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Devwudfw

Wkh errwvwuds lv dq lqfuhdvlqjo| srsxodu phwkrg iru shuiruplqj vwdwlvwlfdo lqihuhqfh1 Wklv
sdshu surylghv wkh wkhruhwlfdo irxqgdwlrq iru xvlqj wkh errwvwuds dv d ydolg wrro ri lqihuhqfh iru
txdvl0pd{lpxp olnholkrrg hvwlpdwruv +TPOH,1 Zh surylgh d xql�hg iudphzrun iru dqdo|}lqj
errwvwudsshg h{wuhpxp hvwlpdwruv ri qrqolqhdu g|qdplf prghov iru khwhurjhqhrxv ghshqghqw
vwrfkdvwlf surfhvvhv1 Zh dsso| rxu uhvxowv wr wzr eorfn errwvwuds phwkrgv/ wkh prylqj
eorfnv errwvwuds ri N qvfk +4<;<, dqg Olx dqg Vlqjk +4<<5, dqg wkh vwdwlrqdu| errwvwuds
ri Srolwlv dqg Urpdqr +4<<7,/ dqg suryh wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds
dssur{lpdwlrq wr wkh wuxh glvwulexwlrq ri TPO hvwlpdwruv1 Ixuwkhu/ wkhvh eorfn errwvwuds
phwkrgv duh vkrzq wr surylgh khwhurvnhgdvwlf dqg dxwrfruuhodwlrq frqvlvwhqw vwdqgdug huuruv
iru wkh TPOH/ wkxv h{whqglqj wkh douhdg| odujh olwhudwxuh rq urexvw lqihuhqfh dqg fryduldqfh
pdwul{ hvwlpdwlrq1 Zh dovr frqvlghu errwvwuds whvwlqj1 Lq sduwlfxodu/ zh suryh wkh �uvw rughu
dv|pswrwlf ydolglw| ri wkh errwvwuds glvwulexwlrq ri d vxlwdeoh errwvwuds dqdorj ri d Zdog whvw
vwdwlvwlf iru whvwlqj k|srwkhvhv1

Nh|zrugv= eorfn errwvwuds/ txdvl pd{lpxp olnholkrrg hvwlpdwru/ qrqolqhdu g|qdplf
prgho/ qhdu hsrfk ghshqghqfh/ Zdog whvw1



41 Lqwurgxfwlrq

Wkh errwvwuds lv d srzhuixo dqg lqfuhdvlqjo| xwlol}hg phwkrg iru rewdlqlqj frq�ghqfh lqwhuydov

dqg shuiruplqj vwdwlvwlfdo lqihuhqfh1 Qhyhuwkhohvv/ ghvslwh lwv srzhu dqg lqfuhdvlqj srsxodulw|/

uhvxowv hvwdeolvklqj wkh jhqhudo dssolfdelolw| ri wkh errwvwuds wr wkh txdvl0pd{lpxp olnholkrrg

hvwlpdwru +TPOH, ru jhqhudol}hg phwkrg ri prphqwv +JPP, hvwlpdwru frpprqo| xvhg lq hfrqr0

phwulfv duh fxuuhqwo| dydlodeoh rqo| xqghu uhvwulfwlyh dvvxpswlrqv/ vxfk dv vwdwlrqdulw|1 D pdlq

sxusrvh ri wklv sdshu lv wkhuhiruh wr surylgh uhvxowv wkdw hvwdeolvk wkh �uvw rughu dv|pswrwlf

ydolglw| ri wkh errwvwuds iru wkh gdwd jhqhudwlqj surfhvvhv/ prghov dqg hvwlpdwruv dqdo|}hg e|

Jdoodqw dqg Zklwh +4<;;, dqg Sùwvfkhu dqg Suxfkd +4<<4,= h{wuhpxp hvwlpdwruv iru qrqolqhdu

g|qdplf prghov ri vwrfkdvwlf surfhvvhv qhdu hsrfk ghshqghqw +QHG, rq dq xqghuo|lqj pl{lqj

surfhvv1 Zh glvfxvv sulpdulo| TPO hvwlpdwruv erwk iru frqfuhwhqhvv dqg ehfdxvh wkhuh duh ihzhu

uhvxowv lq wklv duhd1 Zh dsso| rxu uhvxowv wr wzr frpprq eorfn errwvwuds surfhgxuhv/ wkh pry0

lqj eorfnv errwvwuds ri N qvfk +4<;<, dqg Olx dqg Vlqjk +4<<5, dqg wkh vwdwlrqdu| errwvwuds ri

Srolwlv dqg Urpdqr +4<<7d,1

Lq sxuvxlqj wklv jrdo/ zh pdnh d qxpehu ri glvwlqfw exw uhodwhg frqwulexwlrqv/ erwk wkhruhw0

lfdo dqg sudfwlfdo= +4, zh suryh wkh frqvlvwhqf| ri wkh prylqj eorfnv dqg vwdwlrqdu| errwvwuds

glvwulexwlrqv ri wkh errwvwudsshg TPO hvwlpdwruv> +5, zh surylgh qhz jhqhudo sxusrvh wrrov

xvhixo iru dqdo|}lqj wkh dssolfdwlrq ri dq| errwvwuds phwkrg wr h{wuhpxp hvwlpdwruv/ vxfk dv

wkh TPOH ru JPP hvwlpdwru/ dqdorjrxv wr wkrvh ri Jdoodqw dqg Zklwh +4<;;,> +6, zh vkrz wkdw

wkh prylqj eorfnv dqg vwdwlrqdu| errwvwuds surylgh qhz KDF fryduldqfh pdwul{ hvwlpdwruv iru

wkh TPOH/ dqg +7, zh suryh wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds glvwulexwlrq ri

d qhz errwvwuds dqdorj ri d Zdog whvw vwdwlvwlf iru whvwlqj jhqhudo qrqolqhdu k|srwkhvhv rq wkh

svhxgr0wuxh sdudphwhuv ri d qrqolqhdu g|qdplf prgho1 Vlplodu uhvxowv krog iru rxu qhz errwvwuds

Odjudqjh Pxowlsolhu vwdwlvwlf1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5/ zh surylgh edfnjurxqg dqg ixuwkhu prwlydwlrq

iru wkh irfxv ri wklv sdshu1 Vhfwlrq 6 surylghv uhvxowv dssolfdeoh wr h{wuhpxp hvwlpdwruv jhqhudoo|
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dqg dssolhv wkhvh wr wkh TPOH xqghu wkh qrqsdudphwulf eorfn errwvwuds phwkrgv1 Vhfwlrq 7

frqvlghuv errwvwuds whvwlqj1 Vhfwlrq 8 frqfoxghv1 Ghwdlohg dvvxpswlrqv dqg pdwkhpdwlfdo surriv

ri uhvxowv lq Vhfwlrq 6 dsshdu lq Dsshqgl{ D> surriv iru Vhfwlrq 7 duh frqwdlqhg lq Dsshqgl{ E1

51 Edfnjurxqg dqg Prwlydwlrq

Wkh errwvwuds kdv jdlqhg lqfuhdvhg srsxodulw| dv dq lqihuhqfh wrro lq hfrqrphwulfv vlqfh wkh

vhplqdo sdshu ri Hiurq lq 4<:<1 Dowkrxjk wkh hduo| zrun lq wkh errwvwuds olwhudwxuh dssolhg rqo| wr

vwdwlvwlfv rewdlqhg iurp d vhtxhqfh ri lqghshqghqw lghqwlfdoo| glvwulexwhg +l1l1g1, udqgrp yduldeohv

+h1j1/ Elfnho dqg Iuhhgpdq +4<;4,/ Vlqjk +4<;4,,/ wkh idloxuh ri Hiurq*v errwvwuds lq qrq0l1l1g1

vhwwlqjv zdv vrrq uhfrjql}hg +fi1 Vlqjk/ 4<;4, dqg vhyhudo errwvwuds phwkrgv zhuh vxjjhvwhg wr

ryhufrph wkh sureohp1 Rqh dssurdfk zdv wr uhgxfh wkh sureohp wr dq dssur{lpdwh l1l1g1 vhwwlqj

e| errwvwudsslqj wkh uhvlgxdov ri vrph sdudphwulf prgho1 Vhh iru h{dpsoh Iuhhgpdq +4<;4, dqg

Olx +4<;;, iru olqhdu uhjuhvvlrq dqg Iuhhgpdq +4<;7, dqg Hiurq dqg Wlevkludql +4<;9, iru DUPD

prghov1 Pruh uhfhqwo|/ vhyhudo eorfn errwvwuds phwkrgv wkdw gr qrw uhtxluh �wwlqj d sdudphwulf

prgho �uvw zhuh ghyhorshg dv d zd| wr fdswxuh wkh ghshqghqfh vwuxfwxuh ri wkh revhuyhg gdwd lq

wkh �uhvdpsohg� gdwd1 H{dpsohv duh wkh prylqj eorfnv errwvwuds +PEE, ri N qvfk +4<;<, dqg

Olx dqg Vlqjk +4<<5, dqg wkh vwdwlrqdu| errwvwuds +VE, ri Srolwlv dqg Urpdqr +4<<7d,1 Wkhvh

phwkrgv dprxqw wr uhvdpsolqj eorfnv ri revhuydwlrqv lqvwhdg ri lqglylgxdo revhuydwlrqv dqg zhuh

�uvw sursrvhg iru vwdwlrqdu| vwurqj pl{lqj revhuydwlrqv1

Wkh jrdo ri wklv sdshu lv wr h{whqg wkh hvwlpdwlrq frqwh{w lq zklfk errwvwuds phwkrgv duh

ydolgo| dydlodeoh1 Lq sduwlfxodu/ Srolwlv dqg Urpdqr +4<<7e, ghprqvwudwh wkh ydolglw| ri wkh

vwdwlrqdu| errwvwuds iru plqlpxp glvwdqfh hvwlpdwlrq zlwk vwdwlrqdu| pl{lqj surfhvvhv1 Ilw}hq0

ehujhu +4<<:, hvwdeolvkhv wkh ydolglw| ri wkh prylqj eorfnv errwvwuds iru lqvwuxphqwdo yduldeohv

hvwlpdwlrq ri olqhdu prghov ri khwhurjhqhrxv pl{lqj surfhvvhv1 Dowkrxjk wkhvh uhvxowv uhsuhvhqw

lpsruwdqw dgydqfhv/ wkh| gr qrw dsso| jhqhudoo| wr d frqvlghudeoh sruwlrq ri wkh hvwlpdwlrq

surfhgxuhv hqfrxqwhuhg lq hfrqrphwulfv/ zklfk duh dssolfdwlrqv ri txdvl0pd{lpxp olnholkrrg

phwkrgv ru wkh jhqhudol}hg phwkrg ri prphqwv1 Hvwdeolvklqj wkh ydolglw| ri wkh errwvwuds iru
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wkhvh hvwlpdwlrq surfhgxuhv lv wkxv ri juhdw lqwhuhvw1

Iru wkhvh phwkrgv/ h{lvwlqj uhvxowv duh dydlodeoh rqo| iru dq duud| ri vshfldo fdvhv1 Iru h{dpsoh/

Kdkq +4<<9, hvwdeolvkhv wkh �uvw rughu dv|pswrwlf ydolglw| ri Hiurq*v errwvwuds iru wkh JPP lq

wkh l1l1g1 fdvh1 Dv|pswrwlf uh�qhphqwv iru errwvwudsshg JPP hvwlpdwruv duh vwxglhg e| Kdoo

dqg Krurzlw} +4<<9, lq d vwdwlrqdu| hujrglf frqwh{w1 Uhfhqwo|/ Dqguhzv +4<<<, kdv h{whqghg Kdoo

dqg Krurzlw}*v uhvxowv e| hvwdeolvklqj kljkhu0rughu lpsuryhphqwv ri wkh errwvwuds iru qrqolqhdu

h{wuhpxp hvwlpdwruv/ wkxv lqfoxglqj JPP dqg PO hvwlpdwruv1 Dv lq Kdoo dqg Krurzlw} +4<<9,/

Dqguhzv +4<<<, dvvxphv d vwdwlrqdu| hujrglf gdwd jhqhudwlqj surfhvv iru zklfk wkh wuxh prphqw

frqglwlrqv iru wkh h{wuhpxp hvwlpdwru duh xqfruuhodwhg diwhu �qlwho| pdq| odjv1

Lq wklv sdshu/ zh surylgh frqglwlrqv hqvxulqj wkh �uvw0rughu dv|pswrwlf ydolglw| ri wkh prylqj

eorfnv errwvwuds dqg wkh vwdwlrqdu| errwvwuds zkhq dssolhg wr h{wuhpxp hvwlpdwruv +h1j1/ TPO

ru JPP, ri qrqolqhdu g|qdplf prghov iru surfhvvhv QHG rq dq xqghuo|lqj pl{lqj surfhvv1 Wr

dffrpsolvk wklv jrdo zh uho| rq wkh uhvxowv ri wkh errwvwuds ri wkh vdpsoh phdq iru QHG surfhvvhv

hvwdeolvkhg lq Jrqêdoyhv dqg Zklwh +5333d,1

Zh irfxv rq wkh qrqsdudphwulf eorfn errwvwuds +PEE dqg VE, wr gh�qh wkh errwvwudsshg

TPO hvwlpdwru/ dowkrxjk zh surylgh uhvxowv wkdw fryhu errwvwuds phwkrgv jhqhudoo|1 Wkh qrq0

sdudphwulf eorfn errwvwuds grhv qrw ghshqg rq d sduwlfxodu sdudphwulf prgho wr jhqhudwh wkh

uhvdpsohv dqg lw lv wkhuhiruh urexvw wr prgho plvvshfl�fdwlrq1 Lq wkh frqwh{w ri qrqolqhdu g|0

qdplf prghov/ lw dprxqwv wr uhvdpsolqj revhuydwlrqv rq d yhfwru ydoxhg duud| frqwdlqlqj doo wkh

ghshqghqw dqg h{sodqdwru| yduldeohv wkdw hqwhu wkh orj0olnholkrrg iru d jlyhq revhuydwlrq/ zkhuh

odjjhg ghshqghqw yduldeohv pd| eh lqfoxghg dv h{sodqdwru| yduldeohv1 Lq rughu wr fdswxuh wkh

vhuldo ghshqghqfh lq wkh gdwd/ eorfnv ri revhuydwlrqv rq wkh yhfwru ydoxhg gdwd duh uhvdpsohg

lqvwhdg ri lqglylgxdo revhuydwlrqv1

E| h{whqglqj wkh dssolfdelolw| ri errwvwuds phwkrgv wr d frqwh{w frpsdudeoh wr wkh jhqhudo

vhwwlqj ri Jdoodqw dqg Zklwh +4<;;, ru Sùwvfkhu dqg Suxfkd +4<<4,/ zh vkrz wkdw wkh errwvwuds

dssolhv qrw rqo| wr d xvhixo udqjh ri gdwd jhqhudwlqj surfhvvhv/ exw dovr wr d xvhixo ydulhw| ri

prgholqj dqg hvwlpdwlrq surfhgxuhv uhohydqw wr hfrqrplfv dqg �qdqfh1
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Zh gr qrw dwwhpsw khuh wr rewdlq dv|pswrwlf uh�qhphqwv1 Rxu jrdo lv udwkhu wr suryh wkh

frqvlvwhqf| ri wkh eorfn errwvwuds hvwlpdwruv ri wkh TPOH vdpsolqj glvwulexwlrq iru d eurdg

fodvv ri prghov dqg gdwd jhqhudwlqj surfhvvhv1 Lq sduwlfxodu/ zh dyrlg wkh vwdwlrqdulw| dvvxps0

wlrq dqg uhvwulfwlyh phpru| frqglwlrqv xvhg e| Kdoo dqg Krurzlw} +4<<9, dqg e| Dqguhzv +4<<<,

lq vwxg|lqj kljkhu rughu surshuwlhv ri wkh errwvwuds1 Dprqj rwkhu wklqjv/ zh suryh wkdw wkh

eorfn errwvwuds glvwulexwlrq ri wkh TPOH frqyhujhv zhdno| wr wkh glvwulexwlrq ri wkh TPOH lq

suredelolw|1 Dv d frqvhtxhqfh/ errwvwuds frq�ghqfh lqwhuydov kdyh dv|pswrwlf fryhudjh suredelo0

lw| htxdo wr wkh qrplqdo fryhudjh suredelolw|1 Ixuwkhu/ wkh PEE dqg VE phwkrgv duh vkrzq wr

surylgh khwhurvnhgdvwlf dqg dxwrfruuhodwlrq frqvlvwhqw vwdqgdug huuruv iru wkh TPO hvwlpdwru/

wkxv h{whqglqj wkh douhdg| odujh olwhudwxuh rq urexvw lqihuhqfh dqg fryduldqfh pdwul{ hvwlpdwlrq1

