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ABSTRACT OF THE DISSERTATION

Block patterns in permutations and words and generalized clusters

by

Ran Pan

Doctor of Philosophy in Mathematics

University of California, San Diego, 2016

Professor Jeffrey Remmel, Chair

Goulden and Jackson introduced a very powerful method to study the distri-
butions of certain consecutive patterns in permutations, words, and other combi-
natorial objects which is now called the cluster method. There are a number of
natural classes of combinatorial objects which start with either permutations or
words and add additional restrictions. These include up-down permutations, gen-
eralized Euler permutations, words without consecutive repeats, colored permu-
tations without consecutive repeated colors, Carlitz integer compositions, Young
tableaux, non-backtracking random walks, ordered set partitions, cycle structures
in permutations and so on. We develop an extension of the cluster method which
we call the generalized cluster method to study the distribution of certain con-

secutive patterns in such restricted combinatorial objects. The generalized cluster

xii



method enables us to express the generating function for distribution of a pattern
in such restricted combinatorial objects in terms of so-called generalized cluster
polynomials. Compared to the original problem, computing generalized cluster
polynomials is usually more tractable. We also generalize a multi-variate version
of both cluster method and generalized cluster method which is used to study joint
distribution of multiple patterns. We use combinatorial objects mentioned above

as concrete examples to illustrate our methods.
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Chapter 1
Introduction

In enumerative combinatorics, the study of pattern enumeration has mainly
focused on the following question.

Given some pattern and a class of objects, how many objects in
this class have exactly k many matches of such pattern?

The study of patterns in permutations and words is now a very active area of
combinatorics. There are two types of patterns that have been extensively studied.
For example, for classical patterns, one looks for subsequences in a permutation
0 = 01 ...0, which are order isomorphic to a given permutation 7 = 7, ...7;. For
consecutive pattern matchings, one looks for a consecutive sequence in ¢ which is
order isomorphic to a given permutation 7. Research on patterns in permutations
and words started over a century ago. See for example, MacMahon’s work in [39].
More recently, researchers have defined a number extensions of pattern matching
conditions. For example, in a generalized pattern introduced in [61], one can
force only some elements of a pattern to occur consecutively. For example, an
occurrence of a 1-23 pattern in o would mean that we are looking for a subsequence
1 <a<b<n-—1suchthat 0, < 0, < gp11. Thus the dash between 1 and 2
means that we allow the “1” of the subsequence to occur anywhere before the
“27 and “3” of the subsequence but the lack of dash between 2 and 3 means that
the “2” and the “3” of the subsequence must occur consecutively. There are now
a number of extensions of pattern matching conditions included barred patterns,

mesh patterns, and marked mesh patterns. See Kitaev’s book [33].



In the last twenty years, there have been numerous articles on finding gener-
ating functions for the number of consecutive occurrences of a given pattern in
various sets of combinatorial objects such as permutations, words, colored permu-
tations, set partitions, ordered set partitions, lattice paths, and various types of
arrays. Goulden and Jackson [24] developed the so-called cluster method which
has been used by many authors to find such generating functions. Remmel and
his students have shown that many such generating functions arise by applying a
ring homomorphism on the ring of symmetric functions over infinitely many vari-
able x1, x, ... to simple symmetric function identities. This method is now called
the homomorphism method and is explained in the recent book by Mendes and
Remmel [44].

The main focus of this thesis is how one can extend the cluster method to
find generating functions for patterns in such objects where there are additional
restrictions on the objects. For example, in permutations, one can ask to find gen-
erating functions for the number of consecutive patterns in up-down permutations.
In words, one can ask to find generating functions for the number of consecutive
patterns in words that have no consecutive repeated letters, no consecutive re-
peated letters which are even, or no consecutive repeated letters which are odd.
In rectangular arrays, one can ask to find generating functions for the number of
consecutive patterns in standard tableaux, column strict tableaux, or row-strict
tableaux.

In this thesis, we develop a new method called the generalized cluster method
to handle such questions. Our work was inspired by the work of Remmel [55] who
defined generalized maximum packings as a way to find generating functions for the
number of consecutive patterns in up-down permutations. Generalized maximum
packings are a special case of what we call generalized clusters and we show that
our desired generating functions can be expressed in terms of certain polynomials

associated with generalized cluster.



1.1 Pattern avoidance and matching

In this section, we shall briefly review various concepts and definitions from the
theory of pattern matching. We let S,, to denote the symmetric group. That is,
S, is the set of bijections o : {1,...,n} — {1,...,n} under composition. We shall
use the one-line notation for permutations. That is, we shall write 0 = o7 ...0, if

o(i)=o0;fori=1,...,n.

1.1.1 Classical permutation patterns

Given any sequence 7 = 7y ... T, of positive integers which are pairwise distinct,
the reduction of 7 is a permutation that results from replacing the ¢-th smallest
number in 7 by i. We denote the reduction of 7 by red(7). For example, assume
T=265and 7 =349, thenred(r) =13 2 and red(r) = 1 2 3. If two sequences

have the same reduction, we say they are order-isomorphic.

Definition 1.1. Given a permutation 7 = Tim2---7; € §; and a permutation

o=0100--0, €S,, we say
1. 7 occurs in o if there exist indices 1 < iy <ig < --- < i; < n such that

red(0s, 04, - -+ 03,) =T,

2. o avoids T if there is no occurrence of T in o.

This type of pattern matching condition is often called classical pattern match-
ing. Note that the indices are not required to be contiguous. For example, assume
there are patterns 7 = 1 3 2 and pattern 7 = 3 2 1, and the permutation is
0 =134 2. Then o has two occurrences of 7 because red(1 3 2) =red(1 4 2) =7,
but ¢ avoids 7.

Clearly, a classical permutation pattern could be regarded as reduction of sub-
sequence in a permutation. Classical pattern avoidance and matching in permu-
tations have been studied for over a century. Some instances and work about
this topic haven already be recorded in MacMahon’s classical book Combinatory

Analysis [39] in 1915. After 1965, Knuth’s work [35] on sorting permutations using



various data structures inspired more and more researchers to focus their attention
to patterns in permutations. He showed that, for any 7 € &3, the number of per-
mutations in S, avoid classical pattern 7 is always given by n-th Catalan number,
that is, %ﬂ(?) Simon and Schmidt [57] were the first to systematically study
the problem of enumerating the number of permutations in S,, which avoid certain
patterns. Kitaev’s book [33] provides a good modern reference to the theory of
patterns in permutations and words.

Two permutations 7 and 7 in S; are said to be Wilf-equivalent if for any n, the
number of permutations in §,, avoiding 7 is equal to the number of permutations
in S, avoiding w. They are said to be strongly Wilf-equivalent if for any n
and k, the number of permutations in S, having exactly k& occurrences of 7 is
equal to the number of permutations in S, having exactly k occurrences of .
Clearly, strong Wilf-equivalence implies Wilf-equivalence. It is not true that Wilf-
equivalence implies strong Wilf equivalence. That is, the patterns 123 and 132 are
Wilf-equivalent, but in, the permutation o = 1234 has 4 occurrences of the pattern

123, but there is no permutation in &, which as 4 occurrences of 132.

One can easily extend our definitions to consider sets of permutations I'.

Definition 1.2. Given a set of permutation I and a permutation o = o109 -+ -0, €

S, we say

1. T' occurs in o if there exist indices 1 < iy < iy < --- < 1; < n such that

red(0i,04, - 0y,) €T,

2. 0 avoids I if there is no occurrence of I' in o.

1.1.2 Consecutive patterns in permutations and words

Generalized permutation patterns were introduced in [61]. In a generalized
permutation pattern o, some elements are required to be consecutive and some are
not. A dash is used to connect two elements that are not required to be consecutive.
For example although o = 1 3 4 2 contains classical pattern 1 3 2 and generalized

pattern 1 3-2 but does not contain generalized pattern 1-3 2.



Consecutive patterns are a special class of generalized patterns. In contrast
to classical patterns, all elements are required to be consecutive. A consecutive

occurrence of a permutation 7 in a permutation o is called a 7-match of o.

Definition 1.3. Given a permutation 7 = mimo---7; € S§; and a permutation

o=0109---0, €S8, we say

1. there is a T-match starting at position © in o, if there exists an integer 1
such that

T@d(O'Z'O'H_l s Oi+j—1> =T,
2. 0 consecutively avoids 7 if o does not have a T-match.

We let T-mch(o) denote the number of T-matches in o.

For example, if T =123 and 0 =26 71 34 5, then there is 7-matches starting
at positions 1, 4 and 5 and therefore, 7-mch(c) = 3. Naturally the definition above

can be extended to a set of patterns.

Definition 1.4. Given a set of permutations I' and a permutation o = o109 -0, €

S, we say

1. there is a I'-match at starting at position i in o, if there exists an integer i
such that
red(aiaiﬂ s O'l'Jrj,l) € F,
2. 0 consecutive avoids I' if o does not have a I"-match.
For a set of permutations I', we let
[-mch(o) = Z 7-mch(o)
Tell

denote the number of I'-matches in o.

To study pattern enumeration in permutations, we usually study the following
exponential generating function A, s(x,t) for a given pattern 7 and try to find an
expression or explicit formula for A, s(z,1t).

tn
Arsla ) =143 — ) o™, (1.1)

n>1 " oeS,



Although systematic study on consecutive permutation patterns was not started
until 2003 [19], some basic statistics over permutations have been studied for a long

time. Suppose 0 € S,,,

Des(0) ={i:0; > 0i41} des(o) = |Des(0)],
Ris(o) ={i:0; < o0;11} and ris(o) = |Ris(o)].

Apparently, for o € S,,, des(o) = 21-mch(o) and ris(o) = 12-mch(o). Euler

first gave the explicit generating function for number of descents in permutations,

es(o 1
1+Z Zxd ) :x_e(x A

n>1 : oES,

Let ¢,7,k, and n be non-negative integers satisfying k& > 2, 7,7 > 0. Let

Cfﬁkknﬂ denote the set of permutations o = 0y ... 0i1knt; i Sivpnt; with Des(o) C
Ik

{i,i4+k,... i+nk}and CPHF = |C/7F | Thus permutations in Cz+kn+j

i+kn+j = IMi+kn+j start

with an increasing block of size ¢ followed by n increasing blocks of size k& and

ending with an increasing block of size j. Given o € CZikknﬂ we let Ris; x(0) =

{i + sk : 0451 < Oipspr1} and ris; (o) = |Ris; x(0)].

We let Sfjfk’jlﬂ denote the set of permutations ¢ € S;iknt; with Des(o) =

- - ’J? i?j7k
{i,i+k,...,i+nk} and EZHWH & ins |- For any o € Siypnyj, let

Risig(0) ={s:0<s<nand 0,15 < Oirskt1}
and ris; (o) = |Ris;,(0)|. Then E;Jf’,mﬂ is the number of o € C:;f,fnﬂ such that

Ris; k(o) = @. Thus permutations o in Efﬁk]; +; have the same block structure as

permutations in C bk but we require the additional restriction that for any two

itkn+j
consecutive blocks B and ', the last element of block B must be larger than the
first element of block C'.

In the special case where £k = 2, + = 0, and 7 = 2, ES;LQfQ is the number of
permutations in Sy, o with descent set {2,4,...,2n}. These permutations with
alternating descents and ascents are classical up-down permutations (or alternating
permutations). André [2, 3] proved that

3 B2
n—+ 2n+2 __
1+ 2n mn 2 t = sect.



Similarly, Eg;}fl counts the number of odd up-down permutations and André

proved that

Eghlfl 2n+1
E 2t gl — tant.
|

e (2n +1)!

These numbers are also called the Euler numbers. When £ > 2, Eg,ffj are called

generalized Euler numbers. Mendes and Remmel [44] showed that

0,0,3 0,1,3 0,2,3 9 to. (@)
Z Esn By Es g+l | Es, B2 | 3+2v3ezsin (% ‘
=\ (3n)! (3n)! (3n +2)! 1 20% cos ( @>

One can all study generating functions for the number of consecutive occurrence
of a pattern in words. Let P = {1,2,3,...} denote the set of positive integers and
for any k € P, let [k] = {1,2,...,k}. A word of length n over alphabet [k] is
a sequence consisting of letters from the set {1,2,3,--- ,k}. The set of all such
words of length n is denoted by [k]". The set of all words over alphabet [k] is
denoted by [k]*, that is, [k]" = [J,50[k]".One can also define a natural notion of
reduction for words. That is, given a word w; ... u; in [k]* for some k € P, we let
red(u) denote the word which results by replacing the i-th smallest letter in u by
i. For example, if u = 543364, then red(u) equals 321142. There are two types of
consecutive patterns in words, one uses exact matches and the other uses reduced

matches.

Definition 1.5. Given a word u = ujus - - - u; € P’ and a word w = wyws - - - W, €

P™, we say

1. there is an exact u-match starting at position i in w if there exists an
integer v such that

WiWiq1 * - Wigj—1 = U,
2. w exactly consecutively avoids u if w does not have an exact u-match.
The number of exact u-matches in w is denoted by u-Emch(w).

For example, suppose we have word w = 431325231 € [5]° and the pattern
u =3 1, then u-Emch(w) = 2.



Definition 1.6. Given a word u = uy...u; such that red(u) = u and a word

w = wiwsy - - - w, € P"*, we say
1. there is a u-match starting at position i if there exists an integer i such that

red(wiwiﬂ tee wi+j_1) =u,

2. w consecutively avoids u if w does not have an exact T-match.
We let u-mch(w) denote the number of u-matches in w.
Given w = wy ... w, € P*, we let

( {i:w; > w1}, des(w) = |Des(w)|,
Lev(w) = {i : w; = wit1}, lev(w) = |Lev(w)|,
Ris(w) = {i : w; <w;11} and  ris(w) = |Ris(w)|.

1.1.3 Consecutive patterns in arrays

For our purposes, we shall picture a ¢ in ij,fn +j as an array F (o) starting with
a column of size i, followed by n columns of size k, and ending with a column of size
7 filled with the permutation o so that one recovers o by reading the elements in
each column from bottom to top and reading the columns from left to right. This
means that in each column, the numbers are increasing when read from bottom to

top. For example, the array associated with the permutation
c=256891710411123

213 . o i j,k : :
in C3 * is pictured in Figure 1.1. Elements of £} ; can be viewed as restricted

arrays where the top element of each column has to be bigger than the bottom
element in the column immediately to its right.

More generally, let D;i,fn ,; denote the diagram which consists of a column of
height i, followed by n columns of height &k, and ending with a column of height j.
We let (s,t) denote the cell which is in the s-th column reading from left to right,
and the t-th row reading from bottom to top. For example, for the filling of D%;,g

is pictured in Figure 1.1, the number 7 is in cell (3,2).



91012
518|711
21611413

Figure 1.1: The array for an element of 33",

Given an alphabet A C P, F*J .k denote the set of all fillings of D"’ k with

it+kn+j,A i+hkn+j
elements from A. We let WZ,/} A (ST 4;.4) be the set of all fillings of F of

D;ﬁ:n +; with elements of A such that the elements are weakly increasing (strictly

increasing) reading from bottom to top. The word w(F') of any filling F' € F;jk]; A

is the word obtained by reading the columns from bottom to top and the columns
from left to right. For example, the words of the element F; € WI}’;’[; and the
element Fy € ST'22 are pictured in Figure 1.2. We let Pk denote the set of

12,[5] i+kn+j
all fillings of DZ;Z,fn +; with the elements of 1,...,i+ kn+ j such that the elements
are increasing reading from bottom to top in each column. Thus for any F' € Pk,
w(F) € Clb ..
41513
F, 414113 wF)=2 14434511323
21113112
4]5]3]
F, 3423 w(F,)=2 13434512323
21113112

Figure 1.2: The words of elements of WZ1;* and ST;37°.

In this paper, we will be mostly interested in patterns that occur between

columns of height k for elements of WZ"? ok STk WIHk STk

i+kn+j,P? i+kn+j,P? i+kn+j,[s]’ i+kn+j,[s]’
Z'7j7k .
and P;7},,. ;- These types of patterns were first studied by Harmse and Remmel
0,0,k

27] for elements in P ;"
If F'is any filling of a k x n-rectangle with positive integers, then we let red(F’)
denote the filling which results from F' by replacing the ¢-th smallest element of
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F by i. For example, Figure 1.3 demonstrates a filling, F', with its corresponding
reduced filling, red(F).

519 314
215 — |1]3
2|3 12

Figure 1.3: An example of an F € WZg"* and red(F).

IfFeFl, and2<c¢ <--- <c¢ <n+1, then we let Fley, ..., ¢ be

i+kn+j,
the filling of the k x s rectangle where the elements in column a of Flcy, ..., ¢4
equal the elements in column ¢, in F' for a = 1,2,...,s. We can then extend the
ik

usual pattern matching definitions from permutations to elements of F;7;; | ip as

follows.

Definition 1.7. Let P be an element of flg;oﬁk and F € if}gl;+jp where r < n.

Then we say

1. P occurs in F if there are 2 < i1 < 19 < --- < i, < n+ 1 such that
red(F[iy,...,i,]) = P,

2. F avoids P if there is no occurrence of P in F,

3. there is a P-match in F starting at position ¢ if red(F[i,i + 1,...,i +
r—1]) = P, and

4. F consecutively avoids P if I’ does not have P-matches.

Clearly, consecutive patterns for an array F' can be regarded as block patterns
for w(F'). We note that P-matches are often referred to as consecutive pattern
matches of P. When i = j = 0 and k& = 1, then P%%! = S, where S, is the
symmetric group, and our definitions reduce to the standard definitions that have
appeared in the pattern matching literature. We note that Kitaev, Mansour, and
Vella [34] have studied pattern matching in matrices which is a more general setting

than the one we are considering for ¢ = 57 = 0 in this paper.
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1.1.4 c-Wilf equivalence

c-Wilf equivalence is consecutive version of Wilf equivalence. We take column-

strict array patterns as an example. Given a pattern P € P,S}O’k, we define gener-

ating functions as follows,
tkn

AP,'P(x) S Z (kn)' Z xP-mch(F)'
n>1

Fep)ok

Definition 1.8. Given two patterns P, () € P,S’-Ok we say P and Q) are c-Wilf

¥ ’ J
equivalent if
AR'p(O, t) = AQ”])(O, t)

In the other words, two patterns P, () € 73,8}0”“ are c-Wilf equivalent if for any

n, the number of elements in PS}O’k avoiding P consecutively is always equal to the
number of elements in 7?,8;? ok avoiding () consecutively. A stronger equivalence is

called strong c-Wilf equivalence.

Definition 1.9. Given two patterns P,(Q) € 73,83’-0’]“, we say P and Q) are strongly
c- Wilf equivalent if
App(z,t) = Agp(z,t).

Clearly, strong c-Wilf equivalence implies c-Wilf equivalence and researchers
doubt c-Wilf equivalence also implies strong c-Wilf equivalence. In [47], Naka-
mura conjectured that if two permutations are c-Wilf equivalent then they are also
strongly c-Wilf equivalent. Harmse and Remmel gave a similar conjecture in [27]

when k£ > 2 which generalized the conjecture for permutation patterns.

Conjecture 1.10. P, Q) € P,S}O’k are c- Wilf equivalent if and only if P and @ are
strongly c- Wilf equivalent.

The conjecture is still open and in fact, even to find the c-Wilf equivalence
classes for &, is a difficult task. The number of equivalence classes in S, is currently
known up to k = 6, and they are 1, 1, 2, 7, 25, 92 [47]. For instance, there are two
classes in S3, namely, {123, 321} and {132,312, 213, 231}. The number
of equivalence classes in §,, is proved to be less than 1,1, 2, 8,32, 192, 1272, 10176,
90816, - -- (see [51]). The problem of finding the c-Wilf equivalence classes for

P,S}O’k is completely open.
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1.2 Ring homomorphism method

In this section, we review a remarkable approach, ring homomorphism method,
to obtain generating function for consecutive pattern enumeration.

There is a long line of research that uses certain homomorphisms from the ring
of symmetric functions A in infinitely many variable x1, x5, ... to obtain results
about generating functions for permutation statistics. This line of research started
with the work of Brenti [8] who introduced a homomorphism ¢ mapping A to
the polynomial ring Q[z] over the rationals Q that demonstrated a remarkable
connection between permutation enumeration and symmetric functions. Let the

elementary symmetric function e,, and the homogeneous symmetric function h,, be

defined by

h,t" = ! and

n>0 i>1
> et = J[1+at
n>0 i>1

Then Brenti defined a ring homomorphism & : A — Q[z] by setting for k > 1,

§lex) = (:E_k#
and setting £(eg) = 1. Let pr = >,5, 2}, denote the k-th power symmetric func-
tion. Also, for a permutation ¢ in the symmetric group S, let des(o) and exc(o)
denote the number of descents and excedences of o, respectively. Then Brenti

proved

nl¢(h Z 2959 and

geSy

_5 p}\ Z xexc o) (12)

0ESR(A)
where if A = (1"™,2™2 ... n™) is a partition of n, then S,()\) is the set of per-
mutations in S, with cycle type A and zy =[], i™im;!.
Brenti’s proofs were mainly algebraic. However in [6], Beck and Remmel gave
combinatorial proofs of Brenti’s results that used the combinatorial interpreta-

tions of the entries of the connection matrices between various bases of symmetric
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function introduced by Egecioglu and Remmel [15]. These combinatorial proofs
suggested natural modifications of Brenti’s original homomorphism £ that could be
used to obtain g-analogues of Brenti’s results [8] or to obtain similar permutation
enumeration results for other groups such as the hyperoctahedral group B,, [5] or
wreath products, Ci! S, of cyclic groups Ci with the symmetric group S, [63]. For
example, Beck and Remmel [6] defined a homomorphism &, : A — Q(q)[z] by

(= 1)*1q0)

) = T
where for a positive integer k, [k], =1+ ¢+ ---+¢"! and
(k]! = [k]g[k — 1], - - - [1]4- They proved that
|§q Z xdes(a inv(o)
o€Sy
[ ] gq pn Z xrlse (0)— f(a)+lq001nv(a) (xf(o) _ (IE _ 1>f(0')) (13)
o€Sy

where rise(o) and coinv(c) are the number of rises and coinversions of o, respec-
tively, and f(o) is the length of the last increasing sequence of o when o is written
in one-line notation.

Later, Harmse and Remmel applied this method to study pattern matching in
column-strict arrays [27], Jones and Remmel used this method to obtain left-to-
right minima and distribution of descents in permutations avoiding certain pat-
terns [29], and Duane and Remmel also studied minimal overlapping patterns in
colored permutations using this method [14]. More details about the homomor-
phism method and its history can be found in the book by Mendes and Remmel
[44].

Of particular interest to us is the work of Duane and Remmel [14] who intro-
duced the notion of minimally overlapping patterns in permutations, words, and

colored permutations. We will discuss these types of patterns in the next section.

1.2.1 Minimally overlapping patterns

One special class of patterns are called minimally overlapping patterns (some-

times also called non-overlapping patterns [7] [17]). For a pattern P of length n, if
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there does not exist an integer 1 < k < n such that the subpattern consisting of the
first k positions in P matches the subpattern consisting of the last & positions in
P, we say P is minimally overlapping or has minimal overlapping property.

Take permutation pattern as an example, suppose 7 € §;, we say that 7 has
the minimal overlapping property or 7 is minimally overlapping if for any integer

m, 1 <m < j, we have
red(Ti 72 - - T) 7 red(Tjpmy1 - - - Tj—175).

Alternatively, 7 € §; is minimally overlapping if the smallest n such that
there exists 0 € S, such that 7-mch(c) = 2 is 2j — 1. This means in any two
consecutive 7-matches in a permutation o can share at most one position which
must necessarily be at the end of the first 7-match and the start of the second 7-
match. It follows that if 7 € §; is minimally overlapping, then the smallest n such
that there exists a o € S, such that 7-mch(o) = kis k(j —1)+1. A o € Sp—1)+1
such that 7-mch(o) = k is called a maximum packing for 7.

Similarly, for column-strict arrays, pattern P &€ P,S}O’k is minimally overlap-
ping if and only if for any integer m, 1 < m < j, the reduction of first m
columns of P is different from the reduction of last m columns of P, that is,
red(P[1,2,--- ,m]) #red(P[j —m+ 1,7 —m+2,--- ,j]).

Minimally overlapping patterns are nice because we are then able to define
maximum packings for minimally overlapping patterns in that we have a nice
expression for generating functions in terms of maximum packings. The definition
of maximum packings are discussed in next subsection.

Actually determining the percentage of minimally overlapping pattern among
all patterns of given length is itself is also a research topic. For example, Béna [7]
found that the lower bound of percentage of minimally overlapping permutation
patterns in S, is 3—e & 0.2817 and showed that the percentage is convergent as the
length of permutations increases. The author and Remmel [52] extended Béna’s
result to column strict arrays, generalized Euler permutations and standard Young
tableaux of rectangular shapes. Moreover, for arrays of height & where k > 2,
regardless of number of columns, proportion of minimally overlapping patterns

converges to 1 very fast as k increases.
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Another fact worth mentioning fact is that it has been proved by Duane and
Remmel in the case where k = 1 and Harmse and Remmel in the case where k > 2
that Conjecture 1.10 holds for minimally overlapping patterns in column-strict

arrays 79,8;? *_That is, the following result holds.

Theorem 1.11. Suppose P, () € 77/,8]’.0’/1C are minimally overlapping patterns, then P
and Q) are strongly c- Wilf equivalent if and only if P and Q) are c- Wilf equivalent.

1.2.2 Maximum packings

For minimally overlapping patterns, we are able to define its maximum pack-
ings. Take a minimally overlapping permutation pattern 7 € §; as an example.
A permutation in Sy(j—1)41 that has exactly & 7-matches is called a maximum
packings for 7 and we let MPK, y;—1)41 = {0 € Sp—1)41 : T-mch(o) = k}. We
let mp, j(;_1y41 = [MPK:k-1)+1]-

For example, 7 =1 3 2 is a minimally overlapping pattern in Sz, then mp, 5 = 3
because MPK, s ={13254, 14253, 1524 3}

In [14], for a minimally overlapping pattern 7, Duane and Remmel showed that
the generating function A, s(x,t) defined in Equation 1.1 can be expressed in terms

of mp_ ..

Theorem 1.12. If 7 € S; has the minimal overlapping property, then

A’T,S<x;t) =1+ Zg Z IT-mch(o—) _

n>1 ' oS,

1

pp—— . (1.4)
1 - (t + 2ot m(w - 1)nmp7,n(j—1)+1)

According to Theorem 1.12, we see that the number of maximum packings
mp, ,j—1)+1 determines A; 5(0,t) and also A, s(7,t) is completely determined by
mp. ,(;—1y+1, which indicates that Conjecture 1.10 holds for minimally overlapping
permutation patterns.

In [27], Harmse and Remmel extended Theorem 1.12 for column-strict arrays.
It has been shown that Conjecture 1.10 holds for minimally overlapping patterns

and the first and the last column of a minimally overlapping pattern determines
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which c-Wilf equivalence class it belongs to (see [12], [14], [16], and [27]). The
key to proving such results is to prove an analogue to Theorem 1.12. This was
done by Harmse and Remmel [27] who proved the following theorem for minimally

overlapping patterns in 730 Ok

Theorem 1.13. Suppose that k > 2, 7 > 2, and P € 'P,S;O’k has the minimal
overlapping property. Then

tkn

APP :c t =14 Z Z pP-meh(F) _

n>1 F POOk

1

0 (1.5)
( + En>1 ®mG=D+1)! (2 — 1)nnlpP,n(j—1)+1)

Therefore, to obtain the formula for generating functions we only need to com-

pute the number of maximum packings.

1.3 Cluster method

The cluster method, which is based on inclusion-exclusion principle, was first
introduced by Goulden and Jackson [23] [24] when they studied pattern matching
in words in 1979. It didn’t gain much attention at the beginning until Noonan and
Zeilberger re-emphasized importance of the cluster method in 1999 in [48]. Now
it has been widely utilized to solve pattern matching in permutations. Rawlings
[54] used cluster method to find enumeration formulas for permutation patterns in
formof 12 -+ m,12 -+ (m—2)m (m—1)and 1 m (m—1) --- 2. Elizalde and
Noy gave a more general discussion about permutation pattern matching using
cluster method in [19].

When we use ring homomorphism method for pattern matching, it’s required
that the pattern is minimally overlapping. However, the cluster method works

generally for arbitrary patterns although it might be very difficult in computation.
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1.3.1 Clusters

Given a permutation pattern 7 € §; and a permutation o € S, satisfying 7-
mch(o) > 0, we mark some of the 7-matches in o by putting ‘z’ on the top of the
first element in the match. We could even mark all of the 7-matches or none of
them. It’s apparent that for given a pattern 7 € §; and a permutation o € &,,
there are 27™(@) distinct 7-marked o’s. We let MS,, - denote the set of all the 7-
marked permutations in §,,. For example, for pattern 7 =13 2and o =1425 3,

there are four distinct 7-marked o’s, shown in Figure 1.4.

Tal2ls]s] [1[a]215]3] [ilal2[5]3] [1]a]2]5]2]

Figure 1.4: Four m-marked o’s

A 7-cluster of length n for pattern 7 € §; is a permutation ¢ in §,, such that
1. each element of ¢ is contained in some marked 7-matches and
2. any two consecutive marked 7-matches share at least one element.

We let m, (o) denote the number of marked 7-matches in o. The set of all the

T-clusters of size n is denoted by C, ..

Accordingly we could extend the notion of clusters to arrays, such as 73,87’10 k.
VVIE;?V’IIZ, SIQ;?,’,’Z and even P;j,fn 4+ Details about these clusters will be discussed

in following chapters.

1.3.2 Cluster polynomials

Based on the cluster method, the exponential generating function A, s(z,t) for

a pattern 7 € S; can be expressed as (see [19])

1
L= (4 Xzo Crnle = 1)57)

where C;,(x) is so-called cluster polynomial. It was shown in [44] that (1.6) can

AT,S(xat) = (16)

also be derived via the homomorphism method.
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A cluster polynomial for pattern 7 of size n is defined as
Crn(x) = Z 2" (),
0€Crn
Hence, the problem of find generating functions is now converted to finding
formulas for corresponding cluster polynomials which is typically easier than to
find generating functions directly.

For example, assume 7 = 1 2 3, then the cluster polynomials are as follows,

0123,3(@ = T

0123,4(30) = 2’

0123’5(13) = 133 + LL’Q

Ciasn(x) = 2(Ciazn—2() + Crzzn-1(x)).

In the next section (1.6), we shall extend the concept of cluster polynomials to

arrays.

1.4 Patterns in restricted arrays

From the results above, we can see that we could use either the homomor-
phism method or the cluster method to find generating functions for the number
of consecutive occurrence of a pattern in permutations, arrays and various other
combinatorial objects. The main focus of this thesis is to extend the cluster method
to find generating functions for the number of consecutive occurrences of patterns
in various subclasses of permutations, words, and arrays. In the next subsection,

we shall discuss various natural examples of such subclasses.

1.4.1 Restricted arrays

3 3 3 3 4»j>k‘ ivjvk
Moreover, we could add various restrictions to arrays in WIply 5, STPlE s,
WL

k- (5] STk and Pk For example, suppose that ¢ = 7 = 0 and

i+kn+j,[s]’ t+knty-
k > 2. In this case, we label the columns of D%%* with 1,... n, reading from left

to right, and the rows with 1,..., k, reading from bottom to top.
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1. Elements of S,S;zo’k such that satisfy the additional

restriction that F(s,k) > F(s+1,1) fors=1,...,n — 1.

are the elements F' € P,S;? ok

2. Standard tableaux of shape n* are the elements F € 73,8;? * such that satisfy

the additional restriction that F'(s,r) < F(s+1,r) for s=1,...,n—1 and
r=1,...,k.

3. Column strict tableaux of shape n* are the elements F' € 812;%? such that

satisfy the additional restriction that F'(s,r) < F(s+1,r)fors=1,...,n—1
andr=1,... k.

4. Words with no consecutive repeated letters can be viewed at elements WI%%’I

with the restriction that F(s,1) # F(s+1,1) fors=1,...,n — 1.

In each of these cases, one can describe our collection of elements as the set
of elements in WIZM STk WI? k STk or Pk whose

+kn+j,P> i+kn+j,P +kn+j,[s]’ i+kn+j,[s]’ i+kn+j

consecutive columns satisfy a certain binary relation. That is, let #Z be some
binary relation &% between pairs of columns of integers. Then we let WIZJJF:H iR (

i7j7k ‘7j7k 47j7k i7j7k
STt jpa WI;MHH’[S]“%, SIE+kn+j,[s],t%” Pl j2) denote the set of all elements

Fin WIWE o (ST, WIhe o ST PiF ) such that for all

+kn+j,P i+kn+j,P i+kn+j,[s i+kn+j,[s]? 7 it+knty
1 <i<mn, (Fli], Fli + 1]) € Z. For example, consider the following relations Z.

1. Let Z is the relation that holds between a pair if columns of integers (C, D)
if and only if the top element of C is greater than the bottom element of D.

. irjok irjik
Then it is easy to see that & equals P i 4.

2. Let Z is the relation that holds between a pair of columns of integers (C, D)
if and only if in the array C'D, the rows are strictly increasing. Then it is
easy to see that set of standard tableaux of shape n* equals 77,8;3 j;} and the

set of row tableaux of shape n* equals WI,%’T?’H’,? Py

3. Let Z is the relation that holds between a pair of columns of integers (C, D)
of integers if and only if in the array C'D, the rows are weakly increasing.
Then it is easy to see that the set of column strict tableaux of shape n*

equals SIZ;?’{; 2
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4. Let Z is the relation that holds between a pair of integers (a,b) if and only
if a # b. Then it is easy to see that the set of words with no consecutive

repeated letters equals WI?I”%;}%.

1.4.2 Generalized clusters

Although ring homomorphism method and cluster method can solve pattern
enumeration in permutations, words or arrays, they fail to deal with such objects
with restrictions.

Remmel [55] extended maximum packings to generalized maximum packings in
order to solve length-4 pattern matching in up-down permutations. As mentioned
in Chapter 1.4.1, up-down permutations of even lengths could be treated as a class
of two-row columns strict arrays with some special restrictions. In scenario of Sy,
an up-down permutation of length 4 is always overlapping while if we think of an
up-down permutation of length 4 as an element in 732 92 it is always a minimally
overlapping pattern.

