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Abstrac t 

Connectionist simulations of children's acquisition of 
velocit y (v) ,  tim e (t) ,  an d distanc e (d )  concept s wer e 
conducte d usin g a  generativ e algorithm ,  cascade -
correlatio n (Fahlma n &  Lebiere ,  1990) .  Diagnosi s o f 
networ k rule s wer e consisten t  wit h th e developmenta l 
cours e o f  children' s concept s (Wilkening .  1981 ,  1982 )  an d 
predicte d som e ne w stage s a s well .  Network s integrate d th e 
definin g dimension s o f  th e concept s firs t  b y identit y rule s 
(e.g. .  v  =  d) ,  the n additiv e rule s (e.g. ,  v  =  d-t) ,  an d 
finall y multiplicativ e rule s (e.g. ,  v  =  d/t) .  Psychologica l 
effect s o f  differentia l  memor y demand s wer e als o simulated . 
I t  i s  argue d tha t  cascade-correlatio n implement s a n explici t 
mechanis m o f  developmenta l  chang e involvin g 
incrementa l  learnin g an d qualitativ e increase s i n 
representationa l  power . 

I n t r o d u c t i o n 

I n classica l  physics ,  velocit y i s define d a s v  =  d/t ,  tim e a s 
t  =  d/v ,  an d distanc e a s d  =  vt .  A  numbe r  o f  developmenta l 
psychologists ,  beginnin g wit h Piage t  (1969 ,  1970) ,  hav e 
assesse d th e developmen t  o f  thes e thre e interrelate d concept s 
i n children .  M u c h o f  th e psychologica l  researc h ha s bee n 
criticize d fe w presentin g childre n wit h problem s tha t  coul d b e 
solve d non-inferentially ,  b y merel y ignorin g irrelevan t 
informatio n an d perceivin g th e informatio n tha t  i s bein g 
aske d abou t  (Levin ,  1977 ;  Wilkening ,  1981) .  Fo r  example , 
w h en aske d t o compar e th e velocit y o f  tw o to y trains ,  th e 
chil d ca n ignor e tim e an d distanc e informatio n an d repor t  o n 
th e perceive d velocities . 

Wilkenin g (1981 )  designe d mor e vali d task s i n whic h 
childre n wer e aske d t o infe r  velocity ,  time ,  o r  distanc e give n 
informatio n abou t  th e tw o definin g dimensions .  Fo r 
example ,  i n a  distance-inferenc e task ,  childre n wer e show n 
an apparatu s tha t  had ,  a t  on e en d o f  a  footbridge ,  a  do g an d 
severa l  othe r  animals .  Th e childre n wer e tol d tha t  th e othe r 
animal s woul d ru n alon g th e bridg e a s soo n a s th e do g bega n 
t o bar k an d woul d sto p w h e n th e barkin g ceased .  Th e tas k 
involve d determinin g h o w fa r  eac h anima l  woul d run .  Thus , 
th e childre n wer e give n th e characteristi c velocit y o f  th e 
animal s an d th e tim e the y ra n (th e duratio n o f  barking) ,  an d 
aske d t o infe r  th e distanc e the y woul d run . 

Wilkenin g studie d th e performanc e o f  thre e ag e groups :  5 -
year-olds ,  10-year-olds ,  an d adults .  Th e findings  include d th e 

following :  (1 )  I n th e distance-inferenc e task ,  al l  ag e group s 
use d th e correc t  multiplicatio n rule ,  d  =  vt ;  (2 )  i n a  time -
inferenc e task ,  10-year-old s an d adult s employe d th e correc t 
divisio n rule ,  t  =  div ,  wherea s 5-year-old s use d a  subtractio n 
rule ,  t  =  d-v \  (3 )  i n a  velocity-inferenc e task ,  th e tw o olde r 
age group s use d a  subtractio n rule ,  v  =  d-t ,  an d th e 5-year -
old s use d a n identit y rule ,  v  =  d . 

Wilkenin g hesitate d t o dra w stron g conclusion s 
concernin g th e concurren t  developmen t  o f  th e thre e concept s 
sinc e i t  appeare d tha t  th e task s ha d differin g memor y 
demands .  Fo r  example ,  i n th e distance-inferenc e task , 
subject s o f  al l  ag e group s use d a n eye-movemen t  strateg y i n 
whic h the y followe d th e imaginar y cours e o f  th e anima l  a s i t 
ra n acros s th e footbridge .  I n term s o f  th e time-inferenc e task , 
Wilkenin g pointe d out  tha t  informatio n abou t  bot h definin g 
dimension s wa s availabl e a t  th e tim e o f  judgment .  However , 
i n th e velocity-inferenc e task ,  th e subject s ha d t o retriev e th e 
tim e informatio n from  memory . 

