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Abstract

Chaining Superparamagnetic Iron Oxide Nanoparticles and their effect on High-Resolution
Magnetic Particle Imaging

by

Caylin Colson

Doctor of Philosophy in Bioengineering

University of California, Berkeley

Professor Steven Conolly, Chair

Magnetic Particle Imaging (MPI) is a noninvasive imaging modality that exploits the sat-
uration properties of superparamagnetic iron oxide particles (SPIOs). A major thrust of
MPI research aims to sharpen the magnetic resolution of biocompatible SPIOs, which will
be crucial for affordable and safe clinical translation. We recently reported on a new class of
MPI tracers —called superferromagnetic iron oxide nanoparticles (SFMIOs) — which offer
much sharper magnetic saturation curves. SFMIOs experimentally demonstrate 5-13x im-
provement in both resolution and sensitivity. However, superferromagnetism is a relatively
unexplored branch of physics and the nanoscale physics and dynamics of SFMIOs remain a
mystery. Here we show experimentally that chaining of SPIOs can explain SFMIO’s boost in
SNR and resolution. We show how concentration, viscosity, transmit amplitude, and prepo-
larization time can all affect SPIO chain formation and SFMIO behavior. These experiments
will inform strategies on SFMIO chemical synthesis as well as SFMIO data acquisition pulse
sequences.
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Chapter 2

Introduction to Magnetic Particle
Imaging

2.1 Overview of Magnetic Particle Imaging and its

applications

In this section, I will discuss the general strengths of Magnetic Particle Imaging. I will then
go over the applications of MPI in the field of medical imaging and the first in vivo proof of
concept experiments that have been demonstrated.

2.1.1 MPI: A unique medical imaging modality

Magnetic Particle Imaging (MPI) is a radiation-free, non-invasive medical imaging modality
developed in 2005 by Gleich and Weizenecker [1]. MPI is a tracer imaging modality, similar
to other modalities like nuclear medicine. A tracer imaging modality is, generally, a process
where a contrast agent is injected, produces a signal, and is then imaged throughout the
body. Tracer imaging methods either highlight blood vessels (angiography), pathophysiologic
biomarkers, like the high metabolic rate of tumors (FDG PET), infection imaging (111In-
WBC), and pulmonary embolism imaging (MAA-99mTc Scintigraphy/SPECT. MPI could
soon offer a radiation-free complement to all of these Nuclear Medicine studies.

MPI images the magnetization of superparamagnetic iron oxide nanoparticles (SPIOs).
This generates an image that shows the location and concentration of SPIOs within the
body. MPI’s strengths compare to other imaging modalities in the following ways:

• No attenuation: MPI signal strength does not change as a function of its depth within
tissue. There is low attenuation of electromagnetic fields below 100 MHz; MPI uses very
low frequency (20 kHz–20 MHz) magnetic fields [2]. Depth attenuation is a challenge
for many imaging methods, including optical, ultrasound, and SPECT and sometimes
artifacts can render the attenuation-corrected scans unreliable. [3].
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Figure 2.1: Experimental demonstration of MPI’s quantitation: MPI signal strength is linear
with the amount of iron in a voxel, showing a near perfect correlation constant of R2 = 0.999.
©2013 IEEE. Reprinted with permission from [4].

• Linear and Quantitative: Unlike previously mentioned modalities, MPI images are
linear and quantitative. The strength of the signal in each voxel is perfectly linear to
the amount of iron within a voxel [4–6]. The SPIO magnetization imaged is a sum of
the individual magnetic moments of each nanoparticle. Fig. 2.1 shows the quantitative
nature of MPI by comparing the iron content of a voxel versus its MPI signal. This
demonstrates the linear relationship between the MPI signal and the amount of iron
in a voxel.

• Positive Contrast: SPIOs are sometimes employed as T2* contrast agents in MRI.
However, the signal created is a signal loss in the image, not positive contrast [3, 7].
MPI signals have positive contrast because MPI only images the nonlinear magnetiza-
tion of SPIOs [1]. MPI has superb contrast-to-noise ratio (CNR) because there is zero
signal from surrounding mammalian tissue.

• Highly Sensitive: MPI scans are decidedly sensitive, with measurements down to
nanograms of iron per voxel [5, 6]. The magnetic moment of SPIOs is much higher
than other magnetic materials. Compared to the sensitivity of MRI, MPI is much more
sensitive because the electronic magnetization of SPIOs is 22 million times greater than
the nuclear magnetization of 1H in MRI at 7T [8]. MPI’s dose-limited sensitivity is
well suited to imaging even micromolar tracer concentrations [8] whereas MRI SNR is
limited to 100 mM tracer concentrations (e.g., 19F). Of course, MRI anatomical en-
joys endogenous water concentration of 55M so this MRI sensitivity challenge is only
a problem for imaging tracers.

• Non-radioactive, safe, tracer: MPI uses SPIOs as tracers that are non-radioactive
and safe for human use. One SPIO, Feraheme (ferumoxytol), is approved for clinical
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usage for the treatment of iron-deficient anemia in patients with chronic kidney disease
(CKD) [9]. Clinical ferumoxytol treatment in the US generally consists of two doses of
510 mg with a concentration of 30 mg Fe/ml [10]. Considering the sensitivity of this
modality, MPI’s use of iron oxide tracers is well within the safe dosage range. This
ferumoxytol steady state concentration is about 0.5 mM, which is much higher than
the 1 micromolar sensitivity threshold.

Figure 2.2: MPI/CT, MRI, and Optical Imaging Comparison. In this image, two point
sources composed of a mixture of SPIOs and fluorescent tracer (Nanomag-MIP and An-
giosense 680 EX, respectively) were implanted at two different depths below the dorsal skin
surface of a mouse. (a) MPI/CT image shows no depth attenuation through tissue. MPI
Scan characteristics: 5 x 3.75 x 10 cm FOV, 6.8 min scan. CT scan characteristics, 15 min
scan, 184 µm isotropic resolution. (b) Optical imaging (fluorescence) shows signal atten-
uation as function of probe depth. 5 second scan. (c) MRI images show loss of signal in
tissue image, much like the xair pockets seen. MRI scan characteristics: 4 x 8 cm FOV,
313 µm in-plane resolution, 17 min scan. Republished with permission of Theranostics, [6];
permission conveyed through Copyright Clearance Center, Inc.
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Fig. 2.2 shows a comparison between MPI, optical, and MRI modalities when imaging
bioluminescent-labeled SPIOs. In Fig. 2.2 (a) and (b), two identical tracers were placed 1
mm and 2.8 mm deep within a mouse torso. In Fig. 2.2 (b) we see an example of the signal
dependence on depth attenuation that plagues optical images. Though the amount of tracer
is identical between the two probes, the probe that is 2.8x deeper into the mouse torso shows
a significant drop in signal strength. The MPI image in Fig. 2.2 (a), however, shows no
change in signal as a function of depth within the torso. Fig. 2.2 (a) and (c) shows how
SPIO use in MRI compares with SPIO signals in MPI. In Fig. 2.2 (c), SPIOs are shown as
a loss of signal, where the SPIO scrambles the MRI phase of the 1H surrounding it. The loss
of signal shows in an image the same way an air pocket does, where there is no 1H at all.
Specialized positive contrast SPIO pulse sequences have been developed [11], but the MRI
image shows the background tissue that surrounds the SPIOs, not the SPIOs themselves.
This is not the case in 2.2 (a) where no background tissue is seen at all in the MPI scan.
MPI only images the signal of the tracer, which creates positive contrast.

2.1.2 MPI applications

MPI is a tracer imaging modality with applications in cancer imaging, cell tracking, vascular
imaging, and magnetic fluid hyperthermia. The strengths of MPI are its sensitivity, high
contrast, zero depth attenuation, infinite persistence, robustness, and zero radiation. These
strengths lend themselves well to the applications in the following section.

2.1.2.1 Cancer Imaging in MPI

Magnetic Particle Imaging has been shown to be an effective way to visualize tumors by
taking advantage of the enhanced permeability and retention effect (EPR). The EPR effect
describes how the “neovasculature” created to feed a tumor is “leaky”, lacking the tight
junctions of healthy vasculature. Nanoparticles and macromolecules tend leak out of blood
circulation within a tumor and remain near the tumor for hours [14–16].

Yu et al. [12] showed that the EPR effect could be used to visualize xenografted breast
tumors with MPI following a tail vein injection of SPIO tracers. The work showed an
initial wash-in rim enhancement that highlighted the position of the tumor. By 6 hours post
injection, a tumor-to-background ratio of 50 was seen, demonstrating MPI’s capabilities for
high contrast imaging.

Nanoparticles can also highlight cancer if a targeting ligand (e.g., peptides or antibodies)
can bind the circulating SPIO to targets very close to the tumor. MPI has also visualized
tumors using active targeting of nanoparticles to tumors. Arami et al. used lactoferrin-
assisted accumulation of nanoparticles to a xenografted glioma model placed on the right
flank of a mouse [13]. This was then imaged within 2 hours post IV injection. In Fig. 2.3
(b), a permanent magnet was placed on the right side flank to increase nanoparticle loading
in the tumor. However, even without the permanent magnet, the tumor was still highlighted
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Figure 2.3: Cancer Imaging in MPI. (a) Imaging of xenografted breast tumor in rats. Image is
6-hr post-injection. Experiment took advantage of the EPR effect to passively target tumor.
3D MPI image with 4 x 4 x 5.8 cm FOV with CT skeletal reference. Magnetic Gradient of 7
x 3.5 x 3.5 T/m. Reprinted (adapted) with permission from [12]. Copyright 2017 American
Chemical Society. (b) Imaging of brain cancer xenografts using active targeting of cancer
by conjugated lactoferrin nanoparticles. MPI images were acquired with Magnetic Insight
Momentum MPI scanner with gradient strength of 6 x 6 T/m gradient with 6 x 8 cm FOV.
[13] republished with permission of Royal Society of Chemistry; permission conveyed through
Copyright Clearance Center, Inc.



CHAPTER 2. INTRODUCTION TO MAGNETIC PARTICLE IMAGING 9

with MPI signal, just a lesser amount. No comparison was done between functionalized and
non-functionalized nanoparticles.

A fundamental challenge with the EPR effect was highlighted by Wilhelm at al. [17].
The group showed that less than 1% of targeted nanoparticles actually reach targeted tumor
cells. They found that 99% of nanoparticles injected were taken up by organs like the liver
and spleen [17]. Of those that made it to the tumor, the majority were in the extracellular
matrix or taken up by perivascular tumor-associated macrophages [18]. However, in terms of
imaging the location of the tumors, rather than delivering chemotherapeutic drugs, it could
be argued that nanoparticles surrounding tumor cells is sufficient for imaging purposes. MPI
is very promising in this regard.

Another potential targeting pathway for MPI that would not require the EPR effect to be
effective is selectin targeting. Selectins are cell surface peptides that mediate the adhesion
of white blood cells to vascular walls under flow [19]. They play an integral part of the
metastasis process, recruiting tumor cells into the vasculature [20]; circulating tumor cells,
like leukocytes, roll across endothelial surfaces [21]. E-selectin targeting has been successfully
demonstrated with superparamagnetic iron oxide nanoparticles in MRI [22]. We believe that
E- and P-selectin targets SPIOs could be very promising probes to image cancer with MPI.

Others in the field [23] have used MPI to track cells for cancer imaging. Their work shall
be addressed in the next section, as motivation for MPI cell tracking.

2.1.2.2 Cell Tracking in MPI

White blood cell (WBC) tracking using MPI is of note due to the explosion of interest
in immunotherapy [23, 25–29]. Immunotherapy treatments for cancer are based on the
concept of immune surveillance, where the immune system can identify and eliminate, with
high specificity, cancerous cells before they cause harm within the body [30]. As such,
immune cells are naturally drawn to the site of cancerous tissue and can be armed for its
destruction. Monitoring immune cells and their migration is essential for evaluating cancer
immunotherapies.

Imaging techniques like 111Indium scintigraphy help doctors visualize WBC hotspots
within the body. There is enormous interest in tracking CAR-T and CAR-NK immunother-
apies. However, T cells and NK cells are both very radiation sensitive. Note that the radia-
tion does to the WBCs themselves is much higher than to the patient. The 70-kg patient’s
radiation dose during a 99mTc or 111In WBC scan is initially administered to a tiny (∼70
mg) mass of WBCs prior to autologous reinjection. This 1-million-fold high radiation dose
to WBCs can kill WBCs, adversely affecting targeting efficacy and specificity [31]. CAR-T
and CAR-NK cells cannot survive this radiation dose [32, 33]. MPI has great potential as a
cell tracking imaging modality due to its long lasting, non-radioactive tracers [5].

