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ABSTRACT OF THE DISSERTATION

Graded Representations of Current Algebras
by
Kayla Marie Murray

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2018
Professor Vyjayanthi Chari, Chairperson

For a simple Lie algebra g over C, we study the representations of the associated current
algebra g[t]. We focus our attention on V(&) modules, which are a large family of inde-
composable representations that are quotients of local Weyl modules and include Demazure
modules when g is simply laced. We establish three new presentations of V(&) modules,
which show that they are finitely presented as quotients of local Weyl modules. We establish
each presentation for sly and then for an arbitrary g. With these presentations, we establish
the existence of two short exact sequences of V' (£€) modules. These short exact sequences
were used to establish a character formula for the tensor product of a level 2 Demazure

module and a local Weyl module.
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Introduction

One reason for the interest in graded representations of the current algebra associated to
a simple Lie algebra g is their connection to representations of quantum affine algebras. It
was shown in [3] and [2] that the classical limit of certain irreducible representations of the
quantum affine algebra associated to g give rise to indecomposable graded representations
of the associated current algebra. Hence, understanding graded representations of current
algebras could help in the understanding of representations of quantum affine algebras.
We focus on V(€) modules which are a family of indecomposable graded representations of
current algebras that were first defined in [5]. Based on their definition, these representations
are quotients of local Weyl modules. When g is simply laced, this family of modules includes
both Demazure modules and local Weyl modules. After their introduction, V(&) modules
were later defined in the case of twisted current algebras in [9].

Since their definition, V' (§) modules have been of interest due to their connection to
Demazure modules. Demazure modules associated to a simple Lie algebra were first intro-
duced in [6] as modules for a Borel subalgebra of a Lie algebra. It was shown in [10] that

Demazure modules for current algebras have filtrations by higher level Demazure modules.



This result was extended in [4] to show that V' (£) modules also have filtrations by Demazure
modules, but this proof was not constructive.

In chapters 2 and 3, we provide a total of three new presentations of V' (£) modules.
These presentations show that these modules are finitely presented as quotients of local
Weyl modules, which was previously known only in special cases of &£. In chapters 4 and 5,
we establish the existence of two short exact sequences of V' (§) modules. These short exact
sequences were used in [1] to establish character formulas for tensor products of Demazure

modules.



Chapter 1

Simple Lie Algebras and Current

Algebras

In this chapter, we provide the background of the representation theory of simple Lie
algebras. Then, we define the current algebra associated to a simple Lie algebra. We also

introduce V(&) modules, which are a family of representations of the current algebra.

1.1 Simple Lie Algebras

We start by setting some notation. Throughout, C denotes the field of complex numbers.
Additionally, Z and Z, denote the set of integers and nonnegative integers, respectively.

Let g be a simple Lie algebra over C and U(g) be the universal enveloping algebra of
g. We let h be a Cartan subalgebra of g, n = dim b, and R be the set of roots of g with
respect to h. We set I = {1,2,...,n}. Let {oy; : i € I} and {w; : ¢ € I} be a set of simple

roots and fundamental weights, respectively. We let R denote the set of postive roots and



P7 denote the Z, —span of the fundamental weights. Let xi and hy, with 1 <7 <n bea

Chevalley basis of g. Then, we have a triangular decomposition
g=n"@®hon’

where n* = @7 Caf and h = @, Chq,.
For A € P, let V(\) be the simple finite-dimensional g—module generated by v, with

defining relations

for 1 < ¢ < n. It is well known that these modules provide a classification of the finite-
dimensional g—modules. So, any finite-dimensional g—module is isomorphic to a direct sum
of these modules. Thus, for any finite-dimensional g—module V, we can write V = @,cpV,

where V, ={v eV : hv =v(h)v,h € b}.

1.2 The Lie Algebra sl

Now, we consider the simple Lie algebra sls, which is the algebra of 2 x 2 traceless

matrices. Let

0 1 0 0 1 0
T = , Y= , and h =
00 10 0 -1
Then, {z,y,h} is the standard basis of sly with brackets [h,z] = 2z, [h,y] = —2y, and

[z,y] = h and Cartan subalgebra h = Ch. There is one fundamental weight of sly. Hence,



we identify PT with Z. Therefore, the irreducible representations of sl described in the
previous section are the modules V(n) with n € Z, which are generated by v, where
xv, = 0, hv, = nv, and y" v, = 0. Also, we have dim V' (n) = n + 1.

We consider the Lie algebra sly for two reasons. First, there is a connection between
any simple Lie algebra g and sly. We have that b acts on g via the adjoint action. Since b
has a basis consisting of commuting semisimple elements, the action of h is simultaneously
diagonalizable. Hence, g decomposes into weight spaces. Since the action is the adjoint
action, the weight spaces are called root spaces. So, we have the root space decomposition
g = ®acrufo}fa Where go = {z € g : ha = a(h)z Vh € b}. Let n* = @,cp+gta-
Then, we can fix non-zero elements v € g+, and h, € b such that [he, 25] = £22F and
[z}, x7] = hq. Therefore, the subalgebra of g generated by {z!,x,,hs} is isomorphic to
sls. Additionally, in much of our work, we first restrict to the case slo and then consider

arbitrary simple Lie algebras.

1.3 Current Algebra glt]

The current algebra associated to g, denoted g[t], is the Lie algebra of polynomial maps
C — g. As a vector space, g[t] = g ® C[t], where ¢ is an indeterminate. The bracket of glt]
is given by

la® fib®g]=la,0]® fg

for all a,b € g and f,g € C[t]. We note that C[t] has a grading given by the degree of a

polynomial. Hence, g[t] inherits this Z—grading.



Our focus will be on graded representations of g[t]. A representation V of gt] is Z—graded
if V= @,ezV[r] where (g ®t*).V[r] C V[r +s] for all g € g and s € Z,. Now, we define
the grade shift operator 7, for r € Z. If V' is a Z—graded g[t|]—module, then 7,V is the
Z—graded g[t|—module where the graded pieces (ie. V[s]) are shifted up uniformly by r
with the action of g[t] on V' unchanged.

We have the canonical inclusion i : g — g[t] given by g — g ® 1. Using this inclusion,
every representation of g[t] is also a representation of g. Now, for z € C, we define ev, :
g[t] = g by ev,(a ® f) = f(2)a. This gives us a way of producing a representation of glt]
from a representation of g. These pullbacks of representations of g are called evaluation
modules. The irreducible representations of g[t] are pullbacks of the irreducible g—modules,
which we denote eviV(\). We note that the only Z—graded evaluation modules occur when
z = 0. Hence, all finite-dimensional graded irreducible representations of g[t] are given by

TrevgV(A) where r € Z.

1.4 V(¢) modules

We start by defining local Weyl modules. For A € PT, the local Weyl module Wj,.()) is

the g[t|]—module generated by wy with defining relations
((l)j_ ® C[t])w)\ =0, (hl ® ts)w,\ = )\(hi)(s&o’w}\, (a;l_ & 1))‘(hi)+1w>\ =0.

Local Weyl modules were shown to be finite-dimensional. By declaring the grade of w) to
be zero, we have that Wi,.(\) is Z—graded and evgV' () is the unique graded irreducible

quotient of Wy,e().



Let £ = (& > & > -+ > &, > 0) be a partition. The length of the partition £, denoted
|€], is the sum of the entries in . Thus, [{| = & + & + -+ + &n. Now, we define V()
modules. These modules were first defined by Chari and Venkatesh in [5]. They provided
three presentations of these modules, which we give here. Let A € PT and & = (%), cp+
be an |RT|—tuple of partitions satisfying [£%| = A(hq) for all @ € RT. Then, V(&) is the

g[t]—module generated by ve with defining relations

n+ﬁk% =0
(h & ts)vg = (5370)\(h)7)€, heb,seZy
(25, @ 1))y =0, i€l

(2l @t)*(zy ® 1) v =0,a € RY,s,r e N;s+r>1+rk+ Z &' (1.4.1)
JjZk+1

for some k € N.
Now, in order to provide the second presentation, we define
S(rys) ={(bp)p>0 : by € Z, pr =r, Zpbp = s}
p=0 p=0
for r, s € Z,. We note that for a given r and s, S(r, s) is finite. For z € g and r,s € Z,, we
define the elements x(r, s) € U(g[t]) by
x(rs)= Y (o )® @) .. (ze)®) (1.4.2)
(bp)p>0€S(r;s)
where (z ® 7)) := (mi%)p for j,p € Z4. It was shown that you can replace (1.4.1) by
X (r,s)vg=0ifr+s>1+7rk+ Z 33 (1.4.3)
>k+1

for some k € N. This gives us the second presentation of V'(£).



For the final presentation, we start by defining 1S(r,s) for k € Z, to be the subset of
S(r,s) consisting of (b,)p>0 such that b, = 0 for p < k. Using this, we define
px(ros) = Y (et (@b (z @)t (1.4.4)
(bp)€rS(r,s)

Then, we can replace (1.4.3) by

pXg (rs)og =00 € RV r4s>14rk+ > & (1.4.5)
J>k+1
for some k € N.

We note that V(&) is a large family of modules for g[t] as it includes the local Weyl

modules and Demazure modules when g is simply laced.