I n a  follow-u p study ,  Wilkenin g (1982 )  attempte d t o 
increas e th e m e m o r y demand s o f  th e distanc e tas k b y 
presentin g tim e informatio n (barking )  befor e velocit y 
informatio n (anima l  identity )  an d lesse n th e memor y 
demands o f  th e velocit y tas k b y visuall y presentin g th e tim e 
information .  Th e modification s partiall y  supporte d hi s 
hypothesi s i n tha t  5-year-old s wer e observe d t o us e a n 
additiv e rul e ( d =  /+v )  i n th e distanc e task .  However ,  th e 
result s o f  th e velocit y tas k remaine d unchanged .  Thus ,  i t 
remain s t o b e see n i f  th e master y o f  tim e befor e velocit y 
concept s i s a n accurat e descriptio n o f  th e developmenta l 
cours e o r  a  memor y artifac t  o f  Wilkening' s tasks . 

Cascade-correlation 

Her e w e repor t  o n connectionis t  simulation s o f  th e 
acquisitio n o f  velocity ,  time ,  an d distanc e concept s i n a n 
attemp t  t o gai n s o m e explanator y insigh t  int o thes e 
psychologica l  results .  O u r  simulation s emplo y cascade -
correlatio n (Fahlma n &  Lebiere ,  1990) ,  a  generativ e 
connectionis t  algorith m tha t  begin s wit h a  minima l  networ k 
topolog y determine d solel y b y th e numbe r  o f  inpu t  an d 
outpu t  units .  Th e inpu t  units ,  includin g a n obligator y bia s 
unit ,  ar e connecte d directl y t o th e outpu t  layer .  Thus ,  th e 
initia l  networ k topolog y i s  lik e tha t  o f  a  perceptron . 
Trainin g i s carrie d out  i n a  two-phas e cycle .  I n th e outpu t 
trainin g phase ,  th e weight s fro m inpu t  unit s an d an y 
installe d hidde n unit s ar e adjuste d usin g first-order  an d a n 
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approximatio n o f  second-orde r  erro r  derivative s t o minimiz e 
th e tota l  su m o f  square d error .  W h e n th e erro r  stop s 
decreasing ,  th e inpu t  trainin g phas e begins .  Weight s fro m 
inpu t  unit s t o a  poo l  o f  candidat e hidde n unit s ar c adjuste d i n 
orde r  t o maximiz e th e correlatio n betwee n candidat e hidde n 
unit s an d th e outpu t  error .  Th e hidde n uni t  wit h th e 
activatio n tha t  i s mos t  correlate d wit h th e outpu t  erro r  i s 
the n installe d int o th e networ k an d th e outpu t  trainin g phas e 
recommences . 

Cascade-correlatio n ha s bee n use d successfull y t o mode l 
children' s performanc e o n othe r  developmenta l  task s 
includin g th e balanc e scal e (Shult z &  Schmidt ,  1991 ; 
Shultz ,  Mareschal ,  &  Schmidt ,  i n press) ,  seriatio n 
(Marescha l  &  Shultz ,  1993) ,  th e effect s o f  potenc y an d 
resistanc e o n th e magnitud e o f  a  physica l  effec t  (Shult z e t 
al. ,  i n press) ,  an d persona l  pronoun s (Shultz ,  Buckingham , 
& Oshima-Takane ,  i n press) .  Severa l  o f  thes e simulation s 
involve d rule-base d stages ,  eve n thoug h rule s ar e no t 
explicitl y  represente d i n th e networks .  Fo r  th e domai n o f 
velocity ,  time ,  an d distance ,  i t  wa s expecte d tha t  th e 
increasin g non-linea r  computationa l  powe r  o f  a  networ k tha t 
recruit s hidde n unit s a s neede d migh t  provid e insight s int o 
ho w childre n progres s fro m simpl e identit y rule s t o mor e 
comple x multiphcativ e rule-lik e performance . 

Simulations 

The tas k o f  th e network s wa s th e sam e a s fo r  Wilkening' s 
subjects .  Th e network s ha d t o predict ,  a s output ,  th e valu e 
of  on e dimensio n (e.g. ,  velocity )  give n informatio n abou t 
th e othe r  dimension s (e.g. ,  distanc e an d time) .  Th e initia l 
networ k topolog y consiste d o f  thre e inpu t  banks ,  on e eac h 
fo r  distance ,  time ,  an d velocit y information ,  connecte d t o a 
singl e linea r  outpu t  unit .  A  linea r  outpu t  uni t  wa s use d 
becaus e i t  wa s th e mos t  natura l  wa y o f  producin g a 
quantitativ e outpu t  simila r  t o th e response s m a d e b y 
subject s i n Wilkening' s experiments . 

