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ABSTRACT OF THE DISSERTATION

Stochastic electron acceleration in laser-plasma interactions

by

Yanzeng Zhang

Doctor of Philosophy in Engineering Sciences (Engineering Physics)

University of California San Diego, 2020

Professor Sergei I. Krasheninnikov, Chair

The ability of the interaction of intense laser radiation with plasma to generate highly
energetic electrons is one of the most interesting features in laser-plasma physics that has great
potentials for many applications (including ion acceleration, X-ray generation, and positron
production). Different mechanisms of electron acceleration including the direct laser acceleration
(DLA) have been proposed and studied analytically, numerically, and experimentally over many
years. Many of these works reveal that the presence of self-generated or externally applied quasi-
static electric and magnetic (QEM) fields or a counter-propagating laser wave could significantly
increase the electron energy gained from the laser well beyond the ponderomotive energy scaling.

However, due to the multidimensional spatiotemporal characteristics of the electromagnetic

X1v



fields and strong nonlinearity of relativistic electron dynamics, the analytic investigations of
the mechanism of electron acceleration in the earlier studies of DLA are quite limited and
complicated.

This dissertation is devoted to examining the electron acceleration in the laser waves and
QEM fields by employing the Hamiltonian approach. By using proper canonical variables, we
find a new Hamiltonian, which is time-independent when an appropriately selected perturbation
is absent. Such characteristic of the new Hamiltonian can significantly simplify the analysis of
the electron dynamics. Three different configurations of laser waves and QEM fields will be
considered: the counter-propagating laser waves, single laser and QEM fields that can confine the
electron motions (e.g., QEM fields in the ion channels), and single laser and spatially periodic
QEM fields (e.g., QEM fields in the electric and magnetic undulators). The Hamiltonians,
canonical variables, effective time, and thus the physics underlying the electron acceleration
are different for these cases, where we pay particular attention to the stochastic acceleration of
electrons. By deriving the Chirikov-like mappings, we obtain the stochastic conditions and thus
the upper limits of the electron energy depending on the parameters of the laser waves, QEM
fields, and the electron initial conditions. The universal characteristics of our approach make it
easy to be applied to many other situations and thus paves the way for notable progress in the

theoretical analysis of the laser-plasma interaction.
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Chapter 1

Introduction

1.1 Electron acceleration in laser-plasma interaction

Recent progress in laser technology has led to a dramatic increase of laser power and
intensity [1], which naturally open up new physics regimes for fundamental research. At rela-
tivistic intensity, I = 1.37 x 10'8(1um/\)?W /cm?, the laser pulses readily ionize matter into a
plasma that the plasma electrons is the primary species for the energy transfer from the laser
pulse, provided that it is more responsive to the laser field than other species. As a result, the
generation of high-energy electron beams in the course of laser-plasma interaction has attracted a
great deal of attention (e.g., see Refs. [2, 3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] and references therein) for many different applications
(e.g., ion acceleration, X-ray generation, positron production, etc.).

The acceleration of electrons via the laser-plasma interaction strongly depends on the
density of the target, where the laser beam is able to go through the target plasma only if
the density is sub-critical (e.g., see Refs. [31, 32, 33, 34]). Such low-density targets enable
a higher energy gain by the electrons compared with that from the over-density target. The

sub-critical plasma layer can also naturally occur in experiments with solid-density targets where



a significant pre-pulse is present (e.g., see Refs. [35, 36, 37, 38, 39]). On the other hand, the
electron acceleration mechanism in the laser interaction with the sub-critical plasma depends
significantly on the laser pulse duration. Given that the ponderomotive force of the propagating
laser beam pushes electrons forward and radially outwards, it will cause cavitation of the electron
density. Then if the duration of the laser pulse is much shorter than the characteristic electron
response time (plasma wave period), the laser pulse can generate a plasma structure that is moving
together with the pulse. Such the so-called wakefield can accelerate the electrons through the
longitudinal electric field (e.g., see [40, 41, 42]). However, if the duration of the laser pulse is
much longer than the characteristic electron response time, the laser pulse can create a quasi-static
channel in the electron density that slowly evolves on an ion time-scale (e.g., see [43]). This
would be the case for typical pulse duration used in experiments on fast proton generation. The
electron acceleration in the latter case is identified as direct laser acceleration (DLA), which is
usually assisted with different configurations of quasi-static electric and magnetic (QEM) fields
(e.g., see [5, 8, 15, 16, 18, 20, 21, 22]).

Different mechanisms of DLA of electrons with these QEM fields have been proposed,
including the betatron resonance [21], parametric amplification [22], stochastic heating [25, 26,
27, 44] and other resonant heating [11, 29], where the electron is confined and thus oscillates in
these QEM fields while moving along with the beam. The stochastic heating of electrons can also
result from the counter-propagating laser beams [45, 46, 47] or adding the stochastic fields in the
transverse direction [48]. Other collisionless heating of electrons by the laser radiation can also
take place via resonance heating [30, 49], vacuum heating (Brunel absorption) [50], anomalous
skin effect [51], sheath inverse-bremsstrahlung absorption [52], relativistic J X B heating [53].
Recent simulation results have also demonstrated that the DLAcan also be important in the context
of the laser wakefield acceleration [54, 55]. Therefore, understanding the details of the DLA
process is crucial in learning the core laser-plasma interactions processes, which requires us to

at least understand single electron dynamics in configurations that include the majority of the



realistic features of these interactions. However, the presence of the QEM fields and multiple

laser pulses leads to a rather complicated dynamical system, which is difficult to fully understand.

1.1.1 Overview of electron interaction with laser in vacuum

Before we jump into such complicated dynamical system, we give a brief overview of
the physics of a free electron interaction with laser in vacuum, which is characterized by the
normalized laser amplitude

eE()

(1.1)

ag —
m@®c

where Ej is the amplitude of the electric field of the laser wave, ® is the wave frequency, e
is the elementary charge, m is the electron mass and c is the speed of light in vacuum (when
the normalized amplitude is equal to unity, the intensity of a linearly polarized laser wave is
1 =1.37 x 10"8(1um/\)>W /cm?, where the quiver electron motion becomes relativistic). The
conventional wisdom to describe such an interaction is a Hamiltonian equivalent to the kinetic
energy of the electron. For a linearly polarized plane wave (e.g., a plane wave polarized in
x-direction which propagates along z-direction), it shows that the electron dynamics has two
constants of motion (e.g., see Ref. [10]), i.e., ¢y = px/mc —a and R = y— p,/mc, where a is the
normalized vector potential describing the laser field, p; is the i-component of the momentum
and ¥ = 14 p?/(mc)?. As a result, for an initially rest electron, the maximum electron energy

gained from the interaction with the laser wave (the so-called ponderomotive scaling energy) is

Ypond = 1 +a3/2.

1.2 Stochastic motion

On aspect of the difficulty in understanding the electron dynamics in the configurations of
multiple lasers and QEM fields is the strong nonlinearity of the relativistic electron dynamics. One

direct result of such strong nonlinearity is that there exist regimes of the parameters, where, when



the stochastic condition is satisfied, the local instability can lead to mixing in the configuration
space and thus the electron can undergo stochastic motion [56, 57]. Unlike the acceleration
of electrons via regular resonance, the stochastic mechanism usually leads to a slower energy
growth through diffusion of electrons in energy space described by a Fokker-Planck-Kolmogorov
equation [56, 58].

The Lyapunov exponent, characterizing the rate of separation of infinitesimally close
trajectories, can be used to distinguish a stochastic motion from the regular one. However, more
conveniently, we use Chirikov mapping to study the mixing of phase space [58]. It is characterized
by a stochastic parameter K, where K>1 denotes the stochastic regime. It was shown that InK
is inversely proportional to the time for the decoupling of correlations or the time for the loss
of memory of the original conditions so that for K > 1, the electron trajectory in phase space
behaves like undergoing a series of “kicks”, occurring in an extremely short time period (on the
remaining part of the trajectory the motion is adiabatic) [56]. However, for K being order of unity,
the fraction of stable components of the motion plays an important role. Stochastic trajectories
form in this region an extraordinarily complicated structured set, the so-called fat fractals [59],

where the particle trajectories can stick for a long time in this region.

1.3 Dissertation Outline

The stochastic electron acceleration in the laser-plasma interaction has been revealed in
several cases, including in an additive small transverse stochastic field [48], in the multiple laser
waves [24, 47, 60], and in the laser radiation and an attractive longitudinal electrostatic potential
well [15]. However, due to the multidimensional spatio-temporal characteristics of the laser pulses
and QEM fields, and the strong nonlinearity of the dynamics of relativistic electrons, the analytic
investigations of the stochastic electron acceleration in the previous study are rather limited and

complicated. For example, the analysis of the electron dynamics in multiple lasers in earlier



studies has been limited to either non-relativistic case [4, 61], or the stochastic instability near
the separatrices using quite complicated multidimensional Hamiltonian approach [24, 46, 62],
whereas, for electrons in the longitudinal electric field, the analysis was only given in a simplified
V-shape electrostatic potential [25, 26], U = Eyz. Even though the numerical simulations can
shed some light on the stochastic electron acceleration (e.g., see Refs. [15, 46, 47, 60, 63]),
they are only valid within the simulated parameter range. Therefore, some scenarios where the
electron can be stochastically accelerated, and the physics underlying the stochastic motion are
still missing.

This work is devoted to investigating the electron dynamics, especially paying attention
to the stochastic electron acceleration, in different configurations of laser beams and QEM fields.
A novel approach is proposed, the main idea of which is to find proper canonical variables so
that the new Hamiltonian describing the electron dynamics is time-independent without the
appreciated perturbation. Such a approach can significantly simplify the analysis of the electron
dynamics and allow us to utilize the fundamental results of previous studies on regular and
stochastic motion in Hamiltonian systems (e.g., see Refs. [56, 57] and the references therein).
However, the perturbation, Hamiltonian, and the canonical variables are different for the electron
in different configurations of lasers and QEM fields. Three main scenarios will be considered: the
counter-propagating laser beams, single laser wave and QEM fields that can confine the electron
motions (e.g., QEM fields in the ion channels), and single laser wave and spatially periodic QEM
fields (e.g., QEM fields in electric and magnetic undulators). They will be studied in separate

chapters and outlined below.

1.3.1 Ch 2: Stochastic electron acceleration in colliding laser beams

There is a long-lasting interest to the stochastic electron acceleration in the colliding laser
beams provided that it is insensitive to the frequency differences of the two laser pulses [47] and

can work without a self-focusing ion channel that it is easier to be achieved. Underlying physics



of such stochastic motion are poorly understood and, therefore, further theoretical studies are
necessary. In this chapter, we will examine the electron dynamics in the colliding laser beams by
employing the new approach. The threshold for the onset of stochastic motion is founded by using
the Chirikov-like mapping, which agrees with the previous results that the stochasticity occurs
when the amplitudes of lasers exceed some thresholds [46, 47]. The maximum electron energy
gained from the stochastic motion is obtained, corresponding to the boundaries of the stochastic
region in the Hamiltonian space. It is shown that the stochastic region can be separated from the
regular motion region only in the Hamiltonian space rather than the energy space. Numerical
simulations solving the Hamiltonian equations are performed, which have confirmed the very

good agreement of numerical and analytical results.

1.3.2 Ch 3: Stochastic electron acceleration in laser and quasi-static peri-

odic electric and magnetic fields

In this chapter, we will investigate the stochastic electron acceleration in the laser radiation
with the presence of a periodic quasi-static longitudinal electric or transverse magnetic field.
Such periodic electric and magnetic fields has been widely used in studies of electron dynamics,
including electric and magnetic undulators [64, 65, 66, 67] and wiggler magnetic field [68, 69].
Moreover, it was shown that the plasma wave can also be taken as a periodic electrostatic field
[7, 70, 71, 72], where electrons in laser and the plasma wave can be stochastically accelerated.

The new Hamiltonian equations have been derived, where the periodic QEM fields are
taken as the perturbations and the new Hamiltonian is the same with that of the electron in
the colliding lasers. The physics underlying the stochastic electron motion is revealed and the
stochastic condition is obtained. The maximum electron energy is estimated well beyond the
ponderomotive scaling energy, which is mainly determined by the normalized laser amplitude and
the frequency of the periodic QEM fields. The numerical simulations confirm all the analytical

results.



1.3.3 Ch 4: Stochastic electron acceleration in laser and confining quasi-

static electric and magnetic fields

This chapter studies the electron dynamics in the laser radiation with the presence of
QEM fields like in the ion channels, which can confine the electron motion within the potential
wells (thus we call them as confining QEM fields). For relativistic electrons, the laser radiation
will be taken as the perturbation and thus the expected Hamiltonian is the total electron energy in
the quasi-static fields. The role of these quasi-static fields is to reduce the longitudinal dephasing
rate between the electron and laser beam instead of directly transferring substantial energy to the
electron.

Three different configurations of QEM fields will be considered: QEM fields both across
to the laser propagation direction, a transverse magnetic field but a longitudinal electric field, and
a transverse electric field but a homogeneous longitudinal magnetic field. In each case, both the
electric and magnetic fields depend only on the transverse or longitudinal coordinate (determined
by the electric field). The Chirikov-like mappings are derived for each case, from which we find
the upper limits of the electron energy from the stochastic motion. All the analyses are checked

by the numerical simulations.



Chapter 2

Stochastic electron acceleration in colliding

laser beams

Electron in multiple laser pulses is an interesting topic in the course of laser-plasma
interactions and has been considerably studied (e.g., see Refs. [6, 19, 24, 45, 46, 47, 60, 63, 73]).
It was shown that a counter-propagating lasers can be slightly detuned by the electron plasma
frequency and thus drive the coherent motion of electrons [73, 74]. More importantly, it was
shown that the electrons in the multiple laser waves can be accelerated resulting from the stochastic
motion of electrons [24, 46, 47, 60, 63], which occurs when the amplitudes of lasers exceed
some thresholds (numerical simulations show that thresholds in counter-propagating lasers with
normalized amplitudes a; and a; are aja, = 1/16 for local stochastic motion [46] and ajay = 1/2
for global stochastic motion [47]). Given that the stochastic acceleration is insensitive to the
frequency differences of the two laser pulses [47] and it can work without a self-focusing ion
channel, it is easier to be achieved than that for coherent motion. It was shown that the most
efficient stochastic heating is achieved for the case of two counter-propagating laser waves [45, 63].
Such configuration of two laser beams can be due to the reflection of the dominant incident laser

beam from the target surface [75, 76] or Raman backscattering (the Raman backscattering wave



of a driving pulse occurs in plasma at a few percents of the critical density). For a relativistic
incident laser pulse, 1 A2S 1018Wcm*2ym2, the reflected wave and Raman backscattering wave
will be intense enough to trigger the stochastic acceleration. Therefore the stochastic acceleration
in counter-propagating laser waves could be dominant in certain cases in laser interaction with
underdense plasma.

However, due to the multidimensional spatio-temporal characteristics of the laser waves
and strong nonlinearity of the dynamics of relativistic electrons in these waves, the analytic
investigations of stochastic electron acceleration in the colliding laser waves in earlier studies
have been limited to either non-relativistic case [4, 61], or the stochastic instability near the
separatrices using quite complicated multidimensional Hamiltonian approach [16, 24, 46, 62]. On
the other hand, the numerical simulations, which can shed some light on the criterion for stochastic
electron motion in multiple laser waves [47, 60, 63], are only valid within the simulated parameter
range. Therefore, more complete theoretical analysis is needed to have a better understanding of
the electron dynamics in the counter-propagating laser waves.

In this chapter, we will examine the electron dynamics in colliding laser beams by
employing the Hamiltonian approach with the proper choices of canonical variables and time,
such that the Hamiltonian is time-independent in zero-order approximation [77, 78]. Following
Refs. [46, 47, 60, 62], we will focus on the case where one of the laser waves is much stronger
than others, which could be considered as a perturbation. We will show that the electron energy
gained from the stochastic acceleration due to the presence of a perturbative counter-propagating
laser wave can greatly exceed the ponderomotive energy scaling of the dominant laser, where
the essential role of the perturbation is to change the dephasing rate between the electron and
dominant laser.

The remainder of this chapter is organized as follows. The new Hamiltonian equations
will be derived in section 2.1 and the unperturbed electron trajectories are examined. Section

2.2 will investigate the conditions for stochasticity for different laser polarization directions and



initial electron momentum. An impact of the superluminal phase velocity will be discussed in

section 2.3. The main results will be summarized and discussed in section 2.4.

2.1 New Hamiltonian equations and unperturbed electron tra-
jectories

In this section, we will derive the new Hamiltonian equations by finding proper canonical
variables such that the new Hamiltonian is time-independent without the perturbative laser,
and then examine the unperturbed electron trajectories in this new framework. To simplify
the expressions, in what follows we will use dimensionless variables, where r is normalized
by the dominant laser wavenumber (k) and ¢ by kc with ¢ being the speed of light in vacuum.
The normalized parameter of laser wave, which can be described by vector potential A, is
eA/ mc?, where —e and m are the electron charge and mass. In the normalized variables, we take
e=m=c=1.

We assume that the dominant laser wave propagates along z direction and is described by
the vector potential of A(v,t — z), which is arbitrarily polarized in x and y directions (here v, is
the phase velocity). For generality, we consider the perturbative laser wave propagating in the
(v,z) plane, which is determined by the vector potential of A (v,t + ycos¢ + zsind), where ¢ is
the angle between the perturbative laser propagation direction and y-axis; and A can have three
components in x, y, and z directions, but Ay, /A, = —tan¢ to ensure the orthogonality between
the polarization and propagation directions. Then the electron dynamics can be described by the
Hamiltonian:

H=y=[1+P+A+A)]"?, @2.1)

where 7 is the relativistic factor and P = yv — A — A is the canonical momentum. Although this

Hamiltonian was widely used (e.g., see Refs. [46, 16, 62]), the analyses of electron dynamics

10



accounting for both dominant and perturbative lasers were quite complicated and often incomplete.