Chapter 2

First New Presentation of V' (§)

In this chapter, we provide the first of three new presentations for the module V' (&). We
establish the presentation first for slo. Then, we provide the presentation in the case of an

arbitrary simple Lie algebra.

2.1 Motivation

The motivation for this presentation comes from the three presentations of V(&) modules
given in [5]. In all of these presentations, there is one set of relations involving nonnegative
integers r and s that depend on an inequality. This inequality involves both 7 and s and
also depends on another nonnegative integer k. The relationship between k£ and the pair
r and s is unknown in general. Additionally, we note that s only appears on the larger
side of the inequality. This then implies that we have an infinite number of these relations.
Hence, we wanted to find a presentation of V(&) that did not involve an inequality for these

relations.



2.2 Presentation when g = sl

Let £ be a nonempty partition. First, we write £ as & = (§ > & > -+ > &, > 0). Now,
let £:=&. For 1 <i </, define m;(§) to be the number of times i occurs in the partition
€. Then, we also write & as £ = &) (¢ — 1)me-1&) ...1m™(&) For i > 1, let 15(€) be the

number of parts of £ greater than or equal to 7. Then, we have

D (&) = ma(€) + 2ma(€) + -+ (i = Dmi1(8) +i(mi(€) + miga(€) + -+ ma())

j=1
€M =11(8) Zva(§) =2 = 1(€) >0
where £ is the transpose partition of £. Given an integer j > 1, we define a new partition
€U) given by €0 = (& > & > ... > & > 0). Then, since |{] = Zj21§j’ we have
|gtr@)| = 27:1 v;(€). When ¢ is fixed, we write m; and v; for m;(§) and v;(€), respectively.
Since sly has only one positive root «, we write the terms of (1.4.3) as y(r,s). Also, for

k€ Zy and g € sly, we write g := g ® t*. For r, s > 0, recall

bo) (b
y(r,s) = Zyé O)yg v ys) e Uslyt]), (2.2.1)
v,
where y§bj) = ﬁ and the sum is over all sequences (b;);>0, bj € Z4 such that } ;b =7
;)]

and ) ;- kb = s. Now, we give the first new presentation of V(§).

Theorem 2.2.1. The module V(&) is isomorphic to the quotient of the local Weyl module

Wioc(|€]) by the sla[t]—submodule generated by the elements
{y(r (€N =r + Dwyg = 1<r<e—1}

The proof of this theorem and the corresponding statement for an arbitrary simple Lie

algebra will occupy the remainder of this chapter.

10



2.3 Univeral Enveloping Algebra of sl,[t]

Using (2.2.1), we have

rly(rs) = Y yi ey,

j1+“‘+j'r:5

We have y(0,0) = 1 and y(0,s) = 0 if s > 0. Now, define Yp(u) := > ;5 y;u, where u is
an indeterminate. Then, y(r, s) is the coefficient of u® in Yy(u)". Thus, for all 1 < m < r,

we have

<;>y(r, s)= > y(m,p)y(r—m,s—p).

0<p<s

In particular, if m = 1, we have

1 o ,
y(rs) == > yjy(r — 1,5 = ). (2.3.1)
=0
Now, we prove the following.

Lemma 2.3.1. In U(sly[t]), we have
[h1,y(r, )] = —2ry(r,s + 1) + 2yoy(r — 1,s +1), r>0, s>0.
Proof. We proceed by induction on r. If » = 1, then
[h1,y(1, 8)] = [P, ys] = —2ys41 = —2y(1, s + 1)
for all s > 0, proving induction starts. Now, suppose

[hi,y(r,s)] = —2ry(r,s + 1) + 2yoy(r — 1,s + 1)

11



for some r > 1 and all s > 0. Using (2.3.1), we get

(41,9 = |y s - )
=0

1 :
= T+1Z[h1,yjy(ns—])]
§=0

s

= TilZ(_Qyjﬂy(ras_j)+yj[h1,y(r,s—j)]). (2.3.2)
j=0

For the first term on the right hand side of (2.3.2), notice

_9 s+1
Zyﬁly —j) = > yiy(rs+1— )
r+14 4—1],:1
9 s+1
= r+1y0y(r,s+1)+72yjy r,s+1—j)
2

=7 1yoy(r,s+ 1)+ —2y(r+1,s+1).

For the second term on the right hand side of (2.3.2), the induction hypothesis implies

1 < , 1< ‘ .
> yilha,y(r,s — 4)) = > yi(=2ry(r, s+ 1= 5) + 2yoy(r — 1,s + 1 — j))
r+1 s r+1 =
:i = vy 5+1—J)+iy-yoy(r—1 s+1—37)
= r+1% 1 )
2r
= r,0 - 1,0
s 1ys+1y( ) — oy 1ys+1y0y(7“ ,0)
s+1 _op 9
+) (= s +1—5) + ——ymoy(r — L,s +1—j)
o\t r+1
_ 2rys+1Yp 2ys 4190

2r
) 1 1 1
ry(r+1,s+ )+r+1yoy(r,$+ )

T+l (r+1)(r—1)!

2r
= -2 1 1 1).
ry(r +Ls 1) + = cpoy(rys +1)

Combining these two results, we have

[hi,y(r+1,8)] = =2(r+ 1)y(r+1,s+ 1) + 2yoy(r, s + 1).

12



2.4 Relations in V(¢)

We establish that the terms in Theorem 2.2.1 are relations in V(§).
Lemma 2.4.1. For 1 <r <{—1, y(r, |(€")")] —r 4+ 1)ve = 0.

Proof. Let 1 <r < £~ 1. To show that y(r, |(")")| — 7+ 1)ve = 0, we need to find k € Z
such that [(&7)M] +1 > 1+ 7k + > j>k+1&j- This is equivalent finding k € Z4 such that

(Y| > rk + >_j>0&;- Now, let k = v;. Then,

rk+ > G=r)+ > &

j>k+1 j>vet1

=r(me+me_1+---+my)+(r—1)mp_1+ (r—2)my_o+---+my

= (&)™,

Therefore, y(r, |(£7))] —r + 1)ve = 0. O

2.5 Minimal value of s

In this section, we show that the relations from the previous section provide us with a

minimal value of s given 1 <r < /¢ —1.

Lemma 2.5.1. For 1 <r </{—1 and s € Z4, if there exists k € Z, such that r + s >
1+rk+ 2j2k+1 {], then

s> (€M) —r 41,

Proof. Assume r = 1 and there exists k € Z, such that s > k + ijkﬂ &j.

If k > |(€7)D] = vy, then s > |(€7)D| and we are done. Otherwise, k = vy — k' where

13



0 < k¥’ <uvq. Then,

s> —kK+ > g

> —k/+1

>my+mo+ -+ mg— K+ (1)K
=my +ma+ -+ my
~ I
completing the base case.
Now, assume 2 < r < £—1 and there exists k € Z such that r+s > 1+7’k+2j2k+1 &

Hence, s > (—r+ 1) + 71k +3 ;5,1 & As before, we proceed with cases for k.

If £ > vq, then

s> (=r+1)+r(mi +mg+ -+ myg)
=(=r+1)+mi+2ma+--+ (= me_1 +7(me +mpp1 + - +mg) + (r — 1)my

+(r—2)ma+---+my_1.
Since r > 1 and m; > 0 for all j,

s>—-r+14+mg+2mo+---+(r—Dmp_1+r(my +mepq+ -+ my)

=M —r+ 1L

14



If v;11 < k < v; for some i where 1 < i < ¢ — 1, then k = ;11 + k' where 0 < k' < m;.

Thus, we have

s> —r+1+rvg +K)+ Z &
J2vit1+k +1

=—r+1+r(me+me1+---+mi + k) + (mi —k)i+m_1(i—1)
+mio(i —2)+---+my
=—r+1+r(mg+meq+--+mip1) +rk + (mi — K)i+mi_1(i — 1)

+mio(i —2)+--- +my.
If ¢ < r — 1, the desired inequality is obvious. Otherwise, suppose i > r. So,

s>—r+1+r(me+meq+--+mp)+(mi —k)Gi—7)+mi_1(i—1—71)
+mio(i—2—=7) 4 Fmppr + (= Dmp_1 + (1= 2)mp_2 + -+
=vi+vot -t v —r+14+m—K)i—r)+mi1(i—1-r)
+mi—o(i —2—7)+ -+ mpyq.

Since i > r,m; > k' and m; > 0 for all j, s > [(¢")")| —r + 1.
j

Finally, if 0 < k < vy, then

s> —-r+1+rk+ Z 3
j>k+1

=—r+1+rk+L(me—k)+ L —Dmy_1+{—2)my_o+---+m
=—r+1l+mi+2mo+---+(r—1)me_1 +r(mg+mep1+---+my;)

+U—r)me—k)+({l—1—=r)mp_q+ -+ mpq1.

Since r < £ —1,m; >0 for all j, s > |(£7))]| —r + 1.

