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Abslract 
For a fluid mixlure conlaining very many componenls, lhe usual discrele compo­

silion variables {e.g. mole fradions} can be replaced by a conlinuous distribution 
function. When lhal distribution function is introduced into an equation of state, an 
expression for the chemical potential is obtained. Phase-equilibrium calculations are 
often straightforward when a simple algebraic form is used for the distribution func­
tion. However, when phase-equilibrium calculations are combined with material bal­
ances, as in flash calculations, it is not always possible to obtain a completely self­
consistent result because if a simple algebraic form is used for the feed-stream distri­
bution function, it does not follow that this form also holds for the two effluenl-slream 
distribution functions. 

This work describes two procedures for performing flash calculations using con­
tinuous thermodynamics. The first procedure, called the melhod of moments, pro­
vides only an approximation because it does not strictly satisfy all material balances; 
however, in some cases this approximation can be very good. A second procedure, 
called the quadrature method, uses efficient Gaussian integration; it does not use an 
algebraic form for the distribution function but provides exact solutions to the flash 
problem at selecled values of the distribution variable. Both procedures are illus­
trated with realistic examples, including fluid mixtures where a selected component 
(e.g. CO2 ) is considered as a discrete component while all others are considered as 
continuous components; this is the semi-continuous case. Calculations are also given 
for fluid mixtures containing several homologous series (or ensembles) as found, for 
example. in petroleum mixtures where the ensembles may be paraffinic, naph thenic 
and aromatic hydrocarbons. 

Compared to conventional pseudo-component methods, flash calculations using 
continuous thermodynamics have an important advantage because they require no 
arbitrary identification of pseUdo-components. 

Calculated results using the quadrature method are compared to experimental 
data for phase equilibria in a natural-gas mixture. Agreement is very good for compo­
sitions of coexisting phases and for liquid yield during retrograde condensation. 



Introduction 

Many of lhe fluid mixlures found in nalure and in lhe chemical induslry are ill­

defined in lhe sense lhat the mixture contains far too many componen~s for standard 

chemical analysis loward identifying the components and their concentrations; com­

mon examples are pelroleum. coal-derived liquids and vegelable oils. Such mixlures 

can. however. be characterized upon separation of fractions (e.g. by fractional distilla­

lion. exlractIon or cryslallization) and subsequenl physical measurements for each 

fraclion (e.g. molecular weight. boiling point and density). Phase equilibria for such 

mixlures are usually computed using slandard thermodynamic procedures wherein 

each fraclion is considered lo be some equivalenl pure component; such compulations 

are said to use the pseudo-component method. 

An alternate procedure for calculating phase equilibria in ill-defined mixtures is 

based on the view that the mixture contains not a finile number of pseudo­

componenls bul inslead. an infinile number of true componenls. The composition of 

such a mixlure is nol described lhrough convenlional discrete concentrations (such 

as mole fractions) for each component but instead. through a continuous distribution 

function whose independent variable is some appropriate characterizing quantity 

such as boiling point or molecular weight. The equilibrium properties of a conlinuous 

mixlure are described upon extension of well-known thermodynamic methods for 

discrele mixlures. That exlension is often called conlinuous thermodynamics. 

Based on earlier work by Ratzsch and Kehlen(19S0). Salacuse and Stell(19S2) and 

GUdltieri. Kincaid and Morrison(1982). Cotterman. Bender and Prausnitz(1984) 

presented a general procedure for calculating phase equilibria using con tin uous ther­

modynamics. In particular. it was shown how an equation of state of the van der Waals 

form can be used lo perform such calculations for continuous or semi-continuous 

mixtures; lhe laLler are those where lhe concenlralions of some components (usually 

those present in excess) are given by discrete values while lhose of other components 
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are given by a distribution function. 

To apply phase-equilibrium thermodynamics to engineering design, it is necessary 

to establish procedures for performing flash calculations. This \\'ork presents two 

such procedures within the framework of continuous thermodynamics and then 

discusses their advantages relative to one another and relative to the pseudo­

component method. Comparisons between calculated and experimental results are 

presented for a gas-condensate mixture. 

F1ash-Calculation Procedures 

For mixtures with a finite number of components. many numerical procedures 

have been suggested to solve the set of isothermal flash equations (see e.g., King,1980; 

Michelsen.19B2; Nghiem. Aziz and Li. 19B3). However. for a mixture \\'ith a' continuous 

distribution of components. these procedures require extensive modifications, as dis­

cussed below. 

Flash-calculation procedures for continuous mixtures have been reported for 

petroleum distillations (e.g .. Bowman. 1949; HotTman. 1968; Taylor and Edmister, 1971). 

