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ABSTRACT OF THE THESIS

Mitigation of Resistive Drift Wave and lon Temperature Gradient Instabilities by Velocity
Shear

by

Yevgeniy Yakusevich

Master of Science in Engineering Sciences (Engineering Physics)

University of California San Diego, 2023

Professor Sergei Krasheninnikov, Chair

The effects of velocity shear on the resistive drift wave instability in the non-adiabatic
limit and the toroidal ion temperature gradient instability are investigated for a plasma of
inhomogeneous density/ion temperature, respectively. For the resistive drift wave, we find that
the instability growth rate decreases monotonically with increasing magnitude of shear, but we
find that complete stabilization is impossible. For the ion temperature gradient instability, we
find that the standard WKB approximation is insufficient to describe the full behavior of the

instability, and that an analysis of the localized eigenmode problem reveals two separate



unstable solutions which the WKB approximation does not predict. The impact of flow shear
on these two new unstable solutions is discussed. In both resistive drift wave and ion
temperature gradient instabilities, the sheared flow causes a shifting, tilting, and sharpening of

the electrostatic potential eddies.

Xi



INTRODUCTION

It is widely accepted that the shear of plasma flow alters plasma instabilities and can result
in the improvement of plasma confinement in magnetic fusion devices (see Refs. [1] [2] [3] [4]
and the references therein). In this regard, a simple “quench rule” is often used for the assessment
of the impact of plasma flow shear [4] [5] [6], stating that the instability is “stabilized” when the
velocity shear |V;| exceeds the instability growth rate y. This rule goes back to the foundational
studies of the impact of fluid flow on instabilities in stratified fluids [7] [8] [9]. However, recent
results [10] undoubtedly demonstrate that, whereas the quench rule |V;| = y could be applied to
the Rayleigh-Taylor (RT) and interchange mode (IM) plasma instabilities, it fails to describe the
stabilization of the resistive drift wave (RDW) instability in the adiabatic limit even for [Vy| > y.
The reason for such a difference is the virtually irreversible charge separation which drives the 1M,
contrasted with the almost fully reversible charge separation driving the RDW instability in the
adiabatic limit [10]. Thus, the quench rule is insufficient to describe the shear-response of every
plasma instability, and it is important to have a thorough understanding of the impact of plasma
velocity shear on other instabilities playing important roles in anomalous plasma transport.
Therefore, in this work, we consider the impact of constant plasma velocity shear on the RDW
instability in non-adiabatic limit [4] in Chapter 1, then on the toroidal ion temperature gradient
(ITG) instability [11] in Chapter 2; we then summarize and discuss the results of our studies in the
conclusion.

For both RDW and ITG modes we will use the slab approximation with “x” and “y” to be
analogous to radial and poloidal coordinates, respectively. We will analyze the impact of velocity
shear on the “standing” RDW and ITG modes and consider some particular density profile n(x)

for the RDW and ion temperature profile T;(x) for the ITG:



n(x) = n — Antanh(x/W) /2, 1)

T;(x) = T; — AT atan(x/W) /m, 2)

where W is the characteristic width of the profile variation. In what follows we assume
An K n and AT < T;. These profiles allow analytic solutions for their corresponding
eigenfunction/eigenvalue equations for the case of no velocity shear. For simplicity, we consider
all other parameters involved (e.g., electron temperature, T,, for the RDW and ITG modes and
electron density, n,, for the ITG mode) to be constant. In addition, we adopt the Boussinesq
approximation. To avoid the possible impact of the Kelvin-Helmholtz instability, we consider a
constant shear of the y-component of plasma velocity: V; = dV,/dx = const. Since our setup of
the linear stability problem is homogeneous in the y-direction and in time, we use the Fourier
decomposition in the y-coordinate and in time, thereby introducing the wave number k,, and the
frequency w.
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Chapter 1 — Resistive Drift Wave Instability in the Non-Adiabatic Limit
For the RDW instability we adopt the cold ion limit and constant electron temperature
approximation, introduce dimensionless variables and renormalizations ¢ = x/W, k = Wk,,
ep/T, > ¢, wL,/cs > w, VyL,/cs = Vy and use the quasi-neutrality condition and the relation
between electron density and electrostatic potential perturbations from [12] in the limit of non-