15



2.6 Proof of Theorem

Now, we provide the proof of Theorem 2.2.1.
Proof. Let U be the sly[t]—submodule generated by the elements
{y(r, (€MD —r+ Dwyg: 1<r<0-1}

and w be the generator of Wi,.(|€|)/U. We need to show y(r, s)w = 0 if there exists k € Z,
such that r 4+ s > 1+T]€+Zj2k1€j. Now, either 1 <r <{¢—1orr > /.

Suppose 1 < 7 < £ — 1. By Lemma 2.5.1, we have s > |(£/")(")] — r + 1. We proceed by
induction on 7. Assume r = 1 and s > |(£")1)| = v;. We have y(1,v1)w = y,,w = 0. Since
s > vy, we have y(1, s)w = ysw = 0 by Lemma 2.3.1.

Now, assume 2 < 7 < £ — 1 and y(r — 1, s)w = 0 for all & > [(£7)"D| — (r — 1) + 1.
Assume s > [(€"))| —r + 1. Then, s = |(&")")| — r + 1 + n for some n € Z,. We now
proceed with induction on n. If n = 0, then the result is trivial. Suppose n > 1 and we

have y(r,s — 1)w = 0. Then, by Lemma 2.3.1,

0=lh1,y(r,s — D]w

= —2ry(r, s)w + 2yoy(r — 1, s)w.
Since v, > 0 and n > 1, then

s= (NI —r+1+4n

> |(em) ] 42

Hence, by the inductive hypothesis, we have y(r — 1, s)w = 0. Therefore, —2ry(r, s)w = 0

and y(r, s)w = 0.

16



Suppose r, s are such that r > £ and r+s > 1+ rk + ijkﬂ &j. Since r > £ = & and

& > ¢ for all j,

r+s 1+Tk+2j2k;+1£j
I+&+&+ +&+ 2o &
14‘2;’21‘5]’

= 1+[ef:

v IV IV

Since y™Hw = 0 if m > |¢], we have yS™"w = 0. Therefore, 27y w = 0. By [5],
Yo 0 190

y(r, s)w = azgr)y(()erT)w = 0 completing the proof. O

Remark 2.6.1. As a consequence of our proof, we have shown in V(§) we have the relation

y(r,s)ve =0, 5> (M) D] —r+1, r>1.

2.7 Presentation for arbitrary simple Lie algebra

Let g be a simple Lie algebra. Let A\ € PT and & = (£%),ep+ be an |RT| tuple of

partitions such that A(hq) = |£%|. Now, we provide our first presentation of V' (§) for g.

Corollary 2.7.1. The module V (§) is isomorphic to the quotient of the local Weyl module

Wioc(A) by the g[t]—submodule generated by the elements
{ag (€)M —r+ Dwy: aeRY, 1<r <& -1}

The proof of this is immediate from Theorem 2.2.1 once you fix a € RT.

17



Chapter 3

Second and Third New

Presentation of V()

In this chapter, we provide two additional new presentations for the module V(&). As
with our previous presentation, we first establish the presentations for sly and then for an

arbitrary simple Lie algebra.

3.1 Second New Presentation

3.1.1 Motivation

Let g be the Lie algebra sls. The motivation for our second presentation comes from
two specific partitions. If £ = ¢™¢ (ie. ¢ is rectangular), it was shown in [5] that V(&) has
one y(r, s) defining relation as a quotient of Wi,.(|¢]). If £ = £™¢(£ — 1)1 (le. £ is a
consecutive fat hook), it was show in [11] that V(&) also has one y(r, s) defining relation as

a quotient of Wi,.(|¢]). The presentation we gave in the previous chapter has ¢ — 1 y(r, s)

18



defining relations for both of these partitions. This led us to conjecture that we should be

able to reduce the number of y(r, s) relations in our previous presentation.

3.1.2 Presentation for sl,

Let £ be a nonempty partition. For this presentation, we write £ in a different way.
Define n(§) to be the number of distinct integers in £ and let ¢;(§) for 1 < j < n(€) with
0 < l1(§) < Lla(§) < -+ < Lye)(§) be the distinct numbers appearing in €. For 1 <i < n(§),

let m;(€) be the number of times ¢;(§) occurs in £. Then, we write

€ = Ln(e) ()OO 0y 1 (&)1 gy (£)™1(©),

When ¢ is fixed, we write ¢;, m;, and n for ¢;(£), m;(§), and n(§) respectively.

Theorem 3.1.1. The module V() is isomorphic to the quotient of the local Weyl module

Wioe([€]) by the sla[t]—submodule generated by the elements

{ynweh U{y(r (€O = r+ Duwyg = i+ 1<r <, — 1)
Proof. Let U be the sly[t] submodule generated by the elements

{ymwigy ULy (n 1)) = r + Dy = G+1<r <t —1}
and w be the generator of Wi,.(|£|)/U. By Theorem 2.2.1, it suffices to show

(€1 =7+ Dw = 0
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for 2 < r < {¢;. We begin by induction on r. Assume r = 2 < ¢;. Then, by (2.3.1), we have

y(27 |(€tT)(2)| - 1)w = y(27 2V41 - 1)w
ve, —1

=5 2wyl 2w, —1—juw
=0

l/‘g1 -1

1
=3 D Uiy, 15w
=0

Now, for 0 < j <1y, — 1, we have

2, —1—7>2v, —1— (v — 1)

> vy,

Hence, yoy, —1-jw = 0 for all 0 < j < vy, — 1. Therefore, y(2, ()@ — Dw = 0 and
induction starts.

Now, assume 3 < r < {1 and

y(r =1, D —(r=1)+Dw=y(r—1,0r — Dy —r+ 2w

=0.
First, by (2.3.1), we have

y(r (€)= 7+ w = y(r,rvg, -+ Duw
1 l/[l—l
= Z Y y(r —1rve, —r +1—ip)w.

11=0

Now, when 7; = vy, — 1, we have

rvg, —r+1—ip=rvy —r+1— (v, —1)

=(r—1vy, —r+2
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and hence y(r — 1,7vy, —r + 1 —i1)w = 0 by the inductive hypothesis. So, we have

Vgl -2

Y €N —r + Dw == Y gyl — v, —r 4 1w
11=0
Vg —2vg -1

7’—1 Z Zyllymy 27TV€1_T+1_i1_i2)w

11=0 12=0
V[l 2’/@1 I/el—l
T' Z Z Z YinYis * " Yip_ 1yrw1 —r41l—i1—ip— - —ip_q W-
11=0 1i2=0 ir—1=0
Then, we have
rvg, —r+1—ip—dg— - —ipg >rvy, — 7T+ 1— (v —2)— (r—2)(vy — 1)
> vy, + 1.
Hence, we have Yy, —r+1-ij—ig—-—i,_,w = 0. Therefore, y(r, |(Y)| — 7 4+ 1)w = 0 com-
pleting the proof. O

3.1.3 Presentation for a simple Lie algebra

Let g be a simple Lie algebra. Let A € PT and & = (£%),cr+ be an |RT|—tuple of

partitions where A(hq) = |£%|. We provide our second presentation for V().

Corollary 3.1.2. The module V (§) is isomorphic to the quotient of the local Weyl module

Wioc(A) by the g[t]—submodule generated by the elements

{ag (r (€)M =r+ Dwy = @€ RY, r=10r £1(§%) +1 <7 < lyeay(€%) — 1}
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3.2 Third New Presentation

3.2.1 Motivation

We consider the Lie algebra sl again. Using the notation from the previous section,
a partition ¢ is called a special fat hook if £ = £5"2¢7"*. It was shown in [5] that if { is a
special fat hook then V(&) has two y(r, s) defining relations as a quotient of W,.(|¢]). Our
second presentation in the last section has 2 — ¢1 y(r, s) defining relations for this partition.
Again, this led us to believe that we should be able to further reduce the number of y(r, s)
relations in our previous presentation. We conjecture that this third presentation gives a

minimal set of y(r, s) relations for any partition &.

3.2.2 Presentation for sl,

Recall the elements y(r, s) in U(slz[t]) from (1.4.4).

Theorem 3.2.1. The module V(&) is isomorphic to the quotient of the local Weyl module

Wioc(1€]) by the sla[t]—submodule generated by the elements
(g wie} U Lo, y(r [(EM ) = r+ Dwyg « 1<j<n—1, {;+1<r<s;}

where

min{[(€7) )| + 1,611}, 1<j<n-2,
Sj =

min{|(¢") D) 41,6, =1}, j=n—1.
The proof of this theorem and the corresponding statement for an arbitrary simple Lie

algebra occupies the remainder of this section.
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3.2.3 Alternate Form of Second New Presentation

Using the results from [5] and our second presentation, we obtain the following alternate

form of our second presentation.

