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A new methodis presentedfor theexplicit Eulerianfinite differencecomputationof shockcap-
turingproblemsinvolving multipleresolvedmaterialphasesin threedimensions.Wesolveseparately
for eachphasetheequationsof fluid dynamicsor solid mechanics,usingasinterfaceboundarycon-
ditions artificially extendedrepresentationsof the individual phases.For fluids we usea new 3D
spatially-unsplitimplementationof the piece-wise-parabolic(PPM) methodof Colella andWood-
ward. For solidswe usethe 3D spatially-unsplitEuleriansolid mechanicsmethodof Miller and
Colella. Vacuumandperfectlyincompressibleobstaclesmayalsobeemployedasphases.

A separateproblemis thetime evolution of materialinterfaces,which arerepresentedby planar
segmentsconstructedwith avolume-of-fluidmethod. Thevolumefractionsareadvancedin timeusing
a second-order3D spatially-unsplitadvectionroutinewith a velocity field determinedby solution
of interface-normaltwo-phaseRiemannproblems. From the Riemannproblemsolutionswe also
determinecross-interfacemomentumandenergy fluxes.

The volume fractions in mixed cells may be arbitrarily small, which would ordinarily make
the Courant-Friedrichs-Lewy time stepstability limit arbitrarily small aswell. We overcomethis
limitation usingthemass-redistribution formalismto conservatively redistributegeneralizedmassin
theneighborhoodof thesplit cells.

We presentan applicationof this methodto an explosioncontainedin a metalcan: a reactive
fluid (approximatingPBX 9404),is encasedwithin an elastic-plasticsolid (approximatingcopper)
surroundedby vacuum.Our implementationis in parallel,andwith adaptive meshrefinement.

KeyWords: solidmechanics,fluid dynamics,shockwaves,Godunov method,elasticity,
plasticity, solid-fluidcoupling,adaptivemeshrefinement,AMR.

1. INTRODUCTION

We areconcernedwith computinglarge-deformationflows in problemsconsistingof
multiple resolvedphases.Thealgorithmdescribedherecombinestwo approachesin the
treatmentof freeboundaries.Oneis thetreatmentof thepropagationof surfacesin space
in termsof an equivalentevolution of volumefractions[32, 22], first introducedin the
1970sfor representingfluid interfaces. The secondis the useof strongly-conservative

1Work at theLawrenceBerkeley NationalLaboratorywassponsoredby theUSDepartmentof Energy (DOE)
Mathematical,Information,andComputingSciencesDivisioncontractDE-AC03-76SF00098,andaDOELDRD
award to GM. Otherwork wassupportedby a subcontractfrom the California Institute of TechnologyCenter
for the Simulationof Dynamic Responsein Materials,which in turn is supportedby the AcademicStrategic
AlliancesProgramof theAcceleratedStrategic ComputingInitiative (ASCI/ASAP)underDOEcontractB341492.
Developmentof the PPM implementationpresentedherewassupportedin part by the ASCI/ASAP Centerfor
AstrophysicalThermonuclearFlashesat theUniversityof ChicagounderDOEcontractB341495.
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finite-volumediscretizationsof thetime-dependentirregularcontrolvolumesoneitherside
of themoving interface.This latterapproachwasfirst usedby Noh in theCEL code[31].
Thecombinationof thesetwo techniqueshasbeenusedvery successfullyin a varietyof
free-boundaryproblemsin fluid dynamics,suchasshockdynamics[10, 4], andcombustion
fronts[26, 21, 36]. However, thecombinationhasnot beenappliedto problemsinvolving
material interfaces. More typically, volume-of-fluid representationshave beenusedin
materialinterfaceproblemsin a hybrid mode,i.e., in which the materialpropertiesare
multiply-valuedin a cell, but the velocity is single-valued[32, 15, 28]. In the present
approach,all of thestatevariablesarerepresentedashaving distinctvaluesin eachphase,
with appropriatejumpconditionsappliedat thephaseboundaries.

Ourmethodembracesfluidsaswell aselastic-plasticsolidsin asingleEulerianframe-
work. This approachis motivatedby the excellentperformanceof Eulerianhigh-order
Godunov methodsfor single materialphases. Furthermore,in the Eulerianframework
adaptive meshrefinement(AMR) [7, 3] is a relatively maturetechniquefor dynamically
applyinghighnumericalresolutionto thosepartsof aproblemdomainthatrequireit, while
solvinglesssensitive regionson lessexpensive,coarsercomputationalgrids. In combina-
tion, Eulerianhigh-orderGodunov methodswith AMR have beenprovento obtainhighly
accurateandefficientsolutionsto shockcapturingproblems.Our implementationincludes
AMR capabilityin 3D andin parallel.

2. OVERVIEW OFMETHOD

We areconcernedherewith N spatiallydistinct (resolvable)materialphases� , ���
1 � 2 ��������� N. For eachphasewehavea systemof conservationlaws

	
U 
	
t
�
���

F 
�� U ��� G 
 on � 
�� t ��� (1)

Thenumberof componentsin thevectorU 
 of conserveddensities,andthevectorG 
 of
sourceterms,will in generalbedifferentfor differentphases,andtheflux functionsF 
 � U �
will differ in numberand content: different materialphasesare governedby different
physicsandkinematics.

Ondomainboundaries,
	 ��
���� � t ��� 	 ��
 � t ��� 	 ��� � t � , compatibilityconditions

H � U 
 � U � ��� 0 on
	 � 
���� � t � (2)

exist whichdeterminetheevolutionof thedomains��
 � t � .
We are interestedin developinga numericalmethodfor (1) and(2) on a structured

Euleriangrid. We denotewith integersubscriptsi � j � k cell-centeredquantities,andwith
half-integersubscripts,e.g., i

� 1
2 � j � k, face-centeredquantities. Incrementsof time are

indicatedwith thesuperscriptsn or n
�

1.
Let usdenoteby � i j k aCartesiangrid controlvolume,

� i j k  � x � y � z
xi ! 1

2

" x " xi # 1
2

and

y j ! 1
2

"
y
"

y j # 1
2

and
zk ! 1

2

"
z
"

zk# 1
2

� (3)

andby
	 � i ! 1

2 � j � k (for example)the“left” x faceof cell i � j � k;

	 � i ! 1
2 � j � k  � x � y � z

x � xi ! 1
2

and

y j ! 1
2

"
y
"

y j # 1
2

and
zk ! 1

2

"
z
"

zk# 1
2

� (4)
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We definevolumefractions$ ,

V $ 
�� ni j k � %
i j k &('�)+* tn ,

dxdydz � (5)

whereV �.- xi - y j - zk is thevolumeof cell i j k. We alsodefinethephase“apertures”

A

i ! 1

2 � j � k �
tn/ 1

tn

dt 01%
i 2 1

2 3 j 3 k &4' ) * t ,
dydz � (6)

Finally we definetheinterfaceboundaryaperture,

AB��

i j k �

tn/ 1

tn

dt %
i j k & 0 ' ) * t ,

dxdydz � (7)

A finite volumediscretizationof (1) is obtainedby integrating(1) over thespace-time
volumeof thecomputationalcell i j k occupiedby phase� .

tn/ 1

tn

dt%
i j k &('�)1* t ,

dxdydz
	
	
t

	
	

x

	
	

y

	
	
z

�
U 


Fx ��
 � U �
F y ��
 � U �
Fz�5
 � U �

�
tn/ 1

tn

dt%
i j k &4'�)+* t ,

dxdydzG 
 (8)

Then,by applicationof thedivergencetheorem,wehave

$6
7� n# 1Vi j k 8U 
�� n# 1
i j k 9 $:
�� nVi j k 8U 
�� ni j k�

A

i # 1

2 � j � k 8F
x ��

i # 1

2 � j � k 9 A

i ! 1

2 � j � k 8F
x ��

i ! 1

2 � j � k�
A


i � j # 1
2 � k 8F

y ��

i � j # 1

2 � k 9 A

i � j ! 1

2 � k 8F
y � 

i � j ! 1

2 � k�
A


i � j � k# 1
2
8Fz��

i � j � k # 1

2
9 A


i � j � k! 1
2
8Fz�5

i � j � k! 1

2�
AB ��
 8F B � 


i j k �.- t 8$6
 V 8G 
i j k � (9)

with thenotation 8q denotingtheaverageovertheappropriateregionsin space-time: 8$ i j k is
theaverageover ; t n � tn# 1 < ; 8U 
i j k theaverageover � i j k �=� 
 � t � ; 8Fx ��


i # 1
2 � j � k theaverageover	 � i # 1

2 � j � k �>�?
 � t � . Rearrangingthetermsin (9) leadsto a finite-volumediscretizationof���
F 
 :

8U 
7� n# 1
i j k � 8U 
7� ni j k 9 - t

�@�
F 
 C � - t 8$6


$ 
�� n# 1 8G 
i j k � (10)

with � �@� F 
(� C theconservativeflux difference

- t
�A�

F 
 C �CB ) 3 n / 1! B ) 3 nB ) 3 n / 1 8U 
7� ni j k
� 1

B ) 3 n / 1Vi j k

A

i # 1

2 � j � k 8F
x ��

i # 1

2 � j � k 9 A

i ! 1

2 � j � k 8F
x ��

i ! 1

2 � j � k
�

A

i � j # 1

2 � k 8F
y ��

i � j # 1

2 � k 9 A

i � j ! 1

2 � k 8F
y � 

i � j ! 1

2 � k
�

A

i � j � k # 1

2
8Fz��

i � j � k # 1

2
9 A


i � j � k! 1
2
8Fz��

i � j � k! 1

2

�
AB � 
 8F B � 


i j k � (11)
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For thecaseG 
i j k � 0, thediscretization(10) satisfiesa discreteconservationlaw of the
form

i j k

8$ 
�� n# 1
i j k 8U 
�� n# 1

i j k �
i j k

8$ 
�� ni j k 8U 
�� n � (boundaryterms)� (12)

wherethesumisoveranarbitrarysubsetof thecontrolvolumes,andtheboundarytermsare
a sumof fluxesevaluatedat thefacesboundingtheregion correspondingto thosecontrol
volumes.

Thereare two issuesthat must be resolved in order to specifya numericalmethod
basedon (10,11). The first is the choiceof quadratureruleswith which to replacethe
averages 8F , 8U with functionsof equally-spacedgrid values. The secondissueis that a
straightforwardexplicit discretizationtypically hasa maximumstabletime stepgivenby
a Courant-Friedrichs-Lewy conditionthat is no betterthan D max - t � O � h$ 1E 3 � (where
D max is themaximumsignalspeedin thatcell), andcouldbeassmallas D max - t � O � h $:�
for aboundarywhosenormalis alignedwith oneof thecoordinatedirections.To dealwith
theseissues,we takeanapproachfirst introducedin [5], following theideasin [11].

Ourprimarydependentvariablesarediscretizedon theappropriatesubsetsof therect-
angulargrid on eitherside of the front: for all � i � j � k� suchthat $ 
�� ni j k F 0. U 
�� ni j k G
U � i - x � j - y � k - z � tn � , theupdateof U 
�� ni j k to timetn# 1 � tn � - t is givenin thefollowing
steps.

1. For all cellsfor which $ 
7� ni j k � 0, $ 
�� n# 1
i j k F 0, initialize U 
�� ni j k .

2. Forall facesadjacenttocellswith $ 
�� ni j k H� 0 or $ 
�� n# 1
i j k H� 0,wecomputeestimatesto

thefluxesF x ��

i # 1

2 � j � k G F x ��
 �I� i � 1
2 ��- x � j - y � k - z� . We usethesefluxesto compute

� ��� F 
(� C by makingthesubstitution 8Un��

i j k J Un��


i j k , 8Fx ��

i # 1

2 � j � k J Fx ��

i # 1

2 � j � k, in (11).

Wealsousethesefluxesto computeanonconservative,but stableestimateto
�
�

F 
 :
- t

�A�
F 
 NC � K t

K xi
Fx ��


i # 1
2 � j � k 9 F x ��


i ! 1
2 � j � k

�

K t

K y j
F y ��


i � j # 1
2 � k 9 F y ��


i � j ! 1
2 � k

�

K t

K zk
Fz��


i � j � k# 1
2
9 F z�5


i � j � k ! 1
2
� (13)

3. Performapreliminarystableupdateto 8U 
 usinga linearhybridizationof � �A� F 
 � C
and � ��� F 
 � NC :

U 
�� n# 1� r ef
i j k � U 
7� ni j k 9 - t $ 
�� n# 1

i j k � �@� F 
 � C � � 1 9 $ 
7� n# 1
i j k � � �A� F 
 � NC � (14)

Becausetheweightmultiplying � �A� F 
(� C is $ 
7� n# 1
i j k , thesmalldenominatorin (11)

is canceled,andwe expect that the resultingupdateformula is stable. However,
U 
7� n# 1� r ef

i j k doesnotsatisfyaconservationrelationof theform(12). WecancomputeL
M 
i j k the differencebetweenthe total massin the control volume given by the

preliminaryupdateand that given by a conservative updatebasedon � �M�
F 
(� C

alone: L
M 
i j k � � 1 9 $ 
�� n# 1

i j k �I$ 
�� n# 1
i j k � �@� F 
 � C 9 � �A� F 
 � NC � (15)
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4. After thepreliminaryupdatesfor all of thecellshavebeenperformed,distributethe
massdeficit

L
M 
i j k ontothegrid to maintainconservation:

U 
�� n# 1
i j k  � U 
�� n# 1

i j k
� i # 1

l N i ! 1

j # 1

mN j ! 1

k# 1

pN k! 1

O
i j k

Wlmp

L
M 
lmp � (16)

TheweightsO i j k areassumedto benonnegative,boundedfrom aboveuniformly as
$AP 0. ThenormalizationfactorWi j k is givenby

Wi j k �
i # 1

l N i ! 1

j # 1

mN j ! 1

k# 1

pN k! 1

$ 
�� n# 1
lmp Vlmp

O
lmp � (17)

In thepresentwork, wewill usemass-weighteddistribution, i.e., O i j k �@Q 
�� n# 1� r ef
i j k ;

the valueof the densityafter the preliminaryupdate. Massweightingwas found
to provide morerobust solutionsthanvolumeweighting( O i j k � 1) in problems
involving strongshocks[34].

In thecalculationof � ��� F � C, wecomputeapproximationstotheaveragesalongsurfaces
andvolumesbyreplacingthoseaverageswith estimatesof thevaluesevaluatedatthecenters
of theCartesiancellsandfaces� i j k,

	 � i ! 1
2 � j � k, etcetera. Sincethelocationof thecentroids

of thecontrolvolumesandaperturesdiffer from thecentersof theCartesiancellsandfaces
by O � h � , thisleadstoadiscretizationthatis formallyinconsistent,i.e., hasatruncationerror
that is O � 1� relative to h, at the moving boundary. It is possibleto constructa formally
consistentmethod,i.e., onewhosetruncationerror is O � h� [23, 29, 13]. However, the
presentapproachhasbeenusedwith greatsuccessfor trackingshocks[5, 17] andfixed
solid-wall boundaries[34]. It is alsoa substantialimprovementfrom a formal standpoint
overcapturingmethods,whichhavea formal truncationerrorthatis O � h ! 1 � [49].

In theremainderof thispaperweexpandupontheideasintroducedhere,anddemonstrate
theirusewith someexamples.

In §3weelaborateongeometryissues.Ourapproachisbasedondiscretizingatransport
equationfor a volumefraction densityfor eachphase,the averagesof which over cells
arethe volumefractions $ . The specificform of the transportequationis motivatedby
previous work in multifluid representationsof interfaces[15, 28]; the connectionto the
mathematicsandphysicsbeingmodeledhereis discussedin §3.2. Ourdiscretizationof the
volumefractiontransportequationuseslocaltangent-planeapproximationsto theinterface
constructedfrom thevolumefractions$�
 asdescribedin §3.1. In §3.3we describehow
ourgeometricdescriptionof

L �R
 � t � is usedto computeaperturesA 
 .
In §4 we describethe computationof fluxes F � U � . We describethe computationof

extendedstatesU 
�� ext , andhigh-orderGodunov methodsfor thecomputationof second-
orderaccuratefluxesF . Our implementationusesanEulerianGodunov methodfor solid
mechanicsdescribedin [27], andanew non-spatially-splitimplementationof thepiece-wise
parabolicmethod(PPM)for fluids,describedhere.