adiabatic electrons vy < w,; here, w, = kycsps/Ly, is the drift wave base frequency,
vy = v2.kZ2 /v, is the characteristic rate for an electron to diffuse a parallel wavelength ~k; 1, vy,

is the electron thermal velocity, v,; is the electron-ion collision frequency, L, = 2Wn/An is the

plasma density gradient scale length, ¢, = /T, /M is the plasma sound speed, ps = ¢s/Qp; is the
effective cold ion gyroradius, M is the ion mass, and Qp; is the ion gyrofrequency. With these, we

arrive at the following eigenfunction/eigenvalue equation (see also Eq. (V11.34) from Ref. [13]):

d2¢ 2 , Qpivy Wk 1
Lo _ 2 + i 2mlx
dé&? ¢

@2 L, cosh?(¢) ¢ =0 ®)
where @ = w — kVyé.

Comparing Eqg. (3) with the similar equation (2) from Ref. [10] for the Rayleigh-Taylor
(RT) instability, we find that, with a proper re-normalization, they are identical; thus, we can use
the analytic results from Ref. [10]. For the case of no velocity shear, we use the similarity of Eq.
(3) with the Schrodinger equation [14], which is characterized by the quantum integer number m;
the most unstable solution corresponds to m =0, which vyields the following

eigenfunction/eigenvalue pair:

i An |k|

$o(&) = cosh™II (&), w§ = =— == Qpvy, (4)

2 1 k2+|k|



To investigate the effect of shear, we follow Ref. [10] and employ the method of successive

approximation to the solution of Eq. (3) by expanding both ® and ¢ in powers of Vj:

w=Y; a)jVO’j P =3 quVO’j, and using the integral relation following from Eq. (3):

12, (- 2] - il + g1 ag = [, (1 - 2) 2L g ae ©)

We note that the left-hand-side of Eq. 5 must be real, while the right-hand-side contains both
imaginary-valued w2 and complex-valued w, therefore the only way for the integral relation to be
satisfied is Im(w) # 0, which indicates that the instability can never be fully stabilized by shear.
Based on the results from Ref. [10] on an impact of velocity shear on the RT instability, this
approach works rather well for small magnitude of V. Following Ref. [10], we perform the
successive approximation to second order of V7, as the first order does not yield any correction to

the instability growth rate, to obtain the following expansion coefficients:

_ (Vox) 2 (k) | 3 L(xl)
@ =0, W2 = [2( 1D e+ 200l (6)

where the integrals are

1 &
10(|K|) f—oo—cosh2|’<|+2(f) dé, L(k]) = f_oo cosh2lk+2(g) dg,

Ik = [7, et [ cosh?M(£ g [ —E0E
and wy, is the complex-conjugate of w,. Since all integrals involved in Eq. (6) are positive [10],
the imaginary part of w, is guaranteed to be negative, and so this analytical model shows a
general downward trend in the instability growth rate with increasing |V,| and provides the
following asymptotic expressions:

L w2 (VgK)*

. (%K) _
Wz jxj~0 = Wo 5 PRER (7

0 2]wo|2’

w2||x|—>oo -




Since the method of successive approximation is only valid for small shear, a direct
numerical solution is necessary to deduce if this trend persists. Thus, in addition to the method of
successive approximation, we also solved for the growth rate I' = Im(w) /Im(w,) numerically
using MATLAB: we discretized Eq. (2) using 4" order central difference [15], converted it into a
quadratic eigenvalue problem, then solved using a Krylov-Schur decomposition algorithm to find
the most unstable eigenmodes. We find that, for the RDW, the growth rate of the instability
decreases monotonically with increasing shear, and that the analytical approximation is mostly
accurate but slightly underestimates the growth rate at large shear and |x| < 1 (Figure 1.1). We
also find that increasing shear causes shifting, tilting, and sharpening of the eddies of the
electrostatic potential ¢ (Figure 1.2).

