,1)
and F; = Beta(2,2), respectively. Two marginal distributions for R are considered, Unif(0, 1)

and N(0,1). The joint distribution of (R, €,U) be characterized by the Gaussian copula with

18Giuntella and Mazzonna [2019] find a more significant effect of sleep time on obesity. There are two possible
reasons: they consider the binary indicator of obesity, and they include more control variables in the regression.
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correlation structure corr(R,U) =0, corr(€,R) = pg, and corr(€,U) = py. The treatment choice
model is given by hfj(r,u) = r+2sin(7u/2) and hj(r,u) = r+2u’. The structural function is

given by
gy(T,R,€) = n(T —0.5) + 1(T* —0.5%) + »(T —0.5)e + € +R.

The true y* is taken to be (1,1,1).
Further implementation details are described below. Construct a kernel function k that is

an even function given by

20 —3x2 41, ifxelo,1],

0, if x> 1.

We can verify that k is continuously differentiable on the real line and compactly supported on
[0, 1]. Within the interior of its support, k is strictly positive. We use this function & to be the
kernels k7, kg, ky, and kg in the estimation. The bandwidth is chosen to be by = by = b3 =
2n~'/3. The weighting function w(e,u) is chosen to be constant in u and equal to the standard
normal density function with respect to e.

Table 1.1 contains the simulation results of the performance of the semiparametric
estimator for different choices of the marginal distribution of R, the correlation parameters
(pu,pr) and the sample size. In each case, the number of replications is set at 500. We can
see that the estimator performs well with a moderate sample size (n = 1000). The marginal
distribution of R does not have a large impact on the performance. When the sample size is small,
larger values of pg or py can lead to poorer performance of the estimator. The plausible reason
is that larger values of the correlation parameters would lead to more severe endogeneity issues
in finite samples. When the sample size becomes large, the performance of the estimator does

not vary significantly with the choices of (pg,pv).

33



Table 1.1. Performance of the semiparametric estimator.

Dist. R py pr Param n =500 n = 1000 n = 1500

bias sd mse Dbias sd mse Dbias sd mse

h -257 206 .108 -.233 .134 .072 -219 .119 .062
3 )2 038 153 .025 .062 .098 .013 .068 .081 .011
3 v A72 139 .049 158 .091 .033 .154 .073 .029

N -260 464 283 -231 .134 .071 -215 .116 .060
5 %) 027 514 265 .053 .097 .012 .060 .080 .010
U(0,1) B 178 168 .060 .159 .097 .035 .155 .076 .030

T -256 199 105 -.225 .129 .067 -210 .111 .056
3 )2 039 157 026 .061 .098 .013 .068 .078 .011
5 02 189 140 055 .171 .086 .037 .163 .070 .031

Y4l -248 456 269 -217 125 .063 -202 .104 .052
5 y2) 015 512 262 .044 .095 .011 .052 .075 .008
B 222419 225 178 100 .042 .171 .076 .035

" -224 479 280 -.228 .156 .076 -216 .136 .065
3 %) 006 527 278 .059 .114 016 .067 .093 .013
3 v 152 170 052 152 .105 .034 .148 .085 .029

4! -254 362 196 -.224 153 .074 -212 .124 .060
5 12) 030 268 .073 .048 .112 .015 .058 .091 .012
N(0,1) B 167 178 .060 .152 113 .036 .149 .086 .030

h -243 233 113 -221 .149 .071 -209 .127 .060
3 %) 027 185 .035 .059 .113 .016 .069 .090 .013
%) A76 172 .061 .163 .102 .037 .157 .082 .031

h -230 .500 .303 -.210 .144 .065 -.198 .118 .053
5 )2) -012 .619 .383 .037 .113 .014 .049 .086 .010
B 193 248 099 172 116 .043 .167 .088 .036

The structural function follows the three-parameter specification in Example 1.1. The number of replications
is 500. The marginal distribution of R is chosen to be the uniform distribution on [0, 1] or the standard normal
distribution. The two correlation parameters pgr = corr(g,R) and py = corr(g,U) are chosen from {0.3,0.5}. The
results demonstrate the following points. First, the semiparametric estimator performs well with a moderate sample
size of 1000. Second, the performance of the estimator is not affected by The marginal distribution of R. Third,
when the sample size is as large as 1000, the performance of the estimator does not vary significantly with the
choices of (pg,pv).

34



It is also of interest to compare the semiparametric estimator with the TSLS estimator.
Directly comparing the two estimators can be difficult since they are of different dimensions
and converge to different limits. Instead, we can compare their performance in estimating
the marginal effect. For the structural function g,(¢,7,e) = yit + 151> + p3te + e, the marginal
effect of the treatment on the outcome is % gy(t,7,e) = 11 + 27t + y3e, which takes on different
values for different treatment and outcome levels. For a given treatment level #, we can use the
semiparametric estimator to obtain an estimate ¥, + 2%t + }3e of the marginal effect. However,
a TSLS procedure would deliver a scalar estimate that is a mixture of marginal effects across
different treatment and outcome levels. Figure 1.6 shows that with a nonlinear specification, the
semiparametric estimator outperforms the TSLS estimator. We compare the two estimates of the
marginal effect at four quantile levels of the treatment: 20%, 40%, 60%, and 80%. The simulated
distribution of the semiparametric estimator is correctly centered, while the TSLS estimator
incurs a large bias. Figure 1.7 shows similar findings with a fully nonlinear and nonseparable
specification, where we compare the two estimates at four levels of e: 0.2,0.4,0.6,0.8.

Next, we compare the semiparametric estimator with the TSLS estimator when the
structural function g is linear. This is achieved by imposing 9» = 3 = 0. The remaining slope
coefficient y; is equal to the marginal effect. In this case, the TSLS estimator is consistent for
the coefficient 7. However, the identification of the TSLS estimator is based solely on the
difference between the two means. If the two distributions corresponding to hg and /1 have the
same mean, then the TSLS procedure suffers from weak identification issues. In contrast, the
identification of the semiparametric estimator ¥ is based on the entire difference between Ay and
hi. As aresult, the semiparametric estimator continues to work under the linear specification
even if the estimand of the TSLS estimator is weakly identified. For the simulation, we let /g be
the quantile function of Beta(0.1,0.1), and &) be the quantile function of Beta(10,10). These
two distributions are significantly different, but they have the same mean, which is equal to 0.5.
Figure 1.8 shows that, in this case, the semiparametric estimator outperforms the TSLS estimator

in estimating the marginal effect.
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Figure 1.6. Marginal effects comparison with a nonlinear structural function.

Kernel density estimates of estimated marginal effect by the semiparametric and TSLS estimators (minus the true
marginal effect) based on 500 replications. The sample size is 1000. The true structural function is specified to
be g(t,7,e) =t /2 +1* + e, where the marginal effect is 1/2 -+ 2¢. The graphs show the estimation results of four
quantile levels of the treatment: 20%, 40%, 60%, and 80%. The distribution of the semiparametric estimator
is correctly centered while the TSLS estimator incurs a large bias. The TSLS estimator gives an approximately
unbiased estimate of the marginal effect only around the 60% quantile level.
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Figure 1.7. Marginal effects comparison with a nonseparable structural function.

Kernel density estimates of estimated marginal effect by the semiparametric and TSLS estimators (minus the true
marginal effect) based on 500 replications. The sample size is 1000. The true structural function is specified to
be g(t,7,e) =t/2+1> 4 2te + e, where the marginal effect is 1/2 + 2t +2e. The treatment level is specified to be
the median. The graphs show the estimation results of four levels of e: 0.2, 0.4, 0.6, 0.8. The distribution of the
semiparametric estimator is correctly centered while the TSLS estimator incurs a large bias. The TSLS estimator
gives an unbiased estimate of the marginal effect only around e = 0.6.
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Figure 1.8. Semiparametric and TSLS estimators when the structural function is linear.

Kernel density estimates of the semiparametric and TSLS estimators (minus the true y* = 1) based on 500
replications. In the DGP, Ay is equal to the quantile function of Bera(0.1,0.1), and h; is equal to the quantile
function of Bera(10, 10). These two distributions are significantly different, but they have the same mean. In this
case, the semiparametric estimator outperforms the TSLS estimator because the latter is weakly identified.
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1.5 Conclusion

In this study, we have examined the identification and estimation of the structural function
in an RD design with a continuous treatment variable. We have established the nonparametric
identification result and proposed a semiparametric estimator for the possibly nonlinear and non-
separable structural function. The estimator is proven to be consistent and asymptotically normal.
The empirical study and simulation results demonstrate the advantage of the semiparametric
estimator compared to the TSLS estimator.

There are two promising ways to extend the results in this paper in the future. First,
we can consider extrapolating the identification result away from the cutoff. The extrapolation
can be done by identifying the derivative of the structural function with respect to the running
variable at the cutoff as in Dong and Lewbel [2015]. Second, we can apply the methodology
developed in this paper to the regression kink design model studied by Card et al. [2015], Dong
[2018b], where the treatment choice function exhibits a kink instead of a discontinuity at the

cutoff.
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Chapter 2

Uniform Convergence Results for the Lo-
cal Linear Regression Estimation of the
Conditional Distribution

2.1 Introduction

This paper studies the nonparametric estimation of the conditional distribution function.
The analysis concerns a random variable ¥ € R and a random vector of covariates X € R?. The

conditional distribution function of Y given X = x is denoted by F(+|x), that is,
F(yl) =P(Y <y|X =x),yeR.

When the conditional distribution function F'(+|-) is assumed to be smooth, it is natural to consider
using the local linear regression (LLR) method to estimate F.

The main subject of this study is the uniform convergence of the LLR estimator with
respect to both y and x. In particular, we derive the uniform bias expansion, characterize the
uniform convergence rate, and present the uniform asymptotic linear representation of the
estimator. As explained in, for example, Hansen [2008] and Kong et al. [2010], these uniform
results are often useful for semiparametric estimation based on nonparametrically estimated
components.

The estimation of the conditional distribution is an important area of research. Hansen
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[2004] studies the asymptotic properties of both the Nadaraya-Watson (local constant) estimator
and the LLR estimator, and obtains point-wise convergence results. It is well-known that the
LLR estimator has the better boundary properties of the two, but unlike the Nadaraya-Watson
estimator, the LLR estimator is not guaranteed to be a proper distribution function.! Recently,
Das and Politis [2020] propose a way to correct the LLR estimator. The conditional distribution
estimation is also useful for estimating conditional quantiles. For example, Yu [1997] and Yu
and Jones [1998] first estimate the conditional distribution function and then invert it to obtain
the conditional quantile function.

The local polynomial estimators have been studied extensively, but the uniform con-
vergence results for the estimation of F are new to the literature. In the general setup of local
polynomial estimators, there is only one regressand, namely, Y. However, in the conditional
distribution estimation, there is a class of regressands, namely, 1{Y < y},y € R. For example,
Masry [1996] establishes the uniform convergence rate for general local polynomial estimators,
but the uniformity is with respect to the values of the regressors. Therefore, their results can only
be applied to an estimate of F(y|-) for a fixed y € R. For the same reason, the results in Kong
et al. [2010] cannot be used to provide a uniform asymptotic linear representation for y € R. Our
paper aims to solve these issues and prove that under suitable conditions, the desired results are
uniform with respect to both y and x. We make use of the recent discovery by Fan and Guerre
[2016] on the support of the covariates, ensuring that the uniform results are valid over the entire
support.

The second contribution of the paper is the presentation of a novel way of proving the
uniform convergence rate via empirical process theory. This theory was developed by Giné and
Guillou [2001] and Giné and Guillou [2002] and supports the uniform almost sure convergence of
the kernel density estimator. In this paper, we simplify their method and make it more accessible

to users who are only concerned with the notion of uniform convergence in probability.

ITo solve this problem Hall et al. [1999] propose a weighted Nadaraya-Watson estimator that has the same
asymptotic distribution as the LLR estimator, but these weights require extensive computation.
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The remaining parts of the paper are organized as follows. Section 2.2 introduces the
statistical model and the assumptions. Section 2.3 establishes the uniform bias expansion result.
Section 2.4 introduces empirical process theory and uses it to prove the uniform convergence
rate. Section 2.5 presents the uniform asymptotic linear representation and provides a simple

example to illustrate the result. The proofs are contained in the Supplementary Material.

2.2 Model and Assumptions

Let {(Y;,X;),1 <i < n} be a random sample of (¥,X). The estimation procedure is
described as follows. Let w and k be two kernel functions and K (v) = [*_k(u)du. Let hy = hy,, =
o(1) and hy = hy, = o(1) be two scalar sequences of bandwidths. Let r(x) = (1,u')",u € R?
and ep = (1,0,---,0) be the first (d + 1)-dimensional unit vector. The proposed estimator is

E(ylx) = eJ B(y,x,h1,hy), where

A

N N A T
B(yaxvhlth) - <B0(y7x7h17h2)7ﬁl(yaxvhlth)a"' 7Bd(y7xvhlvh2)>
2
v y—Y; T (Xi—x)
= argmin K —r(X;— . 2.1
Bfwi_zl( (55 - rix B) w(% @)

Let H; be the (d + 1) x (d 4+ 1) diagonal matrix with diagonal elements: (1,4;,---,hy). The

first-order condition of the above minimization problem gives
HlB(y7-x7h17h2) :é(xahl)_lﬁ(yax7hl7h2)u (2.2)

where

A 1 Xi—x Xi—x T (X,-—x)

Ex,h)=—7=) r r w ,
k) nh‘fi_zi ( hi ) ( hi ) hi

R 1 & X, —x y—Y,-) (Xi—x)

vy, x,h,hp)=—) r K w .
v, 1, o) nhfg ( I ) ( Iy I
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In the construction of the estimator, we do not use the indicator 1{Y; < y}. Instead, we
use the smoothed version K ((y —Y;)/h2), which requires the selection of another bandwidth
h; and additional smoothness assumptions on the conditional distribution function. However,
there are several advantages to using the smoothed version. First, the estimator constructed
from the indicators is not smooth in y. When we believe that the true distribution function is
smooth, it is customary to use the smoothed estimator. Second, from the asymptotic perspective,
the indicator 1{¥; < y} can be considered to be the limiting case of K ((y —Y;)/h2) for hy = 0.
As Hansen [2004] shows, the asymptotic mean squared error is strictly decreasing for 4, = 0;
hence, there are efficiency gains from smoothing. Third, as the simulation results in Yu [1997]
and Yu and Jones [1998] demonstrate, the estimates are not very sensitive to the value of 4.
Lastly, as we show in Section 2.5, the smoothed estimator exhibits a stochastic equicontinuity
condition in y. This condition is particularly useful when the conditional distribution estimation
is an intermediate step in a semiparametric estimation procedure. For example, Chen et al.
[2003] provide results on using the stochastic equicontinuity condition to derive the asymptotic
distribution of two-step semiparametric estimators.

The following assumptions are maintained throughout the paper.

Assumption X (Distribution of X). The support of X, denoted by 2, is convex and compact.
The marginal density fx is bounded away from zero on 2. The restriction of fx to X is twice
continuously differentiable. There exist Ao, A1 € (0, 1] such that for any x € 2" and all € € (0, A,
there is x' € 2 satisfying B(x",A1€) C B(x,€)N 2", where B(x,€) denotes the ball centered

at x with radius €.

Assumption Y (Conditional distribution of Y|X). The conditional distribution function F (y|x)
restricted to R X 2 is twice continuously differentiable in y and x. Moreover, this second-order

derivative of F restricted to R x 2" is uniformly continuous.

Assumption K (Kernel functions).
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(i) The kernel function w is a product kernel, that is, w(u) = wy(u1)wa(u2) - --wq(ug). Each
wy (1) is a symmetric density function with compact support [—1,1]; (2) has its second
moment normalized to one, that is, [ M%Wg(ug)dug = 1, (3) is positive in the interior of the

support (—1,1); and (4) is of bounded variation.

(ii) The kernel function k (1) is a symmetric density function with a compact support and (2)

has its second moment normalized to one, that is, [v?k(v)dv = 1.

A brief discussion of the above assumptions is in order. Assumption X is introduced
by Fan and Guerre [2016] as a regularity condition on the support 2 . It ensures that there
are sufficient observations around every estimation location, including the boundary points.
Assumption Y imposes smoothness conditions on the conditional distribution function F. Under
this assumption, the Hessian matrix of F is uniformly continuous on the compact support
supp(Y,X). Assumption K contains standard conditions on the kernel functions k and w. The

bounded variation condition is imposed for the application of empirical process theory.

2.3 Uniform Bias Expansion

We denote the true value of the conditional distribution function and its derivative with

respect to x as

* * * * T T T
B*(x) = (Bi(r1), Bi (), Bi(r.) " = (FOI),VaFO)T)

-
where V. F(y|x) = <8%1F(y|x), e ,aixdF(y|x)) is the gradient of F(y|x) with respect to x. A

convenient way to analyze the estimator [Ai(y7x, hi,hy) is to consider it as an estimator of the
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pseudo-true value defined by

_ _ — T
ﬁ(yrx?hl?hZ) - (ﬁO(yaxuh17h2)7ﬁ1<y7-x7h17h2>7'" 7ﬁd(y7x7h17h2)>
2
— argminE (K (y_Y) —r(X—x)TB) W(X_x) . (23)
BeRd+1 h2 hl

This pseudo-true value B is deterministic and converges to the true value B as n — o.> We can

break the asymptotic analysis of [A; (y,x,h1,h2) — B (y,x) into two parts:

B(yvxvhlahz) - B*(yvx) = ﬁ(y,X,hl,]’Q) - B(yaxahlahZ)j—i_ﬁ(yvxahlahZ) - B*(yax) :

stochastic term bias term

In this section, we study the bias term, which is the difference between the pseudo-true value and
the true value. The first-order condition of (2.3) gives an explicit expression of the pseudo-true

value: Hy B (v,x,h1,hy) = E(x,h1) "' 0(y,x, k1, hy), where

1 X—x X—x\" X —x
E(x,h)==E
) h r( h )r( h ) W( hi )]

1| X —x —Y X—x
v(y7x’h1’h2):h_dE r( h1 )K(th )w( hl )]
1 L

Define Q(x,h1) = [r(u)r(u) "w(u)1{x+hu € 2 }du. The following lemma shows that the

matrices E(x, /1) and Q(x,h;) are always bounded and invertible.

Lemma 2.1. Under Assumptions X and K, there exists C > 0 such that the eigenvalues of E(x,h)

and Q(x,hy) are in [1/C,C] for all x € 2" and hy > 0 small enough.

The terminology “pseudo-true” is adopted from Fan and Guerre [2016].
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Theorem 2.1. Let Assumptions X, Y, and K hold. Then

(B0~ B0

2 d 2
—?1 (x,hy) ! Z axgaxélF(y|x)/r(u)ugug/w(u)l{x—i—hlu € Z }du

th h 82F {x+hue 2} h? + 13 2.4
FF0m) TSSO [ rwl s thine 2 )dutolhi +43),  @4)

uniformly over y € R and x € Z'. In particular, we have

Bo(y.x) —Bo(v.x)

N|_N

£, 97 h% J* 2,42

Z 92 Ol + 753 F (k) +o(hi+h3), (2.5)
=1 E

uniformly over'y € R and x € ﬁ%h], where =%}h1 ={xeZ :xthy =1 th, -, xgqth) € X}
denotes the set of interior points with respect to the bandwidth h;.

The novelty of Theorem 2.1 is that it provides a uniform bias expansion for the LLR
estimator over the entire region (y,x) € R x 2. For the boundary points x ¢ 3&1 , the bias is
O(h% + h%) For the interior points x € %,l, the bias expression (2.5) is the same as in Hansen

[2004] and Chapter 6 of Li and Racine [2007], which contains the curvature of F(y|x).

2.4 Uniform Convergence Rate

In this section, we derive the uniform convergence rate of the stochastic term

B (y,x,h1,h2) — B (y,x, 1, h2)

We make use of empirical process theory, which is a powerful tool for studying the uniform
convergence of random sequences. Some auxiliary concepts and results are introduced below.
Let ¢ be a class of uniformly bounded measurable functions defined on some subset

of R?, that is, there exists M > 0 such that |g| < M for all g € 4. We say ¥4 is Euclidean
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with coefficients (A,v), where A,v > 0, if for every probability measure P and every € € (0, 1],
N(¥,Pe) <A/e", where N(¥,P,€) is the e-covering of the metric space (¢,L,(P)), that is,
N(¥,P,g) is defined as the minimal number of open |[-[|,p)-balls of radius & and centers in &
required to cover ¢. By definition, if ¢ is Euclidean with coefficients (A,v), then any subset of
¢ is also Euclidean with coefficients (A,v).
The above definition of Euclidean classes is introduced by Nolan and Pollard [1987].
The same concept is also studied in Giné and Guillou [1999], but they refer to what we call
“BEuclidean” as “VC.” There is a slight difference that Nolan and Pollard [1987] use the L{-norm,
while Giné and Guillou [1999] use the L;-norm. We ignored the envelope in their definition
because we only work with uniformly bounded ¢. The following lemma is useful for deriving

the uniform convergence results.

Lemma 2.2. Let &, --- &, be an iid sample of a random vector & in RY. Let 4, be a sequence
of classes of measurable real-valued functions defined on R?. Assume that there is a uniformly
bounded Euclidean class 4 with coefficients A and v such that 4, C 94 for all n. Let 62 be a

positive sequence such that 6> > SUpgeq, Elg(E )2]. Then

(Y (x(2) Eg@))' 0y (\/nologanl +]10g ).

In particular, if n6?2 /|log 6,,| — o, then A, = O, (x/nd,ﬂ log Gn\> :

The above lemma is based on the results developed by Giné and Guillou [2001] and Giné
and Guillou [2002]. These two papers focus on proving the almost sure convergence of kernel
density estimators based on empirical process theory. We simplify their method and make it
available to users who are only interested in convergence in probability. Based on Lemma 2.2,
deriving the uniform convergence rate of kernel-based nonparametric estimators boils down to
two parts: proving the relevant function classes are Euclidean and computing a uniform bound

for the variance.
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Controlling the stochastic term does not require the smoothness of the conditional
distribution function F. We only need the assumptions regarding the support 2" and kernel
functions. The following theorem establishes the uniform convergence rate for the stochastic
term of the LLR estimator. Then, combining this result with Theorem 2.1, we obtain the uniform

convergence rate of the LLR estimator as a corollary.

Theorem 2.2. Let Assumptions X and K hold. If the bandwidth satisfies nh? /|loghy| — o, then

A ~ logh
sup H, <ﬁ<y7x;h1>h2)_B(y7x7hlah2>)‘ :Op | gd1| (26)
yER xe 2 nh
Corollary 2.1. Let Assumptions X, Y, and K hold. Then
N logh
sup |F(y|lx)—F(ylx)| =0, h%—l—h%—i— | gd1|
yERxeZ nh

We want to compare the above uniform convergence result with the one in Masry [1996].
In Masry [1996], the covariates X are supported on the entire space R? while the convergence
result is only uniform for x in a compact subset of R?. In our case, the support 2 is compact,
and the convergence result is uniform over the entire support (y,x) € R x 2.

Corollary 2.1 shows that the uniformity over y € R does not have an impact on the conver-
gence rate. This is similar to the fact that we can uniformly estimate the unconditional distribution

function under the n—1/2

-rate. The conditional distribution estimation is a nonparametric problem
concerning only the covariates.
So far we have been studying the smoothed estimator. It is also of interest to study the

unsmoothed version defined as F (y|x) = e, B (y,x,h1), where

n
v

B(y,x,h) = argminz (1{Yi <y} —r(X; —X)Tﬁ>2w (Xi —x) '

BeRI+! =] hl

The above minimization problem is constructed by replacing the term K((y —Y;)/h;) by the
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term 1{¥; < y}. For this estimator, we only need to chose one bandwidth A;. Since E[1{Y; <
y}|X = x] = F(y|x), the bias term of this estimator is only O(h?). The bias associated with the
smoothing in y no longer exists. The uniform convergence of F can be established without
the differentiability of F with respect to y. The trade-off is that the estimator F(y|x) itself is
not smooth in y even if F is. The stochastic term can be analyzed as before. Then we obtain
the following uniform convergence rate for the unsmoothed estimator. Notice that we replace

Assumption Y by a weaker condition which only requires the smoothness of F* with respect to x.

