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ABSTRACT 

Laser-Doppler measurements of the longitudinal and circumferential 

velocity components are reported for developing turbulent flow in a 

strongly curved 180° pipe and its downstream tangent. In the bend, the 

mean longitudinal velocity component changes little after e =goo, but 

the circumferential component never achieves a fully-developed state. 

Similar behavior is observed in the normal stresses, with large levels of 

flow anisotropy arising everywhere in the bend and downstream tangent. 

Between e =gao and X/0 = 5, the circumferential velocity profiles 

display reversals of the secondary flow which are essentially independent 

of the Reynolds number. Ostensible differences between turbulent flows 

through pipes of circular and square cross-sections are revealed by com­

paring present results with the measurements of Chang, et al. [5]. 

Although limited in extent, the data should serve to guide and test 

theoretical developments for modeling developing turbulent flows in 

curved pipes • 



1. INTRODUCTION 

1.1 The Problem of Interest and Earlier Work 

Over the last ten years, approximately, a substantial amount of 

experimental information has been obtained for developing turbulent flows 

in curved ducts of rectangular cross-section [1-7]. Detailed measure­

ments in these important flow configurations, in particular of the secon­

dary motions and complex turbulent characteristics which they induce, 

have been made possible by the non-intrusive laser-Doppler velocimetry 

technique. 

In contrast to the rectangular duct configuration, turbulent flow­

field measurements in curved pipes appear to be relatively sparse [8]. 

This is surprising given the practical importance of the curved pipe con­

figuration. The lack of detailed data is partly explained by the greater 

difficulty associated with optical alignment of laser beams passing 

through curved surfaces separating media of different indices of refrac­

tion. 

Unfortunately, due to the dominant influence of the flat walls on 

the secondary motion in rectangular ducts, data obtained in these con­

figurations cannot be used to interpret accurately· the characteristics of 

flow developing in curved pipes. For example, in the theoretical analy­

sis by Cuming [9], it is shown that for equal radius of curvature to 

diameter ratio and dimensionless streamwise pressure drop, the ratio of 

the relative intensity of the secondary flow in a duct of square cross­

section to that in a pipe of circular cross-section is 2.47 at the center 

line location. This result is strictly valid only for fully developed 

laminar flow. Comparisons between present results and corresponding 



2. 

measurements by Chang, et al. [5] in a curved duct of square cross­

section with similar developing flow characteristics, show that the 

secondary motion ratio can be considerably larger than 2.47, depending on 

the streamwise location. This point will be quantified more precisely in 

the section on Results and Discussion. 

Among the early measurements of secondary turbulent flow patterns 

developing in and downstream of curved pipes are the total pressure and 

yaw results obtained by Rowe [10] in a 180° bend. With reference to Fig. 

1, the longitudinal stations inve.stigated weree = 0°,30°,60°, goo, 

120°, 150° and 180° in the bend, and X/0 = 1, 5, 29 and 61 in the 

downstream tangent. In Rowe's experiment Rc/0 = 12 and Re = 2.36 x 105, 

where Rc is the bend mean radius of curvature, 0 its diameter and Re is 

the Reynolds number based on the bulk fluid velocity. An upstream 

tangent of length X/0 = 69 was used to provide a fully developed axisym­

metric turbulent velocity profile at the bend inlet plane. Among Rowe's 

findings were that: 1) secondary flow is most intense at about e = 30°, 

as of which point the total pressure gradient induces a streamwise com­

ponent of vorticity opposite in sense of rotation to the streamwise vor­

ticity produced at the start of the bend; 2) the curved flow is 

essentially fully developed paste = goo; 3) in the downstream tangent 

there is a gradual reversion to fully developed turbulent straight pipe 

flow with the secondary flow persisting past X/0 = 29 but being undetec­

table at X/0 = 61; 4) there is evidence of local reversal in the secon­

dary flow direction along the bend symmetry plane between a = 90° and 

X/0 = 5; 5) the secondary flow appears to be most concentrated at the 

bend inner radius of curvature; 6) at all longitudinal stations, the 

,.P 
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maximum in the streamwise velocity component was always located between 

the bend center line and the.outer radius wall. 

3. 

Because of the nature of the variables measured in Rowe's study, and 

because of the influence of the mechanical probes used in the flow, an 

accurate determination of the fully developed flow streamwise location 

was not possible. A combination of weak secondary motions, undetected by 

the yawmeter, with unchanging relatively large total pressure measure­

ments would certainly have given the impression of fully developed flow. 

Due to experimental uncertainty, Rowe was not able to define precisely 

the magnitude and extent of secondary flow reversal in the vicinity of 

the bend symmetry plane. Although valuable for helping to understand the 

behavior of the mean flow, particularly in relation to inviscid effects, 

the pressure and yaw contours obtained by Rowe shed no light on the tur­

bulent characteristics of the flow. 

In the only laser-velocimetry study known to us for developing tur­

bulent flow in curved pipes, Enayet, et al. [11] investigated the motion 

in a 90° bend with Rc/0 = 2.8 andRe = 43,000. In their study relatively 

thin boundary layers were induced at the bend inlet plane by means of a 

smooth contraction. The measurements consisted of longitudinal 

(streamwise) components of mean and fluctuating velocities only, supple­

mented by wall-pressure measurements. As expected, the measurements 

suggest the development of a strong secondary flow in the form of a pair 

of counter-rotating longitudinal vortices. The secondary flow charac­

teristics were found to depend on the thickness of the inlet boundary 

layers. In addition, the relatively flat inlet velocity profile and 

small value of Rc/0 in their experiment enhanced streamwise acceleration 

of the flow at the inner radius wall relative to the outer wall. As a 



result, throughout the bend and up to X/D = 6 in the downstream tangent, 

the peak in the streamwise velocity component remained between the bend 

center line and the inner radius wall. This finding contrasts strongly 

with finding (6) of Rowe's study. Because the Dean numbers of these two 

flows are very similar, being De = Re (D/Rc) 112 = 6.8 x 104 in Rowe's 

bend and 2.6 x 104 in the bend of Enayet, et al., the difference in the 

maximum velocity location must be due to the different inlet flow boun­

dary layer thicknesses. A similar finding has been reported in [3] for 

the flow through a curved duct of square cross section. 

4. 

In addition to the data taken at three longitudinal stations in the 

curved pipe, (e = 30°, 60° and 90°), Enayet, et al. [11] made measure­

ments at X/D = 1 and 6 in the downstream tangent. Although the authors 

did not measure the cross-stream velocity components at any of these sta­

tions, they reported: "a large secondary flow ••• now extends over the 

entire flow area and persists in the plane six diameters downstream of 

the bend ••• " In the absence of secondary component measurements, the 

inference concerning secondary flow in the downstream tangent could only 

have been based on the distorted appearance of the streamwise velocity 

component contours at X/D = 1 and 6, respectively. 

1.2 The Present Contribution 

The above, admittedly brief, review points to a serious deficiency 

in the availability of accurate experimental information for illuminating 

the physics of developing turbulent flow through curved pipes. It is 

also clear that little seems to be known about the relaxation process 

undergone by fluid leaving a curved pipe to enter a straight pipe sec­

tion. The situation is especially serious since for this class of 

.. 



complex three-dimensional flows sue~ data is indispensable for guiding 

the development and testing of theoretical models and calculation proce­

dures. 

The purpose of this work has been to obtain limited but critical 

measurements of the longitudinal and circumferential mean velocity com­

ponents and their respective turbulence intensities at selected longitu­

dinal stations in a 180° curved pipe and its downstream tangent. In 

addition to its academic significance, this configuration is especially 

relevant to heat exchangers and particle-laden flow equipment. In the 

study, special emphasis has been placed on documenting the flow between 

e = 177° in the bend and X/D = 5 in the downstream tangent. 

2. THE EXPERIMENT 

2.1 Flow System and Instrumentation 

5. 

The experimental system was composed of: a water rig, of which the 

most important component was the flow test section; ·a laser-Doppler velo­

cimeter and its associated electronic instrumentation; and a PDP 11/34 

Digital Equipment Corporation minicomputer. 

The basic components of the flow test section are shown schemati­

cally in Fig. 1. They comprised two straight pipes and a 180° curved 

pipe, constructed from transpare~t plexiglass~ The pipe cross-section 

was circular throughout with a 4.45 em± 0.02 em inner diameter (D). The 

ratio of bend mean radius of curvature (Rc) to pipe diameter was 

Rc/D = 3.375. Both tangents were of length x = 54.7 D, being respec­

tively attached to the 0° (inlet) and 180° (outlet) planes of the bend by 

means of flanges. Special care was taken to avoid possible mismatches 

between the component cross-sections which otherwise might disturb the 
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flow. A stainless steel (20 mesh) screen and a 3.5 em long flow 

straightening honeycomb section were placed upstream of the entrance 

tangento They were held in place by a thin plexiglass plate. The plate 

was 3.175 mm thick and had 85 holes of 3.175 mm diameter arranged in a 

rectangular array spaced 4.495 mm on the centers in each direction. The 

purpose of the screen-honeycomb-plate combination was to make uniform the 

cross-stream plane distribution of the flow and accelerate its streamwise 

development. 

The curved pipe section was constructed by fitting together two sym­

metrical half sections of plexiglass, each respectively machined on one 

of its flat faces to contain the shape of a semicircular open channel. 

This method of construction ensured that when matched at the common sym­

metry plane the cross-section of the resulting curved pipe was accurately 

circular. When assembled, the curved pipe section had flat outer sur­

faces of thickness d = 1.48 ± 0.02 em (see Fig. 1). The straight pipe 

sections had a circumferentially uniform wall thickness of 0.32 ± 0.02 

em. The entire test section was supported horizontally by a unistruct 

structure, with the bend symmetry plane parallel to the floor. 

The test section was part of a closed loop through which water was 

made to flow by gravity from a constant head tank. From this tank the 

flow passed through the test section, and then into a large sump tank 

from where it was pumped back to the constant head tank. Flow to the 

head tank was controlled by a gate valve and measured using a venturi 

meter connected to a differential mercury manometer. The possibility of 

propagating disturbances through the test section was eliminated by 

avoiding the use of valves, sharp bends and metering devices in the test 

section flow loop. Flow to and from the test section tangents was chan-
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neled through 2 in {5.08 em) i.d. gently bent tygon tube pieces. Baffles 

and screens located in the constant head tank served to dampen the 

swirling motion of the flow leaving the tank. Residual swirl and weak 

secondary motions induced by the mild curvature in the tygon tube 

upstream of the test section were eliminated by the flow straightening 

section. 

Measurements of the mean flow and turbulence characteristics were 

made using a DISA 55X modular series laser-Doppler velocimeter in 

backscatter mode. The system has already been described in full detail 

in reference [5]. A 2-watt Lexel Argon-Ion water-cooled laser was used 

as the light source. The laser and velocimeter optics were mounted to 

the top of a thick aluminum table which was itself firmly bolted to an x, 

y, z traversing mechanism. The traversing mechanism could displace the 

table top± 7.5 em in 5lJm increments along any of the coordinate axes by 

means of three linearly encoded stepping motors monitored by the PDP 

ll/34 minicomputer. The minicomputer functioned as the central data 

acquisition and reduction controller of data validated and measured by a 

DISA 55L96 Doppler signal procesor or ••counter." Directional ambiguity 

in the circumferential (or tangential) velocity component was resolved by 

means of a Bragg cell combined with electronic downmixing. 

2.2 Experimental Methodology 

Prior to an experimental run, water was allowed to flow through the 

rig until it was purged of air bubbles and had attained a steady thermal 

state corresponding to about 20°C. Mass flow through the test section 

was controlled by setting the constant head overflow condition to a mere 

trickle and continuously monitoring the pressure drop through the venturi 



meter connected to the head tank feed line. Experiments were performed 

for two values of the bulk average velocity corresponding to 

8. 

Ub = 1.29 ± 0.03 m/s and Ub = 2.47 ± 0.04 m/s, respectively. During the 

course of an experimental run the fluid temperature rose from 18°C to 

22°C, approximately. Values for the Reynolds numbers of these two flows, 

based on physical properties of water at 20°C, are Re = 57,400 and 

110,000, respectively. The associated Dean numbers are De = 31,300 and 

59,900. 

The velocimeter optical probe volume was formed by the intersection 

of two 514.5 nm (green} light beams with a half-angle in air of 3.28°. 

The measurement volume charateristics were: a diameter of 0.1 mm, a 

length of 1.6 mm, and a fringe spacing of 4.50 lim with about 18 fringes 

contained in the optical probe. In reality spatial filtering and 

threshold settings on the counter reduced the dimensions of the optical 

probe. The probe volume was positioned by fine control of the motorized 

traversing table. 

At each measurement station initial positioning of the laser beams 

with respect to the plexiglass surface was achieved through the use of 

reference markers. Paper drawn with precise cross hairs was taped onto 

the flat outer surface of the curved pipe section and the beams were 

aligned with respect to the marks, checking that no sideways beam 

deviation occurred as the beams were displaced in the vertical direction. 