For perspective, we estimate a value of the normalized shear V; from 0.2 to 2 for most
tokamaks [16] [17], as well as k~0.05 and Im(w,)~100. This level of shear is three to four orders

of magnitude too little to have a meaningful impact on the RDW instability.

0 0.5 1 1.5 2
|5V o/Im(w, )|

Figure 1.1: Plot of the RDW instability growth rate at two values of « (solid lines) and analytical
predictions thereof (dashed lines), showing monotonic stabilization with |V|.
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Figure 1.2: Contours of the RDW electrostatic potential eigenfunction ¢ (¢) for k = 1 comparing
the cases of kV,/Im(wy) = 0 (left) and 1.5 (right), showing a shifting, tilting, and sharpening of
the potential.



Chapter 2 — Toroidal lon Temperature Gradient Instability

For the ITG instability, we start from the electrostatic ion gyrokinetic equations 2.9 and
2.10 in Ref. [18], assume constant electron temperature and density, then neglect nonlinear
cross-terms in Poisson brackets, any collision terms, and the first term in the expansion of the
gyroaveraging operator assuming that p;k, < m ~ 0(1), where p; = vy;/Qp; is the ion
gyroradius. We introduce dimensionless variables and renormalizations § = x/W, k = Wk,
ep/T, > ¢, wLg/2¢cs » w, VyLg/2¢cs = Vg, where 1/Lg = —dIn B /dx is the magnetic field
gradient scale length. This leads to the following eigenfunction/eigenvalue equation, as well as

dimensionless parameters o (which represents the ion temperature gradient), and W, = W /pq:

¢ _yp2l@ri 1 K

6{2 VVP [a’(f) + ) + Wg] ¢ - O’ (8)
_ E LB 1 — [24))

a(§) = T, 2nW 1+82 — 1+§2"’ ©)

Here, & = Q — W, V¢ and Q = W,w/k. We estimate a, to be on the order of 10 to 100 for
most tokamaks and will only consider the limit of large «,.

Applying the WKB approximation (see ref. [18]) reduces the second derivative term in Eq.
(8) to —k2¢ and allows us to take a (&) ~ a, as locally constant. Thus, for the case of zero shear,

Eq. (8) reduces to:

2wg W2 +ao(kz+K2)

2 2 2 24,2 2 2
E+l+&+x_:0, Q:w _1i\/1—4a0(L> ] (10)

This WKB solution for o indicates that, in the limit of large «, there exists a critical
wavenumber xZ = 2W,?/,/a, such that 0 < kZ + k2 < k2 leads to unstable solutions. On the

other hand, for the case of k2 > k2, we instead obtain two stable solutions:



Q =~ —ay/(1+ ag(ki + k2 /W2), (11)

Q= —1—ay(K; + k) /WS, (12)

The WKB approximation works under the condition that the ion temperature gradient
does not change too quickly over the span of a wavelength W /k,, such that a(§) can be
considered locally constant. This is encapsulated in the condition that x, > 1; if this is not true,
then the result given by the WKB approximation is inaccurate.

A more accurate solution eschews the WKB approximation and solves the governing
equation (8) directly. For the case of zero shear, we note the similarity between Eq. (8) and Weber’s

equation [19], which has solutions in the form of the parabolic cylinder functions [20]:

P(E) = 272 exp(~£2/48%) H (£/¥2B), (13)
R (14)

where H,,(£) is the Hermite polynomial, § = +/a,/(Q + 1)/2W, such that Re(f) > 0, and
m = 0,1,2, ... is the eigenmode number.