Generalized maximum packing gives us an inspiration to solve pattern match-
ing in either permutations, words or arrays with customized restrictions. In this
dissertation, we develop a so-called generalized cluster method which enables
us to express the generating functions for pattern matching in restricted objects
in terms of so-called generalized cluster polynomials.

The main result of this paper will allow to find generating functions of P-
matches in Wlﬁﬁfnﬂ.??,%, Sfi,fnﬂ P> WI;i,fnﬂ (5], SI;’JJF:MJ (o). and P; _’ﬁkknﬂ 7

We note that by varying the binary relation %, we can study the distribution of P-

1,5,k

matches in fillings with other types of restrictions such as elements of WZ;y .5,

STV o WILE STk or PiY;

i+kn+j, i+kn+j,[s]’ i+kn+j,[s]’ +kn+]

ing, reading from left to right, or elements Wfilfnﬂ s SI;i,fnﬂP, WIZi:nﬂ (o]

whose first row is strictly increas-

SIZi,fn i) O P ;f;m ,; Whose elements in even rows are strictly increasing, reading
from left to right, and whose elements in odd rows are strictly decreasing, reading
from left to right.

Furthermore, we are also able to obtain a multi-variate generating function for

multiple pattern matchings by constructing generalized joint clusters. For instance,



21

suppose we have m patterns, P;, P, - - - , P,,, a multi-variate version of a generating

1+ ;—T: S I, (1.7)

n>1 FeER, i=1

function is in form of

where R,, stands for a set of restricted combinatorial objects of size n.

1.5 Outline

In Chapter 2, we shall discuss clusters and generalized clusters for fillings of
diagrams of rectangular shapes, that is, Dg;? * Three examples are given and they
are patterns in words with no consecutive repeats, patterns in Young tableaux of

rectangular shapes and shortest loops in non-backtracking walks.

07j7k

In Chapter 3, we discuss clusters and generalized clusters for fillings of D, I’

fo}jl +; and Dfi,fn +; respectively. We take up-down patterns in down-up per-
mutations as an example to further illustrate clusters and generalized clusters for
Dy

In Chapter 4, we extend clusters and generalized clusters to a multi-variate
version and then we can study joint distribution of multiple patterns in restricted
combinatorial objects. For examples, we consider co-runs in restricted colored
permutations and multiple patterns of Carlitz integer compositions.

In Chapter 5, we extend the discussion to arrays of undetermined shapes. We
proved that the cluster and generalized cluster method still work for patterns in
such situation. For examples, we consider patterns in ordered set partitions and
patterns in cycle structures of permutations. It is also pointed out that clusters
and generalized clusters can be extended to arrays of undetermined shapes with
some partial restrictions.

Although generalized cluster method is a powerful method of find distributions
of patterns in various restricted combinatorial objects, we discuss its limitation in
the final chapter. We also discuss its connection to joint clusters and directions of
further research.

A portion of Chapter 1 has been published in Discrete Mathematics and The-

oretical Computer Science. R. Pan and J. B. Remmel, Asymptotics for mini-
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mal overlapping patterns for generalized Euler permutations, standard tableaux
of rectangular shapes, and column strict arrays, Discret. Math. and Theoretical

Computer Science, 18-2 (2016), # 6.



Chapter 2

Cluster and Generalized Clusters

for fillings of D]g’?g’k.

In this chapter, we shall describe cluster method and generalized cluster method
in a fundamental situation where only fillings of rectangular shapes are considered.
A few examples are given with details to explain how cluster and generalized cluster
method work for block patterns in fillings of Dg;? * Recall that D,g;?’k isakxn

rectangular diagram. D(l)é073 is pictured in Figure 2.1 as an example.

. 0,0,3
Figure 2.1: D3 .

2.1 Main theorems

In this section, we shall describe the cluster method and our generalized cluster
method for fillings of Dg;? *We shall start with the special case of elements in
PO.0k

kn
We start by recalling the definition of clusters for permutations. Let 7 € S; be a

permutation. Then for any n > 1, we let MS,, - denote the set of all permutations

23
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in o € §,, where we have marked some of the 7-matches in ¢ by placing an = at the
start of 7-match in . For example, suppose that 7 =132ando=1547826 3.
Then there are two 7-matches in o, one starting at position 1 and one starting at

position 6. Thus o gives rises to four elements of MSs .

15478263 15478263
15478263 15478263

A 7-cluster is an element of 0 =07 ...0, € MS,, , such that
1. every o; is an element of a marked 7-match in o and
2. any two consecutive marked 7-matches share at least one element.

We let CMS,, ; denote the set of all 7-clusters in MS,, ;. Given a 7-cluster o €
MS,, , we let m, (o) be the number of marked 7-matches in 0. For each n > 1,

we define the cluster polynomial

Corlx)= > ™)

O’ECMSn,T

For example, we say that a permutation 7 € §; is minimal overlapping if the
smallest n such that there exists a ¢ € S,, where 7-mch(o) = 2 is 2j — 1. This
means that two consecutive 7-matches in a permutation ¢ can share at most one
element which must be the element at the end of the first 7-match and the element
which is at the start of the second 7-match. In such a situation, the smallest
m such that there exists a 0 € S, such that 7-mch(o) = n is n(j — 1) + 1.
We call elements of o € S,(j_1)+1 such that 7-mch(c) = n mazimum packings of
7. We let MP,,j_1)41 denote the set of maximum packings for 7 in S,(;_1)+1 and
MPp(j—1)41,r = |[MPr(j—1)+1]- It is easy to see that if 7 € S; is minimal overlapping,
then the only 7-clusters are maximum packings for 7 where the start of each 7-
match is marked with an x. For example, 7 = 132 is a minimal overlapping
permutation and it is easy to compute the number of maximum packings of size
2n+1for any n > 1. That is, if 0 = 01 ... 09p41 is iIn MPy;41 132, then there must

be 132-matches starting at positions 1,3,5,...,2n — 1. It easily follows that for
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each i =0,...,n—1, 0941 is smaller than o; for all j > 2i 4 1. Hence 0; = 1 and

o3 = 2. We then have 2n — 1 choices for o3. Hence, it follows that

|
—

n

Mpant1,132 = (20 — 1)mpon_1.132 = (20 +1).

~
Il
o

Thus Copq1132(2) = 2™ H?:_Ol(% +1) for all n > 1 and Cy,,132(x) = 0 for all n > 1.

On the other hand, suppose that 7 = 1234. It is easy to see that for any 7-
cluster in CMS,, . where n > 4, the underlying permutation must be the identity
permutation. Moreover, if 0 = 0y ...0, € CMS, -, then o1 must be marked with
an x because o1 must be an element in a marked 7-match and o,,_3 must be marked
since o, must be an element of a marked 7-match. Thus for n = 7, we are forced
to mark 1 and 4,

1231567,

However we free to mark either 2 or 3 with an z. Hence
C771234(J,’) = $2<1 + 13)2.
Then Goulden and Jackson’s [24] proved the following theorem.

Theorem 2.1. Let 7 € S; where j > 2. Then

t" 1
1 v 7-mch(o) — _ .
DD T t= %y (2 — 1)

n>1 €S,

It is easy to generalize this result to deal with elements of 772}5”“. Suppose

that we are given a filling P € P,S;O’k. For any n > 1, we let /\/1732;?”1}? denote the
set of all fillings F' € 7?3;3”“ where we have marked some of the P-matches in F

by placing an z on top of the column that start a P-match in ¢. For example,

41615

suppose that P = and ' € P,>? pictured in Figure 2.2. Then there are
11213

two P-matches in F', one starting at column 1 and one starting at column 4. Thus

F gives rise to four elements of MPVy?. Given a F € MPQ;S:]]Z, we let mp(F') be

the number of marked P-matches in F.
We can also extend the reduction operation to P-marked fillings. That is,

suppose P € Pf,;o’k and F'is a filling of the k x n array with integers which strictly
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X
811107 (12| 9 811107 (12| 9
3 5|1]2]6 3 511126
X
811107 (12| 9 8 (11{10( 7 (12| 9
3 5(1]12|6 3 511126

Figure 2.2: P-marked fillings.

increasing in columns, reading from bottom to top, where we have marked some of
the P-matches by placing an z at the top of the column that starts a marked P-
match. Then by red(F'), we mean the element of MP%T?’]C that results by replacing
the " smallest element in F' by i and marking a column in red(F) if and only if
it is marked in F'.

A P-cluster is a filling of F' € MPZ’T?:I]Z such that
1. every column of F' is contained in a marked P-match of F' and

2. any two consecutive marked P-matches share at least one column.

X X
41516 5168910 5168910
P213 Q32417 T32417

Figure 2.3: @) is a P-cluster but T is not.

In Figure 2.3, () is a P-cluster while 7" is not a P-cluster.
We let C./\/lz;?:]’i denote the set of all P-clusters in ./\/1772;27’]]2. For each n > 2, we

define the cluster polynomial
) = Y e
FeCM) 7

where mp(F') is the number of marked P-matches in F. By convention, we let
CO%(z) = 1.
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Theorem 2.2. Let P € P?,;O’k where j > 2. Then

D - S e : R

thn ~00k/
n>1 FeplO L—=> 01 (kn)!Ckn,P(‘T 1)

Proof. Replace x by z+1in (2.1). Then the left-hand side of (2.1) is the generating
function of mp(F') over all F' € MP%;S,’IIZ. That is, it easy to see that

L+ k—; o @+t =143 k—; >, (2.2)

n>1 FepOOk n>1 Fempl0k.P

Thus we must show that

{n 1
1 - mp(F) . 2.3
+ Z kn! Z L 1 — anl thn 0,0,76(1_) ( )

=1 U pe ok

(kn)! ~kn,P

1 t* 00k "
. =1+ Cop(x) | . (2.4)
1 - anl (Z;)!OIS;%(QU) Z (Z (kn)! . P

m>1 \n>1

£ on both sides of (2.3) where n > 1, we sce that we

Taking the coefficient of )

must show that

FeMPE* m=1 \n=1
s s tkn m
= > T (@) || s
m=1 \n=1 ( n> (ks)!

S k;n m
-y Y () ase. e

m=1 a)tag+--t+am=s
a;>1

The right-hand side of (2.5) is now easy to interpret. First we pick an m such

that 1 < m <'s. Then we pick aq,...,a,, > 1 such that a; +as + -+ a,, = s.

kn
kay,....,kam

Next the binomial coefficient ( ) allows us to pick sets Si,...,S,, which
partition {1,...,ks} such that |S;| = ka; for ¢ = 1,...,m. Finally the product
| C,Sjg”]}(x) allows us to pick clusters C; € C./\/lzfi”’} fori=1,...,m with weight
H;”Zl x™P(C)  Note that in the cases where a; = 1, we will interpret C; as just a
column of height k filled with the numbers 1,..., k which is increasing, reading

from bottom to top.
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X
10/9(8(716
S.={1,3,5,8, 10, 15, 18, 24, 27, 30} 231405 =C
2
S,=1{17,19) 11 = C;
X
654
S;=1{4,7,12, 13, 20, 21} IR = C,
X
10/9(8|716
S.=1{2,6,9, 11, 14, 16, 22, 23, 28, 29} ERRIVE =C,
9]
Ss=1{25, 26} T~ Cs
X X X X X X
30(27(24(18(15[19(21(20(13|29(28|23|22|16|26
113(5[8(10(17|4|7(12/2|6]9|11|14|25

Figure 2.4: Construction for the right-hand side of (2.5).

654
For example, suppose that £k = 2 and P = . Then in Figure 2.4,

1123
we have pictured S, S, S3, Sy, S5 which partition {1,...,30} and corresponding

clusters C, ..., C5. Then for eachi = 1,..., m, we create a cluster D; which results
by replacing the j in C; by the j element of S;. If we concatenate D ...D,,

together, then we will obtain an element of () € MPg;?y’lli. It is easy to see that

one can recover D, ..., Dy from (). That is, given an element F € MPQ;?;]’_?,, we
say that a marked subsequence F[i,i + 1,...,j] is a maximal P-subcluster of F' if
red(F[i,i+1,...,7]) is a P-cluster and F[i,i +1,...,j] is not properly contained

in a marked subsequence Fla,a + 1,...,b] such that red(F[a,a + 1,...,b]) is a
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P-cluster. In the special case where i = j and the column F[i] is not marked,
then we say that F[i] is maximal P-subcluster if F'[i] is not properly contained

in a marked subsequence Fla,a + 1,...,b] such that red(F[a,a + 1,...,b]) is a

P-cluster. Thus Dy, ..., D5 are the maximal P-subclusters of ). Of course, once
we have recovered Dy, ..., D5, we can recover the sets 51, ..., S5 and the p-clusters
Ol, ceey 05.

In this manner, we can see that the right-hand side of (2.5) just classifies the
elements of ./\/1772;?7’112 by its maximal P-subclusters which proves our theorem.

]

Next suppose that we are given a binary relation % between k x 1 arrays of

integers and a pattern P € P,S}O’k.

Definition 2.3. We say that Q) € MP%;?”]@ is a generalized P, %-cluster if we
can write ) = BBy --- B,, where B; are blocks of consecutive columns in @) such

that

1. either B; is a single column or B; consists of r-columns where r > 2, red(B;)

is a P-cluster in MPy, p, and any pair of consecutive columns in B; are in

X and

2. for 1 < i < m—1, the pair (last(B;), first(Bi+1)) is not in % where for
any i, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let gcg;?jiﬂ denote the set of all generalized P, Z-clusters which have n columns
of height k. For example, suppose that & is the relation that holds for a pair of

columns (C, D) if and only if the top element of column C' is greater than the
654

112]3]
Then in Figure 2.5, we have pictured a generalized P, %Z-cluster with 5 blocks

Bl7 B27 B37 B4a B5'

Given Q = B1B>...B,, € QCQ;?,’;%, we define the weight of B;, wp%(B;), to be
mp (red(B;

bottom element of column D and P =

1 if B; is a single column and x ) if B; is order isomorphic to a P-cluster.
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X X X X X X

30115]14(13| 6 | 8 [29|22{12|28|27|26|25|21|24
112{3[8[5]7]9[10/11|16(17|18/19|20|23

B B. B;s B, Bs

Figure 2.5: A generalized P, %-cluster.

Then we define the weight of Q, wp%(Q), to be (=1)" ' [[2, wpz(B;). We let
GO pa(r) = Z wpz(Q). (2.6)
QE9Cy P
Then we have the following theorem.

Theorem 2.4. Let Z be a binary relation on pairs of columns (C, D) of height
k which are filled with integers which are increasing from bottom to top. Let P €

'PQ,;O’k where 7 > 2. Then

J
1+ Z Z P mch(F) _ 1 . (27)

tkn 0,0,k
n>1 0,0,k 1 - Zn>1 (kn)lGCkn P@?( 1)
F Pkn.@

tkn

Proof. Replace x by z+1in (2.7). Then the left-hand side of (2.7) is the generating
function of mp(F') over all F' € MP%;?”;%. That is, it easy to see that

tkn tkn
1+ Z I R e Z oo e (28)
st Pl e n=l FGMP‘,;?}’?%

Thus we must show that

1+Z

ot B o

tkn

1
zmP(F) — . 2.9
2 T SR s s S

Now

1 00k
=1+ E E GC,; . 2.10

kn m>1 \n>1
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Taking the coefficient of % on both sides of (2.3) where n > 1, we see that we

must show that

00 kn "
> e o Sy eato) 1

FeMPGE m=1 \nz1
- —~ 0,0,k "
= Z Z WGC%,}D,%(@ | e
m=1 \n=1

=2 X (k e )HGO,S;S’,%T<$>.<2.11>

m=1 al+tag+--t+am=s
a; >1

The right-hand side of (2.11) is now easy to interpret. First we pick an m such

that 1 < m <'s. Then we pick aq,...,a,, > 1 such that a1 +as +--- 4+ a,, = s.

ks

Next the binomial coefficient (ka1 K,

) allows us to pick sets Si,...,S,, which
partition {1,...,ks} such that |S;| = ka; for i = 1,...,m. Finally the product
[T, GC,S&(;’;%(@ allows us to pick generalized P, Z-clusters G; € gcgf;’;”@ for
i = 1,...,m with weight [[}_, wp#(G;). Note that in the cases where a; = 1,

our definitions imply that C; is just a column of height £ filled with the numbers

1,..., k which is increasing, reading from bottom to top.
6|54
For example, suppose that £k = 2 and P = . Suppose that Z is
11213
relation where, for any two columns C' and D which filled with integers and are

strictly increasing in columns, (C,D) € % if and only if the top element of C'
is greater than the bottom elements of D. Then in Figure 2.6, we have pictured
S1, Se, 53, 84, S5 which partition {1,...,30} and corresponding generalized P, %-
clusters G1,...,Gs. For each i, we have indicated the separation between the
blocks of G; by dark black lines. Then for each i = 1,...,m, we create a cluster E;
which results by replacing the j in G; by the j** element of S;. If we concatenate

E; ... E5 together, then we will obtain an element of () € MPQ;S”IIZ. The weight of
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X

2 10[8 169
S.={1.3.5.8, 10, 15, 18, 24, 27, 30} Tafals171= G

2
S,=1{17, 19) -1 = G

X

6154
Si=1{4,7,12, 13, 20, 21} o3| = Gs

X X

10/9]8[5(7
S,=12.6,9. 11, 14, 16, 22, 23, 28, 29} Tol3talel = G

9
Ss=1{25, 26} E = Gs

3 [30]124(15(27|19|21]20{13|29|28|23|14|22|26
1]15(8(10|18|17{4|7|12]2|6|9 |11]|16]|25

Figure 2.6: Construction for the right-hand side of (2.11).

Q equals H?Zl wpz(G;) where

wpa(Gh) = (=1)z,
wpa(Ga2) = 1,

wpaz(Gs) = uw,

wpz(Gy) = (=1)'2* and
wpz(Gs) = 1.

5

In Figure 2.6, we have indicated the boundaries between the G;s by light lines.

We let HGCys p# denote the set of all elements that can be constructed in
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this way. Thus @) = E ... E), is an element of HGCys p# if and only if for each
i=1,...,m, red(E;) is a generalized P, Z-cluster. Next we define a sign reversing
involution 6 : HGCys ps — HGCrs pn. Given Q = E; ... E,, € HGCks ps, look
for the first ¢ such that either

1. the block structure of red(E;) = BY)BS) e B,(C? consists of more than one
block or

2. E; consists of a single block B{i) and (last(B;), first(E;)) is not in Z.

In case (1), we let 6(E; ... E,,) be the result of replacing E; by two generalized
P, Z%-clusters, Ef and Ef* where FE;x consists just of BY) and E’* consists of

Béi) o B,i?. Note that in this case

wrg(Ei H wpa(BY)
while
ki v
wp (B )wpa(E)*™ = (=1)%2 Hng)(BJ(.”),
j=1
In case (2), we let §(E; ... E,,) be the result of replacing E; and E;,, by the single

generalized P, Z-cluster E = BB B - Since (last(By), first(E;)) is

i+l
not in %, B1 YH) . B,(fill reduces to a generalized P, %Z-cluster. In this case,

’L+1

wpz(E)wpg(Eir1) = (=1)" 'wp (B H wpz(B

while
'L+1

wpa(E) = (=1)""'wpa(B prj

If neither case (1) or case (2) applies, then we let 0(E, ... E,,) = E, ... E,,. For
example, suppose that # is the binary relation where, for any two columns C' and
D, which filled with integers and are strictly increasing in columns, (C, D) € #

if and only if the top element of C' is greater than the bottom elements of D and

654
P = . Then if Q = E; ... FEj5 is the generalized P, Z-cluster pictured in

11213
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Figure 2.6, then we are in case (1) with ¢ = 1 since £ consists of more than one
block. Thus 0(Q) results by breaking that generalized P, Z%-cluster into to two
clusters E of size 1 and E7* of size 4. §(Q) is pictured in Figure 2.7.

X X X X

3 130]|24(15(27|19|21]20{13|29|28|23|14|22|26
1]5(8(10)18]17(4|7(12]2|6|9|11{16/25

Figure 2.7: The involution 6.

It is easy to see that 6 is an involution. That is, if Q = E;... E,, is in case
(1) using E;, then 6(Q) will be in case (2) using £ and E;*. Similarly if @ =
Ey...E, is in case (1) using E; and E; 1, then 6(Q) will be in case (2) using
E = E,E; ;. It follows that if (E, ... E,) # Ei... Ey, then wpg(Er ... Ey,) =
—wp(0(E: ... E,)) so that the right-hand side of (2.11) equals

> [[wra(E).

Q=E1..Em€HGCys p,2,0(Q)=Q i=1

Thus we must examine the fixed points of 6.

If Q = Ey...E, € HGCkspz and 6(Q) = @, then it must be the case
that each E; consists of single column of weight 1 or it reduces to generalized
P, Z-cluster E; consisting of a single block BY) whose weight is the weight of
red(BEi)) as a P-cluster. Moreover, it must be the case that for all: =1,...m —1,
(last(E;), first(E;y1)) is in Z. But this means for all j = 1,...,n—1, (Q[j], Q[j +
1]) is in #Z. That is, either Q[j] equals last(E;) for some i or column j is contained
in one of the P-clusters F; in which case (Q[j], @[7 + 1]) is in Z by our definition
of generalized P, Z-clusters. Thus any fixed point @) of € is an element ./\/1772’2;.
Then just like our proof Theorem 2.2, it follows that F, ..., E,, are just the maxi-
mal P-subclusters of an element in P,S;%f. Vice versa, if T'= F ... F, is an element

of Pg;%f where Fi, ..., F, are the maximal P-subclusters of T, then T'= F} ... F,
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is a fixed point of . Thus we have proved that the right-hand side of (2.11) equals
Z 2me(F)
FeMPLO*

which is what we wanted to prove. O

It is quite easy to extend our results to consider pattern matching relative to

sets of elements in P,S;O’k. That is, let I' C P,S;O’k and I’ € ffﬁ,ﬁl PP where r < n.

Then we say

1. " occurs in F' if there are 2 < ¢4 < iy < -++ < 4, < n + 1 such that
red(F[z'l, e ,ir]) S F,

2. I avoids I' if there is no occurrence of I' in F', and

3. there is a ['-match in F' starting at position ¢ if red(F[i,i+1,...,i+7r—
1]) e I.

We let I'-mch(F') denote the number of I-matches in F.
We let MPQ;%“ denote the set of elements that arise by starting with an element
F of P,S;lo’k and marking some of the I'-matches in F' by placing on x on the column

which starts the I'-match. A I'-cluster is a filling of F' € MPQ;?;}“ such that
1. every column of F' is contained in a marked I'-match of F' and

2. any two consecutive marked ['-matches share at least one column.

We let C/\/lg;g”ff denote the set of all I'-clusters in MPg;?:{f . For each n > 2, we

define the cluster polynomial

A= Y e

where mp(F') is the number of marked I'-matches in F'. By convention, we let
C’,Sgk(x) = 1. Then it is easy to modify the proof of Theorem 2.2 to prove the

following theorem.
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Theorem 2.5. Let ' C P,S;O’k where r > 2. Then

" 1
1 — T-meh(F) . 2.12
+ Z kn! Z L 1— Zn>1 t"m COOk( 1) ( )

n>1 FEPQ;LO’}“ kn,I’

Next suppose that we are given a binary relation # between k x 1 arrays of

integers and a set of patterns I' C 770 0:k),

Definition 2.6. We say that Q) € MP,m T s a generalized I', Z-cluster if we can

write QQ = BBy - -+ By, where B; are blocks of consecutive columns in Q) such that

1. either B; is a single column or B; consists of r-columns where r > 2, red(B;)

is a I'-cluster in MPy,r, and any pair of consecutive columns in B; are in
X and

2. for 1 <1 < m —1, the pair (last(B;), first(Biy1)) is not in Z where for
any i, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let QC,%;%% denote the set of all generalized I', Z-clusters which have n columns
of height k. Given Q = B1By...B,, € QCZT%C 2> we define the weight of B;,

mr(red(Bi) if B, is order isomorphic to

wr.#(Bi), to be 1 if B, is a single column and «
a I-cluster. Then we define the weight of @, wr #(Q), to be (=1)" ' [, wr 2 (B;).
We let
GOIS:IEQ( ) = Z wr,z(Q)- (2.13)
QEGCLt
Then we have the following theorem.
Theorem 2.7. Let Z be a binary relation on pairs of columns (C, D) of height

k which are filled with integers which are increasing from bottom to top. Let I' C

P,S;O’k where r > 2. Then

1+Z LY Al = ! . L (214)

kn
F ng; I Zn>1 oo GOImFﬂ( 1)

tkn

It is also easy to extend our results to find generating functions for consecutive

patterns in .Flg;lof 2> Where A C P is some given alphabet.
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Recall that there are two types of pattern matching when we consider filling
where a given letter can occur more than once. Let I' be a finite set of elements of
f,g;zof 2 such that red(P) = P for all P in I' and and let A be an arbitrary set of
elements of ]-'0 - Recall that P € .7:18 0: 4 has a [match starting at column 4
if there is a j > i such that redF'([¢i,7 + 1,...,j]) € I and has an exact A-match
starting at column 4 if there is a j > 7 such that F([i,i +1,...,7]) € A. We
let I'-mch(F') denote the number of I'-matches in F' and A-Emch(F') denote the
number of exact A—matches in F.

0,0, k
where

We let M ,m A  denote the set of elements with an element F' of F,
we have marked some of the I'-matches by placing an x on top of the column that
starts a I'-match and let EMF Z;?:,]Z, A denote the set of elements with an element F
of ]—',S;Sf where we have marked some of the exact A-matches by placing an x on
top of the column that starts a A-match. If P € Mfg;?’j > we let mp(P) denote
the number of marked I'-matches in P and if Q € EM ,mAA, we let ema(Q)

denote the number of marked exact A-matches in Q.

A T-cluster is a filling F' € Mfg;?j’r such that
1. every column of F is contained in a marked I"-match of ' and
2. any two consecutive marked I"-matches share at least one column.
An exact A-cluster is a filling F' € 5./\/1]:00 k a.a such that
1. every column of F is contained in a marked exact A-match of F' and
2. any two consecutive marked exact A-matches share at least one column.

Let 02’%’“(3:) denote the sum of 2™ () over all I-clusters C of length n and
EC’OOk( ) denote the sum of 2™ (©) over all exact A-clusters C' of length n.

Then we have the following analogues of Theorem 2.2

Theorem 2.8. Let ')A C ]:,S;?Ak where r > 2, A C P is some given alphabet, and
red(P) = P for all P € I'. Then

1
1+ § tkn § xF-mch(F) — 7 2.15
L= Akt =3, o, O (@ = 1) (219)

n>1 FEF]S’;LO:QC kn,I’
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and

1
1 + § tk‘n E xA—EmCh(F) — , 216
1— |AJFt = thn 00k ( )

r—1
n>1 FGJ—',S;O,’,Q“ n>r kn,A( )
where |A| is the cardinality of alphabet A.

The proof of Theorem 2.8 is very similar to the proof of Theorem 2.2 so that
we will leave the details to the reader.
Next suppose that we are given a binary relation # between k x 1 arrays of

integers

Definition 2.9. We say that Q) € Mfg;?fm is a generalized I', Z-cluster if we
can write Q = B1Bsy - - - B,,, where B; are blocks of consecutive columns in Q) such

that

1. either B; is a single column or B; consists of r-columns where r > 2, B; is a
- 0,0,k : - : :
[-cluster in MF,> "y 1, and any pair of consecutive columns in B; are in X

and

2. for 1 < i < m—1, the pair (last(B;), first(Biy1)) is not in % where for
any i, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

We say that Q € M}Qf’j r s a generalized exact A, Z-cluster if we can write

Q) = B1Bs - - - B, where B; are blocks of consecutive columns in ) such that

1. either B; is a single column or B; consists of r-columns where r > 2, B; is
. 0.k . . .
an exact A-cluster in EMF ) A, and any pair of consecutive columns in B;

are in % and

2. for 1 < i < m—1, the pair (last(B;), first(B;+1)) is not in % where for
any i, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let QC%;S,’ZR%, denote the set of all generalized I', Z-clusters which have n

columns of height k. Given ) = BBy ... B,, € QCZ’S”Q’F’% we define the weight of
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mr(Bi) if B; is order isomorphic to

B, wr %(B;), to be 1 if B; is a single column and x
a I-cluster. Then we define the weight of Q, wr #(Q), to be (=1)" ' [, wr 2 (B;).
We let

GO @)= > wraQ). (2.17)

QEGC A rar

Similarly, let SQCQ;?,’Z Az denote the set of all exact generalized A, Z-clusters
which have n columns of height k. Given ) = B1By...B,, € EQCZ’S”ZA,%, we
define the weight of B;, ewa #(B;), to be 1 if B; is a single column and gemr(Bi)
if B; is order isomorphic to an exact A-cluster. Then we define the weight of @),

ewa,z(Q), to be (—1)™ T, 3wa menserr(Bi). We let
EGCan@) = ) ewan(Q). (2.18)
QEEGCYh a2
Then we the following theorem.
Theorem 2.10. Let #Z be a binary relation on pairs of columns (C, D) of height

k. Let ')A C fg;?;ﬁ% where v > 2, A C P is some given alphabet, and red(P) = P
for all P €T'. Then

1
A W o . (2.19)
n>1 g0k 1—- anl tknGCk‘;’L,,A,F,,@(‘T —1)
kn,A,Z%Z

1
1 E tkn E xA—EmCh(F) ) 2.20
>1 0,0,k 1-— Z >1 tknEGclgyo’jA%(w - 1) ( )
n> Fe}—k;m,,A,gf nz n,A,8,

The proof of Theorem 2.10 is very similar to the proof of Theorem 2.4 so that

we will leave the details to the reader.

2.2 Examples

The key to using either Theorems 2.4, 2.7, or 2.10 to compute explicit formulas
for our generating functions is to be able to compute generalized cluster polyno-
mials. In this section, we shall give several examples where we can compute the

required generalized cluster polynomials.
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2.2.1 Words with no consecutive repeats

We use words with no consecutive repeats as our first and fundamental example.
Suppose the alphabet is [k] = {1,2,3,--- ,k}, w = wwy - - - w, is a word over [k].
According to our previous notations, the set of words of length n over [k] is denoted
by WI-

We say w has no consecutive repeated letters if w; # w; 1 forany 1 <i <n—1.
Clearly, if we let Z be the relation which holds on pairs of two elements (a, b) if

and only if a # b, then the set of words without consecutive repeated letters of

length n over [k] equals WZ' ”%’Q. It is easy to see that

I | = k(= 1),

We start by considering some simple patterns first. First, we study the distri-

bution of descents in WI?Z’% and WI?Z’%’%. That is, we consider the following

two generating functions

Ades,[k](x,t) =1+ Zt” Z xdes(w), (2.21)

n>l et

and

Ages (. t) =14t Y s, (2.22)

=l wewnil

According to Goulden and Jackson’ cluster method for words, we have

1
N _ 2.2
des,[k] (7, ) 1 —kt — anz " Chdes(x — 1) 22

where C), qes(2) is the cluster polynomial for the pattern u=21. First, we need

to figure out the structures of u-clusters. It is easy to see for any F' € C,, ges, I
is a u-cluster if and only if F' is a monotonically decreasing word over [k] and

Maes(F') = n — 1. If follows that n, |C, 01| = (Z) Then
k
On — n—1
21() (n>l“

1
Aqes.i (1) =
des (1) L=kt — 3t (B (x — 1)1
xr—1

r— (t(x—1)4+ 1)k

and hence
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As for Ages,i),%(,t), according to Theorem 2.10,

1
1—kt— Zn22 tnGCle(ﬂf — 1)7

Ades i, 2(x, 1) = (2.24)

where GC,, 91(x) = is the generalized cluster polynomial for the pattern v = 21.
Suppose z = BBy - B, is a generalized u, %Z-cluster. Since the restriction

here is that no adjacent elements are the same, we have levels between blocks in

z. Therefore, z is a weakly decreasing sequence and there are m — 1 levels in z.

An example of a generalized u, Z-cluster is pictured in Figure 2.8.

#T6) [o]4]3]z]
B B, B; B,

Figure 2.8: A generalized u-cluster of size 8 with 4 blocks.

Similar to Equation 2.30, we have
GCpu(z) = Z (=™ Hger =", (2.25)
1<m<n
where [GC", | is the number of generalized u-clusters of size n with m blocks. Since

the size of the alphabet is k, m > max{1,n+1—k}. |GC", | can be counted easily

m [(n—1 k
€l = (m—l) (n—m—i—l)

and then we have the generalized cluster polynomials as follows,

GC),(z) =k

o) = ()

GChl() = (g) 2% — 2(’;>x Tk

GCyu(z) = (Dxf” —3(§>x2+3(§)x—k

GCs.(7) = (lg>x4 —4(Z>x3 +6(§)x2 —4<§)x+k

GCpu(7) = (g)& — 5(?)# + 10(11)1:3 — 10 (§>x2 + 5(5)33 —k
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Then we just need to plug polynomials above into the generating function and
then we can get the result.
For example, suppose that the alphabet is [3], i.e., & = 3, then we can get

generalized cluster polynomials as follows,

GCryu(r—1) =

GCou(z —1) =

GCsu(r—1) =2 -8z + 10
GCyu(z —1) = =32 + 152 — 15
GCs.(r — 1) = 62 — 242 + 21
GCsu(r — 1) = =102 + 352 — 28
For n > 3,

GCho(z — 1) = (=1)"? ((”; 1)3;2 +(n?— Dz + (” ; 2)) .

It is straightforward to check that

_ ) o wt?(t+3)
;(—1) (n—1)(n+ 1)at" = S
et —1\ , 1

n;(_l) ( 2 )t _1_(t+1)3'

Then we obtained the following explicit formula of the generating function for
descents in words over [3] with no repeated letters:
(t+1)°
Pr(tr +t+3)—1
= 1+3t+ 3z +3)t* + (2* + 102 + 1)’ + (1227 + 12z)t*

Ades,[3],% ($7 t) =

+(62° + 362 + 62)t° + (v! + 472® + 472> + 2)t° + - - - .

