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In this paper, the generalized SEIHRDP (susceptible-exposed-infective-hospitalized-recovered-death-
insusceptible) fractional-order epidemic model is established with individual migration. Firstly, the
global properties of the proposed system are studied. Particularly, the sensitivity of parameters to the
basic reproduction number are analyzed both theoretically and numerically. Secondly, according to
the real data in India and Brazil, it can all be concluded that the bilinear incidence rate has a better
description of COVID-19 transmission. Meanwhile, multi-peak situation is considered in China, and it is
shown that the proposed system can better predict the next peak. Finally, taking individual migration
between Los Angeles and New York as an example, the spread of COVID-19 between cities can be
effectively controlled by limiting individual movement, enhancing nucleic acid testing and reducing

© 2022 ISA. Published by Elsevier Ltd. All rights reserved.

1. Introduction

End of 2019 saw the outbreak of the dangerous infectious
disease COVID-19, which is brought on by a novel coronavirus.
Global public health has been significantly impacted by the
13,837,395 diagnosed cases and the 590,702 death cases as of
July 17, 2020 [1]. The quick rise in infection cases suggests that
COVID-19 has a much greater ability to spread than MERS-CoV
and SARS coronaviruses [2,3]. A direction for taking the right
steps can be provided by a deeper comprehension and insight of
the epidemic tendencies. Numerous nations have implemented a
variety of mitigating strategies to prevent the spread of COVID-19
since 23 January, 2020. These strategies include home isolation,
herd immunity, limiting individual migration, and others.

Lack of information on the dynamic mechanism relating to
the severity of COVID-19 at the this early stage makes it ex-
tremely difficult to limit the spread of COVID-19. However, using
a mathematical model, strategies can be measured to serve as
a benchmark for determining whether mitigation strategies are
adequate. During the modeling process, it is very important to
describe how infectious diseases are transmitted between sus-
ceptible and infected individuals. Numerous studies have shown
that the incidence rate, which measures the infection capacity of a
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single infected person per unit time, is a crucial tool for describing
this process, where susceptible individuals come into contact
with infected individuals and are then infected with such a pre-
determined probability [4-7]. Meanwhile, Korobeinikov et al. [8]
indicated that the stability of the endemic equilibrium point is
closely related to the concave of the incidence rate with respect
to the infected individuals. Therefore, many researchers estab-
lished the epidemic model of COVID-19 under various incidence
rates [9-11], for example, Peng et al. [9] constructed the SEIR
(E-exposed) epidemic model and they discovered that COVID-19’s
first appearance might be traced to the end of December 2019. A
SEIQRD (Q-diagnosed) model was taken into consideration by Xu
et al. [10], which has some basic guiding relevance for predicting
COVID-19.

Besides, individual migration has a crucial effect on the evolu-
tion of infectious diseases. With the convenience between cities,
individuals move more and more frequent and new infectious
diseases develop more rapidly regionally and globally [12]. Nu-
merous deterministic models with multiple patches have been
presented in attempt to better understand how individual migra-
tion affects the spread of infectious illnesses [ 13-15]. Contrary to
what was initially reported [16], COVID-19 is in fact spreading
from person to person through continuous interpersonal con-
tact [2]. Lu et al. [17] considered a fractional-order SEIHRD
(H-hospitalized) model with inter-city networks and they found
that COVID-19 could be reduced in low-risk areas, but increased
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in high-risk areas by restricting communication between cities.
Meanwhile, cross-infection among cities are considered, while
there is not consider for self-migration [17]. Therefore, it is of
great practical significance to include individual migration in
different cities or different countries with the modeling COVID-
19. Furthermore, the migration of susceptible, exposed, infected
individuals are studied in this paper.

It is worth noting that the time which patients waits for treat-
ment follows the power law distribution [ 18], which prompts the
use of the Caputo fractional-order derivative [19]. Angstmann
et al. [20] discovered how fractional operators naturally appear
in their model if the recovery time is a power law distribution
after building a SIR epidemic model. Meanwhile, this offers a
chronic disease epidemic model in which long-term infected
people have little chance of recovering. Based on this state-
ment, several authors have stated that the fractional-order model
plays an important role in the process of disease transmission.
Khan et al. [21] recounted how individuals, bats, unidentified
hosts, and the source of the illness interacted, and considered
how crucial the fractional-order system was in preventing the
spread of the infection. To predict the spread of COVID-19, Chen
et al. [22] developed a fractional-order epidemic model. Amjad
et al. [23] built a fractional-order COVID-19 model and calculated
the consequences of several mitigation and prevention strategies.

Motivated by the above discussion, a fractional-order SETHRDP
epidemic model with individuals movement is established in this
paper to study COVID-19. Meanwhile, the number of hospital-
izations is the same as confirmed isolation in China, and but in
other countries, these two are not equal, which the number of
confirmed case is greater than that of hospitalized case. So in
order to give a more generalized model, the purpose of this paper
is to describe hospitalized individuals in response to the spread
of COVID-19. The infectiousness of the incubation time is also
taken into consideration, as inspired by [24]. Then, the proposed
system’s dynamic behaviors are investigated, including the ex-
istence and uniqueness of the nonnegative solution, the global
asymptotic stability of the disease-free equilibrium, and the uni-
form persistence, all of which have theoretical implications for
future COVID-19 intervention and prevention. Meanwhile, the ba-
sic reproduction number with and without individual migration
are compared, and it is found that adding individual migration
can effectively describe the spread of COVID-19. Furthermore, the
sensitivity of parameters to the basic reproduction number are
analyzed both theoretically and numerically. Meanwhile, consid-
ering India and Brazil, results suggest that the bilinear incidence
rate may be more fitted than the saturation incidence rate for
stimulating the spread of COVID-19. When individuals movement
is not considered, it can be found the proposed fractional-order
model can better predict than the integer-order for multi peaks
of COVID-19 in China. Meanwhile, when individuals movement
is considered, the epidemic in the United States is analyzed and
some mitigation measures are carried out to control the devel-
opment of COVID-19. An implication of the achieved results is
the possibility that the United States peaked on 24 November,
2020 (integer-order system) and 1 January, 2021 (fractional-order
system), however, the number of infections shows an downward
trend after 17 July, 2020 as enhancing nucleic acid detection and
reducing the contact rate. Meanwhile, considering measures to
limit migration between New York and Los Angeles, and enhance
nucleic acid detection and reduce exposure rates, it is evident that
there is an immediate increase in confirmed cases before a drop.

Based on the above analysis, a generalized fractional-order
SEIHRDP epidemic model with individual migration is considered.
The main contributions of this study are as follows:

e A fractional-order epidemic model with self-migration is
considered, in which the infectivity of exposed individuals
and hospitalized individuals are also taken into account.
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The global properties of the proposed model are investi-
gated, including the existence and uniqueness of global pos-
itive solutions, the local and global stability of disease-free
equilibrium points, the persistence of disease transmission.
The sensitivity of parameters to the basic reproduction num-
ber are analyzed both theoretically and numerically.

Based on real data, the impact of the incidence rate on
modeling COVID-19 is studied in India and Brazil.

Multiple peaks of COVID-19 transmission in China are ana-
lyzed by the proposed system.

Individual movement in the spread of COVID-19 in the
United States is investigated and the peak are analyzed
based on mitigation measures, such as enhanced nucleic
acid testing, reduced of individual exposure, and control of
individual movement.

The rest of this paper is organized as follows. The SEIHRDP
fractional-order model with individual movement is developed
for COVID-19 in Section 2 and provides some preliminaries. Then
dynamic properties of the proposed system are examined in
Section 3. The theoretical results are shown using numerical sim-
ulations in Section 4. Finally, Section 5 provides the conclusions.