The term on the right-hand side of Eq. 14 resembles the x2 term in Eq. 10, but due to it
containing €, it is capable of taking on complex values and varying with k, thus altering the
stability properties of the system. The previously stable solution Eq. 11 becomes the “local
solution” and is now unstable for k, < Kk < W, as seen in Figure 2.1. Likewise, EqQ. 12 becomes
the “global solution” and is now unstable everywhere, as seen in Figure 2.2. We find that the
destabilization of the local solution makes little qualitative difference compared to WKB, whereas
the destabilization of the global solution is significantly different from WKB and warrants closer

examination. To illustrate the behavior of the global solution, we perform a three-term dominant



balance on Eq. 14 to eliminate the 1/Q term; this is possible when k = k,, and yields the following
solution:

O = ao(—K? + 2k2 £ 2iKm K2 — KZ)/WE =1, Kpy=m+1/2, (15)
Here, it is important to note that the higher eigenmodes of the global solution are initially stable,
but each destabilize at a critical point k., that is analogous to «, from WKB, and each mode grows
Im(w) & K, k2 until it is more unstable than all lower eigenmodes below it. Eq. 15 predicts that,
for large k > k., the overall instability growth rate out of all eigenmodes scales with

Im(w)~aoi /W, (Figure 2.2).

—m=0
127 —m =1
——m=2
m=3
g m=4
Ky
0.8
—~
0.6
0.4r
0.2r
0 =+

Figure 2.1: Analytic predictions (a, = 10, W, = 10) of the no-shear instability growth rate for the

first few modes of the local solution, as well as k.. Note the peak instability at k4, = 5.3, [nax =
1.18, the complete stabilization of the instability at x = WW,, and the higher eigenmodes overtaking

the lower ones at k., < k < W,.
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Figure 2.2: Analytic predictions (a, = 10, W, = 10) of the no-shear instability growth rate for the

first few modes of the global solution. Note the higher eigenmodes growing more unstable than
the lower ones and overtaking them constantly. The dashed line represents a prediction of the
largest I' out of all modes.

Having obtained the analytical solutions for the case of no shear, we then solved for the
shear response of the growth rate I' = Im(w) numerically using MATLAB. We discretized Eq.
(8) using 4" order central difference [15], converted it into a quadratic eigenvalue problem, then
solved using a Krylov-Schur decomposition algorithm to find the most unstable eigenmodes. We
then investigated the shear response of both the local and global solutions over a range of
parameters a, and W, both from 1 to 100.

For the local solution, we find that each combination of parameters a, & W, yields a
curve of growth rates I'(x, V) with a maximal value T},,,, at a wavenumber k., < k., and Vg =
0, such as Fig. 3a. We only consider the shear response of the local ITG at k = k4, and find
that increasing |V;| causes the growth rate of all eigenmodes to decrease monotonically (Figure

2.3), until the 0™ and most unstable eigenmode is quenched at a critical value Vauench:

10
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Figure 2.3: Plot of the ITG local solution’s first 6 eigenmodes (a, = 10, W, = 10,k = 5.3) over
|V, |, showing monotonic shear-induced stabilization of all eigenmodes.
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Figure 2.4: Contours of the electrostatic potential of the ITG local solution’s 0" eigenfunction
$o(&) (g = 10,W, = 10,k = 5.3) comparing the cases of V5 = 0 (left), 0.1 (center), and 0.4

(right).
For the global solution, Eq. 15 indicates that the instability growth rate grows

monotonically o k3, and thus k,,,, does not exist (Figure 2.2), which necessitates that we
additionally scan over k from 0 to 2W,. We find that increasing |V;| initially destabilizes the
global solution, leading to the 0" eigenmode overtaking all of the others and becoming the most
unstable (Figure 2.5). However, the effect of shear is not monotonically destabilizing, and we

find that each combination of parameters a,, W,, & k yields a curve of growth rates I'(Vy) with a

11



maximal value [},,,, at a shear V.., after which any further shearing decreases the growth rate
until it is quenched at a critical value Vg,,., (Figure 2.7). In both cases, we find that shear
causes shifting, tilting, and sharpening of the eigenfunction as well as an increase in the

“effective” eigenmode number (Figure 2.4 & Figure 2.6).