MPI has been used to track circulating tumor cells, neutrophils, and dendrites [23, 26,
27]. Parkins, et al. [23] used the concept that circulating tumor cells can home back to their
primary tumor site to image xenografted mammary fat pad tumors, which were detected at
the tumor site 72 hours following intracardial injection. Chandrasekharan, et al. [27] used
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Figure 2.4: MPI Cell Tracking Applications (a) MPI image of 5 x 105 Micro-sized iron
oxide particle (MPIO) labeled circulating tumor cells. Labeled cells were detected in the
mammary fat pad tumor on the mouse’s right flank, 0.8 ± 0.2 µg per tumor. 3D images
were collected on a MomentumTM (Magnetic Insight, Alameda, CA, USA) scanner with a
3 T/m gradient and a FOV of 12 x 6 x 6 cm with a total scan time of 1 hr. Republished
with permission of Royal Society of Chemistry, [23]; permission conveyed through Copyright
Clearance Center, Inc. (b) Anterior-Posterior maximum intensity projection of 3D MPI
data, imaging a mouse with lipopolysaccharide endotoxin induced muscle inflammation in
the right leg. Scans were collected on a 6.3 T/m field-free line scanner with 2D Projections
with a 10.6 x 6.2 cm FOV. Reprinted with permission from [24]; permission conveyed through
Copyright Clearance Center, Inc.
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antibody-conjugated nanoparticles for in situ labeling of neutrophils and monocytes, then
tracked these cells to sites of infection and inflammation. These scans had a contrast-to-
noise ratio of 8-13 in the site of inflammation. Gevaert, et al. [26] tracked dendritic cells to
popliteal lymph nodes after being injected into murine footpads. Within 2 days, each mouse
showed cell migration to at least one of the targeted lymph nodes, though only 2-3% of the
dendritic cells migrated. However, this was still able to be visualized using MPI.

MPI has also been used with great success for stem cell tracking within the body. Stem
cell therapies have enormous potential, with over 14 diseases and injuries about to reach
clinical trials [34]. However, successful implementation of stem cell therapies requires better
understanding of cell fate after implantation. The stem cells must reach their intended
targets, remain there, and maintain viability [35]. MPI has demonstrated success as a stem
cell tracking and implant monitor.

MPI has tracked neural stem cell implants in mice and rats, tail injections of stem cells
in rats, and implants in mice flanks [5, 6, 36, 37]. Zheng, et al. [5] demonstrated that
MPI tracked stem cell implants for up to ninety days after their implantation. The group
also showed a 200-cell sensitivity. This is an improvement over previous cell tracking efforts
in nuclear medicine. SPECT and scintigraphy scans can often only track cells for hours.
In 2016, Zheng et al. [6] showed that stem cells injected intravenously lodge themselves
in the capillary bed of the lungs. Intravenous injection is a technique commonly used in
clinical trials for administration of stem cells [38, 39]. Zheng et al.’s results thereby show
the ineffectiveness of the technique for stem cell delivery to the appropriate tissues. Neural
stem cell implants were tracked by Bulte, et al. [40], but only a detection limit of 104 cells
was found. Both Bulte et al. and Sehl et al. [37] found that MPI is comparable to 19F MRI
for cell tracking applications. In every case, MPI was found to successfully track stem cells.

MPI has many strengths that lend themselves well for cell tracking applications. MPI
can easily label phagocytic cells, e.g., dendritic and stem cells. Nanoparticles can also
be functionalized to label cells like neutrophils in situ. These strengths, along with the
other strengths of MPI mentioned previously, make MPI an excellent choice for cell tracking
applications. In addition to MPI’s capabilities for cell tracking, SPIOs have been shown
to minimally affect gene expression in stem cells [40], a trait that is not shared by nuclear
medicine, which damages cell function and their viability [41]. These examples make it clear
that MPI is well suited for cell tracking throughout the body.

2.1.2.3 Vascular Imaging in MPI

MPI has great potential for imaging small, active bleeds in the body. No current clinically-
used technique for bleeds, no matter where they are in the body, is very sensitive for small
bleeds. Gut bleeds are typically imaged using 99mTc red blood cell (RBC) scintigraphy, a
process where red blood cells are withdrawn from the body and labeled with radionuclides.
They are then re-inserted in the body and their location tracked in a scintigraphy scan.
This 99mTc scan requires a bleed of 3-5 mL of blood volume to image [42]. Traumatic brain
injuries and intracranial hemorrhages are typically imaged with CT scans. Mild traumatic
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Figure 2.5: Vascular imaging in MPI. (a) Traumatic brain injury (TBI) imaging of rats. The
blue dotted circle indicates area of impact. Unlike the control, the TBI has significantly more
signal at the site of impact, which is representative of an intracranial bleed [44]. Maximum
Intensity Projection of 3D scan. Gradient strength 7 x 3.5 x 3.5 T/m. FOV is 4.0 x 3.75
x 8.75 cm with a 10 minute acquisition. Republished with permission of IOP Publishing,
Ltd, [44]; permission conveyed through Copyright Clearance Center, Inc. (b) MPI imaging
of a gut bleed in mice. Gut bleeds were induced by introducing heparin to Apcmin/+ mice.
Gut bleed was visualized by digital subtraction of the first time point measurement from
the subsequent measurements. Twenty-one projection scans were taken over the course of
130 min. 2D Projection scan with 6.3 T/m gradient. FOV was 5.16 x 8.52 cm. Reprinted
(adapted) with Permission from [45]. Copyright 2017 American Chemical Society.

brain injuries with their potential for bleeds are often not considered for imaging at all [43].
MPI with its 5 ng of Fe per voxel sensitivity is well suited to imaging small bleeds [5].

Circulation time poses one of the most crucial issues for MPI’s vascular imaging. This
is the time that nanoparticles circulate throughout the body before they’re taken up by the
body’s reticuloendothelial system. Circulation time depends on the type of particle used,
most specifically, their coating [46]. Nanoparticle coating has a sizable effect on their function
and purpose. For example, in Szwargulski, et al. [47], the use of the tracer Perimag with a
coating of dextran decreased their abilities to visualize intracranial bleeds. One commercially
available particle, Resovist, with a coating of dextran, had nanoparticles taken up by the
liver and spleen within minutes of injection [48]. The Krishnan group at the University
of Washington, created their own particles with polyethylene glycol (PEG) coatings, which
had a half-life of 4.2 hours [49]. Vascular imaging with MPI requires long-circulating tracers
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because most relevant MPI applications, other than those that take place in the liver, require
more than minutes to traverse the body and highlight bleeds.

As a blood pool tracer with long-circulating nanoparticles, MPI has a proven track record
of successfully imaging traumatic brain injuries, intracranial hemorrhages, and gut bleeds
[44, 45, 47]. Yu et al. [45] detected bleeds of 2 µL of blood extravasating the gut lumen in
one voxel. Orendorff, et al. [44] visualized traumatic brain injury in a mouse for 11 days
after the injury occurred. Szwargulski, et al. [47] detected a tracer bolus representing an
intracranial hemorrhage in less than 3 minutes. These applications demonstrate MPI’s high
sensitivity to small active bleeds.

2.1.2.4 MPI Hyperthermia Imaging

MPI shows promise for “focusing” magnetic fluid hyperthermia (MFH), a therapy which
deposits heat to irreversibly damage pathological targets. In MFH, thermal energy accu-
mulates by AC magnetic fields rapidly changing the magnetization of pre-injected magnetic
nanoparticles. This preferentially damages cancerous tissues, which are more sensitive to
heat than normal tissues [50]. Brown et al. showed that cancerous tissues showed damage
at twice the rate of normal tissue. However, these magnetic nanoparticles, if introduced
systemically, can end up in other heat-sensitive tissues in the body, e.g., the liver, due to
their preferential uptake of nanoparticles within the body [51]. This explains the need for
some sort of “focusing” in MFH.

“Focusing” with MPI depends on gradient placement, not on AC magnetic field focusing.
AC magnetic fields cannot be focused to more than half of their wavelength; relatively low-
frequency magnetic fields have wavelengths larger than the human body. For example, a
300 kHz focused magnetic field in tissue has a wavelength of 55 m. The inability to focus
AC magnetic fields to the scales needed activates all the nanoparticles within the body,
which can cause damage to healthy tissue [53]. MPI gradients, on the other hand, can be
used for localization in magnetic hyperthermia, just like they are used for localization in
MPI. Generally, magnetic nanoparticles affected by gradient magnetic fields are locked into
alignment and cannot rotate with applied AC magnetic fields. Hence, they cannot deposit
energy and heating to untargeted tissues [52]. This combination of MPI and magnetic
hyperthermia overcomes one of the greatest problems in magnetic hyperthermia, that of
focusing heat production within the body. Fig. 2.6 shows this localization of heating.

Success for MPI-MFH depends on a combination of scanner design and tracer design.
Baeur et al. [54] introduced tracers designed for dual purposes (imaging and hyperthermia)
in the form of zinc-doped magnetite cubic nanoparticles with showed a 5-fold improvement
in SAR while showing a resolution comparable to ferumoxytol. Hensley et al. [55] designed
a combined MPI-MFH system that provided selective heating of samples separated by 3
mm. Tay et al. [52] then used the previously-designed MPI-MFH system [55] to localize
selective heating in a two xenografted tumor murine model. As seen in Fig. 2.6 the bottom
tumor, which was treated using MFH, was no longer viable. The top tumor was not affected
by this treatment. The MFH studies developed with MPI could be used to clinically treat
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Figure 2.6: Hyperthermia in MPI. Xenografted bioluminescent tumors implanted in right
flank and right side of mouse torso. Gradient localized heating targeted the bottom tumor,
and, after 3 days post treatment, the bottom tumor underwent apoptosis. Bioluminescent
imaging was obtained via an IVIS Lumina system with auto exposure time and medium
binning. Mice were imaged in 3D Projection MPI scanner with 6.3 T/m gradient. The FOV
was 12.35 x 4.75 x 4.75 cm with a scan time of approximately 2 minutes. Localized Heating
of SPIOs took place with a specialized scanner with a 2.35 T/m gradient, with 30-60 min
of heating time. Reprinted (adapted) with permission from [52]. Copyright 2018 American
Chemical Society.
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cancers such as prostate cancer and glioblastoma with much finer heating resolution than
MFH alone.

2.2 MPI Imaging Theory

This section will cover how images are made in MPI. I will describe MPI physics, signal
generation, and how these signals are reconstructed. Then, I will touch upon the physics
that causes blurring in MPI, magnetic relaxation.

2.2.1 MPI Physics and Signal Generation

MPI directly measures the nonlinear electronic magnetization of SPIOs, superparamagnetic
iron oxide nanoparticles. SPIOs are typically made of magnetite (Fe3O4) and are 30 nm or
less in diameter. This size restriction allows for magnetite, typically ferrimagnetic in sizable
quantities, to behave as single-domain paramagnetic nanoparticles. Their magnetization is
much stronger than typical paramagnets because they are single magnetic domains, hence
the term superparamagnetic.

The Langevin equation describes the magnetization for a non-interacting ensemble of
SPIOs as function of the applied magnetic field [56]. The magnetization of the system is
equal to the following equation, where N is the number of particles per volume (#/m3), m is
their individual magnetic moment (Am2), and k (m/A) is the ratio of the magnetic moment
of an individual particle and the thermal energy of the system:

M(H) = NmL(kH)

= Nm

(
coth(kH)− 1

kH

)
(2.1)

Fig. 2.7 shows the Langevin equation and its effect on MPI images. Fig. 2.7 (a) and (b)
shows the Langevin function and the effect an applied field has on a SPIO’s magnetization.
Fig. 2.7 (c) shows how an applied magnetic field affects the inductive measurement of the
SPIO’s magnetization.

MPI then takes advantage of the nonlinear magnetization of SPIOs to localize the MPI
signal within the field-of-view (FOV) of a scanner. To do so, large gradient magnets are
placed on either side of the FOV. Their magnetic fields repel one another such that there
is a region between the two gradient magnets where no magnetic field is felt. This region
is called the field free region (FFR). Fig. 2.8 shows such a design. Two dynamic, spatially
homogeneous fields (one fast, one slow) allow us to shift the instantaneous FFR across the
FOV, enabling localization of signal.
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Figure 2.7: Superparamagnetism and its effect on MPI images. (a) The Langevin curve
personifies the magnetization of superparamagnetic nanoparticles. (b) The magnetization
of superparamagnetic nanoparticles saturates with positive and negative magnetic fields,
but the net magnetization is zero with no magnetic field. (c) Inductive sensing of changing
magnetization creates the MPI point spread function (PSF), which determines the resolution
of the modality.
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Figure 2.8: MPI Scanner FOV. On the left and right are two gradient magnets with opposing
magnetic fields. SPIOs that are aligned with the gradient magnetic fields are locked into
place and cannot be sensed inductively. Only SPIOs within the field free region, FFR, can
be sensed inductively, therefore localizing the MPI signal.