After the paper was removed, symmetrical reflections facilitated vertical 

alignment of the optical volume in the cross-stream plane. Alignment of 

the beams in the straight pipe sections was performed in a similar 

manner. Special care was taken to ensure that the optical probe fringe 

pattern was always aligned normal to the velocity component of interest 

to within± 0.3°. 
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With a reference position established, usually on the outer surface 

of the test section, the computer software was activated which controls 

signal acquisition and data processing. An initial check on flow sym­

metry was performed at X/0 = -2 in the upstream tangent. Measurements of 

the streamwise velocity component and its normal stress at this station 

{half profiles are shown in Figs. 2 and 4) are in good agreement with the 

data of Laufer [19]. Measurements of the circumferential velocity com­

ponent {not plotted) showed that it was everywhere less than- 1.5% of 

the bulk average velocity at this station. Calculations of Ub, obtained 

by integrating the measured velocity distributions at X/0 = -2, yielded 

values in good agreement {to within- 3%) with the values obtained from 

the venturi meter pressure drop readings. 

Following the symmetry and mass flow confirmations, all subsequent 

measurements were restricted to vertical {radial) scans in the plane 

~ = w/2 in the symmetrical upper half of the test section. Scans were 

made at X/0 = -2, -1, 1, 2, 3, 4 and 5 in the straight pipes and e = 30°, 

45°, 90°, 135°, and 177° in the bend. At each of these stations 15 

radial positions were probed, starting at the centerline and moving in 

increments of 1.5 mm toward the wall, with a 16th position fixed at 0.73 

mm from the inside pipe wall. At each measurement point the mean flow 

and turbulence characteristics were statistically determined from popula­

tions of 1 to 3 samples consisting of 1,000 individual measurements each. 

More than 90% of ·all the measurements consisted of at least 2 samples per 

point. Each individual measurement was required to satisfy the counter 

5/8 validation comparison to within a preset tolerance of 6%. At every 

validation of a Doppler burst a 11data ready .. signal was issued by the 

counter to a logic conversion circuit. This circuit then sent a 
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triggering pulse to the computer parallel line interface module which was 

checked for data availability by a software loop approximately every 20 

lJ s. 

Attempts were made to optimize signal quality and particle con­

centration. Corn starch, with particles ranging in size between 1 and 10 

lJm, was found to give a consistently high signal-to-noise ratio in addi­

tion to a low settling rate. Alternative particle types rejected include 

Ti02, non-dairy creamers, and mother-of-pearl. Data rates varied from 

50-1000 Hz, with counter validation levels ranging between 10 and 90% 

approximately. Factors influencing these levels included, in order of 

relative importance: optical alignment, thickness of the wall, probe 

volume location in the flow field, and seeding concentration. 

Although the velocimeter is capable of two-component measurements, 

curvature of the test section surfaces precluded dual-channel operation. 

Values for the streamwise component of the mean and fluctuating 

velocities, U and u•, were derived from measurements obtained with the 

probe volume fringes aligned normal to the longitudinal coordinate direc­

tion. Values for the circumferential components, V and v•, were obtained 

through a rotation of the optics by 90°, thus placing the fringes normal 

to the circumferential component direction. 

Because of the large positive magnitudes of the streamwise velocity 

component, frequency shifting was unnecessary for measurements of this 

component. By contrast, the circumferential velocity component exhibited 

low magnitudes, with signs both positive and negative. To resolve this 

directional ambiguity, a net frequency shift of 500 kHz was imposed using 

a DISA 55Nl0 Bragg cell combined with electronic downmixing. Appendix II 

provides an explanation for implementing the frequency shift procedure. 
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2.3 Measurement Error 

Error sources affecting the accuracy (systematic error) and preci­

sion (random error) of laser-Doppler measurements have been discussed by, 

for example, Durst, et al. [12], Drain [13] and Buchhave [14]. In this 

study the most serious potential systematic errors were attributed to 

probe volume positioning, velocity gradient broadening and velocity bias, 

respectively. The main sources of random error affecting the precision 

of the measurements were due to: a) statistical sampling uncertainty (due 

to the finite size of sample populations); and b) uncertainty in the 

determination of the normalizing bulk average velocity, Ub. Estimates of 

the first uncertainty were derived from the measurements themselves. For 

both mean velocity components, this uncertainty was always less than 

± 2-3% (r.m.s. error), while for the turbulence intensities it was always 

less than ± 2-5%. The error in Ub was± 2% and arose principally from 

uncertainities in the manometer pressure readings. 

The initial probe volume location uncertainty was estimated to be 

half the effective probe volume length, or± 0.5 nm approximately. This 

error is altered as the beams traverse the pipe because of index of 

refraction and wall curvature effects. To calculate the actual probe 

volume location, and to estimate the uncertainty in this location, it is 

necessary to know the relevant trigonometric relations. Two of the three 

cases of interest here have been analyzed by Bicen [15] and Boadway and 

Karahan [16], respectively. The present authors have found inconsisten­

cies in the analyses in these references, as well as between them for 

identical configurations. For this reason it was considered prudent to 

rederive the trigonometric relations of relevance to this study. 

Appendix I presents relations corresponding to flows bounded by: a) 



parallel flat surfaces; b) concentric cylindrical surfaces; and, c) one 

flat and one cylindrical surface. 

For parallel and concentric cylindrical surfaces, references [15-16] 

obtained: 

In this relation UM is the velocity measurement obtained in, for example, 

water using a half angle between beams in, for example, air. The factor 

Cf is necessary to "correct" the measurement so that the result repre­

sents the water velocity. For parallel surfaces, to a small angle 

approximation it can be shown that: 

where: a is the beam half angle in air, y is the beam half angle in 

water, and nf is the index of refraction of water relative to air (here 

taken as 1.333). Curiously, reference [15] takes Cf = 1 for parallel 

surfaces, a result valid only for air as the working fluid. Similarly, 

the expression in [16] for Cf for correcting circumferential velocity 

measurements is in error by a factor of n f• 

Table 1 summarizes the relations derived for the various cases ana­

lyzed in Appendix I. The relations depend on the velocity component of 

interest and the shape of the surfaces at the measurement station in 

question. For example, the beam orientation required to measure the 

longitudinal velocity component in the plane 4> ='II' /2 renders the beams 

insensitive to surface curvature effects. For this component the beams 

are crossed such that their bisector is normal to the test section sur­

face and the beams are contained in the 4> ='II' /2 plane. Therefore, for 
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all practical purposes, both in the curved and straight pipe sections the 

beams behave as if they were passing through a pair of parallel inter­

faces!. By contrast the orientation required to measure the circumferen-

tial velocity component makes it necessary to distinguish between the 

straight and curved pipe sections. For this component the beams are 

crossed such that their bisector is normal to the test section surface 

and is contained in the 41 = Tr /2 plane, while the beams themselves are 

contained in a plane perpendicular to the 41 = Tr /2 plane. 

Table 1 shows that in regions of surface curvature, both the probe 

volume location and the half angle between the beams in water depend non­

linearly on the probe volume virtual radial location (the location in 

air). Calculations of the error incurred in y, the half angle of the 

beams in water, due to a± 0.5 mm positioning error in the initial probe 

volume location showed that this source of inaccuracy was negligible. 

Similarly, calculations showed that the initial positioning uncertainty 

was only significant very near the pipe walls, in regions with steep gra­

dients. Thus, estimates of the maximum (absolute) systematic errors in 

the measurements obtained nearest the walls gave: .... 4% for U/Ub; ... 10% 

for u'/Ub; ... 15% for V/Ub, and ... 10% for v'/Ub. In the bulk of the flow 

·all these errors were significantly less than ... 2%. 

Velocity gradient broadening has been analyzed by Melli"ng [18] who 

proposed a simple method for estimating its magnitude. For the con-

******************** 

1oue to the small angle between the beams, the error incurred in the 
bend as a consequence of making this approximation is negligible. 



ditions of this study, gradient broadening in the measurements was esti­

mated to be less than 1% everyw.here in the flow. 

14. 

Various weighting methods have been proposed to correct for the 

velocity bias effect [13,14], but none of these is entirely satisfactory. 

They all involve assumptions regarding the statistical distribution of 

particles in the flow. In addition, the corrections can be influenced by 

the problem of "incomplete-signal bias." The use of the weighting scheme 

proposed by Mclaughlin and Tiederman [17], in which the particle resi-

dence time fs taken to be inversely proportional to the modulus of the 

measured velocity, was investigated in this study. For the longitudinal 

velocity component, differences between weighted and unweighted data sets 

were relatively small (less than 1%). For the circumferential component 

the differences were truch larger, with the weighted data giving a less 

realistic (overdamped) picture of the flow field. The reason for this is 

attributed to an overcorrection in the weighting scheme which, for the 

circumferential component, amounts to a disproportionate weighting of 

slow moving particles. This occurs as a consequence of taking the par­

ticle residence time as tres .... v-1 instead of tres .... (U 2 + v2 + w2)-112
0 

The latter, more accurate, weigh_ting could not be performed with the pre­

sent single component measurement system. 

For turbulence intensities less than 10% Drain [13] shows that vela-

city bias corrections of the mean and r.m.so velocities should not amount 

to more than .... 2%. In this study the measured turbulence intensities 

never exceed .... 12%. As a result, plots of the unweighted data only are 

presented here. Appendix III contains a listing of both the weighted and 

unweighted measurements. 



3. RESULTS AND DISCUSSION 

Measurements of the longitudinal (U/Ub) and circumferential (V/Ub) 

velocity components and their respective turbulence intensities (u'/Ub, 

v'/Ub) are shown in Figs. 2-5 and are tabulated in Appendix III. Except 

for relatively small differences, the dimensionless profiles show that 

flow development is essentially independent of Reynolds number for 

Re > 57,400. 

3.1 The Inlet Flow 

The U and u' component measurements at X/D = -2 show good agreement 

with the developed flow measurements obtained by Laufer [19] in a 

straight pipe. At X/D = -2 the V component is less than (+) 0.015 

Ub (not plotted). However, at X/D -1 ande = 3°, the V component is 

, (+) 0.04 Ub. With reference to the coordinate system in Fig. 1, this 

implies that the inlet flow is gradually (but only slightly) accelerated 

towards the inner radius of the pipe, a result expected from potential 

flow theory and previously observed by others. 

3.2 Mean Flow and Turbulence Intensity 

15. 

In the first half of the bend (e = 3° to 90°), the U-profiles show 

the core of the streamwise flow losing speed while the flow near the wall 

accelerates. V-profiles at corresponding stations reveal the development 

of a strong secondary flow. This secondary flow is induced by the trans­

verse pressure gradient set up between the outer (r
0

) and inner (ri) wall 

regions of the bend. In the pipe center, it works to overcome and 

reverse the sense of the cross-stream motion in the inlet flow. Near the 



wall the original sense of cross-stream motion is preserved and inten­

sified, with {V/Ub)max ... 0.30 ate = 45°. 

16. 

Between e = 45° and 135° the V-profiles reveal a striking feature of 

the flow. In the fluid core, r/{D/2) < 0.5, the cross-stream flow 

undergoes a second reversal in its sense of motion and is redirected 

towards the pipe inner radius. As a result, a region of negative cross­

stream flow (directed from ri towards r
0

) is trapped between the core and 

the wall; for example, V/Ub ... -0.06 at e = 135°. Between e = 135° in the 

bend and X/0 = 5 in the downstream tangent, the region of negative cross-· 

stream flow gradually disappears. Notwithstanding, an imprint of its 

presence remains in all the V-profiles. 

The occurrence of a second cross-stream flow reversal paste = 90° 

in the bend supports the concept proposed by Rowe [10], that each sym­

metrical half section of the bend develops two counter-rotating vortical 

structures. The more intense of the two, located between the pipe wall 

and the core of the flow, preserves the sense of cross-stream motion 

induced by the transverse pressure gradient at the start of the bend. 

The smaller, weaker, structure is mainly confined to the core and is 

attributed to the formation of a transverse pressure gradient opposite in 

sign to that at the start of the bend. 

The present mean flow measurements place on a firm quantitative 

basis the interpretation by Rowe of his total pressure and yaw measure­

ments. However, in contrast to Rowe•s results, the V-profiles provided 

here show that fully developed mean flow conditions are not established 

in the bend. 

There is a qualitative similarity between the present V-profiles and 

corresponding laminar flow measurements made by Olson and Snyder [20] in 

·• 



300° curved pipes. In their experiments two curvature ratios 

(Rc/0 = 2.33 and 8) were investigated for two values of the Reynolds 

number (Re = 300 and 1030). The inlet flow was contracted to produce 

nearly flat entrance profiles. Measurements of the cross-stream flow 

were made at several longitudinal stations with a pulsed-probe anemo­

meter. Between e = 40° and goo the authors found a cross-stream flow 

reversal in the center of the pipe similar to the present one. 

17. 

The longitudinal variation of the local ratip V/U is plotted in Fig. 

6 for two values of r/(0/2) in the present flow. The profiles show 

clearly the cross-stream flow reversals which arise in the bend. They 

also show that, although substantially reduced, secondary motion persists 

between e = 177° and X/0 = 5 in the downstream tangent, and is stronger 

near the pipe center than at the wall. 