Corollary 3.2.2. The module V (§) is isomorphic to the quotient of the local Weyl module

Wioc(1€]) by the sla[t]—submodule generated by the elements

{ynwiet UL oy MO —r+ Dwyg + h+1<r <6, — 1}

3.2.4 Proof of Theorem
Now, we provide the proof of Theorem 3.2.1.
Proof. Let U be the sl3[t]— submodule generated by the elements
{1 wie } U Lo, u(r 1€ =r+ Dy« 1<i<n—1, 441 <r<s;}

and w be the generator of Wi,.(|¢])/U. By Corollary 3.2.2, it suffices to show for all 1 <

j<n—2ands; +1<r </ we have

wy(r (€)= 7+ Dw =0
and for all s,,_1 <r </¥, — 1 we have

(€M) =7 4+ Dy =0,

Fix1<j <n-—1. If s; = {j;1, then there is nothing to do. Now, suppose s; # ¢;11. Then,
§j = ‘(ftr)(zj” +1 and §j = Ejmj +€j,1m]’,1 + -+ f1mq1+1. Also, assume Sj+1 <r< £j+l

(except in the case of j =n — 1, we assume s; +1 < r < ¢, —1). Then,

l/ry(r? |(£tr)(7")| -7+ 1) = mj+1+---+mny(’ra T(mj+1 +-- mn) + Ejmj +--+ Z17”1 —r+ 1)
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Now, consider a single element of this term, given by v;, - - - ;.. Then, we have
r(mjs1 4+ +myp) +mij+ -+ bmy—r+1=iy+is+ -+ i
>r(mjpr + - 4+ my).
But, this would mean that » < ¢;m; + --- 4+ ¢ymy + 1, which is impossible. So, we have

Ly (r, [(E7) )| = r 4 1) = 0, which completes the proof. O

3.2.5 Presentation for a simple Lie algebra

Let g be a simple Lie algebra. Let A € PT and & = (£%),cr+ be an |RT|—tuple of

partitions where A(hq) = |£“|. We provide our third presentation for V().

Corollary 3.2.3. The module V (§) is isomorphic to the quotient of the local Weyl module

Wioc(A) by the g[t]—submodule generated by the elements
{oa (L (E)wr: a € RTU{, oyay (r (€M) D] =r+ 1wy s a € BT, 4;(6%)+1 < r < 55(6%)}
where

min{|((€4)")EED] +1,0;11(6%)}, 1< 5 <n(€*) -2,
5;(6%) =

min{|((£2)7)ren=1ED] 41, 4,0 (67) = 1}, j = n(€¥) — 1.

24



Chapter 4

First Short Exact Sequence

In this chapter, we restrict ourselves to only the Lie algebra sl,. We use our presentations
of V(&) modules from the previous chapters to establish the existence of a short exact
sequence of V(§) modules. While this short exact sequence existed in the literature, the

proof contained errors.

4.1

Let £ = (& > & > -++ > &, > 0) be a partition. We define two new partitions £
and £ as follows. If m = 1, then ¢ = ¢ and ¢ is the empty partition. Otherwise,
=G >8> >E&n-2>En-1—&n > 0) and £ is the unique partition associated
to the n-tuple (1,82, ..., &m-2,&m—1 + 1,&n — 1). Recall for r € Z,, 7, is the grade shift

operator. Now, we establish the following result.

Theorem 4.1.1. For m > 1, there exists a short exact sequence of slay[t]—modules

0= 716, V(ET) & V() S V(ET) = 0.
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The existence of this short exact sequence was shown in [7] and [8]. Additionally, it
was shown in [5] with errors. We are able to provide a different proof because of our
presentations of V(£) modules that we established earlier. In particular, we provide a

different construction of ¢ ~. The proof of this theorem occupies the rest of this chapter.

4.2

We state the following lemma from [5].

Lemma 4.2.1. Given a,b,p € Z,, we have

[ﬂjaa yép)] = yzgpil)ha—i-b - ya+2by[§p72)
o ] = 240 sy "
[ycu x((,p)] = _xl(,p_l)ha+b - xl(,p_Q)xa+2b
where x =0 andylgp) =014p<O.
4.3
(s), (s+7)

For s,r € Z, we set X(r,s) := 2"y, . We know from [5], X(r, s)ve = y(r, s)ve.

Lemma 4.3.1. Forr,s € Z4,

(s+1)X(r+1,s+1)=X(r+1,5)h1 — X(r,8)y1 + X(r + 2,s)x7.
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Proof. Using the first equation of Lemma 4.2.1, we have

(s+1D)X(r+1,s+1) = azgs)xly(()THJrZ)

_ xgs) [xh y(()r+s+2)] + x(ls)y(()7“+s—|—2)x1
_ xgs)y(()r—i-s-&-l)hl . xgs)yly[()r—i-s) + xgs)y(()r+s+2)x1

_ xgs)y(()r+s+1)h1 . $§S)y(()r+s)y1 + xgs)y(()r+s+2)xl

=X(r+1,8)h; — X(r,s)y1 + X(r + 2, s)x;1.

4.4

Lemma 4.4.1. For alli >0 and r,s € Z,, we have we have

in(T7 3) - X(?“, s)yi - X(T + 17 s — 1>hi+l - X(T + 27 s = 2)£i+2

+2X(7", S —= 1)yi+1 - X(T + 1, S — 2)hi+2 + X(’I”, S — 2)yi+2.

Proof. First, using the third equation of Lemma 4.2.1, we have

yiX (r,s) = gt ys

= iy, 2

yi 2Ty as) iy

18)¥%iYo
=~ Vhiyy ™ = 2P P2yl + 2Py

= *$5371)h¢+1y(()”s) - $§872)$i+2y((]r+s) + X(r, 8)y;.
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Now, using the second equation of Lemma 4.2.1, we have

Y X(r,s) = —565571) (hit1, yc()Hs)] - 955871)?/(()T+s)hi+1 - 335872)90#2?/(()”8) + X (r,8)y;
=228yl i = X 15 = Dhiga — a8 aiayg ™+ X (1, 0)ys
(s—2) (r+s)

=2X(r,s = 1)yiy1 — X(r+1,s = Dhjp1 — 7 “xip2y, + X(r, 9)y;.

Finally, using the first equation of Lemma 4.2.1, we have

yiX(r,s) =2X(r,s — Dyipy1 — X(r+1,s — Dhiy1 — x%sq) [it2, y(()TJrs)]

- $§S_2)y(()T+S)ZEz'+2 + X (7, 5)y;

=2X(r,s = 1yip1 — X(r+1,s — 1hjp1 — x§8_2)y(()r+5_1)hi+2
+ xisz)yi_i_QyéTHQ) —X(r+2,s=2)xipo + X(r,8)y;
=2X(r,s — Dyip1 — X(r+1,s = Dhjy1 — X(r+ 1,8 — 2)hjy2

+ X(r, s = 2)yito — X(r+ 2,5 — 2)zip0 + X(r, 5)y;.

4.5

Lemma 4.5.1. For j € Z,, we have
X(r,s)yjue =0, s> [NV —r —j.

In particular,

X(r,8)yn-1ve =0, 5> (€M) —v —r 41,
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Proof. First, we have

X (r, s)yove = a1y yove
=(r+s+ 1)3:&5)3;6”5“)1)5
=(r+s+1)X(r+1,s)ve.
We have X (r + 1,8)ve = 0 if s > |(¢")FD| — (r + 1) + 1. Hence, X (r,s)yove = 0 if
5> |(&") 1| — . This finishes the case when j = 0. Using Lemma 4.3.1 and the relations
of V(§), we have
(s+1)X(r+ 1,584+ 1)ve = =X(r,5)y10¢. (4.5.1)
The left hand side of (4.5.1) is zero if s+1 > |(¢7)"+Y| —r. Hence, we have X (r, s)y1v¢ = 0
if s > |(€7)" Y| —r — 1. This finishes the case when j = 1.

Using the V() relations and Lemma 4.4.1, we have
i X (r, s+ 2)ve = X(r, 5 + 2)y;ve +2X (1, 5 + 1)yip1ve + X (7, 8)yirove (4.5.2)
for all ¢ > 0. If we let ¢ =0 in (4.5.2), we get
YoX (1,5 + 2)ve = X (1,5 + 2)yove + 2X (r, 5 + 1)y1ve + X (7, 8)yave. (4.5.3)

Suppose s > |(£7) 1| —r—2. Then, since 1 <7 < £—1, vp41 > 1. So, s > |(£))]| —r 1.
Therefore, the left side of (4.5.3) is zero. Also, since
s > (€MD —r — 2, X (1,5 + 2)yove = 0 and X (r,s + 1)y;ve = 0. Therefore, we have
shown X (r, s)yave = 0.

Now, we proceed by induction on j. Suppose j > 2 and we have the result for all £ < j.

If weleti=j—11in (4.5.2), we get

Yj—1X(r,s +2)ve = X (1,5 + 2)yj—1ve + 2X (1, s + 1)y;ve + X (7, 8)yj+10¢.
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Assume s > (7)) —p — (j +1). Then, X(r,s + 2)y;—1v¢ = 0 and X (r,s + 1)y;v¢ = 0
by the inductive hypothesis. Also, y;—1 X (r, s+ 2)ve = 0 since v,41 > 1. Therefore, we have
X(r,s)yj1ve = 0.

Taking j = v — 1, we obtain X (r,s)y,,—1ve =0, s> (M) 0TV — vy —r 4+ 1.

4.6
Write € = E;”"E?fl’l - 41", where m; > 0 for all 1 < j < n. Now, define

Y Y (AR LR )

§1=Q mngmnot gl gy 1M — 1), my =1, fy > 6 41,

n—1

gt (0 = 1), my = 1,0y = £ + 1.

n—1

Then, we have

VT(’S): r 7é 617

my > 2 = Vr(gl) =
ve, (&) — 2,7 = {;.

