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A new methodis presentedor the explicit Eulerianfinite differencecomputationof shockcap-
turing problemsnvolving multiple resohedmaterialphasedn threedimensions We solve separately
for eachphasethe equationof fluid dynamicsor solid mechanicsusingasinterfaceboundarycon-
ditions artificially extendedrepresentationsf the individual phases. For fluids we usea nev 3D
spatially-unsplitimplementationof the piece-wise-paraboli¢PPM) methodof Colellaand Wood-
ward. For solidswe usethe 3D spatially-unsplitEuleriansolid mechanicamethodof Miller and
Colella. Vacuumandperfectlyincompressibl®bstaclesnay alsobe emploed asphases.

A separatgroblemis thetime evolution of materialinterfaceswhich arerepresentety planar
segmentonstructedvith avolume-of-fluidmethod Thevolumefractionsareadvancedn timeusing
a second-ordeBD spatially-unsplitadwection routine with a velocity field determinedby solution
of interface-normakwo-phaseRiemannproblems. From the Riemannproblemsolutionswe also
determinecross-interhcemomentumandenengy fluxes.

The volume fractionsin mixed cells may be arbitrarily small, which would ordinarily make
the Courant-Friedrichs-Lwy time stepstability limit arbitrarily small aswell. We overcomethis
limitation usingthe mass-redistribtion formalismto conseratively redistritutegeneralizednassin
theneighborhoodf the split cells.

We presentan applicationof this methodto an explosion containedin a metalcan: a reactve
fluid (approximatingPBX 9404),is encasedvithin an elastic-plasticsolid (approximatingcopper)
surroundedy vacuum.Ourimplementatioris in parallel,andwith adaptve meshrefinement.

KeyWords: solidmechanicsjuid dynamicsshockwaves,Godune methodeglasticity
plasticity; solid-fluid coupling,adaptve meshrefinementAMR.

1. INTRODUCTION

We areconcernedvith computinglarge-deformatiorflows in problemsconsistingof
multiple resohed phases.The algorithmdescribecherecombineswo approaches the
treatmenbf freeboundariesOneis thetreatmenbf the propagatiorof surfacesn space
in termsof an equivalentevolution of volumefractions[32, 22], first introducedin the
1970sfor representingdluid interfaces. The secondis the use of strongly-conserative
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finite-volumediscretization®f thetime-dependerntregularcontrolvolumesoneitherside
of themaving interface. This latterapproactwasfirst usedby Nohin the CEL code[31].
The combinationof thesetwo techniquesiasbeenusedvery successfullyin a variety of
free-boundarproblemsn fluid dynamicssuchasshockdynamicq10, 4], andcomtustion
fronts[26, 21, 36]. However, the combinatiorhasnot beenappliedto problemsnvolving
materialinterfaces. More typically, volume-of-fluid representationhave beenusedin
materialinterface problemsin a hybrid mode,i.e., in which the materialpropertiesare
multiply-valuedin a cell, but the velocity is single-\alued[32, 15, 28]. In the present
approachall of the statevariablesarerepresentedshaving distinctvaluesin eachphase,
with appropriatgump conditionsappliedat the phaseboundaries.

Ourmethodembraced$luids aswell aselastic-plasticolidsin asingleEulerianframe-
work. This approachis motivatedby the excellent performanceof Eulerianhigh-order
Godunw methodsfor single materialphases. Furthermorejn the Eulerianframework
adaptve meshrefinemenf{AMR) [7, 3] is a relatively maturetechniquefor dynamically
applyinghighnumericaresolutionto thosepartsof a problemdomainthatrequireit, while
solvinglesssensitve regionson lessexpensve, coarseicomputationagrids. In combina-
tion, Eulerianhigh-ordertGodune methodsvith AMR have beenprovento obtainhighly
accurateindefficientsolutionsto shockcapturingproblems.Ourimplementatiorincludes
AMR capabilityin 3D andin parallel.

2. OVERVIEW OFMETHOD

We areconcernecherewith N spatiallydistinct (resohable) materialphasesy, @ =
1,2, ..., N. For eachphasewe have a systemof conserationlaws

au“
ot

Thenumberof componentin thevectorU © of consereddensitiesandthevectorG¢ of
sourcgermswill in generabedifferentfor differentphasesandtheflux functionsF *(U)
will differ in numberand content: different material phasesare governedby different
physicsandkinematics.

OndomainboundariesyQ®#(t) = 9Q%(t) N 922 (), compatibility conditions

+V.FYU)=G* on Q*(t). 1)

HU% U =0 on aQ*P(t) 2)

exist which determingheevolution of thedomainsQ*(t).

We are interestedn developinga numericalmethodfor (1) and (2) on a structured
Euleriangrid. We denotewith integersubscriptd, j, k cell-centeredjuantities,andwith
half-integer subscriptse.g., i + % i, k, face-centereduantities. Incrementf time are
indicatedwith the superscripts orn + 1.

Let usdenoteby jjx aCartesiargrid controlvolume,

xi_%gxgxi+% and
Tijk = 31X, ¥,Z yj_%gygyj+% and ¢ , 3)
1 =2=741
andby aTi_% i K (for example)the“left” x faceof celli, j, k;
X = xi_% and
i1 k=% Y2 Yj 1 =Y =VYj1 and ¢ . (4)

Z, 1 <72<1Z,1
k-1 =2=241
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We definevolumefractionsA,

VAIJk = / dxdydz, (5)
TijkNQ (1)
whereV = AXxj Ayj Az is thevolumeof celli jk. We alsodefinethe phase‘apertures”
tn+l
A?—%,j,kz /dt / dydz. (6)
th aTi_%'j‘kﬂQ"(t)
Finally we definetheinterfaceboundaryaperture,
th+1
A = / dt f dxdydz. (7
th YN ()

A finite volumediscretizatiorof (1) is obtainedby integrating(1) over the space-time
volumeof thecomputationatell i j k occupied:)y phasex.

tn+l tn+1
d o 9 0 FX“(U) / / «
t t
/d /dxdyd <at X 8y 8z> Fy“(U) d dxdydzG (8)
th TN (t) OZ(U) th kN (t)

Then,by applicationof thedivergenceheoremwe have

n+1 Jo,n
A% n+1V kU:][k _Aa,nvijkuiajfk

+A|+2 B kFliO; .k Aix—— j.k |X—Oi j.k
+A‘|Xj+% kFiyj(:%,k - ft,e% kFliji— k
+A71 k+3 Flzjak+2 A?j k-3 Flzlak—-
+ABOERY = AtAOVGY,. )

with thenotationg denotingheaverageovertheappropriateegionsin space-time:]\ij K is
theaverageover [t", t"+1]; Ui"j‘k theaverageover Yjjx N Q%(t); Fixfi ik theaverageover
2:1s

8Ti+% kN Q*(t). Rearranginghetermsin (9) leadsto afinite-volumediscretizatiorof
V- F%:

AQ

a,n+1 3
U'Jk U —At(V- Fa) AT AN+l ﬁk’ (10)
with (V - F*)C the conserative flux difference
C Aan+1 AQN ~a,n
At (V- F9) = “—em1 Uik + AMHVJK(
o = X, o _ o Xo{
Ai+%,j,kFi+%,jk AI——Jk |__Jk+
o =Y. A =y,
Aiai+:—2L,kFi,j+3—2L Au__k .J_;k+
o = Z,a o Z,a
Aisjsk+%Fi,j k+2 A&I NE k—— I:| J, k_l +
ABaFljk ). (11)



For the caseG{ ik = = 0, thediscretization(10) satisfiesa discreteconserationlaw of the
form

Y OAGEHORM =3 AfRU*" + (boundaryterms) (12)
ijk ijk

wherethesumis overanarbitrarysubsebdf thecontrolvolumes andtheboundarytermsare
a sumof fluxesevaluatedat the facesboundingthe region correspondingo thosecontrol
volumes.

Thereare two issuesthat mustbe resohed in orderto specify a numericalmethod
basedon (10,11). Thefirst is the choiceof quadratureuleswith which to replacethe
averagesF, U with functionsof equally-spacedyrid values. The secondssueis thata
straightforvard explicit discretizationtypically hasa maximumstabletime stepgiven by
a Courant-Friedrichs-Lwy conditionthatis no betterthanvmaxAt = O(hAY3) (where
vmax IS themaximumsignalspeedn thatcell), andcouldbeassmallasvmax At = O(hA)
for aboundarywvhosenormalis alignedwith oneof thecoordinatelirections.To dealwith
thesdssueswe take anapproacHirst introducedn [5], following theideasin [11].

Ourprimarydependentariablesarediscretizedn theappropriatesubset®f therect-
angulargrid on eitherside of the front: for all (i, j, k) suchthat Aij > 0. UI"J"kn A
Ui AX, jAy, kAz, t"), theupdata)fUIJk totimet™?! = t" 4+ At is givenin thefollowing
steps.

1. Forall cellsfor which A% = 0, Af;¢ ™ > 0,initialize U %}

2. Forall facesadjacento cellswith Af‘”? #* OorAf‘J E*l # 0,wecomputesstimate$o

thefluxesF_X“ L ik ~ R + 2)Ax j Ay, kAz). We usethesefluxesto compute

(V- F")© by makmgthesubstltunonulrj‘lf‘ < Ui B3 ik < FX"‘ ,in (11).

We alsousethesefluxesto computeanonconser&twe,butstableestlmateto V-F*
At (V- FO’)NC = AA—;i <Fi):-03—;,j,k - Fix_,a%,j’k) +
AA_ytj (Fi),/i(i%,k - Fi),/ioi%,k> +

A <F:fk+§ a Fi,sz%> ' =

3. Performapreliminarystableupdateto U¢ usingalinearhybridizationof (V - F*)¢
and(v - FNC:

Uiajg,kn+1,ref _ Uﬁz,kn _ At[ ftjlr(1+l(V FHC 41— AT’JE‘H)(V . F“)NC]. (14)

Becauseheweightmultiplying (V - F*)C is A N+1 thesmalldenominatoin (11)

is canceledandwe expectthat the resulting updateformula is stable. However,
U%MEret goesnotsatisfyaconserationrelationof theform (12). We cancompute
(SM” ¢ the differencebetweenthe total massin the control volume given by the
preliminary updateand that given by a conserative updatebasedon (V - F )€

alone: ) L
M = (L= AT DAL [V FC — (v FNC]. (15)



4. After thepreliminaryupdatedor all of the cellshave beenperformeddistributethe
massdeficits M{j, ontothegrid to maintainconseration:

i+1  j+1  k+1

a,n+l ., je,n+l Wijk o
S =T DD 2 D Wi O Mimp: (16)
|I=i—1m=j—1p=k—1 P

Theweightswijk areassumedo be nonngative, boundedrom above uniformly as
A — 0. ThenormalizatiorfactorWij is givenby

i+1  j+1  k+1

Wijk = Z Z Z Aﬁ}]r;)+l\/lmpwlmp- (17)

I=i—1m=j—-1p=k-1

In thepresentvork, we will usemass-weightedistribution, i.e., wijx = pﬁf“’m;

the value of the densityafter the preliminaryupdate. Massweightingwas found
to provide more robust solutionsthan volume weighting (wijx = 1) in problems
involving strongshockdq34].

In thecalculatiorof (V- F) €, wecomputeapproximationso theaveragesalorg surfaces
andvolumesbyreplacinghoseaveragesvith estimatesf thevaluesvauatedatthecenters
of theCartesiarcellsandfaces'jk, 37, _ 1k etceterm. Sincethelocationofthecentroids

of thecontrolvolumesandaperturegliffer from thecentersof the Cartesiarcellsandfaces
by O(h), thisleadso adiscretizatiorthatis formallyinconsistent,.e., hasatruncatiorerror
thatis O(1) relative to h, at the moving boundary It is possibleto constructa formally

consistentmethod,i.e., onewhosetruncationerroris O(h) [23, 29, 13]. However, the

presentapproacthasbeenusedwith greatsuccesdgor trackingshocks[5, 17] andfixed

solid-wall boundarieg34]. It is alsoa substantialmprovementfrom a formal standpoint
over capturingmethodswhich have aformaltruncationerrorthatis O(h —1) [49].

Intheremaindenf this paperweexpard upontheideasntroducedhere,anddemorstrate
their usewith someexamples.

In 83weelaborat®ngeometryssues.Ourapproaclis basedndiscretizingatransport
equationfor a volume fraction densityfor eachphase the averagesof which over cells
arethe volumefractionsA. The specificform of the transportequationis motivatedby
previous work in multifluid representationsf interfaces[15, 28]; the connectiorto the
mathematicandphysicsbeingmodeledchereis discusseth §3.2. Ourdiscretizatiorof the
volumefractiontransporequatiorusedocaltangent-planapproximationso theinterface
constructedrom the volumefractionsA ¢ asdescribedn 8§3.1. In §3.3we describehow
ourgeometriadescriptionof §Q2%(t) is usedto computeaperturesi®.

In 84 we describethe computationof fluxes F(U). We describethe computationof
extendedstatesU ¢, andhigh-orderGodunw methodsfor the computatiorof second-
orderaccuratdluxes F. Ourimplementatiorusesan EulerianGoduna methodfor solid
mechanicslescribedn [27], andanew non-spatially-splitmplementationof the piece-wise
parabolicmethod(PPM)for fluids, describechere.

In 85 we describeanimplementatiorof the overall methodto shockcapturingcompu-
tationswith fluidsandsolidsandvacuum.Firstwe specifythevariabledJ ¢, flux functions
F¥(U), andsourcetermsG® appropriatdo eachmaterialphase.We describethe consti-
tutive models(equation®f state,chemicalreactionmodeling,andplasticflow laws) that
provide closureconditionsfor the evolution equations.An exampleis given of theinter-
facecompatibilityequation(2): theinterface-normasolid-fluid Riemannproblemusedto



constructaninterfacevelocity field to evolve thephasedomains (t). Finally, we present
examplecalculations. One-dimensionasolid-fluid and solid-vacuumexamplesdemon-
stratethe accurag of the method. A three-dimensionadxampleis alsodescribedvhich
includesadaptve meshrefinemen{AMR).

In 86 we summarizeurfindingsanddescribestepsonemighttaketo improvetheorder
of accurag of themethod.

