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ABSTRACT OF THE THESIS
Typed Self-Optimization
by

Matthew Scott Brown
Master of Science in Computer Science
University of California, Los Angeles, 2013
Professor Jens Palsberg, Chair

Researchers have studied how to type check self-applicable programs. For ex-
ample, papers by Rendel, Ostermann, and Hofer, and by Jay and Palsberg have
shown how to design two kinds of polymorphically typed self-interpreters. In this
paper we present the first polymorphically typed self-optimizer. In contrast to a
self-interpreter that often can implement each construct by itself, a self-optimizer
may replace a subterm with a rather different subterm, which complicates type
checking. Our language has combinators, a variant of Mitchell’s subtyping, proof
terms that help match types, and a novel approach to type check self-application.
Via syntactic sugar, we define a surface syntax with decidable type inference. Our

implementation has type checked and run our examples.
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1 Introduction

A self-optimizer is a program optimizer that can be applied to a representation

of itself.

The problem. What is the type of a self-optimizer? The classical answer
to such questions is to work with a single type for all program representations.
For example, the single type could be String or it could be SyntaxTree. The
single-type approach enables an optimizer to have a type such as (String —
String), where the input string represents source code and where the output
string represents target code. However, the single-type approach ignores that the
source program type checks, and it doesn’t guarantee that the output represents
a typed program, or that the type of the output program is related to the type of
the input program. In particular, self-application of an optimizer of type (String

— String) must work with a representation of the optimizer of type String.

Our result. We present the first program optimizer that has the polymorphic

type
VT.Exp[T] — Exp[T]

where Ezp[T] is the type of a representation of a program of type T. The type
enables the optimizer to be applied to a representation of itself so we use the
name self-optimizer. The type says that the optimizer is type preserving: if the
input program type checks, then the output program has the same type as the
input program. Stronger type checking means better bug finding: if we check
that an optimizer has type VI.Exp[T| — Exp[T], we will catch more bugs than

if we check that an optimizer has type (String — String).

Self-interpreters. The context for our result is the recent interest in poly-

morphically typed self-interpreters. Jay and Palsberg [11] identified two main



forms of self-interpreters that they called self-recognizers and self-enactors. If 'e
denotes a representation of the program e, then a self-recognizer maps 'e to e,
while a self-enactor executes ‘e to ‘v, where v is the value of e. Self-recognizers
are much studied in A-calculus [12, 4, 16, 17, 6, 5], and self-enactors are available
for Standard ML [23], Haskell [18], Scheme [3], JavaScript [8], Python [22] and
Ruby [30], and have been studied for A-calculus [16, 6, 24] and other languages
21, 14, 31]. Rendel, Ostermann, and Hofer [20] presented a self-recognizer with
type
VI.Exp[T] =T

and Jay and Palsberg [11] presented a self-enactor with type
vI'T' =T

Jay and Palsberg’s result was possible because they equated Fxp[T] and T. We

improve on the latter result and present the first self-enactor that has type
VI.Exp[T] — Exp[T]

via an application of the techniques that led to our self-optimizer.

Self-optimizers. Our self-optimizer and our self-enactor are both type-
preserving program transformations and they have the same polymorphic type.
However, the problem to design a polymorphically typed self-optimizer is sub-
stantially harder than to design a polymorphically typed self-interpreter. To see
this point, let us first examine the self-enactor of Jay and Palsberg [11]. Their
self-enactor is largely meta-circular in that it implements almost every language
construct via a use of itself, as in this excerpt that implements the operator K

via a use of K itself:

B K xy x1 — enact (K x5 x1)



This line of code covers the case when the self-enactor encounters a representation
of K x5 x1. In this case, the self-enactor calls itself recursively on K x5 x; and
relies on the underlying execution engine to reduce K x5 z1 to x4, eventually. Jay
and Palsberg give the two occurrences of K the same type, which is sufficient to
make their self-enactor type check. In particular, they don’t need to know details

of the type derivation for B K x4y 7.

In contrast, a self-optimizer may replace a subterm with a quite different sub-
term, which complicates type checking. For example, our self-optimizer replaces a
representation of SK with a representation of K1, where S, K, I have their usual
meanings in combinatory calculi. We can justify the optimization by noting that
each of SKzy and KIzy reduces to y in two steps. One heavy-weight approach
might be to work with a program representation that contains the entire type
derivation, though we leave that for future work. Instead, we use a light-weight
approach and work with a program representation that contains no type infor-
mation at all. Our self-optimizer works in any contexrt and for any type of SK,
and has to discover details of type derivations at run time. In essence, the main

challenge is:

Main challenge: The optimizer must prove that the optimized term

has all the types of the input term.

The use of subtyping in type derivations is a major complication.

Our approach. We use a variation of Donnelly’s proof terms [7] to witness
subtype relationships and to build proofs at run time. The proof terms enable us
to map a typable term to an implicit representation of subtype constraints that
characterize all the input term’s types. Based on those constraints we build a
proof that the optimized term has all the types of the input term. In our language,

a proof term is much like a heap label in that both are constants that get their



types from an environment. In the case of heap labels, such an environment is
usually known as a store type. Our proof terms generalize Donelly’s proof terms,

and we use proof terms in a novel way.

We present a light-weight framework that specifies a program skeleton for
how to program a type-preserving program transformation. We have used the
framework to program both a polymorphically typed self-optimizer and a poly-
morphically typed self-enactor. Programs contain proof terms but no types or
type derivations. Our language is a combinatory calculus with constructs for
program representation and operator equality, along with the proof terms. Our
type system uses two kinds of types, namely kind (¥ — x) and kind *, and also

type equivalence and an extension of Mitchell subtyping [15]. In slogan form:

Language = combinators + program representation +
operator equality + proof terms
Types = two kinds + equivalence + subtyping

Technique = programming with proofs

Our main theorem is the soundness of our type system: well-typed programs
cannot go wrong. We will state our lemmas and theorems in Section 7.5, and

provide proofs in an appendix.

We have designed a decidable fragment of our type system, along with a type
inference algorithm that we have used to type check both our self-optimizer and
our self-enactor. The full type system is needed to ensure that computation
preserves typing. Intuitively, we don’t use all the bells and whistles of the type
system to write interesting programs but we do need the entire type system to

type the programs that may arise during computation.
We have implemented our language and will show results from experiments.

The rest of the paper. In Section 2 we give an overview of our framework, in



Section 3 we give an introduction to proof terms, in Section 4 we describe how to
program with proof terms, in Section 5 we show our representation of programs,
and in Section 6 we exhibit our self-optimizer. In Section 7 we formalize our
language, type system, and type soundness theorem, in Section 8 we describe
our type-inference algorithm, in Section 9 we describe our typed self-interpreter,
in Section 10 we explain our experimental results, and in Section 11 we discuss

related work.

Two appendices contain the proofs of our theorems and the code for three
optimizations that are part of our overall self-optimizer. The code for our self-
enactor is seven pages in this format and is available upon request. Sections 2-6

also serve as a gentle introduction to our language and type system.

2 Owur Framework

We will now give an overview of how our framework works.

Our framework ensures that if an optimization is typable, then it is type pre-
serving. In essence, we want to type check the implementation of an optimization
e; — eo and have that imply that e; — eg is type preserving. Intuitively, we want

the type checker to guarantee that every type of ey is also a type of es.

Let us begin with a non-example, namely SK — I. Suppose we find that one
of the possible type derivations for SK assigns SK : T, where T is of the form
(U —-U) = (U— U). We might also notice that we can derive I : T and be
tempted to think that SK — [ is type preserving, though it isn’t. In fact we

want the type checker to reject an implementation of SK — I.

Let us next look at a type-preserving optimization, namely SK — K, which

we will use as a running example throughout Sections 4-6. Again, we might



notice that we can derive K1 : T and be tempted to think that SK — K1 is type
preserving, which it actually is! We might also find that a second possible type
derivation for SK assigns SK : 7" where 7" is of the form (V — W) -V — V.
If V and W are distinct, then we cannot derive I : 7" which shows that SK — [
isn’t always type preserving. On the other hand, we can also derive K1 : T", so
again we are tempted to think that SK — K1/ is type preserving. How can a
type check of SK — K I imply that every type of SK is also a type of K17

If we want to ensure our optimization is type preserving, we must reason
about all the possible type derivations of SK. We characterize all the types of
SK with a set of subtype constraints, which we represent implicitly with proof
terms. If KI can be assigned any type that satisfies those subtype constraints,

then we know that SK — K1 is type preserving.

The implementation of SK — K has the following structure:

1. analyzeSK: Look for an occurrence of SK in the input term and generate

an implicit representation of type constraints.

2. proveSK2KI: Build from those constraints a proof that
VT,UT — U — U is a subtype of any type of SK.

3. constructKI: Produce version of KI with the type
vILUT —- U — U.

This is the common structure for all our optimizations, though the details
vary. For example, there is no construct step for S(Ke)l — e, since the result
is a subterm of the input term. In this case analyze produces the resulting term

directly, along with the constraints.

In Section 4 we will explain how to program proveSK2K1I, while in Section

5 we will explain how to program analyzeSK and constructKI.



3 What is a proof term?

A proof term witnesses a subtype relationship. In this section we review the
literature on proof terms, and we discuss dynamic generation of proof terms,

which may be a new idea.

Many languages have a notion of subtyping that is a reflexive and transitive
relation C on types. The idea is that if a term e has type T', and T C U, then e

also has type U.
In some languages, subtyping can be applied implicitly via use of a subsump-
tion rule:

Fe:T TCU
Fe:U

Type-Subsumption

In other languages, such as O’Caml, F#, and the one in this paper, subtyping
must be applied explicitly. We follow Donnelly [7] and use a syntax that involves
a proof term p and a type-changing construct coerce:

Fe:T Fp:T<U
F coerce(e,p) : U

Type-Coerce

Donnelly introduced the constraint type T<U to denote the type of p. If
- p : T<U, then we say that p witnesses the subtype relationship 7<U. For
example, Donnelly’s proof term refl witnesses the subtype relationship 7" C T

for any type T, and we can write - refl : T<T.

Constraint types enable us to compose proof terms in a straightforward way.
For example, one of Donnelly’s proof terms is trans (for transitivity) that com-
poses a proof term of type Ty <T, and a proof term of type T, <T} into a proof term
of type Ty <T3. We can use trans to build proof terms such as trans(refl, refl),
which has type T<T. Such “programming with proofs” plays a major role in this

paper, as we will explain in a later section.



Donnelly’s thesis [7] introduced ten proof constants, including refl and trans,
each with a particular type rule. In Donnelly’s Lemma 3.21, he proves that
“Subtyping is Equality”, that is, if a term p has type T<U, then T' = U. We
have borrowed many of Donnelly’s proof terms and added others of our own.
Our proof terms satisfy a weaker lemma than Donnelly’s Lemma 3.21, namely

our Lemma 23 that says, intuitively, that if a value v has type T<U, then T C U.

All Donnelly’s proof terms are static in that his language defines ten specific
ones and assigns them particular types. For our application, we also need proof
terms that are dynamic in that we do dynamic generation of proof terms. Static
proof terms come with specified types, while the types of dynamic proof terms
depend on the context they are created within. For example, a key construct in

this paper is a proof term called eArrow which has this operational semantics:
eArrow vy e — e p; pa p3 where pq, pa, p3 are fresh

Here v, is a proof term and e is a continuation. The above rule says that when

we execute eArrow, then we will dynamically generate three fresh proof terms
called py, pa, p3.

The idea of dynamic generation of constants has a close analogy in dynamic
generation of heap labels in imperative languages. For example, the semantics

for an operator ref that generates new heap space might be of the form:
ref ve — | where [ is fresh
Here [ is a fresh constant heap label, just like pq, ps, p3 are fresh constant proof

term in the rule for eArrow.

How do we type check dynamically generated proof terms? This problem is
closely related to the problem to type check dynamically generated heap labels.

Notice that the rules for eArrow and new place no restrictions on the types



of p1,p2,ps or . A standard approach to solve this problem for dynamically
generated heap labels is known as store types [1]. A store type I' assigns a type
['(1) to every heap label [. We borrow this approach and use a type environment
" to assign a type ['(p) to every dynamically generated proof term p. The type
assigned to the heap label [ will depend on the type of its initial contents v, and
similarly the types of p1, ps, and p3 will be related to the type of vy, as defined
by the type of eArrow.

4 Programming with Proofs

Let us consider the optimization SK — KI and show how to program
proveSK2KI, first for a simplified notion of subtyping, and then for our full
subtyping relation. We use syntactic sugar for A-abstraction, let binding, and let

rec binding.

4.1 Subtyping of Function Types

The input to proveSK2KI is a set of constraints for the term SK. Those con-
straints are closely related to any type derivation for SK, which in the case of

Subtyping of Function Types is of the form:

SZT1—>T KITl
SK:T

Here we assume that SK has some type T and use the Inversion Lemma for
applications to conclude that there must exist a type 7} such that S : Ty — T
and K : T;. Our type system specifies types for S and K, called Ty[S] and
Ty[K]. When we match instantiations Ty[S]| and Ty[T] with the types in the

above type derivation, we have that there exist types Uy, Uy, Us, Vi, V5 such that



these constraints are satisfied:

(Ul—>U2—>U3)—)(U1—>U2)—>U1—>U32T1—>T

Vi—>Vo—=ViCT

The first step of our optimization, analyzeS K, presents those two constraints

to proveSK2K1 in the form of two proof terms pS and pK:

pS:(U1—)U2—>U3)—)(U1—>U2)—>U1—>U3§T1—>T

pK : Vi = Vo —» Vi<T

We ensure a strong connection between proof terms and subtyping: if p : T<U
and p is a value, then 7" C U. The condition that p be a value is required to
prevent nonterminating proof terms from being used to prove false statements.
For these subtype derivations are based on the Sub-— rule:

Up CTh 15 C Usy

Sub-— T, — Ty C U1 — U2

Let us now program proveSK2KI.