In §5 wedescribeanimplementationof theoverallmethodto shockcapturingcompu-
tationswith fluidsandsolidsandvacuum.FirstwespecifythevariablesU 
 , flux functions
F 
 � U � , andsourcetermsG 
 appropriateto eachmaterialphase.We describetheconsti-
tutive models(equationsof state,chemicalreactionmodeling,andplasticflow laws) that
provide closureconditionsfor theevolution equations.An exampleis givenof the inter-
facecompatibilityequation(2): theinterface-normalsolid-fluidRiemannproblemusedto

5



constructaninterfacevelocityfield to evolve thephasedomains� � t � . Finally, wepresent
examplecalculations. One-dimensionalsolid-fluid andsolid-vacuumexamplesdemon-
stratetheaccuracy of themethod. A three-dimensionalexampleis alsodescribedwhich
includesadaptivemeshrefinement(AMR).

In §6wesummarizeourfindingsanddescribestepsonemighttaketo improvetheorder
of accuracy of themethod.

3. INTERFACEMOTION AND GEOMETRICDESCRIPTION

3.1. Volume–of–FluidInterface Reconstruction

We usethe volumefraction $S
 asthe fundamentalvariablethat determinesthe spa-
tial distribution �:
 of materialphase� . Fromthevolumefractions,a piece-wiseplanar
representationof thematerialinterfacemaybeconstructed.Thereconstructedinterfaceis
chosento satisfytwo constraints.First, thecalculatedplanarinterfacesegmentin cell i j k
breaksthecell into partswith a calculatedvolumefraction $ 
7� calc

i j k that is exactly equalto

theactualvalue; $ 
�� calc
i j k �T$ 
i j k. Second,thecalculatedpiece-wiseplanarinterfaceis an

approximationto theleast-squaresbestfit in theneighborhoodof cell i j k. Specifically, we
desireaninterface �IUn � d),

nxx
�

nyy
�

nzz � d (18)

with outward-directednormalunit vector Un, Un � Un � 1, that minimizesthesumof squares
errorSOSbetweencalculatedandinputvolumefractionsona 5 V 5 V 5 stencil:

SOSi j k �WUni j k � di j k ���
i # 2

l N i ! 2

j # 2

mN j ! 2

k# 2

pN k! 2

$ 
7� calc
lmp �IUni j k � di j k � 9 $ 
lmp

2 � (19)

In two dimensions,piece-wiselinear interfacesobeying analogousconstraints(on a
3 V 3 stencilof cells)havebeenshown to providesecond-orderaccuracy for testproblems
involving materialadvection[37].

Insteadof solving theconstrainedleastsquaresproblemdirectly, we approximateits
solutionusingtheELVIRA algorithmof Pilliod andPuckett[37]. Thisalgorithmdetermines
afinite list of N candidateinterfacenormalsUnk, k � 1 � 2 �(������� N. For eachnormalvector, an
interceptdk is calculatedwhichgivestheexactvolumefractionsfor cell i j k. Thisenforces
the first constraint.Thesumof squareserror is thencomputedfor eachcandidateplane�IUnk � dk � , andthesingleplanewith theleastsumof squareserroris chosento representthe
interfacesegment.Thealgorithm,describedbelow, hasthepropertyof calculatingexactly
theplanarinterfacewhentheinputvolumefractionsona5V 5V 5 stencilareconsistentwith
theexistenceof asingleplanarinterfacepassingthroughthecentercell.

The 3D ELVIRA algorithmbeginsby summingthe volumefractionsin a 3 V 3 V 5
blockof cellsin thedirectionz (Fig. 1):

D lm �
pN k! 2� k # 2

Vlmp $ 
lmp � l � i 9 1 � i � 1
m � j 9 1 � j

�
1

(20)

In this 3 V 3 array, thesummedvolumefraction D lm is assumedproportionalto theheight,
in thez direction,of theinterfaceat coordinatex l � ym:

D lm

- xl - ym
� c 9 nx

nz
xl
� ny

nz
ym � (21)
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i-1 i i+1 j-1
j

j+1

k-2

k-1

k

k+1

k+2

z

y
x

(a)  (b)  

FIG. 1 (a) A 3 V 3 V 5 block of volumefractions(schematicallyillustratedby shading
usinga yet-to-be-determinedplanarinterface)aresummedcolumn-wiseto give a 3 V 3
setof sums D (b) from which non-colineartriplets of pointsmay be usedto estimatea
reconstructedinterfacenormalvector. ThesumsD i � j ! 1, D i # 1� j ! 1, and D i # 1� j (indicatedby
arrows) arecompatiblewith the exact planefrom which the fractions $ in this example
werederived. The ELVIRA algorithmwill selectthe planedeterminedfrom thesesums
sincethecorrespondingsumof squareserrorwill bezero.For eachof theremainingsums,
theplanecrossesthefacek

� 5
2, leadingto anunderestimateof thecolumnvolumebeneath

theplane.Planesdeterminedfrom theseothersumswill thereforeleadto nonzerosumof
squareserrors.

wherec is a constant(theindiceslm for which this assumptionholdsbestareselectedby
theELVIRA algorithm).Thus,for eachtriplet of index pairs,ratiosn x X nz andny X nz (and
theconstantc) maybecalculated.Giventheseratios,thenormalvector Un � � n x � ny � nz �
maybecalculatedto within asignfactorby applyingthenormalizationcondition Un � Un � 1.
Thesignmayberesolvedby choosingthesignof n z to beconsistentwith thecalculated
centerof mass[39] (seealso[37]). Whenthez momentof thevolumedistributionis small,
thesignmaynot beaccuratelydeterminedby thecenterof massconstraint.In thatcase,
bothsign possibilitiesaretested.The constraintfor normalcomponentn z is considered
weakif theabsolutevalueof thez componentof thecenterof massof thecentral3 V 3 V 3
block is lessthan0 � 2 timesthewidth - z of thecentralcell.

In projectionz, the24non-colineartripletsthatincludethecenterof theprojection� i � j �
aretested.Thisgivesriseto between24andasmany as48candidatenormalvectorsThis
sameprocedureis appliedin thex andy directions,to yield a total of 72 to 144candidate
normalvectors.

It mayhappenthatthe5 V 5 V 5 arrayof volumefractionshasa symmetrywhich does
notappearin thevectorthatprovidesthelowestsumof squareserror. Weexplicitly enforce
symmetryby testingthesymmetryof thefractionarray, andbyappropriatelysymmetrizing
thetrial normalvectorsprior to calculatingtheir sumof squareserror. For example,on a
uniform grid when $ 
i # l � j # m� k# p �Y$ 
i # l � j # p� k# m, l � m � p � 9 2 ��������� 2, symmetrydictates
ny � nz. All testvectors Zn arethenmodifiedto obey this symmetry:

nx

ny � nz
J Znx

sign� Zny
� Znz � 1

2 � 1 9 Zn2
x � if ny � nz symmetryindicated. (22)
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3.2. Interface Advection

Following [15, 28] weevolvematerialphasefluid fractionsby solvingthefluid fraction
advectionequation 	

	
t
$ 
 �

	
	

xi

� � $ 
 D i ��� $ 
 8M
M 


��� D (23a)

with

8Mi j k �
�

Z$ �i j k
M �i j k

! 1

� (23b)

D is thevelocityfield associatedwith theinterfaceof phase� ; its computationis described
in §5.3.4. M � hasthemeaningof an isentropicmodulusof incompressibility;for solids
undergoinghomogeneousdeformation,or for fluids moregenerally, M is the isentropic
bulk modulus.Thesemoduli arediscussedfurtherin §5.3.5. Becauseof theterm 8M , this
equationis a collectivepartof ourmethod(seealso§5.3).

Theaboveequationsareformally equivalentto anadvectionequationfor $ , sincethe
termsproportionalto

�[� D vanish,and D is continuousat theinterface.However, we use
theform (23)becausediscretizationerrorsarisingfrom thevolume-of-fluidrepresentation
may causethemto be nonzero. In the areaof multifluid calculations,the useof (23) to
computetheeffectivedynamicsis controversial,sincetheunderlyingphysicalassumptions
of pressurematchingattheinterfaceandchangesof statebeingisentropicareviolatedwhen
a shockintersectstheinterface. In thepresentcase,we usea formulationbasedon those
physicalassumptionsto beconsistentwith therestof thealgorithm,which is basedonthe
sameassumptions.In practice,theregion wheretheassumptionsareviolatedarea setof
codimension2 or smaller, andhave beenobservedin trackingotherdiscontinuitiesusing
this approachto becorrectlytreatedby virtueof conservation.

We discretizeEq.(23a) by first solvingtheleft handsidein conservationform,

Z$ 
i j k � (24)

Vi j k $ 
�� ni j k
�]\ 


i ! 1
2 � j � k 9

\ 

i # 1

2 � j � k
�]\ 


i � j ! 1
2 � k 9

\ 

i � j # 1

2 � k
�^\ 


i � j � k ! 1
2
9 \ 
i � j � k # 1

2

Vi j k
�]\ tot

i ! 1
2 � j � k 9

\ tot
i # 1

2 � j � k
�]\ tot

i � j ! 1
2 � k 9

\ tot
i � j # 1

2 � k
�_\ tot

i � j � k! 1
2
9 \ tot

i � j � k# 1
2

�

Here,
\ 


i ! 1
2 � j � k is thevolumeof phase� advectedacrosscell facei 9 1

2 � j � k in thetimeinterval

- t , and
\ tot

i ! 1
2 � j � k is thetotalmaterialvolumeadvectedacrossthatface.Thecalculationof

theseadvectedvolumesis describedbelow.
Thevolumefractions Z$:
 computedfromtheleft handsideof Eq.(23a) donotin general

sumto one: 
 Z$:
 H� 1. In fact,

- t � �@� D � � 1 9


Z$ 
 � (25)

Thefinal solutionto Eq.(23a) is thengivenby

$ 
�� n# 1
i j k � Z$ 
i j k

� Z$ 
i j k 8Mi j k

M 
i j k 1 9
�
Z$ �i j k (26)

with 8M givenby (23b).
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We floor thesecalculatedfractionsto avoid smearingtheinterface

$ 
�� n# 1
i j k J

0 if $ 
�� n# 1
i � j � k

"a`
1 if $ 
�� n# 1

i � j � k b 1 9 `
$ 1� n# 1

i j k otherwise

(27)

with ` � 10! 7 in our testproblems.
Thevolumefluxes

\
usedin Eq.(24)arecalculatedusinganon-spatially-splitadvection

algorithmdevelopedbyPilliod andPuckett[37] basedonthecharacteristictracingapproach
of Bell, Dawson,andShubin[6]. This methodusesa face-centeredvelocity field, which
we constructasfollows.

We describea methodin §5.3 for thecalculationof a cell-centeredinterfacevelocity
field. Fromthis cell-centeredinterfacevelocityfield we constructface-centeredvaluesby
averaging,

D x � i ! 1
2 � j � k � 1

2 D x � i ! 1� j � k � D x � i � j � k (28)

D y � i � j ! 1
2 � k � 1

2 D y � i � j ! 1� k � D y � i � j � k
D z� i � j � k! 1

2 � j � 1
2 D z� i � j � k ! 1

� D z� i � j � k �

z

y
x

a

b

c

d

e

f

g

h

FIG. 2 The volumefluxesthroughthe i
� 1

2 face(rectangleabcd) of cell i j k aregiven
by thesumof (1) thevolumeabcdefgh, whereplaneefgh is displacedfrom abcd by

9 � D x � i # 1
2 � j � k - t ; (2) a correctionto (1) dueto D x having a nonzerogradientd D x X dx; and

(3) thetransversevolumefluxesthroughrectanglesabfe, bcgf, cdhg, andadhe.

Following Bell, Dawson,andShubin,we write theconservationlaw for the left-hand
sideof Eq.(23a) as	 $:
	

t
� D x

	 $:
	
x
� 	 � $6
4D y �	

y
� 	 � $6
cD z �	

z
� $ 


	 D x	
x
� 0 � (29)

Takingthevelocity componentD x to beconstant,andintegratingby partsover thespace-
time volumetracedby characteristicspassingthroughfacei

� 1
2 � j � k, we have,assuming

D x � i # 1
2 � j � k b 0 for thisexample(seeFig. 2):

\ 

i # 1

2 � j � k � abcdefgh
$ 
 dV

�_\ 
adeh �^\ 
abef 9 \ 
bcfg 9 \ 
cdgh 9 - t

2

	 D x	
x abcdefgh

$ 
 dV (30a)

\ tot
i # 1

2 � j � k � abcdefgh
dV

�_\ tot
adeh

�_\ tot
abef 9 \ tot

bcfg 9 \ tot
cdgh 9 - t

2

	 D x	
x abcdefgh

dV (30b)
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z

y
x

a

b

c

d

e

f

g

h

p

q

FIG. 3Thevolumefluxesthroughrectangleadhe contributingtothevolumefluxesthrough
facei

� 1
2 of cell i j k aregivenby thesumof (1) thevolumeof theprismadhepq; (2) a

correctiondueto d D x X dx andd D y X dy beingnonzero;and(3) thetransversevolumefluxes
throughthetrianglesdhq andaep.

z

y
x

a

d

e

h

p

q

r

FIG. 4 Thevolumefluxesthroughtriangleaep contributingto thevolumefluxesthrough
facei

� 1
2 of cell i j k aregivenby thevolumeof thetetrahedronaepr andacorrectiondue

to d D x X dx, d D y X dy, andd D z X dz beingnonzero.
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where 	 D x	
x
� D x � i # 1

2 � j � k 9 D x � i ! 1
2 � j � k- xi

� (31)

andwhere

a � � xi # 1
2
� y j ! 1

2
� zk! 1

2
� (32a)

e � � xi # 1
2 9 D x � i # 1

2 � j � k - t � y j ! 1
2
� zk! 1

2
�d� (32b)

etc. In Eq.(30),theintegral $6
 dV is thepartof volumeabcdefgh occupiedby phase
� . This is calculatedwith elementarygeometryusingthecoordinatesabcdefgh andthe
time tn planarinterface �WUn � d � , if oneexists.

Toevaluatethetransverseflux
\
adehappearingin (30)(for example),wewriteEq.(23a)

as 	 $ 
	
t
� D x

	 $ 
	
x
� D y

	 $ 
	
y
� 	 � $ 
 D z �	

z
� $ 


	 D x	
x
� $ 


	 D y	
y
� 0 � (33)

Now,holdingvelocitiesD x andD y constant,andintegratingbyparts(assuming D y � i � j ! 1
2 � k F 0

in this example;seeFig. 3)

\ 
adeh �
adehpq
$ 
 dV

�]\ 
aep 9 \ 
dhq 9 - t

3

	 D x	
x
� 	 D y	

y adehpq
$ 
 dV (34a)

\ tot
adeh �

adehpq
dV

�]\ tot
aep 9 \ tot

dhq 9 - t

3

	 D x	
x
� 	 D y	

y adehpq
dV (34b)

where
	 D x	

x
� D x � i # 1

2 � j ! 1� k 9 D x � i ! 1
2 � j ! 1� k- xi

(35a)

	 D y	
y

� D y � i � j ! 1
2 � k 9 D y � i � j ! 3

2 � k- y j ! 1
� (35b)

andwhere

p � � xi # 1
2 9 - t D x � i # 1

2 � j ! 1� k � y j ! 1
2 9 - t D y � i � j ! 1

2 � k � zk! 1
2
� if D x � i # 1

2 � j ! 1� k D x � i # 1
2 � j � k F 0

� xi # 1
2
� y j ! 1

2 9 - t D y � i � j ! 1
2 � k � zk! 1

2
� otherwise

(36)
andsimilarly for pointq. Notethatin (36)welimit thevelocity D x at facei

� 1
2 � j 9 1 � k 9 1

to ensurethatits signis thesameasat facei
� 1

2 � j � k.
To determinethetransversevolumeflux

\
aep, appearingin (34)write Eq.(23a) as

	 $6
	
t
� D x

	 $6
	
x
� D y

	 $6
	
y
� D z

	 $:
	
z
� $ 


	 D x	
x
� $ 


	 D y	
y
$ 

	 D z	

z
� 0 � (37)

Holding D x, D y, andD z constant,andintegratingbyparts(assumingD z� i � j ! 1� k! 1
2 F 0 for this

example;seeFig. 4)

\ 
aep �
aepr
$ 
 dV 9 - t

4

	 D x	
x
� 	 D y	

y
� 	 D z	

z aepr
$ 
 dV (38a)

\ tot
aep �

aepr
dV 9 - t

4

	 D x	
x
� 	 D y	

y
� 	 D z	

z aepr
dV (38b)
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where 	 D x	
x

� D x � i # 1
2 � j ! 1� k! 1 9 D x � i ! 1

2 � j ! 1� k! 1

- xi
(39a)

	 D y	
y

� D y � i � j ! 1
2 � k! 1 9 D y � i � j ! 3

2 � k ! 1

- y j ! 1
(39b)

	 D z	
z

� D z� i � j ! 1� k! 1
2 9 D z� i � j ! 1� k! 3

2- zk! 1
� (39c)

andwhere

rx � xi # 1
2 9 - t D x � i # 1

2 � j ! 1� k ! 1 if D x � i # 1
2 � j ! 1� k ! 1 D x � i # 1

2 � j � k F 0

xi # 1
2

otherwise (40a)

ry � y j ! 1
2 9 - t D y � i � j ! 1

2 � k! 1 if D y � i � j ! 1
2 � k! 1 D y � i � j ! 1

2 � k F 0

y j ! 1
2

otherwise (40b)

rz � zk ! 1
2 9 - t D z� i � j ! 1� k! 1

2
(40c)

FIG. 5 A notchedblockof size3 V 4 V 5 with four cornernotches,1 V 1 V 1 each,takenoff
the

�
z side;beforeandafter rotationthrough2e radiansin 400 time steps.Thefigures

displaythe outline of eachcomputationalcell, truncatedwheninterfacesarepresentby
thepiece-wiseplanarreconstructedinterface– not a constantvolumefractionisosurface.
Theaxisof rotationpassesthroughthedot andthediagonallyoppositecorner;rotationis
clockwisein this orientation.