2.2.2 MPI Image Reconstruction

This section discusses spatial encoding and image reconstruction in MPI. X-space recon-
struction is a gridding operation dependent on knowing the position of the FFR. As said
earlier in Section 2.2.1, MPI requires a gradient magnetic field to localize the FFR and
encode the spatial position of nanoparticles within the FOV. All the particles within the
sample experience a gradient field and an applied field

H(x, t) = −Gx+ Bex

µ0

cos(2πf0t) (2.2)

Where G is the strength of the gradient field, Bex is the amplitude of the applied field,
µ0 is the permeability of free space, and f0 is the frequency of the sinusoidal applied field
[4]. Solving for the position of the FFR, where the applied magnetic field is zero, we find
that the equation for the FFR is

xs(t) =
Bexcos(2πf0t)

µ0G
(2.3)

showing that the FFR trajectory is sinusoidal and the amplitude, or, width of the trajec-
tory, is Bex

µ0G
[4]. The width of the trajectory is proportional to the amplitude of the applied
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Figure 2.9: Experimental data of MPI images reconstructed with and without DC recovery.
The reconstructed image without DC recovery has a very different shape from the ideal
image and is not quantitative. Reprinted, with permission, from [4]. IEEE ©2013.

field and inversely proportional to the strength of the gradient field. MPI signals are sensed
inductively; the measured voltage is the product of the coil’s sensitivity and the changing
flux through the coil. This is shown in the voltage equation, EMF (t) = −B1

dΦ
dt
, where Φ is

the magnetization of the nanoparticles through the coil. The signal equation for MPI at the
FFR is [57]

s(t) = ρ(x) ∗ L̇[kGx]
∣∣∣
x=xs(t)

B1mkGẋs(t) (2.4)

To find the native distribution of the nanoparticles, ẋs(t) must be removed from the
measured signal. The benefit to this operation is that it only requires a single division per
position of the FFR and the gridding of that position, all of which can be achieved in real
time.

Another challenge in reconstruction is eliminating the direct feedthrough that is inherent
in MPI. Direct feedthrough is a natural byproduct of the receive coil measuring both the
transmitted magnetic field and the magnetization of the sample at the same time. In the
frequency domain, direct feedthrough only contaminates the first harmonic of the receive
signal because the transmitted signal is a pure sinusoid. There is near-zero direct feedthrough
at higher harmonics. Hence all MPI scanners reject the signal at the first harmonic with
an analog filter. This direct feedthrough rejection filter kills both the direct feedthrough
interference (intentionally) and the first harmonic signal from the SPIOs (unintentionally).
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Figure 2.10: Nanoparticle Magnetic Relaxation. The top figure shows Brownian relaxation,
where the magnetic moment of the SPIO aligns with applied magnetic fields by physically
turning, as shown by the attached antibody turning with the magnetic moment. The bottom
figure shows Néel relaxation, where the magnetic moment aligns with applied magnetic
fields within its crystal structure, as shown by the attached antibody remaining in the same
position.

Reconstructing the MPI scan given only the higher order harmonics is the inverse problem
challenge in MPI.

Fortunately, Lu et al. [4] showed that the lost first harmonic signal corresponds to a loss
of the center of k-space (or DC) value of a partial FOV scan. Lu found that the lost partial
FOV DC signal can be restored with a robust algorithm that enforces image continuity and
zero signal outside the FOV. Without Lu’s algorithm, an incorrect PSF is reconstructed, as
seen in Fig 2.9. Enforcing these a priori assumptions allows the DC signal to be effectively
recovered.

2.2.3 Magnetic Particle Relaxation

All the previous statements about MPI physics and signal generation operates under what is
called an adiabatic assumption, the assumption where no energy is lost in the system. The
adiabatic condition assumes that each SPIO instantaneously follows the applied magnetic
field. However, in reality, the alignment does not occur instantaneously; that process is
called magnetic relaxation. Relaxation can occur by two mechanisms: Néel relaxation and
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Brownian relaxation. MPI obeys Debye physics, and so the observed magnetization is well
modeled as the adiabatic magnetization waveform temporally convolved with a relaxation
kernel, as seen in the following equation [58]:

M(x, t) =Madiab(x, t) ∗
1

τ
e−t/τu(t) (2.5)

where τ can be either Brownian or Néelian relaxation. The two relaxation mechanisms
occur in parallel and so we measure the faster of the two. Relaxation slows down the inductive
sensing of the MPI signal and adds blur to the image.

2.2.3.1 Néel Relaxation

Néel relaxation describes the realignment of the nanoparticle’s magnetic moment within its
crystal structure [59]. The time it takes for Néel alignment to occur is described with the
following equation

τN = τ0
eρ
√
ρ

(2.6)

where

ρ =
KVm
kBT

(2.7)

where τ0 is a constant, 10−9s, Vm is the volume of the magnetic core of the nanoparti-
cle, and K is the anisotropic energy constant, which depends on the nanoparticle’s crystal
symmetry [56, 60, 61]. The ρ term defines the equation for the Néel relaxation constant
and balances the thermal energy of the system and its anisotropy energy. As the volume
of a nanoparticle increases, so does the Néel relaxation term, until the magnetization of
the nanoparticle is locked into alignment and cannot be adjusted in any manner other than
Brownian relaxation [61].

2.2.3.2 Brownian Relaxation

When the Néel relaxation time constant takes too long to align through the crystalline
structure, the nanoparticle physically rotates with the magnetic field in Brownian relaxation.
There is, of course, resistance to that rotation in the form of drag. This defines the Brownian
relaxation constant as

τB =
3ηVH
kBT

(2.8)

where η is the viscosity of the solvent surrounding the nanoparticle and VH is its hydro-
dynamic volume. τB is the ratio of the thermal energy of the system to the resistance of
motion resulting from physically rotating in a solvent.
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2.2.3.3 Parallel Competition for Dominance

Nanoparticles within a fluid experience both Néelian and Brownian relaxation mechanisms.
These two relaxation mechanisms act in parallel, and so, depending on the nanoparticle’s
crystalline or hydrodynamic properties, the fastest relaxation mechanism dominates [61].
Bear in mind that Néelian relaxation time increases exponentially with the magnetic core
volume of a particle. Therefore, the larger a particle is, the more likely it is be dominated
by Brownian relaxation.

2.3 Current challenges in MPI

It is challenging to scale up an MRI or an MPI scanner from preclinical to clinical sizes. MPI’s
clinical translation depends on scanner and tracer properties. Its current spatial resolution
is not sufficient for its future clinical use. In this section, I will discuss the requirements
necessary for clinical MPI scanners to occur.

As stated previously, Magnetic Particle Imaging inductively senses the changing magneti-
zation of SPIOs. Because inductive sensing is defined by Faraday’s Law, where the derivative
of a changing magnetic field induces a voltage in a receive coil, MPI measures the derivative
of the changing magnetization of SPIOs. The spatial resolution and signal-to-noise ratio
(SNR) of an MPI signal is directly proportional to the speed at which the SPIO traverses
the M-H curve.

The resolution for MPI is determined by its point spread function (PSF). Eq. 2.4 describes
the signal equation for MPI. The resolution of the PSF is the most commonly evaluated with
the Houston criterion. We calculate the full width half max (FWHM) spatial resolution using
the distance between two points on the PSF that are one-half the peak maximum amplitude.
This gives us the following equation for the spatial resolution (FWHM) of an MPI scan:

∆x =
24kBT

µ0πMsat

1

G · d3
(2.9)

where µ0 is the permeability of free space, kB is Boltzmann’s constant,Msat is the satura-
tion magnetization of the ensemble of nanoparticles, and d is the magnetic core diameter of
the particles. This equation shows us that there are two ways in improve the spatial resolu-
tion of our MPI scanner: the magnetic core diameter of our nanoparticles or the strength of
the gradient field. One is determined by tracer properties, the other by scanner properties.
Gradient strength for MPI is limited by cost, power, and cooling constraints. One reason is
that the cost of the magnets quadratically increases as the gradient strength increases.

If gradient strengths cannot be increased, that leaves finding a higher resolution tracer.
Currently, a pre-clinical MPI murine scanner using ferumoxytol nanoparticles (FDA ap-
proved [62]) has a spatial resolution of 5 mm using a 6 T/m gradient with a 4 cm bore
radius [63]. A human-sized MPI scanner operating with a 1.0 T/m gradient using feru-
moxytol would offer roughly 30 mm spatial resolution, which is not competitive with other
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modalities. It is clear we need a higher resolution MPI tracer for human applications. The
next chapter shall address past work to improve MPI resolution with unique tracer physics.

The bulk of the dissertation describes experiments investigating the fundamental
nanoscale physics mechanism of superferromagnetic behavior. I developed a unique pulse
sequence to measure the transition time of superparamagnetic iron oxide nanoparticles
to superferromagnetic iron oxide nanoparticles. I measured this transition as a function
of transmit amplitude, particle concentration, and solvent viscosity. My work has led
to greater understanding of SFMIO behavior and will inform future projects on SFMIO
biocompatibility and safety.
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Chapter 3

Search for Improved MPI Spatial
Resolution

In this section, I describe MPI’s search for better spatial resolution along two paths: the
synthesis of optimized nanoparticles and the development of reconstruction algorithms and
pulse sequences to overcome magnetic relaxation. High-resolution nanoparticle synthesis for
MPI has focused on developing larger single-core magnetite tracers. However, Tay et al.
[64] and Croft et al. [58] showed magnetic relaxation thwarts the expected resolution gains
from these particles. Many groups [65–68] designed pulse sequences to overcome magnetic
relaxation and reclaim the expected resolution improvements. The new combination of these
pulse sequences and superparamagnetic nanoparticles has driven MPI within close reach of
its resolution limit using SPIOs.

3.1 MPI’s search for improved spatial resolution

Magnetic Particle Imaging (MPI) is a unique, relatively new in vivo imaging modality. Its
physics, e.g., zero signal attenuation and positive contrast, set it apart from other imaging
modalities. However, a huge concern for MPI’s clinical translation is its spatial resolution.
MPI scanners have achieved head-size scale for cerebral blood volume applications [69]. Using
non-FDA approved nanoparticles optimized for MPI, this scanner reached a spatial resolution
of 7 mm with a gradient strength of 1.5 T/m[69]. This resolution is comparable to functional
MRI, but CT and MRI would outcompete MPI for angiography and stroke imaging with
their in-plane resolution of ∼1 mm. More work must be done to make MPI human scanners
feasible. Barring an unrealistic increase in gradients used in scanners because of the need
for cryogenics [70], tracer optimization is the most promising course forward.
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3.2 Current State of Superparamagnetic

Nanoparticles in MPI

In general, MPI uses superparamagnetic nanoparticles as tracers within the body. Use of
these nanoparticles for liver imaging, an off-label use, in Magnetic Resonance Imaging (MRI)
occurred as early as 1989 [71]. The first use in humans visualized the presence of malignant
tumors in the liver. SPIOs were uptaken by healthy tissue but not by cancerous, thus
creating the contrast needed for tumor visualization [72]. While MPI works with SPIOs
that are traditionally used as contrast agents in MRI, specially designed nanoparticles are
much more successful. The former tend to be multiple small particles bound together in a
cluster by a particle coating such as carboxydextran (multi-core), and the latter tend to be
single-core nanoparticles.

Table 3.1: Commonly Used Nanoparticles for MPI

Iron Oxide Marketing Status
Core

Diameter (nm)
FWHM

(∆x in mm)

MPI
sensitivity
(ng Fe)

Resovist®

Bayer
Approved for Clinical
Use in EU/Japan

3-5 clustered 1.37 11.9

Feraheme®

AMAG Pharma
Approved for Clinical

Use by FDA
6-7 clustered 5.64 77.22

Vivotrax™ Research use only 4.2 1.63 18.54
Lodespin

Lab (LS-017)
No longer available 28.7 0.83 3.0

Sources: [70]
Assumed gradient strength was 7 T/m.

Table 3.1 shows four common MPI tracers and their performance. Resovist and Vivotrax
are the most common and consist of small clustered nanoparticles bound together in carboxy-
dextran [48]. Resovist is commonly used despite Resovist nanoparticles being responsible for
only 3% of MPI signal in a sample [1]. Feraheme can be used for MPI [63] but suffers from
a significant decrease in particle resolution. Lodespin Lab’s LS-017 is representative of the
monodisperse magnetite tracers for research use that produce the best resolution for MPI,
but Lodespin Labs tracers are no longer available commercially.

3.2.0.1 An aside: FDA black-box warning

Superparamagnetic iron oxide tracers are still used as contrast agents in MRI clinically, but
not without reservations. Only one MPI tracer, Feraheme, or ferumoxytl, is currently FDA
approved [73, 74], but only as an intravenous medication to treat iron-deficiency anemia
in patients with chronic kidney disease [75, 76]. Patients experiencing adverse events due
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to Feraheme has led to a black-box warning on its use in the US. 79 cases of anaphylactic
shock led to 18 cases of death with the first dose of ferumoxytol [77], and the tracer is
administered over half a million times in a typical year [78]. This makes ferumoxytol’s rate
of anaphylactic shock higher than every other intravenous iron tracer on the market [78].
Physicians are warned of its potential side effects [77], yet many remain devoted to its off-
label use as a contrast agent, given the use of trained personnel, monitoring equipment, and
resuscitation supplies [79].