2. System description and preliminaries

Fractional-order operator have been determined to have a
wide range of uses in the modeling of many dynamic processes,
including those in engineering, biology, medicine, and others [25-
28]. In this part, some necessary preliminaries are introduced
before the fractional-order epidemic model is presented.

2.1. Preliminaries

Definition 2.1 ([29]). The Caputo fractional-order operator is
defined by
d g (¢)
dte
1 “g"s)
——ds,
rm—a)jy (t—s“ "

SDig (1) =

n—1<a<n),

where g(™(s) is the nth derivative of g(s) with respect to s.

Remark 2.1. If « = n, one has
§Drg (t) = g™(t).

Lemma 2.1 ([30]). The Caputo nonlinear system is considered as
follows:

SDx(t)

g(x), (o € (0, 1]),

with the initial condition xq. If all eigenvalues of [|y—x+ = 2—5|x:x*
satisfy |arg(A)| > %, the equilibrium points x* are locally asymp-
totically stable.
Lemma 2.2 ([31]). Suppose X C R and the continuous operator
T(t) : X — X satisfies
(1) T(t) is point dissipative in X and compact for t > 0.
(2) there is a finite sequence M = {My, Ma, ..., My} of compact and
isolated invariant sets such that
(()MiNM;j =@ foranyi,j=1,2,..., kandi #j;
(i) 2(8X°%) £ Uyepyow(x) C UK M;;
(iii) in the case of 3X°, no a cycle is formed by any subset of M;
(iv) WSM;)NX® =@ foreachi=1,2,..., k
Then T(t) is uniformly persistent in X.
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2.2. Graph theory

In this paper, a weighted graph ¢ = (¥, w, A) will be consid-
ered to model the spread of infectious diseases between cities,
where ¥ = {94, 92, ..., ¥y} denotes the node set and ©; rep-
resents the ith city; @ C ¢ x ¥ is the edge set, and if there
is individual movement between any two cities, it means that
there is a edge between this two cities; matrixes M = [m;j]1<i j<n,
N = [njli<ij<n, P = [pjli<ij<n and Q = [gjl1<ij<n represent
the weighted adjacency matrix of susceptible, exposed, infected
and recovered individual, respectively; my;, ny, p; and g; denote
the migrate rate of susceptible, exposed, infected and recovered
individual from city j to city i with a; > 0(i #j)and a; =0 (a =
m, n, p or q), respectively. Furthermore, based on the directivity
of individual migration, the directed graph ¢ is studied in this

paper.
2.3. System description

Starting from 23 January, 2020, the Chinese government has
adopted a series of mitigation measures to effectively suppress
the spread of COVID-19, such as implementing strict home isola-
tion, restricting various traffic, strengthening nucleic acid testing,
establishing shelter hospitals and so on. Meanwhile, other coun-
tries around the world have adopted different measures from
China, such as social distancing and herd community strategy
by British, protecting sensitive compartment from infection by
Italy, transferring of critically ill patients with military aircraft by
France, etc. Therefore, it is important to establish a generalized
model of individual migration to simultaneously quantify the im-
pact of interruption of policies on virus transmission. Moreover,
Tang et al. [32] proposed that the exposed individual is infec-
tious of COVID-19. Therefore, a fractional-order SEIHRDP epi-
demic model with individual migration is considered as follows:

§D¥S, = Ar — BuSifellk) — BokSk&k(Ex) — oSk
n

+ Z(mkjsj — MpSy),
=
SDYEx = BusSifillk) + BokSkgk(Ex) — exEx
n

+ Z(nkjEj — njkEy),

j=1

n
SDIx = exEx — Skl + Z(Pkﬂj — pjklk),
=
SDZHy= 8l — (Ak + Ki)Hy,
n

SDRy= AxHy + Z(ijRj — qikRy),
j=1
gD‘tka: Kka,

$D% Py = picS.

with the initial condition

Sk(0) =Sk > 0, Ex(0)=E >0, I(0)=1Ip >0, H(0)=Hgp=>0,
Ry(0) = Rko = 0, Dy(0) =Dyo > 0, Py(0) = Pyo > 0.
(2)
The specific explanation of system (1) are as follows:

e Susceptible S: the number of susceptible class within city k
at time ¢.

e Exposed Ei: the number of exposed class within city k at
time t (neither any clinical symptoms nor high infectivity).

e Infectious I;: the number of infected class within city k at
time t (with overt symptoms).
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Hospitalized Hy: the number of hospitalized class within city
k at time t.

Recovered Ry: the number of recovered class within city k
at time t.

e Dead Dy: the number of dead class within city k at time t.
e Insusceptible P,: the number of susceptible class who are
not exposed to the external community within city k at time
t.

Meanwhile, the process of disease transmission are as follows:

e The susceptible individual S, contacts with E, and I, and
then is infected by B1Sfi(Ik) + BarSk8k(Ek), where By (i =
1, 2) are the transmission coefficient, fi(I;) and gy(Ey) are
generalized incidence rates.

e The parameter Ay is the inflow rate; Ay, €, 8¢ and kj repre-
sent the recovery, incubation, diagnosis, mortality rate.

e The susceptible, exposed, infective and recovered individu-
als in city j move to city k with probability my;, ny, py; and
qij, respectively. The terms » ", (mygS;—m;Si), D, (nigEj —
niEx), >_iq (Pigli—pirdi) and Y 7 (qijRi—qjcR) represent the
movement of Sy, E, I, and R, individual, where 2}1:1 a,iW;
represents the individuals moving into k city from other
cities j (k # j) and Z}; ajxW; represents the individuals
leaving city k (W = S, E, I, R, respectively, a = m, n, p, q,
respectively).

e The movement of insusceptible and hospitalized individuals
is not considered in this paper.

Furthermore, Ay, Bix (i = 1, 2), px and ¢, are positive constants;
functions 8i(t), Ak(t), xi(t), my(t), nii(t), pi;(t) and q(t) satisfy
[8k(t)] < Muk, [Ak(t)] < Mok, lkk(t)l < Mz, [my(t)] < My,
[ni(E)] < Msy, |pij(t)] < Mgy and |qy;(t)] < My, for all t > 0 and
k,j=1,2,...,n, where My, Mg, M3y, Mak, Msi, Mg, and M, are
positive constants. The transmission diagram of the generalized
SEIHRDP model (1) is shown in Fig. 1.

Before presenting the major findings, the following general-
ized incidence rate hypothesis is put forth:

(H) : (i) gk(Ex) and fi(Iy) satisfy the local Lipschitz condition and

2:(0)=0,f(0)=0 fork=1,2,...,m

(it) fi(Ix) is strictly monotone increasing on Iy € [0, oo) and
gi(Ey) is strictly monotone increasing on
E, €[0,00)forallk=1,2,...,n;

(iif) fi(le) < aly for all I, > 0,
where a; = f{(0) for all k= 1,2, ..., n;

(iv) gk(Ex) < biEy for all Ex > 0,
where by = g;(0) for allk =1,2,...,n.

Remark 2.2. It should be noted that many current models can be
viewed as a special type of system (1) with the hypothesis (H),

such as g(Ex) = biEi, g(Ex) = 1o, filll) = aeli, fillk) = 74k

. . T+ugl
and others [33] with nonnegative constants ay, by, uy and vy.

Remark 2.3. Compared with [34], the individual movement in
this paper can be described as follows:

(1) the self-migration of individuals is described in system (1),
which is caused by a self-chemotactic-like forcing [35]. However,
the cross-infection among cities is considered which is a travel
infectious [34].