Figure5 demonstratesthefidelity of thisvolumeadvectionschemeusingthetestprob-
lemof [39]. A notchedblockis rotatedwith aconstantprescribedrotationalvelocityfield.
Theprescribedvelocity is calculatedexplicitly at eachcell face,circumventingstep(28).
Thecomputationaldomainis 100V 100V 100,with 10computationalcellsperunit distance.
Figure5 shouldbedirectlycomparedwith Fig. 3 of [39] (seealsoFigs.16and18of [24]).
Comparisonsin two dimensions,with convergenceresultsdemonstratingsecond-orderac-
curacy, appearin [37].
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In two-materialproblems,only onematerialphasevolumefraction(say $ 0) needbe
advanced:ateachstepof thealgorithmwherewecomputevolumefluxes

\ 0 and
\ tot , we

havetrivially
\ 1 � \ tot 9 \ 0. For two-materialproblems,if onethenusedinsteadof (23a)

thesimplerequation 	
	
t
$ 
 �

	
	

xi

� � $ 
 D i ���f$ 
 �A� D�� (41)

equivalentto M 
 beginequalfor all phases,for example,thenonemighttherebycircumvent
the collective natureof this algorithm. However, for threematerialor moregeneralN
materialproblems,thecondition 
 $ 
 � 1 is notautomaticallysatisfied.Thisis because
our interfacemodelassumesa singlepiece-wiseplanarinterfacein eachcomputational
cell. Whenmore than2 phasesmeetin a singlecell, this assumptioncannotbe valid.
Also, differentinterfaceswill have differentvelocity fields. Theterm

�g� D appearingin
(23a) cannotthereforebededucedfromthecomputed

\ tot obtainedin advectingany single
phase� , but mustinsteadbeobtainedby separatelyadvectingeachof theN materialphase
volumefractionsandrenormalizingthemcollectively (via theRHSof (23a) or someother
expedient).

This incompatibilitybetweenthreematerialjunctionsandpiece-wiseplanarinterface
representationsleadsto otherambiguitieswithin our overall method. In particular, it ne-
cessitatesarenormalizationof apertures(§3.3)thatis notnecessarywhereonly two phases
meet.Wenotethattwomaterialinterfacesformamanifoldof codimension1,andthreema-
terial interfacesform oneof codimension2. Therefore,theoverwhelmingmajorityof our
problemdomainis freeof thesecomplications.Accordingto thetruncationerroranalysis
in [13, p. 165], truncationerrorsaslargeas h � h ! 1 � associatedwith thead hoc treatment
of codimension2 statesstill leadto solutionsthat converge in L 1, provided the method
remainsstable.

3.3. Space-Time Apertur es

A space-timeapertureA 
 is the time-integratedareathoughwhich fluxesof material
phase� may passunobstructedthroughthe cell face. Interior to a single-phasedomain,
fluxesareunobstructedand,for example,A 


i # 1
2 � j � k �T- t - y j - zk. In general,thesumover

phasesof the apertureson a given faceis - t times the areaof the face: e.g., in a two-
materialsystem,A0

i # 1
2 � j � k

�
A1

i # 1
2 � j � k �i- t - y j - zk. An exceptionto this ruleoccurswhen

theinterfaceis stationaryandcoincidentwith thecell face.Then,A0
i # 1

2 � j � k � A1
i # 1

2 � j � k � 0:

neitherphase’s flux crossestheinterface.
We calculatethe aperturesusing cell-centeredtime t n and time tn# 1 reconstructed

interfaces.Sincetheaperturesareface-centered,weaveragetheaperturescalculatedfrom
left andright cell data,e.g.,

Ai # 1
2 � j � k �

1

2
AL � i # 1

2 � j � k
�

AR� i # 1
2 � j � k � (42)

Figure(6) shows a mixed cell containinga time t n and tn# 1 reconstructedinterface
intersectingthefacei

� 1
2 � j � k. Thevolumebeneaththeseinterfacescontainsphase� (the

interfacenormalis outward-directedby convention). In our implementation,thereis no
constraintplacedupontheinterfacenormals,thustheinterfacesdifferby translationaswell
asrotation.We assume,given

nn
xx
�

nn
yy
�

nn
zz � dn at tn, and (43a)

nn# 1
x x

�
nn# 1

y y
�

nn# 1
z z � dn# 1 at tn# 1, (43b)
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z

y
x

n

a b

c
d

tn

tn+1

FIG. 6 Time tn andtime tn# 1 piece-wiseplanarinterfacesareshown in fractionalcell
i � j � k. TheapertureAi # 1

2 � j � k is givenby the integral over - t of areaon facei
� 1

2 � j � k
accessibleto thefluid.

that
nx � t � x � ny � t � y � nz � t � z � d � t ��� (44)

with

nx � t �j� nn
x
� � nn# 1

x 9 nn
x �Ik � t � (45a)

ny � t �j� nn
y
� � nn# 1

y 9 nn
y �Ik � t � (45b)

nz � t �j� nn
z
� � nn# 1

z 9 nn
z �Ik � t � (45c)

d � t �l� dn � � dn# 1 9 dn �mk � t � (45d)

k � t �j� t 9 tn

tn# 1 9 tn
� (45e)

With this linearinterpolationalgorithmthevector Un � t � is not, in general,normalized.
In the time interval ; t n � tn# 1 < the shapeof the interpolatedinterface(44) contained

within cell i j k maychangetopology. Thesechangesoccurwhentheinterfacecrossesone
of the8cornersof thecell. Wecalculatetheseintersections,sortthemin time,andestimate
thetime integralof theareabeneaththeinterfacesusingthetrapezoidalsumrule.

For example,the tn andtn# 1 interfacesof Fig. 6 give aninterpolatedinterfacewhose
intersectionwith facei

� 1
2 � j � k definesthe(curved)surfaceabfdce (Figure7) in thespace

yzt . Thevolumeaa’bb’cc’dee’f is thetime-integratedareabeneaththeinterfaceson
the
�

x sideof cell i j k. At timetf theinterpolatedinterfacecrossesthecorner i
� 1

2 � j
� 1

2 � k9 1
2 ,

andthetopologyof the interfacechanges.We approximatevolumeaa’bb’cc’dee’f
as:

AL � i # 1
2 � j � k G � tf 9 tn � � areaaa’bb’

�
areaee’f �

2
�

� tn# 1 9 tf � � areaee’f
�

areacc’d �
2

(46)

Thecircumstanceoccursthat a t n or a tn# 1 interfaceexists in cell i j k, but not both.
In this case,themissinginterfaceis estimated.We take theexisting interface,translateit
alongits normalvectorin timeusingthetime t n extendedinterfacevelocityfield.
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t

z
y

a

b

c
d

f

e

b'

c'

a'

e'

FIG. 7 Aperturecalculationshown in yzt space.A surfaceis constructedby interpolation
betweenthe time tn interfaceab andthe t n# 1 interfacecd. The interpolationfunction
assumesthatall coefficientsof theplane � nx � ny � nz � d � arelinearin time. Thesurfacemay
thereforebetwisted.Theinterpolatedfunctionchangestopologyatef.

Pemberetal. [34] notethattheinterfaceapertureAB maybecomputedfromthecell-face
aperturesthrougha divergencetheoremtrick:

Znx AB ��
 � A

i ! 1

2 � j � k 9 A

i # 1

2 � j � k (47)

Zny AB ��
 � A

i � j ! 1

2 � k 9 A

i � j # 1

2 � k
ZnzAB ��
 � A


i � j � k ! 1
2
9 A


i � j � k# 1
2
�

from which,with Zn � Zn � 1, onemaycomputeZn andA B.

4. FLUX CALCULATION

4.1. Single-PhaseExtendedStates

It is necessaryto extenddatafor phase� into the two-cell borderof cells $a
T� 0
surroundingthe region wherephase� exists (where $=
 H� 0). This is becausethe first
borderof cells $n
�� n � 0 maybeoccupiedat thenext time step, $o
7� n# 1 H� 0, andfluxes
mustbecalculatedonall facesof thiscell. At aminimum,weassumethatflux calculation
requiressomeestimateof cell-centereddensitiesonbothsidesof theface.

Weperformthisextensionby someaveragingscheme.Wethenmodify themomentum
andenergyvaluesof theextendedcellsto incorporatesomeinformationabouttheinterface
velocityfield. Ourapproachgivesextendedstatedescriptionswhichareaccurateto h � h� .
To achievehigher-orderaccuracy, extrapolationis required[29].

Extensionby averagingwassuggestedby [5]. This extensionalgorithm,implemented
in two passes,is asfollows. We usea volume-weightedaveragein thefirst pass,

U 
�� n� ext
i j k �

i # 1
l N i ! 1

j # 1
mN j ! 1

k# 1
pN k! 1 Vlmp $ 
�� nlmpU 
7� nlmp

i # 1
l N i ! 1

j # 1
mN j ! 1

k# 1
pN k! 1 Vlmp $ 
�� nlmp

� (48)

to extenddatainto the first borderof boundarycells. In the secondpasswe usesimple
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averaging,

U 
�� n� ext
i j k �

i # 1
l N i ! 1

j # 1
mN j ! 1

k# 1
pN k! 1 VlmpU 
�� n� ext

lmp

i # 1
l N i ! 1

j # 1
mN j ! 1

k# 1
pN k! 1 Vlmp

� (49)

Pilliod [35] introduceda differentextensionschemewhich headvocatedfor interface
velocityextension.Weoptionallyusethisschemefor vectorquantitiesandthecomponents
of the tensors.Pilliod’s schemefor vectors Uq extendsseparatelythe componentsq x, qy,
andqz, andalsoextendsthemagnitudep Uq p . After extensionof these4quantitiesbymethod
(48),onethenrenormalizestheextendedvector � q ext

x � qext
y � qext

z � , sothatits lengthis given
by thevalue � p Uq p � ext alreadyobtainedby extrapolation.This renormalizationprocedureis
conductedtwice: onceafterexecutingmethod(48),andagainaftermethod(49). To apply
Pilliod’s extensionmethodto tensors,we treateachrow asanindependentvector.

Anotheralgorithmicchoiceis whetherto extendin primitiveor conservedvariables(as
indicatedin (48)and(49)). In theexamplesdescribedlater, weuseconservedvariablesand
Pilliod’s method.

a)

b)

c)

FIG. 8 Vectoraveragesby Pilliod’s scheme(first columnof figures),andstraightforward
component-wiseaveraging(secondcolumn)for threecases.

FIG. 9TensoraveragesbyPilliod’sscheme(first set),andstraightforwardcomponent-wise
averaging(secondset).

Wefoundin certainstiff modelingexperiments(solidandgas)thattherobustnessof our
methodwasimprovedby modifying theextendedstatesto incorporatesomeinformation
regardinginterfacevelocity. Thedifferencebetweentheinterface-normalvelocityandthe
materialvelocity is givenby thevector

-qDr� n
� � D i nter f ace 9 D material � Un � (50)

We usethis vectordifferenceto modify the extendedstatevelocity accordingto the
prescription:

D extended
material J D extended

mater i al
� -qD (51)
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wherethe -qD is thePilliod averageof -qD overneighboringcellsthatcontainaninterface:

-qD � 1

p nbh p
nbh

-qD (52a)

ps-qD�pt� 1

p nbh p
nbh

� -qD � -qD � 1E 2 (52b)

-qD � p�-qD�p
-qD � -qD 1E 2 -qD (52c)

For the setof cells immediatelyadjacentto cells containingvalid data,nbh is the setof
27 nearestneighborcells. For the cells oneremoved,nbh is the setof 125 nearestand
second-nearestneighborcells.

4.2. Single-PhaseIntegration

Eachsingle-phaseregion is given a boundaryof “ghost cell” data,determinedfrom
a boundarycondition,or obtainedby extension§4.1. The singe-phaseregionsarethen
advancedin time with high-orderGodunov methods.Theapproachwe usefor solid me-
chanicsis basicallyidenticalwith theapproachdescribedin [27]. For fluid mechanics,we
usea variationof thepiece-wiseparabolicmethod(PPM)[18]. OurPPMimplementation
differsfromtheoriginalin two essentialways.First,ourimplementationis 3D withoutuse
of spatialoperatorsplitting. Instead,we usethehigh-ordernon-splitmethodof [12, 42].
Second,thelimiters we usearedifferentthanin [18]. We usesimplermethods,andavoid
altogetherthe“discontinuitydetection”algorithm.

Wepresentbelow ourunsplitPPMimplementation.Emphasisis placedonelucidating
thedifferencesbetweenourPPMalgorithmandthecorrespondingsolid mechanicssolver
[27] whichisbasedonpiece-wiselinearreconstructions.Wedescribethisintegratorwithout
referenceto materialboundaries.It shouldbe understoodthat the updateis performed
wherever $�
�� n H� 0,andalsoin thesurroundingcellswhere $u
�� n � 0butpossibly$6
�� n# 1 H�
0. ThusthedataU 
 mustbeextended,U 
�� ext . For clarity wewill omit boththe“ � ” phase
designationandthe“ext ” extendedstatedesignation.

In theinteriorof asingle-phaseregion,thefluid updateis constructedusingtheunsplit-
PPM approachasdescribedbelow. Whenextendedstateinformationentersthe compu-
tation,we limit themethodlocally to befirst-orderaccurate(thusreferenceto datathree
or morecellsremovedfrom theinterfaceis circumvented).Thesolid mechanicssolver is
similarly modifiedfor thismultiphaseapplication.

4.2.1. Unsplit-PPMconservativeupdate

We usethemethodof [12, 42] to solve(1) without theuseof spatialoperatorsplitting.
Useof this techniqueis motivatedby theobservationthatwith operatorsplitting,onetends
to observe grid-orientedartifacts. For instance,an expandingcircle in 2D will develop
an octagonalprofile with split spatialoperators.Full cornercouplingintroducedvia the
approachesof [12, 42] significantlymitigatesthateffect.

Discretizedon a rectangularstructuredgrid, the equationsof fluid dynamics(1) are
solvedusing

Un# 1
i j k � Un

i j k 9 K t

K x F
x � n # 1

2

i # 1
2 � j � k 9 F

x � n # 1
2

i ! 1
2 � j � k (53)
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9 K t

K y F
y � n# 1

2

i � j # 1
2 � k 9 F

y � n# 1
2

i � j ! 1
2 � k

9 K t

K z F
z� n# 1

2

i � j � k# 1
2
9 F

z� n# 1
2

i � j � k! 1
2

� - tGn# 1
2

where(for example)F x � n # 1
2 is a flux centeredin on thespace-timecentroidof thex-side

of a computationalcell. Thesefluxesareobtainedusinga second-ordercorner-coupled
advectionscheme[12, 42]. Schematically, we obtainthesefluxesby solutionof Riemann
problemsv � qL � qR � usingparticularleft andright statesqL andqR. Here,q denotesa
vectorof primitive variables. A mappingbetweenprimitive andconserved variablesis
understood:q w U . Weapproximatethesolutionto fluid-phaseRiemannproblemsusing
themethodof [14].