Dq lpsruwdqw dssolfdwlrq ri wkh errwvwuds lv lq k|srwkhvlv whvwlqj1 Wkh frqvlvwhqf| ri wkh

errwvwuds glvwulexwlrq ri wkh TPOH lv d �uvw vwhs wr surylqj wkh ydolglw| ri wkh eorfn errwvwuds

phwkrgv iru vwxghqwl}hg vwdwlvwlfv dqg khqfh iru k|srwkhvlv whvwlqj1 Lq sduwlfxodu/ zh sursrvh

dqg vkrz wkh �uvw rughu dv|pswrwlf ydolglw| ri d qhz errwvwuds Zdog whvw iru whvwlqj uhvwulfwlrqv

rq wkh svhxgr0wuxh sdudphwhuv ri d qrqolqhdu g|qdplf prgho1 D yduldqfh hvwlpdwru lv w|slfdoo|

uhtxluhg wr vwxghqwl}h wkh vwdwlvwlf1 Iru eorfn errwvwuds phwkrgv zlwk ghshqghqw gdwd/ wkh fkrlfh

ri wkh yduldqfh hvwlpdwruv xvhg wr vwxghqwl}h wkh errwvwuds dqg wkh ruljlqdo vwdwlvwlf lv fuxfldo/ li

vhfrqg rughu lpsuryhphqwv duh wr eh h{shfwhg +vhh Gdylvrq dqg Kdoo +4<<6,/ Jùw}h dqg N qvfk

+4<<9, dqg Odklul +4<<9/ 4<<<e,,1 Lq sduwlfxodu/ iru vprrwk ixqfwlrqv ri phdqv ri vwdwlrqdu|

pl{lqj gdwd/ wr vwxghqwl}h wkh errwvwuds vwdwlvwlf Jùw}h dqg N qvfk +4<<9, vxjjhvw d yduldqfh

hvwlpdwru wkdw h{sorlwv wkh lqghshqghqfh ri wkh errwvwuds eorfnv dqg wkdw fdq eh lqwhusuhwhg dv

wkh vdpsoh yduldqfh ri wkh errwvwuds eorfn phdqv1 +Odklul +4<<9, dqg Odklul +4<<<e, dovr xvh wklv

yduldqfh hvwlpdwru lq wkh frqwh{w ri wkh PEE iru P0hvwlpdwruv dqg wkh VE iru wkh vprrwk ixqfwlrq

prgho/ uhvshfwlyho|, Wr vwxghqwl}h wkh ruljlqdo vwdwlvwlf/ Jùw}h dqg N qvfk +4<<9, xvh d nhuqho

yduldqfh hvwlpdwru zlwk uhfwdqjxodu zhljkwv dqg zduq wkdw wuldqjxodu zhljkwv zloo ghvwur| vhfrqg0

rughu surshuwlhv ri wkh eorfn errwvwuds1 Khuh/ wr vwxghqwl}h wkh errwvwuds Zdog whvw vwdwlvwlf zh

xvh wkh pxowlyduldwh dqdorj ri wkh Jùw}h dqg N qvfk +4<<9, yduldqfh hvwlpdwru/ dgdswhg wr wkh
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TPOH frqwh{w1 Zh suryh wkdw rxu qhz errwvwuds Zdog vwdwlvwlf lv dv|pswrwlfdoo| glvwulexwhg dv

d fkl0vtxduhg glvwulexwlrq lq suredelolw|/ zklfk lpsolhv wkdw wr �uvw rughu zh fdq xvh wkh eorfn

errwvwuds wr hvwlpdwh wkh fulwlfdo ydoxhv ri wkh Zdog whvw vwdwlvwlf1 Vlplodu uhvxowv krog iru dq

dqdorjrxv errwvwuds Odjudqjh Pxowlsolhu vwdwlvwlf1

Errwvwudsslqj h{wuhpxp hvwlpdwruv iru qrqolqhdu prghov riwhq uhtxluhv vroylqj d odujh qxpehu

ri qrqolqhdu rswlpl}dwlrq sureohpv/ rqh iru hdfk uhvdpsoh/ zklfk pd| eh frpsxwdwlrqdoo| yhu|

ghpdqglqj1 Gdylgvrq dqg PdfNlqqrq +4<<<, kdyh uhfhqwo| sursrvhg d fodvv ri n0vwhs errwvwuds

hvwlpdwruv zklfk rqo| uhtxluhv d vpdoo qxpehu ri Qhzwrq ru txdvl0Qhzwrq vwhsv vwduwlqj iurp wkh

hvwlpdwh edvhg rq wkh ruljlqdo vdpsoh1 Wkh kljkhu rughu surshuwlhv ri wkhvh dwwudfwlyh errwvwuds

hvwlpdwruv kdyh ehhq vxevhtxhqwo| hvwdeolvkhg e| Dqguhzv +4<<<, iru wkh vwdwlrqdu| hujrglf

frqwh{w1 Gdylgvrq dqg PdfNlqqrq*v +4<<<, rqh0vwhs errwvwuds hvwlpdwru lv hdvlo| rewdlqhg e|

d forvhg0irup h{suhvvlrq wkdw rqo| uhtxluhv uhvdpsolqj wkh vfruhv dqg wkh Khvvldq pdwul{ ri wkh

prgho hydoxdwhg dw wkh TPOH edvhg rq wkh ruljlqdo vdpsoh1 D forvho| uhodwhg frpsxwdwlrqdoo|

hyhq vlpsohu errwvwuds hvwlpdwru zdv vxjjhvwhg e| Vkdr dqg Wx +4<<8/ Vhfwlrq ;1415, zklfk rqo|

uhtxluhv uhvdpsolqj wkh vfruhv dw wkh TPOH iru wkh ruljlqdo vdpsoh1 Zh vkrz wkdw wkh rqh0vwhs

errwvwudsshg TPO hvwlpdwruv ri Gdylgvrq dqg PdfNlqqrq +4<<<, dqg ri Vkdr dqg Wx +4<<8,

duh �uvw0rughu dv|pswrwlfdoo| htxlydohqw wr wkh vwdqgdug +l1h1 ixoo|0rswlpl}hg, eorfn errwvwuds

TPO hvwlpdwru zkhq wkh gdwd lv QHG rq d pl{lqj surfhvv1

61 Wkh Errwvwuds iru H{wuhpxp Hvwlpdwruv dqg Dssolfdwlrq wr wkh TPOH

Lq wklv vhfwlrq zh surylgh frqglwlrqv hqvxulqj wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds

iru txdvl0pd{lpxp olnholkrrg hvwlpdwlrq +TPOH, phwkrgv xqghu d vhwxs lghqwlfdo wr wkdw xvhg

e| Jdoodqw dqg Zklwh +4<;;,1 Wkh jrdo lv wr frqgxfw lqihuhqfh rq d fhuwdlq sdudphwhu ri lqwhuhvw

�J? iurp d jlyhq revhuyhg vdpsoh [?�> = = = >[?? dvvxphg wr eh qhdu hsrfk ghshqghqw rq dq xq0

ghuo|lqj pl{lqj surfhvv1 Zh ohw [?| ghqrwh d yhfwru wkdw frqwdlqv erwk wkh h{sodqdwru| yduldeohv

dqg wkh ghshqghqw yduldeohv wkdw hqwhu wkh olnholkrrg ri revhuydwlrq w dqg zh gh�qh i[?|j wr

eh QHG rq d pl{lqj surfhvv iY|j surylghg H
�
[2

?|

�
? 4 dqg y& � vxs?c|

���[?| �H|n&
|3& +[?|,
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2
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whqgv wr }hur dw dq dssursuldwh udwh1 Khuh dqg lq zkdw iroorzv/ n[?|nR � +H m[?|mR,�*R ghqrwhv
wkh OR qrup dqg H|n&

|3& +�, � H
�
�mI |n&

|3&

�
> zkhuh I |n&

|3& � � +Y|3&> = = = > Y|n&, lv wkh �0�hog jhqhudwhg

e| Y|3&> = = = > Y|n&1 Lq sduwlfxodu/ li y& @ R
�
n3@3B

�
iru vrph � A 3 zh vd| i[?|j lv QHG ri vl}h

�d= Wkh vhtxhqfh iY|j lv dvvxphg wr eh vwurqj pl{lqj> dqdorjrxv uhvxowv frxog eh ghulyhg xqghu

wkh dvvxpswlrq ri xqlirup pl{lqj1 Zh gh�qh wkh vwurqj ru �0pl{lqj frh!flhqwv dv xvxdo/ l1h1

�& � vxs6 vxst�M56
3"

c�M5"6n&�
mS +D _E,� S +D,S +E,m > dqg zh uhtxluh �& $ 3 dv n $ 4 dw

dq dssursuldwh udwh1

Wkh vwdwlvwlfdo surshuwlhv ri wkh TPOH a�? +frqvlvwhqf| dqg dv|pswrwlf qrupdolw|, duh hv0

wdeolvkhg lq Jdoodqw dqg Zklwh +4<;;, xqghu wkh srvvlelolw| ri prgho plvvshfl�fdwlrq1 Iru wklv

frqwh{w/ zh hvwdeolvk wkh xvhixoqhvv ri wzr frpprqo| xvhg eorfn errwvwuds surfhgxuhv/ wkh pry0

lqj eorfnv errwvwuds dqg wkh vwdwlrqdu| errwvwuds/ wr dssur{lpdwh wkh vdpsolqj glvwulexwlrq ri

s
q
�
a�? � �J?

�
1 Jlyhq wkh ruljlqdo vdpsoh [?�> = = = >[??/ d errwvwuds yhuvlrq ri a�?> vd| a�

W
?/ lv

rewdlqhg e| frqvlghulqj wkh TPOH iru wkh errwvwuds uhvdpsohv [W
?�> = = = >[

W
??1 Zh vkrz wkdw

wkh errwvwuds dssur{lpdwlrq wr wkh vdpsolqj glvwulexwlrq ri
s
q
�
a�? � �J?

�
jlyhq e| wkh glvwul0

exwlrq ri
s
q
�
a�
W
? � a�?

�
> frqglwlrqdo rq [?�> = = = >[??> lv dv|pswrwlfdoo| qrupdo zlwk wkh fruuhfw

dv|pswrwlf fryduldqfh pdwul{/ lq suredelolw|1 Zh dovr jlyh dq h{solflw irupxod iru wkh errw0

vwuds fryduldqfh pdwul{ ri wkh vfdohg phdq ri wkh uhvdpsohg vfruhv hydoxdwhg dw a�? zklfk lv

khwhurvnhgdvwlflw| dqg dxwrfruuhodwlrq frqvlvwhqw +KDF,/ lq wkdw lw frqyhujhv lq suredelolw| wr

wkh fryduldqfh pdwul{ ri wkh vfdohg phdq ri wkh vfruhv hydoxdwhg dw �J?1

Zh iroorz Odklul +4<<<d, lq ghvfulelqj wkh eorfn errwvwuds phwkrgv1 Ohw c @ c? 5 Q

+4 � c ? q, ghqrwh wkh +h{shfwhg, ohqjwk ri wkh eorfnv dqg ohw E|c� @ i[?|>[?c|n�> = = = >[?c|n�3�j

eh wkh eorfn ri c frqvhfxwlyh revhuydwlrqv vwduwlqj dw [?|> c @ 4 fruuhvsrqgv wr wkh vwdq0

gdug errwvwuds1 Dvvxph iru vlpsolflw| wkdw q @ nc= Wkh PEE uhvdpsohv n @ q@c eorfnv

udqgrpo| zlwk uhsodfhphqw iurp wkh vhw ri q � c . 4 ryhuodsslqj eorfnv iE�c�> = = = > E?3�n�c�j1
Wkxv/ li zh ohw L?�> = = = > L?& eh l1l1g1 udqgrp yduldeohv xqlirupo| glvwulexwhg rq i3> = = = > q� cj/

wkh PEE svhxgr0wlph vhulhv
q
[
WE��
?| > w @ 4> = = = > q

r
lv wkh uhvxow ri duudqjlqj wkh hohphqwv ri

wkh n uhvdpsohg eorfnv EU?� > = = = > EU?& lq d vhtxhqfh= [
WE��
?� @ [?cU?�n�> = = = >[

WE��
?� @ [?cU?�n�

>
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[
WE��
?c�n� @ [?cU?2n�> = = = >[

WE��
?c&, @ [?cU?&n�= Khuh dqg wkurxjkrxw/ zh xvh wkh vxshuvfulsw +4, lq

[
WE��
?c| wr ghqrwh wkh errwvwuds vdpsohv rewdlqhg e| wkh PEE1 Vlploduo|/ zh zloo xvh wkh vxshu0

vfulsw +5, wr ghqrwh errwvwuds vdpsohv rewdlqhg e| wkh VE uhvdpsolqj vfkhph1

Xqolnh wkh PEE/ wkh vwdwlrqdu| errwvwuds uhvdpsohv eorfnv ri udqgrp vl}h1 Ohw s @ c3�

eh d jlyhq qxpehu lq +3> 4,> s @ 4 fruuhvsrqgv wr wkh vwdqgdug errwvwuds1 Ohw O?�> O?2> = = =

eh frqglwlrqdoo| l1l1g1 udqgrp yduldeohv kdylqj wkh jhrphwulf glvwulexwlrq zlwk sdudphwhu s vr

wkdw wkh suredelolw| ri wkh hyhqw iO?� @ nj lv +4� s,&3� s iru n @ 4> 5> = = = 1 Lqghshqghqw ri

i[?|j dqg ri iO?�j > ohw L?�> L?2> = = = eh l1l1g1 udqgrp yduldeohv kdylqj wkh xqlirup glvwulexwlrq

rq i4> = = = > qj1 Wkh VE svhxgr0wlph vhulhv
q
[
WE2�
?|

r
fdq eh rewdlqhg e| mrlqlqj wkh uhvdpsohg

eorfnv EU?�cu?� >EU?2cu?2 > = = = > EU?g cu?g / zkhuh N @ lqi in � 4 = O?� . = = =. O?& � qj = Wkxv/ wkh
vwdwlrqdu| errwvwuds dprxqwv wr uhvdpsolqj eorfnv ri revhuydwlrqv ri udqgrp ohqjwk/ zkhuh hdfk

eorfn vl}h kdv d jhrphwulf glvwulexwlrq zlwk sdudphwhu s dqg h{shfwhg ohqjwk htxdo wr �
R @ c1

