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INVARIANTS IN MU DECAY
" R. Gatto and Gerhart Luders
Radiation Laboratory
University,of Cadlifornia
Berkeley, California
September 12, 1957

ABSTRACT ‘

The assumption of vanishing neutrino mass Ieads to a group of trans-
formations of the neutrino field which leave commutation relations and free-
field Hamiltonian invariant but change the interaction into an equivalent one
giving the same physical results. This concept, which is attributable to
Pursey and Pauli, is here applied to p-e decay under the assumption of
local nonderivative coupling with no restrictidns a’s to conservation of parity
or 1epfon charge. The physically rele&ant invariant combinations of coupling
constants are derived, and relations between them are discussed. Use is
made of a recent paper by Kinoshita and Sirlin to express all experimental

information on p-e decay in terms of these invariants.
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INVARIANTS IN MU DECAY
R. GattoT and Gerhart L'I'J.ders§

Radiation Laboratory
University of California
‘Berkeley, California

- Séptember 12, 1957

"A.' Construction of the Invariants

It has been shown recently by Pauh1 that th'e assurﬁption 'of vanishing
neutrino mass leads to a group of linear transformatlons of the neutrino
field operators which 1eave both commutatlon relations and free Ham11ton1an

invariant. The group is generated by the follow1ng two commut1ng subgroups,

-L_Pl)_,a q'11/1*-1:"\‘(5(: q;v’ L]Jw - a ¢v+b¢va5 ' . @

with
2 2 _ . :
la|"+ b|"=1, (1)

sk

"This work was done under the auspices of the U.S. Atomic Energy

Commission.

TOn léave of absence from Istituto di Fisica dell' Universita' di Roma,

Italy. .

§Fulbright Grantee on leave of absence from Max-Planck-Institut fur
- Physik, ('f‘rottingen, Germany. | y

la ‘W. Pauli, Nuovo cimento 6, 204 (1957). "A similar discussion on the

basis of Transformation (II) only was given independently by

1b D. L. Pursey (to be published) A somewhat more veomplete‘analysis

of this concept in beta decay can be found in

G; Luders, On the Pursey-Pauli Invarlants in the Theory of Beta Decay
UCRL-3903, Aug. 1957; Nuovo cimento (to be published). A discussion for

K-meson decay can be found in R. Gatto, Invariants in K and K Decays

UCRL-3949, September 1957; Progress of Theoretical Ph}3rsms (to%e published).
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with a real. The symbol C in Trrab.ns'formation (I) denotes the '4-by-4 charge-
conjugation matrix. An int_eraétibn Hamiltonian containing neutrinos does
not stay invariant under this transformation. It is transformed, however,
iﬁto a Hamiltonian that is equivalent to the original one in the sense that it
leads to the same observable effects.

In this fpa'p'er the concept of eq‘uivalent. Hamiltonians is studied for the
p-e decay. The interaction is as surﬁed'to be invariant undér the proper
Lorentz group and local, and without de?iﬁrative couplings but with no
restrictions as to conservation of parity or of leptoﬁ charge. The most
general expression for the .interaction then is '

Hioo= B0 Ty @7 g +gvg) w,) + (0 Ty +Evg) v) 4+
2)

_— , !
+ (P vr‘l (hi + hi YS) ‘LIJS ) + Hermitian conj. }

with

The sum in Eq. (2) goes over ail five covariant combinations of matrices
corresponding to scalar (S), vector (V), tensor (T), axial vector (A), and
pseudoscalar (P) coupling. It is well known that other orderings of the
field operators in Eq. (Z). do ‘not lead to expressions that are not élr'e'ady

contained in this equation.

2For the notation we follow a paper by T. Kinoshita and A. Sirlin (Phys.
Rev., to be published). . We also use their definition of the M matrices.