3. INTERFACEMOTION AND GEOMETRICDESCRIPTION

3.1. Volume—-of-FluidInterface Reconstruction

We usethe volumefraction A% asthe fundamentalariablethat determineghe spa-
tial distribution Q% of materialphasex. Fromthe volumefractions,a piece-wiseplanar
representationf the materialinterfacemaybe constructedThereconstructechterfaceis
choserto satisfytwo constraints First, the calculatedblanarinterfacesegmentin cell i jk

breaksthecell into partswith a calculatedsolumefraction A f]fa'c thatis exactly equalto

o

the actualvalue; A; j’lfa'c = Af, . Secondthe calculatedpiece-wiseplanarinterfaceis an
approximatiorto theleast-squaresestfit in theneighborhooaf celli jk. Specifically we
desireaninterface(i, d),

NxX +nyy +nzz=d (18)

with outward-directechormalunit vectori, fi-i = 1, that minimizesthe sumof squares
error SO S betweercalculatecandinputvolumefractionsona 5 x 5x 5 stencil:

i+2  j+2 k42 5
SOSijk(fijk, dijk) = Z Z Z (A?ﬁqcslc(ﬁijk,dijk)—Aixmp> . (19

|=i—2m=j—-2 p=k-2

In two dimensions piece-wiselinear interfacesobeying analogousconstraint§on a
3x 3 stencilof cells) have beenshownn to provide second-ordeaccuray for testproblems
involving materialadwection[37].

Insteadof solvingthe constrainedeastsquaregproblemdirectly, we approximatats
solutionusingtheELVIRA algorithmof Pilliod andPuclett[37]. Thisalgorithmdetermines
afinite list of N candidaténterfacenormalsi®, k=1, 2, ..., N. Foreachnormalvector an
intercepdX is calculatedvhich givestheexactvolumefractionsfor celli jk. Thisenforces
thefirst constraint. The sumof squareserroris thencomputedfor eachcandidateplane
(K, d¥), andthesingleplanewith theleastsumof square®rroris choserto representhe
interfacesegment. Thealgorithm,describedelawv, hasthe propertyof calculatingexactly
theplanarinterfacewhentheinputvolumefractionsona5x5x5 stencilareconsistentwith
the existenceof a singleplanarinterfacepassinghroughthe centercell.

The 3D ELVIRA algorithmbegins by summingthe volumefractionsin a3 x 3 x 5
blockof cellsin thedirectionz (Fig. 1):

l=i—-1,i+1
am= 3 Vit 025 @)
p=k—2,k+2 ’

In this 3x 3 array the summedvolumefractionv|n, is assumegbroportionato the height,
in the z direction,of theinterfaceat coordinatex, ym:

Ulm Ny ny
Mmoo X Dy, 21
AX| AYm nz ! Nz Y (1)



x\%\i / N

—L N / 1

k-2
*1

@

FIG. 1 (a) A 3x 3 x5 block of volume fractions(schematicallyillustratedby shading
using a yet-to-be-determineglanarinterface)are summedcolumn-wiseto give a 3x 3
setof sumsv (b) from which non-colineartriplets of points may be usedto estimatea
reconstructeéhterfacenormalvector Thesumsvi j_1, vi4+1,j—1, andvi41 j (indicatedby
arrons) are compatiblewith the exact planefrom which the fractions A in this example
werederived. The ELVIRA algorithmwill selectthe planedeterminedrom thesesums
sincethecorrespondingumof squareerrorwill bezero. For eachof theremainingsums,
theplanecrosseshefacek + % , leadingto anunderestimatef thecolumnvolumebeneath
theplane.Planesdeterminedrom theseothersumswill therefordeadto nonzerosumof
square®rrors.

wherec is a constani{theindiceslm for which this assumptiorholdsbestareselectedy
the ELVIRA algorithm). Thus,for eachtriplet of index pairs,ratiosn x /n; andny/n; (and
the constantc) may be calculated.Giventheseratios,the normalvectori = (n, ny, nz)
maybe calculatedo within a signfactorby applyingthenormalizatiorconditionii - i=1.
The signmay be resolhed by choosingthe signof n; to be consistentvith the calculated
centerof masq39] (seealso[37]). Whenthez momentbf thevolumedistributionis small,
the sign may not be accuratelydeterminedy the centerof massconstraint.In thatcase,
both sign possibilitiesaretested. The constraintfor normalcomponenn ; is considered
weakif theabsolutevalueof thez componenbf the centerof massof thecentral3x 3x 3
blockis lessthan0.2 timesthewidth Az of thecentralcell.

In projectionz, the24non-colineatripletsthatincludethecenterof theprojection(, j)
aretested.This givesriseto betweer?4 andasmary as48 candidatenormalvectorsThis
sameproceduras appliedin thex andy directions o yield atotal of 72to 144 candidate
normalvectors.

It mayhapperthatthe 5 x 5x 5 arrayof volumefractionshasa symmetrywhich does
notappeain thevectorthatprovidesthelowestsumof squaregrror We explicitly enforce
symmetryby testingthesymmetryof thefractionarray andby appropriatelysymmetrizing
thetrial normalvectorsprior to calculatingtheir sumof squarerror For example,ona
uniformgridwhen A, ko =AY jpkeme I M P=—2, ..., 2, symmetrydictates
ny=nz. All testvectorsi arethenmodifiedto obey this symmetry:

nx ﬁx H . .
. _ ~ if ny=nz; symmetryindicated. (22
(”yv n2> - <Slgr(ny+nz)\/%(1—n§)> y=nzSsy y (22)



3.2. Interface Advection

Following [15, 28] we evolve materialphaseluid fractionsby solvingthefluid fraction
adwectionequation

d 9 A*M
— A% — - (M%) = V. 23
ot +8Xi (A%v) Ma v (239
with L
~/3 -
AP
v k
Mije= (D> —7 | - (23b)
B Mijk

v is thevelocityfield associatedvith theinterfaceof phasey; its computations described
in 85.3.4. M# hasthe meaningof anisentropicmodulusof incompressibility;for solids

undegoing homogeneoudeformation,or for fluids moregenerally M is the isentropic

bulk modulus. Thesemoduli arediscussedurtherin §5.3.5. Becausef theterm M, this

equationis a collective partof our method(seealso85.3).

Theabove equationsareformally equivalentto anadwectionequatiorfor A, sincethe
termsproportionalto V - v vanish,andv is continuousat theinterface. However, we use
theform (23) becauseliscretizatiorerrorsarisingfrom the volume-of-fluidrepresentation
may causethemto be nonzero. In the areaof multifluid calculationsthe useof (23) to
computaheeffectivedynamicds controversial,sincetheunderlyingphysicalassumptions
of pressurenatchingattheinterfaceandchange®f statebeingisentropicareviolatedwhen
a shockintersectgheinterface. In the presentase we usea formulationbasedon those
physicalassumption$o be consistentvith therestof thealgorithm,whichis basednthe
sameassumptionsin practice theregion wherethe assumptionsireviolatedarea setof
codimensior or smaller andhave beenobsenedin trackingotherdiscontinuitiesusing
this approactio be correctlytreatedby virtue of conseration.

We discretizeEq. (2339 by first solvingtheleft handsidein conserationform,

- a,n o _ o _ o o o
ViRV =V Y Y, j+gk+V| s = Vs
- tot _ ytot tot tot tot tot
V'Jk+vi—%,j,k Vi+%,j,k+vi,j—3—zl Y L+ 1tV J k= -V k3

Here V“ ik isthevolumeofphasexad\ecteohcross;ellfacei—%,j kinthetimeinteral
2

At, andV“’t ik |sthetotalmatenalvolumead\.ectedacrosshatface Thecalculationof

thesead\.ectedvolumeSIs describedelow.
ThevolumefrgctlonsA“ computedromtheleft handsideof Eq.(238) donotin general
sumtoone: )", A“#1. Infact,

At(V-v)=1-) A" (25)

Thefinal solutionto Eq. (239 is thengivenby

~ “I k
n+ k IJ

ZAljk (26)

Ijk

with M givenby (23b).



We floor thesecalculatedractionsto avoid smearingheinterface

0 if AP <€
Aﬁf“ ~1{1 if Af”j"zl >1—¢ (27)
Ailj’rk1+1 otherwise

with € = 107 in ourtestproblems.

ThevolumefluxesY usedn Eg.(24)arecalculatedisinganon-spatially-spliadwection
algorithmdevelopedby Pilliod andPuclett[37] basednthecharacteristitracingapproach
of Bell, Dawson,andShubin[6]. This methodusesa face-centeredelocity field, which
we constructasfollows.

We describea methodin §5.3 for the calculationof a cell-centerednterfacevelocity
field. Fromthis cell-centerednterfacevelocity field we construcface-centeredaluesby
averaging,

(e o .
Uxi-3jk =2 (vxi-1.j.k + Vx.i,j.k) (28)
=L (po: .
Uyij-3k =2 (vy.i.j—1k + vy jk)
= 1(p, . .
Vzijk-3i T2 (v2i.jk-1+vzij k) -
h
L h |/ ,
h
X
— f
1 b
e
a

FIG. 2 The volumefluxesthroughthei + % face(rectangleabcd) of cell ijk aregiven
by thesumof (1) thevolumeabcdef gh, whereplaneef gh is displacedrom abcd by
_(UX)i+%,j,kAt; (2) acorrectionto (1) dueto vk having a nonzerogradientdvy /dx; and
(3) thetrans\ersevolumefluxesthroughrectanglesbf e, bcgf , cdhg, andadhe.

Following Bell, Dawson,and Shubin,we write the conserationlaw for the left-hand
sideof EqQ. (239 as
oAY OAY (A% (A% ov
LAy By D

ot T x ay 0z X

Takingthevelocity componenby to be constantandintegratingby partsover the space-
time volumetracedby characteristicpassinghroughfacei + % i, k, we have, assuming
= 0 for this example(seeFig. 2):

0. (29)

vx,i+%

At avx
Vi :/A"‘dV + Vadeh + Vabet — Voctg — Yedgh — ——/A“dV 30
I+%,],k abcdef gh adeh abef bcfg cdgh 2 ax Ja (309

bcdef gh
At dv
tot tot tot tot tot X
Vi+1 j K= dv + Vadeh + Vabef - vbcfg — Ycdgh — 7 9 dv (30b)
2 abcdef gh X Jabcdef gh



7‘ b
=

FIG. 3Thevolumefluxesthroughrectamgleadhe cortributing tothevolumefluxesthrough
facei + % of cellijk aregivenby the sumof (1) the volumeof the prismadhepq; (2) a
correctiondueto dvy /dx anddwy/dy beingnonzeroand(3) thetranswersevolumefluxes
throughthetrianglesdhq andaep.

FIG. 4 Thevolumefluxesthroughtriangleaep contritutingto the volumefluxesthrough
facei +% of celli jk aregivenby thevolumeof thetetrahedromepr andacorrectiondue

to dvy/dx, dvy/dy, anddv,/dz beingnonzero.
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where

dux _ Uxi+3,ik ~ Uxi-3,jk (31)
X AX ’
andwhere
a = (Xi+%’ yj—%’ Zk—%) (329
e = (Xi+% — vX,i+%,j,kAt’ yj_%, Zk—%)’ (32b)

etc. In Eq.(30),theintegral /A%dV is thepartof volumeabcdef gh occupiedoy phase
«. Thisis calculatedwvith elementangeometryusingthe coordinatesbcdef gh andthe

time t" planarinterface(, d), if oneexists.
To evaluatethetrans\erseflux Vaden appearingn (30) (for exanple), wewrite Eq.(238)

as

OA” OA” OA* a(AaUz) avx avy
AO[ _ N o ")
ot Tk Ty T A ay

Now, holdingvelocitiesvy andvy constantandintegratingby pats (assumig v
in this example;seeFig. 3)

=0. (33)

yij-3k>0

At /0 0
Ve / A“AV + Vigp — Vg — = <—8';X + —8';y> f A%V (349
al a

dehpg 3 dehpq
At [dvx  dv
o gy eyt —_<—+—y> dv (34b)
adeh adehpg 2P dha = "3\ Hx 9y / Jadehpq
where
dvx  Uxit+di-1k 7 Vxi-}.j-1k (359
ax AXi
oy Dydigk = Tyii-k (35b)
ay Ayj-1 ’
andwhere

o— Kipg =AY 1= Ay 1 g y) Ui+ —LkUxi+}k > O
(xi+%, yj—%_Ath,i,j—%,k’ zk_%) otherwise
(36)
andsimilarly for pointq. Notethatin (36)welimit thevelocity vy atfacei +%, j—1, k-1
to ensurethatits signis the sameasatfacei + 3, j, k.
To determinghetrans\ersevolumeflux Vaep, appearindn (34) write Eq. (239 as
IAY IAY IAY IAY dvx |\ adVy o002

PR
ot T Tx Ty TUi TATG ay oz

=0. (37)

Holdingvy, vy, andv constantandintegratingby parts(assuming, ; —1k-3> 0O for this
example;seeFig. 4)

At avx 8Uy 8Uz
Sep = [ A%AV—— =+ 2+ =) [ A%V
Vaep /a d 7 (BX + By + 82)/31 d (389

epr epr
At [dv av ov
A dv——<—x+—y+—z> dv 38b
aep aepr 4 \ 9x ay 9z J Jaepr (380)
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where

(399

AXj

(39b)

(39c)

AZg_1

andwhere

Xipd = Aty aks ot gk avxipdjk >0

(409

otherwise

1
2

Xy

(40b)

>0

k

>

1

k-1Yij—

2>

1
otherwise

K1 if .

2

1

ij—

At vy,

yj,l
Yj

2
1

(40c)
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FIG. 5 A notchedblock of size3x 4 x 5 with four cornernotches1 x 1 x 1 each takenoff
the 4z side; beforeandafter rotationthrough2z radiansin 400time steps. The figures
displaythe outline of eachcomputationakell, truncatedwheninterfacesare presentoy

the piece-wiseplanarreconstructedhterface— not a constanvolumefractionisosurfice.

Theaxisof rotationpasseshroughthe dot andthe diagonallyoppositecorner;rotationis

clockwisein this orientation.

Figure5 demonstratethefidelity of this volumeadwectionschemaisingthetestprob-
lemof[39]. A notchedblockis rotatedwith aconstanprescribedotationalvelocityfield.
The prescribedrelocity is calculatedexplicitly at eachcell face,circumwentingstep(28).

