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Abstract. For integers n > k > 1, the Kneser graph K(n, k) is the graph with vertex-
set consisting of all the k-element subsets of {1,2,...,n}, where two k-element sets are
adjacent in K (n, k) if they are disjoint. We show that if (n, k, s) € N® with n > 10000ks®
and F is set of vertices of K (n, k) of size larger than

{AcC{1,2,....n}: |Al =k, AN{1,2,...,s} # O},
then the subgraph of K (n, k) induced by F has maximum degree at least

(o (i) i (") i

k

This is sharp up to the behaviour of the error term O(+/s3k/n). In particular, if the triple of
integers (n, k, s) satisfies the condition above, then the minimum maximum degree does not
increase ‘continuously’ with | F|. Instead, it has s jumps, one at each time when | F | becomes
justlarger than the union of ¢ stars, fori = 1,2, ..., s. Anappealing special case of the above
result is that if F is a family of k-element subsets of {1,2,...,n} with |F| = (zj) +1,
then there exists A € F such that F is disjoint from at least

(2o (i) ("5

of the other sets in F; we give both a random and a deterministic construction showing that
this is asymptotically sharp if £ = o(n). In addition, it solves (up to a constant multiplicative
factor) a problem of Gerbner, Lemons, Palmer, Patkds and Szécsi.
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Frankl and Kupavskii, using different methods, have recently proven similar results un-
der the hypothesis that n is at least a quadratic in k.
Keywords. Kneser, intersecting, sensitivity, Erd§s—Ko—Rado type theorem
Mathematics Subject Classifications. 05D05

1. Introduction

For n € N, we write [n] := {1,2,...,n} for the standard n-element set, and for a set X, we
write (%) := {A C X : |A| = k}. The Kneser graph K (n, k) is the graph (V, E) with V = ("))
and £ = {{A,B} : AN B = @}, i.e. two k-sets are joined by an edge of the Kneser graph iff

they are disjoint. The Kneser graph K (n, k) has independent sets of size (Zj) , viz., the sets of

the form {A € ([Z]) NS A} for ¢ € [n], and the well-known ErdGs—Ko-Rado theorem states
that no independent set can have larger size. (Recall that a set I of vertices in a graph G is said
to be independent if there is no edge of G between any two of the vertices in /.)

Our work in this paper starts with the following question: if F is a set of vertices of K (n, k)
with size (Zj) + 1, how large must the maximum degree of the induced subgraph K (n, k)[F]
be? (The Erd6s—Ko—Rado theorem implies that this maximum degree must be at least one.) Put
another way, if F is a family of (Zj) + 1 k-element subsets of [n], must there exist a set in F
which is disjoint from many of the other sets in F?

This question in turn was motivated by the beautiful (and very short) resolution of the sen-
sitivity conjecture, by Huang [Hual9]. Huang proved that for any n € N, the subgraph of the
hypercube @Q,, induced by a set of 2"~! + 1 vertices must have maximum degree at least y/n.
(This is best-possible whenever 7 is a perfect square, and it implies the sensitivity conjecture, as
had previously been observed by Gotsman and Linial.) This result is striking, because (),, has
independent sets of size 2"~!, but going just one above this size, forces the maximum degree
of the induced subgraph to jump from 0 to \/n = /A(Q,,). Huang’s proof is by the construc-
tion of a signed adjacency matrix for (J,, which has appropriate eigenvalues, together with an
application of Cauchy’s interlacing theorem.

The following questions suggest themselves: is there a similar ‘sharp jump’ for the Kneser
graph, and if so, is there a proof of this along the lines of Huang’s proof?

In this paper, we prove that there is indeed such a sharp jump for the Kneser graph (for £ < cn
where ¢ > 0 is an absolute constant); though we were unable to find a proof along the same lines
as Huang’s (and our proof is a good deal longer). We prove the following.

Theorem 1.1. Let (n, k, s) € N> withn > 10000ks®. Let F C (") such that | F| > (1) —(".°),

and suppose that F # {A € ([Z}) cANS # @}, forall S € ([Z]). Then the subgraph
of K(n, k) induced by F has maximum degree at least

(1—0(\/M))5j—1'<n;k)'%7

i.e. there exists A € F such that A is disjoint from at least

(1—0(\/%))8-?1'(”;%)'%

of the sets in F.
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Our proof combines spectral techniques with more combinatorial ‘stability’ arguments. Ob-
serve that the s = 1 case of the above theorem has the following appealing corollary, which is a
rough analogue of Huang’s result on @),,.

Corollary 1.2. For each € > 0, there exists & > 0 such that the following holds. Suppose
(n,k) € N? with k < dn. Let F C ([Z’]) with | F| = (1~]) + L. Then there exists A € F such

that A is disjoint from at least (1/2 — ¢) (";ﬁl) of the sets in F.

We note that, for k' = ©(n), this corollary says that when |F| increases from (Zj)
to (Zj) + 1, the minimal maximum degree of the subgraph K (n, k)[F] jumps from zero to
within a constant factor of A(K (n, k)), which is (in a sense) an even more extreme jump than in
Huang’s theorem. (In the latter, the minimal maximum degree jumps from zero to /A(Q,,).)

The following construction shows that, up to the dependence of § upon ¢, the above corollary

is sharp. Take
F = {AE ([Z]) - {1,2} CA} U{AU{l}: Ac A} U{AU{2}: A e A},

where A; and A, are initial segments of the colex ordering on (["];{_11’2}) with sizes as equal as
possible. In the next section we give a random construction that achieves (asymptotically) the
same bound.

We note that Frankl and Kupavskii [FK25], using different methods, recently proved ana-
logues of the above results under the (stronger) hypothesis that k& < ¢y/n (for an absolute con-
stant ¢ > 0).

A closely related problem (which has been more studied to date than our ‘maximum degree’
problem), is to minimize the number of edges in subgraph of the Kneser graph induced by a
family F C ( [Z]) , over all families F of fixed size.

n

Question 1.3. For eachn > k > 1and each 1 < m < (}), what is the minimum number
of edges e(K (n, k)[F]) over all F C ([Z]) with |F| = m? That is, if |F| = m, how many
(unordered) pairs { A, B} can we guarantee to find such that A, B € Fand AN B = @?

Das, Gan and Sudakov [DGS16] showed that, for sufficiently large n and provided m is not
too large, to minimize the above quantity over all families of size m, it is best to take the k-subsets

one by one according to the lexicographical order. (Recall that the lexicographical order or lex

order < on (") is defined by A < B if min(AAB) € A.)

Theorem 1.4 ([DGS16] Theorem 1.6). Let A; < Ay < -+ < A(n) be the lex order on ([Z]).
k

If n > 108k*s(k + s) and m < (}) — (".°), then the initial segment {Ay, A, ..., Ay} is a

family that minimizes e( K (n, k)[F]) subject to | F| = m.

The lower bound in Theorem 1.1, combined with a general construction we will shortly
describe (see (2.5) in Example 2.2), shows that for n > 10000ks°, a plot of min A(F) against | F|
looks roughly as in Figure 1.1.
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We note that the n = O(k) regime is particularly interesting because the Kneser graph has
edge-density exponentially small in n, in this regime, making it ‘more surprising’ in a sense
that the maximum degree of an induced subgraph of size greater than a star, is as large as we
demonstrate. Indeed, the edge-density of the Kneser graph is roughly (".*) / () ~(1- %)k

so in the n = Q(k?) regime, the density is bounded away from zero by an absolute positive
constant, whereas for n = ©O(k) the density is exponentially small in 7, i.e., two uniformly
random subsets of [n] of size k will intersect with ‘very high probability’.

Our results also solve (up to a constant multiplicative factor) a problem of Gerbner, Lemons,
Palmer, Patkds, and Szécsi, who in [GLP ™ 12] asked the following.