L. Michel, Proc. Phys. Soc. A 63, 514 (1950);

- M. Fierz, Z. Physik 104, 553 (1937).
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The behavibr of the Dirac matrices - M under chafrée’ c.onj‘ugati.on aﬁ.d
their commutativity or. anticommutati‘vity with ys'd‘e"termi'n:e whether a part-
icular type of coupling characterized by the subscript i really needs six
coupling constants, as in the general expression (2), or less. One finds that

only the following coupling constants are multiplied by nonvanishing expressions:

g1, B &y By £y h{J'; Ea gA, fA; hA; all constants for .S and P. (4)

Since equivalent Hamiltonians lead to the same observable effects, all
physical resulfs can be characterized by combinations of the coupling con-
stants that are invariant under the group of transformations of the neutrino
field. in the Appendix the transformation properties of the coupling constants’
‘are discussed in detail; there it is also explained how the most generai
invariant combinations of them 'can be constructed. For practical purposes,
however, only those invariants are needed which can occur in a first-order
perturbation treatment, i.e., which are bilinear expressions formed by
products.of coupling constants and complex conjugate coupling constants.
Before such invariants are given we want to.discuss which sirﬁplifications
arise from the fact that, for all practical purposes, the mass of the electron,
can be neglected in calculations of the p-€ decay. Pu_ttihg the mass of the
electron form/ally equal to zero one sees that then also the electron field

admits a group of transformations of the type (II):
1 = levyg ¢ - o7 Jley
LJJ'e e }Pe , T.De ‘\Tjee 5 (e ‘real). (11II)

Because, for the electron the particle and antiparticle are distinguishea by
their charges, there is, however, no analogue to Transformation (I). Under
Transformation (III), electron states with spin parallel or opposite to the
‘direction of motion are Vonly.r multiplied by a phase factor. Results of exper-
iments in which only the infe'nsity of the decay electrons and their longitudinal
polarization is observed canjtherefore be expressed in terms of combinafions
of coupling c‘onstants‘thaﬁ are invariant under this wider group (Class A in

the following list). Observations of the transversal polarization of an electron
beam do not admit the g_rioup of transfqrmatid_ns of the electron field; they

have to be expressed in terms of the Class B invariants. The situation is
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not quite so simple if‘the’ electron mass is not neglected.

The list of the invariants is as follows;

Class A

R S S T
g1 lév'é + g} l2 +2 (g |2 +ifA I+ |h'»"/,.|2_,+ |hAIZ

S |,2 Fleal2 o | ()
L(ll) = 2 TQ, [ngA +v2(fi .f + h{,hA )]

1 QoL
Lg) = ZR(ngA_)

| K(lo) = Jgg %+ lgd |° + Igp.l2 ¥ Iggl"2 UEIU N S SRS S |f l
o +|hs|2+|h's [Z+_]hP|Z +<|h£'>|'2 |
k(- zﬁZ- [6g8p + B 485 + 2(igfp +LEt " '+,1;éhlg";‘q +hY h£,>:<)— ]
| L(lo.) = 2R .[gsg's* +gpglh *+2 i(fsf's* ¥ fPf,'P;* * hsh's'“ +hohy’ )]
Léo)' = 2R [ggep” + g'SgP* + 2 (fgf + oL hshvp* + h'shp*) 1,

_-4Even for nonvanishing rest mass fhe electron field admits multipliéat’ion
by Yg connected with the formal substitution m_ —~ -m,. : :The invariants of
Class A stay invariant under such a transformation, . whereas those of Class
B take up a minus sign. Therefore in expressions fo'r'_‘intens'ity and long-
~itudina1 polariiation terms with an even power of the éiectron mass appear
mu1t1p11ed by 1nvar1ants of Class A, and those with an odd power of the -
electron mass appear mu1t1p11ed by invariants of Class B. Similarly, in
' expressions for transversal polarization, terms with an even (odd) power of
the electron mass appeaf_multiplied by invaria.r_lts of Class B (A). Compare
the similar cohsiderations for beta decay with neutrinos of nonvanishing mass

in Luders, lc footnote 5.
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C,la'ss B

(2) - en - Ig& 2 ’, N® LT ,‘?Tg;*t?