Zh vkdoo uhtxluh c @ c? wr whqg wr lq�qlw| dw dq dssursuldwh udwh/ zklfk lv htxlydohqw wr ohwwlqj

s @ s? whqg wr }hur1 Khqfh/ rq dyhudjh wkh ohqjwkv ri wkh VE eorfnv whqg wr lq�qlw| zlwk q dv

dovr kdsshqv zlwk wkh +�{hg, PEE eorfnv ohqjwkv1

Lq frqwudvw wr wkh PEE uhvdpsolqj phwkrg/ wkh vwdwlrqdu| errwvwuds uhvdpsoh lv +frqgl0

wlrqdoo|, d vwulfwo| vwdwlrqdu| surfhvv +Srolwlv dqg Urpdqr/ 4<<7d,/ khqfh wkh qdph vwdwlrqdu|

errwvwuds1

D frqyhqlhqw zd| wr irupdol}h dq| errwvwuds surfhgxuh lv dv iroorzv1 Jlyhq wkh xqghuo|lqj

suredelolw| vsdfh +
>I > S , > zh revhuyh d vdpsoh [?� +$, > = = = >[?? +$, ri vl}h q iurp d jlyhq

uhdol}dwlrq $ 5 
/ zkhuh [?| +$, dvvxphv ydoxhv lq U
,/ o 5 Q1 Zh ohw +�>J, eh d phdvxudeoh

vsdfh dqg iru hdfk $ 5 
 dqg q 5 Q/ zh ohw S W
?c/ ghqrwh wkh suredelolw| phdvxuh lqgxfhg e| wkh

errwvwuds rq +�>J,1 Wkh errwvwuds lv d phwkrg wr jhqhudwh d qhz wlph vhulhv rq
�
�>J> S W

?c/

�
frqglwlrqdo rq wkh gdwd [?� +$, > = = = >[?? +$, iurp zklfk zh fdq rewdlq dv pdq| +uh0, vdpsohv

dv zh zdqw1

Iru hdfk q 5 Q/ ohw �?| = � $ i4> 5> = = = > qj ghqrwh d udqgrp lqgh{ jhqhudwhg e| wkh uhvdp0

solqj vfkhph iru hdfk w @ 4> 5> = = = 1 Iru h{dpsoh/ iru wkh vwdqgdug errwvwuds/ i�?|j lv d vhtxhqfh
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ri l1l1g1 udqgrp yduldeohv xqlirupo| glvwulexwhg rq i4> 5> = = = > qj > lqghshqghqw ri i[?|j = Iru
wkh PEE ghvfulehg deryh/ i�?|j �

q
�
E��
?|

r
@ iL?� . 4> = = = > L?� . c> L?2 . 4> = = = j > zkhuh iL?�j

duh frqglwlrqdoo| l1l1g1 xqlirup rq i3> = = = > q� cj dqg c lv wkh �{hg eorfn ohqjwk1 Iru wkh VE/

i�?|j �
q
�
E2�
?|

r
@ iL?�> L?� . 4> = = = > L?� . O?� � 4> L?2> L?2 . 4> = = = j > zkhuh iL?�j duh frqglwlrq0

doo| l1l1g1 xqlirup rq i4> 5> = = = > qj dqg iO?�j duh l1l1g1 udqgrp yduldeohv kdylqj wkh jhrphwulf

glvwulexwlrq zlwk sdudphwhu s/ lqghshqghqw ri i[?|j dqg iL?�j1
Zh gh�qh wkh vwrfkdvwlf surfhvv lqgxfhg e| wkh errwvwuds dv wkh pdsslqj [W

? +�> $, �
i[W

?| +�> $, > w @ 4> 5> = = = j = � $ U
,"/ $ 5 
/ q @ 4> 5> = = = dqg o 5 Q/ vxfk wkdw iru +�> $, 5 ��
>

[W
?| +�>$, @ [?c�?|Eb� +$, > w @ 4> 5> = = = 1

Dv Ohppd D14 lq Dsshqgl{ D hvwdeolvkhv/ [W
?| +�> $, lv J0phdvxudeoh dqg wkxv lw lqghhg gh�qhv

d vwrfkdvwlf surfhvv rq
�
�>J> S W

?c/

�
1 Lq wklv frqwh{w/ d uhvdpsoh rewdlqhg e| wkh errwvwuds lv d

vdpsoh ri vl}h p +vd|, fruuhvsrqglqj wr d jlyhq uhdol}dwlrq [W
? +�>$, ri wkh vwrfkdvwlf surfhvv

[W
? +�> $,/ frqglwlrqdo rq wkh ruljlqdo vdpsoh[?� +$, > = = = >[?? +$,1 Zh zloo ohwp @ q wkurxjkrxw1

Zh �uvw hvwdeolvk wkh delolw| ri wkh eorfn errwvwuds phwkrgv wr surylgh KDF fryduldqfh

hvwlpdwruv iru wkh TPOH1

Wkh TPO hvwlpdwru a�? vroyhv wkh sureohp

pd{
X

O? +[
?
? > �, � q3�

?[
|'�

orj i?|
�
[|

?> �
�
> q @ 4> 5> = = = >

zkhuh [|
? � +[ �

?�> = = = >[
�
?|,

� > w @ 4> 5> = = = > q> dqg � lv dq hohphqw ri �> d frpsdfw vxevhw ri UR/

s 5 Q1 Wkxv/ [|
? lv d yhfwru ydoxhg duud| wkdw frqwdlqv doo wkh uhohydqw h{sodqdwru| dqg ghshqghqw

yduldeohv wkdw hqwhu i?|/ wkh �txdvl0olnholkrrg ixqfwlrq� iru revhuydwlrq w1 Wkh ixqfwlrq O? lv wkh

�txdvl0orj0olnholkrrg ixqfwlrq�1

Wkh dv|pswrwlf surshuwlhv +frqvlvwhqf|/ dv|pswrwlf qrupdolw|, ri a�? kdyh ehhq hvwdeolvkhg

e| Jdoodqw dqg Zklwh +4<;;, xqghu fhuwdlq uhjxodulw| dvvxpswlrqv/ zklfk zh froohfw lq Dsshqgl{

D iru frqyhqlhqfh1 Jdoodqw dqg Zklwh*v +4<;;, gdwd jhqhudwlqj dvvxpswlrq dvvxphv d vlqjo|

lqgh{hg vwrfkdvwlf surfhvv i[|j1 Qhyhuwkhohvv/ dv wkh| uhpdun lq sdjh < ri wkhlu errn/ wkhlu

<



uhvxowv fdq hdvlo| eh h{whqghg wr grxeo| lqgh{hg duud|v e| uho|lqj rq zhdn odzv ri odujh qxp0

ehuv iru grxeoh duud|v i[?|j +vxfk dv Dqguhzv* +4<;;, zhdn odz ri odujh qxpehuv iru xqlirupo|

lqwhjudeoh O��pl{lqjdohv, xqghu hyhq zhdnhu frqglwlrqv wkdq wkrvh xvhg lq wkhlu zrun1 Rxu

dvvxpswlrqv D140D143 duh wkh grxeo| lqgh{hg yhuvlrqv ri Jdoodqw dqg Zklwh*v +4<;;, uhjxodu0

lw| frqglwlrqv1 Wkxv/ xqghu dvvxpswlrqv D140D143/ Wkhruhp 81: ri Jdoodqw dqg Zklwh +4<;;,

lq sduwlfxodu vkrzv wkdw4 E
J3�*2
? DJ

?

s
q
�
a�? � �J?

�
, Q +3> LR, > zkhuh , ghqrwhv frqyhujhqfh

lq glvwulexwlrq1 Wkh dv|pswrwlf fryduldqfh pdwul{ ri a�? lv wkxv FJ
? � DJ3�

? EJ
?D

J3�
? > zkhuh

DJ
? � H

�u2O? +[
?
? > �

J
?,
�
dqg EJ

? � ydu
�
q3�*2

S?
|'�u orj i?|

�
[|

?> �
J
?

��
= Ehfdxvh DJ

? dqg EJ
? duh

jhqhudoo| xqnqrzq/ frqvlvwhqw hvwlpdwruv duh qhhghg lq rughu iru wkh qrupdo dssur{lpdwlrq wr eh

xvhixo lq frqvwuxfwlqj dv|pswrwlf frq�ghqfh lqwhuydov ru whvwlqj k|srwkhvhv1 D frqvlvwhqw hvwlpd0

wru ri DJ
? lv aD? @ u2O?

�
[?

? >
a�?
�
> dv suryhq lq Wkhruhp 914 lq Jdoodqw dqg Zklwh +4<;;, xqghu

wkh vdph dvvxpswlrqv wkdw gholyhu wkh dv|pswrwlf qrupdolw| uhvxow1 Wkh frqvlvwhqw hvwlpdwlrq ri

EJ
? lv d pruh fkdoohqjlqj wdvn1 Jdoodqw dqg Zklwh +4<;;, hvwdeolvk wkh frqvlvwhqf| ri d sduwlfxodu

hvwlpdwru ri EJ
? zkhq wkh gdwd i[?|j lv QHG rq d pl{lqj surfhvv dqg plvvshfl�fdwlrq lv doorzhg1

Dowhuqdwlyh frqvlvwhqw hvwlpdwruv ri EJ
? duh jlyhq e| wkh eorfn errwvwuds yduldqfh hvwlpdwruv/ dv

zh qrz suryh1

Zh �uvw frqvlghu dq lqihdvleoh hvwlpdwru edvhg rq �J?=Zh wkhq exlog rq wklv hvwlpdwru wr rewdlq

d ihdvleoh hvwlpdwru1 Dffruglqjo|/ ohw vJ?| � u orj i?|
�
[|

?> �
J
?

�
vr wkdw EJ

? � ydu
�
q3�*2

S?
|'� v

J
?|

�
1

Iru m @ 4> 5> ohw EJ
?c� � yduW

�
q3�*2

S?
|'� v

JWE��
?|

�
ghqrwh wkh eorfn errwvwuds fryduldqfh pdwul{

hvwlpdwruv edvhg rq wkh uhvdpsohg vfruhv
�
v
JWE��
?| � u orj i

?c�
E��
?|

�
[

�
E��
?|

? > �J?

��
hydoxdwhg dw �J?/

zkhuh
q
�
E��
?|

r
dqg

q
�
E2�
?|

r
ghqrwh wkh udqgrp lqgh{hv fkrvhq dffruglqj wr wkh PEE dqg wkh VE/

uhvshfwlyho|1 Khuh dqg wkurxjkrxw zh ohw HW +yduW, ghqrwh h{shfwdwlrq +yduldqfh, zlwk uhvshfw

wr wkh errwvwuds suredelolw| phdvxuh/ frqglwlrqdo rq [?�> = = = >[??1

4Qrwh wkdw wJ? khuh sod|v wkh vdph uroh dv wW? lq Jdoodqw dqg Zklwh +4<;;,1 Wkh fkdqjh lq qrwdwlrq lv gxh wr
wkh idfw wkdw zh uhvhuyh wkh vxshuvfulsw vwdu iru wkh errwvwuds/ dv lv xvxdo lq wkh errwvwuds olwhudwxuh1
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Wkh iroorzlqj irupxod lv dydlodeoh wr frpsxwh EJ
?c� +N qvfk/ 4<;</ Wkhruhpv 614 dqg 617,=

EJ
?c� @

?[
|'�

�? +w,
�
vJ?| � vJkc?

� �
vJ?| � vJkc?

��+614,

.
�3�[
�'�

�
4� �

c

� ?3�[
|'�

�? +w> �,
k�
vJ?| � vJkc?

� �
vJ?c|n� � vJkc?

��
.
�
vJ?c|n� � vJkc?

� �
vJ?| � vJkc?

��l
>

zkhuh vJkc? � S?
|'� �? +w, v

J
?|= Wkh zhljkwv �? +w, dqg �? +w> �, duh jlyhq dv iroorzv +fi1 N qvfk/

4<;</ h{suhvvlrqv +615, dqg +61:,,=

�? +w, @

;A?
A=

|
�E?3�n��

�
?3�n�
?3|n�

�E?3�n��

li w 5 i4> = = = > c� 4j
li w 5 ic> = = = > q� c. 4j
li w 5 iq� c. 5> = = = > qj >

+615,

�? +w> �, @

;A?
A=

|
E�3�� ��E?3�n��

�
?3�n�

?3|3�� �n�
E�3�� ��E?3�n��

li w 5 i4> = = = > c� m� m � 4j
li w 5 ic� m� m > = = = > q� c. 4j
li w 5 iq� c. 5> = = = > q� m� mj >

+616,

zkhuh
S?

|'� �? +w, @ 4 dqg
S?3�� �

|'� �? +w> �, @ 4=

Vlploduo|/ zh fdq frpsxwh EJ
?c2 zlwkrxw uhvdpsolqj +Srolwlv dqg Urpdqr/ 4<<7d/ Ohppd 4,=

EJ
?c2 @ q3�

?[
|'�

+vJ?| � vJ?, +v
J
?| � vJ?,

�+617,

.
?3�[
�'�

e? +�,q
3�

?3�[
|'�

k
+vJ?| � vJ?,

�
vJ?c|n� � vJ?
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vJ?c|n� � vJ?
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�
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>

zkhuh vJ? � q3�
S?

|'� v
J
?|> dqg

e? +�, @
�
4� �

q

�
+4� s,� .
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q
+4� s,?3� >+618,

zlwk s @ s? � c3�? 1

Jrqêdoyhv dqg Zklwh +5333d, jlyh vx!flhqw frqglwlrqv iru wkh frqvlvwhqf| ri wkh PEE dqg

VE fryduldqfh pdwul{ hvwlpdwruv ri wkh vdpsoh phdq ri d yhfwru QHG duud| rq d pl{lqj surfhvv1

Lq sduwlfxodu/ dq dssolfdwlrq ri wkhlu Wkhruhp 614 vkrzv wkdw xqghu wkh QHG dvvxpswlrq/ EJ
?c�

lv frqvlvwhqw iru EJ
? . XJ

?c�/ zkhuh XJ
?c� @ yduW

�
q3�*2

S?
|'� ^H +vJ?|,`

WE��
�
dqg

q
^H +vJ?|,`

WE��
r
lv d

uhvdpsoh ri iH +vJ?|,j rewdlqhg e| wkh PEE li m @ 4 dqg e| wkh VE li m @ 51 Wkh eldv whupv

XJ
?c� fdq eh zulwwhq h{solflwo| dv d ixqfwlrq ri iH +vJ?|,j +vhh Ohppd 514 ri Jrqêdoyhv dqg Zklwh/
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5333d,1

Wr rewdlq d ihdvleoh hvwlpdwru/ zh frqvlghu lqvwhdg wkh eorfn errwvwuds fryduldqfh pdwul{

hvwlpdwruv aE?c� � yduW
�
q3�*2

S?
|'� av

WE��
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wkdw duh edvhg rq wkh uhvdpsohg hvwlpdwhg vfruhv�
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rewdlqhg iurp

q
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e| wkh PEE dqg

e| wkh VE uhvdpsolqj vfkhphv1 Djdlq/ qr uhvdpsolqj lv qhfhvvdu| wr frpsxwh aE?c�=
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�
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zkhuh �? +w, dqg �? +w> �, duh gh�qhg lq +615, dqg +616,/ avkc? � q3�
S?