We end up this subsection with another example. Suppose the alphabet is
[k + 1] and the pattern u =134 --- k 2. Then we are interested in the following
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generating functions for distribution of reduced matches of w,

Aufpny(z,t) =1+ 7 Y~ gromehlv), (2.26)

= enmi,

and
Au7[k+1],g($, t) =14 Z t" Z iL‘u_mCh(w), (2.27)

0,0,1
n=>1 wGWIn’[k_H]’%

where Z holds for a pair (a,b) in [k + 1]? if and only if a # b.

Clearly, v is a minimally overlapping pattern and the length of a u-cluster can
only be either k or 2k — 1. That suppose that a; ...as,_1 is a u-cluster. Then it
is easy to see that a; < ai. But if a; > 3, then we do not have a enough room in
[k + 1] to have an increasing sequence of length k£ — 1 starting at 3. Thus it must
be the case that a; = 1 and ay...ag,_1 = 24...(k + 1)3. Because u is minimally
overlapping, all the u-matches in a u-cluster have to be marked. Clearly there are
k+1 ways to fill a u-cluster of length k using elements from [k+1] and (1:1) =k—1
ways to fill a u-cluster of length 2k — 1 using elements from [k + 1]. Hence

Cru(z) = (k+ 1)z and Cy,_1,(x) = (k — 1)2°.

Then

1
Aot = T T e - - D - e (22

To compute generalized cluster polynomials in (2.27), we first need to figure
out structures of generalized u, #Z-clusters. It is obvious to see that for z € GC,, ., #,
the length of any block in z has to be 1, k or 2k — 1. From previous discussion,
there are k+ 1 different u-clusters of length k and k—1 u-cluster of length 2k —1. If
By ... By, is a generalized u, Z-cluster, then we must have last(B;) = first(Bji1)
for all 1 < ilegm — 1. If follows that in an arbitrary generalized u-cluster of any
length, there can at most two u-matches. That is, if there exists a generalized
u-cluster having three u-matches, the first number in the third u-match is at least
3 and then the largest number in the third u-match is at least k£ + 2 which is out
range of the alphabet [k + 1].
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Based on above discussion, we split generalized u-clusters of size n into 4 cases.
Case 1 is that there are only singleton blocks, Case 2 is that there is only one block
of length k, Case 3 is that there are two blocks of length k and Case 4 is that there
is there is one block of length 2k — 1.

Assume the size of the generalized cluster is n. In Case 1, there are only single-
ton blocks which contributes (—1)"~!(k + 1) to the generalized cluster polynomial
GC,, (). In Case 2, n > k and there are n — k singleton blocks and a block of size
k which is actually a u-cluster of length k. There are (n—k+1) ways to choose the
position of the block of length k and there are (k4 1) different fillings of the cluster.
Therefore, the generalized clusters in Case 2 contribute (—1)"*(n—k+1)(k+1)x
to the generalized cluster polynomial GC,, ,(z) if n > k. In Case 3, n > 2k, there
are are n — 2k singleton blocks and two blocks of size k. Clearly, there are ("_22k+2)
to choose positions of these two clusters. We have k& — 1 different fillings of the first
u-cluster because the cluster must begin with 1 and end with 2. For the second
cluster, there is only one legal filling. Therefore, the generalized clusters in Case
3 contribute (—1)"~2k+1("72*2)(k — 1)2% to the generalized cluster polynomial
GO, () if n > 2k In Case 4, there is a block of size 2k — 1 and n — 2k + 1 single-
ton blocks which contributes (—1)"~2*1(n — 2k + 2)(k — 1)2? to the generalized
cluster polynomial GC,, ,(z) if n > 2k — 1.

Taking the sum of the polynomials obtained in each case, we have

1<n<k-1,
GChu(z) = (D)"Y k+1).
k<n<2k-2,
GCnu(r) = ()" F"n—k+1)(k+Dx+ (-1)""(k+1).
n>2k—1,

GCOnu(r) = (n—2k+2)(k —1)(—1)" "2+

N (n - 22k + 2) (k — 1)(—1)n2+1y2

+(n—k+1)(=1)"*k+ Dz + (=1)"(k+1).
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Then we can compute that

kit"GCn,u (@) = (k+1) (t(—_i—ll)ktk +1) |
2Z_2IE"CJC'ML(x) =
(=0 (kz = (=1)%) = (=D +t (2 = (=1)") + (=" (1 = k)z + (-1)"))
(k + D!
(t+1)2

oo

Y "GC, () =

(—(=D*K*(t + 1)’z + k (—1)** + (=" (2(-1)* —z) — (-1)*z
(=1 +2%) + (=DM (=) +2) + (=) (2(-1)F + 2) + (-1)* — 2?)

t2k71
TSR
Therefore,
Au,[k-}—l],% (I‘, t)
1
1= "G (x — 1)
B 1
- k—1 2k—2 00
1= > t"GCru(z—1)— > t"GCLu(x—1)— > t"GCpu(x—1)
n=1 n=k n=2k—1
B —t(t+1)?

(k—1)(x — 122k + (k+ 1)t + 1)(x — D)tFt1 4 (¢t + 1)2t(kt — 1) (2.29)

Now we assume the alphabet is [4] and then the pattern u = 132. Then letting
k =3 in (2.29), we have
(t+1)3

ttt2t(r—1)(t(x—1)+2)+4x—1)+5)+1) -1
A few initial terms are

Ayz(z,t) = —

1+ 4t + 126 + (32 + 42)t° + (84 + 24x)t* + (218 + 1042 + 22%)t°
+(566 + 380z + 262°)t° + (1468 + 1276z + 1722%)t"
+(3808 + 4064z + 860z + 162°)t + - - - .
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Letting x = 0 and k£ = 3 in (2.29), we have the generating function for the
number of elements in WI&% avoiding 132 consecutively,
(t+1)°

A0 = o s i1
= 144t + 12t% + 32t3 + 84¢* + 218¢° + 566t° + 1468t7 + 3808¢t°

+9878tY + 25622t'° + 66464t + 172400t + - - -

Taking partial derivative of (2.29) with respect to x and letting = = 0,k = 3,

we have
Ay ,2(2, 1) B ABE 412 (=2 +t+1)
O =0 (=205 + 4t4 + 13 — 512 — t + 1)

= 483 + 24t 4 1041 + 380t° + 12767 + 4064¢® + 12496¢°
+37492¢1° + 110404t + 320536¢'% + 919976t + - - - |

which is the generating function for the number of elements in WISL’E%I having

exactly one u-match.

2.2.2 ‘N’-shaped pattern in standard Young tableaux of

shape n?

A standard Young tableau of shape n* is a filling of a & x n rectangular array
with integers 1,2, 3, - -+ , kn such that the elements increase from bottom to top in
each column and increase from left to right in each row. Here we adopt the French
notation of standard Young tableaux.

The set of all standard Young tableaux of shape n* is denoted by SYT (n*).
An element in SYT (2%) is given in Figure 2.9. SYT (n*) can also be regarded as a
special subset of P,S;lo’k equipped with some relation Z. Here Z is a binary relation
on a pair of two columns (C, D) of height %k such that the i-th element in C'is less
than the i-th element in D, for all 1 <i < k.

For a given pattern P € SYT (j*), our goal is to compute the following gener-

ating function,

Apsyr(z,t) =1+ Z (o) Z xP—rnch(F)j
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3|6
P 215
1[4

Figure 2.9: An element in SY7T(2%).

which according to Theorem 2.4, equals

1
Apsyr(z,t) = - ,
L= o1 Gy GCnp(a — 1)

where GCy, p(z) is generalized P-cluster polynomial. To compute GCy, p(z), we
need to figure out the structure of generalized clusters.

Since the structures of P-clusters and generalized P-clusters depends on the
pattern P itself, we can use our methods to compute Apsyr(z,t) for a simple
pattern P. Suppose we let P € SYT(23) be the standard tableau pictured in
Figure 2.9. Before we can compute a formula of GCs,, p(z), we need to understand
the structure of P-clusters and generalized P-clusters.

Here the pattern P only consists of two columns, which implies that in an
arbitrary P-cluster, all P-matches must be marked. Otherwise two consecutive
marked P-matches don’t share a column, which violates the definition of P-clusters.
The number of columns in P-clusters could be any integer greater than or equal
to 2. If we use Hasse diagram to represent the partial ordering of pattern P, as
pictured in Figure 2.11, we see that it looks like capital letter ‘N’. It is easy to see
that there is only one P-cluster ) with n columns, namely, the i-th column of @)
must consists of the numbers 3¢ — 2, 3i — 1 and 3i, reading from bottom to top. For
example, a P-cluster of size 4 is pictured in Figure 2.11 whose first three columns
are marked ‘z’.

Next we consider the structures of generalized clusters. First we know each
block in a generalized cluster is either a single increasing column or a P-cluster.
Between blocks, the row increasing condition must be violated, that is, we fail to
observe row increasing condition in at least one row. For example, in Figure 2.10,
() = B1ByB3B, is a generalized cluster of 8 columns, where Bj is a cluster that has

two columns and By is a cluster having four columns. Between B; and Bs, in the
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base row, 12 «— 8 is not increasing, between By and Bj3, no rows are increasing,
and between B3 and By, no rows are increasing. Thus () satisfies the requirement

of being a generalized cluster.

X X X X
10|22 5(11[17 |23
Q |7[13 2] 9|16]21
412 1[6[14]19
B B,

Figure 2.10: () = BBy B3B, is generalized cluster consisting of 4 blocks.

In general, suppose () € GCs,, p is a generalized cluster of size 3n which has m
blocks, and [; is the number of columns in the ¢-th block. Since a block is either a
single column or a cluster and it’s known that a P-cluster can be any size greater
or equal to 6, clearly (ly,ls, -+ ,l,) can be thought as an integer composition of
n. Since all P-matches have to be marked, in a block having [; columns, there are

[; — 1 many marked P-matches and then hence

mp(Q) = > (Li=1)=n-m,
1<i<m
which implies the weight of Q, w(Q) = (—=1)B@ -1z B@  where B(Q) is the

number of blocks in ). Based on these facts, we have

GCy(x)= D wp(@Q) =Y (~)WGe ", (2.30)

QGQCsn,P L):n

where L is composition of n, ¢(L) is number of parts in [ and QCéfL) is the set of
all the generalized clusters whose blocks have sizes L = (I1,1ls,- - ,l,,). Therefore,
we only need to count the cardinality of the set QCéﬁ).

To count the number of generalized clusters, we use the so-called graphic
method which is based on counting linear extensions of posets. It has been a
widely utilized technique in many papers such as [19] [14] [27].

We use Hasse diagrams to represent the pattern P and P-clusters. For example,

two corresponding Hasse diagrams are drawn in Figure 2.11. According to the
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(@]

— Do w | =
o1 O | =
~|oo|lol w

o N IR

Figure 2.11: Pattern P, a P-cluster of length 4 and their corresponding Hasse
diagrams.

definition of generalized clusters, the restriction should be violated between blocks,
that is, arrows between blocks should be in the set C, as shown in Figure 2.12.
Then we can represent generalized clusters as Hasse diagrams. For instance, all
the generalized clusters with 8 columns whose such that the number of columns in
the blocks induce the composition L(2,4, 1, 1) corresponding to the Hasse diagram
Dy in Figure 2.13. We let LE(D;) denote the number of linear extensions of the

diagram D;. Then we have
LE(D,) = |9C5) 5| (2.31)

and then according to Equation (2.30), we have

GCp(z) =Y (~1)"'LE(D;)z"™, (2.32)
IFn
where [ = (I3, -+ ,l,,) is a composition of n.

Figure 2.12: The set of arrows between blocks.

SRS

Figure 2.13: Hasse diagram D3 411)

The strategy of counting LE(D;) is based on recursion and Inclusion-Exclusion

principle. We take D(341,1) in Figure 2.13 to demonstrate the computation. First
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we remove the rightmost C' and then subtract the row-increasing case. We keep
this process until there is no ‘C” in the diagrams. Figure 2.15 shows the results
after we remove 2 C’s from right to left. That is, the second line means that the
set of elements where C' holds between the last two columns can be expressed as
the set of elements where there are no conditions imposed on the relative order of
the rows between the last two columns minus set of elements where the last two

column form a column strict tableau. For the first element in row 2, we can choose

24

3) ways and we are reduced to considering a

the elements in the last column in (
diagram with 7 columns. The next row then shows how we can eliminate the second
C in each case. Eventually, we will reduce ourselves to a case where there are no C
and the blocks consists of patterns of the form pictured in Figure 2.14. In such a
case, we can represent the structure by a sequence of pairs (aq, by, ag, ba, ..., a,, b;)
where we start out with a; columns whose top element is bigger than the bottom
element of the next column, followed by b; columns whose Hasse diagram is that
of standard tableaux of shape b3, then the top element of part corresponding to
by is larger than the bottom element of the next column which starts a sequence
of ay columns whose top element is bigger than the bottom element of the next
column, followed by by columns whose Hasse diagram is that of standard tableaux
of shape b3, etc. For the diagram pictured at the top of Figure 2.14 is associated
with the sequence (3,4,4,4) and the diagram picutured at the bottom of Figure 2.14
is associated with the sequence (0,4,4,5). Given such a diagram corresponding to
(ay,b1,a9,b,...,a,,0b.), we will say that a;s correspond to the linear part of the
diagram and b;s correspond to the standard part of the diagram. It is easy to see
that the number of linear extension of the diagram if just [/_, f,, where f, is the
number of standard tableaux of shape b3. In this case, one can apply the hook
length formula of Frame, Robinson, and Thrall [20] for the number of standard
tableaux of shape A to compute that

(3D)!

fo= = : :
[Ty i+ 1)@ +2)

For example, consider the Hasse diagram at the top of Figure 2.14. It is easy to

see that we must use the number 1,...,9 to label the first linear part of 3 columns

which can be done in only one way. Then we must use the numbers 10,...,21
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to label the next four columns because the label of the right top-most element
of that block must be the largest element of the block and it is smaller than all
the remaining elements. Thus f; ways to arrange the numbers 10,...,21. Next
we must use the numbers 22, ..., 33, to label the second linear part which can be
done in only one way. Finally we can use the numbers 34, .. .45 to label the second

standard block which can be done in f; ways.

i\

i

Figure 2.14: The final structure of blocks in the inclusion-exclusion process.

Continuing on in this way, we can obtain a formula of LE(D(241,1)) which is

given by

LR = ((3,234, 6> N (3243> f2) - ((3246> f2— (234) fzfz) (2.33)
T PO P

where f; is number of standard Young tableaux of shape j* which can be computed

et
e N
A - NN - N

Figure 2.15: Computing LE(D2.41,1))

We can embed the Hasse diagrams whose linear extensions that we want to
compute in a larger class of Hasse diagrams where there are simple recursions

to compute the number of linear extensions. To this end, we define a new class
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of Hasse diagrams I'(by, by, b3, - -+ , b,; ¢1,dy, 2, ds, c3,d3, - -+ ), where the semicolon
separates the diagram into two parts at the rightmost C. That is, by,b9,...,b,
correspond to linear blocks which are separated by C', block b, is followed by a
C which is turned is followed by a single block consisting of alternating linear
and standard parts. Here ¢; is the length of the i-th linear part to the right of
the rightmost C' and d; is the length of the i-th standard part to the right of the
rightmost C'.

Then we set

F<blu b27 b37 T bm7 07 0) = F<blu b27 b37 T bmfl; bma O) = D(bl,bg,"-,bm)- (235>

e eteted
Figure 2.16: D112 = 1'(2,4,1,1,2;0,0) = I'(2,4,1,1;2,0)

Then there are natural recursions which split into two cases.
Case (i) If ¢; =0, then
LE(F(bl, bg, LR bm, O, dl, Co, dg, s, Cyy dt))
3 b +33 +d !
( Zz_l ;y—l(ct t)) LE(F(b17 b2’ v 7bm71; bm7 0)) H fdj
3 Zz‘:l bi j=1
_LE<F(bla b27 e 7bm71; bm - 17 dl + 17 Ca, d27 sy Gy dt))

That is, we can express the desired number of linear extensions as the number of
linear extensions where there is no relation imposed between the last block of b,
and the diagram of corresponding the pairs (0, dy, c2, ds, . . . ¢, d;), in which case we
have (3 Zglb;gigzl(cﬁdt)) ways to choose the set of labels for the last block and
H;zl Ja; ways to that set of labels to label the last block, minus the number of
linear extensions where the row increasing condition holds between the last column
of b,, and the first column of d;. In the latter case, the last block corresponds to
the sequence (b, — 1,dy + 1,¢9,da, ..., ¢, dy).
Figure 2.17 is an example of case (i).

30

LE(I'(2,4,1;0,2,1,0)) = (9

)fgLE(F(Q, 4;1,0)) — LE(I'(2,4;0,3,1,0)),
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where f5 is the number of standard Young tableuax of shape 23.

SR EEEL
= DD BN - DI

Figure 2.17: Recursion for I'(2,4,1;0,2,1,0)

Case (ii) If ¢; # 0, then

LE(F(b17b27"' 7bm;cl7d17027d27”' 7Ctadt))
3 b 4+3%° +d !
( Zz_l 53_1(01‘/ t)) LE(F(bly by, bym_1; by, 0)) H fdj
321‘:1 bi j=1
_LE(P(bla b2a e 7bm—1; bm - 17 2a C1 — 17 dlv C2, d27 T Cry dt))

Figure 2.18 is an example of case (ii).

3

LE(I'(2,4:1,2,1,0)) = (1

g) £LE([(2;4,0)) — LE(I'(2:3,2,0,2,1,0)).

That is, in this case, we can express the desired number of linear extensions
as the number of linear extensions where there is no relation imposed between the

last block of b, and the diagram of corresponding the pairs (cy, dy, ¢2,da, . .. ¢y, dy),

3307 b330 (cetde)
320t bi

the last block and H;:1 Ja; ways to that set of labels to label the last block, minus

in which case we have ( ) ways to choose the set of labels for
the number of linear extensions where the row increasing condition holds between
the last column of b,, and the first column of ¢;. In the latter case, the last block
corresponds to the sequence (b, — 1,2,¢1 — 1,dy,¢a,da, ..., ¢, dy).

For the base case, LE(T'(0; ¢1, dy, co,da, -+, ¢, dy)) = H§:1 fa;, where f; is the
number of standard Young tableaux of shape 3. Based on the recursion, we can
compute the number of linear extensions of D for any composition of n. Then
using these recursions and dynamic programming, we can compute the generalized

cluster polynomials. The initial generalized cluster polynomials in this case are as
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Figure 2.18: Recursion for I'(2,4;1,2,1,0)

follows.
GCs(z) =1
GCs(x) =x—15
GCy(r) = 2° — 1587z + 882
GClo(r) = 2 — 134927 4 41909z — 133518
GCh5(x) = 2* — 109002° + 13979612% — 190367662 + 41627586
GChs(x) = 2° — 87355z + 410241742 — 175963377322 +

140371470122 — 23252213556

Using these values in Theorem 2.4, we can compute the initial terms of Ap sy7(z, ).

In this case, we computed that

3 6
Apsyr(n,t) = 145+ %
(22 + 8z +33)t°  (2® 4 1222 + 82z + 367)t'2
0l - 12!
N (z* + 1623 + 14722 + 998x + 4844)t'5

15!
n (2° + 20x* + 22823 + 195722 + 13713z + 71597)¢'2 n

18!

In this example, although we are not able to obtain an explicit formula for the gen-
erating function Apsy7(z,t), we convert the original problem to a more tractable
one which can be thought as a recursive problem over the set of all the integer

compositions.
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2.2.3 Shortest loops in non-backtracking random walks

A random walk on Z? of length n is a path consisting of n random steps of the
form (1,0), (—=1,0), (0,1) or (0,—1). Clearly, a random walk can be represented
as word over alphabet {1, 1,2,2} if we denote (1,0) by 1, (—1,0) by 1, (0,1) by 2
and (0, —1) by 2. For example, the random walk on Z? of length 10 pictured in

Figure 2.19 corresponds to the word 12121121 2 2. For convenience, let W, o
denote the set of words of length n over the alphabet {1, 1,2, 2}.

Figure 2.19: The path correspondingto 121211212 2.

More generally, a random walk of length n on a k-dimensional lattice Z¢ can
be regarded as a word of length n over the alphabet {1,1,2,2,--- ,d,d}, where i
represents a forward unit step along the i-th axis and 7 represents a backward unit
step along the i-th axis and . For convenience, let W, 4 denote the set of words of
length n over the alphabet {1,1,2,2,--- ,d,d}.

A non-backtracking random walk is a walk which cannot visit the previous ver-
tex immediately. In other words, in the word corresponding to a non-backtracking
random walk on Z? i and i can not be adjacent in non-backtracking walks, for
1 <1 < d. Clearly, non-backtracking walks are corresponding to a restricted class
of Wy.4. For convenience, let W, 4 denote the set of words of length n over the
alphabet {1,1,2,2,--- ,d,d} where i and i cannot be adjacent .

Non-backtracking walks and regular walks are different in several prospectives
such as non-backtracking walks mix faster. Note that the only situation where a
non-backtracking could revisit a lattice point is that it has a loop that ends at this

point.
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Here we apply generalized cluster method to enumeration of loops in non-
backtracking random walks. Although most problems about words could be han-
dled in a recursive manner, the generalized cluster method provides an easier al-
ternative approach to solve this problem.

Here we focus the discussion on shortest loops. Clearly, shortest loops on Z4
have length 4. For example, on Z?, there are 8 loops of length 4, namely, 1212,
2121, 1212, 2121, 2121, 1212, 2121 and 1212. For Z4, there are 8(}) loops of length
4.

Suppose that we want to keep track of the number of loops of the form 1212
of all non-backtracking walks of length n. Obviously, the is equivalent to finding
the number of exact matches of 1212 over all words of length n over the alpahbet
{1,1,2,2 where 1 and 1 can never be adjacent and 2 and 2 can never be adjacent

By Theorem 2.10, the generating function has following formula

1
A =1 1 u-Emch(w) _ .
WE ) =14 1w 1=, 2 EGC,(x — 1tr

n>1 'LUGWn,d

where

EGCy(z)= Y  (=1)Pzemt)

weEGC,

and £GC,, is the set of exact generalized clusters for u of size n.
Thus we must study the structure of exact generalized clusters. We can parti-

tions the exact generalized u-clusters into two groups in this case.

1. Type 1: All blocks are singleton cells

In this case, once the element in the first block is chosen and then the gener-
alized cluster is uniquely determined. It is because if the element in previous
block is 7 then the element in next block is forced to be i, and vice versa, if
the element in previous block is 7 then the element in next block is forced
to be 7. An example is given in Figure 2.20. Note that it is also possible
that a Type 1 generalized cluster starts with 7, for 1 < i < d. The set of all
Type 1 exact generalized clusters of size n is denoted by £GC:.. If the size of
alphabet is 2d, then |EGC}| = 2d.
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i i i i

Figure 2.20: An example of Type 1 exact generalized u-cluster, where 1 <i <d

2. Type 2: There is a cluster of size 4.

First observe that there is only one exact wu-cluster which consist of the
sequence 1212 where 1 is marked with an #. An exact generalized u-cluster
can not have more than one wu-clusters because between blocks we can only
have either i followed by 7 or i followed by i. The set of all Type 1 exact
generalized u-clusters of size n is denoted by £GC2. An example in £GC;
is drawn in Figure 2.21. It is not hard to see that the cardinality of GC? is
n—3forn>4

X

Figure 2.21: An example in £GC;

Then the corresponding exact generalized u-clusters polynomials are defined as
follows,
EGC)(z) = Y (=1)Pt=t gemulw),
weGEC]

EGC(x,t) :== Y t"EGC;(x),

n>1

where J € {1, 2}. Clearly, EGC), and £GC? are disjoint so that

£6c. = 4 egc)
Jed{1,2}

As discussed above, in a Type 1 generalized cluster of length n, there are n

singleton blocks and since |GC}| = 2d, we have
EGC;(x) = (-1)"'-2d,
and then hence

EGC (0,1) = Y GO a) = Y (— 1)L 2d = 203 (—t)r =

1+t
n>1 n>1 n>1 +
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As for Type 2 generalized clusters of length n, there are n — 4 singleton blocks

and exactly one block of size 4 and since |GC%| = n — 3, we have
EGC3(z) = (=1)" Yn —3)x, for n>4
and then hence

EGC*(z,t) = Y t"GC2(x)

n>4
= > t"(=1)"(n—-3)x
n>4
= —at® Z n(—t)"
n>1
ot
T (11
Finally, we could get
1
Aupw(®:t) = 3 GCl(z —1,t) — GC%(x — 1, 1) (2:36)
1

= (2.37)

1+t (t+1)2

A few initial terms of expansion are
1+ 2dt + (—2d +4d*) t* + (2d — 8d* + 8d°) t* +
(=1 —2d+ 12d* — 24d* + 16d" + z) t* +
(2 — 2d — 16d° + 48d” — 64d* + 32d° — 2z + 4dx) t° +
(=3 +10d + 84> — 80d® + 160d* — 160d” + 64d° + 3z — 12dx + 12d°z) t°
4
Based on the formula for A, 35-(7,t) in Equation (2.36), we are able answer
some further question from an enumerative point of view, such as, how many
shortest loops in a random walk on Z< of length n do we expect to see in average?

Taking partial derivative of the generating function with respect to x and then

let x =1, we have
8Au’Wd(x, t)
ox

d ¢t
- 8(2) (1= (2d = 1)t
= ) (n—3)(2d— 1",

n>4
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where coefficients of " is the total number of 1212 in W, 4. To answer the question,
we also need to use a fact that in a random walk, the number of any given shortest
loop are identically distributed. In other words, A, 3 (7,t) = A, 35;(2, 1) as long
as u and v are both loops of length 4. According to previous discussion, there are
2d(2d — 1)"! random walks in W, 4 and 8(3) different shortest loops. Then the
average number of shortest loops in a non-backtracking random walk of length n
is given by
8(3)(n—3)(2d—1)"*  2(d—1)(n—3)
2d(2d — 1)» (2d — 1) 7’
for n > 3. For example, when d = 2, the average number of loops of length 4

2(n—3)
27

step after the third step contributes % loop in average. When d = 3, the average

in a non-backtracking random walk on Z? of length n > 4 is , that is, each
number of loops of length 4 in a non-backtracking random walk on Z* of length
- 4(n—3)
n Z 4 is 125
The contents of Chapter 2 are currently under preparation for submission.

Some portion is co-authored with J. B. Remmel. The dissertation author is the

author of this material.



Chapter 3

Clusters and Generalized Clusters

3 '7 .7’1€
for fillings of DZZ. jkn e

In Chapter 2, we discussed clusters and generalized clusters for fillings of D,g;?’o

which are of rectangular shapes. In this chapter, we extend the methods to DZi,fn +i

which are almost rectangular shapes but we allow the first and the last columns

have different heights. In following sections of this chapter, Dg;{fj, fo}jl and

4,5,k : : : 0,0,4 2,0,4 0,3,4 2,34
D;Vny; will be discussed respectively. For example, Doy, Dig™, Dyg” and D5}

are pictured in Figure 3.1.

Chapter 2

Chapter 3

Figure 3.1: Focus of Chapter 3.

60
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3.1 Clusters and Generalized Clusters for fillings
of D"

kn+j

In this section, we shall extend the generalized cluster method to deal with

O’j’k

ki J # k. Assume a set of patterns I' C 73187:07’2 we

various types of fillings of D
let MPg;{fj’F denote the set of elements that arise by starting with an element F

of 73,8,#3 and marking some of the I'-matches in F' by placing an ‘z’ on the column

which starts the I'-match. Given an element F' € Mngij, we let mp(F') denote
the number of marked I'-matches in F'. Clearly, the last column of I’ cannot be
contained in any I'-match because the heights do not agree.

To find an extension of Theorem 2.7 for these types of arrays, we need to define
a special type of generalized cluster which we call a generalized end-cluster. That
is, suppose that we are given a binary relation &% on columns of integers and a set

of patterns I' C P,S;O’k.

Definition 3.1. We say that Q) € MPZ;{fjm is a generalized I', Z-end-cluster if
we can write Q = B1Bs--- B, where B; are blocks of consecutive columns in Q)

such that
1. B,, is a column of height j,

2. for i < m, either B; is a single column or B; consists of r-columns where
r > 2, red(B;) is a I'-cluster in MPy,r, and any pair of consecutive columns

in B; are in # and

3. for 1 < i < m —1, the pair (last(B;), first(B;y1)) is not in # where for
any i, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let ggcg;{fﬂ@ denote the set of all generalized I', Z-end-clusters which have
n columns of height k followed by a column of height j. Given Q = B1Bs>...B,, €

gscz;{fjjm, we define the weight of B;, wr %(B;), to be 1 if B; is a single column

mr(red(B;

and x )) if B; is order isomorphic to a I'-cluster. Then we define the weight
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of @, wr#(Q), to be (=1)" ", wr#(B;). We let

0? 9
GECknJ+]I‘J( T) = Z wr,z(Q) (3.1)
Qegﬁcg;{ijrﬂ
0,5,k

Let P,S’j’k denote the set of all elements F' € P i

vy such that the relation &

holds for any pair of consecutive columns in F. We let MPk;z;r ;1. denote the set

of elements that arise by starting with an element F' of Pk;f fj 4 and marking some
of the I'-matches in F' by placing on = on the column which starts the ['-match.

Then we have the following theorem.

Theorem 3.2. Let Z be a binary relation on pairs of columns (C, D) which are
0,0,k

filled with integers which are increasing from bottom to top. Let I' C P,.~" where
r > 2. Then
i tkn+] 07‘7 k
Z thnts Z xF-mch(F) . Zn>0 Im+])'GEC n-l—]F%( 1) (3 2)
. - kn 0 0 k . .
n>0 (kn +7)! S 1_Zn>1 ; GOImFJ( —1)
n+j

Proof. Replace x by z+1in (3.2). Then the left-hand side of (3.2) is the generating
function of mp(F') over all F' € MPZ;{:LI%. That is, it easy to see that

tkn+j tkn+]

Sy, 2 T S R, 2, 09

0,7,k 0,5,k
Fe Pkn+3@ FGMPkn+j,F,%’

Thus we must show that

i thntj 0,7,k
Z tk +J. Z me(F) _ Zn>0 kn+])'?EC TSEJ]CF ﬂ’( ) (34)
= (kn+ j)! reniTos L= 301 oGOt 4 (@)
Now
1 m
—1+Z<Z GCXOF (1 )) . (3.5)
kn 0,0,k kn,T, 2\
1- Zn>1 (Zn GCknFJ( ) m>1 >1

Taking the coefficient of ( 5 on both sides of (3.4) where s > 0, we see that
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we must show that

> (3.6)

thks+j

(ks+37)!

ks + j > thn 0.0k "
= 2 (ka, kb + j) (Z (Z WGCIm,F,%(x>> )

X
a+b=s,a,b>0 m=1 \n>1 tka
(ka)!
tkn+j ik
~GECL L r2(@)
(; (kn + 7)! i1 s
B (Rb+5)!
L .
- Y ()
a+b=s,a,b>0 a, + J

- ka - '
Z Z (kal ka ) H GCIS(;(/:’,];,T (fL’) GECISI’JJ-&,-I{]:,F,%<J:)
Sy m/

m=1 ai+ag+-+am=a
a;>1

- Y Y Y (u )
A= P kai, ... kap, kb+ j

0,5,k 0,0,k
GECkbﬂ-j,F,%<x) H GCkaj,F,r (z). (3.7)
j=1
The right-hand side of (3.6) is now easy to interpret. First we pick non-negative
integers a and b such that a + b = s. Then we pick an m such that 1 < m < a.

Next we pick aq,...,a,, > 1 such that a; + as + --- + a,, = a. Next the binomial

ks+j
at,....kam,kb+j

{1,...,ks+j} such that |S;| = ka; fori = 1,...,m and |S,,4+1| = kb+j. The factor

coefficient (,~C ) allows us to pick sets Si,...,Smn, Sme1 which partition
GEC’,SZ’){’:;,FV@(x) allows us to pick an a a generalized I', Z-end-cluster G,,,+1 of size
kb+ j with weight wr »(Gpy1). Note that in the cases where b = 0, our definitions
imply that G,,,11 is just a column of height j filled with the numbers 1,. .., 7 which
is increasing, reading from bottom to top. Finally the product []7, GC,S(’%;%(:U)
allows us to pick generalized I', Z-clusters G; € chﬁ’ﬁﬂ’% forv = 1,...,m with
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weight [[2, wr#(G;). Note that in the cases where a; = 1, our definitions imply

that G; is just a column of height £ filled with the numbers 1,..., &k which is

increasing, reading from bottom to top.

X
2110|8619
S1={1, 5,8, 10, 15, 18, 24, 27, 30, 32} aTal5071 = G,
2]
S,=1{17, 19} 1 = G
X
6|54
S3=1{4, 17,12, 13, 20, 21} 23] = G
X X
10198 |57
S$.=1{2,6,9, 11, 14, 16, 22, 23, 28, 29} [ol3l4le!l = G,
2]
55:{25, 26} T - G5
X
219716
S¢=1{3, 31, 33, 34, 35, 36, 37, 38, 39} 3401503 ‘ = G,

X X X X X
5132|127(18]30]19|21]20{13|29(28|23|14|22]26|31]|39(37|36
118(10(15124|17|4| 7 (12|26 |9 |11|16|25] 3 33343538‘

Figure 3.2: Construction for the right-hand side of (3.6).
. 6|54
For example, suppose that k =2 and j = 1 and I' = { P} where P = )
11213

Suppose that Z is relation where for any two columns C' and D which filled with

integers and are strictly increasing in columns, (C, D) € Z if and only if the top
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element of C' is greater than the bottom element of D. Then in Figure 3.2, we
have pictured Sy, Ss, S3, S4, S5, S¢ which partition {1,...,39} and corresponding
generalized I', Z-clusters G1,...,Gs and a general ', Z-end-cluster Gg. For each
1, we have indicated the separation between the blocks of G; by dark black lines.
Then for each ¢ = 1,...,m + 1, we create a cluster E; which results by replacing
the j in G; by the j element of S;. If we concatenate E| ... Eg together, then we
will obtain an element of @) € MPQST]F The weight of @) equals H?Zl wr,%(G)

where
wrz(G1) = (1),
WF,%’(G2> = 1,
wr,%(Ga) = T,
wra(Gy) = (=1)'a?
wrz(Gs) = 1, and
wrz(Gg) = .