To construct the proof for SK — K1, we first need to decompose the con-
straints to combine the constraints on 7;. We rely on the inversion lemma for
Sub-—: For all types 11,15, Uy, Uy, if Ty — Ty C Uy — Us, then U; C T and

T5 C Uy. We encode this lemma using an operator e Arrows:

6ATTOU)1 . \V/Tl,TQ,Ul,UQ,T.
(Tl — TgéUl — UQ) —

((UléTl) — (T2§U2) —T)—= T

10



The semantics of eArrow, is:

eArrow; p f — f p1 p2

Where p; and ps are fresh proof constants. The types of the fresh proof constants
are related to the type of p by the inversion lemma. In particular, if p : T} —
To<U, — Us, then p; will have type U,<T, and p2 will have type Tb, C Us,.
Applying eArrow; to pS will dynamically generate new proof constants p; and

p2:

p1 - T1§<U1 — T2 — Ug)

D2 - (Ul — TQ) — U1 — U3§T

Now our task becomes clearer: we need to show K1 can be assigned any type
(Uy — Ty) — Uy — Us. Then py will prove K1 can be assigned 7. We cannot
yet show K[ has this type, so the next step is to combine pK and p; in order to
derive constraints on Uy, Ty, and Us. We introduce a proof constructor trans to

encode the transitive subtyping rule, and use it to construct a new proof ps.

trans : \V/Tl,TQ,Tg.(Tl S Tg) — (T2 S Tg) — (T1 S Td)

let (p3: (Vi = Voa— Vl)é(U1 — Ty — Us)) = trans pK p1

We define helper functions eBinary, and expandK;. eBinary,; decomposes
p3 into three components using two applications of eArrow;, which expandK;

combines to produce the essential constraint needed from ps.

let eBinary; =
)\(p : T1 — TQ — TgéUl — U2 — Ug).
A(f : (U1<Th) — (Ua<Ts) — (T3<Us3) = V).

eArrow p

11



(A(pl : U <Ty) A(p2 : Ty — Up<Uy — Us).
eArrow; p2 (A(p3 : Ua<Ty).\(p4 : T3<Us). f pl p3 p4))
let expandK; = Mp: (T1 — To — T1)<(Up — Uy — Us)).
eBinary, p (A(pl : U1<Ty).K (A\(p2 : T1<Us).trans pl p2))
let (py:Ui<Us) = expandKi p3

We can begin to gain confidence that K1 is in fact type preserving for this
restriction of SK : T. The proof term p4 proves that U; must be a subtype of
Us,. Therefore the type (U3 — Uy) — U; — Uy, which is known to be a type of
K1, is also a subtype of (U; — Uy) — Uy — Us. In order to construct a proof

term of this fact, we need two more proof constructors:

refl :NT.T <T
1Arrow : VTl,TQ,U17U2.<U1 S Tl) — (T2 S UQ) —

(Tl —)TQ § U1 —>U2)

let (p5: (U1—>U2)—>U1—)Ulé(U1—>U1)—>U1—>U3) =

iArrow refl (iArrow refl pg)

Now transitivity between ps and p, proves (Uy — Uy) — Uy — U C T.
Therefore, we have proven SK — K1 to be type preserving in this simplification

of subtyping. The complete definition of proveSK2K1 is:

let proveSK2KI =
ApS : (U = Uy = Us) = (U — Up) — Uy — Us<Ty — T).
ApK : (Vi = Vo = V)<TY).
eArrowy pS
(A(pl : T1<Uy — Uy — Us).
Ap2 : (Up — Up) — Uy — Us<T).
let (p3: Vi = Vo — Vi<U, = Uy — Us) = trans pK pl in

12



let (p4:U,<Us) = expandK; p3 in
let (p5: (U = Uy) = Uy = U1 <(Uy — Us) — Uy — Us)
= 1Arrow refl (iArrow refl p4) in

trans pb p2

4.2 Full Subtyping

Let us generalize our consideration of the derivation of SK : T to include all of
subtyping. We allow quantified types, distribution of quantifiers of arrows, and

substitution which combines instantiation and generalization.

Sub-Dist-— 2 € (vaT) - (va.)

Sub-Subst - dom(0) =@, B ¢ FV(Va.T)
Va. T C VB.Subst]0|T

In the presence of full subtyping analyzeSK will produce the following sub-

type constraints for 77 — T and T;:

Vd’.(Ul—>U2—>U3)—>(U1—>U2)—>U1—>U3§T1—>T

VBV 5 Ve Vi CTh

As before, our first step will be to decompose the first constraint using inver-
sion for subtyping between quantified arrow types. The general inversion lemma
states that if Va. T} — Ty, C V4.U; — U,, there exist quantifiers B and a sub-
stitution € such that U; C Vﬁ.@(Tl) and VB.H(TQ) C U,. This implies that any

derivation of Va.Ty — T, C V4.U; — U, can be normalized to the form:

13



V&.Tl — T
=VB,7.0(Ty — T) (Sub-Subst)
C VB.(V7.0(T1)) — (V7.0(Ts)) (Sub-Dist-—)

C VAU, — Uy (Sub-—)

Adding quantifiers and substitutions leads to a new challenge: how do we
capture the relationship between @ and E, v, and 07 This is complicated by the
fact that sometimes one or more of A, E, v, and 6 are unknown. In particular,
the inversion lemma above states there exist quantifiers 5 and a substitution
0. We need to reason about such abstract quantifiers and substitutions. In
particular, we will need to use the Sub-Subst step to derive Va.T' C VB ,7.0(T) as
long as T satisfies the side condition of Sub-Subst. Our approach is to represent
quantifier sets and substitutions syntactically, using type constructors. This frees
us from having to encode substitutions themselves. Instead, we note that the side
condition guarantees that 5 and v are introduced by 6. By « conversion, we can
assume that 5 and 7 don’t occur elsewhere in the program. This allows us to
perform Sub-Subst steps when the quantifiers and substitution are unknown.

When particular quantifiers & are known, we use a type constructor V[d].
For example Va.T' — T can be written V[a](T" — 7). When the quantifiers are
unknown, as in the case of 7 above, we use a type variable of kind * — * to show
that some quantifier exists: (T — T'). We denote concatentation of two type
constructors 1 and s as @1 0py. We represent substitutions similarly using type
variables o, which also have kind * — *. A type variable ¢ may be instantiated
to a concrete substitution Subst[f], which performs substitution in our system.
Thus, we have explicit substitutions at the type-level. Since quantifiers and
substitutions are governed by different rules, we use sorts to distinguish between

them. For example, (67') — (oU) is equivalent to (7" — U) if ¢ has sort Subst.

14



This equivalence forms the basis of the proof constructor factor:
factor : Vo, T, Ty. 0Ty — 0Ty < o(Ty — Td)

Some rules are valid for both quantifiers and substitutions, for example con-
gruence and distribution over arrows. Rather than introduce separate proof con-
structors for distribution of quantifiers and substitutions, we use type variables p
to range over either sort. Congruence states that if T C U, then pT" C pU, where

p is any substitution or quantifier set.

dist : Vp, Ty, Ty. p(T1 — T) < pT1 — pT
congr : Vp, T1, To.(T1 <T») — (pT1<pT%)

Like e Arrow, e Arrow constructs new proof constants from an existing proof
term. While the input of eArrow, is a proof of subtyping between unquantified
arrows, eArrow accepts general proofs between quantified arrows. Therefore
eArrow must encode the general inversion lemma described above. eArrow cre-
ates three new proof constructors, which witness the Sub-Subst step and the
contravariant and covariant premises of the Sub-— step. It is not necessary for
eArrow to introduce a proof of Sub-Dist, since it is available as an axiom via the

dist proof constructor.
eArrow : Y11, T, Uy, Us, T, p, p1.
(p(T1 = Ta)<p1(Ur = Ty)) —
(V3,0 (p<(p10p200)) =
(U1<po0Ty) —
(20T <Us) —

T)—T
The semantics of e Arrow; is:

eArrowy p f — f p1 p2 3

15



Where p1, ps and p3 are fresh proof constants. The constants p, and p3 are much
like the proof constants produced by eArrow;. p; is a witness of the Sub-Subst
step. If p: p(Ty — T5) <1 (U; — T), we will get the following types for the new

proof constants:

p1: p<(p10¢p200)
p2 : U1<po0Ty

P31 P20 Th<Us

Proof Schemes The types ¢s and o will be instantiated to skolem constants,
since they correspond to the existentially quantified ¥ and € in the inversion
lemma’s conclusion. The proof constant p; is an example of a proof scheme,
which have types of the form p;<p,. A proof scheme of type ¢1<(ps 0 @30 0)
represents a Sub-Subst step from a type Va.T' to V8, 7¥.0(T) if o1 = Forall|d)],
¢y = Forall[], ¢35 = Forall[y], and o = Subst[f]. As with proof terms, we
maintain a strong connection between proof schemes and subtyping: if p : p1<p2,
then pT' C poT for any type T.

We can apply the Sub-Subst step for any such T without violating the side
conditions on the Sub-Subst step, by restricting the application of p; to types
known to satisfy the side conditions. In effect, the presence of p; applied to a
type T' guarantees that the side condition holds. We can’t always derive a type
p1T from a type T', but if a term exists with type p; T, we can derive poT. As with

proof terms, we define constructors to enable computing with proof schemes:

sTrans : Vo1, 02, 03.(01<p2) = (p2<1p3) = (p1<¢p3)

~

sCongr : Y1, 02, 03.(p1<p2) — (93 0 p1<p3 0 ©2)

The constructor sCongr encodes the Sub-Congr for proof schemes. The proof

scheme constructor sTrans encodes transitivity of proof schemes.

16



Figure 1 shows the final versions of eBinary and erpandK. Note that in
eBinary, the quantified o in the type of f will be instantiated to ¢’ o 0. The
definition of expand K is similar to expand K, except that it calls e Binary instead
of eBinary,. As before, we need only the first contravariant and the covariant

proofs, so expandK discards the others.

Figure 2 shows the final version of proveSK2K 1. The result of proveSK2K1
is again supplied via a continuation, though here the type includes substitution
0. The relationship between the types of f and p;s demonstrates how we can

abstract away some of the irrelevant details of the type constraints.

5 Program Representations

Let us continue our study of the optimization Opt = SK — KI and show how
to program analyzeSK and constructKI. The challenge is to compute with

program representations.

Program Representations Our typed program representations distinguish
between programs and their representations, and can recover the type of a pro-
gram from the type of its representation. For example, if an expression e has
type T, its representation ‘e will have type Fxp[T]. We use the constructors Q)

and A to build program representations.
TylQ)] = VI.T — Exp[T]

TylA] = VT,U.Exp|T — U| — Exp|T| — Exp|U]

We use GG to deconstruct program representations by pattern matching. When
applied to an expression QO, G returns the underlying operator O. When applied

to a compound A e; ey, G returns the components e; and e;. The type of G
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corresponds to the inversion lemma for applications: if e; ey : T, there exists a
type T} such that e; : T} — T and es : T}. The type T} is unknown, so G passes

e; and es to a continuation which can accept any T:
Gab(Acd)—bcd

Here G requires the type of b to be VI.Exp[Ty — T] — Exp[Ti] — U. The
type of G is:
vI,U(T - U) —
(VIh.Exp[Ty — T) — Ezp[Ti]| - U) —
Exp[T) - U

When applied to a term ¢, Is[O] will test if ¢ is equal to O. If so, we can
introduce a constraint on the type of ¢, namely that it is a supertype of Ty[O].
This is supported by the inversion lemma for operators, lemma 9. The reduction
of 1s[O] generates a fresh proof constant as a witness for this subtype constraint,

just as eArrow does.

Is[O]Oab— apO

If O has type T, then the proof constant p will have type Ty[O]<T. The
continuation a is also passed a copy of O at the type Ty[O]. The operator Isls
is self-applicative, in that it can be used to recognize itself. It tests if its first
argument ¢ is any of Is[O] or Isls, and otherwise behaves similarly to Is[O].
The proof constant introduced by Isls proves that the type of t is a subtype of
one of T'y[Is[O]] or T'y[IsIs]. This is achieved by giving all such types a uniform
structure. The ability of Isls to recognize itself “ties the knot”, thus avoiding
the potential infinite regress of operators Is[Is[O]], Is[Is[Is]O]]]. This is a key
aspect of the implementation of our typed self-interpreter described in section 9.
IsIs provides a copy of t at the type T'y[t], which can be used to implement ¢

metacircularly.
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Analyzing SK In order to recognize that an expression t =" (SK), we use G
to test if ¢ is an application of two operators o, : 77 — T and oy : T. Then we
use [s[S] and Is[K] to test if oy = S and 0o = K. If all these conditions are true,
we will have produced the proof terms pS : Ty[S]<Ty — T and pK : Ty[K|<T;

needed by the proveSK2K 1 function developed in the previous section.

We define helper functions matchAtom, matchApp, matchS1, and matchK0
that wrap G, Is[S], and Is[K] in order to clarify the code. Each has three
arguments: false and true continuations, and an expression to match against.
matchAtom matches an expression against () x and returns z, while matchApp
matches against A x y and returns z and y. matchS1 matches an expression
against A (Q S) x and returns = and the proof from Is[S], and match K0 matches
an expression against () K and returns the proof from Is[K]. analyzeSK calls
matchS1 to get pS and z, then passes x to matchKO0 to get pK, and returns pS
and pK via the continuation withl fSK.

The function constructK1 defines an expression of ‘(K I) with the type
Vo, T,U.p(T — U — U) which matches the proof computed by proveSK2KI.
The construction requires a distribution step on K to align the occurrences of .
This is an implementation detail; we would have been justified in constructing
(K I) with the type VI',U.T — U — U and introducing ¢ using the equivalence
rule £9. For simplicity, our typechecker only allows rule £9 to be used at atoms,

so so we compensate by adding the explicit dist coercion.