We start our analysis with finding the proper canonical variables, Hamiltonian and effective
time, such that the new Hamiltonian will be time-independent when the perturbation is absent
(A1 = 0). Taking into account that for A; = 0 the combination Y—v,P; is conserved, it could
be considered as a candidate for the new Hamiltonian, while the phase of the dominant laser
wave 1 = vt —z can be taken as one new canonical variable. It is easy to show that for the laser
field A(v,t —z) + A1 (vpt + ycosd + zsind) the canonical momentum P is conserved so that the
Hamiltonian in Eq. (2.1) is effectively two dimensional. Then, if we treat (1), y) as new canonical
coordinates and assume that the corresponding canonical momenta are (Xn,%,), while the new
Hamiltonian and time are H and 7, the canonical transformation from the point view of least

action principle [79] requires that
C(P.dz+ Pydy — Hdt) = Yndn + x,dy — Hdr, (2.2)

where C is a constant given that the Lagrangian is not unique. The natural choice of Tis T= vt +
zsing. Substituting T and 1 into Eq. (2.2) we find Y = —(Ysind+v,P;), Xy = vp(1 + sind) Py, and
H =y—v,P, for C =v,(1+sind). However, for convenience, we will take yn = +(ysin¢ +v,P;),
which is equivalent to choosing M as canonical momentum while treating ¥y as a canonical
coordinate. Then the electron dynamics can be described by H(Xn,y,M,X,y,T), wWhich in the new
canonical variables can be found from Egs. (2.1, 2.2).

For the head-on colliding laser waves (¢ = 7t/2), ), is a constant. As a result, we have the

following 3/2 dimensional (3/2D) Hamiltonian equations

dy oH _dn_ 3H

- = 2.
drt an’an drt oy’ @3)

11



where X = Yy = Y+ v, P, and the Hamiltonian is

—1102

H(x,n,7) X 2.4)

v2—1

with P2 =1+ Y, [P +Ai(n) +A1,-(’c)]2 and P; (i = x,y) are the conserved canonical momen-
tum. This 3/2D Hamiltonian, which can also be obtained from the electron equations of motion,
will greatly simplify our analysis in comparison with the multidimensional Hamiltonian [46, 62]
based on Eq. (2.1).

For simplicity, we first consider the luminal case v, = 1, while the impact of superluminal
phase velocity, which mimics the impact of plasma on the laser wave propagation, will be
qualitatively discussed in section 2.3. The linearly polarized planar laser waves will be used in the
following analysis, i.e., A = asin(n)e, and A = aysin(kit)e, or A; = aysin(k;t)e, depending
on the relative polarization directions of the counter-propagating waves, where a; < a and ki is
the ratio of the perturbative laser frequency (or wavenumber) to that of the dominant one. Then,

the Hamiltonian in Eq. (2.4) degenerates to

e 1 + [asin(n) + Sxalsm(kl’c);PX]z + [8yasin(k1 7) +py]27 (2.5)

where 8, , = 0 or 1 are switches to controlling the perturbative laser polarization direction. Keep
in mind that we are interested in the gain of maximum electron kinetic energy, Yq.x, which can be
expressed in the terms of H, for v, = 1, as follows:

+H 1/(E
'max = XT 5 (Ep +H) 9 (26)

where E, = 1 + (a+ |P])* + Pyz. Note that the ponderomotive scaling for pre-accelerated electron
in the dominant laser wave only is E,/Hy, where Hy is the conserved dephasing rate between

electron and the dominant laser (which corresponds to the initial Hamiltonian in the present

12



problem). Therefore, ¥,,,4, can significantly exceed the ponderomotive scaling either for H,,;, < Hy
(which corresponds to the electron moving along with the dominant laser, where Yux/E, ~
Hy/Hpipn) or for Hyax > E » /Hy (where the electron moves along with the perturbative laser and
Ymax/Ep = HpaxHo /E)).

For the unperturbed problem (a; = 0), the new Hamiltonian is conserved and from

Egs. (2.3, 2.5) we find the following implicit dependence 1(t) (we note that 1 increases with t

provided dn/dt > 0):
. 2P% + 42 ) a’sin(2n)  8aP.cos(M) © const 27
e b P — const. .
i? |V 2P 2P ’
where P? = 14 P2+ P}; and y, depending on time T:
. 5 12 52
1+ |asin(n) +P,|” + P,
= [ (M) + Py Y (2.8)

H

From Eq. (2.7) one can find the frequency of unperturbed oscillation of electron canonical
coordinate X:
21 2H?

O= T = g 29)

where T = t(n = 2n) — t(n = 0) is the period of electron oscillation. Therefore, the presence
of wa will decrease (increase) the frequency (period) of electron oscillation via P? and alter the
electron trajectories as shown in Egs. (2.7, 2.8).

From Eq. (2.5) we find that, for relativistic case a > 1 (which we will consider in the
following), unperturbed (or weakly perturbed) electron trajectories have characteristics of zig-zag
time dependence of canonical coordinate ¥ (e.g., see the upper panel of Fig. 2.1). This feature
of electron trajectories enables a long tail of the distribution of the amplitude of m-harmonics,
making high-m island overlapping and, therefore, stochastic electron motion possible. Also, from

Eq. (2.5) it follows that the strongest impact, “kicks”, on both H and canonical variables by the
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0 500 T 1000 1500

Figure 2.1: Schematic view of the electron trajectories fora =5, k; = 1, Py = 0, and different
P,. The curves of solid black and dash-dotted red are for P, = 0 and P, = 1 with H = 0.3, and
the dotted blue curve is for P, = 6 with H = 0.5.

perturbative laser occurs at a very short time near the local minimum of ) (e.g., see Fig. 2.2),
where the phase between electron and backward laser wave is locally minimized and 1 undergoes
jump. The positions of minima of % depend both on P, and a: when |P;| < a,  is minimized at

N1 = (2n+1)n+ 8 and My = 2nw — §, where 8 = sin~ ' (P,/a) and n is an integer; whereas, for

P, > a (P, < —a), the minima of ¥ are obtained only at 3 = —Tt/2 + 2nT (N4 = ©/2 + 2n7).

2.2 Threshold for stochastic electron motion

From Hamiltonian in Eq. (2.5) it follows that in the presence of the perturbative laser wave
but for @ > ki, the electron motion is adiabatic and no electron acceleration is possible. However,
when 0 < k the unperturbed electron motion could resonate with the perturbative laser, mw = k
(where m is the harmonics of unperturbed electron motion), and for the case of overlapping of the
separatrices of neighbouring resonant islands, K = (8w + 8®’) /2A® > 1, where d® and 8’ are

their widths and Am is the distance between them, stochastic heating occurs [56]. However, in
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Figure 2.2: Schematic view of the diffusion o_f Hamiltonifm (solid blue) and corresponding
(dash-dotted red) fora =5,a; =0.2,k; =1, P, =0, and P, = 1.
what follows, we will examine the condition for an onset of stochasticity for the case w/k; < 1
by using equivalent, but more convenient Chirikov-like mapping [58] deduced from electron
equations of motion.

As discussed in the last section, the kicks due to the perturbative laser of H takes place
at a short time near the local minimum of ) (e.g., see Fig. 2.2). Except these short periods
of time T where  ~ M for |P| < a and N & N3 (M) for P, > a (P, < —a), the electron
“sees” only fast phase change of the backward laser wave due to large ¥ = Y-+ P, and, therefore,
undergoes adiabatic oscillation. Therefore, the Chirikov-like mapping can be formed by using
the Hamiltonian H,, and time T,, when the electron passes through the nonadiabatic region. Such
mapping corresponds to the Poincaré section of electron crossing effectively “fixed” canonical
momentum (1)) plane. Let’s assume that the change of the Hamiltonian due to each nonadiabatic
interaction of electron with the perturbative wave is smaller than the Hamiltonian itself, i.e.,

AH = |H, 11 — H,| < H,, then the unperturbed electron trajectory H, (1, %) can be used to estimate

15



the variation of Hamiltonian due to each kick [23]:

oH
AH, = Hy 1 — H, :/ —

dt,i=1,2o0r3 or4. (2.10)
n~n; 0T

However, to make the analysis easier without losing the physics of stochastic electron acceleration,
we consider P, = P, = 0, which is reasonable if electrons begin to interact with the pre-pulse of
lasers (the impacts of P, and P, on the stochastic condition of electrons in colliding lasers with
the same polarization direction will be discussed in Appendix A). As a result, the nonadiabatic

region (local minimum of ) corresponds to M ~ n7 with n being an integer.

2.2.1 Lasers with same polarization directions

We first consider the case where the perturbative laser is polarized along the dominant
one, i.e., A = aysin(k;t)e, such that 8,(3y) = 1(0) in Eq. (2.5). Under the condition of a; < a,
we could keep the leading term of 0H /0t = 2aa;k;sin(n)cos(k;t)/x. The fact that the main
contribution to Hamiltonian variation is from 1 ~ n7 enables us to do the expansion of the

integrand in Eq. (2.10) with respect to 1 — nm. After some algebra, we find

= 2(—1)"ai B sin(k ) /m fsin (Bﬁ + %ﬁ3) an, (2.11)

where fj = (N —nn) /o, o = (H2/kja®)'/? ~ (0/k))"/3 < 1, and B = (k; /H?a)?/3. 1t should be
noted that the fast oscillation for ] >1 justifies the extension of the integration limits to infinity.
We also see that the nonadiabatic interaction of electron motion with backward laser occurs at
In—nxn| <a < 1(f[<D).

The integral in Eq. (2.11) could be expressed with the derivative of Airy function, Ai’(B),
so we have

AI_In = 4(_1)n+]na1Bl/zAi,(B>HnSin(Wn)v (212)
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where ¢ = kT,. Taking into account the properties of the Airy function, it follows that the
requirement of AH < H, is always satisfied for a;<1.
The time interval between two consecutive kicks is equal to the period of the unperturbed

electron oscillation and thus the corresponding phase interval is determined by the Hamiltonian:

ki (2 + a?)

2
2Hn+1

AV, =V — VU, =k T = (2.13)

As a result, rearranging Eqgs. (2.12, 2.13) could form symplectic mapping conserving phase
volume. However, we are interested in the condition for stochasticity, which could be obtained

just from Eqgs. (2.12, 2.13), and reads as

dAv,, dAH,
dHn-‘rl de

=1, (2.14)

K|

where local instability leads to the mixing in phase space. If we disregard the region of phase y

where chaos appears, we arrive at

K, = 4m’aa; (2 + a*)B?|AT (B)|31. (2.15)

Similar result can be obtained from the point of view of resonance overlapping, where one can
show that K, ~ K?.

Introducing the function f,(B) = 4n>B%|Ai’ (B)

, we find that f(p) increases with B for

B<1as

fx(B) ~ B (2.16)

reaches maximum, f; .~ 8.83, at B = B} ~ 1.68; and then falls exponentially at > Bf (e.g.,

see Ref. [80]):
fo(B) = 2m 2 exp |~ (2/3)BY2) @.17)
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As aresult, from Eq. (2.15) we find that stochastic acceleration is only possible for a; > a}, where

X _ ( lfmx)il ~ 0.11

@ = a(2+a?) - a(2+a?)’ (2.18)

We notice that the threshold in Eq. (2.18) is quite different from those in Refs. [46, 47]. The
reason for this is that our analysis allows for finding the most stochastically “unstable” range of
H (and corresponding electron kinetic energy) and, therefore, gives an exact threshold value of a;
for the stochasticity onset.

However, for a; only slightly larger than aj, the stochastic acceleration occurs only within

a narrow region in the vicinity of H ~ H} ( ~ Y), where

K\ ! /2
H} ~0.68 (—> . (2.19)
a
For a; >> ag stochastic acceleration becomes possible within the range of H: H,,;,, < H < H;,,.,

where the lower boundary of stochasticity is due to the exponential decay of the width of resonant
islands, whereas the upper one is because the distance between the neighboring resonant islands

and H

increases faster than their widths. H¥ in

A could be found by using asymptotic expressions

(2.16, 2.17) of the function f,(B). However, we notice that the inequalities a > a; > a} could be

only satisfied for a > 1, under which we obtain:

H.x
H: ~ ) , (2.20)
/1.6 +0.691n (a; /a¥)
and
a8
H: ~1.5 (E) HE. 2.21)

If we consider initially rest electrons, from Eq. (2.6), we see that ¥, can significantly
exceed the ponderomotive scaling E, /2 either for H;,, < 1 (which corresponds to the electron

moving along with the dominant laser wave) or for H,

max > Ep (where the electron moves
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along with the perturbative laser). By using expressions (2.20, 2.21) and neglecting numerical
factors order of unity, we find that the energy of electrons moving along with dominant laser
radiation exceeds the ponderomotive scaling for the case k1 < a and reaches Yyax ~ Ep(a/k1) 12,
Whereas the energy of electrons moving along with the perturbative laser could exceed the
ponderomotive scaling for the case k; > a®> > 1 and (a®/k1)*? < aj/a < 1, where Vg ~

Ep(k1/a®)'/* (a1 Ja)/®. We notice that H

-in and, therefore, corresponding value of V., have a
weak logarithmic dependence on the ratio a; /a® > 1. Moreover, for the case a2 < k; < a and

(a%ky)™*3 <aj/a<1,wehave H', <1< H}

min - and Hamiltonian H ~ 1, corresponding to an

initially stationary electron, is in the stochastic region. As a result, the stochastic acceleration of
an electron, being initially at rest, to kinetic energy exceeding E), is possible and such energetic
electron will move along with dominant laser radiation. Otherwise, pre-acceleration of an electron

in the direction along with (for as/a < a1 /a < (kja®)~*/3

and k; < a) or opposite to (for k; > a)
the dominant laser propagation is necessary to reach the stochastic region for further acceleration.
Coming back to the expression (2.15), we observe that for B < 8}, K increases with

increasing B (which for H)) .

< 1 corresponds to increasing electron energy). It explains the
results of numerical simulations from Ref. [47], which demonstrated that the pre-acceleration of
electrons reduces the stochastic threshold value of aa; (e.g., see Fig. 3(b) in Ref. [47]).

To verify the results of our analytical considerations, we integrate Eqs. (2.3, 2.5) numeri-
cally and present the results in the Poincaré maps of (H, W) or (Y, ¥), when 1 = nt+ /2, where
x and thus Y= () + H)/2 reaches their maximum in one unperturbed electron period. The results
fora=35,a; =0.1, k; = 1 and P, = P, = 0 are displayed in Fig. 2.3, where k; < a is satisfied
and thus Ve ~ Ep /2H,in. As one can see, a stochastic “sea” is bounded by the KAM invariant
[56] at Hi, and H,,,x, which are, respectively, H,;;, ~ 0.132 and H,,, ~ 2.92, and fully agree
with Egs. (2.20) and (2.21). Therefore, the maximum stochastic kinetic energy (Y;uax), which

is insensitive to a; as proven in the simulations, is approximately seven times (1/H,;,) larger

than that without the backward wave (E,/2). Note that the maximum electron kinetic energy is
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Figure 2.3: Poincaré mappings of (a) (H,Ay) and (b) (Y, Ay) of electrons when 1 = nmt+ /2
fora=5,a; =0.1, and k; = 1, where Ay = y — [y/7|x.

Figure 2.4: Poincaré mappings of (a) (H,Ay) and (b) (y,Ay) of electrons when 1 = nm+ 1/2

for a =3, a; = 0.3, and k; = 100 with the same definition of Ay with Fig. 2.3.
Enar = ymaxmcz ~ 45MeV for the choosing a = 5 and k; = 1. In Fig. 2.4 we show the results for
a=3,a;=0.3, P. =P, =0but k; = 100, where H,y, ~ 1.87 and H.x ~ 37.5 are, respectively,
in agreement with Eq. (2.20) and (2.21). For such large value of k; > a2, we see that the maximum

stochastic energy satisfies Yinax =~ Hpax/2 > Ep/2.

2.2.2 Lasers with orthogonal polarization directions

In this section, we consider the case where the colliding laser waves have orthogonal polar-
ization directions, i.e., A| = a;sin(k;t)e, such that 8,(3) = 1(0) in Eq. (2.5). For such case, P,
is important since it can be the same order with a; in 0H /9t = 2aik; [aisin(kiT) + Py cos(kiT) /.