Thefirst stepin thenon-operator-split approachis a predictorflux usingleft andright
statesobtained(asdescribedin 4.2.2below) usingthe PPM reconstructionwith upwind
characteristictracing:

ZFx
i # 1

2 � j � k � F x � v � qn# 1
2

xL � i # 1
2 � j � k � q

n# 1
2

xR� i # 1
2 � j � k �I� (54)

ZF y

i � j # 1
2 � k � F y � v � qn# 1

2

yL � i � j # 1
2 � k � q

n# 1
2

yR� i � j # 1
2 � k �I�

ZFz
i � j � k# 1

2
� Fz � v � qn# 1

2

zL � i � j � k # 1
2
� qn# 1

2

zR� i � j � k # 1
2
�I�d�

Thesecondstepin 3D is theconstructionof 6 secondarypredictors.Here,for example,ZF x x y
i # 1

2 � j � k hasthemeaningof “an x 9 directedflux with L/R statesaffectedby they-direction

predictorflux”:

ZFx x y
i # 1

2 � j � k � F x � v � q y * y , n# 1
2

xL � i # 1
2 � j � k � q y

* y , n# 1
2

xR� i # 1
2 � j � k �m� (55)

ZFx x z
i # 1

2 � j � k � F x � v � q y * z, n# 1
2

xL � i # 1
2 � j � k � q y

* z, n# 1
2

xR� i # 1
2 � j � k �I�

ZF y x x
i � j # 1

2 � k � F y � v � q y * x , n# 1
2

yL � i � j # 1
2 � k � q y

* x , n# 1
2

yR� i � j # 1
2 � k �m�

ZF y x z
i � j # 1

2 � k � F y � v � q y * z, n# 1
2

yL � i � j # 1
2 � k � q y

* z, n# 1
2

yR� i � j # 1
2 � k �I�

ZFz x x
i � j � k # 1

2
� Fz � v � q y * x , n# 1

2

zL � i � j � k# 1
2
� q y * x , n# 1

2

zR� i � j � k # 1
2
�I�

ZFz x y
i � j � k # 1

2
� Fz � v � q y * y , n# 1

2

zL � i � j � k# 1
2
� q y * y , n# 1

2

zR� i � j � k # 1
2
�I���

with, e.g.,

U y * y , n# 1
2

xL � i # 1
2 � j � k � U

n# 1
2

xL � i # 1
2 � j � k 9

- t

3 - y j

ZF y

i � j # 1
2 � k 9 ZF y

i � j ! 1
2 � k � (56)

andwith theprimitivevariablesq y in (55)derivedfrom thecorrespondingconservedvari-
ablesU y in (56)by mapping.2

Finally, thefluxesentering(53)arefully cornercoupled.Forexample,theflux F x
i # 1

2 � j � k
hasthemeaningof “an x–directedflux constructedfrom L/R statesthatarefully coupled

2Flux differencingasin (56) updatesconservedvariables.This wasnot presentedcorrectlyin [27].
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with flow in they, z, andcombinedz y z z directions”:

F
x � n# 1

2

i # 1
2 � j � k � F x � v � q y y n# 1

2

xL � i # 1
2 � j � k � q y y

n# 1
2

xR� i # 1
2 � j � k �m� (57)

F
y � n# 1

2

i � j # 1
2 � k � F y � v � q y y n# 1

2

yL � i � j # 1
2 � k � q y y

n# 1
2

yR� i � j # 1
2 � k �m�

F
z� n# 1

2

i � j � k# 1
2
� Fz � v � q y y n# 1

2

zL � i � j � k # 1
2
� q y y n# 1

2

zR� i � j � k # 1
2
�I�

with, e.g.,

U y y n# 1
2

xL � i # 1
2 � j � k � U

n# 1
2

xL � i # 1
2 � j � k (58)

9 - t

2 - y j

ZF y x z
i � j # 1

2 � k 9 ZF y x z
i � j ! 1

2 � k 9 - t

2 - zk

ZFz x y
i � j � k # 1

2
9 ZFz x y

i � j � k! 1
2
�

TheRiemannsolver([14]; seealso§5.3)takesasinputthepressuresPL ,PR of theleft and
rightstatesin additionto theprimitivevariablesqL ,qR. Pressureis notaconservedvariable,
andso the updates(56) and(58) do not directly give correctedpressures.The simplest
approachto solvingthisproblemis a recalculationof theequationof state.For thepresent
idealgasmodel,this would bejust fine. For someapplications,however, theequationof
stateevaluationisoneof themostcomputationallyexpensivepartsof thesolution.With this
in mind,weemploy a thermodynamicupdatebasedonpartialdifferentiationof { � Q|� S� .

In eachcomputationalcell, wedeterminethequantities

P}u~
	

P	 { � } (59)

and

P� }n~
	

P	 � Q�{�� } (60)

at thesametime thatwe evaluatetheequationof state.For anidealgas,P}�� 0 andP� }���s� p 9 1� . Then,in conjunctionwith theconservativevariableupdate(56) we additionally
solvea pressureupdate.For example,

P y * y , n# 1
2

xL � i # 1
2 � j � k � P

n# 1
2

xL � i # 1
2 � j � k

� � P} � ni � j � k -�{
�

P� } n
i � j � k - � Q�{�� (61)

with

-�{ � {�y * y , n# 1
2

xL � i # 1
2 � j � k 9 {

n# 1
2

xL � i # 1
2 � j � k (62a)

- � Q�{��l� Q�y * y , n# 1
2

xL � i # 1
2 � j � k {�y

* y , n# 1
2

xL � i # 1
2 � j � k 9 Q

n# 1
2

xL � i # 1
2 � j � k {

n# 1
2

xL � i # 1
2 � j � k � (62b)

A similarcorrectiontakesplaceafterconservativeupdate(58).
After determinationof fully corner-coupledfluxes (57) we constructa preliminary

update ZUn# 1 using(53),but with omissionof thesourcetermsG. ThesourcetermsG are
thendeterminedusingaveragedvaluesof thetime t n andpreliminarytime(t n# 1) primitive
variables:

ZUn# 1
i j k � Un

i j k 9 - t

- x
F

x � n# 1
2

i # 1
2 � j � k 9 F

x � n# 1
2

i ! 1
2 � j � k (63a)
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9 - t

- y
F

y � n# 1
2

i � j # 1
2 � k 9 F

y � n# 1
2

i � j ! 1
2 � k 9 - t

- z
F

z� n# 1
2

i � j � k# 1
2
9 F

z� n# 1
2

i � j � k ! 1
2

Zqn# 1
i j k J ZUn# 1

i j k (63b)

8qi j k � 1

2
Zqn# 1
i j k

�
qn

i j k (63c)

Un# 1
i j k � ZUn# 1

i j k
� - tGi j k � 8qi j k ��� (63d)

4.2.2. PPMreconstruction

High-orderGodunov methodsrely on calculationof second-orderface- and time-
centeredfluxes. Thefirst steptowardcalculatingtheseis thereconstructionof thespatial
distributionq � x � beginningwith thecell-centereddiscretizationqi . Thisreconstructionstep
is one-dimensionalandcomputedseparatelyin eachof thegrid directions. Thenotation
will beone-dimensionalaswell, exceptwherehigherdimensionalityis introducedvia a3D
limiter.

Themethoddescribedherewasfirstderivedby [18], andsubstantialadditionaldetailand
justificationcanbefoundtherein.Our implementationof this reconstructiondiffersfrom
theoriginalmainlyin thedesignof limiters. ColellaandWoodwardusedtwomonotonicity-
relatedlimiters,bothof whichmaybefoundhere.They alsousedathird“flattening” limiter.
Ourflatteninglimiter is similar to theirs,anddiffersprincipallyin beingmultidimensional.
They alsohada slopesteepening“contactdetection”featurewhich we omit altogether.
That featurewasusefulfor trackingmaterialinterfaces(contactdiscontinuities),andthe
point of this report is to introducea differentstrategy for that problem. We cautionthe
readerthatwhile we try to adoptasmuchof thenotationof [18] aspossible,we deviate
in severalplaces.Themostconfusingof thesechangesregardslabelingof face-centered
values. In their notationqL � i (qR� i ) denotesthe left (right) face-centeredvalueassociated
with cell i . InsteadweusethroughoutqR� i ! 1

2
(qL � i # 1

2
) to denotethesepositions:in Colella

andWoodward,subscriptsL X R refer to the sidesof cells; herethey refer to the sidesof
faces.

Firstwecomputetheaveragecross-celldifferencein theprimitivevariables,assuming
a quadraticinterpolation: L

qi � 1

2
� qi # 1 9 qi ! 1 � � (64)

This equation,and(66) below, assumesthatall - x i areequal. More generalexpressions
appearin [18].

A linearreconstructionbasedon theseslopesmayintroducenew extrema.To enforce
monotonicitywe limit

L
qi with themethodof vanLeer[45]:

L
q � L

i � min � p L qi ps� 2 p qi # 1 9 qi p�� 2 p qi 9 qi ! 1 p � sgn� L qi ��� (65)

Usingtheselimited cross-celldifferences,togetherwith thecell-centeredvaluesqi ! 1 �
qi � qi # 1 � qi # 2, we interpolatethedatato obtainanestimateof thecell facevalueq i # 1

2
:

qi # 1
2
� qi

� 1

2
� qi # 1 9 qi � 9 1

6
� L q � L

i # 1 9 L q � L
i ��� (66)

Whennot limited (
L
q � L  � L q) (66) is thefourth-orderestimate[18]:

qi # 1
2
� 7

12
� qi # 1

�
qi � 9 1

12
� qi # 2

�
qi ! 1 �d� (67)
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At this point, we have single-valuedestimatesof thecell facevaluesof theprimitive
variablesat time tn. Thesevaluesincorporatesomesensitivity to linearmonotonicitybut
do not necessarilyprovide a monotonicreconstruction,particularlyin conjunctionwith a
quadraticmodel. In anticipationof furtherlimiting, which will give riseto double-valued
face-centeredvalues,we introducethenotationqL � i # 1

2
andqR� i # 1

2
:

qL � i # 1
2
� qi # 1

2
(68a)

qR� i # 1
2
� qi # 1

2
� (68b)

If onewereto constructa piece-wiseparabolic(quadratic)interpolationq � x � in the
range ; xi ! 1

2
� xi # 1

2

< usingthe valuesqR� i ! 1
2
, qi , andqL � i # 1

2
, thenthe function q � x ��� x �

; xi ! 1
2
� xi # 1

2

< couldtakeonvaluesoutsidetherangeqR� i ! 1
2
� qi � qL � i # 1

2
. Topreventthisfrom

happening,weresetthefacevaluesasnecessaryusingthequadraticlimiter:

qL � i # 1
2
 � qi

qR� i ! 1
2
 � qi

if qi # 1
2 9 qi qi 9 qi ! 1

2

" 0 (69a)

qR� i ! 1
2
 � 3qi 9 2qi # 1

2
if qi # 1

2 9 qi ! 1
2

qi 9
qi ! 1

2

�
qi # 1

2

2 F
qi # 1

2 9 qi ! 1
2

2

6

(69b)

qL � i # 1
2
 � 3qi 9 2qi ! 1

2
if 9

qi # 1
2 9 qi ! 1

2

2

6 F qi # 1
2 9 qi ! 1

2
qi 9

qi # 1
2

�
qi ! 1

2

2
�

(69c)

Theabovelimiters(65)and(69)areone-dimensional,anddesignedto preventartificial
extremain thereconstructedvalues.We introducein (78) a third limiter � , 0 " � " 1, a
“flatteningparameter”,

qR� i ! 1
2 J � i qR� i ! 1

2

� � 1 9 � i � qi (70a)

qL � i # 1
2 J � i qL � i # 1

2

� � 1 9 � i � qi � (70b)

When � i P 0, qL � i # 1
2
� qR� i ! 1

2
� qi , and our PPM methodreverts to a first-order

Godunov schemelocally. When ��� 1, noadditionallimiting takesplace.
Now, with properlylimited facevaluesonehasthelimited piece-wiseparabolicrecon-

structionin eachcell:

qi � x ��� qR� i ! 1
2

��� � x � [ - qi
�

q6i � 1 9 � � x � � ] (71)

with

� � x �j� x 9 xi ! 1
2- xi
� xi ! 1

2

"
x
"

xi # 1
2
� (72a)

- qi � qL � i # 1
2 9 qR� i ! 1

2
� (72b)

- q6i � 6 qi 9 1

2
qL � i # 1

2

�
qR� i ! 1

2
� (72c)

This reconstruction(71)hasthepropertythat

1

- xi

xi # 1
2 K xi

xi ! 1
2 K xi

q � x ��� qi � (73)
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Thethree-dimensionallimiter � usedin (70) is computedasfollows (see[27]). First,
we constructadimensionlessmeasureof shockresolutionacrosscell i j k:

�
x � i j k � p Pi # 1� j � k 9 Pi ! 1� j � k pp Pi # 2� j � k 9 Pi ! 2� j � k p

(74)

(andsimilarly
�

y,
�

z). If
�

is 1
2, thenpressureis linearacross4 computationalcells. If

�
is

smallenough,thenwe assumethatany discontinuityis alreadysufficiently well resolved
thatadditionaldissipation(flattening)is not required.Introducingtwo parametersa 0 and
a1, weestimatetheminimumvalueof theflatteningparameter� to be

Z� mi n
x � i j k � max 0 � min 1 � a1 9 �

a1 9 a0
� (75)

with numericalvaluesa0 � 0 � 75anda1 � 0 � 85in ourexamples.
Next, we constructa dimensionlessmeasureof shockstrength:

Zx � i j k �
p Pi # 1� j � k 9 Pi ! 1� j � k p

KS� i j k
(76)

whereKS ��Q c2, with c thespeedof sound.For anidealgas,KS � � pP. Introducingtwo
additionalparametersZ0 andZ1, wederivea one-dimensionalflatteningparameter

Z� x � i j k � max Z� min
x � i j k � min 1 � Z1 ! Zx 3 i j k

Z1 ! Z0
ux � i # 1� j � k � ux � i ! 1� j � k

1 otherwise.
(77)

Note that flatteningis appliedonly in convergentflow. Our applicationsusenumerical
valuesZ0 � 0 � 25andZ1 � 0 � 75.

Finally, wecombinetheseone-dimensionalparametersto generateathree-dimensional
limiter:

� i j k � min Z� x � i ! 1� j � k ��Z� x � i � j � k ��Z� x � i # 1� j � k � (78)

Z� y � i � j ! 1� k ��Z� y � i � j � k ��Z� y � i � j # 1� k ��Z� z� i � j � k ! 1 ��Z� z� i � j � k ��Z� z� i � j � k # 1 �
4.2.3. PPMcharacteristictracing

Letq beavectorof variables;for fluid dynamicsweuseq T � � Q|�+D x ��D y ��D z ��Q�{�� P � Q �
with Q themassdensity, D thevelocity, { theinternalenergy perunit mass,P thepressure,
and Q an advectedscalar(e.g., a chemicalenergy). Note thatherethecomponentsof q
arenot strictly primitive variables,as Q�{ is derivedby multiplicationand P � P � Q|�7{��
is obtainedfrom anequationof state. Linearized,theEulerequations((1) specializedto
fluids,or (91))are 	

q	
t
�

A
	
q	
x
� s (79)

with

A �

D x Q 0 0 0 0 0
0 D x 0 0 0 1X Q 0
0 0 D x 0 0 0 0
0 0 0 D x 0 0 0
0 Q�{ � P 0 0 D x 0 0
0 Q c2 0 0 0 D x 0
0 0 0 0 0 0 D x

� (80)
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Here,c is thespeedof sound.A maybedecomposedasA � R$ L with R thematrix
of right eigenvectors(with columnsr � ), L thematrix of left eigenvectors(with rows l � ),
and $ the diagonalmatrix of eigenvalues(with diagonalelements� � ). Without lossof
generality, choosetheeigenvectorsto beorthonormalsothat RL � I :

R �

0 0 0 0 1 c! 2 c! 2

0 0 0 0 0 9 1� c
1� c

0 0 0 1 0 0 0
0 0 1 0 0 0 0
0 1 0 0 0 � } # P� c2

� } # P� c2

0 0 0 0 0 1 1
1 0 0 0 0 0 0

(81)

L �

0 0 0 0 0 0 1
0 0 0 0 1 9 � } # P� c2 0
0 0 0 1 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 9 c ! 2 0
0 9 1

2 Q c 0 0 0 1
2 0

0 1
2 Q c 0 0 0 1

2 0

(82)

$A�

D x 0 0 0 0 0 0
0 D x 0 0 0 0 0
0 0 D x 0 0 0 0
0 0 0 D x 0 0 0
0 0 0 0 D x 0 0
0 0 0 0 0 D x 9 c 0
0 0 0 0 0 0 D x

�
c

� (83)

A Taylor seriesexpansionusing(79) to determinetime derivativesfrom spatialones
givestime–andface–centeredestimates

q
n# 1

2

R� i ! 1
2
� qn

i 9 - x

2

dq

dx 9
- t

2
A

dq

dx
� - t

2
sn
i (84a)

q
n# 1

2

L � i # 1
2
� qn

i
� - x

2

dq

dx 9
- t

2
A

dq

dx
� - t

2
sn
i (84b)

to secondorder. ExpandingA in eigenvalues� � , andeigenvectorsr � and l � , we have
equivalently

q
n# 1

2

R� i ! 1
2
� qn

i 9 � l � � dq

dx
��� - t

2
� - x

2
r � � - t

2
sn
i (85a)

q
n# 1

2

L � i # 1
2
� qn

i 9 � l � � dq

dx
��� - t

2 9 - x

2
r � � - t

2
sn
i � (85b)

from which it is evidentthatcharacteristicsof any signareincluded.Theextrapolationis
madeupwindby limiting thecharacteristicsin (85)to selectthoseemanatingfrom thecell
center:

q
n# 1

2

R� i ! 1
2
� qn

i 9 � suchthat ����� 0

l � � dq

dx
� � - t

2
� - x

2
r � � - t

2
sn
i (86a)

q
n# 1

2

L � i # 1
2
� qn

i 9 � suchthat � ��� 0

l � � dq

dx
� � - t

2 9 - x

2
r � � - t

2
sn
i � (86b)
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Theseexpressions(86)arethecharacteristictracingequationsusedin piece-wiselinear
schemes,including[27]. To developthepiece-wiseparabolictracingequations,notethat
onecanmodify (86)by introductionof referencestatesq !