The function SK2K I assembles analyzeS K, proveSK2K I, and construct K1

into the complete optimization.
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let (eBinary : Vo, T,UV, ¢ T U V' X.
(o(T - U = V)T = U = V")) -
(Ve 0.(p<¢/ 0 " 0 ) =
(T'<"oT) — (U'<@"oU) = (¢"oVV') = X) —
X) =
Mpi: (T = U = V)< (T — U — V')). eArrow p;
(Apz - p<¢' 0 ¢ 0 0).
AMps : T'<¢"oT).
Apa s ¢"o(U = V)SU' = V).
eArrow py
(A(ps : ¢" 0 o< 00").Nps : U'<@"d'U)Npr : "' VV).
let (ps . (p,OQOHOUéQOIO(pWOO'/) = ps in
let (po:p<y' o@”oc’)= pyps in
let (pio:T1'<¢"0'T) = trans p3 ps in
Mf V" 0.(p<¢ 0 g 0 g) =
(T'<@"oT) — (U'<¢"oU) — (¢"oV<V') = X).
f po P10 P6 P7))
let (expandK :VT,U,V.TyK|<o(T — U — V) = (T<V)) =
MpK : Ty[K|<p(T = U — V).
eBinary pK (K (A(p1 : T<g201X1). K (A(ps : 920 X1 <V).trans p; py)))

Figure 1: Implementations of eBinary and expandK
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let (analyzeSK :VT,U.
U — (VT1.(Ty[S|IST) — T) — (Ty[K|I<Ty) — U) —
ExpT) = U) =
MifNotSK : UYAGfSK :VT,.(Ty[S|<T, — T) — (Ty[K|<Ty) — U).
matchS1 if NotSK
(ApS : Ty[S|<Ty = T).
matchK0 if NotSK (ApK : Ty[K]<T)). ifSK pS pK)) in

let (proveSK2KI :VTy,T,U.
((ExpVo,U,Vip(U =V —= V)]<Ezp[T]) = U) —
(Ty[S]I<Ty = T) = (Ty[K]<Th) = U) =
NS (BxpVo, U, V.p(U =V — V)| <Exp[T]) — U).
A(py - Ty[S]<Ty — T). Mpz : Ty[K]<Th). eArrow py
(A(ps : 901§903 °0).
Mps : Th<ps0(B, — B — ().
A(ps = p30((By — B) = By - C)<T).
let (pg:po(T — U — T)<p3(cBy — B — oC)) =
trans (trans ps py) (congr dist2) in
let (pi1: 0’B1§0'C) = expandK pg in
let (pio:0B) = 0B1<0B; — 0C) = iArrow refl p;; in
let (pig:0B; — 0B1<0(B; — C)) = trans p, factor in
let (puy:0(By — B) = 0B — 0B 1<0(B; — B) = o(B; — C)) =
iArrow refl p13 in
let (p15:0(B; — B) = 0B; — oB,<0((B, = B) = B, = (0)) =
trans pi4 factor in
let (pig: p3(o(By — B) = 0By = 0B)<T) =
trans (congr p15) ps in
f (iExp pi)) in

let (constructKI : ExpNo, T,U.p(T — U — U)]) =
A (Q (coerce K dist)) (Q I) in

let (SK2KI :VT,U.U — (Exp|T| - U) — Exp[T] - U) =
AifNoOpt : U).A(ifOpt : Exp[T] — U).
analyzeSK if NoOpt

(proveSK2KI(\(p : Exp[Np, U, V.o(U =V — V)|<Exp[T]) .
ifOpt (coerce constructKI p)))

Figure 2: Implementation of SK2KI
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6 Our Self-optimizer

Figure 3 shows the core of our self-optimizer, consisting of 3 key functions. The
complete optimizer applies optimization steps eta, reduceK, and reduceS, in
addtion to SK2KI. The definitions of these optimization steps are listed in
Appendix B. Each is implemented in the same style as SK2K1, though the
specifics vary in each case. We will describe each new function in figure 3 in this

section.

The core of our framework consists of several high level functions useful for
implementing optimizers with type VI. Exp[T| — Exp[T]. composeOpt composes
two optimization steps such as SK2K 1 into a larger step. The two arguments
and result of composeOpt have the type of a single optimization step in the
framework: VI, U.U — (Exp[T] — U) — Exp[T] — U. The first argument
of type U is returned if the optimization step fails to apply. The second is a
continuation which accepts the optimized program as input. The third is the
original program. The result of the optimization is either the first argument or

the result of calling the continuation.

The main driver of our framework is runOpt. It builds a complete optimizer
with type VT.Exp|T] — FExp[T] from a single optimization step, by applying it
repeatedly to an input program until no further optimizations can be applied.
It uses the function traverse to walk over the input, applying the step at each
subexpression. If an optimization is applied, the entire expression is reconstructed

and a new scan begins over the result.

Our full optimizer consists of three optimization steps other than SK2K1I:
eta performs n reduction, and reduce K and reduceS implement the reduction

rules for K and S respectively.
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let (composeOpt : (VT,UU — (Exp[T| - U) — Exp[T] - U) —

(VI,UU — (Exp|T] - U) = Exp[T]| - U) —

(VI,UU — (Exp|T] - U) = Exp[T] - U)) =

Moptl :¥T,U.U — (Exp|T| — U) — Exp[T] — U).

Mopt2 : VT, U.U — (Ezp[T| = U) = Exp[T] — U).

A(noOpt : U). XNifOpt : Exp[T] — U). Ae : Exp[T)).
optl (opt2 noOpt ifOpt €) ifOpt e in

T —

let (traverse: (VI,UU — (Exp[T| - U) — Exp[T] - U) —
VI, UU — (Exp[T]| - U) = Exp[T] - U)) =
A f VT, UU — (Exp[T| - U) = Exp[T] —» U).
let rec (traverseF :VT.U — (Ezp[T| — U) — Exp[T] - U) =
A(ifNoOpt : U). MNifOpt : Exp[T] — U). A(e' : Exp[T)).
let (tryApp:U) =G (K if NoOpt)
(Ael: Exp[T" — T)).\(€2 : Exp[T"]).
let (tryE2:U) = traverseF if NoOpt
(A(newE2 : Exp[T']). ifOpt (A el newE2)) e2 in
traversel tryE2 (A(newE1 : Exp[T" — T1).
traverseF (ifOpt (A newE1 e2))
(A(newE2 : Exp[T"])). ifOpt (A newE1 newkE?2))
e2) el) € in
' tryApp ifOpt € in

let (runOpt: (VT,UU — (Exp[T) - U) = Exp[T| - U) —
Bap|T) — BaplT)) =
let rec (runOpt,: (VT,UU — (Exp[T] - U) — Ezp[T| - U) —
EuplT] - EaplT]) =
A f:VT,UU — (Exp|T] - U) = Exp[T| — U). e : Exp|[T)).
traverse f e (runOpt; f) e in

// SK2KI defined in Figure 2

let (SK2KI:VT.U — (Exp[T]| - U) = Exp[T] - U) = ... in
// eta, reduceK, and reduceS defined in Appendix B
let (eta VTU—>(Exp[T]—>U)—>Exp[T]—>U) ... in

let (reduceK :VT.U — (Exp[T| - U) —» Exp[T] - U) = ... in
let (reduceS :VT.U — (Exzp[T) - U) — Exp[T| - U) = ... in

runOpt (composeOptd SK2K 1 eta reduce K reduceS)
Figure 3: A Self-Optimizer
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7 Owur Language

This section formalizes our term language and type system.

7.1 Syntax

Definition 1. Our core term language is defined by the grammar:

ex=-ej ey |atom | p|x
atom = O | P | Is[O] | Isls
O:=S|K|I|Y|Q|A|G|coerce | eArrow
P :=refl | iArrow | iExp | eExp
| dist | distExp | factor | factor Exp

| congr | sCongr | trans | sTrans

The term language is a combinatory calculus consisting of applications, atoms,
proof constants, and variables. This gives the property that all programs can be
uniformly represented as binary trees. We include term variables in order to

model syntactic sugar for lambda abstraction, let, and let rec.

The atoms consist of the operators O, a set of proof constructors P, 1s[0O], and
IsIs. Each operator O has a corresponding atom Is[O], which tests for equality.
Similarly, Isls tests if its argument is one of Is[O] or Isls. The operators
O include the traditional combinators S,K,I, and Y, as well as operators for
computing with program representations and proof terms. As shown in definition
2, we use () and A to construct representations, and GG to deconstruct them.
Definition 2. Quotation

'0=Q O
"lab)y=A"a'b

The atoms Is[0] and [sls are similar to Church booleans, and additionally

introduce proof constants p in the true case. The proof constructors P, which
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Arity | Atoms
0 | refl, dist, distExp, factor, factorExp
I,Y, Q, iExp, eExp, congr, sCongr
K, A, coerce, eArrow, iArrow, trans, sTrans
S, G

W N =

Figure 4: Arities of Atoms

are similar to those given in Donnelly’s Master’s thesis [7], have no semantics
aside from their type. Their purpose is to construct proofs of the existence of
subtype relationships in terms of known axioms, and the dynamically generated
proof constants. Such a proof can be used by coerce to change the type of a term.
Similarly, e Arrow effectively decomposes a proof term into three component proof

terms. Both coerce and eArrow validate proofs by evaluation.
7.2 Semantics

Our atoms consist of constructors and operators. A and () construct representa-
tions of programs, while the proof constructors P construct proofs. Each atom
has an arity, as defined in figure 4. Proof constructors with arity 0 are also called
proof axioms. A proof constructor with arity > 0 is analogous to a deduction
with a number of premises equal to contructor’s arity, and the result type of the

constructor corresponding to the logical conclusion.

Definition 3. Vualue

v = atom ey ... e;, where i < arity(atom)
| Qe [Aere
| P vy ... v;, where i = arity(P)

A value is either a partially applied operator, or a fully applied constructor.
Proof constructors are strict, so that their components are required to be fully

evaluated, while the expression constructors Q and A are lazy.
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Sabc— ac(bc)
Kab—a
Ia—a
Yt—t(Yt)
Gab(Qc)—ac
Gab(Acd)— bcd
Is[O]Oab—apO p fresh

Is[Olvab—b ifv+#0
IsIlsvab— apwv p fresh, if v € {Is]0O], [sIs}
IsIsvab—10 otherwise

coerce e v —» €

eArrow v e — e p; po p3 wWhere py, po, p3 are fresh

Figure 5: Operational Semantics

The operational semantics is given in figure 5. S, K, I,Y are fully lazy, while
G, coerce, Isx and eArrow are partially strict. In particular, G is strict in its
third argument, coerce is strict in its second argument, and eArrow and the Isx
operators are strict in their first argument. Coerce and eArrow fully evaluate
their proof term argument in order to validate a corresponding subtype proposi-
tion. This prevents coercions based on nonterminating proofs terms, which could

otherwise be used to prove anything.

7.3 Types
Definition 4. Our type language is defined by the grammar:

Tio=al|Ty—Ty| Exp[T) | ¢ |V[a] | o | Subst[d] | p
| T T | T1§T2 ‘ TléTQ ‘ Ty 015

We use @ to denote sets of quantifiers 77,75, ..., T,. Function values (atom

€1 ... e, where i < arity(atom)) are given arrow types of the form 77 — Ts.
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An expression type Exp[T]| is assigned to a program representation ‘e, if the
underlying program e has type 7. The proof types T3 <T, and proof type schemes
T\ <T), are assigned to proof terms. A proof type T; <T} proposes the existence of
a subtyping relationship between T; and T,. A proof type scheme Ty <T proposes
the existence of a subtype relationship between 77 T and T3 T for any type 7.
As will be shown in lemmas 22 and 23, a proof value validates the proposition

corresponding to its type.

A sequence of type variables @ are bound by the type constructor V[@]. The
type constructor Subst[0] contains a type substitution #, which is a partial func-
tion from type variables to types as usual. A type application 717, applies a
type constructors to a type. The composition of two type constructors is denoted

Ty o Ty, and is itself a type constructor.

The type constructor Subst[f] amounts to an explicit type substitution. The
usual definition of applying a type substitution to a type is now encoded using
type equivalence. We define standard equivalences such as a-equivalence, and

establish associativity for composition of type constructors.
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Definition 5. Bound and Free Type Variables
BV (a) =

BV (p)=10
BV (V[a]) = &
BV(o)=10

0

BV(p)=10

FV(a) =«
FV(T, = Tp) = FV(T,) U FV(Dy)
FV(Exp[T]) = FV(T)
FV(p)=¢
FV(VY[a]) =0
FV(o)=0
FV (Subst[f]) = FV(0)
FV(p)=p
FV(T'Ty) = (FV(Ty) — BV(Ty)) U FV(11)
FV(T\<Ty) = FV(Ty) U FV(T3)
FV(T<Th) = FV(Ty) U FV(Ty)
FV(TyoT,) = (FV(Ty) — BV(T1)) U FV(Th)
We use Vay, ..., «,.T as syntactic sugar for V], ..., a,](7T).

Definition 6.
(kinds)k = * | * — %

K-p Pk — %

K-p Pk — ok
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K-Subst Subst[0] :: x — x

T1 LX TQ DX
K-Arrow T, 5T o %

Ti oo % — Ty %

K-App T1 Tg Uk
T . %
K-Bxp ——r"—
w Exp[T] :: x
K-Proof Ty = *. Ty %
T1§T2 Uk

B I I Ty % — %

K-SubstProof I T 2T,
1549 ik

AEE Ty % — %
TioTy % — %

K-Compose

Each type in our system is either of kind *x — *, the kind of proof constructors,
or the kind of types *. We use the convention that type variables ¢, o, p range
over kind * — *, while all others range over kind *. An alternative approach

would be to store the kind of type variables in the context T'.

Our definition of sorts differentiates between type constructors that repre-
sent quantifiers, those that represent substitutions, and those that represent a
composite of quantifiers and substitutions. In particular, a type p(T" — U) is
equivalent to pT' — pU if and only if p represents a substitution. We define a

least upper bound between sorts s LI s, where s1 Ll s = Any if s1 # ss.
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Definition 7.
(sorts)s ::= Subst | Forall | Any

S Forall
50 Subst
P Ay
5V V[d] ::: Forall
S-Subst

Subst[f)] ::: Subst

Ty i sy T 0 89
S-C
ompose Ty 0Ty :x: (51U s9)

We define equivalence between types. This forms the mechanism for applying
substitutions, and supports the types of several proof axioms. In particular:
distExp and factor Exp correspond with E2, and dist for Subst sorts and factor

correspond with £3.
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Definition 8. Type Fquivalence

(E1) Substlfla = T if (o) =T
(E2) pExp[T] = Exp[pT]
(E3) o(T'—=U) = oT —»oU
(B4)  o(Ti<T) = (0Ty)<(0Th)
(E5)  o(Th<T) = (0T1)<(0Th)
(E6) oovd = V[B] oo o Subst|[3/d]
where 3 are fresh.
(ET) via] = V[B] o Subst[[3/a]]
(E8) Subst[f](aT) = U(Subst]d)|T)
if 0(a) =U
(E9) V[a|(T<U) = T<V[]U if a g FV(T)
(E10)  (prop)T = pipoT
(E11) pro(p2ops) = (p1op2)ops
(E12) via, 8] = V|3, d
(E13)  V]@oV[3] = V&, f
(E14) VOIT = T
(E15) Subst[fy 0 65] = Subst[f;] o Subst[s]

Our type system extends Mitchell’s F-n subtyping for our type syntax.