Figure 6 also summarizes the most interesting variations of the tur­

bulence components u'/Ub and v'/Ub in the bend and downstream tangent. 

Actually plotted is the ratio v'/u', a measure of turbulent flow ani­

sotropy. Because the data are relatively few and restricted to the 

~ = n/2 plane shown in Fig. 1, and because the physical' processes 

governing the generation, redistribution and destruction of the turbulent 

stresses are complex, it is not possible to render more than a specula­

tive account of the meaning of our measurements.· Bearing this in mind, 

we note that near the wall, r/(0/2) = 0.75, the ratio v'/u' increases 

persistently between X/0 = -1 and e =goo. Because this coincides with a 

correspondingly· large increase in V, we suspect that the term - vwa V/a r 

contributes strongly to the generation of v• 2 (: v2) near the wall. As 

ofe =goo the ratio v'/u' decreases near the wall. The decrease is due 

to a gradual reduction in v' (as opposed to an increase in u') as the 



flow evolves; see Figs. 2 and 3. Because a V /a r peaks at about e = 45°, 

from this position forward we argue that -vw a V/a r now contributes 

decreasingly to the balance of v• 2• This then allows dissipation and 

redistribution mechanisms to reduce the level of v' 2 near the wall, as 

observed. 

The core flow, r/0(2) = 0, experiences a marked decrease in v'/u' 

between e = 45° and goo in the bend. Between these locations the quan-

18. 

tity aV/ae is large and positive. Inspection of the data for uv obtained 

by Chang, et al. [5] in a curved duct of square cross-section suggests 

that in the core of the present flow U'V is positive. As a result, the 

term -uv aV/ae should be expected to contribute negatively to the balance 

of v• 2 (and hence reduce this component) between e = 45° and goo. 

The increase in v'/u' between e =goo and X/0 = 1 in the core of the 

flow is more difficult to explain. It is probably related to the convec­

tion of v• 2 from the wall periphery (where v• 2 is generated) into the 

core. 

The ratio v'/u' in the flow entering the bend at X/0 = -1 is in 

qualitative agreement with Laufer's [1g] pipe flow data, both at 

r/(0/2) = 0 and 0.75. In the downstream tangent the expected level of 

v'/u' is re-established near the pipe wall within 5 pipe diameters. By 

contrast, the turbulence remains strongly anisotropic in the core of the 

flow. The persistence of this anisotropy may be related to the presence 

of an extra pair of symmetrical vertical structures, discussed earlier in 

relation to cross-stream flow reversal. 



3.3 Effect Qf Flow Cross-Section 

A comparison was made between some of the present results for 

Re = 57,400 and corresponding measurements obtained by Chang, et al. [5] 

in a 180° curved duct of square cross-section with Rc/D = 3.35 and 

Re = 56,700. Plots of square(s)-to-round(r) ratios of circumferential 

mean velocities and corresponding turbulence intensities are shown in 

Fig. 7. 

19. 

Absolute values of [V/Ub]s/[V/Ub]r considerably larger than unity 

illustrate clearly the dominant influence exercised ~ the flat walls on 

most of the flow through a curved square duct. (Negative values in the 

plots are due to the cross-stream flow reversal occurring in the pipe but 

not in the duct.) 

At X/D = -1 the inviscid transverse motion induced through longitu­

dinal curvature in the pipe was found to be twice as strong as that in 

the duct. However, because the Re and Rc/D ratios between the two con­

figurations is so close, potential flow theory would predict essentially 

equal cross-stream flow. Therefore, we conclude that: a) the more 

intense secondary motion subsequently induced in the duct (due to the 

transverse pressure gradient) acts to suppress the initial inviscid com­

ponent of transverse flow; and, b) this effect reaches further upstream . 

into the straight duct than into the straight pfpe. 

The circumferential turbulence intensity ratios plotted in Fig. 7 

show larger fluctuation levels near the flat wall of a curved duct than 

near the side wall of a curved pipe. This is in keeping with the higher 

velocities and hence higher rates of shear expected along the flat walls 

of a curved duct. Surprisingly, in the core of the flow the fluctuations 

are always larger in the pipe and may be related to the additional pair 



of symmetrical counter-rotating vortices which develop in the core of the 

curved pipe. The relatively large value of [v'/Ub]s/[v'/Ub]r shown at 

X/0 = -1, near the wall, is attributed to corner contributions to fluc­

tuations, present only in the square duct. 

4. CONCLUSIONS 

This study places on a firm quantitative basis some of the earlier 

qualitative interpretations proposed by Rowe [10] for the mean behavior 

of turbulent flow through a 180° curved pipe. Specifically, the 

existence of two cross-stream flow reversals is confirmed. This supports 

the notion of an additional (symmetrical) pair of counter-rotating ver­

tical structures embedded in the core of the flow within the curved pipe 

and part of the downstream tangent. Fully developed flow conditions are 

never attained in the present bend. 

Interpretation of our measurements points to strong generation of 

circumferential fluctuations along the pipe periphery due to the main 

secondary flow. By contrast, negative contributions to generation dampen 

circumferential fluctuations in the core. It is argued that the dam­

pening is offset by cross-stream convection of v• 2 from the bend 

periphery into the core of the flow. 

A comparison between the cross-stream motions in curved circular 

pipes and curved square ducts shows that the latter have considerably 

higher levels of secondary flow. Cross-stream flow reversals were not 

observed in the square duct configuration. It is suggested that the 

larger relative levels of cross-stream fluctuations detected in the core 



of a curved pipe flow are probably related to the presence there of an 

additional pair of symmetrical counter-rotating vortices. 

Continued work should focus on extending the data base for 

clarifying the role of the additional pair of vortical structures in 

curved pipe flow and the relaxation process occurring in the downstream 

tangent. 

ACKNOWLEDGEMENTS 

21. 

This study is the result of a continuing collaboration between one 

of the present authors {JACH) and Professor Brian E. Launder at the 

University of Manchester, Institute of Science and Technology. The 

collaboration aims to further the understanding of turbulent flow convec­

tive heat transfer in strongly curved passages. The work at the 

University of California, Berkeley, was initially supported by the Office 

of Naval Research through Contract Number N 00014-80-C-0031 and, more 

recently, by the Office of Fossil Energy of the U.S. Department of Energy 

under Contract Number DE-AC03-76SF00098. We are grateful to these agen­

cies for their respective support. Thanks go to Ms. Loris C-H Donahue 

for the typing of this manuscript. 



REFERENCES 

1. Humphrey, J.A.C., Whitelaw, J.H. and Yee, G. "Turbulent flow in a 
square duct with strong curvature," J. Fluid Mech., 103, pp. 
443-463' 1981. 

2. Enayet, M.M., Gibson, M.M. and Yianneskis, M. "Measurements of tur­
bulent developing flow in a rooderately curved square duct," Int. J. 

22. 

Heat and Fluid Flow, 1, No. 4, pp. 221-224, 1982. ~ 

3. Taylor, A.M.K.P., Whitelaw, J.H. and Yianneskis, M. "Curved ducts 
with strong secondary motion: velocity measurements of developing 
laminar and turbulent flow, .. J. Fluids Engng., 104, pp. 350-359, 
1982. -

4. Anderson, B.H., Taylor, A.M.K.P., Whitelaw, J.H. and Yianneskis~ .M. 
11 Developing flow in S-shaped ducts," Proc. Int. Symposium on 
Applications of Laser-Doppler Anemometry to Fluid Mechanics, Lisbon, 
July 1982. 

5. Chang, S.M., Humphrey, J.A.C. and Modavi, A. "Turbulent flow in a 
strongly curved U-bend and downstream tangent of square 
cross-sections," PhysicoChemical Hydrodynamics, 4, No.3, pp. 
243-269, 1983. -

6. Rojas, J., Whitelaw, J.H. and Yianneskis, M. "Flow in sigmoid dif­
fusers of moderate curvature, 11 Proc. Fourth Symposium on Turbulent 
Shear Flows, Karlsruhe, FOR, September 1983. 

7. Brunn, H.H., 11 An experimental investigation of secondary flow losses 
in bends with rectangular cross sections, .. Department of 
Engineering, Report CUED/A-Turbo/TR 95, University of Cambridge, 
1979. 

8. Berger, S., Talbot, L. and Yao, L.-s. 11Flow in curved pipes,'' Ann. 
Rev. Fluid Mech., Ji, pp. 461-512, 1983. 

9. Cuming, H.G. "The secondary flow in curved pipes, 11 Reports and 
Memoranda, No. 2880, February 1952. 

10. Rowe, M. "Measurements and computations of flow in pipe bends," J. 
Fluid Mech., 43, pp. 771-783, 1970. 

11. Enayet, M.M., Gibson, M.M., Taylor, A.M.K.P. and Yianneskis, M. 
11 Laser-Doppler measurements of laminar and turbulent flow in a pipe 
bend," Int. J. Heat and Fluid Flow, 1, pp. 211-217, 1982. 

12. Durst, F., Melling, A. and Whitelaw, J.H. 11 Principles and Practice 
of laser-Doppler Anemometry," Academic Press, London, 1976. 

13. Drain, L.E. "The Laser Doppler Technique," John Wiley and Sons Ltd., 
New York, 1980. 



.. 

14. Buchave, P. "The measurement of turbulence with the Burst-type 
laser-Doppler Anemometer - Errors and Correction Methods," Ph.D. 
Thesis, State University of New York at Buffalo, 1979. 

15. Bicen, A.F., "Refraction correction for LOA measurements in flows 
with curved optical boundaries," Report FS/81/17, Department of 
Mechanical Engineering, Imperial College of Science and Technology, 
London University, 1981. 

16. Boadway, J.D. and Karahan, E. "Correction of laser-Doppler anemo­
meter readings for refraction at cylinderical interfaces," DISA 
Information, No. 26, pp. 4-6, 1981. 

23. 

17. Mclaughlin, O.K. and Tiederman, W.G. "Biasing correction for indivi­
dual realization of laser anemometer measurements in turbulent 
flows," Physics of Fluids, Ji, pp. 2082-2088, 1973. 

18. Melling, A. "Investigation of flow in non-circular ducts and other 
configurations by laser-Doppler anemometry," Ph.D. Thesis, 
University of London, 1975. 

19. Laufer, J. "The Structure of Turbulence in Fully Developed Pipe 
Flows," NACA Technical Reports No. 1174, 1954. 

20. Olson, D.E. and Snyder, B. "The Growth of Swirl in Curved Circular 
Pipes," Phys. Fluids,~ (2), pp. 347-349, 1983. 



Configuration 

"' -
I .. -

,, 

TABLE 1: SUMMARY OF BEAM CORRECTION FORMULAE 

I 

I 

Position (rylr) and Velocity (afy) Factors 

rv 1 R 11 f - 1 11 - 1 
-=- +- +~ _P_ 
r 11f r 11f r 11p 

u _a 
lL-- = 11 

M y f 

rv- 11t 
r"" r11f 

1 - R + d -1 -~) 
p 

1 V 
a = r =- v 

VM y 1+R+d -1 -~] 
p 

R [~ (1 + ~) 
11 - 1 

p '+ 
d11 -111-1 11-1 

1+ (P _p )- p] rv 
-= 
r 

V _a = v;- y 
1 1 

11f 

11f 1f 11 11f 11f 

11 f - 11 
r P + 

11p 
R-

rv 
+r 

11f 11t 

1 

11 -11f d 11-1 11-1 
p -- + ( p - p ) 

11f 1f 11p 11f 

t •· 

N 
.j::l. 



8 = 9Q0 1 1.. I 

8 = 180° 

(54. 7 D Exit Length) 

+xI D 

Rc I D = 3.375 

~ 

I 

I -X I D 
D = 4.45 em 

I (54. 7 D Entr;nce Length) 

~~--------~.~~.v 
8 = 0° 

Figure 1. The test section configuration and defini­
tion of coordinate system. 

Symmetry Plane 

ri 

ro 

XBL 844-9342 

N 
U1 



+5 }· 00000000000 0 6o 

e.5r 
+4 l· 

I 

............... 
I 

0.5~ 
: +3 
ia • a a a a a a a a a .. a .... 

a.5i-
l +2 
~ ••••••• + + + + •••• 

I e.sr .. r- .. ,. ................... ..... +I 

I e.sr 
177 

~ . .r .... :3~ ...... -
to 0 0 0 0 0 • 0 0 0 0 0 ..... 

a.
5t1 

.. .... 4 ......... 4 ...... 

0.5 
45 t-••ooooo I ••••••eo 

e.sr 3 
t ...... , 
I 

9' , '9 ... . .. 
a.5r -1 

·~a···••o • • 0 • • • 

0.5 -2 
• 0 ••• 0 • 

90 

1.0~ ••• ~. 

e.5L- L--··---l --'----L _ ___J 
e .. 2 .4 .6 .e 1. 

,./CD/2) 

r 
5. t· 

I 
I 

0 0 0 0 +5 0 
0 0 0 

0 0 0 0 

0 

0 

r . " +4 .. 
• • • • • • • • • • • • 5.[-

, 
~ 
i 

' a 5.r 
+3 r:P 

a a a a a a D a a a D a 

I + 
I 

+ [. sl 
+2 ............. ·. 

