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I. INTRODUCTION 

Balazs has proposed a method for constructing, from a given 

absorptive part in the crossed channel, a Schrodinger-equation potential 

that will reproduce the relativistic amplitude for scattering of spin

less particles. 1 In this paper I present the results of some calculations 

of (~~) and (~K) scattering: using an approximation to this Balazs 

method; these calculations reproduce many generally accepted features 

of resonance-energy (~~) and (~K) scattering. 

The Schrodinger-equation potential in this method is local but 

energy dependent. Hri ting it as 

- 1 
2rqJ. 

'dt v(t 

where q is the magnitude of the momentum in the center of mass of the 

s channel and ~t is the ·reduced mass: Balazs proposed an iterative 

method for constructing from the supposedly-knovm absorptive 

part At ; the details of this construction are in reference 1. The 

scattering amplitude calculated from this Schrodinger equation 'l·rould 

then be identical Kith the relativistic amplitude of.vrhich At Has the 

absorptive part. In a problem Hith exchange potentials, this procedure 

is to be used for amplitudes of definite J-parity. For the Balazs 

method to be exact vrould require that (a) the amplitude obey elastic 

unitarity at the energy in question: (b) v(t,q2)-+ 0 as t ~co , 

and (c) A~ be knovm exactly. 
u 
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The practical application of this derivation is to justify an 

approximation scheme, in -vrh:Lch the lo-vrest approxi1·nation consists of 

setting 

-vrhere A B 
t 

. ~· B . ~· 2 ~ lS vne orn approxlma~lOn vO s is the square 

of the energy in the center of mass. The scattering &uplitude calcu-, 

lated from the Schrodinger equation i·Till be unitary, and in this sense 

this approximation is similar to .... , vne N/D approach. It differs from 

the N/D approach in several interesting features: first;, if A ..... 
B 

v 

is constructed from elementary-particle exchange; there is no high-energy 

cutoff, even if the exchanged particles have spin• And second_. although 

the usual N/.D calculation takes the Born approximation to the left-hand 

cut, solving the Schrodinger equation means in effect doing the entire 

f.iandelstam i teration.5 T'nus in the Balazs approxilr.ation, contributions 

from all orders of this iteration are considered, even thou&~ none but 

the first has relativistic s dependence. 

In Section II, I describe the potentials that I have used, and 

in Sec. III present the results oYcained. 

II. COHSTRUCTION OF POTENTD\LS 

A. First (~~) Potential 

]'.;y firs-'c calculation of ( rrrr) scattering is an extension of an 

. / 1 
example giveri by Balazs.- He considered the force due to exchange of 

an elementary p , and. obtained: in the small-•·ridth approximation, 

,\! 

·~ .. 

J 
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B 
A.,_ ( t, s) 

" 
= 

2 2 
qR o( t - m ) ( 1) 

vrhere p is the isotopic-spin crossing matrix, t = 1 the spin and 

m the mass of the exchanged p ' 
1 2 2 = 4 m - m~ , and r. 

J.n 
is the 

input reduced i·ridth. The potential corresponding to ( 1) is 

(2) 

Balazs looked for the p resonance in the t = 1 amplitude obtained 

from (2), and found an approximately self-consistent solution vrith 

m == 4.2 m and r = 0.47 (a p of r.1ass 750 HeV and i.,ridth 100 HeV 
~ 

has m ==5-3 m and r = 0.17). :rr 

Hovrever, it turns out that approximate self consistency is not 

sufficient to determine the value of these parameters 1 as vrithin 10~ 

there are many self-consistent solutions. In i·rhat is referred to belOi.,r 

as calculation A, I use the potential e;iven by (2), vith the input p 

mass fixed at 750 MeV. I then adjust the input vridth to obtain the 

output p rr.ass at the same enel'gy; this solution is also self consistent, 

anci has r = 0. 46 (corresponding to a \·ridth of 270 MeV). This calcu-

lation has no cutoff and no strip irid.th; i·ri th r 
in determined, there 

are no .J..' ovner free parameters, and the entire ( lmr.,.energy) (~re) 

amplitude in all three isotopic-spin states can be calculated . 

B. Second ln:rr) Potential 

The results calculation A, which are described in Sec. III, 

rese:11bled e;(lJer:Lne:-:ta1 l ... cs·ul ts sufficiently to ·encourage me to, try to 
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improve the potential by including some estimate of the contribution 

due to. the exchange of the Pomeranchuk trajectory. 
).j. 

Chevr has discussed the generalized potential arising from 

exchange of a Regge trajectory in the chann~l; vrhere the generalized 

== 
s . 