Input and Output Coding 

Inferenc e pattern s wer e encode d a s follows .  T w o inpu t  bank s 
receive d dimensiona l  value s rangin g fro m 1  t o 5 .  Th e thir d 
ban k receive d a n inpu t  o f  0  indicatin g tha t  i t  wa s th e 
dimensio n t o b e predicted .  Eac h inpu t  ban k ha d fiv e inpu t 
unit s fo r  a  tota l  o f  1 5 inpu t  units .  A  dimensiona l  valu e n 
was encode d b y assignin g a n activatio n o f  1  t o th e nt h inpu t 
uni t  o f  th e ban k an d 0  t o al l  othe r  unit s i n th e bank .  W e cal l 
thi s nt h encoding .  Thus ,  fo r  a  give n inferenc e pattern ,  on e 
inpu t  ban k woul d receiv e activation s o f  0  o n al l  o f  it s fiv e 
inpu t  unit s indicatin g i t  wa s unknown .  O n e uni t  o f  each  o f 
th e othe r  tw o inpu t  bank s receive d a n activatio n o f  1 .  Th e 
remainin g unit s i n thes e bank s receive d activation s o f  0 . 
Notic e tha t  i n nt h encoding ,  th e input s initiall y  posses s 
cardinalit y bu t  no t  ordinalii y  (McClelland ,  i n press) ;  th e 
networ k mus t  lear n th e ordina l  relation s amon g th e inpu t 
value s a s i t  learn s th e velocity ,  dme ,  an d distanc e problems . 

Targe t  value s fo r  th e outpu t  uni t  wer e calculate d usin g th e 
thre e Newtonia n equation s ( v =  d/t ,  t  =  d/v ,  an d d  =  vt ) 
respectively .  I n addition ,  distanc e targe t  value s wer e scale d 
by dividin g b y fiv e s o tha t  th e rang e woul d b e identica l  t o 
th e targe t  value s o f  tim e an d velocit y inferenc e patterns . 

Twenty-fiv e instance s o f  eac h o f  th e thre e inferenc e proble m 
type s wer e obtaine d b y crossin g th e five  level s o f  velocity , 
time ,  an d distanc e fo r  a  tota l  o f  7 5 inferenc e patterns . 

T wo set s o f  simulation s ar e reported .  T h e accurat e 
m e m o ry conditio n simulation s represen t  a  situatio n i n 
whic h memor y demand s acros s th e thre e concept s ar e equa l 
and minimal .  Th e limite d memor y conditio n explore s th e 
effect s o f  inaccurat e m e m o r y fo r  tim e informatio n i n 
velocity-inferenc e tasks .  Here ,  i t  wa s assume d tha t  th e 
likelihoo d o f  correc t  recal l  followe d a  norma l  distributio n i n 
tha t  value s close r  t o th e actua l  tim e valu e woul d b e mor e 
likel y t o b e recalle d tha n distan t  values .  A t  eac h epoc h o f 
training ,  th e tim e dimensio n o f  a  give n velocit y inferenc e 
proble m wa s altere d s o tha t  i n genera l  ther e wa s a  3 4 % , 
1 3 %,  2 % ,  an d les s tha n 1 % probabilit y  tha t  th e tim e inpu t 
valu e "recalled "  b y th e networ k woul d b e 1 ,  2 ,  3 ,  o r  4 
integer s awa y respectivel y fro m th e actua l  value .  I n th e 
remainin g instances ,  th e actua l  valu e wa s use d a s input . 

An additiona l  constrain t  wa s tha t  th e modifie d tim e inpu t 
fal l  withi n th e sam e rang e ( 1 t o 5 )  use d i n th e trainin g set . 
Withou t  suc h a  restriction ,  network s i n th e limite d memor y 
conditio n woul d requir e mor e inpu t  unit s tha n thos e i n th e 
accurat e memor y condition .  Therefore ,  i f  th e selectio n o f  a n 
intege r  eithe r  abov e o r  belo w th e actua l  valu e wa s possible , 
a rando m choic e wa s mad e amon g th e tw o equall y distan t 
values .  Fo r  example ,  i f  th e actua l  inpu t  valu e wa s 3  ther e 
was a  3 4 % chanc e tha t  th e networ k woul d receiv e 2  o r  4  a s 
inpu t  an d a  1 3 % chanc e tha t  i t  woul d receiv e 1  o r  5 . 
Otherwise ,  3  wa s used .  I f  th e inpu t  valu e wa s 5 ,  the n th e 
chanc e o f  a  4 ,  3 ,  2 ,  o r  1  bein g "recalled "  wa s 3 4 % ,  1 3 % , 
2 %,  an d 1 % respectively . 

Onl y th e tim e dimensio n input s o f  velocit y inferenc e 
pattern s wer e selecte d accordin g t o th e criteri a above .  Targe t 
value s wer e unaffecte d b y thi s process .  The y wer e determine d 
by dividin g th e distanc e dimensiona l  valu e b y th e tru e tim e 
dimensiona l  value . 

Training and Rule Diagnosis 

At  eac h epoc h o f  training ,  al l  7 5 inferenc e problem s wer e 
presente d t o th e network .  Thirt y network s i n eac h conditio n 
wer e traine d fo r  a  m a x i m u m o f  150 0 epochs .  Ever y fift h 
epoch ,  th e network s wer e diagnose d fo r  rul e use . 