3.2.1 Synthesis of SPIOs

A background understanding of nanoparticle synthesis sheds light on how tracer dynamics
affect the images created. MPI performance, sensitivity, and resolution strongly depend on
the type of tracer, as shown in table 3.1. A clustered nanoparticle like ferumoxytol versus a
single-core nanoparticle like LS-017 have a five-fold difference in resolution.

Figure 3.1: LaMer Mechanism showing the three stages of concentration rapid increase,
nucleation, and particle growth. Reprinted with permission from [80]. ©2015 American
Chemical Society.

The LaMer mechanism (Fig. 3.1) is commonly used to describe the relationship between a
monomer (a reacted molecule dissolved in a solution) concentration versus time [80–82]. This
mechanism can be described in three stages. During stage 1, the monomer’s concentration
rapidly increases to the point of supersaturation, but no particles are present. At stage
2, the monomer reaches the critical level of nucleation to generate particles, significantly
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reducing the concentration of the free monomer in solution. From this point at stage 3, the
nanoparticles grow in size without additional nucleation.

A challenge in nanoparticle synthesis is the wide range of nanoparticle sizes that can
occur within a single reaction. One issue is that if the nucleation event is too low in Stage
2, a monodisperse distribution might not be obtained [83]. Another factor is that Ostwald
ripening occurs in Stage 3. This is the process where large particles grow larger and smaller
particles stay the same size. These factors, low nucleation events and Ostwald ripening, are
generally considered to be why a large range in particle sizes often exists [80].

The synthesis process of SPIOs tends to indicate their success as tracers in MPI. The
ideal MPI nanoparticles should have controlled size ranges to reduce the amount of relaxation
blurring. Each different nanoparticle size has its own relaxation, both forms of which depend
on magnetic particle volume. The core sizes should be as large as possible and single-core,
as predicted by Langevin theory and MPI physics. Particles synthesized through the co-
precipitation method tend not to perform as well in MPI because they generate a wide
distribution of particle sizes, increasing relaxation blurring in MPI [61, 84]. Nanoparticles
synthesized through thermal decomposition methods have been successful in MPI because
of their size-controlled and single-core properties [85–87]. Fig. 3.2 shows the differences in
particles produced by the two different methods.

3.2.1.1 Co-precipitation Method

Co-precipitation is the most likely method for creating the clinically used, non-ideal tracers,
ferumoxytol and ferucarbotran [88]. Co-precipitation methods produce a large range of
nanoparticle sizes with poor crystallization and irregular crystal shape [61, 89]. They can
be described as colloidal nanoparticles [89]. These are not ideal for MPI because Langevin
theory and MPI physics predict that size-controlled single-core magnetite nanoparticles make
the best tracers. Still, this method is a fast and relatively simple way to produce a large
amount of nanoparticles [61, 84], making it a reasonable method for creating clinical tracers.

The co-precipitation synthesis usually prepares nanoparticles by mixing ferrous and ferric
salts in an aqueous medium at or above room temperature. The size and shape of the
nanoparticles depend on many factors, e.g., reaction temperature and PH [84], and needs
to occur in an oxygen-controlled environment to avoid the transformation of magnetite into
maghemite [61]. The size of the nanoparticles must be determined during a very short
nucleation period [61]. This tends to produce nanoparticles in size ranges from 2-15 nm [61].
These smaller particles are not ideal for MPI, where the resolution is inversely proportional
to the magnetic core volume of the nanoparticle [57].

3.2.1.2 Thermal Decomposition Method

The control over size distribution in thermal decomposition enables ideal MPI tracers. Mag-
netite nanocrystals are prepared by decomposing iron-oleate complexes at above 300o C in
octadecene [90]. One of the most successful methods for size-controlled nanoparticles the
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Figure 3.2: TEM of commercially produced nanoparticles, Resovist (a) and research-use
thermally decomposed nanoparticles, from the University of Washington (b). Note the large
change in particle size distribution and crystalline shape. Reprinted from [86], with the
permission of AIP Publishing.

extended LaMer synthesis process. This process adds a constant drip of an iron-oleate pre-
cursor into an octadecene bath. The addition of solute in stage 3 of the LaMer process helps
control Oswald ripening and confines nanoparticle size to 5-30 nm [80]. This size-control is es-
sential for limiting relaxation processes such as Néel relaxation. The nanoparticles produced
also have single-core crystalline structures, meaning that the spatial resolution improves as
particle magnetic core size increases, according to the MPI signal equation [57].

3.3 Improving MPI resolution with

superparamagnetic tracers

Langevin theory predicts that MPI resolution should improve as the magnetic core volume
of a nanoparticle increases. However, this is an adiabatic prediction and does not include
magnetic relaxation. The following sections will show how nanoparticle relaxation thwarts
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that prediction. We will then discuss pulse sequences designed to overcome nanoparticle
relaxation and restore MPI resolution to Langevin theory predictions.

3.3.1 The Relaxation Wall

Magnetic core size and relaxation have been of great interest to MPI researchers to improve
MPI spatial resolution. MPI inductively measures the magnetization of nanoparticles such
that the faster the magnetization of the nanoparticles in time, the steeper the PSF measured
and the better the resolution of an MPI image. The equation for the resolution (FWHM) of
MPI is seen in Section 2.3 and shows that the resolution of MPI’s PSF is inversely propor-
tional to the magnetic core volume of a tracer. This is most important for tracer design. Core
size has been explored experimentally; researchers found that increasing nanoparticle core
sizes improved MPI resolution, until relaxation begins to dominate [58, 86, 87]. Core shape
has also been explored through modeling MPI spectra, showing that magnetic mono-domain
particles were dependent on the anisotropy of the nanoparticles’ magnetic core, thereby af-
fecting a particle’s Néelian relaxation [91]. The research supports the trend that core size
and shape affect measured MPI signals, especially nanoparticle relaxation.

Magnetic particle relaxation is defined as the non-instantaneous response of a magnetic
particle to the applied field [58]. The addition of relaxation effects causes an asymmetric
blur based on the scanning direction. Intuitively, the blur makes sense: the position of the
field-free region (FFR) can be represented as a sinusoid traveling from positive maximum
excitation to negative maximum excitation as a function of time, as seen in Eq. 2.3. When
inductive sensing measures the derivative of the magnetization as a function of time, we
measure the change in the sample’s magnetization as a function of applied field. Therefore,
a positive-direction change in applied field, where the applied field goes from -Bex to positive
Bex shows magnetic relaxation on the positive side of the PSF, as seen in Fig. 3.3.

The equations for the two forms of magnetic particle relaxation, Néelian and Brownian,
are listed in Eq. 2.6 and Eq. 2.7, respectively. Both depend on the size of the nanoparticles,
where Eq. 2.6 depends on the magnetic core volume, and Eq. 2.7 depends on its hydrody-
namic volume. Both equations show improved resolution with increased nanoparticle core
volume, but only to a certain point, the relaxation wall. At that point, magnetic relaxation
dominates the signal and causes blurring.

Work by Tay, et al. [64] confirmed experimentally that magnetic relaxation dominates
over any magnetic core gains. The group [64] used Imagion Biosystems PrecisionMRX©

nanoparticles with core diameters from 18 to 32 nm and measured their PSFs. As predicted
by the Langevin equation, they found that the resolution of the PSF improved up to a certain
point, ∼24 nm, for these specific scanning parameters. After that point, magnetic relaxation
was presumed to increased so that the resolution worsened. The observation that the Néelian
relaxation constant exponentially increases with magnetic core size suggests that Tay et al.’s
magnetic relaxation was Brownian. Tay, et al. [64] posited that the most promising approach
for improving MPI resolution was optimizing nanoparticle size for maximum resolution and
minimum relaxation-induced blurring. These results are seen in Fig. 3.4.
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Figure 3.3: The left shows a delta function representing a point source of SPIO nanoparticles.
That delta function is spatially convolved with the derivative of the Langevin function and
the adiabatic PSF is produced. That PSF is the convolved with the temporal relaxation
function, which causes asymmetric blurring in the PSF. Therefore, there are non-identical
PSFs for the two scanning directions. Reprinted with permission of [58]. ©2012 IEEE.

3.3.2 Pulse Sequence efforts to mitigate Relaxation effects

Pulse sequences offer another path to mitigating relaxation blurring and maximizing spatial
resolution. One of the most common strategies is low amplitude and/or low frequency
approaches rather than the typical 20kHz, 20 mT pulse sequence most used for MPI [65, 68].
Low-amplitude and/or low-frequency pulse sequences greatly improve the resolution of MPI
signals. They map the MPI signal to smaller locations in space, thereby reducing relaxation
blur. The development of multi-frequency gradiometric relaxometers, most notably, the
arbitrary wave relaxometer, have enabled pulse sequence development to flourish. Developed
by Tay et al. [92], the AWR has opened the possibilities of new pulse sequences to explore
how SPIOs respond to magnetic fields. This has greatly increased the number of frequencies
and transmit amplitudes available to excite particles sinusoidally. It has also enabled the
development of brand-new pulse sequences, such as square waveforms.

3.3.2.1 Arbitrary Waveform Relaxometer

As a reminder, the MPI receive coil picks up both the signal (EMF from the SPIOs) and the
direct feedthrough interference coupled from transmitter to receiver (due to non-zero mutual
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Figure 3.4: (a) Experimental 1D PSFs of Imagion Biosystems Precision MRX© SPIOs. The
particle resolution increases as the core size increases until an upper limit is reached, at 24 nm.
From that point on, relaxation is presumed to dominate, and the resolution decreases. (b)
Comparison of experimentally measured particle resolution versus theoretically predicted.
Republished with permission of IOP Publishing, Ltd, [64]; permission conveyed through
Copyright Clearance Center, Inc.

inductance). Sinusoidal excitation leads to harmonics that represent the nanoparticle signal’s
spectrum. The first harmonic of the nanoparticle signal, however, is completely contaminated
by direct feedthrough and hence it must be discarded. The direct feedthrough is almost 8
orders of magnitude stronger than the particle signal at the first harmonic and so the direct
feedthrough filter must be very high order [93]. An arbitrary x-space excitation waveform for
MPI is very challenging in part because the direct feedthrough interference would no longer
be conveniently located at a single fundamental frequency. Hence, there would be no simple
direct feedthrough filter.

To permit arbitrary excitation of magnetic nanoparticles, Tay et al. [92] developed what
we call an arbitrary waveform relaxometer (AWR), as seen in Fig. 3.5. The AWR does not
employ a direct feedthrough filter; instead, it uses a transmit receive coil pair, designed to
fine tune the mutual coupling between transmit and receive coils. Tay at al. used a transmit-
receive gradiometer with a real-time mechanical shimming adjustment. The receive coil is
wound with two solenoids wound anti-series to minimize coupling to the uniform transmit
coil. The sample is placed into only one of the receive coils, allowing subtraction of the
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Figure 3.5: University of California, Berkeley’s Arbitrary Waveform Relaxometer. Repro-
duced with permission of [92] under the Creative Commons Attribution (CC BY-NC) License
(https://creativecommons.org/licenses/by-nc/4.0/).

transmit signal harmonic to occur without removing any nanoparticle signal. This device
improved on prior work [94–96], and the fine mechanical shimming provided up to 67 dB
cancellation, which allowed direct feedthrough to be smaller than the SPIO signals.

3.3.2.2 Transmit Amplitude and Sinusoidal Frequency

The Relaxation Wall hinders MPI spatial resolution from reaching its full potential [64]. We
will show that the flexibility of the AWR allows us to obviate the relaxation wall using both
Low-Amplitude, High Frequency (LAHF) MPI and Pulsed MPI [66, 67]. Both use non-
conventional pulse sequences to probe the magnetization of samples. This section focuses on
LAHF, which uses high-frequency and low-amplitude sinusoids.

Previous work has found that drive field amplitude and drive field frequencies affect the
resolution and relaxation blur of an MPI PSF [65, 68, 97, 98]. Croft, et al. [65] showed that
the spatial resolution for the blur from relaxation is linearly proportional to the transmit
field frequency and the transmit field amplitude. It was found that MPI spatial resolution
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Figure 3.6: Experimental 1D comparison between conventional sinusoidal MPI at 25 kHz, 20
mT with square waved pulsed MPI at 2.5 kHz, 1 mT. (a) Standard sinusoidal pulse sequences
make MPI PSFs widen after core sizes of 24 nm are reached due to relaxation effects. (b)
Pulsed MPI for same nanoparticles shows constant improvement as a function of core size (c)
Experimental sinusoidal excitation does not reach Langevin predictions with inflection point
around 24 nm core size nanoparticle. Pulsed MPI reaches Langevin predictions. ©2019
IEEE. Reprinted, with permission, from [66].

generally improves with lower drive amplitudes and lower drive frequencies [65, 68], but MPI
sensitivity improves with higher drive amplitudes and frequencies [99].

The relationship between resolution and transmit amplitude and frequency has been
proven experimentally. Work by Tay, et al. [67] has explored this concept in detail, optimiz-
ing both the resolution and the SNR of particles based on these equations. They ultimately
found that low drive amplitudes and low frequencies greatly improved the resolution of SPIOs
at the cost of significant SNR.