|'� �? +w, av?|/ dqg
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�'�

e? +�,q
3�

?3�[
|'�

�
av?|av

�
?|n� . av?|n� av

�
?|

�
>+61:,

zlwk e? +�, dv gh�qhg lq +618,1

Fduhixo dujxphqw hvwdeolvkhv wkdw wkh gl�huhqfh ehwzhhq aE?c� dqg EJ
?c� frqyhujhv wr }hur lq

suredelolw|/ zklfk lpsolhv wkh frqvlvwhqf| ri aE?c� iru EJ
?.XJ

?c� 1 Pruhryhu/ aE?c� lv srvlwlyh vhplghi0

lqlwh e| frqvwuxfwlrq1 Wr rewdlq wklv uhvxow/ zh vwuhqjwkhq dvvxpswlrqv D140D143 lq Dsshqgl{ D

lq wkh iroorzlqj zd|=

Dvvxpswlrq 614

6141d,
�
v?|

�
[|

?> �
� � u orj i?|

�
[|

?> �
��

lv 6u0grplqdwhg rq � xqlirupo| lq q> w @ 4> 5> = = = > u A 51

6141e, Wkh hohphqwv ri
�
v?|

�
[|

?> �
� � u orj i?|

�
[|

?> �
��

duh QHG rq iY|j ri vl}h �2Eo3��
o32 xql0

irupo| rq +�> �, =

Wkhruhp 6141 Jlyhq Dvvxpswlrqv D140D143 dv vwuhqjwkhqhg e| Dvvxpswlrq 614/ li c? $ 4 dqg

c? @ r
�
q�*2

�
> wkhq iru m @ 4> 5>

aE?c� �
�
EJ
? .XJ

?c�

� �$ 3/

zkhuh XJ
?c� @ yduW

�
q3�*2

S?
|'� ^H +vJ?|,`

WE��
�
=
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Wkhruhp 614 jlyhv vx!flhqw frqglwlrqv iru wkh frqvlvwhqf| ri wkh eorfn errwvwuds yduldqfh

hvwlpdwruv aE?c� xqghu wkh srvvlelolw| ri plvvshfl�fdwlrq1 E| doorzlqj iru jhqhudo khwhurjhqhrxv

ghshqghqw gdwd jhqhudwlqj surfhvvhv dqg wkh srvvlelolw| ri plvvshfl�hg prghov/ lw dggv wr wkh

douhdg| h{whqvlyh olwhudwxuh rq khwhurvnhgdvwlf dqg dxwrfruuhodwlrq frqvlvwhqw +KDF, fryduldqfh

pdwul{ hvwlpdwlrq +vhh h1j1 Hlfnhu +4<9:,/ Zklwh +4<;3,/ Kdqvhq +4<<5d,/ Zklwh +4<;7,/ Zklwh

dqg Grprzlw} +4<;7,/ Qhzh| dqg Zhvw +4<;:,/ Jdoodqw dqg Zklwh +4<;;,/ Dqguhzv +4<<4,/

Dqguhzv dqg Prqdkdq +4<<5,/ Ghq Kddq dqg Ohylq +4<<:,/ dqg gh Mrqj dqg Gdylgvrq +5333,,1

Dvvxpswlrq 614 hqvxuhv wkdw wkh hohphqwv ri wkh grxeoh duud| ivJ?|j vdwlvi| Dvvxpswlrq 514

ri Jrqêdoyhv dqg Zklwh +5333d,1 H{fhsw iru Dvvxpswlrq 6141d,/ zh xvh wkh vdph dvvxpswlrqv

dv Jdoodqw dqg Zklwh*v frqvlvwhqf| uhvxow +Wkhruhp 91;+e,/ 4<;;,1 Krzhyhu/ wkhlu uhvxow rqo|

uhtxluhv
�
v?|

�
[|

?> �
��

wr eh 5u0grplqdwhg rq � xqlirupo| lq q> w @ 4> 5> = = = > u A 5/ udwkhu wkdq

6u0grplqdwhg dv zh dvvxph khuh1

Lq wkh suhvhqfh ri khwhurjhqhrxv revhuydwlrqv dqg duelwudu| plvvshfl�fdwlrq/ wkh vwdwlrqdu|

errwvwuds lv qrw frqvlvwhqw iru EJ
?/ exw lqvwhdg iru EJ

? . XJ
?c�1 D vx!flhqw frqglwlrq iru wkh eldv

whup
q
XJ
?c�

r
wr ydqlvk lv wkdw H +vJ?|, eh }hur iru w @ 4> 5> = = = > q> q @ 4> 5> = = = 1 Prvw ri wkh

olwhudwxuh rq urexvw fryduldqfh pdwul{ hvwlpdwlrq kdv dgrswhg wklv dvvxpswlrq1 Rqh h{fhswlrq lv

Jdoodqw dqg Zklwh +4<;;,1 Dv wkh| srlqw rxw +Jdoodqw dqg Zklwh/ 4<;;/ s1435,/ wklv frqglwlrq

lv wuxh li iru h{dpsoh wkh prgho lv fruuhfwo| vshfl�hg ru li i[?|j lv vwdwlrqdu| dqg wkh prgho

hperglhv qr uhjlph fkdqjhv +l1h1 i?| +�> �, @ i +�> �, iru doo q> w,1
Zh qh{w lqyhvwljdwh wkh dv|pswrwlf surshuwlhv +frqvlvwhqf| dqg dv|pswrwlf qrupdolw|, ri wkh

errwvwudsshg TPOH iru jhqhulf errwvwuds surfhgxuhv1

Zh xvh wkh iroorzlqj qrwdwlrq +vhh Kdkq/ 4<<9/ s1 4<3/ iru vlplodu qrwdwlrq,1 Iru dq| errwvwuds

vwdwlvwlf W W
? +�> $, zh zulwh W W

? +�> $, $ 3 sure � S W
?c/> d=v= � S li W W? +�> $, frqyhujhv wr }hur lq

suredelolw|�S W
?c/ iru doprvw doo $> l1h1 li iru dq| % A 3 wkhuh h{lvwv I 5 I zlwk S +I , @ 4

vxfk wkdw iru doo $ lq I> olp?<" S W
?c/ ^� = mW W

? +�>$,m A %` @ 3= Zh zulwh W W
? +�> $, $ 3 sure�S W

?c/>

sure�S li iru dq| % A 3 dqg iru dq| � A 3/ olp?<" S
�
$ = S W

?c/ ^� = mW W
? +�>$,m A %` A �

�
@ 3= Xvlqj

d vxevhtxhqfh dujxphqw +h1j1 Eloolqjvoh|/ 4<<8/ Wkhruhp 5318,/ W W
? +�> $, $ 3 sure�S W

?c/> sure�S

46



lv htxlydohqw wr kdylqj wkdw iru dq| vxevhtxhqfh iq�j wkhuh h{lvwv d ixuwkhu vxevhtxhqfh iq��j vxfk
wkdw W W

?�� +�> $, sure�S W
?��c/> d=v=�S= Zh zulwh5 W W

? +�> $, ,_�W?c/ Q +3> 4, sure�S zkhq iru hyhu|

vxevhtxhqfh wkhuh h{lvwv d ixuwkhu vxevhtxhqfh iru zklfk zhdn frqyhujhqfh wdnhv sodfh doprvw

vxuho|1 Wklv vxevhtxhqfh dujxphqw zloo riwhq eh xvhg lq rxu surriv iru wkh errwvwuds1 Iru h{dpsoh/

wr suryh wkdw W W
? +�> $, ,_�W?c/ Q +3> 4, sure�S> zh frqvlghu dq duelwudu| vxevhtxhqfh lqgh{hg e|

iq�j dqg suryh wkdw wkhuh h{lvwv d ixuwkhu vxevhtxhqfh iq��j iru zklfk W W
?�� +�> $, ,

_�W
?��c/ Q +3> 4,

iru �{hg $ lq d vhw zlwk suredelolw| rqh1 Ehfdxvh iru vxfk $ zh kdyh wkdw W W
?�� +�> $, lv d udqgrp

yduldeoh lq wkh xvxdo vhqvh/ wklv fdq eh dffrpsolvkhg e| dsso|lqj d vwdqgdug fhqwudo olplw wkhruhp

wr W W?�� +�> $, xqghu wkh errwvwuds suredelolw| phdvxuh S W
?��c/1

Iru d jhqhudo errwvwuds phwkrg/ zh gh�qh wkh errwvwudsshg TPOH/ a�
W
? +�> $,/ $ 5 
/ dv wkh

vroxwlrq wr

pd{
X

OW? +�> $> �, � q3�
?[
|'�

orj iW?| +�> $> �, > q @ 4> 5> = = = >

zkhuh/ iru hdfk q @ 4> 5> = = = dqg iru hdfk � 5 �> iiW?| +�> $> �, / w @ 4> = = = > qj lv d errwvwuds uh0

vdpsoh ri vl}h q iurp
�
i?|

�
[|

? +$, > �
�
> w @ 4> = = = > q

�
> l1h1 iW?| +�> $> �, @ i?c�?|Eu�

�
[

�?|Eu�
? +$, > �

�
>

dqg �?| = � $ i4> 5> = = = > qj lv d udqgrp lqgh{ fkrvhq dffruglqj wr d jlyhq errwvwuds uhvdpsolqj

vfkhph/ w @ 4> 5> = = = > q/ h1j1 wkh PEE ru wkh VE1 Dv deryh/ zh ohw
q
�
E��
?|

r
ghqrwh wkh udqgrp

lqgh{ jhqhudwhg e| wkh PEE li m @ 4 dqg e| wkh VE li m @ 51 Frqvhtxhqwo|/ a�
WE��
? +�> $, zloo ghqrwh

wkh PEE dqg wkh VE TPOH*v/ iru m @ 4 dqg m @ 5> uhvshfwlyho|1

Jlyhq dvvxpswlrqv D14 dqg D15/ wkh h{lvwhqfh ri a�
W

? +�> $, dv d phdvxudeoh0J ixqfwlrq iru hdfk

q dqg doprvw doo $ iroorzv e| Ohppd 5 ri Mhqqulfk +4<9<,1 Ehfdxvh iru doprvw doo $ a�
W
? +�> $, lv

d udqgrp yduldeoh lq
�
�>J> S W

?c/

�
/ zh fdq vwxg| lwv vwrfkdvwlf surshuwlhv1

Wkh qh{w uhvxow khosv lq hvwdeolvklqj wkh frqvlvwhqf| ri d jhqhudo errwvwudsshg TPOH1 Wkh

vdph khxulvwlfv wkdw gholyhu wkh frqvlvwhqf| ri a�? iru �J? dsso| lq wkh errwvwuds frqwh{w1 Vshfli0

lfdoo|/ li iru doo $ lq d vhw zlwk suredelolw| dssurdfklqj rqh/ OW? +�> $> �, whqgv +doprvw vxuho| ru

lq suredelolw|, wr O? +$> �, > wkhq zh vkrxog h{shfw a�
W
? +�> $, > zklfk pd{lpl}hv OW? +�> $, > wr whqg

5Zh iroorz Jlqì dqg ]lqq +4<;</ s1 9;;, wr gh�qh zhdn frqyhujhqfh lq suredelolw|> lq sduwlfxodu/ zh xvh wkh
glvwdqfh lqgxfhg e| wkh vxs qrup ri glvwulexwlrq ixqfwlrqv wr phwul}h zhdn frqyhujhqfh1
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wr a�? +$, > zklfk pd{lpl}hv O? +$> �,1 Dv wkh qh{w ohppd vkrzv/ wkh frqvlvwhqf| ri a�? iru �J?/

zkhuh �J? lv dvvxphg wr eh lghqwl�deo| xqltxh6/ hqvxuhv wkdw a�? +$, lv lghqwl�deo| xqltxh iru doo

q vx!flhqwo| odujh dqg $ lq d vhw zlwk suredelolw| rqh ru dssurdfklqj rqh1

Ohppd 614 +Lghqwl�deoh xqltxhqhvv ri a�? iru doo q vx!flhqwo| odujh,1 Ohw +
>I > S , eh

d frpsohwh suredelolw| vsdfh dqg ohw � eh d frpsdfw vxevhw ri UR/ s 5 Q1 Ohw
�
T? = 
�� $ U

�
eh d vhtxhqfh ri udqgrp ixqfwlrqv frqwlqxrxv rq � d=v= � S> dqg ohw a�? @ dujpd{XT? +�> �,

d=v=�S 1 Li T? +�> �,�T? +�, $ 3 d=v=�S xqlirupo| rq � dqg li
�
T? = � $ U

�
kdv lghqwl�deo|

xqltxh pd{lpl}huv i�J?j rq �> wkhq wkh vhtxhqfh
q
a�?

r
lv lghqwl�deo| xqltxh rq � zlwk uhvshfw wr

iT?j d=v=� S> l1h1 wkhuh h{lvwv I 5 I / S +I , @ 4/ vxfk wkdw jlyhq dq| % A 3 dqg vrph � +%, A 3/

iru hdfk $ 5 I> wkhuh h{lvwv Q +$> %, ? 4 vxfk wkdw

vxs
?D�E/c0�

%
pd{

#S+	w?c0,
T? +$> �,�T?

�
$> a�?

�&
� �� +%, ? 3>

zkhuh �S?

�
a�?> %

�
lv wkh frpsdfw frpsohphqw ri �

�
a�?> %

�
�

q
� 5 � =

���� � a�?

��� ? %
r

iru q @

4> 5> = = = 1

Li lqvwhdg T? +�> �,�T? +�, $ 3 sure�S xqlirupo| rq � wkhq iru dq| vxevhtxhqfh ri
q
a�?

r
/

vd|
q
a�?�

r
/ wkhuh h{lvwv d ixuwkhu vxevhtxhqfh

q
a�?��

r
vxfk wkdw

q
a�?��

r
lv lghqwl�deo| xqltxh zlwk

uhvshfw wr iT?��j d=v=� S 1

E| dsso|lqj Ohppd 614/ zh fdq rewdlq wkh iroorzlqj ixqgdphqwdo frqvlvwhqf| uhvxow lq wkh

errwvwuds frqwh{w/ zklfk fdq eh xvhg wr suryh wkh frqvlvwhqf| ri errwvwudsshg hvwlpdwruv iru wkh

fdvh ri wkh TPOH dv zhoo dv iru rwkhu h{wuhpxp hvwlpdwruv vxfk dv JPP1

Ohppd 6151 Ohw +
>I > S , eh d frpsohwh suredelolw| vsdfh dqg ohw � eh d frpsdfw vxevhw ri

U
R/ s 5 Q1 Ohw

�
T? = 
�� $ U

�
eh d vhtxhqfh ri udqgrp ixqfwlrqv vxfk wkdw

d4, T? +�> �, = 
 $ U lv phdvxudeoh0I iru hdfk � 5 �/ q @ 4> 5> = = = >

d5, T? +$> �, = � $ U lv frqwlqxrxv rq � d=v=� S +l1h1 iru doprvw doo $,/ q @ 4> 5> = = = 1

6Wkh gh�qlwlrq ri lghqwl�deoh xqltxhqhvv zdv lqwurgxfhg e| Grprzlw} dqg Zklwh +4<;5,1 Iru frqyhqlhqfh/ zh
uhvwdwh lw lq wkh Dsshqgl{ dv Dvvxpswlrq D161
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Ohw a�? @ dujpd{XT? +
�> �, d=v= � S eh phdvxudeoh dqg dvvxph wkhuh h{lvwv

�
T? = � $ U

�
zlwk lghqwl�deo| xqltxh pd{lpl}huv i�J?j vxfk wkdw

d6, T? +�> �,�T? +�, $ 3 dv q $ 4 sure� S xqlirupo| rq �1 Wkhq/

a�? � �J? $ 3 sure� S=+D,

Ohw +�>J, eh d phdvxudeoh vsdfh/ dqg iru hdfk $ 5 
 dqg q 5 Q> ohw
�
�>J> S W

?c/

�
eh d frpsohwh

suredelolw| vsdfh1 Ohw
�
TW
? = ��
�� $ U

�
eh d vhtxhqfh ri ixqfwlrqv vxfk wkdw

e4, TW
? +�> $> �, = � $ U lv phdvxudeoh0J iru hdfk +$> �, lq 
��/ q @ 4> 5> = = = >

e5, TW
? +�> $> �, = � $ U lv frqwlqxrxv rq � d=v=�S +l1h1 iru doo � dqg doprvw doo $,> q @ 4> 5> = = = 1

Ohw
q
a�
W
? = ��
 $ �> q @ 4> 5> = = =

r
eh d vhtxhqfh ri udqgrp ixqfwlrqv vxfk wkdw iru hdfk

$ 5 
> a�
W

? +�> $, = � $ � lv phdvxudeoh0J dqg a�
W

? +�> $, @ dujpd{XTW
? +�> $> �, d=v=� S 1 Dvvxph

e6, TW
? +�> $> �,�T? +$> �, $ 3 dv q $ 4 sure� S W

?c/> sure� S xqlirupo| rq �1 Wkhq/

a�
W

? +�> $,� a�? +$, $ 3> sure� S W
?c/> sure� S=+E,

Wkhruhp 6151 Ohw Dvvxpswlrqv D14/ D15/ D16/ D18+l,/ D19+l,/ D1: dqg D1;+l, krog1 Wkhq/ a�? �
�J? $ 3 sure�S= Li zh dvvxph ixuwkhu wkdw c? $ 4 dqg c? @ r +q, wkhq iru m @ 4> 5/ a�

WE��
? +�> $,�

a�? +$, $ 3 sure� S W
?c/> sure� S 1

Wkh vdph vhw ri dvvxpswlrqv wkdw gholyhuv wkh zhdn frqvlvwhqf| ri wkh TPOH a�? iru �J? dovr

gholyhuv wkh zhdn frqvlvwhqf| ri wkh eorfn errwvwudsshg TPOH*v a�
WE��
? +�> $, iru �J?> iru doo $ lq

d vhw zlwk suredelolw| dssurdfklqj rqh/ surylghg c? @ r +q, dqg c? $ 4= +iru wkh VE/ wklv lv

htxlydohqw wr uhtxlulqj wkdw qs? $ 4 dqg s? $ 3,1 Lq sduwlfxodu/ zh grq*w qhhg wr lpsrvh

wkh vwurqjhu frqglwlrq c? @ r
�
q�*2

�
xvhg lq Wkhruhp 614 wr rewdlq wkh suhvhqw uhvxow1 Wr suryh

Wkhruhp 615 zh dsso| Ohppd 615 zlwk

T? +�> �, @ O? +[
?
? +�, > �, � q3�

?[
|'�

orj i?|
�
[|

? +�, > �
�
>

�T? +�, @ H ^O? +[
?
? > �,` >
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dqg/ iru m @ 4> 5/

TWE��
? +�> $> �, @ OWE��? +�> $> �, � q3�

?[
|'�

orj i
?c�

E��
?| Eu�

�
[

�
E��
?| Eu�

? +$, > �

�
=

Wr vwxg| kljkhu0rughu surshuwlhv ri wkh errwvwuds/ Dqguhzv +4<<<, vxjjhvwv d uhfhqwhulqj ri

wkh fulwhulrq ixqfwlrq wr gh�qh errwvwudsshg h{wuhpxp hvwlpdwruv1 Lq sduwlfxodu/ klv fulwhulrq

ixqfwlrq lv

OWE��? +�> $> �,� q3�
?[

|'�

HW
�
av
WE��
?|

��
�=

Wkh uhfhqwhulqj whup HW
�
av
WE���
?| �

�
lv lqwhqghg wr |lhog errwvwuds srsxodwlrq �uvw0rughu frqglwlrqv

wkdw duh }hur dw a�?= Wklv lv uhohydqw iru wkh PEE vlqfh HW
k
q3�

S?
|'� av

WE��
?|

l
@

S?
|'� �? +w, av?|>

zklfk lq jhqhudo lv qrw }hur1 Iru wkh VE/ HW
k
q3�

S?
|'� av

WE2�
?|

l
@ q3�

S?
|'� av?| @ 3/ zkhuh wkh

vhfrqg htxdolw| krogv e| wkh �uvw0rughu frqglwlrqv iru a�?/ dqg qr uhfhqwhulqj lv qhhghg1 Qhy0

huwkhohvv/ khuh zh gr qrw qhhg wr uhfhqwhu wkh prylqj eorfnv errwvwuds orj0olnholkrrg ixqfwlrq

ehfdxvh lw grhv qrw lpsdfw wkh �uvw0rughu surshuwlhv ri wkh errwvwuds TPOH a�
WE��

? 1 Lw lv hdv| wr

vkrz wkdw li c? @ r +q, HW
k
O
E��
? +�> $> �,

l
@ O? +$> �, .R�

�
�?
?

�
= E| d odz ri odujh qxpehuv/ iru

$ lq d vhw zlwk suredelolw| whqglqj wr rqh/ OWE��? +�> $> �, � HW
k
O
E��
? +�> $> �,

l �W?c/$ 31 Wkhvh wzr

idfwv lpso| wkdw wkh frqglwlrqv ri Ohppd 615 +lq sduwlfxodu/ frqglwlrq e6,, duh vdwlv�hg zlwk rxu

fkrlfh ri TW
? +�> $> �, iru wkh prylqj eorfnv errwvwuds surylghg c? @ r +q, =

Zh qh{w lqyhvwljdwh wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds wr dssur{lpdwh wkh

vdpsolqj glvwulexwlrq ri
s
q
�
a�? � �J?

�
= Wkh errwvwuds dssur{lpdwlrq wr wkh wuxh vdpsolqj glvwul0

exwlrq ri
s
q
�
a�? � �J?

�
lv jlyhq e| wkh glvwulexwlrq ri

s
q
�
a�
W
? � a�?

�
frqglwlrqdo rq wkh ruljlqdo

vdpsoh [?�> = = = >[??1 W|slfdoo|/ zh fdq vkrz wkdw E
J3�*2
? DJ

?

s
q
�
a�? � �J?

�
kdv dq dv|pswrwlf

qrupdo glvwulexwlrq1 Li zh fdq vkrz wkdw wkh olplwlqj glvwulexwlrq ri EJ3�*2
? DJ

?

s
q
�
a�
W

? � a�?

�
lv

dovr wkh vwdqgdug qrupdo glvwulexwlrq/ frqglwlrqdo rq [?�> = = = >[??/ wkhq wkh errwvwuds dssur{0

lpdwlrq lv dssursuldwho| forvh wr wkh wuxh vdpsolqj glvwulexwlrq ri
s
q
�
a�? � �J?

�
1

Wkh qh{w ohppd lv xvhg lq wkh surri ri rxu dssur{lpdwlrq wkhruhp +Wkhruhp 616 ehorz,1 Lwv

xvhixoqhvv h{whqgv wr rwkhu dssolfdwlrqv dv wkh dvvxpswlrqv fdq eh yhul�hg iru rwkhu errwvwuds

4:



surfhgxuhv dqg iru rwkhu h{wuhpxp hvwlpdwruv1

Ohppd 6161 Ohw +
>I > S , eh d frpsohwh suredelolw| vsdfh dqg ohw � eh d frpsdfw vxevhw ri

U
R/ s 5 Q1 Ohw

�
T? = 
�� $ U

�
eh d vhtxhqfh ri udqgrp ixqfwlrqv vxfk wkdw

d4, T? +�> �, = 
 $ U lv phdvxudeoh0I iru hdfk � 5 �/ q @ 4> 5> = = = >

d5, T? +$> �, = � $ U lv frqwlqxrxvo| gl�huhqwldeoh ri rughu 5 rq � d=v=� S / q @ 4> 5> = = = 1

Ohw a�? @ dujpd{XT? +�> �, d=v=�S eh phdvxudeoh vxfk wkdw a�?��J? $ 3 dv q $ 4 sure�S>

zkhuh i�J?j lv lqwhulru wr � xqlirupo| lq q1 Vxssrvh wkhuh h{lvwv d qrqvwrfkdvwlf vhtxhqfh ri s�s

pdwulfhv iEJ
?j wkdw lv R +4, dqg xqlirupo| srvlwlyh gh�qlwh vxfk wkdw

d6, E
J3�*2
?

s
quT? +�> �J?, , Q +3> LR,1

Vxssrvh ixuwkhu wkdw wkhuh h{lvwv d vhtxhqfh iD? = � $ U
RfRj vxfk wkdw iD?j lv frqwlqxrxv

rq � xqlirupo| lq q dqg

d7, u2T? +�> �,�D? +�, $ 3 dv q $ 4 sure� S xqlirupo| rq �>

zkhuh iDJ
? � D? +�

J
?,j lv R +4, dqg xqlirupo| qrqvlqjxodu= Wkhq/

EJ3�*2
? DJ

?

s
q
�
a�? � �J?

�
, Q +3> LR, =+D,

Ohw +�>J, eh d phdvxudeoh vsdfh/ dqg iru hdfk $ 5 
 dqg q 5 Q> ohw
�
�>J> S W

?c/

�
eh d frpsohwh

suredelolw| vsdfh1 Ohw
�
TW
? = ��
�� $ U

�
eh d vhtxhqfh ri ixqfwlrqv vxfk wkdw

e4, TW
? +�> $> �, = � $ U lv phdvxudeoh0J iru hdfk +$> �, lq 
��/ q @ 4> 5> = = = >

e5, TW
? +�> $> �, = � $ U lv frqwlqxrxvo| gl�huhqwldeoh ri rughu 5 rq � d=v=� S> q @ 4> 5> = = = 1

Iru hdfk q @ 4> 5> = = = > ohw a�
W
? +�> $, @ dujpd{XTW

? +�> $> �, d=v= � S eh phdvxudeoh vxfk wkdw

a�
W
? +�> $,� a�? +$, $ 3 dv q $ 4> sure� S W

?c/> sure� S= Dvvxph ixuwkhu wkdw

e6, E
J3�*2
?

s
quTW

?

�
�> $> a�? +$,

�
,_�W?c/ Q +3> LR, lq sure� S >
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e7, u2TW
? +�> $> �,�u2T? +$> �, $ 3 dv q $ 4 sure� S W

?c/> sure� S xqlirupo| rq �1 Wkhq/

EJ3�*2
? DJ

?

s
q
�
a�
W
? +�> $,� a�? +$,

�
,_�W?c/ Q +3> LR, sure� S=+E,

D voljkwo| vwurqjhu ghshqghqfh dvvxpswlrq wkdq Jdoodqw dqg Zklwh +4<;;, xvh lv lpsrvhg

wr vdwlvi| frqglwlrq e6, lq rxu dssolfdwlrq ri Ohppd 6161 Vshfl�fdoo|/ zh uhtxluh wkh hohphqwv

ri wkh vfruhv wr eh O2nB�QHG rq d pl{lqj surfhvv +vhh Dqguhzv +4<;;,,/ iru vpdoo � A 31 Zh

vwuhqjwkhq Dvvxpswlrqv D140D143 dv iroorzv1

Dvvxpswlrq 6141e�, Iru vrph vpdoo � A 3 dqg vrph u A 5/ wkh hohphqwv ri
�
v?|

�
[?|> �

��
duh

O2nB �QHG rq iY|j ri vl}h �2Eo3��
o32 xqlirupo| rq +�> �,> iY|j lv ��pl{lqj zlwk �& ri vl}h

�E2nB�o
o32 1

Dvvxpswlrq 615 q3�
S?

|'�H +vJ?|,H +vJ?|,
� @ r

�
c3�?

�
/ zkhuh c? @ r +q, dqg c? $ 41

Dvvxpswlrq 615 lv vdwlv�hg xqghu fruuhfw vshfl�fdwlrq ru vwdwlrqdulw| ri i[?|j dqg i?| +�> �, @

i +�> �, iru doo q> w/ vlqfh lq wkhvh fdvhv lw iroorzv wkdw H +vJ?|, @ 3 iru doo q> w @ 4> 5> = = = 1

Wkhruhp 6161 Ohw Dvvxpswlrqv D140D143 dv vwuhqjwkhqhg e| Dvvxpswlrqv 6141d,/ 6141e�, dqg

615 krog1 Li c? $ 4 dqg c? @ r
�
q�*2

�
> wkhq iru dq| % A 3 dqg iru m @ 4> 5>

S

�
$ = vxs

%MUR

���S W
?c/

ks
q
�
a�
WE��

? +�> $,� a�? +$,
�
� {

l
� S

ks
q
�
a�? � �J?

�
� {

l��� A %

�
$ 3>

zkhuh _ � % dssolhv wr hdfk frpsrqhqw ri wkh uhohydqw yhfwruv1

Wkhruhp 616 hvwdeolvkhv wkh frqvlvwhqf| ri wkh PEE dqg VE dssur{lpdwlrqv/ jlyhq e| wkh

frqglwlrqdo glvwulexwlrq ri
s
q
�
a�
WE��
? � a�?

�
> iru m @ 4> 5> uhvshfwlyho|/ iru wkh wuxh vdpsolqj glv0

wulexwlrq ri
s
q
�
a�? � �J?

�
1 Wkxv/ wkh rughu vwdwlvwlfv ri wkh errwvwuds glvwulexwlrq fdq eh xvhg

wr frqvwuxfw frq�ghqfh lqwhuydov iru �J? zlwk wkh dv|pswrwlfdoo| fruuhfw fryhudjh suredelolwlhv1

Qrwh qhyhuwkhohvv wkdw Wkhruhp 616 grhv qrw mxvwli| wkh xvh ri wkh yduldqfh ri wkh errwvwuds

glvwulexwlrq dv d frqvlvwhqw hvwlpdwru ri wkh dv|pswrwlf yduldqfh ri wkh TPOH zlwkrxw ixuwkhu

frqglwlrqv/ iru h{dpsoh wkdw wkh vhtxhqfh
qs

q
�
a�
WE��
? � a�?

�r
lv xqlirupo| lqwhjudeoh +vhh h1j1
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Eloolqjvoh|/ 4<<8/ s1 66;,1 Wklv srlqw kdv ehhq vrphwlphv ryhuorrnhg lq wkh errwvwuds olwhudwxuh1

Iru lqvwdqfh/ Ilw}hqehujhu +4<<:/ s1 583, fodlpv wkdw klv Wkhruhp 615 +zklfk vkrzv wkdw wkh

glvfuhsdqf| ehwzhhq wkh errwvwuds dqg wkh qrupdo glvwulexwlrqv iru wkh ohdvw vtxduhv +OV, hvwl0

pdwru frqyhujhv xqlirupo| wr }hur lq suredelolw|, �hvwdeolvkhv wkdw wkh PEE surfhgxuh surylghv

d phdqv iru KDF lqihuhqfh lq OV olqhdu uhjuhvvlrq�/ zlwkrxw surylqj xqlirup lqwhjudelolw|1 Frxq0

whuh{dpsohv ri wkh lqfrqvlvwhqf| ri wkh errwvwuds yduldqfh ri vprrwk ixqfwlrqv ri vdpsoh phdqv

lq wkh l1l1g1 frqwh{w fdq eh irxqg lq Jkrvk hw do1 +4<;7, dqg Vkdr +4<<5,1 Wkh frqvlvwhqf| ri

wkh eorfn errwvwuds yduldqfh ri
s
q
�
a�
WE��

? � a�?
�
zkhq a�? lv d vprrwk ixqfwlrq ri vdpsoh phdqv

dqg/ lq sduwlfxodu/ d qrqolqhdu ixqfwlrq ri wkh OV hvwlpdwru lq olqhdu g|qdplf prghov lv vwxglhg

lq Jrqêdoyhv dqg Zklwh +5333e,1

Dv uhpdunhg lq Vhfwlrq 5/ errwvwudsslqj pd{lpxp olnholkrrg hvwlpdwruv iru qrqolqhdu g|0

qdplf prghov pd| eh frpsxwdwlrqdoo| frvwo| dv lw uhtxluhv vroylqj d TPOH rswlpl}dwlrq sure0

ohp iru hdfk uhvdpsoh1 Lq wkh frqwh{w ri whvwlqj qrqolqhdu prghov/ Gdylgvrq dqg PdfNlqqrq

+4<<<, kdyh uhfhqwo| sursrvhg dssur{lpdwh errwvwuds phwkrgv wkdw duh edvhg rq d vpdoo qxpehu

ri lwhudwlyh vwhsv vwduwlqj iurp wkh TPOH rewdlqhg iru wkh ruljlqdo vdpsoh dqg wkdw dfklhyh wkh

vdph ohyho ri dffxudf| dv wkh ixoo|0rswlpl}hg errwvwuds1 Iru qrqolqhdu uhjuhvvlrqv/ Vkdr dqg Wx