VT’(&)? r 7& £15€27

my = 1 = I/T(fl) =
VT(&) - 17 r= 61762‘

Lemma 4.6.1. There exists a well defined map of sla[t]—modules V(€,) — V(€) extending

the assignment Vg, = Yoy (€)—1V¢-

Proof. We write £ = £;. We start by checking that the Wi,.(|€|) relations hold on Y (¢)—1Ve-
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For s € Z, we have

TsYur (6)=1 = [Ts Yoy (6)—1)Ve

= Ns vy (6)-1V¢

=0

since s +v1(§) — 1> 1.

We have

Psyu, ()—1Ve = [N, Yoy (6)—1]Ve + Yoy () =1 Pse

= =2y, (6)-1+sVe + 0s,0[&|Yu, ()10

If s > 0, then hsy,, (¢)—1ve = 0 since v1(§) — 1+ 5 > v1(§). If s = 0, we have

hoYuy (6)-1 = (1] = 2)Yu, (6)-1v¢
= 1€]Y (6)-1ve-

For the final local Weyl module relation, we need to verify ygf‘_lyy1 (©)—1ve = 0. We know

y(|)€‘+1v§ = 0. Then, by Lemma 4.2.1, we have

1
€1+ v

0="hyo-1% Ve

1
= [y v

13
= —211,/1(5)—11/(()' |)vg-
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Therefore, y(‘)ayl,l(g),lvg = 0. Again, by Lemma 4.2.1,

0= ﬂb‘oy('f‘yul (€)—1V¢

= [1'07 y(‘)ﬂ]yul(&)flvf + y(‘)g'xoyul(5)*11)5

= yc()'g‘*l)hoym(s)—lvs - yoyé‘f'*”yul(@—ws + yéf'ﬂvoym(s)—lvg
—1 -1 -1
=y h, Yo (6)—1)ve + uy )ym(s)—lhovf — (¢ = Dy )ym(s)—lv& + ylf'xoym(g)—lvé

(€1-1)

-1
= —2y, yu1(§)*lvﬁ+‘€|y(()lﬂ )

-1
Y610 — (€] = Dy ™y (6) 10 + 5 0¥ (6106

-1
= *19(()'5‘ )yyl(g)_ﬂJg + y('f‘ (70, Yy, (6)—1]V¢

-1
= —19(()|§‘ )yul(f)—lvé + y(|)§‘h1/1(£)—1”5

-1
_ _1y(()|£\ )ym(ﬁ)flvé
since v1(§) — 1 > 0. Therefore, we have shown y(‘)ﬂ_ly,jl(&)_lvg =0.

Now, we know that

X(ros)g =0, s =[(€")7] - r+1,

and also that

X (r,8)yue)-10e = 0, s = |(€7) V] — v () —r + 1.
Hence, the map will exist if we prove that
(€M) = (€)= (€).

Suppose m; > 2 and r < ¢1; then the inequality is just v1(£) > vy41(€), which is trivially
true. If 7 > ¢, then the inequality becomes v1(§) — 2 > vy, +1(§) which is also clearly true

since my > 2.
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Suppose that m; = 1. Again, if r < /¢y, the inequality is just v1(§) > vp41(£). If
01 <1 < {y, then the inequality becomes v1(§) —1 > vy, +1(§) which is true since m; = 1 and

if r > /5 then we must prove v1(§) —2 > v,11(§) which is again true since m; +mg > 2. [

4.7

Now, we provide the proof of the Theorem 4.1.1.

Proof. First, we define V(&) it V(€T) by v = ver. Since || = €T, V/(€) and V(EF) are
both quotients of the same local Weyl module. Hence, to show that ¢T is well defined it
suffices to show that y(r, |(€7))] —r + Dver =0 for 1 <7 <& — 1. But, this is immediate
since 327 v;(€7) < 0L wi(€) for 1 < j < & — 1.

Now, we establish the existence of ¢ ~. Recall that we are using the notation ¢; = &,,.
Applying Lemma 4.6.1 to the partition &, we obtain a map ¢ : V(£) — V(€) where

U (vé) = Yy, (¢)—1Ve- Now, we write ¢l := £, Then, ¢! is the partition
128> 28 e-1—1>26-1=>0.

If 4 — 1 = 0, we stop. Otherwise, we apply Lemma 4.6.1 to the partition &' to obtain a
map o : V(él) — V(&') where w2<’l)£"1) = Yy, (¢)=1Vg1 since v (€Y) = 11 (€). Now, we write

£ .= él. Then, £ is the parition
&1 2522”'25111(5)—1_2261_220-

If ¢4 — 2 = 0, we stop. Otherwise, we continue this process to obtain maps 9; : V(£7)

V(¢971) where Yi(Vei) = Yoy (6)—1vVei— for 1 < j <4y, Now, if my =1, then

=Gz 28,922 o~ >0)
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If mq > 2, then

h=62>86>>6,6-2>0.

In either case, €& = £~. If we take the composition 1) o g 0 --- 0 1, , we obtain a map
from V(£7) to V(&) where vg— (yyl(g)_l)zlvg. Therefore, we set ¢~ := 1)1 01hg0---01y,.

Finally, we need to show that our definition of ¢ and ¢~ give us a short exact se-

quence. We start by showing im¢~ C ker ™. Hence, we must show that ygﬁlvg =0

since m = v1(§). But, this is equivalent to showing y(&,,, §m(m — 1))ver = 0. We know that

Y(&m, [((€1))Em)| = & + 1)ves = 0. Then, we have

((erymyeny = 4 T =

M6 — 1) + (m— 1), & # 1.

In cither case, |((€1)7) &) — &, +1 < &, (m — 1). Therefore, by Remark 2.6.1,

Y(Emy Em(m — 1))U§+ =0.

Now, we need to show that kerp™ C im¢~. Since p*(ve) = ve+ and V(&) and V(£T)

are quotients of the same local Weyl module, we have
Ker o = {y(r, 1 (64) +1a(€) + - + 1, (€F) =1+ 1o s 1<r<gf —1).
We note that
(&) + (&) + (&) =i (€T) +(€) + -+ (€T)
for 1 <r<¢,—1andr > ¢&,_1+ 1. Therefore, we have

ker o7 = {y(r,v1(€N) + (€M) + -+ 1, (7)) —r+ Dvg: &n <7 <&}
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Let &, <r < &p,—1. Then, we have

nED+ )+ + ) —r+l=mEn -1+ (m -1 = (n—1)—r+1
=mn—1)+mr—m&,—1)—r+E,—1)—r+1

=(m—2)r+&n.

Now, consider a single term of y(r, (m — 2)r 4+ &y, )ve given by ys, Y, - - - ¥i, ve. We must have
ih+ig+-Fi,=(m—2)r+&, and 0 < i; <m —1 for all 1 < j <r since ypmve = 0. If

ij <m—2forall 1 <j<r then

ihW+ig+--+i < (m—2)r
<(m=2r+&n
which is a contradiction. Hence, there exists j such that ¢; = m—1. Therefore, y;, yi, - - - ¥4, Ve

is in the submodule generated by y,,—1v¢. We conclude that y(r, (m — 2)r 4+ &,,)ve C ime™

completing the proof. O
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Chapter 5

Second Short Exact Sequence

In this chapter, we again restrict ourselves to sly. We use our presentations of V'(§)
modules from the previous chapters to establish a sequence of lemmas that were used to

provide a new short exact sequence of V(§) modules.

5.1

Let £ = ¢m¢( — 1)™e=1...1"™, Assume there exists 1 < ¢ < ¢ such that m; > 2. Then,

we define the partitions 7 (i) and £ (i) as
EX(0) = 0™ (0= 1)™ e (i 2)T2 (6 1) T2 (G — Dyl ()M

and

€7 (1) 1= £Me(0 — 1)1 (4 1) (G )M g)miez L

Now, we have the following result.
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Theorem 5.1.1. Ifi < 3, the following is a short exact sequence of graded sls[t]-modules

0 = Ty () tr(e)—iV (€7 (1) = V(€) = V(£7(d)) = 0.

Remark 5.1.2. If i = 1, this short exact sequence is the same as the short exact sequence

from the previous chapter given by ¢~ and ¢7.

The proof of this theorem can be found in [1]. But, the proof depends on our following
sequence of lemmas and propositions. In particular, we help to establish the existence of
the map 7, (¢)4..4v,(6)—i V(£ (1)) — V(§). The statements and proofs of the lemmas and
propositions needed to establish this short exact sequence will take up the remainder of this

chapter.

Remark 5.1.3. In [1], this theorem was used to provide a character formulas for the tensor
product of level 1 Demazure modules (ie. local Weyl modules) and the tensor product of
any level 2 Demagzure module with a level 1 Demazure module. This character formula in
turn provides evidence that a tensor product of Demazure modules for sl3[t] has a Demazure

flag of a certain level.

5.2

Lemma 5.2.1. In the slo-module V(r1) @ V(re) @ --- @ V(rg), the r1 +ro + -+« + 1 — 2

weight space has dimension k.