In Figure 3.2, we have indicated the boundaries between the G;s by light lines.

We let HGECks4,r% denote the set of all elements that can be constructed
in this way. Thus Q = E; ... E,,E,,41 is an element of HGECs4jr % if and only
if for each i = 1,...,m, red(F;) is a generalized [', Z-cluster and red(F,, 1) is a
generalized I', Z-end-cluster.

Next we define a sign reversing involution 0 : HGECysijrz — HGECrssjr -
Given Q = Ey ... B B € HGEC i1, look for the first ¢ such that either

1. the block structure of red(E;) = Bf) - B,(c? consists of more than one block

or
2. E; consists of a single block Bfi) and (last(B;), first(E;)) is not in Z.

In case (1), if i < m, we let O(E;...E,1) be the result of replacing E;
by two generalized I',Z-clusters, Ef and E;* where E;* consists just of BY)

and Er* consists of BY...BY). If i = m + 1, we let 0(E) ... Epy1) be the
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result of replacing F,;; by a generalized I', Z-cluster, £ | and a generalized

I', #-end-cluster E* | where E,,* consists just of B (m+1)

By B,(C’T’H). Note that in either case, wr 4(E;) = (—1)k~! szl (.UI‘}%(BJQ))
while wr (B} )wr 2 (E)™ = (=1)% 2 T8 wr2(BY).

In case (2), if i < m, we let O(E; ... E,41) be the result of replacing E; and
E;.1 by the single generalized I', Z-cluster £ = Bgi)B?H) . B,?:l If i =m,, we

and £} | consists of

let O(F ... Eyqq) be the result of replacing E,, and E,, 1 by the single generalized
I, %-end-cluster E = B B+ B,EZTI). In either case,

z+1

WF,%(Ei)wF,%(Ei+1> = (_1)ki+1 1WFJ H ij (Hl

while
z+1

wr z(E) = (=1)%+wp 4 (B H wr 2

If neither case (1) or case (2) applies, then we let 0(E; ... Epi1) = By ... By
For example, suppose that % is the binary relation where for any two columns C
and D, which filled with integers and are strictly increasing in columns, (C, D) € #

if and only if the top element of C'is greater than the bottom elements of D and

654
I' = {P} where P = . Then if Q) = E; ... Es is the generalized I', %-
11213

cluster pictured in Figure 3.2, then we are in case (1) with ¢ = 1 since E consists of

more than one block. Thus (@) results by breaking that generalized I', Z-cluster
into to two clusters E7 of size 1 and E7* of size 4. 6(Q) is pictured in Figure 3.3.

X X X X X

5 [32|27(18(30(19|21|20(13|29|28|23|14|22|26|31|39|37|36
1]8(10(15)24|17|4| 7|12} 2|6|9 |11[16|25] 3 |33|34|35]38

Figure 3.3: The involution 6.

It is easy to see that 6 is an involution. That is, if ) = F; ... E,, 11 is in case

(1) using E;, then 0(Q) will be in case (2) using Ef and E}*. Similarly if @ =
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Ey...Ep isin case (1) using E; and F; 1, then 0(Q) will be in case (2) using £ =
EiEi+1~ It follows that if 9<E1 e Em—l—l) 7& E1 e Em+1, then WF,‘%(El e Em+1) =
—wr #(0(E) ... Ent1)) so that the right-hand side of (2.11) equals

m+1

Z H WF,,%’(Ei)-

Q=FE1...Em+1€HGECys1j1,2,0(Q)=Q i=1
Thus we must examine the fixed points of 6.
IfQ=EFE .. .Eyn € HGECkstjre and 6(Q) = Q, then it must be the case
that for each ¢ < m, F; consists of single column of weight 1 or it reduces to

) whose weight is the

generalized I', Z-cluster E; consisting of a single block B{i
weight of red(BY)) as a I'-cluster. Moreover, it must be the case that for all
i=1,...m—1, (last(E;), first(E;;1) is in #Z. Similarly, E,, 1 must consists of a
single column of height j and (last(E,,), Eyi1) must be in #Z. But this means for
allj=1,...,s,(Q[j], Q[j+1]) isin Z. That is, either Q[j] equals last(F;) for some
i or column j is contained in one of the I'-clusters F; in which case (Qj], Q[j + 1])
is in Z by our definition of generalized I', Z-clusters. Thus any fixed point @) of
f is an element MPg’gfjﬂ. Then just like our proof Theorem 2.2, it follows that
Ey, ..., E,, are just the maximal I"-subclusters of an element in 77,8;5; ﬁ?. Vice versa,
it T = F,...F.F,,; is an element of P,Sﬁ;l;ﬂ where Fi,..., F, are the maximal
[-subclusters of T" and F;.,; is the last column of height 7, then T'= F; ... F,. is a
fixed point of . Thus we have proved that the right-hand side of (3.6) equals

Z {L‘mF(F)

FeMPUIE %

which is what we wanted to prove. O

3.2 Clusters and Generalized Clusters for fillings

0.0k
of Di+kn

In this section, we shall extend the generalized cluster method to deal with

various types of fillings of fo;:;, for i # k. Let a set of patterns [I' C P,S;O’k). We

let MPZ;?}M’F denote the set of elements that arise by starting with an element F’
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of P;f,’c’; and marking some of the I'-matches in F' by placing on = on the column

which starts the I-match. Given an element F' € Mpszmr, we let mp(F') denote
the number of marked I'-matches in F. Clearly, the first column of F' cannot be
contained in any I'-match because the heights do not agree.

To find an extension of Theorem 2.7 for these types of arrays, we need to
define a special type of generalized cluster which we call an start cluster. That
is, suppose that we are given a binary relation % on columns of integers a set of

patterns I' C P,S;,O’k).

Definition 3.3. We say that Q) € MPEffn’F is a generalized I', Z-start-cluster if
we can write Q = B1Bs--- B, where B; are blocks of consecutive columns in Q)

such that
1. By 1s a single column of height i,

2. for 2 < a < m, either B, is a single column or B, consists of r-columns
where r > 2, red(B,) is a I'-cluster in MPy,.r, and any pair of consecutive

columns in B; are in Z and

3. for 1 <1 < m —1, the pair (last(B;), first(B;11) is not in % where for
any j, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let QSCZ;?}ZI,% denote the set of all generalized I', Z-start-clusters which start
with a column of height ¢« and which is followed by n columns of height k. Given

Q =DBiBy...B, € QSC;&Q}F”@, we define the weight of B;, wr (B;), to be 1 if

mr(red(B;

B; is a single column and x ) if B; is order isomorphic to a I'-cluster. Then

we define the weight of @, wr#(Q), to be (=1)" [, wr#(B;). We let

Gscffk’:z,r,%(@ = Z wr,2(Q). (3.8)

i,0,.k
QEGSC in .2

Let P?f,;l; 4 denote the set of all elements I’ € Pff,;lfl such that the relation % holds

KA
1,0,k

for any pair of consecutive columns in F. We let MP; 0 . , denote the set of

elements that arise by starting with an element F' of Pff,;’; 4 and marking some of

the I'-matches in F' by placing on x on the column which starts the I'-match.
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Then we have the following theorem.

Theorem 3.4. Let Z be a binary relation on pairs of columns (C, D) which are
0,0,k

kn, I %

filled with integers which are increasing from bottom to top. Let I' C P,.~" where
r > 2. Then
. t1+1€7l i 0 k
Z tZJrkn Z xf—mch(F) _ Zn>0 (i+kn)! GSO i+kn,I' 9 J( 1) ' (39)
>0 (’L + kn) 1 — Zn>1 t’“" GCOOk ( 1)

F GPka]:z 7
Proof. Replace x by = + 1 in (3.9). Then as in our previous theorems, the left-

hand side of (3.2) becomes of mp(F') over all F' € MPZ’&{?LR%. As in our previous

theorems, it easy to see that

t’H‘kn (F)
mrp
> ] > ™, (3.10)
n=0 FEMP;E/J; %

Thus we must show that

. it+kn 1,0,k

tl+kn mF(F) . Zn>0 f+kn GSC i+kn,l" % ]( )
Z(z’Jrkn)' 2, =7 E GO (x)
n>0 ’ - Zn>1 ( )

i,0,k kn,I',. %
FEMPLT o

(3.11)

Taking the coefficient of ), on both sides of (3.11) where s > 0, we see that
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we must show that

> ™ (3.12)

1,0,k
FeMP sz

S thn 0,0,k "
= = GChr.2(T) X
( <m1 (nZl (kn)‘
tit+ks

e GSCUOF (x)
: i7 ’n 2\
= (i + kn)! +hn,L\%
(i+ks)!

i+ ks = thn 0.0 "
- Z (ka,i—i— kb) (Z (Z:l WGCIMIE%( )) >

a+b=s,a,b>0 =1

tH—kn 0k
Z : | GSCH—kn,F,«%(:C)
n>

“ (i + kn)!

. Z Z+k$ %
N ka,i+ kb

a+b=s,a,b>0

irkb
(i+kb)!

- ka - Z
Z Z (kal ka ) H GCIS&?]CF,T (z) | GSC fk’Z rz(T)
v k)

m=1 ajtag+---+am=a
G,Z'Zl

a ks +1
= Z Z Z (kal,...,kam,i—i-kb) 8

a+b=s,a,b>0 m=1 a1 +ag+--+am=a
a;>1

GSszkkl; r % H GC’S(I(; ,]% r (3 13)

The right-hand side of (3.12) is now easy to interpret. First we pick non-
negative intergers a and b such that a + b = s. Then we pick an m such that
1 <m < a. Next we pick aq, ..., a, > 1such that a; +as+- - -+a,, = a. Next the
kahm]f;:i’kbﬂ) allows us to pick sets Si,...,Sm, Sme1 which
partition {1,...,i+ ks} such that |S;| = ka; fori =2,... ,m+1 and |S,| =i+ kb.

binomial coeflicient (

The factor GSC; fklzp »(2) allows us to pick an a a generalized I', Z-start-cluster
G of size i + kb with weight wr #(G1). Note that in the cases where b = 0, our
definitions imply that G,, 1 is just a column of height ¢ filled with the numbers
1,...,7 which is increasing, reading from bottom to top. Finally the product

| J GC,S&‘;’]; »(x) allows us to pick generalized I', Z-clusters G, € chfi’kr 5 for
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p=2,...,m+1 with weight H;”:Zl wr.#(Gp). Note that in the cases where a; = 1,
our definitions imply that G; is just a column of height k filled with the numbers

1,..., k which is increasing, reading from bottom to top.
3] x
219|817
S1=1{3, 31, 33, 34, 35, 36, 37, 38, 39} Tals56] = G,
X
2110181619
S,=1{1,5,8, 10, 15, 18, 24, 27, 30, 32} 145071 = G,
2]
S3={17, 19} 1 = Gs
X
6|54
S4=1{4,7,12,13, 20, 21} 23] = Gs
X
10198 |57
Ss=1{2,6,9, 11, 14, 16, 22, 23, 28, 29} {ol3l4le!l = Gs
2]
Ss=1{25, 26} 1 = Ge
33| x X X X X
31139|38(37| 5 [32(27|18]30(19]21|20|13]29|28|23(14|22|26
3134|35(36 8 110(15]24|17|4 | 7(12|2 6|9 |11|16|25
Figure 3.4: Construction for the right-hand side of (3.12).
. 654
For example, suppose that k =2 and i = 3 and T' = { P} where P = )
11213

Suppose that Z is relation where for any two columns C' and D which filled with

integers and are strictly increasing in columns, (C, D) € Z if and only if the top
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element of C'is greater than the bottom element of D. Then in Figure 3.4, we have
pictured Sy, Ss, S3, S4, S5, S¢ which partition {1,...,39} and corresponding gener-
alized I', Z-clusters G, ..., G¢ and a generalized I', Z-start-cluster GG;. For each
1, we have indicated the separation between the blocks of G; by dark black lines.
Then for each ¢ = 1,...,m + 1, we create a cluster E; which results by replacing
the j in G; by the j element of S;. If we concatenate E| ... Eg together, then we
will obtain an element of @) € MPéf}fSI. The weight of @ equals H?Zl wr,%(G)

where

wrz(G)) = —u,

wr,r%”(GQ) = (_1)2%
wrz(Gs) = 1,

wraz(Gy) = w,

wrz(Gs) = (=1)'2* and
wrz(Gg) = L

In Figure 3.4, we have indicated the boundaries between the G;s by light lines.

We let HGSCystjr.% denote the set of all elements that can be constructed
in this way. Thus Q = E ... E,,E,4+1 is an element of HGSCysjr % if and only
if for each i = 1,...,m, red(E; + 1) is a generalized I', Z-cluster and red(FE;) is
a generalized I', Z-start-cluster. Next we define a sign reversing involution 6 :
HGSChsrjr e — HGSCrssjre. Given Q = Ey ... E, B, 1 € HGACkstjr.%, look
for the first ¢ such that either

1. the block structure of red(E;) = Bfi) oo B,ii_) consists of more than one block

or
2. E; consists of a single block Bfi) and (last(B;), first(E;)) is not in Z.

In case (1), if 2 <7 < m+1, we let O(E;...E,1) be the result of replacing
E; by two generalized I', Z-clusters, E} and E;* where E;* consists just of B@
and E’* consists of Béi) . B,(C?. Ifi =1, we let §(F;...E;4+1) be the result of
replacing F by a generalized I', Z-start-cluster, £} and a generalized I', Z-cluster
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E}* where Ejx consists just of B§1) and ET* consists of Bél) o B,S). Note that
in either case, wrz(E;) = (—1)" ' [I}, wr2(BY) while wr g (B} )wra(E)™ =
(—1)ki=2 Hf;l wpv%(B](-i)). In case (2), if 2 < i < m, we let (E;...E,11) be
the result of replacing F; and E;,; by the single generalized ', Z-cluster £ =
BY)BYH) . B,(;:ll) Ifi =1, welet 0(F;...E,1) be the result of replacing F

and Fy by the single generalized I', Z-start-cluster £ = BPBP . B,E:Zil In
either case, wr 4 (F;)wr#(Eiv1) = (—1)ki+1*1wr,@(3§i))Hj@f wr,,@(B](-iH)) while

wrz(E) = (—1)ki+1wF7@(B§i))H?:—f wFﬂ(BJ(-iH)). If neither case (1) or case (2)
applies, then we let O(E; ... E,q1) = Ey ... Epyq. For example, suppose that % is
the binary relation where for any two columns C' and D, which filled with integers
and are strictly increasing in columns, (C, D) € Z if and only if the top element
6|54

112]3]
Then if Q = E; ... Eg is the generalized I', Z-cluster pictured in Figure 3.4, then

of C' is greater than the bottom elements of D and I' = { P} where P =

we are in case (1) with ¢ = 1 since E; consists of more than one block. Thus 6(Q)
results by breaking that generalized ', Z-start-cluster into to two clusters E; of

size 1 and E* of size 2. 6(Q) is pictured in Figure 3.5.

33| x X X X X

31(39(38|37| 5 32|27|18(30|19|21]20{13|29|28|23|14|22|26
3134|35|36| 1 8 |10|15|24({17|4| 7 |12{2 6|9 |11|16|25

Figure 3.5: The involution 6.

As in our previous theorems, it is easy to verify that 6 is an involution. More-

over, if 0(Fy ... Epy1) # Ey ... By, then

OJRQ(El ce Em+1) = —WF7%(9(E1 ce Em+1))

so that the right-hand side of (3.12) equals

m+1

Z H wn%(Ei).

Q=E1..Em1€HGSCitks,r,2,0(Q)=Q i=1
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Thus we must examine the fixed points of 6.

IfQ=E...En € HGSCitksr.2z and 6(Q) = @, then it must be the case
that for each 2 <i < m + 1, E; consists of single column of weight 1 or it reduces
to generalized I', Z-cluster E; consisting of a single block B%i) whose weight is
the weight of red(BY)) as a ['-cluster. Moreover, it must be the case that for
all i = 2,...m, (last(E;), first(E;+1) is in #Z. Similarly, F; must consists of a
single column of height i and (Ey, first(Es)) must be in %Z. But this means for all
j=1,...,s (Q[j],Q[j + 1]) is in Z. That is, either Q[j] equals last(FE;) for some
i or column j is contained in one of the I'-clusters E; in which case (Q[j], Q[j + 1])
is in Z by our definition of generalized I', Z-clusters. Thus any fixed point @)
of 6 is an element MPE’J?;Z’%. Then just like our proof Theorem 2.2, it follows
that F4,..., E,, are just the maximal I'-subclusters of an element in 77?40,;57%. Vice
versa, if T'= F ... F,.F, . is an element of P,S;sz where Fs, ..., F, are the maximal
[-subclusters of T" and F} is the initial column of height 7, then T'= F; ... F} is a
fixed point of #. Thus we have proved that the right-hand side of (3.12) equals

Z xmp(F)

4,0,k
FeEMP i »

which is what we wanted to prove. O

3.3 Clusters and Generalized Clusters for fillings

0,5,k
of Dy
In this section, we shall combine Section 3.1 and 3.2 to extend the generalized
ij.k
ithntj

I CPyo*. We let MPZj,fn +;r denote the set of elements that arise by starting

with an element F' of Pfj,jl +; and marking some of the I-matches in F'" by placing

cluster method to deal with various types of fillings of D Let a set of patterns

ik
i+kn+j,I"
we let mp(F') denote the number of marked I'-matches in F. Clearly, neither the

on z on the column which starts the ['-match. Given an element F' € MP

first or the last column of F' is contained in a ['-match.

07j7k

ks We defined generalized

To find an extension of Theorem 2.7 for fillings of D

0,0,k

wnri» we defined generalized start clusters. However,

end clusters and for fillings of D
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i7j7k

i knt Next we define

they are not enough to extend Theorem 2.7 for fillings of D
a special type of generalized cluster which we call a generalized start-end cluster.
That is, suppose that we are given a binary relation % on columns of integers a

set of patterns I' C 730 0k),

Definition 3.5. We say that QQ € MPli’kn +r s a generalized I', #Z-start-end-
cluster if we can write QQ = B1Bs - - - B, where B; are blocks of consecutive columns

i @ such that

1. m > 2,
2. B1 is a column of height 1,
3. By, is a column of height j,

4. for1l < i < m, either B; is a single column or B; consists of r-columns where
r > 2, red(B;) is a I'-cluster in MPy,r, and any pair of consecutive columns

in B; are in Z and

5. for 1 < i < m —1, the pair (last(B;), first(Bi+1)) is not in % where for
any j, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.

Let QSSCZi,fn N denote the set of all generalized I', Z-start-end-clusters

which have n columns of height & between a column of height ¢ and a column

of height j. Given Q = B1By... B, € QSSC%’:”HFJ, we define the weight of B;,

wr.#(B;), to be 1 if B; is a single column and 2™ ¢d(B)) if B; is order isomorphic to
a I'-cluster. Then we define the weight of Q, wr #(Q), to be (=1)" "' [T, wr 2 (B;).
We let

GSECIE 1 4(x) = > wr2(Q). (3.14)

.4,k
QEGSEC hntir 2

Let P! jk’fl Y denote the set of all elements F € P! jkljl 4 such that the relation #Z
sk

itkntjr. denote the

holds for any pair of consecutive columns in F. We let MP;

set of elements that arise by starting with an element F' of P, j:;m +j. and marking

some of the -matches in F' by placing on ‘z’ on the column which starts the

I'-match.
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Then we have the following theorem.

Theorem 3.6. Let Z be a binary relation on pairs of columns (C, D) which are

0,0,k

filled with integers which are increasing from bottom to top. Let I' C P,.~" where

r > 2. Then

ti—‘rkn-‘rj

I-mch(F) __
% (i + kn + 5)! Z ! B

1,9,k
Fepz+kn+] R

i+kn i 0 k kn-+j 07 ,
(Zoso G SO (@ = 1)) (Zoso i GECHE rale = 1)
kn 0,0,k
1 - Zn>1 (Zn)lGCknF ( 1)
tz—l—kn—i—]

+z:(zjtlm%-j)

GSEC . jrm(e —1). (3.15)

Proof. Without causing any ambiguity, as a subscript of many variables, I is
sometimes omitted for convenience. Replace x by = + 1 in (3.15). Then the left-
hand side of (3.2) is the generating function of mrp(F') over all F' € MP;ﬁme’F’Q
That is, it easy to see that

Z ti+kn+j Z ( Fomeh(F) Z tz—i—kn—i—j Z (F)
: : .ZL'+1 m x™mr .
n>0<2+kn+‘7) 1,5,k n>0 Z+kn+] i.4,k
- Fe Pz+kn+] % - Fe Mpz+kn+] %
(3.16)

Thus we must show that

tkn+j

Z(l{:n—i—j)! 2, M=
n=0 FeMPYE,
i+kn 1,0,k kn+ 0,7,
<Zn>0 erkn)'GSC +knF]< )) <Zn>0 (Itanrj] GEC 7LJ+]FJ( ))
kn 0,0,k
- ZnZl ﬁGCknF%( )
tz+kn+]

+Z(z+kn+])




7

Now we rewrite the right-hand side of (3.17) as

tkn+j

tk’nJrj ; '
((Z (kn +J)|GSCz£k’;F%(x)> (Z WGEC}%fJF%(x)>
n>0 n>0
tkn m
X (S et )
m>0 \n>1 ’

ti+kn+]

Z]?
+Z (z+k3n—|—]) GSECz+Im+JFJ( ) (318)

n>0

Taking the coefficient of +— (k + 5 on both sides of (3.18) where s > 0, we see that we

must show that

Z e (F)

i,7,k
FeMP iz

terkn 0k tknJr] 0k
- Z (Z + k:n)' GSCi—i_k"’F"%(x) Z WGECIWH-] I J( )

DS (z GCOOE (s >) )

tH—kTH-j

E 1,5,k
+Z (Z+kn—|—j) GS Cz—i—kn-l-jf‘j(x))

titks+j
(it+ks+3)!

S S Y (e
a+b+c=s,a,b,c>0 m=1 b1+b1;;41rbm:b v+ ka’ kbl’ o kbm’ ke + J

GSCIE (n) GECSE (x) Hcc,zﬁ:m) +GSECHE, (o)
j=1

(3.19)

Now we interpret the right-hand side of (3.19). Different from interpretation of
(3.6) or (3.12), the plus sign in (3.19) offers us two ways to construct an array in
MP s

One way is via GSC, GEC and GC. First we pick non-negative integers a, b and
c such that a + b+ ¢ = s. Then we pick an m such that 1 < m < b. Next we pick

bi,...,b, > 1such that by + by + --- + b,, = b. Next the multinomial coefficient
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( i+ks+j
i4ka,kbi ..., kb ketj

{1,2,...,i+ ks + j} such that |S;| = i + ka, |Sh11| = kby for h = 1,...,m and

) allows us to pick sets Si,...,Sm, Smi1, Smie which partition

|Sint2| = ke + j. The factor GSC’;f,;’;%(x) allows us to pick a generalized start-
cluster Gy of size i+ ka with weight wr »(G1). Note that in the cases where a = 0,
our definitions imply that G, is just a column of height ¢ filled with the numbers
1,...,7 which is increasing, reading from bottom to top. The factor GECSQ@;];7%($)
allows us to pick an a a generalized end-cluster G,, 2 of size kc 4 j with weight
wr.#(Gm+2). Note that in the cases where ¢ = 0, our definitions imply that G2
is just a column of height j filled with the numbers 1,...,j which is increasing,
reading from bottom to top. Finally, the product HT:1 GC,SI;(})L”’;Z(m) allows us to pick
generalized clusters G, € QCZ}SI’%, for h =2,...,m+1 with weight [[,—, wr 2(Gs).
Note that in the cases where b, = 1, our definitions imply that Gj is just a
column of height £ filled with the numbers 1,..., k which is increasing, reading
from bottom to top.

Another way is via GSEC. The term GSE zjk]iﬂg(:p) allows us to have a
generalized start-end-cluster G, of size i + ks + j. Note that in the case where
s = 0, our definition implies that G, has two blocks and the first block is a single

column of height ¢ and the second block is a single column of height j.

For example, suppose that i = 3, &k = 2 and j = 1 and ' = {P} where

654
P = . Suppose that & is relation where for any two columns C' and D

11213
which filled with integers and are strictly increasing in columns, (C,D) € Z if

and only if the top element of C' is greater than the bottom element of D. Then
in Figure 3.6, we have pictured Si,Ss,S3, Sy, S5, S¢ which partition {1,...,42}
and corresponding a general start-cluster GGy, generalize clusters Ga,..., G5 and
a general end-cluster Gg. This is a construction for the right-hand side of (3.12)
via GSC, GEC and GC. For each h, we have indicated the separation between the
blocks of G; by dark black lines. Then for each h = 1,...,m + 1, we create a
cluster E; which results by replacing the j in G; by the j* element of S;. If we

i7j7k

concatenate Ej ... Eg together, then we will obtain an element of Q@ € MP;yy .
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3| x
219(8]7] _
S.1=1{(3, 31, 33, 34, 35, 36, 37, 38, 39} Tal576l = G,
X
2(10(8 (6|9
S,=1{1,5,8, 10, 15, 18, 24, 27, 30, 32} Asralsl71 = G,
(9]
53:{17, 19} T :Gg
X
6|5 |4
S,={4,7,12, 13, 20, 21} 1213 = Gy
X X
10098|5(7] _
Ss=1{2,6,9, 11, 14, 16, 22, 23, 28, 29} 23l ale = Gs
S } 214 ¢
6=125, 26, 40, 41, 42 [3]5] = %
33| x X X X X
31139(38(37| 5 [32]27]18]30[19]21]20[13]29(28|23|14[22|26(41
3 [34]35]36] 1] 8 [10]15[24]17] 4] 7[12] 2 | 6 | 9 |11]16]25[40]42]

Figure 3.6: Construction for the right-hand side of (3.12) via GSC, GEC and GC.

S.={1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18}

X X

G.=

16/13

10

14117

H[\DOJ‘

1215]18]

Figure 3.7: Construction for the right-hand side of (3.12) via GSEC.
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The weight of Q equals [[5_, wr.#(Gp) where

wra(Gr) = (=1)*"'z,
wra(Ge) = (=177,
wra(Gs) = (=)'
wra(Gy) = (=1)'a,
wra(Gs) = (=122, and
wra(Gs) = (=1)°"L

In Figure 3.6, we have indicated the boundaries between the GG,’s by light lines.

In Figure 3.7, we have pictured S, = {1,2,...,18} and corresponding a general
start-end-cluster G,. This is a construction for the right-hand side of (3.12) via
gS&C. Clearly, G, € MP;’J{’,?SH’F. The weight of G,

wrp(GL) = (—1)57 122,

We let HGC; s+ jr,% denote the set of all elements that can be constructed via
GS8C, GEC and GC, and let HGSEC, ks+jr# denote the set of all elements that

can be constructed via GSEC. We let
Hivksrjrz = HGCitrsrjrae U HGSEC kot jra-

For convenience, the subscripts I' and % are omitted in following discussion.

Then Q = Ei ... Epy1Epyo is an element of HGC,yks4j1,2 if and only if m >
0, red(F1) is a generalized start-cluster, for each h = 1,...,m, red(E,11) is a
generalized cluster and red(E,, o) is a generalized end-cluster. On the other hand,
Q) = E; is an element of HGSEC, ys+; if and only if red(E)) is a generalized
start-end-cluster.

Next we define a sign reversing involution 6 : H;xsy; — HGECitkstj. We use
B((ih) to denote the d-th block in Ej,.

If @ € HGCitpstj, then we assume Q) = Ey ... Ey 11 E,, 49, look for the first h
such that either
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Case (1). the block structure of red(Ej) = B§h)B§h) . B,(;Z) consists of more than one
block or

Case (2). Ej, consists of a single block B and (last(B"), first(B"*")) is not in %.
If Q € HGSEC, 1stj, we assume ) = E; and then

Case (3). the block structure of red(E;) = BYL)Béh) . B,E;Z) consists of more than one
block.

In Case (1), if h = 1, we let (E; ... Eyi1Em42) be the result of replacing
E; by a generalized cluster E and a generalized start-cluster E}* where ET con-
sists just of B§1) and E7* consists of Bél) . ..B,(;). f2<h<m+1, welet
O(Fy ... Epy1Enie) be the result of replacing Ej, by two generalized clusters E} and
E;* where E} consists just of Bih) and E* consists of Béh) . B,E::). Ifh=m+2,
we let O(E) ... Epn1FEni2) be the result of replacing F,,.o by a generalized clus-

ter E; ., and a generalized end-cluster )" , where £ , consists just of Bme)

g

and E;> , consists of Bé . Note that in any of these three situations

above,
ki
wra(Br) = (=1)F [ wra(BY)
n=1

while

kn
wr g (Bp)wra(Bp)™ = (=1)" 72 [ [wr@(BYY) = —wru(Ey).
n=1

In Case (1), it is obvious that 0(E; ... Ey,11E,42) is still an element in HGC; 4 kg4 ;-

In Case (2), if h = 1, we let (E; ... Eyy1Ens2) be the result of replacing
FE, and F5 by a generalized start-cluster £ = B§1)3§2) . ..B,(Cz). If2<h<m,
we let 0(F; ... Eyi1Epi2) be the result of replacing Ej, and Ej,q by a general-
ized cluster £ = BB BWY 1t = 41, we let (B, ... Epi1Fmis)

.- By, .,
be the result of replacing F,,,; and E,, ;o by a generalized end-cluster £ =

pimtgime2) B,(C::f) In any of these three situations,

kny1

wra(Bn)wra(Bne) = (—1) 1 Ywp o(B) [T wrw (BEHY)
n=1
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while

kpi1

wrg(E) = (=1 1wp 5(BY) ] wra(BYY) = —wr (B )wr o (En)-
n=1

One particular situation in this case is that if ) = E; F5 and E; has only one block,
then E; and E, will be combined, that is, §(E; E») is an element in HSEGC, s+ ;-
Except for this situation, 6(E ... Ep1Em42) is still an element in HGCy s+

In Case (3), note that for any Q) € HSEGC s+, Q itself is a generalized start-
end cluster which must have at least two blocks. Suppose Q = F4, then B%l) is a
single increasing column of height ¢ and B,g) is a single increasing column of height
J. Then we let 0(E7) be the result of replacing F; by a generalized start-cluster £}

and a generalized end-cluster Ef* where E} consists just of Bg) and E}* consists
of Bgl) e B,(c?. Clearly,

k1
wrz(Ey) = (=1)"! HWF,%(BS))
n=1

while

k1
we g (EDwrg(E)™ = (=172 [ Jora(BO) = —wr @ (Ey).
n=1

Since A(E) has a generalized start-cluster and a generalized end-cluster, (E;) is
an element in HGC ksy ;-

If neither Case (1), Case (2), or Case (3) applies, then we let 0(F; ... E,,2) =
Ei... Epio

According to the discussion above, now it is easy to see that 0 : H,ypsy; —
Hitkstj is a sign reversing involution. Then based on similar argument we used in
proof of Theorem 3.2 and 3.4, if Q = E;...FE,.» and 0(Q) = @,  must be an

element in MPZi,fS +jr.s» Which finishes the proof. H

We can state analogues of Theorems 3.2, 3.4, and 3.6 in the case where are
Z‘?j7k

study P-matches and exact P-matches where we are studying fillings of D1y,

where we allow repeated entries. These analogues follow the same ideas that we
used to state an analogue of Theorem 2.2 in Theorem 2.8 and the analogue of

Theorem 2.7 in Theorem 2.10. Thus we shall not give the details here.
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3.4 Example

3.4.1 Up-down patterns in down-up permutations

We say a permutation ¢ = o109---0, € &, is an up-down permutation if

01 < 09> 03 <0y >05<---. More precisely, o € S, is up-down if and only if
Des(o) = {2k . Vinteger k,0 < k < g} :

We let UD,, denote the set of all the up-down permutations in §,,. We say a
permutation o = 0109+ 0, € S, is an down-up permutation if o7 > 09 < 03 >

o4 < 05 > ---. Similarly, a permutation ¢ € §,, is down-up if and only if

1
Des(a):{2k+1: V integer £,0 < k < n—21— }

We let DU,, denote the set of all the up-down permutations in S,,.
It is easy to see

UD,| = |DU,|

because for any 0 = 0109 - - 0, € UD,,, (n+1—01)(n+1—03) ... (n+1—0,) € DU,.
For example, c =26 1435 €UD,, then wesee 516 342 & DU,. The number
of up-down permutations is counted by Euler numbers and André [2, 3] proved
that
tn
1+ Z WDME = tant + sect.

n>1
Classical permutation patterns (i.e., non-consecutive patterns) in up-down per-
mutations have been studied in several papers. For example, [41] and [37] showed
that the number of up-down permutations that don’t contain 7 as a classical pat-
tern is a Catalan number, for any 7 € S3. However, study on consecutive patterns
for up-down (down-up) permutations is still a relatively new topic. Remmel stud-
ied consecutive up-down patterns of length 4, namely, 1324, 2314, 2413, 1432 and
3412, in up-down permutations in [55]. In this subsection, we mainly use Theorem
3.4 and Theorem 3.6 to consider up-down patterns in down-up permutations.
Alternatively, down-up permutations can be represented by arrays. Consider a

binary relation % such that holds for a pair of columns (C, D) if and only if the top
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1,1,2

element of column C'is greater than the bottom element of column D, then P, 7, 4

is one-to-one corresponding to DUy, 2 and 7321;&22’%, is one-to-one corresponding to
DU, 4. For any F € Pﬁkknﬂ, let w(F') be the sequence obtained by reading the
columns from bottom to top and then from left to right. Then it is easy to see that
if I is a filling in P1n0+21 P (73217’11;22,%), then w(F') is an element in Doy, 11 (DU2p42).

For example, an F' € 731161’%% and w(F) is given in Figure 3.8.

8[10]5]9
4]2]7]1]3]6]

F

wF)=42871015396

Figure 3.8: F € 7711615 and w(F) € DUyy.