However, these procedures are restricted to simple models. such as Raoult's Law, cou­

pled with numerical integration methods or approximation functions to solve the 

material-balance equations. Fractionation calculations for polymer systems use simi­

lar methods for liquid-liquid separations (e.g .. Scott. 1945; Koningsveld and Staverman, 

1968; Huggins and Okamota. 1967) based on dividing a polymer distribution into a 

large number of discrete fractions. suitable for numerical integration. An analytical 

procedure has been presented by Gualtieri. Kincaid and Morrison(1982) for approxi­

mate Oash calculations in dilute semi-continuous mixtures. Recent \\'ork by Ratzsch 

and Kchlen (1983) gives a formal mathematical analysis of phase equilibrium in con­

tinuous systems with approximations for flash calculations based on R<:lOult'S Law with 

compositions described by Gaussian {normal} distributions. 



- 3 -

We present first a general formulation of the governing equations for isothermal 

flash calculations in continuous or semi-continuous systems. We lhen discuss two 

techniques for solving these equations. 

To fix ideas. Figure 1 shows schematically an isothermal vapor-liquid flash [or a 

.' continuous system. Temperature, pressure and feed composilion are specified; the 

compositions and relative amounts of the outlet streams are to be calculated. The 

feed and outlet streams are related through material balances; the two outlet streams 

are assumed to be in t.hermodynamic equilibrium. 

For a mixture with a continuous distribution of components. the composition is 

described by a molar distribution function F whose independent variable J is some 

characterizing property such as molecular weight. This function. F(I). is normalized 

such that 

JF(I)dl = 1 (1) 
I 

over the pertinent range of 1. 

Semi-continuous mixtures are those where the concenlrations of some com-

ponents are assigned discrete values while the concentrations of others are described 

by a distribution function. The continuous fraction is weigh ted with a mole fraction. 

1]. and each discrete component i is weighted with mole fractions. designated by. say, 

Xi' For n discrete components. the normalization is 

( 1a) 

The feed stream is related to the outlet streams through a set of material bal-

ances. We define the fraction vaporized. ~, as the ratio of moles of vapor to moles of 

feed. For every discrete component, i, the material balance is 
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(2) 

where Zip Yi and xi are feed. vapor and liquid mole fract.ions for component. i. respec-

lively. 

For t.he cont.inuous fraction. we introduce a distribut.ion function. F(I). and a 

mole fraction. r;. for each phase. For all I. 

(3) 

where superscripts F. V. and L designate feed. vapor and liquid. respectively. 

Since the two effluent streams are at equilibrium. we require first. for every com-

ponenti 

(4) 

and second. for all J 

(5) 

where J..L is the chemical potential. 

The essence of the flash problem is t.o solve simultaneously material balances 

[Equat.ions (2) and (3)J and phase equilibria [Equations (4) and (5)]. 

Phase F;quilibria from an .. ;qualion of State 

As discussed previously (Cotterman. et.al.. 1984). chemical potent.ials in continu-

ous (or semi-continuous) fluid mixtures can be found from an equation of state. For 

the vapor phase. 

-- d. V - RTln -. ---;---- + RT + j1. 0 (T I) RT] poVv 
V nc~F~ (I)RT . 

(6) 

where F(I) is t.he molar dist.ribution function. nc is the number of moles of continuous 
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components, V is the total volume, P is the system pressure, p'J is the ideal-gas refer-

ence pressure (taken to be 1 bar) and J.L0 is the chemical potential of a species at [ in 

a continuous mixture that is an ideal gas at temperature T and 1 bar. A similar rela-

tion holds for J.LL(J). 

To illustrate, we use an equation of state similar to Soave's (1972) modification of 

the Redlich-Kwong equation of state. For a pure component, 

RT p= --­
v-b 

_E:_'<LL 
v(v+b) 

(7) 

where b is a molecular size parameter and energy parameter a (T) is a function of 

temperature. 

Parameters a (T) and b were fit to pure-component vapor-pressure data. For a 

homologous series of hydrocarbon components, a*(T) and b are linear functions of 

molecular weight. To extend this equation of state to mixtures, we use standard mix-

ing rules as discussed previously. Appendix I gives details of the equation of state. 

It was shown earlier (Cotterman, et.al., 1984) that, when Equation (7) is used, the 

distribution functions for two equilibrated phases can be related to one another. For 

example, if a gamma distribution describes the composition in one phase, that of the 

other phase is also described by a gamma distribution. The gamma distribution is 

,[_",\a-l '[_"') 
F(J) = ~.LL-exp (-~-) 

r(a)pa P (8) 

where r is the gamma function and where a and (3 are adjustable parameters. The 

mean is given by ap + '"1 and the variance by ap2. Shift parameter '"1 indicates the ori-

gin of F(J): that parameter is the same for both phases. 

Relations can then be developed between parameters a and {3 for the vapor phase 

and those for the liquid phase, so as to give a set of non-linear equations; solution of 

these equations gives the dew point or bubble point in a continuous or semi-
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cont.inuous mixture. If ~he composit.ion of one phase is specified, the composition of 

lhc olher can be found without approximations. 