5.~ .. 
I 
r 
I 

+I 
... .. .. .. .. .. .. 

177 

.. .. .. .. 

X 5. 
1"\ ~ 

............ . • • 

;g i I 35 
~ 

5 
. f o o a a o o o o o o o o 0 •: 

I 
"-.. .. .. .. 90 
I • .. • • • • .. .. .. 

5.f-

~ 
sJ. 

45 0 0 0 0 
0 0 0 • 

0 0 
0 0 

.. 

0 
0 

I • 
1- 3 ........ . 
I • , • , , • 

5 ...... 

~ •• ; I ••••••• 
• 0 0 0 

.:l . -2 • • -. J 
5.t•.!l-~ 
a L---' ---··- J -- - ~.-___ ..t. ----1 

0 .. 2 .4 .6 .8 I. 
,.;(D/2) 

Figure 2. Longitudinal components of mean velocity 
and turbulence intensity in 180° curved 
pipe flow with Rc/0 = 3.375, and 
Re = 57,400; (-) is Laufer•s [19] data 
for Re = 50,000. 

26. 



.. 

a) 
a) 

X 

" ..a 
::> 

' > 
v 

. :t -t-5 -t-5 0 0 0 0 0 rl' 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 

-t-4 -t-4 aJ" " " • "" • .. • .. • • • " • • " • • • • • • • . .. .. • 
:!;8J -t-3 -t-3 a ta 

II 
._ 

• a a a • a a a a a II a a a • a a a R a a • • • 

··t -t-2 ...... + 
-t-2 

+ ... ... ... . • + ... + + ... + ... ... + at • . * t ... ... + ... + 

!8·t ~ -t-1 -t-1 .. .. .. 
a.~ • .. .. • • .. .. .. .. • .. • .. • .. .. .. .. 5 .. • 

• a) 

!8·[ 
a) 

• • 177 • 177 X • • 
'"' • • a. t • • • • • • • • . . . • • • • • ..a • • ::> 

i • • 0 ', 
0 0 ... 135 0 •8 :.._ > 0 - "i-o 135 v • 0 0 • • • • • 0 • 0 0 • 0 • .. 

at 
0 .. 

0 
0 0 .. 0 

0 e 90 !8·~ 
0 .• .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. 0 

a.t• • .. gra .. .. .. .. 0 .. .. 
0 

!8.1.- 0 45 0 
0 0 

0 
1- 0 0 0 

0 0 
0 

45 0 0 0 0 
0. 

0 
0 

I.. 
0 0 

•8.;... 0 0 3 - t,_O 
0 ., .,., 

3 ., • ., • ., ., ., ., ., ., ., ., ., ., ., ., ., .., .., ., 
a. " " 

., ., 
" 

., 
!-

;!:8.!- -I 
-1 

... • • 0 0 ••••• 0 • • • 0 • . ~ e.l.--. .J._ -0 .I -.I . ... 1 .... ..-J • • • • • 0 

.8 I. 
0 -e. 

t .2 ·" .6 
0 0. .2 .4 .6 .8 

r-/C0/2) r-/C0/2) 

Figure 3. Circumferential components of mean velocity 
and turbulence intensity in 180° curved 
pipe flow with Rc/0 = 3.375 and 
Re = 57,400. 

27 . 

~ 

... 

r:P 

... ... 

.... 

• • 

0 

0 

.... 

011 

.,., 



I +5 .r ooooooooooooOo 

+4 
t-· A&.&&AA&&A&&& .. 

I 
I 

0. 5L-
+3 

~aoaaaa 

+2 

a aaaaQa 

e.sl 
I r· ............... .... 

0. Sf-
! +1 
t- .................... ... 
I 

0 " 5 ~ 177 
..tl t ............. -
~ 0.5r 
:::::> I 135 t· 0 0 0 0 • 0 0 0 0 0 0 0 .... 

··t_ 90 r ............... .. 
0.sr 45 

t o 0 0 0 0 0 0 0 0 
0 0 0 o ... 

e.s~ 3 

f ...... " ........ •• 0.sr -I 
0 • • 0 0 

0 0 0 0 0 0 0 • 

• 
-2 

0 
_ _! ___ 1_ .. J. ___ _._ ___ _J 

. 2 .-4 .6 .8 I. 
r-/CD/2) 

+5 
0 0 0 0 0 0 0 0 0 0 0 0 

+4 
.t A A & A & & A 

a a a a o 

+2 
+ + + + + • + + .. + + + 

.. .. 

rP 

+ 
+ 

+I .. .. . . .. . . . ... .. .. . . 
~ ~ 177 .. 
~ 5. r- ............ . 
~ t 0 •• 0 • 1.3~ 0 0· 0 • 0 0 o• 

3 5. 

5. 

5. 

t .. .., ... 90 
I • .. • • .. • ... ... 

45 

3 
' . " ' • • • • 
-1 

• • 
' 

• 
• 0 0 0 0 0 

0 • • 0 

0 
0 

• 
' " 

• 
0 

. ..l--L .. --1- _L___j 
.2 .4 .6 .8 I . 

r-/CD/2) 

Figure 4. Longitudinal components of meJn velocity 
and turbulence intensity in 180° curved 
pipe flow with Rc/0 = 3.375 and 
Re = 110,000; (-) is Laufer's [19] data 
for Re = 500,000. 

28. 



4• 

.. 

Q 
Q 

X 

"' Jl 
::::> 

' > v 

~ 

!:l +5 
0 0 0 0 +5 

0 0 0 0 .. o 0 0 5. 0 0 0 oooooooo 0 0 • • 0 QO 

+4 +4 ... 
~· • . .. . ... 5. • • . .. . • • • 0. • .. • .. • • . .. 
r 

:!;8-ro a a a a 
+3 +3 a 
0 0 r:P 5. a a a ~ a a o a a a a a a a a 0.i A a a a II 

~ 
:!;8.r +2 

~· +2 .... f+ + + • + + + + ·r· + + + + + + + + + + + 
0'[ t • + y + 

:!;8. •· .. 
+I .... +I 5. • .. . . .. .. .. .. . .. .. • .. • .. .. .. .. .. e. .. . 

• • .. . • Q 
Q 

:!;8. • • .. 
L 177 X 177 

"' • • • • • • • • 
0.~· • • • • . ' • . . . Jl . ::::> . • 0 

' • ' 135 0 > 
0 0 0 0 ° 0 +8.-

135 v 0 0 0 0 0 0 0 0 - L 0 

a.• o 
0 0 0 0 • .. 

0 0 
0 • 0 .. 00 

se ...... :!;8. .. . .. .. .. 
.. ... .. 41 . .. .. .. .. 0 

e. se .. .. .. .. .. .. .. .. .. 0 r :!;8. 
0 

0 45 0 0 00 
0 0 

r- 0 5.to 0 0 0 0 0 0 0 0 

"-L 45 
0 

0 
0 

1-I 

:!:8-t 0 0 
0 0 

3 L " .... 3 ... 
" " " " " " " 5. " " " " " " " el" " " " " " ... " " r " " 

I 

-I '"l :!:8-r 
0 0 0 0 0 ° 0 0 0 0 0 

-1 
0 0 0 0 ~ t ooo 5. oooooooo 

e't 
I ___ _t_ _ _L_...L. _::.J 

.2 .4 . 6 .8 I . e _ ___J_ __ _L 

-8. e. .2 ... .e . 8 I . 

r-/CD/2) 
,.../(0/2) 

Figure 5. Circumferential components of mean velocity 
and turbulence intensity in 180° curved 
pipe flow with Rc/0 = 3.375 and 
Re = 110,000. 

29. 



, r/<D/2) - 9.09 
I 
I 

I 

I 

, - _, 
\ / 

)' 

// \ 

-1 / 
/ 

/" 0. 7b ,., 

·-/ -. 

/ 

\ / 

\/ 

1 
•. 25 

-,. 
\ 

r··· , ...... 
It ,.. \ \ 

\ 
..... ~ .. 

\ / ,, 
\ 

I t-. ro. 75 ,% 
\.I , ...... 

/ I -J 
~ 

,9.59 ~ 
. ..... 

~0.25 
e. 10~ I 

I /\ ;._0.09 

I
, e. 1s / , I / , I 0.05r • 

.... ' I ... 0.09 " •. 0.,. ... ... / ' / . J 
L I \ / ' ... • 

n I . ~ ~· 
~ 0.00:.--- .l I \--l- .1-~ f, .. l.__ L _,.J. __ )_~- . _ 
~ ! I 9 \ 2 4 , 6'\ 8 9 f 2 4 6 

!-x/0 I ,' 9 ~/D 
I 
I 

-e.e5i--

l 

-e. tel 
I I 
\1 
0 

I 

I 

I \ 

\ / 

\./ 

/ 

I .. ,.;o 

" 

Figure 6. R~tfos of circumferential-to-longitudinal 
mean velocities and turbulence intensities 
in 1R0° cur~nd pipe flow with Rc/0 = 3.375 
andRe = 57.400. 

~ 

r/(0/2)- 0.'15 I'. se 
..... 

/ ' ... ' ' .... -, -· ...... 
' .... 0.09 ., ~ 

' 
.,..,..,. 

+- - -. -
' .... .,.. 

I 
L I I .25 

:-I . 09 ,% 
.II 
::> 

I 
I • 4 .-· ' / ' ~4 -.. ..... .... 

' 
,0. 75 ~ 

• 
i..e.5e ~ 
I ~ 

5o.eL 

I ' 

,0.25 ~ 

18.80 

40.0r I' 
.% 30 0 I '. r/<0/2) • 0.00 
.II . .... I \ 
::> I \ 

~ 20.0~ I \ 
~ : I \ I 

~ 10.01- I ,. 0. 75 1 
~ I I -'1: _., -D- - -
, eo.0L.__,j,_ .. r._.,., t..--L.-'--L-- r_ ,-l ~ _. -.:..~-. .. .1 . __ 
~ - ,---~- 0 2 4 6 8 \ 0/ 2 4 6 

-10.0L \ 

-20.0L 

- .. to 8 R/0 "tx/0 

Figure 7. Ratios of the circumferential mean veloci­
ties and turbulence intensities in a 18Qa 
curved duct of square cross-section to 
corresponding values in a 180° curved pipe 
for similar ~c/O and Re. 

~· 

w 
0 



.. 

I-1. 

APPENDIX I 

Derivation of Beam Location and Velocity Correction Formulae 

Nomenclature 

d wall thickness 

fD Doppler frequency 

r real beam intersection location in water (relative to pipe center) 

rv virtual beam intersection location in air (relative to pipe center) 

R pipe inner radius 

U 11 Corrected 11 longitudinal (streamwise) velocity; obtained using 1jl = r in 

U = f D A 1 ( 2 sin 1jl ) 

UM measured longitudinal velocity; obtained by using 1jl =a in 

UM = f D A I ( 2 s i n 1jl ) 

V 11 COrrected 11 circumferential (cross-stream) velocity; obtained by using 

w =yin V = fDAI(2 sinw) 

VM measured ci rcumferent i a 1 ve 1 oci ty; obtai ned by using 1jl = a in 

VM = fD xl(2 sin w) 

a half angle between light beams in air 

r half angle between light beams in water 

nf refractive index of water (relative to air} 

np refractive index of plexiglass (relative to air} 

A wavelength of laser light 



I-2. 

Longitudinal Velocity Component - Straight and Curved Pipe Sections 

(See Figure I-1) 

Assume small angles throughout such that: 

sin (angle) ~ tan (angle) ~ angle 

From Snell's law, 

sin a = np sin B • 

For small angles a, B ' 

B ~ a/n p 

From the geometry of Fig. I-1, 

a= (R + d- rv) tan a= (R + d- rv) a 

f = d tan B = d a /n p • 

From Snell's law, 

sin y 
n 

= _e. sin s 
nf 

• 

' 

With (1) and a small angle approximation for y, 

y = a/n f • 

(1) 

(2) 

Solving for r from geometry along with the above relations for a, f andy: 

R - r = (a -f)/tan y = a [R - rv + d (1 - 1/np)] nf/a 

or, 

R - r = [R - r v + d (1 - 1/n P)] n f ' 

r = [R ( 1/n f - 1 ) + r v - d ( 1 - 1 /n P ) ] n f , 

rv 1 R d 
r = Tif + r (1 - 1/n f) + r (1 - 1/n p) (3) 



I-3. 

Because 

1 
UM - S1 n a , 

it fo 11 ows that 

Then from (2): 

( 4) 

a 

d 'lp 

A 'lf 

--- ... x,B 

XBL 844-9341 

Fig. I-1. Effect of parallel flat surfaces on beam intersection location and 
half angle; not to scale. 



I-4. 

Circumferential Velocity Component - Straight Pipe Section (See Figure I-2) 

From Snell •s law and small angle approximations: 

From the law of sines and small angle approximations: 

' 

y /a = R/r • 

As approximations to a, with small angles: 

and 

a = (R + d - r ) a v 

a = (R + d) (a - a) 

Equating these expressions yields, 

8 = rv a/(R +d) • 

From (5), (6) and (7), 

a = (R + d) 8 I (R n f) • 

From (9) and (10), 

(5) 

(6) 

(7) 

(8) 

(9)' 

(10) 

(11) 



I-5. 