Thecomputationatiomainis 100x 100x 100,with 10 computationatellsperunitdistance.

Figure5 shouldbedirectly comparedvith Fig. 3 of [39] (seealsoFigs.16and18 of [24]).
Comparisonén two dimensionswith corvergenceesultsdemonstratingecond-ordesic-

curag, appeain [37].
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In two-materialproblems only onematerialphasevolumefraction (say A °) needbe
advanced:at eachstepof thealgorithmwherewe computevolumefluxesy © and V', we
havetrivially V1=V -0 For two-materialproblemsjf onethenusedinsteadof (234
thesimplerequation

d d o o

8tA+3|(Av) A%V -, (42)
equialentto M* begin equalfor all phasesfor example thenonemighttherebycircumwent
the collective natureof this algorithm. However, for threematerialor more generalN
materialproblemsthecondition) ", A* = lis notautomaticallysatisfied.Thisis because
our interfacemodelassumes single piece-wiseplanarinterfacein eachcomputational
cell. Whenmorethan?2 phasesneetin a single cell, this assumptiorcannotbe valid.
Also, differentinterfaceswill have differentvelocity fields. ThetermV - v appearingn
(239 cannothereforebededucedrom thecomputed’ ' obtainedn adwectingary single
phasex, but mustinsteacbeobtainedy separateladwectingeachof the N materialphase
volumefractionsandrenormalizinghemcollectively (via the RHS of (238 or someother
expedient).

This incompatibility betweerthreematerialjunctionsand piece-wiseplanarinterface
representationkeadsto otherambiguitieswithin our overall method. In particular it ne-
cessitatearenormalizatiorof aperture$83.3)thatis notnecessarywhereonly two phases
meet.We notethattwo materialinterfacegormamanifoldof codimensiori, andthreema-
terial interfacesform oneof codimensior2. Thereforethe overwhelmingmajority of our
problemdomainis free of thesecomplications.Accordingto thetruncationerroranalysis
in [13, p. 165], truncationerrorsaslargeasO(h ~1) associateavith the ad hoctreatment
of codimensior? statesstill leadto solutionsthat corvergein L 1, provided the method
remainsstable.

3.3. Space-Tme Apertures

A space-timapertureA”® is the time-integratedareathoughwhich fluxesof material
phasex may passunobstructedhroughthe cell face. Interior to a single-phaselomain,
fluxesareunobstructeénd,for example, A“ ik _AtAy,Azk In generalthe sumover

2

phaseof the apertureon a given faceis At timesthe areaof the face: e.g., in a two-

materlalsystem,A?+ ot All+ K= AtAY Az An exceptionto this rule occurswhen
2

theinterfaceis stationar)andcommdemwith thecellface.Then,Ai(’+1 e All+ ik =0:
FARM 20

neitherphases flux crossesheinterface.

We calculatethe aperturesusing cell-centeredime t" andtime t"+1 reconstructed
interfaces.Sincetheaperturesreface-centeredye averagetheaperturegalculatedrom
left andright cell data,e.g.,

1
AtLik=3 (AL,i+%,j,k + AR,i+%,j,k) - (42)

Figure (6) shovs a mixed cell containinga time t" andt"*+! reconstructednterface
intersectinghefacei + % i, k. Thevolumebeneathhesenterfacescontaingphasex (the
interfacenormalis outward-directecby corvention). In our implementationthereis no
constrainplacedupontheinterfacenormalsthustheinterfacediffer by translatioraswell
asrotation. We assumegiven

nyx+nyy+njz =d" att", and (439
nyx + ity 4 n)tlz = d*t o artn (43Db)
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FIG. 6 Time t" andtime t"+! piece-wiseplanarinterfacesare shavn in fractionalcell
i,j,k. The apertureAiJr%’j’k is given by the integral over At of areaon facei + % i,k
accessibleo thefluid.

that
Nx (X + ny(Hy + nz(Hh)z = d(t), (44)
with
k() = nl+ @O0t —nhz(b) (453
ny®) = nj+ )t —nhr(t) (45b)
nt)y = n4+ni*t—nhHr) (45¢)
dty = d"+ @t —dMr(t) (450)
t—th

With thislinearinterpolationalgorithmthevectorii(t) is not,in generalnormalized.

In the time intenal [t", t"*1] the shapeof the interpolatedinterface (44) contained
within cell i j k maychangédopology Thesechange®ccurwhentheinterfacecrosse®ne
of the8 cornerof thecell. We calculatehesdntersectionssortthemin time,andestimate
thetime integral of theareabeneathheinterfacesusingthetrapezoidakumrule.

For example,thet" andt"*! interfacesof Fig. 6 give aninterpolatednterfacewhose
intersectiorwith facel +%, j» k defineghe(curved)surfaceabf dce (Figure7)in thespace
yzt. Thevolumeaa’ bb’ cc’ dee’ f isthetime-intggratedareabeneathheinterfaceson
the+x sideofcelli jk. Attimet; theinterpoIatednterfacecrosseshecornei+%, i+, k—%,
andthe topologyof theinterfacechangesWe approximatesolumeaa’ bb’ cc’ dee’ f
as:

(areaaa’ bb’ + areaee’ f)

ALivhjk ~ @ —th >
(areaee’ f + areacc’ d)
@t —tr) > (46)

The circumstanceccursthatat” or at"*! interfaceexistsin cell i jk, but not both.
In this case the missinginterfaceis estimated.We take the existing interface translatet
alongits normalvectorin time usingthetimet" extendednterfacevelocityfield.
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FIG. 7 Aperturecalculationshovnin yzt space A surfaceis constructedby interpolation
betweerthe time t" interfaceab andthe t"*! interfacecd. The interpolationfunction
assumethatall coeficientsof theplane(ny, ny, nz, d) arelinearin time. Thesurfacemay
thereforebetwisted. Theinterpolatedunctionchangegopologyat ef .

Pembeetal. [34] notethattheinterfaceapertue AB maybecomputedromthecell-face
apertureshrougha divergenceheoremtrick:

& B, __ o _AQ

A ABT = AL AT (47)
& B,a o o

nyA=% =AY — A*.

y ij—3.k Lj+3.k

= B, __ o A

AizA - Ai,j,kJ—zL Ai,j,k+3—2L’

from which, with fi-fi=1, onemaycomputei and AB.

4. FLUX CALCULATION

4.1. Single-PhaseExtended States

It is necessaryo extenddatafor phasewx into the two-cell borderof cells A% = 0
surroundinghe region wherephasex exists (where A% # 0). This is becausehe first
borderof cells A%" = 0 may be occupiedat the next time step, A®"+1 £ 0, andfluxes
mustbe calculatedn all facesof thiscell. At aminimum,we assumehatflux calculation
requiressomeestimateof cell-centerediensitieson bothsidesof theface.

We performthis extensionby someaveragingscheme We thenmodify themomentum
andenepy valuesof theextendectellsto incorporatessomeinformationabouttheinterface
velocityfield. Ourapproachyivesextendedstatedescriptionavhich areaccuratgo O(h).
To achieve higherorderaccuray, extrapolationis required29].

Extensiorby averagingwassuggestedby [5]. This extensionalgorithm,implemented
in two passesis asfollows. We usea volume-weightedveragen thefirst pass,

i+1 j+1 k+1 a,nja.n
gennext _ 2d=i-1 mej—1 2= pk—1 Vimp Ajo Ui
ik =

i+1 j+1 k+1 a,n
D51 2omej—1 2o pek—1 VimpAjmp

to extenddatainto the first borderof boundarycells. In the secondpasswe usesimple

(48)
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averaging, .
U-O-[’kn’EXt — Z;iilf-l I!n—’:i .—1 Zl;)ilkfl VlmplJ|C(rT7‘IrF1)7(:"Xt )
! Yt rJn+=1, 1 Yk Vimp
Pilliod [35] introduceda differentextensionschemewhich he adwocatedfor interface
velocity extension.We optionallyusethis schemdor vectorquantitiesandthecomponents
of the tensors.Pilliod’s schemefor vectorsg extendsseparatelghe componentsy, qy,
andgz, andalsoextendsghemagnituddd|. After extensionof these4 quantitiesby method
(48),onethenrenormalizesheextendedvector(q ', g9', gg*"), sothatits lengthis given
by thevalue(|G|)®* alreadyobtainedoy extrapolation.This renormalizatiorproceduréds
conductedwice: onceafterexecutingmethod(48),andagainaftermethod(49). To apply
Pilliod’s extensionmethodto tensorswe treateachrow asanindependentector
Anotheralgorithmicchoiceis whetherto extendin primitive or conseredvariableqas
indicatedn (48)and(49)). In theexamplesdescribedater, we useconseredvariablesand
Pilliod’s method.

(49)

t - t
o [ 4 1 1.
b) @mm= | © > < O | —m—

C) G :“:(>—» G D ——)

FIG. 8 Vectoraveragedy Pilliod’s schemdfirst columnof figures),andstraightforvard
component-wisaveraging(secondcolumn)for threecases.

[\ (N

FIG. 9 Tensoraveragedy Pilliod’s scheméfirst set),andstraightforvardcomponent-wise
averaging(secondset).

Wefoundin certainstiff modelingexperimentgsolidandgas)hattherobustnes®f our
methodwasimproved by modifying the extendedstatesto incorporatesomeinformation
regardinginterfacevelocity. Thedifferencebetweertheinterface-normavelocity andthe
materialvelocity is givenby thevector

Av = [n * (Vinterface — Umaterial)] . (50)

We usethis vector differenceto modify the extendedstatevelocity accordingto the

prescription:
extended extended | A,
material material + Av (51)
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wherethe Av is thePilliod averageof Av overneighboringellsthatcontainaninterface:

~ 1
Av = Av (529
|nbh| %
=~ 1 1/2
|Av] = (Av - Av)Y 52b
|nbh| % (52b)
_ Av ~
Av = Jivfll/zAU (520)
(Av . Av)

For the setof cellsimmediatelyadjacento cells containingvalid data,nbh is the setof
27 nearesheighborcells. For the cells oneremoved, nbh is the setof 125 nearestand
second-neareskighborcells.

4.2. Single-Phasdntegration

Eachsingle-phaseaegion is given a boundaryof “ghostcell” data,determinedrom
a boundarycondition, or obtainedby extension84.1. The singe-phaseegionsarethen
adwancedn time with high-orderGodune methods.The approachwe usefor solid me-
chanicss basicallyidenticalwith theapproactdescribedn [27]. For fluid mechanicswe
usea variationof the piece-wiseparabolicmethod(PPM)[18]. Our PPMimplementation
differsfromtheoriginalin two essentialvays. First, ourimplementations 3D withoutuse
of spatialoperatorsplitting. Instead we usethe high-ordemon-splitmethodof [12, 42].
Secondthelimiters we usearedifferentthanin [18]. We usesimplermethodsandavoid
altogethethe “discontinuity detection”algorithm.

We presenbelow our unsplitPPMimplementationEmphasiss placedon elucidating
thedifferencedetweerour PPMalgorithmandthe correspondingolid mechanicsolver
[27] whichisbasednpiece-wisdinearrecastrictions. We describehisintegratorwithout
referenceto materialboundaries. It shouldbe understoodhat the updateis performed
whererer A%" = 0,andalsoin thesurroundig cellswhee A%" = 0butpossiblyA®n+1 £
0. ThusthedataU * mustbeextendedlJ *-®. For clarity we will omit boththe“«” phase
designatiorandthe“ext” extendedstatedesignation.

In theinteriorof asingle-phaseegion, thefluid updatas constructedisingtheunsplit-
PPM approachasdescribecbelon. Whenextendedstateinformationentersthe compu-
tation, we limit the methodlocally to be first-orderaccuratgthusreferenceo datathree
or morecellsremovedfrom theinterfaceis circumwented). The solid mechanicsolveris
similarly modifiedfor this multiphaseapplication.

4.2.1. Unsplit-PPMconservativaipdate

We usethe methodof [12, 42] to solve (1) withoutthe useof spatialoperatorsplitting.
Useof thistechniquds motivatedby the obsenationthatwith operatoisplitting, onetends
to obsenre grid-orientedartifacts. For instancean expandingcircle in 2D will develop
an octagonabrofile with split spatialoperators.Full cornercouplingintroducedvia the
approachesf [12, 42] significantlymitigatesthateffect.

Discretizedon a rectangularstructuredgrid, the equationsof fluid dynamics(1) are
solvedusing

1 1
n+1_ yn _ At X,n+5 . X,n+5
Uiiic = Uik 3 [Fi+%,j,k Ptk (53)
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At Fy,n+% _Fy,n+%
Ay | Vij+ik ij-3k

1 1
— ALPEEME R ALG™2
AZ[ ket T ks | T

where(for example)F Xn+3 is aflux centeredn onthespace-timeentroidof the x-side
of a computationatell. Thesefluxesare obtainedusinga second-ordecornercoupled
adwectionschemd12, 42]. Schematicallywe obtainthesefluxesby solutionof Riemann
problemsR(qL, qr) usingparticularleft andright statesq,. andgr. Here,q denotesa
vectorof primitive variables. A mappingbetweenprimitive and consered variablesis
understoodq < U. We approximatdhesolutionto fluid-phaseRiemanrproblemsusing
themethodof [14].

Thefirst stepin the non-operatesplit approachs a predictorflux usingleft andright
statesobtained(as describedn 4.2.2belov) usingthe PPM reconstructiorwith upwind
characteristi¢racing:

n+3 n+3

X _ X
am ik T F (R(qu,H%,j,k’ qu,i+%,j,k)) (54)
= n+3 n+3

FY = FYR@_ 2 ,..9.2.

ij+3.k ( (qu,l,J+%,k qu,uH%,k))

~ _ 2 n+3 n+3

Fi,j,k+% = F (R(qu,i,j,k+%’qu,i,j,k+%))'

Thesecondstepin 3D is theconstructiorof 6 secondaryredictors.Here,for example,

Ifiﬂ)fL ik hasthemeaningf “an x—directedflux with L/R statesaffectedby they-direction
2.1

predictorflux”;

|EX|y = FXR( /(y)n+% /(y)”+% )) (55)
i3k T itk 9 xRrisd ik
1 1
=X|z _ X ()"t 3 1(z)Nt3
Fi+%,j,k = F(R(@ xL,i+%,j,k’q xR,i+%,j,k))
1 1
= yIX - EY nx)"t3 10" +3
Foiste = RO e R
1 1
=L y n2)"*3 n)"+3
Fi,j+%,k F (R(q yL,i,j+%,k’q yR,i,j+%,k))
1 1
= 7| N z /(x)N+3 1(x)"+3
Lik+d T FA(R(q zL,i,j,k+%’q zR,i,j,k+%))
1 1
=2]y _ gz )"tz n(y)" 3
Fi,j,k+% = FR(@ zL,i,j,k+%’q zR,i,j,k+%))’
with, e.g.,
1 1
Utz _ ™ _ AU ey _ By (56)
xLitg. kT TxLitgik  3Ay; U Litzk  ii-gk

andwith the primitive variablesq’ in (55) derivedfrom the correspondingonseredvari-
ablesU’ in (56) by mapping.?