Proof. For 1 < j <k, let v; be the generator of V(r;). We claim that

{Li@V® - UV 1Y,V - Qu: 1<j<k}
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is a basis for the r1 + 19 + - - + 1 — 2 weight space.

These elements are in the r; 4+ ro + - - - 4+ 1 — 2 weight space since

h(v1®v2®~~®vj_1®yvj®vj+1®~'®vk)

=(r+re+ -+ —2)V1QUR - QVj—1 @YV QUjy1 @ -+ & V.

Also, it is clear that these elements are linearly independent. Now, we need to show that
these elements span the r1 + ro + -+ - + rp, — 2 weight space. Suppose v is a vector in the

ri+ro+ -+ 1 — 2 weight space. It suffices to assume v is a simple tensor. So,
v =g101 @ gov2 @ -+ - D gk Uk
where g; € sly for 1 < j < k. By assumption, we have
hv=(ri1+ro+---+r—2).
On the other hand,

hv = h(g1v1 ® gov2 @ - - - @ grVk)

k
= 2911)1 ® gov2 ® -+ ® gj—1vj-1 ® h(gjvj) ® gjr1vj41 @ - - @ GV
=1

For all 1 < j <k, we know that h(gjv;) = r; — 2k; for some k; € Z. Since

hv=r1 +r9+---+rp — 2, there exists n such that

hgnvn =Tn — 2

hgjvj =r;

for j # n. But, then in V(r,), the r, — 2 weight space is one dimensional. Hence, g,v,, is a

scalar multiple of yv,. Also, for j # n, g;v; is a highest weight vector in V'(r;) and hence
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a scalar multiple of v;. Thus, v is a scalar multiple of
V1RV QUp—1 YUy ®VUpy1 ® - & Uk.

This proves that our set spans the r1 + ro + - -+ + rp — 2 weight space. Therefore, we have
a basis for the r1 + 12 + - - - + 1 — 2 weight space and the dimension of this weight space is

k. O]
Proposition 5.2.2. We have
y(1, 1 = 2)y(i, [(€7) D] = i)ve = 0.
Proof. As sly—modules, we know that the short exact sequence
0 — V(E())7) = V(&(i) = V(§(0)T) = 0
where

§_<’L) — gw@ _ 1)1/[71—1/1 . Z'Vi_ViJrl_Q(Z’ _ 1)1/1'71—1/1' R L

§+ (Z) — e (g _ 1)1/271*1/1 o (Z 4 1)V¢+1*Vi+2+1il/¢*l/¢+1*2(i _ 1)Vi71fl/¢+1 R LS 2
exists. As a sly—module,

V(gl’z (g _ 1)1’2—1—1’é . (’L + 1)Vi+1_Vi+2iVi—Vi+l_2(i _ 1)%‘—1-% . 1V1—V2)
= V(E)@W & V(E — 1)@)"‘5—1_”‘Z R ® V(@' + 1)®V'i+1_Vi+2 ® V(i)®yi_yi+1_2

® V(i _ 1)®Vi71*1/i R---® V(1)®V17V2

In this module, the dimension of the || — 2i — 2 weight space is v; — 2 by Lemma 5.2.1.

Hence, in V(§), the dimension of the || — 2i — 2 weight space is v — 2.
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Now, consider the element
y(i, (€M) D] = i)oe,
which has weight || — 2i. Then, the element
y(1, 01— 2)y(i, [(€7)0] — i)ug

has weight |£] — 2¢ — 2.

Since V(&) is finite dimensional, there exists m such that
y(1,m)y(i, (€M) D] = i)ve = 0.
Let N be minimal with respect to this property. Now, consider the vectors
{y(L )y (€MD) =g : 0 < j < N 13

These vectors have different grades and hence are linearly independent. But, since the

dimension of the || — 2i — 2 weight space is 1 — 2, N < 1y — 2. Hence,

y(1,v1 — 2)y(i, [(€M) D] - i)ve = 0.

O
5.3
Proposition 5.3.1. We have
y (i, [ D] = dve = 1y, (€M) D] = i)yve.
Proof. First, we write
y(i, | D] =) = (L 1EM D] =) + D w196 - 5,16MD] ). (5.3.1)
j=1
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Now, we claim
10, (€M) D] = i)ve =0
for all 1 < j <14 — 1. We proceed by induction on j. For j = 1, we have
1y(1, ‘(ftr)(i)‘ —i)vg = Yty —iVe-
Since ¢ > 2 and v, > v; > 2 for all 2 < k < i, we have
(€MD) =iz v +2(i- 1) —i
>v+i—2

> .

Hence,
(L 1€ D] = i)ve =0
by Remark 2.6.1. For the inductive step, assume 2 < j <4 — 1 and 1y(k, |(€7)®] —i)ve = 0

for all 1 < k < j. First, we note
(€MD) =i > (€M) - j +1
since i > j+ 1 and v, > 2 for all 1 < n < 4. Hence,
y(i, [(€M)P] = iyve = 0.
Now, we write
j—1
. (¢ . - (¢ . k . (¢ .
y(GE D] =) = 10, 1END =)+ > 1 — k(€7 D] —).
k=1

Hence, by the inductive hypothesis,

(5, (€MD) = iyve = 1y, (€M) D] - i)ve =0,
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which completes the claim. By the claim and (5.3.1), we now have

y(i, (€M) = dJue = 1y(i, [(€7) D] = i)oe.

5.4
Lemma 5.4.1. In U(sl]t]), we have
1 s—r+1
wrs) =~ S gaylr—1s—j), r=2, s>w
ro
Proof. First, we recall that for r > 2 and s’ > 0, we have
.
y(r,s') = — > yiylr— 1,8 — )
j=0
by (2.3.1). Now, we consider the algebra homomorphism
v C[y07y1>y2a . ] - (C[ylay27 Y3, - - ]

given by v(y;) = yj41 for all j > 0. Then,

Yy(r,s')) = 1y(r,s'+1).
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On the other hand, we have

w(r, s +1) =~(y(r,s))

1< ,
= 7<r > yy(r—1,8 - J)>
=0

1< .
=D (yylr =15 =)
=0

/

l¢ .
:;Z%H wy(r— 1,8 —j+r—1)
=0
15’+1
:;Zyj 1y(r—1,8 —j+r)
j=1

Now, we let s = S/ +r. Then, s > r and
) )
s—r+1

1 .
w(rs) == >yl —Ls—Jj)
j=1

which completes the proof.

9.5
Lemma 5.5.1. In U(sl]t]), we have

[h1, 1y(r,s)] = =2r 1y(r,s + 1)+ 2y1 1y(r —1,8), r>0, s>r.
Proof. We proceed by induction on 7. Assume r = 1 and s > 1. Then, we have

[hl7 1y(]—7 S)] = [hluys]
= —2Ys41

=—-21y(1,s+1).
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Now, assume r = 2 and s > 2. Then, by Lemma 5.4.1, we have
1 s—1
[h1, 1y(2,8)] = [hh 3 > gyl s — j)]
j=1
1 s—1
=3 > [k, yiys—i]
j=1

s—1
1
= 5 E :[hhyj]yS—J + yj[hlays—j]
i=1

1 s—1 1 s—1
=3 Z “2WinYs—j t+ g Z —2YjYst+1-j
=1 =1

1 s 1 s—1
=32 21—t g D 21
=2 j=1
1< 1<
=3 D (=2y5ys41-5) + s + 3 D (=2y5501-5) + ysun

Jj=1 Jj=1

=—21y(2,s+ 1)+ -2 1y(2,5s + 1) + 2y1ys

=—41y(2,5s+1) + 2y1 1y(1, 5).
Now assume r > 3,s > r. Also, assume that for all s’ > r — 1, we have

[h1, 1y(r —1,8)] = =2(r — D)y(r — 1,8 + 1) + 2y 1y(r — 2,5).
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Then, by Lemma 5.4.1,

+
. o] = | LS e ~Ls-))
7=1
1 r+1
= ; Z hlvy] 1y 155_.].)}
7j=1
1sfr+1 1sfr+1
= ; Z yj[hl, 1y(7‘_173_j)]+; Z [h17yj] 1y(T_1’8_j)]
=1 =1
1sfr+1
= ) w2 = D) a1 )+ 20y = 2,5 - )
=1
js—r-i—l
+ > =2y 1y(r — 1,5 — j)
j=1
7’—1 s—r+1 s—r+1
= Z v (= Ls+ 1)+ Y gyl —2s-J)
=1
s—r+1 !
Z Yi+1 1y(r — 1,5 —j). (5.5.1)

The first term on the right hand side of (5.5.1) is equal to

2r — 1 s+1 —r+1 ‘

(7,)ys—r+2 wy(r—1,r—1)+ Z yi 1y(r—1,s+1—7).
The second term on the right hand side of (5.5.1) is equal to

. s—r+2
—Ysr2n 1y(r = 2,7 = 2) + ~m Z; yj y(r —2,s — ).
J:

The third term on the right hand side of (5.5.1) is equal to

9 _9 s+1—r+1
“yray(r—1s) + —— Y oy —1s+1-j).
j=1
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Now, if we add all these terms up, we get

2(r—1 r_
o )] = 2y 20— 1) s 1)
-2 r_ 2(r—1
+ Tys—r+2y§ 2)2/1 + ( " )yl 1y(r—1,s)

2
+ - w(r—1,8) =2 1y(r,s +1)

= —2r 1y(r,s + 1) +2y1 1y(r — 1, ).