Question 1.5 ([GLP"12] Section 4, ‘seems to be an interesting problem’). Let k,I € N.
We say F C ([Z]) is (< [)-almost intersecting if A(K(n,k)[F]) < [. What is the smallest
no = no(k, ) € N such that for all n > ny, the largest (< [)-almost intersecting families are just

the stars D; of size (}_})?

Gerbner, Lemons, Palmer, Patkds, and Szécsi [GLP™12] showed that
no = min{O(k* + ki), O(k*1)}

is enough. Corollary 1.2 implies that for n < ck (for ¢ > 0 a sufficiently small absolute constant),
we have

n—1 nok—d
| > <k—1)+1 — A(K(n,k)[]'—])>0~49( k-1 )

In particular the right-hand side is greater than (%)kfl, son = (/{;ll/ (k_l)) is enough to

guarantee that the maximum degree is larger than [, so any family of size (Zj) + 1 cannot

be (< I)-almost intersecting. The same method works for families of size (Zj) that are not

stars, as we shall see in Corollary 4.14. This shows that the minimum n in Question 1.5 satis-
fiesng = © (kI'/*=V), since if n = |k*/*~1) /100], any family F C (}) with |F| = (}}) +1

trivially has
n—1 nk-t nk-1
A(F) < < < {.
(%) (k - 1) E—1)! S (k101 =

Before discussing our strategy for proving Theorem 1.1, it is convenient to introduce the fol-
lowing notation. A star D; is a subset of (7)) of the form {A e(M:ie A}, for some i € [n)].

The families {A e (M)y: AnS+# @}, for S € (")), appearing in the statement of Theo-
rem 1.1, are precisely unions of s distinct stars.

Note that a union of s stars has size (Z) — (”;S) We interpolate linearly between integer
values of s, using a ‘size parameter’ \ to describe the size of F, so that if F has size parameter \,

then its size is the same as that of a union of X stars, when A € N,
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Notation 1.6 (Size parameter). For s < A < s + 1, we say F has size parameter X if
F| = n\y (n—s (A —s) n—s—1
~\k k A
n—s—1 s\ [n—s
=(\— . 1.1
oo () 206 -

re ()5 ()
n—s—1 an s+1 n—s—1
()2

We note, for later, that if F has size parameter A, then

n—1 s+ 1 n—2 n—1
G- CEY o) e

(This can be verified just by checking the cases A = s and A = s + 1, since all the quantities
above are affine linear functions of \.)

Equivalently,

where s < A < s+ 1.

Proof strategy

The key idea in the proof of Theorem 1.1 is to show that, if F has size parameter A\
with s < A < s+ 1 and the maximum degree of F is ‘small’, then in fact we can find s + 1 stars
that cover most of F (Lemma 4.9).

Suppose F has size parameter A with s < A < s + 1. Since the size of F is very roughly A
times that of a star, this will require finding stars in which F has density roughly A\/(s + 1).
There are n stars, and each k-set is contained in exactly k£ of them, so the obvious averaging
argument only gives a star where F has density Ak/n, which is not enough.

Instead, we use the following strategy. Consider the indicator function f =1 #: ([Z}) —{0,1}.

. . . (] L. .
This can also be viewed as a vector in R(%). We can decompose it into a sum of eigenvectors of
the (adjacency matrix of the) Kneser graph (these eigenvectors are given in Lemma 3.9), say as

f:a]l(lzl)‘f‘fl"f'"'—f-fk;

where o = E(f) and f; is an eigenvector of the Kneser graph with corresponding eigenvalue
equal to (—1)"(".*).
We show that, if f; has small L?-norm, then the number of edges of K (n, k) within F is

close to that in a random subset (this is the content of Lemma 4.5), so the average degree is
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F1/ (o)
1 ~ 2 ~ 3 ~4 ~5

Figure 1.1: Rough sketch of min A(F) against |F| when n is sufficiently large. Zigzag and
hollow circles are schematic for a gap (not up to scale and depends on the ratio p = k/n)
between the lower bound Theorem 4.11 and the upper bound (2.5). The thin red curve is the
average degree of the initial segment of lex ordering, corresponding to the lower bound one gets
from applying Theorem 1.4.

large. Otherwise, f1 has large L?-norm (larger than constant times || f||,), and this must be due
to F having constant density inside some star (see Lemma 4.4). And whenever J has constant
density inside some star, the Expander Mixing Lemma can be used to show that there are many
edges of K (n, k)[F]| between this star and its complement. This in turn enables us to show that
the density of F inside the relevant star is close to 1/2 (in the setting of Corollary 1.2), or close
to A/(s + 1) (in the general case); this is the content of Lemma 4.6. And this is enough to
conclude the proof.

2. Upper bounds, and (more) general conjectures

In this section, we describe two constructions of induced subgraphs of K (n, k) with small max-
imum degree, for any given size parameter A\ € [s, s + 1] such that the quantity in (1.1) is an
integer. The first is a random construction, and the second is explicit. The upper bound given
by the second construction will be used later; the first construction will not be used later, but we
include it as it provides a larger class of families for which Theorem 1.1 is asymptotically sharp.
It is also very interesting that a random construction gives almost the same (almost sharp) bound
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as a deterministic one!

Example 2.1 (Random construction). Fix k, s € N. For n > Cyks? (for an appopriate absolute
constant Cy > 0), we take F C ([Z]) to be the (random) family that is the disjoint union of:

1. the “core part”, which consists of all sets X € ([Z]) with | X N [s + 1]| > 2; and

2. the “random part” where for each set X € () with | X N [s +1]| = 1, we include X
with probability A/(s + 1) (independently, for each such X).

ii s+ 1 n—s—1
= 1 k—1 ’

and the size of the random part follows a binomial distribution, whose expected value is

n—s—1
A :
Hence, E|[|.F|] is equal to

n—s—1 s s+1 n—s—1
()50

the expression that appears in (1.1). When the mean of a binomial distribution is an integer, the
mean coincides with the median (an elementary proof of this can be found in [Lor10]), so with
probability at least 1/2, the family F will have size at least (2.1).

Now we bound the maximum degree of the induced subgraph K(n,k))[F]|. First
consider vertices in the random part. Let X be a vertex in the random part. We may
assume X N [s + 1] = {1}. In the Kneser graph, this vertex X has (” *7*) neighbours Y € D;
(1 =23...,s + 1) such that [Y' N [s + 1]| = 1, so we expect 25 (";fl_
in F N DZ, S0y (” 1:1 S) such neighbours in the random part of F. We also need to take into
account the neighbours of X in the core part, so the degree of X in F has expectation

sA (n—k—s s\ (n—k—s
)00 2

It turns out that any core vertex X, say with | X N [s + 1]| = = > 2, will have smaller degree
than (2.2). Indeed, if s = 1 then such a vertex X has degree zero, whereas for s > 1 its degree

satisfies
]\ | - »
Y e f YNX=0,|YN[s+1]| =
1

Si:x s—l—l—x n—k—s—1+=x
= k—J '

The size of core part is always

*) such neighbours

s+1—x
dx <

(]

+u.
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Provided n > Cyks® for some appropriate absolute constant Cy, the ratio between successive
terms in the sum on the right-hand side is at most 1/(100s?), and comparing the leading term
with that of (2.2) we see that

(s+1—x) (”_kﬁzlﬂ) < s2—1 (Z:]f)
(sM (s + 1) (") (M)

82—1<1+ k—1 )3
52 n—2k—s+2

/A

s?—1 4k\°
S (142)

S n
<82 14ks/n

s2
g(l—l/s) (14 8ks/n)
< (1-1/5%) (141/(25%))
<1-1/(2¢%),

so dx is smaller than
sA\ (n—k—s
s+1 k—1
provided n > Cyks3.