Finally, thefluxesentering(53) arefully cornercoupled.Forexample theflux Fiﬁl ik
2o

hasthe meaningof “an x—directedflux constructedrom L/R stateghatarefully coupled

2F|ux differencingasin (56) updatesconseredvariables. This wasnot presentedtorrectlyin [27].
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with flow in they, z, andcombinedty =+ z directions”:

1 1 1
X,n+5 X yn+3 yN+3
: . F X ) X ) 57
i+3.0.k (R(q XL,I+%,J,k’q XR,I+%,J,k)) (57)
1 1 1
y,n+? o Fy R //n+? //n+?
itk (R(q yL,i,j+%,k’q yR,i,j+%,k))
1 1 1
zZn+3 z yN+3 itz
= = F s , .
I,j,K+% (R(q zL,|,J,k+% q ZR,I,],k+%))
with, e.g.,
3 _ n+3 (58)
xLi+3,j.k xL,i+3,j.k

_ A (evz gz _ AU (eay a2y
27y ij+3.k ii—3.k 2Az¢ \ iik+3 k=3

TheRiemanrsolver([14]; seealso85.3)takesasinputthepressuesP, , P of theleftand
right statesn additionto theprimitivevariablesy, ,0r. Pressurés notaconseredvariable,
andso the updateq56) and (58) do not directly give correctedpressures.The simplest
approacho solvingthis problemis arecalculatiorof theequatiorof state.For the present
ideal gasmodel,this would bejust fine. For someapplicationshowever, the equationof
stateevaluationis oneof themostcomputationallyxpensve partsof thesolution. With this
in mind, we employ athermodynamiaipdatebaseddn partialdifferentiationof £(p, S).

In eachcomputationatell, we determinghe quantities

oP

Pe = — 59
£= 35| e (59)
and 4P
P, = _ 60
e 8(p5)‘£ (60)

atthesametime thatwe evaluatethe equatiorof state.For anidealgas,Ps =0 andP,¢ =
(yp—1). Then,in conjunctionwith the conserative variableupdate(56) we additionally
solve a pressuraipdate.For example,

,(y)ﬂ‘i‘% _ n+% n n
el k= XL’i+%’j,k+(Pg)l’J’kA5+(Ppg)i’j’kA(pE) (61)
with
1 1
AE = g2 O (629

xLi+3,0k  OxLii+d,ik

1 1 1 1
_ ,(y)ﬂ’}'z ,(y)n+§ _ n+§ n+§
ApE) = p xL,i+%,j,kg xL.i+3.j.k pr,i+%,j,k5xL,i+%,j,k' (62b)

A similar correctiontakesplaceafterconserative update(58).

After determinationof fully cornercoupledfluxes (57) we constructa preliminary
updateU "1 using(53), but with omissionof thesourcetermsG. ThesourcetermsG are
thendeterminedisingaveragedaluesof thetimet " andpreliminarytime (t"*1) primitive
variables:

~ At X,n+% X,n+%
n+1 _ n _ = T ]
Uik = Yik= 3% [Fw%,j,k Fi—%,j,k} (639
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At [ y.n+3 y.n+3 :| At |: zn+3 zn+3 ]

Ay | itk i,j—3.k Az | iik+d i,jk—3
e < U.'}Il (63b)
Gijk = [q.'}tlwuk] (63c)
UlT_kHL = Un—ltl‘f‘AtGljk(qu)- (630

4.2.2. PPMreconstruction

High-order Godunw methodsrely on calculationof second-ordeface-and time-
centeredluxes. Thefirst steptoward calculatingtheseis the reconstructiorof the spatial
distributionq(x) beginningwith thecell-centerediiscretizatiory; . Thisreconstructiostep
is one-dimensionadnd computedseparatelyn eachof the grid directions. The notation
will beone-dimensionaswell, exceptwherehigherdimensionalityis introducedviaa3D
limiter.

Themethoddescribedherewasfirstdeiived by [1§, andsubstantiaadditionaldetailand
justificationcanbefoundtherein. Ourimplementatiorof this reconstructioriffersfrom
theoriginalmainlyin thedesigrof limiters. ColellaandWoodwardusedwo monotonicity-
relatedimiters,bothof whichmaybefoundhere.They alsousedathird “flattening” limiter.
Ourflatteninglimiter is similarto theirs,anddiffersprincipallyin beingmultidimensional.
They alsohada slopesteepeningcontact detection”featurewhich we omit altogether
Thatfeaturewas usefulfor trackingmaterialinterfaces(contactdiscontinuities) andthe
point of this reportis to introducea differentstratayy for that problem. We cautionthe
readerthatwhile we try to adoptasmuchof the notationof [18] aspossiblewe deviate
in several places. The mostconfusingof thesechangesegardslabelingof face-centered
values. In their notationq ; (0r,i) denotegheleft (right) face-centeredalueassociated
with celli. Insteadwve usethroughouqRi 1 (q_’i+%) to denotethesepositions:in Colella
andWoodward, subscriptsL /R referto the sidesof cells; herethey referto the sidesof
faces.

Firstwe computetheaveragecross-celdifferencen the primitive variablesassuming
aquadratianterpolation:

1
8Gi = 5 (Gi+1— Gi-1). (64)
This equation and(66) below, assumeshatall Ax; areequal. More generalexpressions
appeain [18].

A linearreconstructioasedn theseslopesmayintroducenew extrema. To enforce
monotonicitywe limit §g; with the methodof vanLeer[45]:

8t = min(18qil, 2IGi+1 — Gil, 2IGi — Gi—1/)Sgn5G;). (65)

Usingtheselimited cross-celdifferencestogethewith the cell-centeredraluesq; —1,
d.d+1, q+2, weinterpolatethe datato obtainanestimateof the cell facevalueq;, +1 :

Gy =0+ LG —a)— (Sq.ﬂ 8q°L). (66)

Whennotlimited (8" := 8q) (66)is thefourth-orderestimate[18]:

7 1
G4y = 75(+1+G) = 35 G2 + Gi-). (67)
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At this point, we have single-\aluedestimatef the cell facevaluesof the primitive
variablesattime t". Thesevaluesincorporatesomesensitvity to linearmonotonicitybut
do not necessarilyprovide a monotonicreconstructionparticularlyin conjunctionwith a
guadratianodel. In anticipationof furtherlimiting, whichwill giveriseto double-alued
face-centeredaluesweintroducethenotationq_ ;. 1 andgg;, i

q|_,i+% = qi+% (683)
ARi+i = G4+l (68b)

If onewereto constructa piece-wiseparabolic(quadratic)interpolationq(x) in the
range[xii%, XH%] usingthe valuesgg i3 g, andq i3 thenthe function q(x); x €

[xi_%, xi+%J couIdtakeonvaIuesoutsidetherangeqR’i_%, 9.9 i1 To preventthisfrom
happeningwe resetthefacevaluesasnecessarysingthe quadratidimiter:
q|_7i+l = ql . A o
QR,F; =0 i (qi+% q.) (q' qi—%) =0 (699
5 - Carang) (g-any)
ORi-1 = 3Q|—2qi+3_2l if (qi+%_qi,%) a— > > 6
(69b)
_x o (@) ELLLE
qL,i—o—% = 3QI_2qi_3_2L if 5 > (qi+%_qi_%) ql_f -
(69¢)

Theabovelimiters (65)and(69) areone-dimensionagnddesignedo preventartificial
extremain thereconstructedalues. We introducein (78) a third limiter x,0< x <1,a
“flatteningparameter”,

dri-3 < XiOgi 3+ @1—x)d (709

qL’H_% <~ XiqL’H_% +(1—X|)Q| (70b)
Whenxi — 0,0 ;.1 = dg;_3 = G, andour PPM methodrevertsto a first-order
Goduna schemdocally. Wheny = 1, noadditionallimiting takesplace.

Now, with properlylimited facevaluesonehasthelimited piece-wisgparabolicrecon-
structionin eachcell:

Gi(X) = Qg _3 +£00 [AG + e (1~ &(X))] (71)
with
X _Xif%
EX) = “ax 0 -3 SXSXep (729
AG = d i1 —0Ri-1 (72b)
1
Adsi = 6|:Qi -3 (qLH% + qR,i_%)] . (72c)

This reconstructior§71) hasthe propertythat
1 Xi +%Axi
a(x) = Gi. (73)

AX Xi—%AXi
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Thethree-dimensiondimiter x usedin (70)is computedasfollows (see[27]). First,
we constructadimensionlessneasuraf shockresolutionacrosscell i jk:

[Pit1jk — Pic1jkl
[Pit2,j,k — P—2,jkl

Bxijk = (74)

(andsimilarly By, 7). If g is % thenpressurés linearacrosgt computationatells. If g is
smallenoughthenwe assumehatary discontinuityis alreadysufiiciently well resohed
thatadditionaldissipation(flattening)is notrequired. Introducingtwo parametersa o and
a1, we estimatehe minimumvalueof theflatteningparametery to be

Axijk = max<0, min <1, all— i)) , (75)

with numericalvaluesag = 0.75anda; = 0.85in ourexamples.
Next, we constructa dimensionlessneasuref shockstrength:

[P+1,j,k — Pi—1,jkl
Ksiijk

Zyijk = (76)

whereKs = pc?, with ¢ the speecbf sound.For anidealgas,Ks= ypP. Introducingtwo
additionalparameter& o andZ1, we derive aone-dimensiondlatteningparameter

=min Z1—Zxiijk oo oo
Toxiik = { max (% min (1 £525)) ucissin < Guiezic ()
1 otherwise.
Note that flatteningis appliedonly in corvergentflow. Our applicationsusenumerical
valuesZg = 0.25andZ; = 0.75.

Finally, we combinetheseone-dimensionglarameterio generatathree-dimensional
limiter:

Xijk = MiN(Xxi—1jk Xxijko Xxi+Ljks (78)
Xy.ii—1ks Xy iks Xy i+Lks Xzi,j.k=1s Xzij.ks Xzi,j.k+1)-

4.2.3. PPMcharacteristictracing

Letq beavectorof variablesfor fluid dynamicsveuseq " = (p, vy, vy, vz, p€, P, Q)
with p themassdensity v thevelocity, £ theinternalenegy perunit mass,P thepressure,
and Q anadwectedscalar(e.g., a chemicalenegy). Notethatherethe component®f q
arenot strictly primitive variables,as p& is derived by multiplicationand P = P(p, &)
is obtainedfrom an equationof state. Linearized the Euler equationg(1) specializedo
fluids, or (91)) are

%9 Aa—q =s (79)
ot aX
with
Ux P 0O 0 O 0 0
0 Uy 0O 0 0 1/p O
0 0 vww 0 O 0 O
A=] 0 0 0 vw 0 0 O (80)
0 pE+P 0O 0 v O O
0 pc? 0 0 0 w O
0 0 0 0 0 0 |wx



Here,c is thespeedf sound. A maybedecomposeds A = RAL with R thematrix
of right eigervectors(with columnsr ), L the matrix of left eigervectors(with rows| ),
and A the diagonalmatrix of eigervalues(with diagonalelementsi ). Without loss of
generalitychoosehe eigervectorsto beorthonormakothatRL = | :

00001 c?2 2
oooo0o0 -+ 1
ooo10 ¢ 0
R=|00100 o0 0 (81)
pC? pc?
00000 1 1
10000 O 0
0 0 00O 0 1
0 0 00 1 —2£P 9
pC
0 0 010 0 0
L=lo 0o 100 0 0 (82)
1 0 000 -c2 0
0 -4pc 000 } o0
0 3pc 000 3 0O
vx 0 0 0 O 0 0
0 ww 0 0 O 0 0
0 0 v 0 O 0 0
A=l 0 0 0 wv O 0 0 (83)
0 0 0 0 wy 0 0
0 0 0 O vy—Cc 0
0 0 0 0 O 0 w+ceC

A Taylor seriesexpansionusing (79) to determinetime derivativesfrom spatialones
givestime—andface—centeredstimates

3o gn_ AXda At dg At
qR,i—% = G 2dx 2 dx 2 (843
n+3 n  Axdg At dg At
Wiy = ¥ T2 x T2 (84)

to secondorder ExpandingA in eigervaluesak,, andeigervectorsr, andl,, we have
equivalently

ntl dq At AX At
v

n+l dqg At AX At
N S (e | s O
v

from which it is evidentthatcharacteristicef ary signareincluded. The extrapolationis
madeupwindby limiting thecharacteristici (85)to selecthoseemanatingrom thecell
center:

+3 d At AX At
qg,ii% = 4 - 2 '“[i (kv7+7>]ru+75{‘ (863)
v suchthata, <o
e dq At AX At

y suchthatx,>0
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Theseexpression$86) arethecharacteristitracingequationsisedn piece-wisdinear
schemesincluding[27]. To developthe piece-wiseparabolictracingequationsnotethat

onecanmodify (86) by introductionof referenc&statesq;i 1 andq:i“,
51— 3 ) 2
"E_ gt - - n, dg/ At Ax At
Uity T Griy T X '”'[“R,i% qi*a?(“?*? IR
v S.t.2,<0
(879
3o gt + n o dg At AX At
Givy T T 2 lv'[qL,H%_qi d_X<M7_7 oS,
v S.t.2,>0
(87b)

withoutlossof generalityprovidedthevectorq F;i 1 — 0" liesin thevectorspacdr, } such
1732
thati, <0 (andq:ri+l — g liesin thevectorspace(r .} suchthat, > 0).
Now notethatappéaringn (8739 is theterm

q' — 3—2 (AV% + %) = q (xi% - %,\vm, t”> (883
X _1—AyAt
~ ! / g(x)dx. (88b)
— A At
%-3

Expressiong888 and (88b) are interchangeablé the function q(x) appearingn the
integrandis linear, but with thequadratiaeconstructiorf71) thesesxpressiongliffer. Now
introducingthe approximation(88) to (87) we have thereconstructiofiormulausedin the
PPMmethod:

+1 _ _ At
q;,ii% = qR,i—l_ Z IV'[qR,i—%_qu,i—l}r”+7%n (899

2

v S.t.a, <0
L T 4 ) At
Qivy = i > [QLH% A | TS (89b)
v S.t.A,>0
with
X_3—hAt
1 f .
v N R gx)dx ifa, <0
Iri_1 =7y & X'y (909
q’ otherwise.
. Xi+% .
_ s ) aeodx ifa, >0
41 = gt (90b)
q’ otherwise.