Similar to the last section, we can do expansion of T with respect to 1 —1; when estimating the
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Hamiltonian variation in the nonadiabatic region. As a result, we have

| 21a3BAi(2%/3p)

47a, P,PAi(B)
Aly = (1+P2) i)

(1+P2)

H,sin(2y,) + H,sin(y,), (2.22)

whereas the phase interval between two consecutive kicks is given in Eq. (2.13).
For P, = 0, we see that the phase in Eq. (2.22) corresponding to the Chirikov-like mapping
is twice of that in Eq. (2.12) for A polarized along with A. As a result, the stochastic condition

can be found from Egs. (2.12, 2.22) as
K, = 4n’aa? (24 a®) B2 Ai(22PB)| 3 1. (2.23)

Introducing the function f;(B) = 47°B°/2|Ai(2%/3B)|, we find that f,(B) first increases with B for
B < By ~ 1.10; reaches its maximum, fi. =~ 2.55, at 3}; and then falls exponentially at B > B}
(e.g., see Ref. [80]) as

f(B) ~ 2%/om 2B exp |~ (4/3)82] . (2.24)

One can show that for B < B3, fy can also be approximated by the expression (2.24) with a
different factor of order of unity. As a result, from Eq. (2.23) we find that stochastic acceleration

is only possible for a; > ay, where

_1q1)2
s (B 063
as — —2 ~~ —1/2, (2.25)
a(2+a?) [a(2+a?)]
and the stochastic acceleration occurs in the vicinity of H ~ H; (B =~ B}), where
, k! /2
H] ~0.93 ” . (2.26)

It follows that the threshold in Eq. (2.25) is larger than that in Eq. (2.18) for the case of parallel

polarized laser waves. For a; >> a3, stochastic acceleration becomes possible within the range of

21



H: H,. < H < Hiyax, where Hiqx and H,, . could be found by using Eq. (2.24) of the function
fy(B) as )
Hy a 2/3
B~ ‘ ,and H, ~ 135 (?) H, 2.27)
)

/15641300 (a1 /a)

where we have taken the numeric factor into account when using Eq. (2.24) for B < B}. Consider-
ing that @} is much lager than a* for the same parameters, HZM (Hax) is relatively lager (smaller)

than H*

in Hia). As aresult, from Eq. (2.6), the maximum energy of electrons in two lasers

being orthogonally polarized is smaller than that of electrons in two parallel polarized lasers when
Px7y = ()-
On the other hand, if |Py| > aj, the variation of Hamiltonian in Eq. (2.22) is mainly

determined by the second term and the stochastic condition reads

P 47t2a1apy [2(1 —Hﬁyz) —le} B3/2|Ai(B)| 21

y= (1) (2.28)

As aresult, we could find the stochastic condition by using the properties of f,(B) = 4n> B3/2|Ai(B)]

as:
4> e 0.12(1—Hﬁy2)5/2 (2.29)
1 sy a}—)y [2(1 _|_py2)+a2] ) .
and the most unstable Hamiltonian:
. . ki 1/2
A,y ~0.66(1+P2)3/* (;) . (2.30)

It follows that the threshold in Eq. (2.29) is smaller than that in Eq. (2.25) for P, =0 if a; <
|13y|%a3/ 8 and even comparable with @’ when |Py|>1. However, considering that the lower

boundary of stochastic region has a weak dependence on ay /a;:

7y~ HSY

~ , 231
e /1.6840.651n (a1 /agy) (230
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Figure 2.5: Poincaré mappings of (H, V) at | = 2nt+ 1t/2 with Ay = y — [y/27n] x 21 for
a=35,A,=0.2sin(t)e, (k; = 1), P,=0and (a) P, =0; (b) P, = 2.

the increase of I-_Isy with P will make Hrymn above H,ymn for Py = 01in Eq. (2.27). As a result,
the ratio of the maximum electron kinetic energy against the ponderomotive scaling, Hy/Hpin,
will decrease with increasing P,. The upper boundary of stochasticity in Hamiltonian space is

obtained as

1/3
i, ~132 (Z ) ), (2.32)
)

which is above Hj,,, for the same parameters except Py.

The numerical simulations integrating Eqs. (2.3, 2.5) are performed for the case where
the polarization direction of the perturbative laser is orthogonal to that of the dominant one, as
shown in Fig. 2.5. It confirms that the lower and upper stochastic boundaries in the Hamiltonian
space are, respectively, in agreement with Eq. (2.27) for P, = 0, and with Egs. (2.31, 2.32) for

P, > a;. For all the cases, the maximum electron kinetic energy is consistent with Eq. (2.6).

2.3 Impact of the superluminal phase velocity

In this section, we examine the impact of superluminal phase velocity, v, > 1, on the
stochastic electron dynamics. Here we only consider the case of parallel polarized laser beams

assuming that Py, = 0. For this purpose, we should again consider the unperturbed electron
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trajectories with conserved H, which, from Eq. (2.4), reads

2vp\/H2+(v%,—1)(l—|—a2sin2n) (V4 1)H
x= 5 e : (2.33)
vy —1 vy —1

Therefore, 7 reaches its maximum and minimum at, respectively, 1 = /2 4+ nm and 1 = n7 as

2 [+ (3= 1)(1+@) (24 A

Xmax - V}%—l vl%_l )
vp\[H>+vi—1 (24 1)H
_ P
Xmin = 21 - 21 (234)
P P

It follows that both 4 and X,in decrease with increasing H and so is Yuax = (Xmax + H) /2 ~
Xmax/2 (Wwe consider k; ~ 1 such that Y, is dominated by Yq). Therefore, the maximum elec-
tron kinetic energy is obtained at the lower boundary of the stochastic region in the Hamiltonian
space (H,yin). Noticing that dH /dt is maximized at X,,;,, we know that the strongest impact of
the perturbative laser on electron motion for superluminal case also occurs at ), corresponding
to N ~ n7 for P, = 0 like in the luminal case. On the other hand, the period of electron oscillation

is given by
vi+1 4v,HK (b?)

2 - )
vp—1 n(vg—l)\/H2+(vg_1)(1+a2)

T /21 = (2.35)

where K (b?) = [y /2 dn/+/1—b%cosn is the complete elliptic integral of the first kind and

B2 = (v — 1)a?/[H? + (2 — 1)(1 +a?)].

Then when Hﬂ\/(vf7 —1)(1+a?), K(b* < 1) = (1+b?/4)1/2 such that the electron
oscillation period 7T in Eq. (2.35) is approximate to that for the luminal case. This is also true
for the extrema of ) in Eq. (2.34). As a result, the electron trajectories and thus the variation of

Hamiltonian AH in Eq. (2.10) remains almost unchanged compared with those of luminal case.

Then the stochastic region in Hamiltonian space with \/ (v —1)(14a?)<H is not affected by
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the superluminal phase velocity. It follows that if the lower boundary of the stochastic region

H,ip, for the luminal case satisfies \/ (v3 —1)(1 4 a?)<Hpin, the impact of v, > 1 on both H and

electron kinetic energy is negligible.

However, if Hy; < \/ (v4 —1)(1+a?), from Eq. (2.35) we see that T has an approxi-

mately linear dependence on H for H < \/(v% —1)(1+d?), sothat [dA, /dH, 1| = 12v,k /(vlz, -

1) \/(v%, —1)(1 4 a?) is a constant where we use K (b*> — 1) = In(4/v/1 — b?) ~ 3 (notice that the

dominant term of 7 is the first one on the right hand side of Eq. (2.35) such that 7' remains almost

unchanged with H). The variation of H in the nonadiabatic region for H < \/ (v% —1)(1+a?)

can be estimated as AH ~ aa; (v, — 1)1/ % from Egs. (2.4, 2.33). Then the stochastic condition in

Eq. (2.14) is a constant value as K, ~ a; / (v, — 1)*/3 for |H| < \/(vlz, —1)(1 +a?), where a factor
3/4

of order of unity has been omitted. It follows that a threshold value of v, v)s — 1 ~a}’ ", exists

such that for v, < v,, the region of |H| < \/ (v2 —1)(14-a?) is stochastic and the lower bound-

ary of the stochastic region in luminal case can extend to negative H > — \/ (vlz, —1)(1+a?) (for
further negative H the stochasticity is impossible since ¥ increases smoothly from i, such that
the zig-zag temporal dependence of y is eliminated); whereas for v, > v, the stochasticity in
small H region is terminated. The maximum electron kinetic energy for the latter case is rather

limited, while for the former case (v, < v;), taking into account that ), and thus ¥,,,, weakly

depends on H for |H| < \/(v%, —1)(1+a?), we have

Yoax % Tomax(H = 0)/2 = vy [ (1+2) /(3 — 1), (2.36)

It shows that the maximum electron kinetic energy for superluminal case is much smaller than
that for the luminal case, Yjax ~ Ep /2H,in, as shown in Eq. (2.6), even though the stochastic
regions in H space are almost the same. Moreover, for the superluminal case, the amplitude of
oscillation of electron in the adiabatic region, 6H ~ 2aj 4 /v%, — 1, is approximately a constant,

whereas for luminal case, it decreases with decreasing H.
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Numerical results for a = 5, a; = 0.2, k; = 1 and different v, > 1 are shown in Fig. 2.6.

We note that the lower boundary of the stochastic region in the Hamiltonian space for v, = 1 in

Fig. 2.6(a) satisfies Hyjp < \/(v%, —1)(1 +d?) and thus the threshold value of v, ~ 1 +ai/4 =13

exists for stochasticity. Comparing Figs. 2.6(b), 2.6(c) with Fig. 2.6(a) we find that, for v, < v,
the stochastic region in H space remains almost unchanged for large H, whereas the lower
boundary of the stochastic region can extend to negative H with small magnitude. The stability
islands appear and grow with increasing v, and will finally destroy the stochasticity when
vp > vps. However, despite the change of the stochastic region in H space for v, < v, is small,
the maximum electron kinetic energy gained from the stochastic motion is significantly decreased
by the impact of the superluminal phase velocity (e.g., see Fig. 2.6(d) and 2.6(¢) for v, = 1 and
v, = 1.1, respectively). Recalling that H ~ 0 is accessible as long as the stochastic region exists
and Y,y 1s insensitive to small H, the maximum electron kinetic energy (e.g., see Fig. 2.6(e)) can

be well predicted by Eq. (2.36). In Fig. 2.6(f) we sketched the evolution of H for v, = 1.1, which

confirms that for small H < \/ (v%, —1)(1+a?), the electron oscillation period remains almost

unchanged unlike the luminal case shown in Fig. 2.2. All these results agrees with our analysis.

2.4 Conclusion

In conclusion, we consider the electron dynamics in the fields of colliding laser beams.
We show that the proper choice of canonical variables and effective time, such that the new
Hamiltonian is conserved for electrons in a dominant laser field, greatly simplifies the analytical
treatment of the problem. For example, for the case of counter-propagating planar laser beams
and dominant laser with relativistic intensity, a > 1, such approach allows an exhaustive analytic
analysis of electron dynamics. We find that when the amplitude of the perturbative laser (a; < a)
exceeds some thresholds, the stochastic acceleration of electrons becomes possible within some

range of H and thus electron kinetic energy. The maximum electron kinetic energy, which could
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Figure 2.6: Poincaré mappings of (H, y) fora=5,a; =0.2,k; =1 and (a)v, =1; (b) v, = 1.1;

and (c) v, = 1.3. The mappings of (v, y) for (d) v, = 1 and (e) v, = 1.1. (f) Schematic view of

the evolution of H forv, = 1.1.
be gained under stochastic acceleration, can significantly exceed the ponderomotive scaling for
the electron in the dominant laser only. Moreover, we find that regardless of the orientation of
the perturbative laser, H,;, and thus the maximum electron energy (for k; order of unity) have a
weak dependence on the amplitude of the perturbative laser above the threshold for stochasticity.

For the case of colliding laser waves polarized in the same direction, the maximum

electron kinetic energy can exceed the ponderomotive scaling when the ratio of perturbative
to dominant laser frequencies, ki, is relatively small k; < a (in this case, energetic electrons
move in the direction of the propagation of the dominant laser beam) and for large &, such
that k; > a® > 1, providing that (a/k;)*? < a;/a < 1 (where energetic electrons move in the
direction of the propagation of the perturbative laser beam). The results of numerical simulations,
shown in Fig. 2.3 and Fig. 2.4, are in a very good agreement with the findings from our analytic
theory.

For the case where the polarization direction of the perturbative laser is orthogonal to
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that of the dominant laser, the threshold in Eq. (2.25) for Py = 0 is much larger than that for
lasers being parallel polarized in Eq. (2.18). However, the presence of P, # 0 could decrease the
threshold as shown in Eq. (2.29) when a; < |Py|ia3/ 8 and even to the value comparable to that
in Eq. (2.18) when |P;| > 1.

The impact of the superluminal phase velocity v, > 1 on the stochastic electron dy-

namics is qualitatively discussed in section 2.3. It shows that the stochastic region for H >

\/ (v —1)(14a?) will not be affected by the superluminal phase velocity, whereas for H <
\/ (v2 —1)(14-a?), both the variation of H due to the kick and the derivative of the time interval
between two consecutive kicks with respect to H are approximately constant. As a result, a
threshold of v, exists(v,s). When v, < v, new stability islands appear and grow with increasing
vp, until the stochasticity is destroyed when v;, > v,,;. Although the change of the boundaries in
H space is small, the maximum electron kinetic energy is significantly decreased by the impact
of the superluminal phase velocity. On the other hand, when v, > v, the electron kinetic energy
is rather limited.

The work presented in this chapter is a reprint of the material as it appears in Novel
approach to stochastic acceleration of electrons in colliding laser fields in Physics of Plasmas
26, 050702, by Y. Zhang and S. Krasheninnikov, 2019. The dissertation author was the primary

investigator and author of this paper.
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Chapter 3

Stochastic electron acceleration in laser
and quasi-static periodic electric and

magnetic fields

In the DLA of electrons, it has also been reported that efficient electron acceleration in
intense laser can be possible if a small transverse stochastic field is added [48], where the electron
acceleration exhibits a stochastic nature. Such transverse field can be the Raman backscattered
wave or a counter-propagating laser wave with small amplitude [46, 47]. As shown in chapter
2, the essential role of these perturbative transverse fields is not to confine the electron motion
or heat the electron directly, but to dephase the electron from main laser pulse and thus allow
electron to gain more energy.

In this chapter, we will show that, in the presence of a quasi-static periodic longitudinal
electric or transverse magnetic field, electrons in intense laser pulse can also undergo stochastic
acceleration [81]. The quasi-static periodic electric or magnetic field has been widely used in
studies of electron dynamics, including electric and magnetic undulators [64, 65, 66, 67] and

wiggler magnetic field [68, 69]. Moreover, it was shown that the plasma wave can also be taken
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as a periodic electrostatic field [7, 70, 71, 72], where electrons in laser and the plasma wave can
be stochastically accelerated. Therefore, investigation of the mechanism of stochastic electron
acceleration in laser and quasi-static periodic fields are important for the physical understanding
of energetic electron generation.

The new Hamiltonian method developed in Ref. [77] will be used in this chapter, where
the goal is to find a Hamiltonian which is time-independent without the perturbation. Here,
the perturbations are taken as the quasi-static fields under some conditions (which will be later
derived), and thus the Hamiltonian is the dephasing rate between the electron and laser wave. We
will show that the quasi-static periodic electric and magnetic fields will play a similar role as
a perturbative counter-propagating laser wave in chapter 2. As a result, the physics underlying
stochastic electron motion and the scaling of maximum electron energy are also similar to that in
colliding laser beams. Therefore, in order to keep a connection to chapter 2, the variables in this
chapter are similarly defined.

The remainder of this chapter is organized as follows. In section 3.1 we will introduce
the new Hamiltonian equations and find the unperturbed electron oscillation in laser pulse only.
Section 3.2 will examine the stochastic electron motion in the presence of a periodic transverse
magnetic field, while the case for periodic longitudinal electric field will be studied in section 3.3.

Section 3.4 will conclude and discuss the main results.

3.1 New Hamiltonian equations and unperturbed electron tra
jectories

In this section, we will derive the new Hamiltonian and then illustrate the unperturbed
electron trajectories without the quasi-static fields. To simplify the analytic expressions, the
standard normalization used in chapter 2 will be adopted, where the vector potential of the

quasi-static magnetic field, Ag and the electrostatic potential of the electric field, U, will be
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normalized by mc? /e. Here we only consider the luminal case, where the superluminal impact is
similar to that in chapter 2.

We assume that the laser wave propagates along z direction and is described by the
vector potential A(z — z), which is arbitrarily polarized in x and y directions. Both the vector
potential Ap = Ap(z)e, for the quasi-static magnetic field and electrostatic potential U = U(z)
for electric field are only functions of z. As a result, the electron dynamics can be described by
the Hamiltonian in Eq. (2.1) but with A = A +Ap 419U /dze, and P=yv — A =p — A. One
can show that for such configuration of EM fields, the x, y-components of canonical momentum
are conserved (denoting as Py and Py) so that the Hamiltonian in Eq. (2.1) is effectively two
dimensional. Keeping in mind of Eq. (2.1), we introduce new variables of N =t —z, ¥ =
Y+ p; —2U and time T =t + z, such that the electron dynamics can be described by a new

Hamiltonian H(y,n/2,t/2) = v— p., since

(m/2)dy—Hd(t/2) = P,dz — Hdt + dF, (3.1)

guarantees that such transformation is canonical [79], where F = yn/2 — [Udz+ Ut. From the
Hamiltonian equations, it follows that if ;f and 1 /2 are canonical variables with effective time
1/2, % and 7 are also canonical variables with the same Hamiltonian H but effective time T. The

latter will be used in this chapter and thus the new Hamiltonian equations read

dy oH dan _ oH

E—%, an dt __ﬁ (32)
where
e 1+[Ax(n)—l—ABﬂLPx}z‘F[Ay(ﬂ)‘FPy}z: P (3.3)
- x+2U S xt2U '

Here both Ag and U depend on z = (T —m)/2. These new Hamiltonian equations can also be

obtained from the electron equations of motion. For simplicity, in what follows, we will take
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P, = 0 and use linearly polarized planar laser wave, where A, =asin(n) and Ay =0 (as indicated
by chapter 2 and Eq. (3.3), the impact of Ap is stronger for electron in laser polarized in x-direction
than that in laser polarized in y-direction). Moreover, we will assume Ag = Bysinlk;(t—1)/2]
and U = Eysinlk;(t—n)/2].

The electron kinetic energy, ¥, can be obtained from the Hamiltonian as

2 2
(+2U+H _PI+H
2 2H

Y (3.4)

Recalling that electrons primarily moves along the laser propagating direction for k; <1 due to
the ponderomotive force and thus H = y— p, is small, Eq. (3.4) indicates that the maximum
electron energy is obtained at smallest H. As a result, when investigating the electron motion at
large energy (small H and thus large ) region, the quasi-static electric field can be treated as a
perturbation when E| < Ymin =~ 1/H as seen from Eq. (3.3). Whereas the condition B; < a is
required to take the quasi-static magnetic field as a perturbation.