Finally we need to ensure that with probability greater than 1/2, the maximum degree is not
far from the expected degree (2.2).
If | X N [s + 1]| = 1, then the number of neighbours of X included in the random part of F

nik*s) 3 +1> By the Chernoff bound given in

is a binomially distributed variable B ~ Bin <s( b1

Theorem A.1.4 of [AS00],
n—k—s A n—k—s A2
P|B 1 —2 2
( >S< k1 >s—|—1< M))“Xp( 5( k-1 ><s+1> 5)
sfn—k—s
< —Z 5.
= (505 )s)

Taking the union bound over all such vertices X (there are (s + 1) (", ] 1) of them), we have

P (EIX € ([Z]> (not necessarily in F) suchthat [X N[s+1]| =1

s+ 1 —1

() G0

A —k—
and X has more than — (n i S) (1 4 0) neighbours in the random part of F >
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—1/2+e

So if we pick 6 = (3 (”;f;ﬂ) for some constant € > 0, then for n > Cy(k + s) for an

appropriate absolute constant Cy > 0, the probability of having some X with such large degree
in the random part of F is less than 1/2. In other words, with probability more than 1/2 the
maximum degree of F is not far from the expected degree (2.2) and satisfies

s o (W) ()(0)
SA n—k—1
S (s+1+8'5>( k-1 )

(Note that for the last inequality, the identity
s—1
n—k—1 s=1\(n—k—s
= 23
()26 @
is used.)

So with positive probability, | F| is large enough but A (F) is not too large, and we can remove
any extra vertices from J to obtain a family of size parameter A and maximum degree at most

( SA n 5) n—k—1
S - :
s+1 k—1
Example 2.2 (Explicit construction). Let (n, k,s) € N3 with n > 12ks. Construct F C ([Z])

as follows. For each X € (")) with | X N [s + 1]| = 1, include X in F if and only if X C [1],
where ¢t < n is the least integer that satisfies

t—s—1 < A n—s—1
k—1 )7 s+1\ k=1 )

We also include in F all those sets X € ([Z}) with | X N [s + 1]| > 2 (the “core part”). One can
easily check that F has size-parameter at least \.
Note that A/(s + 1) > 1/2, so

1 1
t—s—l}Q(n—s—1)>§n. (2.4)

Define p := k/n, and note that p < 1/(12s). By choice of ¢, we have

t—s—1 A n—s—1 t—s—2
> >
k—1 s+1 kE—1 k—1

ft—s—1 t—s—k
N k—1 t—s—1
t—s—1 k—1
:< k-1 ) <1_t—3—1>
t—s—1
>( P )(1—3]9) by (2.4).
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Fix X € F with X N[s+ 1] = {1}. The number of sets Y € F such that Y N [s + 1] = {2}

and Y N X = @ is equal to
t—s—k
k-1 )

()0 = () /)

‘We have

_A
s+1 1—-3p
<(1+4p)—>,

s+1

using the fact that p < 1/12. Therefore, the degree dx of X (also taking into account its
neighbours in the core part) satisfies

t—s—k s\ [n—k—s

=) 0)(E)
SA n—k—s s\ (n—k—s
<s+1(1+4p)( k1 )+;<z>( ki )

SA n—k—1
< . .
\<s+1+48p)( k—1 > 25

(Note that the last inequality uses Equation (2.3) again.) It is clear that dx is the maximum
degree of F as any core vertex Z € JF with |Z N [s + 1]| > 2 has smaller degree, similarly to
in the previous example. We can remove elements of F if there are too many (clearly this does
not increase A(F)), so as to obtain exactly the right size-parameter.

This construction is motivated by the fact that picking sets in each star according to the colex
order makes sets in different stars intersect more often and is therefore helpful for reducing the
maximum degree of the induced subgraph. We conjecture that to minimize the maximum degree
among vertex sets of the same size, we can take families similar to those in Example 2.2. To
state our conjecture, we need one more piece of notation.

Notation 2.3. For a family F C ([Z]) and I C J C [n], we write

FL={F\J:FeF,FNJ=1I}C (L”]_\|}]|>

Its elements correspond to elements of F that intersect with .J in the prescribed way.
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Conjecture 2.4 (Sparse minimizer). Suppose n is sufficiently large compared to £ and s,
and s < A < s+ 1. then there exists a minimizer F C ([Z}) with size parameter A (whose
maximum degree A(F) is minimum among all such families of the same size) with the follow-
ing properties:

(i) FCD,UDyU---UDyy1:
(i) D;ND; C Fforalli,j € [s+ 1];and

(i) |7

W AFY < Lforalli,j € [s+1].

s+1]
Corollary 4.14 shows that Conjecture 2.4 is true when A = s is an integer, because in this
case, any minimizer must be a union of s stars.

If we assume that F satisfies (i) and (ii), then the problem reduces to choosing the ]—"[ﬁl] ’S

If we

n—s—1

k—1 )
further assume (iii), then every ‘7:[{5?1] is almost equal to the same subfamily 7' C (["]lz[ffl]) with
density about \/(s + 1) and the problem reduces to minimizing the maximum degree of 7, so
we have come back to the original problem but in the dense case (since \/(s + 1) > 1/2),
as noted on p. 659 of [DGS16]. The way we chose F' in Example 2.2 suggests the following

conjecture.

optimally, which are (s + 1) subfamilies of (I"\*")) with sizes summing to \(

Conjecture 2.5 (Dense minimizer). Suppose (}) /2 < m < (}) (so the size parameter A can be
as large as ©(n) for fixed k), and let ¢ be the smallest natural number such that ( ) > m, then

there is some
Fe (W
—\k

of size | F| = m such that A(F) is minimum over all subfamilies of (I"!) of size m.

t
k

When m happens to be of the form (/), the conjectured optimal family is 7 = (1), which
is an initial segment of colex. In this case the conjecture would follow from the corresponding
statement that initial segments of colex minimizes the number of edges (such as Corollary 2.4
in [DGS16] for some range of parameters), because minimizing the number of edges in addition
to being regular is enough to guarantee minimizing the maximum degree.

However, when m is not of the special form, the initial segment of colex is not necessarily
optimal, just as the initial segment of lex is not optimal for m = (}~}) + L.

Example 2.6. Let m = (";1) + 1. The initial segment of colex is

F = ([”;1]) U{{1,2,...,k—1,n}},

so the vertex {1,2,...,k — 1,n} has degree (”;k) = A(K(n,k)) in K(n,k)[Fy], i.e., the

maximum possible value! We can easily improve on this: if we pick each vertex of K (n, k)
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independently with probability m / (Z) ~ 1 — k/n, then similarly to in Example 2.1, we have
positive probability of getting a family J, satisfying both || > |F;| and

—1/24¢
A(F) = (1—k/n+0<<n;k) >> (”;’“) < A(F).

This example also shows that for the maximum degree problem there is no counterpart of
Lemma 2.3 in [DGS16] which says if / minimizes the edge number among families of equal
size, then the same holds for ([Z}) \ F. Indeed the complement of F; is a subset of the star D,,, so
it has maximum degree 0 and therefore (trivially) minimizes the maximum degree over all sets
of the same size, whereas, by the above argument, /; does not minimize the maximum degree
over all sets of the same size.

3. Background on singular values and the Expander Mixing Lemma

Our proof of Theorem 1.1 relies on the Expander Mixing Lemma, which allows us to estimate
the number of edges between two large, disjoint subsets of the vertex-set of a regular graph
whose nontrivial eigenvalues are small in absolute value.

In this section, we outline some standard results we need from the spectral theory of biregular
bipartite graphs, and more specifically from the spectral theory of (bipartite) Kneser graphs.