(2) system (1) describes not only the migration of infected indi-
viduals, but also the movement of exposed and recovered indi-
viduals.

B) M = [myli<ijen, N = [nyli<ij<n, P = [pyli<ij<n and
Q = [gjjl1<ij<n are not irreducible in this paper, but irreducible
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City i

ngj nji

City j

Fig. 1. The schematic diagram of SEIHRDP epidemic model with individual
migration (i,j=1,2,...,n).

in [34]. Then the influence of network structure on disease trans-
mission can be discussed in this paper, such as fully connected
network, ring network and centralized network. However, [34]
only consider fully connected network.

(4) the total population of each city is changed (without consid-
ering the decrease in population due to death) in system (1). But
in [34], the total population of each city remains constant.

3. System analysis

This study explores system (1)’s dynamic analysis. As can be
seen, the death class Dy and the insusceptible class P, have no
effect on the susceptible class S, exposed class Ej, infected class
I, hospitalized class Hi, or recovered class R, of systems (1).
Accordingly, the following system is discussed in the next section:

§D¥S = Ar — BuSifellk) — BoxSk&k(Ex) — oSk
n
+ ) (migS; — mpSi),
=

SD?Ex = BuSifiell) + BakSk8i(Ex) — €xEx
n

+ Z(nkjEj — njkEy),
=

(3)
n
SD2I, = €xEx — Sl + Z(pkﬂj — Djklk),
=
SDZHy= 8l — (Ak + ki )Hy,
n
SDERy= AxHy + Z(%Rj — qikRy),
=
with the initial condition
Sk(0) = S0 > 0, Ex(0) = Exo = 0, Ix(0) =1Ix >0, (@)

Hi(0) = Hio > 0, Rx(0)=Rio >0, (k=1,2,...,n).

3.1. Existence and uniqueness of the positive solution

The existence, uniqueness, and boundedness of the nonneg-
ative solution for system (3) should be taken into account prior
to the numerical process. Therefore, this subsection will be dis-
cussed these properties for system (3).
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Theorem 3.1. For any nonnegative initial condition (4), there are a
unique solution for system (3) and the region

2= {(517 Ei,Ii,Hi,Ry, ..., Sy, En, In, Hy Ry ¢
A A A
0<5<—,0<E=<—,0<5<—,
o o p
A A
0<H<—,0<R<—,i=12,...,n}
o P
is positively invariant for system (3), where A = ZF:] A;j and
p = min{p1, P2, ..., On}.
Proof. Let consider the following function:
fie= Ar — BuSfe(lk) — BauSk&i(Ex) — piSk
n
+ Z(mkjsj — MpSy),
=1
n
fak= BuSifillk) + BawSkgr(Ex) — exEx + Z(nkjEj — njkEy),
n =
f3k= exEx — &l + Z(ijlj — Pjkli),
=1
Jak= Skl — (M + i )He,
n
fsk= AxHy + Z(ijRj — qikRy).
j=1
It is obvious that F, = (fix, for, f3k, faks fsk) satisfies the local

Lipschitz condition about (S, E, Ix, Hy, Ry), then system (3) has a
unique solution. Next, the nonnegative solution will be analyzed.
Consider the following auxiliary system:

SD‘?Ek = —Bus, k(lk) - ﬂzrékgk(ﬁk) — kS
n

+ ) (myS; — mpS,),
=1
(C)D?Ek = ﬂlk%kfk(lk) + /32k§kgk(lk) — eEy

+ Z(nkjﬁj — niE),
=1

n
§DEL, = exEy — Sl + ) (il — i),
=1
gD?ﬂk: Sily — ()\l;‘f‘ Kk)ﬂk?

6DIR, = AiH, + Z(%‘Bj — qikRy),

j=1
Sk(0) = Ex(0) = Ix(0) = Hy(0) = R(0) = 0.
Through the comparison theorem, it is not difficult to find that
the following auxiliary system has a unique solution (0, 0, 0, 0, 0).
Then the following equation holds:

(Sk, Ex, Ix, Hk, R¢) > (0,0, 0,0, 0).

Next, adding all equations gives SD?I\Lf A — pN where N
Z};l(sj +E++H+R+D) A= 3", 4andp
min{p1, p2, ..., pn}. Then

A A
N(t) < (N(0) = —)Eo(—pt*) + —.

J) o
Therefore, the region £2 is positively invariant for system (3).
3.2. Local stability

The exploration of the existence and local stability of the
disease-free equilibrium point is the focus of this section.
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Theorem 3.2. There are a unique disease-free equilibrium point
E° = (5{,0,0,0,0,...,5%,0,0,0,0) for system (3) where S*

s

(Sf,....S5) S*=A"TA A= (Ay,..., Ay) and
n
p1+ Z mj —myy —Myp
#1
n
—My P2+ Z mj —Myp
A= i#2
.n
—Mp —Mp2 P2 + Z Mmjy

i#n

Proof. Obviously, E° satisfies the following equation:

n
A — oSy + Z(mkjsj* —mS;) =0,
=

then the above equation can be written as the following matrix
form:
AS* = A.

It can be found that the matrix A is strictly diagonally dominant,
and then it follows from [36] that one has A~! > 0. So according
to [37], there exists a unique solution S* = A~!A. Therefore,
there exists a unique disease-free equilibrium point E° of system
(3). O

The predicted number of secondary cases, which a typical
infectious individual should create in a community that is to-
tally susceptible, is known as the basic reproduction number R,.
According to Watmough et al. [38], it can be determined that
an infectious disease can commonly infect the community if one
diseased individual can typically infect more than one susceptible
individual when Ry > 1. On the other hand, if Ry < 1, each
infected individual produces less than one new infection, and
the infectious diseases cannot grow. Thus, it is very important to
describe the relationship between the basic reproduction number
and the spread of infectious diseases. Here, the basic reproduction
number Ry is stated as follows.

Theorem 3.3. Under hypothesis H, the basic reproduction number
Ro is

Ro = p(FuVy' — FioVyy'Vai V'),

where matrixes Fqq = diag(B21b1S1, ..., BanbnSn), Fr2
= diag(B11a151, . . ., B1n@nSn), V21 = diag(—e1, ..., —€),
n
€1+ Z ny; —nN12 —N1n
i#1
n
—Nyy €+ Z 1y —noy
Vi = j#2 ’
.n
—Npq —Np2 €n + Z My

j#n
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and
n
o1+ ZPU —P12 —DP1n
i1
n
—P21 &+ szj —Pan
Va2 = j#2
.n
—DPn1 —Pn2 O + anj

j#n
Proof. Let consider the following matrixes:

B11S1fi(lh) + B21S18k(Eq)

BinSufuln) + B2nSn&n(En)
0

Fo and

0

n

€1E1 — Z(nlej —njEq)
=1

n

6nEn - Z(nnjEj - nann)
j=n
n

Vo —e1E1 4+ 814 — ;(pljlj —pirh)

n

—é€nEn + 0nly — Z(pnjlj - pjnln)
j=n

=611 + (A1 + «1)H,

=811y + (Ay + «n)Hy

Letu = (Eq,...,Ey, I, ..., In,Hy, ..., Hy), then take the deriva-
tive of Fy and V; for u at the disease-free equilibrium point E°,
respectively, we can see as follows:

Fll F12 0 Vll 0 0
F = 0 0 0 and V = V2] VZZ 0 )
0 0 O 0 Vi Vi3

where Fi1 = diag(;f}21b15*, ey ﬁsznS,T), Fi ='diag(ﬂna151*, ey
B1nnSy), Vo1 = diag(—eq, ..., —€), V33 = diag((A1 + k1), ...,

(An + Kn)), V3 = diag (=61, ..., —bn)
n
€1+ Z nyj —nN12 —MNin
i#1
n
—ny; €+ Z nyj —Nyp
Vin= Jj#2 ’
.n
—Mn1 —MNn2 €n + Z Ny

i#n
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and
n
81+ ZPU —P12 —D1n
i1
n
—P21 & + szj —D2n
Va2 = j#2
.n
—Pn1 —Pn2 O + anj

j#n
Then according to [39], the basic reproduction number is as
follows:

Ro = p(FV ") = p(FV;;' — FiaVi;'Vai V1),

where p(Fi1Vy,' — FioV;;'Va1V,,') is the spectral radius of the
matrix (F]]V;1 —F12V1711V2]V272 ) O

Remark 3.1. According to [40], the epidemic size g = Sk(0) — S
of city k is defined as the number of individuals affected by the
infectious disease, where Si(0) is initial condition and S} is the
disease-free equilibrium point of susceptible individuals within
city k.