The Hamiltonian in Eq. (3.3) is time-independent and thus conserved when the quasi-static
fields (perturbations) are absent. As a result, for the unperturbed problem (B| = E; = 0) where the
electron oscillates in the laser field only, from Egs. (3.2, 3.3) we can find an implicit dependence

n(t) (we note that 1 increases with t provided dn/dt > 0):

2+ a? a’sin(2n)
T = 4H2 |:2 — W +C0nst., (35)
and
_ L alsin’(n), (3.6)
H

Therefore, the frequency of unperturbed electron oscillation can be found from Egs. (3.5, 3.6) as

2n  4H?
T 2+a%

(3.7
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where T = t(n =) — t(n = 0) is the period of unperturbed electron oscillation.

Taking into account the fact that the Hamiltonian in Eq. (3.3) has similar structure to that
for electrons in colliding laser beams [77], we can conclude that, for a > 1, the unperturbed (or
weakly perturbed) x will have characteristics of zig-zag time dependence (e.g., see Fig. 3.1). Asa
result, the unperturbed electron motion will exhibit a long tail distribution of the amplitude of
m-harmonics such that high-m resonant islands overlapping and thus stochastic electron motion
is possible in the presence of perturbation, where the resonance between unperturbed electron
motion and the perturbation takes place when m® = k; /2 as seen from equation (3.3). From
Eq. (3.3), we can also claim that the strongest impact of the perturbation on H occurs for a short
period of time near the local minimum of ) (corresponding to 1 ~ n7 with n being an integer),
while, except these moments, the electron undergoes adiabatic motion. This is because y and
p. in these nonadiabtic regions are approximately minimized for small H. Therefore, on one
hand, the effective mass ym is relatively small compared with that in the adiabatic region such
that acceleration of the electron due to the static fields is relatively large. On the other hand, by
analogy of the dephasing rate between the electron and laser wave, Y — p,, the phase changing
rate between the electron and quasi-static fields is p, such that small p, in the nonadiabatic
region increases the effective interaction time of the electron with the quasi-static fields. These
conclusions have been confirmed by numerically solving the Hamiltonian equations in Eq. (3.2)
for both quasi-static magnetic and electric fields. For example, in Fig. 3.1 we show the results
fora =35, k; =2 and (a) By = 0.1 for the magnetic case and (b) E; = 0.5 for the electric case.
From the upper panels of Fig. 3.1 and the definition of Arn, we see that the “kicks” of Hamiltonian
occurs near 1| =~ n7, where ) is locally minimized.

The condition for the onset of stochasticity for the case w/k; < 1 can be found by using
Chirikov-like mapping [58], which describes the recurrence relations of electron Hamiltonian and
time when it passes through some fixed canonical plane. In our case, the fixed canonical plane

can be chosen as the nonadiabatic region, which corresponds to an effectively “fixed” m, provided
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Figure 3.1: Schematic view of the electron trajectories and diffusion of Hamiltonian for a = 5,
k1 =2 and (a) B; = 0.1 for the magnetic case and (b) E; = 0.5 for the electric case. The
definition of An is An =n — [n/xx.

that the Hamiltonian is a periodic function of n with a period of . Therefore, in order to find

the Chirikov-like mapping, we should derive the changes of Hamiltonian and time between two

consecutive kicks

Tn+1 aH
AH,=H, 1 —H, = Edt, and AT, = Tp41 — Tn- (3.8)
Tn

However, if we assume the change of Hamiltonian due to each kick is small, |AH,| < H,, then
the changes of Hamiltonian and time in Eq. (3.8) can be estimated using the unperturbed electron
trajectory H,(m,x). Moreover, recalling the fact that the main contribution to Hamiltonian
variation is from N ~ nm, the integration in equation (3.8) for Hamiltonian variation can be first
transformed into the integration over 1 — nx and then is computed by using expansion of integrand
in terms of N —n®. In what follows, we will use these techniques to examine the stochastic

electron dynamics in periodic magnetic and electric fields, respectively.
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3.2 Stochastic electron motion in laser and periodic magnetic

field

In this section, we consider the impact of a periodic magnetic field B(z)e, on the electron
dynamics in laser radiation. Taking into account the assumption of B; < a, we can keep the
leading term of 0H /90t = ak;B;sin(n)cos [k (T—mn)/2] /x. After some algebra, from Eq. (3.8)

we find

b_ nr2/3 5 KiHn 13 Y ST B
AH) = (—1)"2°°B [ — sin[ki(t, —nm)/2] [ Tisin Bn+§1’] dn, 3.9

a

where | = (N — nn) /o, o= (2H2 /k1a®)'/? ~ (0/k;)'/? < 1, B = (ki J2H?a)?/3(1 — H?). Here
we use superscript b to denote the quantities in the case of quasi-static magnetic field in this
section and e for those in electric field case discussed in next section. The fact that the integral
in Eq. (3.9) oscillates rapidly for | >1 ensures that the nonadiabatic interaction of the electron
motion with the perturbation occurs at small region of [N —nn| < o < 1 (|f}|<1) and justifies
the extension of the integration limits to infinity. As a matter of fact, the integral in Eq. (3.9) is

related to the derivative of Airy function, Ai’(B), so we have
e H 1/3
AH? = (—=1)"+1253 B, (%) A’ (B)sin(y,), (3.10)

where y,, = k1 (T, —nm)/2 is the phase where nth “kick” occurs. As a result, for small H of
interest, we have |AH? /H,| ~ 41B,B'/?|Ai’ (B)|. Considering that 4nB'/2|A/(B)| has a maximum
order of unity at § &~ 0.73 and decays to zero for both larger and smaller [3, a sufficient condition
for the assumption |AH?| < H, used in estimate of Eq. (3.8) is B1<1<a.

The phase interval Ay, =y, — ¥, = k1 (AT, — ) /2 between two consecutive kicks can

be found by using approximation of AT, by the period of unperturbed electron oscillation, where
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At is defined in Eq. (3.8). As a result,

ki (2 + a?)

2
4Hn+1

AV = Wil — Yy = — kT2, (3.11)

The second term on the right hand side of Eq. (3.11) only affects the region of phase where chaos

occurs, which can be disregard when deriving the condition for stochasticity [56]

dAV, dAH?
dHn+1 d\IIn

_ 4nBy (2 +a2)af2lAi (B)] .
= (—H2 >1. (3.12)

Kb:‘

For electrons with small H < 1 (large energy), the stochastic condition in Eq. (3.12) is the same
with that for electrons in colliding laser beams [77]. Therefore, we can introduce a function
fP(B) = 4m?B?|Ai’' (B)|, which increases with B for B < B? = 1.68; reaches maximum, f2, = 8.83,

at B = B%; and then falls exponentially at B > B? (e.g., see Ref. [80]):
11(B) ~ 2m 2 exp [~ (2/3)p] (3.13)

As aresult, from Eq. (3.12) we find that stochastic motion is only possible for By > B, where

1 1 0.11
~ (3.14)

B, = .
P fhea24+a®) T a2+a?)

The Hamiltonian corresponding to the threshold By is governed by B°
ki 12
HP = H(BY) ~ 0.48 (—1) . (3.15)
a

For B| >> By stochastic acceleration becomes possible within the range of H: H?. < H < H?

min max?

where the lower boundary of stochasticity is due to the exponential decay of the widths of resonant
islands, whereas the upper one is because of the larger distance between the neighboring resonant

islands than their widths. H?,,. and H®,

v could be found by using asymptotic expressions of the
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function f?(B). As a result, we have

HP B8
HY. ~ s JHP ~ 15 (—‘) H. (3.16)
\/1.6+0.69In (B /By) B;

From Eq. (3.4) we see that, without the quasi-static fields, the maximum electron energy
gained from laser only is Y., = (14 a? + H3)/2Hy (where Hy is the initial Hamiltonian and

conserved), which can be regarded as the vacuum ponderomotive energy. However, in the presence

< Hy < H?

max?>

of magnetic field, when H?

i the stochastic electron motion can significantly

increase the maximum electron energy 2. =~ (1 +a?)/2H?. for a > 1 as seen from Eq. (3.16).

max ~ min

Moreover, Eq. (3.16) demonstrates that y2, . which corresponds to H?. . has a weak logarithmic

min>
dependence on the ratio By /Bs.

These results are confirmed by the numerical simulations, where the Poincaré mappings of
(H, y) and (7, y) are shown in Fig. 3.2. Here, the data chosen for the Poincaré mappings are those
for n = nm+ 1t/2, which corresponds to the local maximum of 7. It illustrates that a stochastic
“sea” is bounded by the KAM invariants at both large and small H, where the boundaries of the
stochastic region in H agree with Eq. (3.16) for both B; = 0.1 in Fig. 3.2(a) and By = 0.01 in

Fig. 3.2(d) (in order to have a close-up view of H”

'win» W€ have zoomed in the lower boundary

regions, e.g., see Fig. 3.2(c) and Fig. 3.2(f), respectively). Fig. 3.2(b) and Fig. 3.2(e) confirm that

the maximum electron energy weakly depends on Bj.

3.3 Stochastic electron motion in laser and periodic electric

field

In this section, the electric motion in laser and quasi-static electric field will be considered
by using the same method in section 3.2. In order to take U (z) as a perturbation, we will focus on

small H such that > E;. From Eq. (3.3), we find that 0H /0T = —k| E|cos [k; (t—1) /2] x dn/dz
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Figure 3.2: Poincaré mappings of (H,Av), (Y, Ay) and zoomed-in view of (H,Ay) for B; = 0.1
in (a-c) and By = 0.01 in (d-f), when the electron passes throughn =nn+n/2. a =5,k =2
and Ay =y — [y/mn

and thus from Eq. (3.8) we obtain

ki H, 2/3
AHC = —2%37E, ( 21222

Ai(B)cos(yi). (3.17)

where Ai(B) is the Airy function, B and y, have been defined in section 3.2. Therefore, we
have |AH¢ /H,| ~ 23/>1E| (k| /a)'/*B'/*|Ai(B)|, where 23/?>nB!/4|Ai(B)| has a maximum order
of unity at B ~ 0.29. As a result, if E1 < (a/k;)'/?, |AH¢| < H,, if true for all H.

Taking into account the phase interval between two consecutive kicks in Eq. (3.11), the

condition for stochasticity is obtained as

e ZPTEN(2+a?) (aki) PBTAB)
- (1 _H2)7/4

(3.18)

Therefore, if we focus on small H < 1, we can introduce a function f¢(B) = 23/2m2B7/*Ai(p).

It increases with B for B < B¢ ~ 1.34; reaches maximum f: .~ 4.14 at B¢; and then falls
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exponentially at B > B¢ (e.g., see Ref. [80]):
1 (B) ~ 2! 2B 2exp | ~(2/3)877) . (3.19)

As a result, from Eq. (3.18) we find that stochastic electron motion is only possible for

0.24
Ey > Eg = , 3.20
where the Hamiltonian corresponding to E; is given by 3¢
H = H(BS) ~ 0.454(k; /a)"/>. (3.21)

For E; > Ej, efficient stochastic acceleration is possible, where the lower and upper boundaries

of stochastic region in H space are

e ~

H¢ E1)3/7
HS, ~ s JHS ~22( =) HC (3.22)
" /1.840.62In (E1 JEs) " (Es ’

Therefore, we come to the similar conclusions to those in section 3.2: as along as H .,

< Hp<
Hy, ... the stochastic motion can facilitate electron acceleration beyond the vacuum ponderomotive

energy and the maximum electron energy gained from laser, 1%, ,. = (1 +a?)/ 2H;. . has a weak

in>
dependence on E /E;.

Numerical simulations are performed to check these analytic results. In Fig. 3.3 we show
the Poincaré mappings of (H, y) and (Y, y) fora =5, ki =2 and E1 = 0.1. The boundaries of the
stochastic region in H agree with Eq. (3.22), where the lower boundary is the same order with that
for the magnetic case in Fig. 3.2. From Egs. (3.20, 3.21) we see E; ~ 2.8 x 1073 and H{ ~0.29

for a = 5 and k; = 2. These two quantities are confirmed by the simulations, which show that for

E; slightly larger than Eg, stochasticity occurs only in a narrow region in the vicinity of H.
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Figure 3.3: Poincaré mappings of (a) (H,Ay) and (b) (y,Ay) fora =35, k; =2 and E; = 0.1
when N = nn+m/2.

3.4 conclusion

In conclusion, we investigated the electron dynamics in laser radiation and quasi-static
periodic magnetic and electric fields by using a novel Hamiltonian method, where the Hamiltonian
is time-independent when the quasi-static fields are absent. We find that the periodic fields play
a similar role to that of a counter-propagating laser wave, which can stochastically change
the new Hamiltonian and thus enable net energy transfer between the electron and laser wave.
The stochastic electron motion occurs when the amplitudes of quasi-static fields exceed some
thresholds. We find that the maximum electron energy gained under stochastic acceleration,
which is associated with the lower boundary of the stochastic region in Hamiltonian space,
weakly depends on the amplitude of quasi-static fields. However, decreasing the wavenumber of
quasi-static fields will largely increase the maximum electron energy.

For the case of the periodic magnetic field, the assumption of By < a is necessary to
validate these analyses, whereas for the electric case it requires £ < and thus E; < 1/H as
seen from Eq. (3.3). In both cases, we mainly focus on a small H region, which is reasonable
provided that the intense laser will push the electron moving with it and thus H =y — p_ is small.

Although the physical orientations of these two periodic fields are different, the physical pictures
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of stochastic electron motion for these two cases are similar: the Hamiltonian is “periodically
kicked” by the perturbative field when )y = Y+ p; is locally minimized. Except for these short
periods of time, the impact of perturbative field is small and the electron motion is adiabatic.

Numerical simulations have been conducted to integrate the Hamiltonian equations. The
results are presented in the Poincaré mappings, which are in a very good agreement with the
findings from our analytic theory. It shows that the lower (upper) boundary of the stochastic
region in Hamiltonian (energy) space has a logarithmic dependence on the amplitude of the
perturbative field.

The work presented in this chapter is a reprint of the material as it appears in Stochastic
electron acceleration in relativistic laser pulse and stationary periodic electric and magnetic fields
in Physics of Plasmas 26, 113112, by Y. Zhang and S. Krasheninnikov, 2019. The dissertation

author was the primary investigator and author of this paper.
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Chapter 4

Stochastic electron acceleration in laser
and confining quasi-static electric and

magnetic fields

The mechanisms of electron heating to obtain high energy have been suggested and
studied analytically, numerically, and experimentally over many years. Many of these works
(see e.g. Refs. [10, 11, 15, 18, 21, 22, 25, 29, 82, 83, 84, 85, 86, 87, 88, 89, 90]) reveal that
the presence of self-generated or externally applied QEM fields could significantly increase the
electron energy gained from the laser well beyond the ponderomotive scaling [91]. Furthermore,
the available experimental data (e.g., see Refs. [7, 20, 36, 92, 93] and the references therein) also
support these conclusions.

However, the mechanism(-s) of such synergistic effects is still under debate. In Ref. [21],
the synergy of the linearly polarized laser radiation propagating in the z-direction with only the
y-component of the vector potential, static electric field (in the y-direction) and magnetic field (in
the x-direction), was attributed to the betatron resonance. However, in Ref. [22], it was shown

that the synergy persists for arbitrary orientation of the laser vector potential and the static electric
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field, while the synergistic effect of the laser and static electric field is due to the “parametric
amplification”. In Ref. [15], it was shown that the synergistic effects, causing electron heating
beyond the ponderomotive scaling, are also present in the case where electrostatic potential,
U, depends on the z-coordinate (the direction of laser beam propagation). In Ref. [25], it was
demonstrated that in the case of a V-shape electrostatic potential, U = Eyz, the electron dynamics
can be described by a Chirikov-like map [58] and a strong electron heating is due to an onset of
stochasticity which is determined by a particular relationship between normalized laser vector
potential and E. Later on, the synergy between laser radiation and electrostatic potential U (z)
was also reported in Refs. [86, 88, 89]. In Refs. [23, 94], it was shown that an onset of stochastic
electron motion can also be triggered by the synergy of laser radiation and the constant magnetic
field perpendicular to the laser propagation direction. The impact of a longitudinal decelerating
electric field on electron acceleration in the laser and transverse electric field was investigated in
Ref. [13] where the decelerating electric field helps with maintaining high-amplitude betatron
oscillations. Moreover, the generation of strong spontaneous longitudinal magnetic field in the
laser-plasma interaction [18, 95] has made the resonant acceleration of electrons, which requires
a matching condition [11, 96, 97] between the electron gyro-frequency and laser frequency,
possible.

Although starting from different considerations, the maximum electron energy has been
estimated as a function of the parameters of the laser radiation and QEM fields through simplified
analyses and particle-in-cell (PIC) simulations (e.g., see Refs. [10, 11, 13, 22, 25]) , the identifi-
cation of the synergistic mechanism(-s) is poorly understood due to the strong nonlinearity of the
relativistic electron motion in these fields.

Recently, it was shown that the electron dynamics can be described by the 3/2 dimensional
(3/2D) Hamiltonian approach for a homogeneous magnetic field and linearly polarized laser plane
wave [9]. This approach can be extended to the cases of arbitrarily polarized laser radiation

depending only on the phase variable (v, —z)/A and arbitrary QEM fields in the directions both

43



along and across to the laser propagation direction. Here A is the laser pulse wavelength; v, > ¢
is the phase velocity; t and z are, respectively, the time and coordinate along the laser propagating
direction. This method can greatly simplified the analysis of electron dynamics benefiting from
the fundamental results of previous studies on regular and stochastic motion in Hamiltonian
systems (see e.g. Refs. [56, 57] and the references therein) and thus will be used in this chapter.