3.1. Singular values of biregular bipartite graphs

Definition 3.1 (Singular values of a linear map / bipartite graph). Let 1}, and V5 be finite-
dimensional inner product spaces, and let A : V, — V) be a linear map (also viewed as a
matrix). Then a singular value decomposition of A is an expression of A as a linear combina-
tion of rank-one linear maps
A = Z O'Z"U,Z"U,LT,
i=1

where {u;}3™"" is an orthonormal basis of Vi, {v;}™ "2 is an orthonormal basis of V5, r =
min{dim Vj,dim V5}, and o7 > 09 > --- > 0, > 0 are non-negative real numbers. The o;’s

are called the singular values of A and are independent of the choice of orthonormal bases;
moreover, the transpose A’ (or dual linear map) has the same singular values as A.

Let GG be a bipartite graph with bipartition U U V. The singular values of GG are the singular
values of its bipartite adjacency matrix A, viewed as an linear operator A : RY — RY defined
by (A(x)), = >.,.,Tv Yu € U. (Note that here, the spaces RV and RY are equipped with

the standard inner product induced by the counting measure, making the bases {0, : u € U}
and {J, :v € V'} orthonormal. For example, the all-ones vector 1y =3, ,;d, has norm /|U|.)

The following is well-known; we provide a proof for completeness.
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Lemma 3.2 (Highest singular value of a biregular bipartite graph). Let G be a bipartite graph
with at least one edge and with bipartition U L'V, such that every vertex in U has degree dy
and every vertex in V has degree dy. Let A : RV — RY denote the bipartite adjacency matrix
of G. Then A has largest singular value o = \/dydy with v, = 1y //|V]and u, = 17/+/]U|

being corresponding singular vectors.

Proof. The singular values of A are precisely the (non-negative) square roots of eigenvalues
of AT A (which is symmetric and positive semidefinite). Observe that (A A),,,, counts the num-
ber of length-2 paths from v; to v, in G, so in the matrix AT A, all |V | column sums and all |V/|
row sums are equal to dy-d;, so AT A is dy-dy; times a doubly stochastic matrix, and so its largest
eigenvalue is dydy. Hence o1 = +/dydy. It is easy to check that A <1V/\/m> = \/mlg,
verifying the last claim. 0

Notation 3.3. For vectors in z,y € RY (or, interchangeably, functions f, g : U — R), we write
their inner product as

(@,y) = Tulu <0r (f.9) = Zf(U>g(U)> ,

uelU uelU

and the induced Euclidean norm is defined by ||z||3 := (x,x), || f||3 = (f, f). Note that this
normalisation differs from that in some texts, but it will be convenient for us, as we will work
with U’s of different sizes.

For functions f : U — R, we also write

so for example E(f2) = || f[2/|U] .

Theorem 3.4 (Expander Mixing Lemma, biregular case; see e.g2.[WSV12] Lemma 8, or [Hae79]
Theorem 3.1.1.). Let G be a bipartite graph with at least one edge and with bipar-
tition U UV, such that every vertex in U has degree di; and every vertex in V' has degree dy, .
Let A : R[V] — R[U] denote the adjacency matrix of G. Let o, be its largest singular value
and o its second-largest (counting with multiplicity). Then for any subsets X C U andY C 'V,
with densities « = | X |/ |U| and B = |Y| / |V, we have

e(X,Y)
e(UV)

aﬁ‘ <Zyfall—api -5 < 2ab,

Proof. Let 1x : U — Rand 1y : V — R be the indicator functions of X and Y respectively;
then e(X,Y) = (1x, Aly). Let
A= Z O'iui’U;-F
i=1
“;'1 an

be a singular value decomposition where {uz}‘fill is an orthonormal basis for RY, {v,};
orthonormal basis for RV, » = min(|V|, |U|), and singular values o, > 05 > --- > 0, > 0,
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and uy = 1y/\/|U|, vi = 1y/+/|V| are singular vectors corresponding to o;. In these
bases, 1y and 1y decompose as:

Ix = aly + xaus + - - + Zyjujyy),
1y = Bly + yov2 + - - - + Yy vy,
where z; = (1x,u;), and y; = (1y, v;). Now,
Aly = Bdyly + ooypz + - - + 0,y U,

SO

(1x, Aly) = afdy |U] + Zaiﬂﬁiyz‘,
i—2
S0

T
E 0iZ;Y;

1=2

T
<Y ol il
=2

., /2 , 1/2
<o (Zx?) (z y)
1=2 1=2

< oo (I12xI2 = latol2)™” (v ]2 - 1810 2)
= oy (a|U| = a? U2 (BIV] - 82 V)2
= op\/a(1 —a)B(1— B) U] |V]. (3.1)

Recall that e(U, V) = |Uldy = |V]dy, so e(U,V) = /|U||V|dydy = o1+/|U||V]. So
dividing (3.1) by e(U, V'), we obtain

e(X,Y) —afe(U, V)] =

1/2

e(X,Y)
i | < 2yl - a)pi- ),

as required. [

Multiplying both sides of the inequality in the above theorem by e(U, V') / | X |, which is equal
to dy |U| /| X| = dy/«, we obtain the following.
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Corollary 3.5. Let G be a non-empty bipartite graph with vertex partition U UV, biregular
of degrees dy and dy, and let X C U and Y C 'V be subsets of densities o = |X|/|U|

and = , and o > 0, then
e(X,Y) [B(1—B)
—dyB| < _dU —dU
| X]

where 01 > 09 are the two largest singular values of G. In particular, the maximum degree A(QG)
is at least the average degree in X, so

A(G)>%ZCM<5—Z—? w>>dU(ﬁ—g—j\/§>~

3.2. Spectra of Kneser graphs and bipartite Kneser graphs

In [Lov79] Theorem 13, Lovdsz gave the eigenspace decomposition of K (n, k), which also
allows us to prove the bound on the singular values for the bipartite Kneser graph between ([Z])

and ([”]) for k # [. We describe the decomposition (and prove some simple properties thereof),
in the next lemma.

Lemma 3.6 (Decomposition implicit in [Lov79], Theorem 13). For each 0 < ¢ < j < n/2,
define 1;; R([?]) — R([?]) by

(eij(@)) ; = Bz |I € J),
i.e. the average of the x;’s as I ranges over the ( ) size-1 subsets of J. For each i > 1, define the

subspace P; < <R(7) to be the image of the map 1(;_yy;, i.e.,
Py = t(i-1)i (R(ﬂ)) ,

and define Py == {0}. Let Q; := P be the orthogonal complement of P; in ]R([?]), and for
eachi < k < n/2 write

QY == 1n(Qy).
Then for each i < k < n/2, we have

dim Qf.’“) =dimQ; = <n) — ( " ) (3.2)
/) 1—1

and the vector space R([w decomposes into a direct sum:
R(%) EB Q. (3.3)

. (]
Furthermore, Qék) consists of the constant vectors in R(% ) and

QY =Span{ler — k/n: j € [n]}. 34)
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Proof. Firstly, as noted by Lovasz [Lov79] and first proven by Gottlieb [Got66], for
each 0 < i < j < n/2 the map ¢;; : RG?]) — R([}L]) is an injection, and moreover these
injections form a directed system, meaning that ¢;;, = ¢, 0 ¢;; forall0 < i < j < k < n/2)
(this follows from the tower rule for conditional expectation).

Since t(;—1); is an injection, we have dim(P;) = (:1) for all 7, using the convention
that (") = 0. Therefore, we have dim(Q;) = (7) — (,",) for all i. Since ¢;, is an injection, we
have dim(Q\*) = dim(Q;) = (") = (,,) for all 4, proving (3.2).

To prove (3.3), we use induction on k. The £ = 0 case is obvious. Let £ > 1, and assume
that

k—1
[n] k—1)
]R(k—l) = @ Ql( .
i=0
Then

R([Z]) = P, ® Qy since (i, is the orthogonal complement of P
[n]

k—1
= L(k-1)k (@ ng_1)> D Qk by the induction hypothesis
=0
k—1
= @ L(k—1)k (ngil)) D Qr since ¢(x—1), is injective
=0

k
=D e".
o

This proves (3.3).