+4<<8, vxjjhvwhg d uhodwhg rqh0vwhs errwvwuds hvwlpdwru wkdw ixuwkhu vlpsol�hv wkh frpsxwdwlrqv

e| rqo| uhtxlulqj uhvdpsolqj wkh judglhqw ri wkh qrqolqhdu remhfwlyh ixqfwlrq1 Zh zloo fdoo wklv

rqh0vwhs errwvwuds hvwlpdwru Vkdr dqg Wx*v rqh0vwhs errwvwuds hvwlpdwru wr glvwlqjxlvk lw iurp

Gdylgvrq dqg PdfNlqqrq*v +4<<<, rqh0vwhs errwvwuds hvwlpdwru1

Ohw aD? @ q3�
S?

|'�u2 orj i?|
�
[|

?>
a�?
�
dqg ohw

q
av
WE��
?|

r
eh wkh uhvdpsohg hvwlpdwhg vfruhv

rewdlqhg e| wkh PEE dqg VE uhvdpsolqj vfkhphv1 Wkh PEE dqg VE dqdorjv wr Vkdr dqg Wx*v

+4<<8, rqh0vwhs errwvwuds hvwlpdwru duh

��
WE��
? @ a�? � aD3�

? q3�
?[
|'�

av
WE��
?| =
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Gdylgvrq dqg PdfNlqqrq*v +4<<<, rqh0vwhs surfhgxuh xvhv aD
WE��3�
? lq sodfh ri aD3�

? =

�_WE��? @ a�? � aDWE��3�
? q3�

?[
|'�

av
WE��
?| =

Fruroodu| 614 vwdwhv wkh �uvw0rughu dv|pswrwlf ydolglw| ri ��
WE��

? dqg �
_WE��
? lq wkh frqwh{w ri txdvl0

pd{lpxp olnholkrrg hvwlpdwlrq ri qrqolqhdu g|qdplf prghov zlwk khwhurjhqhrxv QHG gdwd1

Fruroodu| 6141 Ohw Dvvxpswlrqv D140D143 dv vwuhqjwkhqhg e| Dvvxpswlrqv 6141d,/ 6141e�, dqg

615 krog1 Li c? $ 4 dqg c? @ r
�
q�*2

�
> wkhq iru m @ 4> 5> dqg iru dq| % A 3/

S

�
vxs
%MUR

���S W
?c/

ks
q
�
a�
WE��
? +�> $,� a�? +$,

�
� {

l
� S W

?c/

ks
q
�
a�
WE��
�? +�> $,� a�? +$,

�
� {

l��� A %

�
$ 3>

zkhuh a�
WE��
�? ghqrwhv wkh rqh0vwhs errwvwuds hvwlpdwru ��

WE��
? ru �_WE��? =

Dqdorjrxv uhvxowv krog iru wkh pxowl0vwhs hvwlpdwruv1

71 K|srwkhvlv Whvwlqj

Dowkrxjk wkh uhvxowv ri Vhfwlrq 6 mxvwli| wkh xvh ri wkh errwvwuds wr dssur{lpdwh wkh glvwulexwlrq ri

s
q
�
a�? � �J?

�
> wkh| gr qrw lpphgldwho| mxvwli| whvwlqj k|srwkhvhv derxw �J? edvhg rq vwxghqwl}hg

whvw vwdwlvwlfv vxfk dv d w0vwdwlvwlf ru d Zdog vwdwlvwlf1 Qhyhuwkhohvv/ wkh| duh dq lpsruwdqw vwhs

wrzdugv surylqj wkh ydolglw| ri wkh errwvwuds wr dssur{lpdwh wkh glvwulexwlrq ri vwxghqwl}hg

vwdwlvwlfv edvhg rq wkh TPOH a�?/ dv zh vkrz lq wklv vhfwlrq1 Lq sduwlfxodu/ zh suryh wkh �uvw

rughu dv|pswrwlf ydolglw| ri d vxlwdeoh errwvwuds dqdorj ri wkh Zdog whvw vwdwlvwlf iru whvwlqj

jhqhudo qrqolqhdu uhvwulfwlrqv rq �J?1 Zh irfxv rq wkh prylqj eorfnv errwvwuds/ zklfk lv hdvlhu wr

dqdo|}h/ exw dqdorjrxv uhvxowv duh h{shfwhg wr krog iru wkh vwdwlrqdu| errwvwuds1 Surylqj vhfrqg0

rughu rswlpdolw| surshuwlhv ri eorfn errwvwuds whvwv lq rxu iudphzrun lv eh|rqg rxu suhvhqw vfrsh1

Vhh Kdoo dqg Krurzlw} +4<<9, dqg Dqguhzv +4<<<, iru kljkhu rughu lpsuryhphqwv ri errwvwuds

whvwlqj edvhg rq h{wuhpxp hvwlpdwruv lq d ghshqghqw vwdwlrqdu| frqwh{w1

Ohw iu? = � $ U
^j/ zlwk � � U

R/ t � s> eh d vhtxhqfh ri ixqfwlrqv wkdw vdwlvi| wkh xvxdo uhj0

xodulw| frqglwlrqv +vhh h1j1 Zklwh/ 4<<7/ Dvvxpswlrq ;15,1 Lq sduwlfxodu/ dvvxph lw kdv hohphqwv
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frqwlqxrxvo| gl�huhqwldeoh rq � xqlirupo| lq q vxfk wkdw iUJ
? � u�u? +�

J
?,j lv R +4, dqg kdv ixoo

urz udqn t/ xqlirupo| lq q1 Wkh Zdog whvw vwdwlvwlf iru whvwlqj KJ =
s
qu? +�

J
?, $ 3 lv

Z? @ qau�?

�
aU?

aF?
aU�
?

�3�
au?>

zkhuh au? @ u?

�
a�?

�
> aU? @ u�u?

�
a�?

�
dqg aF? @ aD3�

?
aE?

aD3�
? lv d frqvlvwhqw hvwlpdwru ri FJ

? @

DJ3�
? EJ

?D
J3�
? 1 Lq sduwlfxodu/ aD? @ q3�

S?
|'�u2 orj i?|

�
[|

?>
a�?

�
dqg aE? lv vxfk wkdw aE?�EJ

?
�$ 3=

Lq rxu QHG frqwh{w/ aE? lv d nhuqho0w|sh yduldqfh hvwlpdwru/ h1j1 aE?c� ru aE?c2 lq Vhfwlrq 61 Iru

�uvw rughu surshuwlhv/ wkh sduwlfxodu fkrlfh ri aE? lv qrw uhohydqw dv orqj dv lw lv d frqvlvwhqw

hvwlpdwru ri EJ
?1 Qhyhuwkhohvv/ wklv fkrlfh ehfrphv lpsruwdqw iru vhfrqg rughu surshuwlhv +vhh

uhpdunv ehorz,1 Wkh errwvwuds Zdog vwdwlvwlf zh frqvlghu lv jlyhq e|

ZW
? @ q +auW? � au?,

�
�
aUW
?
aFW
?
aUW�
?

�3�
+auW? � au?, >

zkhuh/ zlwk a�
W

? wkh errwvwuds TPOH/ zh vhw auW? @ u?
�
a�
W

?

�
/ aUW

? @ u�u?
�
a�
W

?

�
dqg aFW

? @ aDW3�
?

aEW
?
aDW3�
? 1

aDW
? lv wkh errwvwuds dqdorj ri aD?/ gh�qhg dv aDW

? @ q3�
S?

|'�u2 orj i?c�?|

�
[�?|

? > a�
W
?

�
> zkhuh i�?|j

lv d udqgrp duud| jhqhudwhg e| wkh errwvwuds uhvdpsolqj vfkhph1 Iru wkh PEE/ uhfdoo iurp Vhf0

wlrq 6 wkdw i�?|j @ iL?� . 4> = = = > L?� . c> = = = > L?& . 4> = = = > L?& . cj/ zkhuh iru hdfk q> iL?�j duh

l1l1g1 xqlirup udqgrp yduldeohv rq i3> = = = > q� cj = Lq sduwlfxodu/ iru dq| vhtxhqfh i]?|j zh kdyh
wkdw ]W

?cE�3���n| @ ]?cU?�n| iru l @ 4> = = = > n dqg w @ 4> = = = > c> zkhuh n @ q@c lv wkh qxpehu ri

eorfnv xvhg wr irup wkh errwvwuds vdpsoh1 aEW
? lv wkh errwvwuds dqdorj ri aE?/ jlyhq e|

aEW
? @ n3�

&[
�'�

#
c3�*2

�[
|'�

v?cU?�n|

�
[U?�n|

? > a�
W
?

�$#
c3�*2

�[
|'�

v?cU?�n|

�
[U?�n|

? > a�
W
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�$�

=+714,

aEW
? lv wkh pxowlyduldwh dqdorj ri wkh hvwlpdwru ri wkh PEE yduldqfh sursrvhg e| Jùw}h dqg

N qvfk +4<<9, iru vwxghqwl}lqj wkh errwvwuds uhvdpsohg phdq/ dgdswhg wr wkh TPOH frqwh{w1

Wr prwlydwh wklv fkrlfh ri aEW
? uhfdoo wkdw aEW

? lv wkh errwvwuds dqdorj ri aE?/ zklfk lv dq hvwlpdwru

ri EJ
?/ wkh yduldqfh pdwul{ ri wkh vfdohg vfruhv hydoxdwhg dw wkh �wuxh sdudphwhu� �

J
?1 Dqdorjrxvo|/

aEW
? lv dq hvwlpdwru ri wkh errwvwuds yduldqfh pdwul{ ri wkh vfdohg dyhudjh ri wkh uhvdpsohg vfruhv

hydoxdwhg dw wkh �errwvwuds wuxh sdudphwhu� a�?> l1h1 aEW
? lv dq hvwlpdwru ri aE?c� lq Vhfwlrq 61 E|
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gh�qlwlrq/

aE?c� @ yduW
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q3�*2
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c3�*2
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v?cU?�n|
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? > a�?
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=+715,

Ehfdxvh wkh eorfn errwvwuds phdqv c3�
S�

|'� v?cU?�n|
�
[U?�n|

? > a�?
�
duh +frqglwlrqdoo|, l1l1g1/ wkh hv0

wlpdwru ri wkh +errwvwuds srsxodwlrq, yduldqfh +715, lv vlpso| wkh vdpsoh yduldqfh ri wkh errwvwuds

yduldeohv
q
c3�*2

S�
|'� v?cU?�n|

�
[U?�n|

? > a�?
�
= l @ 4> = = = > n

r
> zkhuh a�? lv uhsodfhg e| lwv errwvwuds

hvwlpdwru a�
W
? wr plplf wkh idfw wkdw �J? lv uhsodfhg zlwk a�? zkhq frpsxwlqj aE?1 Wkxv/ +714,

h{sorlwv wkh lqghshqghqfh ri wkh eorfnv errwvwuds phdqv dqg lv d qdwxudo hvwlpdwru ri aE?c�1 Qr0

wlfh wkdw zh vlpsol�hg +714, e| xvlqj wkh �uvw rughu frqglwlrqv ri wkh errwvwuds sureohp wr vhw

av
W
? � q3�

S?
|'� v

W
?|

�
a�
W
?

�
@ 31

Jùw}h dqg N qvfk +4<<9, suryh wkh vhfrqg rughu fruuhfwqhvv ri wkh PEE glvwulexwlrq ri d

vwxghqwl}hg vwdwlvwlf ri vprrwk ixqfwlrqv ri vdpsoh phdqv ri vwdwlrqdu| pl{lqj gdwd wkdw xvhv

+dq htxlydohqw yhuvlrq ri, aEW
? wr vwxghqwl}h wkh errwvwuds vwdwlvwlf lq wkh frqwh{w ri rqh0vlghg

errwvwuds0w lqwhuydov1 Dv Jùw}h dqg N qvfk +4<<9, uhpdun/ aEW
? gl�huv iurp aE?c� +ru iurp dq|

rwkhu KDF fryduldqfh hvwlpdwru zh pljkw zdqw wr xvh, lq d ixqgdphqwdo zd|= zkloh iru aE?c�

zh frqvlghu doo sdluv ri revhuydwlrqv dw odj glvwdqfh ohvv wkdq c +zlwk dq dssursuldwh odj zhljkw,/

lqvwhdg iru aEW
? zh rqo| frqvlghu sdluv lq wkh vdph eorfnv1 Lq rughu wr kdyh vhfrqg rughu lpsuryh0

phqwv/ wkh| qrwh wkh qhhg wr fkrrvh wkh nhuqho yduldqfh hvwlpdwru iru vwxghqwl}lqj wkh ruljlqdo

vwdwlvwlf fduhixoo|1 Lq sduwlfxodu/ wkh| fodlp wkdw wuldqjxodu zhljkwv vkrxog qrw eh xvhg/ zklfk

vxjjhvwv wkdw aE?c� vkrxog qrw eh xvhg wr vwxghqwl}h wkh Zdog whvw vwdwlvwlf lq wkh �uvw sodfh1

Lqvwhdg/ uhfwdqjxodu ru txdgudwlf zhljkwv vkrxog eh xvhg lq gh�qlqj wkh KDF hvwlpdwru ri EJ
?=

Lq dgglwlrq/ dv zh uhpdunhg lq Vhfwlrq 6/ lq rughu wr dfklhyh vhfrqg rughu lpsuryhphqwv/ a�
W
?

vkrxog eh frpsxwhg zlwk uhfhqwhulqj/ dv lq Kdoo dqg Krurzlw} +4<<9, dqg Dqguhzv +4<<<,1 Iru

vlpsolflw|/ zh devwudfw iurp wkhvh frqvlghudwlrqv dv wkh| gr qrw d�hfw rxu �uvw rughu dv|pswrwlf

uhvxowv/ dowkrxjk wkh| vkrxog eh eruqh lq plqg lq dssolfdwlrqv1

Lq rughu wr rewdlq wkh �uvw rughu dv|pswrwlf ydolglw| ri wkh errwvwuds Zdog vwdwlvwlf ZW
? zh

vwuhqjwkhq Dvvxpswlrq 615 dv iroorzv1

56



Dvvxpswlrq 615� q3�
S?

|'� mH +vJ?|�,m2nB @ r
�
c
3�3B*2
?

�
iru l @ 4> = = = > s=
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Vwhs 4= Vkrz wkdw ��W2?c� � a�2?c� $ 3 sure� S W> sure� S> zkhuh

��W2?c� @ n3�
&[

�'�

#
c3�*2

�[
|'�

�
[U�n| � �[kc?

�$2

> zlwk �[kc? @ HW
�
�[W
?

�
> dqg

Vwhs 5= Vkrz wkdw a�W2?c� � ��W2?c� $ 3 sure� S W> sure� S=

Gh�qh aD� @ c3�*2
S�

|'�

�
[�n| � �[W

?

�
dqg D� @ c3�*2

S�
|'�

�
[�n| � �[kc?