Remark 3.2. When individual migration is not taken into consid-
eration, it can be calculated from [10] that the basic reproduction
number Rf, of city k is

Boakbi N Bikag

R = S¥(
Ou k € 5k

).

Remark 3.3. When individual migration is taken into considera-
tion, RY of city k is

Sk
n
€+ Dk g

Bikaxe

RE = — )
S + Z};k Pk

(Bakby +

Remark 3.4. It is easy to see that Rg are not dependent on Ay, ki
and my,. Like [41], the other Ay, Bik, Bz, Pk» €k, Nkj, Dij and 8y are
calculated as follows:

ARy _PRs
Rk 94 PR 9 pi ’
\ _ Buker
_@ oR; _ Set2ojar Pk
Bik= RK 3Bk - Bokbi _i_M’
0 T Sk Lk Pk
_ B ORf Bakbi
Bk ™ ok - Bikage
Rk 0 __ P1kYk€k
o WBac Pabi+ 5 S

R !

K= Tk n 2 Bikakek '
R 06k (8k + Dzt Pig ) Baxbk + m)
€k 8R’(‘, 1 (ﬂ by & € + Z;;ék nkf)

= T = =7 P2kDk o . ~~n _ /)

k R’é dey € + Z}I‘l;ék Ni; : Sk + Z_;';k Pkj

_lej BRg .
ngj — Rg ankj =
_ij 8Rg 1
P = ok = n 2 Bkarex
Ry 0pk; (8 + Zﬁék ij)(ﬂzkbk + Sk‘*'lim
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where Ay, Ay Ay Ay Aspr Aeys Ankj and Ap,g. represent the
normalized sensitivity on Ay, pr, Bk Bk Sk €k Mg and py;, re-
spectively. Through the above calculation found that the increase
on Ay, Bk and By leads to the increase on RS, but the increase
on px, 8, €k, Nk and py; leads to the decrease on R’(‘). In addition,
the movement of susceptible individuals has no impact of R¥, but
the movement of exposed and infected individuals is negatively
correlated with R’é, and the movement of exposed individuals is
more likely to influence the spread of the infectious disease with
|Ankj| > |Al’kj|'

Theorem 3.4. Under hypothesis H, system (3) is locally asymptoti-
cally stable at the disease-free equilibrium point E° if |arg(sp_y)| >

an
o

Proof. The following Jacobian matrix at the disease-free equilib-
rium point E° is considered:

Jn * 0
=0 F=v o |,
0 * a3

where matrixes

n
—pP1— Z mj myy miy
j=1
n
myq —pP2 — Z mj map
Ju= j=1 ,
) n
My Mpy —Pn — Z Mijn
j=1
n
- E qi1 q12 q1n
Jj=1
n
q21 - E qj2 q2n
J33 = =1 ,
n
qn1 qn2 - E Qjn
j=1

F and V see Theorem 3.3. Then if all eigenvalues of the Jacobian
matrix Jpo satisfy |arg(s)| > %, E° is locally asymptotically
stable and unstable if for some eigenvalues s;, |arg(s;)| < %F.
Obviously, J11 and J33 are a nonsingular M-matrix, so J;; and J33
has all eigenvalues with negative real parts according to [42].
Consequently the local stability of E° depends only on eigenvalues
of F — V. Thus, if all eigenvalues of F — V satisfy |arg(sp_v)| > %&£

7’
system (3) is locally asymptotically stable. O

Remark 3.5. If all the eigenvalues of F — V are negative, that is
larg(sp—v)| = 7 > %F, system (3) is locally asymptotically stable.
Meanwhile, it is obvious that

larg(srv) =7 & sy <06 p(FV ') <14 Ry < 1.
It can be yielded that if Ry < 1, the disease-free equilibrium point
E is locally asymptotically stable of system (3).

3.3. Global asymptotic stability of the disease-free equilibrium

In this subsection, the global asymptotic stability of the
disease-free equilibrium point E° is discussed firstly. Further-
more, the uniform persistence of system (3) is also considered.
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Theorem 3.5. Under hypothesis (H) and |arg(se_v)| > %F, the
disease-free equilibrium point E° is globally asymptotically stable of
system (3).

Proof. We use a method similar to the one used in [43]. Firstly,
the boundedness of the susceptible class will be analyzed. Accord-
ing to Theorem 3.1 and hypothesis (H), we know Sy, E; and I
(k=1,2,...,n) are nonnegative, thus one has

§D¥Sk = A — BuSfilk) — BawSkg(Ex) — prSk

n
+ Z(mkjsj — mySk)
=
n

< Ap — oSk + Z(mkjsj — MSi).

j=1
LetS=(S51,...,5) S*=(5,....S5) A=(A4,..., Ay) and
n
p1+ Z mj; —myy —Myp
J#1
n
—my P2+ Z mjp —Myy
A= j#2 )
.Tl
—Mpy —Mpy P2+ Z Mjn

j#n
then Eq. (5) can be written in the following matrix:
SD¥S < A — AS = AS* — AS,

so it is easy to see that the conclusion holds as follows:
S(t) < (So — S*)Eu(—At*) + S*.

Obviously, one has Sy < S;. Next, the global stability of E, I; and
Hj, will be discussed. Based on hypothesis (H), one has fi(Iy) <
aily and gi(Ex) < byEg. Then the following auxiliary system is
considered:

n

SD2E = BuS;arlk + PokSibiEx — €xEx + Z(nkjfj — njEx),

j=1
n
§D?I = exEy — Skl + Z(ijij — pilk),
SDZHy = 8l — (Ax + ki)Hk.
(6)

It is easy to see that
SDFW = (F — V)W, (7)
where W = (E,LH).E = (Er,....E). I = (I,....I,), H =

o

(Hy,...,Hy,), F and V see Theorem 3.3. Thus, if |arg(sp_y)| > .
the above linear system (7) is locally asymptotically stable as well
as globally asymptotically stable, that is

lim Ek = lim ik = lim Ek =0.

t—o00 t—o00 t—o00

According to the comparison theory and the nonnegative solution
of Ey, I, and Hy, one has

lim E, =

t—o00

lim Iy = lim H, = 0.
t—00 t—o00
Based on the above analysis, when t — o0, one has

SD¥S = AS* — AS,
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then one has

S(t) = S* (t — o0).

o

So E° is globally asymptotically stable if |arg(sr_y)| > . 0
Remark 3.6. Similar to Theorem 3.4, it can be concluded that
if Ry < 1, system (3) is globally asymptotically stable at the

disease-free equilibrium point E°.