R� i ! 1
2

andq #
L � i # 1

2
,

q
n# 1

2

R� i ! 1
2
� q !

R� i ! 1
2
9 � s.t. � � � 0

l � � q !
R� i ! 1

2
9 qn

i
� dq

dx
� � - t

2
� - x

2
r � � - t

2
sn
i

(87a)

q
n# 1

2

L � i # 1
2
� q #

L � i # 1
2
9 � s.t. � ��� 0

l � � q #
L � i # 1

2
9 qn

i
� dq

dx
��� - t

2 9 - x

2
r � � - t

2
sn
i �

(87b)

withoutlossof generalityprovidedthevectorq !
R� i ! 1

2
9 qn

i lies in thevectorspace� r �d� such

that ��� " 0 (andq #
L � i # 1

2
9 qn

i lies in thevectorspace� r ��� suchthat ��� b 0).

Now notethatappearingin (87a) is theterm

qn
i 9 dq

dx
��� - t

2
� - x

2
� q xi ! 1

2 9
1

2
����- t � tn (88a)

G 1

9 ����- t

x
i 2 1

2
!�� � K t

x
i 2 1

2

q � x � dx � (88b)

Expressions(88a) and (88b) are interchangeableif the function q � x � appearingin the
integrandis linear, but with thequadraticreconstruction(71)theseexpressionsdiffer. Now
introducingtheapproximation(88) to (87)we havethereconstructionformulausedin the
PPMmethod:

q
n# 1

2

R� i ! 1
2
� q !

R� i ! 1
2
9 � s.t. � � � 0

l � � q !
R� i ! 1

2
9 q �

R� i ! 1
2

r � � - t

2
sn
i (89a)

q
n# 1

2

L � i # 1
2
� q #

L � i # 1
2
9 � s.t. � ��� 0

l � � q #
L � i # 1

2
9 q

�
L � i # 1

2
r � � - t

2
sn
i (89b)

with

q �
R� i ! 1

2
� 1!�� � K t

x
i 2 1

2
!�� � K t

x
i 2 1

2

q � x � dx if � � " 0

qn
i otherwise.

(90a)

q �
L � i # 1

2
� 1� � K t

x
i / 1

2

x
i / 1

2
!�� � K t

q � x � dx if ��� b 0

qn
i otherwise.

(90b)

Thenotationq #
L � i # 1

2
meansq �

L � i # 1
2

with � suchthat �����fD � c: thewaveof the“
�

” family.

Likewise,q !
R� i ! 1

2
correspondsto thewaveof the“-” family, � ! �@D 9 c.

Notethataccordingto thedefinitions(90),we do not necessarilysatisfythecondition
thatq !

R� i ! 1
2
9 qn

i beexpressiblein right eigenvalues� r � � s.t. � � " 0, etc. Therefore,the
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choiceof referencestatedoesmatter:(89)with alinearreconstructionq � x � isnotequivalent
to (86) becauseof thereferencestates.Therationalefor choosingthefastestwave of the
givendirectionasa referencestateis that this choiceminimizes(approximately)thesize
of thetermssubjectto characteristiclimiting [12, p. 181].

In uniform flow with - t �@- x X � , andassuminga quadraticreconstructionq � x � , the
PPMdiscretizationgivesthecorrectresultthatall massin thecell will besweptout in time
- t . For this examplethetruncationerrorof discretization(86) is h � - x 2 � , while that for
(89) is h - x2 9 � ��- t � 2 � h � - x3 ��- t3 � (which is superiorto h � - x2 � , notablyin the
limit - t �i- x X � ). Employing a piece-wiselinearreconstructionq � x � in conjunctionwith
discretization(86)alsogivessecond-orderresults;h 3 � - x 9 ��- t � 2 � h � - x3 �(- t3 � for
theexampledescribedabove.

5. SOLID-FLUID COUPLING

5.1. Governing Equations

Specializedto compressibleinviscidfluid dynamicsthesystemof PDEs(1) is theEuler
equations:

	
	
t

Q
Q�D
Q E
Q Q

� 	
	

x�
Q D �

Q�DcD � � Pe�
Q E D � � P D �

Q Q D �
�

0
Q f

Q �I¡ � D � f �
Q]¢Q

� (91)

whereQ is themassdensity, D is thevelocityvector, E thetotalenergy, P thepressure,and
Q anadvectedscalar. In thepresentapplication,Q is thechemicalpotentialenergy, andE
is then

E � Emechanical � Eki net ic � Echemi cal

� { � Q|� S� � 1

2
D � D � Q (92)

where{ � Q£� S� is specifiedby anequationof statemodel(S is thespecificentropy). We in-
cludefor generalityaheatsource¡ , andbodyforceterm f (e.g., gravitationalacceleration).
e� refersto column ¤ of theidentitymatrix.

For solid mechanics,thegoverningequations(1) become[27]:

	
	
t

Q
Q�D
Q E
gex

gey

gezQ�¥ pexQ�¥ peyQ�¥ pezQ�¦

� 	
	

x�

Q D§�
Q�DcD�� 9>¨ e�
Q E D�� 9 D � ¨ � �

gD L x �
gD L y �
gD L z�Q�¥ pex D��Q�¥ pey D �Q�¥ pezD �Q�¦©D �

�

0
Q f

Q �m¡ � D � f �� DuV � � V gT �I� T ex� DuV � � V gT �I� T ey� DnV � � V gT �I� T ezQ hexQ heyQ hezQ K

� (93)

Here,g is theinversetotaldeformationtensorrelatingareferencematerialcoordinateframe
� a� to thecurrentspatialframe � x � :

g� � �
	
a�	
x�
� (94)
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g is subjectto two constraints.First, asa gradientit is subjectto the equalityof mixed
partialderivatives,whichwe write as

� V gT � 0 � (95)

Second,thedeterminantof g relatesthematerialdensityQ to thematerialdensityQ 0 in the
referenceframe � a� :

ZQ ~ Q 0 det� g� (96a)

Q � ZQª� (96b)

Theseconstraintsareobeyedby thePDE(93)in thesensethatif truein theinitial condition
they will remaintrue for all time. Numerically, however, differencesarisethat mustbe
addressedin thesolutionof (93).

¥ p is theplasticdeformationtensor, which relatesa hypotheticalstress-freereference
frame � b� to thematerialreferenceframe � a� ,

¥ p� � �
	
b�	
a�
� (97)

Associatedwith ¥ p is theplasticdeformationsourcetensorh (93). We assumethemulti-
plicativedecomposition[25]

¥A��¥ e¥ p � (98)

where ¥«� g ! 1 is the total deformation,and ¥ e is the elasticdeformationtensor. We
assumethatdet� ¥ p �4� 1: plasticdeformationis volume-preserving.As with thefluid we
define

E � Emechanical � Eki net ic

� { � Ce ��¦�� S� � 1

2
D � D�� (99)

with theinternalenergy a functionof theelasticGreentensor

Ce �@¥ eT ¥ e � � ¥ pg� ! T � ¥ pg���! 1 (100)

entropy S, andascalarconstitutiveparameter¦ , theworkhardeningparameter, with source
K (93).

In (93) ¨ is the stresstensor, derived asa thermodynamicderivative of the internal
energy function { :

¨ � � � 9 Q
	 {	
g¬ �

g¬(� (101)

where{ (99) is a functionof theinversedeformationg �=¥ ! 1 throughCe (100)by wayof
thedecomposition(98). Stress̈ andfluid pressureP arerelatedby P � 9 1

3tr � ¨ � , andthe
stresstensorof a fluid is givenby ¨ � 9 PI , with I theidentitymatrix.

Note that Eq. (93) is not strictly in conservation form sincethe terms D£V � � V gT � T
containgradients.However, to theextent that the constraint

� V gT � 0 is obeyedthese
termsarenegligible andwewill treat(93)asthoughit wereasystemof conservationlaws.
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5.2. ConstitutiveModels

To ensurethermodynamicself-consistency, we formulateour materialmodelsusing
an entropy-dependentinternalenergy function (a so-called“fundamentalequation”[9]).
Temperature,stress(pressure),and other intensive statevariablesare determinedfrom
theenergy functionby takingappropriatethermodynamicderivatives. Two suchmaterial
modelswill be describedhere. The first is an ideal gas– a familiar model recastas a
fundamentalequation. The secondis an elastically isotropic compressiblesolid. This
model’s complexity is largely inherent: thereare a large numberof internal variables
anda correspondinglylargenumberof experimentalobservationsthatmustbeadequately
reproduced.Theresultingmaterialmodelis in essencelittle differentfrom thecommonly
usedMooney-Rivlin model(a two-parametermodelfor rubberelasticity[30, 40]), but is
morerealisticfor crystallinesolidsunderlargecompression.

5.2.1. Reactinggas

In energy functionform { � Q|� S� , thefundamentalequationfor anidealgasis givenby

{ � Q|� S���@{ 0
Q
Q 0

exp
S 9 S0

R

* ¬ p ! 1,
(102)

whereR is thegasconstant;and� p is thepolytropicgasindex, equalto theratioof specific
heats� p � CP X CV F 1. { 0, S0, and Q 0 arestatepointsin somethermodynamicreference
state;{ 0 �>{ � Q 0 � S0 � .

ThepressureP is givenby

P �@Q 2
	 {	 Q S

� �s� p 9 1�­{�Q|� (103)

andthetemperatureT is givenby

T �
	 {	

S � �
{

CV
� (104)

whereCV is theconstantvolumespecificheatof anidealgas

CV � R
� p 9 1

� (105)

Weaugmentthisthermodynamicmodelwith averysimplemodelfor chemicalreaction
kinetics.Weassumethatnoreactionoccurswhenthetemperatureis below somethreshold
TR, andthattherateis constantotherwise:

¢Q � ¢Q0 if T b TR

0 if T � TR
(106)

Notethatthisreactionmodelonly hastheeffectof transferringchemical potentialenergy
Q to internalenergy { : thereis nochangein molenumber.

5.2.2. Elasticallyisotropicsolid

We baseour fundamentalequationof anelasticallyisotropicsolidona so-called“uni-
versalequationof state”modelfor hydrostaticcompression.This modelwasoriginally
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proposedasa scalingrelationfor the binding energy of metals[41] andhassincebeen
found to apply to a wide variety of differentchemicalinteractions. Applicationsto the
hydrostaticequationof stateof solidsaredescribedin [47, 46].

We assumea separationof thetotal internalenergy asfollows:

{ � Ce ��¦�� S�®�@{ h � I3 � � { t � I3 � S� � { s � I1 � I2 � I3 � � {c¯ � ¦°��� (107)

where { h describesthe isentropic,hydrostaticcompressionalenergy; { t is the thermal
energy associatedwith changingentropy at constantvolume; { s is the energy associated
with isochoricshearing;and{�¯ is theenergytermassociatedwith workhardening.In (107)
I1, I2, andI3 aretheisotropicinvariantsof theelasticGreentensorCe:

I1 � Ce�j� tr � Ce� (108a)

I2 � Ce�j� 1

2
trCe 2 9 tr Ce 2

(108b)

I3 � Ce�j� det� Ce��� Q 0

Q
2 � (108c)

Thehydrostaticenergyisgivenby theuniversalequationof state,fit to thezeropressure
isentropicbulk modulusK0S andto theisentropicpressurederivativeof theisentropicbulk
modulusat zeropressure,K y0S:

{ h � I3 ��� 9 4K0S

Q 0 � K y0S 9 1� 2 � 1
�

r K � e! rK (109)

with

r K � 3 K y0S 9 1

2

Q 0

Q
1E 3
9 1 (110)

andwherethedensityQ is understoodto dependon I 3 through(108c). Q 0 is thedensityat
zeropressure.

{ t � I3 � S� is thethermalpart,modeledona Mie-Grüneisenform

{ t � I3 � S�®� CV T0 exp
S 9 S0

CV
9 1 exp

� 0 9 �±� I3 �
q

� (111)

whereCV is aconstantheatcapacity, S0 andT0 aretheentropy andtemperaturein therefer-
enceconfiguration(atzeropressureanddensityQ 0), andwhere��� I3 � is thethermodynamic
Grüneisenparametergivenby themodelequation

� � � 0
Q 0

Q
q � (112)

where� 0 andq H� 0 areconstants.Again,in (112) Q is determinedfrom I 3 via (108c).
Theenergy changedueto shearingmotionatconstantvolumeis givenby

{ s � I1 � I2 � I3 �®� G � Q �
2Q

�
I1I ! 1E 3

3
� � 1 9 � � I2I ! 2E 3

3 9 3 � (113)

ThefunctionG � Q�� is theshearmodulus,alsoconstructedto follow theuniversalequation
of stateformalism,andfit to thezeropressureshearmodulusG0 andthepressurederivative
of theshearmodulusalsoevaluatedat zeropressureG y0:

G � Q���� G0 � 1 9 rG � Q
Q 0

1E 3
9 4

3
rG

K0S

G0
G y0 9 1

! 1 Q
Q 0

2E 3
e! rG (114)
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where

rG � 3

2

K0S

G0
G y0 9 1

Q 0

Q
1E 3
9 1 � (115)

Notethatonthehydrostatof anelasticallyisotropicsolid I 1 � 3I 1E 3
3 andI2 � 3I 2E 3

3 , andso
{ s P 0. In (113)theparameter

�
, 0 " � " 1, is anadjustableparameterchosento control

thesymmetryof theshearpotentialawayfrom thehydrostat(see[30]).
Thework hardeningpotential{ ¯ � I3 ��¦°� is givenby

{(¯ � ¦©���
²

0

Q 0
¦ � 1²

1
e!�³ 1 ´ 9 1 � (116)

This equationgivesa work hardeningmoduluswith unitsof pressure,

² � ¦©���fQ
	 {	 ¦ �

²
0
Q
Q 0

1 9 e!�³ 1 ´ � (117)

in termsof twoparameters:
²

0 � Q X Q 0 � istheultimate,asymptoticvalueof theworkhardening
modulus,and

²
1 dictatestherateof approachof theasymptoticlimit.

Our plasticflow modelis a simpleisotropicrate-independentassociatedmodelbased
on theyield surface

f � ¨ � ² ��� 3

2
µ
dev̈

µ 9 ¨ Y
� Q 0

Q
² � (118)

wheredev � ¨ �¶� ¨�9 1
3 � tr ¨ � I is the stressdeviator, and

µ
A
µ

is the Schurnorm of A,µ
A
µ 2 � A� � A� � � tr � AT A� . 3

2
µ
dev ¨ µ is sometimescalledJ2, or thesecondinvariantof

thestressdeviator.
Associatedwith this yield surfacearetheratelaws [38, 27]:

¢¥ p �f·°¥ pg dev *�¸ ,¹
dev*s¸ , ¹ ¥ (119a)

¢¦ �f· 2
3
� 0� � (119b)

with · a(Lagrangeundetermined)parameterchosento satisfytheKuhn-Tuckerconditions
andthe“consistency condition”[43]:

f � 0
· b 0
¢f � 0

plasticflow (120)

Thework hardeningenergy (116),yield surfacedescription(118),andresultingflow
laws(119)differ fromthemodelusedin [27] by betterseparatingplasticwork from elastic
strainenergy. In thecurrentformulation,theelasticresponseof thesolid is notaffectedby
its plasticstrainhistory.

Although { is presentedformally as a fundamentalequationdependingon specific
entropy S, S andits referencevalue S0 neednever be specified. Instead,onecould use
(102)to determineS 9 S0 �º- S� Q|��{�� , etc. In thesolidcaseonecoulddetermine

{ t �A{ 9 { h � I3 � 9 { s � I1 � I2 � I3 � 9 {4¯ � ¦©� (121)

andtherebyobtainthetemperature

T �
	 {	

S Ce � ´ �
{ t

CV

�
T0 exp

� 0 9 �
q

� (122)
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ThereferencetemperatureT0, andtheheatcapacityCV arenotrequiredtosolvethedynam-
ical equationsexceptin sofar asthetemperatureitself is requiredby constitutivemodels,
e.g., becauseof a temperature-dependentyield strength.TheGrüneisenparameter� 0 and
its constitutiveparameterq arenecessary, however, to determinethethermalstressarising
from thevolumedependenceof { t .