V (t;.s) 

B, ) 
Q"J-! A I .LI ~ 

v *" \ v J;;::) 
.... 

t' - t 

He 1vri tes Vs as a ~um of partial i·iaves in the .L 
v char.uJ.e 1 ( even 

( 3) 

partial vraves for trfjectories of positive signature) and 1argJes that 

only the lovest need,be kept. He gives approxLT.ate expressions for the 

hro loi.;est terr:1s of the Pomeranchul<:: potential: the J = 2 part looJ.~s 

like the exchange of an elementary "' .1. 
c multiplied by a "form factor" 

in t ; the J ;, 0 part; even though it has no associated particle: 

is more important: and is repulsive. The exact value of ~he J = 0 

part depend~ on a st~ip par~~eter: which I have set equal-to "'"0 2 c.u m • rc 

I cannot mak~ direct use of Che-vr' s estimates; sinqe they are 

intended for 

At 
13 

\·ihei~e I 

replaced. 

from Eq. 

A B 
t 

r-) \J 

only small values of t ; and hence do not ac;curately define 

need it; • .L -lns ... eaa; for each of these t>.;o partial waves I have 

by a delta function: chosen so that the calculated 

has the~same value and derivative at t = 0 as do Che\·T' s 

esti1:1ates. It then turns out that ·the J = 2 term is amost completely 

negligible; term is substantially smaller: but has a slightly 

l\ 

larger rangeJ than the p potential used. in calculation A. The complete " 

potential :L s the sun of the p - t' p . 1 ·. ,;. " 5 ancl ne .;. or:;erancnu_·~ po-cen vla.ls: 
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where in units in vrhich 
2 

1 ' 

p 2) V (r,q . 

, 80 0 -1/2 -5.0r -1 
+~ ~IO s e r 

p -l/2('2 0 04 . 0 0'7. 2 ) -5.1r -l 
-~IO s .~ + "/ s + • ~~s e r 

( 4) 

I again adjust r 
in to get the output p mass at 750 I>ieV, and find 

r. = 0.)6. The results obtai1:.ed from the potential given by (4) I call 
l.n 

calculation B. 

Surely the expressions given in ( i+) have at best a .tenuous 

connection 1-ri th the correct Pomeranchuk potential, vhatever that may 

be. Em-rever·; if ·we accept Chev's arguments, these expressions should 

be reasonable c.ualitative estimates, and since they appear as fairly 

small corrections to the much better established p potential, mir;ht 

be expected to improve the results o:f calculation A • As shmm in Sec. III, 

this apparently is the case. 

C.. ( r<K) Potential 

The :l.ast calculation, ;,.rhich I call calculation C, is of the 

(r<K) scattering ~~plitude. I have not attempted here to ·put in the 

Pomeranchuk potentia1, but consider only vector meson exchange, hi 
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7 
For I = l there is one such trajectory, 

which I identify vii th the p for I = 2 the force is repulsive. The 

real parts of the trajectories continue to rise as the energy is 

increased, at least until 2 s = i+OO m , and in fact do eventually go 
1( 

through hig..."ler physical values of .£ • Hmrever .. one of the assumptions 

of the Balazs method is that the runplitude is elastic at the energy in 

question, and so it must lose its validity as the energy approaches the 

strip vridth. As none of these "recurrences" occur belm·i 
2 

s = 300 m , . :rr 

they could be considered spurious. The masses and the r.educed w·idths ~. 

of the three output resonances are listed in Table I; the output reduced 

vridths are computed by 

r = 
r -I Vs 
I 8 2t+l 
L q 

and have units of (Gev) 2- 2" . 

( ")-1 l do J 

ds · 
Js=s ·resonance 

A calculation of s-vrave scattering by this method is less reliable 

than a calculation of higher partial vraves, for the usual reason that the 

s vave depends more strongly on the shorter-range parts of the potential; 

--but it :might be interesting an:yl·iay. The results of this calculation 

are the strange-looking phase shifts shovm in Fig. l; the fact that 

these phase shifts Hander through 90° has no significance. A large but 

not necessarily :resonant s-i·iave amplitude near the p mass has been 

previously suspected fro;n the as:ym:netry in 0 , 8 mh p a.ecay. 1 e s->mve 

scattering len[;th is -0.08 m 
1( 

-1 -1 in calculation A and -0.18 m :rr in 

calculation :Oj the negative sign 1.rould be expected from the existence of 
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trajectories above £ = 0 at threshold. 

Because of the factor -l/2 s in the definition of the potential, 

the Balazs approximationm~ break down near s = 0 • Nevertheless it 

"i·muld be interesting to be able to compute the values of the Regge 

parameters at this point, for then they could be compared -v;i th the 

values obtained from experiments at high energy in the crossed channel. 