Furthermore, the uniform persistence for system (3) is dis-
cussed in the following theorem.

Theorem 3.6. Under hypothesis (H) and Ry > 1, system (3) is
uniformly persist, implying there exists a positive constant § such
that

liminf S, > §, liminf E, > 4,
t—+00

t—+o00
liminf I, > 8, liminf H, > §, liminfR, > 68, 1 <k <n.
t—+o0 t—+o00 t—>+o00

Proof. Let consider the following space:
X=X x Xy x-xXp, X0=XI x X9 x--. x X,
0X = 90X x 90Xy X -+ X 0Xp,

where X° represents the interior of X, 3X denotes the boundary
of X and

Xy = {(Sk, Ex, I, Hi, Ry) 1 Sg > 0, Ex > 0, > 0, Hy > 0, R, > 0},

X9 = {(Sk» Ex» Iv» His Ri) : S > 0, Ex > 0, I > 0, Hi > 0, R > 0},

0Xy = {(Sk, Ex, Ix, Hk, Ri) : Sx > 0,Ex =0, Iy = 0, H, = 0, R, = 0}.

Meanwhile, let W(t) = (S1, E1, I1, H1, Ry, ..., Su, Eq, In, Hy, Ry) be
the solution of system (3) with initial value W(0) = Wy € X, then
W(t) € X according to Theorem 3.1. For any t > 0, a continuous
map F(t) : X — X is defined as follows:

F(6)Wp = W(0).

In the following, the uniformly persistent of the map F will be
analyzed based on Lemma 2.2. When t = 0, one has

F(0)W, = W(0),

this is F(0) = I where I is the identity matrix. Meanwhile, it can
be deduced that the following equation holds:

F(t + s)Wy = W(t + s) = F(t)W(s) = F(t)F(s)W,,

implying F(0) = I. Additionally, it is easy to see that F(t) is C°-
semigroup on X, point dissipative and compact in X. Furthermore,
consider the following system:

n
SD?Sk = Ay — peSk + Z(mkij — mijk).
=1

According to Theorem 3.4, 5; is asymptotically stable, which finds
that E° in 9X is a global attractor of F(t). Let

M = {Mi},

where M; = {E°}. Because of g, = f;(0) and by = g;(0), for all €,
there exists € that

fle) > (ax — €)e and g(e) > (by — €)e.
Let the stable set WS(E®) of a compact invariant set E° defined by
WH(E®) = (Yo € X : (Yo) # ¥, w(Yo) € E°),

where w(Yp) is w-limit set through Yy. System (3) has a solution
(Sk, Ex, Iy, H, R) when W3(E®) N X° £ ¢, implying S, — 0,
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E,— 0,1, > 0,H,—0,Rk > 0(k=1,2,...,n)ast — o0. So
there exists a constant ¢ > 0 such that Sy > S —€,Ex > €, > ¢,

Hy > € and Ry > € for t > 7. Then according to the monotonicity
of fy(Iy) and gi(Ey), one has

fll) > f(e) >

So the following auxiliary system is considered:

(ax — €)€ and g(Ey) > g(€) > (b, — €)e.

§DEx= BuS;(ax — €)elx + PauSj(bx — €)eEx — €xEx
n

+ E (nigEj — njk),
=
n

(8)
§DL = ey — Sl + Y (Pl — Dieli).
€D Hi Syl — O+ kP
It is easy to see from system (8) that
SDYW = (F — V)€, €)W, (9)
where W = (E, I H), E = (E;.....E,), [ = (I;.....1,) and H =
(H;, ..., H,). Consider the basic reproduction number Ry > 1,

then one has

p(FiVi' — 1:12V171]V21V2721 )€, €) > 1,

which results in a contradiction with E,(t) — 0 (t — o0). Hence
one has WS(E%) N X° = @, implying it is uniformly persistent
at the operator T(t), so system (3) is uniformly persistent if
RO >1. O

The existence of a positive equilibrium point is implied by the
system (3)’s ultimate boundedenss and uniform persistence. As a
result, we can derive the following theorem.

Theorem 3.7. Under hypothesis (H) and Ry > 1, there is at least

one endemic equilibrium E* = (S}, EY, Iy, H}, R}, ..., Sy, Ex, I,
Hy, R:) of system (3) satisfying
A = BuSphI) — BaSigk(ER) — oSy
n
+ Z(mkjsj* —mS;) =0,
j=1
ﬂlkskfkuk )+ /32k5kgk Ek EkEk + Z nkj njkEk =0,

n
ey — 8udf + Y (pyly — pily) =0

j=1
(Sklz< — (A — Kk)H/f =0,
n
2H 4 (auR; — quRy) = 0.
j=1

. Numerical simulation

From the previous description, it is clear that E° is globally
asymptotically stable when Ry < 1 and conversely, system (3)
is persistent, which can offer theoretical evidence for further
COVID-19 prediction and control. Meanwhile, in order to analyze
COVID-19 in different cities, this section is divided into two
parts: no restrictions on individual migration and restrictions on
individual migration. Furthermore, consider the corresponding
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integer-order model as follows:

dSk

— BuSifi(lk) — BarSkgr(Ex) — piSk
+ Z(mkjsj — M;eSi),
j=1
dE" = BuSfi(lk) + BaSkgr(Ex) — ekEx + Z ngE;j — njxEx),
j=1

n
G = aE — il + Z(Pkﬂj — Ditdi),
=1
de = 8l — ()»k + ki )Hi,

dR" = M He + Z akiR; — qixRe)-
j=1

(10)
4.1. Data source

The Johns Hopkins University Center for System Science and
Engineering provided the real data for this study [1]. Data on ac-
cumulated and confirmed cases, recovered cases, and death cases
were shared by the Johns Hopkins University on January 23, 2020.
Assuming that the confirmed individuals must be hospitalized,
one has

Hospitalized = Confirmed — Recovered — Death.

Hence, we can get the real data of H(t), D(t) and R(t) for different

city from 23 January to 17 July, 2020.
4.2. The generalized incidence rate

As we know, Korobeinikov et al. [8] indicated that the stability
of the endemic equilibrium point for infectious diseases is closely
related to the concave of the incidence rate with respect to the
infected individuals. Therefore, it is of practical significance to
understand the role of different incidence rates in COVID-19. In
this section, according to hypothesis (H), the bilinear incidence
rate and the saturation incidence rate are discussed as follows:

felly) = Iy, gr(Ex) = Ey.

I Ex
I.) = S — E)= ——M.
filk) T gr(Ex) —

Meanwhile, as the public learns about COVID-19, the recovered
rate and the disease-related mortality are time-varying rather
than constant. Similar to [11], the best recovered rate A and the
best disease-related mortality «; are selected from the following
equation:

5]
]+e—'-'I2(f q3)°
q1 +e QZ([+q3)

P1
eP2(t=p3) 4 o—P2(t—p3)°
ple(pZ(t_pB))z ,

K = (]1)

and Ay = {
p.l + e(Pz(f+P3))’

where ¢; and g; (i 1,2, 3) are parameters for «, and X,
respectively. According to the real data reported by [2], the spread
of COVID-19 in India and Brazil began on 30 January and 26
February, 2020, as the beginning of the outbreak of India and
Brazil in this paper, respectively. According to Matlab function
Isqcurvefit [11], the parameter identification results with system
(3) and system (10) are depicted in Tables 1 and 2, respectively.
Meanwhile, based on Tables 1 and 2, the five days forecast of India
and Brazil are shown in Tables 3, 4, Figs. 2, 3, 4, 5, which the
solid lines represent simulation results and circles represent real
data. The results in Tables 1 and 2 show that the fractional-order
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Fig. 2. The number of cases in India (Integer-order with the bilinear incidence rate (left), Fractional-order with the bilinear incidence rate (right)).