Thenotatiorqti+% meansqt,pr% with v suchthati, = v+c: thewave of the” +" family.

“won

Lika/vise,q; i1 correspondso thewave of the

2
Notethataccordingo the definitions(90), we do not necessarilysatisfythe condition
thatq;i L= qi” be expressibldn right eigervalues{r ,} s.t. 1, < 0, etc. Thereforethe
172

family, A _ =v —c.
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choiceof referencetatedoegmatter: (89)with alinearreconstruction(x) is notequivalent
to (86) becausef the referencestates.Therationalefor choosingthe fastestwvave of the
givendirectionasa referencestateis thatthis choiceminimizes(approximatelythe size
of thetermssubjectto characteristidimiting [12, p. 181].

In uniform flow with At = Ax/A, andassuminga quadraticreconstructiorg(x), the
PPMdiscretizatiorgivesthecorrectresultthatall massin thecell will besweptoutin time
At. For this examplethetruncationerror of discretization(86) is O(Ax 2), while thatfor
(89)is O (AX?— (2 AD?) + O(AX3, At3) (whichis superiorto O(Ax?), notablyin the
limit At=Ax/). Employing a piece-wisdinearreconstructiorg(x) in conjunctionwith
discretization(86) alsogivessecond-orderesults;O (3(AX—AAt)2) + O(AX3, AtS) for
theexampledescribedabove.

5. SOLID-FLUID COUPLING

5.1. Governing Equations

Specializedo compressiblénviscidfluid dynamicghesystenof PDEs(1) is theEuler
equations:

o PV 0
a | pv 0 | pvv,+Pey | _ of (91)
at | pE ax, | PEvy +Puy | | p(@ +v-f) |’

rQ pQuy pQ

wherep isthemassdensity v is thevelocity vector, E thetotalenepy, P thepressureand
Q anadwectedscalar In thepresentpplication,Q is thechemicalpotentialenegy, andE
is then

E = Emechanical + Eki netic + Echemi cal
1
= E(P,S)—l—iv-v—i-Q (92)

where€ (p, S) is specifiedoy anequatiorof statemodel(Sis thespecificentrofy). We in-
cludefor generalityaheatsourced, andbodyforceterm f (e.g., gravitationalacceleration).
e, refersto columny of theidentity matrix.

For solid mechanicsthe governingequationg1) becomg?27]:

P PV 0
pv pVV, —0€y of
pE pEv, —vgogy, p(®+v-f)
gex gdxy (x (Vxg)le
O oy |0 gudyu _ | ox@x gi))i@ (93
at ge; Xy, Qudzu (vx(Vxg))'e
pFPey pFPexuy phex
pFPey pFPeyuy phey
pFPe, pFPesy, phe;
pK PKUY pK

Here,g istheinverseotaldeformationiensorelatingareferencenaterialcoordinatdrame
{a} to thecurrentspatialframe{x}:

Qup = @-
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g is subjectto two constraints.First, asa gradientit is subjectto the equalityof mixed
partialderivatives,which we write as

vVxg =0. (95)

Secondthedeterminantf g relateshe materialdensityp to the materialdensitypg in the
referencdrame{a}:

p = podetg) (969
o= p (96b)

Theseconstraint@areobeyedby thePDE(93)in thesensdhatif truein theinitial condition
they will remaintrue for all time. Numerically however, differencesarisethat mustbe
addresseth thesolutionof (93).

FP is theplasticdeformatiorntensor which relatesa hypotheticaktress-freeeference
frame{b} to thematerialreferencdrame{a},

ob
h=__% 97
Associatedvith FP is the plasticdeformatiorsourcetensorh (93). We assumehe multi-
plicative decompositior25]
F = FCFP, (98)

where F = g~1 is the total deformation,and F¢ is the elasticdeformationtensor We
assumehatdet(FP)=1: plasticdeformationis volume-preservingAs with the fluid we
define

E — pEMmechanical | pkinetic
= &E(C%«k, 9+ %v-v, (99)
with theinternalenegy afunctionof the elasticGreentensor
Ce=FFe = (FPg) T (FPy), (100)

entropy S, andascalarconstitutveparametex, thework hardeningparametemwith source
K (93).
In (93) o is the stresstensor derived as a thermodynamiderivative of the internal

enegy function&:
&

99yp

where€ (99)is afunctionof theinversedeformationg = F ~* throughC® (100) by way of
thedecompositior{98). Stressy andfluid pressureP arerelatedby P=— %tr(o), andthe
stresgensorof afluid is givenby o = —P1, with | theidentity matrix.

Note that Eq. (93) is not strictly in conserationform sincethetermsv x (VxgT™)T
containgradients. However, to the extentthatthe constraintv x g =0 is obeyedthese
termsarenggligible andwe will treat(93)asthoughit werea systemof conserationlaws.

Oup = —p Oyu (101)

26



5.2. Constitutive Models

To ensurethermodynamicelf-consisteng we formulateour materialmodelsusing
an entrofy-dependeninternalenegy function (a so-called“fundamentalequation”[9]).
Temperaturestress(pressure) and other intensive statevariablesare determinedfrom
the enegy functionby takingappropriatehermodynamiderivatives. Two suchmaterial
modelswill be describechere. The first is anideal gas— a familiar model recastas a
fundamentakequation. The secondis an elasticallyisotropic compressiblesolid. This
models compleity is largely inherent: there are a large numberof internal variables
anda correspondinglyarge numberof experimentabbsenationsthatmustbe adequately
reproducedTheresultingmaterialmodelis in essencéittle differentfrom thecommonly
usedMoonegy-Rivlin model(a two-parametemodelfor rubberelasticity[30, 4Q)), but is
morerealisticfor crystallinesolidsunderlarge compression.

5.2.1. Reactinggas
In enegy functionform £(p, S), thefundamentaéquatiorfor anidealgasis givenby
_ (rp—D)
£ 9 =8| £ op (252 (102)
£0 R

whereR is thegasconstantandy is thepolytropicgasindex, equalto theratio of specific
heatsyp =Cp/Cy > 1. &, 9, andpg arestatepointsin somethermodynamiceference

state;élo=_E (oo, 9)-
ThepressureP is givenby

£
P= pz—‘ = (yp— Dép, (103)
pls

andthetemperaturd is givenby

L _E

= —| = —, 104
35, ~ G (104)
whereCy is theconstantolumespecificheatof anidealgas
R
Gy = . (105)
yp—1

We augmenthisthermodynamieodelwith averysimplemodelfor chemicakeaction
kinetics. We assumehatnoreactionoccurswvhenthetemperaturés belov somethreshold
Tgr, andthattherateis constanbtherwise:

5 QO if T>Tr 1
Q {0 if T <Tr (106)

Notethatthisreactiormodelonly hastheeffectof transfering chemicd patentialenegy
Q tointernalenegy &: thereis no changan molenumber

5.2.2. Elasticallyisotropic solid

We baseour fundamentakquatiorof anelasticallyisotropicsolid on a so-called‘uni-
versalequationof state”modelfor hydrostaticcompression.This modelwas originally
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proposedas a scalingrelationfor the binding enegy of metals[41] andhassincebeen
foundto apply to a wide variety of differentchemicalinteractions. Applicationsto the
hydrostaticequationof stateof solidsaredescribedn [47, 46].

We assume separatiorof thetotalinternalenegy asfollows:

E(C% ke, S) = &En(la) + &ill3, S + Es(l1, 12, 13) + Eu k), (107)

where &, describeghe isentropic, hydrostaticcompressionaénegy; & is the thermal
enepgy associatedvith changingentrogy at constantvolume; &s is the enegy associated
with isochoricshearingandé,, istheenegytermassociatewith work hardeningln (107)
11, I2, andl3 aretheisotropicinvariantsof the elasticGreentensorC ©:

11(C® = tr(C® (1089
15(C®) = %[(trce)z—tr(ce)z] (108b)
2
13(C®) = det((:%:(%). (108¢)

Thehydrostatienengyis givenby theuniversalequatiorof state fit tothezeropressure
isentropidoulk modulusKgs andto theisentropicpressurelerivative of theisentropidoulk
modulusat zeropressureK (g

4Kos

Eh(lg) = —————=— (1 +rg)e 'k 109
h(l3) Po(KL — 1)2( K) (109)

with 13

3(Kie—1
re = 3(Kos—1) [<@> _ 1} (110)
2 o
andwherethedensityp is understoodo depencn | 3 through(108c). pg is thedensityat
zeropressure.
& (13, S) is thethermalpart,modeledon a Mie-Griineiserform
S— —y(

£(l5, 9 = Qv To (exp [TSO} - 1) ep [”’Ty(ﬂ , (112)

whereCy is aconstanheatcapacity So and Ty aretheentrofy andtemperaturén therefer
enceconfigurationatzeropressur@anddensitypp), andwherey (1 3) is thethermodynamic
Grineiserparametegivenby themodelequation

q
Y= (%) : (112)

whereyp andq 0 areconstantsAgain,in (112)p is determinedrom | 3 via (108c).
Theenegy changedueto shearingnotionat constantvolumeis givenby

G(p)
2p
ThefunctionG(p) is the sheamodulusalsoconstructedo follow the universalequation

of stateformalism,andfit to thezeropressursheamodulusGg andthepressurelerivative
of thesheamodulusalsoevaluatedat zeropressures .

1/3 -1 2/3
G(p) = Go | (1~ ro) (ﬁ) e (@Gg—g (ﬁ) ec  (114)
00 3 Go 00
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where

3 [ Kos ., po\Y3
rG=§[G—OGO—1] [(;) —1] (115)

Notethatonthehydrostabf anelasticallyisotropicsolid | 1 =3l 31/3 andl, =3I 5/3, andso
& — 0. In (113)theparametep, 0 < B < 1, is anadjustableparametechoserto control
thesymmetryof the shearpotentialaway from the hydrostafsee[30]).
Thework hardeningpotential,, (13, «) is givenby
1

Euw(K) = @ (K + —
00

. [e 1 — 1]) . (116)

This equationgivesawork hardeningnoduluswith unitsof pressure,
0
9c) = po = 9o (1- e ), (117)
dx 00

in termsof two parametersto(p/m) istheultimate asymptotiozalueof thework hardeniig
modulusandy; dictatesherateof approactof theasymptotidimit.
Our plasticflow modelis a simpleisotropicrate-independerassociateanodelbased

ontheyield surface
3 00
f(o,9) = E||deya||— oy + =0 ), (118)
1

wheredev(o) = o — %(tra)l is the stressdeviator, and || A| is the Schurnorm of A,

[AI2=A,zA5 =tr(AT A). \/gnde\/a | is sometimesalled J, or thesecondnvariantof
the stresgdeviator.
Associatedwith this yield surfacearetheratelaws[38, 27]:

PP = FPagenF (1199
@ =0 /3m (119b)

with ¢ a(Lagrangeundeterminedparametechoserto satisfythe Kuhn-Tuckerconditions
andthe“consistenyg condition”[43]:

f=0
>0 } plasticflow (120)
f=0

Thework hardeningenegy (116), yield surfacedescription(118), andresultingflow
laws (119)differ from themodelusedin [27] by betterseparatinglasticwork from elastic
strainenegy. In thecurrentformulation,theelasticresponsef thesolidis notaffectedby
its plasticstrainhistory.

Although £ is presentedormally as a fundamentakequationdependingon specific
entrofy S, S andits referencevalue Sp neednever be specified. Instead,one could use
(102)to determineS — Sop = AS(p, &), etc. In the solid caseonecoulddetermine

Et =& —&n(l3) — Es(l1, 12, 13) — £y (i) (121)
andtherebyobtainthetemperature
o & Yo—V
= = — + T . 122
9Slce. — Cy T OeXp[ ] (122)



Thereferencéemperaturd g, andtheheatcapacityCy arenotrequiredo solvethedynam-
ical equationsexceptin sofarasthetemperaturdself is requiredby constitutve models,
e.g., becausef atemperature-dependeyitld strength.The Gr iineiserparameterg and
its constitutize parameteq arenecessarnhowever, to determinghethermalstressarising
from thevolumedependencef £.

5.3. Interface RiemannProblems

At a point on the two-materialinterface,we may have “left” and“right” stateswith
differentvelocities and stresses. Let us approximatethe left and right statesas being
constant.This,then,is thecanonicaRiemanrproblem:aninitial valueproblemconsisting
of two piece-wiseconstanstatesn juxtaposition. The solutionto this problemis a setof
waves(threein eachsolid, onein eachfluid), with amplitudeschoserto satisfyappropriate
interfacecompatibility conditions. In this solution,we denoteby superscript*” thestate
onthematerialinterface.

Themethodslescribedherearethemainpartof our overallmethodthatbringtogether
the different physicsof the fluid (91) andsolids (93). The otherpart concernsvolume
fractionnormalization.

5.3.1. Posinganinterface-normaproblem

We wish to posea one-dimensionaRiemannproblem,with one materialon the left
andanotheron theright. In general theinterfaceis not orientedwith the computational
grid. Therefore,we needto rotateour statevectors,and transformstatetensors,from
the currentspatialsystem(X, y, Z) into a new right-handedrthogonakoordinatesystem
(A, T, @) where is theinterfacenormal,and7 andw areinterfacetangentiatirections.i
is computedaspartof our interfacereconstructioimethod,describedabove. T andw are
orthogonato i, but areotherwisearbitrary Herewe describeour particularchoicesfor 7
and®, andtheir usein transforminghe statevariables.