N R TGR T LA SN N

'M“ ey * - legl” _‘ e
N(ll:)=23 ngA 2y +‘h!\, hA*) ]

n{l < 2} (Byes’ y

M_‘§°>= o ¢ g P - lpl - el v 2tk v Ky P - Irpl g e g s

hel? - ol - )

A_~.(0»_ : * . R . * *®
N, = Z][,gsgP +g§g'P +2(foP +f'sfi'> +hsh‘ +h' hi, )]

(O)‘— ‘ i* v * |f* * * . ¥
Ny = ZR [gsgs» - gpep *2 gy - fpfp thghg =hphp ) ]

(0) _ * , * oy % *
Ny = z]] [gsgp *e48p +2(fsfp + 4007 + hght” + hihy ) ]

One notices that the invariants fall into three d1st1nct groups (SP AV T)
so that there are no interference terms between the three. groups

The partlcular 1nVar1ant comb1nat1on of S and P or of A and V in Class
A comes about by the action of Transformation (111) of the electron field,
which just mixes the coupling constants in these pairs of types of interactions
among themselves. The list contains 20 invariants, but not all of them

appear‘independently in lowest-order expressions for experlmental

2Pur seylc gives only two such groups (STP and AV); there is, however,
no interference between T on the one hand and SP on the other. This follows
for Pursey‘s interaction Hamiltonian v(fi = fi" = hi = hi' = 0) from the Qbser—
vation that both Transformation (II) and charge conjugation of the neutrino

field transform the Hamiltonian into an equivalent one.
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distributions. Rather
(0) [ (0) (2) g(2) (0) (D)
KZ ; L1 , MY N, N1 s N2

do not appear at all, whereas the VA invariants occur only in the combinations

LN LR B BV VI (PP RN
The reasén for this very limited experimental information as compared with
beta decay is twofold; there-is only one charged——and therefore observable--
decay product, and we observe 6n1f the dvecay of the free p meson (in contrast
to the beta decay of nucleons bound in nuclei). |

Radiative correctionsé have to be expressable in terms of the sarﬁe

| invariants, since Transformations (I) and (II) of the neutrino field do not affect
the in;cefaction'b'etweeﬁ the charged particles involved in the décay, and the
electrbmagnetic field. | Furfhermore, even radiétivé corrections in ex.peri-
ments in which only the intensity of 1ongitudina1 polar’ization of the electrons
is observed cva‘ri depend only upon the invariants of Class A, 'since the-electron
transformafion' (II1) does not éffect thé electron éurrent,
—e¢y¢-eme”5p“”5¢ : ()

Jp elp e

whose iﬁtera’ction with: the Maxwell fie‘ld gives rise to thésé corrections,

The invariants (5) and (6_) ,» in contrast to the invariants given for beta
decay, 1 do ﬁot form a éomplete set. Thefefore their equality for two '
different interactions 1s a necessary but n‘ot a sufficient_ condition for the
equivaleﬁce of fhé_se two interactions in the sense that they can‘be, transformed
into éach "other by a combination of Transformations (I} and (II) of the

neutrino field.

/
6Suc:h corrections were calculated for a particular case (two-component

theory in the Salam- Lee-Yang-Landau form) by T. Kinoshita and A. Sirlin
(Phys. Rev.- 107, 593 (1957)).
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B. Discussion of the Invariants

(a) The invariants (5) and (6) are not all independent, but are restricted

by a number of relations between them. First of all, all K invariants with the

(0)

occurring in them vanish separately. Further, one has the fo_llowing identities

exception of K2 are nonnegative; they vanish only if all coupling constants
and inequalities between the in,varia'nts:

k@1 p@%, @2, N(z>2

13

x,Me @M, MW, N W) <x <1> R

2 (8) '
K, -1 (1)2 M, (1)2 e, 07
_Klms_(K ©) ¢, <0) L,©), um, (@, N, ©), Nz(o)

N <0))<+K (0)

(b) The necessary condition for conservation of pafity is: ‘all L and
all N, with the exception of Nl(o) vanish. The necéssary condition: for invariance
with respect to charge conjugation is: all L and Nl(o) as well as NZ(O) vanish.
The necessary condition for invariance under time reversal is: all N with the
exception of N (0 )vamsh These cond1t1ons are not sufficient, because the list
of 1nvar1ants is not complete; there may be practically unobservable higher-
order effects that violate one or several of these invariance properties, and
which depend on other invariant combinations of the coupling constants, " The
conditions are, however, sufficient in the weaker sense that if they are sat-
isfied there are no first- order v1olat1on effects.

If one: goes_ over from p decay to p~ decay, all observable quantities
that are multiplied by invariants that remain invariant under charge conjugation
stay unchanged, whereas those which are multiplied by 1nvar1ants that would
have to vanish if charge conjugation were satisfied take up aminus: sign,

(c}) Necessary conditions to be satisf-ied by an interaction wh'ich con-

serves lepton charge, 7 in the sense that u meson and electron with the same

electric charge also carry the same lepton charge, are given by:.