In this example, we shall consider an up-down pattern 7 =16 25 3 4 € UDg

and consider the following generating function
. h(o)
T-mcnlo
D@
n>1 """ 0€DU,

It is equivalent to consider the following two generating functions

t?n—i—l

o P-mch(F)
Ap(x,t) =) BT doow , (3.20)
n=0 FEP
Bp(rt) =3 YT e (3:21)
P Y * (2’[’L + 2) Y *
n=0 FEPy s
654
where P = € 738’8’22]-. (3.20) and (3.21) are equivalent to generating
11213 o

functions for the distribution of 7 in down-up permutations of even length and
odd length respectively.
Then by Theorem 3.4,

>0 e GSCyYA p (1)

n>0 2n+1

L= Yot GOl pa( = 1)

Ap(z,t) = (3.22)
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and by Theorem 3.6,

Bp(.fl?, t) =
2n+1 1 0 2 2n+1 0 172
(Zn>0 (;n+1 GSCy, 2n+1, P&?(x 1)) (Zn>0 ;n+1 GEOan,P,%(x - 1))
n 0,0,2
L= o1 i GCamp (= 1)
2n+2

t 1,1,2
+; T GSECy,3p a(r —1). (3.23)

Observing that both Ap(z,t) and Bp(z,t) need generalized start-cluster poly-
nomials and generalized cluster polynomials, firstly we compute GCg;l()’ﬁ’%(x).

We shall start by discussing structures of P-clusters. We let Cy, p denote the
set of P-clusters consisting of n columns. Clearly n could be any integer greater
than 2. As a usual technique, we think of Cy, p as posets, represented by Hasse
diagrams. For example, the poset corresponding to P is pictured in the left-hand
side of Figure 3.9. To obtain the poset corresponding to Cg p, we superimpose

the diagram at the second column of itself, which is pictured in right-hand side of

Figure 3.9. It is clear that the two P-matches in Cg p have to be marked. It follows

that if
an Z z™
QeCopn, p
then Cg(z) = z and Cg(x) = 2°.
X X X
o- oo o-o-ro-9

Figure 3.9: Poset for pattern P and Cg p.

In general, in a P-cluster C' with n-columns, it easy to see that the cells in
the bottom row must be filled with 1,...,n, reading from left to right, and the
numbers in the top row must be filled with the numbers n + 1,...,2n, reading
from right to left. That is, because any two consecutive marked P-matches in a
P-cluster must share at least one column, it follows that the elements in the first

row must be increasing, reading from left to right, and the numbers in the second
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row must be increasing, reading from right to left. Since every column must be in
a marked P-matches, it follows that column n — 2 must start a marked P-match
so that column n is part of marked P-match. This means that the elements in the
last column must be increasing, reading from bottom to top. Thus the underlying

Hasse diagram must be of the form pictured in Figure 3.10.

¢
¢
¢

BARARAIE

e l-0 -0 -0 1-0-|-0

T

Figure 3.10: The Hasse diagram of a P-cluster.

Now if C' is a P-cluster with n > 5 columns, then there are two possibilities
that we have to consider. Because of the form of the Hasse diagram, there are P-
matches which start at columns 1,...,n — 2. We know that the P-match starting
at column n — 2 must be marked in C' because the last column must be part of a
marked P-match. However it could be that (a) column n — 3 is start of marked
P-match in C or (b) column n—3 is not the start of marked P-match in C' in which
case column n — 4 must be the start of a marked P-match in C'. This situation
is pictured in Figure 3.11.where case (a) is pictured on the top left and case (b)
is pictured on the top right. In case (a), we can remove the last column and the
x on top of column n — 2 to obtain a cluster with n — 1 columns and in case (b)
we can remove the last two columns and the x on top of column n — 2 to obtain a

P-cluster with n — 2 columns. It follows that for n > 5,

Con(z) = > 2@ = 2 (Cop_a(x) + Cona()) .

QGCZn,P
However, there are multiple ways to mark P-matches in a cluster. Consider

the cluster polynomial Cy, (),

Con(z) = Z 2P @)

QeCaopn,p
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X X X X X X X

000000 000000

>0 >0—~0—>0—>0— - >0>0—>0—>0—>0—
X X X X X

Figure 3.11: The recursions for P-clusters.

Thus we have proved that

Cs(z) =2 (3.24)
Cs(x) = 2? (3.25)
Con(z) = 2 (Cop—g(x) + Cop_a(x)), for n > 5. (3.26)

To compute GCSJIO’];@(LE), we need to figure structures of gcg;j 71237%. Suppose

Qe gcg;j}%% has m blocks, i.e., Q = B1Bs ... B,,. For an array F, we use Col(F)
to denote the number of columns in Col(F'). Each B; is either order isomorphic
to a P-cluster or a single column. We let GCool—(s, bs,...5,,) t0 denote the set of
generalized clusters such that Col(B;) = b;. Given Col(B;) for each 1 < i < 'm, we
can represent the filling for the set of such generalized clusters uniquely by Hasse
diagram. Since we are assuming that for any block (last(B;), first(B;y1) is not
in Z, there must be an arrow directed from the top of the last column of B; to
the bottom of the first column of B;;1. We let I'(by, b, ..., b,,) denote the Hasse
diagram corresponding to GCcol=(b bs,....bn)- FOr example, I'(3,1, 1,5, 1) is pictured
in Figure 3.12.
It is clear that

Z UJRQ(Q) = (_1)m_lLE(F<bla b27 <. >bm)) H CZbi<x>7 (327)
QEGCCol=(by ,bs,....bm) =1

where LE(T'(by, ba, ..., b)) is the number of linear extensions of I'(by, ba, ..., by,)

and by convention, we let Cy(x) = 1. Therefore, to compute (3.27), we only
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;
¢
.t

?
¢
.

JUpHASEEES N
Ne—o o oo

B1 B, Bs B. Bs

Figure 3.12: I'(3,1,1,5,1).

need to count linear extensions of I'(by,bs, ..., b,,). Continue using I'(3,1,1,5,1)
as example, the Hasse diagram in Figure 3.12 is actually a tree-like diagram, as

drawn in Figure 3.13, and then we can easily compute that

LE(T'(3,1,1,5,1)) = (i) (128)

That is, it is easy to see that the first four elements in the bottom row must be
labeled with 1,...,4, reading from left to right, since there is a directed path from
these elements to any other elements in the poset. Once we remove these four
elements, the Hasse diagram becomes disconnected so that (128) ways to pick the
labels for the two elements above the element labeled with 4 on only one way to
label those two elements. Once we have picked those two elements a and b, the
next 10 elements must be the smallest elements of {1,...,22} —{1,2,3,4,,a,b}.
Once we remove those 10 elements, the Hasse diagram again becomes disconnected
so that there are (6) ways to pick the lables of the vertical segment and only one

4
B ARARARAR N
TN RN

way to order them.

¢
¢

?
¢

Figure 3.13: I'(3,1,1,5,1).
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In general, we see that

LE(F<b1a b27 s 7bm)) = H
and then hence

Z WP,%(Q) =

QegCCOIZ(bl b9, bm)
m—1 m—i 1 + 2 Z bz
( j=m—i+1 )CQbi (.73) (328)
bp—i — 1

( m 102b

IZI

=1

Since a generalized P-cluster can not have a block of 2 columns,

GCy () Z > Z wpa(Q) =

m=1 byt +bm=n  QEGCCol=(by,....bm)
b;=1 or b;>3

m

m—1 bm—z_1+2 Z

Z 3 (_1)m—102bm(x)H( j=mi+1bi>02bi<x>.

m=1 bj+-+bm=n =1 bm—i — 1
b;=1 or b;>3

Using computer programs, it is easy to obtain that

GCyppla) = 1
GOLpy(z) = —1
GCypy(x) = 1+
ngi—,(:ﬁ) = —1—-T7r+2?
GClypp(r) = 14222 102" + 2
GClypp(r) = —1—50z+ 22 — 142® + 2
GClipp(x) = 1495z +2992° — 862° — 192 4 2
GClipp(x) = —1—161z —17962° + 17052° — 3772" — 252° + 2°

(3.29)

Next we compute GSC;;IOJ’FQLP%(J:). Suppose @ € gSC%;?fLPﬂ, has m blocks,

ie., Q = B1By...B,,. B; has to be a block consisting of one element, and for
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2 <1 < m, each B; is either order isomorphic to a P-cluster or a single column.
We let GSCool=(1,bs,....b,n) tO denote the set of generalized start-clusters such that
Col(B;) = b;. Given Col(B;) for each 2 < i < m, we can represent the filling for the
set of such generalized start-clusters uniquely by Hasse diagram. Arrows between
blocks should agree with Z. We let I's(1,bo,...,b,) denote the Hasse diagram
corresponding to GSCcol—(1,bs,....b,,)- For example, I's(1,3,1,1,5,1) is pictured in

Figure 3.14.

B B, B; Bs Bs Bs

Figure 3.14: T's(1,3,1,1,5,1).

It is clear that
> wp(Q) = (—1)" 'LE(Ts(1,ba, ..., b)) [ [ Cos (). (3.30)
QEGSCcol=(1,bg,...,bm) =1

By comparing Figure 3.12 and 3.14, we see that
LE(Ts(1,ba,...,by)) = LE(T'(ba, ..., by)).

Therefore, for n > 1,

n+1

GSCzlﬁofl,P,,@(x) = Z Z Z wra(Q)

m=1 1+bg+-+bm=n+1 QEQSCCOIZ(M,Q ,,,, bm,)
b;=1 or b;>3

0,0,2
= _Gc2n,P,%(x)7
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and GSCll,’%%](x) = 1. Then by (3.29), we have

() =1

(x) = -1

() =1

(z) = -1-=
GSCypip(z) = 1+7x—2’

(z) = —1-222+ 102 —2°

(z) = 14500 —22%+ 142® — 2*

() = —1—95z— 29922 + 862° + 192" — 2°

(z) = 1+161x + 17962° — 17052° + 377x* + 252° — 2°
(3.31)

Then replacing GCS;S’;%(x— 1) and GS 0217,10421’ pa(r—1) in (3.20) by expressions
in (3.29) and (3.31), we have

B 2, 16, 2666z , 7623+ 303z + 922 ,
+333475 + 19557z + 69522 + 103[;31511

11!

Next we compute GEC’g;llfLPﬁ(x). Suppose @ € gscg;}fLM has m blocks,
ie., Q = B1By...B,,. B, has to be a block consisting of one element, and for
1 <1 < m—1, each B; is either order isomorphic to a P-cluster or a single
column. We let GECco—,,...,
such that Col(B;) = b;. Given Col(B;) for each 1 < i < m — 1, we can represent

bm_1,1) tO denote the set of generalized end-clusters

the filling for the set of such generalized end-clusters uniquely by a Hasse diagram.
Since we are assuming that for any block (last(B;), first(B;;1)) is not in Z, there
must be an arrow directed from the top of the last column of B; to the bottom
of the first column of B;y;. We let I'g(by,...,by_1,1) denote the Hasse diagram
corresponding to GEC o=,
Figure 3.15.

bm_1,1)- For example, I'g(3,1,1,5,1,1) is pictured in

77777

Similarly, we have
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:
¢
.t

B,
Ne—o o oo

B, B: Bs B. Bs Bs

’
¢
.

Figure 3.15: I'g(3,1,1,5,1,1).

m—1 m—1
H by +23 00 D,
LE(FE(b17b27,1>> = ( +b Z]_—'f]r-l 1+1 )

Then

GE Cgﬁlfl,a%(x ) = Z Z wpa(Q) =

m=1 2by4---+2b,, _1+1=2n+1 Qegchol:(bl 7777 bym—1.1)
b;=1 or b;>3

m—1

n S (), <x>ﬁ (b’“ o bi)c%i(x»

b—i — 1

m=1 2by+-+2b,, _1+1=2n+1 %
b;j=1 or b;>3

Using computer programs, we have

GECYpo,(z) = 1
GECyp2(x
GECY b2 (x
GECYp,(x

()
(@) = -1
(2)
(2)
GECypo,(z) = 1413z — 427
(2)
()
()
()

= 1
= —1-3z
GECH'p4(x) = —1— 34z +192° — 52°
GEC Y 4(x
GEC 4 (x

0,1,2
GECI?,P,,%? T

= 1+ 70268z% 4 282% — 62"

= —1— 1252 — 7892% 4 5312® 4 412" — 72°

= 14203z + 355122 — 39732 + 21952 + 592° — 82.°
(3.32)

Finally we shall compute GSEC;;;’LQZ p(T). Suppose Q) € QSSC;;;’_QZ pop Nas m
blocks, i.e., Q@ = B1B,...B,,. Because of the definition of generalized start-end

clusters, m > 2. Bj as well as B,,, has to be a block consisting of one element, and
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for 2 < i < m—1, each B; is either order isomorphic to a P-cluster or a single col-
umn. We let GECcol=(1,bs,....bm_1,1) t0 denote the set of generalized start-end-clusters
such that Col(B;) = b;. Given Col(B;) for each 2 < i < m — 1, we can represent
the filling for the set of such generalized start-end-clusters uniquely by a Hasse di-
agram. Arrows between blocks should agree with Z. We let I'sg(1, b2, ..., bp_1,1)
denote the Hasse diagram corresponding to GSECco—(1,ps,....bm_1,1)- FOr example,

Ise(1,3,1,1,5,1,1) is pictured in Figure 3.16.

eI N

B B, B; B. Bs Bs By

Figure 3.16: I'sx(1,3,1,1,5,1,1).

Comparing Figure 3.15 and 3.16, it is easy to see that
LE(FSE(L bg, e 7bm—17 1)) == LE(FE(bQ, ey bm—l; 1)),

and then hence

GSEC%;-;—%,P&Z(‘%) = —GECS;’LQLR%((%).

Based on (3.32),

GSECyp5(r) = -1

GSEC;p5(z) = 1

GSECyp,(r) = -1

GSECgp,(x) = 143

GSECypa(x) = —1— 132+ 42”

GSECy 1 a(x) = 1+ 34w — 192 4 52°

GSECy ;i a(x) = —1—70z — 682” — 282" + 6a'

GSECyy 7 ,(x) = 1+ 12524 7892” — 5312° — 412" + Ta®

GSECY} ,(x) = —1—203z — 3551a” + 39732° — 21952 — 592° + 8a°

(3.33)
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Then substituting GCS;S’;%(&: - 1), GSC;%OJ’FQLR%(:U - 1), GECS;LlfLPﬁ(x - 1)
and GSEC;;LlJ’rQZ,P’%(m— 1) in (3.20) by expressions obtained in (3.29), (3.31), (3.32)
and (3.33), we have

L, By, Ol 13384273 48806+ 1611z +862%3

_ 1o 94 bl
Belr,t) = S+ Gt 4 gt + — 10!
2561283 + 133803z + 673422 + 652% |,
T - 2 4

Adding Ap(x,t) and Bp(z,t), we can get distributions of pattern 123654 in

down-up permutations,

1 2 5 16, 61, 266+6 1358 + 27
b4 o2y o8 2ty g5 g e OO 20T s

2" T30 T4 T 6l 7l 8l
7623 + 303z + 922 , 48806 + 1611z + 8622
- 3 9+ o 0 +

The contents of Chapter 3 are currently under preparation for submission.
Some portion is co-authored with J. B. Remmel. The dissertation author is the

author of this material.



Chapter 4

Joint Clusters and Generalized

Joint Clusters

In this chapter, we extend the notions P-clusters and generalized P-clusters for
a single pattern P to joint cluster and generalized joint clusters for a sequence of
patterns Py, ..., P,. Our goal here is different from finding generating functions for
the number of I'-matches where I' = { Py, ..., P,,}. We are interested in computing

generating functions where the variable x; keeps track of the number of P;-matches

for each 7. For example, if we have patterns P, P, --- , P,,, then the multi-variate
generating function for these patterns in 730 Ok g
Z t’m Z H P,-meh(F)

FEPO 0.k i=1

Similarly, if we are given some binary relation Z on a pairs of columns, then the

multi-variate generating function for these patterns in 77O sz is

tkm - Pi—mch(F)
1+ ; .
I 1§

In Section 4.1, we state and prove theorems for joint clusters and generalized
joint clusters. In Section 4.2, several examples are given with details to show
how joint and generalized joint clusters work. In Section 4.3, we discuss joint and

generalized joint clusters for fillings of D ilfn e

95
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4.1 Main theorems

For convenience, we use pattern matching in 732}3”“ and 772}35 to state and prove
theorems. But obviously, the idea of joint and generalized joint clusters still hold
for WIZ’,?’k, SIZ;?’k and other fillings.

We start by adapting the notion of marked matches for multiple patterns.
Previously, we let MS,, . denote the set of permutations in S, where we have
marked some of the 7-matches in the permutation by placing an ‘x’ at the start
of 7-match. Similarly, we let MS,, (4, us, u) denote the set of permutations in
S, where we have marked some of the w,,-matches in the permutation by placing

" at the start of u,,-match. For a permutation o, the number of distinct

an ‘T,
(u1, Uz, -, Uy, )-marked o is [, 24 0@ For example, suppose u; = 1 2 3 and
up =321, forc =6137285 49, there is a u;-match at position 2 and a
ug-match at position 6, there for there are total 4 marked permutations, pictured

in Figure 4.1.

X1
613728549 613728549
X2 X1 X2
613728549 613728549

Figure 4.1: (u, ug)-marked o.

Note that it is also possible that a position has more than one label. Suppose

ug =1 2, two examples in M8y (4, us,u3) are pictured in Figure 4.2.

;Ccf X3 X, ijxs X2
613728549 613728549

Figure 4.2: Two examples in M8y (4, uz,us)

A joint (uy,ug,- -+ ,um)-cluster is an element o = 01 ... 0, € MS,, (4 us, um)

such that

1. every o; is an element contained in a marked wuj-match in o, for some 1 <

7 <m and
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2. any two consecutive marked matches share at least one element.

Since S, is actually P2%! it is easy to generalize this definition to deal with
elements of Pg}?’k. Suppose that we are given patterns Py, P, --- , P,. For any
n > 1, we let MPZ;?”(’CPLPQ’_”’PM) denote the set of all fillings F' € POOk where we
have marked some of the P;-matches in F’ by placing an ‘z;’ on top of the column
that starts a Pj-match in F. We use mp,(F) to denote the number of marked
Pj-matches in F.

Then a joint (P, P, --- , Py)-cluster is an element F' € Mpgs kPLPz, P

such that

1. every column of F' is contained in a marked Pj-match in F, for some j,

1<j5<mand
2. any two consecutive marked matches share at least one column.

For convenience, we shall refer to joint (Py, - - -, Py,)-clusters as just (P, -+, By,)-
clusters.
Let C/\/lg;?”(kphm Pon) denote the set of all (Py, - -« , B,,)-clusters in MPZ’T%PLM P

For each n > 2, we define the multi-variate cluster polynomial

Cot (@ T = Z Ha; &) (4.1)

0,0,k
FeCMy by o P

where mp(F') is the number of marked P-matches in F'. By convention, we let

0,0,k . _
Ck’(Pl"")Pm)('xl’ ’xm) o 1.

Then we have the multi-variate version of Theorem 2.2.

Theorem 4.1. Let P, € POOk where j; > 2 and 1 <1 < m. Then

tkn

1+Zk. Z [

n>1 Ookz 1

1

. (4.2)
ki ~0,0.k (
L= (t 71k (Py P poy(@1 =Ly =1, 2y, — 1)
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Proof. The strategy is similar to the proof of Theorem 2.2. Replace by x + 1 in
(4.2). Then the left-hand side of (4.2) is the generating function of mp,(F) over
all F e MPYOF ). Lhat is, it easy to see that

kn,(Py, P,
_n ] P;-mch(F) __
1+Zlm! > H(a:z+1) =
nZl FEP}S,’”OJC =1

1+ ;—; Z [T« (3)
i=1

>1 0,0,k =
nz FeMP. " (Pyo Pm)

Thus we must show that

Ly > Q-
=1

>1 0,0,k
nz FeMP, " (PLoee Pm)

1

_thn ~0,0,k
]' - Zn>1 (kn Ckn (Pl,PQ7 ,P )(lj,.f?,' o 7‘73m)

(4.4)

Rewriting the right-hand side of (4.4) as

1

thkn 0,0,k
1- anl (kn)!Ckn,(Pl,m,Pm)(ml’ e Tm)

h
3 (5 e o)

h>1 n>1

and taking coefficients of % on both sides of (4.4) where n > 1, we see that we

must show that

Z ﬁ xmpi(F)

0,0,k =
FeMP " Py, \Pm)

h
00k
= Z (Z Crn(Prree Py (T15 7 7%))
= n=1 ks
tho?
h
00k
= E :( kn (P, P, )(mla"' aiﬂm))
=1 tks

s h
kn 0,0,k
-2 (kal o) TICR (o). (43)

Jj=1



99

The right-hand side of (4.5) is now easy to interpret. First we pick an h such
that 1 < h < s. Then we pick ay,...,a, > 1 such that ay +as + -+ + a, = s.
Next the multinomial coefficient (kalffkah) allows us to pick sets S, ..., S, which
partition {1,...,ks} such that |S;| = ka; for ¢ = 1,...,h. Finally the product
H?:l 02&?7,’?P1,-~-,Pm)<x1’ -+, Zy,) allows us to pick clusters C; € CMS?’GO;,]EPI,’“,Pm) for
1 =1,...,h with weight H?Zl | :E;npj (“) Note that in the cases where a; = 1,
we will interpret C; as just a column of height k filled with the numbers 1,... k

which is increasing, reading from bottom to top.

x1 xz xl
1009|8716
Sl_{l; 3) 57 8: 107 157 18’ 24’ 27’ 30} 1 2 3 4 5 B Cl
9]
S,=1{17, 19} BEEE ¢,
X1
6|54
S,={4,7, 12, 13, 20, 21} 1213 = G
X1
Xz Xz
10/9(8|71]6
S,={2,6,9, 11, 14, 16, 22, 23, 28, 29] Talalqs] = Ce
2
Ss=1{25, 26} E = Cs
X1
X Xz Xi X1 Xz Xz

30127]124|18|15(19|21]20]13]29|28|23|22|16|26
113]58[10{17(4|7(12|2|6|9 |11|14|25

Figure 4.3: Construction for the right-hand side of (4.5).

5
For example, suppose that k =2, P, = and P, = . Then
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in Figure 4.3, we have pictured S, S, S3,S4, S5 which partition {1,...,30} and
corresponding clusters C1,...,Cs. Then for each i = 1,...,m, we create a cluster
D; which results by replacing the j in C; by the j** element of S;. If we concatenate
Dy ...D,, together, then we will obtain an element of ) € MPZ;S:ZCPD Py): It is
easy to see that one can recover Dy,..., D5 from (). That is, given an element
F e MPZ;?:(ICPL&), we say that a marked subsequence F[i,i+1,...,j] is a mazimal
(Py, Py)-subcluster of F if red(F[i,i + 1,...,j]) is a (P, P2)-cluster and Fli,i +
1,...,7] is not properly contained in a marked subsequence Fla,a+1,...,b] such
that red(Fla,a+1,...,0]) is a (P, Py)-cluster. In the special case where ¢ = j and
the column F[i] is not marked, then we say that F[i] is maximal (P, P)-subcluster
if F'[i] is not properly contained in a marked subsequence Fla,a + 1,...,b] such
that red(F[a,a +1,...,b]) is a (P, P2)-cluster. Thus Dy, ..., Dy are the maximal
(Py, Py)-subclusters of (). Of course, once we have recovered Dy, ..., D5, we can
recover the sets Sy, ..., S5 and the (P, Py)-clusters C1, ..., Cs.

In this manner, we can see that the right-hand side of (4.5) just classifies the
elements of /\/1732;3’(]f Py Py PY its maximal (Py,- -, Py)-subclusters which proves

our theorem. O

Next suppose that we are given a binary relation # between k x 1 arrays of
integers and patterns Pi, Py, -+, P, where P, € P,S;?’k, 1 < i < m. Given our
definition of joint clusters, we can easily modify the definition of generalized P-

clusters given in Definition 2.3 to generalized joint (P, ..., P, )-clusters.

Definition 4.2. Given patterns Py, Ps,--- , P, we say that () € MPZ;?’(ICPI e Po)
is a generalized joint (Py,--- |, P,,),%-cluster if we can write Q = B1By- - B},

where B; are blocks of consecutive columns in ) such that

1. either B; is a single column or B; consists of r-columns where r > 2, red(B;)
is a (Py,---, Py)-cluster in MPZf’fPl ) and any pair of consecutive

columns in B; are in Z and

2. for 1 < i < h—1, the pair (last(B;), first(B+1)) is not in Z where for
any j, last(B;) is the right-most column of B; and first(B;) is the left-most

column of B;.
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For convienence, a generalized joint (P, - - , P,,), Z-clusters will be refered to
a just a generalized (Py,--- , P,,)-cluster.
Let QCZ;?”(]“ Py Py denote the set of all generalized (Py,--- , P,,),%-clusters

which have n columns of height k. For example, suppose that & is the relation

that holds for a pair of columns (C, D) if and only if the top element of column

6|54
C is greater than the bottom element of column D, P, = and P, =

11213

81716]5

11234
with 5 blocks Bl, BQ, Bg, B4, B5.

. Then in Figure 4.4, we have pictured a generalized (P, P;)-cluster

Xz x2
X2 Xi X1 X1 X1 X5

30115(14(13| 6 | 8 [29|22{12|28|27|26|25|21|24
112{3[8]5]7]9[10[11|16(17|18/19|20|23

B B. Bs; B, Bs
Figure 4.4: A generalized (Py, P,)-cluster.
Given Q = B1B,... By € gcg;f;(’;h,_ﬁpm)ﬂ, we define the weight of B;,

1, if Col(B;) = 1,

mp; (red(B;))

| , if Col(B;) > 2,

W(ph... ,Pm),%’(Bi) =

where Col(B;) is the number of columns in B;. Then we define the weight of @,
WPy, P)2(Q), to be (=1)"1 H?Zl WPy, Pm),2(Bi). We let

0,0,k )
GClpr oyt vom) = Y e #(Q) (46)
Qegcg;?,’(kpl,m \Pm), %
which is called generalized joint cluster polynomial.
Then we have the following theorem which is the multi-variate version of The-

orem 2.4.

Theorem 4.3. Let Z be a binary relation on pairs of columns (C, D) of height

k which are filled with integers which are increasing from bottom to top. Given
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patterns Py, Py, --- , P,, where P; € POOk, Jgi =2, for 1 <1 < m, then

tk)n

Z ﬁ Zﬂ—mch(F) _

FePEf% i=1

1+Z
1

R 0,0k :

1=3 5 (Zn GOy poya(®1 = Lo 2y — 1)

It is quite straightforward to modify the proof of Theorem 2.4 to prove theorem
Theorem 4.3. Thus we shall not give the details.

Moreover, it is quite easy to extend Theorem 4.1 and Theorem 4.3 to consider
multiple sets of patterns. In other words, suppose we have I'y, Iy, .-+ | I',,, where

I'; itself is a set of patterns, then

LY 3 L

n>1 Feplok i=1
1
_thn ~0,0,k )
1_Zn>1 Okn(Fl F )((L‘l—l’~..,xm_1)

and given some binary relation &, we have

tkn
1+Z kn ZOOkH Frnch
Feppll =1

1
kn 0,0,k :
1_z:n>1 ol Gckn (T1,,I'm )ﬂ’(’xl_l? 7xm_1)

By modifying Equation (4.1) and (4.6) accordingly, one can easily figure out the

" 0,0,k 0,0,k
definitions of Ckn,(rl,m,rm)(xla e X)) and GCkn,(Fl,--~,Fm),@($1; e D).
It is worth mentioning that joint clusters and generalized joint clusters still
hold for other fillings of D{* and even D:’j}m 4, Discussion about joint clusters
1,7,k

and generalized joint clusters for D can be found in Section 4.3.

i+hn+j

So far we only discussed joint and generalized joint clusters for reduced pattern
matching. One can convince themselves that Theorem 4.1 and Theorem 4.3 still
hold for joint exact patterns. With some modifications, the formulas in Theorem
4.1 and Theorem 4.3 still work even though some of the patterns are reduced

patterns and some are exact patterns.



103

4.2 Examples

In this section, we take colored permutations and integer compositions as ex-

amples to further illustrate joint clusters and generalized joint clusters.

4.2.1 Bi-runs in restricted colored permutations

A k-colored permutation of length n can be thought as an element in wreath
product Cx ! S, of cyclic group C; and symmetric group S,,. We will use Cx 1 S,
to denote the set of k-colored permutations of length n. For convenience, we use
a two-row array to represent a colored permutation where the base row stands
for the permutation and the top row stands for the corresponding colors. Thus a
colored permutation in C; ¢ S, can be thought of as a special filling of Dy ">, In

Figure 4.5, a 5-colored permutation of length 9 is pictured as an example.

112]115]2/4|1|3/4
215]9]1/3]7]4]6|8

Figure 4.5: An element in C; Sy

Minimal overlapping patterns in colored permutations has been studied by Du-
ane and Remmel in [14] using maximum packings which is based on ring homomor-
phism method. In this subsection, we would like to extend to multiple overlapping
patterns for colored permutations and also a class of colored permutations with
specific restrictions.

A run in a permutation or a word is just an consecutive increasing subsequence
of length greater than or equal to 2. The distribution of runs in permutations and
words have been the subject of many papers in the literature. A run of length [
can be thought asa 12 --- [-match in a permuation or a word. In this subsection,
we shall explore the enumeration of bi-runs in colored permutations and restricted

colored permutations.

Definition 4.4. For a colored permutation (o, w) € CilS,, we say there is a bi-run

of length | at position i if
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1. 7’6d(0’i0'i+1 < 'O-z'+l71) =123 ---1 and

2. red(wiwiﬂ B 'U)iJrl,l) =123 --- L.

Throughout this subsection, for the sake of convenience, an [-run is short for a
bi-run of length . The number of /-runs in colored permutation (o, w) is denoted
by l-rn(o, w). As for the 5-colored permutation in Figure 4.5, 0 =259137468
and w=121524134. 2-rn(o,w) = 4 because there are 2-runs at positions 1,
5, 7 and 8. 3-rn(o,w) = 1 because there is a 3-run at position 7. Clearly, for any
(o,w) € Cx1 Sy, l-rn(o, w) has to be zero if [ > min(k,n).

For colored permutations (o, w), there is a natural restricted subclass which
consists of the all the colored permutations (o, w) where w has no consecutive
repeated letters. Thus we shall consider the binary relation Z where & holds for
consecutive pairs (o), w;), (6;41,w;11)) if and only if w; # w;y1. The set of all
such restricted colored permutations in C; 1S, is denoted by C, 1 S,. Actually the
example in Figure 4.5 is also an element in Cs 1Sy

Our focus is on computing the following two generating functions which count
colored permutations and restricted colored permutations by the number of bi-
runs.

k
" -rn(o,w
Abi-run,Cle(x27x37x47'" 7xk7t) = 1_'—25 Z Hxﬁ (o)

n>1 (ow)ECS,  1=2

k

" l-rn(o,

n2l  (ow)eCRS, =2

It is clear that, in above formulas, the subscript of variable x; is up to k£ because
for any m > k, m-rn(o, w) = 0.

Based on Theorem 4.1, we have

Abirun,cas (T2, T3, Ta, -+, T, t) = w ! ;
L=kt =3 o mCn(za—Lizg =1, 25 — 1)
(4.7)
where C),(xg, 23, ,x)) is the (2-run, 3-run, - - - , k-run)-cluster polynomial, and
by Theorem 4.3,
1

Ao (Te, T3, Ty, -0 xp, t) =
bi-run,CilS \ V25 435 L4, s Lk in s
g 1_27121 mGCn(Z'Q—l,Qj?)—l’--- 7$k_1)

(4.8)
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where GC,,(xg, z3, -+ ,x1) is the generalized (2-run, 3-run, - - - | k-run)-cluster poly-
nomial. Thus we only need to compute the cluster and generalized cluster polyno-
mials in order to obtain our desired generating functions.

Throughout this subsection, we use k = 4 as our running example. That is, we
want to study joint distributions of 2-runs, 3-runs and 4-runs in C;? S,, and CS.
In this case, we shall refer to the corresponding clusters and generalized clusters
as bi-run clusters and generalized bi-run clusters.

First let us work on bi-runs enumeration for unrestricted 4-colored permuta-
tions.

Before we could compute bi-run cluster polynomials, we shall figure out the
structure of the bi-run clusters. Because each column in a bi-run cluster has to be
contained in some marked run, the filling of a bi-run cluster of n columns itself has
to be an n-run, but there could be multiple ways to label it. A labeling polynomial
is the sum of weights for different labelings of an n-run. Let L, (xq,x3,z4) be the
labeling polynomial for an n-run cluster. Clearly, the base row of an n-run must

be unique while there are (i) ways to choose colors. This gives us

4
Cn(ﬂb, x3, 9134) = <n) Ln(QCQ, €3, 33'4)-

In Figure 4.6, a 3-run (o,w) = (1 2 3, 1 3 4) is pictured and in order to make
(o,w) be a cluster, there are 5 ways to label marked runs. Then we can compute

the labeling polynomial L3(xs, z3,x4)

L3(wy, 13, 14) = T3 + 12,3 + 2523 + Tox3 + 75 = 15 + (22 + 1)%23

X, X, X,
X3 X3 X3 XZ X3 X, xZ Xz

3l4] |1[3[4] [1]3]4] [1]3]4] [1]3]4
23] |1l2[3] [1]2]3] [1]2]3] [1]2]3

Figure 4.6: 5 different labelings of a 3-run-cluster in C4 ! S5

The bi-run cluster with two columns can have only one label, namely, ‘xs5’.