Definition 9. Subtyping:

Sub—Reﬂﬁ

T C
Sub-Trans v =

TCcT Uucu
T-UCT = U

Sub-—

Sub-Dist-= 5o 7 57 € (Va.T) — (&)

TCU
Sub- COHQTW
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Sub-Subst

- dom(0) = @&, B¢ FV(Va.T
vaT cvismapr o = s FVaT)

TCU

b-F:
b ipT] € Bapll]

Sub-Dist-Exp

wExp[T| C ExplpT]

Sub-Dist-< g .
WEETE T O(TLU) C T <U

Sub-Dist-< - -
WIS (12U C oT<pU

Sub-Proof-Inst - :
(p1<p2) € (1 T<pT)

The rules Sub-Refl, Sub-Trans, Sub-—, Sub-Dist-—, Sub-Congr are unchanged
from Mitchell’s formulation. Sub-Subst is adapted to our style of explicit type
substitutions. Sub-Exp establishes congruence for expression types. Sub-Dist-
Exp, Sub-Dist-<, and Sub-Dist-< distributes type constructors of sort Forall

into expression types, proof types, and proof type schemes, respectively.

Well-formedness of I' ensures that the types of all proof constants p contained
in I" are valid. We rely on well-formedness in the proofs of lemmas 22 and 23,

and maintain it in the cases of theorem 24 for [s* and eArrow.

Definition 10. Well-formedness of type environment T'.

FT
T, (p:Va.(T<U))

TCU

L ~ o1 T C aT for any T
FT, (p:Va.(o1<09))

N b S
FD,(x:T)
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Ty[factor Exp

Operators
=T, U V(T -U—=V)=>(T—-U)=>T—->V
=v1I.uT —-U—T

=VT.T — Exp[T]

=VT,U.Exp|T — U] — Exp[T] — Exp[U]

=vI,U(T - U) = (YWW.Exp]V = T] —» Exp]V] - U) —
ExpT| - U
Ty[coerce] =VT,U.T — (T<U) — U

TyleArrow] =Vp, o, T, U, T", U, V.(p(T — U)<p(T' — U")) —

ylS]
]
]
TylY] =VT.(T - T) - T
]
]
]

(Ver, a.(pé(gp opro00)) — (T/égolaT) — (golaUﬁU/) —-V)—

v
Ty[Is[O)] =VT,U.T — ((Ty[O)<T) — Ty[O] = U) - U — U
Ty[lsls]| =VT,U.T — (IsTy<T) = I[sTy — U) - U — U
where [sTy =VT,U,V.T — (VT) =V = U) - U = U
Proof Axioms
=vT. (T<T)
U(p(T — U)<pT — pU)
(pExp[T]<Ewp[pT])
VU T,U.(oT — cU<o(T — U))
=Vp, T.(Bap|pT|<pBap[T])
Proof Constructors

Tylrefl]
Tyldist] =Vp,
Tyldist Exp| =Vp,
]

]

Ty[factor

TyliArrow] =VT,U, T, U' (T'<T) = (USU") — (T — ULT" — U’)
TyliExp) =VT,U.(T < U) — (Exp|[T] < Ex [U])
TyleExp) =VT,U.(Exp[T] < Exp[U]) — (T < U)

]
]
]
Ty[congr] =Vp, T, U(T < U) — (pT < pU)
]
]
]

Ty[sCongr] =Vp, T, U(T < U) — (pT < pU)
Tyltrans] =VT,U,V.(T <U) = (U <V) = (T <V)
Ty[sTrans| =Vp1, pa, p3, pa- (Pl<;02 o p3) = (Pzépzx) — (plém o p3)

Figure 6: Atom Types
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Definition 11 shows the type rules. The types of atoms Ty[atom] are defined in
figure 6. The rules for variables and applications are standard. The Type-Subtype
rule additionally checks that the subtyping step results in a well formed type of
kind *. As mentioned previously, our syntactic kind rules for type variables allow

us to check U :: % without a kind context.

Definition 11. Type Rules

Type-Atom

['F atom : Tylatom)

x:T el

Type- Va,riF —
p:T el
Type-Proof-Constant Trp T

I'te: T —U I'key: T
Type-App : I'kFeey:U -

I'kFe:T TCU U :: x
I'e:U

Type-Subtype

7.4 Lambda Abstraction and Let-Terms

For the purpose of practical programming, particularly of our self-optimizer and

self-enactor, we use three forms of syntactic sugar:

e \-abstraction, written A(z : T').e
e let binding, written let (z : T) = e; in ey and

e let rec binding, written let rec (x : T) = e

We desugar terms with such constructs before executing them. Desugaring maps

closed terms to closed terms.
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One of the oldest results on computability is that A-abstraction can be defined

by SKI-terms (e.g. [9]). The definition of \z.e is as follows.

Aex = 1
e = Ke if e avoids z
Az.(eg e2) = S(Az.e1) (Az.ex) otherwise .
Lemma 1. For all terms e; and es and variable x there is a reduction
(Ax.eq) e —" [u/z]e .
Lemma 2. The following rule can be derived for abstractions

x:Tke:U
'FXze:T—-U

Corollary 3. Mitchell’s Absy rule [15, p.127] can be derived:

Nx:Tre:U
' Az.e:VaT —-U

a¢ FV(D)

We desugar the syntax let x = e in e to (Ax.eg)e; and we de-sugar let rec x =
e toY (Az.e), as usual.
Lemma 4. The following rules can be derived for let-terms

ke :Ty Tyx:TiFey:Ty
I'Flet x =e; in ey : Va. Ty

a¢ Fv (D)

x:Tkre : T
I'elet rec x = e : Va.T

agFv(T)
Lemma 5. Ifa € FV(T) and T C U, then a € FV(U).

7.5 Soundness

Lemma 6. If T C U and a &€ FV(T), then T C V[a|U.

Lemma 7. The following V-intro rule is admissable:

: Fce: 7T - _
V-intro It e: ValT anFkFv(IT) =0
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Lemma 8. Any type T of the form &(Ty — Ts), where & is closed (closed in this

context means each o in & is either V5] or Substf0], i.e. not a type variable),
there exists a, 0 such that T = V[d].(Subst][0|T)) — (Subst[0]|T3).

Lemma 9. If 'O : T, then Ty/[O] C T

Lemma 10. IfT' e ey : T, then there exists a type Ty such that'tFe: Ty — T
andI'Fe; 1 T}.

Lemma 11. IfI' - e e;...e, : T, then there exist types Ty, ...,T,, such that:
'te:Th—---—=T,—=>T,and e :T; forie[l,n].

-

Lemma 12. IfV[a|(T — U) CV[p|(T" — U’), there ezist a substitution 6 and
quantifiers 74 such that: dom(6) = &, T" C V[¥]Subst|0|T, and ¥[7]Subst[0]U C
U'.

Lemma 13. IfV[a|(Ty —» -+ =T, = T) C U, — --- = U, — U, then there
exist quantifiers 5 and subsitution 0 such that dom(0)=da, U; C V|[B]Subst[0]T;

-

for i € [1,n], and V[5]Subst[0]T C U.

Lemma 14. IfT C U, then for any substitution 0 and quantifiers 7, ¥[7]Subst[0]T
C V[7]Subst[0|U.

Lemma 15. If V[d](01<03) = V[@)(0!, <)), there exist quantifiers 3 and a sub-

-

stitution 0 such that o] = V[f5] o Subst[f] o 01 and oy = V[5] o Subst[f] o 0.

Lemma 16. If 01T C 05T for any T, and V|@)(01<03) C V[3](}<0}), then
oyT C oiT for any T.

Lemma 17. IfV[a@](T<U) C V[3](T'<U"), there exist a substitution 6 and quan-
tifiers 4 such that: T" = V[¥]Subst[0]T and U’ = V[7]Subst[0]|U.

Lemma 18. If T C U and V[@)(T<U) C V[B)(T'<U"), then T' C U’

Lemma 19. IfV[d](01<03) C V[B|(T<U), there exist a type V, a substitution 0,
and quantifiers 7 such that: T = V[¥]Subst[0]V and U = V[y|Subst[0]V .

Lemma 20. IfI' =T ::: Subst, then (TU - TV)=T(U — V).
Lemma 21. [f Exp[A] C Exp[B], then A C B.

Lemma 22. [f-T and ' - v : (aléag) and v 1s a value, then for any type T,
O'1T Q O'QT.

Lemma 23. For all types T,U: If - T and T'F v : T<U and v is a value, then
TCU.
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Theorem 24. Preservation.
IfET, TFe:T and e — €, then there exists I' DO I' such that - T" and
I"+¢e :T.

Lemma 25. If ' - e : Exp[T| and e is a value, then either e = Q O or e =
A €1 €9.

Theorem 26. Progress.
IfT'Fe: T, then either e is a value, or there exists € such that e — ¢€’.

Theorem 27. Type Soundness.
IfT'Fe:T and e —* €', then either €' is a value or there exists an €’ such that
6/ 6//

8 Type Inference

We now describe a decidable fragment of our type system. The type inference
algorithm is a straightforward extension of Dan Leijen’s algorithm for a variant
of System F [13, Appendix B|. We have implemented the algorithm and used it
to type check our self-optimizer and self-enactor. The subset is given by these

restrictions of the definitions in Section 6:

e Syntax: we don’t use the proof term of the form p.
e Types: we don’t use type of the form Subst[d)].

e Subtyping: Like in System F, we allow only two forms of subtyping, namely

substitution, Va.T' C o7, and Mitchell’s Absy rule.

The net effect is that our subset is closely related to System F plus an extra
kind (% — *) of types and a nontrivial notion of type equivalence. Our algorithm
extends Dan Leijen’s algorithm [13, Appendix B] with a straightforward notion of
type normalization that enables us to decide type equivalence. The main benefit
of the type inference algorithm is that the programmer doesn’t have to specify

uses of substitution and Absy.
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9 A Self-Interpreter

Our techniques for typing self-optimization can also be used to implement a typed
self-interpreter, as shown in Appendix C. Self-interpretation has a different set
of challenges than self-optimization. For example, the proofs needed for a self-
interpreter are simpler, in that we don’t need to combine proof terms introduced
by multiple Is-operators. This is because identifying a redex usually requires only
matching an application of a single operator to the correct number of arguments.
While the implementation of G requires that we identify whether it’s third ar-
gument is headed by @ or A, this doesn’t introduce any new constraints on the
possible types of input term. On the other hand, we must be able to match
and implement the Is-operators, and some care is needed to avoid the potential
for infinite regress in introducing /s[Is[O]], Is[Is[Is[O]]], ... operators to do so.
In this section we will describe our self-interpreter, including how we solve the

problem of infinite regress.

We match redexes similarly to matching expressions for optimizations. The
functions enactl, enact2, and enact3 match operators with arity 1,2, and 3 re-
spectively. These in turn dispatch to enact[O] functions, for example enactK
and enactS which are also used in our optimizer. Each of the operators S,K,I,
and Y is implemented directly, by replacing each redex with its reduct. The
[s-operators are handled together: an Is-redex is matched by Isls, and imple-
mented metacircularly by the function enact/s. When an Is-redex is matched,
Isls provides a proof term that reflects that the operator is an Is-operator. In
particular, if the occurrence of the operator has type 7', then the proof term will

have type IsTy<T. As shown in Figure 6, IsTy is an abbreviation for:

VI,U VT — (VLT) -V = U)—=U—=U
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which generalizes the types of Is[O] and Isls by quantifying V. Isls provides
a copy of the matched Is-operator at the type IsTy, which enactls uses to perform
metacircular reduction step. This uniformity of the types and semantics of the Is-
operators is key to “tying the knot” in our self-interpreter, avoiding the problem

of infinite regress.

Our self-interpreter enact evaluates a representation e to the Head Normal
Form O e; ... e,, where n < arity(O) and e; are representations of arbitrary
expressions. The semantics of coerce and eArrow require that their proof term
argument be fully evaluated to a proof value, so some extra work is needed to
fully evaluate the proof term reducing a coerce or eArrow redex. A proof term
in Head Normal Form is of the form c e; ... e,, where ¢ is a proof constructor.
In order to evaluate this to a proof value, we must evaluate each e; to a proof
value. This is achieved via the enactStrict function defined within enact. After
fully evaluating a proof representation, it is unquoted to obtain the underlying

proof. This is then used to implement coerce and eArrow metacircularly.

10 Experimental Results

We have implemented type inference, desugaring, and the semantics. The input

to our tools is the Latex source that we use to display programs.

Our implementation of type inference confirms that both our self-optimizer
and self-interpreter type check with the expected types. Type inference was

tremendously helpful during the development.

We desugar our self-optimizer and self-enactor before execution. The opti-
mizer in sugared form is 274 lines of code, while the desugared version consists of
7457 atoms. The enactor in sugared form is 354 lines of code, while the desugared

version consists of 7692 atoms.

39



Our implementation of the semantics confirms that both our self-optimizer
and self-enactor work correctly. We have applied them to many microbenchmarks,

to themselves, and to each other.

Let us illustrate the amount of optimization that the self-optimizer can achieve.

Define e = S(S(K(SK))I)I and notice that e can be optimized to I.

We found that enact '(optimize 'e) executes in 33.4 seconds, while

unquote (optimize 'enact)
"((unquote (optimize 'optimize)) 'e)
executes in 11.8 seconds. This demonstrates that our system can be used to

implement optimizations that provide significant performance improvements.

11 Related Work

This paper presents the first polymorphically typed self-optimizer. Our self-
optimizer builds on a wide variety of related work, particularly on self-optimization,
polymorphically typed self-interpreters, subtyping, inversion, proof terms, and

explicit substitutions.

Self-optimization. Our self-optimizer is inspired by Hudak and Kranz’ 1984
paper [10] on a combinator-based compiler for a functional language. The first
phase of Hudak and Kranz’ compiler [10] generates combinator expressions and
simplifies those expressions as they are constructed. For example, one of their
simplification rules is SK — KI. Our paper shows how to implement such a

simplification step as a polymorphically typed self-optimizer.