Theorem 2.3. Let Assumptions X and K hold. Assume that F(y|x) restricted to R x 2 is twice

continuously differentiable in x, and the second-order derivative V. V. F is uniformly continuous

on R x 2. If the bandwidth satisfies nh /|loghy| — o, then

[loghy|

sup  |F(ylx) —F(ylx)| = 0, | hi + y
yeRxe X nh1

2.5 Uniform Asymptotic Linear Representation

This section derives the uniform asymptotic linear representation of the smoothed LLR
estimator. These results are particularly useful in deriving the asymptotic distribution for

complicated estimators.

Theorem 2.4. Let Assumptions X, Y, and K hold. If the bandwidth satisfies that nh‘f /|loghy| — oo,
nh?** /|log hy| bounded, and hy = O(hy), then

- _ =( i logh
Hl <ﬁ(y7x7hl7h2) _ﬁ(y7x7h17h2)> =< )C hl _dz YhXi;yrxahlahZ)—i_Op <‘ nidll) )
1 =1 1
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uniformly overy € R and x € Z', where

X; — -Y\ - X; —
sV Xy, by hy) =r (22 ) (K (220} —Foix) w22,
h hy h

F(ylx) =E[K((y=Y)/h2) | X = x].

The asymptotic order of the remainder term, O, <| loghy|/ nh‘f), is the same as in Equa-
tion (13) of Kong et al. [2010]. Thus, once more, the uniformity over y € R does not have an
impact on the convergence rate. Combining the results in Theorem 2.1 and 2.4 and applying the
central limit theorem for triangular arrays, we can show that the LLR estimator is asymptotic
normal with some asymptotic bias.

We can use this asymptotic linear representation, together with the smoothness of K, to

derive the following stochastic equicontinuity condition.

Corollary 2.2. Let the assumptions of Theorem 2.4 hold. Let 8, = o(1). Then the following

stochastic equicontinuity condition hold.

2 A logh; 6, |logh
sup F(yl|x)—F(y1|X)—(F(yz|X)—F(szX))‘:OP \ ng 10, [logh

d d
[V1—y2|<8xel h ho nh

We study another simple example to demonstrate how the uniform asymptotic linear
representation can be used. Suppose thatd =1, 2" = [x, %], and Y is supported on [y,7]. We
want to estimate the integrated conditional distribution 8 = fyy f; F (y|x)dxdy with the estimator

6= ny f; F (y|x)dxdy. The theorem below gives the asymptotic distribution of the estimator 6.

Corollary 2.3. Let Assumptions X, Y, and K hold. If the bandwidth satisfies that \/nhy /|loghy| —
oo, \/nh? — 0 bounded, and hy = O(hy), then /n(6 — ) 4 N(0,V), where

v=/ ( [gs=<n) —F<y\r>)dy)2f<s,r>drds,
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and f(y,x) denotes the joint density of (Y,X).
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Chapter 3

Efficient and Robust Estimation of the
Generalized LATE Model

3.1 Introduction

Since the seminal works of Imbens and Angrist [1994] and Angrist et al. [1996], the local
average treatment effect (LATE) model has become popular for causal inference in economics.
Instead of imposing homogeneity of the treatment effects as in the classical instrumental variable
(IV) regression model, the LATE framework allows the treatment effect to vary across individuals.
Under the monotonicity condition, the average treatment effect can be identified for a subgroup
of individuals whose treatment choice complies with the change in instrument levels.

The current form of the LATE model only accepts binary treatment variables. This
restriction is inconvenient in many economic settings where the treatment is multi-leveled in
nature. For example, parents select different preschool programs for their kids, schools assign
students to different classroom sizes, families relocate to various neighborhoods in housing
experiments, and people choose different sources of health insurance. To apply the LATE model
to these settings, researchers often need to redefine the treatment so that there are only two
treatment levels. However, merging the treatment levels can complicate the task of program
evaluation and dampen the causal interpretation of the estimates. As pointed out by Kline and
Walters [2016], if the original treatment levels are substitutes, then there is ambiguity regarding

which causal parameters are of interest. After merging the treatment levels, the heterogeneity in
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the treatment effect across different treatment levels is lost.

This paper addresses the above issues by generalizing the LATE framework to incor-
porate the potential multiplicity in treatment levels directly. We call the new framework the
generalized LATE (GLATE) model. The main assumption of the GLATE model is the unordered
monotonicity assumption proposed by Heckman and Pinto [2018a], which is a generalization of
the monotonicity assumption in the binary LATE model.

We generalize the identification results in Heckman and Pinto [2018a] to explicitly
account for the presence of conditioning covariates, which is often important in practical settings.
Recently, Blandhol et al. [2022] point out that linear TSLS, the common way to control for
covariates in empirical studies, does not bear the LATE interpretation. The only specifications that
have LATE interpretations are the ones that control for covariates nonparametrically. Therefore,
it is essential from the causal analysis perspective to incorporate the covariates into the GLATE
framework in a nonparametric way.

The causal parameters identifiable in the GLATE model include local average structural
function (LASF) and local average structural function for the treated (LASF-T). LASF is the
mean potential outcome for specific subpopulations. These subpopulations are defined by their
treatment choice behaviors and are generalizations of the concepts always takers, compliers,
and never takers in the binary LATE model. The parameter LASF-T further restricts the
subpopulation to exclude individuals who do not take up the treatment.

The paper is concerned with the econometric aspects of the GLATE model. The analysis
begins by deriving efficient influence function (EIF) and semiparametric efficiency bound (SPEB)
for the identified parameters. The calculation is based on the method outlined in Chapter 3
of Bickel et al. [1993] and Newey [1990]. We then verify that the conditional expectation
projection (CEP) estimator [e.g., Chen et al., 2008], constructed directly from the identification

result, achieves the SPEB and hence is semiparametric efficient. Using these results, we may

ITo distinguish with the GLATE model, we sometimes use the terminology “binary LATE model” to refer to the
LATE model studied by Imbens and Angrist [1994] and Abadie [2003].
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efficiently estimate other important parameters of interest by the plug-in method since a standard
delta-method argument preserves semiparametric efficiency.

The EIF not only facilitates the efficiency calculation but can also serve as the moment
condition for estimation. This is because the EIF is mean zero by construction and is equal to the
original identification result plus an adjustment term due to the presence of infinite-dimensional
parameters. We show that the moment condition constructed from the EIF satisfies two related
robustness properties: double robustness and Neyman orthogonality. Double robustness guar-
antees that the moment condition is correctly specified in a parametric setting even when some
nuisance parameters are not.

The Neyman orthogonality condition means that the moment condition is insensitive to
the nuisance parameters. This condition is particularly useful when the conditioning covariates
are of high dimension. To further utilize this condition, we study the double/debiased machine
learning (DML) estimator [Chernozhukov et al., 2018] in the GLATE setting. Under certain
conditions regarding the convergence rate of the first-step nonparametric estimators, the DML
estimator is asymptotically normally uniformly over a large class of data generating processes
(DGPs).

The weak identification issue is a practical concern of the GLATE model. This is because
both the treatment and instrument are multi-valued, and hence the subpopulation on which LASF
and LASF-T are defined can be small in size. To deal with this issue, we propose null-restricted
test statistics in one-sided and two-sided testing problems. This procedure is the generalization
of the well-known Anderson-Rubin (AR) test. We show that the proposed tests are consistent
and uniformly control size across a large class of DGPs, in which the size of the subpopulation
mentioned above can be arbitrarily close to zero.

The paper is organized as follows. The remaining part of this section discusses the
literature. Section 3.2 introduces the GLATE model and the nonparametric identification results.
Section 3.3 calculates the EIF and SPEB. Section 3.4 discusses the robustness properties of the

moment condition generated by the EIF. Section 3.5 proposes inference procedures under weak
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identification issues. Section 3.6 presents the empirical application. Section 3.7 concludes. The
proofs for theoretical results in the main text are collected in Appendix A in the Supplementary

Material.

3.1.1 Literature Review

The GLATE model provides a way to conduct causal inference under endogeneity when
the treatment is multi-valued and unordered. As mentioned above, the identification result
(conditional on the covariates) is first established in Heckman and Pinto [2018a] by using
the unordered monotonicity condition. Lee and Salanié [2018] proposes another method of
identification in a similar model of multi-valued treatment. Their method is concerned with
continuous instruments, while the GLATE is framed in terms of discrete-valued instruments.
When the treatment levels are ordered, Angrist and Imbens [1995] derives the identification
and estimation results for the causal parameter, which is a weighted average of LATEs across
different treatment levels.

The literature on semiparametric efficiency in program evaluation starts with the seminal
work of Hahn [1998], which studies the benchmark case of estimating the average treatment effect
(ATE) under unconfoundedness. For multi-level treatment, Cattaneo [2010] studies the efficient
estimation of causal parameters implicitly defined through over-identified non-smooth moment
conditions. In the case where unconfoundedness fails and instruments are present, Frolich [2007]
calculates the SPEB for the LATE parameter, and Hong and Nekipelov [2010a] extend to the
estimation of parameters implicitly defined by moment restrictions. In a more general framework
encompassing missing data, Chen et al. [2008] study semiparametric efficiency bounds and
efficient estimation of parameters defined through overidentifying moment restrictions. However,
there is currently no theoretical research on semiparametric efficient estimation in models that
encompasses endogeneity and unordered multiple treatment levels.

Several ways are available for calculating the EIF for semiparametric estimators, as

illustrated by Newey [1990] and Ichimura and Newey [2022]. Semiparametric efficiency calcula-
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tions can be used to construct robust (Neyman orthogonal) moment conditions. This method is
illustrated in Newey [1994] and Chernozhukov et al. [2016]. Based on the Neyman orthogonality
condition, Chernozhukov et al. [2018] introduces the DML method that suits high dimensional
settings. This is because Donsker properties and stochastic equicontinuity conditions are no
longer required in deriving the asymptotic distribution of the semiparametric estimator.

For testing the GLATE model, Sun [2021] proposes a bootstrap test which is the general-
ization and improvement of the test studied by Kitagawa [2015] in the binary LATE model.

The GLATE model has received attention in the recent empirical literature due to its
ability to model multi-valued treatment. Kline and Walters [2016] evaluate the cost-effectiveness
of Head Start, classifying Head Start and other preschool programs as different treatment levels
against the control group of no preschool. Galindo [2020] assesses the impact of different
childcare choice in Colombia on children’s development. Pinto [2021] studies the neighborhood
effects and voucher effects in housing allocations using data from the Moving to Opportunity
experiment. Our theoretical analysis of the GLATE model presents important tools for estimation

and inference that can be applied to those empirical settings.

3.2 Identification in the GLATE Model

This section describes the generalized local average treatment effect (GLATE) model,
discusses identification of the local average structural function (LASF) and other parameters,

and introduces the notation.

3.2.1 The model

We assume a finite collection of instrument values 2 = {z;,--- ,zn, } and a finite col-
lection of treatment values .7 = {t1,--- ,ty, }, where Nz and Ny are respectively the total
number of instrument and treatment levels. The sets .7 and 2 are categorical and unordered.
The instrumental variable Z denotes which of the Nz instrument levels is realized. The ran-

dom variables T;,--- ,TZNZ, each taking values in .7, denote the collection of potential treat-
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ments under each instrument status. Thus, the observed treatment level is the random variable
T =Tz =Y 4 1{Z=z}T,. For each given treatment level r € .7, there is a potential outcome
Y, € % C R. The observed outcome is denoted by ¥ = Y7 =Y ,c 7 I{T =1}Y;. The random
vector X € 2 C R contains the set of covariates. The observed data is a random sample
(Y, T;,Z, X)), 1 <i<n.

The description above establishes a random sampling model where the researcher only
observes one potential outcome, the one associated with the observed treatment. This implies that
the sample of Y, observed from an individual with treatment 7" = ¢, comes from the conditional
distribution of ¥; given T' = ¢ rather than from the marginal distribution of ¥;. In general, this
fact leads to identifications issues and presents challenges for causal inference. To overcome

these problems, we impose further structures on the model.
Assumption 3.1 (Conditional Independence). ({Y;:1 € T}, {T;:z€ Z}) L Z | X.

Assumption 3.2 (Unordered Monotonicity). Foranyt € 7 ,z,7 € Z, either

BT =1} > Ty =1} | X) =1

or

BT =1} < Ty =1} | X) = 1.

Assumption 3.1 and 3.2 provide the multi-valued analog of Assumption 2.1 in Abadie
[2003]. Assumption 3.1 restricts that the instrument Z is independent with the potential treatments
and outcomes once we condition on X. Assumption 3.2 is the conditional version of the unordered
monotonicity condition proposed by Heckman and Pinto [2018a]. It means that when we focus
on a particular treatment level 7 and a pair (z,7') of instrument values, the binary environment
should satisfy the usual monotonicity constraint in the LATE model. Specifically, the unordered

monotonicity condition requires that a shift in the instrument moves all agents uniformly toward
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or against each possible treatment value.?
We define the type S of an individual as the vector of the potential treatments, that is,

S=(T, - .T,).

9 ZNZ

By construction, S is not observed. Assumption 3.2, the unordered monotonicity condition,
is essentially a restriction on . = supp(S), the support of S. Denote the elements in . by
S1,-++ ,SNg» Where Ny is the cardinality of .. A convenient way to characterize .7 is by using
the Nz x Ng matrix R = (s1,--- ,sng). The matrix R is referred to as the response matrix since it
describes how each type of individuals’ treatment choice responds to the instrument.

The role of S is to assist the 1dentification of the counterfactual outcomes by dividing the
population into a finite number of groups, where identification can be achieved within specific
groups. Those groups are defined as follows. For k =0, ---,Nz, let X; ; be the set of types in

which the treatment level ¢ appears exactly k times. That is,
Yk = {se7: Zi\l:z] 1{s[i] =t} =k},

where s[i] denotes the ith element of the vector s. In particular, the collection X, 4,k =0, --- ,Nz
forms a partition of .7

For individuals with type § in the same type set X, x, their treatment response in terms of
T =1t is in a way homogeneous. Thus, it is easier intuitively to identify the marginal distribution
of the potential outcome Y; within each X; ;. More specifically, we define the local average

structural functions (LASF) and the local average structural functions for the treated (LASF-T)

2As pointed out by Vytlacil [2002], the LATE monotonicity condition is a restriction across individuals on the
relationship between different hypothetical treatment choices defined in terms of an instrument.
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as follows.

LASF: B, =E[Y; | S € 4],

LASE-T: %, = E[Y; | S€ £, 4, T =1].

Before presenting the identification results for the above two classes of parameters, we illustrate

the GLATE model in the following two examples.

Example 3.1 (Binary LATE model). In the binary LATE model of Imbens and Angrist [1994],
there are two treatment levels 7 = {0,1} and two instrument levels & = {0,1}. There are
three types: ¥ = {s1 = (0,0)',s0 = (0,1)’,s3 = (1,1)"}, which are referred to in the literature
as never-takers, compliers, and always-takers, respectively. The type set L1 o = {s1} contains
the never-takers, X1 1 = {s2} the compliers, and X 5 = {s3} the always-takers. The response

matrix is the following binary matrix

0 01
R = (s1,82,83) =

011

The local average treatment effect is the treatment effect for the compliers, which can be written

as the difference between two LASFs:

E[Yl —Yp | S= compliers] ZE[YI —Yp ‘ T > To] = BIJ —ﬁ071.

Example 3.2 (Three treatment levels and two instrument levels). The simplest GLATE model
(excluding the binary case in Example 3.1) has three treatment levels T = {t|,t,,t3} and two

instrument levels 2 = {z1,z2}. There are five types specified as the columns in the following
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response matrix

H b 13 11 B
R = (s1,52,53,54,55) =

H th 13 i3 B3
In this example, a shift from z; to zo moves all agents uniformly toward the treatment level t3.
The type set ¥4, o = {s1} contains the type that always choose the treatment t| and thus can be
referred to as t|-always taker. The same applies to ¥;, » = {s2} and ¥;; » = {s3}. The type set
L1 = {s4} switches from t| to t3 and hence can be considered as t|-swticher (or t|-compliter).
Similarly, we can refer to ¥;, | = {s5} as ty-switcher and ¥,, | = {ss} as t3-switcher. This model
is used in Kline and Walters [2016] to study the causal effect of the Head Start preschool program.
The instrument indicates whether the household receives a Head Start offer, and the treatment
levels are t| = Head Start, t) = other preschool programs, and t3 = no preschool. The unordered
monotonicity condition means that anyone who changes behavior as a result of the Head Start

offer does so to attend Head Start.

3.2.2 Identification Results

We introduce some matrix notations related to the type S. For each treatment level
t € 7, let B; be a binary matrix of the same dimension as the response matrix R with each
element of B; signifying whether the corresponding element in the response matrix is ¢. That
is, B[i, jl, the (i, j)th element of B;, is whether Tz, equals  for the subpopulation S = s;. Define
bp= (1{s1 € i}, -, 1{sng € Z,x}) B, where B, is the Moore-Penrose inverse of B;.

For convenience, we also need some notations regarding conditional expectations. Let
n(X)=(m;, (X),--- anzsz(X))l with T.(X) =P (Z =z| X)

be the vector of functions that describes the conditional distribution of the instrument Z. For
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each treatment level ¢ € 7, let
P(X)= (Pigy(X), Py, (X)) with P (X) = P(T =1 | Z=1z,X)

be the vector that describes the conditional treatment probabilities given each level of the

instrument. Denote

0(X) = (0rz) (X),-++, Or2y, (X)) With Oy (X) =E[YHT =1} | Z=z,X]
as the vector that contains the conditional outcomes for each treatment level . Notice that the
functions &, P;, and Q; are all identified.

Theorem 3.1 (Identification of LASF). Let Assumptions 3.1 - 3.2 hold. Lett € . and k €

{17... 7NZ}-

(i) The type set probability is identified by

Pk =P(S €)= b E[R(X)].

(ii) If p;x > O, the LASF is identified by:

Bk = b kB [0:(X)] /e -

Theorem 3.1 identifies p; x, the size of the subpopulation X, ;, and the local structural
function for that subpopulation. The only exception when the identification fails is when the
type set X, o, in which case the individual never chooses the treatment 7. This identification result
is a modification of Theorem T-6 in Heckman and Pinto [2018a] that explicitly accounts for
the presence of covariates X. Bayes rule is applied to convert the conditional result into the

unconditional one. The following theorem presents the identification result for the LASF-T.
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Let Z; x C Z be the set of instrument values that induces the treatment level ¢ in the type
set ¥, . Thatis, 2 = {z; € Z : s[i] =1, for all s € ¥, x }, where s[i] denotes the ith element of

the vector s. Then define 7, = ) ¢ » 7, as the total probability of those instrument values.

Theorem 3.2 (Identification of LASF-T). Let Assumptions 3.1 - 3.2 hold. Lett € .7 and

ke {l,--- ,Nz}. Then % is nonempty.

(i) The treatment probability within the type set is identified by

Gk =P (T =1,S € L1x) = biiE [P (X)m 4(X)] .

(ii) If q; x > 0, then the LASF-T is identified by

Yk = by E[O(X) 7 1 (X)] /g1 3.1

The identification results are illustrated using the two examples.

Example 3.3 (continues = eg:binary). Since the treatment is binary, the matrix By is equal to the

response matrix R. The matrix By and its generalized inverse BT are respectively

0 01 , 0 -1 1
B = , and (Bf) =
011 0 1 O
The matrix By and its generalized inverse B(}L are respectively
1 1O ) 0O 1 O
By = , and (By)' =
1 00 1 -1 0
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The vectors by and by | are respectively

b171 = (—1, 1), and b()71 = (1,—1).

Theorem 3.1 implies that

E[Q1,1(X)] —E[Q10(X)]
E[P1(X)] = E[P1o(X)]

I

E[Qo0(X)] —E[Qo,1(X)]
E[Poo(X)] —E[Po1(X)]

Bi1= , and By =

The two denominators in the above expressions are both equal to the type probability of compliers.

Then the usual identification of the LATE parameter [e.g., Frolich, 2007] follows:

JEY |Z=1,X=x]-E[Y |Z=0,X =x]) fx(x)dx

EVi—Yo |Ti > To] = [(E[T|Z=1,X=x]-E[T|Z=0,X =x])fx(x)dx’

where fx denotes the marginal density function of X.

Example 3.4 (continues = eg:3t2z). Recall that ¥;, | = {s4} contains the t|-switcher. By Theorem

3.1, the LASF for the treatment level t and the subpopulation S = s4 is identified by’

Pu,1 = E[Pl1,21 (X)] - E[Ph,Zz (X)]

5 | = E0uq (0] ~El0 (X))
" Bl o (0] = B[Py (0]

Notice that %, 1 = {z1}. Then by Theorem 3.2 we have

(P2 (X) = Py 5, (X)) 75, (X))

E|
E[<Q11,Z1< ) Qllzz( ))TEZI(X)]
E[(By o (X) = Py 2, (X)), (X)]

3The calculation of b, x is omitted for brevity, but it can be done in the same way as Example 3.1.

qn,

%17 -
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3.3 Semiparametric Efficiency

In this section, we calculate the semiparametric efficiency bound (SPEB) and propose
estimators that achieve such bounds. We focus on the parameters LASF and LASF-T. In
Appendix B in the Supplementary Material, we study general parameters implicitly defined

through moment restrictions.

3.3.1 LASF and LASF-T

For the rest of the paper, we assume that ¥;,7 € .7 have finite second moments. This is
necessary since we are studying efficiency. Let t denote the column vector of ones and {(Z, X, )
the diagonal matrix with the diagonal elements being 1{Z =z} /7,(X),z € 2. The following
theorem gives the efficient influence function (EIF) and the SPEB for the parameters identified in

the preceding section.

Theorem 3.3 (SPEB for LASF and LASF-T). Let Assumptions 3.1 - 3.2 hold. Lett € 7 and

ke {l,--- ,Nz}. Assume that p; y,q; > 0.

(i) The semiparametric efficiency bound for B, i is given by the variance of the efficient

influence function

wﬁt’k (Y7 T727X,Bt,k7pt,k7Qt7Pl77t)

:ib”k <g(z,x, ) (WYUH{T =1}) - (X)) + Qz(X)) (3.2)

)

Btk

Pk (£ ) (4T =1} = R00) £ RO)).

(ii) The semiparametric efficiency bound for ¥, is given by the variance of the efficient
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influence function

w%’k(y7 T7Z7X7%,k7qt,k7Qt7Pt7 75)

:ﬁbnk (C(Z,X,n) (YT =1}) - 0i(X)) m (X)) + Q(X)1{Z € i"},k})
_ﬁb;k (C(Z,X,ﬂ) (T =1} -P(X)) mu(X)+P(X)1{Z € D@@(}) '

(iii) The semiparametric efficiency bound for p; is given by the variance of the efficient

influence function
Pk (T, Z, X, pr g, By ) = by i (C(Z,X, m) ({T =1} - (X)) +B(X)> — Drk-

(iv) The semiparametric efficiency bound for q;y is given by the variance of the efficient

influence function

th’k(TvzaxqukaPtan)

—bei (§(Z,X,7) (T =1} = ROO) m(X) + R(X)UZ € Zi4}) — g

The EIF in Theorem 3.3 can be interpreted as the moment condition from the identification
results modified by an adjustment term due to the presence of unknown infinite-dimensional

parameters. Take l//ﬁka as an example, the terms

b (£(Z.X,7) (Y HT =1}) = (X)) ) /pra
and

Buabrs ($(Z.X.m) (T =1} = A(X)) ) /i
are respectively the adjustment terms due to the presence of Q; and P,.
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From the expression of l//ﬁf-rk , we can see that the SPEB would be large when p;  is
small. This is because p; ; measures the size of the subpopulation § € X; ; on which the LASF is
estimated. When p; ; is small, we run into the weak identification issue. In Section 3.5, we study
inference procedures that are robust against weak identification issues.