From (8) and (11), 

(12) 

We now seek an expression for y /a, the half angle correction factor. 

From geometrical considerations, we may use the following approximations 

for e: 

e R 
-a---8--.;;;..y__,+_a_ = sin 90° = R 

Then, from the above two expressions, 

Introducing (5), (9) and (11), 

rv a r v a d 8 d r v a 
a - R + d - '( + 

l<Tif 
= lf = lf (R + d) ., • .,p p 

Dividing by a, 

1 
rv 

- y /a 
rv d rv - R + d + l<Tif_ = lf (R + d) ., • 

p 

Solving for y /a: 

L: 1 d rv rv rv 
-lf (R + d) ., (R + d) + a l<Tif p 

or, equivalently, 
r.. = rv [ R + d _ 1 
a R+d Rnf 

d ] + 1 R ., 
p ' 

(12) then becomes 



I -6. 

rv 
= ., f/[1 

r .,f 
( R + d 

- 1 -
d )] - R + a R .,f R., P r (13) 

Because 

v = v M sin <:t/Sin y : a VM/y t 

we may solve for V, 

v = (14) 

1 + 
R + d 

R + d d 
[ - 1 - w--J R ., 1\ ., . 

f p 



Incident 
-Beam 

'lp 

1-7. 

~-------a--------~·~1 

d 

r rv R 
'lf 

-XBL 844-9340 

Fig. 1-2 Effect of concentric curved surfaces on beam intersection location 
and half angle; not to scale. 



I-8. 

Circumferential Velocity Component -Curved Pipe Section (See Figure I-3) 

Snell •s law and small angle approximations yi~ld: 

S = a/n p 

From the geometry of Fig. I-3 and using (15), 

a = (R + d - r v} a ' 
w =s-a 

f = b tan s = d tan s = d s = d ~ 
np 

g = a - f = [R + d ( 1 - 1 /n p} - r v] a 

and with the preceding expression for g, 

a= sin-1 g/R =a [1- rv/R + d/R (1- 1/np}] • 

From (15) and (17} substituted into the expression for w, 

or 

w =a [rv/R - (1 + d/R} (1 - 1/np)_] • 

Using (16) and (18), 

(15) 

(16) 

(17) 

(18} 

(19) 



1-9. 

From the geometry of Fig. I-3, 

h = r sin a = (R - r cos a) tan 111 • 

Solving for r with small angles a, w: .. 
r =: R w/(w +a) • 

This becomes, with (17) and (19): 

rv n n 
R [lr 2. - ( 1 + d/R) r2. - 1/n f)] 

nf 'rtf 
r = ----:::~-------------------

rv np d n 
1 + lr (- - 1 ) + lf ( 1 - 1 /n + 1 /n f - 2.) + 

'rlf P nf 

or 

(20) 

Herey is defined by 

Y =a + 111 

and can be found using (17) and (19). 

Since the expression for V is given by 

v = v sin a 
VM ~ - V a =: 

- Ma+w ' M s1 n y 

it fallows that, 

v = 
VM 

n - I r v n P + d 
n - I n - I 

1 - p + lr ~- 1) ( p - p ) 
nf f lf np nf 

(21) 



I-10. 

~--------a----------.~~1 

b 

R 

r 

XBL 844-9343 

Fig. I-3. Effect of flat-to-curved surfaces on beam intersection location 
and half angle; not to scale. 
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II.1 

APPENDIX II 

Frequency Shifting Procedure 

The electronic downmixer is one of two modular units on the DISA 55 

Nll-16 frequency shifting device. Either one of two channels (A or B) may be 

used. The photomultiplier {PM) output signal cable is attached to the PM IN 

port in the rear of the downmixer and another is attached from the MIXER OUT 

to the PM SIGNAL IN port of the DISA counter. The least complicated mode of 

operation is to set the net electronic shift, fs, greater than the maximum 

frequency expected in the flow. For instance, if a maximum center line velo­

city of 5 m/s is expected, with an estimated minimum calibration fringe factor 

based on the optical parameters and test section geometry of 10 m/s/MHz, then 

a simple ratio gives a 0.5 MHz upper frequency estimate. 

With the shift frequency denoted by flo and signal frequency by f
0

, we 

would then set the shift dial corresponding to flo < 40 MHz to a value 

slightly greater than 0.5 MHz, say 700 KHz. The signal from the counter, 

monitored on the oscilloscope, now has a net positive mixer frequency shift 

imposed. In the computer program for evaluating velocity, the shift value 

flo must be subtracted from the frequency measured by the counter. In the 

present example, we wouTd add -0.7 MHz to each measured Doppler count. Values 

of velocity computed in this manner are either positive or negative, 

depending on the direction in which the fringes are moving. The fringe move­

ment is set by turning the Bragg cell screw. 

A verification of fringe sense of translation is necessary. A rotating 

diffraction grating, with the laser beams intersecting just on the grating 

surface, can ~ used to achieve this. Computed values of velocity and their 



signs for prescribed speeds and sense of grating rotation should agree with 

the physically (known) imposed conditions. Wherever the calculated sign of 

velocity is positive the fringes are moving opposite to the grating direc­

tion; the opposite is true for negative values of velocity. 

If a mirror is used to divert the beam path, as in the present case, care 

must be taken to note which way the fringes move after beam reflection. 



III.l 

APPENDIX III 

DATA TABULATION 

The following is a listing of measurements obtained at various longitudi­

nal stations in the test section. Scans were always performed along the 

radial direction, in the plane • = ~12 (see Fig. 1). Both unweighted and 

weighted results are tabulated. For weighting the one-dimensional scheme pro­

posed by Mclaughlin and Tiederman [17] was used. Differences between weighted 

and unweighted data are discussed in the text where it is concluded that 

weighting the circumferential components, V and v', yields unrealistic 

results. 



III. 2 

x/0 = -2 

Weighted Data 

Re • 57,400 Re • 110,000 

T'/(0/2) I U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub 

0.967 ----- -----
0.945 0.84 0. 102 0.85 0. 101 
0.877 0.90 0.093 <.005 <.040 0.90 0.091 <.005 <.040 
0.810 0.94 0.086 0.95 0.086 
0.742 0.98 0.085 0.99 0.085 
0.675 1. 02 0.084 1. 01. 0.084 
0.607 1. 04 0.075 1. 04 0.075 
0. 540 1. 07 0.076 1. 06 0.076 
0.472 1. 10 0.068 1. 08 0.068 
0.405 1. 12 0.065 1. 10 0.059 
0.337 1. 12 0.060 1. 12 0.056 
0.270 1. 12 0.061 1. 14 0.051 
0.202 1. 15 0.058 1. 15 0.050 
0. 135 1. 16 0.050 1. 16 0.047 
0.067 1. 16 0.048 1. 18 0.043 
0.000 1. 19 0.047 1. 18 0.043 

-----------------------------------------------------------------------------~·· 
Unwe i g h ted 0~ ta 

Re • 110.000 

t'/(0/2) • U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 
-----------------------------------------------------------------------------~.-
0.967 ----- -----
0.945 0.85 0. 102 0.86 0.098 
0.877 0.91 0.087 <.015 <.075 0.91 0.092 <.015 <.075 
0.810 0.95 0.085 0.96 0.083 
0.742 0.98 0.084 1.·oo 0.079 
0. 675 1. 03 0.083 1. 02 0. 077 
0.607 1. 05 0.075 1. 05 0.071 
0. 540 1. 08 0.075 1.07 0.066 
0.472 1. 11 0.067 1. 09 0.063 
0.405 1. 12 0.065 

'v' 

1.11 0.059 
0.337 1. 13 0.060 1. 12 0.055 
0.270 1. 15 0.061 1. 14 0.051 
0.202 1. 16 0.057 1. 15 0.049 "'! 

0. 135 1. 16 0.049 1. 16 0.047 
0.067 1. 16 0.048 1. 18 0.043 
0. 000 1. 19 0.046 1. 18 0.043 
---------------------------------------------------------------------------~--~ 



• 

II I. 3 

x/0 = -1 

Weighted Data 

Re = 57,400 Re • 110,000 

r/(0/2) l IJ/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub 

------------------------------------------------------------------------------
0.967 
0.945 
0.877 
0.810 
0. 742 
0.675 
0.607 
0. 540 
0. 472 
0. 405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0. 79 
0.84 
0.89 
0.89 
0.93 
0.95 
1. 03 
1. 05 
1. 07 
1. 08 
1. 11 
1. 12 
1. 16 
1. 17 

r I ( 0/2) l IJ/Ub 

0. 967 
0.945 
0.877 
0.810 
0. 742 
0.675 
0.607 
0. 540 
0.472 
0. 405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0.81 
0. 85 
0.90 
0.91 
0.94 
0.96 
1. 03 
1. 05 
1. 09 
1. 09 
1. 12 
1. 13 
1. 16 
1. 17 

0. 107 
0. 102 
0.097 
0.091 
0.085 
0.083 
0.083 
0.084 
0.084 
0.076 
0.072 
0.071 
0.070 
0.064 

u'/Ub 

0. 103 
0. 101 
0.096 
0.091 
0.085 
0.083 
0.083 
0.083 
0.082 
0.075 
0.071 
0.070 
0.068 
0.062 

0.012 
0.015 
0.014 
0.013 
0. 019 
0.016 
0.016 
0.015 
0.007 
0.010 
0.015 
0.018 

V/Ub 

0.037 
0.043 
0.038 
0.037 
0.050 
0.046 
0.04!5 
0.040 
0.021 
0.028 
0.037 
0.041 

0.037 
0.038 
0.037 
0.034 
0.038 
0.036 
0.035 
0.032 
0.029 
0.028 
0.029 
0.032 

v'/Ub 

0.063 
0.062 
0.062 
0.059 
0.057 
0.057 
0.055 
0.053 
0.051 
0.047 
0.043 
0.054 

0.77 
0.85 
0.90 
0.95 
0.98 
1. 03 
1. 06 
1. 07 
1. 08 
1. 10 
1. 13 
1. 16 
1. 18 
1. 18 
1. 19 

U/Ub 

0.77 
0.86 
0.90 
0.95 
0.98 
1. 03 
1. 06 
1. 07 
1. 09 
1. 10 
1. 13 
1. 17 
1. 19 
1. 18 
1. 20 

0. 133 
0. 113 
0.094 
0.088 
0.082 
0.084 
0.076 
0.073 
0.067 
0.065 
0.064 
0.067 
0.060 
0.051 
0.051 

0.006 
0.006 
0.008 
0.010 
0.012 
0.013 
0.016 
0.019 
0.020 
0.018 
0.016 
0.017 
0.018 
0.016 

R• • 110,000 

u'/Ub 

0. 132 
0. 111 
0.094 
0.085 
0.081 
0.078 
0.077 
0.073 
0.067 
0.065 
0.061 
0.065 
0.060 
0.051 
0.051 

V/Ub 

0.022 
0.023 
0. 030 
0.036 
0.041 
0.040 
0.049 
0. 053 
0.057 
0.053 
0.049 
0.046 
0.049 
0.043 

0.034 
0.032 
0.031 
0.033 
0.033 
0.033 
0.035 
0.035 
0.036 
0.033 
0.032 
0.030 
0.031 
0.028 

v'/Ub 

0.067 
0.065 
o:060 
0.060 
0.058 
0.054 
0.053 
0.053 
0.053 
0.049 
0.049 
0.044 
0.044 
0.041 



I I I .4 

a = 30 

------------------------------------------------------------------------------
Weighted Data 

Re -~7.400 Re = 110.000 

-------------------------------------------------------------~~---------------r/C0/2) • U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 
------------------------------------------------------------------------------
0.967 0.76 0. 122 0.024 0.047 0.69 0. 111 0.017 0.040 
0.94~ 0. 78 0. 107 0.022 0.046 0.75 0. 124 0.015 0.040 
0.877 0.85 0.099 0.020 0.044 0.86 0. 104 0.013 0.035 
0.810 0.91 0.09~ 0.018 0.041 0.94 0.092 0.013 0.033 
0.742 0.95 0.088 0.016 0.039 0.97 0.086 0.012 0.029 
0.675 0.98 0.087 0.016 0.037 1.00 0.078 0.012 0.031 
0.607 1. 02 0.084 0.01~ 0.036 1.02 0.078 0.011 0.029 
0. ~40 1. OS 0.080 0.014 0.034 1. OS 0.076 0.012 0.030 
0.472 1.09 0.080 0.015 0.032 1.07 0 .. 071 0.013 0.030 
0.405 1. 10 0.074 0.016 0.031 1.09 0.070 0.014 0.028 
0.337 1. 13 0.071 0.017 0.030 1. 12 0.064 0.012 0.028 
0.270 1. 16 0.06~ 0.01~ 0.029 1. 14 0.061 0.012 0.028 
0.202 1. 19 0.060 0.015 0.028 1. 16 0.058 0.010 0.025 
0. 135 1. 20 0.059 0.01~ 0.028 1. 17 0.053 0. 011 0.024 
0.067 1. 22 0.051 0.016 0.028 1. 19 0.051 0. 011 0.024 
0.000 1. 23 0.049 0.014 0.029 1. 20 0.047 0.010 0.023 
------------------------------------------------------------------------------~ 