Onechoiceof tangentss

1 < (ny —nz) )
T= (nz — nx) (1239

\/2 (1—nxny — nxnz — nynz) \ (nx — ny)
and
. (nx(ny +ny) — n32, - n%)
w = (ny(nx +nz) —nZ —n2) |. (123b)
2=y =mun =) (o ¢ ) 1 )

This choicefails in particularwhenny =ny =n; = +1/+/3, andsowe useit only when
[ny+ng| < |ny—ng|. When|ny+n;| > |ny—n;| we useinstead

1 (ny +nz)
T= ( (nz —ny) ) (1249
\/2 (14 nz(ny — ny) 4+ nxny) \ — (nx +ny)

and

(nx(nZ —ny) —nf — n%)

(ny(nx + Nnz) +n2 +n2) (124b)
(nz(nX —ny) —n2 — nf,)

1
w =
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(whichfailsin particularwhenny=—ny=n,= +1//3).
Givenanew orthonormabasis(i, 7, @) we constructherotationmatrix R

r]T
R= ( 4l ) (125)
T

@

with whichrotatedmaterialpropertiesarederivedby straightforvardvectorandtensoma-
nipulationg33]. Forexample theprimitivevariablesharacterizingisolidaretransformed
asfollows:

rotated
ol

P
& 2
v R-v
g =| rg.r | (126)
FP R.-FP.RT
K K
The transformatiorof fluid phaseprimitive variablesare containedas a subsetof (126)
(scalarQ transformdik e scalar).

5.3.2. Conditionsof compatibility

Thecompatibilityconditionsareconstraintdinking the statevariableson onesideof a
materialinterfaceto thoseontheoppositeside. Physically theseconditionsdescribeconti-
nuity of normalvelocity, normalstressandsheatraction. Mathematicallytheseconditions
describehe Riemanninvariantsof the contactdiscontinuitieggenuinelynonlinearwaves
propagatingat the materialvelocity). Herewe will describethe compatibility conditions
for a numberof two-materialinterfaces. In 85.3.3we describein moredetailhow these
conditionsareemployedto solve atwo-materialRiemanmproblem.We distinguishseveral
specialcasescharacterizedby differentmaterialpairs, or differentidealizedassumptions
regardingshearractions.

e Solid-Vacuum. A solid in contactwith vacuumhasno normalstressandno shear
stresse®n the contactsurface. Thus,the solutionof the Riemannproblemis char
acterizedhy the compatibility conditions

oS =0 (127)
one = 0
oS = 0.

Nw
e Fluid-Vacuum.A fluid in contactwith vacuumhasno pressuretherefore

P*F = 0. (128)

e Solid-Fluid. The normalstressis continuousacrossthe contact,asis the normal
velocity. For anidealinviscidfluid thereareno shearstressesnthecontactsurface:

s = yiF (129)
o = —PF

O:IS =0

ar’]'f = 0.
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e Fluid-Fluid. The two-fluid conditionis equality of normal stressand of normal
velocity:

viFt = pF2 (130)
P*Fl — P*Fz .

e “Slip” Solid-Solid. Whentwo solidsarein contactthe normalvelocity andnormal
stressarecontinuous.|f the contactis frictionless,thenthereare no shearstresses
andtangentialvelocitiesmayjump discontinuously:

D (131)
)

Onin~ = Omn
xS _
ot = 0

*S

e =

= 0
o1 = 0
0

Thisis the“slip” solid-solidboundarycondition.

e “Stick” Solid-Solid. Anotheridealizedimit is the“stick” solid-solidboundarycon-
dition. This caseis analogougo the solid-solidRiemannproblemposedwithin any
singlematerialregion. In this caseall componentsf velocityarecontinuousasare
normalstressandin-planeshearstresses:

e = = (132)
vt =
v(’zsl = vj;sz
s = o
onct = Opet
oS o>

Othermodelcompatibility conditionsmay be used. For example whenmodelinggas
flow with irregularinternalboundarie# is corveniento assuméncompressiblegid walls.
As theseboundariesrestationarythe compatibility conditionbecomes , =0 [34].

For eachsolid phase the Riemannsolutionwill involve threewaves. For eachfluid
phasetheRiemanrsolutionwill involveasinglewave. Eachinterfacecompatibilitycondi-
tionprovidessufficientconstraint$o determingherequsitenumberof waves.Forexample,
asolid-solidinterfaceRiemannsolutionwill consistof 6 total wavesand6 constraintsare
providedby eachof (131)and(132). Solid-fluid interfacesolutionswill involve 4 waves:
threein the solid andonein thefluid; (129)givesthe4 constraintsieeded.

5.3.3. Solutionof the solid-fluidRiemanrproblem

In detail,the solutionof eachinterfacespecialcaseis constructedlifferently Herewe
illustratethegenerabpproactby describinghe particularcaseof asolidin contactwith a
fluid.

Theone-dimensionaivo-materiaRiemanrproblemsaresolvedapproximatelyusing
rarefactionshockapproximationg14, 28]. Use of this approximations justified by the
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obsenation that the rarefactionwave curvesandthe correspondingshockHugoniotare
C2, andsothe errorin treatinga rarefaictionas a shockis third order thus negligible in
a numericalschemewhoseoverall order of accurag is 2 or less. As rarefictionwave
fansexpand, the magnitudeof the “rarefaction jumps” will diminish, and the solution
will thereforecorvergeto the properresultasthe wavesbecomesesohedacrossseveral
computationatells.

As in [27] our approacho the solid Riemannproblembeginswith thelinearizedone-
dimensionakquatiorof motion

a_q_‘_Aﬂ:

133
ot dXn S ( )

intermsof theprimitivevariadesq’ = (p, v, &, gen, ge;, ge,, FPen, FPe,, FPe,, k, o€n).
Thematrix A is givenby

(134)
Un pel O 0 0O O O O o0 O 0
0 onl 0O 0 0 O O O 0 0 -l
0 —(&)'/p vw 0 O O O O 0 O 0
0 98nn O wwl 0O 0O O 0 O0 O 0
0 98:n 0O 0 w O O 0 O0 O 0
A=]|0 98wn 0O 0 O wvw! O O O0 O 0
0 0 0O 0 0O 0 wdl O 0 O 0
0 0 0O 0 0 0O 0 wl 0 O 0
0 0 0O 0 0 0 0 0 wl O 0
0 0 O 0 0 0O O O 0 w, O
0 —Am 0O 0 0 O O O 0 0 oyl
where o6
oCu
Aup = 7065 g, (135)
andAnn is theacoustidensorfor wavespropagatindgn thenormal(n) direction.
Thevectors containssourceterms,
s'=(0, f, ® 0, 0 0 he, he, he, K, by ), (136)
with doen doen doen
o o o
bn_afp.h+ 8KK+ E ®. (137)
Theright eigervectorsof A, X, are
100000000 —pgXa —pel Xac
000O0OOOGO OO XacAac —XacAac
01000000 0 (s€n) Xac/p (o) Xac/p
001 00O0OOGOO —gXac —gXac
0001 00OOTO 0 0
X=]0 00O 1 0O0O0O 0 0 ,  (138)
0O000O0OOI1 0O0O 0 0
0O 00O0OOOTI 00O 0 0
000O0OOOTI O 0 0
000O0OOOOTU 1 0 0
0 00 O0O0O0O0O0 0 XgA2p XacA2:p
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whereXgc aretheright eigervectorsof theacoustiovave propagatiorequation
Ann Xac = anCAgzic- (139)

Thecolumnsof the27x27matrix X areorderedsuchthatthefirst 21 areassociatedith
wavesof the“0” family (with characteristispeedyivenby eigemvaluer =v,). Columns
22-24areassociateavith wavesof the“ —" family (A=vn —Aac), andcolumns25-27are
associateavith wavesof the”+" family (A=vn+2Xac).

Now, following theapproaclof [44] we determinghestateq* of thesolidatthematerial
interfaceby expandingthe wavesin the eigervectorsX. Let usassumehatin ourrotated
coordinatdramethe solid s to theleft of thefluid. We would thensolve for g* usingthe
threewavesof the* —" family, usingin this caseeigervectors22,23,and24:

At 24
A" =dq+ s+ > X (140)
n=22

From(140)with compatibilitycondition(129)we have

C22 P P* — om
C23 | = — Al Xg¢ —Ont . (141)
C24 P —Onw
Also, thenormalvelocity is determinedy (140)and(129):
S €22 s, 1 1y —1 —P" ~om
U; = Up + XacAaC Cx3 | = U + —XaCA;C Xa_C —Onr . (142)
C24 p —On
[0}

This equation(142) is one equationcoupling the interface velocity v;; to the interface
pressureP*.

A seconcequatiorrelatingthesevariableds obtainedy consideratiomf thefluid jump
conditions.Following [14], we write the Rankine-Hugonioequationgor thefluid as:

P+ — P
vi—w| = = (143)
P*— P
’ W | _|p*—l_p—l|
=gl = PP,

whereW is themassflux throughthe(shock)wave connectingheinitial stateandthefinal
“*" state.In thepresentasewhereweassumehatthefluid liestotheright of theinterface,
wetakethe+ signin (143). Recallthatthevariables *, P*, andp* areconnectedhrough
theequatiorof state.

Equationg143)determineaone-parametélV) monotoniaelationbetween | andP*.
If the solid-fluid interfaceRiemannproblemhasa physicalsolutionthat doesnot require
cavitation, thenthe P*(v}}) curve specifiedby (143)intersectghe linearrelationgiven by
(142)exactly once.We computethis intersectiorusinganiterative approach:

e We bagin by estimatinganinterfacevelocity

1
7@ =2 (vﬁ + vnF) . (144)
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¢ Foreachstepm of ouriterative solution,anestimateP *(™ of theinterfacepressurés
obtainedrom theinputvelocityv*™-1 by solving(143). Thisstepitselfisiterative,
usingthe secanimethodapproactdescribedn [14]:

pr(m _ xm-1), (145)
wm !
e (142)providesafunction
AV = p*(P*M) _y*(Mm-1) (146)
———
from (142)

whosezerov*™ we estimatewith a Newton iteration,

AV
M = prm=h (147)
dv
with
3
dav 1 oo dp*
dv | 2 Xactukacy Xacu1 do* | fluid 1 (148)
n=1 solid

e Theiterationis stoppedvhenthechangdvi™ — v ™Y is smallenoughsayone
tenthpercenbof the fluid soundspeed.

Oncornvergencethe™” stateof the solid andfluid statesarereadilydeterminedrom
(140)and(143).

In ourpresentmplementationwetake astheleft statethecell-centereg@ropertieof the
solidattimet", augmentebyonehalftimestep,%At“, of thesourcaerm(136). Similarly,
we take astheright statethe cell-centeregropertief thefluid attimet", augmentedby
one half time stepof the fluid sourceterm (including chemicalreaction). The centering
of this solutionis thusonly O(h) with respecto the space-timecentroidof the interface
duringtime stepAt". This centering,andits overallimpacton the solutionaccurag, is
discussedurtherin 86.

5.3.4. Theinterfacevelocityandflux

For eachmaterial(left andright) we transformthe “*” Riemannsolution stateback
to the coordinateframe of our solutiongrid. This makesuseof the sametransformation
matrix R (125)usedto transforminto theinterfacenormaldirection(126):

,O* ,O* rotated

&* E*

v* R . p*

g* = RT . g-R |- (149)
Fpx RT . FP*. R

K* K*

Notethatin therotatedframev; , = v, asaconsequencef the compatibilityconditions,
but thetangentiacomponentsvill differin general.However, in generathegrid-oriented
velocitiesgivenby (149)will differ entirely.

35



We additionallywish to rotatethe vectorof stresseactingontheinterface,

(GrTx GrTy UrTz) = (UrTn O UrTw) ‘R (150)

Unlike thevelocities thesestresscomponentaresingle-\aluedat theinterface.
Now, giventheRiemanrsolutions™*” for eachmaterialve maycomputeheflux vector
(thegeneralizatiorof F#(U*) in (1) to directionu =n). Written for a solid,

FB = (151)
p(vn—s) ¥ 0 *
pUx (Vn —Vs) —Onx —Onx
pvy(vn—vs) —ony —0Ony
pVz(Vn—vs) —0nz —0Onz

P E(vn—vs) —onxvx —OnyVy —0OnzVz —OnxVx — OnyVy —OnzVz

Nx(g11vx +g12vy + 013Vz) — VsQ11
Nx(G21vx + g22vy + 023vz) — VsQ21
Nx (931vx +032vy +033vz) — vs031

Nx (911vx + 012y +013vz) —vnQ11
Nx (Q21vx + g22vy + g23vz) — nQ21
Nx (g31vx + Q32vy + 033vz) —vnQ31

Ny(g11vx +g12vy +013vz) — vsQ12
Ny (g21vx + g22vy +023vz) — UsQ22
Ny(g31vx +g32vy +033V7) —vs032
Nz(g11vx + g12vy +013V7) —vs013
Nz(Q21vx + g22vy +g23vz) — vsQ23
Nz(Q31vx +g32vy +033vz) — vsQ33

pF. g (vn—vs)

pF51(vn—vs)

pF31(vn—vs)

pF. 7 (vn—vs)

PF55(vn—1vs)

pF35(vn—vs)

pF. 1p3(Un —vs)

pf2p3(vn —Vs)

p]:s?:g(vn —Vs)

Pk (vn—vs)

generakase

Ny(g11vx +Q12vy +013vz) —vnQ12
Ny(g21vx + g22vy + 023vz) —vnQ22
Ny(g31vx +J32vy +033vz) — Ung32
Nz(Q11vx +012vy +013V7) —vnd13
Nz(921vx +022vy +023v7) —vnG23
Nz(Q31vx +932vy +033vz) —vnds3

[cNeoNoNoNoNoNoleNeNe]

materialinterface:vs = vj;

In writing (151)we distinguishedetweerthe materialvelocity attheinterfacev; and
thevelocity of the interfaceitself vs. In our presentapplication wherewe areconcerned
with materialinterfaces(which move with the materialvelocity), vs = v} resultingin
considerablsimplification. The morecompleteform is importantif vs # v};, aswhenthe
interfacein questions a detonatiorwave or a shockwave.