5.6
Lemma 5.6.1. For 1 <r <4, ifv, >3 and
1 (€MD ] =35+ y(i, [(€7) D] = i)ve = 0,
foralll <j<r—1, then
y(r, 1€ = 3r + Dy (i, (€M) D] = dJve = 1y(r, (€M) ] = 3r + 1y, (€)W ] = i)ve.

Proof. We proceed by induction on 7.

Assume r = 1 and v1 > 3. Then,

y(Lv1 = 2)y(i, [(€) W] = DJve = gy —2y(0, 1(€7) ] = )ve

= 1y(1,v1 — 2y, [(€M)W] = i)vsi.
This completes the base case. Let 2 < r < 4. Assume v, > 3 and

10 1EM D] =3 + Dy, [(€7) D] = ijog = 0
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forall 1 <j<r-—1.
Now, we claim that

1y (m, sy, (€M) D] = i)ve =0

forall 1 <m <r—1and s > [(7)™] —3m +1.
To prove this claim, we begin by induction on m. Assume m = 1 and s’ > vy — 2. Then,
s’ = v — 2+ n, where n € Z,. Now, we continue by induction on n. Assume n = 1. By

assumption, we have
(Lo = 2)y(i, (€M) i)vg = 0.

Hence, by Lemma 5.5.1,

0 =h1 1y(1,1 = 2)y(, [(€7) D] = i)ve

=[hn, 1y (1,01 = 2)]y(i, [(§) D] = i)
+ 1y(L v = 2)hay(, [(€7) 9] = i)ve

= — 2 1y(Lv1 — 2+ Dy, [(€7) 9] =)o
+ 1y(L v —2)[h, y (G [(€7)D] = i)

= — 2 1y(L, 1 — 2+ Dy, [(€7) D] = i)ve
=20 1y(Lvn = 2y, | (€M) — i+ g
+2y0 1y(1, 01 — 2)y(i — 1,(€M) D] =i+ Dog

= —21y(Lv = 2+ )y, |(€)Y] = i)ve

since v; > 1. Therefore,

(v =24 Dy(i, | (€M) = i)ve = 0
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and this completes the base case n = 1.

Now, assume for n > 1, we have
w1 v =2+ n)y(i, (€M) D] = iyve = 0.
Hence, by the inductive hypothesis and Lemma 5.5.1,

0 =h1 1y(L,v1 — 2+ n)y(, |(€7) D] - i)ve
=[h1, 1y(Lv =2+ n)]y(i, (€M) D] = i)ug
+ 1y, v — 2+ n)hay(i, [(€7) D] — i)
=—21y(L,v1 — 2+ n+ Dy, |(EM)D] - i)ve
+ (1, — 2+ n)[he, (i, |(€7) D] — i) ve
=—21y(L,v1 — 2+ n+ Dy, |(EM)D] - i)oe
— 2 1y(1,01 = 2+ n)y(i, |(§M) D] — i + v
+2y0 19(Lvr — 24+ n)y(i — 1, [(E7) D] — i+ 1)vg

=—21y(L,n =2+ n+ Dy(i, (€M) ] - i)ve
since v; > 1. Therefore,
1y(17 v —2+n+ 1)y(l’ ’(gtr)(1)| - Z)vf = Oa

which completes the induction on n and the base case m = 1.

Assume 2 < m < r — 1. For the inductive hypothesis, assume

1y(m —1,8)y(, |(€™) D] — i)ve = 0
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for all 5 > |(&7)(m=D| —3(m—1)+1. Assume &' > |(£7)™)| —3m+1. Then, s = |(£7)(™)] —

3m + 1+ n where n € Z,. We proceed by induction on n. Since m < r — 1, we have
1y (m, (€)™ = 3m + Dy (i, (8P| = i)ve = 0.
Hence, by Lemma 5.5.1 and the inductive hypothesis,

0 =h1 1y(m, |[(€7)"™] = 3m + Dy(i, (€)1 = i)ve

=[h1, 1y(m, (€)™ = 3m + D]y(i, (€M) )] = i)vg
+ 1y (m, |[(€7)] = 3m + by (i, | (€)1 = i)ve

= —2m 1y(m, (€M) = 3m + 1+ Dy (i, [(€7) V] - i)ue
+2y1 1y(m — L |(€7) "] = 3m + 1)y(i, (€)1 = i)ve
+ 1y(m, (€)= 3m + 1), y (i, [(€7)V] =)o

= —2m 1y(m, (€M) = 3m+ 1+ Dy (i, [(€) V] - i)ue
+ =20 1y(m, (€)™ = 3m + )y, [(€7) D] =i + 1)
+2y0 1y(m, |[(€7)] = 3m + 1y(i — 1,1(€") D] =i+ L)vg

= = 2m 1y(m, (€)™ = 3m+ 1+ 1)y, (€1 ] - i)oe
since v, > v > 3 and v; > 2. Therefore,
1y(m, (€)™ = 3m+ 1+ 1)y (i, [(€7) W] = i)ue = 0
and this completes the base case n = 1. Now, assume that for n > 1, we have

1y(m, (€)™ = 3m+ 1+ n)y(i, |(€7)] = i)ve = 0.
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Hence, by the inductive hypothesis and Lemma 5.5.1, we have

0 =h1 1y(m, |(€7)"™] = 3m + 1+ n)y(i, |(€)7] = i)ve

=[h1, 1y(m, [(€)™] = 3m+ 1+ n)]y(, [(€7) D] = i)ve
+ 1y (m, [(€7) ] = 3m + 1+ n)hay(i, | (€)Y = i)ve

= —2m 1y(m, [(€7)™] = 3m+ 1+ n+ )y (i, |(€7)D] - i)ve
+2y1 1y(m — 1 |(€7) ™| = 3m + 1+ n)y(i, [(€) V] - i)ve
+ 1y (m, [(€7) )] = 3m + 1+ ) [y, y(i, (€)1 = i)]vg

= —2m 1y(m, [(€7)™] = 3m+ 1+ n+ Dy (i, |(€7)D] - i)ve
+ =20 1y(m, [(€7) "] = 3m + 1+ n)y(i, (€M) =i+ v
+2y0 1y(m, [(€7) "] = 3m + 1+ n)y(i — 1,1(€M) ] i+ 1)ve

= —2m 1y(m, [(€7)™] = 3m+ 1+ n+ Dy, |(€7)D] — i)ve

since v, > 3 and v; > 2. This completes the induction on n and the claim.

Now, we write
) r—1 ) .
y(r (€M) ] = 3r + Dy €M) =iJee = D w1l — 5. 1€ = 3r + 1y, (€M) — i)
j=1
+ 1y (r, (€M) = 3r 4+ D)y (i, |67 D] = i)ve. (5.6.1)
Also, for 1 <r —j <r —1, we have
(€MD =3r + 12 (€MD +3(r = (r— ) —3r +1
= (€M) =3(r—j)+1
since v, > 3. Therefore, by the claim

1w =51 = 3r + Dy (@, [(67) @] =)o = 0.
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Hence, using (5.6.1), we have established
y(r, (€M) D] = 3r + Dy (i, (€M) D] = i)og = 19(r, 1(€7)7] = 3r + Dy, 1(67) ] = i)oe.

This completes the induction on r. ]

5.7
Lemma 5.7.1. Fori+1<r</{-1,ifv, > 1,
1w 1€V = 35 + Dy, [(€7) D] = i)ve = 0
forall1 <j <i, and
1w, €MD =20 = j + 1)y (€M) D] = ijoe =0
foralli+1<j<r—1, then
y(r [(€7) ] = 2i =7 + 1)y (i, |(€7) D | = i)ve = 1y(r, (€7 =20 —r+ 1)y (i, [(€) D] = i)oe.

Proof. We proceed by induction on 7.

Let r =4+ 1. Assume v;41 > 1,v; — 1341 > 2, and
1w E D] =35 4+ Dy (i, [(€7) D] = i)oe =0

for all 1 < 5 <. Then v; > 3 and v; > 3 for all 1 < j < ¢. By the claim from that was

proved in the Lemma 5.6.1,

13, 8)y(i, [(E€7) D] = i)ve = 0
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for all 1 < j <iand s > |(€")0)| — 35 + 1. Now, we write
y(i + 1€ FD] = 3i)y (6, (67D = i)ve = i: uo” i+ 1=k, (€M) D] = 30y, (€M) D] — iyve
k=1
i+ LED D]~ 3G, [(€)9)] ~ ve.
Now, for all 1 < j <4, we have

(€M) D] = 30 > (M) D]+ w1 + -+ vigr — 3
> (€MD +3(i — j) + 1 — 3

= 1€ =3 +1
since v; > 3 and v;41 > 1. Thus, by Lemma 5.6.1,
(i + 1=k (€)Y = 30)y(i, (€M) ] — i)vg = 0

for all 1 < k <. (Note: The claim in Lemma 5.6.1 is only for 1 < k < i, but a symmetric

proof holds for k = i.) Hence,
y(i+ L EN D] = 30)y(i, (€] = i)og = 1yl + 1,1EN D] = 30)y(i, [E)D] = iyve.