The procedure I have adopted is to calculate the Regge parameters a 

and tn 1 == £n(f3/q2Cx) above threshold, and attempt a stl·aight-line 
I 

extrapolation to s = 0 . In most cases this extrapolation seemed 

possible, and the results for the (~~) mnplitude are given in Table II. 

. * 
TJ.1e >-ridth of the K in calculation C is very nearly equal to 

the input width, which is about 2.5 times the experimental value. There 

is one other (~K) 
·X··X· 

trajectory, -vrith the quantum nuinbers of the K ( 11+05). 

The resu1ts for these t-vro trajectories are presented in Table III. For 

the 3 I == 2 hK) runplitude the force is repulsive. 

/\.s can 'os seen from the tables, the general features of the 

. experimental si tua'cio.r;. are reproduced quite i.;ell. Some of the closer 

agreements ;-rith experirr:ent may i·iell be fortui taus, but the overall 

pattern; especially the appearance of the + 2 mesons, could not be. 

The most glal·ing discrepancy of my results 'tli th eA.-perimental results is 

the fact that the input and output particle >ridths are too large, but 

a 
thj.s seems to be _a .. conunon feature of most dynamical calculations . ./ 

The results of calculation B seem somewhat better than those of 

calculation f.:, although most of the differences are small. The output 

p "i·ridth is i.lnproved substantially, destroying the consistency betvreen 

input and output. 

I 
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It is interesting to compare the above calculations, especially 

' \.' I w 
calculation A, with the N D calculation of Collins and Teplitz. They 

used an input p i·ri th a vridth of 0. L~), vrhich is about the sa.l11e as vas 

used in calculation A) but their output p trajectory did not quite 

make it to £ = 1 , and no trajector;;,r rose above t = l. 5 . Thus the 

effective force in the present calculation is much stronger than in the 

N/D calculation, even though the input forces are similar. It seems 

reasonable that this is because the method used here.does include 

contributions to the force from higher terms in the Mand~lstam iteration. ··, 

If this conjecture be correct, then the results presented here indicate 

that a calculation that actually performs the iteration might be 

expected to be very successful. 
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Table I.. Results for the ( rc:n:) amplitude. The force input to 

calculation A is p exchange, and to calculation B is 

p exchange and Pomeranchon exchange. 

r fo 
rfo 

o' ' 
Pmass f 

p mass mass 
(rileY) (NeV) (NeV) 

Calculation A 750 0.50 1070 0.50 1900 

Calculation B 750 0.29 920 0.35 1435 

Experiment 750a 0 .17( 100i'.1eV) a 1250b 0.25(lOOMeV)c 1500c 

a. Ambiguities in the experimental values are not important to this 

paper; these numbers for the p comes from C. Alff et al., Phys. 

Rev. Letters ,2, 322 (i962). 

b. vL Selove et al., Phys. Rev. Letters _2, 272 ( 1962). 

c. See reference 7. 

r_,o' 
J. 

0.55 

0.95 

'· 

·~ 
i 



UCRL-16:>37 

-12-

Table II. Values of the Regge parameters of the (nn) amplitude 

at s = 0 . 

a 
a /p fp ~I fpt p 

Calculation A 0.7 b 1.3 b 0.7 b 

Calculation B 0.45 0.05 1.3 0.0056 0.65 0.09 

Other estimates 0.54c 0.0260. 1 c 
~·0 o.oo6d 0~50c 0.065d 

--------------------,2-------------------- '•,' 
1 is defined by 1 = 13/q o; , "trhere q is in units of m a. 

11: 

b. I 'ras unable to make a reliable extrapolation from the physical 

region. 

c. R. J. N. Phillips and vl. Rari ta; Phys. Rev. 159, Bl336 ( 1965). 

d. These values come from an analysis of high-energy nN , NI'i, 

and NN scattering, and use of the factorization theorem; 

seeR. J. N. Phillips and H. Rarita, Phys. Rev. Letters 14, 

502 (1965), and the appendix to Heinz J. Rothe, Evaluation of 

the'I = 0 Pion-Pion Scattering Length Using a Fonvard Scattering 

Dispersion Relation, Phys. Rev. (to be published). 

r, 

' 

:-'' 
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Table III. Results for the (~K) amplitude •. 

-)(- a KH-K rK* ~<* /Kx- rK** ~cx·-x- ll(H· mass mass 

(MeV) (MeV) 

Calculation C 891 0.55 0.4 0.14 1265 0.16 0.75 0.02 

Experiment 89lb 0.22b 1405b 0.12b 
(50MeV) ( 95t·1eV) 

a. See footnote a, Table II. 
I 

I ~-

b. A. H. Rosenfeld et al., Rev. Mod. Phys. 37, 633 ( 1965). 
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A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness; 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee 9r contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