Table 1 Table 4
Parameter identification of India. Estimate the number of confirmed cases within five days in Brazil (x10°).
India Integer Fractional Integer Fractional Brazil 18 Jul 19 Jul 20 Jul 21 Jul 22 Jul
(Bilinear) (Bilinear) (Saturation) (Saturation) Real data 5487 5598 5242 5228 5528
A 0.3 0.6245 0.465 03 Integer 5864 5847 5828 5806 5781
B 0.3869 1.206 1.156 2.358 (bilinear incidence rate)
Ba 05133 0.3079 0.3414 0.8 Fractional 5502  5.49 5475 5458  5.438
€ 0.0023 0.0555 0.0014 0.0692 (bilinear incidence rate)
0 0.0264 0.03 0.0188 0.0094 Integer 5897 5882 5864 5853 5821
2 D P b1 P1 (saturation incidence rate)
1+epalt=ps) 14 2(P3) 1+e7p2lt=p3) 1 4 epalt=p3) Fractional 5857 5844 5819 5793 5769
K ble*'h(f*'hlz qle*'h(l*%)z qle*qz(l*%)z qle*!h(f*%)z (saturation incidence rate)
Table 2 . .
Parameter identification of Brazil. is considered:
Brazil Integer Fractional Integer Fractional Cpag = A — B1SI — BoSE — pS
i~ "~ i : oLt )
(Bilinear) (Bilinear) (Saturation) (Saturation) CpefE ST+ B,SE E
= — € s
A 03 05 0.8802 05189 0™t p P2
b1 1.839 1.082 0.2378 4804 SDel = €E — 8, (12)
Ba 0.3733 0.928 0.4397 0.3 C
¢ 0.0303 0.7905 0.1076 0.9609 oD¥H =81 — (A +1)H,
0 0.0211 0.0214 0.0216 0.0431 CpYR = AH
8 0.99 0.2434 0.3975 5.609 x 1075 0t ’
N P1 n p1 p1 gD‘:D = kH.
14 epalt=p3)  14eP2(P3) 1+ eP2(t=p3) 1 4 e—Palt—p3)
« q o a1 a1 4.3.1. Sensitivity analysis of parameters in R’éu
ed2(t703) P et2(7ds) et2(t7ds) When individual movement is not taken into consideration
in this section, Partial Rank Correlation Coefficients (PRCC) value
Table 3 and Latin hypercube sampling (LHS) [44], which are one of the
Estimate the number of confirmed cases within five days in India (x10°). Monte Carlo (MC) sampling methods established by Mckay in
India 18Jul  19Jul 20 ]Jul  21jJul 22 ]Jul 1979 [45], can be used to account for the sensitivity of the pa-
Real data 3735 3906  4.027 4113 4263 rameter to the basic reproduction number. LHS has the advantage
EEFle,ger " : 3454 3499 352 3556 3583 of using fewer iterations than other random sampling techniques
ilinear incidence rate s 1 . .
Fractional 3781 3869 3936 4002 4079 and avoiding th_e cluspermg phenomenon qf :';amplmg‘ [45]. In
(bilinear incidence rate) order to determine which aspects of a certain intervention have
Integer 3426 3476 3515 3553  3.578 the greatest impact on how quickly a new infection spreads, it can
(saturation incidence rate) be seen from Remark 3.4 that the parameters of system (12) all
Fractional 3645 3696 3741 3792 3815

(saturation incidence rate)

system (3) can accurately forecast the real data in the upcoming
week, with the real data of currently confirmed cases falling
between 95% and 105% of the projected values.

4.3. Restrict individual migration

When individual movement is not considered, the parameters
satisfy my = my = pyy = qi = 0. Meanwhile, according
to Section 4.2, the bilinear incidence rate is considered in this
section. Then based on system (1), the following auxiliary system

590

affect the basic reproduction number to varying degrees, thereby
affecting the spread of the infectious disease. We perform LHS
on the parameters that appear in R . PRCC are calculated, and a
total of 1000 simulations per LHS run are carried out. A uniform
distribution is chose as the prior distribution when performing
parameter sampling. The parameters A, p, €, 81, B2 and § of
system (12) are set as input variables, and the basic reproduction
number R’gu as the output. The specific process is as follows:

(1) There are six parameters that affect the change of R’(‘]u, which
are A, p, €, B1, B> and 8. Through LSH, [0, 1] is divided into 1000
simulations, and 6 x 1000 parameters are generated through
random selection on each interval by a uniform distribution.

(2) Calculate the basic reproduction number Rgu for each param-
eter.
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Fig. 3. The number of cases in India (Integer-order with the saturation incidence rate (left), Fractional-order with the saturation incidence rate (right)).
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Fig. 5. The number of cases in Brazil (Integer-order with the saturation incidence rate (left), Fractional-order with the saturation incidence rate (right)).

(3) PRCC is calculated by Matlab function partialcorr.

(4) The PRCC’s influence on the basic reproduction number R,
can increase with increasing PRCC absolute value. However, it is
believed that the parameter is not significant if the p value is
greater than 0.05.

Table 5 lists the PRCC values of the six parameters associated
with R, and Fig. 6 shows the histogram of PRCC value. From
Table 5 and Fig. 6, the following conclusion holds:

(1) the parameters A, 8; and S8, have a positive influence on Rgu,
but p, € and § have a negative influence, which is consistent with
Remark 3.4;

(2) the positive impact of birth rate A is the most obvious with
PRCC(A) = 0.5868;

591

(3) the positive impact of the transmission rate 3, for the exposed
population is more obvious than that of the infected population
with PRCC(B;) > PRCC(B1). That is, the greater the transmission
coefficient of the exposed population, the greater the value of the
basic reproduction number Rf , and then the greater the number
of people infected with COVID-19. Therefore, it is more critical
to limit exposed individual. However, because exposed individual
does not show any symptoms, identifying them is very difficult,
which is a key reason for the spread of COVID-19;

(4) the diagnosis rate § has more greater negative impact on R’(‘)u.
That is to say, enhancing nucleic acid detection can effectively
reduce Rgu, thereby reducing the number of infected people;
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Table 5
The PRCC values and p-value of the parameters with
respect to RE,.

Input PRCC values p-value

A 0.5868 0

p —0.5363 0

€ —0.1368 0

B2 0.1035 3.5 x 1076
B1 0.0847 1.448 x 107
) —0.4362 0

(5) from the p-value, it can be found that the p-values of all
parameters are less than 0.05, so they all have a significant impact
on the basic reproduction number R¥ .

Therefore, based on the above analysis, it can be obtained
that controlling the influx of foreign population and enhancing
nucleic acid detection are the most effective measures to control
COVID-19. Meanwhile, home isolation can also control COVID-
19. Therefore, this evidence confirms the effectiveness of Chinese
government’s interruption policies, such as home isolation, prohi-
bition of the inflow of foreign population, and enhancing nucleic
acid detection, which may provide a good reference for the other
countries.