One benefit of the EIFs is that we can easily calculate the covariance matrix of different
estimators. Consider an example where we are interested in two LASFs f3; and 3, whose EIF
is given by y; and y», respectively. If the two estimators 31 and 32 are both semiparametric

efficient, then their covariance matrix equals E[y; y].

Example 3.5 (continues = eg:binary). In the binary LATE model, the first two parts of Theorem
3.3 reduce to Theorem 2 of Hong and Nekipelov [2010a]. If we assume unconfoundedness by

having T = Z, then the result further reduces to Theorem I of Hahn [1998].

The derived SPEB helps determine whether an estimation procedure is efficient. In this

section, we focus on the conditional expectation projection (CEP) estimator.* Define
hy (X)) =E[M{Z=z}YI{T =1} | X] and h; ;(X) =E [I{Z =2} 1{T =1} | X].

The CEP procedure first estimates 7, hy, ;, and h; ; by using nonparametric estimators 7, fzym,
and fzm respectively. These estimators can be constructed based on series or local polynomial
estimation. Then Q; ; and F; ; are estimated using QALZ = ],’\lYJ?Z /#t, and ISM = fzm /#,. The vectors
of estimators O, and B, # are stacked in an obvious way. Let Rk = Yie % #i.. The CEP

estimators for the structural parameters are defined by

R 1 ¢ A R 1 ¢ A .
Pre=" Y b iB(Xi), =" Y b iB(Xi) 7 1 (X3),
i=1 i=1
Bi= =1 b10/(%) k=t Y b (X0 ()
l7k_13z,kn,~:1 r ke i), %,k—qt7kni:1 1 e (X ) T k(X ).

“The terminology “conditional expectation projection” is adopted from the papers Chen et al. [2008] and
Hong and Nekipelov [2010a], whereas Hahn [1998] refers to these estimators as “nonparametric imputation based
estimators.”
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The next proposition shows that the CEP estimators are semiparametrically efficient. The
result is similar in style to Hahn’s (1998) Proposition 4 that the low-level regularity conditions
are omitted. Instead, the proposition assumes the high-level condition that the CEP estimators
are asymptotically linear, which means they are asymptotically equivalent to sample averages.
More formally, an estimator B of B is asymptotically linear if it admits an influence function.

That is, there exists an iid sequence y; with zero mean and finite variance such that

Vil B)= 1 Y witop(1).

Since each element of the conditional expectations &y ., h; ;, and 7, can be considered as coming
from a binary LATE model, the regularity conditions in Hong and Nekipelov [2010b] should

work with little modification.

Proposition 3.1. Suppose the CEP estimators are asymptotically linear, then they achieve the

semiparametric efficiency bound.

The reason that this type of estimator is efficient is well explained in Ackerberg et al.
[2014]. The estimation problem here falls into their general semiparametric model, where the
finite-dimensional parameter of interest is defined by unconditional moment restrictions. They
show that the semiparametric two-step optimally weighted GMM estimators, the CEP estimators
in this case, achieve the efficiency bound since the parameters of interest are exactly identified.
Discussions related to this phenomenon can also be found in Chen and Santos [2018].

We next examine the efficient estimation of other policy-relevant parameters that can
be derived from the parameters (B, %k Prk-qrx)- As an example, consider the type set
Y= uﬁfglzt,k, which is referred to as z-switchers. This subpopulation contains individuals
who switch between ¢ and other treatments when given different levels of instruments. It is a

generalization of the concept of compliers in the binary LATE framework.” The LASF for the

SRecall that switchers are also illustrated in Example 3.2.
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subpopulation X, is given by

Yol Bbek
B=E[Y,|Scx] :%.
Zkzl Ptk

Similarly, one can also define

Yo Wabik
%=E[\|T=1Sex] =5 7" (3.3)
Zkzl Ptk

which represents the LASF-T for the subpopulation of 7-treated z-switchers.
For some subpopulations, a treatment effect can be identified. This point is already
illustrated with Example 3.2 in the discussion of the identification of the usual LATE parameter.

We further illustrate this point with Example 3.2.

Example 3.6 (continues = eg:3t2z). The quantity

B ﬁll,lpll,l —I_ﬁlz,lpl‘z,l
3,1 —
Pt 1+ Pl

represents the local average treatment effect of t3 against other treatments within the subpopula-

tion of t3-switchers. Analogously, the parameter

Va6, Van, 196,01
qtz.11,1 +qt3,t2,1

Y1

is the local average treatment effect of t3 against other treatments within the subpopulation of

t3-treated t3-switchers.

To summarize the above examples using a general expression, let ¢ = (D(B, q E , l/) be
a finite-dimensional parameter, where ¢(-) is a known continuously differentiable function,
and p is the vector containing all identifiable p,;’s, that is, p = {p;x :t € 7,1 <k < Nz}
Let g, E , and ¥ be defined analogously. A natural estimator can be defined through the CEP

estimates, ¢(p, 4, E ,%). The delta method can help calculate the efficiency bound of ¢ and show
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the efficiency of ¢ (p, g, E ,7). In fact, by Theorem 25.47 of van der Vaart [1998], we immediately

have the following corollary, which shows that plug-in estimators are efficient.

Corollary 3.1. The semiparametric efficiency bound of ¢ is given by the variance of efficient

influence function

l//¢’—Z 1//”+Z 1//‘1+Z ﬁwﬁ+2 (3.4)
pep qEq Bep YEY
where the partial derivatives are evaluated at the true parameter value. Moreover, the plug-in

estimator ¢ ( P,q; E ,¥), based on the CEP estimators s P, E , i/, achieves the efficiency bound.

3.4 Robustness

In the previous section, the EIF is used as a tool for computing the SPEB. In this section,
we directly use the EIF as the moment condition for estimation. These moment conditions are
appealing because they satisfy double robustness and local robustness — the two topics of this
section.

A word on notation: in the rest of the paper, we use a superscript o to signify the true
value whenever necessary. For example, when both 7 and 7 appear, the former means the true

probability while the latter denotes a generic function.

3.4.1 Double Robustness

We focus on the LASF J; ;. The same analysis can be applied to the other parameters. To
avoid notational burden in the main text, we drop the subscript (¢,k) in B x, p; x, and by x, and the
subscript 7 in P, and Q,.° It is straightforward to verify that the EIF wP has zero mean. However,

we do not want to use y¥ itself as the estimating equation since it contains 1 /p as a factor. To

The full subscripts are kept in the Appendices.
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deal with this problem, we simply multiply y/ﬁ by p and define

w(Y,T,2,X,B,0,P,w) = pyP(Y,T,Z,X,B,p,Q,P,7)
=5 (¢(Z.X,7) (11T =1}) - 0(X)) + (X))
—Bb (C(Z,X, 1) (L1{T =1} — P(X)) +P(X)) .

The corresponding moment condition is
E[W(Y7T727X7B07Q07P077t0)} =0. (35)

This moment condition is doubly robust, as demonstrated in the following proposition.

Proposition 3.2 (Double Robustness). Let (Q,P, ) be an arbitrary vector of functions and

(Q°,P°, ) the true vector of conditional expectations. Then
E|y(Y,T,Z,X,°0° P’ m)] =0
and
E|y(Y,T,Z,X,B°Q,P,n°)] =0.

The above proposition divides the nonparametric nuisance parameters into two groups,
7 and (Q,P). The doubly robust moment condition is valid if either of these two groups of
nuisance parameters is true. On the other hand, if the researcher uses parametric models for
these nuisance parameters, then the structural parameter 3 can be recovered provided that at
least one of the working nuisance models is correctly specified. Therefore, the doubly robust
moment condition is “less demanding” on the researcher’s ability to devise a correctly specified

model for the nuisance parameters. The double robustness result in Proposition 3.2 can be seen
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as the GLATE extension of the existing double robustness results in the binary LATE literature

[e.g., Tan, 2006, Okui et al., 2012].

3.4.2 Neyman Orthogonality

The second robustness property is Neyman orthogonality. Moment conditions with this
property have reduced sensitivity with respect to the nuisance parameters. Formally, Neyman
orthogonality means that the moment condition has zero Gateaux derivative with respect to the

nuisance parameters. The result is presented in the following proposition.

Proposition 3.3 (Neyman Orthogonality). Let (Q,P, ) be an arbitrary set of functions. For
€10,1), define Q" =Q°+r(Q—Q°), P =P°+r(P—P°),and n" = n° + r(w — °). Suppose

that sup,¢o 1] ‘%I//(Y, 1,2,X,8,0", P, 7[’)} is integrable, then

oF (w(Y,T,Z,X,5,0",P",n")]

or =0,

r=0

where B does not need to be the true parameter value.

In many econometrics models, double robustness and Neyman orthogonality come
in pairs. Discussions about their general relationships can be found in Chernozhukov et al.
[2016]. In practice, double robustness is often used for parametric estimation, as previously
explained, whereas Neyman orthogonality is used in estimation with the presence of possibly
high-dimensional nuisance parameters.

Next, we apply the double/debiased machine learning (DML) method developed by
Chernozhukov et al. [2018] to the moment condition (3.5). This estimation method works even
when the nuisance parameter space is complex enough that the traditional assumptions, e.g.,
Donsker properties, are no longer valid.” The implementation details are explained below.

The nuisance parameters Q, P, and 7 are estimated using a cross-fitting method: Take

"In two-step semiparametric estimations, Donsker properties are usually required so that a suitable stochastic
equicontinuity condition is satisfied. See, for example, Assumption 2.5 in Chen et al. [2003].
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an L-fold random partition of the data such that the size of each fold is n/L. For [ =1,--- L,
let 7; denote the set of observation indices in the /th fold and I} = Uy Iy the set of observation
indices not in the /th fold. Define Ql, P!, and % to be the estimates constructed by using data

from 7. The DML estimator of 8 is constructed following the moment condition (3.5):3

1 Bien b($ @ % #) (WGH{T = 1)) - 0'(X) ) + 0 (X))

L) Ziey b (£ #) (11473 = 1} = P/ (X0) ) + 1) o

B =

To conduct inference, we also need an estimate for the asymptotic variance of 3, which

we denote by 6. The asymptotic variance equals to the expectation of the squared efficient
influence function: 62 = [l//ﬁ } E[w?]/p?. We first estimate p by using the cross-fitting

method, which is essentially given by the denominator of (3.6):
1 & N
ﬁ:;ZZb< (Z X, #) (T =1} = P (X)) + P (X)), 3.7)
I=1iel;

Then the asymptotic variance can be estimated by

52 = ZZ( <YZ,T,,Z,,Xz,ﬁ Pl VI>>2

nl ligl;

L « o 2
ZZ (W(YiaEaZin?ﬁan:Pluﬁ:l)/pv) .
1i€l;

=

1
n

We want to establish the convergence results for the DML estimator uniformly over a
class of data generating processes (DGPs) defined as follows. For any two constants c¢; > ¢y > 0,

let Z(cy,co) be the set of joint distributions of (Y,7,Z,X) such that

(i) p € [co,1],

(i) B[y, 70(X) > co.z € % and |[YI{T =1}, [Y1{T =1} — Q?(X)| < cy.

8This is the DML2 estimator defined in Chernozhukov et al. [2018]. Another estimator, the DML1 estimator, is
proposed in the same paper. We do not study the DML1 estimator since it is asymptotically equivalent to DML2,
and the authors generally recommend DML2.
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The first condition excludes the case where 3 is weakly identified (when p can be arbitrarily
close to zero). Inference under weak identification is studied in the next section. The following
theorem establishes the asymptotic properties of the DML estimation procedure. In particular,

the estimator achieves the SPEB.

Theorem 3.4. Let Assumptions 3.1 and 3.2 hold. Assume the following conditions on the

nuisance parameter estimators (Q', P!, #!):

(i) Forz e %,

Q| is bounded, P! and %! € [0,1], and %! is bounded away from zero.
(it) maxe » (|0 = QlpV IIP =Pl v [ = 2%]12) = o, (n™1/4).

Then the estimator B obeys that
o~'Vn(B-B)=N0,1),

uniformly over the DGPs in & (co,c1). Moreover, the above convergence result continues to

hold when & is replaced by the estimator &.

The proof verifies the conditions of Theorem 3.1 in Chernozhukov et al. [2018]. The
essential restriction is on the uniform convergence rate for the estimators of the nuisance
parameters. In low-dimensional settings, one can consider the local polynomial regression for
estimation of the conditional expectations. Under suitable conditions [Hansen, 2008, Masry,
1996], the uniform convergence rate of the local polynomial estimators is (logn/ n)z/ (dx+4)
which is o(n_l/ ) if dy < 3. In high-dimensional settings, as pointed out by Chernozhukov
et al. [2018], the rate o(n_l/ 4) is often available for common machine learning methods under
structured assumptions on the nuisance parameters.” This means that the asymptotic normality

of the DML estimator continues to hold.

This includes the LASSO method under sparsity of the nuisance space. See, for example, Biihimann and Van
De Geer [2011], Belloni and Chernozhukov [2011], and Belloni and Chernozhukov [2013]. However, Chernozhukov
et al. [2018] also indicate that to prove that machine learning methods achieve the o(n’l/ 4) rate, one will eventually
have to use related entropy conditions.
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Theorem 3.4 can be directly used to conduct inference on 3. Confidence regions can be
constructed by inverting the usual ¢-tests. These confidence regions are uniformly valid since
the convergence results in the above theorem hold uniformly over &. In the next section, we

explain why uniform validity is crucial when dealing with weak identification issues.

3.5 Weak Identification

The convergence result established in Theorem 3.4 is uniform over the set of DGPs with
type probability p bounded away from zero. However, the identification of B would be weak
in the case where p can be arbitrarily close to zero. This leads to distortion of the uniform size
of the test and poor asymptotic approximation in finite-sample settings. This section studies
this weak identification issue and proposes an inference procedure that is robust against such a
problem.

We begin with a heuristic illustration of the weak identification problem. To ease notation,

define v = Bp and

g

b =pp= l; )] b(C(Z,-,X,-, i) (z(Y,l{Ti —1}) - Ql(Xi)> - Ql(Xi))-

~

l

After a simple calculation, we can write

V(D —v) = B/alp—p)

PP =" +vp

In the above expression, we can interpret the estimation errors 1/n(0 — v) and \/n(p — p) as the
noises, while the signal is the term /np. Under the usual asymptotics where p > 0 is fixed, the
noise terms are bounded in probability, whereas the signal term /np — o. Hence, the signal
dominates the noise, and the estimator ﬁ is consistent. However, under asymptotics with a
drifting sequence p = p, — 0 and /np converging to a finite constant, the signal and the noise

are of the same magnitude, which results in the inconsistency of ﬁ This problem is the weak
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identification issue. In the weak IV literature, a common measure of identification strength is the
so-called concentration parameter. In our case, the concentration parameter is given by \/np
where /np — oo corresponds to strong identification, and identification is weak when the limit
of y/np is finite.

While weak identification is a finite-sample issue, it is formalized using the asymptotic
framework. However, the illustration above using asymptotics under drifting sequences is not
meant to model DGPs that vary with the sample size n. Instead, it is a tool used to detect the
lack of uniform convergence. In fact, controlling the uniform size of the test is the key to solving
weak identification problems.'® Formally, the uniform size of a test is the large sample limit
of the supremum of the rejection probability under the null hypothesis, where the supremum is
taken over the nuisance parameter space. When testing a null hypothesis on f in the GLATE
model, the supremum mentioned above is taken over all values of p > 0. That is, a desirable
test should have rejection probability under the null converge to the nominal size uniformly over
p € (0,1]. From the previous discussion, we can see that the uniform size can not be controlled
using the usual ¢-statistic \/n( — B)/&. This failure of uniform convergence, however, does
not conflict with Theorem 3.4, where the uniform convergence of ﬁ is established only after
restricting p to be bounded away from zero.

Inference procedures that are robust against weak identification can be obtained by
directly imposing the null hypothesis in the construction of the test statistic. One such example
is the well-known Anderson-Rubin (AR) statistic in the weak IV literature. Its idea can be
generalized to the GLATE model. We first consider testing the two-sided hypothesis Hy : B = By
versus Hy : B # By. To control the uniform size of the test, we need the test statistic to converge
uniformly on the parameter space where (1) B = By, and (2) p is allowed to be arbitrarily close

to zero. A null-restricted 7-statistic can be obtained as follows. Notice that when p > 0, B = B

108ee, for example, Imbens and Manski [2004], Mikusheva [2007], and Andrews et al. [2020].
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is equivalent to

0=v—Pop=E[y(Y,T,Z,X,B,0,P7)]. (3.8)

Its estimate can be written as

0 —Bop=(0—-0v)=B(p—p)+(B—Po)p- 3.9)

Under the null hypothesis B = fy, the above estimate does not depend on the concentration
parameter /np and consists only of the noise terms ¥ — v and p) — p, whose uniform convergence
can be established directly.

For implementation, this test statistic can be obtained as a straightforward application
of the DML procedure described in the previous section to the moment condition (3.8). As a
consequence of Proposition 3.3, the above moment condition satisfies the Neyman orthogonality
condition regardless of the true value of . More specifically, the null-restricted ¢-statistic is

defined to be

5 = /i(0— Po) G,

©
I

where

L1 .
3/: ZZ ZW(Yi7E7Zi7Xi;BO,Q17Pl7ﬂl)z'
I=1i€l;

The corresponding test of Hy : B = By against H; : B # Py rejects for large values of |p|.

The same methodology can be applied to testing one-sided hypothesis Hy : B < By versus
H, : B > Bo. Under the null hypothesis, (8 — Bo)p is non-positive, suggesting that the test should
reject for large values of p. Notice that this relies on knowing the sign of p due to the GLATE

model structure. This restriction on the sign of p is similar to knowing the first-stage sign in the
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linear IV model, which is studied by Andrews and Armstrong [2017] in the context of unbiased
estimation.
We now define the set of DGPs that allows p to be arbitrarily close to zero. For any two

constants ¢ > ¢o > 0, let ZWV1(cy, c) be the set of joint distributions of (Y,7,Z,X) such that
) pe(0,1],
(i) E[y?],m0(X) > co,z€ Z,and [YH{T =1}|,|[YYH{T =1} — Q¢ (X)| < 1.

For any ' € R, let @E‘,’I(co,cl) be the subset of 2?W!(cg,c) in which the true value of the
parameter 3 is . In particular, ﬁlggl(co, c1) denotes the subset where the null hypothesis is
true. The superscript “WI” denotes weak identification. The difference between & (co,c) and
PW(cy,c1) is that 22V (g, c;) allows the type probability p to be arbitrarily small, whereas the
type probabilities in & (cg,c) are uniformly bounded away from zero. Denote .44, as the vth
quantile of the standard normal distribution. The following theorem establishes that the above

testing procedures have uniformly correct sizes and are consistent.

Theorem 3.5. Suppose the conditions on the nuisance parameter estimates in Theorem 3.4 hold.

Let o € (0,1) be the nominal size of the tests.

(i) The test that rejects Hy : B = By in favor of Hy : B # Bo when |p| > </V1_% has (asymptoti-

cally) uniformly correct size and is consistent. That is,
sup{Pp<]ﬁ| > Jl{_g) :Pe ﬁggl(co,cl)} —a
and
Pr (1Bl > Mg ) = 1,P € P} (co.c1).B # Bo.
(ii) The test that rejects Hy : B < By in favor of Hy : B > By when p > N _q has (asymptoti-
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cally) uniformly correct size and is consistent. That is,

sup{IP’p<ﬁ > </V1,a> :Pe @g’(co,cl),ﬁ < Bo} —a

and

pp(ﬁ > ,/VHX) ~+1,Pe 2 (co,e1), B > fo.

3.6 Empirical Application

In this section, we apply the theoretical results to data from the Oregon Health Insurance
Experiment [Finkelstein et al., 2012] and examine the effects on the health of different sources
of health insurance. The experiment is conducted by the state of Oregon between March and
September 2008. A series of lottery draws were administered to award the participants the
option of enrolling in the Oregon Health Plan Standard, which is a Medicaid expansion program
available for Oregon adult residents that have limited income. Follow-up surveys were sent out in
several waves to record, among many variables, the participants’ insurance plan and health status.
Finkelstein et al. [2012] obtain the effects of insurance coverage by using a LATE model. We
apply the GLATE model can study the effect heterogeneity across different sources of insurance.

According to the data, many lottery winners did not choose to participate in the Medicaid
program. Instead, they went with other insurance plans or chose not to have any health insurance.
Based on this observation, we can set up the GLATE model. The instrument Z is the binary
lottery that determines whether an individual is selected. The covariates X include the number of
household members and survey waves. Given X, Z is randomly assigned [Finkelstein et al., 2012,
p1071].ll The treatment 7 is the insurance plan, which contains three categories: Medicaid (m),

non-Medicaid insurance plans (nm), and no health insurance (no). The second category includes

"'Though the covariates are discrete, the methods developed in this paper are still different from linear regressions
in Finkelstein et al. [2012].
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Medicare, private plans, employer plans, and other plans. The counterfactual health plan choices
under different lottery results are the variables 7 and 77. The unordered monotonicity condition
requires that any participant who changes insurance plan due to winning the lottery does so to
enroll in the Medicaid program.

The above setup is the same as Example 3.2. We follow the terminologies in Kline and
Walters [2016] and define the following six type sets by their counterfactual insurance plan

choices:
1. no-never takers: S € X,,,» = {s1}, To = T1 = no;
2. nm-never takers: S € L2 = {52}, To = T1 = nm;
3. always takers: S € X0 = {s3}, To =T1 = m;
4. no-compliers: S € X1 = {sa}, Tp = no, Ty = m;
5. nm-compliers: S € X, 1 = {55}, To = nm, Ty = m;
6. compliers: S € X, | = {54,585}, To #m, T) = m.

The two groups of never takers choose not to join Medicaid regardless of the offer. Always
takers manage to enroll in Medicaid even without an offer. The no- and nm- compliers switch
to Medicaid from no insurance plan and other plans, respectively, upon winning the lottery.
Combining these two groups gives the larger set of compliers.

Table 3.1 shows the estimated probabilities of the six types.'> We can see that half of the
population are no-never takers, who are never covered by any insurance plan. The compliers
make up around one-fifth of the population. There are effectively no nm-compliers, meaning that
the experiment does not crowd out other insurance plan choices. These findings are consistent

with Finkelstein et al. [2012].

12We use the data from the 12-month survey. After taking care of the missing values, we are left with 23290
observations. For cross-fitting, we choose L = 10.
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Table 3.1. Estimated probability of different types.

Type Probability Estimate (se)
no-never takers Pno,2 492 (.046)
nm-never takers DPrm,2 208 (.018)

always takers Pm2 .116 (.018)
no-compliers Pro,1 .197 (.059)
nm-compliers Prm,1 .010 (.024)

compliers Pm,1 208 (.060)

The outcome of interest Y is health status, which is (inversely) measured by the number
of days (out of past 30) when poor health impaired regular activities.!> The potential outcomes
are denoted by Y., Y, and Y,,,. By Theorem 3.1, we can identify the distribution of Y, for
no-never takers and no-compliers, the distribution of Yy, for nm-never takers and nm-compliers,
and the distribution of Y,,,, for always takers and compliers. Table 3.2 reports the estimated
LASFs.'* We can clearly see a pattern of self-selection into the treatment. For example, when
there is no insurance coverage, the potential health status of no-compliers is worse than no-never
takers and therefore choose to enroll in Medicaid.