In contrast to chapter 3, the electron motions will be confined within the potential wells
of the QEM fields and thus we call them as confining QEM fields. As a result, the QEM fields
cannot be taken as perturbations as in chapter 3. However, we will show that the laser wave can
play the role of a perturbation in analysis of the electron dynamics if we consider relativistic
electrons (electron energy above the ponderomotive scaling). Therefore, our new Hamiltonian
will be the total electron energy in the QEM fields, which is conserved without the laser radiation.
We will show that, in the presence of QEM fields, an onset of stochasticity can be accounted for
the electron acceleration in laser-plasma interaction.

The role of the static fields in this mechanism is to reduce the longitudinal dephasing rate
Y— pz/mec between the electron and laser beam such that the electron could stay in phase with the
laser and effectively exchange energy with laser, instead of directly transferring substantial energy
to the electron. Here 7 is the relativistic factor and p, and m, are the electron momentum along
laser propagation direction and mass, respectively. The smallest dephasing rate is corresponding to
the strongest interaction between the electron and laser wave which is also called the nonadiabatic
interaction or ‘“collisions” in the rest of this chapter.

In the rest of this chapter, we will use again the standard dimensionless variables. For
the sake of simplicity, we will use plane wave of laser radiation which has been justified by
the numerical simulations (e.g. Ref. [12]) where the laser field in the ion channel has a planar
structure with superluminal phase velocity. As a result, the laser can be described by 2 =
Ayt —z/vp)é+Ay(t —z/v,)é,, where A, and A, are used to distinguish the laser polarizations

and v, here denotes the dimensionless laser phase velocity normalized by c.

44



For all the cases, we start with general Hamiltonian for arbitrarily polarized laser with
superluminal phase velocity and QEM fields but the impacts of the electric and magnetic fields are
discussed separately. The rest of this chapter is organized as follows. In section 4.1 we examine
the electron dynamics in the transverse QEM fields and laser radiation. Section 4.2 will study
the role of the longitudinal electric field for general power form of U(z) e k,|z|”, where p = 1
was studied in Refs. [25, 26]. However, we will show that the electron dynamics for p > 1 is
quite different from that for p = 1. In section 4.3, the electron motion in transverse electric but
longitudinal magnetic fields will be discussed. The results will discussed and summarized in

section 4.4.

4.1 Electron in transverse electric and magnetic fields

In this section, we consider electron motion in the QEM fields, both of which are across
to the laser propagation direction. These fields have been found in the ion channels, where the
charge separation is balanced by a transverse gradient of the ponderomotive pressure of the laser
beam. An electron injected into the channel would be accelerated in the forward direction by the
fields of the laser beam, where the QEM fields play an important role in the electron acceleration
via low harmonic resonance between electron betatron oscillation frequency and laser frequency
(e.g., see Refs. [21, 22]). However, here we will consider different acceleration mechanism of
electrons due to an onset of stochastic motion.

Without loosing the physics, we assume that the quasi-static electric fields is in the

y-direction while the magnetic field as a function of y-coordinate is in the x-direction, i.e.,
A=A—2,10U(y)/dy+&Ap(y). (4.1)

Notice that Eg, = VU in order to denote an attractive electrostatic potential well.

Unlike chapters 2 and 3, here we derive the new Hamiltonian from the equations of motion
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of relativistic electrons

dP(x dA(x aAB

di di | oxg P

dy _ dAp
o P

where Py, = Ydxq/dt =Yg and yz =1+ P2. From Egs. (4.2, 4.3), one can find

d(P,—Ay) _ 0U(Qy) IMAs(y)
dt dy dy

d(P,—Ag)  0A, 0A,  10A, 104,
B bx any_v,, ot VX+vp a Y

d(y+U) 9A, 04,

dt o T

where P, = P, —Ax{ —0" From Egs. (4.6, 4.7), we arrive to the constant of motion

Y_VpPz'f‘WI?()’) =C. = {'Y_VpPz‘f‘W[?()’)},:Oa

where Wf (y) =U(y) +vpAg(y). Combining Egs. (4.1, 4.8), we can obtain

v,(WE-C1) o \/<

2 _ 2 _
V5 1 vy 1

P, = Wh—CL)*+ (v -1)P}

p

where 0 = £1 and

Piy =1+ (PX+AX)2 +(By +Ay)27

4.2)

4.3)

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

with p, = P, — A,. Noticing that Eqs. (4.8, 4.9) yield 6,/ (WF —C1)*+ (v} — 1) P2 = vy~

P, > 0, we find that ¢ in Eq. (4.9) should be taken positive (¢ = +1). Introducing the variable
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€1 =1—z/vp, we have

P
&t =1-—=. 4.11)
dt vpY
Then from Eqgs. (4.3, 4.5) we find
dpy _[ U(y) AP vy _ vy W0 Ly 9480 @.12)
d&, dy dy YIvpy—P.  vpy—P. Oy "oy
d py+A
_y:vp(py+ y). (413)
d&l Vp'Y_Pz
Substitute Egs. (4.8, 4.9) into (4.12, 4.13), we arrive to the Hamiltonian equations
dP, oH] dy oH}
b A e R A i B} (4.14)
dgl ay d‘t:l apy
where
HY (pyyy,61) = —-2 \/WBC2 21 P2 +wV-C 4.15
y Pys Y 1)_‘,%_1 (p_ 1) +(Vp_)L,y+ p L (4.15)

WpU =v,U(y) +Ag(y) and Piy is given by equation (4.10) with A(“_) = A(m) (§1). Noticing that

WY —wE = (v, — )W) and WY + WE = (v, + )W) where W) = U + Ap, we find that at

vy = 1 the Hamiltonian in Eq. (4.15) becomes

2 C, —WH(y)

1{1+(Px+ﬁx)2+(ﬁy+ﬁy)2
=
2

+W()(y)+CL}=Y+U=E, (4.16)

where E is the total electron energy.

4.1.1 Stochastic electron motion in laser and quasi-static fields

The Hamiltonians in Eq. (4.15) and (4.16) are valid for arbitrary U (y) and Ag(y). However,

to study the electron motion, in the following, we specify U = k,y*/2 and Ag = Kk;,y* /2 where K,
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and K, are constants denoting, respectively, the electric and magnetic fields strength, like in the
ion channel [21] (the dimensionless parameter K, for self-generated electric field is dependent on
the ion density in the channel, x, = (Df,e / ®?, where Wpe = \/m is the plasma frequency).

The nonadiabatic region corresponds to the minimum of the dephasing rate y— p, =
C, — Wlf (y) + (v, — 1) p;, which indicates that the presence of the static fields could enhance the
electron-laser interaction when Wf (v) approaches C if ¥, + v,k;, > 0 while the superluminal
phase velocity of laser radiation, v, > 1, would reduce it [27, 28]. For simplicity, in what follows,
we will consider the luminal case (v, = 1) in Eq. (4.16). Then in order to have strong electron laser
interactions, we would consider K, + K; > 0 and Eq. (4.16) indicates that such strong interaction

occurs at small denominator of Hamiltonian, C, — W (*) (y) =Y — p;. For relativistic electrons

with energy E > W () (Ymax,min) +C1 ~ (K — Kp+ 1)C 1, Where Ymax min ~ £1/2C) /(Ky + Kp)
correspond to the nonadiabatic regions, the impact of the w() (y) is negligible in the nonadiabatic
region. As a result, the electric and magnetic fields play a similar role in the electron dynamics
and we can ignore the magnetic field, taking K, + K as the “effective” electric coefficient. In the
rest of this section we would take ¥, > 0 and K, = 0.

First we consider electron trajectory without the impact of laser radiation so that the

electron energy is conserved. From Eq. (4.16), we see that the electron motion is bounded

between ymax min ~ £V 2C | Ky "and we find
py=—+/2EC, sin@, y=1/2C %, ' cos®, d8/dE = /Ex,C | 'sin"26, 4.17)

where the angle 0 goes clockwise direction (see Fig. 4.1) with 8 = 0 (0 = 1) corresponding to

Ymax Ymin). Here § = 1 — z for vy = 1. The last expression in Eq. (4.17) reads

C, (26 —sin20)
4./Ex, ’

C=E-8&= (4.18)

where &), is the time of the nth passage of the electron through ymax. Substituting 6 = 27 in the
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Figure 4.1: Schematic view of the ultra-relativistic electron trajectory in the transverse electric
field forC;, =1, x, = 0.01 and E = 50.

above expression provides the unperturbed electron frequency over closed orbit

o= 2VER (4.19)
C.

Eq. (4.19) could also be derived from the calculation of the action, I, of the electron from
Eq. (4.17), where I = § p,dy/21 = C &, "/*E'/? and thus Q = 0E /aI.

However, from Eq. (4.16) we find that an impact of laser radiation on electron trajectory
could be largely ignored (with exception rather narrow regions in the vicinity of 6 =0 and 6 =T,

where p, approaches zero) only for the energies
E > Epopg = a§/2C 1, (4.20)
where E,,,q in our case could be considered as a ponderomotive energy scaling. For such electron

energy, the unperturbed electron orbit in Eq. (4.20) is significantly stretched along p,, where
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its dynamics is to some extent similar to that of oscillating particles in a “square well” [56] in
the sense that it moves freely in the adiabatic region and gets “kicked” within the nonadiabatic
regions (Ymax,min)- It follows that the zigzag-like dependence of y on the time € and “step-shape”
of p, would have harmonics with long tail distribution of the amplitude (the amplitude of the
nth harmonic is approximately to a, ~ 1/n for the particle in the square well). As a result, the
resonance of electron frequency Q with laser frequency (which is unity in our normalization)
occurs at n2 = 1 with n > 1 being an integer number. The resonant islands could be largely
broadened such that their overlapping, which causes stochastic electron heating, is possible.
Thus, the requirement < 1 sets the limit for efficient electron-laser interactions since at Q > 1
an impact of laser field becomes adiabatic. As a result, an absolute maximum energy where
electron can be heated up via interactions with the laser radiation and the transverse electric field
is considered as

E®s =2 /4x,. 4.21)

From Egs. (4.20, 4.21), we find that in order to accelerate electrons beyond the ponderomotive
scaling, we should have

e = 2ao,C < 1. (4.22)

This parameter € was also introduced in Ref. [22] for the parametric amplification of laser-drive
electron acceleration with € ~ 1, and in Ref. [29] as result of time-average theory for €<1 . Then
from Egs. (4.20-4.22) we have ES%S = E pond€ 2 and thus, in what follows, we would use E%5, to
scale the electron energies.

The energy variation of the electron, AE = f d& in the vicinity of the nonadiabatic

region Yy, for the polarization of A = apsin(§)éy and A = apsin(§)é, is given, respectively, by

€ ap(agsin p
Ey(&) — Ey(Gmax) :/ﬁmax of OCS,L E;—]f;))cos&,dé (4.23)
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and
& ajsin&cosé

Ex@)—Ex(E_,max):/' C,—-U(y)

dE. (4.24)

We consider the case < 1 and thus electron heating is due to the overlapping of high-n
resonances (n€2 = 1). Then the electron energy changes during relatively short time of strong
interactions of electron with laser radiation in the vicinity of y =y, and y = ypmin. We assume
that the electron energy variation during such collisions, AE, is small |AE| < E such that the
unperturbed electron trajectories in Eq. (4.17) can be applied to assess the electron energy change

between two consecutive collisions in Egs. (4.23, 4.24). As a result, we have

a? m/2 sin20
AE, = —2 in(2 / 2071 (6— 4.2
2\/E_Kusm( &) _n/zcos{ (9 5 >}d9, (4.25)

/2 in20
AE, = ag\/2C | /%, sink; / ,sindsin [Q‘l (e—smz )1d6+AEx, (4.26)
—7/2

where &; is the time of previous collision in the vicinity of ymin.

Under the condition of Q < 1, we notice the fact that |8| < 1 mostly contributes to the
integrals in equations (4.25, 4.26). This enables the Taylor expansion of the terms in the brackets
as O —sin(20) /2 = 203 /3. Moreover, the integral limits can be extended to infinity such that the
integrals in Eqs. (4.25, 4.26) are degenerated to the Airy function Ai(x) and its first derivative

Af'(x) at zero, and after some algebra we obtain
1/37-1/6 bs \*3 213
AE, = 21/3371/61(1/3) (E;;ax) 2E"1B5in(28,,), 4.27)

2/3
AE, = 2*/331/61(2/3) (E“’”) P B sin(E,) + AE,, (4.28)

max

where I'(x) is the gamma function. Then condition of |AE| < E requires that

E>E®e3? = E,pae /2. (4.29)

max
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Therefore, our analysis is only valid for the electron with energy of £3/2 < E JES < 1 under
the condition of € < 1. For electron with energy smaller than that in Eq. (4.29), the change of the
electron orbit due to the electron laser interaction is large and our estimate in Egs. (4.27, 4.28)

using the unperturbed electron orbit is not accurate. However, from the numerical simulations we

abs 3 2
Emax /

find that the electrons with energy E < could still undergo stochastic acceleration. Here
we are interested in the maximum electron energy gain and thus we consider electrons satisfying
Eq. (4.29). One important result drawn from condition (4.29) is that the first term on the right

hand side of Eq. (4.28) is dominated over the second one such that
2/3
AE, ~2*/331/61(2/3) (E;g;) eE'Psin(E;) > AE,. (4.30)

By using the same procedure or considering symmetry of this system, we can show that
the energy variation in the vicinity of yni, is also given by expressions (4.27, 4.30) except a “*-”
sign in front for AE), as the work done by the laser depends on the direction of p,. Therefore,

we can ignore the difference between y,,,, and yni, and obtain the following mappings from

Egs. (4.19, 427, 4.30) as
) =1 4 0, sinyi™  wi) = yi® 411029 (4.31)

where TS = (21) ~3/3(E,, /ES2s )3, wk = 2€,, Q, = 271/3377/°1(1/3)n~8/3€2, o, = —3/8 and

max
L, = (7) ~*/3(E,/ESL )3, v, = &, Q) = (—1)"27/3373/01(2/3)n 43¢, o, = —3/4 are the
quantities corresponding to different polarizations. The mappings in Eq. (4.31) are rather similar
to the “Chirikov standard Map” [58] and it can be easily shown that they are symplectic and thus

conserve the phase volume.

To see the stochasticity boundary, the relation K,y = a’\pn 1 / d\|fn > 1 should be
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satisfied [23, 56], which yields
11/6 7/6
K= ke (EfﬁfgiE*I) e2> 1, and K, = ky (E&Z;E*1> £> 1, (4.32)

where k, = 2!/3371/61(1/3) and k, = 2'/331/61'(2/3) are the numerical factors order of
unity. The satisfaction of relation in Eq. (4.32) leads to the mixing in phase space and gives
the stochasticity criterion as a function of the electron energy E, laser field amplitude ag and
the electric field strength k,,, where we have disregarded the region of phase y in which chaos
appears. It follows that for both polarizations there exits upper limit of the stochastic heating
energy as

~ bs ~12/11 __ —10/11 ~ bs ~6/7 __ —8/7
Efy ~E®s el = E 7'M and B}, ~ ES5e57 = Epppqe ™87, (4.33)

We see that the maximum stochastic energy in Eq. (4.33) are smaller than E2%. but they are above

the ponderomotive scaling under the condition of € < 1. Also it shows that Epax > E¥_and thus

max
the electrons can gain more energy in the case where the laser electric field along the quasi-static
electric field than that across to it. This is not surprising because the electron transverse velocity
anti-parallel to the laser electric field is larger in the former case and thus if we choose large P, in

the latter this difference can be eliminated. Moreover, Eq. (4.33) indicates that the upper energy

boundary is relaxed for weak electric field.

4.1.2 Results of numerical simulations

In order to confirm the analyses, we have numerically solved the Hamiltonian equations
in Eq. (4.14) for different parameters of laser radiation and electric field. Note that the upper limit
of the stochastic energy would be larger for smaller electric field strength, which is not surprising

since the weaker electric field allows the electron to stay in the nonadiabatic region for longer time
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Figure 4.2: Electron motion in the transverse electric field for C; =1, x, = 0.01, y-polarized
laser amplitude ap = 1 and initial energy E = 13.

such that it could gain more energy from the laser wave. Moreover, a weak electric field should

be employed to have € < 1 since the stochastic heating occurs at high harmonic resonances

Q=¢€\/E/Epons = VE/ESs < 1 and we are interested in electron energy accelerated beyond
the ponderomotive scaling (E > E,,,q ). For electrons with large energy such that  ~ 1, the
strong interaction of electron with laser pulse could take place along the whole electron orbit
in Fig. 4.1 (|6] ~ 1) and the analytical results in Egs. (4.27-4.33) are not accurate and thus the
stochastic heating is hardly distinguished. For example, Fig. 4.2 (which looks like Fig. 10 in Ref.
[12]) shows the electron dynamics for C| =1, x,, = 0.01, y-polarized laser with amplitude ap = 1
(thus € ~ 0.1) and initial energy E = 13. For these parameters, { ~ 1 for large electron energy
E ~ 25 where the electron wanders near the boundary of stochasticity and its dynamics is complex.
Therefore, in order to check the result in Eq.(4.33) which only holds for 2 < 1 and thus only
|6] < 1 contributes to the electron energy variation, we requires Qax = \/m ~el2«1.

Here we take k, < 1074, gy ~ 1 and C| = 1 such that € ~ 0.01.