�
vr wkdw a�W2?c� @

n3�
S&

�'�
aD2
U�
dqg ��W2?c� @ n3�

S&
�'�D

2
U�
= E| N qvfk +4<;</ Wkhruhpv 614 dqg 617,/ zh fdq dovr

zulwh a�2?c� @ +q� c. 4,3�
S?3�

�'f D
2
� 1

Wr suryh vwhs 4/ xvh Pdunry*v lqhtxdolw| wr zulwh

S W
���a�W2?c� � a�2?c�

�� A %
� � %3RHW

��a�W2?c� � a�2?c�
��R iru dq| % A 3 dqg vrph s A 4=

Jlyhq wkdw wkh L� duh l1l1g1 xqlirup rq i3> = = = > q� cj/ HW
�
��W2?c�

�
@ HW

�
D2
U�

�
@ +q� c. 4,3�

S?3�
�'f D

2
� �

a�2?c�/ zklfk lpsolhv wkdw

HW
����W2?c� � a�2?c�

��R @ HW

�����n3�
&[

�'�

�
D2
U� �HW

�
D2
U�

�������
R

� n3RFHW

�����
&[

�'�

�
D2
U� �HW

�
D2
U�

��2�����
R*2

>

iru vrph F ? 4 e| Exunkroghu*v lqhtxdolw|/ jlyhq wkdw
�
D2
U�
�HW

�
D2
U�

��
duh l1l1g1 }hur phdq/

frqglwlrqdo rq wkh ruljlqdo vdpsoh71 Iru 4 ? s � 5/ { � 3 dqg | � 3/ wkh lqhtxdolw| +{. |,R*2 �
{R*2 . |R*2 +wklv lv wkh fo0lqhtxdolw| zlwk u � 4/ h1j1 Gdylgvrq/ 4<<7/ s1 473, lpsolhv wkdw

HW
���S&

�'�

�
D2
U�
�HW

�
D2
U�

��2���R*2 � nHW
��D2

U�
�HW

�
D2
U�

���R vr wkdw
HW

����W2?c� � a�2?c�
��R � n3ER3��FHW

��D2
U� �HW

�
D2
U�

���R � 5RFn3ER3��HW mDU� m2R =

Wdnh s @ 4 . �@5 zlwk 3 ? � � 5= Wkhq/ e| dqrwkhu dssolfdwlrq ri Pdunry*v lqhtxdolw|/

S
�
S W

���a�W2?c� � a�2?c�
�� A %

�
A %

� � S
�
%3E�nB*2�Fn3B*2HW mDU� m2nB A %

�
� %3E2nB*2�Fn3B*2H

�
HW mDU�m2nB

�
=

Qh{w/ zh vkrz wkdw n3B*2H
�
HW mDU� m2nB

�
@ r +4, = Zh kdyh

7Pruh suhflvho|/ zh xvh dq h{whqvlrq ri Exunkroghu*v lqhtxdolw| wr p1g1v1 wuldqjxodu duud|v gxh wr Fkhq dqg
Zklwh +4<<7, vlqfh

�
�2
Ul
3.W

�
�2
U4

��
lv lq idfw d p1g1v duud| zlwk uhvshfw wr 5 � ' j EU�c � � � c U�� �

6:



H
�
HW mDU� m2nB

�
@ +q� c. 4,3�

?3�[
�'f

c3�3B*2H

3
C
�����

�[
|'�

[?c�n| � c �[kc?

�����
2nB

4
D

@ +q� c. 4,3�
?3�[
�'f

c3�3B*2H

3
C
�����

�[
|'�

]?c�n| .
�[

|'�

�
�?c�n| � ��kc?

�� c �]kc?

�����
2nB

4
D � I�.I2.I�/

zkhuh ]?| � [?| � �?|/ �\kc? @ +q� c. 4,3�
S?3�

�'f c
3�

S�
|'� \?c�n| @

S?
|'� �?|\?c| iru dq| i\|j

dqg zkhuh/ dsduw iurp d pxowlsolfdwlyh frqvwdqw/

I� @ +q� c. 4,3�
?3�[
�'f

c3�3B*2H

3
C
�����

�[
|'�

]?c�n|

�����
2nB

4
D >

I2 @ +q� c. 4,3�
?3�[
�'f

c3�3B*2

�����
�[

|'�

�
�?c�n| � ��kc?

������
2nB

> dqg

I� @ +q� c. 4,3�
?3�[
�'f

c3�3B*2H
���c �]kc?

��2nB� =
E| dq h{whqvlrq ri d pd{lpdo lqhtxdolw| iru O2nB�pl{lqjdohv wr d wuldqjxodu duud| vhwwlqj +h1j1

Ohppd 4 ri Kdqvhq/ 4<<4> vhh dovr Kdqvhq/ 4<<5e,/ H
���S�

|'�]?c�n|

���2nB ? Fc�nB*2 xqghu Dv0

vxpswlrq 514�/ zklfk lpsolhv wkdw
��n3B*2I��� � Fn3B*2c3�3B*2c�nB*2 @ R

��
�
?

�B*2�
@ r +4, jlyhq

wkdw c @ r
�
q�*2

�
1 Vlploduo|/ H

���c �]kc?

��2nB� � +q� c. 4,3E�nB�Fc�nB*2 � Fc�nB*2 lpso|lqj wkdw

n3B*2I� @ R
��

�
?

�B*2�
@ r +4,1 Li �?| @ � iru doo w/ I2 @ 3 ehfdxvh ��kc? @

S?
|'� �?|� @ � vlqfhS?

|'� �?| @ 41 Rwkhuzlvh/ zh fdq vkrz wkdw

I2 � c�nB*2 +q� c. 4,3�
?3�[
�'f

c3�
�[

|'�

���?c�n| � ��kc?
��2nB @ c�nB*2

?[
|'�

�?|

���?c| � ��kc?
��2nB

� q

q� c. 4
c�nB*2q3�

?[
|'�

���?c| � ��kc?
��2nB >

vlqfh 3 ? �?| � �
?3�n� 1 Urxwlqh fdofxodwlrqv vkrz wkdw Dvvxpswlrq 515� lv vx!flhqw wr |lhog

I2 @ r +4,/ dqg wkxv n3B*2I2 @ r +4,/ jlyhq wkdw c @ r
�
q�*2

�
1 Lq idfw/ wkh zhdnhu frqglwlrq

q3�
S

| m�?| � ��?m2nB @ r
�
c3�?

�
lv vx!flhqw iru wkh uhvxow1 Wklv frqglwlrq pd| eh vwurqjhu ru

zhdnhu wkdq Dvvxpswlrq 515 ghshqglqj rq zkhwkhu m�?| � ��?m A 4 ru ? 41 Dvvxpswlrq 515�

lv voljkwo| vwurqjhu wkdq erwk ri wkhvh rwkhu frqglwlrqv dqg lw lv dgrswhg iru vlpsolflw| ri wkh

suhvhqwdwlrq ri wkh uhvxowv1

Wr suryh vwhs 5/ qrwlfh wkdw zh fdq zulwh aDU� @
s
c
�
�[U� � �[W

?

�
> zkhuh �[U� @ c3�

S�
|'�[U�n|>

dqg D� @
s
c
�
�[U� � �[kc?

�
1 Wkxv/ zlwk suredelolw| dssurdfklqj rqh/

6;



a�W2?c� � ��W2?c� @ n3�
&[

�'�

�
c
�
�[U� � �[W

?

�2 � c
�
�[U� � �[kc?

�2�
@ �c

�
�[W
? � �[kc?

�2
@ R�W

�
c

q

�
$ 3>

vlqfh xqghu rxu dvvxpswlrqv
s
q
�
�[W
? � �[kc?

� ,_�W Q +3> 4, sure�S e| Wkhruhp 515 ri Jrqêdoyhv

dqg Zklwh +5333d,1 Wklv frpsohwhv wkh surri ri Ohppd E141 �

Ohppd E151 Ohw i[?|j dqg i]?|j vdwlvi| n[?|n2nB � � dqg n]?|n2nB � �> w @ 4> = = = > q/

q @ 4> 5> = = = > iru dq| 3 ? � � 5 dqg � ? 41 Ohw n @ q@c= Li iL�j&�'� duh l1l1g1 xqlirup rq

i3> = = = > q� cj dqg li c? $ 4 dqg c? @ r
�
q�*2

�
/ wkhq iru dq| % A 3>

olp
?<"

S

#
S W

#�����n3�
&[

�'�

c3�
�[

|'�

[?cU�n|

�[
|'�

]?cU�n|

����� A q�*2%

$
A %

$
@ 3=

Surri1 Ohw V�?c� @
S�

|'�[?c�n| dqg V2?c� @
S�

|'�]?c�n|= E| Pdunry*v lqhtxdolw|/ iru vrph

4 ? s � 5

S W

#�����n3�
&[

�'�

c3�V�?cU�V
2
?cU�

����� A q�*2%

$
� %3Rq3R*2HW

#�����n3�
&[

�'�

c3�V�?cU�V
2
?cU�

�����
R$

=

Dgglqj dqg vxewudfwlqj dssursuldwho| |lhogv

HW

#�����n3�
&[

�'�

c3�V�?cU�V
2
?cU�

�����
R$

� F

+
HW

#�����n3�
&[

�'�

c3�
�
V�?cU�V

2
?cU� �HW

�
V�?cU�V

2
?cU�

�������
R$

.HW

#�����n3�
&[

�'�

c3�HW
�
V�?cU�V

2
?cU�

������
R$,

� I� . I2=

E| wkh Exunkroghu dqg fo0lqhtxdolwlhv +zlwk u @ s@5 � 4,

I� � Fc3Rn3RHW

5
7# &[

�'�

��V�?cU�V2?cU� �HW
�
V�?cU�V

2
?cU�

���2$R*2
6
8 � Fc3Rn3ER3��HW

��V�?cU�V2?cU���R >
jlyhq wkdw

q
V�?cU�V

2
?cU�

�HW
�
V�?cU�V

2
?cU�

�r
duh l1l1g1zlwk }hur phdq1 Uhshdwhg dssolfdwlrqv ri wkh

fo0lqhtxdolw| dqg Mhqvhq*v lqhtxdolw| |lhog I2 � Fc3RHW
���V�?cU�V2?cU�

���R = Wdnh s @ 4 . �@5 zlwk

3 ? � � 5= Wkhq/

HW

3
C
�����n3�

&[
�'f

c3�V�?cU�V
2
?cU�

�����
�nB*2

4
D � Fc3E�nB*2�

�
n3B*2HW

��V�?cU�V2?cU����nB*2 .HW
��V�?cU�V2?cU����nB*2�

� Fc3E�nB*2�HW
��V�?cU�V2?cU����nB*2 >

ehfdxvh n3B*2 @
�
�
?

�B*2 � 41 E| wkh lpsolfdwlrq uxoh dqg Pdunry*v lqhtxdolw|/ lw iroorzv wkdw

6<



S

#
S W

#�����n3�
&[

�'f

c3�V�?cU�V
2
?cU�

����� A q�*2%

$
A %

$
� %3E2nB*2�q3E�nB*2�*2c3E�nB*2�H

�
HW

��V�?cU�V2?cU����nB*2� =

Dq dssolfdwlrq ri wkh Fdxfk|0Vfkzduw} dqg Plqnrzvnl lqhtxdolwlhv lpsolhv

H
�
HW

��V�?cU�V2?cU����nB*2� @ +q� c. 4,3�
?3�[
�'f

H
���V�� V2� ���nB*2�

@ +q� c. 4,3�
?3�[
�'f

��V�� ���nB*22nB

��V2� ���nB*22nB
� �2nBc2nB=

Wkxv/ S
�
S W

����n3�S&
�'f c

3�V�?cU�V
2
?cU�

��� A q�*2%
�
A %

�
@ R

��
�

?�*2

��nB*2� $ 3 jlyhq wkdw c @

r
�
q�*2

�
1 �

Surri ri Wkhruhp 7141 E| Wkhruhp :18 ri Jdoodqw dqg Zklwh +4<;;,/ Z? , [ 2
^ xqghu KJ1

Wkxv/ lw vx!fhv wr suryh wkdw ZW
? ,_�W [ 2

^ zlwk suredelolw| dssurdfklqj rqh1 E| d phdq ydoxh

h{sdqvlrq ri u?
�
a�
W
?

�
durxqg a�?/ lw iroorzv wkdw

s
q
�
u?

�
a�
W
?

�
� u?

�
a�?
��

,_�W Q +3>UJ
?F

J
?U

J�
? ,

sure � S> zklfk lpsolhv wkdw q +auW? � au?,
� +UJ

?F
J
?U

J�
? ,

3� +auW? � au?, ,_�W [ 2
^ sure � S= Wkxv/ lw

vx!fhv wr suryh= +l, aUW
? �UJ

? $ 3 sure�S W> sure�S > +ll, aDW
? �DJ

? $ 3 sure�S W> sure� S >

dqg +lll, aEW
? �EJ

? $ 3 sure� S W> sure� S=

+l, iroorzv e| frqwlqxlw| ri u? rq � +xqlirupo| lq q, dqg ehfdxvh a�
W
? � �J? $ 3 sure � S W>

sure�S e| Wkhruhp 615> vlploduo|/ e| Wkhruhp 615 dqg Ohppd D17/ zh kdyh wkdw aDW
?� aD? $ 3

sure� S W> sure� S / zklfk wrjhwkhu zlwk wkh idfw wkdw aD? �DJ
? $ 3 sure� S lpsolhv +ll,1

Wr suryh +lll,/ frqvlghu wkh lqihdvleoh hvwlpdwru edvhg rq �J?>

�EWJ
? @ n3�

&[
�'�

#
c3�*2

�[
|'�

�
v?cU�n|

�
[U�n|

? > �J?
�� �vWJ?

�$#
c3�*2

�[
|'�

�
v?cU�n|

�
[U�n|

? > �J?
�� �vWJ?

�$�

@ n3�
&[

�'�

c3�
�[

|'�

v?cU�n|
�
[U�n|

? > �J?
� �[
|'�

v�?cU�n|
�
[U�n|

? > �J?
�� c�vWJ? �vWJ�? >+E14,

zkhuh �vWJ? @ q3�
S?

|'� v
W
?| +�

J
?, = E| Ohppd E14 dssolhg wr

�
��v?|

�
[|

?> �
J
?

��
zlwk dq duelwudu|

qrq}hur �{hg � 5 U
R/ lw iroorzv wkdw �EW

?�EJ
?c�

� W$ 3/ sure�S / zkhuhEJ
?c� @ yduW

�
q3�*2

S?
|'� v

W
?| +�

J
?,
�
1

E| Wkhruhp 614 ri Jrqêdoyhv dqg Zklwh +5333d,/ EJ
?c� � EJ

? $ 3/ sure � S / zklfk lpsolhv

�EW
? �EJ

?
� W$ 3/ sure� S 1 Wkhuhiruh/ lw vx!fhv wr vkrz wkdw aEW

? � �EW
?
� W$ 3/ sure� S 1 Iurp +714,

dqg +E14, zh fdq zulwh

aEW
? � �EW

? @ G� .G2> zkhuh

73



G� � n3�
&[

�'�

c3�

%
�[

|'�

v?cU�n|
�
[U�n|

? > a�
W

?

� �[
|'�

v�?cU�n|

�
[U�n|

? > a�
W

?

�

�
�[

|'�

v?cU�n|
�
[U�n|

? > �J?
� �[
|'�

v�?cU�n|
�
[U�n|

? > �J?
�&

> dqg

G2 � c�vWJ? �vWJ�? =

Frqvlghu G2 �uvw1 Zh fdq zulwh �vWJ? @ E
J�*2
? E

J3�*2
? +�vWJ? � �vJ?,.E

J�*2
? E

J3�*2
? �vJ? � H�.H2> zkhuh

�vJ? @ q3�
S?

|'� v?| +�
J
?,1 E| Wkhruhp 615 ri Jrqêdoyhv dqgZklwh +5333d,/ EJ3�*2

?
s
q +�vWJ? � �vJ?,

_�W,
Q +3> LR, sure� S vr wkdw H� @ R�W

�
q3�*2

�
zlwk suredelolw| dssurdfklqj rqh= E| wkh FOW iru

ivJ?|j dqg qrwlflqj wkdw H +�vJ?, @ 3 e| wkh I1R1F1 wkdw gh�qh �J?> lw iroorzv wkdw H2 @ R�

�
q3�*2

�
=

Wklv lpsolhv wkdw G2
�W$ 3 sure� S> vlqfh c @ r

�
q�*2

�
1

Qh{w/ frqvlghu G�1 Iru M @ 4> = = = > s/ ohw Va
?cU�

+�, � S�
|'� v?cU�n|ca

�
[U�n|

? > �
�
> zkhuh M lqgh{hv

wkh M |� hohphqw ri wkh vfruh1 D phdq ydoxh h{sdqvlrq ri n3�
S&

�'� c
3�V��

?cU�

�
a�
W
?

�
V�2
?cU�

�
a�
W
?