7The concept of conservation of lepton charge appears to have been put
forward first by E. J. Konop1nsk1 and H. M.. Mahmoud Phys Rev. 92, 1045
(1953).
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No additional condition for:
k@) @) @) (@), g () () (),
Sl , Sy 2 2 T2
N R S T 2 L
gk Ll(l) +Ml(1) +N1(1) RN )
S, P identities.
Here "S, P id.entitiesl"ﬁrefers to complicated relations between the invariants
characteristics for scalar and pseu'dp'scalar coupling which are of the type
of 5-by-5 determinants (constructed from the invariants) set equal to zero.
The same identities, which we do not give explicitly, will appear at a few
-other places. . These. relatlons are derlved by observmg that there has to
exist an equ1va1ent Hamiltonian w1th f = f. = h = h1 = 0. Because of the
incompleteness of the list of 1nvar1ants the cond1tions are again only
necessary but not suff1c1ent _ ' _ _
(d). Conservatlon of 1eptons when p meson and electron with equal
electric charge have_ opposite lepton charge, leads to the necessary conditions:
K(z) L&) - M@ N(z) ko Moy Wy Mg
, , 2 2 2 '
2 _ 2

2 _
D +M1(” w70 o)

%L
KL

S, P identitie s.

(e) A general two-componént theory with no restrictions as to conser-
vation of lepton <':h’ar‘ge8 leads to the following conditions on the invariants:
x(2) - ) _ 2 L ) :

b

(1) _ e (1) o (1) _ o (1) o (1) e (1) (1) (1)
R TR TR P YRR TP PR P

S, P identities.

: .8This possibility has been considered for p - e decay by M. H. F‘riedman,
Phys. Rev. 106, 387 (1957). It was used in the discussion of beta decayvby

Pauli. le
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 (f) A two-component coupling, with conservation Of"Iep:‘ton”charge (i.e..
a two-component theory in the conventmnal sense )) leads to the follow1ng
necessary conditions: ' B ,
(1) equal e1ectr1c charge of meson and electron 1mp11es equal lepton
charge ' ' '
all invariants with Super‘ecript (Z‘) and (0) v’ah'ish,v

1) _ o (1) . (1) . (1) M.y (1) o (1) (1),
R T T T SR =N, a2)

(ii) "equal electric charge of u meson and electron 1mp11es oppos1te lepton

charge: 10

all invariants withbsupers‘cript‘ (2) and (1) vanish;

(0) _ (0) (0) _., . (0)" .. (0) . (0) (0) _ (0),
K1 -:n:L1 R K2 —:!:LZ ,Ml —d:NZ ,N1 :|:N3 ;

2 _ 2. : :
The 51gn ( + or - ) 1n the second hne has to be the same in all four cases,.
A complete dlscussmn of all observable effects in p e decay (w1thout
radiative corrections) has been given recently by K1nosh1ta and Sirlin. 11

' They use an interaction in which they assume
f.=f!=h =hl=0 o (14)
i i i i o v _

i.e., they assume conservation of lepton charge and electric charge equal
to lepton charge for w meson and electron. The ‘concept of invariants per-
mits us to generalize their results immediately to the interaction Harniitonian

. (2): the coupling constants f f'i and h h' can enter into expressions |
for observable results only in such a way that the invariants (5) and (6) are

obtained. Kinoshita and Sirlin express all Observable quantities in terms

9A Salam, Nuovo cimento 5, 299 (1957)

T.D. Lee and C.N. Yang, Phys. Rev 105 (1957);
L. Landau, Nuclear Phys. 3, 127 (1957). |

1OThis case is definitely excluded experimentally by the observed spectrum.

llT. Kinoshita and A. Sirlin, Phys. Rev. (to be published).
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of ten cpmbinations‘o‘f coupling constants. . Their results hold also for the
more g_e;{eral interactions (2) if one puts ..
x(2)

a=k 0 b= Mk, - :
a' = ‘Lj(o) , b= ‘Llr(l) + L'Z(l) , ¢t = L(?) , _ -
Ca D - s (D (D) (15)
»a.—-4M1' | | ~'['3—M1 +M2 s
w0 e W)

One recognizes the result stated in Section A that some invariants:.do not"-
occur at all and others in particular combinations.