Polymorphically typed self-interpreters. Pfenning and Lee wrote in
their 1991 paper about metacircularity in the polymorphic lambda-calculus that
“metacircularity seems to be impossible” [19]. Still, their paper presented worth-

while techniques. In a breakthrough paper in 2009, Rendel, Ostermann, and
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Hofer [20] presented the first polymorphically self-recognizer. In 2011, Jay and
Palsberg presented the first polymorphically self-enactor [11]. We have been un-
able to use the techniques in those papers to program a polymorphically typed
self-optimizer, so our paper uses both a novel expression language and a novel

type system.

Subtyping. We follow Jay and Palsberg’s 2011 paper [11] and work with
a combinatory calculus and a type system with subtyping, though the details
are different. At the core of both paper’s definitions of subtyping are ideas from
Mitchell’s notion of subtyping [15] (which he calls containment). Wells showed in
two papers in 1995 and 1996 that Mitchell subtyping is undecidable [28] and that
type inference for Mitchell’s calculus is undecidable [29]. Our notion of subtyping
agrees with Mitchell’s notion of subtyping for function types and polymorphic

types, hence it is undecidable.

Inversion. For simply typed A-calculus, the inversion lemma for the case of
function calls says that if we can derive a judgment I' - ejey : T, then there exists
a type S such that we also can derive judgments ' ey : S — T and ' F ey : S.
For Mitchell’s notion of subtyping, we can view part of Wells’ Theorem 3.2 [2§]
as an inversion lemma that says that if we can derive that two polymorphic
function types are subtype-related, then certain items exist such that we can also
derive two other subtype-relationships. Our paper uses the proof term eArrow

to compute the results of inversion at run time.

Proof terms. Subtyping and explicit coercions are related and both have
been studied at least since the 1990s. For example, Tannen et al. [25, 26] showed
in the late 1990s how to define and compute with coercions, and Palsberg et
al. [27] showed how to use explicit coercions to prove strong normalization for a

calculus with subtyping. We adapted our approach to coercions and proof terms
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from Donnelly’s Master’s thesis [7]. Donnelly used T<U to denote the type of a
proof term that witnesses that T" is a subtype of U. In his Lemma 3.21, he proves
that “Subtyping is Equality”, that is, if a term p has type T<U, then T = U.
We have borrowed many of Donnelly’s proof terms and added others of our own.
Our proof terms satisfy a weaker lemma than Donnelly’s Lemma 3.21, namely

our Lemma 23 that says, intuitively, that if a value v has type T<U, then T' C U.

Explicit substitutions. Abadi et al. defined a A-calculus with explicit sub-
stitutions [2]. Their calculus treated substitutions as typed first-class values. In
their case, a substitution replaces a program variable with a value. Our types of
the form Subst[f] are a form of explicit substitutions at the type level. In our
case, a substitution has kind * — *, and replaces a type variable with a type.
In contrast to Abadi et al.’s paper [2], we define most of what can be done by a

substitution via type equivalence.

12 Conclusion

We have demonstrated how to write a polymorphically typed self-optimizer. We
wrote it in a decidable fragment of a type system with types of kinds (x — %) and
x. Our experiments confirm our theoretical results. Our result is a step towards

better bug finding for any kind of self-applicable software.
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APPENDIX A

Proofs

This appendix contains the proof of each theorem, lemma, and corollary stated

in section 7.

Proof of Lemma 1. The proof is by induction on the structure of the term e;. If
e is x then (Az.ej)ey = I eg —* eg = [ea/x]ey. If 1 avoids z then (Az.ej)ey =

K e; e — e1 = [ey/x]e;. Otherwise, if e; is of the form ezey then

(Aep)ea = S(Az.e3)(Az.eq)eq
—  (Az.ez)ea((Ax.eq)es)
—" [ea/xles([u/x]es)

= leza/7]ey

by two applications of induction.

Proof of Lemma 2. The proof is by induction on the structure of the type deriva-
tion for e. If the last step in the derivation is Type-Subtype, then there exists
a type T} such that I'x : R+ e : Ty and 77 C T. By induction, we can derive
' Ax.e: R — T;. Now Sub-— derives R — T} C R — T, and Type-Subtype
derives I' F e : R — T. The remaining possibilities follow the structure of e. If
eiszthen RCT. VjaJ(a >a) CR—-RCR—T,s0 \e.x =1:R—T as
required. If z is not free in e then A\xv.e = K eand ' - K e: R — T as required.
Otherwise, if e is an application e; e; then there are types 77 and T such that

I'Fe: Ty - T and I' F ey : Ty, By two applications of induction, it follows that
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I'FAXreg:U— Ty — Tand I'F Az.eg : U — Ty whence Ax.t = S(Az.eq)(Az.es)

has type U — T' as required.

Proof of Corollary 3. This follows from Lemmas 2 and 7.

Proof of Lemma 4. Straightforward.

Proof of Lemma 5. By straightforward induction on the derivation of T' C U.

Proof of Lemma 6. By induction on the structure of T'C U.

If « ¢ FV(U), then « is a redundant quantifier, and the result holds by
Sub-Subst. Therefore, assume o € FV(U).

Case T' C U derived by Sub-—. We have T'=T) — 15, U =U; — Uy, U; C
Ty, and To C U,. Since a ¢ FV(Ty), lemma 5 states a € FV(U;). Therefore,
a € FV(Us,). By induction, T; C V[a]Us. Now « is redundant in U; — V[a]Us, so
Sub-Subst derives U; — V[a]|U; C V|[a](U; — V[a|Us), and a combination of Sub-
Congr, Sub-Arrow, and Sub-Subst derives V[a](U; — V[a]Us) C V][a|(U; — Us).

The result follows from Sub-Trans.

The remaining cases are straightforward.

Proof of Lemma 7. By induction on the structure of I' e : T

Case I' e : T derived by rule Type-Atom. T = Ty[atom], which is closed for

all atoms. Therefore « is a redundant quantifier, so Sub-Subst derives 7' C V[a|T.

Case I' + e : T derived by rule Type-Subtype. We have I' e : T and
T'CT. If a« € FV(T'), then the induction hypothesis gives I' - e : V[a|T". Now
Sub-Congr derives V[a|T" C V[a|T as required. If a ¢ FV(T"), then T" C V[a|T

by lemma 6.

Proof of Lemma 8. Straightforward.
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Proof of Lemma 9. By induction on the structure of ' - O : T
Case Type-Atom: Immediate.

Case Type-Subtype: We have I' - O : U and U C T. By induction, Ty[O] C
U, and Ty[O] C T follows by Sub-Trans.

Proof of Lemma 10. By induction on the derivation of I' e ey : T.
Case I' F e ey : T derived by Type-App: Immediate.

Case I' - e e; : T derived by Type-Subtype: We have I' - e e; : T" and
T’ C T. By induction, there exists a type 77 such that ' - e e; : T} — T" and
' e, : Ty. Now Sub-— derives T} — 1" C T} — T from Sub-Refl and 77 C T.

By Type-Subtype, I' e : T} — T as required.

Proof of Lemma 11. By induction on the number of applications n.
Case n = 1. Follows from lemma 10.

Case n > 1. By lemma 10, there exists a type T, such that ' Fee;...e,_1:
T, — T and I' - e, : T,,. By induction, there exist types 171,...,7T,_1 such that

'te:Th —»--- =T,y —T,—>Tand ' e;: T, for i € [1,n — 1] as required.

Proof of Lemma 12. By induction on the structure of the derivation V[@|(T —

—

U) CV[BI(T — TU).
Case Sub-Refl: We have @ = 3, T" = T, and U’ = U. Holds with ¥ = 0,
6=1.

Case Sub-—: Holds with ¥ =0, § = [].
Case Sub-Dist: We have 5 = and ¥ = &@. Holds with 6 = [].

Case Sub-Subst: We have T" = Subst[f|T and U’ = Subst[#]U. Holds with
7 =0
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Case Sub-Congr: We have @ = ay, ds, 3 = ay, B, and V[a (T — U) C
V[&](T" — U’). By induction there exist quantifiers ¥ and a substitution ¢’
such that dom(0') = dy and T" C V[¥]Subst[f|T and V[Y]Subst[#]U C U’. Holds
0 = [d1/dy] 0 0.

Case Sub-Trans: We have V[a](T — U) C V[§|(T" — U") C V[B)(T" —
U’). By induction, there exist quantifiers 71,7, and substitutions 6,6y such
that dom(6,) = @, dom(bs) = &, T" C V[7]Subst[:]T, V[7,]Subst[6:]U C U”,
T" C V[¥,]Subst]fo]T", and V[¥5]Subst[fe]U” C U'.

Now V[Ys] o Subst[fz] o V[71] o Subst[01] = V|72, ¥;] 0 Subst[fs o [¥; /vecy] o 64].

Holds with 4 = 75, 7] and 6§ = 0 o [Y] /vecy;] o 6;.

Proof of Lemma 13. By induction on n.
Case n = 1: Follows from lemma 12.

Case n > 1: By lemma 12, there exist quantifiers ﬁl and a substitution 6;
such that U; C V[31]Subst[64] Ty and V|3, Subst[0,)(Ty — -+ — T,y — T) C Uy —
- — U, — U. By induction, there exist quantifiers 5, and a substitution 6
such that U; C V|[Ba] Subst[f;]Subst[6,]T; for i € [2,n], and V[Bs] Subst[6,]T C U.
Let § = 3, 0 = 65 06,. Sub-Subst derives V[3]Subst[6:]T; C V[3]Subst[0]T1,

—

and Uy C V[5]Subst[6]T follows by Sub-Trans.
Proof of Lemma 1. Follows by two steps of Sub-Congr.

Proof of Lemma 15. By induction on the derivation V[d](o,<oy) C V[@'](0} <a?).
Case Sub-Subst:

There exist quantifiers 3 and a substitution 6 such that V[@)(0,<c2) C V|[d]
Subst[f](o1<03) Holds with § = 0.

Case Sub-Dist-<:
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Holds, with @ = &, 3, and 6 = [].
Case Sub-Trans:

There exist quantifiers & and types o/, 0% such that V[d](01<0s) C V[@"]
(o7 <0¥) and V[a@"](o} <o¥) C V[@](c),<0}). By induction, there exist quantifiers
1, B> and substitutions 6;, 65 such that: o/ = V[5;] o Subst[f;] o o1, o) = V[F] o

— —

Subst[f1]oos, o] = V[F2]oSubst[fs]oay, and ol = V[52] o Subst[f]ody. Therefore,
o) = V[Bs] o Subst[fs] o V[B1] o Subst[;] o & and o = V[Bs] o Subst[f] o V[B1] o
Subst[b,] o ob,.

Let 3 = 52,51, where /37; are fresh. Let 6 = 65 o [5;/5] o 6. Now o] =
V[B] o Subst[f] o o1 and o, = V[] o Subst[f] o o5 as required.

Proof of Lemma 16. By lemma 15, there exist quantifiers ¥ and a substitution 6
such that of = V[¥] o Subst[f] ooy and ol = V[¥] 0 Subst[f] o o5. The result follows

from lemma 14.
Proof of Lemma 17. Similar to proof of lemma 15.

Proof of Lemma 18. By lemma 17, there exist quantifiers 7 and a substitution
such that 7" = V[¥]Subst[0]T and U’ = V[Y|Subst[d]U. The result follows from
14.

Proof of Lemma 19. By induction on the derivation of V[@](oy<03) C V[3](T<U).
Case Sub-Congr: Holds by the induction hypothesis.
Case Sub-Proof-Inst: Holds with ¥ =0 and 0 = [].
Case Trans: We have V|@)(01<03) C A and A C V[B](T<U).

If A = V[@](0}<0}), then by lemma 15, there exist quantifiers ¥, and a
substitution ¢y such that o] = V[¥,] o Subst[6,] ooy and ol = V[¥,] 0 Subst[0,] o os.
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Now by the induction hypothesis, there exist quantifiers 75, a substitution 65,
and a type V such that T = V[¥2]Subst[0]V[71|Subst[f;]o1V and U = V[
Subst[f;] V[71] Subst|fi]osV. Now let ¥ = 45, 9; and 6 = 05 o [y /1] 0 6;. Now
T = V[y]Subst[f]V and U = V[y]Subst[0]V .

If A = V[&@](T'<U’), then by the induction hypothesis, there exist quan-
tifiers 41, a substitution 6;, and a type V such that T" = V[¥|Subst[f;]o1V
and U = V[¥|Subst]f;|osV. Now by lemma 17, there exist quantifiers 7,
and a substitution s such that T = V[Ys]Subst[0s]V[V1]Subst][f;]o1V and U =
V[Ya] Subst[0s]V[71] Subst][01]oaV. Now let ¥ = 75,4, and 6 = 0y0[¥;/71] 00;. Now
T = V[7]Subst[f]V and U = V[7]Subst[0]V .

Proof of Lemma 20. By induction on the structure of I' =T ::: Subst.
Case S-TVar: T = 6. Holds by equivalence rule (U — 6V) = (U — V).
Case S-Subst: T = Subst[f]. Holds by equivalence rule

Subst[)(TL<Ty) = (Subst[f]Ty)<(Subst[0]Ty).

Case S-Compose: We have T'="T) o Ty, I' = T7 =2 s1, ' T35 2 s, and s L s =
Subst. Therefore, s; = Subst and s, = Subst. Now 0T — 0U = TV T5T — T 1T5U.
By inUCtiOH, TVLT — TVIZU = Tl(TQT — TQU) = T1T2(T — U) = H(T — U)

as required.
Proof of Lemma 21. By straightforward induction.

Proof of Lemma 22. By induction on v.

Case v = pf;: We have I' - pf; : V[@](0),<0ob) and V[d](0}<0}) C (01<03).
F T ensures 0T C 04T for any T'. Result follows from lemma 16.

Case v = refl: By lemma 9, V[A](A<A) C (0,<05). Sub-Refl derives AT C
AT for any type T, and the result follows from lemma 16.
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Case Type-App: Proceed by case analysis on the structure of v.

Case v = sCongr v;. By lemma 11, there exists a type Vj such that I
sCongr : Vi = (01<03), T F vy : V4. By lemma 9, V[T, U, V](USV) — (T o
U<T o V) v — (aléag). Therefore, there exist quantifiers @ and types
T,U,V such that Vi C V[a|(U<SV) and V[@](T o UST o V) C (0,<03). By
induction, UA C V A for any type A. By Sub-Congr, TUA C TV A. 04T C 05T

follows from lemma 16.