Theevolutionof thematerialdomain2“ (t) is governedoy avolumefractionadwection
equation(233g thatrequiresaninterfacevelocityfield v definedin theneighborhooaf the
interfacesQ2¢. Away from theinterfacean estimateof the interfacevelocity field may be
takenfrom the materialvelocity field,

D nterface —

v_material (152)
At materialinterfaces,the two-materialRiemannproblemprovides a uniqueinterface-

normalvelocity. The component®f velocity tangentialto the interfacearenot given by
thetwo-materialRiemanrproblemwhenslip interfacesareallowed(asdonehere).In that
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case,the tangentialcomponent®of the materialvelocitieson eitherside of the interface
areaveragedwith densityweighting. We usethe materialdensitiesandmaterialvelocities
obtainedassolutionsto interface-normaRiemannproblems,

*

e\ iNterface Un
n p*SU;S+p*Fv?F
Ut = ,O*S+p*F (1533
Vo p*Sv;S+p*Fv:}F
p*s+p*F

Uy interface vn interface
vy =R" (v |. (153b)
Vz Vo

In summaryfor solid-fluid interfaceswe constructa velocityfield in theneighborhood
of thematerialinterfaceusingresultsfrom theinterface Riemam problem(153), augmented
away from thematerialinterfaceby theactualmaterialvelocity (152). For otherinterfaces
this proceduremay not be appropriate.For example,in applyingthesemethodsto non-
materialinterfaces(e.g., a detonation[35]) the materialvelocity hasno relationto the
detonatiorfront velocity. In this case oneshouldinsteadextendthe velocity determined
attheinterfacestself (153)to cells adjacento theinterface[5, 35. Evenwhentracking
materialinterfaces the approachdescribedabose may be inappropriate.For example,a
solid—acuunor fluid—vacuuminterface. Then theapproactiescribedbovefailsfor want
of a vacuummaterialvelocity. In this casetoo velocity extensionideaswork well. The
algorithmswe useto extendinterfacevelocity aredescribedn 84.1.

5.3.5. Moduli of incompessibility

Thevolumefractionevolutionequation$23g) introduceamodulusof incompressibility
Accordingto thederiationin [28] thismodulusactsto normalizeA ¢ suchthat) ", A* = 1,
while maintainingequalityof pressurattheinterface.For fluids,then,M isisentropidoulk
modulusKs. For solids,andsolid-fluid mixtures,equality of normalstressnot equality
of pressureis the correctgeneralizationHowever, in thisimplementatiorwe usethe bulk
modulus.For thefluid phase,

oP
MF = Kg= ) 154
ST 9n pls (154)
For thesolid phase,
MS := Ks = Se11 + Se22 + Se33 + 2 (Se12 + Se23 + Se31) (155)

wheres; is the elasticcomplianceensor hereindexedin Voigt notation. se is theinverse
of theEulerianelasticconstantensorce centeredhtthecurrentstate whichmaybewritten
in termsof componentsf theacoustigpropagationensors4 (135).

(Axx)xx (Axy) Xy (Ax2)xz (Axy)xz (Axx)xz (Axx)xy
(-Ayx) yX (Ayy) yy (Ayz) yz (Ayy) yz (Ayx)yz (-Ayx) yy
(Azx) zx (Azy) zy (Azz)zz (-Azy) z (Ax)zz (Ax) zy
(-Ayx)zx (-Ayy)zy (Ayz) 2z (Ayy) 2z (-Ayx)zz (-Ayx)zy
(Axx) zx (-Axy)zy (Ax2) zz (Axy) z  (Axx)zz (-Axx)zy
(Axx)yx (Axy) yy (Axz) yz (Axy)yz (Axx)yz (Axx)yy

Ce= (156)
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5.4. Examples

We demonstrat@ur methodwith one—andthree—dimensionadxamplesusingthree
materialphases.The parameter$or our elastic-plasticsolid werechoserto approximate
the responsef oxygen-freeannealeccopper Our fluid is a crudeapproximatiorto the
explosive PBX 9404 modeledas an ideal gaswith realistic heatof reactionand initial
unreactedolid density The equationof stateparameterfor thesematerialsaregivenin
Tablel. Equationof stateandreactionenegy Q for PBX 9404aretakenfrom [20]. The
rate Q is estimatedo give a reactionzonespreacbver afew computationatells. Elastic
equatiorof stateparameterfor coppercomefrom[1] exceptfor G ; whichis approximated
from the scalingrelationG'/K’ 2 (G/K)? [2], andCy which is setto 3R permole of
atoms.g, q, andthe plasticconstitutve parameterfor copperareestimated.

In single-level computationgthosenotusingadaptve meshrefinementjheglobaltime
stepis choserto maintainthemaxmumCouart-Friedichs-Lenvy numbernearaprescribel
value. The CFL numberfor a singlephasex is calculatedasthe maximumover occupied
cellsof At(Jvx| +max(c®))/Ax, withoutmodificationfor fractionaloccupang (A * # 1).
The CFL numbeifor fractionallyoccupieccellsis the maximumover phase®f thesingle-
phaseCFL numbers.In multi-level (AMR) computationsve do emplgy time subgcling,
thusa 2x refinedgrid is solved with half the time stepof its coarsermparent. The CFL
numbersaarecomputedat all levels of refinementandthe largestis usedto resetthetime
stepatthebeginningof a coarsecycle.

By this stratgyy, thematerialwith thefastestvave speedgontrolstheoveralltime step.
Thiswill leadto low computationagéfficiency whenthewave speed®f differentmaterials
differ dramatically However, in the cylinder test problem(85.4.2) this doesnot occur
Duringtheinitial comtustionphasehe explosive controlsthe CFL number;afterward,as
thecylinderinflatesthesolidliner controlsthe CFL number Throughouthecomputation,
themaximumCFL numberof the solid andthatof thefluid agreeto within approximately
25%.

5.4.1. One-dimensionaRiemanrproblems

To demonstratéhe ability of this methodto correctlymodelsimplewave interactions,
we presentomputationaéxamplesof variousone-dimensionaRiemannproblems.

Figuresl0-12displaytheresultsof aone-dimensionalolid-fluidshock-shocRiemann
problemusingtheinitial valueggivenin Table2. Theinterfacewasatcoordinatex = 50mm
initially. Resultsareplottedatt = 10us using100,200,and400meshpointsandCFL=
0.7. In thefluid phasetheshockis capturedn about4 computationatellswithoutringing
or overshoot.In the solid an elasticprecursoshockis seen followedby a slower plastic
shock.Thesediscontinuitiesarecapturedn approximately8 cellswith modesbovershoot.
This behaior wasalsoobseredin [27]. We suspecthat the broadersolid shockzone
andthe overshoofareartifactsof thelinearizedsolid Riemannsolver we employ for solid
mechanics.

Figures13-15displaythe resultsof a one-dimensionasolid-vacuumrarefictionRie-
mannproblemusingthe equatiorof stateparametergivenin Tablel andtheinitial values
givenin Table3. Theinterfacewasatcoordinatex = 80mminitially. Resultsareplottedat
t = 10us using200,400,and800meshpointsandCFL= 0.7. A weakelasticrarefaction
precedeshelargeramplitudeplasticrarefactionfan.

In smoothflow, our solid andfluid solversgive second-ordecornvergence.For these
testproblemsnvolving discontinuitiesthe corvergencaesultsaregivenin Table5. O(1)
entropy errorsoccur at the materialinterfaces: a so-called“wall heating” effect. This
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TABLE 1: EOSparametersisedin examples

parameter value units
reactinggas§s.2.1

& 2.938x 107°  [kJ/g]

00 1.84 [g/cc]

Yp 2.85 0

Qo 100 [kd/gs]

TR 2000 K]

MW 25 [g/mole]

elasticallyisotropicsolid §5.2.2

00 8.93 [g/cc]

Kos 138 [GPa]
' 4.96 0

Go 46.9 [GPa]

Gy 0.57 [0

B 0 I

To 300 K]

Cv 39x 10 [k/gK]

Y0 1.96 I

q 1 I

oy 0.23 [GPa]

Yo 0.12 [GPa]

01 1 I

TABLE 2: Initial valuesfor solid-fluid

parameter value

Riemannproblem
units

reactinggas

initial statevalues

Q 5.543 [kJ/g]
I 1.84 [g/cc]
£ 2.938x 10~° [kJ/g]
v 0 [km/s]

elasticallyisotropicsolid

o £0 [g/cc]
& suchthatés =0 [kJ/g]
9 (p/p0)3 | 0

FP I I

K 0 1

v 2 [km/s]
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TABLE 3: Initial valuesfor solid-vacuumRiemannproblem

parameter value units
elasticallyisotropicsolid

0 1.05%pg [g/cc]
& suchthaté; =0 [kJ/g]
g (p/p0)31 0

FP I I

K 0 1

v 0 [km/s]

TABLE 4: Initial valuesfor containedexplosionproblem

parameter value units
reactinggas

initial statevalues

Q 5.543 [kJ/g]

o 1.84 [g/cc]

£ 2.938x 10°° [kJ/g]

v 0 [km/s]
elasticallyisotropicsolid

o £0 [g/cc]

& suchthaté; =0  [kJ/g]

g I I

FP l I

K 0 I

v 0 [km/s]

TABLE 5: Orderof corvergence
Solid-Fluid  Solid-Vacuum
field L1 Loo L1 Loo

P 1.64 1.00 1.09 1.89
Uy 1.82 0.63 0.76 0.60
o117 133 0.33 0.77 0.68
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entropy erroraccountdor the apparentensitydeficitin the gasphaseseenin Figurel2.
A discussiorof the orderof corvergencss givenbelaw in 86.

5.4.2. Cylindertestwith AMR

This exampleis a highly idealizedmodelof a cylinder test: an experimentin which
an explosive is detonatednside a cylindrical metal tube for the purposeof measuring
detonationvelocity. Wilkins [48] includedthis examplein his descriptiornof a Lagrangian
multiphasetechnique. OtherLagrangiartechniquesare describedn [20]. The nominal
initial valuesaregivenin Table4. The reactionwasinitiated by creatinga disk-shaped
regionatoneendof thefluid cylinderwheretheinitial chemicakenegy Q o wascompletely
corvertedto internalenegy: £o := £ + Qo; Qo := 0. Surroundinghesolidis vacuum.

Initially, the metalcanhaslength24.6 (saycm) andoutsideradiusof 14.0,with wall
thicknesf 2.0. Theinsidecornersaregivenachamferf approximatesize0.6 x 0.6. The
coarsebasemeshis 112x 64 x 64 with 0.3 unitsof lengthpercoarsecell.

Adaptive meshrefinementwasemplo/edto resole at 2x resolutionthe materialin-
terface,the solid, andthosepartsof the fluid containinggradients. At small times, the
unreactedluid is representednly on a coarsegrid exceptfor thosepartsadjacento the
interface.As thereactionproceedstheresohedmeshgrowsto encompastheentiresolid
andfluid regime. Coarseegionspersistexteriorto the solid whereonly vacuumis present.

Resultsaredisplayedin Figures16-18. We shov eachcomputationatell containing
solidorfluid, with colorcorrespondintp pressuréscalesary). Asin Figureb, fractionally
occupiectellsareshovntruncatedy apiece-wiselanarinterface. Thegeometrypictured
correspondslirectly to theinternalrepresentationf our method.

In Figure16 the detonatiorwave hastraversedapproximatelyhalf the cylinderlength.
Aheadof the detonationwave a zoneremainsthatis not adaptvely refined,but behind
the detonatiorall fluid andsolid regionsarerefined. Solid andfluid pressureneednot be
continuougnormalstresss), butbecausef thelow yield strengttof “copper”in thismodel
it appearso. Theleadingshockis refractedbackwardin the copper andreflectsoff the
free surfaceasararefactionfan. Theexplosive shockis normalto the cylinder axisatthe
centerbutis bentbackwardnearthewall, suggestingomethindike aMachreflection. At
thetime of Figure17 the shockhasbegunto reflectoff thefar coppermwall. Notethejump
in pressurescales.In Figure18thepressurdadbeenreleasedignificantlyby ballooning
of thecoppercan. Thereflectedshockis abouthalf way backalongthe axis.

6. DISCUSSION

6.1. Implementation

We haveimplementedhemulti-phasérackedinterfacealgorithmswithin aframework
for parallelismanddatamanagemertalledChombo[16]. Chombais a collectionof C++
classeghatincludesdimension-independestipportfor box andsetcalculus,distributed
datamanagemengndsupportfor patchbasedadaptive meshrefinemen{AMR) basedn
theapproactof BergerandColella[7] andgrid generatiomodelsof BergerandRigoutsos
[8]. Chomboderivesfrom an object-orientecapproachto AMR developedinitially by
CrutchfieldandWelcome[19].

To facilitate this discussionwe first review somestandardAMR nomenclature. A
refinementevel L, or level L, refersto a setof dataor operationcharacterizethy a given
spatialresolution.Level 0 is thecoarsestesolutionwith grid spacingax©, Ay®, andAZ°.
Level L+1 is refinedrelative to level L by afactorR:: ROAxI= AxC. RL, thelevel L
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FIG. 16: Pressur¢0—20GPa) attime 1.30.
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FIG. 17: Pressurd0—40GPa) attime 2.39.
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refinementatio, is restrictedo beanintegerpowerof 2. A patd is arectangularegionof
dataassociateavith a particularlevel. A grid is thesetof all patchesatagivenlevel. At a
givenlevel the patchesarenon-overlapping.

Level L 41 gridsareproperlynestedwithin their parentievel L grid. This meanghat
a boundaryof level L cells surroundghe level L + 1 grid, exceptwherethelevel L +1
grid abutstheboundaryof the overall problemdomain. Thewidth of boundancellsis the
buffer size animplementation-dependeadljustablgparameter

To advancelevel L datain time (sayfrom timet™ to time t".+1) requiressomecom-
bination of the following steps. First, boundaryconditionsfor the level L grid mustbe
obtainedby space-timeénterpolationfrom thelevel L —1 parentgrid, or by someprescrip-
tion for thoseboundarycellsthatlie outsidethe problemdomain. Secondthe algorithms
describechbore areusedto updatethe solutionon the level L grid. Third, thoselevel L
cellsthatareunderlainby additionallyrefinedlevel L + 1 cells areadjustedo agreewith
therefinedcell imet"t+1 results.Fourth,to maintainconseration,the solutionin level L
cellsthatahut thelevel L +1 grid mustbe adjustedo be compatiblewith the cumulative
fluxescalculatedon level L +1 acrosshe L +1 grid boundary(flux correction).