Espec1a11y for the so-called p value 12 they find

3b +be | N
= 2 ¥4b T b¢ S (16),

Since a measurement of the spectrum does not show yiolation effects and -
since - one has, neglecting the mass of the electron, invariance with respect
to Transformatmn (III) of the elec’cron field, p can depend only upon K

1nvar1ants asis 1ndeed the case. The 1nequa11ty for Py
0<p<1, . . . : (17)

is always fulfilled. The same inequality holds if conservation of lepton

charge (un mesons and electrons of equal electric charge have equal lepton
charge) is postulated. 12 ‘For conservation of 1epton charge with p meson
. and electrons of equal electric charge hav1ng opp051te lepton charge, one

f1nds

(18)

o
IA
©
A
bhlw

121, Michel, Proc. Phys. Soc. A63, 514 (1950);

- C: Bouichat and L. Michel, Phys, Rev, 106, 170 (1957).
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This is also true in a general two- cofnpdneht'theory'-with no restriction as
to the conservatxon of lepton charge. 13, 1'4

“In two component theory with conservatlon of lepton charge, with u-
meson and electron of equal electric charge having equal._lepton charge, one
has ' '

(19)

e
I}
] w

and with u mesons and electrons of equal electric charge having opposite

9

lepton charge.
p=0. - (20)

All these relations are found if one applies the restrictions on the K
invariants in the particular cases as summarized in Section B.

Kinoshita and Sirlin .1¢ write the general electron specfrhm for the
decay of (negat1ve1y charged)) n mesons in the form »

dN = c0 + G (p 7. (B, E’H) +C, (Bx T ,) (B x B’H)‘ +
' o ' (21)-

:.+C?(oxo)+c4(§ +CS(§ H

The relevance of the various terms for violation effects is seen if it'is

recognized that under reflections in space, one has

P-.P, G-0, S (22)

13M.H. Friedman, Phys. Rev. 106, 387 (1957).

1'4In this ’paper we assume local interaction (cf. Eq.."(Z)) ). Possible non-
local effects are, h.owever, | not un_l'ikely-to show up in p-e decay. Lee and
Yang (Phys. Rev. » to be published) show that the assumption of a reasonable
nonloeality permits oﬁe to reconcile the observed electron spectrum with
the two-compon;entv theory, witHout _violation of the"‘ conservation of lepton
charge. . | : N

15Th18 rule appears to be more simple than other rules in which a dis-

tinction between vectors and pseudovectors as well as between scalars and

pseudoscalars is to be made.
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and under time reversal, T, one has

B, _D

, T (23)
If validity of the TCP theorem is assumed, then violation of charge con-
jugation C, can be recognized from terms which change sign under the
transformation

P-B, G--7 . (24)
From Eqgs. (21) 'through (23) one sees immediately which terms are char-
acteristic for the various violation effects (Table I). This table, apart
from the last column, can also be used for other decay processes if the
Table 1

éveh'aviour of the var_ious: terms_of Eq. (21) under T, C, P.

Number of Number of T S S
momenta : spins Violation Coefficients
eyen | .even ‘None - CO, -Cl’ C2
odd ‘any o ‘Par1ty .C3, ,C4, C5
any : " odd charge C4,. ‘C5
v : conjugation‘ :
- even o odd? time reversal C3
odd ' ' even

2A more concise statement would be: number of factors odd.

16

The operatlon of t1me reversal maps a process into another one which
develops with time in the oppos1te sense; therefore a decay situation is
mépp"ed into a built-up situation. The usual tests of time reversal (cf the |
above transformation formulae)) are poss1b1e only if this second process can
'aga1n be related to the or1g1na1 one, i.e., if the trans1t10n matrix is not only
umtary but also Hermitian. For this to be true the process need not be _
strictly of first order. It is, howéver, important that the contribution from
intermediate’ stateé that fulfill energy-momentum conservation, and therefore
could be real states, be negligible. In p-e decay there are no such inter-
mediate states, since they would also appear as another (and more frequent)

decay channel.
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assumption on test of time rever'sal16 is satisfied and if the TCP theorem is
assumed to hold Coefficients characteristic for violation of charge con-
Jugatmn (i.e., _ C4 and C ) change sign if one goes over to the decay of u
mesons of the oppos1te charge the others stay unchanged K1nosh1ta and
S1r11n make the intere stmg remark that this behav1or of s1gns could be used
for a model 1ndpendent test of the TCP theorem ‘