Table 3.2. Estimated LASFs.

Type Treatment LASF Estimate (se)
no-never takers no B2  6.78(1.19)
nm-never takers nm Bima  7.74 (1.05)

always takers m Bn2  9.96 (1.75)
no-compliers no Buo1  11.50(2.92)
compliers m Bni 048 (3.42)

3.7 Concluding Remarks

In this paper, we considered the estimation of the causal parameters, LASF and LASF-T,

in the GLATE model by using the EIF. The proposed DML estimator satisfies the SPEB and can

3Other types of outcomes are also studied by Finkelstein et al. [2012], including health care utilization and
financial strain. Here we only focus on health status for simplicity.
1%The LASF Bum,1 is excluded because there are few nm-compliers as reported in Table 3.1.
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be applied in situations, such as high-dimensional settings, where Donsker properties fail. For
inference, we proposed generalized AR tests robust against weak identification issues. Currently,
empirical researchers use the TSLS and control the covariates linearly in models with multi-
valued treatments and instruments. This linear specification does not have LATE interpretation,
as pointed out by Blandhol et al. [2022]. Therefore, we advocate using the semiparametric

methods studied by this paper in those cases.
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Appendix A
Appendix for Chapter 1

A.1 Proof of identification results

In this section we prove the identification results including Lemma 1.1, Lemma 1.2,

Theorem 1.1, Corollary 1.1, and Corollary 1.2.

Proof of Lemma 1.1. We first prove the second equality in Equation (1.3). The conditional

distribution function of 7" given R is

Frig(tlr) =P(T <t|R=r)1{r <7} +P(T <t|R=r)1{r>7}
=P(Up <my ' (n,t)|R=r)1{r <F} +P(U; <m'(nt)|R=r)1{r > 7}

= Fyr(mg ' (r,)[r)1{r < 7} + Fy, g (my ! (r.1)|[r)1{r > 7},
where the last line follows from the monotonicity of mg and m;. Therefore, we have

Frig(T|R) = Fyyp(my (R.T) RYUR < 7} + Fy p(m; (R.T) [ R)L{R > 7}

= Fyy,|r(Uo|R)I{R < 7} + Fyy, (U1 [R)I{R > 7} = U.
For (i) of Lemma 1.1, take any u € [0, 1] and r < 7, we have
P(U <u|R =r) =P(Fy,r(Uo|r) < ulR =r) = u.
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Similarly, we can show that P(U < u|R = r) = u when r > . Therefore, U|R follows the uniform
distribution. Then the second argument follows from the monotonicity of & with respect to the
second argument. The statements (ii) and (iii) are straightforward from the definition of Ay and

h and the monotonicity and continuity assumptions. For (iv), notice that for r < 7,

F€|U7R(e|u,r) =Ple<elU=u,R=r)
=P(e < e|Fy,r(Uo|r) = u,R=r)
=P(e <e|lUp= FU_O|1R(u|r),R =r)

= Foyuy (el ulr).r).

where the third equality follows from the strict monotonicity of F;, |, (u|r) in u imposed in

U\R

Assumption 1.2(i1). Similarly, we can show that for r > 7,

Feyu rlelu, ) = P(e < elU = u,R =) = Fyyy, (el Py [y ulr), ).

Combining the two equations together, we have

Fs\Uo, (l U|R( |r),r>,r<;7,
Fe\Ul, <| U|R( |r),r>,r2f.

Fey r(elu,r) =

By Assumption 1.2(iii), we know that Fy|;y g(e|u,r) is strictly increasing in the first argument
e. By Bayes rule, the rank similarity condition in Assumption 1.3 implies that Up|R = 7~ has
the same distribution as U;|R = 7, and €|Uy,R = 7~ has the same distribution as €|U;,R = 7.

Then we have

lim Fe (el r) = Feju e (€lF o /7). 7) = o (€l g ul7).P) = lim Feg (el ).
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Lemma A.1. Let f: (x,y) — z be a real-valued bivariate function defined on a compact set in
R x RY. Assume that f is continuous on its entire domain and strictly increasing in the first
argument x. Let f~! denote the inverse of f with respect to the first argument. Then f~' is
continuous on its domain and strictly increasing in the first argument.

Therefore, under Assumptions 1.1 and 1.2, the inverse of g, hy and hy (with respect to
the last argument), which are respectively g, (hy)~ and (hy)~, are all continuous and strictly

increasing with respect to the last argument.

Proof of Lemma A.1. Fix any (z9,y0), we want to show that f~!(z, -) is continuous at (zo, yo).

If not, then there exists 0 > 0 and a sequence {(zx,yx)} such that ||(zx,yx) — (z0,¥0)|| < 1/k but

|f71(20;yk) _fil(Z07y0)‘ > 0.

Denote x; = ' (zx,vx) and xo = f~!(z0,y0). Because the sequence {x;} lies in a compact set,
it has a convergent subsequence. Without loss of generality, we assume {x;} itself is converging.

Then limx; # xo. However, by the continuity of f,

S(limoxg,yo) = f(limxg,limyg) = lim f (xk, yx) = 20 = f(x0,Y0)-

This leads to a contradiction since f(+,yg) is strictly increasing.
To show that f~! is strictly increasing with respect to the first argument, take any y

and z1 > zo. If £~ 1(z1,y) < £ N(z0,y), then z1 = £(f 1 (z1,¥),¥) < £(f ' (20,¥),¥) = 20, which

leads to a contradiction. O]

Proof of Lemma 1.2. By the definition of F,,|

TR and the monotonicity and continuity of ¢g* and
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ho,

LHS of (1.5) with 8= g* = l'i/rmFY|T,R(g*(h0(rau)7r76)|h0(r7 I/t),l")

= l%rr_l[P’(Y < g*(ho(r,u),r,e)|T = ho(r,u),R=r)

= imP(g" (ho(r, ), 1,€) < &"(ho(r ), 1,€) [T = ho(r,u), R =r)

= li%r_ﬂP’(S <elU=u,R=r)

= s|U,R(€|MJ)

where the last line follows from the continuity of Fg|yy g(e|u, ) with respect to the last argument
r (Lemma 1.1). Similarly, we can show that the RHS of (1.5) is equal to Fg |y g(e|u,7). Then the

result follows. ]

Proof of Theorem 1.1. Denote
T* = {ho(F,u) : ho(F,u) = hy(F,u) € [th, 1] N [t],t]],u € [0,1]}.

By Assumption 1.5(ii), 7 * is nonempty and finite. Then [¢),#] N [¢],1{] is a closed interval with

nonempty interior." Let
inf([th, 1§ N[t 11]) = 11 <12 < - < 1. = sup([th, 5] N [, 1)

denote the unique elements of .7 * U {inf(([r, 7] N [r1,2{]),sup([t), 251N [t1.1{]) }.

Here is the strategy of the proof. For each g € ¢ that satisfies Equation (1.5), define

A8(t,e) =g~ ! (t,7,8"(t,Fe)). (A.1)

"Notice that if [t),#;] N [t],¢]] is a singleton, then .7 * is empty.
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The goal is to show that A$ is constant as a function of 7 for every e € &. We proceed in five
steps. Step 1 derives some useful properties of the function A8, including an important identity,
Equation (A.2). Step 2 shows that A8 is constant in ¢ on the interval (t1,t2). Step 3 shows that A8
is constant in ¢ on the entire region [t1,1.] = [t,#,] N [t],1]]. Step 4 further expands this constancy

to [19,24]1 U [t1,1]. Step 5 concludes.

1

Step 1. Since g* and g~ are continuous and are strictly increasing in the last argument, A8

is also continuous and strictly increasing in the last argument. Also, FY_|T7 r(-[t,7) is strictly

increasing since

FY_|T,R<y|t7’7) :FE\U,R((g*)_l(tvfay”h(;](f?t)af)

is strictly increasing in y (Assumption 1.2(ii)).

Notice that g(¢,7,A%(t,e)) = g*(¢,F,e). Then for any e € & and u € [0, 1],

FY_|T,R(g(h0(’77 u), 7, A8 (ho(F,u), €)) ho(F,u), F)
:FY_|T7R(g*(hO(’77u)7F7€)|h0(fvu>7f)

:F);TTJQ(g*(hl(ﬁu)afue)|hl(f7u>7’7)

:F;|—T7R(g<hl<f7u)ﬂjaig(hl(ﬁu)ae)ﬂhl (f,l/t),f),
where the second inequality follows from Lemma 1.2. The above equality implies
A8 (ho(F,u),e) = A% (hy (F,u), e). (A2)

To see that, suppose there exists e and u such that A8 (ho(F,u),e) # A8(h1(F,u),e). Since g
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satisfies Condition (1.5),

[ Y

g(hl(f7u)=e))|h0(f7u)af)
:F;TTR(g(hl(’_‘, u),f,ig(hl(f,u),e))|h1(f,u),f)

=Fy 7z (8(ho(F,u), 7, A8 (ho(F,u), €)) o (, ), 7),

Fy_|T7R(g<hO(’_"a u)7fa

which violates the fact that Fyirr (g(ho(F,u),7,-)|ho(F,u),F) is strictly increasing.

Step 2. Consider the interval (¢1,,). By construction, {t;,72} 1.7 # 0. Notice that over (1,1,),
ho ' (F,-) and hy ! (F,-) do not intersect. Then by continuity, one of them is always strictly greater
than the other. The goal is to show that A8 (t,e) is constant as a function of 7 over (¢1,#,). There
are four cases to consider, depending on whether t; € .7 or t, € .7 and whether A Y7, ) is
strictly greater or smaller than /| ' (7, ) over (t1,1).

We first focus on the case of #j € 7 and hy ' (7,-) < h;'(F,-) over (t1,12). The other
cases are essentially the same. Define a mapping 7(t) = hy (7, h, L(7,1)). Such a mapping 7
maps the interval (¢1,#,) back to itself. To see that, we first notice that 7(¢) is less than ¢ for any

t € (t1,1p) since
m(t) = hi(Fhg ' (1)) < by (Fohy (7p) =t <.

Suppose 7(t) < t;, then

where the first line follows from #; € .7 %, the second line follows from the monotonicity of

hl_1 and 7(r) <11, and the last line follows from the definition of 7. This contradicts the strict
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monotonicity of /i Y(7,-) since 1) < 1.
Now pick any 7y € (t1,2), the recursive sequence ;| = 7(f;) is well-defined. This
sequence is non-increasing and bounded below by #;. Therefore, lim;_,..7; exists and lies in the

interval [t1,,). By the continuity of /i, ' and | !,

hy ' (7,lim7) = limhy ' (7,7;)
=limh; (7, n ()
= limh; (7,71

= hy ' (Flim7 ),

where the second line follows from the definition of 7 and the third line follows from the
construction of the sequence {7 }. Then it must be true that lim7;, = #; since we are studying the
case where hy | (7,-) < hy L(7,-) over (t1,1).

Equation (A.2) implies that A8 (-, e) is invariant with respect to the transformation 7:

Aé(m(t),7,e) = A8(t,e),

for every ¢ € [t),1;] and e € &. Then A8 is invariant along the sequence {7 }. By the continuity

of A8,

A8(fy,e) = giigoig(fo,e) = /}E&ig(fk’e) = ig(klgrgofk,e) = A8(t1,e) = A8(e),
where the first equality holds since A8 (fo,7,e) is constant with respect to k, the second equality
holds since A8 is invariant along the sequence {7} }, the third equality follows from the continuity
of A8, and the last equality is the definition of the function A on &

Since the initial point 7 is chosen arbitrarily from the interval (,1,), the above analysis

shows that A2(t,e) = A% (e) for t € (11,12) (hence for ¢ € [t1,12], by continuity) and e € &.
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Recall that this analysis is conducted for the case where t; € 7 and h; L(7,-) is strictly
smaller than /i ! (7,-) over (t1,12). The other three cases reach the same conclusion that A8(z, e)
is equal to A8(e) over [t1,1;] X & through symmetric arguments. More specifically, we can switch

hy and hy in defining 7 so that the sequence {7} tends to a point in .7 .

Step 3. Repeat step 2 on each interval (;,¢,,1),l =2,---, L. It follows that Zg(t, e) = A8(e) over

([t0,16] M [11,17]) < [0,1].

Step 4. Pick any ¢’ € int([t), )] U[r{,7{]) \ [t1,22] (if this set is nonempty). There are four cases to
consider, depending on whether ¢’ € [1, )] ort' € [t{,#]] and whether 7; < t{ or ¢ > t{'. Without
loss of generality, assume that ¢’ € [1,)] and #; < t{. The other three cases can be dealt with
symmetric arguments. In this case, #; < # because [t),#] N [t],#{] is a non-degenerate interval.
Denote 1" € [t],t]'] such that hy ' (7,¢) = h ' (7,1"). It must be the case that " € [¢],#;]. If that is

not the case, then 1" > 1. Then for any 7 € [r{,1;],
B (1.0) > g (1) = (7ot > i ()t € [ ] A 1),

by the strict monotonicity of /' (7,-) and h; ' (7,-). However, this contradicts the assumption

that .7 is nonempty. Then by (A.2),

A8( ) = A8(t" e) = A5 e).

Step 5. By the definition of A8 in (A.1), we now have
g'(1,7.e) = g(1,7,A%(e)), fort € [t5,15] U [r],1]],e € &.

By the properties of A8, we know A¢ is continuous and strictly increasing. The above statement

holds for any g € ¢ that satisfies Equation (1.5).
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Proof of Corollary 1.1. Based on the definition of F, f'U & In (1.6), Theorem 1.1 and Lemma 1.2,

we have

F527R(lg(e)|u,f) = Fyjp (&° (ho(F,10), 7, A% (€)) o (), 7)

The second claim follows from a change of variable.

]

Proof of Corollary 1.2. By construction,

HDY*JI*

Dy -

,, = 0forany y €T By Lemma 1.2, we have

» = 0. We want to show that y* is the unique zero. Since w > 0, we have

HD%h*

=0 = Dyy:(e,u) =0, foralle € &,u € [0,1]

—> Condition (1.5) is satisfied by gy(-,7,-),

where the second line follows by taking the partial derivative with respect to u on both sides.
By Theorem 1.1, this implies that g,(-,7,-) = gy (-,7,A(-)). By Assumption 1.7, it must be that

Y = ¥*. Therefore, y* is the unique minimizer of HD%h* ]

A.2 Proof of estimation results

This section proceeds as follows. Section A.2.1 provides the proofs of Theorem 1.2 and
Proposition 1.1. Section A.2.2 introduces the empirical process theory and presents the lemmas
on the uniform convergence results used in Section A.2.1. Section A.2.3 discusses the consistent

estimation of the asymptotic covariance matrix.
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A.2.1 Proofs of Theorem 1.2 and Proposition 1.1

Proof of Theorem 1.2. In this proof, the functions & (r,u), ho(r,u), and g(¢,r,e) are only evalu-
ated at r = 7. For simplicity, we omit this argument 7 throughout. The proof proceeds with seven

steps:

* Step 1 contains preliminary results on the LLR estimator of the condition distribution

Y|T,R.
o Step 2 derives the consistency of 7.
* Step 3 derives an initial estimate of the convergence rate of 7.
* Step 4 proves a stochastic equicontinuity condition on the criterion function.
» Step 5 presents a linear approximation of the criterion function.
 Step 6 shows the asymptotic normality of the minimizer of the linearized criterion function.
* Step 7 derives the asymptotic normal distribution of 7.
Step 1. (Preliminary results on LLR.) Let X;(r) = (1,(T; —t) /b1, (R; — ) /b1)’ denote the vector

containing the regressors in the LLR. For x = (1,x1,x,), let

k()(x) = kT(xl)kR(xz)l{xz < O},

ki(x) = kr(x1)kg(x2)1{xy > 0}.

The kernel weights in the LLR can be written as

ko(X,'(l)) =kr ((T, —l‘)/bl) kg ((R,'-f)/b]) I{R,' < 7},

kl(X,'(t)) =kr ((Ti—l‘)/bl)k]g ((R,'-f)/b]) I{R,' > 17}.
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From Chapter 2 of this dissertation, we have the following uniform asymptotic linear representa-

tion for the LLR estimator of the conditional distribution functions

n

FA‘YTT’R(y|t,f)—F
|log b1 |
+0,|b+ :
P( 1 nb%

uniformly over y € R,z € [t),#/], and
2 n
FYTTR( |l’f)_F;TT,R(y’f77):blﬂl(y,l) = —%Z 1(Y:, T, R, y, 1)

[log by |
+0,|b+ :
P < 1 l’lb%

uniformly over y € R,z € [r{,#{]. In the above expressions, 1 = (1,0,---,0). The functions

Uo(y,t) and py(y,) are defined by

b 02
Ho(y1) = =H1'Qo(r)” 18t2 Y|TR( ylt, 7) /xx%ko(x)l{t"‘blxl € [tg,10) Ydx1dx;

2
b% , 182 _ 2 I
+ L0 () S Fy g r)/xxzko(x)l{t+b1x1 € tb, 1 Vdxrdxa

, 0% -
b /-Q'O( ) a 0 Y|T7R(y|t7r) /XX1)C2k()(X)1{t+b1xl S [t(/)at(l)/]}dxldXZ

b3 92
F R0 S Fyp g 017) [ S+ b € 1] e
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and

bZ
mOn) = a1 L Fr

) 12 Y|TR(y|t,7) /xx%kl(x)l{l‘i_blxl € [t{at{/]}dxldXZ
b% , 182 2 Y,
F Q) SR 017 [k (01 b € [ dxids
82
b llﬂl(l) 8 a7 Y|TR(y|t r) /xxlxzkl(x)l{t—l—blxl € [l{,t{/]}d)quz
2 2
+b291

2 (™! 92 y|TR(Y‘t F)/xkl(x)l{t+b1x1 € [t1,8/] ydx1dx;.
The matrices Qo (), Qi (1), Eo(7), and E(z) are defined by

Qo(t) = [ wx'ko @)1+ b € 1.1},

Qu(0) =[xk ()11 +bix € [} dnd,

and

(]

0([) = /xx'ko(x)fiR(t —l—blxl,f—l—bl)Cz)dxld)Cz,

(x]

1([) = /xx’Iq (x)fiR(l+b1)€1,7+b1)€2)d)€1d)€2.

The terms so and s; are defined by
so(Y;, Ti,Ri,y,t) = Xi(¢)Ky (Y3, T, Rizy, 1) ko (Xi(1)),

s1(Y:, T, Riyy,t) = Xi(t) Ky (Y;, T, Ris y, 1)kt (X (7)),

Ry (Y, Ti,Riyy) = Ky ((v=¥i) /b1) = |Ky (6= ¥0)/b1) |T:. R

Under Assumption 1.9(i) and (ii) and Assumption 1.11(i), we can apply Lemma 2.1 in Chapter

2 of this dissertation, which is a modification of Lemma 11 in Fan and Guerre [2016], and

obtain that the eigenvalues of Qq(r), Qi(¢), E

o(t) and E;(¢) are bounded and bounded away



from zero for all values of ¢ and b1. Consequently, the norm of these matrices and there inverses
are bounded.

Notice that in Chapter 2 of this dissertation, the remainder term from the bias expansion
is o(b%) while in the above asymptotic linear representation, the corresponding term is O(b%).

and F.\

This is because we assume that F,, YIT.R

YIT.R are three-times continuously differentiable

(Assumption 1.9). Under this assumption, we can go through the same steps as in the proof
of Theorem 2.1 in Chapter 2 of this dissertation and show that the remainder from the bias
expansion is O(b3). The details are omitted for brevity. The bias terms o (y, ) and p; (y,t) are
continuously differentiable under Assumption 1.9. The indicator functions inside the integral,
for example, 1{r + b1 x| € [1;,;]}, can be eliminated by explicitly indicating the lower and upper

limits of the corresponding integral. The derivative can then be taken by using the Leibniz rule.

Step 2. (Consistency of §.) Because w is positive and integrates to 1, we have HIA)%}AZ -D,; |w <
”DY P Dy i|leo- For any y € I, we can apply Fubini’s theorem to the uniform asymptotic linear

representation and obtain that

lA)%;l(e,u) =D, j(e,u) =1+114+0, (b% —Hogn/(nb%))

uniformly over y € I'e € &, and u € (0, 1), where

b% Zl/ l "‘0 hO SO(Yi7Ele';g’y(ilO(V),e),i’\lo(V))dV,
1

nb% Zl/ l Hl Sl(Yi7E7Ri;g’}/(il1 (V),e),ill(\)))dv.
1

By symmetry, we only need to study the term I. Denote 1; = 1{hy € ()} as the indicator

94



of whether hg € (). Then1 <1.1+41.2, where

IL1= sup
yel ho€ () ,e€8 uc(0,1)

)

1 &, _
—= 1 | VE0lh0() o8 T Ris gy o(v), ) ()
1i=1

[2=(1-1;) sup

141
YEX 1€ty 1

| _
—ZZl/LO(I> 150(Yi7’1}7Ri;y7t)
nby ;=5

Define

&, =n""2b; "7 and o, = (b% + 1ogn/(nb‘1*)> (% + @), (A3)

where £ is defined in Assumption 1.12. In Lemma A.6, we show that I.1 = O,(@,). Combining

Assumption 1.13(i) and Lemma A.8, we have 1.2 = O, (@,). Therefore,

sup

sup ’D%E —D%;ZHWOP(b% ). (A4)

By the smoothness of Fy ; » and gy, the following term is O(||/ — h*||..):

sup
yer

/Ou (FY_|T7R(gY(il0(V>7e)lhO(V)7 ’7) _Fy_|T7R(g}’(hEk)(v)7e)|h0(v)7’7)> dv

Therefore, we obtain that uniformly over y € I,

=0l =) = 0, (b} + /logn/(ub1) ).

By the triangle inequality, we have
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By the definition of 7 in (1.9), we have

<

w

|1

Dy

‘ +0P(aft>§HDy*,fz_Dy*ﬁH +HD)/*2_DY*JI* +op(0n).
w lw ’ w

Combining the above two inequalities together, we obtain that

|2

< 2sup|[D, ;~ Dy

VS A28y rer(@) =0 (41 a). 49

yel

In particular, the above quantity is 0,(1). Because I'" is compact, and ||D.7h* ,, s continuous

and has a unique minimizer y* (Corollary 1.2), for any € > 0 there exists 6 > 0 such that

, > 6)=o(l).

ly=7ll,>& = |[Dyw

., > 8. Therefore, P(|7—v*[l, > &) < P(||Dyr

This proves that § is a consistent estimator.

Step 3. (Convergence rate of §.) Since 7 is consistent, we can Taylor expand D« around y*.

Together with the reverse triangle inequality and the fact that Dy« 5+ = 0, the expansion gives that

Dy p

= IViDy e (7= 1) + (7= V) VD (7= 11,
1
= HVYDY%*(?_?’*)”W_ ||7A’—?’*H%/O /éaijz/Dy,h*(u,e)sz(e,u)dedu

> VD =) + 0 (17— 713)

where 7 is some point on the line segment connecting ¥ and ¥* and the last line follows from
Assumption 1.10(iii) that ||V72,D7~,7h* (u,e) ||2 is bounded. We claim that there exists a universal

constant C > 0 such that

IVyDy || = Cl &, forall § € RE. (A.6)
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If this claim is true, then by Equation (A.5), we obtain a bound on the convergence rate of §:
17=7"l2 = 0p (b1 +64.) .