5.3. Interface RiemannProblems

At a point on the two-materialinterface,we may have “left” and“right” stateswith
different velocitiesand stresses.Let us approximatethe left and right statesas being
constant.This,then,is thecanonicalRiemannproblem:aninitial valueproblemconsisting
of two piece-wiseconstantstatesin juxtaposition.Thesolutionto this problemis a setof
waves(threein eachsolid,onein eachfluid), with amplitudeschosento satisfyappropriate
interfacecompatibilityconditions.In this solution,we denoteby superscript“*” thestate
on thematerialinterface.

Themethodsdescribedherearethemainpartof ouroverallmethodthatbringtogether
the differentphysicsof the fluid (91) andsolids (93). The otherpart concernsvolume
fractionnormalization.

5.3.1. Posingan interface-normalproblem

We wish to posea one-dimensionalRiemannproblem,with onematerialon the left
andanotheron the right. In general,the interfaceis not orientedwith thecomputational
grid. Therefore,we needto rotateour statevectors,and transformstatetensors,from
thecurrentspatialsystem�mUx � Uy � Uz� into a new right-handedorthogonalcoordinatesystem�IUn � Uk®� U» � whereUn is theinterfacenormal,and Uk and U» areinterfacetangentialdirections. Un
is computedaspartof our interfacereconstructionmethod,describedabove. Uk and U» are
orthogonalto Un, but areotherwisearbitrary. Herewe describeourparticularchoicesfor Uk
and U» , andtheirusein transformingthestatevariables.

Onechoiceof tangentsis

ku� 1

2 1 9 nxny 9 nxnz 9 nynz

ny 9 nz� nz 9 nx �
nx 9 ny

(123a)

and

» � 1

2 1 9 nxny 9 nxnz 9 nynz

nx � ny
�

nz� 9 n2
y 9 n2

z

ny � nx
�

nz� 9 n2
x 9 n2

z

nz � nx
�

ny � 9 n2
x 9 n2

y

� (123b)

This choicefails in particularwhennx � ny � nz �Tz 1X�¼ 3, andsowe useit only when
p ny
�

nz p " p ny 9 nz p . When p ny
�

nz p F p ny 9 nz p we useinstead

kn� 1

2 1
�

nz � ny 9 nx � � nxny

ny
�

nz� nz 9 nx �
9 nx

�
ny

(124a)

and

» � 1

2 � 1 � nz � ny 9 nx � � nxny �
nx � nz 9 ny � 9 n2

y 9 n2
z

ny � nx
�

nz � � n2
x
�

n2
z

nz � nx 9 ny � 9 n2
x 9 n2

y

(124b)
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(whichfails in particularwhennx � 9 ny � nz ��z 1X ¼ 3).
Givena new orthonormalbasis�IUn � Uk�� U» � we constructtherotationmatrix R

R �
nT

k T» T
(125)

with whichrotatedmaterialpropertiesarederivedbystraightforwardvectorandtensorma-
nipulations[33]. Forexample,theprimitivevariablescharacterizingasolidaretransformed
asfollows: Q

{
D
g
¥ p

¦

r otated

�

Q
{

R
� D

R
�
g
�
RT

R
� ¥ p � RT

¦

� (126)

The transformationof fluid phaseprimitive variablesarecontainedasa subsetof (126)
(scalarQ transformslike scalar¦ ).

5.3.2. Conditionsof compatibility

Thecompatibilityconditionsareconstraintslinking thestatevariablesononesideof a
materialinterfaceto thoseontheoppositeside.Physically, theseconditionsdescribeconti-
nuityof normalvelocity,normalstress,andsheartraction.Mathematically, theseconditions
describetheRiemanninvariantsof thecontactdiscontinuities(genuinelynonlinearwaves
propagatingat thematerialvelocity). Herewe will describethecompatibilityconditions
for a numberof two-materialinterfaces. In §5.3.3we describein moredetail how these
conditionsareemployedto solveatwo-materialRiemannproblem.Wedistinguishseveral
specialcasescharacterizedby differentmaterialpairs,or differentidealizedassumptions
regardingsheartractions.

½ Solid-Vacuum. A solid in contactwith vacuumhasno normalstressandno shear
stresseson thecontactsurface.Thus,thesolutionof theRiemannproblemis char-
acterizedby thecompatibilityconditions

¨�¾ Snn � 0 (127)

¨�¾ Sn¿ � 0

¨�¾ SnÀ � 0 �
½ Fluid-Vacuum.A fluid in contactwith vacuumhasnopressure,therefore

P ¾ F � 0 � (128)

½ Solid-Fluid. The normalstressis continuousacrossthe contact,as is the normal
velocity. For anidealinviscidfluid therearenoshearstressesonthecontactsurface:

D ¾ Sn � D ¾ Fn (129)

¨ ¾ Snn � 9 P ¾ F
¨�¾ Sn¿ � 0

¨�¾ SnÀ � 0 �
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½ Fluid-Fluid. The two-fluid condition is equality of normal stressand of normal
velocity:

D ¾ F1
n � D ¾ F2

n (130)

P ¾ F1 � P ¾ F2 �
½ “Slip” Solid-Solid.Whentwo solidsarein contact,thenormalvelocityandnormal

stressarecontinuous.If thecontactis frictionless,thenthereareno shearstresses
andtangentialvelocitiesmayjumpdiscontinuously:

D ¾ S1
n � D ¾ S2

n (131)

¨�¾ S1
nn � ¨�¾ S2

nn

¨�¾ S1
n¿ � 0

¨�¾ S2
n¿ � 0

¨ ¾ S1
nÀ � 0

¨�¾ S2
nÀ � 0 �

This is the“slip” solid-solidboundarycondition.

½ “Stick” Solid-Solid.Anotheridealizedlimit is the“stick” solid-solidboundarycon-
dition. This caseis analogousto thesolid-solidRiemannproblemposedwithin any
singlematerialregion. In thiscase,all componentsof velocityarecontinuous,asare
normalstressandin-planeshearstresses:

D ¾ S1
n � D ¾ S2

n (132)

D ¾ S1¿ � D ¾ S2¿
D ¾ S1À � D ¾ S2À
¨�¾ S1

nn � ¨�¾ S2
nn

¨�¾ S1
n¿ � ¨�¾ S2

n¿
¨ ¾ S1

nÀ � ¨ ¾ S2
nÀ �

Othermodelcompatibilityconditionsmaybeused.For example,whenmodelinggas
flow with irregularinternalboundariesit isconvenienttoassumeincompressiblerigid walls.
As theseboundariesarestationary, thecompatibilityconditionbecomesD n � 0 [34].

For eachsolid phase,the Riemannsolutionwill involve threewaves. For eachfluid
phase,theRiemannsolutionwill involveasinglewave. Eachinterfacecompatibilitycondi-
tionprovidessufficientconstraintstodeterminetherequisitenumberof waves.Forexample,
a solid-solidinterfaceRiemannsolutionwill consistof 6 total wavesand6 constraintsare
providedby eachof (131)and(132). Solid-fluid interfacesolutionswill involve4 waves:
threein thesolid andonein thefluid; (129)givesthe4 constraintsneeded.

5.3.3. Solutionof thesolid-fluidRiemannproblem

In detail,thesolutionof eachinterfacespecialcaseis constructeddifferently. Herewe
illustratethegeneralapproachby describingtheparticularcaseof asolid in contactwith a
fluid.

Theone-dimensionaltwo-materialRiemannproblemsaresolvedapproximately, using
rarefactionshockapproximations[14, 28]. Useof this approximationis justified by the
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observation that the rarefactionwave curvesand the correspondingshockHugoniotare
C2, andso the error in treatinga rarefactionasa shockis third order, thusnegligible in
a numericalschemewhoseoverall orderof accuracy is 2 or less. As rarefactionwave
fansexpand,the magnitudeof the “rarefaction jumps” will diminish, and the solution
will thereforeconvergeto theproperresultasthewavesbecomesresolvedacrossseveral
computationalcells.

As in [27] our approachto thesolid Riemannproblembeginswith thelinearizedone-
dimensionalequationof motion

	
q	
t
�

A
	
q	
xn
� s (133)

in termsof theprimitivevariablesqT � � Q|��D��d{�� gen � ge¿ � geÀ �7¥ pen �7¥ pe¿ �7¥ peÀ ��¦�� ¨ en � .
Thematrix A is givenby

(134)

A �

D n Q eT
n 0 0 0 0 0 0 0 0 0

0 D n I 0 0 0 0 0 0 0 0 9 I X Q
0 9 � ¨ en � T X Q D n 0 0 0 0 0 0 0 0
0 g

L
nn 0 D n I 0 0 0 0 0 0 0

0 g
L ¿ n 0 0 D n I 0 0 0 0 0 0

0 g
L À n 0 0 0 D n I 0 0 0 0 0

0 0 0 0 0 0 D n I 0 0 0 0
0 0 0 0 0 0 0 D n I 0 0 0
0 0 0 0 0 0 0 0 D n I 0 0
0 0 0 0 0 0 0 0 0 D n 0
0 9qÁ nn 0 0 0 0 0 0 0 0 D n I

where

Á � � � 9
	 ¨ e�	

ge�
g � (135)

and Á nn is theacoustictensorfor wavespropagatingin thenormal � n� direction.
Thevectors containssourceterms,

sT � � 0 � f � ¡ � 0 � 0 � 0 � hex � hey � hez � K � bn � � (136)

with

bn �
	 ¨ en	 ¥ p  h �

	 ¨ en	 ¦ K
� 	 ¨ en	 { ¡ � (137)

Theright eigenvectorsof A, X, are

X �

1 0 0 0 0 0 0 0 0 9 Q eT
n Xac 9 Q eT

n Xac

0 0 0 0 0 0 0 0 0 Xac $ ac 9 Xac $ ac

0 1 0 0 0 0 0 0 0 � ¨ en � T Xac X Q � ¨ en � T Xac X Q
0 0 I 0 0 0 0 0 0 9 gXac 9 gXac

0 0 0 I 0 0 0 0 0 0 0
0 0 0 0 I 0 0 0 0 0 0
0 0 0 0 0 I 0 0 0 0 0
0 0 0 0 0 0 I 0 0 0 0
0 0 0 0 0 0 0 I 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 Xac $ 2

ac Q Xac $ 2
ac Q

� (138)
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whereXac aretheright eigenvectorsof theacousticwavepropagationequation

Á nnXac �fQ Xac $ 2
ac � (139)

Thecolumnsof the27V 27matrixX areorderedsuchthatthefirst21areassociatedwith
wavesof the“0” family (with characteristicspeedgivenby eigenvalue �q�ÂD n). Columns
22–24areassociatedwith wavesof the“ 9 ” family ( ���=D n 9 � ac), andcolumns25–27are
associatedwith wavesof the“

�
” family (����D n

� � ac).
Now, followingtheapproachof [44] wedeterminethestateq ¾ of thesolidatthematerial

interfaceby expandingthewavesin theeigenvectorsX. Let usassumethatin our rotated
coordinateframethesolid is to theleft of thefluid. We would thensolve for q ¾ usingthe
threewavesof the“ 9 ” family, usingin thiscaseeigenvectors22,23,and24:

q ¾ � q
� - t

2
s
� 24

� N 22

c� X ��� (140)

From(140)with compatibilitycondition(129)wehave

c22
c23
c24

� 1

Q $ ! 2
ac X ! 1

ac

9 P ¾ 9a¨ nn

9ª¨ n¿
9£¨ nÀ

� (141)

Also, thenormalvelocity is determinedby (140)and(129):

D ¾n �@D S
n
�

Xac $ ac

c22
c23
c24

�@D S
n
� 1

Q Xac $ ! 1
ac X ! 1

ac

9 P ¾ 9>¨ nn

9£¨ n¿
9£¨ nÀ

� (142)

This equation(142) is one equationcoupling the interfacevelocity D ¾n to the interface
pressureP ¾ .

A secondequationrelatingthesevariablesisobtainedbyconsiderationof thefluid jump
conditions.Following [14], we write theRankine-Hugoniotequationsfor thefluid as:

D ¾n 9 D n � z P ¾ 9 P

W
(143)

P ¾ 9 P

W2
� 9 Q ¾ ! 1 9 Q ! 1

{ ¾ 9 { � 1

2
� P ¾ � P � Q ¾ ! 1 9 Q ! 1 �

whereW is themassflux throughthe(shock)waveconnectingtheinitial stateandthefinal
“*” state.In thepresentcase,whereweassumethatthefluid liesto therightof theinterface,
wetakethe

�
signin (143).Recallthatthevariables{ ¾ , P ¾ , andQ ¾ areconnectedthrough

theequationof state.
Equations(143)determineaone-parameter(W) monotonicrelationbetweenD ¾n andP ¾ .

If thesolid-fluid interfaceRiemannproblemhasa physicalsolutionthatdoesnot require
cavitation, thenthe P ¾ � D ¾n � curve specifiedby (143)intersectsthelinearrelationgivenby
(142)exactlyonce.We computethis intersectionusinganiterativeapproach:

½ We begin by estimatinganinterfacevelocity

D ¾ * 0,n � 1

2
D S

n
� D F

n � (144)
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½ Foreachstepm of ouriterativesolution,anestimateP ¾ * m, of theinterfacepressureis
obtainedfromtheinputvelocity D ¾ * m! 1, bysolving(143).Thisstepitself is iterative,
usingthesecantmethodapproachdescribedin [14]:

P ¾ * m, J 9
W Ã mÄ D ¾ *

m! 1,
n � (145)

½ (142)providesa function

- V �MD ¾ � P ¾ * m, �
from (142)

9 D ¾ * m! 1, (146)

whosezero D ¾ * m, we estimatewith a Newton iteration,

D ¾ * m, �@D ¾ * m! 1, 9 - V
d K V
d �

(147)

with

d - V

d D � 9 1

Q
3

� N 1

Xac� 1��� ! 1
ac� � X ! 1

ac� � 1

sol i d

dP ¾
d D ¾ f luid 9 1 (148)

½ Theiterationis stoppedwhenthechangep D ¾ * m,n 9 D ¾ * m! 1,
n p is smallenough,sayone

tenthpercentof thefluid soundspeed.

On convergence,the“*” stateof thesolid andfluid statesarereadilydeterminedfrom
(140)and(143).

In ourpresentimplementation,wetakeastheleft statethecell-centeredpropertiesof the
solidattimetn, augmentedbyonehalf timestep,1

2 - tn, of thesourceterm(136).Similarly,
we take astheright statethecell-centeredpropertiesof thefluid at time t n, augmentedby
onehalf time stepof the fluid sourceterm (includingchemicalreaction). The centering
of this solutionis thusonly h � h� with respectto thespace-timecentroidof the interface
during time step - tn. This centering,andits overall impacton thesolutionaccuracy, is
discussedfurtherin §6.