Case v = sTrans vy vo: By lemma 11, there exist types Vi, V5 such that
I'F sTrans : Vi — Vo — (01<03), T F v, : Vi, and I F v, : V5. By lemma 9,
V[o3, 04, 05, 06)((03<04 0 05) = (04<06) — (03<06005)) C Vi = Vo — (01<03).

Therefore, there exist quantifiers @ and types o3, 04, 05, 06 such that:

‘/1 QV[&](03é04 e} 0'5)
Vo CV[@)(04<06)

~

V[d](03<06 0 05) C(01<02)

By induction, 037 C 04051 for all types T, and o,U C ogU for all types U. In
particular, o405T C ogo5T for all types T. Therefore, lemma 16 gives 01T C ooT

for all types T as required.

Proof of Lemma 23. By induction on the structure of v.

Case v =p: We have p: S € I and S C T<U. Now 8§ is either of the form
V[a](T'<U"), or else V[d]V]a](oia<oma).

In the first case, - I' implies 77 C U’, and the result follows from lemma 18.
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In the second case, T' = (0] A and U = g} A for some o1, 05, A. By lemma 22,
T C U as required.
Case v =refl: We have I' - refl: S, and S C T<U. By lemma 9, ‘V’[X].XéX -
S. By lemma 19, there exist a substitution # and quantifiers 4 such that T =
V[¥]Subst[0] X and U = V[y]Subst[0]X. Therefore, T'C U by Sub-Refl.

Case v = dist: We have I' - dist : S, and S C T<U. By lemma 9, V[o, X,Y]
(0(X = Y)<oX — oY) C S. Sub-Dist-— derives (X — Y) C 06X — oY, and
T C U follows from lemma 18.
Case v = distFExp:

We have I' - distExp : S, and S C T<U. By lemma 9, V|0, A](c Exp[A]
< EaploA]) C (T'<U). Sub-Refl derives o Exp[A] C ExploA] with o Exp[A] =
ExploA], and T C U follows from lemma 18.

Case v = factor:

By lemma 9, V[0, X, Y](X — 0Y<O0(X — Y)) C (T<U). Since I' I 6 :::
Subst, ' - X — 0Y = (X — Y), so 0X — 0Y C (X — Y) is true by
Sub-Refl. Now T C U follows from lemma 18.

Case v = factor Exp

We have I' - factorExzp : S, and S C T<U. By lemma 9, V[0, A](Exp[c A
< oEzp[A]) C (T<U). Sub-Refl derives ExploA] C o Exp|A] with o Exp[A] =
ExploA], and T C U follows from lemma 18.

Case v = iArrow vy vy U3

By lemma 11, T'F iArrow : Vi — Vo = Vs — (T<U), T F oy : Vi, T Fwy 1 Vo,
and T' w3 : V3. By lemma 9, Ty[iArrow] C Vi — Vi — Vi — (T<U). Therefore,
there exist types o1, Q2, @3,0, X,Y, X', Y’ and quantifiers & such that:
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Vi

N

VW] (01 §Q2Q39>

Vo C V[a](X'<Q0X)

N

Vs

N

V[a](Qs0Y <Y)
V]d (o1 (X = Y)<Qo(X' = Y"))

N

(T<U)

By lemma 22, 017 C @Q2Q30Z for all Z. In particular, o1(X — Y) C
Q2Q30(X — Y). By the induction hypothesis, X’ C Q30X and Q30 C Y.

Now we have:

o1 (X — Y)
CRQ30(X —Y)
CQ2(Q30X — Q30Y) By Sub-Congr, Sub-Dist-—

CR(X" =Y By Sub-Congr, Sub-—

By lemma 17, there exist a substitution #; and quantifiers E such that T =

V[5]Subst[flor (X — Y) and U = V[5]Subst[f]Qz(X" — Y'). By lemma 14,

T C U as required.
Case v = iExp vq

By lemma 11, I' - iExp : V; — (TéU) and I' - v; : V4. By lemma 9,
TyliExp] C Vi — (T<U). Therefore, there exist types A, B and quantifiers 3
such that Vi C V[3](A<B) and V[G)(Exp|A]<Exp[B]) C (T<U).

Since vy is a value, the induction hypothesis gives A C B. By Sub-Exp,
Exp[A] C Exp[B]. T C U follows from lemma 18.
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Case v = eExp vy

By lemma 11, I' - eExp : Vi — (T'<U) and T' F v; : V;. By lemma 9,
TyleExp] C Vi — (T'<U). Therefore, there exist types A, B and quantifiers 3
such that V; C V[B](Exp[A|<Exp[B]) and V[3](A<B) C (T<U).

Since vy is a value, the induction hypothesis gives Exp[A] C Exp[B]. By

lemma 21, A C B. T C U follows from lemma 18.
Case v = congr v,

By lemma 11, I' F congr : Vi — (T<U) and I' F v; : Vi. By lemma 9,
Ty[congr] C Vi — (T'<U). Therefore, there exist types A, B, ¢ and quantifiers 3
such that Vi C V[8](A<B) and V[3]|(cA<oB) C T<U.

Since v; is a value, the induction hypothesis gives A C B. By Sub-Congr,

cA CoB. T CU follows from lemma 18.
Case v = trans vy vy

By lemma 11, I' - trans : 'V} = Vo = S, ' o : Vi, ' vy 0 Vo, and S C
T<U. By lemma 9, Ty[trans] C S. Therefore, there exist quantifiers @ and types
X,Y, Z such that V; C V[@](X<Y), Vo CV[a](Y<Z), and V[a](X<Z) C (T<U).
Now I' = v; : V[@](X<Y) and T' I vy : V[@](Y<Z), so the induction hypothesis
yields X C Y and Y C Z. X C Z follows from Sub-Trans, and 7" C U from

lemma 18.

Proof of Theorem 24. By case analysis on e —» €’

Case G fg (Q O) — f O: By lemma 11, there exist types 11, Ty, T3 such that
r-G¢cg:- 1T —->T%—->T7—->TTFf T, '+g:T) and ' - QO : T5. By
lemma 9, V[A, B]((A — B) — V[C|(Exzp|C — A] — Exp[C| — B) — Exp|A] —
B) CTy - Ty - T3 — T. By lemma 13, there exist quantifiers @ and types
A, B such that T} C V[a](A — B), Ty C V[a]V[C](Ezp|[C — A] — Ezp|C] — B),
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T3 CV[d|Exp[A], and Y[@]|B C T. By 10, there exists a type T such that I' - @ :

Ty — Tzand ' O : Ty. By 9, V[X]|(X — Exp[X]) C Ty — T3. By 12, there exist
quantifiers 5 and a type X such that T, C V[3]X and V[8]Exzp[X] C T3. By Sub-
Trans, V[5]Exp[X] C V|[d]Exp[A]. By equivalence, Exp|V[3]X] C Exp|V|a]A].
By 21, V[B]X C V[a]A. By Type-Subtype, I' H O : V[a]A. By Sub-Dist-—,
V[@d](A — B) C V[d]A — V[d]B, so Type-Subtype derives I' - f : V[a]A —
V[@]|B. Therefore I'  f O : V[B]B, and Type-Subtype derives I' = f O : T as

required.

Case Gfg (Apq) — gp q Bylemma 11, there exist types 17, T, T3 such
that TG :T, =Ty 5Ty > T, T f T, TFg:Ty and T F QO : Ts.
By lemma 9, V[A, B]((A — B) — V[C|](Exp|C — A] — Exp[C] — B) —
ExplA] - B) C Ty - Ty, — T3 — T. By lemma 13, there exist quantifiers &
and types A, B such that T} C V[@|(A — B), T, C V[a@|V[C|(Exp|C — A] —
Exp|C] — B), T3 C V[d]Exzp[A], and V[d]|B C T. By lemma 11, there exist
types Ty, T such that ' - A : Ty - T5 = T35, ' Fp: Ty, and ' - ¢ : T5. By
lemma 9, V[X,Y](Ezp[X — Y| — Exp[X| — Exp|Y] C Ty — T5 — T5. By
lemma 13, there exist quantifiers 3 and types X,Y such that Ty C V[B]E:Up[X —
Y], Ty C V[f]Exzp|X], and V[5]Exzp[Y] C Ts. By Sub-Trans, V[3]Exp[Y] C
V[@ Exp[A]. By equivalence, Exp[V[3]Y] C ExpV[dA]. By lemma 21, V[3]Y C
V[@A. Therefore V[3]Exp[X — Y] C Exp[V[]X — V[a]A], so Type-Subtype
derives I' F p : Exp[V[5]X — V[@|A]. Without loss of generality, assume @ &
FV(V[6]X). Now V[@V[C](Exp|C — A] — Exp[C] — B) C ExplV[f|X —
V@A) — ExplV[3]X] — V[@B. Type-Subtype derives I' b ¢ : Exp[V[F]|X —
V@A) — ExpV[3]X] — V[@]B, so '+ g p q : V[@]B, and Type-Subtype derives

I'Fgpq:T as required.

Case Is[O] O t f — t p O: By lemma 11, there exist types 17,75, T3 such
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that: T' - Is[O] - Th — Ty - T3 — T, ' O : T}, ' - t : Ty, and
I' = f: 15 By lemma 9, Ty[Is[O]] C Ty — To — T35 — T. By lemma 13,
there exist quantifiers @ and a substitution 6 such that: T3 C V[d]|Subst[0] X,
Ty C V[a]Subst[f]((Ty[O]<X) — TylO] — Y), and V[d]Subst[]Y C T. Note
that since Ty[O] is closed, Subst[d]((Ty[O] <X) — Ty[O] — Y) = (TylO]
< Subst[0)X) — TylO] — Subst[d]Y. Again by lemma 9, Ty[O] C Ty C
V[@]Subst[0) X. Therefore, let IV = (I, pf; : Ty[O] < V[@]Subst[]X). Note that
since @ N FV(Ty[O]) = 0, Ty[O] < V[a]Subst[0]X = V[a]|(Ty[O] < Subst[]X).
By two distributions of V[@], Ty C (Ty[O] < V[a]Subst[0]X) — Ty[O] —
(V[@]Subst[0]Y). Now IV ¢t pf; O : V[a]Subst|f]Y, and the result follows from
V[a]Subst[dlY C T.

Case eArrow p e — e p;1 pi2 pi3: By lemma 11, there exist types T and T5
such that I' - eArrow : Ty — Ty, - T, ' Fp: T, and I' - e : T;. By lemma
9, TyleArrow] € Ty — Ty, — T. By lemma 13, there exist quantifers @, 5,7
and types A, B, A', B',C such that: T} C V[7](V[d](A — B)<V[5](4’ — B')),
Ty C V[F(VQ,0.(V[a]<V[B] 0 Q 0 ) — (A<QOA) — (QIB<B') — C), and
V[yIC CT.

By lemma 23, V[d](A — B) C V[5](4’ — B'). Now by lemma 12, there
exist fresh quantifiers § and a substitution 6; such that dom(6;) = &, A’ C
V[6]Subst[f;]A and V[6]Subst[f;]B C B'. Now let I" = (I, py : V[7](V[@]< [ 3 o
V[6] o Subst]0y]), pia : V[FI(A'V[6]Subst[61]A), pis = V[F](V[6]Subst[6,] B B)).
Note that F I holds.

By instantiating Q to V[6] and 6 to Subst[f;] and distributing V[7] three times,

we can derive:
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VF)((V[@]<V[B] 0 Q0 8) —
(A'<QHA) —
(QVB<B') —

C)

-

C(V[F(V[a] V(5] 0 V]3] o Subst[0y])) —

-

(

(VI)(A' V(5] Subst[6] A)) —
(V[7](V[6]Subst[0,]B<B')) —
(

vI710)

Now since V[7]C' C T, we get IV e p; pio pi3 : T as required.

Case coerce e v.— e: By lemma 11, we have I' - coerce : Ty — Ty — T,

I'te:Ty,and I' - o : Ty, By lemma 9, Ty[coerce] C Ty — Ty — T. Therefore,

there exist quantifiers @ and a substitution 6 such that 77 C V[a]Subst[0| X, To C

V[@]Subst[0)(X<Y), and V[d]Subst[d]Y C T. Note that V[a]Subst[d](X<Y)
V[@](Subst[] X <Subst[0]Y) C V[a]Subst[] X <V[d]Subst[f]Y. By lemma 23,
V[@]Subst[f| X C V[d]Subst[#]Y. Therefore, I' - e : T as required.

Proof of Lemma 25. By contradiction. Assume I' F e : Exp[T] and e is a value.

Then either e = O ey... ¢;, where i < arity(O), or e = P vy... v;, where

i = arity(P) and each v; is a value.

In the first case, lemma 11 states there exist types T7,...,7T; such that I' -

O:Ty— -+ =T, — Exp[T]. By lemma 9, Ty[O] C T} — --- — T; — Euxp|[T].

Since i < arity(O), there exist quantifies & and types Uy, Uy such that V[a](U; —

U,) C Exp|[T], a contradiction.

In the second case, lemma 11 states there exist types T1,...,T; such that I' -
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P:T\— -+ =T, — Exp[T]. By lemma 9, Ty[P] C Ty — --- — T; — Euxp|[T].
Since i = arity(P), there exist quantifiers & and types Uy, Us such that either
V[a](U,<Us) € Exp[T] or V[@](U;<U,) C Exp[T]. Either case is a contradiction.

Proof of Theorem 26. By induction on the structure of e.

Case e = G e; ey e3. If e3 is not a value, then by induction e} — €4 and
e — G ey ey e5. Otherwise, by lemma 25, e3 = QQ O or e3 = A e4 e5. In the first

case, e — e O. In the second, e — €5 €4 €4.

Case e = O e ... e;, where i = arity(O), O # G. Since O is fully applied,

the appropriate reduction rule applies.

Proof of Theorem 27. Follows from theorems 24 and 26.

o6



APPENDIX B

Optimizations

Included in this appendix are the three optimization steps which together with
SK2KI form our complete optimizer. We also define several helper functions
to increase the readability of our optimizer. These fall into three categories.
Matching functions (matchAtom, matchApp, ...) use G and the Is-operators to
match particular compound expressions. For example, matchS1 is used to match
an expression of the form A (Q S) e, that is, an application of S to a single

argument.