The remaining part of this step is devoted to the proof of (A.6). Suppose that claim is
false, then for each integer k > 1, there exists §; € R such that ||V,Dys s Ck”w < 1/k|| &]|-
Without loss of generality, we can assume ||{;|| = 1 (or simply redefine the sequence as ;. /|| &k |))-
By the Bolzano—Weierstrass theorem, the sequence {{;} has a convergent subsequence. Without
loss of generality, we assume {{;} itself is convergent with the limit denoted by (.. Then it
must be the case that [|VyDy: - Cs|| = 0. Since VoD, - is a continuous function, the previous
equation implies that VyDy« j+C = 0. This violates Assumption 1.10(iv) that VyDy: 5+ is a

vector of linearly independent functions.

Step 4. (Stochastic equicontinuity of the criterion function.) Let %, 2 ¥* be such that ||y, — v*| =

0,(b% + &,). We want to find the asymptotic order of the term HIA)% 7 =D, 3 — Dy j+|lw, which

anh
is bounded by
sup ﬁy fl(ea I/t) - Dy ﬁ(ev Lt) - (D’)/*,h* (67 M) _D’)/*JL* (6, I/t)) <I+10,
ec& ue(0,1) v v
where
L= sup |Fypplen (ho(v).€)lho(v),F) = Fyjp (g3 (ho(v), €) ho(v),F)

e€&,uc(0,1)

— (Fjraler (B0 5 0).7) = Fyjp e (B3 (0).€) (). 7)) |
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and

II= sup
ec& ue(0,1)

— (B aler (00,01 (0).7) = iy gl (10, )i (v).7)) |

ﬁ);TT,R(gYn (ill(v)7e)|il1(v)77> - Fy_‘TR(gYn (ill(v>7e)|ill(v>7 77)

By symmetry, we only need to study the term I. The uniform asymptotic linear representation of

the LLR estimators gives a bias-variance decomposition that
I<L1+12+40, (b? + |logb |/nb%) ,
where

11 =5} (o(g (ho(v).€). o(v)) — o(gy (5 (), ), (1) )

n
2= sup \ Zzw ~Ls0(Yi, T, Ris gy, (ho(v), €), ho(v))
ec&uclo,1] b7 o

V() 5o (¥ T R gy <hz;<v>,e>,hzs<v>>].
By the smoothness of 1y (Step 1) and gy (Assumption 1.10), we can bound the term 1.1 by
L1 < B[t~ 7|, + 17— h*l) = 0, (b1 + Baw).
For the term 1.2, consider the decomposition that .2 <1.2.1 +1.2.2, where

[.2.1= sup
ec&,uel0,1]

_SO(YhTi?Ri;gY* (hé(v),e),hg(v))

v (zo(ilo(v))-l — Zo(hj, ) — Z (Yi, Ti, Ris gy (o (v), €), g (v)) |-
b &

1 A

—_ —1

VEo(h n—%fiso Y;, Ti,Ris &y, (ho(v), €), ho(v))
1=

Y

[.22= sup
ecé ucl0,1]
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As mentioned in Step 1, we know that

E()~! H2 is bounded for 7 € [t},#] by Lemma 2.1 in

Chapter 2 of this dissertation. Applying the mean value theorem, we obtain that

12.1<C(1.2.1.1+412.1.2+12.1.3)

where
1 & 0
[2.1.1= sup ﬁza—SO(YiJ},Ri;yﬁ) Hvygy* wHYn—Vk’p
veRyelig ]| 01 i=1 9 )
1 & 0 0 -
1212= sup |—5 Y =0 TRiyt)|| ||l 5287 [1h—h" ||,
1 &0 N
1213=" sup (=5 Y =s0(Y;,T;, Ry, 0)|| [[h—h*.
yeR te[th 1l] nby i:18t )

In Lemma A.7, we show that the following two terms are of order O, ( logn/ (nb‘l‘)) :

sup
yeR e[t} 1y

;  Sup
yeR re(t) 1]

1 &0
WZES(K,E,RB)’J) :
1i=1

1 &0
@Za—yS(Yi,]},Ri;%t)
1i=1

Because HVygy* Hw and Hagy*/aTHw are finite, we know that

1.2.1:0P( 1ogn/(nb‘1‘))><(}|yn—y*H2+||iz—h*||w):0p< 1ogn/(nb‘1‘)a,,>.

Applying the mean value theorem to 1.2.2, we obtain that

n

1
) Z,SO(Yi;TiyRi;yvt)
1i=1

2

[.2.2< sup

ret) 1]

sup
yeR et} 1]

d
I/EE()(Z)
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In Lemma A.8, we show that

n

Y so(Y;, T;,Rizy,1) / (nb?)
i=1

sup
yER te(t) 1)

Therefore, 1.2.1 asymptotically dominates 1.2.2. Hence, the term I is of the following order:

2

1=0, ((19%4r 1ogn/(nbj‘)) a) =0,().

Based on the same argument, the above asymptotic order also applies to the term II. Thus, we

have the following stochastic equicontinuity result:

A

1Dy, 7= Dy, s = Dy el = Op(om). (A7)

%’Hi:l

Step 5. (Linearization of the criterion function.) Let 8}Eh_h*] Dy (e, u) be the Fréchet derivative

of Dy (e, u) with respect to h at h*, in the direction of 47 — h*. That is,

8;Eil_h*]Dy,h* (e,u) = M(ﬁby_(eav) =07 () (ho(v) = B3 (1) dv,
0

where

07 (e09) = 2 Fyip play(5(0).€) 5 (0).7) g (5(0).€) -+ o Fy e B3 (0). )5 (1))

07 (0.8) = 2y 8y (B 0). )W (0).F) gy 05 ().€) + o Fyy (i (). €) B (). 7).

a}gh*h*]D%h* = O(||h — h*||). Following the same steps

o)

It is straightforward to see that

as in Lemma 4 of Torgovitsky [2017], we can show that ||D%;l — Dy — 8}£h_h*]D%h*||W =
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O(||h — 1*||2), uniformly over y € T, and

[h—h*] [h—h*]

= 0|t —7"||, 1 —h*||-s),

w

for any sequence ¥, RN Y. Define

A~

Ly(e,u) = Dy (e,1) + VyDo g (e,0) (Y — V) + 9 Do g (e,10),

as a linear approximation of lA)% 7 (e,u) for y near y*. For any sequence ||, — ¥*||, = O, (b} + &),

we have

[Ef, <[[2rse=Drs

HVDp a1 =7y + Ol = B [) = Oy (B + @), (A8)

where the asymptotic order of the first term on the RHS is derived in (A.4). We want to bound the
approximation error from the linearization of the criterion function. By adding and subtracting

terms, we obtain that

Lyn o D/}/th/:l

.

SHEW’* =Dy, = Dy _Dynfz)H +||Dye s+ VyDye e (Y= 7") = Dy e ||,

+

w

h—h* h—h* h—h*
DYn7h* + al’E ]D’ynah* - D a}E ]D’)/*,h* - I’E ]D’YI’Hh*

(A9)

+' /}/njl

w

The four terms on the RHS of the above inequality can be analyzed as the following. The order
of the first term on the RHS of (A.9) is given by (A.7) in the previous step. The second term is

O(||%» — 7*||,) by the smoothness of Dy ;+. The third term is bounded by

= O0(|h—n|I2).

w

h—h*
sup D%E —Dyp — 8}E ]D%h*

yer

The fourth term is O(|| ¥, — 7*||, | — h*||-). Therefore, the leading term on the RHS of (A.9) is
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the first term, and hence the approximation error from the linearization of the criterion function

is of the following order:

A

Ly =Dy = Op(an). (A.10)
w

n Ymh

Step 6. (Minimizer of the linearized criterion function.) Define ¥ as the minimizer of HﬁyH .
w

The first-order condition gives that
Af—7)= /Vwa,h*(evu) (by*,h* (e,u) +9,Eﬁ_h*}Dy*,h* (e,u)) w(e,u)dedu,
where
A= /VyDy*vh* (e,u)VyDy p- (e,u)'w(e,u)dedu. (A.11)
By the uniform asymptotic linear representation of the LLR estimators and &, we can write

[0y s e) (D (e.) +(9;£M*]Dy*,h*(€>“)) w(e,u)dedu

1 & n
Zn—bli_ZI@DF(n,Ti,RiHC (¥, T3, Ry)) ; (CPF (Y., T, Ri) + C2(Y, T, RY))

+b7(B-—B) ‘l‘Op(b?) +0p(1/\/”_bl)~

The terms B_ and B are deterministic bias terms defined by

= [wtear¥dp elean ([ uoler (50,00 5500) + 0 el ) dedu. - (a.12)

B, = /w(e,u)VyDy*’h* (e,u) (/Ou ey (h’f(v),e),hi‘(v))+¢;;(e,v)v1 (v)) dedu. (A.13)

The functions {27 and P represent stochastic terms from the LLR estimation of the conditional
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distribution Fy|r . They are defined by

¢PF(Y,T,R)

1 ] u * — * ES
- /@@ /O w(e, u)VyDye - (e,10) /O UEo(5(1) " s0(Y, T, R, gy (H5(v), ¢), h(v))dvdedu
= [ [wteaipp e [0 vzor b 1 -y

&J0o (T—hgy(u)) /by

x Ry (Y, T,R; gy(T +byv,e))kr (v)kg (R —F)/b1) (1) ™) (T + byv)dv,
and
Pr(r.T.R)

1 1 “ ES — % *
=5 /g /0 w(e,u)VyDy (e, /0 VE(RE0) 51 (Y T Re gy (K2 (V) €), (V) ) dvdedu

= 5 * 9 l al E )
&J0o WAE U)VyLly- =€, U (T—hy(u))/b1 : " et :

X Ky (Y, T,R; gy (T +byv,e))kr (v)k (R — f)/bl)((hé)_l)’(T +byv)dv.

In the above notations, kg (x) = kg(x)¥{x < 0} and k (x) = kg(x)¥{x > 0}. Similarly define
kg o(x) =kgo(x)¥{x <0} and kg,l (x) = kg1 (x)#{x > 0}. The functions ¢2 and Cf represent
stochastic terms from the nonparametric estimation of the conditional quantile function #*. They

are defined by

1 u
C_Q(T,R)z/g)/o w(e,u)VyDy*7h*(e,u)/() ¢;(e,v)q0(T,R;v)ké70((R—f)/bl)dvdedu,

1 u
Cg(T’R):/g/o w(e,u)VyDy*7h*(e,u)/() (p;;(e,v)ql(T,R;v)kal((R—f)/bl)dvdedu.

By Fubini’s theorem, we have

E[PF(v,T,R)|T,R] = E[CZ(T,R))|T,R] = 0.
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Notice that ((h)~1)'(-) = fT_‘R(-]F) and ((h})~1/(-) = f;f‘R(-]F). The variance matrix can be
computed as follows, where to save space, we use the notation of squaring a vector to mean the

tensor product of that vector with itself.

E (27 (. T.R) + C2(T.R) @ (L2 (¥, T.R) + ¢ (T, R))|
</ [ eV >/(H6)/bl ot +b1v)” (L (r=F)/b1)
= wie,u hle,u 1'=® V v, (r—F
Y X [th,101% [, 7] &J0 vErh (t—ho(u))/by 0 : !

X Izy(y,t,r;gy* (t+biv,e))kr(v)kg ((r— f)/bl)fﬂR(t +byv|F)dv,

2
u
+/O Oy (€,v)qo(t, r3v)ky ((r—f)/bl)dvdedu> TyrrOt,r)dydtdr,

where f%T’R is defined analogously as fij' z and ij‘:T z- Applying the change of variables

7= (r —7)/by, we obtain that the above matrix is equal to b times the matrix

/ ([ wtearwmpmtean [ dmaierom .0
) € U Eol? » Vs
[t 1x[-1,0) \ /& Jo AR At Sy PR v nr

x Ky (y,t,7+ by Figy (t+ blv,e))kT(v)kE(F)fﬂR(t +byv|F)dv
" 2
+/O Oy (e,v)qo(t, F+ D175 v)kg o (F) dvdedu) fyr (st 7+ b1 F)dydtdF.
For any € [t} + by,t] — b1], we have Eo(t) = f7 x(t,F)Qo with Qo = [ xx'ko(x)dx;dx,. By

letting n — oo (so that by — 0) and using the continuity of the relevant functions and the

dominated convergence theorem, we know that the above matrix is asymptotically equivalent to

y - / ( /{@ /O (e, u)Vy Doy e (es1) (l’Qo_l(l,O,F)’<1{y <gp(t,e)}
~ Fyipa(8r (1,0)1,7) )k (7)/ fa(7)

u 2
+/ Oy, (e,v)qo(t, F5v)ky o (F) dv) dedu) fy 7 g1, 7)dydtdr. (A.14)
O ? bl

104



In particular, we have used the following convergence result in the above expression:

Ky((y—y)/b1) = 1{y <y},

Iz'y(y,t,F—l-blf;gy* (t+biv,e)) = H{y < gy(t,e)} —FY_‘T7R(gy* (t,e)|t,F).
The above derivation shows that
E [(CPF(v,T,R)+ C2(T,R)) @ (CPF (Y, T,R) + L2(T,R)) | ~ b1E_.
Similarly, we can show that
E[(CPF (1, T,R) + C2(TR) @ (27 (¥, T.R) + C(T,R)) | ~ biZ+,
where

2o [ ([ [ wenwspp e (107 01,07 (10 < g 1)
— Fyip a8y (1.0 7) )k () r(7)

u 2
—1—/0 gb;;(e,v)ql(t,f’;v)kal(F)dv)dedu) f)}fﬂR(y,t,f)dydtdF?

(A.15)

and Q; = [ xx'k; (x)dx;dx,. The terms (PF(Y,T,R) and £2(T,R) contain the factor 1{R < 0}

while the terms ¢PF(Y,T,R) and {2(T,R) contain the factor 1{R > 0}. Hence, we can compute

the variance matrix of their sum as

var ((E2F(V,T,R) + C2(T,R)) — (C2F (Y, T,R) + C2(TR)) ) =T + X4

Since X_ and X, do not vary with n, Chebyshev’s inequality implies that the following term is
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0,,(1/\/;%):

1 & 1 &
Y (CPF (TR + ST R) ) — == Y (627 (4 T R) + E2(TLRy) )
nby = nby =

Moreover, & is compact and the relevant functions in the expressions of {P* and Z_,’iQ are bounded
(Assumptions 1.8, 1.9, 1.10, and 1.13). We can apply the Lyapnov’s central limit theorem (for
example, Theorem 5.11 in White [2001]) to obtain that

(Vadi(z- +20)2) (¥ (20T + LT R)

nby =

I ¢ d
S M GAE RN HCED) > % N(O.Iy,).

Therefore, we obtain, for 7, the convergence rate: ||¥— v*||, = O, <b% + 1/+/nb; ) , and asymp-

totic normality:

(Vbr (2 +2)72) (AT~ 7) ~ BB~ B1)) 5 N(O, 1), (A.16)

under the condition that nb? — 0 (Assumption 1.12).

Step 7. (Asymptotic normality of §.) By Equation (A.10), we can apply the triangle inequality

repeatedly and obtain that

Ly

w ’ w ; w w

where the second inequality uses the definition of ¥ in (1.9). Squaring the above inequality and
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using (A.8) to bounded |||

w, We obtain that

Y

:HMHW—FO}U ((b%—i— logn/ nb4> *lb 7/6- 28/5)).

<HLyH +0p(02) + 0t 0ty) <

+O (06, 0,)

Thus, we have

~ 112
bl
4],

~ 112 g —31_9g
Ls )W ~0, <b1 +n_1b?/6 28/5—|—b%\/10gn/n—|— \/lognn_3/2b1 3% 28/5) .

We want to show that the four terms inside the O ,-notation in the above equation is o(1/(nby)).

Both the terms b$ and b3\/logn/n are o(1/(nby)) under Assumption 1.12(ii). The term

,1b5/6 28/5 .

is o(1/(nby)) since by = o(1). For the fourth term, we have
1y
VIogmn 32675 2 _ o1/ (nby)) = nb b Jlogn — oo,
where the statement on the RHS is true by Assumption 1.12(iii). The above derivations show that

By adding and subtracting (¥ — ¥*)VyDy« j+, we obtain that

2

2
~|[25] = eptt+ 1700,

Ly

w

I +[|(F= P VyDy o

-l

w

+2(f’— 7) /fo(e,u)VyDy*,h* (e,u)w(e,u)dedu.

The last term (the innner product term) above is zero because l}, is orthogonal to Vy Dy ;+ from
the projection perspective. This can also be verified by using the definition of . Hence, we

have || (7— 7)VyDy- o fv =0,(1/(nby)). By the same argument as in Step 3, we can show that

|¥— 7ll, = 0p(1/+/nby). Therefore, by (A.16) and Slutsky’s theorem, we obtain the desired
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asymptotic distribution of §:

(Vibr(z- +2)72) (A — ) ~ BB - B1))

=(Vrbi (- +Z0) ) AT - 1)~ BB~ B)) +0,(1) S N(O.Lay).

]

Proof of Proposition 1.1. We only prove the results for /ig(7, -) since the results for A (7,-) can
be proved analogously. For part (i) of Assumption 1.13, we can set the partition & to be the
class of intervals {[uj,u;y1]: j=0,---,J,}. The estimator /(7,-) is a linear function within
each interval and hence is contained in the class J7]'(Z)).

For part (ii), notice that, under Assumption 1.9(i), the estimator /1o (7, o) and ho (7, u 7,41)
converge to #) and ¢/, respectively, at the 1/ rate. Therefore, we can replace fig(F,up) by 5 and
ho(F,uz,+1) by 1 without affecting the asymptotics. Let /o (7, u) denote the solution of (1.10)
at given u. The uniform asymptotic linear representation for izo(f, u),u € (0,1) follows from
Lemma 3 in the Appendix of Dong et al. [2021], which is a slight modification of Theorem 1.2
of Qu and Yoon [2015]. Then we can use Step 2 in the proof of Theorem 2 in Qu and Yoon
[2015] to show that the error induced by linear interpolation is asymptotically negligible.

The uniform convergence rate in Part (iii) of Assumption 1.13 can be shown by using
the uniform asymptotic linear representation. Since V is bounded, the bias term is O(b%). In

Lemma A.9, we show that the stochastic term is satisfies

n

1
sup _ZCIO(TiaRi;M)kQ,O(
uel0,1] |91 ;=

R, —7F

> {R; < 7}

=0, (\/logn/nb1> :

This proves the desired result.
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A.2.2 Uniform convergence rates and the empirical process theory

Below are some basic concepts and results from the empirical process theory which are
used to prove several uniform convergence results.

Let .% be a class of uniformly bounded measurable matrix-valued functions, that is, there
exists M > 0 such that, for all f € .Z, | f||, <M. Let N(#,P,¢) be the e-covering number
of the metric space (.#,L,(P)), that is, N(.#, P, €) is defined as the minimal number of open
I[|, (p)-balls of radius € and centers in .# required to cover .%.

We say that a uniformly bounded function class .# is Euclidean if there exists Aj,A> >0
(that only depend on the uniform bound) such that for every probability measure P and every
e€(0,1],N(F,Pe) <A;/e*>. We say that a function class .% is log-Euclidean with coefficient
p € (0,1) if there exists A > O (that only depends on the uniform bound) such that for every
probability measure P and every € € (0,1], logN(.#,P,e) < A/e*P.

The above definition of Euclidean classes is introduced by Nolan and Pollard [1987].
The same concept is also studied by Giné and Guillou [1999], but they refer to what we call
“BEuclidean” as “VC.” There is a slight difference that Nolan and Pollard [1987] use the L{-norm
while Giné and Guillou [1999] use the L;-norm. We ignored the envelope in their definition
since we only work with uniformly bounded .%. The following two lemmas demonstrates how

to generate function classes that are Euclidean and log-Euclidean.

Lemma A.2. Let % and %, be uniformly bounded and Euclidean classes of functions. The

following classes of functions are also uniformly bounded and Euclidean.
(i) ZieFa={fi+fr:fi € F1.fr€ P}
(i) F1Fr={fi 2 /i € F1,f» € Fa}.
(iii) {E[f1()|X]: fi € F#1}.

(iv) {k ((-—x)/b) :xeR,b> O}, where k : R — R is a function of bounded variation.
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Proof of Lemma A.2. See Appendix B in Chapter 2 of this dissertation. [l

Lemma A.3. Let % be a uniformly bounded and Euclidean class of functions and %, be
a uniformly bounded and log-Euclidean class of functions with coefficient p. Then 7.7, is

uniformly bounded and log-Euclidean with coefficient p + € for any € > 0.

The following two lemmas give the asymptotic order of the supremum of empirical

processes generated by Euclidean and log-Euclidean classes, respectively.

Proof of Lemma A.3. This follows from the definition of Euclidean and log-Euclidean classes.

]

Lemma A4. Let Xi,--- , X, be an iid sample of a random vector X in RY. Let 9, be a sequence
of classes of measurable real-valued functions defined on RY. Assume that there is a fixed
uniformly bounded Euclidean class F such that %, C .F for all n. Let 6 > sup rez, Elf (X )2

Then

S

i=1

i(f(Xi) —Ef(Xi))’ =0p <\/ noy;|log 6| + | log c7n|> :

In particular, if n6?2 /|1og 6,| — o, then the above rate simplifies to O, (\/ncr,ﬂ log Gn|> .
Proof of Lemma A.4. This is Lemma 2.1 in Chapter 2 of this dissertation. 0

Lemma A.5. Let X, --- , X, be an iid sample of a random vector X in RY. Let %, be a sequence
of classes of measurable real-valued functions defined on RY. Assume that there is a fixed
uniformly bounded log-Euclidean class ¥ with coefficient p such that %, C .% for all n. Let

ol = supfegn]E[f(X)z]. Then

i(f(Xi) _]Ef(Xi))' =0, (ﬁg,;—P +np/(1+p>> .
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Proof of Lemma A.5. Let M > 0 be the uniform bound of .%. Since .% is log-Euclidean with
coefficient p, there exists A > 0 such that logN(.#,P,,€) < A/eP for every € € (0, 1], where P,
is the empirical measure. Since each .%, is contained in .%, the above result also holds when
Z is replaced by .%#,. Denote Rad;,1 <i < n, as a sequence of iid Rademacher variables. By
Equation (3.19) in Koltchinskii [2011] (which is a result of Theorem 3.12 in the same book),

there exists a universal constant C > 0 such that

E sup < CAPMP \/ﬁgnl—P v CA2P/(p+1) pgyp/ (14P)

feF

i Rad; f(X;)

i=1

~0, <\/,;6nlfp +np/(1+p)> _

Then the desired result follows from the usual symmetrization argument (for example, Theorem

2.1 in Koltchinskii [2011]) and Chebyshev’s inequality. [

The following three lemmas give uniform convergence results that are used in the proof

of Theorem 1.2.

Lemma A.6. Under the assumptions of Theorem 1.2, the following term is O, (0,):

1

= i /Ou VEq(ho(v) ™ s0(Yi, T, Ris gy (ho(v), 7, €) o (v) v |

sup
2
nby ;=

ec&,uc(0,1],yel o€ H4( 7))

Proof of Lemma A.6. Since &7 is a finite partition, we can without loss of generality assume
that &7 only contains the whole interval [t),#,] so that there is effectively no partition. To simply

notation, we omit the term Z}. By the change of variables ¥ = (T; — ho(v))/b; and Fubini’s
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theorem, we have

Y [ VZ0lho) 500 TRy o). 7 ) o)
1i=1
/‘—Zl Eo(T; +b19) 5o (Y;, T, Ris 8y(Ti + b1 9, F, €), Ty + by D)

x (hg ) (Ti+ 019)1{(T; — ho(u)) /b1 < ¥ < (T; - )/bl}dV(

< sup VEo(Ti+b19) o (Y, Tr, Rizgy(Ti 4 by 9, 7€), Ty + by 9)

pe(—1 ))nbl

% (ho ) (T: + b1 ) H{(T; — ho(u)) /b1 < 7 < (T; — 1)

where, in the last inequality, the supremum is taken over ¥ € (—1, 1) because of the support of

kr. Define the following function of (¥, 7,R) indexed by (v,u,e,¥,ho):

V(Y T, R;v,u,e,7,ho) = 1'Eo(T +byv) Lso(Y, T,R;8y(T +biv,7,e), T +byv)

X (hg ") (T +byv)1{(T — ho(u)) /by < v < (T —1§)/b1}.