Hence Lo(xy, 29, x3) = 5. For a cluster of 3 columns, we have shown that Ly =
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23+ (22 + 1)%x3 according to Figure 4.6. For a cluster of size 4, we split discussion
into three cases. Case 1 is the case where the first column is contained in a marked
4-run. The labeling polynomial for this case is (x5 + 1)3(x3 + 1)%z4 because there
are at most three marked 2-runs and two marked 3-runs. Case 2 is the case
where the first column is not included in a marked 4-run and the second column
is labeled. This means that the first column has label z3, x5, or both x5 and z3.
Since the second column is labeled with either x5 or x5 or both, the marked second
column will automatically ensure that the remaining marked columns meet the
condition to be a bi-run cluster. Thus the bi-run clusters in case 2 contributes
(29 + x3 + xomws) L3(x2, 23, x4) to the labeling polynomial. Case 3 is the case where
the first column is not included in a marked 4-run and the second column has no
label. This means that the first column must be marked with x3 but it could also
be marked with x5 or not. Moreover, the 3 column must be marked with x,. Thus
the bi-run clusters in case 3 contribute xs(zg + 1)x3 to the labeling polynomial.

Thus,

Ly(wa,23,24) = (22+1)*(x3 4+ 1)%xs + (22 + 23 + 2273) L(22, T3, 74)
+ao(xe + 1)z
= (29 + 2D)x3 + (T2 + 73 + T923) (:1:3 +(1+ x2)2x3)
(1 + 29)3(1 + 23) 224 (4.9)

Then we can compute C,, (22, x3,x4) for 2 <n <4 as

4
Co(wa, w3, 74) = (2)L2($2,$3,174>:6x2

4

03(5E2,$3,J:4) - (3

)Lg(ﬁg, I3, ZL‘4) = 41‘% + 4(1 + CL’Q)Q:L'g

4
C'4(5172, xs, 334) = (4) L4(932, xs, 374)

= (ZCQ + Q?g)ﬂfg + (%2 + XT3 + $2£C3) (.f% + (1 + 1'2)2.%3)
(14 29)3(1 + 23)14
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Substituting C,,(z2, x3, x4) in Equation (4.7) by above expressions, we have

A ( t) = 1_ — —
i-run T2, X3, Ty, "
bi-run,CS\L2; T3, Tq 1-3 :nzl ;—!Cn(.fg Lxg — 1,24 —1)

24 (24 — 96t — 72(z5 — 1)t* — 16(2325 — 225 + 1)¢°
—(3xy + waiTy — 22573 — T3 — 1)254)_1 :
A few initial terms of the expansion are
1 1
14—4t+—5#134—3xﬁt2+-§#244—%136x24—4x§x9t3
1 2 2 3.2 4
+ﬁ(3031 + 2771xe + 21525 + 1262505 + xox5we )t + - - -

By manipulating the explicit generating function above, we could derive various

results, some of which are not known before. For example,

Abi—run,C423(17 07 07 t)
24
t* — 1613 4 96t — 24
44t 4 th . 380t3 n 6017t4 n 119080t5 . 2828000t6 L+ 78354920t7
2! 3! 4! 5! 6! 7!
2481104710 o 88384565640 ,
 TRSEm AR e AR

which counts the number of 4-colored permutations that don’t have a 3-run.

Abi—run,C4Z$(1> 17 07 t) - Abi—run,C4l$<17 07 07 t)

1
= 24
(ﬁ—9&+24+ﬁ—4&&+%p—m)
4

A 126, 3760, 119680, 4166680 . 15915640
Syttt Tyt T Tty
6649359360 ,
420290990 g

o —_—
which counts the number of 4-colored permutations that have at least one 3-run

but don’t have a 4-run.
aA’4bi-run,C42$ (I27 17 17 t)

81'2 zo=1
3t2
T (1—4t)?
_ EtQ %tg 34&154 n 92160755 n 2'764800t6 n 92897280157
2! 3! 4! 5! 6! 7!
3468165120 4
1+

B .
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which counts the total number of 2-runs in all the 4-colored permutations of length
n. It is not hard to see that the coefficient of % is equal to 3(n—1)-4""2.n! which
implies that the average number of 2-runs in a random 4-colored permutation is

3(n—1)-4"2.n! 3n-—-1)-4"%.n 3n-3

IC4 1S, B 4n . p! 16

Next we shall work on joint distributions of bi-runs in restricted 4-colored
permutations C4 ! S,,. Here we restrict that adjacent colors has to be different, i.e.,
for any (o, w) € C4 1Sy, w; # wiyy for 1 <i<n —1.

According to Equation (4.8), we only need to compute GC,, (2, x3, x4). Instead
of computing GC,, (9, x3,x4) for different n directly, we divide generalized bi-run
clusters GC,, into several types based on different structures of bi-runs.

First let us review the definition for generalized bi-run clusters of C,1 S, for
bi-runs. We say (o,w) € C41S,, is a generalized bi-run cluster of size n if (o, w)

can be written as (o, w) = B1Bs -+ B; where

1. B, is either a single column or a bi-run cluster and

2. the last element of the color row (top row) in block B; is equal to the first

color element in block B,y for 1 <7 < [.

From previous discussion with respect to bi-runs in C4 1S, we know there are at
most 3 2-runs in a generalized bi-run cluster. Then we have seven different types

of generalized bi-run clusters based on choices on bi-run clusters.

1. Type 1 generalized bi-run clusters: In this type of generalized bi-run clusters,
there are only singleton blocks, that is, each block contains only one column.
The set of such generalized bi-run clusters of columns n is denoted by GC?,
for n > 1. An example in QC}1 is pictured in Figure 4.7, where 0 = 01090304

is an arbitrary element in Sy and 1 < < 4.

2. Type 2 generalized bi-run clusters: This type of generalized bi-run clusters
contains exactly one block of size 2. The set of such generalized bi-run
clusters of n columns is denoted by gci, for n > 2. An example in QC%
is pictured in Figure 4.8, omitting labelings, where ¢ = o0,09030405 is an

arbitrary element in S5 satisfying o3 < o4, and 1 <7 < j < 4.
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01 02 03 o

Figure 4.7: An example in GC}, where 1 < i < 4.

0-1 o-z 0-3 < 04 0-5

Figure 4.8: An example in GC3, omitting labelings.

3. Type 3 generalized bi-run clusters: this type of generalized bi-run clusters
contains exactly one block of size 3. The set of such generalized bi-run
clusters of n columns is denoted by GC2, for n > 3. An example in GC3
is pictured in Figure 4.9, omitting labelings, where 0 = 010503040504 is an

arbitrary element in Sy satistying oo < 03 < oy, and 1 <i < j <k <A4.

O-l o-z <« O-3<: 0-4 0-5 0-6

Figure 4.9: An example in GCp, omitting labelings.

4. Type 4 generalized bi-run clusters: this type of generalized bi-run clusters
contains exactly two blocks of size 2. The set of such generalized bi-run
clusters of n columns is denoted by GC}, for n > 3. An example in GC? is
pictured in Figure 4.10, omitting labelings, where ¢ = 0090304050607 is an

arbitrary element in S; satistying o3 < 04, 06 < 07, and 1 <i < j <k < 4.

5. Type 5 generalized bi-run clusters: this type of generalized bi-run clusters

contains exactly one block of size 4. The set of such generalized bi-run
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0 o) 03 < 04 Os O'6<: 07

Figure 4.10: An example in QC‘%, omitting labelings.

clusters of n columns is denoted by GC?, for n > 4. An example in GC? is
pictured in Figure 4.12, omitting labelings, where ¢ = 0090304050607 is an

arbitrary element in S; satistying o3 < 04 < 05 < 05.

(of] 0, 03 045 Os< O og}

Figure 4.11: An example in GC3, omitting labelings.

6. Type 6 generalized bi-run clusters: this type of generalized bi-run clusters
contains exactly three blocks of size 2. The set of such generalized bi-run
clusters of n columns is denoted by GC®, for n > 6. An example in GCY, is pic-
tured in Figure 4.12, omitting labelings, where ¢ = 0109030405060708090719

is an arbitrary element in Sy satisfying o3 < 04, 06 < 07 and o5 < 0gy.

0 (op) 03 0y 05 O 057 Og< T O10

Figure 4.12: An example in GC%, omitting labelings.

7. Type 7 generalized bi-run clusters: this type of generalized bi-run clusters
contains exactly one block of size 2 and exactly one block of size 3. Note

that we didn’t specify the order of the 2-column block and 3-column block,
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which means we need take two possibilities into account where one is that
2-run is to left of the 3-run and the other possibility is that 2-run is to the
right of the 3-run. The set of such generalized bi-run clusters of size n is
denoted by GC”, for n > 5. An example in gcg is pictured in Figure 4.13,
omitting labelings, where 0 = 0,0203040504070309 is an arbitrary element

in Sy satisfying o3 < 04, 06 < 07 < 03.

(of} 0, 03< 0y 05 O 075 Og 0y

Figure 4.13: An example in GC}, omitting labelings.

Then we defined the corresponding generalized joint bi-run clusters polynomials

are defined as follows,

GOi(.TQ, s, I4) — Z (_1)B(cr,w)—1 (L_g’bQ—rn(an)x;nSfrn(o'yw)xTél—rn(va)’
(o',w)GQ'C;]1
t?’L
GO (g, w3, 74,1) := Z EGC’i(mg,xg,, Ty),
n>1 "

where J € {1,2,3,4,5,6,7}, B(o,w) is the number of blocks in (o, w) and my_,, (o, w)
denotes the number of marked I-runs in (o, w). Clearly, GC? are disjoint sets, i.c.,
gc.= o gc)

Je{1,2,,7}
and then
GO, (2,3, 24) = Z GC) (29,23, 24)

Je{1,2,--- 7}
Then we shall discuss GC; and compute GC? for each J.
For any arbitrary (o,w) € GCL, there are no bi-runs because w; = wy = - -+ =
w, and o could be any permutation in S,. There are 4n! Type 1 generalized bi-run

clusters of size n and then we have

GC 1y, 13, 14) = Z (—1)BEw)=102029 = 4(—1)""'nl,
(o‘,w)egCi
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and

GCH (g, 13, 4,1) = Z—TL!GC}L(xQ,x;),,m) =—4 Z(—t)” = 14—_115
n>1 n>1
For any arbitrary (o,w) € GC?, there are exactly one 2-run which has to be
marked here, and no other bi-runs. Apparently, there are n — 1 blocks in (o, w),
which means we have n — 1 choices for the position of the 2-run. We have (;1) ways
to choose colors. The permutation could be arbitrary except for the two elements
in the 2-run where the two elements have to be increasing. Therefore, there are

n—1(*) (") (n —2)! Type 2 generalized bi-run clusters of size n, which implies
2/ \2

GC? (w9, v3,74) = Z (—1)BlEew=1g12029 = 3(=1)"2(n — 1)nlz,.
(o,w)eGC?

Then

n
G02<x2,x3,l’4,t) = Zn_GCi('x%xi’nxéL)

For any arbitrary (o,w) € GC?, there are exactly one 3-run and no other bi-
runs. Apparently, there are n — 2 blocks in (o, w), which means we have n — 2
choices for the position of the 3-run. We have (g) ways to choose colors. The
permutation could be arbitrary except for the three elements in the 3-run where
the three numbers have to be increasing. Therefore, there are (n—2) (g) (5) (n—3)!
Type 3 generalized bi-run clusters of size n. Because there are multiple ways to

mark bi-runs in a 3-run, which is given by Ls(z9, 3, x4), which implies

GC3 (g, w3,14) = 4(=1)"3(n—2) <g) (n — 3)!Ls(x2, 3, x4)

2 _
— g(_l)n 3(77, — 2)”'[;3(1’2, €3, x4)‘
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Then

tn
GC? (29,23, 4,) = ZEGC;?{(%,&“&M)

n>3

= Ls(I2,$3,$4)Z

n>3

"2 n—3

_ _ngm, r3,20) Y (0= 2)(~1)"

n>3
2 L3(ZL‘2,ZE3,?L’4) t3
3(1 +1¢)?
2 (.%% + (iL'Q —+ 1)2.ZC3) t3
3(1+1)°

For any arbitrary (o,w) € GC?:, there are exactly two blocks of size 2 and no
other bi-runs. Apparently, there are n — 2 blocks in (o, w), which means we have

(”52) choices for the position of the 2-runs. We have (g) ways to choose colors.

The permutation could be arbitrary except for the elements in the w-run where

the numbers have to be increasing. Therefore, there are (”52) (g) (5) (”;2) (n —4)!

Type 4 generalized bi-run clusters of size n. Because the two 2-runs have to be

labeled with ‘x,’, which implies

GO (22,23, 04) = A(—1)"3 (” ) 2) (Z) (” 5 2) (n — 4)la?

= (—1)3 <n ) 2) n! 23,

tn
GC4(1'27:L'37$471:) = ZEGCé(wan37I4)

n>4

= 3> (-m? (" ) 2>t"

n>4
2 n—2 n
= T Z 9 (—¢)
n>4
rath
(1+41t)%

Then

For any arbitrary (o,w) € GC?, there are exactly one block of 4 columns.

Apparently, there are n — 3 blocks in (o, w), which means we have n — 3 choices
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for the position of the 4-run. Since all colors must be used in Type 5 generalized
bi-run clusters, we have only 1 ways to choose colors. The permutation could be
arbitrary except for the four elements in the 4-run where the four numbers have
to be increasing. Therefore, there are (n —3) (%) (n —4)! Type 5 generalized bi-run
clusters of size n. Because there are multiple ways to label marked bi-runs in a

4-run, which is given by Ly(x9, x3,z4), which implies

GOB (19, 15,24) = A(—1)"*(n —3) (Z) (n — 4)! Ly(a, 73, 24)

1
= ﬂ(—l)”(n —3)n! Ly(xa, x3,24).

Then

tn
G05<I27x37'r47t) = ZEGOEL(IQ;IB?:EZI)

n>4
1
- ﬁL4<x27 I3, $4) ;(n - 3)(_t)n
—3 . n
= _TL4<J:2’:L'37:E4) Zn(_t)
n>1
. L4(.’L’2,$3,x4) t4
- 24(1+1)2 7

where Ly(xo,x3,x4) is given by Equation (4.9).

For any arbitrary (o, w) € GC®, there are exactly three blocks of 2 columns and
no other bi-runs. Apparently, there are n — 3 blocks in (¢, w), which means we
have (”g?’) choices for the positions of the three 2-runs. Since all colors must be
used in Type 6 generalized bi-run clusters, we have only 1 ways to choose colors.

The permutation could be arbitrary except for the four elements in the 2-runs

n—3
3

generalized bi-run clusters of size n. Because all 2-runs have to be labeled with

where the numbers have to be increasing. Therefore, there are ( )n'QiS Type 6

‘ry’, which implies

n—3
Gcg(l’2,$3,$4) = (—1)”_4( 3 )n!—x2
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Then

tn
GOG(Z'Q,ZU37.T4,Z§) = ZEGC?L(Q:Q’I&ZED

3 n—3

B §2 ; ( 3 >(_t)n
xé_tG

8(1+ 1)+

For any arbitrary (o,w) € GC”, there are exactly one block of 2 columns and
one block of three columns and no other blocks containing bi-runs. Apparently,
there are n — 3 blocks in (o, w), which means we have (n — 3)(n — 4) choices for
the positions of the 2-column block and 3-column block. Since all colors must be
used in Type 7 generalized bi-run clusters, we have only 1 ways to choose colors.
The permutation could be arbitrary except for the elements in the bi-runs where
the numbers have to be increasing. Therefore, there are 33:(n — 3)(n — 4)n! Type
7 generalized bi-run clusters of size n. Because a 2-run has to be labeled with ‘x5’
and a 3-run has labeling polynomial Lj(xzs,x3,x4), which implies

GCT(xy,13,14) = (—1)”_4%%(71 —3)(n —4)nlxgLs(xs, 3, T4)

= S B Al oL, 12)

Then

tn
GC7($2,x3,x4,t) = ZEGC’Z(@,LE&@;)

n>5
ToL3(xg, 23, 74)

259803 (= 3)(n — 4) ()"

n>5

woL3(wg, w3, 14) 1°
 6(141)3
(23 + wo(mo + 1)%x3) ¢°
6(1+1)°
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Finally, we obtain the generating function for bi-runs in C4 ! S,, as follows,

Abi—run,C4ZS (x27 x3,x4, t)

1
T o1- Yoot %Gcn<$2 —1l,xz3—1,24— 1)
B ) 1
o1 ZJG{1,2,~-,7} GC(zy — 1,23 — L,xq — 1,1)
24(1 +1t)*

24(]_ + t)4 - GC(J?Q, T3, T4, t)’

where

GC(x2, x5, 34,1) = 96t + (360 — T215) t* + (416 — 11225 — 162313) ¢*
+ (161 — 5929 + 2575 — 307573 — x%mgm) ¢4
+ (6 — 1025 4 1823 — 16253 + 4o — 2x5a5xs) t°

2 3 2 3 3,2 6
+ (23:2 — 325 — 22523 + 4503 — x2x3x4) .
A few initial terms in expansion of A, ., z75(72, ¥3, 74, 1) are

1 1
1+4t+ 5(6x2 +18)t% + 3 (42323 4+ 1002, + 112) £°

1
+E (z3x32 + 942323 + 19125 + 13712y + 935) ¢*

1
+ (302323ms + 4602523 4+ 16402525 + 709025 + 1995025 + 9710) 7 4 - - .

By manipulating the generating function Ay ., z75(72, 3, 24, ) above, we could

derive various results, some of which are not known before. For example,

Abi—run,m(17 07 O’ t)
24(t + 1)?
t4 — 163 + 72t2 + 48t — 24
_ 1idiy 2_4t2 N ytg N 2497t4 N 3675Ot5 N 649130t6 N 13376160t7
B 2! 3! 41 5! 6! 7!
315015190 4 8346046800 ,
+ t° + t” +

8! 9! o

which counts the number of restricted 4-colored permutations that don’t have a
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3-run.

Abi—rumm(l? 17 07 t) - Abi-run,m(L 07 07 t)
48(t — 8)t3(t + 1)
(% — 7202 — 48t + 24) (£ — 161° + 7212 + 48t — 24)

A 94, 21005 49900, 1207800 . 37023840

T T - I T Y
1155336000

F

which counts the number of 4-colored permutations in C4?S,, that have at least

one 3-run but don’t have a 4-run.

aAbi—run,m('r% 17 17 t)

8I2 ro=1
3t2
(1 - 3t)2
B fitz }9§t3%_1944t4%_38880t5%_874800t6%_22044960t8
2! 3! 4! 5! 6! 8!
617258880 ¢
+—81 t + .. ,

which counts the total number of 2-runs in all the restricted 4-colored permutations
of length n. It is easy to see that the average number of 2-runs in a random colored

permutation in C4 S, is

(n—1)-3""'.nl (n—1)-3""1.nl n-1

Co S| 4-3n1. ! 4

Although there are many similar interesting results derived from our generating

function for bi-runs, we will not expand the discussion here.

4.2.2 Exact patterns in Carlitz integer compositions

An integer composition w of n is a sequence of positive integers whose sum
is equal to n, denoted by w F n. The length of w is the number of parts in w,
denoted by Len(w). For example, w =2 1 1 3 F 7 has four parts. It is well-known

that the number of compositions of n into k parts is

(:21)
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and the total number of compositions of n is 2"~!. We denote the set of all the
integer compositions of n by L,,.

Consecutive patterns in integer compositions, as a research topic, has been
studied for a while (see [21] [22] [42]). However, not much work has been done on
pattern enumeration in restricted compositions.

A well-known class of restricted of restricted composition is called Carlitz com-
positions, first introduced by Carlitz [10] and then further studied by Knopfmacher
and Prodinger [36]. A Carlitz composition is a composition where adjacent parts
have to be different. In other words, Carlitz compositions are integer compositions
equipped with a binary relation & which requires adjacent elements to be differ-
ent. For example, w = 2 1 2 is a Carlitz composition of 5 while v =2 2 1 is not a
Carlitz composition. We use CL,, to denote the set of all Carlitz compositions of

n and

cL = |4HcL.,.

n>1
For any w € CL, the number of parts of w is denoted by Len(w) and the sum of
elements in w is denoted by Sum(w). For example, suppose w =2 3 12 € CL,
Len(w) =4 and Sum(w) =2+3+1+2=38.

This subsection is mainly focused on exact pattern matching in Carlitz composi-
tions. Exact patterns are actually subwords in a integer composition. For example,
suppose the pattern u = 1 2, then in a Carlitz compositionw =212343 12 F 18,
there are two exact u-matches, i.e., u-Emch(w) = 2.

In general, we are interested in following generating function

A(“lf" ,um),Cﬁ(xl, e 7'/'Cm7 q? t) =

1+ Z (H x?rEmch(m)) QSum(w)tLen(w)’ (410)

weCL \i>1

where ¢ is used to keep track of sum of the compositions and ¢ is used to keep

track of the number of parts in w.
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One can easily modifiy the proof of Theorem 4.3 to prove that

AUI:"‘,’um,’P(xh e ,SL’m, Q7 t) =

1
4.11
1= 1 EGChuy, (11 =1, T — 1, q)t" (4.11)
where EGCyu,... i (T1, T, -+, T, q) 18 exact generalized joint (uy,usg, -« , Up)-

clusters polynomial of size n in which ¢ is an additional variable we use to keep

track of sum of elements in the corresponding exact generalized (uy,ug, -+ , U, )-
cluster.

Before being able to compute polynomial EGC), 4, u, (T1,- -, Tp), we must
study the structure of exact (uq,us,--- ,u;)-clusters and exact joint generalized
(uy,ug, -+, um)-clusters.

Given compositions wuy, ug, -+ , Uy, an exact joint (uq,us,: -, Uy,)-cluster of

length n is a composition w consisting of n parts such that

1. each part of w is contained in some marked exact (uq,us,- - , U, )-matches
and

2. any two consecutive marked exact (uy,us,--- ,u,)-matches share at least
one part.

For our running example in this subsection, we let u; = 12, us = 123 and
uz = 3. In Figure 4.14, v is a (uy, us, ug)-cluster of length 2, ¢ is a (uy, ug, uz)-cluster
of length 3 while s is not a (u1, ug, uz)-cluster because marked u;-match and marked
ug-match do not share parts. More precisely, m,, (v) = 1, my,(v) = My, (v) = 0
and my, (q) = mu,(q) = M, (q) = 1.

X
X, X, X; X, X5
v q S
Figure 4.14: v and q are clusters while s is not.

Next we consider exact generalized joint (u,ug, - , Uy, )-clusters. A composi-

tion w is called an exact generalized joint (uy,usg,- -« , Uy, )-cluster of length n for
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Carlitz compositions if we can write w = BBy --- B; where B; are blocks such

that
1. B;is a joint (uy,us, -+ ,uy)-cluster or a single element

2. for 1 <1 < j, the last part of B; is equal to the part of B;,;. In other words,

if we combine blocks B; and B;.1, we do not have a Carlitz composition.

As pictured in Figure 4.15, w and r are both exact generalized joint (uy, us, u3)-
clusters of length 9, where Sum(w) = 14, m,,, (w) = 1, and my, (w) = my,(w) = 0,
and Sum(r) = 20, my, (r) = m,(r) = 1 and m,,(r) = 3. We let GC,, denote the

set of all the exact generalized joint (uq, ug, uz)-clusters of length n.

Xy
w (| [ [ [l 2] | [2]] [2]|[2]] 2]

B, | B, | B B, B; | B, | B, | B

Xz
X1 X3 X3 X3

r
B;

B1 Bz B4- BS BG B7

Figure 4.15: w,r € GC,.

Next, we shall continue using u; = 1 2, us = 1 2 3 and u3 = 3 as the patterns to
demonstrate how we compute the generalized joint cluster polynomials and then
hence obtain the generating functions.

The generalized joint cluster polynomials that we are interested in is

GOy (21,22, 73,q) = Z (—1)B=t x;nul(w)xglw(w)x;n%(w)qsum(w)7
weGC,,
where B(w) is the number of blocks in w and m,,(w) is the number of exact
matches of u; which are marked with z;.
Regardless of labellings, there are only three types of exact (ug, ug, us)-clusters,

namely, u;-cluster, us-cluster and ug-cluster, pictured in Figure 4.16. It is because
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w,-cluster u,~cluster u~cluster

Figure 4.16: Three types of (u, ug, uz)-clusters

all these three patterns are impossible to be concatenated and then hence each
type of cluster contains exactly one pattern.

Since an exact generalized joint (uj,us,us)-cluster consists of singletons and
exact joint (u,ug, us)-clusters, there are only four types of exact generalized joint
(u1, ug, ug)-clusters. Note that the restriction of Carlitz compositions is that adja-
cent parts have to be different and therefore, to violate this restriction, we must

last element of any block is equal to the first element of the next block.

e Type 1 exact generalized joint (uq, ug, us)-clusters are the ones which contain
exactly one u;-cluster, as pictured in Figure 4.17 (omitting labellings). The
set of such exact generalized joint (uq,uz, us)-clusters of length n is denoted
by GC!.

Figure 4.17: Type 1 generalized clusters.

e Type 2 exact generalized joint (ug,us,us)-clusters are the ones that con-
tain exactly one us-cluster, as pictured in Figure 4.18 (omitting labellings).
Note that in Type 2 exact generalized joint (uq, us, uz)-clusters, there could
be marked ug-matches. The set of such exact generalized joint (uy,us, us)-

clusters of length n is denoted by GC2.

e Type 3 exact generalized joint (uy, us, ug)-clusters are the ones that contain
at least one ug-cluster but no u;-clusters or uy clusters, as pictured in Figure

4.19. In other words, there is at least one ‘3’ in this type of generalized
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Figure 4.18: Type 2 generalized clusters.

clusters is marked. The set of such generalized clusters of length n is denoted
by GC3.

Figure 4.19: Type 3 generalized clusters.

e Type 4 exact generalized joint (uq,us,us)-clusters are the ones that do not
contain any clusters, as pictured in Figure 4.20 where 7 can be any positive
integer, including 3. When ¢ = 3, not marked ‘3’ with x3 is allowed. The set

of such exact generalized joint (uy,us, ug)-clusters of length n is denoted by

4
ge.
Tt

Figure 4.20: Type 4 generalized clusters.

We then set

GC%(CCl, T, T3, q) — Z (_1)B(w)71 xTw (w)x;"‘uz(w)x;”u:s(w)qSum(w),(4.12)
weGEC]

GOJ('xh Z3,X3,(q, t) = ZtnGOJ’IL('xlu Tg, T3, Q)7 (4]‘3)

n>1

where J € {1,2,3,4}. Clearly, GC} are disjoint sets, i.e.,

Je{1,2,3,4}



and then

ZtnGOn([Eh Lo, X3, q)

n>1

123

— Zt" Z GC;TL(JI1,I2,$37Q)

n>1  Je{1,2,3,4}

= Z GCJ(xlgx27x37Q7t>'

Je{1,2,3,4}

Next we shall consider GC? and compute GC for each J.

For an arbitrary w € GC., w contains one ‘1 2, I; many singletons of ‘1’ and

[, many singletons of ‘2 such that

2+ 0L+ 1

and then

=n, for [ >0, 1,>0,

Sum(w) =142+ 1; + 2l = 3+ 11 + 21,

which gives us for n > 2,

Thus

GC%(£17£27£37Q) -

GOl(xl7x27x37Q)t) =

Z (_1)11+12 $1q3+ll+2[2

l14+lo=n—2,11,l2>0

n—2
(_1)n—2$1q3+n—2 Z qlz

l2=0

qn+ 1 _ q2n

—1)"
(=1)"z 1—¢

Z tnGqu(xl) T2, T3, Q>

n>2
n+l _ 2n
Ztn(—l)n%q ] !
n>2 — 4
3
r1q n n
T (tzz(—qt) —qt*> (—¢’) )
q n>0 n>0
r1¢° t? _ qt?
l—g\1+4+qt 1+¢%

1132
(1+qt) (14 ¢%)

(4.14)
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Now we move to computation of GO?(zy, za, x3,t). For an arbitrary w € GC?,
w contains one ‘1 2 3’, [; many singletons of ‘1’ and /3 many singletons of ‘3’ such
that
3+ 11 +1l3=mn, for 11 >0, [3>0,
and then
Sum(w) =1+24+3+1; +3l3 =06+ {1 + 3ls.

Unlike the Type 1 exact generalized joint (uq,us, uz)-clusters, Typer 2 exact gen-
eralized joint (uq, ug, us)-clusters contains a block ‘1 2 3" which could be marked in
several different ways. It is easy to see that 1 must be marked with x5, but then
we can mark 1 with either x5 or not and mark 3 with either x3 or not. THus the
labeling polynomial for us is (21 + 1)xe(z3 + 1). For each singleton of ‘3’, we could
either mark it with ‘x3’ or not.

Then for n > 3, we have

GCEL(SEM ZTo, T3, Q)

= ST (=) (@ + Dan(as + 1) (s + 1S
l1+13—nm—3,11,l3>0

w

n—

= ()" (@ 4 Daa(zs +1) Y (23 +1)g?)"

(z1 + Dag(w3 + 1) (=¢)" " (1 - ((333 +1)¢*)"?)
1— (234 1)¢? ’

Hence

GC2(Ilyx27x37q7t) (4]‘5)
— ZtnGCZ(I'l,ZEQ,ZE:;,q)
n>3

_ o (@1 + Dag(zs + 1)(=¢)" 7 (1 = (23 + 1)¢g*)"?)
N Zt 1 — (23 +1)¢?

n>3

(21 + Dag(z3 + 1)¢53

- 1— (23 + )¢ <Z(—qt)n — (23 +1)¢* (— (23 + 1)q3t)n>

n>0
(w1 + Dz + 1)¢0 1 (zst 1)q?
1—(x3+1)g? IT+gqt 14 (z3+1)¢%

(w4 Daa(ws + 1)¢°
T (g (1 + (s + 1)) (4.16)
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Next we shall compute GC®(x1, x5, x3,q,t). For an arbitrary w € GC?, w only
contains n singleton ‘3’ blocks. Each ‘3’ block is either marked or not but at least

one block has to be marked. Thus
GC2 (21,22, 23,q) = (=1)" (1 + a3)" — 1) ¢*".
Hence,

GC3<wlax27x37qat> = Ztn GCg(xlax%x?nq)

n>1

= S (L )t - 1) g

= =3 (—(@s+1)g*)" = (—¢*)"
B ( —(z3 + 1)t —q3t )

1+ (x5 + )3t 1+ g3

- x3q3t
(T4 g3t (1 + (w3 + 1)g3t) (4.17)

Finally we shall compute GC*(zy, zs, z3, ¢, t). For an arbitrary w € GC*, w has

no marked (uy, ug, us)-matches, which implies

:ci”“l(w)x’{”“? (w)x;n“3 (w) _ 1.

Since elements in each block in w are identical, say the element in the block is k,

then Sum(w) = kn, which gives

GCi (I‘l, To, T3, q) = Z <_1)B(w)*1x71n“1 (w).Tng (w)l,gnus (w)qSum(w)

weGCH

= (=D" ) g™

Hence

GC4(ZE1,$2,$3,q,t) = Ztn Goi(‘rbx%xi’)aq)

n>1

R GO
- Zt 1+qn

n>1

- -y (=gt)” (4.18)

n>1 1 —|—qn
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Taking sum of Equation (4.14), (4.15), (4.17) and (4.18), plugging into the

generating function Ajs1933cc(21, 22, 23,9, 1), we have

Aig193300(21, 22, 23, ¢, 1)

1
N 1-— anl (A GCn<l’1 — 1,(132 — 1,1’3 — 1)
. 1
1 - ZJE{LQ,SA} GCJ(% — Lz — 1,23 -1, qvt)

1
1—GCO(xy — 1,29 — 1,23 — 1,q,t)’

where

G(xl - 17x2 - 17I3 - 17Q7t)
= Z GCJ(xl - 1,.T2 - ]-71:3 - 17Q7t)
Je{1,2,3,4}

(r3 — 1)gt 21 (19 — 1)w3¢%3 (r1 — 1)gt? B Z (—qt)"
(1+¢%) (1 +23¢%)  (1+qt) (1 +asq®) (gt +1)(1+ %) '

A few initial terms in the expansion are

Arz1233.cc(T1, T2, 73, ¢, 1)

= 1+tq+tq® + (2 + x> + 23t) @ + (t + 21t® + 223587 ¢
+(t + 262 + 21 t° + 2x5t% + 23t°)¢°
(4 417 4+ 13 4wyt + 22 dast® + wyst® + piwaast®)¢°
4.

Coefficients of ¢™ describe distribution of patterns in all the Carlitz composi-
tions of n. For example, coefficient of ¢* is (t + 213 + 223t?), which means in Ps,
there is one Carlitz composition having one part avoiding uy, us and uz, namely
4, one Carlitz composition having three parts, exactly one u;-match and no other
matches, namely 121, and two Carlitz compositions having two parts, exactly one
uz-match and no other matches, namely 13 and 31.

The generating function Ajsia33cc(21, 22,73, ¢,t) gives us many interesting

results, some of which lead to integer sequences that haven’t been recorded on



127

OEIS [49]. For example,

A12,123,3,Cﬁ(17 17 07 q, 1)
1
3 n
L+ 355 = Ys1 71
1

n

1-3 "
n>1, n#3 qn+1
= 1+q+¢*+2¢°+2¢" +4¢° +8¢° + 13¢" + 20¢® + 32¢” + 51¢"°

+82¢"! 4 137¢"% + 224¢" + 362¢™* 4 583¢"° + - - -,

where the coefficients of ¢" in Aj21233p(1,1,0,¢,1) is the the number of Carlitz
compositions of n that do not contain ‘3’ as a part, and they are 1, 1, 2, 2, 4, 8,
13, 20, 32, ---, for n > 1.

Another example is

A12,123,3,C£(1> 0,1,q, 1) - A12,123,3,cc(07 0,0,q, 1)
1 1

¢ N gt g3 ¢ _ N0 gt
1+ 43 +qg+1 Zn:l qn+1 1+ ¢3+1 + P+q?+q+1 Zn:l qn+1

= 2¢°+3¢* +4¢° + 7¢° + 12¢7 + 24¢° + 48¢° + 89¢'° + 152¢"!