�
durxqg

�J? |lhogv iru d w|slfdo hohphqw +m�> m2, ri G�

G
E��c�2�
� @ n3�

&[
�'�

c3�
C

C��

�
V��
?cU�

�
��
W
?

�
V�2
?cU�

�
��
W
?

���
a�
W
? � �J?

�
>

zkhuh ��
W
? olhv ehwzhhq a�

W

? dqg �J?= Lw iroorzv wkdw

���GE_�c_2�
�

��� � q3�*2n3�
&[

�'�

c3�

+
�[

|'�

]��
?cU�n|

�[
|'�

\�2
?cU�n|

.
�[

|'�

]�2
?cU�n|

�[
|'�

\��
?cU�n|

,���sq
�
a�
W
? � �J?

���� >
zkhuh m{m @ +{�{,�*2 >]�

?cU�n|
@ vxswMX

�� Y
Yw�

v?cU�n|c�
�
[U�n|

? > �
��� > dqg \�

?cU�n|
@ vxswMX

��v?cU�n|c� �[U�n|
? > �

��� >
m @ im�> m2j =Jlyhq Dvvxpswlrq D19 zh fdq dsso| Ohppd E15 wzlfh zlwk[?| @ vxswMX

�� Y
Yw�

v?|c�
�
[|

?> �
���

dqg ]?| @ vxswMX
��v?|c� �[|

?> �
��� wr rewdlq wkdw

q3�*2n3�
&[

�'�

c3�

+
�[

|'�

]��
?cU�n|

�[
|'�

\�2
?cU�n|

.
�[

|'�

]�2
?cU�n|

�[
|'�

\��
?cU�n|

,
$ 3 sure� S W> sure� S=

E| Wkhruhp 615/ zlwk suredelolw| dssurdfklqj rqh
s
q
�
a�
W

? � �J?

�
@ R� W +4,/ zklfk gholyhuv wkh

uhvxow1 �

Uhihuhqfhv

^4` Dqguhzv/ G1Z1N1 +4<;;,= �Odzv ri Odujh Qxpehuv iru Ghshqghqw Qrq0lghqwlfdoo| Glv0
wulexwhg Udqgrp Yduldeohv/� Hfrqrphwulf Wkhru|/ 7/ 78;079:1

74



^5` +4<<4,= �Khwhurvnhgdvwlflw| dqg Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{
Hvwlpdwlrq/� Hfrqrphwulfd/ 8</ ;4:0;8;1

^6` +4<<<,= �Kljkhu0rughu Lpsuryhphqwv ri d Frpsxwdwlrqdoo| Dwwudfwlyh n0vwhs
Errwvwuds iru H{wuhpxp Hvwlpdwruv/� Frzohv Irxqgdwlrq iru Uhvhdufk lq Hfrqrplfv/ \doh
Xqlyhuvlw|1

^7` Dqguhzv/ G1Z1N1/ dqg M1F1 Prqdkdq +4<<5,= �Dq Lpsuryhg Khwhurvnhgdvwlflw| dqg
Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpdwru/� Hfrqrphwulfd/ 93/ <860<991

^8` Elfnho/ S1M1/ dqg G1D1 Iuhhgpdq +4<;4,= �Vrph Dv|pswrwlf Wkhru| iru wkh Errwvwuds/�
Dqqdov ri Vwdwlvwlfv/ </ 44<90454:1

^9` Eloolqjvoh|/ S1 +4<<8,= Suredelolw| dqg Phdvxuh/ Qhz \run= Zloh|1

^:` Fkhq/ [1/ dqg K1 Zklwh +4<<7,= �Odzv ri Odujh Qxpehuv iru Kloehuw Vsdfh0Ydoxhg
Pl{lqjdohv zlwk Dssolfdwlrq wr Uhfxuvlyh Qrqsdudphwulf Hvwlpdwlrq/� XFVG Glvfxvvlrq
Sdshu1

^;` Gdylvrq/ D1F1/ dqg S1 Kdoo +4<<6,= �Rq Vwxghqwl}lqj dqg Eorfnlqj Phwkrgv iru Lpsoh0
phqwlqj wkh Errwvwuds zlwk Ghshqghqw Gdwd/� Dxvwudoldq Mrxuqdo ri Vwdwlvwlfv/ 68/ 54805571

^<` Gdylgvrq/ M1 +4<<7,= Vwrfkdvwlf olplw wkhru|1 R{irug= R{irug Xqlyhuvlw| Suhvv1

^43` Gdylgvrq/ U1/ dqg M1J1 PdfNlqqrq +4<<<,= �Errwvwuds Whvwlqj lq Qrqolqhdu Prghov/�
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 73/ 7;:083;1

^44` gh Mrqj/ U1P1/ dqg M1 Gdylgvrq +5333,= �Frqvlvwhqf| ri Nhuqho Hvwlpdwruv ri Khw0
hurvnhgdvwlf dqg Dxwrfruuhodwlrq Fryduldqfh Pdwulfhv/� Hfrqrphwulfd/ 9;/ 73:07561

^45` Ghq Kddq/ Z1M1/ dqg D1 Ohylq +4<<:,= �D Sudfwlwlrqhu*v Jxlgh wr Urexvw Fryduldqfh
Pdwul{ Hvwlpdwlrq/� Kdqgerrn ri Vwdwlvwlfv/ 48/ Fkdswhu 45/ 5<406741

^46` Grprzlw}/ L1/ dqg K1 Zklwh +4<;5,= �Plvvshfl�hg Prghov zlwk Ghshqghqw Revhuyd0
wlrqv/� Mrxuqdov ri Hfrqrphwulfv/ 53/ 6808;1

^47` Hiurq/ E1 +4<:<,= �Errwvwuds Phwkrgv= Dqrwkhu Orrn dw wkh Mdfnnqlih/� Dqqdov ri Vwdwlv0
wlfv/ :/ 40591

^48` Hiurq/ E1/ dqg U1M1 Wlevkludql +4<;9,= �Errwvwuds Phwkrgv iru Vwdqgdug huuruv/ Frq0
�ghqfh Lqwhuydov dqg Rwkhu Phdvxuhv ri Vwdwlvwlfdo Dffxudf| +zlwk glvfxvvlrq,/� Vwdwlvwlfd
Vlqlfd/ 4/ 870::1

^49` Hlfnhu/ I1 +4<9:,= �Olplw Wkhruhpv iru Uhjuhvvlrqv zlwk Xqhtxdo dqg Ghshqghqw Huuruv�/
lq Surfhhglqjv ri wkh Iliwk Ehunhoh| V|psrvlxp rq Pdwkhpdwlfdo Vwdwlvwlfv dqg Suredelolw|
4/ hg1 e| OhFdp/ O1P1 dqg M1 Qh|pdq1 Ehunhoh|= Xqlyhuvlw| ri Fdoliruqld/ Ehunhoh|1

^4:` Ilw}hqehujhu/ E1 +4<<:,= �Wkh Prylqj Eorfnv Errwvwuds dqg Urexvw Lqihuhqfh iru Olqhdu
Ohdvw Vtxduhv dqg Txdqwloh Uhjuhvvlrqv/� Mrxuqdo ri Hfrqrphwulfv/ ;5/ 56805;:1

^4;` Iuhhgpdq/ G1D1 +4<;4,= �Errwvwudsslqj Uhjuhvvlrq Prghov/� Dqqdov ri Vwdwlvwlfv/ </ 454;0
455;1

^4<` +4<;7,= �Rq Errwvwudsslqj Wzr0vwdjh Ohdvw Vtxduhv Hvwlpdwhv lq Vwdwlrqdu|
Olqhdu Prghov/� Dqqdov ri vwdwlvwlfv/ 45/ ;5:0;751
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^53` Jdoodqw/ D1U1/ dqg K1 Zklwh +4<;;,= D Xql�hg Wkhru| ri Hvwlpdwlrq dqg Lqihuhqfh iru
Qrqolqhdu G|qdplf Prghov1 Qhz \run= Edvlo Eodfnzhoo1

^54` JLQÌ/ H1/ dqg M1 ]lqq +4<;<,= �Qhfhvvdu| Frqglwlrqv iru wkh Errwvwuds ri wkh Phdq/�
Dqqdov ri Vwdwlvwlfv/ 4:/ 9;709<41

^55` Jkrvk/ P1/ Z1F1 Sduu/ Z1F1/ N1 Vlqjk/ dqg J1M1 Edex +4<;7,= �D Qrwh rq Errw0
vwudsslqj wkh Vdpsoh Phgldq/� Dqqdov ri Vwdwlvwlfv/ 45/ 4463044681

^56` JRQÊDOYHV/ V1/ dqg K1 Zklwh +5333d,= �Wkh Errwvwuds ri wkh Phdq iru Ghshqghqw
Khwhurjhqhrxv Duud|v/� XFVG/ pdqxvfulsw1

^57` +5333e,= �Errwvwuds Yduldqfh Hvwlpdwlrq iru Vprrwk Ixqfwlrqv ri Vdpsoh Phdqv
dqg iru Olqhdu Uhjuhvvlrqv/� XFVG/ pdqxvfulsw1

^58` JÙW]H/ I1/ dqg K1U1 NßQVFK +4<<9,= �Vhfrqg0rughu Fruuhfwqhvv ri wkh Eorfnzlvh Errw0
vwuds iru Vwdwlrqdu| Revhuydwlrqv/� Dqqdov ri Vwdwlvwlfv/ 57/ 4<4704<661

^59` Kdkq/ M1 +4<<9,= �D Qrwh rq Errwvwudsslqj Jhqhudol}hg Phwkrg ri Prphqwv Hvwlpdwruv/�
Hfrqrphwulf Wkhru|/ 45/ 4;:04<:1

^5:` Kdoo/ S1/ dqg M1 Krurzlw} +4<<9,= �Errwvwuds Fulwlfdo Ydoxhv iru Whvwv edvhg rq
Jhqhudol}hg0Phwkrg0ri0Prphqwv Hvwlpdwruv/� Hfrqrphwulfd/ 97/ ;<40<491

^5;` Kdqvhq/ E1H1 +4<<4,= �Vwurqj Odzv iru Ghshqghqw Khwhurjhqhrxv Surfhvvhv/� Hfrqrphwulf
Wkhru|/ :/ 54605541

^5<` +4<<5d,= �Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpdwlrq iru Ghshqghqw Khwhurjhqhrxv
Surfhvvhv/� Hfrqrphwulfd/ 93/ <9:0<:51

^63` +4<<5e,= �Vwurqj Odzv iru Ghshqghqw Khwhurjhqhrxv Surfhvvhv1 Huudwxp/� Hfrqr0
phwulf Wkhru|/ ;/ 75407551

^64` Mhqqulfk/ U1L1 +4<9<,= �Dv|pswrwlf Surshuwlhv ri Qrqolqhdu Ohdvw Vtxduhv Hvwlpdwruv/�
Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 73/ 96609761

^65` NßQVFK/ K1U1 +4<;<,= �Wkh Mdfnnqlih dqg wkh Errwvwuds iru Jhqhudo Vwdwlrqdu| Revhuyd0
wlrqv/� Dqqdov ri Vwdwlvwlfv/ 4:/ 454:045741

^66` Odklul/ V1Q1 +4<<9,= �Rq Hgjhzruwk H{sdqvlrq dqg Prylqj Eorfn Errwvwuds iru Vwxghq0
wl}hg P0Hvwlpdwruv lq Pxowlsoh Olqhdu Uhjuhvvlrq Prghov/� Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/
89/ 7508<1

^67` +4<<<d,= �Wkhruhwlfdo Frpsdulvrqv ri Eorfn Errwvwuds Phwkrgv/� Dqqdov ri
Vwdwlvwlfv/ 5:/ 6;907371

^68` +4<<<e,= �Rq Vhfrqg0rughu Surshuwlhv ri wkh Vwdwlrqdu| Errwvwuds Phwkrg iru
Vwxghqwl}hg Vwdwlvwlfv/� lq Dv|pswrwlfv/ Qrqsdudphwulfv/ dqg Wlph Vhulhv/ hg1 e| V1 Jkrvk1
Phufho0Ghnnhu1

^69` Olx/ U1\1 +4<;;,= �Errwvwuds Surfhgxuhv Xqghu Vrph Qrq0llg Prghov/� Dqqdov ri Vwdwlvwlfv/
49/ 49<904:3;1

^6:` Olx/ U1\1/ dqg N1 Vlqjk +4<<5, �Prylqj Eorfnv Mdfnnqlih dqg Errwvwuds Fdswxuh Zhdn
Ghshqghqfh/� lq H{sorulqj wkh Olplwv ri wkh Errwvwuds/ hg1 e| U1 OhSdjh dqg O1 Elooldug1
Qhz \run= Zloh|1
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^6;` Qhzh|/ Z1N1/ dqg N1G1 Zhvw +4<;:,= �D Vlpsoh Srvlwlyh Vhpl0gh�qlwh/ Khwhurvnhgdvwlf
dqg Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{/� Hfrqrphwulfd/ 88/ :360:3;1

^6<` Srolwlv/ G1/ dqg M1 Urpdqr +4<<7d,= �Wkh Vwdwlrqdu| Errwvwuds/� Mrxuqdo ri Dphulfdq
Vwdwlvwlfv Dvvrfldwlrq/ ;</ 4636046461

^73` +4<<7e,= �Olplw Wkhruhpv iru Zhdno| Ghshqghqw Kloehuw Vsdfh Ydoxhg Udqgrp
Yduldeohv zlwk Dssolfdwlrq wr wkh Vwdwlrqdu| Errwvwuds/� Vwdwlvwlfd Vlqlfd/ 7/ 79407:91

^74` SÙWVKHU/ E1P1/ dqg L1U1 Suxfkd +4<<4,= �Edvlf Vwuxfwxuh ri wkh Dv|pswrwlf Wkhru| lq
G|qdplf Qrqolqhdu Hfrqrphwulf Prghov/ sduw L= Frqvlvwhqf| dqg Dssur{lpdwlrq Frqfhswv/�
Hfrqrphwulf Uhylhzv/ 43/ 45805491

^75` Vhuiolqj/ U1M1 +4<;3,= Dssur{lpdwlrq wkhruhpv ri pdwkhpdwlfdo vwdwlvwlfv1 Qhz \run= Zl0
oh|1

^76` Vkdr/ M1 +4<<5,= �Errwvwuds Yduldqfh Hvwlpdwruv zlwk Wuxqfdwlrq/� Vwdwlvwlfv dqg Sured0
elolw| Ohwwhuv/ 48/ <804341

^77` Vkdr/ M1/ dqg G1 Wx +4<<8,= Wkh Mdfnnqlih dqg Errwvwuds1 Qhz \run= Vsulqjhu0Yhuodj1

^78` Vlqjk/ N1 +4<;4,= �Rq wkh Dv|pswrwlf Dffxudf| ri Hiurq*v Errwvwuds/� Dqqdov ri Vwdwlvwlfv/
</ 44;:044<81

^79` Zklwh/ K1 +4<;3, �D Khwhurvnhgdvwlflw|0Frqvlvwhqw Fryduldqfh Pdwul{ Hvwlpdwru dqg d
Gluhfw Whvw iru Khwhurvnhgdvwlflw|/� Hfrqrphwulfd/ 7;/ ;4:0;6;1

^7:` +4<<7, Hvwlpdwlrq/ Lqihuhqfh dqg Vshfl�fdwlrq Dqdo|vlv1 Fdpeulgjh= Fdpeulgjh
Xqlyhuvlw| Suhvv1

^7;` +5333, Dv|pswrwlf Wkhru| iru Hfrqrphwulfldqv1 Ruodqgr= Dfdghplf Suhvv1

^7<` Zklwh/ K1/ dqg L1 Grprzlw} +4<;7, �Qrqolqhdu Uhjuhvvlrq zlwk Ghshqghqw Revhuyd0
wlrqv/� Hfrqrphwulfd/ 85/ 47604941
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