Let W, = {w,(-,-,svu,e,v,h) :ve (—1,1),uec (0,1),e € &y, hy € #}. Our goal is to

use empirical process theory to derive the asymptotic order of

sup IZ% (Y,T,Rv,u,e,y,ho)|.
llfnelpn i=1
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Consider a larger class ‘¥ as the product ¥ = WzWyWrg'¥ », where

We, = {T > UEg(T+v) " ive (—1,1)},
Wy ={(Y,T,R) — Ky (Y,T.R;gy(T +v,Fe),T+v) :ve (—1,1),yel,e € &},
¥rr={(Y,T,R) — (1,v,(R—7)/b)'kr (v)kg (R—F)/b)
X YT —ho(u) <bv<T—1t)}:b,uc (0,1),ve (=1,1)},

¥ = {T > (hg") (T +v) :hg € #,v € (0,1)}.

Notice that in the above definition of Wz, Wy, and ¥ j;, omitting the parameter b does not
change the class under consideration. The class ¥ does not vary withnand ¥,, C¥W,n > 1. In
the following paragraphs, we show that the classes Wz, Wy, and W7 are Euclidean while the

class ¥ is log-Euclidean.

For W=

z,, we know that || Z|| and ||, '|| are uniformly bounded by Lemma 2.1 in Chapter

2 of this dissertation. By the smoothness of f7  in Assumption 1.9, the class {T = VEW(T +v):
v € (—1,1)} is Lipschitz in the parameter v € (—1, 1) and hence, by Theorem 2.7.11 in van der
Vaart and Wellner [1996b], has covering numbers bounded by that of one-dimensional intervals.
This implies that {7 — 1'E¢(T +v) : v € (—1,1)} is uniformly bounded and Euclidean. Then
by Theorem 3 in Andrews [1994], we know that Wz, is uniformly bounded and Euclidean.

The class Wy can be written as ¥y = Wy + Wy,, where

Wy ={(Y,T) — Ky ((gy(T +v,7,e)=Y)/b) : b,y (0,1),yeT,e € &},

Wy, = {(Y,T,R) — —E[Ky((gy(T +v,7,e) —¥)/b)|T,R] : b,y € (0,1),y € T,e € &}.

In view of Lemma A.2(i) and (iii), we only need to show that Wy is Euclidean. The class Wy is

uniformly bounded by 1. The function Ky is increasing since ky is positive. The subgraph class
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of Wy can be written as

{{Ont,s) : Ky ((gy(t+v,7,e) —y)/b) <s}:b,ve (0,1),ycT,ec &}

:{{<y,t,S) : g’Y(Z+V7’77€) _y_bK_l(S) S O} : b,V € (07 1)7}/6 F7e € (ga}
By Assumption 1.10, the following function class is finite-dimensional:
{(t,3,5) = gy(t +v,F,e) —y —bK ' (s) : b,y € (0,1),y €T e € &}.

By Lemma 18(ii) in Nolan and Pollard [1987], the subgraph class of Wy is a polynomial class,
which implies (by Theorem 2.6.7 in van der Vaart and Wellner [1996b]) that Wy is Euclidean.

For the class Wrg, notice that the function k7, kg, and the indicator function are all of
bounded variation. The kernel functions k7 and kg are supported on [—1,1]. Therefore, the
term (R — 7) /b is bounded between [—1,1]. By Lemma A.2(ii) and (iv), we know that ¥7g is
uniformly bounded and Euclidean.

Lastly, by Assumption 1.13(i), the class ¥ ;4 is contained in the class of twice contin-
uously diferentiable functions whose second-order derivatives are Lipschitize continuous. By
the well-known bounds on the entropy of Lipschitz classes (see, for example, Example 5.11
in Chapter 5 of Wainwright [2019]), we know the class ‘¥ y; is log-Euclidean with coefficient
1/2x1/(2+1) =1/6. Then by Lemma A.3, we know that ¥ is log-Euclidean with coefficient
1/6 + € for any small € > 0.

Next, we want to derive a uniform variance bound for the class ¥ and appeal to Lemma
A.5. By the uniform boundedness of the classes studied above and applying the usual change of

variables, we obtain that

E[w,(Y,T,R;v,u,e,y,ho)?] < CE[kg((R—F)/b1)*] = Ch; /kR(f)fR(f+ b\7)di = O(by).
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Lemma A.5 then gives that

sup

up | Y (T Rev e, ho)| = Op (n! 20TV 4l T),
yew,

i=1

for any small € > 0. Notice that, in the rate specified above, the term n'/7 is dominated in view
of Assumption 1.12. Then the desired convergence rate follows from dividing by nb; on both

sides.

Lemma A.7. Under the assumptions of Theorem 1.2, we have

1 & 0 /
sup — Z _SO(Yl}T}?Ri;y?t) = OP ( logn/(nb?)) ’
yeR te[th 1l] nby ;=5 dy 2
1 &0
sup |5} =-so(Yi, Ti, Ry, 1)|| = Op (\/ 10g”/("b‘1‘)) :
yeR et} 1] ”bl i=1 91 2

Proof of Lemma A.7. The partial derivative of sy with respect to y is a vector of length three

whose generic element can be denoted by so(Y;, T;, Ri; y,t,b1,b2) /b2, where

srrrnn = (50 (B) <ky (555 ) B[ (0-11/m) rm}) (X ()

with (¢1,4,) = (0,0),(1,0),(0,1). We use the empirical process theory to derive the uniform

convergence rate of the sample average of sy. Recall that the kernel functions ky, k7, and kg
are of bounded variation. Then by Lemma A.2, we know that the following function class is

uniformly bounded and Euclidean:

{(Y,T,R) — s0(Y,T,R;y,t,b,b") 1y e R,¢t € [t),14],b,b' > 0}
={(¥,T,R) = (T —1)/b)" (R—7)/D)" (ky (= 1)/5) ~E [k (- ¥)/8) 'T’RD

X kr((T —1)/b)kg (R—F7)/b) 1y € Rt € [ty,1y],b,b' > 0}.

115



By the law of iterated expectations and differentiation under the integral, we know that s is
centered. By using the fact that k7 and kg are supported on [—1,1] and ky is bounded and

applying the standard change of variables, we can bound the variance of sy by
2y 2E [k (T =1) /1 P (R =) /1] = B2k 2 [ k(e (x2)? = O(03),

uniformly over y € Rand ¢ € [¢{,;]. Then by Lemma 2.2, we know that the uniform convergence

rate of the sample average of s is O, (, /nb% log n) . Therefore,
S O, ( \/nb3logn ) =0, ( \/logn/(nb})
nb%bz

under the condition that by /b, € [1/C,C] (Assumption 1.12). This proves the first claim of the

1 n
_22 YlaT;aRlaya )
yeRte[tO, ] 1 1

lemma. For the second claim, the same argument applies. We just want to point out that k7 is

differentiable on the entire real line by Assumption 1.11 even though its support is [—1, 1].

Lemma A.8. Under the assumptions of Theorem 1.2, we have

sup
ye re(ty 1]

2 L0 5007 )| = 0y (yioga/ ) ).

sup
yeR et} 1)]

1 n
el Zso(Yi,Ti,R,-;y,t) =0, < logn/(nb%)> .
1i=1

2

Proof of Lemma A.8. Following the same steps as in the proofs of the previous two lemmas, we
can show that the relevant function classes are uniformly bounded and Euclidean. By the usual
change of variables, we can show that the uniform variance bound is O(b?) before taking into
account the factor 1/(nby) in the two terms. Then the desired results follow from Lemma 2.2.

The details are omitted for brevity. [
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Lemma A.9.

Iy Ri—7 i,
sup _ZCIO(Ti,Rim)kQ,o R, <7} =
uelo,1] |1b1 =

0y (Viogn/nby).

Proof of Lemma A.9. Without loss of generality, let ¢ = 1. Define

R
Vn(T,Ryu) = qo(T, Ry u)kg 0 ( 5 r) KR <7}
1

Cu- YT <H)} (R
= e altgtraln) oot BT KRR )

and ¥, = {(T,R) — y,(T,R;u) :u € [0,1]}. By the law of iterated expectations, Y, is centered.

Let M = sup,c)o 1] |fR(F)fﬂR(h8(f, u)|7)|. Define a product class ¥ = W7 Wg where

Yr ={(T,R) — Clu—1{T <t}):uc[0,1],t € [t),15],|C| < M},

We = {(T.R) —» VQgh(1,(R—F)/b)Krs((R—F)/b) : b > O}.

The class W does not vary with n, and ¥,, C W,n > 1. The class W7 is uniformly bounded and
Euclidean since the set of indicator functions 1{7 <t} € [t),1;] is Euclidean. The class W is
uniformly bounded and Euclidean since Krg is of bounded variation and compactly supported.
By the usual change of variables, we can show that the uniform variance bound for ¥, is O(b).

Then the desired convergence rate follows from Lemma 2.2.

A.2.3 Covariance Matrix Estimation

In this section, we discuss the estimation of the asymptotic variance matrix of ¥, which
involves the estimation of A, ¥_, and X . For concreteness, we consider the first-step nonpara-
metric conditional quantile estimation procedure described in Section 1.3.3 and Proposition 1.1.

In the expressions of A, X, and X, the functions that require estimation include VyDx -, (P;i,
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fY:'tT.Ra f]zl:‘Ra and fR- By definition,

“ro * (= - - - * =
V?’DY*(e7u) :A [a_YFY\T,R(gY*(hO(r7v)7r7e)|hO(r7v)ar)vygy*(hO(rvv)vrve)

J % (= - * /= — %= —
—a—yFﬁﬂR(gy*(hl(r,v),r,e)|h1(r,v),r)Vygy*(hl(r,v),r,e) dv.

In the above quantity, we only need to estimate %F;\T, R= in|T’ r since we already have esti-
mators for y* and 4*. By observing the definition of ¢;§, we know that the additional term that

requires estimation is %Fyiw z- To summarize, we want to estimate fir p and Once

aa_TF Yi\ T.R
fyij./ r 18 obtained, we can operate to get the marginal and conditional density functions.
For estimation of f;ﬂ r» We can employ the method developed by Cattaneo et al. [2020].
They use the second-order local polynomial regression to estimate the joint density. Due to
the nature of local polynomial regressions, the estimator is boundary adaptive and particularly
suitable for RD designs. To estimate the partial derivative f?a_TFYi\T, &> We can employ a second-

order local polynomial regression. The procedure is similar to STEP 2 in the construction of 7.

We add two quadratic terms into the minimization problem:

T, —t R, —7r
k k .
* T( by ) R( by >

The minimizer d; is the estimate of %FﬂT,R()’V’ 7). The estimate of (%FYTT’R(yV, F) can be

analogously constructed.

We assume that the resulting estimators f"YiT z and %FﬁT r are uniformly consistent.
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That is,

Sup'fi(y7t7r) —fi(y,l’,l")| - OP(1)7

y7t7r
J . 0 ,
su a—TFﬁnR(W,F)—8—TF;\ET7R()’|IJ) =0p(1).

Such uniform convergence results can be proved along the lines of, for examples, Fan and Guerre
[2016] and Chapter 2 of this dissertation. The details are omitted here. We can construct the

following distributional estimates:

f%R(t7f) = /f):’l,:T,R(y7t7f)dy7

fA;TT7R(y7t|f) :f;jT,R(yataf>/f;,R(t7f>'

Under the assumption that ffR is bounded away from zero, the estimator f;—L‘T z(,1|F) is uni-

formly consistent. Let

A

b= [wtea) ([ [fralesthotronelin(r). ¥y ot re)

2
_flj'T’R(gf,(}All(F,v),f,e)VAzl(f,v),F)Vygf,(}Azl(F,v),f,e)}dv) dedu.

Under the uniform consistency of ff'T z and h and the consistency of 7, we can show that A is a

consistent estimator of A. For the estimation of X_, define
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The above estimators are also uniformly consistent. In particular,

sup
e,

(]37‘/_(67‘/) _(P%(evv) = OP(l)'

Let

= / (/f”/ol wies) (/o Frir aesho(7.v).7.e)lho(F.v). ) Vg o(7,v). 7€)
— Fr r (3 (9,7, ) s (7,9), ) Vg (7,v) 7€) v

(l’fzalu,o,f)’(l{y < 83(1,)} ~ Fyjy (gt 0)le.7) ) g (7)/ Fr(7)
N ké,o (7)

u . ’ A
. 7) /0 95 (e,v)(v—1{t < ho(F, v)})dv) dedu) Fyr(t,P)dydtdF.

Under the uniform consistency of fg, ijFR, f;—L‘T R Fy|T_ R inT R q)?_ , and h, and the consistency

of 9, £_ is a consistent estimator of £_. The estimation of £, can be performed analogously.
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Appendix B
Appendix for Chapter 2

The proofs for the theorems in the main text are collected in Appendix B.1. Appendix

B.2 contains some preliminary results in empirical process theory.

B.1 Proofs

Proof of Lemma 1. This lemma is almost the same as Lemma 11 in Fan and Guerre [2016]. The
only difference is that in this paper we allow the kernel to diminish at the boundary of the support
but the proof of Fan and Guerre [2016] nonetheless goes through. In fact, following their steps,
we can show that the eigenvalues of E(x, /) and Q(x, ;) are larger than

inf min b7 ( / P(u)r(u) " w(u)1{u € B(x, ll)}du) b

x€B(0,1) 5T b=1
which is strictly positive since w > 0 on [—1, 1]¢. O

Proof of Theorem 1. By the standard change of variables and the law of iterated expectations,

we can write

E(x,hy) r(u (u) fx (x+ hyu)du,

V(y,x,h1,hy) = | r(u F(ylx+hyu) fx (x+ hiu)du,

= rtor
[ reom

121



where F(y|x) = E[K((y—Y)/h) | X = x]. Because fy is continuously differentiable on 2", we
have E(x,h1) = fx(x)Q(x,h;) + o(1), uniformly over x € Z". Applying change of variables and

integration by parts to £ (y|x+ hju), we have

FOle i) = [ (=) /h)f (/) + i)y
= /K(v)f(y—h2v|x+h1u)h2dv

= /k(v)F(y—h2v|x—l—h1u)dv.

By Assumption Y, F(y|x) restricted to R x 2" is twice uniformly continuously differentiable.

Then for any y € R, the following expansion holds:

2

0 10
F(y—hyv|x+hyu) = F(y|x+hju) — &—yF(y]x+h1u)h2v—|— Ea—yzF(y|x+h1u)h%v2

1 82 2
+ Eh% (a—yzF(ﬂx+ hyu)v? — TF(Y|X+ hl”)"z) ;

where y is between y and y — hpv. Therefore,

2 12

_ 129
P ) = Fle )+ 5 25 F et hia) /v2k<v)dv+o(h§),

uniformly over y € R and x+hju € 2". The remainder term is uniformly o(h3) because aa_;zF is
a continuous function on the compact set supp(Y,X). Next, by the smoothness of F(y|x) with

respect to x, we have

h2
F(ylx+hu) = F(y|x) +hiu' ViF (y[x) + EIMT [V, V. F (y]%)]u

2
= r() B () + S [V V(o)
2

T (VI 10— [V] VP (o)

2
— r(u)THlﬁ*(y,x) + %MT [V;VXF(y]x)]u + o(h%), (B.1)
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uniformly over y € R and x,x + hju € 2 . The remainder term is uniformly o(h%) because

V'V, F is assumed to be uniformly continuous on R x .2". Similarly, we have

Jx(x+hu) = fx(x) +o(1), (B.2)
2 32
a—yzF(y|x+h1u) = 8_y2F(y|x)+0(1)’ (B.3)

uniformly over y € R and x,x+ hju € 2 . Therefore,

V(y,x,h1,hy) = Z(x,h))H B (y,x)
) [ rw(u” (VIVLF Glolut b e 2

12
+5 S fx(x
h? 92
n 523_ (v10) f (x) / Vk(v)dv / P w(u) U x+hiu € 2 Ydu+o(W +12),
uniformly over y € R and x € 2. Therefore,

Hy (B (v,x,h1, ) — B* (v,x))

2 2

I’l d
=— hy)
2 X 1 Z’Z anan/
h3 , 02 5
52F Ol / 2k (v)dv / P()w() 1 {x+ hiu € 2 Ydu+ o(H2 + 12).

+;Quhg

)/r(u)ugug/w(u)l{x+h1u € 2 }du

Then the first claim of the theorem follows.

When x € 5&0”;”, x+hu € 2 forall u € [—1,1]%. In that case, Q(x,h;) becomes the

identity matrix because wy is symmetric and has variance one. Then the second claim of the

theorem follows.
O

Proof of Lemma 2. Let M > 0 be the uniform bound of ¢. Notice that each ¥, is a uniformly
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bounded (by M) Euclidean class with the same coefficients (A,v). Denote

A = sup
€%,

ZRadf

i=

where Rad;,1 <i <n, is a sequence of iid Rademacher variables. By Proposition 2.1 in Giné

and Guillou [2001], we have forall n > 1,

EA) <C (leog(AM/Gn) + \/\_J\/nc,%log(AM/Gn)> =0 <\/I’LG,%| logo,| + |10g6n|) :

By the symmetrization result in, for example, Lemma 2.3.1 of van der Vaart and Wellner [1996b],

we know that EA, < 2EA? = O (x/nd,%llog o, + |log Gn]> . Then the claimed result follows

from the Chebyshev inequality. [

Proof of Theorem 2. We proceed with two steps. Recall the expression of H; 3 in Equation (1).
In Step 1, we derive the uniform convergence rate of the numerator D (y,x,1,h,). In Step 2, we

derive the uniform convergence rate of the denominator X(x, k).

Step 1. To avoid repetition in the proof, we consider a generic element of the vector D (y, x, k1, h):

A 1 & y—Y,- X,-—x)
Vr(y,x,hy,hy) = — i—x)/h1)"K w ,
w3, hi, nh‘{z )/ ( Iy ) ( I

i=1
) ﬁ((Xw —x¢)/h1)"wy (th—:x‘}) . (B4

=1

n

- ik (5

hy

where © = (71, ,my), 7 € {0,1},Y. 7y < 1. We want to derive the following uniform conver-

gence rate of Dy(y,x,hy,h;):

sup yf)g(y,x,m,hz)—Eﬁm,x,m,hz){:op( |logh1|/<nhaf>). B.5)
yERxeZ
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By defining

V(Y. X:y,x) =K (y_Yi> ﬁ((Xié —x¢)/h1)™wy (X,h_—lw>

hy ) -
and ¥, = {y,(-,;y,x) 1y e R,x € 27}, we can write the LHS of (B.5) as

1

su
P nh’il

(=

Y

=1

i

which can be studied with the empirical process theory introduced previously. Notice that y;,
and ¥, depend on n through the bandwidth 4 and h,.

Consider a larger class ¥ that does not depend on n defined by the following product:
Y =YyWy ¥y, ---Px,,
where

Wy ={(¥,X)—K((y—Y)/h) :y e R,h >0},

Yy, ={(V,X) — ((Xz—xé)/h)mWe ((Xg—xg)/h) xe€ 2 h>0}0=1,---.d.

Foralln > 1, ¥, is a subset of the product class . Then we want to show that ¥ is uniformly
bounded and Euclidean. If that is true, then we can appeal to Lemma 2.

In view of Lemma B.5, we only need to show that Wy and Wy, are uniformly bounded
and Euclidean. The class Wy is uniformly bounded by 1. The function K is of bounded variation
on R since it is the integral of the integrable function k (Corollary 3.33 in Folland [1999]). Then
by Lemma B.1, we know that Wy is Euclidean. The class Wy, is uniformly bounded by ||wy||c.
This is because wy is support on [—1, 1] and hence the term in front of wy, (X; — x¢) /h, cannot
exceed one in magnitude. To show that Wy, is Euclidean, notice that the function u, +— u?f wy(uy)

is of bounded variation. This is because on the support of wy, [—1, 1], both uy — u?‘ and wy are
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of bounded variation. Then their product is also of bounded variation (Theorem 6.9, Apostol
[1974]). Then we know Wy, is Euclidean by appealing to Lemma B.1.
Next, we want to derive a uniform variance bound for each ¥,,. By the standard change

of variables, we know that sup,, g, E[y, (Y, Xy, x)?] is bounded by

sup E
xeZ

2 d
X—x
o (5 ] < sup [ wla? (e e < | e T el
=1

1 xe&

where we have used the fact that K € [0, 1], and wy is supported on [—1, 1] and integrates to
1. Therefore, we can define G\%,n = h?| fx|| T, [|We|l.. as a uniform variance bound for \P,,.
Under the assumption that nh‘f /|1oghy| — oo, we can apply Lemma 2 to the sequence ¥, and

obtain that

S X B | = 0, | VL
sup [— ) (Vu(Y:, Xisy,x) —Ey,(Y;, Xisy,x)| =
v, e¥, n ?l’ZI P nh‘li
|loghy |
-0 ,
b nh‘f

which is the desired result specified in Equation (B.5).

Step 2. Following the same procedure as in Step 1, we can show that the uniform convergence
rate for each element of the matrix =(x, /1) is also 4/|logh;|/(nh¢). We omit the details for
brevity. Then by Lemma 1, we know that with probability approaching one, the eigenvalues
of Z(x,h) is in [1/C,C]. In particular, with probability approaching one, the inverse matrix

Z(x,h1)"! is well-defined, and its induced 2-norm

E(x, )7t H2 is bounded. Then applying
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Lemma 1 once again, we have

sup [[&x )~ =2 (x| = sup ||E e )T @)~ E )2 )|

‘2 xed

xeX 2
< sup @(x,hl)_IH E(x,h1)—§(x;h1)H HE(x,hl)_lH
xex 2 2 2

=0, (/ltogh/) ).

where the second line follows from the submultiplicativity of the induced 2-norm. Combing the

above result with Step 1, we obtain

sup ([ &0 hn) D0 ) — E ) 0 ()|
yERxeZ 2
< sup é(X,hl)_l—E(x,hﬁ_]H |D(,x,h1,h2)||5
yERxe X 2

+ sup || D(y,x, 1, ) — V(y,x, k1, )| HE(X,hl)_l H
yERxe X 2

where the last line uses the fact that ¥ is uniformly bounded. This proves Equation (5).