To compar e networ k result s wit h huma n performance ,  w e 
diagnose d rule s tha t  bes t  capture d networ k performanc e o n 
each  proble m type .  W e compute d correlation s betwee n th e 
network' s response s an d thos e predicte d b y variou s plausibl e 
rule s suc h a s identit y ( v =  d ,  o r  v  =  / ) ,  additio n ( v =  d+f , 
or  V  =  d-t) ,  o r  multiplicatio n ( v =  dt, v =  t/d ,  o r  v  =  d/t ) 
rules .  T o captur e consisten t  networ k performance ,  a  give n 
rul e ha d t o correlat e positivel y with  networ k responses , 
accoun t  fo r  mor e tha n 5 0 % o f  th e varianc e i n networ k 
response s (i.e. ,  r ^  >  .50) ,  an d accoun t  fo r  mor e varianc e 
tha n othe r  plausibl e rules . 

Results 

Accurate Memory Condition 

A stag e b y epoc h plo t  o f  a  typica l  networ k i n th e accurat e 
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v=d/ t 
t=d/ v 

d=v t 

o)  v=d- t 

w t=d- v 
d=t+ v 

v= d 
t= d 

Accurat e Memor y Conditio n 

iiiiiiiiiiiiiiimiiiin-nn 

^ M"^>Xy^"H \ fc' '• i K y \ 1 i' nil h 

H H H H H 

llllllllil 

Limite d Memor y Conditio n 

mxxMxoo 

iiiiii i 
H hidde n uni t 

1 
100 2 0 0 

Epoch 

300 
—I 
4 0 0 

Figur e 1 :  Stage s achieve d b y on e networ k i n accurat e 
memory condition ,  plotte d ever y 1 0 epochs . 

memory^ condition is shown in Figure 1. All 30 networks 
exhibite d a  qualitativel y simila r  developmenta l  course .  A s 
ca n b e seen ,  tim e an d velocit y identit y stage s ( t  =  d  an d 
V =  d )  emerge d earl y i n trainin g prio r  t o th e recruitmen t  o f  a 
hidde n unit .  Th e mea n epoch s o f  onse t  an d lengt h o f  th e 
identit y stage s ar e reporte d i n th e lef t  hal f  o f  Tabl e 1 .  O n 
average ,  thes e identit y stage s bega n togethe r  typicall y afte r  5 
or  1 0 epoch s o f  trainin g an d laste d fo r  approximatel y 5 5 
epochs .  T o asses s ho w wel l  particula r  rule s capture d networ k 
performance ,  w e compute d th e mea n acros s network s o f  th e 
max imu m r ^  valu e attaine d durin g eac h stage .  Durin g th e 
identit y stages ,  th e mea n wa s ove r  9 0 % fo r  bot h th e tim e 
and th e velocit y identit y rules ,  suggestin g tha t  bot h wer e 
goo d predictor s o f  tim e an d velocit y inference s respectively . 
Durin g thi s sam e period ,  th e networks '  response s t o distanc e 
inferenc e pattern s wer e no t  capture d b y an y o f  th e rule s tha t 
wer e tested . 

Table 1: Mean Epoch of Onset and Length 
of  Identit y Stages . 

Stag e 

Conditio n 
Accurat e Memor y Limite d Memor y 

M S D M S D 
t=d 

onse t 
lengt h 

v=d 
onse t 
lengt h 

6.6 7 
55.6 0 

6.6 7 
55.4 3 

2.4 0 
5.4 0 

2.4 0 
4.5 3 

7.5 0 
147.2 3 

10.3 3 
204.4 0 

2.5 4 
15.0 1 

4.5 4 
76.2 5 

n =  3 0 
Note ,  d  =  distance ;  t  =  time ;  v  =  velocity . 

Following the recruitment of the first hidden unit, 
distance ,  time ,  an d velocit y inference s wer e capture d b y th e 
additiv e rule s d  =  t+v, t  =  d-v ,  an d v  =  d- t  respectively . 

^  A  preliminar y repor t  o f  th e accurat e memor y conditio n i s 
presente d i n Shult z e t  al .  (i n press) . 

v=d/ t 
t=d / v 

d=v t 

CO 
% v=d- t 
r .  t=d- v C/) 

d=t+ v 

v=d 
t= d 

j M f w t t w w w a f l e g f l e g a 

H H H 

I  IIIIII I  iiiiiiiiiii i  I I  lllllllli l  II P 

(m»uin«u«TniTginin D 

H hidde n uni t 

1 1  1  1  1  1 
0 10 0 2 0 0 3 0 0 4 0 0 5 0 0 60 0 

Epoch 

Figure 2: Stages achieved by one network in limited 
memory condition ,  plotte d ever y 1 0 epochs . 

The mean epochs of onset and the length of these additive 
stage s ar e reporte d i n th e lef t  hal f  o f  Tabl e 2 .  Althoug h al l 
thre e bega n a t  approximatel y th e 65t h o r  70t h epoch ,  th e 
distanc e additiv e stag e laste d almos t  9 0 epoch s mor e o n 
averag e tha n eithe r  o f  th e othe r  tw o stages .  O n averag e a 
maximu m o f  ove r  8 0 % o f  th e varianc e i n th e thre e type s o f 
inference s wa s accounte d fo r  b y th e additiv e rules . 

Table 2: Mean Epoch of Onset and Length 
of  Additiv e Stages . 