Un"'eighted Oat• 

Re -57.400 Re -110.000 

-------------------------------------------------------------------------------r/C0/2) • U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 
-------------------------------------------------------------------------~--~--0.967 0. 78 0. 143 0.066 0.074 0.71 0. 114 0.0~7 0.067 
0.945 0.80 0. 109 0.059 0.074 0.7~ 0. 124 0.050 0.069 
0.877 0.86 0.099 0.056 0.069 0.86 0. 104 0.044 0.060 
0.810 0.91 0.094 0.048 0.063 0.94 0.091 0.046 0.058 
0. 742 0.95 0.088 0.044 0.065 0.97 0.086 0.037 0.051 
0.675 0.98 0.088 0.043 0.059· 1. 00 0.078 0.039 0.0~4 
0.607 1. 02 0.083 0.041 0.0~7 1. 02 0.077 0.034 0.055 
0. ~40 1. 06 0.079 0.037 0.057 1. OS 0.075 0.035 0.054 \J 

0. 472 1. 09 0.073 0.033 0.0~3 1. 07 0.070 0.038 0.0~1 
0. 405 1. 11 0.074 0.040 0.046 1.09 0.070 0.037 0.049 
0.337 1. 14 0.070 0.040 0.044 1. 12 0.064 0.034 0.054 ~ 

0.270 1. 17 0.064 0.03~ 0.043 1. 14 0.060 0.031 0.045 
0.202 1. 19 0.0~8 0.032 0.046 1. 16 0.057 0.027 0.048 
0. 13~ 1. 21 0.057 0.033 0.043 1. 17 0.052 0.029 0.041 
0.067 1. 22 0.050 0.033 0.046 1. 19 0.050 0.027 0.041 
0.000 1. 23 0.046 0.029 0.054 1. 20 0.046 0.026 0.039 

-----------------------------------------------------------------------------~-



I I I. 5 

9= 45° 
.. 

---------------·--------------------------------------------------------------
Weighted Data 

• Re -57.400 Re • 110.000 

--------------------- ---------------~----------------------------------------
r/(0/2) • U/Ub u'lUb V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub I 

------------·-----------------------------------------------------------------
O.CI67 0.85 0. 125 0.224 0. 11 f:l 0.85 0. 122 0.226 O.OCI8 
0.945 0.89 0. 111 0. 193 0. 118 0.89 0. 109 0.204 0. 107 
0.877 0.95 0. OCI9 0. 11CI 0. 105 I O.f:l4 0.089 0. 125 0.095 .. 
0.810 O.CI8 0.095 0.065 0.074 • -0.96 0.084 0.055 0.068 • 
0. 742 0.9CI O.OCI2 0.029 0.054 0.97 0.080 0.032 0.055 
0.675 1. 01 0.087 0.013 0.041 0. Cl9 0.081 0.017 0.041 
0.607 1. 03 0.087 0.005 0.038 1. 01 0.078 0.007 0.032 
0. 540 1.05 0.081 -0.005 0.036 1. 02 0.075 -0.002 0.029 
0.472 1. 07 0.081 -0.009 0.034 1.04 0.072 -0.007 0. 0:30 
0.405 1. 09 0. 074 -0.018 0.0:38 1.06 0.070 -0.011 0.0:31 
0.:3:37 1.11 0.068 -0.02:3 0.040 1. 08 0.067 -0.016 0.0:34 
0.270 1. 12 0.065 -0.0:31 0.046 1. 09 0.062 -0.027 0.0:39 
0.202 1. 14 0.057 -0.0:37 0.047 1. 11 0.060 -0.032 0.042 
0. 1:35 1. 16 0.053 -0.046 0.051 1. 12 0.056 -0.03CI 0.046 
0.067 1. 17 0.049 -0.061 0.054 1. 13 0.051 -0.053 0.052 
0.000 1. 18 0.047 -0.068 0.058 1. 14 0.048 -0.061 0. 054 

------------ ------------------------------------------------------------------
Un111eighted Data 

Re • 57.400 Re • 110.000 

------------ ------------------------------------------------------------------
r/(0/2) I IJ/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub I 

-------------------------------------------------------------------------------
0.967 0.87 0. 121 0.286 0. 096 0. 87 0. 11CI 0.268 0.083 
O.CI45 O.f:l1 0. 107 0.261 O.Of:l4 O.f:IO 0. 10:3 0.257 0.083 
0.877 0.95 0.095 0. 199 0. 11:3 0.95 0.087 0. 1CI3 0.084 
0.810 0.98 O.OCI3 0. 1:35 0.09:3 0.96 0.08:3 0. 130 0. 080 
0. 742 1.00 0.091 0.080 0.08:3 0.98 0.078 0.096 0.075 
0.675 1. 01 0.085 0.041 0.074 1. 00 0.078 0.065 0.074 
0.607 1. 04 0. 086 0.017 0.075 1. 02 0.077 0.025 0.064 
0. 540 1. 05 0.081 -0.014 0.066 1. 02 0.074 -o. oo5 ·0. 058 
0. 472 1. 08 0. 080 -0.025 0.058 1.04 0.071 -0.022 0.056 
0.405 1. 10 0. 072 ~0.049 0.058 1. 06 0.069 -0. 037 0.052 
0.:3:37 1. 12 0.067 -0.057 0.054 1.08 0.066 -0. 051 0.052 
0.270 1. 1:3 0.064 -0.074 0.065 1. 09 0.061 -0.066 0.049 
0. 202 1. 15 0.057 -0.081 0.062 1. 11 0.059 -0.074 0.048 
0. 135 1. 16 0.051 -0.09:3 0.055 1. 12 0.055 -0.08:3 0.051 
0.067 1. 17 0.048 -o. 103 0.052 1. 13 0.051 -o. 098 0.051 
0.000 1. 19 0. 047 -o. 112 0.057 1. 14 0.047 -o. 106 0.051 

---------------~---------------------------------------------------------------



III.6 

a = 90° 

------------------------------------------------------------------------------
WeiSjhted Data 

• 
Re -57,400 Re = 110,000 

------------------------------------------------------------------------------
ri<Dt:2i ' U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 

------------------------------------------------------------------------------
0.967 0.98 0. 167 0.099 0. 104 0.98 0. 129 0.083 0.086 
0.94~ 1. 04 0. 133 0.086 0.094 1. 03 0. 109 0.065 0.079 
0.877 1. 13 0.092 0.043 0.069 1. 09 0.078 0.031 0.057 
0.810 1. 13 0.084 0.022 0.055 1. 09 0.074 0.016 0.043 
0. 742 1. 13 0.078 o. 011 0.046 1.08 0.066 0.008 0.036 
0.67~ 1. 11 0.080 0.002 0.042 1. 06 0.066 -0.003 0.033 
0.607 1. 10 0.070 -0.005 0.041 1. 05 0.066 -0.003 0.032 
0. ~40 1. 08 0.071 -0.009 0.040 1. 02 0.066 -0.008 0.034 
0. 472 1. 05 0.073 -0.009 0.039 1. 00 0.070 -o. 011 0.034 
0.405 1.02 0.082 -0.010 0.040 0.98 0.077 -0.011 0.033 
0.337 0.98 0.089 -0.007 0.037 0.94 0.093 -0.009 0.033 
0.270 0.93 0. 100 -0.005 0.037 0. 90 0. 110 -0.008 0.032 
0.202 0.91 0. 100 -0.002 0.036 0.86 0. 116 -0.005 0.031 
0. 135 0.88 0. 100 -0.000 0.036 0.83 0. 119 -0.004 0.032 
0.067 0.8~ 0. 102 0.001 0.035 0.81 0. 121 -0.003 0.031 
0.000 0.8~ 0.098 0.002 0.034 0.82 0. 123 -0.002 0.031 

-------------------------------------------------------------------------------
Un~&~eighted Data 

R• -~7,400 Re • 110,000 

-------------------------------------------------------------------------------
r/(D/2) • IJ/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 

-------------------------------------------------------------------------~-----
0.967 1.02 0. 1~9 0. 197 0. 101 1.00 0. 119 0. 163 o:os3 
0.94~ 1.0~ 0. 12~ 0. 176 0.096 1. 04 0. 103 0. 146 0.088 
0.877 1. 14 0.089 0 .. 113 0.094 1. 09 0.076 0. 100 0. 083 
0.810 1. 14 0.082 0.077 0.092 1. 09 0.072 0.062 0.079 
0.742 1. 14 0.076 0.040 0.090 1. 08 0.065 0.035 0.071 
0.675 1. 12 0.073 0.010 0.083 1. 06 0.066 0.014 0.068 
0.607 1. 10 0.069 -0.017 0.082 1. 0~ 0.066 -0.008 0.066 
0. 540 1. 08 0.070 -0.029 0.073 1. 03 0.066 -0.027 0.065 
0.472 1. 0~ 0.07:2 -0.036 0.074 1. 01 0.070 -0.039 0.065 ,, 
0.40~ 1.02 0.081 -0.036 0.074 0.98 0.076 -0.040 0.068 
0.337 0.98 0.087 -0.028 0.071 0.95 0.089 -0.036 0.064 
0.270 0.9~ 0.098 -0.024 0.072 0.91 0. 104 -0.032 0.067 
0.202 0.91 0.098 -0.013 0.069 0.87 0. 112 -0.025 0.064 
0. 13~ 0.88 0.098 -0.008 0.073 0.85 0. 118 -o. 023 0.067 
0.067 0.87 0. 102 -0.007 0.067 0.83 0. 121 -0.017 0.064 
0.000 0.87 0.098 -0.003 0.066 0.84 0. 121 -0.015 0. 066 

------------ ------------------------------------------------------------------



• 

. 
' 

Weighted Data 

r/C0/2) : U/Ub 

0.967 
0.94' 
0.97~ 

0.910 
0. 742 
0.67' 
0.607 
0. ,40 
0.472 
0. 405 
0.337 
0.270 
0.202 
0. 13, 
0. 067 
0. 000 

1. 06 
1. 09 
1. OS 
1. 0' 
1. 02 
1. 01 
0.99 
0.99 
0.97 
0.96 
0.96 
0.95 
0.95 
0.9, 
0.95 
0.95 

Unweighted D•ta 

r/C0/2) : U/Ub 

Re = 57,400 

u'/Ub 

0.095 
0.094 
0.07' 
0.090 
0.092 
0.092 
0.091 
0.091 
0.090 
0.091 
0.081 
0.091 
0.093 
0.092 
0.094 
0.094 

u'/Ub 

V/Ub 

0.0,2 
0.040 
0.011 

-0.012 
-0.022 
-0.023 
-0.01' 
-0.009 
-0.005 

0.004 
0.012 
0.013 
0.015 
0.017 
0.014 
0.017 

V/Ub 

v'/Ub 

0.074 
0.074 
0.0,6 
0.0,4 
0.0,6 
0.0,3 
0.049 
0.042 
0.041 
0.039 
0.041 
0.041 
0.042 
0.044 
0.044 
0.046 

v'/Ub 

U/Ub 

1. 06 
1. 09 
1. 09 
1. 06 
1.04 
1. 01 
0.99 
0.97 
0.96 
0.95 
0.94 
0.94 
0.93 
0.93 
0.93 
0.93 

U/Ub 

Re • 110, 000 

u'/Ub 

0.096 
0.079 
0.069 
0.073 
0.077 
0.07' 
0.077 
0.076 
0.075 
0.076 
0.077 
0.079 
0.093 
0.090 
0.093 
0.079 

V/Ub 

0.044 
0.013 

-0.006 
-0.017 
-0.019 
-0.014 
-0.009 
-0.009 
0.000 
0.005 
0.008 
0.010 
0.009 
0.009 
0.007 
0.006 

Re • 110,000 

u'/Ub V/Ub 

II I. 7 

v'/Ub 

0.074 
0.046 
0.041 
0.047 
0.047 
0.043 
0.039 
0.033 
0.035 
0.035 
0.039 
0.039 
0.040 
0.039 
0.039 
0.041 

v'/Ub 

------------·--------------~-----------------------~------------------------~--
0.967 
0.94' 
0.977 
0.910 
0. 742 
0.67' 
0.607 
0. ,40 
0.472 
0.40' 
0.337 
0.270 
0.202 
0. 13, 
0.067 
0. 000 

1. 07 
: 1. 09 

1. 09 
1. 06 
1. 03 
1. 02 
0.99 
0.99 
0.97 
0.96 
0.96 
0.96 
0.9, 
0.99 
0.96 
0.95 

0.092 
0.092 
0.074 
0.079 
0.091 
0.091 
0.091 
0.079 
0.094 
0.091 
0.091 
0.091 
0.093 
0.092 
0.094 
0.091 