]

Proof of Theorem 3. For the unsmoothed estimator, we can now define the pseudo-true value by
replacing the term K((y —Y;)/hy) with the term 1{¥; < y} for the minimization problem defined
in (3) in the main text. To derive the bias term, we can follow the proof of Theorem 1 and replace
F with F in the definition of v. Therefore, the bias term in this case can be controlled by using
(B.1) and (B.2) without (B.3), which means that we no longer require the differentiability of
F with respect to y. The bias term associated with A, (as in Theorem 1) no longer exist. The
remaining bias is O(h%). The stochastic term can be dealt with by using the proof of Theorem
2. We replace the class Wy by the class of indicator functions 1{Y; < y},y € R, which is also

uniformly bounded by 1 and is Euclidean. The other parts of the proof remain the same. [
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Proof of Theorem 4. Notice that we can write H; (B (y,x,hy,hy) — B(y,x, hi, h2)> as

E(x,hy) ! (ﬁ(%%hl,hz) _@(xahl)HlB(Yax7h17h2)>

a1 ¢
:L<X,h]) lnﬁzs<yi7xi;yax7hl7h2)
1i

r (X,-};x) (F(y\Xi) —r (Xihjx) TH1[_3(y,x,hl,hz)> W (Xihjx)

- IR -
=Z(x,hy) IWZs(Yi,Xl-;y,x,hl,hz)+err1(y,x)—l—errz(y,x)
d 4

where

X (F(y]Xi) _r (X"hjx> TH1 B(y,x,hl,h2)> w (X”hjx) :
=

n
E’<x7hl>_l _: )C hl ) _d Z Yl7Xi;y7x7h17h2)'
1 —

We use the empirical process theory to derive the uniform convergence rates of err| and

erry respectively in the following Step 1 and Step 2.

Step 1. Define a sequence of function classes @, = {@,(-,;y,x) : y € R,x € 2"}, where

. T ~ d _ T _
o (Y, X;y,x) = (F(y|X) —-r (Xhlx) Hlﬁ()’,X,h1,h2)> 4131 (thlxé) wy (X—Ehlw)

with } 7, <1 as before. We want to derive the convergence rate of

sup
€Dy

n
_dZ Yth’yv
1 =1

Notice that ¢, is already centered, that is, E¢, (Y, X;y,x) = 0, by the first-order condition of (2).

Define a larger product class @ that does not vary with n by ® = ®yW¥x Py, - -- Wx,, where ¥y,
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is defined in the proof of Theorem 2 and

@y = {(¥.X) = (E[K((y=Y)/h)[X] —r(X —x)"B

XU{|Xp—xy| <1,1<l<d}:yeR,xe Z,h>0,

Bll,<C).

To understand the expression of @y, recall that by definition £ (y|X) = E[K((y —Y)/h2) | X].
The term B(y,x,hl,hz) is replaced by a general B € R?*! with a bounded norm. This can be
done as both the numerator and denominator of B (y,x,h1,hy) is bounded. The indicator term
1{|X; —x¢| < 1,1 < ¢ < d} comes from the support of w. This indicator term is needed for
deriving the uniform boundedness.

For each n, we have ®,, € ®. We want to show that ® is a uniformly bounded Euclidean
class. Since Wy, is proven to be uniformly bounded and Euclidean in Theorem 2, we only need

to focus on the class Wy. First notice that the class
{(Y,x) —r(X —x)"B{|X — x| <1,1<l<d}:yeR,xe X ,h> 0,||[3H2 < C}

is uniformly bounded and Euclidean in view of Lemma B.2. By Lemma B.3, we know that the

following class is uniformly bounded and Euclidean:
{(Y,x> S EK((—Y)/h) | XI{|X; —x] < 1,1 < £ <} :yeR,h>o}

Then by Lemma B.4, we know that ®y is uniformly bounded and Euclidean. Hence, & is
uniformly bounded and Euclidean.
Then we want to derive a variance bound for each ®,,. By the usual change of variables,

we have forany y € R and x € 27,

E[¢, (Y, x;y,x)%] < h‘ll/ <Fy|X(y|x+h1u) - r(u)HlB(y,x,hl,h2)>2w(u)2fx(x+hlu)du.

129



From the uniform bias expansion results in Theorem 1, we have

sup | Fyx (ylx+ ki) — r(u)Hi B (y,x, by, ha) | = O(hi + 13) = O(hi).
yERxeZ

Therefore, we can construct a uniform variance bound Gc%n = O(h‘f“) for the class ®,. Then by

Lemma 2, we can show that

sup
PnEDn

d Z¢n Yl7Xl,y7 )

n]l

logh
0 << nh?+4|10gh1|+|10gh1|> /(nh?)) :0]7 <| nid1|> y
1

where the second line follows from the assumption that #h9™*/|log hi| < C. Therefore,

E(e.m) ™|, 0y (I1oghil/(n)) = 0, (J1ogh] /(i) ).

sup |lerri(y,x)[l2 =
yERxeZ xed

Step 2. Similar as before, we can show that

—0, (/Itogh/) ).

sup
yeERxeZ

n
—dZ s(Y;, Xi3y,%, by, o)
l —

2

It is straightforward to see that the summand is centered, and the relevant function classes are

uniformly bounded and Euclidean. For the variance bound, we can simply bound the term
. 2

(K (y—Yi)/h2) — F (y\X,)) by 1. We omit the details of the derivation. Then by the uniform

convergence rate of Z(x, ;) ! derived in the proof of Theorem 2, we have

sup Jerra(yx,hi )| = 0, (|logh1 |/(nhqf)) .
yERxeZ

Therefore, we have shown that both the terms err|(y,x) and err;(y,x) are O, <| loghy |/ (nhd )>

uniformly. Then the desired result follows.
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Proof of Corollary 2. By the asymptotic linear representation in Theorem 4 and the mean value
theorem, we have

sup |F(y1}) = F(y1}) = (F(v2x) = F(32}x)
y1—y2| <8y xe 2

sup
V1 —y2|<0u xeX

n
E(x,h1)” —dz (Yi, Xisy1,x,h s ho) — $(Yi, Xisy2,x, i b))
hi i

0 |log hy |
<co s | L st <0, (1211,
> nyeR?xIé{% I’lh‘]izay (l i»y 1 2) ) P l’ll’l‘ll

where we have used the fact that | Z(x, ;)1 is bounded (Lemma 1). The partial derivative
s is equal to

dy

0 1 [/Xi—x y—Y;
Y., X; hi,hy) = k —E
ay ( 1y z,)’,x 17 2) h2 ( hl ) ( h2

Similar as before, we can use Lemma 2 to show that

sup

e Hﬁ Z] r (X"h:x) (k (= ¥i)/h2) = [k (3= ¥0)/hz) | xi]) W (X" ‘x) I,

h

|loghy |
=0
b nh‘ll

We omit the details here. It then follows that

|loghy| 1
sup H s(Y;, Xisy,x,hy, ) H =0, —
yeRxeZ h‘f’ ,211 dy nh‘f hy

This proves the corollary.
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Proof of Corollary 3. Consider the following bias-variance decomposition of 6—0:

Y orx o,
/y /x <ﬁ0(y’x’h1’h2)_ﬁg(%xvhl,hz)> dxdy

— _ J/
TV
bias term

Y X /. _
+/ / (ﬁo(y,X,hl,hz)—ﬁo(y,X,h17h2)> dxdy
y Jx

- s

P
stochastic term

By Theorem 1 and the assumption that \/nh} = o(1), we know that the bias term is o(n~1/2).
For the stochastic term, we first want to take care of the matrix E(x,h;). Recall that when
x € Zj, = [x+h,x—h), E(x,h;) is equal to the identity matrix I. In the proof of Theorem 4, we

have shown that

sup
yERxeZ

:0P(\/|logh1|/(nh1)>.

2

1 n
" Y s(Yi, Xi:y,x, i, ha)
i=1

Therefore, we have

=o0p(1/V/n).

2

vor 1 &
// (E(X,l’ll)—l)EZS(YZHXZ';)@X’}ZI’]/ZZ)
y Jx

li=1

By Theorem 4 and the assumption that \/nh; /|logh;| — oo, we can write the stochastic term as

/y"/?E (Bo()GX,hl,hz) _Bo(y,X,hl,h2)> dxdy = % Zn:Zi+0p(1/\/ﬁ)
s i=1

where

y X
/egIS(Yi,Xi;y,X,hl,hz)dXdy

X

hyJy Jx
il (<)o (55

Zi=—

S—
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By the standard change of variables, we can write Z; as

y r(Xi—X)/ly y—Y; -
Z; = / / K ( ) —F(y|X;) | w(u)dudy
y J(Xi—x)/h hy

The random variables {Z; : 1 <i < n} forms an iid triangular array. Each Z; is centered, that is,

E[Z;] = 0. Denote the variance of Z; as V,,, which can be calculated based on change of variables:

V, =E[Z?]
2

S (6 () -rom i) s
2
/y/ ( ( S) MI)) Yty /my =) fmg) (W)W (w) dudy | f(s,1)dtds

As n — oo, we have the pointwise convergence results K(yh;;) — s <y}, F(y|t) = F(y|t), and
(—x)/my (1—%)/m) (@) = 1,u € [=1,1]. We know that these functions are bounded and the support

of (Y,X) is compact. Then by the dominated convergence theorem, we have

_ 2
Vi ~ / </yy/11 (s <y} —Flt))w(u) dudy) f(s,t)dtds

= / (/ ({s <y} —F(yl)) dy)zf(s,t)dtds =V

where the second line follows from the fact that w integrates to 1. It is straightforward to see that
Z; is bounded, and hence any moment of |Z;| is finite. Then we can apply the Lyapnov central
limit theorem (for example, Theorem 5.11 in White [2001]) to obtain that Y Z; /y/n converges in

distribution to N(0,V). The desired result is thus proved.
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B.2 Preliminary Results in Empirical Process Theory

Lemma B.1. Let K : R — R be a function of bounded variation. Then the following class is

Euclidean:
{K((-—x)/h) ‘xR A >o}.

Proof of Lemma B.1. This is a direct application of Lemma 22(1) in Nolan and Pollard [1987].
[

Lemma B.2. Any uniformly bounded and finite-dimensional vector space of functions is Eu-

clidean.

Proof of Lemma B.2. This follows from Lemma 2.6.15 and Theorem 2.6.7 in van der Vaart and

Wellner [1996Db]. ]

Lemma B.3. Let 4 be a uniformly bounded Euclidean class with coefficients (A,v). Then the

class {E[g(-) | X] : g € 9} is also uniformly bounded and Euclidean with coefficients (A,v).

Proof of Lemma B.3. This follows from the fact that the conditional expectation is a projection

in the Hilbert space L,(P) and hence reduces the norm. O

Lemma B.4. Let 9, and <, be two classes of functions that are uniformly bounded and Euclidean
with coefficients (A1,v1) and (Ay,v;) respectively. Then the class 9 ©% = {g1+g: 81 €

4,82 € %} is also uniformly bounded and Euclidean with coefficients (A1A2A1A22"17TV2 vy +

).

Proof. By Inequalities (A.4) in Andrews [1994], we have

N(% &%, Ly (P),€) < N(¥41,Lr(P),e/2)N(%,Lr(P),€/2)

§A1(2/8)V1A2(2/8)v2 =A1A22vl+vz/8vl+"2_
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O]

Lemma B.5. Let ) be a class of functions that is uniformly bounded by My and Euclidean with
coefficients (A1,v1) and % a class of functions that is uniformly bounded by M, and Euclidean
with coefficients (Ay,v2). Then the class 9% = {g1-82: 81 € 1,82 € %} is uniformly bounded
by MiM; and Euclidean with coefficients (A1Az(My +M;)"' V2 vy +1,).

Proof of Lemma B.5. The proof is similar to that of Theorem 3 in Andrews [1994]. By definition,
for every measure P and every € € (0,1], N(%,P,¢€) <A, /€" and N(%,P,e) < Ay/e™. We
can construct {g1 j, : 1 < ji <Ji}and {§2j, : 1 < jo < J»} to be the e-covering of ¢ and %>,
respectively, where J; = N(¥,P,€) and N(¥,P,¢). For any g| € 4 and g, € %, suppose g
is in the €-neighborhood of & j,, and g is in the e-neighborhood of &, j, . Then the L(P)

distance between g1g2 and g1, ,82,j,, 18

Hgng_glyjl,*gZJZ* LZ(P)SHglgz—glgz.,jz,* LZ(P)Jnglgz,jz.*—gl,jl,*gz,jz*

Ly(P)

< (M;+Mp)e.
Ly(P) (M, 2)

<M, ng —82.js. P +M> Hg1 —81j1.

Ly(

This means that {8182, : 1 < j1 < Ji,1 < jo < Jp} forms a (M + M;)e-cover of 4,%.

Therefore,

N(%%LZ(P),E) < N(gl,Lz(P),E/(Ml +M2))N(g2,L2(P),8/(M1 +M2))

SAIAZ(MI +M2)v1+v2/8v1+v2'

This proves the result. O
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Appendix C
Appendix for Chapter 3

Appendix C.1 contains the proofs for theorems and propositions stated in the main
text. Appendix C.2 studies the efficient estimation of parameters implicitly defined by possibly

non-smooth and overidentifying moment restrictions.

C.1 Technical Proofs

We assume that Assumptions 3.1 and 3.2 hold throughout this section. The following

two lemmas are helpful for proving the identification results.
C.1.1 Proof of the Identification Results
LemmaC.l. S L Z|Xandte 7,Y, L T|S,X.

Proof of Lemma C.1. The first statement follows from the definition of § and the fact that Z

is independent of the vector (7}, -- aTzsz) conditioning on X. For the second statement, T

is entirely determined by (S,Z,X). Hence, given S and X, T is independent of ¥; since Z is

independent of (¥,,-- ¥, ) conditional on X. O
Lemma C.2. Foreacht € . and k= 1,---,Ng, the following identification results hold.
(i) P(S€ Xk | X) =bi kP (X) as.

(i) E[Y; | S € g, X] = (b Qi (X))/ (b1 k(X)) a.s.
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Proof of Lemma C.2. This is Theorem T-6 in Heckman and Pinto [2018a]. The conditioning is

explicitly presented. O

Proof of Theorem 3.1. The first statement follows from applying the law of iterated expectation

to Lemma C.2(i). For the second statement, we can apply Bayes rule to Lemma C.2 and obtain

that
ElY; [SeX,] = /]E Y |S€X 1, X =x] fx|sex,, (x)dx
= /]E Y |S€X X =x] P(SIP%(?EICLIX,C): x)fx(x)dx
=E [bxQ:i(X)] /Pexs
where fy SET, 4 denotes the conditional density function of X given type S € X 4. 0

Proof of Theorem 3.2. By Lemma L-16 of Heckman and Pinto [2018b], we know that under
the unordered monotonicity assumption, B;[-,i] = B;[-,i'] for all s;,s7 € X, x. Thus, the set Z; ;

always exists. For the first statement, we have

P(T=t,S€%;)=P(Z€ Z,,S€Xy)

P
_E [IP’ (Ze Z1,S ey |X)}

E[P(Z€ %k | X)P(S €Lk |X)]

=E [b P (X)m 4 (X)]

where the second equality follows from the law of iterated expectations and the third equality
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follows from the fact that Z | S| X (Lemma C.1). For the second statement, notice that

P(T=1t,S€X 4| X=x)=P(T=1|SEL 1,X =x)P(SEZ 4| X =x)
=P(Zec Zi | X)P(SEX x| X =x)

=T 1 (X)by 1P (X).
By Lemma C.1, we know that
ElY, |T=1,SeX,X=x]=E[Y,|S€X,X =x].
Therefore, we can apply Bayes rule and obtain that

EY,|T=1,8€X]

— [B[%IT =15 € BaX =] firses, ()
P(T=1,SE€% | X =2x)
P(T =t,S€Xy)

b X 7 (X)b; 1 P (X
_ [ berQi( )>< 11 (X )by i Pr ( )fX(x)dx
be 1P (X) 4t k

= (b0 (X) 7 (X)] /e -

:/E[)@|S€E,7k,X:x] Jx (x)dx

C.1.2 Semiparametric Efficiency Calculations

We follow the method developed by Newey [1990]. The likelihood of the GLATE model

can be specified as

1{Z=z}
20.1.2.X) = (%) [] (fzw |X>nz<x>) ,

€Y
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where f.(-,- | X) denotes the conditional density of Y,7T given Z = z and X. In a regular
parametric submodel, where the true underlying probability measure P is indexed by 6°, we use
the following notations to represent the score functions:
d
SZ(Y7Z | X’e) = %log (fZ(Y7T | X’e)) )

5#(Z1X:0) = ¥ 1Z =2} 2 log ((X:0)).
eZ

sx(X;0) = aa—elog (fx(X:0)).

The score in a regular parametric submodel is

soo(Y,T,Z,X) =Y H{Z=2z}s:(Y,T | X;0°) +52(Z| X;0°) +5x(X;6°).
€?

Hence, the tangent space of the model is

S = {s eL3:s(V,T,2,X) = ¥ HZ=2}s, (Y,T | X) +52(Z | X) +5x(X)
14

for some s, sz, sx such that /sz(y,t | X) f:(y,t | X)dydt = 0,Vz;

Z sr(z| X)m,(X) =0, and /sx(x)fx(x)dx: 0},

eZ
where Lg is a subspace of L? that contains the mean zero functions.

Proof of Theorem 3.3. We only prove statements (i) and (ii) since (iii) and (iv) are easier cases

that can be proved along the way. We start with the first statement. The path-wise differentiability
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of the parameter f3; ; can be verified in the following way: in any parametric submodel, we have

0
SaB®)

0

ae(bl kEG [Qt( } /pt.,k)‘gzeo

ij ((%z «Eg [0:(X)] /00)]o=go — (b xEg [Qs(X)] /pt7k)(apt7k/ae)|9:60>
0

1 d
p btk (aeEQ [Qt } {9 g0 %EG |:PI(X)} ‘g—goﬁt,k) ’

where f—eEg [Q, (X)] |g—go and ;—GEQ [P, (X)} lg—go are Nz x 1 random vectors whose typical

element can be represented respectively by

/yl{f =t}s;(»T

+/y1{f = 1}sx(x;0°) (3, T | x;87) fx (x; 0°)dydtdx

x;09) f(y,7 [ x:0°) fx (x; 0°)dyd tdx

and

[ U= sl | 330°) 1057 x:6°) i (x:6)dyd

+ [ 1T = 1hox (509107 5:07) i (x:6) v,

respectively, for z € 2. The EIF is characterized by the condition that

%ﬁt,kw)‘ =E [Wﬁnkse”} ,and yp €.

0=0°

The expression of yp  given in Equation (3.2) meets the above requirements. In particular, the
correspondence between terms in the EIF and path-wise derivative appears exactly as in Lemma

1 of Hong and Nekipelov [2010b].
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For the second statement, the path-wise derivative of ¥ ; can be computed similarly.

0 1 0
%%7,((9) 9—go qt_,kbt’k%Ee [0 (X) (X)) ‘9:90
Yk, O
— qtt_,kb[’k%Ee [Pt(X)ﬂt,k(X)} ’9:907

where a&—eEg[Qt(X)ﬂWt’k(X)”g:go and %Ee [P+ (X)7tw, . (X)]|g=6o are Nz x 1 random vectors

whose typical element can be represented by

[T = el 528, (6 0%) L0, | :60%)fc (07 dyd e
—|—/y1{‘c = t}sx (% 0°) mw, , (x;0°) fz(3, T | x;0°) fx (x; 67 )dyd Tdx

+/y1{f =t} (;—eﬂt,k(X;G)}e_go> L7

x;07) fx (x;0%)dydtdx,
and

[ = 1507 10 (336407 |136°) f (32 0%)dyd

+ / 1{7 = t}sx (x; 6%) 7w, (x:0°) £ (3, T | x;0°) fi (x: 0°)dyd vdx

+/1{r =t} (;—Gﬂt,k(X;G)}e_go) f(n7

x;0°) fx (x; 09)dydtdx,

respectively, for z € Z. The main difference appears when dealing with the last terms in the
above two expressions, which can be matched with terms in the efficient influence function of

the following two forms

EYKT=t}|Z=2X]|(1{Zec Z} —mi(X)), and

E[{T =1t} |Z=2X] (1{Z e Z i} —m4(X)).
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Take the latter one as an example. Notice that

HZe 2} —m(X)= ), (H{Z=2}-m(X)),

K4S Q?k

and

1{Z=z} 9

(I{Z:Z}_EZ(X)) sz(Z1X;0%) = 7.(X) %ﬂZ(X;G)‘ngo

—m,(X)sz(Z ] X;6°).
By the law of iterated expectation, we have

E :IE (T =t} |Z=2X] (H{Z =2} — (X)) sz(Z | X;GO)]
=E |E[{T =t} | Z=z,X]|E[1{Z =2}/m.(X) | X] ;9 (X;G)\e_eo}
—E [E[{T =1} |Z =2, X] %.(X)E [5z(Z] X;6°) | X]|

—E|E[1{T =1} | z=2X] aae (X;9>|eeo]

_/I{T—t}( 7.(X;0)|,_ 90) £, T | %;6°) fx (x; 8°)dydTdx.

]

Proof of Proposition 3.1. This proof is based on Section 4 in Newey [1994]. We focus on the
case of f3 x. The other cases are similar. To ease notation, let ; = (l’ly7t7z, hi 7, 71)/. The estimator

3,,;{ is defined by the moment condition

E[M (X?Bl,/ﬁht)] =0,

where

/ /
hY t 71 ( ) hYJ-,ZNZ ( ) h[ 21 (X) ht,ZNZ ( )
M (X,Bii k) =b talX) N g o (e Py X))
( 7Bl,k7 [) f,k( n_zl(X) ) ) ﬂzNZ()T) Bl‘,k t,k T
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We then compute the derivatives of M with respect to the parameters:

E [0M/9B, i) = —b 4B [P (X)] = —p{,

i = boalil/7E(X) = By, 1 (X)

3/ Ohy Mi,—p = —(Br.br k[1]) /75 (X) = 8 ,(X)

IM 9T, =y = — (brili1 Q7. (X)) /70 (X) + (B by ]1P2, (X)) /72 (X) = 8, (X),

(9M/(9hy7mi

where b, i [i] denotes the ith element of the vector b, ;. Define

(Y. 1.2.X)= Y o) (HZ =Y HT =1}~ b, (X))

€Y

+ ¥ 800 (HZ =T =1} = h.(%))

14

+ ) 6 (X)({Z =2} -0 (X)).

€Y

We have

o <Y7 TvZ?X) = bt,kC(Zax,ﬂ:o) (l(Yl{T = t}) - QtO(X))

—Bibi il (Z, X, 7%) (U{T =1} - F(X)).

Then Newey’s (1994) Proposition 4 suggests that the influence function of the estimator 3,,/( is

(M + )/ p; . which is equal to the EIF yhux.
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C.1.3 Proof of Robustness Results

Proof of Proposition 3.2. We prove the case for y?:4, the other cases can be dealt with analo-

gously. First assume 7w = ¢, then
E[1{Z =z2}/22(X) | X] =1,

which implies that E [C (Z,X,7°) | X } is almost surly equal to the identity matrix I. By the law

of total expectations, we have
ENT =1{Z =2}/n/(X) | X] =E [{T =1} | Z=2,X] = F.(X),
which implies that E [{(Z, X, 7°)11{T =t}] =E [P?(X)]. Therefore,

bt,kE[C<27X7 TC{)) (l(l{T = t}) _Pf(X)) +B(X)]

=0 kB [S(Z, X, 70T =1}] + b kB [(1-{(Z,X,7%))Pi(X)] = bk [P (X)] = pfy.
Now suppose that P, = P’. Then by the law of total expectation, we have

E[{Z = }({T =1} — 7, (X)) | X]

T (ORE[T =1} Z = 2,X] ~ B,(X) | X] =0,
This implies that E[{(Z,X,7)(1(1{T =t}) — P°(X))] = 0. Hence,
b B [§(Z.X,7) (1T =1}) = P (X)) + BY(X)| = baB [PO(X)] = pi.

This proves the proposition. [

Proof of Proposition 3.3. Since b,  is a finite vector, it suffices to verify the Neyman orthogo-
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nality condition for y,, which is defined by

v, (Y, T7ZaX7ﬁt,k7Qt7})tu7rZ)
=(({z = 2}/m(0) (T =1} = Bo(X)) +Fc(X) ) B
— ({Z = 2}/m(0)) (YT =1} = 0,2(X)) — Q1 (X).