The functions trans2 and dist2 can be understood as derived proof construc-
tors, defined in terms of other proof constructors. For example, trans2 combines

two trans steps into a larger composite.

The function expandl is similar to expandK listed in figure 1. Given a proof

term introduced by Isl, expandl returns the essential consequence of the proof.

The optimization steps reduce K and reduceS evaluate K and S redexes in the
input term. They use the enact K and enactS functions from our self-interpreter
(discussed in section 9 and listed in appendix C), without the recursive call to

enact.

The Eta optimization step performs the equivalent of n-reduction for our

combinator calculus. n-reduction is defined for the A calculus as follows:
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Ar.ex — e, if x & fo(e)

Desugaring Ax.e z yields S (K €') I, where €’ is the result of desugaring e.

We can see that this term is equivalent to e’:
SKeYloe—Kedax(lz)—e (Ix)=€ux

The function proveFEta constructs the proof for the Eta optimization step,

which proves that the type of ¢’ must be a subtype of the type of S (K ¢') I.

let (composeOptd : VT, U.U — (Exzp|T| - U) — Exp[T| = U) —
VI, UU — (Exzp[T] - U) = Exp[T] - U) —
(VT,UU — (Exp|T] - U) = Exp[T] - U) —
VI, UU — (Exp[T] - U) = Exp[T] - U) —
VI, UU — (Exp[T] - U) = Exp[T] - U)) =

Moptl VT, U.U — (Exp|T| — U) — Exp[T] — U).

Aopt2 : VT, U.U — (Exp[T] — U) — Exp[T] — U).

Aopt3 :VT,U.U — (Exp|T] — U) — Exp[T] — U).

Aoptd : VT, U.U — (Exp[T] = U) — Eap[T] — U).

composeOpt optl (composeOpt opt2 (composeOpt opt3 optd)) in

let (matchAtom :NT,UU — (T — U) — Ezp[T] - U) =
AifNotAtom : U).A(if Atom : T — U).G if Atom (K (K if NotAtom)) in

let (matchApp :VT,U.U — (NT\.Exp|T) — T| — Exzp[T1] - U) —

Exp[T| - U) =
AifNotApp : U).
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AifApp :VT.Exp[Ty — T) — Exp|Ti| — U).
G (KifNotApp) if App in

let (matchS1:VT,U.U — (VT\.(Ty[S|I<Ty — T) — Exp[Th] — U) —
Exp|T] = U) =

MifNotS1: UYA(ifS1:VTy.(Ty[S|<Ty — T) — Exp[Ti] — U).

matchApp if NotS1 (matchAtom (K if NotS1)

(Meg : Ty — T).IsS e, (Mp: Ty[S]<Ty — T).K (ifS1 p))(K if NotS1))) in
let (matchK0:VT,UU — (Ty[K|<T) = U) = Exp[T] — U) =

MifNotKO : U)NGfKO : (Ty[K]<T) — U).

matchAtom if Not K0

(Me; = T).IsK e; (\M(p: Ty[K]<T).K (if KO p)) if NotK0) in

let (trans2 :VT,U,V,W.(T<U) — (USV) —= (VW) — (T<W)) =
Mpy : T<U) A(py : USV).A(ps : V<W).trans p; (trans ps p3) in

let (dist2:Vp,T,U,V.p(T — U — V)<pT — pU — pV) =

trans dist(iArrow refl dist) in

let (matchApp2 :VT,UU —
(VI1, Ty. Exp[Ty — Ty — T| — Exp[T1] — Exp|Ts] - U) —
Exp[T| - U) =
AifNotApp2 : U).
AifApp2 VT, Ty. Exp[Ty — Ty — T| — Exp[T1] — Exp|Ty] — U).
matchApp if Not App2 (matchApp (K if NotApp2) if App2) in
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let (matchApp3 VT, UU —
(VT1, Ty, Ty BaplTi — Ty — Ty — T] —
Exp|Ty) — Exp|Ty] — Exp[Ts) - U) —

Exp[T) - U) =
AifNotApp3 : U).
MNifApp3 VT, Ty, T3.Exp[Th — Ty — T35 — T] —

Exp|Ti] — Exp[Ty] — ExplTs] — U).

matchApp if NotApp3 (matchApp2 (K if NotApp3) if App3) in

let (matchS2:VT,UU — (VT1, To.(Ty[S|<Ty — Tp — T) —
Exp|Ti| — Exp[lz]) - U) —
Exp[T] —» U) =
AifNotS2 : U).
MNifS2 VT, To.(Ty[SI<Ty — Ty — T) — Exp|Ty] — Exp[Ty] — U).
matchApp2 if NotS2 (matchAtom (K (K if NotS2))
Mes: Ty = To = T).
IsS ey (A\(p: Ty[S|<Ty — Tp — T). K (ifS2 p)) (K (K if NotS2)))) in

let (matchS3:VT,UU — (VTIv, Ty, Ts.(Ty[S|<Ty — Ty — Ty — T) —
Exp|Ty] — Exp|Ty] — Exp[Ts) - U) —
Exp[T| - U) =
MifNotS3: U).
MNifS3 VT, Ty, Ts.(Ty[SI<Ty — Ty — T3 — T) —
Exp[Ti] — Exp[Ty] — Exp|Ts] — U).
matchApp3 if NotS3 (matchAtom (K (K (K if NotS3)))
Nes:Th »To = T5 = T).
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IsS e,
(Mp: Ty[SI<Ty — Ty — T3 — T).
K (ifS3 p)) (K (K (KifNotS3))))) in

let (matchK1:VT,UU — (VT1.(Ty[K|<T) — T) — Exp[Ti] — U) —
Exp[T| - U) =
MifNotK1:U).
MNifK1: VT .(Ty[K|<Ty — T) — Exp[Ti] — U).
matchApp if NotK1 (matchAtom (K if NotK1)
(Meg : Ty = T).
IsK e, (A(p: Ty[KI<Ty = T). K (if K1 p)) (KifNotK1))) in

let (matchK2:VT,UU —
(VTy, To. (Ty[K|I<Ty — Ty = T) —
ExpTi]) — Exp[Ty] - U) —
ExplT| - U) =
AifNotK2:U).
Nif K2 :VTy, To.(Ty[K|<T) — Ty — T) — Eap|Ti] — Eap|Ts] — U).
matchApp2 if Not K2 (matchAtom (K (K if NotK2))
Mes: Ty =Ty = T).
IsK ey (A(p: Tyl[K|[<Ty = Ty — T). K (if K2 p)) (K (KifNotK?2)))) in

let (matchl0:VT,U.U — ((Ty[l|<T) — U) — Exp[T] = U) =
MifNotl0: U).NGfI0: (Ty[]<T) — U).
matchAtom i f NotlI0
(Ae; : T).
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Isl e; (M(p: Ty[|<T). K (ifI0 p)) ifNotI0) in

let (analyzeEta :VT,U.U —
(YT, Ty, Ts.Exp[Ts] — (Ty[S|I<Ty - T, = T) —
(Ty[K|<Ts — T1) — (Ty[[]<Ty) — U) —

Exp[T] — U) =

AifNotEta : U).

MNifEta : YTy, Ty, Ts. Exp[T] — (Ty[S|<Ty — Ty — T) —

(Ty[KI<T3 — Th) — (Ty[lI<Te) — U).
matchS2 if NotEta
(A(pS : Ty[S|I<Ty — Ty — T). Mey : Exp[Ti]). Mey : Exp[Ts)).
matchK1 if NotEta
(MpK : Ty[K|<T3 — T1). Aes : Exp[Ty)).
matchlI0 if NotEta (\(pl : Ty[l|<Ty). ifEta es pS pK pl) e3) e1) in

let (ewpandl : (Ty[l|<e(T — U)) — T<U) =
ApIsT : TylllZ(T — U)).
eArrow plsl
(Ap1 - 1< o pa001). A(p2 : T<201X). A(ps : 20 X <U).

trans ps p3) in

let (proveBta :VTy, Ty, Ts.(Ty[S|I<Ty — Ty — T) — (Ty[K|<Ts — Ty) —
(Ty[]<Th) — T<T) =
MpS : Ty[S|I<Ty — Ty — T).
MpK : Ty[K|<Ty — Ty).
Apl = Ty[l][<Th).
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eBinary pS
(AMpr : 1<z 0 01).
Ap2 : To<poo1 (X, — Xy — X3)).
AMps : Ti<pa01 (X — X3)).
Mpa @ a0 (X1 — X3)<T).
let (ps: Ty[l]<ws(01 X, — 01X5)) = trans pl (trans py (congrdist)) in
let (ps: aleéang) = expandl ps in
eArrow pK
(A(pr : ps<ps 0 03).
A(ps - Ts<ep402V1).
A(pg : paoa (Vo — V1)§T2)~
let (pio: pao2(Va — Vi) <po(01 Xy — 01Xy — 01X3)) =
trans2 pg po (congr dist2) in
eArrow pig
(A(p11 : 40 02<p2 0 p5 0 03).
)\(p12 : 01X1§90503V2)-
A(p1s : 90503‘/1501)(2 — sigma; X3).
let (pu: T3<¢aps03V4) = trans ps p1y in
let (pis: T3<po01 Xy — sigma; X3) = trans py, (congr p13) in
let (pio: 01 Xo — sigma; X3<o1(X1 — X3))
= trans (iArrow pg refl) factor in
let (pi7: T3<T) = trans2 pi5 (congr pig) ps in
pi7))) in

let (Eta:VT,UU — (Exp[T] - U) = Exp[T) = U) =
A(ifNoOpt : U). AN(ifOpt : Exp|[T| — U).
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analyzeFEta i f NoOpt
(Ales - Exp[T3]).
MpS : Ty[S|<T] — Ty — T).
K : Ty[KIET] — 7).
ApI = Ty[)<Ty).

ifOpt (coerce eg (iIExp (proveEta pS pK pl)))) in

let (enactK : YTy, Ty, Ts.(Ty[K|<T) — Ty — T3) —
Exp[Th] — Exp[T3] — Exp[T3]) =
(A(pIsK : Ty[KI<Ty — Ty — T).
ey @ Expl[Ti]).Me2 : Exp[Ty)).
eBinary plsK
(A(p1: 9<¢'00).
Aps : Tlégp’aX).

>

(

(ps : Th<y'0Z).

Mps : @0 X<T).

let (ps:Ti<T) = trans ps ps in
let (ps: Exp[Ti|<Exp[T]) = iExp ps

in coerce e; pg)) in

let (reduceK :VT,U.U — (Exp|T| - U) — Exp[T] — U) =
AnotK : U)A(ifK : Exp[T] — U).

[
match K2 notKK (A\(p : Ty[K|<Ty — Ty — T).M ey : Exp[Ti]).Me

if K (enactK p ey e3)) in
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let (enactS : VT, Ty, T3, Ty.(Ty[S|<Ty — Ty — Ty — Ty) —
Exp[Ti] — Exp[Ty] — Exp|Ts] — Exp[ly]) =
Mp : Ty[SISTy — Ty — Tz — Ty).
Aer : Exp[Th]), (e2 : Exp[T3]), (es : Exp[T3]).
eTernary p
(A(p1 : VX1, Xo, X3]<(p 0 0)).
Apy : Ti<po (X, — Xy — X3)).
Aps : To<po(Xy = X5)).
Mps : Ts<po Xy).
Mps = poX3<Ty).

let (ph:Ti<poX| — poXs — @oXs) = trans p, dist2 in

let (ph: Th<poX| — poXs) = trans ps dist in

let (€] : ExplpoX) — poXy — @oXs]) = coerce e; (iExp p)) in
let (e} : ExplpoX; — poXs]) = coerce ey (iExp p}) in

let (e} : ExplpoX,]|) = coerce e (iExp ps) in

coerce (A (A €] €}) (A ¢} €)) (iExp ps)) in

let (reduceS :VT,UU — (Exp|T] — U) — Exp[T] = U) =
AnotS : U)AifS : Exp|T] — U).
matchS3 notS (A(p : Ty[S|<Ty — Ty — Ty — Ty).
Mey : Exp[Ti]). ey : Exp[Ty]).Mes : Exp|[Ts)).

ifS (enactS p ey ey e3)) in
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APPENDIX C

A Self-Interpreter

Our self-interpreter enact can be used to evaluate a representation of any expres-

sion in our language, including itself. We discuss the self-interpreter in detail in

section 9.

let (unquote : VX .Exp[X] — X) =
let rec (unquote:VX.Exp[X]— X) =

G I (Ney: Exp[Ty — T)).Meq : Exp[Ti]).unquote ey (unquote e3)) in
let rec (enact:VT.Exp[T| — Exp[T]) =

let (enactK : V11, Ty, Ts.(Ty[K|<Ty — Ty — T3) —
Exp[Th] — Exp[Tz] — Exp[T3]) =
(A(pIsK : Ty[K|<T), — Ty — T3) .
ey @ Exp[Ti]). M e : Exp[Th)).
eBinary plsK
(Apr: p<¢'00).
Mpy : Ti<¢'oX).
(ps : Tv<@'cZ).
(

>

Apy : gp’UXéT).
let (ps:Ti<T) = trans py py in

let (ps: Exp[Tl]éExp[T]) = iExp ps
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in enact(coerce e; pg))) in

let (enactS : VT, Ty, T3, Ty.(Ty[S|<Ty — Ty — Ty — Ty) —
Exp[Ti] — Exp[Ty] — Exp|Ts] — Exp[Ty)) =
Mp: Ty[S|IST) — Ty — Ty — Ty).
Aer : Exp[Th]), (e2 : Exp[T3]), (es : Exp[T3]).
eTernary p
(Alpr : V[X1, Xa, Xs]<(p 0 0)).
Apy : Ti<po (X, — X5 — X3)).
Aps : Th<po (X, — X5)).
Al
A(ps : po X3<Ty).