Since Py = {0}, we have Qo = R([g]), and therefore Qék) consists of the constant vectors
in ]R([Z]), as claimed. Moreover, P; consists of the constant vectors in R([rll]),
so @1 = {x € rR(7) Yoz = 0}, so the vectors {x(j) : j € [n]} defined
by (x(j))(iy = k(L= — 1/n) span Q1. and 1, (x(j)) = y(j), where (y(j))1 = Ljer — k/n
for all I € (&), so (3.4) holds. O

We will see shortly that (3.3) is an orthogonal decomposition. But next, we observe that the
bipartite Kneser adjacency matrix acts nicely on the decomposition (3.3).

Lemma 3.7 (Bipartite Kneser adjacency matrix under the decomposition (3.3), modifi-

cation of [Lov79] proof of Theorem 13). Let k < | < n/2, and U = ([Z]) and 'V = ([Tl‘]).

Let A : R([z]) — R([Tlﬂ) be the bipartite adjacency matrix for the bipartite Kneser graph be-
tween U and V. Then A(ng)) C QZ@ forall i < k, and in fact for any y € ng), we have

n—I1—1

Ay = (—U@'( L )Lkl(y) e QY. (3.5)
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Proof. Let x be an arbitrary element of (); and consider the action of the bipartite Kneser adja-
cency matrix A sending y := () € ng) C R(Y) o R(7). Fix L € ([Tl‘]). Then

(A(@)r = Y (@)
K: |K|=Fk,

= > Eji(alI CK)
K: |K|=k,
KNL=o

1
=2 > mu
I: |I|=i, K: |K|=k, (’;)

INL=2 ICKC[n]\L

_ ()
=~ N (3.6)

For each j < 1, let

we need to find Sy. For ¢ > 1, the subspace P; < RM) is spanned by the indicators for the
event [ D T for each T of size |T'| = i — 1. Denote these indicator vectors by v (so (vT is 1

if T' C I, and is O otherwise). Since € (); is orthogonal to P; = Span {UT T E } we
know that for every 7' € ("), we have

If we sum this equality over all 7”s with |7| = ¢ — 1 and |7T'N L| = j, then only those I’s
with |I N L| = j or j+1 can appear, and moreover each of those I’s with |/ N L| = j appears i—j
times (when 7" equals / minus one element in I \ L), and each of those I’s with [I N L| = j+ 1
appears j + 1 times (when 7" equals / minus one elementin / N L), so

(t=7)S; +(J+1)Sjs1 =0.

Now we can solve iteratively, obtaining

s (s (D2
(D) (s T

I: |I|=1,
ICL
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Substituting this back into (3.6), we obtain

n—I1—1

(Am@DH=PU< k_.>EwAwU§L%4—U< k_i)uawu.

1

This holds for all L € ([7]), so we may conclude that

n—l - Z) ua(Y) € tu (ng)) = le)7 3.7

as required. [

Lemma 3.8 (Eigenvalues of the Kneser graph, [Lov79] Theorem 13). Let k < n/2. Let A be
the Kneser graph adjacency matrix on R([Z]). Then (3.3) is the eigenspace decomposition for A,
with ng) corresponding to the eigenvalue

(")

In particular, (3.3) is an orthogonal decomposition.

Proof. In the special case k = [, the map ¢, is the identity, and the previous lemma shows that
the ng)’s are indeed eigenspaces of A : R([Z]) — R([Z]) corresponding to distinct eigenval-
ues, with ng) corresponding to the eigenvalue (—1)° (";f ;Z) Therefore, the ng) ’s are pairwise
orthogonal, being eigenspaces of a self-adjoint linear operator corresponding to distinct eigen-
values. ]

We can now obtain our required bound on the singular values of the bipartite Kneser graph.

Lemma 3.9 (Singular values of the bipartite Kneser graph). Let k < | < n/2, and U = ([Z])

and 'V = ([?}). Let A : R([w — R([?]) be the bipartite adjacency matrix for the bipartite
Kneser graph between U and V. Then (3.3) yields a singular value decomposition
for A : R([z]) — ]R([?]), and if we let 01 > 04 be the two largest singular values, then

2<k:<l

~ ~ .
op n—1L n—k
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Proof. By Lemma 3.7, we may factorize A : R(Y) o RV as 4 = i © D, where the ‘scaling
part’ D : R(%) = R() acts on ng) as multiplication by (—1)1(”;;’) (for each 7), and ¢y,

is1/ ( ]i) times the bipartite adjacency matrix of another biregular graph between ([Z]) and ([7;]).

Among the eigenvalues of D, (";l) has largest absolute value, and its eigenspace is

Q(()k) = Lok (R([g])) = Span{:ﬂ_}7
which is one-dimensional. By Lemma 3.2, the all-ones vector 1 also attains the largest singular

value of ¢y, i.e.,
leer(w)lly _ [ler(D)],
~
111,

so 1 is also the highest singular vector for A = ¢; o D. All vectors v € R(%) \ {0} that are
orthogonal to 1 satisfy

n—1-1 k |D1|
Dvll, < S 2 ;
2 ( o )uvuz =i, el

vw € RV {0},

and therefore satisfy

[Avll, [ (Do)l

loll, ol
_ (Do), D],
[1Dvll, vl

< e (L), <n—l— 1)7
1], k-1

[AL]l, _ [le(DL)]],

and comparing this to

i, I,
_ Mm@l (”— l)
1] k
yields
o () k1
o1 ("Izl) n—101 n—Fk
as required. [

Recall the notation 7/ (Notation 2.3), which will now be very useful. In the Kneser graph,
we will need a lower bound on the number of edges between C = F N D, and B = F \ D,,.
Foranyc € Cand b € B,wehaven € cbutn ¢ b,socnNb =2 < (c\{n})Nb=0,

so we can remove n from each ¢ € C to obtain C' = ]:{{:f C ([”_1]), and count the edges

k—1
between C' C ([Zj]) and B = F, {i y C ([n;”) in the bipartite Kneser graph. In this setting, we
can combine Corollary 3.5 with Lemma 3.9 to obtain the following.
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Corollary 3.10 (Expander Mixing Lemma applied to a star and its complement). Letn > 2k+1
and F C (k ) Suppose .7-"{"} - ([" 1]) has size ’y( ) and Fﬁl} C ([” 1) has size 5( )

Then
o(Fin) Fil —k k
iy {n})> " f—— b ify >0,
Find k n—=k\ v
‘ {n}
and )
Fol e — k-1 k 1—
g Fu) o y W= s
‘ 2 k-1 n—k 3

(Note that we will only consider F of size at most the union of s + 1 stars, so (3 is always
small and we do not need the extra factor of 1 — [ in the first inequality of Corollary 3.5.)

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Throughout, we set

k 1
pi=— <
n — 10000s®
4.1. F is dense in some star
The following notation is used only in the proof of Lemma 4.4.
Notation 4.1 (Symmetric sums). If a = (a1, ...,a,) and r = (rq,...,7;), then we write

3D M DRI SR RY
i1 dpFFindgg{inia}  G€{in,. i1}

For example,

(a<l>)2:(i§:;ai> SIS ) OEPERRY

i jF#
Note that reordering the entries in 7 has no effect on the sum a”.

Notation 4.2 (Falling factorials). For integers 1 < k < n we shall write n® for the kth falling

factorial n(n — 1) --- (n — k + 1) and moreover for p = £ we write

K k(=) (k—i 1)
i onn—1)--(n—i—+1)

.

Note that p* depends on % and n before reducing the fraction to lowest terms, and when k < n

7 %

p<p.
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Lemma 4.3. If """  a; =0, then

a(T17T27---77’l—111) — _a(T1+1,7’2,---,Tz—1) _ a(7'177'2+17---77"l—1) L a(T17T2,---77’z—1+1).