We want to show that

d r r r
E]E [V/Z(Y,T727X7ﬁt,katth vﬂz)} =0,

where Qf = QY +r(Q; — Q7 ), P/ = P’ +r(F —F?), and n] = n{ + r(m, — n). In fact,

d
EE [WZ(Ya T727X7Bl‘,k7 Q;aPtra 71:;)] }r:O

_ _I{Z = Z} - r 0
| Tt (T = 1) = P00 (30 72(0) B
+ (P,,z<x> )~ (Rt —P;;<X>)) B
{Z =z} _ r 0
@) (Y17 =1} = 01.(0)) (m(X) ~ 72(X))
-0 -0+ 2 (00 - o) ||
_I{Z - Z} 0 0
:E[ (12(X))? <I{T =t} - Pt,z(X)> (ﬂz(X) -7 (X)) B x
- <Pt7z<x> -0~ () —P,?Z<X>)) B
i (VT =1) - 01.00) (i) - 22(3)

0 HZ =2z} 0
~ (Q1alX) = 07:)) + 5 (2060 — €21:(%)) ] ,
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which equals zero because of the following three identities:

E[{Z =z} /n7(X) | X] = 1,
E{Z = z}/7 (X)(H{T =t} = F,(X)) | X] = 0,

E[1{Z = 2} /n0(X) (Y H{T =1} — 0{..(X)) | X] = 0.

]

Proof of Theorem 3.4. The asserted claims follow from Theorem 3.1, Theorem 3.2, and Corol-
lary 3.2 of Chernozhukov et al. [2018] (henceforth referred to as the DML paper). We want to

verify their Assumption 3.1 and 3.2. Adopting the notation from the DML paper, we let
VT, Z,X P, ) = —by s (C(Z,X, 1) (L1{T =1t} — B(X)) +B(X))
and
VAV T.Z.X, 01 ) = iy (£(Z.X,7) (YT = 1)) = 0,(X)) +Q:(X) )

so that the linearity of the moment condition (with respect to f3; ;) is verified by the fact that

v = yBH* + yP. Define!

g =max (10rc = OF:ll2V 1Brc = B2 V|7~ w2 ).

(S
By assumption on the convergence rates of the nonparametric estimators, we have &, = o(n_l/ Y.
Define Ce = C¢ 1 VCe 2V Ce 3V Ce 4, Where Ce 1,Ce 2,Ce 3, and C 4 are positive constant that only
depends on C and € and are specified later in the proof. Let 0, be a sequence of positive constants

approaching zero and satisfies that &, > C¢ (8,%\/7_1 vy (-2/ ‘1)>. Such construction is

"For simplicity, we drop the superscript / in the nonparametric estimators.
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possible since y/ne2 = o(1). We set the nuisance realization set N,, (denoted by Zj in the DML
paper) to be the set of all vector functions (Q;, P, 7, : z € %) consisting of square-integrable

functions Q; ;, P, ;, and 7 such that for all z € 2

10|l <C.Rz€0,1],m € [e,1],z€ Z,
101: = 07 NlgVI|P: — P

=72, x (1101 = QFella+ 1P — B ) < &5

|q\/H7TZ_7ronq < &,

Consider Assumption 3.1 in the DML paper. Assumption 3.1(d), the Neyman orthogo-
nality condition, is verified by Proposition 3.3, where the validity of the differentiation under the
integral operation is verified later in the proof. Assumption 3.1(e), the identification condition, is
verified by the condition that py; € [€, 1]. The remaining conditions of Assumption 3.1 in the
DML paper are trivially verified.

Next, we consider Assumption 3.2 in the DML paper. Note that Assumption 3.2(a) holds
by the construction of N, and g, and our assumptions on the nuisance estimates. Assumption
3.2(d) is verified by our assumption that the semiparametric efficiency bound of f; ; is above €.
The remaining task is to verify Assumption 3.2(b) and 3.2(c) in the DML paper. To do that, we
choose n sufficiently large and let (Q; ;, P, ;, ; : z € Z) be an arbitrary element of the nuisance

realization set N,. We keep the above notations throughout the remaining part of the proof.

Define
VETZX.Rm) = S ST =) = o) o)
and
VYT 2,00 ) = T (VT =1} = 0,0)+ 0.0)
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Since y“ is a linear combination of y¢,z € 2 and v" is a linear combination of l;/zb € Z, we
l//zb(Yv T727X7 Qt7 7[2)

bounds do not depend on n) for z € Z in order to verify Assumption 3.2(b) in the DML paper.

only need || y#(T.Z. X, P, )|, and ‘

to be uniformly bounded (i.e., the
q

In fact,

Il/zb(Y7T727X7Pla7rZ)

< HI{Z = 2}/ (X) YT =1} - Qz,z(X)\Hq+HQz,z(X)Hq

<X (lrur=ny), +lo0l,) +Hew, <2c/e+C,

where we have used the assumption that 7, > €,

YHT =1}, < C, and|[Q,(X)||, < C. Simi-

larly, we have

lve .z xR m)l|, < |[1{z =/ mEOIHT =1} A0 +H|BX)],

< é(l B O], ) +HBe), <272+ 1,

where we have used the assumption that 7, > € and P, € [0, 1]. Thus, Assumption 3.2(b) in the
DML paper is verified.

To verify Assumption 3.2(c) in the DML paper, we again only need to verify the corre-
sponding conditions for y¢ and wf , respectively. For y¢, we have

|vé(T.z2,X, P, m.) —wi(T,Z,X,P’,nl) ||,

t %z

P (X) F.(X)

m(X)  m(X)

4

7, (X) — 7 (X)

Z

= =00 |

+ +

Pre(X) = PLX) |

<1700 = )y | %) — B0 R0+ P (2 () — )

]

Pe(X) = P00

SéHnZ(X) —n(X)||,+ (1/82+ l)’

PaX) = PLX)||| < Cein < 8
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where the second to last inequality follows from the fact that F’,, &7 € [0, 1]. For l//zb , we have

V/f(Ya T727X7Qlan-z) - Il/Zb(Y7Tvz7X7Q?7ﬂ:g) 2

<o =1 - 0.00) ~mOr1T =1 - 2.00)|
| 0rax) — 07.0)| |,

=0T =1y - 0. 0)) (06— 700 + 0002060 - 2000))
| 0rax) — 07.0)| |,

<o = - @00y ) - w0+ =0 (1.0 - 000
| 0ra) — 07.00)| |,

C 1
<5l -0, + (? + 1) |0r.(x)~00.(%) |, < Ceatn < 8,

where the last inequality follows from our assumption that |[Y1{7T =t} — Q?(X)| < C and the
fact that ¢ € [€,1]. Combining the above two inequality results, we can verify the first two
conditions of Assumption 3.2(c) in the DML paper.

For the last condition of Assumption 3.2(c) in the DML paper, which bounds the second-
order Gateaux derivative, we again consider Y and l//zb separately. For r € [0,1), recall that

01 = Q0 +1(Qre=0F) B, = B +1(F o= F,), and 77 = 72 +r(m, — 7). Clearly, Py, 7] €

1,20°%z
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[0, 1]. With differentiation under the integral, we have

j—;E (W(T,2,X, P, )]
3B T (M7 =0} =) (m(0) - ()
#RL00 P00~ R (at0) - R))|
| 2 e 00~ R 0P (T =) - )
B | (A () ~ R 0) () 72
| CE b w0 — RN (T =1} = FE0) () 72
- =0 - ro a0 -

Using the fact that [1{7 =t} — P/ (X)| < 1 and ] > €, we can bound the above derivative by

2
T B[z X B )] | < Ce[m00) - w00+ [Bc6) - P ) )

+Ce|m(X) = 2 (X) ||, x 172(X) — P2 (X) 12

< CS,383 < (‘;n/\/Z

By bounding the first and second derivative uniformly with respect to r, we know that the

differentiation under the integral operation is valid. So the Neyman orthogonality condition is
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verified. Analogously, we can show that

82

5E [Wf(y, T,Z,X,0,7)
PO ) - )P 1T = - 0100
+B [T 0 - 000000 - 010
[ {22 (0 - =0T =) - 0100 @10~ 0
M 1 - 000 - 01

Under the assumption |[Y1{T =t} — Q7 (X)| < C, we have
YUT =1} -0 (X)) < YHT =1} = Q7 (X)|+7]Qro(X) = Q7 | <C+1,

for all r € [0, 1] and n large enough. Then we can bound the above derivative by

32
SE[VIT,2X, 007 | | <Ce[|m00) = 72003+ [|2a(0) - 0503

o+ Cel |00~ 72 (X) |, x|

0:.(X) — 07:(X)| |

§C£,4gr% S 611/\/’71

Therefore, we have verified the last condition of Assumption 3.2(c) in the DML paper.
Lastly, we need to verify the condition on 9, in Theorem 3.1 and 3.2 in the DML paper,

that is, &, > n[(1=2/a)N(1/2)] Thig directly follows from the construction of §,. O]

C.1.4 Proof of Weak IV Inference Results

Proof of Theorem 3.5. We first prove part (1). Consider applying the DML method to the moment

condition (3.8) to estimate the parameter v — fyp and obtain the standard error. We want to show
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the convergence in distribution of

&, 'V [(D—Bop) — (v —Bop)] =P — v/n(v — Bop)/ Sy (C.1)

to the standard normal distribution uniformly over the DGPs in #"!(cy, c1). To do that, we need
to verify Assumptions 3.1 and 3.2 in the DML paper regarding the above moment condition.
Assumptions 3.1(a)-(c) hold trivially. Assumption 3.1(d), the Neyman orthogonality condition,
is verified by Proposition 3.3. That is, the Gateaux derivatives with respect to the nuisance
parameters are zero regardless of the value of B. Assumption 3.1(e), the identification condition,
is verified since the Jacobian of the parameter in the moment condition is 1. Assumption 3.2 in
the DML paper can be verified in the same way as in the proof of Theorem 3.4. For brevity, we
do not repeat the verification here.

For DGPs in @EXI(CO, c1), (C.1) is equal to p. Therefore, the uniform convergence in
distribution of |P| is established in the null space, and the size of the test is uniformly controlled

accordingly. For DGPs in @EVI(CO, c1), where B > By, we have

p=(p—vn(v—Pop)/Sy) +Vn(v—Pop)/Sy
= (p —v/n(v—Pop)/Sy) + V(B — Po)p/Sy.

The first term on the RHS of the last equality converges in distribution to N(0, 1). In contrast,
the second term diverges to infinity since &y, converges in probability to oy > ,/co by Theorem
3.2 in the DML paper. Therefore, the probability of |9| exceeding any finite number converges
to 1. The case where B < [ is essentially the same.

To prove part (ii) of the theorem, notice that (8 — By)p < 0 for any DGP in the null space

U<, f@g‘”(co,cl ), which implies that p < p —+/n(v — Bop)/Gy. Therefore,

SupFp (p> A a) < SUpPp (B~ V(v — Pop) /Gy > Hi-a) = @
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where the supremum is taken over P € Ug<g, kaI(C(), c1). Consistency can be derived in the

same way as part (i). [

C.2 Implicitly Defined Parameters

This section studies general parameters defined implicitly through moment conditions.
We allow the moment conditions to be non-smooth, which is the case when the parameter of
interest is the quantile. We also allow the moment conditions to be overidentifying, which could
be the result of imposing the underlying economic theory on multiple levels of treatment and
instrument.

To facilitate the exposition, we define a random variable Yt*k such that the marginal
distribution of Yt*k is equal to the conditional distribution of ¥; given § € X, . The joint distribution
of the :k’s is irrelevant and hence left unspecified. For convenience, we use a single index j € J
rather than (t, k) for labeling. That is, we collect the ¥, s into the vector Y* = (¥7',---,Y/). Let
t; be the treatment level associated with Y;‘. The quantities p; and b; are analogously defined.?

Let the parameter of interest be 1, which lies in the parameter space A C R%, dn <J.

The true value of the parameter 1 satisfies the moment condition
E[m(Y*,n")] =0,
where m : 7 x R — R’ is a vector of functions:
m(Y*,n) = (m(¥7,0),- my (Y7 ,m))’

Since the vector 1) appears in each m;, restrictions are allowed both within and across different

subpopulations. Another interesting feature of this specification is that the moment conditions

2We can further extend the vector Y* to include variables whose marginal distributions are the same as the
conditional distributions of ¥; given T =1t,S§ € X, ;. Efficient estimation in this more general case is similar and
hence omitted for brevity.
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are defined for the random variables that are not observed. But their marginal distributions can

be identified similar to Theorem 3.1.

Let m = (m},--- ,m})’, where

/
m](X’TI) = <n71j,21 (Xﬂ'l)? ,mj@NZ(Xﬂ”l))
and
mj (X, n)=E[mjY,n){T =1;} | Z=2,X].

The functions i ; are identified from the data. Similar to Theorem 3.1, we can show that the

parameter 1 is identified by the moment conditions:
biE[mj(X,n)] =0,1<j<J < n=n°

The following theorem gives the SPEB for the estimation of 7.
Theorem C.1. Assume the following conditions hold.
(i) B |m(y*,n)?| <eom € A

(ii) Foreach jand z, mjy; . is continuously differentiable in its second argument. Let I be the

/

n=no and assume 1" has full column

J X dy matrix whose jth row is bj%E [mj(X,m)] |

rank.

Then for the estimation of 1, the EIF is

-1
_ (r’v—lr) vy (Y, T,Z,X, 0% %), (C.2)
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where
V=E[y"(Y,T.Z,X,n,7x.m)y"(Y,T,Z,Xn,nxmn)
and y" (Y, T,Z,X,n,x,m) is a J x 1 random vector whose jth element is
b; (£(Z.X,m) (1l (¥, )T = t7}) =y (X,m)) +17;(X. ) (€3)

-1
In particular, the semiparametric efficiency bound is <1"’V*1F> .

Proof of Theorem C.1. The proof is based on the approach described in section 3.6 of Hong and
Nekipelov [2010a] and the proof of Theorem 1 in Cattaneo [2010]. We use a constant dy X d,
matrix A to transform the overidentified vector of moments into an exactly identified system

J

of equations A (b I [n‘q i(X, n)}) = 0, find the A-dependent EIF for the exactly-identified
J:

parameter, and choose the optimal A. In a parametric submodel, the implicit function theorem

gives that

J 1,0 . o)’
%1”9:90 = - (AF) IA% <b]]E9 [m](X,T[ ﬂ)j—l ‘9:9”’

where f—eEg [n'q i(X,n° )} is an Nz x 1 random vector whose typical element can be repre-

=00

sented by

/mj(% Nt =1;}s:(»7 | x:0°) f.(y, 7 | x;0°) fx (x; 0°)dyd tdx

+/mj(y,770)1{fij}SX(x;Go)fz(y,T | %, 0°) fx (x;8°)dyddx,
for z € 2. So the EIF for this exactly-identified parameter is

vAY,T,Z, X, 1% 1% m°) = — (AT) ' AWN(Y,T,Z,X,n°, 7°,m°),
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where ' is defined by Equation (C.3). It is straightforward to verify that y* satisfies
%n }9:90 =E [VIASIGU} ,and y4 € .7. The optimal A is chosen by minimizing the sandwich
matrix E [wA(wA)'} = (AD) "' AE [y ()] A’ (T4") ", Thus, the EIF for the over-identified
parameter is obtained when A = I"V~!. Plugging this expression into y*, we obtain Equation

(C.2). ]

Note that, for example, m;(Y;,n) =Y —n, then = f3;, and the efficiency bound shown
above reduces to the one computed in Theorem 3.3. If T = Z, that is, the treatment satisfies the
unconfounded, then the Theorem C.1 reduces to Theorem 1 in Cattaneo [2010].

For estimation, we use the EIFs to generate moment conditions and propose a three-step

semiparametric GMM procedure. The criterion function is

1 n
n 7[ m ;; YhT;uZthvn T m) (C4)
Its probability limit is denoted as
W (n,m,mz) =E[y"(Y,T,Z,X,n,7m)), (C.5)

where the expectation is taken with respect to the true parameters (7°,/m°). The implementation
procedure is as follows. Assume that we have nonparametric estimators 7 and 77 that consistently
estimate 7% and m?, respectively. We first find a consistent GMM estimator 7] using the identity
matrix as the weighting matrix, that is,

|27 (7, 7, m)||, < inf [|[¥] (0, &,m)]||, +0,(1). (C.6)

neA
Next, we use this estimate to form a consistent estimator V of the covariance matrix V, where

1 & NN
V= ;Z YlaE>Zl7Xl7n TC )wn(E,E,Zi,Xi,n,ﬂ,m)/.
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Then we let ] be the optimally-weighted GMM estimator:

< né’lf\‘P (n, A,ﬁzZ)Vn(ﬁ,ﬁ?,n%z)_l‘l’g(n,ﬁ,mz)'+0p<n_l/2>.
n

1 & J .
]l:;; a_m](th) = ;

=1
=

where we have implicitly assumed that the estimator 771; is differentiable in its second argument.

In the following theorem, we derive the asymptotic properties of the GMM estimators.
The main theoretical difficulty is that the random criterion function ¥, (-, #,7) could potentially
be discontinuous because we allow m(Y™*,-) to be discontinuous. We use the theory developed in
Chen et al. [2003] to overcome this problem.? Let IT, be the function class that contains m?. Let
M- be the function class that contains S .
Theorem C.2. Let the assumptions in Theorem C.1 hold. Assume the following conditions hold.

(i) The parameter space A is compact. The true parameter N° is in the interior of A.

(ii) For any j,zand m;, € M|, there exists C > 0 such that for & > 0 sufficiently small,

_ _ 2
sup E|mj,Z(X7n/>_mj.,Z(Xan)| §C62
In'—n|<é

(iii) Donsker properties:

/O logN(e,HZ,H-Hw)de,/O logN(e, .. ||..)de < o,

3Cattaneo [2010] instead uses the theory from Pakes and Pollard [1989]. However, the general theory of
Chen et al. [2003] is more straightforward to apply in this case since they explicitly assume the presence of
infinite-dimensional nuisance parameters, which can depend on the parameters to be estimated.
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where N(g,.% ||-||) denotes the covering number of the space (Z ,||||).

(iv) Convergence rates of the nonparametric estimators:

”ﬁ:z - EZOHQO’ H’hj,z _m;?,ZHoo = Op(n71/4),

(v) The function sup, c

J = .. . o A - . .
ﬁm‘;(, n)| is integrable. The estimator an'hj is consistent uniformly

in its second argument, that is,

Va(—n°) = N(0.(rv'T)™),

where 0 denotes a vector of zeros.
The following lemma is helpful for proving Theorem C.2.

Lemma C.3. Under the assumptions of Theorem C.1, the class
ng = {Il/n(Y,T,Z,X,TI,ﬂ,I’I_’l) REUAS HZ7mj,Z S %j,bl S ] S J7Z S Qp}

is Donsker with a finite integrable envelope. The following stochastic equicontinuity condition

hold: for any positive sequence 8, = o(1),

sup{‘i’,?(n,n,fm —¥(n,m,m)—¥)(n°, % mg):

0= 7l Vi~ 2Vl 3 < 8,} = 0 (w2,

where the supremum is taken over 1 € A, m, € I, and m; ; € M ..
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Proof of Lemma C.3. We first verify that the moment condition y" satisfies Condition (3.2) of
Theorem 3 in Chen et al. [2003] (hereafter CLK). In fact, when || . — ;|| V|0’ = 7]|., < .

the triangle inequality gives that

2
E)m/j,z(xv Tl/) —ﬁlj7z(X, TI))
2 2
2|, (X, 0') 1, (X )|+ 2| (X, ) = 7 (X, m)

<const X 52,

where we use the notation const to denote a generic constant that may have different values
at each appearance. The last inequality follows from the assumption (ii). Similarly, we can
verify that the remaining terms in W also satisfy the same condition. Therefore, w' is locally

uniformly L,-continuous, that is,

E[sup{\W(Y,T,Z,X,n’,n’,m’) — (Y, T,Z,X, 0, 7,m)| :

"=l =l v =] < 8] < cons. x 8%

Following the same steps as in the proof of Theorem 3 in CLK (p. 1607), we can show that the

bracketing number of .# is bounded by

Ny (&7 ., )

<N(g/const,A,|||) x HN(S/const,HZ,H~H) X HN(E/const,//lj’Z,H-H).

z Jsz
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Therefore, the bracketing entropy of class .# is bounded by

log Ny (879,H'HL2>

<const X (10gN(8/c0nst,A,||-||) V maxlogN(g/const, I1,,||-|)
Z

\/maxlogN(E/Const,///j,z»H‘||)) :
Jz

Under the assumption that A is compact and

/0 lOgN(E,HZ,H'H)dg,/O logN(é‘?%j,Z?H'H)de <°°,vj,Z,

we have that

/O logNy (&,.7 |, )de < =

This implies that .# is Donsker with a finite integrable envelope. Lastly, as stated in Lemma 1 of
CLK, the asserted stochastic equicontinuity condition is implied by the fact that .% is Donsker

and y" is L-continuous. O

Proof of Theorem C.2. We follow the large sample theory in CLK and set 6 = n, h = (7,m),
M(0,h) =¥ (n,x,m), and M, (0,h) =P (n, 7, m).

We first use Theorem 1 in CLK to show the consistency of 7. Condition (1.2) in CLK
is satisfied because A is compact, and ¥ (n, 7%, m?) has a unique zero and is continuous by
our second condition in Theorem C.1. As for Condition (1.3) of CLK, we can easily see from
the expression of ¥ that it is continuous with respect to 72 , and 7, (since 7, is bounded away
from zero), and the uniformity in 7 follows from the fact that E [m(Y*,7)] is bounded as a
function of 1. Condition (1.4) of CLK is satisfied by the assumption of Theorem C.2. The

uniform stochastic equicontinuity condition (1.5) of CLK is implied by Lemma C.3. Therefore,

1 =n°+o0p(1).
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We use Corollary 1 (which is based on Theorem 2) in CLK to show the consistency of V
and the asymptotic normality of 7). Condition (2.2) in CLK is verified by the assumptions of
Theorem C.1. Similar to the proof of Proposition 3.3, we can show that the moment condition
Y1, based on the EIF, satisfies the Neyman orthogonality condition for the nuisance parameters
m and mz. In fact, for any j and z, we let @] = 7(X) + r(7;(X) — 77 (X)) and m’; (X, 1) =

Z

m‘]?_‘z(X, n) —|—r<n‘1j7Z(X, n) —m;z(x,n)) Then we have

S | (T == 6m)) () y
1{Z =
<E [ 0 ) (T =) )
+<m?7z(xvn)_mj,z(xvn>) (%_1> :07

where we have applied the law of iterated expectations and used the fact that

E lz(—joz} (s (VT =13} =X, m) ) |

Thus, the path-wise derivative of W" with respect to 4 = (7, /) is zero in any direction. Hence,
Condition (2.3) of CLK is verified. Condition (2.4) in CLK directly follows from our assumptions
of Theorem C.2. The stochastic equicontinuity condition (condition (2.6) in CLK) follows from
Lemma C.3. Lastly, condition (2.6) in CLK is verified using the central limit theorem since the
path-wise derivative is zero. Due to the presence of V, we also need the uniform convergence
condition in Corollary 1 of CLK, which can be verified by using Lemma C.3 and an application
of Theorem 2.10.14 of van der Vaart and Wellner [1996a].

Lastly, to show the consistency of I, we only need to show that
d d
P, N .
- Z My (Xis 1) = E [%mj,z(x,n")} = %E [j-(X,1°)]
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where the inequality follows from the differentiation under integral operation which holds under
the last assumption of the theorem. The convergence in probability follows from the uniform
convergence of %/fl ;.- and the consistency of 7). Therefore, the desired convergence results

follow. L]
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