0.5 !
0.4 Fexs /
: ~\~
\Q
—— — \5
—~03r e —— ~ s
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0 L L L L
0 0.2 0.4 0.6 0.8 1

v

Figure 2.5: Plot of the ITG global solution’s first 6 eigenmodes (a, = 10, Ry, = 10,k = 1) over
[Vs1, showing the 0" eigenmode overtaking the others as the most unstable.
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Figure 2.6: Contours of the electrostatic potential of the ITG global solution’s 0™ eigenfunction
$o(&) (ap = 10,W, = 10,k = 1) comparing the cases of V; = 0,0.5,1,5, 10, 50 (top left to
bottom right).
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Figure 2.7: Results for shear stabilization of the ITG global solution (ay = 10, W, = 10) with 10

values of k. Dots indicate instability growth rate maxima at (V4. [max), While stars indicate
shear-induced quenching of the instability at Vg, encp-

We compare our results to the nonlinear simulation results obtained in Ref. [18], which
concludes suppression and stabilization of the ITG instability at levels of shear consistent with

the quench rule Vg, encn = 2lnax for ag from 0.16 to 7.29 and arbitrary W,. For the local
solution, we find that the quench rule is better described as a parabola W, Vy,ench = 2.50T 54, +

1.45T,,,4, (Figure 2.8), whereas for the global solution, we find results consistent with the

quench rule Vg, encn = 1.36 Tngy (Figure 2.9). We also find the following relationships in the

global solution: Vy,encn = 2.32 Vg, (Figure 2.10) and Vgy,enen = 0.5 ok /W, (Figure 2.11).

14
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Figure 2.8: Plot of shear W,V nch VS. Tmax for the ITG local solution, with quadratic fit (dashed
line) compared to the results from Fig. 12 of Ref. [18] (solid line) assuming W, = 10

Figure 2.9: Plot of Vyyencn VS. Tmax for the ITG global solution, with linear fit (dashed line)
compared to the results from Fig. 12 of Ref. [18] (solid line)
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Figure 2.10: Plot of Vg, ench VS. Vinax for the ITG global solution, with linear fit.
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Figure 2.11: Plot of Vg, encp vs. k for the ITG global solution, with quartic fit.

For perspective, we estimate a value of the normalized shear V; from 1 to 10 for most
tokamaks [16] [17], as well as W,~100 and a, from 10 to 100. This level of shear is enough to

suppress all local ITG instabilities, but two to three orders of magnitude too little to suppress any

of the global ITG instabilities, thus rendering the toroidal ITG instability practically unquenchable.
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CONCLUSION

In conclusion, we investigated the effect of a constant velocity flow shear on both the
non-adiabatic RDW and toroidal ITG instabilities using both analytical and numerical methods.

For the RDW, we obtain an analytical model that predicts the behavior of the instability
for small shear but also concludes that the instability cannot be completely quenched. With the
aid of numerical modeling, we find that the analytical model is mostly accurate for larger shear
but somewhat underestimates y for small |x| < 1. We also find that the shear necessary to
attenuate all non-adiabatic RDW instabilities, Vy > 2Im(w,)/k, does not abide by the quench
rule.

For the ITG, we found that the standard WKB approximation is insufficient as an analytical
model, and that direct solution of the governing differential equation shows more instability than
the WKB approximation predicts. Of the two solutions predicted by our Weber analytical model,
the global solution is consistently more unstable than the local solution and is initially destabilized
by shear before peaking at V4, and stabilizing at a higher shear Vy,,0,,cn = 1.36 [y
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