Stag e 
d=t+ v 
onse t 
lengt h 
t=d- v 
onse t 
lengt h 
v=d- t 
onse t 
lengt h 

Accurat e 
M 

70.9 3 
164.7 7 

61.1 1 
77.9 0 

61.1 1 
77.9 3 

Conditio n 
Memory 

SD 

3.8 3 
78.4 0 

4.8 5 
7.8 7 

4.4 8 
7.0 4 

Limite d 
M 

155.86 ' 
317.4 6 

163.5 7 
156.1 3 

224.62 " 
437.17" ' 

Memory 
SD 

5.1 0 
159.7 0 

15.2 6 
46.1 9 

79.8 7 
330.0 6 

« =  30 ;  *  n  =  28 ;  * *  n  =  29 ;  ** *  n  =  1 8 
Note ,  d  =  distance ;  t  =  time ;  v  =  velocity . 

Multiplicative stages of time (/ = d/v) and velocity 
( v =  d/t )  inference s bega n afte r  15 0 epoch s o f  trainin g 
followin g th e recruitmen t  o f  th e secon d hidde n unit .  O n 
average ,  th e multiplicativ e stag e o f  distanc e inference s 
{ d =  vt )  bega n approximatel y 10 0 epoch s late r  followin g 
th e recruitmen t  o f  th e thir d o r  fourt h hidde n unit .  Th e mea n 
epoch s o f  onse t  o f  th e multiplicativ e stage s ar e reporte d i n 
th e lef t  hal f  o f  Tabl e 3 .  Al l  thre e definin g multiplicativ e 
rule s o f  th e stage s eventuall y reache d a  max imu m r ^  o f 
1.00 .  Thi s occurre d earlie r  fo r  tim e an d velocit y inferenc e 
pattern s tha n fo r  distanc e inferences . 
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Stag e 

Tabl e 3 :  M e a n Epoc h o f  Onse t 
of  Multiplicativ e Stages . 

Condition 
Accurat e Memor y Limite d Memor y 

M S D M  S D 
d=v t  248.9 7 
t=4/ v 150.6 0 
v=d ^  150.2 7 

83.9 4 519.8 0 214.2 9 
8.2 6 330.9 3 50.9 4 
8.5 2 711.32 *  403.4 5 

rt  =  30 ;  *  n  =  1 9 
Note ,  d  =  distance ;  t  =  lime ;  v  =  velocity . 

Limite d M e m o r y Condi t io n 

Eleve n o f  th e network s i n th e limite d memor y conditio n 
demonstrate d a  qualitativel y simila r  developmenta l  cours e t o 
tha t  depicte d i n Figur e 2 ;  al l  bu t  on e o f  th e remainin g 
network s followe d a  simila r  cours e excep t  tha t  th e 
multiplicativ e stag e o f  velocit y inference s wa s eventuall y 
attained . 

As i n th e accurat e memor y condition ,  fo r  al l  3 0 network s 
th e tim e an d velocit y identit y stage s emerge d earl y i n 
trainin g a t  approximatel y th e sam e epoch ,  prio r  t o th e 
recruitmen t  o f  a  hidde n unit .  However ,  unlik e i n th e accurat e 
memory condition ,  th e identit y stag e o f  velocit y inference s 
laste d almos t  6 0 epoch s longe r  o n average .  Th e mea n epoch s 
of  onse t  o f  th e identit y stage s ar e reporte d i n th e righ t  hal f  o f 
Tabl e 1 .  Agai n th e identit y rule s wer e goo d approximation s 
of  th e predictions ,  accountin g fo r  a n averag e m a x i m u m o f 
ove r  9 0 % o f  th e variance . 

For  th e majorit y o f  networks ,  th e additiv e stage s o f 
distanc e an d tim e inference s emerge d soo n afte r  th e 
recruiunen t  o f  th e first  hidde n unit .  O n average ,  th e additiv e 
stag e o f  velocit y inference s emerge d approximatel y 6 0 
epoch s later .  Occasionall y tw o hidde n unit s wer e recruite d 
prio r  t o th e onse t  o f  th e velocit y additiv e stage .  T w o 
network s skippe d th e additiv e distanc e stag e an d on e skippe d 
th e velocit y stage .  Th e mea n epoch s o f  onse t  an d th e lengt h 
of  thes e additiv e stage s ar e reporte d i n th e righ t  hal f  o f  Tabl e 
2.  Th e mea n lengt h o f  th e velocit y additiv e stag e reporte d i n 
Tabl e 2  i s base d o n 1 8 network s sinc e 1 1 network s di d no t 
progres s beyon d thi s stag e an d one ,  a s mentioned ,  skippe d 
th e additiv e stage .  Distanc e inference s base d o n th e additiv e 
rul e typicall y laste d longe r  tha n additiv e tim e inference s 
wherea s additiv e velocit y inference s wer e th e mos t 
persistent .  A s i n th e accurat e m e m o r y condition ,  a 
max imu m o f  ove r  8 0 % o f  th e varianc e i n th e thre e type s o f 
inference s wa s accounte d fo r  b y th e additiv e rules . 