However, low-amplitude and low-frequency MPI means that the sample is barely probed.
Tay, et al. [67] found that the most optimal for SPIO resolution and SNR was to use low-
amplitude, high-frequency drive waveforms. They called this drive waveform LAHF. The use
of high frequencies compensates for the sensitivity loss of low amplitude drive waveforms.

3.3.2.3 Pulsed Magnetic Particle Imaging

Pulsed MPI was developed to mitigate relaxation effects in MPI images [66]. The relaxation
wall has debilitating effects on MPI images, with relaxation limiting the minimum resolu-
tion that can be achieved by single-core nanoparticles. Pulsed MPI data acquisition was
developed to overcome this [66]. Pulsed MPI is a scanning strategy that does not permit
relaxation to blur the signal from one pixel to adjacent pixels. The idea is to allow relaxation
dynamics to occur while the FFR is static. Pulsed MPI allows for image reconstruction with-
out relaxation blurring, as seen in Fig. 3.6. However, Pulsed MPI cannot obviate SNR loss



CHAPTER 3. SEARCH FOR IMPROVED MPI SPATIAL RESOLUTION 33

of slow relaxation, especially at low amplitude drive fields. Importantly, Pulsed MPI has no
direct feedthrough interference problem because the direct feedthrough occurs only during
the transmit coil ramping. This is similar to the transmit and receive temporal decoupling
in MRI.

This work has been experimentally proven, as shown in Fig. 3.6. Previous work saw
that, because of relaxation, MPI PSFs significantly widen with sinusoidal excitation. Square
wave MPI data follows the theoretical Langevin curve: asymptomatically approaching the
theoretical Langevin resolution. For the largest tracer tested (32 nm core), pulsed MPI gave
a spatial resolution of 450 µm in a 7 T/m scanner. For sinusoidal pulse sequences, that
spatial resolution was 4 mm. Fig. 3.6 shows that pulsed MPI overcomes the relaxation wall.

3.4 Conclusions

In this chapter, I discussed MPI’s search for improved spatial resolution, e.g., Pulsed MPI
and larger SPIOs. Improving MPI’s spatial resolution will enable its clinical translation.
However, our survey concludes that the field has exhausted traditional Langevin physics to
improve MPI’s spatial resolution to a clinically competitive level. In the next chapter, we
will examine new tracers that improve the resolution and sensitivity of MPI by 10x. This
phenomenon is called superferromagnetism.



34

Chapter 4

Interacting Nanoparticles in Magnetic
Particle Imaging

In this chapter, I first show experimental evidence of the improvements wrought by SFMIOs
in MPI. Next, I describe the development of theoretical models and experiments that posit
superparamagnetic chains are responsible for the 6-17x improvement in SNR and 5-13x res-
olution observed in superferromagnetic particles. The 1D chain formation model I introduce
predicts the relationship between nanoparticle parameters and chain formation. My result-
ing work in 4 experiments support the model for the transition from superparamagnetism to
superferromagnetism. Finally, I describe our conclusions for the experiments and how the
experimental results inform future SFMIO work.

4.1 Introduction

Magnetic Particle Imaging (MPI) is a radiation-free, non-invasive imaging modality devel-
oped by Gleich and Weizenecker [1]. MPI is a distinct modality from Magnetic Resonance
Imaging (MRI) and requires a special-purpose hardware scanner. MPI images the saturation
properties of superparamagnetic iron oxide nanoparticles (SPIOs). MRI images the preces-
sion of the water proton’s nuclear moments [8]. SPIOs are sometimes employed as a T1
or T2* contrast agent in MRI. In MPI, we detect the nonlinear signature (e.g., harmonics)
from a flip of SPIOs. Importantly, there are zero harmonics from surrounding human or
mammalian tissue, meaning MPI has superb contrast-to-noise ratio (CNR). The MPI signal
is perfectly linear with the amount of iron within a voxel [4–6]. The electronic magnetization
of SPIOs is 22 million times greater than the nuclear magnetization of 1H at 7T, so MPI
scanners can measure even 5 nanograms of iron per voxel (roughly 200 cells) [6, 8]. Finally,
because typical MPI scans use drive fields with frequencies in the very low frequency (VLF)
regime (∼20 kHz) [2], there is no signal attenuation with depth inside an animal or human.
Depth attenuation is a challenge for many imaging methods, including optical, ultrasound,
and nuclear medicine. MPI’s unique physics make it an ideal tracer imaging method with
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applications in angiography, cell tracking, and perfusion imaging [12, 23, 36, 70, 100–104].
Philips [105] and a few labs have attempted to scale up MPI from pre-clinical to the

much bigger bore size for human scanners necessary for clinical imaging [69, 106]. The
main challenges include cost and human safety constraints (dB/dt and SAR) [2, 8] of whole-
body gradient fields and drive fields necessary for high-resolution MPI [57, 107]. Gradient
costs scale quadratically with gradient strength. A pre-clinical MPI murine scanner using
ferucarbotran nanoparticles has a spatial resolution of 1.5 mm using a 7 T/m gradient with
a 4 cm bore radius [6, 12]. Hence, a human-sized MPI scanner operating with a 1.0 T/m
gradient using ferucarbotran would offer roughly 11.0 mm spatial resolution, which is not
competitive with MRI (1 mm), CT (1 mm) or Nuclear Medicine (∼ 3 – 5 mm). While
deconvolution approaches could boost this resolution somewhat, it is clear we need a higher
resolution MPI tracer for human applications.

The resolution in an MPI image is a complex research topic to be sure, but the undecon-
volved resolution using X-space reconstruction is simply the ratio of the magnetic resolution
of the nanoparticle to the gradient strength [57, 107]. All MPI scans today use superpara-
magnetic iron oxide nanoparticles (SPIOs) as the tracer. An ensemble of SPIOs show no
remanence, meaning there is no net magnetization observed when the applied magnetic field
is zero. Because the SPIOs are too far apart to interact at the concentrations employed
in MPI, they respond only to the applied magnetic fields. This is the “non-interacting”
assumption. Here we explore the advantages and tradeoffs of interacting SPIOs, which we
call superferromagnetic tracers.

The steepness of a nanoparticle’s M-H curve is responsible for the magnetic resolution
measured. If the applied magnetic field flips from positive to negative magnetization, so does
the SPIO’s magnetization. The flip creates a change in magnetization which is inductively
sensed, allowing the change in magnetization to create a pulse in the received signal. The
speed of the flip and the width of the pulse in the received signal depend on physical prop-
erties of the nanoparticles. The main physical property that affects the speed of the flip is
nanoparticle size. Previous work to optimize SPIO size and magnetic properties have only
focused on individual nanoparticles, not assemblies [86, 108].

Recent work by Tay, et al. [109] has shown that assemblies of chain-like SPIOs, or super-
ferromagnetic iron oxide nanoparticles (SFMIOs) can cause order-of-magnitude enhancement
of both resolution and sensitivity, as seen in Fig. 4.1. SFMIOs are iron oxide nanoparticles
that would be superparamagnetic if they weren’t interacting with one another [110–112].
Superferromagnetic nanoparticles flip from negative to positive saturation much faster than
superparamagnetic nanoparticles. In addition to the applied magnetic field, the superfer-
romagnetic nanoparticles are affected by one another’s induced magnetizations, enabling a
faster flipping.

In this work, we show experimental data that supports the hypothesis that inter-particle
interactions and formation of chains is responsible for the marked improvement in MPI
resolution and sensitivity seen with SFMIOs. We find that SFMIO behavior depends on
the following conditions: local concentration, solvent viscosity, transmit amplitude, and the
length of time they are exposed to a magnetic field. Understanding the physics of how SFMIO
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Figure 4.1: MPI Images of a UC phantom, which employed 300-micron diameter holes filled
with SFMIO or Vivotrax tracers, spaced 2.35 mm apart. The two phantoms were scanned
with identical MPI parameters. These scans took place on a custom-built vertical bore 2D
Projection MPI Scanner with a 6.3 T/m gradient field. Both SPIOs and SFMIOs under-
went the exact same pulse sequence. Nanoparticles were excited at a transmit frequency of
20.225 kHz and a transmit amplitude of 40 mTpp. The scanning phantom was mechanically
translated in the z-direction at 0.5mm increments. The FOV was 4.5 cm by 4.6 cm, with a
scan time of 5 min. The images at the top show SPIOs (Vivotrax), and the bottom image
shows SFMIO tracers synthesized by our lab. The top left image is SNR normalized, then
multiplied by 2.5 so that it would be more visible. The top right figure and the bottom
figure are both peak normalized. The measured spatial resolution (FWHM) in a 6.3 T/m
gradient was ≈ 1.5 mm for SPIOs vs 300 µm for SFMIOs. This demonstrates SFMIOs can
improve resolution by 5-fold and offer a 17-fold boost in SNR.
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behavior is induced is essential for determining biocompatible encapsulation properties and
one of the ways pulse sequences need to be adjusted for SFMIO behavior to occur.

4.2 Theory

In this section, I review the theory that SPIO chain formation is responsible for the 5-13x
improvement in resolution and 6-17x improvement in SNR. I first explain the Langevin
saturator model, which models the magnetization of an ensemble of nanoparticles that begin
to experience magnetic attraction to one another. I then go over the 1D chain formation
model, a simple model that inspired our subsequent experiments on the conditions for optimal
chain formation. This models the magnetomotive force between two nanoparticles which
experience magnetic attraction.

4.2.1 X-space Magnetic Particle Imaging with
Superparamagnetic Iron Oxide Nanoparticles

MPI measures the magnetization of superparamagnetic iron oxide nanoparticles in response
to an applied magnetic field, which, in a 1D X-space model, is proportional to the Langevin
function. Because these particles are superparamagnetic and their magnetic moments in-
stantaneously align with an applied field, a changing applied magnetic field creates changing
magnetization of the nanoparticles. The changing magnetization is measured inductively, so
MPI’s 1D point spread function is proportional to the derivative of the Langevin Function.

The spatial resolution (FWHM) of the MPI equation depends only on the strength of
G, the Gradient field [T/m], and the magnetic properties of the nanoparticles themselves,
k [m/A], where, for a single domain magnetic nanoparticle, k = µo

kBT
Msatπ
6d3

. The magnetic
resolution of an MPI scan using traditional SPIO particles is inversely proportional to the
strength of the gradient field and inversely proportional to the cube of the magnetic core
diameter. Intuitively, one would keep increasing the magnetic core diameter of SPIOs to
optimize MPI resolution [57, 107]. However, Tay et al. [64] found that, after the nanoparticles
reached a certain magnetic core diameter, the magnetic relaxation of the particles started
to dominate, leading to blurring in the MPI image. The larger the magnetic core of a
superparamagnetic particle, the further away it is from the single-domain particle description
that describes superparamagnetism.

The traditional Langevin physics used to describe superparamagnetic nanoparticles has
a few assumptions that must be met to accurately predict behavior. 1) A superparamag-
netic particle must be small enough to be a single magnetic domain. 2) When the applied
magnetic field is zero, the net magnetization of the nanoparticles should also be zero. 3) The
magnetization of an SPIO is described by the Langevin Function. The advantage in using
superparamagnetic nanoparticles for MPI is both in their ‘instantaneous’ flip from negative
to positive saturation and in their nonlinear magnetic saturation.
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4.2.2 Interacting Superparamagnetic Nanoparticles

Recent work by Tay, et al. [109], showed that new superferromagnetic tracers improve the
resolution and sensitivity of MPI by more than 10-fold. These particles show ferromagnetic
behaviors such as coercivity and remanence, but the switch from positive to negative sat-
uration is much steeper than superparamagnetic nanoparticles. Fig. 4.4 demonstrates this
by showing an M-H curve similar to ferromagnetic materials, showing hysteresis that is not
seen in superparamagnetic materials. It also shows that the nanoparticles with these prop-
erties form chains under applied fields. Tay, et al. [109] found that those chained particles
meet the definition of superferromagnetism. They found that magnetization of superferro-
magnetism could be modeled as a Langevin Saturator, a transcendental equation where the
output magnetism builds upon the induced magnetism of neighboring SPIOs.

M(t) = L

(
Htx(t) + αβM(t)

Hsat

)
(4.1)

whereHtx is the applied magnetic field, Hsat is
1
kG

,M is the magnetization of the chaining
nanoparticles, and β is a dimensionless parameter that describes the saturation magnetiza-
tion of the chain. α is another dimensionless parameter that describes how closely the
nanoparticles in a chain can be packed. Any applied magnetic field to change the chain’s
magnetization direction must overcome the magnetic field produced by each nanoparticle’s
neighbor. This models the hysteresis, coercivity, and remanence as seen in the superferro-
magnetic samples.