This completes the base case.

Let i +2<r<{¢—1. Assume v, > 1, v; —v;q1 > 2,
10 E) Y] = 35 + Dy(, [(€7)D] = i)ve = 0
for all 1 < j <4, and
(3, €MD) = 20 = 4+ Dy(i,|(€7) 9] = i)oe = 0

forallz’—i—lﬁjgr—l.
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Now, write

y(r ()] = 2i — 7+ Dy (i, [(67) D] — i)ve
1

yo” 1y — k(€M) O] = 20 — v+ Dy, | (€7) D] — i)oe
1

+ ay(r, (€M) = 20 —r + Dy (i, [(€7)P] = d)ve.

ﬁ
I

T

Since r > i+ 2,1, > 1, and v; — vi41 > 2, v; > 3. Hence, v; > 3 for all 1 < j <. Also, for

all 1 < j <14, we have
(€)= 20 =141 = [(€)D| vy + vy — 2 — 7+ 1
> (M| +3(i—j)+1(r—i)—2i—r+1
=[NP =35 +1.
Hence, for all 1 < j <1,
1w 1EM ] =20 —r 4+ Dy (€M) W] = i)vg = 0

by the claim from Lemma 5.6.1. (Note: Again, the claim in the Lemma 5.6.1 is only for
1 < j <4, but a symmetric proof holds for j = i.)

Hence,

Y€ O] =26 = + 1)y (i, (€7 D] = e
r—i—1
= 37y 1wyl — k1EN] = 20—+ Dy (€M) D] — i)
k=1

+ ay(r (€M) = 20 — v+ Dy (i, (€7 @] = d)ve.

Now, we claim that

wy(m, sy (i, (€M) @] = ijve = 0
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foralli+1<m<r—1ands > |(&")™|—2i—m+ 1. To prove this claim, we begin by
induction on m. Assume m =i+ 1 and s’ > |(&7)*D| =34, Then, s’ = |(€7)HD| = 3i +n,
where n € Zy. Now, we continue by induction on n. Assume n = 1. By assumption, we

have
(i + 1, (€)Y = 3i)y(, |(€7) D] — i)ve = 0.

Hence, by Lemma 5.5.1,

0 =h1 1y + 1,1(€7) V] = 3i)y (i, 1(€7) D] — i)ve

=[hn, 1y (i + 1€V = 30)]y (i, |(67) D] = i)e
+ 1y + 1, (€M) D] = 30 hay (i, [(€7) @] — i)

= —2(i+ 1) 1y(i + 1, [(€N) V] = 3i + Dy, [(€7) D] - i)oe
+2y1 1y, (7)Y = 3a)y (i, 1 (€M) D] = i)ve
+ 1y + 1, 1€ D] = 30) b,y (6, [(€7) ] = 6)]ve

= =200+ 1) 1y + 1,1(€M) V] = 3i + D)y (i, (€M) ] = i)ve
+ =20 1y (i + 1, |(€) V] = Bi)y (i, (€M) D] — i+ 1)oe
+ 240 1y + 1, [(€7)D] = 3i)y(i — 1, (€M) D] — i + 1)oe

= =2+ 1) 1+ LIE) Y] =30+ 1y, |€)0)] — iyoe
since v; > 1 and v;41 > 1. Therefore,
1+ 1€ F] = 3i 4+ Dy, (€)@ = i)og = 0
and this completes the base case n = 1. Now, assume for n > 1, we have

1+ 1€ FY) = 3i 4 n)y(i, [(€7) D] = i)ve = 0.
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Hence, by the inductive hypothesis and Lemma 5.5.1,

0 =hy 1y(i+ L, |(€M) V] = 3i + n)y(i, |(€") D] — i)ve

=[h1, 1y (i + 1, (€M) D] =30+ n)ly(i, [(§7) D] — i)vg
+ 1y + 1, 1€ = 30+ n)hay(i, [(€7) D] — iyve

= —2(i 4+ 1) 1y(i + 1, [(€) V] = 3i +n+ Dy (i, |(€7) D] = i)oe
+ 21 1y (i, [(€7) ] = 3i + n)y (i, | (€M) | = i)ve
+ 1y + L E Y] = 30+ n) [l y (6 (67— 6))vg

= —2(i 4+ 1) 1y (i + 1, [(€M) V] = 3i +n+ Dy (i, |(67)D| — i)oe
+ =20 1y(i + 1, (€M) V] = 3i 4 n)y(i, |(€7) D] =i+ 1)ve
+ 290 1y(i + 1, (€)= 3i+ n)y(i — 1,|(€) D] — i + 1)oe

= —2(i+1) 1y + L 1(€") ] = 30 0+ Dy(i, (€)W — i)vg

since v; > 1 and v;41 > 1. Therefore,

(i 1, (€)= 3+ o+ Dyl (€)= o = 0.

which completes the induction on n and the base case m = 1. Assume i +2 < m < r — 1.

For the inductive hypothesis, assume

1y(m —1,3)y(i, |(€M) ] — i)ve = 0

for all 5 > |(&M)™=D| — 2 — (m — 1) + 1. Assume s’ > [(£7)™)] — 2i — m + 1. Then,
s = |(€")™)| - 2 —m + 14 n where n € Z,. We proceed by induction on n. Since

i+1<m<r—1, we have

1y(m, (€M) ] = 2 —m+ Dy (i, |(€7)] — i)ve = 0.
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Hence, by Lemma 5.5.1 and the inductive hypothesis,

0 =hy 1y(m, |(€7) "] = 20 — m + L)y (i, |(€7) V] - i)ve

=[hy, 1y(m, [(€7)] =20 —m+ )]y (i, |(€7)V] - i)ve
+ 1y (m, (€M) ] = 20— m + Dhay(i, [(€7)] = i)ve

= —2m 1y(m, (€M) = 20 —m+ 1+ Dy (i, [(€) D] = i)ve
+2y1 1y(m — L |(€7) "] =20 — m + 1)y(i, |(€")7] = i)ve
+ 1y (m, [(€7) ] = 20— m + 1)[h, (i, [(€7) ] = i)]ve

= —2m 1y(m, (€)™ = 2i —m+ 1+ Dy (i, [(€7) D] - i)ve
+ =20 1y(m, [(€7) "] = 20 —m + D)y, [(€7) D] =i + 1)vg
+2y0 1y(m, |[(€7)"] =20 —m + 1y(i = 1,](€")] =i+ e

= —2m 1y(m, |(€")"™] = 20 — m + 1+ Dy(i, |(€7) D] - i)
since v, > v > 1 and v; > 2. Therefore,
1y (m, (€)= 20 —m+ 14 Dy (i, [(€7) 9] = iJvg = 0
and this completes the base case n = 1. Now, assume that for n > 1, we have

1y(m, (€)™ = 20 —m+ 1+ n)y(, [(€7) 9] = i)oe = 0.
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Hence, by the inductive hypothesis and Lemma 5.5.1, we have

0 =ha 1y(m, (7)™ = 20 —m+ 1+ n)y(i, |(€7) D] — i)

=[h1, 1y(m, (€)™ = 2i —m + 1+ n)]y(i, | (€M) D] - i)yve
+ 1y(m, (€M) ™) = 2 — m + 1+ n)hay(i, (€)W = i)oe

= —2m 1y(m, (€M) ™| = 20 —m + 1+ n+ 1y, |67 = i)vg
+2y1 1y(m — 1, [(€7)] = 20 —m+ 1+ n)y(, [(€7)7] = i)ve
+ 1y(m, [(€7) ™) = 20 — m + 1+ n)[ha, y(i, [(€7) ] = )]ve

= —2m 1y(m, |(€") "™ = 20 —m + 1+ n+ 1y, [(€7)] = i)vg
+ =20 1y(m, (€M) ] = 20 —m+ L+ n)y(i, | (€M) D] — i + 1)vg
+ 290 1y(m, [(€7)™] = 20 = m 4+ 1+ n)y(i — 1, /(€)= i + 1o

= —2m 1y(m, |(€7)™] = 2i —m+ 1+ n+ )y, [(€7)D] - i)ve

since v, > 1 and v; > 2. This completes the induction on n and the claim.

Now, recall

y(r (€M) = 20— r + 1)y (i, |(€7)9] = i)ve
r—i—1

= 3"y 1yl — k1€ = 20—+ Dyl (€7D — i)vg
k=1
oy (€O = 20— + Dy (i, (€7 D] = i)oe.
Also, for i +1 < j <r —1, we have

(€] =2 —r+ 12 (€] + (=) =2 =7+ 1

=MV —2i—j+1

o7



since v, > 1. Therefore, by the claim

10 1EM D] =20 = 7+ Dy, |(€7) D] = i)og = 0

foralli+1<j<r-—1.

Hence, we have established

y(r (€MD) =20 =7+ 1)y (i, [(€) D] = i)ve = 1y(r, [(€7) D] =20 =7+ 1)y (i, [(€)V] = i)oe.

This completes the induction on r. ]
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