The mos t  strikin g differenc e betwee n th e accurat e memor y 
and limite d memor y condition s wa s tha t  1 1 limite d memor y 
network s di d no t  progres s t o th e multiplicativ e stag e o f 
velocit y inferences .  Th e networ k i n Figur e 2  depict s thi s 
result .  Al l  3 0 network s progresse d t o th e multiplicativ e 
stag e o f  tim e an d distanc e inferences .  O n average ,  th e 
multiplicativ e stag e o f  tim e inference s emerge d afte r  a 
secon d hidde n uni t  wa s installed ,  abou t  19 0 epoch s befor e 
th e multiplicativ e stag e o f  distanc e inferences .  Th e distanc e 
multiplicativ e stag e followe d th e recruitmen t  o f  3  o r  4 
hidde n units .  O f  th e 1 9 network s tha t  progresse d t o th e 

velocit y multiplicativ e stage ,  o n averag e the y di d s o 
approximatel y 19 0 epoch s afte r  th e distanc e multiplicativ e 
stag e ha d bee n attained .  Th e mea n epoch s o f  onse t  o f  th e 
multiplicativ e stage s ar e reporte d i n th e righ t  hal f  o f 
Tabl e 3 .  Th e definin g multiplicativ e rule s o f  th e distanc e 
and tim e stage s eventuall y reache d a  m a x i m u m A  o f  ove r 
0.98 .  I n contrast ,  fo r  thos e network s tha t  attaine d th e 
velocit y multiplicativ e stage ,  th e definin g rul e reache d a 
m a x i m u m r ^  o f  approximatel y 8 5 % . 

Hinton Analysis 

I t  wa s apparen t  tha t  hidde n uni t  recruitmen t  wa s necessar y 
fo r  th e onse t  o f  additiv e an d multiplicativ e stage s give n th e 
abrup t  transitio n t o stage s followin g th e installatio n o f  a 
hidde n unit . 

I n orde r  t o explicat e th e rol e o f  hidde n units ,  Hinto n 
diagram s o f  th e incomin g weight s wer e draw n followin g th e 
recruitmen t  o f  hidde n units .  A  representativ e example ,  take n 
fro m on e networ k i n th e accurat e m e m o r y condition ,  i s 
show n i n Figur e 3 .  Th e tw o row s i n th e diagra m represen t 
th e weight s fro m th e sendin g unit s t o th e outpu t  uni t  an d 
firs t  hidde n uni t  respectively .  Th e siz e o f  th e weigh t 
correspond s t o th e siz e o f  th e square ;  th e colo r  indicate s th e 
sig n o f  th e weigh t  (whit e an d blac k indicat e positiv e an d 
negativ e respectively) .  A s ca n b e seen ,  th e weight s fro m th e 
tim e an d velocit y inpu t  bank s (square s 6-1 0 an d 11-1 5 
respectively )  t o th e hidde n uni t  ar e o f  th e sam e sig n an d 
opposit e i n sig n t o th e weight s fro m th e distanc e inpu t  ban k 
(square s 1-5) .  Thus ,  whe n a  distanc e inferenc e patter n wa s 
presented ,  th e tim e an d velocit y input s augmente d eac h 
other .  Thi s gav e ris e t o prediction s tha t  wer e correlate d wit h 
th e additiv e rul e d  =  t  +  v .  I n contrast ,  w h e n a  tim e o r 
velocit y inferenc e patter n wa s presented ,  th e distanc e inpu t 
woul d b e counteracte d b y th e velocit y o r  tim e input .  Thi s 
gav e ris e t o tim e an d velocit y inference s tha t  correlate d bes t 
wit h performanc e i n whic h on e dimensio n wa s subtracte d 
fro m th e othe r  (e.g. ,  t  =  d-v) .  Becaus e o f  networ k 
complexities ,  Hinto n analysi s o f  th e secon d an d thir d hidde n 
unit s wer e les s revealing .  However ,  give n th e relativel y 
abrup t  transitio n afte r  th e installatio n o f  thes e hidde n unit s 
t o multiplicativ e stages ,  th e nee d fo r  increase d non-linearit y 
seems evident . 

Discussion 

Simulatio n result s fo r  th e mos t  par t  matche d thos e o f 
Wilkenin g (1981 ,  1982 )  wit h humans .  Fo r  distanc e 
inferences ,  ther e wa s a  progressio n fro m a n additiv e rul e t o 
th e correc t  multiplicatio n rule .  Fo r  tim e an d velocit y 
inferences ,  network s bega n wit h a n identit y rule ,  progresse d 
t o a n additiv e rule ,  an d the n finishe d with  th e correc t 
multiplicativ e rule .  Wilkening' s huma n subject s di d th e 
same,  excep t  tha t  the y showe d n o identit y rul e fo r  tim e 
inference s an d faile d t o reac h th e correc t  multiplicativ e rul e 
fo r  velocit y inferences . 