0. 127 
0. 109 
0.037 

-0.041 
-0.067 
-0.069 
-0.0'3 
-0.034 
-0.019 
0.009 
0.027 
0.032 
0.035 
0.039 
0.036 
0.037 

0.092 
0. 110 
0. 110 
0. 101 
0.099 
0.092 
0.090 
0.076 
0.072 
0.071 
0.071 
0.069 
0.069 
0.070 
0.070 
0.074 

1. 07 
1. 09 
1. 09 
1. 06 
1. 04 
1. 02 
0.99 
0.99 
0.97 
0.96 
0.9, 
0.94 
0.94 
0.93 
0.94 
0.94 

0.094 
0.077 
0.069 
0.072 
0.076 
0.074 
0.076 
0.075 
0.07' 
0.07' 
0.077 
0.079 
0.082 
0.080 
0.093 
0.079 

0. 135 
0.052 

-0.030 
-0.059 
-0.065 
-0.0'3 
-0.036 
-0.009 
-0.006 
0.013 
0.023 
0.027 
0.026 
0. 023 
0.020 
0.019 

0.099 
0.089 
0.085 
0.090 
0.079 
0.090 
0.076 
0.069 
0.073 
0.072 
0.072 
0.075 
0.072 
0.075 
0.075 
0.078 



I I I.8 

,._. 
0 a -177 

------------------------------------------------------------------------------ .._ 

Weighted Data 

Re -57.400 Re -110,000 

------------·-------------------------------------------------~---------------1"/(D/2) • U/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 
------------------------------------------------------------------------------

0.967 0.98 .0.096 0.042 0.067 1.02 0.081 0.032 0.060 
0.94~ 0.99 0.081 0~01~ 0.0~3 1.02 0.076 0.020 0.049 
0.877 1. 00 0.067 -0.002 0.042 1. 02 0.068 -o.oo8 0.040 
0.810 0.99 0.061 -0.016 0.034 1. 00 0.06:5 -0.016 0.037 
0. 742 0.98 0.0~9 -0.011 0.030 1. 00 0.061 -o.010 0.029 
0.67~ 0.98 0.0~9 -0.007 0.028 0.99 0.060 -0.004 0.02:5 
0.607 0.99 0.060 -0.004 0.028 0.99 0.060 -0.001 0.02:5 
0. ~40 1.00 0.062 0.001 0.028 1. 00 0.060 0.002 0.024 
0.472 1. 00 0.062 0.002 0.027 1. 00 0.060 0.004 0.025 
0. 40~ 1. 00 0.067 0.003 0.029 1. 00 0.062 0.004 0.026 
0.337 1.00 0.066 0.00~ 0.030 1.00 0.063 0.005 0.026 
0.270 1. 01 0.06:5 0.00:5 0.030 0.99 0.061 0.005 0.027 
0.202 1. 01 0.067 0.00~ 0.034 0.99 0.063 0.004 0.029 
0. 1:3~ 1. 02 0.067 0.004 0.0:37 0.99 0.065 0.004 0.0:30 
0.067 1. 01 0.065 0.007 0.0:3~ 0.98 0.064 0.005 0.031 
0.000 1. 01 0.067 0.006 0.0:3:5 0.98 0.06:3 0. 006 0.0:32 

-------------------------------------------------------------------------------
Un111eighted Data 

R• -~7.400 R• -110,000 

----------------------------------------------------~--------------------------1"/(D/2) • U/Ub u'/Ub V/Ub· v'/Ub U/Ub u'/Ub V/Ub v'/Ub • 
------------ ------------------------------------------------------------------
0.967 0.98 0. 101 0. 11:3 0. 105 1.02 0.080 0. 106 0.087 
0.945 0.99 0.081 0.056 0.09:3 1. 02 0.070 0.076 0.086 
0.877 1. 00 0.067 -0.004 0.080 1. 02 0.070 -0.0:30 0.078 
0.810 1.00 0.061 -0.04:3 0.05:3 1. 00 0.064 -0.058 0.058 
0. 742 0.99 0.060 -0.0:32 0.048 1. 00 0.059 -0.039 0.054 
0.675 0.99 0.059 -0.022 0.047 0.99 0.059 -0.019 0.050 
o.oo7 0.99 0.060 -0. 011 0.049 0.99 0.058 -0.009 0.052 .... 
0. :540 1. 00 0.06:3 -0.003 0.048 1. 00 0.062 -0.002 0.048 
0.472 1.01 0.062 0.000 0.049 1. 00 0.061 0.006 0.0:50 
0.40:5 1. 00 0.067 0.004 0.0,1 1. 00 0.061 0.008 O.OS2 -: 
0.:3:37 1. 01 0.066 0.010 0.049 1. 00 0.06:3 0.010 0.051 
0.270 1. 01 0.06~ 0.00:5 0.061 0.99 0.061 0.011 0.05:3 
0.202 1. 01 0.067 0.010 0.068 0.99 0.063 0.008 0.057 
0. 1:35 1. 02 0.067 0. 006 0.076 0.98 0.066 0.006 0.062 
0.067 1. 01 0.066 0.011 0.068 0.99 0.064 0.011 0.062 
0.000 1. 01 0.067 0.012 0.067 0.99 0.062 0.012 0.060 

-----------------------------------------------------------------------------~-



"' I 

Weighted Data 

ri<DI2> : U/Ub 

0.967 
0.94:5 
0.877 
0.810 
0.742 
0.67:5 
0.607 
0. :540 
0.472 
0. 405 
0.337 
0.270 
0.202 
0. 13:5 
0.067 
0.000 

0.94 
0.98 
1. 02 
1.01 
1. 03 
1. 02 
1. 03 
1. 04 
1. 04 
1. 05 
1. 05 
1. 04 
1. 04 
1. 0:5 
1. 0:5 
1. 05 

Un111eighted Data 

r/(0/2) : U/Ub 

0.967 
0.945 
0.877 
0.810 
0. 7.42 
0.67:5 
0.607 
0. :540 
0.472 
0. 405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0.98 
0.99 
1. 02 
1. 02 
1.02 
1. 02 
1. 03 
1.04 
1. 05 
1. 05 
1. 05 
1. 0:5 
1. 05 
1. 05 
1. 05 
1. 05 

Re = 57.400 

u'/Ub 

0. 105 
0. 100 
0. 104 
0.084 
0.067 
0.074 
0.067 
0.0:58 
0.0:59 
0. 062 
0.062 
0.062 
0.062 
0.064 
0.064 
0.064 

V/Ub 

0.028 
0.024 
0.006 
0.001 

-0.002 
-0.001 
0.002 
0.007 
0.008 
0.007 
0.007 
0.008 
0.008 
0.009 

Re • :57,400 

u'/Ub 

0. 113 
0. 130 
0. 119 
0.094 
0.080 
0.093 
0.081 
0.058 
0.059 
0.061 
0.062 
0.061 
0.062 
0.064 
0.064 
0.063 

V/Ub 

0.072 
0.074 
0.020 
0.002 

-0.008 
-0.007 
0.004 
0.016 
0.018 
0.014 
0.017 
0.020 
0.019 
0.021 

x/0 = +1 

v'/Ub 

0.046 
0.048 
0.032 
0.028 
0.026 
0.026 
0.025 
0.027 
0.029 
0. 031 
0.030 
0.030 
0.031 
0.031 

v'/Ub 

0.072 
0.077 
0.058 
0.0:52 
0.047 
0.060 
0.04:5 
0.053 
0.054 
0.063 
0.057 
0.050 
0.054 
0.058 

U/Ub 

0.96 
0.98 
0.99 
1.00 
1. 00 
0.98 
0.99 
1. 00 
1. 00 
0.99 
0.99 
0.99 
1. 00 
1. 00 
1. 00 
1. 00 

U/Ub 

0.98 
1.00 
1. 00 
1. 00 
0.98 
0.99 
0.99 
1.00 
1. 00 
1. 00 
0.99 
0.99 
1. 00 
1. 00 
1. 00 
1. 01 

Re = 110.000 

u'/Ub 

0. 138 
0.084 
0.082 
0.061 
0.056 
0.056 
0.054 
0.056 
0.057 
0.059 
0.061 
0.061 
0.062 
0.063 
0.062 
0.062 

V/Ub 

0.026 
0. 018 
0.004 

-0.010 
-0.011 
-0.003 
-0.003 

0.000 
0.004 
0.005 
0. 005 
0.007 
0.008 
0.007 
0.009 
0.007 

Re = 110.000 

u'/Ub 

o: 150 
0. 091 
0.090 
0.061 
0.055 
0.055 
0.055 
0.055 
0.056 
0.058 
0.060 
0.060 
0.061 
0.062 
0.062 
0.062 

V/Ub 

0.081 
0.065 
0.017 

-0.033 
-0.039 
-0.013 
-0.014 
-0.003 

0. 011 
0.014 
0.015 
0.021 
0. 023 
0.021 
0.026 
0. 029 

II I. 9 

v'/Ub 

0.049 
0.041 
0.027 
0.030 
0.028 
0.021 
0.021 
0.022 
0.022 
0.023 
0.026 
0.027 
0.029 
0.028 
0.030 
0.030 

v'/Ub 

0. 075 
0.070 
0.056 
0.051 
0.045 
0.042 
0.044 
0.041 
0. 042 
0. 043 
0.051 
0.050 
0.051 
0.053 
0. 054 
0.056 

--------------------------------------------------------------------------·-----



Weighted Data 

1"/C0/2) : U/Ub 

0.967 
0.94~ 

0.877 
0.810 
6.742 
0.67, 
0.607 
0. ~40 
0.472 
0.405 
0.337 
0.270 
0.:!02 
0. 13~ 
0.067 
0.000 

0.86 
0.92 
1. 01 

. 1. 03 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 03 
1.03 
1. 03 
1. 04 
1. 04 
1.03 
1.05 

,. I C 0/2) : U/Ub 

0.967 
0.945 
0.877 
0.810 
0. 742 
0.67, 
0.607 
0. ,40 
0. 472 
0. 40~ 
0.:337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0.88 
0.9:3 
1. 01 
1. 03 
1. 02 
1.02 
1. 02 
1. 02 
1. 02 
1. 04 
1. 04 
1. 04 
1. 04 
1. 04 
1. 0:3 
1. 05 

R• • 57,400 

u'/Ub 

0. 132 
0.098 
0.066 
0.0,2 
0.0:52 
0.049 
0.0,0 
0.053 
0.0,6 
0.0,8 
0.060 
0.061 
0.06:! 
0.063 
0.06:3 
0.062 

u'/Ub 

0. 122 
0.09, 
0.066 
0.052 
0.05:3 
0.049 
0.050 

. 0. 05:3 
0.0,7 
0.0,8 
0.060 
0.061 
0.,062 
0.064 
0.06:3 
0.061 

V/Ub 

0.020 
0.018 
0.010 
0.005 
0.004 
0.00:3 
0.00:3 
0.00, 
0.007 
0.008 
0.009 
0.010 
0.008 
0.010 
0.014 
0.012 

V/Ub 

0.0,6 
0.048 
0.026 
0.016 
0.010 
0.006 
0.00, 
0.012 
0.018 
0.020 
0.021 
0.024 
0.019 
0.026 
0.0:34 
0.0:35 

x/0 a: +2 

v'/Ub 

0.040 
0.0:36 
0.024 
0.02, 
0.024 
0.022 
0.024 
0.028 
0.029 
0.029 
0.031 
0.032 
0.030 
0.032 
0.034 
0.032 

v'/Ub 

0.063 
0.0,6 
0.037 
0.043 
0.041 
0. 039. 
0.041 
0.052 
0.0,1 
0.052 
0.067 
0.06, 
0.061 
0.0~4 

0.0~6 

0.0,2 

U/Ub 

0.93 
0.9~ 

1. 02 
1; 01 
0.99 
0.99 
1. 00 
1. 01 
1. 01 
1. 01 
1. 01 
1. 01 
1. 02 
1. 01 
1.01 
1. 01 

U/Ub 

0.94 
0.98 
1.02 
1. 01 
1.00 
0.99 
1. 00 
1. 01 
1. 02 
1. 02 
1. 01 
1. 02 
1. 02 
1. 02 
1. 01 
1. 02 

Re • 110.000 

u'/Ub 

0. 103 
0.082 
0.063 
0.0,7 
0.0:52 
0.0,2 
0.0,5 
0.056 
0.058 
0.060 
0.060 
0.062 
0.064 
0.062 
0.062 
0.062 

V/Ub 

0.014 
0.010 
0.006 

-0.001 
-0.002 
-0.002 

0.001 
0.003 
0.005 
0.008 
0.008 
0.009 
0. 011 
0.010 
0.010 
0.007 

Re • 110.000 

u'/Ub 

0.098 
0.075 
0.063 
0.057· 
0.0,3 
0.052 
0.055 
0.055 
0.058 
0.060 
0.060 
0.062 
0.064 
0.062 
0.062 
0. 062 

V/Ub 

0.053 
0.040 
0.025 

-0.004 
-0.007 
-0.008 

0.000 
0.008 
0.011 
0.024 
0.024 
0.030 
0.033 
0.0:32 
0.0:32 
0.026 

I I I. 10 

v'/Ub 

0.037 
0.0:3:3 
0.025 
0.021 
0.020 
0.021 
0.021 
0.022 
0.023 
0.025 
0.027 
0.030 
0.032 
0.031 
0.031 
0.029 

v'/Ub 

0.064 
0.065 
0.050 
0.041 
0.0:39 
0.040 
0.041 
0.041 
0.041 
0.046 
0.0:50 
0.052 
0.058 
0.054 
0.054 
0.054 

,.. 