» From the table and the d1scusswn in Sectlon B(11) 1t is clear wh1ch
1nvar1ants can occur in the various coefficients. If the mass of the electron

is neglected CO’ Cl’ and C4 (descrlbmg experlments in which 1ntens1ty

‘ and (or) long1tud1nal polamzatmn of the electrons 1s measured) must be

express1ble in terms of invariants of Class A only, 1t must be possible to
express the other coefficients in terms of invariants of Class B. From the
explicit expressions for the coefficients as given by Kinoshita and Sirlin it

can be seen that the following invariants or combinations of them ‘appear in-

the above spectrum:

1(0), Kl(l) K (1) g k(@) in'co and C | ;

M ana M ) 4 MZ(”. 'rn Cys 'N.3(O) and N, W4 N, M ia ¢ s

(0) (1) (1) 2) ..
'-LZ: R L,1 v+"L2' ., and L in C_4 and C5

The authors wish to thank Professor Pauli for his interest in the work
and for stimulating corres"pondence They also want to acknowledge d1s-
cussions with Dr. Tsuneyuk1 Kotani on various aspects of the theory of

n-e decay.
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Appendix

Transformatmn PrOpertles of Couplmg Constants

The group generated by Transformatmns (I) and (I1) is 1somorph1c
with the unitary gr_oup in two dimensions. (Gerhart Luders, .1‘c-' . ,3). 'The
interaction Hami_ltonian"of beta de;cay' contains only one neutrino opera.tor;'
the coupling constants therefore 'transform'like vectors in the two- di'mensional
space. The 1nteract10n Harrultoman of p-e decay contains in each term two _
neutrino operators It is therefore to be expected that the couphng constants
will transform like tensors of second rank. 17 For the systematlc construc-
tion of irreducible repre sentations of the group occurring as transformatmns
of these coupling constants the apphcatlon of tensor calculus is useful

The basic transformatmn is

. . _1a .a ‘-b>.<_ - :
(TMV) = e b a'p "o - (An 1)
We further introduce the complex conjugate transformation matrix
_ diaf® -b
T =elge L) (a.2)

Then a .two—dimensional \}ector" AI-L with undotted index is defined by the-

transformation law’

§ . :
v [ L T 4
and a vector B. with dotted index by19
B.=%.B.T, :. - A. 4)
v BopopVv : (4. 4)

17Ir1 this connection a remark in a letter by Professor Pauli was of

. great value to us.

18 . lc

Pauli, Eq. (10)
9Examples of such vectors are given by Pauli's coupling constants F
and G. One has A1 1, A2 = F2 B'1 = G B G1° In the sense of

~ this term1nol‘bgy Luders used only vectors w1th undotted indices (H = (B )
= (B ).
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A general tensor with undotted and dotted indices transforms under (A.3)
with respect to the undotted indices and under Transformation (A. 4) with
respect to the dotted indices. The comolex conjugate of such a tensor trans-
forms like one for which all undotted indices are replaced by dotted ones

. and vice versa. Therefore one may define
s

,(Apv....pa.'.».) =AI31'JPO' . (A. 5)
'Because of the unitarity of Tran'sforn'nation (A. 1) contractmn of tensor
indices is possible by summmg over one dotted and one undotted index.
A tensor of second rank may contain two 1nd1ces " either of the same

k1nd (both undotted or both dotted) or of different kind (one undotted and one
dotted). Tensors with indices of the same kind can be either symmetrical
or antisymmetrical in these indices, a property that is invariant under ten-
sor transformations. - Therefore one gets the following two types of irreducible
tensors. .
(a) Antisymmetrical tensors,:

Ap 2 =-A and Bps sq =- Bpeooq . A6

vl T "Avu] O R Y (4-0)

These tensors contain only one nonvan1sh1ng component A[1 2] or B[l é]
therefore one obtains representatlons of first degree.