Th e result s o f  th e limite d memor y conditio n sugges t  tha t 
memory demand s m a y hav e bee n a  facto r  i n Wilkening' s 
studies .  B y increasin g th e memor y demand s o f  th e velocit y 
task ,  velocit y wa s delaye d suc h tha t  i t  wa s possibl e fo r  a 
networ k t o b e makin g velocit y inference s base d o n th e 
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Figur e 3 :  Hinto n diagra m o f  incomin g weight s afte r  th e recruitmen t  o f  th e firs t  hidde n uni t  fo r  on e network . 
Number s refe r  t o weight s fro m bia s (0) ,  distanc e (1-5) ,  tim e (6-10) ,  velocit y (11-15 )  an d hidde n (16 )  units . 

identit y rul e an d tim e inference s base d o n additiv e rules . 
Late r  whe n tim e inference s wer e base d o n th e multiplicativ e 
rule ,  velocit y inference s wer e typicall y additive .  Finally ,  a 
number  o f  limite d m e m o r y network s di d no t  attai n th e 
multiplicativ e stag e o f  velocit y inferences .  M a n y o f  thos e 
tha t  di d regresse d t o th e additiv e stage ,  som e permanendy . 

Th e simulation s sugges t  that ,  w h e n al l  els e i s  hel d 
constant ,  th e developmenta l  cours e i s mor e consisten t  acros s 
concept s tha n Wilkening' s result s indicated .  Identit y stage s 
emerg e earl y fo r  bot h tim e an d velocit y concept s followe d 
by th e additiv e stage s o f  al l  thre e concept s an d the n th e onse t 
of  multiplicativ e concept s fo r  velocit y an d tim e prio r  t o th e 
eventua l  attainmen t  o f  th e distanc e multiplicativ e stage .  W e 
propos e tha t  th e mechanism s o f  weigh t  adjustmen t  an d 
hidde n uni t  recruitmen t  compounde d wit h a  learnin g 
environmen t  i n whic h al l  thre e concept s ar e bein g acquire d 
constrain s networ k developmen t  alon g thes e lines . 

Identit y stage s emerg e du e t o a  combinatio n o f  th e limite d 
processin g abilit y  o f  th e initia l  perceptron-lik e architectur e 
an d th e fac t  tha t  on e networ k i s  performin g al l  thre e 
inferenc e tasks .  T h e initia l  networ k i s no t  abl e t o encod e 
bot h th e invers e relationshi p betwee n tim e (velocity )  an d 
distanc e w h e n makin g velocit y (time )  inference s an d th e 
direc t  relationshi p betwee n tim e an d velocit y whe n makin g 
distanc e inferences .  Th e algorith m i s unabl e t o fin d a  se t  o f 
weight s fo r  a  perceptro n t o accommodat e bot h role s o f  th e 
tim e an d velocit y input .  Therefore ,  th e relationshi p o f  tim e 
(o r  velocity )  informatio n t o th e outpu t  erro r  o f  distanc e an d 
velocit y (o r  time )  inference s i s obscured .  I n contrast ,  th e 
relationshi p o f  th e distanc e informatio n t o th e outpu t  erro r  i s 
mor e clea r  sinc e th e rol e o f  distanc e i s th e sam e i n eithe r 
tim e o r  velocit y inferenc e problems .  W h e n th e algorith m 
attempt s t o reduc e th e erro r  acros s al l  thre e proble m types , 
weigh t  adjustmen t  m a y b e primaril y influence d b y th e 
relationshi p o f  distanc e inpu t  t o th e error .  W h e n presente d 
wit h a  tim e (velocity )  inferenc e pattern ,  distanc e informatio n 
has mor e influenc e tha n velocit y (time )  information .  I n 
contrast ,  w h e n presente d wit h a  distanc e inferenc e pattern , 
neithe r  tim e no r  velocit y informatio n ha s greate r  influenc e 
an d th e weight s fai l  t o encod e th e direc t  relationshi p betwee n 
tim e an d velocit y information .  Thus ,  identit y stage s emerg e 
fo r  tim e an d velocit y inferenc e problems .  However ,  neithe r 
identity ,  additive ,  no r  multiplicativ e rule s ar e abl e t o captur e 
th e rol e o f  tim e an d velocit y wit h respec t  t o distanc e 
inferenc e problem s durin g thi s period . 

A simila r  argumen t  coul d b e pu t  forwar d wit h respec t  t o 
children .  Earl y on ,  th e chil d i s  confuse d abou t  th e 
inconsisten t  effect s o f  tim e an d velocit y an d focuse s 

attentio n o n th e mor e consisten t  distanc e informatio n whe n 
makin g velocit y o r  tim e inferences .  Wit h respec t  t o distanc e 
inferences ,  th e chil d i s  a t  a  los s a s t o h o w t o solv e th e 
proble m an d m a y choos e tim e o r  velocit y dependin g o n thei r 
salience . 