4.3.2. China’s second outbreak

From the analysis in Section 4.3.1, it can be found that en-
hancing the diagnosis rate and controlling the inflow of foreign
population can effectively control the spread of the epidemic.
For China, individual migration has been strictly restricted at
the beginning of COVID-19. Therefore, the impact of enhanced
diagnosis rate will be only considered in this section. Due to
the increase in public awareness and the development of detec-
tion technology, the time from onset to diagnosis is gradually
shortened. Additionally, despite the use of the nucleic acid test
method, the number of confirmed cases climbed significantly and
peaked in early February 2020 as a result of the use of the CT
diagnosis method. As a result, it is assumed that starting on 12
February, 2020, China’s diagnosis rate can reach and remain at
its highest level. However, the third COVID-19 wave has been
occurring in Beijing since the end of June 2020. Beijing has said
that starting on 17 June, 2020, nucleic acid could be more readily
detected. As a result, a new distribution, rather than the max level
dated June 17, now governs the diagnostic rate. Similar to [46],
the following piecewise function are described the diagnosed
period of two and three peaks:

1 L Dyemwitp Lot <y,
5= (iso t88>)t 8e and
k Se = 1,
. (%—é)e—“ﬂuré, t <ty (13)
s=1 % Gstso
k 1 _ Lye-uplt—tp) 4 1
(55 gf)e 2 2 +3f’ t>t27

where 8g, 8¢ (8¢ > &o), w1, wy and & are similar to [46], t;
is 13 February, 2020, t; is 17 June, 2020. Meanwhile, similar
to [11], the best recovered rate A, and the best disease-related
mortality «, are selected from Eq. (11). Then system (12) and
system (10) are solved by predictor-correctors scheme and least
squares method [11] by the real data from 23 January to 17
July, which 17 March, 2020 is considered as the beginning of
the emergency in Heilongjiang, Shanghai and Guangdong, and
17 June, 2020 are considered as the beginning of the emergency
in Beijing, respectively. From Figs. 7 and 8, the fractional-order
system (12) is found to fit the real data more accurately than the
integer-order system (10) does and COVID-19 in Beijing, Shanghai
reaches its highest peak in a short time but there may be fourth
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Fig. 6. The sensitivity analysis of Rgu.

wave peak, however, Heilongjiang and Guangdong are only two
peaks and the third wave of epidemic peaks will not occur in a
short time (current policies remain unchanged). Therefore, under
the condition of restricting the migration of individuals, the frac-
tional system (12) can better simulate the multi-peak problem
of COVID-19, and the strengthening of nucleic acid detection can
predict the new wave in advance, which provides a theoretical
basis for the control of the epidemic.

4.4. Individual migration

As of 17 July, 2020, the United States has a total of 3,647,715
confirmed cases, 139266 deaths and 1,107,204 recovery cases. It
is urgent to formulate reasonable and effective mitigation mea-
sures. Thus in this section, based on the sensitivity analysis of
parameter to R, the effect mitigation measures are provided to
control the development of COVID-19 in US.

4.4.1. Sensitivity analysis of parameters in R’(‘)

Similar to Section 4.3.1, consider two cities to examine the
sensitivity of parameters to R’g (k 1,2). Then when n = 2,
system (3) can be simplified as follows:

§DSy = Ay — B1iSili — B21S1E1 — p1S1 4 (M12S; — ma1Sy),
SDYEq = B11Sili + BaiSiE1 — €1Eq1 + (n12E2 — npiEy),

§D¥Iy = €1Ey — 8111 + (p12l2 — paih),

§DEH; = 811 — (A1 + &1)Hy,

SDERy = AMHy + (q12R2 — q21Ry),

§D¥S; = Ay — B1aSala — BaS2Es — 025y + (M21S1 — m12Sy),
SDYEy = B12Sila + BS2E> — €1Ez + (n21E1 — nppkq),

§D?I = €2E; — 8315 + (p2111 — p12ha),

§D¥Hy = 8305 — (Ag 4 K2)Ha,

SD¥Ry = AzHa + (q21Ry — q12R2).

(14)

It can be found from Remark 3.4 that there exists 16 parameter
of the basic reproduction number Rg (k 1, 2), and then the
16 parameters are set as input variables, and R(’; as the output.
Similar to Section 4.3.1, Table 6 lists the PRCC values and Fig. 9
shows the histogram of PRCC value. According to Table 6 and
Fig. 9, it can be found that the following conclusion holds:

(1) the movement of susceptible individuals my; (k,j = 1, 2) does
not affect RE;

(2) the sensitivity of the parameter to Rf (k = 1,2) is same as
that of Section 4.2.1, except for niy, ny1, p12 and po1;
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(3) considering the basic reproduction number Ra of city 1, the
p-value of p,; is large than 0.05, which means that infected
individuals migrating from city 1 have a significant impact on
COVID-19 in city 1. But exposed and infected individuals migrat-
ing to city 1 have an impact on the spread of COVID-19 in city
1, and the impact of the inflow of exposed individuals is more
significant because of |PRCC(ny3)| > |PRCC(p12)|;

(4) contrary to the situation in city 1, the p-value of and p; is
large than 0.05, which means that infected individuals migrating
from city 2 have a significant impact on the spread of disease in
city 2. But exposed and infected individuals migrating from city
2 have an impact on the spread of COVID-19 in city 2, and the
impact of the inflow of exposed individuals is more significant
because of |PRCC(ny1)| > |PRCC(p21)|.
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Therefore, in order to alleviate the situation in severe areas
of COVID-19, migration of exposed individuals must be strictly
controlled.

4.4.2. US outbreak

In this subsection, the overall spread of COVID-19 in the US
is considered first. Then system (10) and system (12) are solved
by least squares method [11]. However, beginning 17 May, 2020,
the number of confirmed individuals in the US had significantly
increased. Emergency situations may have changed government
regulations and people’s attitudes, which led to an increase in
the number of sick people. Therefore, it is assumed that the
emergency starts on 17 May, and the outbreak’s spread in the US
is then examined in two stages as follows:
(1) 23 January-17 May, 2020;



Z. Lu, Y. Chen, Y. Yu et al.

x10” us

251 1
Confirmed(Integer-order model)
Recovered(Integer-order model)
Confirmed(Integer-order model)
Recovered(Integer-order model) B
Confirmed(Fractional-order model)
Recovered(Fractional-order model)
Confirmed(Fractional-order model)
Recovered(Fractional-order model)
Confirmed (reported)

Recovered (reported)

Confirmed (reported)

Recovered (reported)

Confirmed (Integer-order prediction)
Recovered (Integer-order prediction)
Confirmed (Fractional-order prediction)
Recovered (Fractional-order prediction)
051 4

Number of cases
0000 -+

06 ‘ ‘
Apr 2020 Jul 2020 Oct 2020 Jan 2021

time (days)

ISA Transactions 132 (2023) 582-597

us

Confirmed(Integer-order model)
Recovered(Integer-order model)
Confirmed(Integer-order model)
Recovered(Integer-order model)
Confirmed(Fractional-order model)
Recovered(Fractional-order model)

x10°

IS

Confirmed(Fractional-order model)

q"’, . Recovered(Fractional-order model)
& O Confirmed (reported)

23 O Recovered (reported)

° O Confirmed (reported)

2 O Recovered (reported)

£ Confirmed (Integer-order control)
2 2 Recovered (Integer-order control)

Confirmed (Fractional-order control)
Recovered (Fractional-order control)

0e L L L
Apr 2020 Jul 2020 Oct 2020 Jan 2021

time (days)

Fig. 10. The number of cases in US (without control (left), with control (right)).

Table 6
The PRCC values and p-value of the parameters with respect to R(‘] (left) and
R2 (right).