+268¢'% + 478¢™ + 852¢™* + 1524¢"° + 2699¢*6 + - - - |

the coefficients of ¢" in Aj21933c2(1,0,1,¢,1) — A121933¢2(0,0,0,¢,1) is the the
number of Carlitz compositions of n that contain ‘1 2’ or ‘3’ but do not contain
subword ‘1 2 3’, and they are 2, 3, 4, 7, 12, 24, 48, 89, -- -, for n > 3.
Furthermore, since t is used to keep track of number of parts in compositions,
if we substitute ¢t by 1 and —1 respectively and take difference of the two functions,
we are able to get the generating function for the number of Carlitz compositions

of n that have odd number of parts, contain ‘1 2’ or ‘3’ but do not contain subword
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‘12 3.
1 1
—A12 12336[:(1 0,1,q 1) - 51412,123,3,05(0, 0,0,q, 1)

1
__A12 1233cc(1,0,1, ¢, —1) + 51412,123,3,05(0, 0,0,¢q,—1)

1/2 1/2
N __ ¢ N gt q* oy gt
]- + 4+q3+t+1 Zn:l qn+1 ]- + 3+1 + q3+q2+q+1 Zn:l qn+1
1/2 1/2
_1 _ 4P+ +2¢* +q2—q-1) §oee qn + 144 3(q(2¢=1)+2) _ S q"
q7_q4_q3+1 n=1 qn+1 5+q3+q2+1 n=1 qn+1

= ¢ +¢" +2¢° +5¢° + 5¢" + 12¢° + 25¢° + 41¢"° + 78¢" + 137¢"
+236q" + 426¢™ + 764¢" + - - - |

where coefficient of ¢" is the number of Carlitz compositions of n that have odd
number of parts, contain ‘1 2’ or ‘3’ but do not contain subword ‘1 2 3’.
There are many other interesting integer sequences derived from this generating

function, but we shall not pursue such results here.

4.3 Joint clusters and generalized joint clusters

0,7,k
for Dz’—i—kn—i—j :

We can also extend joint clusters and generalized joint clusters to fillings of
k ..
D;jknﬂ, for i,j # k.

’]’

Suppose that we have m patterns {P, € P/} 4

H<s<m and a given binary

relation #Z, we consider the following generating function,

tkn
A(P1,...,Pm)773,%(l‘17 coo s Ty t) =1+ Z (k‘ ' Z H I'P -mch( ) (419)
n>1

1,7,k
F€P1+kn+j @

Similar to Section 3.3, but we define joint versions of generalized start, end,

and start-end clusters. First we let MPF

itkn-ti Py Py denote the set of fillings

FeP, _ﬁ;m +; where we have marked some of the Ps—match in F' by placing an ‘x,’

on the top of the column that starts a P,-match in F, for 1 < s < m.
Definition 4.5. QQ € MPka’ﬂ (1. 18 o generalized (Py, ..., Py),%-end-
cluster if we can write ) = ByBy--- By where By are blocks of consecutive
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columns in @ such that
1. By, is a column of height j,

2. for 1 < s < h, either By is a single column or B, consists of r-columns where
r > 2, red(By) is a (Py, ..., Py)-cluster in MPp, (p,

consecutive columns in Bs are in % and

P, and any pair of

77777

3. for 1 < s < h —1, the pair (last(Bs), first(Bsy1)) is not in % where for
any s, last(By) is the right-most column of By and first(Bs) is the left-most

column of Bs.

Let gscggfj’( Pro Po) % denote the set of all generalized
(Py,..., Py),%Z-end-clusters which have n columns of height k followed by a col-

umn of height 7. We let

0,7,k L — m
GECY by, pya(T1s o ) = Z (—nP@ Hfﬂs (@,
s=1

0.5k
QEGEC) S (Py... Pm),

(4.20)
where B(Q) the number of blocks in ) and mp,(Q)) is the number of P;-matches

in in () which are marked with an x,.

Definition 4.6. () € MPZ’_E}; (Pro Py 15 @ generalized (Py, ..., P,), %-start-

cluster if we can write ) = BBy--- By where By are blocks of consecutive

columns in @ such that
1. By is a column of height 1,

2. for1 < s < h, either By is a single column or By consists of r-columns where
r > 2, red(Bs) is a (P, ..., Py)-cluster in MPp, p,

consecutive columns in By are in % and

P, and any pair of

,,,,,

3. for 1 < s < h —1, the pair (last(Bs), first(Bsy1)) is not in % where for
any s, last(By) is the right-most column of Bs and first(Bs) is the left-most

column of Bs.
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Let gSij,fn (Pio. ,» denote the set of all
generalized (P, ..., m), %—start—clusters which have a column of height 7 followed

by n columns of height k. We let

GSijk’; 77777 Py (T1 s ) = 3 (—1)B@-1 T arr @,

1,0,k
Qegscz+k7L (Pq,..., Pm), %

(4.21)
where B(Q) the number of blocks in @ and mp,(Q) is the number of P,-matches

in in () which are marked with an x;.

Definition 4.7. () € MP::’ian (Pr,...Py) 5 @ generalized (Py, ..., P,),%-start-

end-cluster if we can write Q = B1Bs--- By, where h > 2 and B are blocks of

consecutive columns in () such that
1. By is a column of height 1,
2. By, is a column of height j,

3. for 2 < s < h—1, either By is a single column or By consists of r-columns
where v > 2, red(Bs) is a (P, ..., Py)-cluster in MPy, (p,

pair of consecutive columns in By are in Z and

Pw), and any

-----

4. for 1 < s < h—1, the pair (last(Bs), first(Bsy1)) is not in Z where for
any s, last(Bs) is the right-most column of By and first(Bs) is the left-most

column of Bs.

Let QSSCZE:MJ Py, denote the set of all generalized (P, ..., P,,), %-
start-clusters which have a column of height ¢ followed by n columns of height k

and then followed by a column of height j. We let

.7,k — m
GSECHJW] o by (Tl ey ) 1= Z (—1)B@ 1Hxs P (Q)
s=1

4,7,k
Qegsgci+k7l+j,(P1 AAAAA Pm), 2

(4.22)
where B(Q) the number of blocks in @ and mp,(Q) is the number of P,-matches
in in () which are marked with an x;.

Then we have following theorems.



Theorem 4.8. Given a binary relation % and patterns Py, ...

et T Py meh(F)
Dl | ERE
TLZO Fe 'PO]k s=1
kn+j,2

tk”“ 0,5,k
(Zm0 i GEC

k’nJrj(Pl, ,P )L%(l’l_l,...
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, P, , then

1- Zn>1

kn,(P1,...,Pm),%

Theorem 4.9. Given a binary relation % and patterns Py, ...

ti-i-kn
E E | | Pg-mch(F)
— (1 + kn)! it
- FeP i+kn, 2

tz+kn zOk
<Zn>0 (i+kn)! GSCz+kn (Pr,..

t’“" L GOYh (1 —1,..

P )PZ(xl — 1,

e 1)> (4.23)

T — 1)

, P, , then

thn 0,0,k
1_Zn>1 kn)'GCkn (Py,....Pm )’J("El—l,...

Theorem 4.10. Given a binary relation % and patterns Py, . ..

ti+kn+j

B s-mch(
§(¢+kn+j) Z pr "

Fepiik =

- 1)> (4.24)

Ty — 1)

, P, , then

z+kn+]%
1
kn 0,0,k
1 - Zn>1 t GCkn (FJ17 Pm)7%<x1 - 1, [ ,I‘m - 1)
ti—l-kn 1,0,k
X Z (Z + kn) GSCz+kn (P1yees Py ),%(xl -1 T, = ]-)
n>0
tkn-{—j OB Cojk
X T ’ -1,...,2,—1
nzzo (kn + j)! kg (Pr P (1 L )
pitkn+i

— (Z + kn +])' i+kn+j4,(P1,...,Pm),%

GSECHF (1 —1,...

(4.25)

The contents of Chapter 4 are currently under preparation for submission.

Some portion is co-authored with J. B. Remmel.

author of this material.
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Chapter 5

Clusters and Generalized Clusters

for undetermined shapes

Previous chapters are mainly focused on various fillings of rectangular shapes
4,5,k

i 1knt;)- However, the idea of clus-

(i.e., DY%) or almost rectangular shapes (i.e., D
ters and generalized clusters can be extended to irregular shapes or even unknown
shapes naturally.

In next section, corresponding theorems for undetermined shapes shall be stated
and proved. Then in Section 5.2, two examples will be given to illustrate how
clusters and generalized clusters work for undetermined shapes. In Section 5.3,
we discuss clusters and generalized clusters for undetermined shapes with partial

restrictions.

5.1 Main theorem

In this section, we let D,, denote the diagrams consisting n cells. Obviously, the
number of columns is at least one and at most n. We use D, ;, to denote the set of
diagrams in D,, having k columns. Clearly, for ¢,7 > 1, Dfi,fn + © Diiinyjnt2 C
D tknyj. As pictured in Figure 5.1, T1 € Digg € Dig and Ty € Dy g C Dy

We let P, (P,x) denote the set of all fillings of D,, (D, ) with the elements
of 1,2,3...,n such that the elements are increasing reading from bottom to top

in each column. Thus for any F € P, ;, w(F) is a permutation in S, satisfying

132
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T: T,

Figure 5.1: T1 € D12,6 g D12 and T1 € D1174 g Dll'

des(w(F)) < k. Note that the correspondence here actually is not a bijection and
counterexamples are given in Figure 5.2. Similarly, we let F,, 4 (F,x.4) denote the
set of all fillings of D,, (D,,x) with the elements from the alphabet A. Accordingly,
let WZ,, 4 and WZ, ;. a (SZ,4 and ST, 4) denote the set of all fillings of D,
(Dy. 1) respectively with the elements from the alphabet A such that elements are
weakly (strictly) increasing in each column reading from bottom to top. In this
chapter, for convenience of stating and proving theorems, major emphasis is on
P, but theorems and methods still hold for pattern matching in F,, 4, WZ,, 4 and
ST, 4.

10]

6] 11]
4 4] |9

713]8]11 713710/ 8

1/2]5]9 112]6]5
F1 F,

w(F1)=w(F2)=17234610589 11

Figure 5.2: F1,F, € ,P1L47 U)(F1> = U)(FQ) but F;j 7A Fs.

Due to the uncertainty of shapes, patterns are also allowed to be very flexible.
Patterns could be associated to shapes of several consecutive columns or partial
ordering of elements in consecutive columns. For instance, we might want to keep
track of variety of quantities such as the number of columns of height 1 in P,, or
Fn 4, the number of pairs of adjacent columns satisfy the condition that the first

element in the left column is greater than the second element in the right column,
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the number of pairs of adjacent columns that have the same height, the number of
times we observe row-increasing condition between two columns, etc..

Generally speaking, a consecutive pattern can be understood as a condition
occurring in columns or between consecutive columns. The number of pattern
matches in a filling F' of D,, is the number of times we observe this condition in F'.

For some given pattern P and for n > 1, we let MP,, p denote the set of all
fillings F' € P,, where we have marked some of the P-matches in F' by placing an
‘z’ on top of the column that start a P-match in F.

Then as in previous sections, a P-cluster of size n is a filling F' in MP,, p such

that
1. every column of F' is contained in a marked P-match of F' and
2. any two consecutive marked P-matches share at least one column.

Due to flexibility of patterns, it is possible that a P-cluster has only one column
or even one cell. We let CM,, p denote the set of all P-clusters in MP, p. We

define the cluster polynomial for n > 1,

Cn,P(Ji): Z 2me(F)

FeCM, p

where mp(F) is the number of marked P-matches in F'.

Theorem 5.1. Given some pattern P, then

n 1
1 v P-mch(F) — _ 51
+Zn, DT 1= o1 5 (Coplz = 1) + [Pual) o1

n>1 "' FePy n>1 nl

1
2—e =3 s miCnp(z —1)

where Cy, p(x) is P-cluster polynomial with respect to Py,.

Proof. First, the equality between (5.1) and (5.2) is easy to understand. For any
F € P,1, F has to be a single column of height n with fillings of 1,2, ..., n, reading
from bottom to top. Then |P, ;| = 1 and hence,

Zngn,q :Zi—n! Y

n>1 n>1
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If we replace x by x + 1 in equation (5.1), we get

Pmch (F) — 1
L S S TG Py P

n>1"" FePn n>1nl

As before, the left-hand side of (5.3) is the generating function of mp(F) over all
F e MP,, p.Tthat is,

1+Z Z .CE+1 P-mch(F) __ 1_|_Z Z mp(F (54)

n>1  FeP, n>1 FGMPn P

Thus we must show that

n 1
1 v mp(F) _ _ . 5.5
+ Z n! Z ‘ o 1—=> A (Cr.p(x) + |Pnal) (5:5)

n>1 nl

Next we rewrite the right-hand side of Equation (5.5) in form of power series as

follows,

(Z _ <>+|7>m|>> - (56)

n>1

1
S AR EEN TR

m>1

Taking the coefficients of £ on both sides of Equation (5.5) where n > 1, we see

that we must show that

Z $mP(F) — Z (Z 2—7: (Cmp(l') + |’Pn71|)>

FEMP, p m=1 \n=1 &
s s 4 m
S IEICREREN
m=1 \n=1 3

_ Z S (ahus"am)ﬁ(caj,p(x)+|7?aj,1|).(5.7)

m=1ai+ - +am=s j:l
aizl

The right-hand side of (5.7) is now easy to interpret. We pick an m such that
1 < m < s. Then we pick ay,...,a, > 1 such that a; + as + -+ + a,, = s.
Next the multinomial coefficient (al’a;”’am) allows us to pick sets Si,Ss,..., 9,
which partition {1,2,...,s} such that |S;| = a; for i = 1,2,...,m. Finally the
product [T, (Ca,.p(x) + |Pay1|) allows us to pick either a P-cluster of size a; or

a single column of height a;, for 1 < ¢ < m. More precisely, C,, p(z) is P-cluster
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polynomial of size a;, that is, weighted sum of all P-clusters of size a;. A single
column of height a; are not allowed to have any marked matches (otherwise it
would be a cluster), so weighted sum of them is just cardinality of single columns
of height aj;.

Exploiting the same argument of maximal P-subclusters in proof of Theorem

2.2 finishes the proof here, which will not be elaborated again here. O

As for F,, 4, SZ,, 4 and WZI,, 4, the idea and proof of Theorem 5.1 still hold and
the difference is that now the generating function is ordinary instead of exponential

because the fillings are words over A instead of permutations.

Theorem 5.2. Given some pattern P, then

1
1 + tn xP—mch(F) — 58
21" S G- D+ B Y

n>1 FE}—n,A

where C, p(z) is P-cluster polynomial with respect to F, 4.

Given some given pattern P, then

1
1+ " xP—mch(F) — 7 5.9
21" 2 =S o Corle D W) Y

n>1  FeWTI, 4

where C, p(x) is P-cluster polynomial with respect to W, .

Given some pattern P, then

1
1+ " g Pmeh(F) — , 5.10
DY S 0 Cople 1) 1 8Ty O

n>1  FeST, a

where C,, p(x) is P-cluster polynomial with respect to ST, 4.

Next, suppose we want to study arrays which satify some extra restrictions
between pairs of adjacent columns. Let Z is a binary relation between two adjacent
columns whose heights are not necessary the same. For example, we could restrict
that two adjacent columns are forced to have different heights or the base element
in a column must be greater than the top element in the next column. The set of
fillings in P, (P, ) that satisfy the binary relation Z is denoted by P, % (Pni.2)-
As introduced in previous chapters, generalized clusters are suitable dealing with

arrays with restrictions. Here we have the same definition for generalized clusters.
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Let MP,, p be the set of fillings in P,, such that we mark some of P-matches.
We say Q € MP,, p is a generalized P, %-cluster of size n if we can write Q) =
BB, ...B,, where B; are blocks such that

1. B, is either a single column or is order isomorphic to a P-cluster and Z# holds

between any pair adjacent columns in B; and
2. for 1 <i<m—1, (last(B;), first(B;;+1)) is not in Z.

The set of generalized clusters of size n is denoted by GC,, p&. Accordingly, gener-
alized cluster polynomials GC,, p#(x) are defined in the same manner as previously
defined. We let wp4(Q) = [11~, 2P and let

GCrpa(r) = > (1P wpu(Q),
QEGC,r .2

where B(Q) is the number of blocks in Q.
Let P, % denote the set of elements () of P,, such that # holds for any two

consecutive columns in ). t Then we have following theorem.

Theorem 5.3. Let Z be a binary relation on all pairs of adjacent columns. For

a given pattern P,

n 1
1 - P-meh(F) _ _ . 5.11
+2 nl > T 1= ot 5GC p(a — 1) (5-11)

The proof is essentially the same as proof of Theorem 2.4 so that we shall not
give the details.

In fact, there are natural analogues of Theorems 5.1 and 5.3 in this setting. In
Section 5.2, we shall provide and example that uses the multi-variate version of

Theorem 5.3.

5.2 Examples

Examples in this section will show how we use Theorem 5.1 and 5.3 to find

generating functions for arrays whose columns have unknown heights.
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5.2.1 Singletons and patterns in ordered set partitions

Throughout this subsection, we still use [n] to denote the set {1,2,--- ,n} for
convenience. A set partition of [n] is a set of disjoint subsets of [n] whose union is
[n]. Usually, we call a subset in a set partition a block. Since in this paper blocks
are an exclusive term in generalized clusters, we just call elements in set partition
subsets to avoid confusion. The total number of set partitions of [n] is given by

the n-th Bell number, Bel,, which has following recursion
Bel, =Y (Z) Belj,
k=0
and exponential generating function

Beln n et_l
Z t"'=c¢e€ .
n!

n>0

Note that we don’t distinguish the order of subsets in a set partition. For example,

there are five partitions of [3], namely,
{{1.2,3}}, {12}, {3}}, {{1,3},{3}},
{{13.42,31},  {1h{2}.{3}}.

Usually, we list elements in each subset in an increasing order. The first (least)
element in a subset is called opener and the last (largest) element in a subset
is called closer. In a set partition, we list subsets, by their openers, also in an
increasing order.

Also, it is well-known that the number of set partitions of [n] having k subsets

is given Sterling number of the second kind, denoted by {Z} Forn >1

zn: {Z} — Bel,.

k=1

In contrast to set partitions of [n], if orders of subsets are taken into account,
we get a list of ordered disjoint subsets whose union is [n]|, which is called an

ordered set partition of [n]. We use OSP,, to denote the set of all the ordered set
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partitions of [n]. The total number of ordered set partitions of [n] is given by the

n-th Fubini number, Fub,,, which has following recursion,
" /n
Fub, = Fub,
o= 3 () Pt
k=1
and exponential generating function

Fub, , 1
> L
n! 2 — et

n>0

It can be also expressed in terms of Stirling numbers of the second kind,

3 m{Z} — Fub,,
k=1

People sometimes think ordered set partitions as permutations with some pre-
scribed descent set. As mentioned in Section 1.1.3, given information on descent
sets, permutations can be represented in form of column-strict arrays whose shapes
are not necessary to be rectangular. More precisely, for any F' € OSP,,, we can
represent I’ as an element in P,,. An example in OSPy is pictured as an element

in Py in Figure 5.3.

({2}, {1, 4}, {5}, {7,8,9), (3}} 2]1]5]7]3

Figure 5.3: An ordered set partition of [9] and its array representation.

In [56], Remmel and Wilson used stars to indicate connectives of elements in
ordered set partitions, that is, elements in a subset are connected by stars. Then

the example in Figure 5.3 can be expressed as
21,457.8,93.

We call such permutations starred ascent permutations. More precisely, 0 =
0109 - -+ 0, is a starred ascent permutation if we mark some of ascents in ¢ by stars.

We let §; denote the set of starred ascent permutations.
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Statistics on ordered set partitions has been a popular topic especially in recent
years, such as [28, 31, 62, 56]. Throughout this subsection, different from patterns
in other examples in previous sections, we shall consider more abstract patterns.
For example, we could consider a singleton as our pattern, that is, we are interested
in enumerating the number of singletons in ordered set partitions, and equivalently,
how many columns have only one row. For p € OSP,,, we use Sgt(p) to denote the
number of singletons in p. Assume p = {{2},{1,4},{5},{7,8,9},{3}} € OSP,,
then Sgt(p) = 3. Actually, to some extent, to enumerate singletons or subsets of
any giving size is similar to subword pattern in integer compositions. However, we
could also consider other permutation patterns such as ascents.

We compute distribution of singletons in OSP,, and consider following gener-

ating function

tn
Aggrosp(x,t) =1+ Z — Z £ SetP).

n>1 " peOSP,

and according to Theorem 5.1,
1
2—e' =31 niCnsee(z — 1)

where C), ggt() is cluster polynomial of size n.

Asgrosp(z,t) = (5.12)

Based on the definition of cluster polynomial, a cluster polynomial is sum of
weights for all clusters. Clearly, here the only feasible cluster is a single column of

height 1. Therefore,

x, forn=1
Chset(z) =
0, for n > 2.

Then
1 1

2—e — Crge(r—1) - 2—et—(x—1t

As mentioned, since OSP,, can be regarded as starred ascent permutations S,

Aggi 0sp(T,t) =

it also allows to us to consider permutation patterns. For o € §;, elements in o
could be starred or non-starred and therefore, here we could consider permutation
patterns with specification of starred positions.

For example, assume o € §;, we say there is a 1,2,-match in ¢ at position ¢ if

0; < 0,41 and both o; and 0,;,; are starred. For convenience, we use underscore
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‘" to indicate gaps that don’t have stars. We say there is a 1,2 -match in o at
position ¢ if 0; < 0;41 and o; is starred while o;, is non-starred. We say there is
a 1.2 -match in o at position ¢ if 0; < ;41 and both o; and ¢;,1 are not starred.
12 -match can be recognized as a set of patterns, that is, 12. = {1.2,1,2.}. A
_12,-match in o at position ¢ means o; < 0,11, 0,11 has a star and 0;_; has no star
if o;_1 exists.

For the remainder of this subsection, we shall consider the pattern 1 2. Assume
o =2145 78,9 3, then 12-mch(s) = 1 because there is a 12 -match at
position 3. To clarify connections between OSP,,, P, and S}, we interpret 1 2_
for OSP,, and P,,. We see that for 0 € S, a 1 2_ pattern in o means that in the
ordered set partition corresponding to o, we observe an ascent between a closer
and the adjacent opener and the opener has to be a singleton element, which is
also equivalent to that for P,, we observe the top element in a column is less
than the element in next column which is forced to be a singleton column. For
convenience, we denote such a pattern for P, by P. Singleton column pattern is,
in fact, _1_in sense of starred patterns, denoted by ). Then we consider following
joint generating function,

Apgr(z,y,t) =1+ Z i—n' Z g Prmeh(F) y Q-meh(F)
n>1"" FEPn
Then by the multi-variate analogue of Theorem 5.1,
1

P,Q,P(xu Y, ) 2 _ et — anl iz_'cn’(P’Q)('m — 1, Yy — 1)

Before computing C,, (p,g)(x,¥), we need to figure out the structures of (P, Q)-
clusters. For convenience, we let C, x (pg) denote the set of (P,Q)-clusters of
size n having k columns and let C, j pqy(x,y) denote the corresponding cluster
polynomial.

Suppose F' € C,1,(pq), I has to be a single column of height 1 and has to be
labeled with ‘y’. Then

Y, forn =1,
Crapo)(T,y) =
0, for n > 2,
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and thus
> G (@.y) = ut. (5.13)

n>1
Suppose F' € C,2,(p,0), then F has a marked P-match, which implies the second
column is a singleton while the first column can be of any height including 1.
Clearly, the filling of F' is unique. Singleton column can be either marked with ‘z’
or not. Then

0, forn =1,

Cha,po) (@, y) =  2(y + 1)?, for n = 2,

z(y + 1), for n > 3,
and thus
n t2 ) tn
n>1 " n>3
t2 t2
= Ex(y+1)2+x(y+1) (e —1—t—§) :

In general, for k& > 2, suppose I’ € C,, i, (p,g), then F' is forced to have exactly
k —1 P-matches and all columns are of height 1 except the first column can be of
any height including 1. Clearly, the filling of F' is unique. Singleton column can

be either marked with ‘2’ or not. Then
0, forn<k-—1,
Crkp@) (T, y) = ¥y + 1)*, for n = k,
gy + ) forn >k + 1,

and thus

tk _ "o _
Z an (o) (@:y) = 57 S CESLESY mxk Yy+ DM (5.14)

n>1 n>k+1
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Combining (5.13) and (5.14) and letting z = x(y + 1) for convenience, we have

tn
Z _Cn,(P,Q) (ZE, y)
n>1 n!
t" tm
- Z ﬁcn,l,(P,Q) (37, y) + Z Z ﬁCn,k,(P,Q) (.l’, y)
n>1 E>2 n>1
tn
= yt+ Yy Exk AUESNES DY Exk_l(y 4 1)kt
E>2 E>2 n>k+1
1 (z(y+ 1)t)" tn 2 .
= yt+EZTk+ZEZ($(y+1))
k>2 ’ n>3 k=1
et — 2t —1 A — (z)n_1
- yt4—= - R Y
yt+ T + Z nl 1—2z
n>3
et —zt—1 2z " 1 (zt)™
— ut o
yt+ x +l—zz:n' z— 22 n!
n> n>3
2
_ et — 2t —1 z(et—l t_t?> e‘”t—l—zt—zz;t2
- Y T 1—=2 z— 22

Therefore,

A(RQ)J’ (:13, Y, t) =
(z —Dy((z =1y —1)

. (515
oDyt gty 1) - D (-2 4y 51 O
A few initial terms of Apg)p(x,y,t) are
t2 2 2 t3 2,3 3 3
1+yt—|—§(a:y +y°+1) + 3 (2*y® + 4ay® + 2y + y* + 5y + 1)
t4
+ (2Pyt 12yt a?y? + Dy + 180y® + oy +y' + 17y + Ty +7)

4]

By manipulating the formula in (5.15), we could derive various results. For
example,

0Apg)r(0,y,1) _ (1 —t)sinh(t) + (t — 2) cosh(t) + 2
y 2(sinh(t) — 1)? ’

y=1
which is the exponential generating function for the total number of singleton
columns in arrays in P, that don’t have pattern P. For n > 1, the numbers are

1,2,8, 45,293, 2254, 20024, 200891, 2246471, . . ..
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If we set z =0,y =1 1in (5.15), we have

2 1
et—et+2 1 —sinht’

A p(z,y,t) =

which is the exponential generating function for the number of arrays in P, avoid-
ing P, also the number of ordered set partitions such that we don’t see an ascent
between a subset and a singleton subset immediately following it and it also the
number of starred ascent permutations avoiding 1 2.

It turns out that L

2 _ . . . .
5 = T-amn 1S also the exponential generating function

of ordered set partitions that don’t have subsets of even sizes. Because of the
trivial bijection between OSP,, and P,, it is natural to ask if we can prove this
fact bijectively. Clearly we can partitions the P, into three sets, N EP, which is
the set elements of P,, that have no even columns, BP,, which is the set of elements
of P,, which have both even column and an occurrence of the pattern P, and Pa
which is the set of elements of elements of P,, which have no occurrence of pattern
P but has columns of even height. Similarly, we can partition P, into three sets,
N PP, which is the set elements of P, no occurrence of pattern P, BP,, which is
the set of elements of P, which have both and even column and an occurrence of
the pattern P, and P, which is the set of elements of elements of PP, which have
no columns of even height but has at least an occurrence of the pattern P. Clearly
to show that |[NEP,| = |[NPP,|, we need only show that |P,| = |[P,].

We can define a bijection ® : P, P, as follows, for F' € P,,, we scan columns
in F' from right to left, if j-th column has an even height, we remove the closer (i.e.,
top element) from the column and insert in between j-th column and (j + 1)-th.
Obviously, in j-th column of the new array. This will create at P-match. Note
that if j + 1-st column has height 1, then since F' has no P-matches it must be that
the element in column j 4+ 1 is less than top element of column j so that we can
not create a new P between the two columns of height 1 that are now the j + 1-st
and 7 4+ 2-nd elements of ®(F"). We keep doing this until there are no columns of
even heights. It is possible that we can create some new P-matches in the process
in the case where the height of the j-th column is 2 and the height of the 7 — 1-st
column is 1 and the element in the j7 — 1-column is less than the bottom element of

j-th column. However, one sees that the only way that we can create consecutive
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sequence of P-matches consisting of columns of height 1 in ®(F') is if we started
with consecutive sequence of r columns of height 2 such that top element of any
column is less than the bottom of the next column. If the column preceding this
column is a column of height 1 whose element is less than bottom element of the
next column, we will produce a sequence of 2r + 1 columns of height 1 such that
there is a P-match between any two consecutive columns and we will produce a
sequence of 2r columns of height 1 such that there is a P-match between any two
consecutive columns, otherwise. Nevertheless, the array we finally we obtain is an
array in P,. An example is pictured in Figure 5.4. When we apply the inverse
®~! to the new array we just got in P,, we scan columns of the array from left to
right, if we see a P-match at j-th column, we put the (j + 1)-th column, actually
a singleton, on the top of the j-th column. We know there were no columns of
even heights. However, after one element was put on the top of the j-th column,
now the j-th column has an even number of rows. We keep doing this until there
are no P-matches. It is easy to check by our remarks above that we recover the

original array F'in this process.

12|
1| [o) 0[5
D - 85| [7] — 5] |7
2]3]1]4]6[11 12]3]8]1]4]6[12]11]

Figure 5.4: ® maps an array in P, to an array in P

However, in general, the number of arrays in P, having k& P-matches is not equal
to the number of arrays in P, having k columns of even heights. Take P3 as a
counterexample, there is one array that has two P-matches, namely, {{3}, {2}, {1}}
but there does not exist any array that has two subsets of even sizes.

Besides regular ordered set partitions, we also consider the distribution of pat-
tern P in restricted ordered set partitions. Thinking of order set partitions at
elements of P,,, Z be the relation that holds between two columns C' and D of in-
tegers, which increase from bottom to top, if either C' or D has height greater than
1 or C' and D both have height 1 and the element in C' is bigger than the element
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of D. Thus & requires that we have to see a descent between two adjacent single-
ton subsets in an ordered set partition if there exist adjacent singletons, which is
equivalent to that we see a descent between two adjacent singleton columns in an
array in P,, and also equivalent to avoiding 1 2 in a starred ascent permutation.
We denote the subset of OSP,, (P,, S)) equipped with relation #Z by OSP,, »
(,Pm% S:L,ﬂ?)-

We still consider the previous pattern P and () which are 1 2_and 1, respec-

tively, in sense of starred starred permutations. Next we shall study
— tr P-mch(F), Q-mch(F)
A(P,Q),’P,%(x> Y, t) =1+ Z E Z xz Yy .

n21 Fepn,.%

By the multi-variate analogue of Theorem 5.3, we have

1

We will partition the generalized joint (P, Q)-Z-clusters into three types. Type

Ao pa(T,y,t) = (5.16)

1, Type 2, and Type 3 are described below. A key fact to observe is that this
scenario is that (P, Q)-clusters with more than 2 columns cannot appear in a
generalized joint (P, Q)-Z-clusters because in a (P, Q)-clusters with & columns
where k > 3, we must end with a sequence of k — 1 columns of height 1 and the
numbers in these columns must be increasing, reading from left to right. However,
to be part of a generalized joint (P, Q)-Z-cluster, the number must decrease in
consecutive singletons to meet the condition &#. For convenience, we let QCfL’( P.Q)%#
denote the Type J generalized joint (P, Q)-Z-clusters and let GCTJL’(P’Q)’Q%(x,y)
denote the corresponding generalized joint (P, Q))-Z-cluster polynomial. Also, let

tn
GCJ (iL’, Y, t) = Z HGC;L(P,Q),FZ<$7 y)

n>1

1. Type 1 generalized joint (P, Q)-Z-clusters are those clusters that have only
one column. If the height of the column is 1, it can be either marked with

‘y” or not. Then

y+1, forn =1,
GC}L,(P,Q),,@('I’ ?J) =
1, for n > 2,
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and

GOz, y,t) =yt +e' — 1.

. Type 2 generalized joint (P, Q)-Z-clusters are those cluster that have more
than one block, but where each block is a column of height 1. To violate
Z, the numbers in the blocks must be increasing, reading from left to right.

Then for n > 2
GO poya(T,y) = (=1)" "y +1)"

and
o .
n>2
_ _Z y+1
n>2

= 1—(y+1)t—e Wt

. Type 3 generalized joint (P, Q))-Z-clusters are those generalized joint (P, Q)-
Z-clusters which have more than one column and at least one column of
height > 2. Suppose that Bj...B,, is such a generalized joint (P,Q)-%-
cluster. Then for each 1 < i < m, # does hold for the pair consisting of
the last column of B; and the first column of B;,;. We claim that no B;
can consist of a single of height greater than 1 since then either if ¢ > 2,
then the last column of B; and first column of B; automatically satisfy Z.
Similarly, if 7 = 1, then B; and the first column of By automatically satisfy
2. Thus the only columns of height > 2 must be part of (P, Q))-clusters and
this means the the cluster must have the form pictured on the left in Figure
5.5. That is, the (P, @Q)-cluster must start with a column C; of height > 2
and a column Cj of height 1 where the top element of C} is bigger than the
element in column Cy. Moreover this (P, Q) must be By since if it equal to
B; for i > 2, then the last column of B;_; and the first column of B; would
satisfy Z. It is then easy to see that the only possibilities for Bs,..., B,
are that they consist of a single column and the elements in Cs, By, ..., By,

must be increasing reading from left to right. This means that the filling of
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By ..., B,, is unique. That is, the Hasse diagram of By,..., B, are of the
form pictured in Figure 5.5. The first column must be marked with an x, but
there remaining columns could be marked with a y or not. It follows that

1

GO?L:(PyQ),%(xJ y) — aj‘(y + 1)n_k<_1)7’b—k—1
2

3
|

M

i
L

= a(y+1)

(]

(—y— 1t
2

o1
T (v
x(y+1) x

= - ><__y __1>n.

24y 2+yd+y

—

= z(y+1)

i }Fwﬂ R

B, B: B B: B: B;

Figure 5.5: Examples of Type 3 generalized clusters.