Weighted Data 

r/(D/2): IJ/Ub 

0.967 
0.945 
0.877 
0.810 
0.742 
0.675 
0.607 
0.540 
0.472 
0.405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0. 000 

0.93 
0.95 
0.98 
1. 00 
1. 00 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 03 

.: 1. 02 
1. 02 
1. 02 

Unweighted Data 

r/(0/2): IJ/Ub 

Re = 57,400 

u'/Ub 

0.076 
0.069 
0.053 
0.048 
0.046 
0.052 
0.052 
0.055 
0.057 
0.061 
0.065 
0.068 
0.067 
0.068 
0.068 
0.067 

Re • 57,400 

u'/Ub 

V/Ub 

0.015 
0.017 
0. 011 
0.005 
0.005 
0.005 
0.003 
0.004 
0.003 
0.004 
0.006 
0.007 
0.008 
0.008 
0.007 
0.008 

V/Ub 

x/D = +3 

v'/Ub 

0.039 
0.039 
0.030 
0.026 
0.024 
0.024 
0. 024" 
0.025 
0.027 
0.027 
0.029 
0.030 
0.031 
0. 031 
0.031 
0.031 

v'/Ub 

U/Ub 

1. 00 
1.02 
1. 02 
1. 01 
1.02 
1. 03 

1.03 

1.04 
1. 04 
1. 04 
1. 04 
1.03 
1.02 
1. 02 

U/Ub 

Re = 110,000 

u'/Ub 

0.073 
0.067 
0.057 
0.055 
0.053 
0.057 

0.058 

0.060 
0.065 
0.068 
0.068 
0.068 
0.068 
0.071 

V/Ub 

0.002 
0.005 
0.002 

-0.001 
-0.001 
0.000 
0.002 
0.004 
0.007 
0.009 
0. 011 
0. 012 
0.013 
0. 013 
0.010 
0.009 

Re • 110.000 

u'/Ub V/Ub 

III.ll 

v'/Ub 

0. 031 
0.025 
0.023 
0.023 
0.021 
0.021 
0.022 
0.023 
0.026 
0.028 
0.031 
0.031 
0.033 
0.033 
0.032 
0.031 

v'/Ub 

-------------------------------------------------------------------------------
0.967 
0.945 
0.877 
0.810 
0. 742 
0.675 
0.607 
0. 540 
0.472 
0. 405 
0.337 
0.270 
0. 202 
0. 135 
0.067 
0.000 

0.94 
0.95 
0.99 
1. 00 
1. 00 
1. 01 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 02 
1. 03 
1. 03 
1. 03 
1. 03 

0.074 
0.067 
0.053 
0.048 
0.047 
0.049 
0.052 
0.055 
0.057 
0.061 
0.064 
0.067 
0. 066 
0.067 
0.066 
0.067 

0.045 
o. 048 
0. 033 
0.015 
0.013 
0.014 
0.006 
0.011 
0.008 
0. 011 
0.014 
0.018 
0.022 
0.022 
0.020 
0.022 

0.064 
0.061 
0.049 
0.045 
0.041 
0. 040 
0.041 
0.044 
0.047 
0.048 
0. 053 
0.052 
0.053 
0.052 
0.054 
0.052 

1. 01 
1. 02 
1. 02 
1.02 
1.02 
1. 04 

1.04 

1. 04 
1. 04 
1.04 
1. 04 
1. 04 
1.03 
1. 03 

0.072 
0.069 
0.058. 
0.056 
0.053 
0.057 

0.058 

0.060 
0.064 
0.068 
0.068 
0.068 
0.068 
0.070 

0. 030 
0.019 
0.002 

-0.006 
-0.004 

0.000 
0.007 
0.014 
0. 023 
0.030 
0.037 
0.039 
0.042 
0.042 
0.037 
0.029 

0.063 
0.052 
0.048 
0.048 
0.041 
0.044 
0.043 
0.047 
0. 048 
0.052 
0. 054 
0.055 
0.054 
0.059 
0.060 
0.060 

-------------------------------------------------------------------------------



I I 1.12 

x/D = +4 

Weighted Data 

Re • 57,400 Re • 110.000 

-------------------~----------------------------------------------------------
r/ C 0/2) l IJ/Ub u'/Ub V/Ub v'/Ub U/Ub u'/Ub V/Ub v' /Ub 

-----------------------------------------------~------------------------------
0.967 
0.945 
0.877 
0.810 
0.742 
0.675 
0.607 
0. 540 
0. 472 
0.405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0.93 
0.98 
1. 02 
1. 0' 
1. 04 
1. 03 
1. 0' 
1. 05 
1.06 
1. 07 
1. 07 
1. 07 
1. 07 
1. 06 
1. 06 
1. 06 

Unweighted Data 

ri<D/2) : IJ/Ub 

0.967 
0.945 
0.877 
0.810 
0.742 
0.67' 
0.607 
0. 540 
0.472 
0. 405 
0.337 
0.270 
0.202 
0. 135 
0.067 
0. 000 

0.9, 
0.98 
1. 04 
1. 05 
1.05 
1. 04 
1. 0' 
1. 05 
1. 06 
1. 08 
1. 08 
1. 08 
1. 07 
1. 06 
1. 07 
1. 07 

0. 105 
0.081 
0.071 
0.064 
0.067 
0.057 
0.057 
0.061 
0.063 
0.072 
0.071 
0.075 
0.078 
0.080 
0.080 
0.081 

0.010 
0.010 
0.006 
0.003 
0.002 

-0.001 
0.002 
0.002 
0.003 
0.005 
0.005 
0.007 
0.007 
0.007 
0.010 
0.010 

Re • 57,400 

u'/Ub 

0. 118 
0.097 
0.076 
0.083 
0.081 
0.064 
0.057 
0.061 
0.064 
0.070 
0.070 
0.074 
0.076 
0.078 
0.078 
0.078 

V/Ub 

0.029 
0.031 
0.017 
0.009 
0.006 

-0.001 
0.000 
0.000 
0.001 
0. 011 
0.012 
0.019 
0.019 
0.020 
0.022 
0.027 

0.037 
0.036 
0.027 
0.024 
0.022 
0.021 
0.022 
0.023 
0.025 
0.027 
0.028 
0.029 
0.030 
0.030 
0.031 
0.031 

v'/Ub 

0.065 
0.066 
0.049 
0.042 
0.043 
0.037 
0.039 
0.041 
0.045 
0.047 
0.050 
0.051 
0.052 
0.054 
0.069 
0.052 

0.94 
0.98 
1. 01 
1. 01 

. 1. 01 
1. 02 
1. 01 
1.02 
1.04 
1. 05 
1. 04 
1. 03 

.1.04 
1. 04 
1.04 
1.04 

U/Ub 

0.95 
0.98 
1. 01 
1. 01 
1. 01 
1. 02 
1. 02 
1. 03 
1. 04 
1.04 
1. OS 
1. 04 
1. 04 
1. 04 
1. 04 
1. 04 

0.084 
0.078 
0.062 
0.060 
0.053 
0.054 
0.062 
0.062 
0.063 
0.067 
0.069 
0.071 

·o.o7o 
0.073 
0.072 
0.073 

0.004 
0.006 
0.003 
0.000 
0.000 

-0.001 
-0.008 
0.002 
0.004 
0.005 
0.006 
0.006 
0.008 
0.008 
0. 009 
0.009 

Re • 110,000 

u'/Ub 

0.083 
0.079 
0.063 
0.062 
0.054 
0.054 
0.057 
0.062 
0.062 
0.063 
0.066 
0.070 
0.070 
0.072 
0.071 
0.072 

V/Ub 

0.021 
0.025 
0.013 
0.003 
0.000 

-0.004 
-0.002 
0.006 
0.012 
0.016 
0.020 
0.021 
0.025 
0.027 
0. 031 
0.035 

0.029 
0.031 
0.023 
0.020 
0.020 
0.020 
0.020 
0.022 
0.023 
0.024 
0.025 
0.025 
0.027 
0.030 
0.030 
0.032 

v'/Ub 

0.063 
0.064 
0.049 
0.040 
0.038 
0.039 
0.040 
0.042 
0.044 
0.046 
0.047 
0.048 
0.050 
0.054 
0. 054 
0.058 

-------------------------------------------------------------------------------

1t 



I I 1.13 

x/0 == +5 

Weighted Da+;a 

Re • 57.400 Re == 110.000 

' ------------------------------------------------------------------------------

~! 

r/(0/2) : IJ/Ub 

0.967 
0.94, 
0.877 
0.810 
0.742 
0.67' 
0.607 
0. ,40 
0.472 
0.40' 
0.337 
0.270 
0.202 
0. 13, 
0.067 
0.000 

0.89 
0.92 
1.00 
1. 0, 
1. 0' 
1. OS 
1. 0' 
1. 06 
1. 06 
1. 07 
1. 07 
1. 07 
1. 07 
1. 07 
1. 08 
1. 08 

Unweighted Oat• 

l'/ ( 0/2) : IJ/Ub 

0.967 
0.94, 
0.877 
0.810 
0.742 
0.67' 
0.607 
0. ,40 
0. 472 
0.40' 
0.337 
0.270 
0.202 
0. 135 
0.067 
0.000 

0.89 
0.92 
1. 01 
1. OS 
1. OS 
1. 0' 
1. 06 
1. 07 
1. 07 
1. 07 
1.08 
1. 08 
1. 08 
1. 07 
1. 09 
1. 09 

u'/Ub 

0. 131 
0. 10S 
0.087 
0.071 
0.0,4 
0.0,, 
0. 060. 
0.06' 
0.070 
0.074 
0.078 
0.088 
0.088 
0. 089 
0.090 
0.090 

V/Ub 

0.009 
0.007 
0.00' 
0.00' 
0.003 
0.004 
0.004 
0.003 
0.006 
0.008 
0. 011 
0.008 
0. 011 
0.012 
0.012 
0.013 

Re • 57.400 

u'/Ub 

0. 131 
0. 118 
0. 102 
0.090 
0.0,3 
o.o,s 
0.060 
0.064 
0.069 
0.074 
0.077 
0.08S 
0.086 
0.086 
0.088 
0.088 

V/Ub 

0.028 
0.021 
0.01' 
0.012 
0.008 
0.008 
0.007 
0.006 
0.013 
0.021 
0.030 
0.023 
0.029 
0.031 
0.032 
0.03S 

v'/Ub 

0.035 
0.032 
0.027 
0.023 
0.021 
0.022 
0.023 
0.025 
0.027 
0.029 
0.034 
O.Q31 
0.033 
0.034 
0.033 
0.033 

v'/Ub 

0.064 
0.0,8 
0.047 
0.040 
0.038 
0.038 
0.041 
0.045 
0.049 
0.050 
0.0,6 
0.0,6 
0.056 
0.058 
0.0,5 
0. 05S 

U/Ub 

0.89 
0.93 
1.00 
1. 01 
1.02 
1. 02 
1. 03 
1. 03 
1. 04 
1. 04 
1. 0' 
1. 04 
1. 0' 
1. 0' 
1. OS 
1. 06 

U/Ub 

0.90 
0.94 
1. 00 
1. 02 
1. 02 
1. 02 
1. 03 
1. 04 
1. OS 
1. 05 
1. 05 
1. 0' 
1.06 
1. 05 
1. 06 
1. 06 

u'/Ub 

0. 104 
0.097 
0.068 
0.064 
0.058 
0.053 
0.060 
0.064 
0.066 
0.068 
0.074 
0.079 
0.077 
0.080 
0.082 
0.079 

V/Ub 

0.003 
0.002 
0.002 
0.000 
0.001 
0.003 
0.002 
0.004 
0.006 
0.008 
0.009 
0.009 
0.011 
0.012 
0.012 
0.010 

Re • 110.000 

u'/Ub 

0. 100 
0.087 
0.068 
0.066 
0.060 
0.053 
0.959 
0.063 
0.065 
0.068 
0.072 
0.077 
0.076 
0.079 
0.080 
0.077 

V/Ub 

0.010 
0. 009 
0.007 
0.001 
0.001 
0.008 
0.007 
0.014 
0.020 
0. 026 
0.028 
0.034 
0.035 
0.038 
0.035 
0.037 

v'/Ub 

0.026 
0.025 
0.022 
0.020 
0.020 
0.022 
0.022 
0.023 
0.027 
0.028 
0.028 
0.030 
0.032 
0.034 
0.033 
0.031 

v'/Ub 

0.053 
0.052 
0.044 
0.040 
0.039 
0.042 
0.043 
0.046 
0.051 
0.053 
0.0,3 
0.054 
0.057 
0.067 
0.057 
0.058 
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