Proof. Simply substitute
Z A5 = —Qjy — Qjy — =+ — Q4
1@ {i1,...i—1}
into the innermost summand in the definition of a”. O]

In the following lemma, and its proof, we identify (") with the set

{me{o,l}”:ixi:k},

and we write E( f) for the expectation of f = f(x) when x is a uniform random element of this
set. So, for example, E(z1) = k/n = pand E(z125) = (k/n) - (k —1)/(n — 1) = p2

Lemma 4.4 (Large || fi |, implies dense in some star). For any n > 2k + 1 and any F C (7))
with F # &, let f =1z be the indicator function of F, and a =E(f)= ||f||§/ ([Z]) be the density
of F. Let f1 denote the orthgonal projection of [ onto ng) = Span{x — z; — k/n: i € [n]}
(see (3.4)), and let 1 = || f1|5/ | f|l5. For each i € [n], let ; denote the density of F in the
star D;, i.e.

- |F ND;
Go)

and let Vy,.x be the largest of the ~y;’s. Then

Proof. First we evaluate the coefficients of f; = Z?:l a;x;. Note that since x1+z9+- - -+x, = k

for all «, the constant part f, = a can also be written as » ., 24, 80 it suffices to determine

the coefficients of fo + fi = > i bz, = > (a; + o/ k)x;.
Since fy + fi1 is the orthogonal projection of f onto the linear span of the
functions * — x;, the vector b is the unique stationary point to the (convex) quadratic
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form H = E ((}_;, biz; — f)?). The partial derivative of H is given by

OH .

= 2iE(x}) + ) 2b,E(;x;) — 2B (i f)

j#i
=2bp+ > 2b;p* — 2py;
ji
k-1 k—1
—2p<bi<1—n_1>+n_1j;bj—%)
-k k-1
:2p<bin + B—%’>>
n—1 n-—1

where B := 2?:1 b;. Hence, the stationary point satisfies

n—1
bi: 7 07
— i+ 0)

where C' does not depend upon .

Since ZZ v; = na (the n stars cover each k-set equally many times, viz., k times, so the
average of the densities of F in all n stars is just its density in the whole of ([Z])), and we know
the ;s differ only from the b;’s by an additive constant and satisfy > . a; = 0, we may conclude

that
n—1

n—=k

(vi —a) Vi€ [n].

a; =

We therefore have

na =E(f}) = E (Z x)

= aP(p—p?) by Lemma 4.3.
By Lemma 4.3, we have
a®l — a(4),
a®ll) — _qB _ 22 — 4@4) _ 4(22)

and
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Hence,

E(f)=E (Z aixi>

= aWE(z}) + 4aBVE(232,) + 3aPYE(2222) + 6a > YVE(220y23) +
a(l’l’l’l)E(I1[E2$3{E4)

— a@p + 4aB®Vp2 4 302D p2 4 6aLVpE 4 gLLLpt

23

=aWp — 4aWp? + 3a®?p2 + 6(a® — a®?)p? + (=3a™ + 3a>?)pt
= (p— 4p* + 6p* — 3p*) ™ + (3p* — 6p> + 3p*) a*?
2
= (p— 4p* + 65" = 3p") 0@ + (3 — 6" + 3p) ((a®?) "~ a®)
2
=(p— A+ 12p* — 6pé) a + (310Z — 6p* + 3p4) (a(Q))
2
< pa'® 4 3p? (a(2)> using p% > 2p®
2
<p (max af) -a'? 4 3p? (a(2)> . 4.1)
We have seen that )
a(2):E(f1): 1 _@:n—l.@
p—p2 1-%2L p n—-k p
Also,
1 n
a = — Vi
n “
=1
SO Vmax = « > 0, and we have
2 2
2 — n_1> P 2<(n_1> 2
ml.aX az <n o k mzax(% O{) ~ n— k 7max7
so (4.1) gives
008 < (22) s 3 (P21
1/ = n—k Ymax 7 n—k n .
Since f; is an orthogonal projection of f, we have
n'at =E(f) =E(ff)*
S E(f3)E(fY by Holder’s inequality
<ot () e (527 e
<a’- Q@ a” ],
n — k' Fymax 77 _ k 77
SO 5 )
—1 n—1
< (i) et (G5
T] n — k erax + n — k 77&7
completing the proof of the lemma. [
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Lemma 4.5 (Small || f1]|, implies large average degree). For any n > 2k + 1 and F C ([z])
with F # @, let f = 1z, leta =E(f) = ||f||§/([z]) and let n = ||f1H§ / ||f||g Then

2e(F) k E o\ n—k
AP > 7 >(O‘_m<n+<n—k> ))( k )

Less formally, this lemma says that if 7 is small, then the average degree of the subgraph
induced by F is not much less than a(";k) (which is the approximate average degree for a
random family).

Proof of Lemma 4.5. In Lemma 3.8, we have seen that the eigenvalues of the Kneser
graph K (n, k) are, in descending order of absolute value, as follows:

n—=k n—k—1 n—k—2 n — 2k
()0 () e ()

The function f can be decomposed as a sum of (orthogonal) eigenvectors fo + f1 + --- + fx
corresponding to these eigenvalues, and note that fo = E(f)1 = a1, so

2e(F) = (f,Af) = (n;k) <Oéﬂ+f1+f2+"-+fk,
k k(k— 1)
A M T k=D

o Kk 1k —2) S U
(n—k)(n—k—l)(n—k—Q)f3+ +(—-1) (n;k)fk>

n—k of k n k(k—1)
2( 2 )(O‘ (k)_mo‘"(k>+(n—k)(n—k—1)'0

ot DO (I + 1l 11E))

> (") () -mlG) - =) o)
() 0 65)

Dividing by | F| = «(}), we obtain the result. O

Lemma 4.5 and Lemma 4.4 together will say if A(F) is smaller than constructions in Sec-
tion 2, then 7., is at least some constant. Now we shall use Corollary 3.10 to show that,
ONCE Ynay 18 at least some constant, then indeed it cannot be much less than A /(s + 1).
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Lemma 4.6. Ifn > 12sk and F C ( ) has size parameter \ € [s,s + 1], is not a union of
s stars, and minimizes the maximum degree subject to these conditions, then for any i € [n),

lf‘fYZ - ’f{z / k— 1) 2 CO) then

Y =N (s+1) —1/2(s + 1)p/co — (s* + 4s)p.

Proof. LetB=F(,, 3 = B|/(".1).C = ]—"{{f,andv— |C|/ ). By (1.2), we have

Ap — s°p* < B(1—p) +p < Ap,

SO
_ _ g2p2 _
(A—7p—sp <B<(A 7)p
lL—=p L=p
Suppose that ¢ < v = A/(s+ 1) — . We are in exactly the setting of Corollary 3.10 (bipartite
Kneser between ([";1]) and ([” 1])) SO

e(B,C) n—k p 5
3= G0 () (o)
>(n—k> ((A—wp—s?pz_ p 2<s+1)p>
- k 1—p 1—p Co
n—%k P 9 2($—|—1)p
:( L )H((A—v)—sp— C—o>
n—k—1 S\ 9 2(s+1)p
:< E—1 ><<3+1+8)_Sp_ o >

Comparing this with the upper bound (2.5), we may conclude that

<2(s+1)p.

e < (s*+4s)p+/2(s + 1)p/co. O

4.2. F is dense in s + 1 stars

The aim of this subsection is to show that if A(F) is small, then Lemma 4.6 can be used several
times to give s+1 ‘popular’ elements in the family /. Before proving the main result Lemma 4.9,
we need some straightforward bounds on binomial coefficients.