(b) Symmetmcal tensors,

and D (A.7)

Cl )= S () " P

These representation are of third degree. On tensors With indices of

different kind the operation of contraction can be apphed Therefore one

has two types of irreducible representatlons

(c) The trace of a tensor, ~ ‘

; E=X E .. A.8
A ( )

ZoPauli's relative invariants (Ref. 1c, - Eq. (18) - (18b) ) transform
according to these representations. '

21The"sylrnbol % means here and in somé of the follo‘lwing equations that

the sum of the two terms with =1, p= 1 and po=2, b= 2 has to be taken.

LY
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This gives a representation which actually is the identical representation:
the quantity E is an invariant. '

(d) Tensor with vanishing trace, .

F . with = F « =0, S (AL 9)

This representation is again of third degree. Tensors of Classes (c) and

(d) are invariant under Transformation (II), whereas tensors of Classes (a)
and (b) take up factors exp(-2ia) (for undotted indices) or exp(Zio.) (for dotted
ihdiées). ' rI"'he irreducible representati'or_ls are char'acteriz'ed by the traces

of the transformation matrices (characters)

(a) _ |
b) e %[ +a"?% - 1] and e®%fa +2™) - 1], (A.10)

-2ia 2ia
e and e y

() 1,

(@) (a+a)? -1,
where the two alternatives for Classes (a) and (b) refer to pairs of undotted
or of dotted indices. |

The construction of invariants is now _Quite -simple. One forms products

of tensors with equal numbers of undotted and of dotted indices .an.d contracts
over pairs of such indices. In beta decé.y all invariahts were bilinear in the
basic quantities (vectors or rcoupling” con'sta'nvts).v The situation is different
here. There are linear invariants, i.e., Class ‘(c)‘of‘ the tépsors; they
appear, however, not to be intéres"ping from a physjcal point of view. Then
there are bilinear invariants, i.e., apart from products of qﬁantities of

. Class (c), the combinatiéns_

S A, {Bre+7, % C, \Dee, & FuG. . A. 11
By vl Tlae] By T(ev) T) By ey v (A-11)

- For physical applicétions, only those invariants in this group are of
interejst 1n which one tensor consist of coupling constants and the other of
complex ,conjugéte coupling constants. There are also invariants, not
expressible by the ones already given, which consist of more . than two

tensors, e. g.,

Fon Al S0 T (4-12)
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But such invariants do not appear in description of experiments that are now
possvible, because all such experiments can be described by _first-ord,er
perturbation calculation. |

o All irreducible tensors of second rank given above do really occur-in
p-é decay. By performing Transformations (I) and (II) explicitly one fin'd§ :

Al12] T 8T " 81 >

| o
B .. =gntgm,
| | nzy 0T |

S S s . ' S '

Ciiz) = 8s - 8s: C(1)=2 Ug-1fg), Clppy =2 (g - hg) .,
DY:: =g + g =2 (fo +f.), Doz = h.+hl
’(12) = 8s * 8s > (11) ( +s) (22) = 2 thg * hg),
S , (A. 13)

P _ 1 _ 1 P _ '
C(lz);’gp'gp’ 011) =2fp-fp), C(.22) 2 (hp - hp),
D"=g +gB —2& +f§‘ DP =2 (bp +h>
(12) ~8p t &8p> (11» P (22) =

v _ o A

E' =gy, E=gp
Vo, V. _ V. _ .t
Flun=ey, F=2fy, F,=2hy
A, A, _ AL |
Frii=8ay Fop=2iy, Fyp=2h,.

When only intensity or longitudinal polarization of the outgoing electrons
is observed and the electron mass is neglected also, the electron group (I1I)

is admissible. The following combinations of coupling constants

e B ipP A o A
[uv] (wv) (nv) (pv) (pv) BV BV
(A. 14)
take up an exp (+ie) under this transformation, and
Breei, o 4¢P, D% _pF  EV4E® FV . 4+FA
[uv] (ev) vy > 7 (wv) (pv) . Py pv
(A. 15)

take up an exp (-ie). The invariants of Class A (Eq. (5)) were obtained by
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use of these tensors, and their.combination .according to Eq. (A.11); to have
invariance under the electron group only products of tensors-and complex
conjugate fensors, both from Eq. (A. 14) or both from Eq. . (A. 15), are to
be formed. Class B (Eq.. {6) ), which is not invariant under the eléctron
group, is obtained by multiplying a tensor contained in (A. 14) by the-

complex conjugate of a tensor contained in (A. 15) or vice versa.