To avoid the problemof space-timanterpolationof the interfaceitself (represented
eitherasvolumefractionsor piece-wiseplanarsegments)we cover all interfacecellswith
the maximumresolutiongrid. This also solves a potentialflux correctionissue: mass
redistribution effectively createdlux termsassociatedavith 13 spatialdirections(e.g., re-
distribution fluxesmayconnectelli, j, ktocelli+1, j—1, k+1), wherea®therwiseonly
thethreecardinaldirectionsx, y, z needbe considered.

Animportantissueconcernsheoveralldomainof dependencef thecompositenethod
describedhere. In total the domainof dependencis 29x 29x 29if volumefractionsand
conseredquantitiesarechoserasthe basicvariablegseeTable6): thesolutionatagiven
cellmaydependiponthedatain thesurroundin@4389cell neighborhoodlf implemented
asasinglestencil,thenassociatedavith eachpatchwould be a ghostcell boundarywith a
width of 14 cells. Thishasobviousandseriousmpacton computememoryrequirements,
andis clearlyimpractical.

Instead,the overall domainof dependencenay be decomposedhto a collection of
smallerstencils however doingsomeanghat (i) methodamustbe providedfor thespace-
time interpolationof eachnew variable;which impliesthat(ii) the new variablesmustbe
storecontwotimelevelsontheparengrid. Forexample giventhealgaithm deconmpasition
indicatedin Table6, thesmalleststencilpossiblefor thecompositenethods 9x9x 9, ora
ghostwidth of 4. An AMR strat@y basednthis stencilwouldrequirestorageof interface
data,aperturestheinterfacevelocityfield, andother‘internal” variablesattwo time levels
on eachparentgrid, anda prescriptiorfor space-timénterpolationof thesequantities.

In theimplementatiorpresentedhere,we designeda stratgly basedupona stencil of
13x 13x 13 (ghostwidth 6), with conseredvariables yolumefractions,andpiece-wise
planarinterfacesegmentschoserasbasicvariables.This strateyy involvestwo inter-patch
communicatioroperationpertime step.Whentheinterfaceregionis alwaysfully refined,
only consenrative variablesneedbe space-timeinterpolated. The needfor space-time
interpolationof theinterface(i, d) is circumwented.

6.2. Algorithmic Details
6.2.1. Redistritution

In the shockfront trackingapplicationsof ChernandColella[11] andBell, Colella,
andWelcome[5], themassdeficité M is decomposeith thesensef characteristicslf ary
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TABLE 6
Stencilsof algorithmcomponents

interfacereconstruction 5x5x5
aperturecalculation 5x5x5
dataextension 5x5x5
interfacevelocity 9x9x%x9
volumefractiontime advancing 5x 5x 5
Godunw integrators 9x9x9
redistritution 5x5x5

characteristicerosghefront,thensomefractionof §M is distributedto cellsontheopposite
sideof thefront. In thepresenmaterialinterfacetracking apgication,it doesnotmakesense
to distribute massacrosshefront, whateverthe characteristicsThecorrectgeneralization
of this approachwould be to redistrilute volume betweenphasesif soindicatedby the
characterististructure.

If onewereto redistritute materialphasevolumeacrosghefronts,thentwo problems
would arise. First, afterthis redistritution the volumefractionswould not necessarilsum
to 1, andarenormalizatiorwould berequired(asin §3.2). Secondit is possiblethatafter
redistributingvolumesin thesensef characteristicenewould have avolumefractionfield
thatis inconsistenwith the existenceof a resohed interface: this volumeredistritution
would smearthe interface. For this reason,we do not decomposéM in the senseof
characteristicsandwe insteadredistritute this quantityon onesideof thefront only.

6.2.2. GeometricConsistency

In (47) the normalfi appearingn the left handsideis the normalof the surfacethat
closeghevolumeboundedy cell-faceapertures, ke etc. ilisnot,in generalequato

theinterfacenormaldeterminedsin §3.1,att " (wherethefluxesF B arecomputed)t"+1,
or elsevhere.Evenif thereexistsa singleplanarinterface,stationaryin time, i would not
generallycoincidewith n becausg¢hecell faceaperturesreaverage®f left- andright-cell
calculationg42).

We use(47) to computeAB, which is consistenwith interfacenormalfi. In (15) we
usethis aperturewith ourinterfaceflux F B, whichis consistentvith a differentnormain.

Note alsothat becausef apertureaveraging(42) we may computea nonzeroA B in
cellsfor which nointerfacehadbeendetectedandin which F B is thereforenotknown. In
this case we constructan estimatedlux F B by averagingthe flux over neighborcellsin
whichit hasbeendeterminedThisremedyassumethatthenormalvectorfi in thecurrent
cell (where F B hadnot beencomputed)is similar to normalsn in thoseneighborcells
whereF B hadbeencomputed.

6.2.3. SouceTerms

Onewaytodiscretizg1) is by solvingthehomog@eauspat stablyusingredistritution,
andthenaddingthe sourceterm contribution afterwards:

g+l « Ut (homogeneous 157
1k redistribution 1% ( J ) (1579
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n+1 n
Ajjic + Ajjk
n+1
ijk

~ n+l
Uttt =00t +at G(Ujjy ). (157b)
We usethisapproactior theplasticsourcgermsh andK occurringin solid mechanics,

but with thesimplification
~ 1 .
Uffic" = Ufji" + AtG (5 [afc"+ qi“,-tl]) (158)

in lieu of (157b). Thatis, for thesesourceermswe approximatdéhetime-centeredtateby
averagingimet” (extended)primitivevariablesandtimet "1 primitivevariablesobtained
by redistriution of the homogeneousystemof equations We omit thefactor A/A, and
in sodoingintroducean@(h) error

A diffusioncorrection[27] is alsointroducedo the equation®f solid mechanicsand
thistoois approximatedvith (158).

Anotherapproacho discretizing(1) is to introducethesourceermsin thesingle-phase
solversprior to redistritution:

1
Ui?)lit,n+l = ...+ AtG (5 [qﬁf’n + qieﬁ(t,n+l]) (1599

n+1 ext,n+1
Vilk redistriution K (159b)
This is the approachwe usefor all othersourceterms,includingchemicalreaction.Note
thatin this secondapproactwe arealsoomitting thefactor A /A.

In our treatmentbf solid mechanic§27] we introducedtwo sourcetermsto enforce
constraints.One,arelaxationto enforcedet(g) = p/po, is implementedvith (159). The
other a diffusive termto enforceV x g7 = 0, follows redistritution (158). Likewise,
following redistritution we enforcedet(F P) = 1 by rescaling.

6.2.4. ConstaintsandExtension

In extendedsolid cellsthe constraintslet(g) = p /o0 anddet(F ) = 1 maybeviolated
by the extensionproceduredescribedn 84.1. We thereforerescaleg and F P in solid
extendectellsafterextensionby averaging. Theconstraintv - g T =0 mayalsobeviolated
in the neighborhooaf the extendedcells, but the extendedstatesarenot furthermodified
to enforcethis condition.

6.3. FutureDirections

Colella[13] describeself-consistententeringschemebywhichseconeorderaccuate
truncatiorerrorshavebeerdemamstratedor stationay-boundary “ Cartesiamgrid” problems
[23, 29]. For moving boundariesone order lower is expected: O(h) for characteristic
variablesand®(h?) for noncharacteristiones.

Figure(19)illustratesthe self-consistententeringdeain 1D. The quadratureolution
of the divergenceform PDEs usesfluxes F centeredat the centroid of the space-time
boundarie®of the fluid-occupiedregion of the computationatell, e.g., at points’'c’, 'd’,
and’e’. DataU, points’a’ and’b’, arelikewise centeredat the centroidof the occupied
fraction,notthecell center If the centroid-centerefluxesaresecond-ordeaccuratethen
afirst-orderaccuratalifferenceschemeesults.

Materialinterfacegravelwith speed, thecharacteristispeedfthe“0” family of char
acteristics.Therefore thosevariablesassociatedvith the“0” family will have truncation
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. d‘7 . n+1

FIG. 19Centroid-centeresecond-ordeftuxesgiveafirst-orderaccurat€ @ (h)) difference
scheme.

errorsof the underlyingdiscretizationscheme:O(h) with the self-consistentuadrature
method.Wavesof the“+” familiesand“—" familiescoincidewith the interfacecells for
atime of orderh/A, wherea is the speedof the“+” characteristiovave. For variables
associateavith thesewaves,we thereforeexpecta higherorderof accurag, i.e., O(h ?).

b
* . n+1

a,e

FIG. 20First-orderfluxes,and/omon-centroid-centerdtiixesgive anzero-ordeaccurate
(O(1)) differencescheme.

Theimplementatiordescribedn thisreportis illustratedin 1D in Figure(20). Ourdata
U is cell-centeredandthusdiffersfrom theinterpretatiorof Fig. (19) by termsof orderh.
Likewise,our cell-facefluxesaretime centeredpoints’c’,’d’), notcentroid-centere@nd
ourinterfaceflux (point’e’) is cell centerecattimet " (but with time-centeredourceterm
contritutions). Thesedifferencesalsointroduceorderh discrepanciedpweringthe order
of accurag of thescheme WethereforeexpectO(1) accurag for “0” family characteristic
variablesand@(h) accurag for “+" family characteristizvariables.

Theredistritution of masssM, anorderO(hAt) guantity(with consistententering;
O(At) with inconsistententering)n theneighborhooaf fractionalcellsexpandsslightly
theneighborhoodavherelocal O(h) (O(1)) truncationerrorsoccur

To adaptthe algorithmdescribedn this reportto achieve a higherorderof accurag,
severalmodificationswill benecessaryFirst, ahigherorderalgorithmfor theconstruction
of extendedstatess requiredin orderto calculatesecond-ordeaccuratdluxeson mixed-
cell face,e.g., at point’d’ in Figs.(19,20). ModianoandColella[29] accomplishedhis
by using one-sidedderiativesto fill boundarycells with extrapolateddata. Second,t
will be necessaryo treatconsered dataas being centeredat the centroidof the fluid-
occupiedcell fraction, not the cell center This affectsthe constructionof slopesusedin
the calculationof time- andface-centeredtates. Third, fluxes mustbe centeredat the
centroids. For facestates(e.g., point'd’), this maybe accomplishedy interpolationin
spaceusingneighboringecell-facefluxes,andinterpolationin time makinguseof thetime
t" extendeddataandtime t"+1 referencecalculation. For interfacefluxes,e.g., point’e’
in Figs. (19,20)a recalculatiornof the interface-normaRiemannproblemusing properly
centeredeft andright stateds appropriate.

Thesesamecenteringdeasmightprofitablybeappliedto thevolumefractionadwection
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methodn 83.2. Thereweusedace-centeredelocity fieldstotracechaacteistics. Instead,
centroid-centeredelocity fieldsmightbeused.For example,in tracingpoint‘p’ in Figure
3 insteadof usingtheface-centeredelocity v 1k usethevelocityinterpolatedo the

centroidof 'adhe’, viz. (c.f, (36))

Vyiqi 1 —U,:i_1
_ yi+Lj-35.k ui,j—3.k )
Py =Y 1—At |:vy,i,j—%,k + < (Xw% — X — Ux,i+%,j,kAt> :

Xi+1 — Xi
(160)

VAN RS

APPENDIXA: NOMENCLATURE

materialreferencdramecoordinate(94).
coeficientmatrixin linearizedPDE; (133),(79).
aperture§3.3.

acoustidensor;(135).
plasticreferencdramecoordinate(97).
stresssourceermin linearizedPDE; (137).
expansiorcoeficient; (140).
soundspeed{80).
elasticconstantensor;(156).
elasticGreentensor;(100).
constanwvolumeheatcapacity;(104).
distanceof plane;(18).

columnof identity matrix; (93).

total specificenegy, internalpluskinetic; (92), (99).
internalenegy; 85.2.
bodyforcevector;(91), (93).

yield surface;(118).
conseredvariableflux; (1).

total deformationf98).
elasticdeformationy98).
plasticdeformationy97).

inversetotal deformation(94).
conseredvariablesourceterms;(1).
sheamodulus;(114).
plasticdeformatiorsourceterm; (93)
spatialresolution,AX; §6.

identity matrix

I1, 12, I3 invariantsof isotropicmatrix; (108).

work hardeningparametesourceterm; (93).
bulk modulus;85.2.2,(154),(155).

aleft eigervector;84.2.3.

matrix of left eigervectors;(82).

level of AMR refinement§5.4.2.
generalizednassdifference(15).
modulusof incompressibility(233).
normaldirection;(18).

pressure(91),(103).

primitive variable;(133),(79).

variablein constitutve modelfor Griineiserparameter{112).
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Q chemicalpotentialenegy; (91).

r aright eigervector;84.2.3.

rg,rk  variableinternalto universalequationof statemodel;85.2.2.
idealgasconstant(102).

matrix of right eigervectors;(81).
refinementatio; 85.4.2.

shorthandor Riemanrproblemsolution;84.2.1.
primitive variablesourceterms;(133),(79).
front velocity; (151).
elasticcomplianceaensor;(155).
specificentrogy; 85.2.

sumof squarerror;(19).

time; (1).

temperature(104).
conseredvariablesy(1).

velocity; (91),(93).
volumefractionsum;(21).

cell volume;§3.2,82.
adwectedvolume;83.2.

redistribution weightingfactor;(17).
massflux, Rankine-Hugoniotonditions;(143).
spatialframecoordinate(94).

measuref shockstrengthy(76).
superscriptlenotesnaterialphase.
parametein shearenegy equationy113).
measuref shockresolution;(74).
Grineiserparameter(112).
polytropicgasconstant{102).
Lagrangaundeterminednultiplier in plasticityratemodels;(119).
work hardeningnodulus;(117).

work hardeningparameter(93).
eigervalue,wave speed85.3.3,84.2.3.
volumefraction;83.1,83.2,82.
diagonalmatrix of eigervectors;(83).
adistancenterpolationfunction; (728).
density;(91), (93).

Cauchystressy101).

yield stress(118).
atangentirection;(1233, (1249.

atime interpolationfunction;(456.
domainof onecomputationactell; (3).
heatsourcef91), (93).
flatteningparameter(78).
atangendirection;(123b),(124b).
materialdomain;(1).
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