Lemma 4.7. Let k < m < n, then
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Proof. We have

(m)/(n) mm—1)---(m—k+1)
k k nm—1)---(n—k+1)

( k:+1>
n—k+1
k
1—
( n—k:—i—l)
5 M=m)
n—k+1’

as required.

]

Lemma 4.8 (Conversion between ([Z]) and (M;[S]) ). Suppose that s <k <n/2 and that F C ([Z]).

Writing
{1} ~ F n—s—1
P /() e bl (),

v+ sp >y =71 —2sp).
Proof. Since ‘}_{ )

= (1) 2775, s0

M(”z:l)/(””)

we have

S |7

~ k —
> (1 —2sp).
On the other hand,
{1} {1} {1,i}
“Fs+1] ‘]:{1} o ’]:{1 i}

[n—s—1 S n—1 n—2
()60 (60
s(k—1)\ [n—1
:<7_ n—1 )(k—l)
n—1
>(7—sp)<k_1),

s0 Yy > ~y — sp (this follows from the above if v — sp > 0, and is trivially true if v — sp < 0).

]
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Lemma 4.9. Ifn > 100s%*k and F C ([ ]) has size parameter \ € [s, s + 1], is not a union of s
stars, and minimizes the maximum degree subject to these conditions, then there are at least s+ 1
elements x € [n| such that

{z} n—1 A 2
‘]—“{x} (k_1> <s+1 —\J10(s + 1)p— (s —|—4S)p>.
Proof. Pick s arbitrary elements from [n], say 1,2, ..., s; we shall show there exists some other

element = € [n] \ [s] such that ‘]—" {x}‘ satisfies the above bound. (Note that no assumptions here

are made on the sizes of ]-"Hf , ]—"{{22}} Sy ]—"{{ﬁ .) This in turn implies that at least s + 1 elements
of [n] satisfy the inequality.

We consider the partition of F into 2° parts according to how each A € F intersects [s].
Each of these 2° parts corresponds to some }"[IS] (for I C [s]).

Formally, let B := }"[‘f],ﬁ = |B|/(",%),andfor I # @letC; := .7:[8],and51 =1Cel /(- III)
Equation (1.1) now gives

() (o) e )3 0)600)

I;éz

Using 6; < 1 for all / with |I| > 2, we have

() elia)zo ()06

where 6; = d;;3. Dividing by (}_;), we obtain

—s—k4+1 —s—k+1
ﬁ%%_;&}()\_s)%_kggs since A > s, (4.2)

and

In particular, we have

B> (1—9¢;) foreachi. 4.3)

n—s—k+1
By assumption, F is not a union of s stars, so 8 > 0. Note that B C (")) and Cy;y € (W\E]),
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so we are in the setting of Corollary 3.10 (except that n — 1 is replaced by n — s), so

e(B,Cpy) - n—s—k 5 k 6;i(1 — d;)
Bl  ~ kE—1 " n—s—k+1 6]

n—s—=k k
> R . B o -
/( k—1 )(5’ \/n—s—k+1) using (4.3) and §; < 1
n—s—k
2( k-1 )@_VQP)' (4.4)

(The last line uses p < 1/(4s), so thatn > 4sk > 2(s + k) and —£E— < 22 = 2p))
Applying Lemma 4.5 to B C ("];[8]) , we have

A (n_i_k) (5—71_—];_;{ (“ (ﬁ)))
= (”;fi’“)”‘s;%“ (ﬁ—%(“(ﬁ)))

ok (n—s—2% 41 n—s—2k+1
><nki1 >(n 5 B (“(2]9)2))

n—s—=k

>(n—s—k)(n—s—2k+15_g_4p2>’ @.5)

k-1 k

where ¢ = ||g1]3 / |lg]l5 for g = 155 : (["];[8]) — {0, 1}, and g; denotes the ‘linear component’
of g, i.e. the orthogonal projection of g onto ng) = Span{x +— z; —k/(n—s): i € [n]\ [s]}.

By (4.5)+ 7 ,(4.4) (the number of edges can be simply added together, because the Cy;3’s
correspond to disjoint subfamilies of F), we have

2 i1 (B, Cry) + 2¢(B)
IBI

A(F) >

n—s—

Zéi—s\/2_p+ 2k+1ﬁ o )
=1

s

2 n—s— <n—s—2k—|—1(n—s;k+1ﬁ+25i)—s\/2_p—g—4p2>

n—s—k+1
n—s—=k

—s—2k+1 —s—k+1
noe i <(A—s)u+s>—s\/ —(— 4p)
where we have used (4.2) for the last inequality. We will now to combine this lower bound (4.6)

n—s—k+1 n—s

(4.6)
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with the upper bound (2.5). By Lemma 4.7, we have
n—s—k < n—k—1 (1_(k—1)(s—1)>
k=1 )7\ k-1 n—2k+1

n—k—1
>< b1 )(1—2819)-

4.7)
Combining (4.6) and (2.5), and dividing through by (", " k= ), we obtain
SA
4
ST 1 +4sp
n—s—2k+1 ( k+1
> (1-2 A —
( Sp)(n—s—k:Jrl ( s)

s )
(1= 2sp) ((1 = 2p) (A= 8)(1 = 2p) + ) = 5/2p — C — 4°)
(1—(2s+4)p)(A—

)+ (1 — (25 +2)p)s — s/2p — ¢ — 4p°.
This inequality can be rewritten as

(1-57) 00+ (1

(1= Q2s+4)p)(A—s)+

=
>

)
4
s 1 s+ 4sp

as required.

(1 — (25 +2)p)s — s/2p — ¢ — 4p°,
SO
g>< ! (2 +4)>(/\ )+< ! (2 +2)) \/2p — 4p* — 4
> —(2s — S —(2s s—s — 4p” — 4sp.
s+1 b s+1 b P b P
When p < 1/(100s?), the above inequality implies that
1 1
>0+ ——= \/2p — 4p? — 4dsp > > -
20 sy 0 b mep 2( R
Now apply Lemma 4.4 to the famﬂy B C (["];[ ]). This lemma says there is some = € [n] \ [s]
such that ¢’ := ‘Bgi / (".2]") satisfies
1 n—s—1\° n—s—1
T =)
64 ¢ n—s—=~k * n 6.
Using 8 < 2sp, k/(n —s) < 2p, and p < 1/(100s?), we may conclude that the density
of Bg;}[ = ]—"[ETU}{I} in ([”]\(][C‘ﬂf{x})) is & > 1/10, so by Lemma 4.8 F has den-
sity 0 > ¢'(1 — 2sp) > 1/20. By Lemma 4.6, we have
{z} n—1 A _ (2
’]—"{x} > <k‘—1) <s+1 40(s+1)p — (s +4s)p>,

]
Remark 4.10. If n is sufficiently large, then it is not possible to have s + 2 such elements be-
cause A(s +2)/(s + 1) > X and by inclusion—exclusion F would be too large
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4.3. Calculating the maximum degree

Now we have a structural description that most of F can be covered by s + 1 stars. This allows
us to calculate the maximum degree.