This function also alludes to the process of chain formation because M(t) increases in
magnitude as the particles draw closer to one another. Assuming that the conditions of
potential aggregation of nanoparticles are met, the equation begins with a nanoparticle
feeling the magnetic field of its neighboring nanoparticle. As the neighboring nanoparticle
drifts closer, β increases, leading the nanoparticle’s magnetization to increase, increasing the
draw of the neighboring nanoparticle, and so on.

4.2.2.1 1D Chain Formation

The hypothesis of chaining nanoparticles naturally brings new predictions as a consequence.
Almost all previous works of MPI assumes that SPIOs are non-interacting. These nanopar-
ticle assemblies found by Tay et al. [109] hypothesize that superferromagnetic behavior is
caused by the formation of chains of SPIOs. If this is true, then I hypothesize these four
corollaries.

1. If nanoparticles are below a certain concentration, no superferromagnetic behavior
should be observed.

2. The formation of chains should depend on the viscosity of the solvent that the particles
are in, even for Néelian nanoparticles.

3. Superferromagnetic behavior should be observed after time exposed to magnetic field,
called the polarization time.



CHAPTER 4. INTERACTING NANOPARTICLES IN MAGNETIC PARTICLE
IMAGING 39

Figure 4.2: 1 dimensional free body diagram of two nanoparticles affected by one another’s
induced magnetic field. As their magnetic moments align with the spatially constant applied
magnetic field, an attractive magnetic field is induced in each nanoparticle. This induced
magnetic field does vary spatially, and therefore, it produces a magnetomotive force. 1D
Stoke’s drag resists the magnetomotive force that draws the two nanoparticles together.

4. If particles are not polarized past some threshold, presumably the coercive threshold,
then superferromagnetic behavior should not be observed.

If these predictions are true, the case for chain formation of SPIOs being responsible for
superferromagnetic behavior is much stronger.

It is essential to understand the conditions that lead to the observed experimental results
of chain formation. To this end, we developed a 1D model that finds how chain formation
time scales with viscous drag, particle size, and initial concentration. This is a simple model
that has been derived before, but we found it particularly useful for understanding the chain
formation process [113].

In this model, each superparamagnetic nanoparticle has aligned with a constant applied
magnetic field. If each particle is close enough to feel the other’s induced dipole moment,
then a magnetomotive force is formed, drawing them closer together. The Stoke’s drag of
the viscous surrounding fluid resists the motion. With typical SPIOS, the Stoke’s drag on
each particle is enough to dominate its induced magnetomotive force.

∇x(m ·B) = 6πηb∆ẋ+ qE (4.2)

This equation solves for the time it takes for the distance between the two nanoparticles
to go to zero, where m is the magnetic moment of the particles, q is the electric charge of
the particles, η is solvent viscosity, and b is the hydrodynamic radius of the two particles. In
the case of our experimental results, the nanoparticles are in a non-polar solvent and thus
have no surface charge. Therefore, the electric field term can be disregarded, leading to a
simple solution for the distance between the two nanoparticles as a function of time

∆x(t) = 1/5

√
x50 − 5

γ

Ω
t (4.3)
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where x0 is the initial distance between the particles, and the analogue to concentration,
γ is 3µ0m

2/π, where m is the magnetic moment of the particles. Ω is 12πηb. The solution to
equation 4.3 indicates that the chain formation time, which is the time it takes for particles to
attract one another, depends most strongly on the concentration of the particles in solution.
There should also be a dependence on viscosity: the more viscous the solution, the longer it
takes for chains to form.

4.3 Materials and Methods

In this section, I discuss the process to undertake these experiments. First, I cover how
we synthesize the SFMIOs. I then go into how the SFMIOs were characterized by iron
concentration assays and TEM. Finally, I review the unique pulse sequence designed for this
experiment on the lab’s arbitrary waveform relaxometer.

4.3.0.1 SFMIO Synthesis

Prior work detailed and experimentally confirmed the process of creating single-core mag-
netite nanoparticles [80]. This method had two steps: first, the creation of an iron-oleate
precursor, and second, the thermal decomposition of the precursor to form magnetic nanopar-
ticles. The synthesis procedure is as follows: first, a stoichiometric amount of iron acety-
lacetonate and oleic acid (3.3 g and 15 mL, respectively) were placed in a reaction flask
with stirring at a rate of 300 rpm. The flask was then placed in a molten solder bath at
a temperature of 290◦ C. The temperature of the bath was then raised to 320◦ C. 30 min
after being placed in the bath, the flask was removed and allowed to come to room tempera-
ture. The next day, the prepared iron-oleate precursor was used to synthesize the magnetic
nanoparticles. First, the precursor, at 0.62 M, was diluted with 1-octadecene to create a
0.22 M mixture. The diluted mixture was then loaded into a syringe. It was then dripped
into a reaction flask containing 5.1 mL of octadecene for 25 minutes. The solder bath was
stabilized at 360◦ C and the sample within the reaction flask was stirred vigorously at a
rate of 300 RPM. After cooling overnight, the resulting mixture was then washed in hexane
in a 1:1 mixture, then centrifuged at 14 kRCF for 30 min. The resulting supernatant was
discarded and only the precipitated particles were saved. This process was repeated multiple
times.

4.3.0.2 Nanoparticle Characterization

The precise mass of iron in the SFMIO sample was determined using Perls’ Prussian blue
reaction as described in [114]. In this process, 40 µl of SFMIOs were first digested in
1 mL of 12M HCl. After digestion, the resulting solution was mixed with 100 µl of 5%
potassium ferrocyanide. Absorbance was measured in a UV-Vis Spectrophotometer at two
wavelengths, 680 nm and 730 nm. The absorbance of the SFMIOs was then compared to a
calibration curve made through the same process that used SPIOs of a known concentration
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of ferucarbotran (Vivotrax). TEM images of chained SPIOs were made by placing 3 µl
samples on formvar-coated copper grids that then dried under static 22 mT applied fields for
5 h. The chains were then confirmed by transmission electron microscopy (JEOL 1200EX, 80
kV). For the viscosity experiments, the solvent viscosity was determined by referring to [115].
In this paper, proportional mixtures of hexane and squalane were created and their material
properties measured. We first dried SFMIO samples in hexane. We then resuspended the
samples in mixtures of hexane and squalane. We then performed a nonlinear least squares
fit [115] on the data and back calculated the resulting viscosity of our samples. This gave us
an estimate of the solvent viscosity.

4.3.0.3 Resolution and Sensitivity Calculation

Spatial Resolution is calculated, using the Houston Criterion, from the Full Width Half
Maximum (FWHM) of the image of a point source, which is often called the Point Source
Function or PSF. Resolution in MPI is converted from a magnetic resolution (mT) to a
spatial resolution (mm) by dividing the result by the 3D scanner’s gradient field strength
(T/m). The Berkeley 3-D MPI Scanner has a gradient of 7 T/m, leading to 1 mT becoming
a spatial resolution of 140 µm. MPI Signal strength (mV/mg Fe) was calculated by dividing
the voltage of the received signal by the iron mass of the tracer. That number is then
normalized by the concentration-normalized MPI signal measurement of Vivotrax.

4.3.1 Pulse Sequence to measure Chain Formation

The SFMIOs were tested on our arbitrary waveform relaxometer (AWR), as described by
prior work from the lab [92]. The AWR’s non-resonant coil design enables the creation
of custom pulse sequences, hence, arbitrary. The AWR can reconstruct the magnetization
response such that a 1D point-spread function (PSF) that characterizes the entire sample
within the device. The chain formation was measured using a unique pulse sequence designed
to quantify the change in PSF as a function of the length of time a prepolarizing pulse was
applied to the sample. The pulse sequence is repeated 1 ms long prepolarizing pulses (TP)
followed by 20 kHz (TR) readouts. This sequence (prepolarizing pulse + readout) was
repeated continuously for a total sequence length of 1.4 s.

4.4 Discussion and Results

In this section, I first demonstrate the change in SFMIO PSF as a function of time exposed
to an applied prepolarizing field with a comparison of Ferucarbotran’s response. I also show
how the SPIO to SFMIO transition is affected by amplitude of the applied field. I then show
that the measured PSF can be linearly decomposed as a transition between a population of
SPIOs to a population of chained SPIOs, aka SFMIOs. The following two sections show that
the transition from SPIO to SFMIO is affected by both the concentration of the nanoparticles
within the sample and the viscosity of the solvent the nanoparticles are in.
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Figure 4.3: This pulse sequence allows us to uniquely observe the chain formation time with
excellent SNR. (a) Chain Formation Pulse Sequence. From t0 to t1, the AWR is ramped up to
a constant applied field and a prepolarizing pulse is applied, the length of which is TP. t1 to
t4 shows the readout time, TR, which describes the length of time the applied field goes from
maximum to minimum amplitude. (b) M-H curve showing SPIO and SFMIO magnetization
as a function of applied field. If the sample shows SPIO behavior, the SPIO magnetization
curve is followed. If the sample shows SFMIO behavior, the SFMIO magnetization curve is
followed. c) Ṁ(t) plot showing the inverse of what the receive coil measures. From t0 to
t1, an SPIO PSF is seen. No SFMIOs have been formed yet. If no chains are formed after
TP, SPIO behavior will be seen during TR, t1 to t4. If chains do form during TP, TR will
show SFMIO behavior, where the steep change in magnetization change from t3 to t4 in (b)
is responsible for a sharp resolution and increase in SNR seen in (c).
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Figure 4.4: Chaining Hypothesis Experimental Data and Theoretical Predictions (a) TEM
Images of Chain Formation in SFMIO samples. SFMIO samples were exposed to 16 mT
magnetic fields. Samples distinctly show chain formation in the direction of the applied field.
(b) Experimental data and Theoretical Predictions of SFMIOM-H curves. The SFMIO curve
shows both coercivity and remanence characteristic of ferromagnetic materials. Its behavior
is correctly modeled by a Langevin “saturator” element as detailed in [109]. (c) Theoretical
Predictions and Experimental data of SFMIO PSFs. There is strong agreement between the
theoretical predictions and the experimental data.

4.4.1 Langevin Saturator Theoretical Prediction of Experimental
Data

The Langevin saturator model in Eq. 4.1 predicts step-like transitions from positive to
negative saturation or vice versa. It also predicts coercivity and remanence, much like a
ferromagnet. Fig. 4.4 shows experimental data and theoretical modeling of the SFMIO
M-H curve. These predictions were experimentally verified, showing that SFMIO behavior
is accurately modeled by the Langevin saturator model. Deviations from the predicted
behavior during the process of transitioning from one saturation to another are thought to
be due to coercivity dispersion.

4.4.2 Transition from SPIO to SFMIO behavior as a function of
applied field Duration

Our results in Figs. 4.5 and 4.6 clearly show the difference in SFMIO PSF properties as a
function of prepolarization time. In Fig. 4.5, the change is shown in 3 PSFs at different
prepolarizing times. The most dramatic change in resolution occurs within 25 ms of exposure
to a prepolarizing field. This fast change in transition is supported by Fig. 4.6, where the
transition in both resolution and peak signal of an SFMIO sample occurs within the first
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Figure 4.5: PSF of SFMIO sample as a function of prepolarization time. As the amount
of time the sample is exposed to an applied magnetic field increases, the MPI signal and
magnetic resolution improves accordingly. The PSF at a prepolarization time of 1ms demon-
strates SPIO behavior. The PSF at a prepolarization time of 25 ms shows a 5x improvement
in resolution and a 2x increase in MPI signal. We consider the PSF at 25ms to show a mix-
ture of SPIO and SFMIO behavior. After 1.4 s have passed the MPI signal has increased by
6-fold and has a 2-fold improvement in resolution. This PSF shows fully SFMIO behavior,
with a total 6-7x increase in MPI signal and a 10x improvement in magnetic resolution.

50 ms. By 1.4 s of prepolarizing time, the final PSF has a resolution of 1 mT and a 6-7x
increase in peak signal. This leads to a total improvement in resolution by 10x and an 6-7x
increase in signal strength. In contrast, Ferucarbotran, undergoing the same pulse sequence,
stayed constant in both resolution and peak signal.

This change in particle resolution and peak signal as a function of time exposed to
an applied field affects MPI pulse sequences by indicating that, for a very short amount
of time, each sample should be polarized into chain formation before implementation of a
pulse sequence. Because the time that the polarization takes for most samples is within the
millisecond range, this should not be a difficult requirement to meet.

4.4.3 Transmit field amplitude threshold of SFMIO signal

Fig. 4.7 provides additional support to the Langevin saturator model by confirming the role
of transmit field amplitude in the chain formation process. When the transmit amplitude
is below this threshold (2 mT), no SFMIO behavior is seen. Fig. 4.3 shows that, unless
the some transmit amplitude threshold is reached, only an SPIO response is seen. However,
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Figure 4.6: Change in MPI PSF and MPI signal as a function of prepolarization time
(TP). (a) The SFMIO PSF from a 1ms TP to a 1.4 s TP shows a complete change in
magnetic resolution as compared to the Vivotrax PSF. (b) The SFMIO sample undergoes
a 10x improvement (11.8 mT to 1.1 mT) in magnetic resolution as a function of TP. The
Vivotrax sample stays constant in the same pulse sequence with a magnetic resolution of
12.5 mT. The SFMIO MPI signal undergoes a 7x increase as a function of TP while the
Vivotrax MPI signal stays constant.

when the transmit amplitude was greater than that threshold (12 mT), SFMIO behavior
was seen.