P4 - T3§§00'X1).

let Ty <po X, — poXy — poXs) = trans py dist2 in

N~

p

let

Py Th<poX| — poX,) = trans ps dist in

W~

]

: BExplpo X1 — po Xy — poX3|) = coerce e; (iExp py) in

let : ExplpoX) — poXs]) = coerce ey (iExp pj) in

[
R Ch RN

let : Explpo X1]) = coerce es (iExp py) in

[

(
(
let (
(
(
enact(coerce (A (A €] €}) (A €, €})) (iExp p5))) in

let (enactStrict : VT.Exp[T] — Exp[T]) =
let rec (f:VT.Exp[T| — Exp|T]) =
G Q (Mg : Exp[Th — T)).Mez : Exp[Ti]).A (f e1) (f (enact e2))) in

let (enactG :VTy, Ty, Ty, Ty.(Ty[G)|<T) — Ty — Ty — T)) —

Exp[T] = Exp[lz] — Exp[Ts] — Exp[li]) =
MpIsG : Ty[G]<T1 — T2 — T3 — T4).
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Mer : Exp[T1)).Aes : Exp[T2]) Mes : Exp[T3]) .
let (error: Exp[T4]) = A (A (A (Q (coerce G pIsG)) e1) €3) €3 in
let (mkFQ : p(ExplUl — U2] — Exp[Ul] — Exp[U2])) = A in
let (mkFA:o((VYU3.Exp|ExplU3 — Ul] — Exp[U3] — U2]) —
(VU3.Exp|Exp|U3 — U1]] — Exp[Exp|U3]] — Exp[U2])))
— Az, : VU3.Exp|ExplU3 — Ul] — Exp[U3] — U2)).
Nz : Exp[ExplU3 — U1])).
A@s Exp[Exp[U3]])-
A (A 2y x9) w3
let (fG:o((ExplUl] — ExplU2]) —
(VU3.Exzp|Exp|lU3 — U1]] — Exp[Exp|U3]] — Exp[U2]) —
EaplEaplU1]] — BaplU2])) =
MfQ : ExplU1] — ExplU2]).
M fA :VU3.Exp|ExplU3 — Ul]| — Exp|Exzp|U3]] — Exp[U2]).
G (M(z : ExplU1]). error)

(Ales : ExplU4 — Exp[U1]]). // (Q Q) or (A (QA) p’)
(

A(es : Exp[U4]). /] o
G (MNe,: U4 — ExzplUL]). /] Q
IsQ €

(Apr : Ty[QI<U4 — Exp[U1]).
AMunused@ : Ty[Q]) .
eArrow py;
(Alps : pa<ip3 0 01).
AMpo : Ud<p30,U5).
A(p1o : w301 EzplUS|<Eap[U1]).
let (pu1:w301UB<UL) =
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eExp (trans factorExp pig) in
let (pi2: BxplU4]<Exp[U1]) =
iExp (trans pg p11) in
fQ (coerce €5 pr12)))
error)
[/ QA
(Meg : ExplUb — U4 — ExplU1]]).
Aer = ExplU5)).
G (Meg: Us — U4 — Exp[U1)).
IsA e
(AMp1s : Ty[A]<US — U4 — Eap[U1]).
AunusedA : Ty[A]) .
eBinary pi3
(A(p1a : pa<p5002).
Mpis : Ub<psoo ExplU6 — UT)).
(p16 : Ud<ip505,Exp|U6]).
(p17 1 502 Exp[UT)|<Exp[U1]).

>

A

let (pis: Us<Exp|ps05U6 — @50oU7T])

trans py5 (trans distExp (iExp dist)) in
let (pio: UA<Exp[ps0'U6)) = trans pyg distExp in
let (pyo: ps0’UT<UL) =

eExp (trans factorExp pi7) in
let (po1 : Us<Exp[psc’U6 — Ul]) =

trans2 pig distExp (iExp

(iArrow refl (eExp (trans factorExp pi7)))) in

let (ef: Exp|Explps;0'U6 — Ul]]) =
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coerce e7 (iExp p9;) in
let (e : Exp|Explpsa’U6)]) =
coerce e5 (iExp pig) in
FA ¢ &)
error) // IsA failed
(K (Kerror)) // e.6 =Axy
es)
e4) in
elernary plsG
(Mp2: p<pr00).
Mps : T1<p10(U1 — U2)) .
ANps : T2<010(VU3.ExplU3 — Ul] — Exp[U3] — U2)).
Mps : T3<p10Exp[U1]).
AMps : 1oU2<T4).
let (mkFQ' :pi0ExplUl — U2] —
pro(ExplUl] — ExplU2])) =
coerce mkF@ (trans py dist) in
let (fQ :pro(ExplUl] — Ezp|U2])) =
mkF @' (coerce e; (trans (iExp ps3) factorExp)) in
let (mkFA":p0(VU3.Exp[ExplU3 — Ul] — ExplU3] — U2]) —
010(VYU3.Exp[ExplU3 — Ul]] —
ExpExplU3]] — ExpU2])) =
coerce mkF A (trans py dist) in
let (fA":p10(VU3.Exp[ExplU3 — Ul]] —
Exp[Exp[U3]] — ExplU2])) =
mkE A" (coerce ey (trans (iExp p4) factorExp)) in
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let (fG':¢pio(ExplUl] — Exp[U2]) —
010(VU3.Exp[ExplU3 — Ul]| —
Exp|ExplU3]] — Exp[U2]) —
proExp[ExplU1]] —
proExp[U2]) =
coerce fG (trans py (trans dist (iArrow refl dist2))) in
let (e}: ExplproExplU1]]) = enact (coerce es (iExp ps)) in
let (e:p1o0Ezp|U2]) = fG" fQ' fA’ (coerce ¢} factorExp) in
let (pf: proBExp[U2]<Exp[T4]) = trans distExp (iExp pg) in

enact (coerce e pg)) in

let (enactls:VTy, Ty, Ts, Ty.(Tyls<T) — Ty — T3 — Ty) — Tyls —
Exp|Ti] — Exp[Ty] — Exp|Ts] — Exp[ly]) =
(Mpy: Tyls<X =Y — Z = T4).
Ao = Tyls).
let (mkls:Ul — (U2 — U3 — Exp|[U4]) — ExplU4] — Exp[U4] —
ExplUl] — ExplU2 — U3 — U4] — FExplU4] — Exp[U4])
= AisO : Ul - (U2 - U3 — Exp|U4]) — Exzp|U4] — Exp|U4]).
A(0" : ExplU1]).
AeTrue : ExplU2 — U3 — U4]).
AeFalse : Exp[U4]) .
G(A(a:U1).
isO (unquote 0")
(A(p:U2).A\(t:U3).A (A eTrue (Qp)) (Q1))
eFalse)
(K (K eFalse))
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(enact 0") in
let (is:p(FExplUl] — ExplU2 — U3 — U4] — Exp|U4] — Exp|U4]))
= (coerce mkls dist) o’ in
eArrow p;
(Mpz: p<p1001).
Aps : T1<p00U1).
Mps: pr01(U2 = U3 — U4) — Ud — UAST2 - T3 — T4).
Ay : ExplT1]).
let (isy: (proy Exp[U1]) —
(pro1ExplU2 — U3 — U4| — ExplU4] — Exp|U4])) =
coerce is (trans po dist) in
let (isq: pro1ExplU2 — U3 — U4] — Exp|U4] — ExplU4]) =
isi(coerce ey (trans (iExp ps) factorExp)) in
eBinary py
(Alps =10 01§803 °03).
Mps : T2<p303(U2 — U3 — U4)).
Mpr : T3<p303U4) .
(ps : p303U4<T4).
(e2 - Eap[T2)), (es - Fap[T3)).
let (is3: psosExplU2 — U3 — U4d] —
p303EaplU4] — o3 ExplU4]) =
coerce isy (trans ps dist2) in
let (e:@so3ExplU4]) =
is3 (coerce ey (trans (iExp pg) factorExp))
(coerce e3 (trans (iExp p;) factorExp)) in

enact (coerce e (trans distExp (iExp pg)))))) in
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let (enactY : VT, Ty, T5.(Ty[Y]<Ty — Ty — T3) —
Exp|Ti| — Exp[Tz] — Exp|Ts]) =
Apy: TyYI<Ty = T — T).
Aey : ExplTi]).Mey : Exp[Ty]).
eBinary p;
(AM(p2 : V[X1, Xo]<p 0 0).
Mps : Ti<po (X1 — Xa) = X1 — X)),
Mps : To<po X1).
AMps : 0o Xo<T3).
let (€] : Explpo(X; = Xo) = o X1 — poXs)) =
coerce e; (iExp (trans ps dist2)) in
let (y:po((X1— Xa) = (X1 = Xa)) > wo(X1 — Xa)) =
coerce Ydist in
let (e: ExplpoX) — poXy|) =
A€} (A (Quy) (coerce ey (iExp p3))) in
enact (coerce (A e(coerce e5 (iIExp ps))) (iExp ps))) in

let (enactCoerce : YTy, Ty, Ts.(Ty[coerce] <Ty — Ty — Ty) —
Exp|Ti] — Exp[Tz] — Exp|Ts]) =
MpIsCoerce : Tylcoerce]<T, — Ty — Ts).
let (f: Exp[Uy] = ExplU,<Us] — ExplUs]) =
May @ ExplUy)).
Mag : Exp[U;<Us)) .
coerce a; (iExp (unquote (enactStrict (enact az)))) in

eBinary plsCoerce
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(A(p1: p<¢' 0 0’).
:Tlégp’a’Vl).

:Ty<p'o'(Vi<Va)) .

>
3

2
3

>
3

>

pa @ Vo<Ty) .
Aey : ExplTh]) .
Aeg : Expl[Ty]).

(
(
(
(
(

let (f":¢'o’Eap[Vi] = @0’ Exp[Vi<Va] — ¢'o'ExplVs)) =
coerce [ (trans p; dist2) in

let (€] :¢'d’Exp[Vi]) =
coerce ey (trans (iExp py) factorExp) in

let (ch: o’ Bap[Vi£V3]) =
coerce ey (trans (iExp p3) factorExp) in

let (e:¢'o’Exp[Va]) = flejesy in

enact (coerce e (trans distExp (iExp p4)))) in

let (enactEArrow : VT, Ty, Ts.(TyleArrow]|<T) — Ty — T3) —
Exp|T\| — Exp[ly) — Exp[Ts]) =
NpIsEArrow : TyleArrow|<T) — Ty — T3) .
let (f:o(Explei(Ur — U2)<@a(Vi — V)] =
ExpVps, 05.(01<p3 0 @3 0 f3) —
(Vi<epsbsUr) — (p3b3U2<V3) = C] —
Exp[C])) =
Mai : Explpr(Uy — Us)<@a(Vi = Wa))) .
Mg : Exp[Ves, 5.(p1<p3 0 3 0 03) —
(Vi<epsbsUs) — (p303U2<V3) — (7).

eArrow (unquote (enactStrict (enact qy)))
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(Maz : 1<z 0p3005).
Ags ‘/1590393U1)-
Mqa : 303U, <V3) .
AAAY(Qe) Q) (Qaq)) in
eBinary plsEArrow
(A(pr: p<y' 0 ).
Mpz = X<¢'0'(p1(Un = Ua)Spa(Vi = Va))) -
A(ps 1 Y <@'0' (Vip3, 05.(91<epa © p3 0 f3) —
(Vi<psbsU1) = (303U2<V3) = O)).
Mpy : P'OC<T).
ey @ Exp[Th]).Me, : Exp[T3)).
let (f': 'O Eaplor(Ur — U2)<pa(Vi = V)] —
' 0 Exp[Vps, 0s.(p1 <@ 0 03 0 05) —
(Vi<ps3b3U1) — (p303U,<V3) — C] —
'0' Exp[C]) =
coerce f (trans p; dist2) in
let (e} : ¢'0'Baplpi(Ur — Up)<pa(Vi — Va)]) =
coerce e, (trans (iExp po) factorExp) in
let (e, : @0 Exp[Ves, B3.(1<(p3 0 @3 0 f3) —
(Vi<psbsU) — (p303U,<V3) — C]) =
coerce e, (trans (iExp p;) factorExp) in
let (e:@303Exp|C]) = [’ €. e, in

enact (coerce e (trans distExp (iExp p4)))) in

let (enactl :VTy, To.(Ty[|<Ty — T) — Exp[Ti] — Exp[T]) =
Mp : Ty[l|<Ty — T).

5



Aler : Exp[Th]).
eArrow p
(A(pr : V[X]<(po0)).
Ape : TlégoaX).
Mps 1 oo X <Tp).

enact (coerce ey (iExp (trans ps p3)))) in

let (enact3 : V11,15, T3, Ty.(Ty — To — T3 — Ty) —
Exp[Th] — Exp[Ty] — Exp|Ts] — Exzp[Ty)) =
Mo:Ty = Ty — Ty — Ty).
IsS o (A(p : Ty[S|<Ty — Ty — Ty — Ty). (s : Ty[S]).enactS p) (
IsG o (A(p : Ty[G]<Ty — Ty — Ty — T4). Mg : Ty[G]).enactG p) (
IsIs o enactIs (
Al : Exp[Ti]).M(e2 : Exp[Ts]).M(e3 : Exp[Ts]).A(A(A(Qo)el)e2)e3
)) in
let (enact2 : VT, Ty, T5.(Ty — Ty — T5) — Exp|[Ti| — Exp[ls] — Exp[Ts]) =
Mo: Ty — Ty = Ty).
IsK o (A(p : Ty[K|<Ty — Ty — T3). Ak : Ty[K]).enactK p)(
IsY o (A(p: Ty[Y|<T, — Ty — T3).\(0' : Ty[Y]).enactY p)(
IsCoerce o (A(p : Ty[coerce] <Ty — Ty — T3).\(o : Ty[coerce]).
enactCoerce p)(
IsEArTow o (A(p : TyleArrow]<T) — Ty — T3).\(0' : TyleArrow]).
enactE Arrow p)(
Al : Exp[Ti]).A(e2: Exp[Ts]).A (A (Q o) el) e2
)))) in

let (enactl : VTl,T2.<T1 — TQ) — EZ‘p[Tl] — EI‘p[TQ]) =
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Mo: Ty — Ty).
Isl o (A\(p: Ty[l|<Ty — Ty).\(o' : Ty[l]).enactI p)(
Ael : Exp[Ti]).A (Q o) el
) in
GQ
(A(el : Exp[Ty — T)).
G(M\(o: Ty — T).enactl o)
(G(A(o: Ty = Ty — T).enact2 o)
(G(A(o: T3 = Ty = Ty — T).enact3 o)
(AMaq : Exp[Ty — T3 — Ty — Ty — TY).
Mg : Exp[Ty]) MNas : Exp[Ts]) AN(zy : Exp[Ts]). N xs : ExplTi]).
A (A (A (A 21 29) x3) 4) T5)))
(enact el))
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