Theorem 4.11. Ifn > 10000s%k, F C ([Z]) has size parameter \ € [s,s + 1], and F is not a
union of s stars, then

A(F) = (n;f;l) < A —11 (\/8Tp+83p>>.

s+ 1

Proof. Let F be a family that minimizes the maximum degree, subject to the conditions of the

theorem. We may assume that 1,2,...,s + 1 are the s 4 1 elements given by Lemma 4.9. So
fori=1,...,s+ 1, we have
n—1 A
> —4/40 p — (s + 4s)p.
( 1) = VA0 Dp— (57 + 4

[s+1]
where we defined Cy;, to be ]:[3}') Lemma 4.8 gives

n—s—l
S+1]’ > Y — Sp

So, when viewed as a subset of ("\[)), the density of Cy;) is

Now let B = F*") and Ciy = ]-"[ﬁl]. (Note that this contrasts with the proof of Lemma 4.9,

; - —s—k+1
% = ‘f[{iﬂ’/cz S) e S s (=2 —sp) > i — (s + 2p. (48)

n—s

Also, we have

n—s—1 k n—s
|B|>(%+1—sp)( e 1 >=(%+1—sp)n_s< i )

Z %, the density of B in (M;[S}) is

Using 25 > =25 >
k 1 k S k 1
—s 3 n—-s n—-k—s+1 4

B> (Vor1 — Sp)n (4.9)

(Technically, B C ( [s+1]) but the latter injects into (["]\[s]) by adding the element s + 1 back
into every set.) Now we apply (4.4) to B C ( \[SH]) ([”]]i[s]) (noting that B3 has density 3 in
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the latter set) and Cy;; C ([’;]E[f}) (noting that Cy;y has density J; in the latter set), obtaining:

A(F)
> 6B, Criy)
~ |B]
n—s—k\ < ‘ k 5i(1—6;)
>( k— );<5Z_n—s—k+1 5 )
S (s Tk S 5i K ing 6;(1 — 6;) < 1/4 and (4.9)
- kE—1 — oV n—s—k+1 using d;(1 — ;) < and (4
—s—k\ <
>(”kf1 )Z((%—(sH)p)—ﬁ_p) by (4.8)
i=1
2(712511)(1—2319)(&—3 40(s + 1)p — (s* +4s*)p — s(s +2)p —s\/_>
by (4.7)
n—k—1 SA
>< b1 ><8+1—s 40(s + 1)p — (s> + 9s?) —s\/_)

since the last factor on previous line is < s, and if # < s then (1 — 2sp)z < 2 — 2s%p
n—k—1 SA )
= — 11 (+/s3 [
( k—1 )<s+1 (Vs -+ )

Remark 4.12. 1f we want to see the “jump” behaviour as in Figure 1.1 (with a jump of ¢, say)
from Theorem 4.11, then we need

s?/(s+1)—11 <\/33p+53p) >s—1+e>s5—1.

(The left hand side corresponds to the lower bound from Theorem 4.11 when A > s, and
the right-hand side corresponds to the case where F is a union of s stars.) Hence, the er-

ror O («/s3p + 33p> should not exceed ¢/(s + 1) for some small constant ¢ < 1, s0 p < /s7°
(for some small absolute constant ¢’ > 0) is necessary.

Remark 4.13. Note that the O(sp) part of the error term in the statement of the previous theorem
resulted from our use of inclusion-exclusion, whereas the dominating O (\ / s3p) part of the error
term came from our use of the Expander Mixing Lemma.

We obtain the following.
Corollary 4.14. If n > 10000s°k, F C ([Z}) has size parameter \ = s, and F minimizes the

maximum degree over all induced subgraphs of K (n, k) of the same order, then F is a union of
s stars.
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Proof. A union of s stars has maximum degree:
n—k\ (n—k—-s+1
k k
s—1
n—k—s+1 s—1\[n—k—s+1
=(s—1 : 4.1
()R ()T e

If F is not a union of s stars, then Theorem 4.11 says it has maximum degree at least
n—k—1 S
—11
() G v )
n—k—1
-1
> < Eo 1 )(s )
—(s—2\(n—k—s+1
1 —1 k—1 ’
=1
which is at least as large as (4.10), since

(5—1)<‘§:f>><5;1> Vi> 1. O

5. Relation to the Erdds matching conjecture

3—1

(]

Recall that a matching is a family of pairwise disjoint sets. Recall the following well-known
problem, posed originally by Erdés.

Question 5.1 (ErdGs matching problem, [Erd65]). Consider all F C ([Z]) of size | F| = m.
What is the minimum value of w(K (n, k)[F])? That is, for each triple (n, k,m) € N, what is
the minimum possible size of the largest matching in F, over all m-element subsets of ([”})

For s € N, there are two natural constructions of large families F with w(K (n, k)[F]) < s.
One family A is a union of s stars:

A:D1UD2U---UDS:{A€ <[Z]> : Aﬂ[s]#@}.

Among any s + 1 sets in A, two must be from the same one of the s stars, so s + 1 sets in A
cannot be pairwise disjoint. This family has

) (7)
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Another construction is to take B = ([k(”kl)*”), i.e. the family of all k-element subsets

of [k(s + 1) — 1]; this has
Bl = <k(s —i—kl) — 1)7

and clearly it is not possible for (s+1) pairwise disjoint subsets of size & to fit inside [k(s+1)—1].
The celebrated Erdés Matching Conjecture says that, if n > k(s + 1), and F C ([z]) has
size |F| > max{|A|, |B|}, then

WK (n, B)[F]) = s+ 1.

This conjecture remains open, though several partial results are known. Erdds himself proved the
conjecture for all n sufficiently large, i.e. for n > ng(k, s). The bound on ny(k, s) was lowered
in several works: Bollobas, Daykin and Erdds [BDE76] showed that ny(k, s) < 2sk®; Huang,
Loh and Sudakov [HLS12] showed that ng(k, s) < 3sk?, and Frankl and Fiiredi (unpublished)
showed that ng(k, s) < cks®. A breakthrough was achieved by Frankl [Fral3] in 2013; Frankl
showed that ng(k,s) < (25 + 1)k — s + 1. This was then further sharpened by Frankl and
Kupavskii [FK22]; they proved the following.

Theorem 5.2 (Frankl-Kupavskii, Theorem 1 in [FK22]). There exists sq € N such that for
all s €e Nwith s > sg, alln € Nwithn > %sk — %s, and all F C ([Z]),

|F| > A = w(K(n,k)[F]) >s+1.

A good lower bound for the A > 2 case in the maximum degree problem implies the corre-
sponding instance of the Erd6s Matching Conjecture with s = 2. Similarly, the result for larger A
implies the Erds Matching Conjecture for a corresponding range of parameters, as we proceed
to outline in the following.

Corollary 5.3. If the triple (n,k,s) € N® satisfies n > 10000s°k, then the Erdds Matching
Conjecture holds for this triple — that is, for any F C ( [Z]) with size greater than the union of s
stars, F has a matching of size s + 1, i.e. K(n, k)[F| contains a clique of size s + 1.

Proof. Let (n, k, s) € N° be such that n > 100005k, and let F (")) such that | F| > (7) — (")
We need to show F has a matching of size s + 1. We already know that the maximum degree
of K(n,k)[F] is large, by Theorem 4.11. We shall pick out a vertex of maximum degree and
focus on its neighbourhood, and then repeat this process. If we can do this s times, and the
remaining neighbourhood (adjacent to all s chosen vertices) is still non-empty, then we have an
(s + 1)-clique in K (n, k)[F], and we are done.

Since F has size parameter A > s, Theorem 4.11 yields

avn = (") (- (Ve ),

s+1

where, as before, p = k/n.
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Let v; € F be a vertex of degree A(K(n,k)[F]). Then the neighbourhood I'(v;) is
a subfamily of ("), the latter isomorphic to (I",*). Moreover the subset I'(v;) has

size A(K (n, k)[F]), which is greater than (s — 1) (”i;l), since

52

s+1

—11 (Vs ) s s,
as is easy to check. Hence, ['(v;) has size greater than the union of s — 1 stars in ([”;k} :

It is clear that if (n,k, s) satisfies the condition n > 10000s°k, then (n — k., k,s — 1)
also satisfies the same condition, so we can apply the same argument to the
family 73 = I'(v;) C (["]]:”1) = ([";k]). Similarly, we can repeat this until we
obtain F, C (["]\(”Nfu'”u“s)) o ([”*Sk} , which has size at least

() G (E )0

so we are done. ]

This is of course far worse than the result in [FK22], which only requires n > 5sk /3 —2s/3;
we include it only to illustrate the connection between the two problems.
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