On the other hand, the laser polarization is of great importance for the electron dynamics
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since the electron motion is more stochastic for laser polarized along the quasi-static electric field
than that for laser across to the electric field. Taking into account that Q| ~ g0/11 < Qo ~ g3/ 7
the latter case is preferable to distinguish the stochastic heating. Therefore, we will present only
the numerical results for the laser polarization of A= apsin(§)éy. All the simulations are set
to C; = 1. In contrast to the low harmonic resonance [29], where “preheated” electrons are
required to obtain high energy well beyond the ponderomotive scaling due to the existence of
the threshold-type dependence of the final energy gain on €, the stochastic motion can accelerate
electrons from very low energy even though our analysis validate only for E > E 4.

The Poincaré mappings in numerical simulations are formed in the following way: it’s on
2D energy E and laser phase AE (0 < AE < 1) space where A = &, — mn with m = [, /n]. E,
and &, are picked when electron passes through Ymax,min- In Fig. 4.3 we have shown the numerical

results of the maximum stochastic energy of electrons, in unit of E?25

x> picking from the Poincaré

mappings as a function of the parameter € in the logarithmic diagram as well as their fitting by the
linear polynomial. The blue squares correspond to the data of k, = 10~* and varying ag while
the red diamonds are for ap = 8 and varying x,,. As we can see, the numerical simulations agree
well with the analytic results in Eq. (4.33).

The inaccuracy in the fitting reflects the difficulty to determine the maximum stochastic
energy from the mappings. This is because, when the stochastic parameter K closes to unity [23],
“the structure of the phase space becomes complicated where the fraction of stable components of
the motion plays an important role”. Fig. 4.4 has displayed the Poincaré mapping of electron for
ap = 8 and ¥, = 5 x 107> as an example. The large excursion at high energy is the well-known
phenomenon at the boundary of stochasticity. In the simulations, the energy below the large
excursion in the transverse case has been taken as the maximum stochastic energy.

The stability island in the Poincaré mapping can be studied as following. The stationary
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Figure 4.3: The maximum stochastic energy EX. /ES versus € of electrons for the laser

polarized across to the transverse electric field in the logarithmic diagram and its fittings by a
linear polynomial (the blue squares are for ¥, = 10~* and varying ao, whereas the red diamonds
are for ap = 8 and different x,,).

points in the phase space are determined according to Eq. (4.31) by the solutions of
O, siny = 0, (IT}) /% = 27N, (4.34)

where N is integer. As a result, Y = (2n+ 1) (A = /2) and y§j = 2n7 (A = 0 or A =) are
stationary points. The stability of these stationary points are determined by the eigenvalues, A 2,

of the Jacobian of the map [23] in the neighborhood of g and IT;

JIT*  , /oIlX oI, /oy X X
w1/ w1/ Vi =2 . (4.35)

oyy /oLy oy, /oy y y

where the stability condition requires that A; » < 1. As a result, we have

12—3/8(I1) /20, cos | < 2, (4.36)
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Figure 4.4: Poincaré mapping of electrons in the transverse electric field with k, =5 x 107,
laser polarized across to the electric field with aqg =8 and C; = 1.
which shows that, Y = (2n+ 1)1t (A = 1/2) are always unstable stationary points and the points

of Yy = 2nm (AE = 0 or A§ = ) are stable for

E>E (4.37)

where a factor of order of unity has been omitted. Therefore, the stability island is present only
for electron energy above the completely stochastic region as shown in Fig. 4.4.

Fig. 4.5 has shown the evolution of electron trajectories and energy. As one can see, it
agrees with the analytic results including the electron oscillating frequency, electron trajectories
(zig-zag shape of y and step-shape of p,) which could have long tail distribution of Fourier
spectrum, and energy “kicks” for highly stochastic motion, etc.

We see that the variation of electron energy occurs primarily within a certain time interval
much smaller than its characteristic periods. The energy change mainly occurs around ypy,x and

Ymin Where |0 < 1 corresponds to the energy jump. Except for these time moments of “kick”,
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Figure 4.5: Electron motion forC;, =1, ay =5 and ¥, = 10~*. To make them readable, the
canonical coordinates have been shrunk by some factors to illustrate their shapes.

the electron motion experiences oscillations in the adiabatic region.

To confirm the role of superluminal phase velocity, numerical simulation for the same
parameters with Fig. 4.4 but v, = 1.001 is exhibited in Fig. 4.6. Compared with Fig. 4.4, it
demonstrates that the superluminal phase velocity indeed weakens the stochastic acceleration by
reducing the maximum stochastic energy.

The effect of magnetic field has been discussed before, where K, + K, acts as the “effective”
strength of the electrostatic potential for the same dependence of U and Ag on the coordinate y.
Therefore, we could conclude that: if K, > 0, the magnetic field would weaken the stochastic
electron motion by increasing the “effective” electric strength; if 1, < 0 but [Kp| < K, it will

enhance it; while the stochasticity no longer exists when K, + x;, < 0. This has been verified by

the numerical simulations.
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Figure 4.6: Poincaré mapping of electrons for the same parameters with Fig. 4.4 but v, = 1.001.
4.2 Electron in longitudinal electric and transverse magnetic

fields

In this section, we will study the stochastic electric motion in the quasi-static longitudinal
electric and transverse magnetic fields. The longitudinal electric field can be formed inside the pre-
plasma in order to balance the increased electron pressure due to laser heating [15, 98, 99], within
which electrons can be stochastically accelerated. The mechanism underlying the stochastic
electron motion has been studied by using the simplified V-shape of the electrostatic potential
[25, 26]. It showed that the electron can be stochastically accelerated to infinite energy for
“infinite potential well” (the potential well is deep enough that the electron inside such potential
well can never escape) when the laser strength exceeds the electric field. However, the actual
shape of the potential well [15, 98] inside the pre-formed plasma may be different from the
V-shape considered in [25, 26] and thus more realistic form of U (z) should be investigated. In

the following, we will consider U(z) = k,|z|? (where p = 1 is for the V-shape of U) and show

59



that the electron dynamics for p > 1 is quite different from that for p = 1. Moreover, we include
a transverse quasi-static magnetic field, which also depends only on the z-coordinate and is in the

y-direction. As a result, the vector potential including all the QEM fields can be
A=A—2:13U(z)/3z+&,Ap(2). (4.38)

Then, from Egs. (4.2, 4.3) we can obtain again Eq. (4.4) as well as

P,—A,—Ag=P,=(P,—A,—Ap),_,, (4.39)

dP,  dU(z) 0Ap(z)  0A,  0A,
dt 0z oz P T Y (4+40)

d(y+U) 0A, A,
7 = Vy + o Vy. 4.41)
We introduce variables § = y— P,, § =t — z and Z = z, and thus
N . 1\
Ay @a=Acy (2+ (1-1)2). @42)
P

Then from Egs. (4.4,4.39-4.41) and using the chain rule we obtain

s 190, U
T i (4.43)

where

s e N2 (B R e o~ 2
Pl =1+ (P Ad(§,2) "+ (B +4,(8.2) +45(2))" (4.44)
Applying the expression of d to the expressions of P, and 7y, we obtain

Pt, 5 az P Pl
Po=—f 2 and 2 =fo i
T ET S T2 2

(4.45)
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Observing Eqgs.(4.43, 4.45) we arrive to the following Hamiltonian equations

dz  oHY ds oHY
& MaET (449
where
. 1P 3
HP(Z,8,8) = 5 5’ +d+U(2). (4.47)

Notice that the superluminal phase velocity appears only in the vector potential in Eq.(4.42),

which depends not only on & but also on Z due to an impact of v, — 1 > 0. In the following, we will

specify the electrostatic potential of electric field as U(z) = k,|z|”, where p = 1 was considered
in Refs. [25, 26]. We will first consider Ap = 0 and the effect of the quasi-static magnetic field

will be discussed separately.

4.2.1 Electron motion in laser and longitudinal electric field only

Here we consider electron motion in the laser and longitudinal electric field only. As
a result, the laser polarization in Eq. (4.47) is not important so that the use of 2 = apsin(§ —
(1 —=1/v,)Z)é will be applied in the following and for the sake of simplicity, we shall assume
P.=P,=0.

From Eq. (4.47) we see that the strongest electron interaction with the laser locates at small
0 = y— P, when the electron passes through the bottom of the electrostatic potential well 7 = 0.
Therefore, whereas the transverse electric field reduces the electron dephasing rate from laser
directly when it departures from the bottom of the electrostatic potential well, the longitudinal
electric field seems to only confine the electrons such that they could enter the nonadiabatic region

multiple times.

By using the same method as in section 4.1, the energy exchange between two consecutive
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collisions between the electron and the laser wave is given by

&l’l E.m 2 1 _ z
AE. :/g +1 dHng _ [Siagsin 26+ (1—1/v,)Z) JE. (4.48)

. 8T, 28
where § = &, is the time of nth passage of the electron through the nonadiabatic region 8 & &,
from the negative 7 (z) side. From Eq. (4.47) we see that Z can be large when relativistic electrons
oscillate in the electric field. As a result, the superluminal phase velocity v, > 1 could introduce
a fast oscillation to the integral in Eq. (4.48) and thus reduce the electron laser interactions.
Therefore, in the following we will consider the luminal case (v, = 1), where the impact of
superluminal phase velocity on the electron motion will be investigated by using the numerical
simulations.

For the action-angle variables (1,0) of the unperturbed particle, from Eq. (4.47) we obtain

2p 1+1/p,—1/p
=P _pl+t/pp-1ip, 4.49
T+ 1) u (4.49)

Therefore, the electron oscillating frequency Q = JE /9l in the electric field reads
Q=2"'nky/PEP. (4.50)

As a result, in order to have efficient electron-laser interactions we should have the resonances
between the electron oscillating frequency with the laser frequency, i.e., nQ2 =1 where n > 1 is
an integer number. Therefore, we would consider < 1 and thus E > k, for stochastic motion.
Moreover, we are interested in electron acceleration beyond the ponderomotive scaling and thus
E > max{ky, Epona = a}/2} is considered.

Noting that for p = 1, from Eq. (4.46) we have & = i + ku(E — &) (Omin denotes the
local minimum of the coordinate d at the center of the nonadiabatic region), the integral in

Eq. (4.48) could be easily estimated as shown in Refs. [25, 26]. For the general case of p > 1,
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analyzing Eq. (4.46) we know that dZ/d€ > 1 and d§/d§ < 1 in the vicinity of (& = Syin,Z = 0).
As a result, the electron will leave the vicinity of (Omin,Z = 0) and reach (Omin,Zmax) in an
extremely short time period, where Znax ~ pE Vrk, 1, Therefore, the electron trajectory in the
nonadiabatic region <1 can be largely described by 0 ~ &in + pkufﬁlgxl (§—&) and Z & Zmax
(notice that & ~ &, + pkufﬁ)@} (& — &) is consistent with the exact solution of p = 1). This
argument has been confirmed by the numerical simulations (e.g., see Fig. 4.9). This situation is
not surprising since the relativistic electron has speed of v, ~ ¢ around d,;, and thus moves fast
toward Zmax, Where it is significantly decelerated.

The condition of 8 ~ 1 corresponds to & — &, ~ p~lk, /PEV/P—1 = ¢, which can be
seen as the boundary of the nonadiabatic region. As we can see, for p > 1, {y < 1 and thus the

variation of the numerator in Eq. (4.48) can be negligible. As a result, we find

1 gt — a}Asin2g,

= S0 (4.51)
ph/PEV VPG 4 S phi/ PEIVP

Cr
AE, = a}sin2E, /
0

where A ~ In(E). We see that Eq. (4.43) is consistent with the result for p = 1 with a slight
difference of the coefficient [25, 26].

Egs. (4.50) and (4.51) form the following symplectic Chirikov-like mapping
. 1/(2p—1
Ty =TT+ OsinWi, Wer =Y+ I, (452)

where T, = 827~ U/P2E2"YP 'y, = 2€, and Q = (2p — 1)8%P~1k;2Aa2/p?. Therefore, an

onset of stochasticity requires

K =8p %k, /P AGEX1-P)/P > 1. (4.53)
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We can see that for p > 1, an upper boundary of the stochastic energy exits as

EL o k;l/(Pfl)ag/(Pfl), (4.54)

max

which is quite different from the p = 1 case where there is no energy limit under the stochastic
condition ag > k, [25, 26]. Like in the case of transverse electric field, higher energy boundary
can be achieved at smaller k,,. The resonant condition of Q < 1 (E > k,) now requires ag > k,
while electron stochastic acceleration above the ponderomotive scaling requires ag_zku < 1.

Therefore, we are interested in the region of k, < min{ao, agfp }.

4.2.2 Impact of transverse quasi-static magnetic field

Here we consider the impact of quasi-static magnetic field Ag(z). As a result, from
Eq. (4.47) we see that the laser polarization becomes important. For the laser polarized along the
magnetic field (x-direction), the stochastic electron motion would always be suppressed as shown
in the following. By analyzing Eq. (4.47) with magnetic field, we find that the electron will have
a different unperturbed orbit (%) > (%) in the nonadiabatic region, where 8z (Z) and 8(Z) are,
respectively, the quantities with and without the quasi-static magnetic field for the same electron
energy E. Then the energy variation in Eq. (4.48) for the laser wave polarized in x-direction has

the form of
<talH—l a% Sin 2&

. o, dE. (4.55)

Ent1 dHZ
ag= [ e =

As we can see, the integrand in Eq.(4.55) is smaller than that in the expression (4.48) no matter
what form of the magnetic field is. On the other hand, ddp/d& > dd/dg such that dp grows
faster out of the nonadiabatic region, i.e., dp<1, than that for Ag = 0, which indicates that the
contributing integral region in Eq. (4.55) is smaller than that in (4.48). As a result, we can
conclude that the energy change in Eq. (4.55) is smaller than that in Eq. (4.48) and thus the

stochastic acceleration is weakened with the presence of Ag(z) when the laser polarized along the
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magnetic field.
For the case where laser polarized across to the quasi-static magnetic field, the situation is
more complex. This is because the energy variation also contains, apart from the integral in Eq.

(4.55),

E.m+l A E_’
(2) i apgApCoS
AE;” = / T dt, (4.56)

The enlarged electron momentum, P, = Ap +Ay, due to Ap along the laser electric field makes
it possible to gain more energy from the laser radiation, which, during one collision, is the
combination of the integrals in Eq. (4.55) and (4.56). Assuming that the effect of the magnetic
field is finite such that the electron still gets most acceleration in the vicinity of Zyax and 05<1,
then if Ap (Z,,) is small such that the contribution to the electron energy variation from Eq. (4.56)
is smaller than that from Eq. (4.55) and thus it is negligible, the stochasticity could be decreased
like the case where the laser polarizes along the magnetic field. However, if the magnetic field
is strong enough, i.e., Ap(Z,) > ao, the electron energy change is then mainly determined by
Eq. (4.56) and the stochastic motion could be enhanced. The study in Ref. [23] is an asymptotic
limit of this case. The numerical simulations have been performed which agrees with these

results.

4.2.3 Results of numerical simulations

We performed numerical simulations to integrate the Hamiltonian equations in Eq. (4.46)
for different parameters of laser radiation and electric field. As shown in Eq. (4.54), the upper
limit of the stochastic energy would be large for small electric field strength. Specifically, electric
field coefficient satisfying k, < min{ay, agfp } could cause strong stochastic electron acceleration
beyond the ponderomotive scaling. In the simulations we specify the static electric field as
U = k,7*/2 and thus consider k, < min{ao,ag_p } = min{ay, 1}. Although smaller k, can lead

to larger stochastic electron energy, k, ~ 0.1 would be used in the simulations for time saving

65



2.2 T T T T
L 27.—110.98  27.—1 -7
Emaa: X (aoku ) ~ aOku ,f.,
Qg 18} }/,- ]
= o
O /’
= 14} L " k=05 |
S e
L ®ay=1
1 1 L 1 1
0 0.2 0.4 0.6 0.8 1
27.—1
log10(agk, ")

Figure 4.7: The maximum stochastic energy EL . versus a3k, ! of electrons in the longitudinal
electric field described by U = k,7%/2 in the logarithmic diagram and its fitting by a linear
polynomial (the blue squares are for k, = 0.5 and varying ag, whereas the red diamonds are for
ap = 1 and different k,,).

consideration, which is sufficient to check the results. Moreover, the laser polarization for
Ap(z) = 0 is not important so we would take A=ag sin(§)é,.

The Poincaré mappings in the same way with section 4.1 will be used to exhibit the
numerical results: it’s on 2D energy E and laser phase A (0 < A§ < 1), where E,, and &, are
picked when electron passes through the nonadiabatic region 7 = 0 from the negative z. In

Fig. 4.7 we have shown the maximum stochastic energy EL

27—1 ;
max Versus agk, " of electrons in the

longitudinal electric field described by U = k,z%/2 in the logarithmic diagram and its fitting by a
linear polynomial (the blue squares are for k, = 0.5 and varying ap whereas the red diamonds are
for ap = 1 and different k). As we can see, the numerical simulations agree with the analytic
results in Eq. (4.54).

Fig. 4.8 shows the Poincaré mapping of electron for ap = 1 and k,, = 0.5 as an example.

As we can see, it exhibits a series of stability islands not occupied by the electron trajectories.
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Figure 4.8: Poincaré mapping of electrons in the longitudinal electric field with k, = 0.5 and
ap = 1.

Their physics can be studied by examining the mapping in Eq. (4.52), where the stationary points

in the phase space are determined by the solutions of
Qsinyo =0, I/* = 27N, (4.57)

Therefore we have Yy = 0 or yo = & and I, = 8k, P = — (21N)3. Again, the stability of

these stationary points are determined by the eigenvalues of the Jacobian of the map, which

requires that

24371, > Qcos yo | < 2. (4.58)

Therefore the stationary points at Yo = 2n% (n is integer) is always unstable while for yy =

(2n+ 1) the stability requires IT, 2/ 30 < 12, which corresponds to

E > Aaj/2k,. (4.59)
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Figure 4.9: Electron motion for ag = 5 and &, = 0.1. To make them readable, the canonical
coordinates have been shrunk by some factors to illustrate their shapes.