Input PRCC values  p-value Input PRCC values  p-value
Aq 0.6513 0 Ay 0.6496 0
o2 —0.5294 0 P2 —0.5223 0
€1 —0.0348 0.1194 € —0.0451 0.0435
B 0.1983 0 B2 0.1896 0
B 0.0564 0.0116 B2 0.052 0.0153
81 —0.1427 0 8, —0.1691 0
N2 —0.3584 0 ny —0.0217 0.3318
Ny —0.0286 0.2005 Ny —0.2732 0
D12 —0.1732 0 P12 —0.0048 0.8316
P2 —0.0062 0.7806 P21 —0.1355 0

(2) 17 May-17 July, 2020.

Therefore, parameter identification is provided in Table 7
based on actual data from 23 January to 17 July 2020. From
Fig. 10 and Table 8, it is clear that the fractional-order system
(12)is capable of accurately forecasting the confirmed case for the
upcoming week. In the meantime, Table 8 shows that, regardless
of whether in the first stage or the second stage, the parameter
findings of the fractional-order system and integer-order fitting
are totally different.

Based on Remark 3.2, R, = 49.84 is very high. From the anal-
ysis in Section 4.2, it can be found that enhancing the diagnosis
rate, reducing contact with infected people and controlling the
inflow of foreign population can effectively control the spread
of COVID-19. However, the United States is not currently doing
anything to limit the influx of foreign population, so it is only con-
sidering enhancing nucleic acid testing and reducing contact with
infected people to control COVID-19. Like [46], the diagnosed
period sl,( of US are as follows:

|

The meaning of each symbol is similar to that in Section 4.3.2
(Eq. (13)). t3 is 17 July, 2020, which mean increasing the diagnosis
rate §(t) from 17 July, 2020. At the same time, the contact rate S;
(i=1, 2)is limited by the number of hospitalizations like [46] as
follows:

1

Se t§t37
U 1wty 4 1
(5 =m0 "+ 5

t > t3.

5(t) (15)

Bi,

Bi
logH(t)’

logH(t) < 1,

logH(t) > 1. (16)

Bi(t) = {
It can be seen from Fig. 10 that increasing the diagnosis rate 6(t)
and controlling the infection rate 8; (i = 1, 2) can effectively
contain COVID-19. Therefore, enhanced nucleic acid testing and
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limited contact with infected individuals are important to control
COVID-19.

4.4.3. US with individual migration

This subsection considers the impact of individual migration
on COVID-19. We need to preprocess the data to remove data that
are less than 0.5% of the current maximum number of confirmed
cases. Therefore, the real data after 3 April, 2020 are selected to
identify the parameters of system (14). Similar to the analysis
of Section 4.4.2, we consider 17 May, 2020 as the beginning of
the emergency, and the COVID-19 spread in New York and Los
Angeles into two phases:

(1) 3 April-17 May, 2020;
(2) 17 May-17 July, 2020.

Meanwhile, the recovered data of New York and Los Angeles
have not been collected by [1], and then we take hospitalized +
recovered individuals as a whole to conduct parameter identifica-
tion and short-term prediction according to [11]. It can be found
from Tables 9 and 10 and Fig. 11 that system (14) can better
predict COVID-19. Meanwhile, it can be seen from Fig. 11 that the
COVID-19 in New York has been peaked but not in Los Angles.

From the analysis of Section 4.4.1, we know that controlling
the infection rate, improving the diagnosis rate and controlling
the movement of exposed individuals have a significant effect on
the control of COVID-19 in US. Therefore, similar to Section 4.4.2,
the diagnosis rate §; and the migration rate ny; are utilized as
follows:

t<ts,

and
By 4t >,

1 _{ 1,
- 1 _ 1
WO G (17)

. { Mg, log(Hy) < 1,
= ’
/ gty l0g(Hi) = 1.

Meanwhile, the infection rate controlled by the number of hos-
pitalizations is Eq. (16). From Fig. 12, we can seen the fractional-
order system (14) with control (Egs. (16) and (17)) in Los Angles
can be control quickly but not in New York, which is still an open
question and will be discussed later.

5. Conclusion

Based on individual migration, a fractional-order SEIHRDP
model is proposed with the generalized incidence rate. Mean-
while, some results and effective mitigation measures is sug-
gested to control COVID-19 as follows:

(1) The local and global asymptotic stability of the disease-free
and endemic equilibrium points are investigated based on the
basic reproduction number Rq.
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Table 7
Parameter identification of US.
us Integer (first stage) Fractional (first stage) Integer (second stage) Fractional (second stage)
A 0.3 0.0935 0.3 0.4593
B 1.056 1.217 4.999 2.641
B2 0.2969 0.4882 1.648 x 1077 3.724 x 1077
€ 0.1791 0.2876 0.0087 0.0077
P 0.0281 0.0497 0.0358 0.0272
8 0.1243 0.2434 0.3975 0.205
A P+ e~ P2(t+p3) pr + e~ P2(t+p3) P+ e~ P2(t+p3) p + e~ P2(t+p3)
Kbl a1 —a2(t+a3) —2(t+43)
« eh2(t—03) 4 e—02(t—43) 12(1=03) 1 o=02(t=03) @ +e @ e
Table 8 Table 10
Estimate the number of confirmed cases within five days Estimate the number of confirmed cases within five days in Los Angles (x10°).
: 6
in US (x10°). Los Angles 18 Jul 19 Jul 20 Jul 21 Jul 22 Jul
Date Real data Fractional Integer Real data 1491 1518 1549 1579 1609
18 July 2.449 2.503 2.397 Integer 1414 1.444 1.464 1.482 1514
19 July 2.502 2.541 2425 Fractional 1.494 1517 1.547 1.579 1.608
20 July 2.534 2,578 2.454
21 July 2.575 2.616 2.482
22 July 2.617 2.655 2511

Table 9
Estimate the number of confirmed cases within five days in New York (x10%).

New York 18 Jul 19 Jul 20 Jul 21 Jul 22 Jul
Real data 1.977 1.98 1.983 1.987 1.99

Integer 1.978 1.979 1.98 1.981 1.981
Fractional 1.985 1.986 1.987 1.988 1.989

(2) Based on the real data, it is found that the bilinear incidence
rate has a better description of COVID-19 transmission than the
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saturation incidence rate. Therefore, the bilinear incidence rate is
applied in modeling COVID-19. Meanwhile, this is the first time
that looked at the impact of the incidence rate in the spread of
COVID-19 using real data.

(3) By applying the value of PRCC, the sensitivity of the parame-
ters to the basic reproduction number R’(‘, and R(’ju are obtained,
which is consistent with Remark 3.4. Through the PRCC value,
the diagnosis rate, the migration rate and the movement of the
infected population are most sensitive to control COVID-19.

(4) Multiple peaks have been analyzed for COVID-19 and using
four cities in China to show that the fractional-order system (1)
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works well. Moreover, by increasing the diagnosis rate, it can be
found that the third wave of epidemic in Beijing has reached its
peak, but the arrival of the next wave of COVID-19 is not ruled
out.

(5) Analyzing the situation in the United States, it can be seen
that system (12) has better predictability than system (10). Mean-
while, by reducing the infection rate and increasing the diagnosis
rate, the peak of the epidemic in the US can be accelerated.

(6) Results show that the fractional-order system can accurately
forecast the real data in the upcoming week when taking into
account individual migration between two cities. By limiting the
movement of exposed individuals, raising the diagnosis rate, and
lowering the infection rate, Los Angeles’ peaks can appear and
then decline immediately.

Furthermore, this study makes several contributions to predict
multi-peak of COVID-19 in China and suggestions on controlling
epidemic in the US by changing certain parameters. Nevertheless,
this research raises some issues that require more investigation,
including how medical and other factors affect the spread of
infectious diseases, how to properly administer vaccines, how
network topology affects disease transmission and so on.
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