5.3.4. Theinterfacevelocityandflux

For eachmaterial(left andright) we transformthe “*” Riemannsolutionstateback
to thecoordinateframeof our solutiongrid. This makesuseof thesametransformation
matrix R (125)usedto transforminto theinterfacenormaldirection(126):

Q ¾{ ¾D ¾
g¾¥ p¾¦ ¾

�

Q ¾{ ¾
RT � D ¾

RT � g¾ � R
RT � ¥ p ¾ � R¦ ¾

�

r otated

(149)

Notethatin therotatedframe D ¾Ln ��D ¾Rn asaconsequenceof thecompatibilityconditions,
but thetangentialcomponentswill differ in general.However, in generalthegrid-oriented
velocitiesgivenby (149)will differ entirely.
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We additionallywish to rotatethevectorof stressesactingon theinterface,

¨ ¾nx ¨ ¾ny ¨ ¾nz � ¨ ¾nn ¨ ¾n¿ ¨ ¾nÀ �
R � (150)

Unlike thevelocities,thesestresscomponentsaresingle-valuedat theinterface.
Now, giventheRiemannsolutions“*” for eachmaterialwemaycomputetheflux vector

(thegeneralizationof F � � U ¾ � in (1) to direction¤6� n). Written for a solid,

F B � (151)
Q � D n 9 D s �Q�D x � D n 9 D s � 9¶¨ nxQ�D y � D n 9 D s � 9Å¨ nyQ�D z � D n 9 D s � 9¶¨ nzQ E � D n 9 D s � 9Å¨ nx D x 9¶¨ ny D y 9¶¨ nz D z

nx � g11D x
�

g12D y
�

g13D z � 9 D sg11
nx � g21D x

�
g22D y

�
g23D z � 9 D sg21

nx � g31D x
�

g32D y
�

g33D z � 9 D sg31
ny � g11D x

�
g12D y

�
g13D z � 9 D sg12

ny � g21D x
�

g22D y
�

g23D z � 9 D sg22
ny � g31D x

�
g32D y

�
g33D z � 9 D sg32

nz � g11D x
�

g12D y
�

g13D z � 9 D sg13
nz � g21D x

�
g22D y

�
g23D z � 9 D sg23

nz � g31D x
�

g32D y
�

g33D z � 9 D sg33Q�¥ p
11 � D n 9 D s �Q�¥ p
21 � D n 9 D s �Q�¥ p
31 � D n 9 D s �

Q�¥ p
12 � D n 9 D s �Q�¥ p
22 � D n 9 D s �Q�¥ p
32 � D n 9 D s �Q�¥ p
13 � D n 9 D s �Q�¥ p
23 � D n 9 D s �

Q�¥ p
33 � D n 9 D s �Q�¦ � D n 9 D s �

¾

generalcase

P

0

9£¨ nx

9ª¨ ny

9£¨ nz

9£¨ nx D x 9¶¨ ny D y 9Å¨ nz D z

nx � g11D x
�

g12D y
�

g13D z � 9 D ng11
nx � g21D x

�
g22D y

�
g23D z � 9 D ng21

nx � g31D x
�

g32D y
�

g33D z � 9 D ng31
ny � g11D x

�
g12D y

�
g13D z � 9 D ng12

ny � g21D x
�

g22D y
�

g23D z � 9 D ng22
ny � g31D x

�
g32D y

�
g33D z � 9 D ng32

nz � g11D x
�

g12D y
�

g13D z � 9 D ng13
nz � g21D x

�
g22D y

�
g23D z � 9 D ng23

nz � g31D x
�

g32D y
�

g33D z � 9 D ng33
0
0
0
0
0
0
0
0
0
0

¾

materialinterface: D s �@D ¾n
In writing (151)we distinguishedbetweenthematerialvelocityat theinterfaceD ¾n and

thevelocity of the interfaceitself D s. In our presentapplication,wherewe areconcerned
with material interfaces(which move with the materialvelocity), D s �.D ¾n resultingin
considerablesimplification. Themorecompleteform is importantif D s H��D ¾n, aswhenthe
interfacein questionis a detonationwaveor a shockwave.

Theevolutionof thematerialdomain�o
 � t � is governedbyavolumefractionadvection
equation(23a) thatrequiresaninterfacevelocityfield D definedin theneighborhoodof the
interface

L � 
 . Away from theinterfaceanestimateof the interfacevelocity field maybe
takenfrom thematerialvelocityfield,

D i nter f ace �fD��material (152)

At material interfaces,the two-materialRiemannproblemprovidesa uniqueinterface-
normalvelocity. Thecomponentsof velocity tangentialto the interfacearenot givenby
thetwo-materialRiemannproblemwhenslip interfacesareallowed(asdonehere).In that
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case,the tangentialcomponentsof the materialvelocitieson eithersideof the interface
areaveragedwith densityweighting.We usethematerialdensitiesandmaterialvelocities
obtainedassolutionsto interface-normalRiemannproblems,

D nD ¿D À

i nter f ace

�
D ¾n��Æ S� Æ SÇ # ��Æ F � Æ FÇ� Æ S# � Æ F� Æ S� Æ SÈ # � Æ F � Æ FÈ� Æ S# � Æ F

(153a)

D xD yD z

inter f ace

� RT � D nD ¿D À
�
i nter f ace

(153b)

In summary, for solid-fluid interfacesweconstructavelocityfield in theneighborhood
of thematerialinterfaceusingresultsfromtheinterfaceRiemannproblem(153),augmented
awayfrom thematerialinterfaceby theactualmaterialvelocity(152).For otherinterfaces
this proceduremay not be appropriate.For example,in applyingthesemethodsto non-
material interfaces(e.g., a detonation[35]) the materialvelocity hasno relation to the
detonationfront velocity. In this case,oneshouldinsteadextendthevelocity determined
at the interfacesitself (153)to cellsadjacentto theinterface[5, 35]. Evenwhentracking
materialinterfaces,the approachdescribedabove may be inappropriate.For example,a
solid–vacuumorfluid–vacuuminterface.Then,theapproachdescribedabovefailsfor want
of a vacuummaterialvelocity. In this casetoo velocity extensionideaswork well. The
algorithmswe useto extendinterfacevelocityaredescribedin §4.1.

5.3.5. Moduli of incompressibility

Thevolumefractionevolutionequations(23a) introduceamodulusof incompressibility
Accordingtothederivationin [28] thismodulusactstonormalize$Â
 suchthat 
 $6
6� 1,
whilemaintainingequalityof pressureattheinterface.Forfluids,then,M is isentropicbulk
modulusKS. For solids,andsolid-fluid mixtures,equalityof normalstress,not equality
of pressure,is thecorrectgeneralization.However, in this implementationweusethebulk
modulus.For thefluid phase,

M F  � KS �
	

P	
ln Q S

� (154)

For thesolidphase,

MS  � KS � se11
�

se22
�

se33
�

2 � se12
�

se23
�

se31� (155)

wherese is theelasticcompliancetensor, hereindexedin Voigt notation.se is theinverse
of theEulerianelasticconstanttensorce centeredat thecurrentstate,whichmaybewritten
in termsof componentsof theacousticpropagationtensorsÁ (135).

ce �

� Á xx � xx � Á xy � xy � Á xz� xz � Á xy � xz � Á xx � xz � Á xx � xy� Á yx � yx � Á yy � yy � Á yz� yz � Á yy � yz � Á yx � yz � Á yx � yy� Á zx � zx � Á zy � zy � Á zz� zz � Á zy � zz � Á zx � zz � Á zx � zy� Á yx � zx � Á yy � zy � Á yz � zz � Á yy � zz � Á yx � zz � Á yx � zy� Á xx � zx � Á xy � zy � Á xz � zz � Á xy � zz � Á xx � zz � Á xx � zy� Á xx � yx � Á xy � yy � Á xz� yz � Á xy � yz � Á xx � yz � Á xx � yy

� (156)
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5.4. Examples

We demonstrateour methodwith one–andthree–dimensionalexamplesusingthree
materialphases.Theparametersfor our elastic-plasticsolid werechosento approximate
the responseof oxygen-freeannealedcopper. Our fluid is a crudeapproximationto the
explosive PBX 9404modeledas an ideal gaswith realistic heatof reactionand initial
unreactedsolid density. Theequationof stateparametersfor thesematerialsaregivenin
Table1. Equationof stateandreactionenergy Q for PBX 9404aretakenfrom [20]. The
rate ¢Q is estimatedto give a reactionzonespreadover a few computationalcells. Elastic
equationof stateparametersfor coppercomefrom[1] exceptfor G y0 whichisapproximated
from the scalingrelationG y X K y G � GX K � 2 [2], andCV which is set to 3R per mole of
atoms.

�
, q, andtheplasticconstitutiveparametersfor copperareestimated.

In single-levelcomputations(thosenotusingadaptivemeshrefinement)theglobaltime
stepischosentomaintainthemaximumCourant-Friedrichs-Lewy numbernearaprescribed
value.TheCFL numberfor a singlephase� is calculatedasthemaximumoveroccupied
cellsof - t � p D x p � max� c
4�I� X - x, withoutmodificationfor fractionaloccupancy ( $�
 H� 1).
TheCFL numberfor fractionallyoccupiedcellsis themaximumoverphasesof thesingle-
phaseCFL numbers.In multi-level (AMR) computationswe do employ time subcycling,
thusa 2V refinedgrid is solved with half the time stepof its coarserparent. The CFL
numbersarecomputedat all levelsof refinement,andthelargestis usedto resetthetime
stepat thebeginningof a coarsecycle.

By thisstrategy, thematerialwith thefastestwavespeedscontrolstheoveralltimestep.
Thiswill leadto low computationalefficiency whenthewavespeedsof differentmaterials
differ dramatically. However, in the cylinder testproblem(§5.4.2)this doesnot occur.
During theinitial combustionphasetheexplosivecontrolstheCFL number;afterward,as
thecylinderinflates,thesolidliner controlstheCFL number. Throughoutthecomputation,
themaximumCFL numberof thesolidandthatof thefluid agreeto within approximately
25%.

5.4.1. One-dimensionalRiemannproblems

To demonstratetheability of this methodto correctlymodelsimplewave interactions,
we presentcomputationalexamplesof variousone-dimensionalRiemannproblems.

Figures10-12displaytheresultsof aone-dimensionalsolid-fluidshock-shockRiemann
problemusingtheinitial valuesgivenin Table2. Theinterfacewasatcoordinatex � 50mm
initially. Resultsareplottedat t � 10¤ s using100,200,and400meshpointsandCFL�
0 � 7. In thefluid phase,theshockis capturedin about4 computationalcellswithoutringing
or overshoot.In thesolid anelasticprecursorshockis seen,followedby a slower plastic
shock.Thesediscontinuitiesarecapturedin approximately8 cellswith modestovershoot.
This behavior wasalsoobserved in [27]. We suspectthat the broadersolid shockzone
andtheovershootareartifactsof thelinearizedsolid Riemannsolver we employ for solid
mechanics.

Figures13-15displaythe resultsof a one-dimensionalsolid-vacuumrarefactionRie-
mannproblemusingtheequationof stateparametersgivenin Table1 andtheinitial values
givenin Table3. Theinterfacewasatcoordinatex � 80mminitially. Resultsareplottedat
t � 10¤ s using200,400,and800meshpointsandCFL� 0 � 7. A weakelasticrarefaction
precedesthelargeramplitudeplasticrarefactionfan.

In smoothflow, our solid andfluid solversgive second-orderconvergence.For these
testproblemsinvolving discontinuities,theconvergenceresultsaregivenin Table5. h � 1�
entropy errorsoccurat the material interfaces: a so-called“wall heating”effect. This
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TABLE 1: EOSparametersusedin examples
parameter value units

reactinggas§5.2.1
{ 0 2 � 938 V 10! 5 [kJ/g]
Q 0 1.84 [g/cc]� p 2.85 []
¢Q0 100 [kJ/g

�
s]

TR 2000 [K]
MW 25 [g/mole]

elasticallyisotropicsolid§5.2.2
Q 0 8.93 [g/cc]
K0S 138 [GPa]
K y0S 4.96 []
G0 46.9 [GPa]
G y0 0.57 []�

0 []
T0 300 [K]
CV 3 � 9 V 10! 4 [kJ/g

�
K]� 0 1.96 []

q 1 []

¨ Y 0.23 [GPa]²
0 0.12 [GPa]²
1 1 []

TABLE 2: Initial valuesfor solid-fluidRiemannproblem
parameter value units

reactinggas
initial statevalues
Q 5.543 [kJ/g]
Q 1.84 [g/cc]
{ 2 � 938 V 10! 5 [kJ/g]
D 0 [km/s]

elasticallyisotropicsolid
Q Q 0 [g/cc]
{ suchthat { t � 0 [kJ/g]

g � Q X Q 0 � 1
3 I []

¥ p I []
¦ 0 []
D 2 [km/s]
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TABLE 3: Initial valuesfor solid-vacuumRiemannproblem
parameter value units

elasticallyisotropicsolid
Q 1 � 053Q 0 [g/cc]
{ suchthat { t � 0 [kJ/g]

g � Q X Q 0 � 1
3 I []

¥ p I []
¦ 0 []
D 0 [km/s]

TABLE 4: Initial valuesfor containedexplosionproblem
parameter value units

reactinggas
initial statevalues
Q 5.543 [kJ/g]
Q 1.84 [g/cc]
{ 2 � 938 V 10! 5 [kJ/g]
D 0 [km/s]

elasticallyisotropicsolid
Q Q 0 [g/cc]
{ suchthat { t � 0 [kJ/g]
g I []
¥ p I []
¦ 0 []
D 0 [km/s]

TABLE 5: Orderof convergence
Solid-Fluid Solid-Vacuum

field L1 L É L1 L É
Q 1.64 1.00 1.09 1.89
D x 1.82 0.63 0.76 0.60

¨ 11 1.33 0.33 0.77 0.68
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FIG. 10: Stressfor one-dimensionalsolid-fluidRiemannproblem.
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FIG. 11: Velocity for one-dimensionalsolid-fluidRiemannproblem.
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FIG. 12: Densityfor one-dimensionalsolid-fluidRiemannproblem.
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FIG. 13: Stressfor one-dimensionalsolid-vacuumRiemannproblem.
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FIG. 14: Velocity for one-dimensionalsolid-vacuumRiemannproblem.
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FIG. 15: Densityfor one-dimensionalsolid-vacuumRiemannproblem.
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entropy erroraccountsfor theapparentdensitydeficit in thegasphaseseenin Figure12.
A discussionof theorderof convergenceis givenbelow in §6.

5.4.2. Cylindertestwith AMR

This exampleis a highly idealizedmodelof a cylinder test: an experimentin which
an explosive is detonatedinside a cylindrical metal tube for the purposeof measuring
detonationvelocity. Wilkins [48] includedthis examplein his descriptionof a Lagrangian
multiphasetechnique.OtherLagrangiantechniquesaredescribedin [20]. The nominal
initial valuesaregiven in Table4. The reactionwasinitiated by creatinga disk-shaped
regionatoneendof thefluid cylinderwheretheinitial chemicalenergy Q 0 wascompletely
convertedto internalenergy: { 0  �A{ 0

�
Q0; Q0  � 0. Surroundingthesolid is vacuum.

Initially, themetalcanhaslength24.6(saycm) andoutsideradiusof 14.0,with wall
thicknessof 2.0. Theinsidecornersaregivenachamferof approximatesize0 � 6 V 0 � 6. The
coarsebasemeshis 112V 64 V 64with 0.3unitsof lengthpercoarsecell.

Adaptive meshrefinementwasemployedto resolve at 2 V resolutionthe materialin-
terface,the solid, andthosepartsof the fluid containinggradients. At small times, the
unreactedfluid is representedonly on a coarsegrid exceptfor thosepartsadjacentto the
interface.As thereactionproceeds,theresolvedmeshgrowsto encompasstheentiresolid
andfluid regime.Coarseregionspersistexteriorto thesolidwhereonly vacuumis present.

Resultsaredisplayedin Figures16-18. We show eachcomputationalcell containing
solidorfluid, with colorcorrespondingtopressure(scalesvary). As in Figure5,fractionally
occupiedcellsareshowntruncatedbyapiece-wiseplanarinterface.Thegeometrypictured
correspondsdirectly to theinternalrepresentationof ourmethod.

In Figure16 thedetonationwavehastraversedapproximatelyhalf thecylinder length.
Aheadof the detonationwave a zoneremainsthat is not adaptively refined,but behind
thedetonationall fluid andsolid regionsarerefined.Solid andfluid pressureneednot be
continuous(normalstressis),butbecauseof thelow yieldstrengthof “copper”in thismodel
it appearsso. The leadingshockis refractedbackwardin thecopper, andreflectsoff the
freesurfaceasa rarefactionfan. Theexplosiveshockis normalto thecylinderaxisat the
center, but is bentbackwardnearthewall, suggestingsomethinglikeaMachreflection.At
thetime of Figure17 theshockhasbegunto reflectoff thefarcopperwall. Notethejump
in pressurescales.In Figure18 thepressurehadbeenreleasedsignificantlyby ballooning
of thecoppercan.Thereflectedshockis abouthalf waybackalongtheaxis.

6. DISCUSSION

6.1. Implementation

Wehaveimplementedthemulti-phasetrackedinterfacealgorithmswithin aframework
for parallelismanddatamanagementcalledChombo[16]. Chombois acollectionof C++
classesthat includesdimension-independentsupportfor box andsetcalculus,distributed
datamanagement,andsupportfor patchbasedadaptivemeshrefinement(AMR) basedon
theapproachof BergerandColella[7] andgridgenerationmodelsof BergerandRigoutsos
[8]. Chomboderives from an object-orientedapproachto AMR developedinitially by
CrutchfieldandWelcome[19].

To facilitate this discussion,we first review somestandardAMR nomenclature.A
refinementlevel L, or level L, refersto a setof dataor operationscharacterizedby a given
spatialresolution.Level 0 is thecoarsestresolution,with grid spacing- x 0, - y0, and - z0.
Level L

�
1 is refinedrelative to level L by a factorRL : R0 - x1 �_- x0. RL , the level L
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FIG. 16: Pressure(0–20GPa)at time1.30.
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FIG. 17: Pressure(0–40GPa)at time2.39.
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FIG. 18: Pressure(0–10GPa)at time4.43.
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refinementratio, is restrictedto beanintegerpowerof 2. A patch is arectangularregionof
dataassociatedwith aparticularlevel. A grid is thesetof all patchesatagivenlevel. At a
givenlevel thepatchesarenon-overlapping.