The existence of a threshold for SFMIO behavior means that transmit amplitude must
be greater than either a sample’s coercivity or saturation field (Hsat). We would need
nanoparticles where Hsat is smaller than the coercive threshold of the chain to test the
mechanism for the threshold thoroughly. We currently have only synthesized particles that
have a coercivity threshold less than Hsat. The threshold observed is most likely a coercivity
threshold.

We found experimentally that each “batch” of SFMIOs synthesized has different coercive
behaviors. While this is the case, it is possible that each SFMIO batch needs to be charac-
terized before its use in MPI pulse sequences. However, SFMIO synthesis is still very much
in early stages. There is room for improvement in the synthesis process.

4.4.4 Linear Decomposition of Signal

Analysis of the PSF change as a function of prepolarization time as seen in Fig. 4.5 shows
that transition from SPIO to fully chained SFMIOs does not occur immediately and goes
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Figure 4.7: In this experiment, the pulse sequence shown in Fig. 4.3 is repeated. However,
the transmit amplitude of the applied field is varied in two different cases, one above the
applied field threshold as shown in Fig. 4.3 (b), and one below the applied field threshold.
The chaining hypothesis indicates that SFMIOs will only “flip” and show SFMIO behavior
if the transmitted magnetic field is above the particle’s coercivity threshold. This plot shows
that to be a possibility, where a transmitted field of 2 mT shows an MPI signal of less than
1, while a transmitted field of 12 mT shows the expected SFMIO behavior, a reduction of
10x resolution and an increase in MPI signal.

through transition phases. Intuitively, this seems very reasonable. Each TP and TR are
repeated, with a total scan length of 1.4 s. From the first TR to the last TR, the amount of
iron nanoparticles within the sample stays constant. The SPIOs chain as they are exposed
to prepolarizing pulses. This chaining occurs over some period of time. Therefore, it is
reasonable to say that there are two populations of particles within the sample, chained and
unchained.

In this analysis, we make three assumptions. The first is that the very first PSF, barely
exposed to the prepolarizing pulse, shows completely SPIO behavior and has no chained
SPIOs. The second assumption is that the final PSF that has been exposed to 1.4 s of
prepolarizing time shows completely SFMIO behavior and has negligible free-floating SPIOs
giving signal. The third assumption we make is that, in the sample, the nanoparticles can
either be free-floating or chained. We then showed in Fig. 4.8 that we can linearly decompose
the results of our pulse sequence into two populations - free or chained particles. Note that
the point where the SFMIO signal begins to dominate aligns with Fig. 4.6’s change in
resolution and peak signal.
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Figure 4.8: Linear decomposition of sample transition from fully SPIO to fully SFMIO be-
havior. This shows the transition from ’free’ floating SPIOs to chained SPIOs, aka SFMIOs.
Note that the transition from SPIO to SFMIO domination occurs at the same time as Fig.
4.6’s noticeable change in Peak Signal and resolution. This is from the same data set.

4.4.5 Concentration and Solvent Visocity dependence of Chain
Formation Time

Eq. 4.3 indicates that the time it takes for SPIOs to form chains will depend on the concen-
tration of iron in the sample and the viscosity of the solvent the nanoparticles are in. The
initial interparticle distance, x0, relates to the initial concentration by ( 1

x0
)3. x0 then has

a fifth root relationship with the chain formation time. Fig. 4.9 shows how even a mod-
est change in concentration (as seen in the bottom plot) dramatically boosts the magnetic
resolution if the concentration permits chain formation. For example, a 3x reduction in
concentration (from 2.7 to 0.7 mV/mg Fe) leads to virtually no change in the resolution,
but another drop of 0.3 mg/ml, almost completely turns “off” any SFMIO behavior. Tay,
et al. [109], hypothesized that biocompatible encapsulation, much like micelles, should be
used to enforce a high local concentration of SFMIOs and a low systemic concentration for
biosafety. These concentration results show that threshold concentrations must be exceeded
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Figure 4.9: Change in SPIO to SFMIO transition as a function of particle concentration.
In the top plot, a small change in behavior occurs between 2.7 mg/ml Fe and 0.7 mg/ml
Fe. However, a very large change in SFMIO behavior occurs with a 0.3 mg/ml difference
in sample concentration, with the 0.4 mg/ml sample showing a much less steep transition
between the first magnetic resolution measurement and the last. The bottom plot demon-
strates that the peak signal of each sample is affected by the concentration of the particles,
with the lowest concentration showing very little change in peak signal as a function of pre-
polarization time at all. Note that while the 0.7 mg/ml sample shows very little change in
magnetic resolution from the 2.7 mg/ml sample, its peak signal is 5x lower in SNR. This is,
presumably, from the reduction of iron in the sample.

such that SFMIO behavior is still seen within biocompatible encapsulation.
Fig. 4.10 shows how the change in solvent viscosity affects SFMIO behavior. Solvent

viscosity has a crucial effect on the SFMIO behavior; if the fluid viscosity is too high, then
Stoke’s drag will dominate the magnetomotive force and hence chain formation will occur
very slowly. In the 1D Chain formation model, the solvent viscosity should have a fifth root
relationship with the chain formation time. We saw that as solvent viscosity increased, the
chain formation time increased. Note that the final resolution of each sample was also worse.
This underlines how important it will be to ensure low viscosity fluid inside biocompatible
encapsulations.
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Figure 4.10: Plot of PSF magnetic resolution vs. prepolarization time for various viscosities.
The change in resolution from SPIO to SFMIO behavior seems to occur around the same
time, which is not predicted by the chain formation model. Note that the final magnetic
resolution of each sample lowers as the solvent viscosity increases. There does not seem to
be any further decrease in magnetic resolution as a function of prepolarization time.

4.5 Conclusion

In conclusion, we have demonstrated that SFMIO behavior does not occur immediately
and that a transition between SPIO and SFMIO behavior occurs as a function of exposure
to magnetic fields. This result supports previous work that showed that chains of super-
paramagnetic nanoparticles were responsible for order-of-magnitude improvement in MPI
sensitivity and resolution.

MPI is a promising pre-clinical in vivo imaging modality. It has many strengths, e.g.,
no signal depth dependence, linear positive contrast, non-radioactivity. However, to this
point, its clinical implementation has been held back by its poor resolution in small animal
scanners. Superferromagnetic iron oxide nanoparticles are a new tracer for use in MPI that
alleviate this resolution issue by 10x, along with an increase in sensitivity.

These results in this chapter will inform future work on biocompatible encapsulations for
SFMIOs and pulse sequence design. Pulse sequences must have transmit amplitudes that
exceed the transmit amplitude threshold of the sample SFMIOs. Pulse sequences must also
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include short periods of time for chains to fully polarize. The biocompatible encapsulation
for the particles themselves must have concentrations within that are high enough to see
SFMIO behavior, and the solvents inside the biocompatible encapsulation must be as low
viscosity as possible. These conditions will help enable SFMIOs to be successfully used in
MPI scans.
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Future Work

The search for improved resolution in MPI has circumvented the limitations of Langevin
physics. This was spurred by the development of new tracers: superferromagnetic nanopar-
ticles. Their use in MPI will produce highly sensitive, high-resolution scans. However, with
every new advance comes new challenges and possibilities for applications. This chapter
reviews such potentials.

5.1 SFMIO Challenges

In this section, I will discuss challenges posed by the use of SFMIOs in MPI. These chal-
lenges include safety concerns, questions of biocompatibility, and the need for novel pulse
sequence design. Superferromagnetic nanoparticles have extraordinary promise in vitro, but
face problems to become successful in vivo tracers. This section discusses how such challenges
to clinical translation may be overcome.

5.1.1 Magnetomotive Force and Biocompatible Encapsulation
Design

Superferromagnetism in MPI raises new concerns about the adverse effects of magnetomotive
force in scans. SPIO chains have the potential to assemble into structures that can move
when exposed to large external magnetic fields. Appropriate caution must be taken to
address this. This issue informs the design of biocompatible encapsulation to create safe
tracers for superferromagnetic MPI.

To understand the design requirements for safe biocompatible encapsulation, we must
first understand the nature of the magnetomotive force problem. The 1D Chain Formation
model elucidates greater understanding of the problem. As discussed in Section 4.2.2, there
are two forces operating in the 1D Chain formation model: magnetomotive force and Stoke’s
drag. Here the equation
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Figure 5.1: Schematic of the SFMIO nanoparticle encapsulation design. Illustration is not-
to-scale, and there are ≥30 magnetic cores per SFMIO chain. Reprinted with permission
from [109]. ©Wiley 2021.

F = ∇x(m ·B) (5.1)

represents the force, F , on a magnetic moment, m, in an external magnetic field B. F
denotes the rate of change of the total mechanical momentum of the system [116]. Stoke’s
drag is the other operating force in the 1D Chain Formation model. It describes the viscous
drag on a sphere [117] and is shown by the equation:

F = 6πηb ˙⃗x (5.2)

where F is the drag force, η is the viscosity of the solvent the sphere is in, and b is the
hydrodynamic radius of the sphere. The interaction of these forces in the 1D chain formation
model has implications about the safety of magnetomotive forces operating within the body.

With typical SPIO nanoparticles, the magnetomotive force is much less than the drag
force. Consider a magnetite nanoparticle with a 20 nm magnetic core diameter, with a
typical magnetic dipole moment 10−19 or 10−18 (A ·m2) [118]. The distance between that
particle and its neighbor is 200 nm. This makes the maximum inter-particle force 37.5 fN.
The force produced by that particle and its neighbors is much less than the typical Brownian
force that Stoke’s drag represents, around 0.01 pN [119]. Therefore, Stoke’s drag dominates
any magnetomotive forces produced by a single nanoparticle.

Chained nanoparticles, however, have very different physics from independently acting
nanoparticles. Imagine that N nanoparticles are aligned in a chain. The volume of that
chain increases by N , one for every nanoparticle in the chain. This chain is then aligned
with a magnetic field and moves along the path of the magnetic field. While drag resists
this movement, it is only dependent on the hydrodynamic radius of a single nanoparticle,
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not the volume of the chain. The force acting against the movement of the chain will remain
constant, regardless of the length of the chain. In a chain with ten thousand nanoparticles,
the magnetomotive force produced by that chain is much greater than any Brownian drag
resisting that motion. This chain of nanoparticles would move in a magnetic field. This
thought experiment illuminates a significant safety hazard with the use of superferromagnetic
tracers in MPI.

In the seminal paper on superferromagnetism in MPI, Tay et al. [109] postulates that
the issue of magnetomotive force could be mitigated by novel forms of biocompatible encap-
sulation. Much like a micelle, its purpose would be to maintain a high local concentration
and a low systemic concentration. The encapsulation would help alleviate concerns with
magnetomotive force by limiting the number of nanoparticles that could be chained within
the capsule. The larger surface area of a micelle would also dissipate the force by increasing
the surface area available for Brownian drag. This encapsulation would be 1 µm in size for
vascular and cell labeling applications.

However, such encapsulation has not yet been successfully implemented. There are chal-
lenges to encapsulating the SFMIOs while retaining their high-resolution nature. One chal-
lenge is determining the number of particles within the encapsulation. Simulations performed
by Chinmoy Saayuja, a graduate student in my lab, indicate that SFMIO behavior should
occur even with just two nanoparticles.

5.1.2 Magnetic Fluid Heating and Pulse Sequence Design

Specific absorption rate (SAR) is another critical factor to consider with the use of SFMIOs
in MPI. Superferromagnetic nanoparticles have M-H curves that resemble ferromagnets with
hysteresis, coercivity, and remanence. This creates an area within the M-H curve that is equal
to the energy dissipated per cycle per unit volume. This leads to magnetic fluid heating and
hyperthermia.

Traditional MPI pulse sequences with SFMIOs could exacerbate SAR. Current MPI scans
raster what is called small partial FOVs (pFOV) where the pFOV is defined by the transmit
amplitude of the applied field. These pFOVs tile to an entire FOV. This pFOV pulse sequence
trajectory includes a large amount of overlap due to reconstruction requirements in X-space
reconstruction. Each pFOV is a full cycle that dissipates heat. Depending on the number
of pFOVs in a scan, a single pulse sequence could produce large amounts of unnecessary
heating.

SAR produced by SFMIOs is proportional to the frequency of the transmit field applied
to the particles. The energy dissipated per cycle due to hysteresis can be estimated as
follows:

Physt ≈ 4µ0MsatHcf (5.3)

where Msat is the saturation magnetization of the sample, Hc is its coercivity, f is the
frequency of excitation of the sample, and µ0 is the permeability of free space. Intuitively,
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Figure 5.2: Hysteresis of a Ferromagnet and Superferromagnet. Hc is the coercive threshold
for the magnet, the value of magnetic field for a “flip” from one saturation state to another
to occur. Msat is its saturation magnetization, the maximum magnetization a sample can
produce, no matter what magnetic field is applied.

the higher the frequency of the applied field, the higher the amount of heat dissipated.
For superferromagnetic MPI to succeed, novel pulse sequences must be developed to ensure
patient safety.