Additiv e stage s o f  eac h concep t  typicall y emerge d afte r  th e 
installatio n o f  th e firs t  hidde n unit .  Th e networ k use d thi s 
hidde n uni t  t o differentiat e distanc e fro m tim e an d velocit y 
informatio n b y assignin g on e sig n t o th e weight s fro m th e 
distanc e input s an d th e opposit e sig n t o weight s fro m tim e 
an d velocit y inputs .  Thus ,  th e firs t  hidde n uni t  i s  abl e t o 
encod e th e dua l  natur e o f  tim e an d velocity ,  a t  leas t  i n a 
simplisti c manner ,  an d a s a  result ,  th e additiv e stage s 
emerge . 

Th e additiv e stage s o f  al l  thre e concept s eventuall y wer e 
replace d b y multiplicativ e stages .  Typically ,  th e tim e an d 
velocit y multiplicativ e stage s emerge d firs t  followe d b y th e 
distanc e multiplicativ e stage .  O n e reaso n w h y th e distanc e 
additiv e stag e m a y hav e laste d longe r  tha n eithe r  th e tim e o r 
velocit y additiv e stage s wa s tha t  a  large r  proportio n o f  erro r 
was reduce d durin g th e distanc e additiv e stag e tha n i n th e 
othe r  two .  Thi s i n tur n delaye d th e onse t  o f  th e distanc e 
multiplicativ e stage .  Thus ,  th e distanc e additiv e rul e woul d 
see m t o b e a  ver y goo d approximatio n o f  distanc e inferenc e 
patterns .  I t  m a y b e tha t  fo r  people ,  us e o f  a n additiv e rul e 
persist s a s a  heuristi c approac h tha t  i s  generall y goo d 
enough . 

Thus ,  cascade-correlatio n provide s a n explici t  mechanis m 
of  transitio n i n networ k performanc e -  weigh t  adjustmen t 
and hidde n uni t  recruitment .  I n huma n developmenta l  term s 
we believ e thi s t o b e aki n t o incrementa l  learnin g i n 
combinatio n wit h increasingl y non-linea r  representationa l 
abilities . 

Th e simulatio n results ,  togethe r  wit h Wilkening' s studies , 
m a ke severa l  predictions .  First ,  th e result s sugges t  tha t  i f  5 -
year-old s ca n integrat e distanc e an d velocit y an d tim e an d 
velocit y informatio n i n a n additiv e manne r  t o infe r  tim e an d 
distanc e respectively ,  the y shoul d b e abl e t o integrat e 
distanc e an d tim e informatio n additivel y t o m a k e velocit y 
inference s i f  th e memor y demand s ar e minimized . 

Second ,  wherea s Wilkening' s observatio n tha t  5-year-old s 
us e a  velocit y identit y rul e i s likel y relate d t o extraneou s 
tas k demands ,  th e simulation s predic t  tha t  childre n younge r 
tha n fiv e year s o f  ag e mak e velocit y inference s b y focusin g 
on distanc e informatio n becaus e o f  processin g limitations . 
Moreover ,  althoug h Wilkenin g di d no t  fin d evidenc e o f  a 
tim e identit y rule ,  ou r  simulation s sugges t  tha t  younge r 
childre n woul d us e suc h a  rul e t o m a k e tim e inferences . 
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Finally ,  thes e same-age d childre n woul d b e expecte d t o solv e 
distanc e inferenc e problem s base d o n eithe r  tim e o r  velocit y 
informatio n dependin g o n whic h i s mor e salient .  Therefore , 
futur e researc h shoul d includ e younge r  childre n an d 
manipulat e th e salienc e o f  velocit y an d tim e informatio n i n 
th e distanc e inferenc e task . 

Third ,  i f  th e tas k demand s o f  velocit y inference s wer e 
reduced ,  i t  i s  predicte d tha t  10-year-old s woul d mak e velocit y 
inference s b y integratin g th e dimension s wit h th e correc t 
multiplicativ e rule .  Therefore ,  th e inabilit y  o f  Wilkening' s 
subject s t o correctl y integrat e tim e an d distanc e informatio n 
i s agai n likel y du e t o extr a memor y demands . 

Finally ,  th e simulation s sugges t  tha t  th e distanc e 
multiplicativ e stag e emerge s afte r  bot h tim e an d velocit y 
multiplicativ e stages .  Sinc e Wilkenin g di d no t  stud y 10 -
year-olds '  performanc e whe n a n eye-movemen t  strateg y wa s 
not  possible ,  i t  woul d b e necessar y t o re-examin e 10-year -
old s unde r  thi s condition . 

I n conclusion ,  th e result s o f  ou r  simulation s sugges t  tha t 
limite d processin g capacitie s o f  childre n lea d t o performanc e 
tha t  i s firs t  characterize d b y identit y rule s fo r  tim e an d 
velocit y inferences .  Later ,  additiv e inferenc e rule s 
characteriz e performance .  Finally ,  multiplicativ e rule s 
characteriz e th e integratio n o f  distance ,  time ,  an d velocit y 
inferences .  Onc e agai n th e cascade-correlatio n algorith m ha s 
demonstrate d th e abilit y  t o captur e th e emergenc e o f  rule -
base d stage s i n cognitiv e development . 
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