Level L
�

1 gridsareproperlynestedwithin their parentlevel L grid. This meansthat
a boundaryof level L cells surroundsthe level L

�
1 grid, exceptwherethe level L

�
1

grid abutstheboundaryof theoverallproblemdomain.Thewidth of boundarycellsis the
buffer size: animplementation-dependentadjustableparameter.

To advancelevel L datain time (sayfrom time t nL to time tnL # 1) requiressomecom-
binationof the following steps. First, boundaryconditionsfor the level L grid mustbe
obtainedby space-timeinterpolationfrom thelevel L 9 1 parentgrid,or by someprescrip-
tion for thoseboundarycellsthat lie outsidetheproblemdomain.Second,thealgorithms
describedabove areusedto updatethesolutionon the level L grid. Third, thoselevel L
cells thatareunderlainby additionallyrefinedlevel L

�
1 cellsareadjustedto agreewith

therefinedcell time tnL # 1 results.Fourth,to maintainconservation,thesolutionin level L
cells thatabut the level L

�
1 grid mustbeadjustedto becompatiblewith thecumulative

fluxescalculatedon level L
�

1 acrosstheL
�

1 grid boundary(fluxcorrection).
To avoid the problemof space-timeinterpolationof the interfaceitself (represented

eitherasvolumefractionsor piece-wiseplanarsegments),wecoverall interfacecellswith
the maximumresolutiongrid. This also solvesa potentialflux correctionissue: mass
redistribution effectively createsflux termsassociatedwith 13 spatialdirections(e.g., re-
distributionfluxesmayconnectcell i � j � k to cell i

�
1 � j 9 1 � k� 1), whereasotherwiseonly

thethreecardinaldirectionsx, y, z needbeconsidered.
An importantissueconcernstheoveralldomainof dependenceof thecompositemethod

describedhere. In total thedomainof dependenceis 29 V 29 V 29 if volumefractionsand
conservedquantitiesarechosenasthebasicvariables(seeTable6): thesolutionatagiven
cellmaydependuponthedatain thesurrounding24389cellneighborhood.If implemented
asa singlestencil,thenassociatedwith eachpatchwould bea ghostcell boundarywith a
width of 14cells. Thishasobviousandseriousimpactoncomputermemoryrequirements,
andis clearlyimpractical.

Instead,the overall domainof dependencemay be decomposedinto a collectionof
smallerstencils,howeverdoingsomeansthat(i) methodsmustbeprovidedfor thespace-
time interpolationof eachnew variable;which impliesthat(ii) thenew variablesmustbe
storedontwotimelevelsontheparentgrid. Forexample,giventhealgorithmdecomposition
indicatedin Table6, thesmalleststencilpossiblefor thecompositemethodis 9 V 9 V 9,or a
ghostwidth of 4. An AMR strategy basedonthisstencilwouldrequirestorageof interface
data,apertures,theinterfacevelocityfield,andother“internal” variablesat two timelevels
oneachparentgrid, anda prescriptionfor space-timeinterpolationof thesequantities.

In the implementationpresentedhere,we designeda strategy basedupona stencilof
13 V 13 V 13 (ghostwidth 6), with conservedvariables,volumefractions,andpiece-wise
planarinterfacesegmentschosenasbasicvariables.Thisstrategy involvestwo inter-patch
communicationoperationspertimestep.Whentheinterfaceregionis alwaysfully refined,
only conservative variablesneedbe space-timeinterpolated. The needfor space-time
interpolationof theinterface �WUn � d � is circumvented.

6.2. Algorithmic Details

6.2.1. Redistribution

In the shockfront trackingapplicationsof ChernandColella [11] andBell, Colella,
andWelcome[5], themassdeficit

L
M is decomposedin thesenseof characteristics.If any
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TABLE 6
Stencilsof algorithmcomponents

interfacereconstruction 5 V 5 V 5
aperturecalculation 5 V 5 V 5
dataextension 5 V 5 V 5
interfacevelocity 9 V 9 V 9
volumefractiontime advancing 5 V 5 V 5
Godunov integrators 9 V 9 V 9
redistribution 5 V 5 V 5

characteristicscrossthefront,thensomefractionof
L
M isdistributedtocellsontheopposite

sideof thefront. In thepresentmaterialinterfacetrackingapplication,it doesnotmakesense
to distributemassacrossthefront,whateverthecharacteristics.Thecorrectgeneralization
of this approachwould be to redistribute volumebetweenphases,if so indicatedby the
characteristicstructure.

If onewereto redistributematerialphasevolumeacrossthefronts,thentwo problems
wouldarise.First,afterthis redistributionthevolumefractionswouldnotnecessarilysum
to 1, anda renormalizationwouldberequired(asin §3.2). Second,it is possiblethatafter
redistributingvolumesin thesenseof characteristicsonewouldhaveavolumefractionfield
that is inconsistentwith the existenceof a resolved interface: this volumeredistribution
would smearthe interface. For this reason,we do not decompose

L
M in the senseof

characteristics,andwe insteadredistributethis quantityononesideof thefront only.

6.2.2. GeometricConsistency

In (47) thenormal Zn appearingon the left handsideis thenormalof thesurfacethat
closesthevolumeboundedbycell-faceaperturesA i ! 1

2 � j � k, etc. Zn isnot,in general,equalto

theinterfacenormaldeterminedasin §3.1,at t n (wherethefluxesF B arecomputed),t n# 1,
or elsewhere.Evenif thereexistsa singleplanarinterface,stationaryin time, Zn wouldnot
generallycoincidewith n becausethecell faceaperturesareaveragesof left- andright-cell
calculations(42).

We use(47) to computeAB, which is consistentwith interfacenormal Zn. In (15) we
usethisaperturewith our interfaceflux F B, which is consistentwith a differentnormaln.

Note alsothat becauseof apertureaveraging(42) we may computea nonzeroA B in
cellsfor whichnointerfacehadbeendetected,andin which F B is thereforenotknown. In
this case,we constructanestimatedflux F B by averagingtheflux over neighborcells in
whichit hasbeendetermined.Thisremedyassumesthatthenormalvector Zn in thecurrent
cell (whereF B hadnot beencomputed)is similar to normalsn in thoseneighborcells
whereF B hadbeencomputed.

6.2.3. SourceTerms

Onewaytodiscretize(1) isbysolvingthehomogeneouspart stably,usingredistribution,
andthenaddingthesourcetermcontributionafterwards:

ZUn# 1
i j k J 9redistribution

Uext � n# 1
i j k (homogeneous)� (157a)
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Un# 1
i j k � ZUn# 1

i j k
� - t

$ n# 1
i j k

� $ n
i j k

2$ n# 1
i j k

G � Un# 1
2

i j k ��� (157b)

Weusethisapproachfor theplasticsourcetermsh andK occurringin solidmechanics,
but with thesimplification

Un# 1
i j k � ZUn# 1

i j k
� - tG

1

2
qext � n

i j k
� Zqn# 1

i j k (158)

in lieu of (157b).Thatis, for thesesourcetermsweapproximatethetime-centeredstateby
averagingtimetn (extended)primitivevariables,andtimet n# 1 primitivevariablesobtained
by redistribution of thehomogeneoussystemof equations.We omit thefactor 8$ X $ , and
in sodoingintroducean h � h � error.

A diffusioncorrection[27] is alsointroducedto theequationsof solid mechanics,and
this too is approximatedwith (158).

Anotherapproachto discretizing(1) is to introducethesourcetermsin thesingle-phase
solversprior to redistribution:

Uext � n# 1
i j k � ���7�+� - tG

1

2
qext � n

i j k
� Zqext � n# 1

i j k (159a)

Un# 1
i j k J 9redistribution

Uext � n# 1
i j k � (159b)

This is theapproachwe usefor all othersourceterms,includingchemicalreaction.Note
thatin thissecondapproachwearealsoomitting thefactor 8$ X $ .

In our treatmentof solid mechanics[27] we introducedtwo sourcetermsto enforce
constraints.One,a relaxationto enforcedet� g���TQ X Q 0, is implementedwith (159). The
other, a diffusive term to enforce

� V gT � 0, follows redistribution (158). Likewise,
following redistributionwe enforcedet� ¥ p ��� 1 by rescaling.

6.2.4. ConstraintsandExtension

In extendedsolid cells theconstraintsdet� g�c��Q X Q 0 anddet� ¥ p �4� 1 maybeviolated
by the extensionproceduredescribedin §4.1. We thereforerescaleg and ¥ p in solid
extendedcellsafterextensionby averaging.Theconstraint

�
�
g T � 0 mayalsobeviolated

in theneighborhoodof theextendedcells,but theextendedstatesarenot furthermodified
to enforcethis condition.

6.3. Futur eDir ections

Colella[13] describesself-consistentcenteringschemesbywhichsecond-orderaccurate
truncationerrorshavebeendemonstratedforstationary-boundary “Cartesiangrid” problems
[23, 29]. For moving boundariesoneorder lower is expected: h � h � for characteristic
variablesand h � h2 � for noncharacteristicones.

Figure(19) illustratestheself-consistentcenteringideain 1D. Thequadraturesolution
of the divergenceform PDEsusesfluxes F centeredat the centroidof the space-time
boundariesof thefluid-occupiedregion of thecomputationalcell, e.g., at points’c’, ’d’,
and’e’. DataU , points’a’ and’b’, arelikewisecenteredat thecentroidof theoccupied
fraction,not thecell center. If thecentroid-centeredfluxesaresecond-orderaccurate,then
a first-orderaccuratedifferenceschemeresults.

Materialinterfacestravelwith speedD , thecharacteristicspeedof the“0” familyof char-
acteristics.Therefore,thosevariablesassociatedwith the“0” family will have truncation
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FIG. 19Centroid-centeredsecond-orderfluxesgiveafirst-orderaccurate( h � h� ) difference
scheme.

errorsof the underlyingdiscretizationscheme: h � h� with the self-consistentquadrature
method.Wavesof the“

�
” familiesand“ 9 ” familiescoincidewith theinterfacecells for

a time of orderhX � , where � is the speedof the “ z ” characteristicwave. For variables
associatedwith thesewaves,we thereforeexpecta higherorderof accuracy, i.e., h � h 2 � .

n

n+1

i i+1

c

a,e

b

d

FIG. 20First-orderfluxes,and/ornon-centroid-centeredfluxesgiveanzero-orderaccurate
( h � 1� ) differencescheme.

Theimplementationdescribedin thisreportis illustratedin 1D in Figure(20). Ourdata
U is cell-centered,andthusdiffersfrom theinterpretationof Fig. (19)by termsof orderh.
Likewise,ourcell-facefluxesaretimecentered(points’c’,’d’), notcentroid-centered,and
our interfaceflux (point ’e’) is cell centeredat time t n (but with time-centeredsourceterm
contributions).Thesedifferencesalsointroduceorderh discrepancies,loweringtheorder
of accuracy of thescheme.Wethereforeexpect h � 1� accuracy for “0” familycharacteristic
variables,and h � h � accuracy for “ z ” family characteristicvariables.

Theredistribution of mass
L
M , anorder h � h - t � quantity(with consistentcentering;

h � - t � with inconsistentcentering)in theneighborhoodof fractionalcellsexpandsslightly
theneighborhoodwherelocal h � h � ( h � 1� ) truncationerrorsoccur.

To adaptthealgorithmdescribedin this reportto achieve a higherorderof accuracy,
severalmodificationswill benecessary. First,ahigher-orderalgorithmfor theconstruction
of extendedstatesis requiredin orderto calculatesecond-orderaccuratefluxeson mixed-
cell face,e.g., at point ’d’ in Figs. (19,20). ModianoandColella [29] accomplishedthis
by usingone-sidedderivatives to fill boundarycells with extrapolateddata. Second,it
will be necessaryto treat conserved dataasbeingcenteredat the centroidof the fluid-
occupiedcell fraction,not thecell center. This affectstheconstructionof slopesusedin
the calculationof time- and face-centeredstates. Third, fluxesmustbe centeredat the
centroids.For facestates(e.g., point ’d’), this maybe accomplishedby interpolationin
spaceusingneighboringcell-facefluxes,andinterpolationin time makinguseof thetime
tn extendeddataandtime t n# 1 referencecalculation.For interfacefluxes,e.g., point ’e’
in Figs. (19,20)a recalculationof the interface-normalRiemannproblemusingproperly
centeredleft andright statesis appropriate.

Thesesamecenteringideasmightprofitablybeappliedto thevolumefractionadvection

51



methodin §3.2. Thereweusedface-centeredvelocity fieldstotracecharacteristics.Instead,
centroid-centeredvelocityfieldsmightbeused.For example,in tracingpoint ‘p’ in Figure
3 insteadof usingtheface-centeredvelocity D y � i � j ! 1

2 � k, usethevelocity interpolatedto the

centroidof ’adhe’, viz. (c.f., (36))

py � y j ! 1
2 9 - t D y � i � j ! 1

2 � k
� D y � i # 1� j ! 1

2 � k 9 D u� i � j ! 1
2 � k

xi # 1 9 xi
xi # 1

2 9 xi 9 D x � i # 1
2 � j � k - t �

(160)

APPENDIXA: NOMENCLATURE

a materialreferenceframecoordinate;(94).
A coefficientmatrix in linearizedPDE;(133),(79).
A aperture;§3.3.

Á acoustictensor;(135).
b plasticreferenceframecoordinate;(97).
b stresssourcetermin linearizedPDE;(137).
c expansioncoefficient; (140).
c soundspeed;(80).
ce elasticconstanttensor;(156).
Ce elasticGreentensor;(100).
CV constantvolumeheatcapacity;(104).
d distanceof plane;(18).
e columnof identitymatrix; (93).
E total specificenergy, internalpluskinetic; (92),(99).
{ internalenergy; §5.2.
f bodyforcevector;(91),(93).
f yield surface;(118).
F conservedvariableflux; (1).
¥ totaldeformation;(98).
¥ e elasticdeformation;(98).
¥ p plasticdeformation;(97).
g inversetotaldeformation;(94).
G conservedvariablesourceterms;(1).
G shearmodulus;(114).
h plasticdeformationsourceterm;(93)
h spatialresolution,- x; §6.
I identitymatrix
I1 � I2 � I3 invariantsof isotropicmatrix; (108).
K work hardeningparametersourceterm;(93).
KS bulk modulus;§5.2.2,(154),(155).
l a left eigenvector;§4.2.3.
L matrixof left eigenvectors;(82).
L level of AMR refinement;§5.4.2.L
M generalizedmassdifference;(15).

M modulusof incompressibility;(23a).
n normaldirection;(18).
P pressure;(91),(103).
q primitivevariable;(133),(79).
q variablein constitutivemodelfor Grüneisenparameter;(112).
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Q chemicalpotentialenergy; (91).
r aright eigenvector;§4.2.3.
rG � r K variableinternalto universalequationof statemodel;§5.2.2.
R idealgasconstant;(102).
R matrixof right eigenvectors;(81).
RL refinementratio;§5.4.2.v shorthandfor Riemannproblemsolution;§4.2.1.
s primitivevariablesourceterms;(133),(79).
s front velocity; (151).
se elasticcompliancetensor;(155).
S specificentropy; §5.2.
SOS sumof squareserror;(19).
t time; (1).
T temperature;(104).
U conservedvariables;(1).D velocity; (91),(93).D volumefractionsum;(21).
V cell volume;§3.2,§2.\

advectedvolume;§3.2.O redistributionweightingfactor;(17).
W massflux, Rankine-Hugoniotconditions;(143).
x spatialframecoordinate;(94).
Z measureof shockstrength;(76).� superscriptdenotesmaterialphase.�

parameterin shearenergy equation;(113).�
measureof shockresolution;(74).� Grüneisenparameter;(112).� p polytropicgasconstant;(102).· Lagrangeundeterminedmultiplier in plasticityratemodels;(119).²
work hardeningmodulus;(117).¦ work hardeningparameter;(93).� eigenvalue,wave speed;§5.3.3,§4.2.3.$ volumefraction;§3.1,§3.2,§2.$ diagonalmatrixof eigenvectors;(83).�
adistanceinterpolationfunction;(72a).Q density;(91),(93).

¨ Cauchystress;(101).

¨ Y yield stress;(118).k a tangentdirection;(123a), (124a).k a time interpolationfunction;(45e).� domainof onecomputationalcell; (3).¡ heatsource;(91),(93).� flatteningparameter;(78).» a tangentdirection;(123b),(124b).� materialdomain;(1).
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