My lab colleagues have developed a safe, potentially FDA approvable pulse sequence
for SFMIOs [109, 120]. This pulse sequence is called the “Single Pass and Raster” (SPaR)
sequence. Unlike traditional MPI pulse sequences, it covers the entire FOV at once, rather
than just pFOVs. This reduces the number of cycles dissipated per raster of the FOV,
thereby reducing the amount of heating produced. This work also demonstrates that SFMIO
resolution and SNR/pg Fe depend on the frequency of excitation. SFMIO behavior is still
shown at a lower frequency than the typical 20kHz used for MPI excitation. This is another
avenue to reduce the hysteric power dissipated and create a safe pulse sequence for SFMIOs
in MPI.

5.2 SFMIO Future Work

SFMIOs offer enormous advantages for MPI. They improve both MPI’s resolution and sen-
sitivity by an order of magnitude. SFMIOs will enable the translation of MPI to clinical
settings. In this section, I will discuss future work with studying SFMIO physics, the poten-
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tial for human sized MPI scanners, and its potential for vascular imaging and cell tracking.
These questions and applications are worth pursuing in the future.

5.2.1 Chain Formation and SFMIO physics

Understanding SFMIO physics to make the best tracer possible is essential for their imple-
mentation in MPI. In this dissertation, I explored how transmit field amplitude, concentra-
tion, and viscosity affect the process of chain formation. However, there is more work to be
done in studying SFMIO physics in greater detail. These unknown questions affect scientific
understanding, scanning trajectories, and SFMIO synthesis procedures.

Two significant questions about SFMIO physics are:

• What relaxation mechanism (Brownian or Néelian) is responsible for the “flip” from
one magnetic saturation to another?

• Does the chain turn physically to align with applied magnetic fields in different direc-
tions? Or does it break apart and reform?

Even studying the chain formation model itself, we did not get the opportunity to study
how nanoparticle magnetic core volume affects the process of chain formation. These are
just a few of many questions about the physics of SFMIOs.

5.2.2 Clinical Human Scanners

Clinical human scanners are essential for the future of MPI. An ideal clinical MPI scanner
will have the following traits: affordability, minimal motion artifacts, water cooled magnets,
and a resolution of 1 mm per voxel. SFMIOs in vivo would make these possibilities reality.
Fig. 5.3 shows a comparison in magnetic fields between a 1 T/m gradient MPI scanner and
a 0.2 T MRI scanner. This figure shows the affordability of an MPI clinical scanner with
SFMIOs.

5.2.3 Cell Tracking

MPI excels at cell tracking in small animal scanners. Scaling up to human sized scanners
opens opportunities for clinical MPI, for the first time. MPI could address a significant
problem assessing cell-based therapies: an inability to directly monitor treatments [121].
One of the most interesting applications, currently, is immunotherapies, especially CAR-T
(chimeric antigen receptor) cell therapies.

Adoptive cell therapies, including CAR-T, have had impressive successes in treating
cancers such as melanoma, cervical cancer, and leukemia [122]. These therapies are designed
to interface with a patient’s individual biomarkers to target their cancer specifically [122].
They could target antigens on cancer surfaces without any off-target damage to healthy
tissues. This is literally personalized medicine.
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Figure 5.3: The blue line shows the magnetic field for a 0.2 T/m MRI scanner. The orange
line shows the same FOV but with a 1 T/m gradient used in MPI. Both have the same bore
diameter of 40 cm. The cost of a 1 T/m gradient MPI scanner would be the same as a 0.2
T MRI scanner.

These therapies have extraordinary promise but have difficulties in evaluating their effi-
cacy. Currently, evaluating cancer symptoms with metabolic markers such as FDG PET is
the checkpoint that determines treatment efficacy [123]. However, this can take weeks from
time of treatment. Tracking cells to tumors could evaluate treatments in a matter of days.
SFMIOs in MPI could offer long-term, stable, monitoring of the distribution of cells used in
CAR-T cell therapy.

5.2.4 Vascular Imaging

MPI with SFMIOs has great potential in the field of vascular imaging. One possible ap-
plication is that of stroke imaging. Currently, stroke imaging is typically done with three
completely different X-ray and CT scans [124–126]. The first X-ray is to differentiate is-
chemic versus hemorrhagic strokes. If that stroke is not hemorrhagic, then a second CT scan
is performed using angiography. A third CT scan is performed to evaluate tissue perfusion.
MPI has the possibility of changing stroke care because all three of these evaluating scans
could be done with a single MPI scanner, or even, scan.

However, the most important benefit that SFMIOs in MPI has in stroke imaging is
improving its already excellent CNR. SFMIOs will allow for the first time, clear assessment
of capillary level perfusion. Previous work has been done to implement stroke imaging
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in MPI; SFMIOs could improve those attempts to be clinically feasible. MPI has been
used in cerebral blood volume and cerebral blood flow scans [102, 127], but lacked detailed
resolution for perfusion scans; a successful scan only differentiated a healthy from an ischemic
hemisphere of the brain. SFMIOs could be used to determine perfusion of the brain in detail.
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Chapter 6

Conclusions

MPI’s search for improved spatial resolution has spanned novel scanner, tracer, and pulse
sequence design. However, it has become clear that MPI has reached the limitations of
Langevin physics without achieving a spatial resolution competitive with other clinically
used modalities such as CT and MRI. The introduction of superferromagnetism has injected
new life into the search for improved spatial resolution. Superferromagnetic nanoparticles
improve the resolution and sensitivity of MPI by 10-20x.

This work’s contribution to the field of MPI is providing the first experimental demon-
stration of nanoscale superferromagnetic physics in MPI. It was shown from my work that
chain formation of SPIOs depends on the following parameters:

• Prepolarization Time I found that SFMIO behavior was induced from seemingly
superparamagnetic nanoparticle behavior under the influence of a magnetic field. In
optimal conditions, SFMIOs improve the resolution and sensitivity an order of magni-
tude. This change in behavior typically occurred within 50 ms or less. Understanding
chain formation time is essential for pulse sequence design. A short prepolarizing
magnetic field at the beginning of a pulse sequence would ensure SFMIO behavior
throughout an MPI scan.

• Amplitude of polarizing magnetic field Choosing transmit amplitudes above the
either the coercive threshold or Hsat is essential for SFMIO pulse sequences. My
work highlighted that SFMIO behavior was only induced when transmit amplitudes
were above a threshold. SFMIO behavior did not occur in samples that had transmit
amplitudes below that threshold.

• Concentration of SFMIO sample I found the induction of SFMIO behavior had
nonlinear changes dependent on a sample’s concentration. This work is important
for determining minimum concentration in biocompatible encapsulation for SFMIO
imaging.
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• Viscosity of SFMIO solvent I demonstrated that SFMIO behavior is dependent on
the viscosity of the solvent that the SFMIO is suspended in. This work shows that the
low viscosity solvents are necessary for ideal SFMIO behavior.

The use of superferromagnetic nanoparticles in MPI is a challenge that requires a new
understanding of MPI physics. However, this challenge is worthy because SFMIOs bring a
10-20x improvement in resolution and sensitivity: a necessary goal of MPI for at least the
past 10 years. This work has extended the understanding of superferromagnetic behavior in
MPI and the best conditions for its behavior. Understanding the physics of SFMIO particles
will enable clinical MPI. It could also revolutionize MPI’s two main applications, cell tracking
and vascular imaging. An improved understanding of SFMIO behavior will help motivate
future developments and uses of MPI.
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Appendix A

Derivation of Chain Formation Model

This models the electrostatic force and the magnetomotive force between two superparamag-
netic nanoparticles in a magnetic field. In this model, the two superparamagnetic nanopar-
ticles are already aligned with the magnetic field.

P1 : µ1
¨⃗x1 = ∇x(m1 ·B2)− 6πηb1 ˙⃗x1 − q1E2

P2 : µ2
¨⃗x2 = −∇x(m2 ·B1) + 6πηb2 ˙⃗x2 + q2E1

(A.1)

In these equations,m is the magnetic moment of the particles, B is their induced magnetic
fields, b is their hydrodynamic radius, η is the viscosity of the solvent surrounding them, q
is their charge, and E is their electric fields.

Note: typically, the electromagnetic force is characterized with the Lorentz force equation:

Fe = q(E⃗ + v⃗ × B⃗) (A.2)

However, in this case, the velocity of the nanoparticles is in the same direction as the applied
magnetic field, thus rendering the second half of the equation zero. In the case that this
field is no longer strictly within a single direction, the second half of this equation must be
considered.

E(x⃗) =
q

4πϵ0

x̂

|x⃗− x⃗m|2

E(x) =
q

4πϵ0

1

|x− xm|2
(A.3)

B(x⃗) =
µ0

4π

3n̂(n̂ · m⃗)− m⃗

|x⃗− x⃗m|3

B(x) =
µ0

2π

m

|x− xm|3
(A.4)
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µ1 = µ2

b1 = b2

m1 = m2

q1 = q2

(A.5)

We assume that the two particles are identical. Because these are nanoparticles and their
mass is insignificant, the inertial force in equation A.1 can be discarded.

µ ≈ 0 (A.6)

One dimensional so all dot products become multiplication

∇x(mB2)− 6πηbẋ1 − qE2 = 0

−∇x(mB1) + 6πηbẋ2 + qE1 = 0
(A.7)

Setting equations equal to one another

m∇x(B1 +B2)− 6πηb(ẋ1 + ẋ2)− q(E1 + E2) = 0 (A.8)

Plugging in equations for B1, B2, E1, E2

µ0m
2

2π
∇x

(
1

|x2 − x1|3
+

1

|x1 − x2|3

)
− 6πηb(ẋ1 + ẋ2)−

q2

4πϵ0

(
1

|x2 − x1|2
+

1

|x1 − x2|2

)
= 0

(A.9)

Define

|x2 − x1| = |x1 − x2| = x (A.10)

We then define the first derivative of x

d

dt
(|x2 − x1|) =

d

dt
(|x2 − x1|) (A.11)

We then use the following definition

d

dt
(|u⃗|) = ˙⃗u

u⃗

|u⃗|
, u ̸= 0

= ˙⃗uû, u ̸= 0

(A.12)

Because we’ve already decided that because it’s 1D we’ll get rid of the unit vector.
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We then define the first derivative of x

d

dt
(|x2 − x1|) =

d

dt
(|x2 − x1|) = ẋ

ẋ2 − ẋ1 = ẋ1 − ẋ2 = ẋ

ẋ1 = ẋ2 = ẋ

(A.13)

Therefore
−3µ0m

2

π

(
1

x4

)
− q2

2πϵ0

(
1

x2

)
= 12πηbẋ (A.14)

We now define the following substitutions:

Ω = 12πηb

χ =
−q2

2πϵ0

γ =
−3µ0m

2

π

ψ =
γ

χ
=

3µ0

2ϵ0

(mq
π

)2

(A.15)

Ωẋ = χ
1

x2
+ γ

1

x4

=
χx2 + γ

x4

1

Ω
=

x4

χx2 + γ
ẋ

1

Ωχ
=

x4

x2 + ψ
ẋ

(A.16)

∫
x4

x2 + ψ

dx

dt
dt =

∫
1

Ωχ
dt∫

x4

x2 + ψ
dx =

∫
1

Ωχ
dt

(A.17)

We then do long division such that

x4

x2 + ψ
= x2 − ψ +

ψ2

x2 + ψ
(A.18)

Our equation then becomes∫
x2dx−

∫
ψdx+

∫
ψ2

x2 + ψ
dx =

∫
1

Ωχ
dt (A.19)
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With the initial conditions such that

t(x = x0) = 0 (A.20)

The solution for equation A.19 is

χΩ

[
1

3

(
|x3 − x30|

)
− ψ(|x− x0|) + ψ

3
2

(
arctan

(√
ψ(|x− x0|)
ψ + x0x

))]
= t(x) (A.21)

In the case where the two particles are as close to another as can be:

t(x = 0) = χΩ[
x3o
3

− ψxo + ψ
3
2arctan(

xo√
ψ
)] (A.22)

In the case that there is no surface charge and q = 0, equation A.14 becomes:

−3µ0m
2

π

(
1

x4

)
= 12πηbẋ (A.23)

Solving it in a similar fashion as equation A.14 gives us

∫
x4dx =

∫
γ

Ω
dt (A.24)

With the same initial conditions as equation A.20, we get a result such that

x(t) =1/5

√
x50 − 5

γ

Ω
t (A.25)

Note that in equation A.25 and in equation A.22, both solutions are true in the range
x0 ≦ x ≦ 0. Both equations are zero outside of that range. An additional note: in equation
A.25, we drew out the minus sign inherent of γ to better illustrate the nature of the solution.
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