It indicates that larger stability islands occurs at higher electron energy and yo = (2n+ 1)w
(AE = 7/2) as shown in Fig. 4.8.

In Fig. 4.9 we show the evolution of electron trajectories and energy. As one can see, it
agrees with the analytic results, where the electron trajectories will exhibit a long tail distribution
of the Fourier spectrum. The nonadiabatic interaction of electrons with the laser radiation occurs
at a short time period near the local minimum of 8, where electrons can fly from —Z,,4x t0 Zax.
As a result, the electron energy variation mainly comes from 8 < 1 and 7 &~ +Z,,x. Moreover,
we see that the electron motion in the longitudinal electric field as shown in Fig. 4.9 experiences
relatively smaller oscillations in the adiabatic region compared with that in the transverse electric
field as shown in Fig. 4.5. This is because the energy variation inversely depends on the dephasing
rate, where, in the transverse case, the dephasing rate y— p, = C| — U is always smaller than C |
(order of unity) such that even |8| ~ 1 region could cause variation of the electron energy, while,

in the longitudinal case, the dephasing rate Y— p, = 0 can be much larger than unity (see Fig. 4.9)
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Figure 4.10: Poincaré mapping of electrons for the same parameters with Fig. 4.8 but v, = 1.01.

such that the energy variation is much smaller.

Fig. 4.10 shows the numerical results for the same parameters with Fig. 4.8 butv, = 1.01 to
investigate the impact of the superluminal phase velocity. Compared with Fig. 4.8, it demonstrates
that the superluminal phase velocity indeed weakens the stochastic acceleration, which agrees with
the analyses. However, in contrast to the transverse electric field case, the impact of superluminal
phase velocity on stochastic electron acceleration is relatively small. This agrees with the analyses,
where the superluminal phase velocity significantly reduces the dephasing rate for electrons in
the transverse field viay— P, = C, —U(y) + (v, — 1)P; and thus the electron interaction with the
laser radiation, whereas in the longitudinal electric field case, it only introduces some modest

oscillations in Eq. (4.48).
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4.3 Electron in transverse electric and longitudinal magnetic

fields

In this section, we will investigate the impact of a self-generated or externally applied
longitudinal magnetic field on the electron dynamics studied in section 4.1. The problem of
a free electron interacting with a laser propagating along a static homogeneous magnetic field
has been treated before by several different authors [11, 96, 100, 101, 102, 103, 104]. It was
shown that a matching condition between the electron gyro-frequency and the laser frequency
can significantly facilitate the electron acceleration [11, 96]. Such matching condition usually
requires a strong magnetic field (for example, for a laser pulse with wavelength A = 1um, the
matching condition for an initially rest electron requires 10k7 magnetic field), which implies
that the potential for significant electron cyclotron resonance absorption is rather limited even
though a pre-acceleration of electron or longitudinal electric field can relax the requirement [11].
However, the presence of the longitudinal magnetic field may significantly change the electron
dynamics in the transverse electric field and thus should not be neglected. This will be studied
in this section. Two cases will be considered: one is for a strong magnetic field such that the
electron gyro-frequency in the magnetic field and laser frequency are approximately matched so
that the electron dynamics will be dominated by the resonant acceleration due to the magnetic
field, which will be modulated by the transverse electric field. The second case is for a weak
magnetic field so that electrons will still undergo stochastic acceleration like in the transverse
electric field only.

We assume that both the electrostatic potential, U(y), and magnetic vector potential,
Ap(y), describing, respectively, the transverse electric and longitudinal magnetic fields, depend
only on the coordinate y, while an arbitrarily polarized laser wave is denoted by the vector

potential A= A (8)2.+ A, (§)é, with A((§) and A,(E) being arbitrary functions of the variable
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€ =1—z/v,. Asaresult, the total QEM fields can be described by the vector potential
A=A—21U(y)/dy+&Ap(y), (4.60)

where Em,,. = VU to denote an attractive potential well. Then, from Egs. (4.2, 4.3), it is easy to

show that there are two integrals of electron motion

Pe=P— (Ac+Ap), CL=y—vpP.+U(y), (4.61)
where P, ; are the (x,z)-components of electric momentum. Introducing the variable j, = P, —A,,

after some algebra similar to those in section 4.1, we obtain the Hamiltonian equations

dpy  OH dy OH

oAy 4.62
d& " 3y e ap, (462)

where

v )
H(ﬁy,y,é)zvzp_ {\/(U—CL)2+(VP2_1)Pf+va—v—L}E’Y—I—U:E, (4.63)

and

P} =1+ (Pt A+ A5) + (py +4,) . (4.64)

For the luminal phase velocity v, — 1, the Hamiltonian in Eq. (4.63) becomes

H=1 Pl +U()+C y=E=P,+C (4.65)
_2 CJ_—U(y) y 1 - - *Z i) .

As we can see, the longitudinal magnetic field doesn’t affect the dephasing rate between
the electron and the laser radiation. Therefore, the strongest interaction between the electron and

the laser also occurs at local minimum of Y—P, =C| —U(y) + (v, — 1)P,. This demonstrates that
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the location of the nonadiabatic interaction is determined by the quasi-static electric field, where
the electron laser interaction is enhanced when U approaches C | . Whereas the magnetic field has
nothing to do with the determination of the nonadiabatic regions, provided that the gyro-motion
of the electron in the magnetic field is isotropic in the transverse directions. Moreover, the
superluminal phase velocity of laser radiation v, > 1 will reduce the electron interaction with the
laser radiation. Therefore, for simplicity, in the following, we consider the luminal case, v, = 1,
as well as P, = 0.

To specify static transverse electric and longitudinal magnetic fields, we take U = ky? /2
and Ap = Boy where k and By are some constants (we take Kk > 0 such that the electric field
will force the electron towards the axis). This is equivalent to the setup of constant longitudinal
magnetic field and electric field with linear dependence on the transverse coordinate. This choice
of electric field is widely used in the ion channels, while the constant longitudinal magnetic
field was used to study the resonantly matching acceleration (e.g., see Refs. [11, 97]). Taking
into account the dephasing rate is positive, y— P, = C; — U(y) > 0, such choice of electrostatic
potential guarantees that C| > 0. Moreover, we will use linearly polarized planar laser wave, i.e.,
either A = apsin(§)é, or A= aosin(&)é, where ag is the normalized amplitude of laser radiation.

We again consider first the electron trajectories neglecting an impact of the laser field,

where the Hamiltonian in Eq. (4.65 ) is conserved. From Eq. (4.62) we find

y= \/2ECL(KE+B(2))*l cos8, p, = —\/2EC, sin®, (4.66)

where the angle 0 is determined by

a0 (xE+B2)

= ) 4.67
d&  (B}+«xEsin’0)C, (*67)

Note that the unperturbed electron trajectory and thus 0 is similar to that in Fig. 4.1 for By = 0.
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Integrating Eq. (4.67) one can find

C
fo S [pey

3/2
(XE + B3) /

26 —sin(20)

1 KE | + const.. (4.68)

It follows that the period of unperturbed electron motion is 7 = §(8 = 21) — (6 = 0) and thus

the oscillating frequency, Q = 2n/T, reads

2\3/2
O (KE + Bj;) (B%

kE\ !
— 4.69
. + > ; (4.69)

2

which can also be obtained from Q = dE /dI, where I = § p,dy/2n = EC, (kE %—B(z))_l/2 is the
action of electron oscillation. However, an impact of laser wave on electron trajectory could
be largely ignored, from Eq. (4.65), only for the energies E > E g = ag /2C |, where E ;g is
considered as the ponderomotive energy scaling.

Recalling that according to our normalization convention, where the frequency € is
normalized to the laser frequency, we conclude that there are two candidate mechanisms for
efficient electron acceleration: One is the low harmonic resonance of the electron frequency
Q with the laser frequency [11, 97], nQ = 1 (where n>1 is the integer number); while the
second is the resonance broadening resulting in the overlapping of the resonances for n > 1 and
thus causing stochastic electron heating. However, no matter which mechanism is active, the
requirement of €2 < 1 will limit the electron acceleration considering that at Q > 1, an impact of
laser field becomes adiabatic. From Eq. (4.69) one can see that the inequality Q > 1 requires By,

E or both of them are large. Especially, for

By>Cy, (4.70)
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Q > 1 is true for all £, whereas for
E > Es =% /4, (4.71)

Q > 1 for all By. Therefore, E?2S, could be considered as an absolute maximum energy that an elec-
tron can be gained via interaction with laser wave, and the small parameter € =  / Epnq/ES, =
V2aok!/ ZCf/ < lin Eq. (4.22) should be considered for electron being accelerated beyond the
ponderomotive scaling.

From Eqgs. (4.62, 4.65), the electron energy variations, E(§) = [ 5 (0H /dE)dE, due to an

impact of the laser radiation are

2 ap(apsin& + py) cos§
By ()~ Ey(Gman) = | OGO, (472

max

and

g .
Ex(a) _Ex(amax) = / a0 [aO Slgfj‘(‘iﬁ;};’)] COS&

max

dE, (4.73)

for A = apsin(§)é, and A= apsin(§)é,, respectively. In the following we will examine the

electron dynamics in the aforementioned two regimes.

4.3.1 Low harmonics resonant acceleration

We first examine the electron dynamics for low-n resonance. If ¥ = 0, the resonant
(matching) condition is given by By = C |, which, independent with electron energy, usually
requires a strong longitudinal magnetic field for C| ~ 1 (e.g., for laser wavelength of A = 1um,
the matching condition is satisfied for By ~ 10kT). Fortunately, the pre-acceleration of electron
in the direction of laser propagating (C; < 1) could relax this limitation [11]. However, in the

presence of quasi-static electric field, the acceleration of electron will lead to the departure of
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electron from the matching condition as seen from Eq. (4.69). If the electron is accelerated
KE > B2, the further acceleration of the electron will be terminated. Therefore, to maximize the
efficiency of electron acceleration, it is important that the frequency Q = 1/n is dominated by the
magnetic field and we will consider the case of B(z) > KE even for the possible maximum electron
energy. As a result, we have Q ~ By/C |, and thus the initial matching condition remains still
great importance.

For the condition of Q ~ 1, the electron laser interaction could be effective along the whole

electron orbit for E > E 4 (the nonadibatic regions are not localized). Using the expansion of
eiZSine — Z Jm (z)eime, (474)

where J_,;,(z) = (—1)"J,4(z) is the m-th Bessel function of the first kind [16], we obtain the

energy variation in Egs. (4.72, 4.73) as following:

Tag ECJ_ . TW% .

AEy T 212, Z m=(Q " %1) /2 )SmiﬂrZ_B();szggl(m)sm(%j)a 4.75)

TCa()(ECL
AE: ~ — " 22p, ; m—(51+1)/2(P p)cosE;+ Z 1(2p)sin(28;), (4.76)
where > s

_ KE + B3) (XE + B)

=(4Qp) <1, Q :(—0>>1,Q:—0~1. 4.77

p=(4QE) E CxE B B 4.77)

Considering the property of Bessel function as p — 0, the efficient electron energy gain is only
possible for m =0 (Qp = 1 and thus C| ~ B for considered B% > KFE), where the difference of
the energy change due to the laser polarization has disappeared.

From Eqgs. (4.75, 4.76) we see that AE «< E 1/2 and thus it will continuously increase to
infinity if the transverse electric field disappears (the exact matching condition is true for all E).

However, the presence of the transverse electric field, which induces a correction to the electron
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frequency, |AQ| ~ kE /B(Z), will set an upper limit to the resonant electron energy since after
m =~ 1/|AQ] circles of cyclotron motion the sign of the energy gain (due to sin&; or cos&;) in
Eqgs. (4.75, 4.76) changes. Then the maximum of the electron energy for Qp = 1 can be estimated

as

Qp=1
Emax ~ 23B2 X,
0

(4.78)

Noticing that Q depends on the electron energy, we can approximate m by using the
averaged electron energy, E ~ Egg; ! /2, such that m ~ B(2) /2KE. As a result, the maximum
electron energy obtained from Eq. (4.78) reads

EQ=1 o (275)2/315&&;;82/3 _ (27‘5)2/3Ep0nd874/3? (4.79)

max

It follows that, for the small parameter € < 1, this resonant energy is smaller than E?2S. but larger

than the ponderomotive scaling.

To confirm the energy scaling in Eq. (4.79), we numerically integrate the Hamiltonian
equations in Egs. (4.62, 4.65), where the results are shown in Fig. 4.11. In the left, we show the
logarithmic scaling of the maximum electron energy versus € for different B) = C , ap and x of
initially rest electrons in the center of channel, i.e., y =0 and p, = 0, which is in great agreement
with Eq. (4.79). In the middle, we show the impact of initial conditions on the evolution of
electron energy, from which we see that the initial conditions have almost no effect on the energy
gain but only shift the profile. The typical electron orbit in the phase space is sketched in the right

figure.

4.3.2 High-n resonances and stochastic electron acceleration

In this section, we examine the case where Q < 1 (thus kE +B(2) < Ci) and thus electron
acceleration is possible via overlapping of high-n resonances (stochastic acceleration). One main

characteristic of stochastic acceleration is that the Hamiltonian (electron energy) variation occurs
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Figure 4.11: Left: Maximum electron energy scaling of low-n resonant acceleration with initial
conditions y = 0,p, = 0 and different parameters of By = C |, ao, and x; Middle: Evolution of E
for By =C, = 0.5, ap = 2, k = 10~* and different initial conditions (y, Py); Right: Schematic
view of the electron trajectories for B =C; = 0.5, a0 =2, K= 10~* and initial conditions
y =0, p, = 0, where color bar shows the evolution of time.
only in a relatively short time compared with the electron oscillation period. From Eq. (4.65),
such nonadiabatic interaction (“kick™) takes place in the vicinity of y = y,,;, and y = ypqy. If we
assume that the electron energy variation, AE, during single kick is small |AE| < E [23], the

unperturbed electron trajectories in Eqgs. (4.66, 4.67) can be applied to assess the electron energy

change between two consecutive collisions in Egs. (4.72, 4.73) yielding

/2

1/2 .
AE, = ao(—éf%) / sin; / sin@sin L%+—29 ;Zr;(ze)] de
-7/2
a3 e 20 26 —sin(20)
+ b psin(2g;) [ cos LT*T} e, (4.80)
2(KE + B2) s B E
and
12 /2 )
AE, = aoBo%coséj / cos0cos [%4—26%12(26)] do
—m/2
& "2 T2e 20— sin(20)
+ T sin(2€;) / cos [Q_ + T} de, (4.81)
2(xE + Bg) a2 B E
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where & is the “time” of previous “collision” .
In section 4.1, it was shown that the transverse electric filed itself leads to stochastic

electron acceleration, depending on laser polarization, up to the energies

Eax(Bo = 0) ~ E5e87 EX  (By = 0) ~ EZ5e!?/11, (4.82)

We note that for € < 1 both of these energies are below E%* and even smaller than ES in

Eq. (4.79), but above the ponderomotive scaling. However, the presence of By will change the
electron dynamics.
Taking into account that |6] < 1 mostly contributes to the integrals in Eqs. (4.80, 4.81)

under the condition of < 1, we can use Taylor expansion of the terms in the square brackets
Q;'0+Q;"' 26 —sin(20)] /4 ~ Q5104+ Q;'0°/3, (4.83)

and the integral limit can be extended to infinity. As a result, the integrals in Egs. (4.80, 4.81) are

degenerated to the Airy function Ai(x) and its first derivative A'(x), i.e.,

_ 1/3
2 1/3na%QE/

(kE +B§)1/2

sin(2€;)Ai (22/311) . (4.84)

—1/3..201/3
2 Umay e ai (22, 4ss)
(kE +B2)"/? !

0

where 1 = Qllf/sQEl = B(Z)Ci/3(KE)74/3/(1 + B3/KE). We note that the results in Eqgs. (4.84,

4.85) recover the results presented in section 4.1 for Bg = 0. Considering the exponential decaying
property of Ai(x) and Ai’(x) for x > 1, we see that efficient electron energy gain occurs for n<1.
Note that efficient stochastic acceleration requires the electron frequency strongly depending on
electron energy and thus we consider the case of B(Z) < KE such that Q ~ Q.

We first consider the case where the laser radiation polarized in the y-direction. Ignoring
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the differences induced by Ai(n), Ai’(n) and Ai(2%/3n) which are in the same order, the condition
of |AE| < E and thus E > E,‘;f;sxey 2 Eponde’l/ 2 as seen from Eq. (4.84) guarantees that the

first part on the right hand side (RHS) of Eq. (4.84) dominates and as a result, we obtain
AE, ~ —273mAi () (E<)* eE 3 sin(E;), (4.86)

and M ~ (By/C )*(4E®s /E )4/ > The time interval between two consecutive kicks can be

approximated by half the unperturbed electron period

A&(EnJrl) = &I’H’l - én = n/'Q‘(En+l) ~ n/'Q‘En+1> (4.87)

for the condition B% <K KE. As aresult, Egs. (4.86, 4.87) can form a Chirikov-like mapping,
from which the stochastic condition reads Ky = |d&,41/dE, — 1| = |dA§ JdE, 1 -dAE,/ d§n| >1,
where

7/6
KE =k, (Ef;f;; /E) e> 1, (4.88)

and ky = —2*/31%Ai’ (1) is a numerical factor. It follows that the decaying of Ai'(n) with the
increase of By will lead to a lower boundary for the stochastic electron energy to keep 1 small.
The maximum energy is reduced from that without By in Eq. (4.82) (e.g., see the blue filled
region in Fig. 4.12, where the red curve corresponds to Kf = 1). If we ignore the numerical
factor order of unity, then the stochastic electron motion approximately takes place in the energy

3/2 .
/ < E/4E%®s < €%7 and, therefore, for By > B,,; = C €*/ there is no room

region of (BoC ')

for stochasticity.
However, for the laser polarized in the x-direction, the first term on RHS of Eq. (4.85) is

present due to the magnetic field. As a result, this part could slightly increase the energy gain

during each kick and thus increase the maximum stochastic energy shown in Eq. (4.82) for By = 0.