Then
3 [P
GC (w7yvt) = EF(;(jn(fﬂQ)¢?(x7y)
n>3
_ x(y+1)zﬁ_ x Z(—y—l)"t”
24y nl (2+y)(1+vy) n!

n>3 n>3
xe_t(y‘i'l) ((y + 1)2et(y+2) — (y + 2)€t(y+1) (ty + t + y) — 1)

(y+1)(y+2)

Finally we are able to compute the generating function

fqﬂ%QLﬁh@(xay7t)
1
1-GCYx—1,y—1,t) —GC?*(z — 1,y — 1,t) — GC3(z — 1,y — 1,1)
y(y + 1)e”

_ (517
e ey D+ Dty +y- DA Drar g1 O
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The first few terms of this series are

1 1
1+yt+§(1+y2)t2+6(1+5y—|—xy+y3)t3+

(74 Ty + 2y + 179" + Toy* + y*) t* +

|-

(21 + 79y + 21zy + 31y* + 9zy® + 49y° + 31wy’ + y°) ¢° +

—_
— DD | =
(e

(141 + 301y + Tlzy + 549y + 301ay” + 202°y°+

-3
(e

2
111y° + 492y° + 129y* + 11 lay* + %) ¢ + -+ .
Setting © = 0 and y = 0 in (5.17) gives

2¢e!

A 20,1,t) = ————.
(P,Q),’P,J( ) ) 1+ 2et — g2t
This is the generating function ordered set partitions with no P-matches. The first

few terms of this series is
1,1,2,7,32,181,1232,9787, 88832, 907081, . ..

which is sequence A0006154 in the OEIS [49]. This all counts the number of
ordered set partitions of {1,...,n} into only odd parts.

We could also compare the number of P-matches and ()-matches.

Eirll A r.a (i Y, t) - glg(} A r.a (gl/’ y,t)
t(t 4+ 2) — 4cosh(t) + 4
(t(t +4) — 4et +6) (t — 2sinh(t) + 1)’
which is generating function for the number of ordered set partitions in OSP,, »
having more )-matches than P-matches. For n > 1, they are 1,1,6, 32,200,
1552, 13748, 138406, 1558488, . . ..

If we take the partial derivative of Ap)p #(x,y,t) and then set 2 = 0 and
y = 1, we will get the number of ordered set partitions in P, » which has exactly
one P-match. This give the generating function
2¢t(1 — e* — 2tet
(1 — 2t — 62t>2 ’

There are many other new sequences derived from (5.17) but we would not discuss

here.
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5.2.2 Patterns in cycle structures of permutations

Suppose that o is a permutation in S,, with k cycles L1Ls ... L, we shall always
write cycle L; in form of L; = (¢14, ¢4, - - ., Cp,i) Where ¢y ; is the smallest element
in L; and p; is the length of L;. We arrange cycles of o by increasing the smallest
element in each cycle. For example, the two-line notation and the cyclic notation

forc=36142579810 € &; are as follows,

123456789 10
g =
361425978 10

) — (1 3)(2 6 5)(4)(7 9 8)(10).

In [30], Jones and Remmel studied the joint distribution of number of cycles and
the number of cycle descents for permutations that avoid certain cycle patterns.
The number of cycles in o is denoted by Cyc(o). The number of cycle descents in
a cycle L;, denoted by Cdes(L;), is defined as Cdes(L;) = des(L;) + 1. The number
of cycle descents in a permutation is sum of cycle descents in all the cycles. In
the example above, Cdes(o) = Cdes(L;) + Cdes(Ly) + Cdes(Ls) + Cdes(Ly) +
Cdes(Ls) =14+24+14+24+1=T1.

Clearly, cycle descents can be regarded as descents within each cycle. In this
subsection, we would use generalized cluster method to compute joint distribution
of number of cycles and simple patterns between adjacent cycles. We say that
there is a cycle rise at i-th cycle if max(L;) < min(L;4;). We let Crise(o) denote
the number of cycle rises in 0. For previous example, Cyc(o) = 5 and Crise(o) = 2
because max(L3) =4 < 7 = min(Ly) and max(L,) = 9 < 10 = min(Ls). Our goal

in this subsection is to compute the following generating function:

" rise(o c(o
1 +ZE ) gCriselo)yCrel), (5.18)

n>1 " €Sy

Similar to treatment used for ordered set partitions, to apply generalized cluster
method, we have to represent cycle structures in form of an array. A straightfor-
ward way to do this is to put elements of L; in i-th column of an array from
bottom to top. An example is given in Figure 5.6. Note that different from previ-
ous theorems and examples, here arrays are even not necessary to be column-strict

increasing.
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5| |8
3/6] |9
1]2]4]7]10]

(1 3)(265)4)(79 8)(10)

Figure 5.6: ¢ and its array representation.

We let IC,, (K, ;) denote the set of fillings of D,, (D, ;) with the elements of
1,2,3,...,n such that in each column, the bottom element is the smallest.

For F € K, we use Col(F') to denote the number of columns in F, F[j] to
denote the j-th column and F(4, j) to denote the element in i-th row, reading from
bottom to top, and j-th column, reading from left to right. Next we let relation Z
be base-row increasing, that is, F'(1,7) < F(1,i+ 1) for 1 <i < Col(F). Clearly,
Kn,% is bijective to S, and K, 1 # is bijective to S,, with & cycles.

Next we define pattern P, that is, cycle rise, for arrays. For ' € K, 4, we
say there is a P-match at position j if max(F[j]) < min(F[j + 1]). Equivalently,
there is a P-match at position j if and only if max(F[j]) < F(1,j+1). Clearly, P-
matches in F' € K,, # are equivalent to cycle rises in §,,. The number of P-matches
is denoted by P-mch(F'). We also define a trivial pattern () which is used to keep
track of the number of columns. In a (P, Q)-marked arrays, each column is either
marked @)-match or not.

Then we can rewrite the generating function (5.18) as follows,

1+ Z Z Crise(o) Cyc =1+ Z Z P- mch(F mch(F)' (5‘19)
1" ges, n>1 Y PEK, 4
Although K,, are not column-strict arrays, Theorem 5.3 still holds. Then the

right—hand side generating function in (5.19) has following formula

1
1 P-mch(F) Col( ) — - (5.20
+Z Z ! 1= s aGCo o alz —1,y—1) (5:20)

n>1 FE’Cn %

Before computing GC,, (p0)%#(x,y), let us figure out the structures of (P, Q)-
clusters. First, we see an array F in K, x » is a P-cluster if max(F[j]) < F'(1,5+1)
for all 1 < j < k where all columns have to be labeled with ‘z’ except the last
column. Then, a (P, Q)-cluster is
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1. either a single column marked with ‘y’
2. or a P-cluster where each column is free to be marked with ‘y” or not.

Next we consider generalized joint (P, Q)-Z-clusters. An array H € K, is a
generalized joint (P, Q)-Z-cluster of size n if we can write H as H = By B5 - - - By(p)
where B; are blocks such that

1. for 1 < i < B(H), B; is either a single column without any labeling or

order-isomorphic to (P, Q)-cluster and

2. the base element in the last column of B; is greater than the base element in

the first column of B, y, for for 1 <i < B(H) — 1,

where B(H) is the number of blocks in H. We denote the set of generalized (P, Q)-

clusters of size n by GC,, (p,g),%- By definition of generalized cluster polynomial,

GCnipralw,y) = D (=1)BUIIgme(yme),
HeGC,, (p,q),%

In the remainer of the this subsection, we will focus on how to compute
GOy (po)#(r,y). As one may see from previous examples, for partial ordering
sets, we usually represent them in form of Hasse diagrams and then count the
linear extensions of these diagrams.

A column of height p; in a generalized cluster can be represented as height 1
directed (p; — 1)-ary tree whose number of linear extensions is (p; — 1)! because
the base element must be the smallest element while there are no conditions for

the other elements. A column of height 5 is pictured in Figure 5.7

e e ‘e

Figure 5.7: A column of height 5 and its Hasse diagram.
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In a P-cluster F', all elements in i-th column are less than the base element in
(1 + 1)-th column, and hence in the corresponding Hasse diagram, all the leaves
in i-th tree are pointing to the root of (i + 1)-th tree. For a P-cluster with k
columns whose heights are (py, pa, ..., px), the number of linear extensions of the
corresponding Hasse diagram is Hle(pi — 1)!. The Hasse diagram corresponding
to a P-cluster with three columns whose heights are 5, 2,4 is pictured in Figure

5.8, and the number of linear extensions is 4!1!3! = 144.

AN
0 \\#&k\

Figure 5.8: A P-cluster whose column heights are 5,2, 4.

&Ze o o

Now assume a generalized cluster A has m blocks and each block has k;
columns, for 1 < ¢ < m and we let p;; denote the height of the i-th column
in j-th block, and let GC([p1.1, P21, -+ Pryals P12y -3 Phoi2ls - - [Proms - - s Dhynom))
denote the set of such generalized clusters. It is clear that the sum of this nested
list is just the size of the generalized cluster. Then there are J]7, Hfil(p” —1)!
ways to extend all the tree-like Hasse diagrams in linear orderings. After single
columns and clusters are straightened out, Hasse diagrams of generalized clusters
become easier to handle which will allows us to prove some simple recursions.
Keep in mind that the arrows between blocks should from right to left. We use
L([s1, Pky 1], [S2: Pos2)s - - - [Sms Dkpnm)), Where s; = fgl pi,j to denote the straight-

ened Hasse diagram corresponding to GC([p11, -, Dks1)s -+ [Plans - -+ s Dhnom))-
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Clearly,

‘gc([pl,laplla cee 7pk1,1]7 [p1,27 s apk’z,Z]a B [pl,ma cee 7pkm,m])’ ==
m kj
H H(pi,j - 1)' LE(F<[Slapk1,1]7 [527pk2,2]7 ceey [sm,pkm,m]))- (521)
j=1i=1
For example, the set of generalized clusters GC(([3, 2], [4],[1,2, 1], [2,2]) and its
straightened diagram I'([3, 2], [0, 4], [3, 1], [2,2]) are drawn in Figure 5.9.

B, B> B3 B
N_[_J\ ‘
[

- N '

- J

Figure 5.9: GC([3,2], [4],[1,2,1], 2, 2]) and T([3,2], [0, 4], [3, 1], [2, 2)).

Applying Inclusion-Exclusion to the rightmost right-to-left arrow in the straight-
ened Hasse diagram I'([s1, pi, 1], - - -, [Sm, Phynm), We can compute the number of its
linear extensions recursively. One Inclusion-Exclusion step is pictured in Figure

5.10 as an example, and for this example,

LE<F([37 2]7 [07 4]7 [37 1]7 [27 2])) =

(147) LE(T([3,2],0,4], [3,1])) — (i) LE(T([3,2],[0,4],[3,5])). (5.22)
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IS FL

Figure 5.10: Recursion of LE(I'([3,2], [0, 4], [3,1], [2,2])).

In general,

LE(F([Sl7pk1,l]7 [327pk2,2]7 ceey [Sm7pkm,m])) ==
> i (85 + Pryg)
= 29\ % LE(T St Pt
< 3m+pkzm,m ( ([Slvpkl,l]v ’[S 1y Phm—1, 1]))
m,m ]- _I' Sm + m T
- (p’“ ’ P, ) XLE(T([51, Db sl St Bhn st SontDrn )
Sm +pkm,m

(5.23)

Although the formula seems long, the computation is indeed fairly tractable.

To compute GC,, (pg)%(,y), we first need to generate all subsets

gc([pl,l;pQ,h cee 7pk‘1,1]7 [p1,27 s 7pk2,2]7 ey [pl,m7 s 7pk‘m,m])

satisfying 27:1 Zf;l pi; = n. Clearly, there are 3"~ such subsets of GC,, in total,
because we have three ways to extend a generalized cluster of size n to another of

size n + 1:
1. put the new element on the top of the last column in the last block
2. put the new element as a new column inserted in end of the last block
3. put the element as a new column in a new block.

Therefore, we could generate subsets of GC,, easily in manner of breath first

search and then run the Inclusion-Exclusion recursion dynamically. For the weights
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of generalized clusters, keep in mind that, it is actually equal to
(_1)B(H)xCol(H)—B(H)<y + 1)Col(H)

because each column is marked with ‘z’ except the last column in each block and

each column can be either marked with ‘y’ or not.

Generalized polynomial GC,, (pq)%(z,y) forn =1,2,..., 7 are listed as follows,

T
1 1 -1 +1
GOy = Y
T 0 1 (y +1)?
T
1 2 -3 1 y+1
GCg = T 2 —4 (y —+ 1)2
z? 0 0 1 (y+1)3
T
1 6 —11 6 -1 y+1
0 5 —-19 11 +1)2
coi—|*® (y+1)
z? 0 0 3 11| (@w+1)?
z® o 0 0 1 (y+1)*
T
1 24 50 35 —10 1 y+1
T 0 16 -89 94 26| (y+1)?
GC5 = | «? 0o 0 9 -T2 66 (y+1)°
3 0 0 0 4 =26[](@w+1)*
4 o 0 o0 0 1 (y+1)°
1 120 —274 225 -85 15 -1 y+1
T 0 64 —468 687 —348 57 (y+ 1)
z? 0 0 31 —410 734 =302 | | (y+1)3
GC6 == 4
z? 0 0 0 14 —218 302 (y+1)
z* 0 0 0 0 5 =57 || (y+1)p°
z® 0 0 0 0 0 1 (y+1)8
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GC; =

1\ (720 1764 1624 735 175 —21 1 y+1

T 0 312 —2818 5154 3630 1098 —120 (y+ 1)
72 0 0 126 —2444 6431 —5058 1191 (y+1)3
z? 0 0 0 52 —1462 4152 —2416 | | (y +1)*
z* 0 0 0 0 20  —585 1191 (y+ 1)
z° 0 0 0 0 0 6 —120 (y+1)°
° 0 0 0 0 0 0 1 (y+1)7

We observe that the first row in each coefficient matrix of GC,, (pg)# is signed
Stirling number of the first kind. It is because that coefficients in each first row
counts the the number generalized clusters having no marked P-matches, that is,
each block is a cycle. Therefore, the first row counts permutations by the number

of cycles which is exactly the interpretation of Stirling number of the first kind.

The first row in coefficient matrix of GC,,
GCy | 1
GCy | 1 -1
GCs | 2 -3 1
GC,| 6 -11 6 -1
GCs | 24 -50 35 -10 1
GCg | 120 -274 225 -85 15 -1

We observe that the last column in each coefficient matrix of GC,, (p )% is
signed Eulerian number. It is because that coefficients in each first row counts
the number generalized clusters where all columns are of height one. We know,
inside a given block, there is forced to be an ascent between columns and for
adjacent blocks, there is forced to be a descent between blocks. Therefore, it
counts permutations by the number of descents which is exactly the interpretation

of Eulerian numbers.

The last column in coefficient matrix of GC,,
GCi | 1

GCy | -1 1

GCy |1 -4 1

GC, -1 11 -11 1

GCs |1 -26 66 -26 1

GCs | -1 57 -302 302 -57 1
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Elements on the main diagonal of each matrix count permutations where el-
ements each cycle forms an interval by the number of cycles. This triangle is

recorded in OEIS ([49]) as A084938.

The main diagonal in coefficient matrix of GC,,
GOy | 1
GOy | 1 1
GC4 2 2 1
GCy| 6 5 3 1
GCs| 24 16 9 4 1
GCg | 120 64 31 14 5 1

It is easy to see that if we can compute GC,, (pg)»(x — 1,y — 1) for n < k,

we can plug those values into our formula for 1 + Zn21 % Y e S 1 Crise(9)/Cye(o) ¢

compute the initial values of these series. In this case, we have computed that the

first few initial terms of this series are

1+ Z:L_T: Z xCrise(U)yCyc(U)

n>1 €S,
= 1 t ﬁ 2 ﬁz 2 2 2 2.3
= Tyt 5y +ay) + 52y +y" + 2257 + 277

¢t '

+E(6y + 62 + 5ay? + 3xy® + 32%y° + 2Pyttt

t5

+§(24y + 34y* + 162y* + 3y° + 237> + 92%9° + 62%y* + 42yt + 2'9°)
_|_ RN

Setting x = 0 and y = 1, the coefficients of % are number of permutations

avoiding cycle rises,

233 12t 615 3725 2639t7+21328t8+ 193403¢°

It gt yr v o T 8l ol
L 10473000 21478819 258520060012
101 11 121 )

which is approximately equal to

1+ 1.000 ¢ + 0.500 2 + 0.500 ¢ + 0.500 t* + 0.508 t° + 0.517 t5 + 0.524 ¢7
+0.529 2 +0.533 t? + 0.536 1% + 0.538 t'* + 0.540 t'2 + - - - + 0.542 ¢15
440543t 4+ 40546 1 + - +0.546 t°0 4+ - .- +0.546 100 4. ..
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By observing coefficients above, we could ask, does the percentage of permu-
tations avoiding cycle rises in S,, converge to some value between 54% and 55%7

We shall leave this as on open problem.

5.3 Clusters and generalized clusters for unde-

termined shapes with restrictions

Now suppose shapes are not totally undetermined but are partially restricted.
Similar to Chapter 3, we assume it is forced that the first column has height ¢ and
the last column has height j. For n > 0, We let D:jn +; denote the set of diagrams
such that the first column has ¢ rows and the last column has j columns, and the
total number of cells is i + n + j. Except for the first and the last column, heights
of the other columns are undetermined. For example, two elements in D3y are

pictured in Figure 5.11. ¢ = 0 means the first column has no restriction and j = 0

means the last column has no restriction.

T1 TZ

Figure 5.11: Two elements in D?; .

Similar to Theorem 3.6, it is necessary to define so-called start-clusters, end-

clusters and start-end-clusters. Suppose ]:Zjn +j.a 1s the set of filling of D;Jﬁn 4

with elements from the alphabet A. Given some pattern P, we let M]-’"Zfrn LiAP

be the set of elements in f;‘jn +j.a such that we mark some of P-matches. Note
that since the pattern could be very flexible, even the first or the last column could

be contained in some marked P-match. Then we define various types of clusters.
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1. We say I’ € MF?L”%,P is a P-cluster of size n if every column in F' is
contained in some marked P-match and any consecutive marked P-matches
share at least one column. We let 62’7?47 p denote the set of P-cluster of size

n.

2. Wesay F € MFY iin.ap s a P-start-cluster of size i+n if every column in /'
is contained in some marked P-match and any consecutive marked P-match
share at least one column. We let SC% 'wn.ap denote the set of P-start-cluster

of size i +n.

3. Wesay ' € M}—%—{j,A,P is a P-end-cluster of size n+j if every column in F’
is contained in some marked P-match and any consecutive marked P-match
share at least one column. We let EC?L’JJ'FL a.p denote the set of P-end-cluster

of size n + j.

4. We say F € MF:

column in F' is contained in some marked P-match and any consecutive

intjap is a P-start-end-cluster of size i +n + j if every

marked P-match share at least one column. We let Sé'CZ AP denote the

set of P-start-cluster of size i +n + j.

Then we define cluster polynomials as follows,

L P-mch(F)
CnAP( ) T § , x
i,0
FesSC. s p
L P-mch(F)
SCernAP( ) T E : r
1,0
FeSC, ap
0,7 o P-mch(F)
EC 4 p(T) = E x
0,
Fescnj_] AP
,J L P-mch(F)
SECY, japl) = E x
FESSC;Jin+] AP

Then we have following theorems.

Theorem 5.4. Given some pattern P C ]:O’AO and i > 1,

Z " Z P mch(F) _ Zn>0 tlJrnSCH-n A, P( 1) —.
n>1l  peri0 1 - Zn>1 (CnA P($ - 1) + | :jAD

i+n,A
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Theorem 5.5. Given some pattern P C ff’ﬁ and 7 > 1,

mn j 07'
§ " E mP—mch(F) _ Zn>0t +JEC7L<JH,A»P<‘% — 1) )
n>1 0.j 1_Zn>1tn (CnAP(x_l)""-; n’BXD
21 Ferdi ;

Theorem 5.6. Given some pattern P C ff’ﬁ and i,j > 1,

Z m Z xP-mch(F) _

nzl FE'FZJr]nJrJ A

(Zn>0 tH_nSCz—‘rn A, P( 1)) (ZnZO tn+jEC?Lij A, P( 1))
L=t (OnAP(x —1)+ |]'~TTLLA|)
>t SEC (z—1). (5.24)

i+n+j,A,P
n>0

_|_

Now if we are given some binary relation %, to study the distribution of patterns
in arrays with &%, we need to define generalized Z-start-clusters, generalized Z-
end-clusters and generalized #Z-start-end-clusters.

Suppose Fi’ ilnijaz is the subset of Fl lnijaz satistying Z. Then we define
various types of generalized clusters as follows.

We say Q € MF° a.p 1s a generalized P, %Z-cluster of size n if we can write
Q) = B1Bs ... B, where for 1 < h <m, Bj are blocks such that

1. By, is either a single column or P-cluster in which any pair of consecutive

columns satisfies Z, and

2. for 1 < h < m—1, the pair (last(By,), first(Byy1)) is not in Z where for any
h, last(By) is the right-most column of Bj, and first(By,) is the left-most

column of By,

Let QC%& pg denote the set of all generalized P, Z-clusters of size n. We define
the weight of @), to be
wra(Q) = (<1t
We let
GCnA PZ( ) = Z wpz(Q)-
QEGC’s b

We say Q € MF; +n Ap is a generalized P, #Z-start-cluster of size i + n if

we can write () = BBy ... B,, where for 1 < h <m, B), are blocks such that
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1. Bj is a P-start-cluster in which any pair of consecutive columns satisfies Z,

2. for 2 < h < m, By is either a single column or P-cluster in which any pair

of consecutive columns satisfies #Z, and

3. for 1 < h < m—1, the pair (last(B},), first(Bp41)) is not in # where for any
h, last(By,) is the right-most column of Bj, and first(By,) is the left-most

column of By,

Let QSCZ’_Em A.pz denote the set of all generalized P, #Z-start-clusters of size i + n.
We define the weight of @), to be

wp(Q) = (—1)" g™ (@,

We let
GSCY apa@) = > wpalQ).

i,0
QEGSCiin AP

We say () € ./\/l]:g’_{jﬁA’P is a generalized P, #Z-end-cluster of size n + j if we
can write ) = B1B>... B,, where for 1 < h < m, By, are blocks such that

1. B,, is a P-end-cluster in which any pair of consecutive columns satisfies %,

2. for 1 < h < m —1, By is either a single column or P-cluster in which any

pair of consecutive columns satisfies #, and

3. for 1 < h < m—1, the pair (last(By,), first(Bp+1)) is not in % where for any
h, last(By) is the right-most column of Bj, and first(By,) is the left-most

column of Bj,.

Let QSC%% a.pg denote the set of all generalized P, %-end-clusters of size n + j.
We define the weight of @), to be

wra(@Q) = (<1 12" @.

We let
GEC?;-‘Ij—j,A,P,,@('/]’;) = Z wpz(Q).

0.5
QEGEC, ' ja P2
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We say @ € M]—“me Ap 1s a generalized P,%-start-end-cluster of size
1+n+7 if @ has at least two blocks, that is, we can write ) = B1Bs ... B,,, m > 2
where for 1 < h < m, By, are blocks such that

1. By is a P-start-cluster in which any pair of consecutive columns satisfies Z,
2. B,, is a P-end-cluster in which any pair of consecutive columns satisfies Z,

3. for 2 < h < m — 1, By is either a single column or P-cluster in which any

pair of consecutive columns satisfies %, and

4. for 1 < h < m—1, the pair (last(By,), first(Bpy1)) is not in Z where for any
h, last(By) is the right-most column of By, and first(By,) is the left-most

column of By,

or if () only has one block, that is, we can write () = By, and B is a P-start-end-
cluster of size i +n + J.

Let gsgcjin +j.4.pz denote the set of all generalized P, %-start-end-clusters of
size i +n + j. We define the weight of @), to be

wpa(Q) = (_1)m71$mp(62)'

We let
GSEOEﬁn+j,A,P,P/Z(I) = Z wp(Q).

irj
QEGSECL, 1) AP

Then we have following theorems.

Theorem 5.7. Given some pattern P C }’f’g, a binary relation £ and i > 1,

’i n 7‘70
Ztn Z xP-mch(F) o anot - GSCi—&—n,A,P,%(x - 1)
n 0,0 :
1 - 2@1 t (Gon,A,P,%(x - 1))

n2l FE]:anA%

Theorem 5.8. Given some pattern P C fﬁ’g, a binary relation % and j > 1,

n+j 0, —

0,0 :
n>1 FE}—Sij,A,% 1— ZnZl tr (Gcn,A,P,%(x - 1))
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Theorem 5.9. Given some pattern P C ff’ﬁ, a binary relation £ and 1,5 > 1,

Z n Z xP-mch(F) _

"2l FeRYam

(ano tH”GSCan,A,P,@(l’ - 1>) (ano tnﬂGEC?ij,A,P,%(x - 1))
L=> s t" (GO%,OA,P,PZ(QS - 1))
+ Y tTHGSECY, e —1). (5.25)

n>0

Essentially we can prove the theorems above by combining the proof of Theorem
3.6 and proof of Theorem 5.3.

We can also prove multi-variate analogues of all these theorems. Also we can

extend theorems above to consider patterns in Pfjn x> Where Pfjn +j.o 18 the set
of fillings of D;ﬁn .; with elements from {1,2,...,7 +n + j} such that elements

in each columns are increasing from bottom to top and also satisfies #Z. In this
situation, the resulting generating functions are exponential generating functions
rather than ordinary generating functions.

The contents of Chapter 5 are currently under preparation for submission.
Some portion is co-authored with J. B. Remmel. The dissertation author is the

author of this material.



Chapter 6
Conclusion and further research

In this final chapter, we will discuss some of the limitations of generalized cluster
method, the connection between generalized clusters and joint clusters, and some

questions for research in the future.

6.1 Limitation of generalized cluster method

In this thesis, we developed a powerful method, which we called the general-
ized cluster method, to find generating functions for the number of consecutive
occurrence of a pattern or sequence of patterns in various classes of combinatorial
objects. This method is quite general and can be adapted to handle a large range
of combinatorial objects beyond the ones that we considered in this thesis.

However, the generalized cluster method also inherits the limitations of the
cluster method. The main limitation is due to the fact that in many cases, finding
explicit formulas or recursions for the cluster polynomials or the generalized cluster
polynomials is extremely difficult. In many examples, the computation of cluster
polynomials or generalized cluster polynomials require that we find the number of
linear extensions of a class of posets. However, the general problem of counting
the number of linear extensions of a poset is known to be a very difficult problem.
Indeed, in [9], Brightwell and Winkle showed that in general, it is #P-complete to
count linear extensions.

Thus while the generalized cluster method is a powerful tool, it may not be the
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best tool to compute generating function of the number of consecutive occurrence
of a given pattern is every situation. For example, suppose we let .7-';);10’2 denote the
set of fillings of DS;?’Q with elements in {1,2,...,2n}. Let Z be the relation that
holds for a pair of column (C, D) of height 2 if and only if the base element in C'
is less than the base element in D and the top element in C' is also less than the
top element in D. Thus the elements F' € F;) 0.0.2 i1 which every consecutive pair

of columns in F' satisfies # are the ones that are increasing in rows, reading from
left to right. Clearly,
2n
0,02 _
’FQn,,@ - (n)

For example, the six elements in .7-"2 92 are pictured in Figure 6.1.

314 214 114 2|3 13 12
12 13 2|3 14 2|4 3|4

P P, P P Ps P

Figure 6.1: The six elements in .7-"0 ; 2.

Suppose we want to compute the generating function

1+ Z Z xPj—mch(F).

= O s

tQTL

By Theorem 2.4, we have

t2n

1
1+ xPJ—mch(F) _ _ )
Z 277/ Z 1— Zn>1 t2 Gco ,0,2 ( 1)

>1 0,0,2 2n,P; j
m 6]:271,.%

We can calculate GC’S;S’;], #(x) by counting linear extensions of certain Hasse dia-
grams. Details of computation will not be given here, but the kinds of computations
that one needs are similar to kinds of computations that we carried out in Section
2.2.2. We were unable to find a recursive formula for the required generalized joint
cluster polynomials in the case where we wanted to compute the multi-variate

generating function

t2n

14+ — ]

n>1

PRI
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In fact, in this case, counting the number of linear extensions seemed no easier
than directly counting the number pattern matches in FS;S’;,.

However, the author and Jeff Remmel found an alternative way to find the
distributions of patterns { P;}1<j<¢ without using the generalized cluster method.
In [53], we defined so-called paired patterns for lattice paths. There is a trivial
bijection between 27’3; and the set of all grand Dyck paths from (0,0) to (n,n).
The bijection is quite simple. We simply require that if k£ is in the base row of
F', then k-th step in the corresponding path is an east step, and otherwise, it is a

north step. Via this bijection, the six patterns Py, P, ..., Fs can be represented
by six grand Dyck paths from (0,0) to (2,2), as drawn in Figure 6.2.

P P, P P P P

Figure 6.2: The six elements in ]-'2’%2 and their corresponding paths.

In [53], we proved that

1. the number of P;-match in F' € ]-"g;ﬁ;; is the number of east steps below the

sub-diagonal ¥y = x — 1 in the corresponding path

2. the number of Py-match in F' € ]337’10; is the number of times the correspond-

ing path bounce off the diagonal y = x to the right

3. the number of P3-match in F' € FS;LO,L,? is the number of times the correspond-

ing path cross the diagonal y = x horizontally.

By symmetry, there are similar interpretations for Py, P; and FPs. Based on these
facts, we were able to obtain direct recursions for the number of occurrences of the
patterns P; which allowed us to compute the ordinary generating function for the

number of occurrences of these patterns in grand Dyck paths. For example, we
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proved that the ordinary generating function for the number of occurrences of the

patterns P, and P has following explicit formula

"l FeFys
(22— 2) (—1+ V1 —4t) +2(zs — 1)t
Ty (14 V1T =4t) + 22 (24 (=1 + V1 —4t) 4+ 3wy — 2/1T — 48)

However, in this case, we could not directly compute the corresponding generalized

joint cluster polynomials to find an exponential generating function for the number

of occurrences of the patterns P, and Pj.

6.2 Connections between joint clusters and gen-

eralized clusters

In Chapter 4, we defined natural analogues of clusters and generalized clusters
in the case where we want to keep track of the occurrence of several consecutive
patterns at the same time. This lead us to define joint clusters and generalized joint
clusters. The main point that we want to make in this subsection is that one can use
joint clusters to compute the same type of generating functions that we computed
by the generalized cluster method. That is, in the setting of generalized clusters, we
considered binary relations Z between pairs of consecutive columns and we wanted
to consider only those fillings in which any two consecutive columns satisfied Z.
Another way to obtain the same set of fillings, is to consider complement of %,
—X#. X can always be translated to some 2-column consecutive pattern or some
set of 2-column consecutive patterns. Then we just need to find the multi-variate
generating function of the number of consecutive occurrences of the pattern P =
P, that we are interested in plus the number of of occurrences of the patterns
P, ..., P, that correspond to % and, then set all the variables x; fori =2,...,k
equal to 0.

314
For example, suppose the pattern is P = and Z is a relation that holds

112

between a pair of columns (C, D) of height 2 which are increasing, reading from
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bottom to top, if and only if the top element in C'is greater than the base element

002

in D. Suppose we are interested in distribution of pattern P in P, . In this case,

24
there is a single pattern corresponding =%, namely, R = . By Theorem 2.4,

113

t2n

1
1+ xP—mch(F) _ _
Z Z 1_2 2 GCQnPj(.T— 1)

n>1 F 7320710/22 n>1 (2n

And by Theorem 4.1,

LED i

2n .
n>1 FePO‘” 1- En>1 : CQn PR)( -1,y — 1)

t2n

Z xP—mCh(F)yR—mch(F) _ 1

Thus it follows that

Z P mch(F Z Z’P mch(F OR—mch( )

FepyO2 Fep)0?

which implies
GCompz(x —1) = Conpry(x — 1,0 = 1) = Cop (pry(z — 1, —1).

A more straightforward way to understand this fact is that when we compute
Con,pr)(z,—1), we are considering joint (P, R)-clusters where we place ‘@’ on
marked P-matches and ‘—1’ instead of ‘y” on marked R-matches. It is not hard to

see that this labeling will lead to generalized P, %-clusters.

6.3 Directions for further research

In this thesis, we only explored restrictions on combinatorial objects which
corresponding to simple binary relations % between pairs of consecutive columns.
However, we could consider more general restrictions such as the ones that arise by
insisting that any k& consecutive columns in a filling satisfies a k-ary relation where
k > 3. One cannot compute the generating function for the number of consecutive
occurrences of a pattern P in the set of fillings which meet such a restriction by a

direct application of generalized cluster method. However, in principle, we could
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modify joint cluster, as described in our discussion in Section 6.2, to compute such
generating functions. That is, we could represent =% as some pattern or a set
of patterns, denoted by N. Then we could joint (P, N)-cluster polynomials where
marked N-matches have the label ‘—1". We call joint (P, N)-clusters with such
labeling by negative P, %Z-clusters, denoted by N'C,, p». Then we define

NCppa(z):= > wpalx),
FeNC, pa
where wp () is product of all the labels of F.

For example, suppose that we wanted to compute the generating function of
the distribution of ascents in S, where the ternary relation % holds on three
consecutive elements (a,b,c) such that a,b,c is not a monotonically increasing
sequence. Then N = 123 and P = 12. An example of negative P, Z-cluster of
length 7 is given in Figure 6.3.

-1 x -l x X
[1]2]3]4]5/6]7]

Figure 6.3: An example of negative P, Z-cluster of length 7.

In this case, negative cluster polynomials are easy to compute,

NCL(P,R) (.T) = 1,
NC2,(P,R) (.Z') = I,
and

NCpr)(x) = —(x+1)Nyopr(x) — No_1pr(x), forn>3.

In general, computing negative cluster polynomials with respect to relation
Z which involves more than two columns is much more difficult than computing
generalized clusters. Thus a natural problem for further research is to develop
methods to handle restrictions involving k-ary relations # where k > 2 by breaking
the problem into various sub-problems which are easier to compute. Another
direction of further research is to compute generating functions where we keep track

of more information such as keeping track of the number of consective occurrences
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of a pattern P plus keeping track of inversions, co-inversions or the major index
in w(F). This should lead to natural g-analogues of many of the results of this
thesis.

A portion of Chapter 6 is has been submitted to a special volume on Lattice
Path Combinatorics and Applications in the Springer “Developments in Mathemat-

ics Series”. R. Pan and J. B. Remmel, Paired patterns in lattice paths, submitted.
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