One similar figure with Fig. 4.12 can be obtained for this case except that the approximately
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Figure 4.12: Schematic view of the electron acceleration via the overlapping of the resonances
nQ = 1 for high-n (stochasticity in the blue filled region) for laser polarized along the static
electric field and single low-n resonance of Qp = 1 (green bar, where the width has no meaning,

and it covers the energy 0 < E < ES2-") for both laser polarizations. The numerical factors

order of unity for these maximum energies have been omitted.

vertical line along the maximum stochastic energy has a tiny curvature toward large E for proper
By. For both cases, the maximum stochastic electron energies are smaller than that of the low-n
resonant energy.

In order to check these analyses, we perform numerical simulations to solve the Hamil-
tonian equations and display the electron motion in the Poincaré mappings (E,, &), where the
quantities are picked from the center of the nonadiabatic regions as p, = 0. Fig. 4.13 shows the
results of electron in the laser wave polarized along the transverse electric for ag = 1, k = 1072,
C | =1 and longitudinal magnetic field with By = 0 (left), By = 0.02 (middle), and By = 0.04
(right). From the middle figure we see that a lower stochastic energy boundary appears due to
an impact of By, while the upper boundary remains almost unchanged compared with the case
of By = 0 in the left figure. However, for relatively large By near the critical value, the upper

boundary will be slightly decreased as shown in Fig. 4.12 and in the right plot of Fig. 4.13, where
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Figure 4.13: Poincaré mappings of electrons in the laser polarized along the transverse electric
for ag=1,% =107, and C, = 1, where AE =&, — mm and m = [€,,/n] is the largest integer
that is smaller than &, /7. Left: By = 0; Middle: By = 0.02; and Right: By = 0.04.
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Figure 4.14: Poincaré mappings of electrons in the laser polarized across to the transverse
electric forap =8, k= 107*,C, = 1, and By = 0 (left) and By = 0.05 (right).
the termination of the stochasticity occurs around the critical magnetic field of B.,; =~ 0.04 (in
the simulations, we found that By = 0.04 is just below the critical magnetic field and any small
increase of By will result in regular electron motion).

Shown in Fig. 4.14 are the results for the laser polarized along the x-direction with
the parameters of ayp = 8, K = 1074, By = 0 (left), and By = 0.05 (right). We see a slight
increase of the maximum stochastic energy for a proper By. For even stronger magnetic field, the
electron Poincaré mappings are similar to those in Fig. 4.13. However, the difference between
the stochastic electron motions due to the laser polarizations could be eliminated by adding

relativistic momentum component of P, > 1.
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4.4 Conclusion

The dynamics of electrons in the intense laser radiation and different configurations of
QEM fields have been studied. For ultra-relativistic electrons, the laser radiation can be seen as a
perturbation and thus the new Hamiltonian, which is the total electron energy, is time-independent
without the perturbation. This property significantly simplifies the analysis of stochastic electron
motion.

The Chirikov-like mappings are derived for electrons in all the cases, where the criterion
for the onset of stochasticity is obtained. It is shown that for the linearly polarized laser radiation
in the plane wave form, there exist upper limits of the electron energies gained from the stochastic
acceleration, which will be increased by using large laser intensity but weak electric field strength.

We have found that the stochastic electron dynamics in the transverse electric field are
quite different from those in the longitudinal one. In the first place, for the transverse case, the
unperturbed electron oscillation frequency is increasing with the increase of the electron energy
such that lower harmonics resonances are achieved for electron near the boundary of stability.
It was shown that the maximum stochastic electron energy depends only on the ponderomotive
scaling and a universal small parameter € = \/iaoK,l/ 2C12/ 3. The situation for electrons in the
longitudinal electric field is different, where high harmonic resonances take place at large electron
energy. Secondly, the roles played by the quasi-static electric field are different. The presence of
the transverse electrostatic potential directly decreases the dephasing rate between the electron
and laser radiation such that the strong electron laser interaction occurs when the electron climbs
the potential well. However, the strong electron interaction with laser in the longitudinal electric
field locates at the bottom of the electrostatic potential well and thus the longitudinal electric field
seems to provide only the confinement which forces the electron to enter the nonadiabatic region
multiple times. Moreover, the polarization of the laser is of great importance for electrons in the

transverse electric field but not for those in the longitudinal electric field. In the Chirikov-like
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mappings, the stability islands also behave differently as shown in Fig. 4.4 and 4.8.

The effects of transverse magnetic fields on the electron dynamics are discussed quali-
tatively. For electrons in the transverse electric field, x, 4+ K plays the effective role of k, for
the same dependence of U(y) and Ag(y). As a result, the quasi-static magnetic field can enhance,
weaken, or terminate the stochastic electron motion depending on the sign and magnitude of 5.
Whereas for electrons in the longitudinal electric field, the effect of the quasi-static magnetic
field depends on the laser polarization direction, where the stochasticity of electron motion is
always weakened by the magnetic field if the laser is polarized along the magnetic field, whereas,
for laser polarized across to the magnetic field, the stochastic motion can also be enhanced for
relatively large magnetic field.

However, in the presence of the longitudinal magnetic field, the electron dynamics in
the transverse electric field are more complex. Two mechanisms of electron acceleration are
examined, i.e., the stochastic acceleration when the magnetic field is weak, and the low-n resonant
acceleration for a strong magnetic field. For both cases, the maximum electron energy can be well
beyond the ponderomotive scaling for the small parameter €. In the stochastic acceleration regime,
the presence of a weak longitudinal magnetic field would slightly reduce the maximum stochastic
energy for the electron in the laser polarized along the static electric field, whereas for the laser
across to the electric field, it can also slightly increases the maximum energy. The magnetic field
also sets a lower boundary of the stochastic electron energy such that the stochasticity will be
terminated when the lower boundary meets the upper one (magnetic field exceeds a critical value
Byt ~C L£4/ 7). In the low-n resonant acceleration regime, the efficient electron acceleration is
only possible via the first harmonic resonance of Q ~ Qp ~ 1. The maximum resonant energy,
regardless of the laser polarization, is above the maximum stochastic energy.

Numerical simulations directly solving the Hamiltonian equations are performed, which
confirmed all the analytic results. We should note that the stochastic acceleration requires high

harmonic resonances, 2 < 1. As a result, the electron motion in the QEM fields takes a few
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laser periods to complete one oscillation so that the stochastic acceleration will lead to a slow
electron energy growth. For large stochastic parameter K >> 1, the electron acceleration in the
energy space is characterized by a slower diffusion, where the averaged energy of an ensemble of
electrons with different initial conditions has a powerful time dependence. The diffusive “kicks”
of electron energy in the simulations indicate a highly stochastic motion of the electrons.

The work presented in this chapter is a reprint of the materials as they appear in Stochastic
electron heating in the laser and quasi-static electric and magnetic fields in Physics of Plasmas
25, 123110, by Y. Zhang, S. Krasheninnikov, and A. Knyazev, 2018; and in Electron dynamics in
laser and quasi-static transverse electric and longitudinal magnetic fields in Plasma Physics and
Controlled Fusion 61, 074008, by Y. Zhang and S. Krasheninnikov, 2019. The dissertation author

was the primary investigator and author of this paper.
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Chapter 5

Summary

The main objective of this thesis is to understand the electron dynamics in the laser-
plasma interactions, paying special attention to the stochastic electron acceleration in different
configurations of laser pulses and quasi-static EM fields. This was conducted through analytical
work and numerical solution methods. More specifically, the electron dynamics in counter-
propagating laser beams, in laser radiation and periodic quasi-static EM fields, and in laser and
different confining quasi-static EM fields are investigated.

The main idea is to find the proper canonical variables so that the new Hamiltonian
describing the electron dynamics is time-independent in the absence of an appropriate perturbation.
The perturbation and thus the new Hamiltonian, as well as the canonical variables, are different
for different cases. For electrons in the counter-propagating lasers, the perturbation can be taken
as the weaker laser wave so that the new Hamiltonian is the dephasing rate between the electron
with the dominant laser. The same Hamiltonian is used for the electron in the laser and periodic
quasi-static EM fields, where the latter can be treated as the perturbations. However, for electrons
in the laser and confining quasi-static EM fields, the laser is chosen as a perturbative field for the
relativistic electrons so that the Hamiltonian is the total electron energy (the sum of the kinetic

energy and potential energy in the quasi-static electric field).
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The new Hamiltonian method can significantly simplify the analysis of electron dynamics
and thus help us clearly reveal the physics underlying the stochastic electron acceleration. In
all the cases, the Chirikov-like mappings are derived, from which the conditions for the onset
of stochastic motion are obtained. For electrons in the counter-propagating lasers and in the
laser and periodic quasi-static EM fields, the stochastic conditions require the amplitudes of the
perturbative fields to exceed some thresholds as functions of the normalized (dominant) laser
amplitude. The stochastic acceleration occurs in a region in the Hamiltonian space, where the
maximum electron energy usually corresponds to the lower boundary of the stochastic region.
However, for electrons in the laser and confining quasi-static EM fields, the stochastic conditions
set some upper limits of the electron energy, where, for the transverse electric field, such limit
depends only on a universal parameter and the amplitude of the laser wave. The analyses show
that the maximum electron energy gained from the stochastic motion can significantly exceed the
ponderomotive scaling energy of the (dominant) laser. Moreover, in all the cases, the strongest
impact of the perturbative field on the electron trajectories occurs at the small dephasing rate
between the electron and the perturbative field, which is the denominator of the new Hamiltonian.

For electrons in the counter-propagating lasers, the relative polarization directions of the
lasers are important, where the threshold for stochasticity (and the maximum energy) is smaller
(larger) for the lasers being parallel polarized than that for the lasers being polarized orthogonally.
The maximum electron kinetic energy can exceed the ponderomotive scaling when the dominant
laser is relativistic (when the lasers have comparable wavelengths), where the lower boundary
of the stochastic region in the Hamiltonian space and thus the maximum electron energy has a
weak dependence on the amplitude of the perturbative laser above the threshold for stochasticity.
It shows that the perturbative laser only stochastically changes the dephasing rate between the
electron and the dominant laser (the new Hamiltonian) and thus enable net energy exchange. The
periodic quasi-static EM fields play a similar role to that of a counter-propagating perturbative

laser wave.
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However, the confining quasi-static EM fields play a different role in the electron dynamics,
where the fields confine the electron motion and thus offer an oscillating frequency to resonate with
the laser frequency. Specifically, the transverse electrostatic potential can directly decrease the
dephasing rate between electron and laser radiation such that the strong electron laser interaction
occurs when the electron climbs the potential well, whereas the longitudinal electric field seems
to provide only the confinement which forces the electron to enter the nonadiabatic region (the
bottom of the electrostatic potential well) multiple times. Moreover, the polarization of the laser
is of great importance for the electron in the transverse electric field, where the electron can
obtain higher energy for the laser polarized along the electric field than that for the laser polarized
across to the electric field.

The impacts of the superluminal phase velocity on the stochastic electron dynamics
are qualitatively discussed, which can reduce the possible maximum electron energy. All these
analytical results are confirmed by the numerical simulations, which directly solve the Hamiltonian

equations.
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Appendix A

Impacts of P, and P, on the stochastic

condition in colliding lasers

Here we consider the impacts of P, and P, on the stochastic condition of electrons in
colliding laser beams. Here we consider only the case of lasers with the same polarization

direction. Including Py # 0, a similar result with Eq. (2.15) could be found

dAy, dAH,
dHn+1 d\|fn

B 4m*aa; [2(1 +13y2) +a?| AT (B)] .
_ T+ 727 S1. (A.1)

X:’

It follows that the presence of P, only provides a factor less than unity and, therefore, will increase
the threshold of a; (K, ~ 1) for triggering stochastic motion, whereas it doesn’t change the basic
features of stochastic electron dynamics. This is because P, simply increases the effective electron
mass.

However, an impact of P, on the stochastic condition is more complex providing that it not
only changes the effective electron mass but also increases the energy exchange between electron
and laser through the work done by the laser electric field in x-direction. Considering that the time
interval from 1M to 1 is different from that from 13 to next M for 0 < |Py| < a (e.g., see Fig. 2.1),

the method of Chirikov-like mapping to find the stochastic condition is not convenient, but we
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could resort to the method of island overlapping. For this purpose, the unperturbed electron

motion can be expressed by using the action-angle variables (I and 0):

2P% +a? _ a’sin(2)  4aP[cos(f}) —1]
2H, N 20P a?) 221 a2

(A.2)

where 1| = 11 — 2n7 and the electron oscillating frequency in Eq. (2.9) can be written in terms of /
as 0(I) = (2P? 4+ a?)/2I°. Given that the electron motion is periodic with 8, we can expand the

first order correction to H in Eq. (2.5) in Fourier series:
Hy =2ay [asin(n) + Py| sin(ki&) /x = Zan i(mB—nki&) 4 c., (A.3)

and n = +1 as seen from Eq. (2.5). As a result, the resonance, corresponding to a constant phase
of the perturbation, occurs at ®(/) = nk; /m.

The Fourier coefficients V,;,, in Eq. (A.3) are given by

k 2n/k, 2w .
V= ﬁ / / Hi(1,8,8)e— m0=mk28) 4o, (A4)
0 0

After some algebra, we arrive at

) _
a . _ ma 4dmaP,
V| = —e "€ ha+28P,| C,— _ X A5
| mn| 216 hozil |: Cl+ h xj| |:2(2P2+(12),2P2+a2 ( )
where
Cy(o,B) =Y, Jy(@)In—2q(B)iN 2, (A.6)

(1_700
is the generalized Bessel function [62, 105], C = 4aP,/(2P* + a*), and 8{ is the Kronecker
symbols. Notice that similar result for V,,, was obtained in [62] by using multidimensional

Hamiltonian methods.
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The width of the island is approximated [4] as

o =4 'ZanE , (A.7)
whereas the spacing between possibly overlapping resonances is
A® = |@(Ly) — 0(I,)| = 0? /ki, (A.8)
for |m| > 1. Then the stochastic condition reads
_» 16m? Z [h +25013}C ma® 4maP, o (A.9)
=da| ==~ a _ — = .
"Rty a?), & W S0P v a?) 2P+ a2 | T

where m = k; /o is the resonant harmonics, 8{ is the Kronecker symbols, and Cy(a., B) is the
generalized Bessel function [62, 105]. Notice that similar results were obtained in [62, 60] by
using multidimensional Hamiltonian methods. For P, = 0, one can show that K, ~ K 2,

Then, we can define K> = ajg(m), where g(m) shows how K? varies with different m
and thus H (e.g., see Fig. A.1). As a result, the threshold of stochastic instability requires
a; > (max{g(m)})~'. As we can see from Fig. A.1, for |P;|<a, the maximum value of g(m)

increases with the presence of P, and thus the threshold value obtained in Eq. (2.18) for P, = 0

decreases. Whereas for |P;| > a, the peak of g(m) decreases with increasing |Py|, which is
eventually smaller than that for P, = 0 meaning that the effect of increasing the effective electron
mass becomes dominant. Notice that there could be multiple stochastic peaks for |Py|<a and from
Eq. (A.9) the result is symmetric with respect to P, = 0. On the other hand, we notice that both
the lower and upper stochastic boundaries in H (g ~ 1/ay) shifts toward larger H. Therefore, the
ratio of the maximum electron kinetic energy gained from stochasticity over the ponderomotive
scaling, Hy/H,,

., for ki ~ 1, will decrease with the presence of P .

To verify the results of our analytical considerations, we integrate Eqgs. (2.3, 2.5) numer-
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Figure A.1: Schematic view of g [m(H)] = K?/ay versus H for different P, where a =5, kj = 1,

and P, = 0.
ically and present the results in the Poincaré maps of (H, y) or (y, ¥), when n = 2nn+ m/2,
where y and thus Y= (% + H)/2 reaches their maximum in one unperturbed electron period (here
we use Py, > 0). Notice that even though for P, = 0 the unperturbed period is An = 7, we use
AN = 27 instead in all the mappings considering the general case with P,).

Shown in Fig. A.2 are the results for counter-propagating lasers with same polarization
directions, where the parameters are a = 5, k; = 1, and different Px,y and a;. As one can see,
a stochastic “sea” is bounded by the KAM invariant [56] at H;,; and H;,,, which fully agree
with Egs. (2.20, 2.21) for P, = P, = 0. As seen from Figs. A.2(a) and A.2(b), the presence of
P, increases the lower boundary of the stochastic region and thus decreases the energy gain

ratio. Comparing Fig. A.2(a) with Fig. A.2(c) where a; is different, we confirm that ;. has a

min
weak dependence on a; being above the threshold value aj. From Fig. A.2(c) and A.2(d), we
see that both the lower and upper boundaries of the stochastic region become lager (while the

corresponding maximum electron kinetic energy gain ratio becomes smaller) with the presence of
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Figure A.2: Poincaré mappings of (H, ) at N =2nn+n/2 for a = 5, A| = a;sin(t)e, and
different aj, Py, where Ay = y — [y/21] X 27 (a) a; =0.2, P, =0and P, = 0; (b) a; = 0.2,
Py =0and P, =2; (c) a; = 0.005, P, = 0 and P, = 0; (d) a; = 0.005, P, =5 and P, = 0.

|P,| > 0, which agrees with the prediction from Fig. A.1.
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