When extended to flash calculations, however. the material balances must also be 

satisfied. Unfortunately, the material balances introduce a third distribution func­

lion, viz. lhat. of lhe feed. For lhe general case, lhere is no universal dislribution 

function, applied lo all three slreams, for which phase equilibria and material bal­

ances can be salisfied for all values of index I. Therefore, the flash calculation for a 

continuous or semi-continuous mixture can only be solved approximately. We now 

presenl lwo approximate procedures which give good results while maintaining low 

computer-time requiremenls. 

The Method of Moments 

The method of momenls is a direct extension of our previous work on dew-point 

and bubble-point calculations. We assume that, lo within a well-defined approxima­

tion, for all three streams, lhe composition of the continuous fraction of each stream 

of the flash calculation is described by a gamma distribution function. Using Equa­

tions (3) and (5), we can relate approximately the parameters which characterize each 

of all lhree garruna distributions. 

Since it is not possible to relate the distribution-function parameters exactly, we 

use Equation {3) to guide us in developing an approxim':lte solution. By multiplying 

each term of Equation (3) by index I, and integrating over the pertinent range of I. \\'e 

generate a relation between the first moments (or means) of lhe distribution func­

t.ions, F(!). We can repeat this procedure with other integral powers of I to generate a 

sel of moment equations of the form: 

(9) 

where ],Jr is the rth statistical momen t about the origin of the distribution F(J). ],Jr is 

Ii 

.. 
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defined by 

(10) 

where. more generally. I must be replaced by (I - 7). 

To salisfy the material balance exactly. all moment equations (r=I.2 •... oo ) for the 

continuous fraclion must be satisfied. The gamma distribution function contains only 

two parameters. ex and (3; therefore. only two moment equations can be considered. 

The zeroth moment is necessarily satisfied through the overall material balance. 

Therefore. we choose the first and second moment equations to relate our 

dislribulion-function parameters; we neglect higher moments. Some error is thereby 

inlroduced inlo the material balance. By choosing to satisfy only the lower moment 

rela~ions. we fail to satisfy higher moment relations. For many cases. however. this 

error is nol significant. Details of the method of moments are given in Appendix 11. 

Figure 2 shows results of a flash calculation for a semi-continuous mixture using 

the method of moments; the molar distributions of the continuous fractions in each 

stream are shown as a function of molecular weight. The area under each curve 

represents the number of moles based on a total feed stream of one mole. 

The feed contains 40 mol % carbon dioxide while the remainder is a continuous 

distribution of paraffins with a mean molecular weight of 100 and a variance .of 800. 

We use binary interaction parameter k 12=0.12 for carbon dioxide(1)-paraffin(2) 

interactions [see Appendix 1]. Calculations are shown at two pressures. 10 and 50 bar. 

at temperatures where the moles of the continuous fraction are evenly split between 

the vapor and the liquid; this is where the error in the material balance is largest. 

Table 1 presents additional results for this flash calculation. 

]n the example shown at the top of Figure 2 at 50 bar. the feed is flashed to form 

a vapor and a liquid whose continuous distributions are similar. The specified feed is 

shown as a solid line; the sum of the vapor and liquid curves is shown as a dolled line. 
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The difference bet-ween these two curves represents the error in the material balance. 

Al 50 bar, the malerial balance is satisfied very well over the molecular weighl range. 

The relative errorin the maximum of the feed distribution functions is 1.5%. 

At 10 bar, the shapes of the vapor and liquid distributions are much different and 

the malerial balance error is larger--the relative error in the maximum of the feed 

distribu tion is 3.5%. 

These comparisons represent worst-case results; they suggest that the error in 

the material balance is negligible in many cases. 

The Quadralure Melhod 

The second procedure for solving flash-calculation equations in continuous or 

semi-con linuous systems introduces numerical inlegration by Gaussian quadrature 

into integral-algebraic Equations (3) and (5). 

-
Gaussian quadrature provides an efficient method of integrating a function by 

summing a finite number of weighted function evaluations at specified values of the 

integration variable called quadrature points. For each of these points, phase equili-

bria and mat.erial balances are satisfied exactly. For s quadrature points, . 

s f! (I)dJ = L w (Ip)! (Ip) 
I p=1 

(11) 

where w(Ip) is t.he weight.ing funct.ion and !Up ) is t.he function to be integrated at the 

quadrature point, Ip. Details describing quadrature integration may be found in texts 

on numerical met.hods (e.g.,Lapidus, 1962 or Hamming, 1973). 

The quadralure points and weighting factors are not arbitrary. They are roots of 

a class of orlhogonal polynomials which effectively approximate an integral by a poly-

nornial of degree (2p -1). For t.abulated values, see Abramowitz and Stegun (1972). 
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Appendix I1J describes the implementation of quadrature integration into the 

flash-calculation equations. In this procedure, the composition distribution of the 

continuous fraction of each stream is described by a collection of quadrature points, 
... 

rather than by a continuous distribution function. Equations (3) and (5) are replaced 

" by s sets of the following equations: 

1}F FF(Ip) = ~TJ V FYUp ) + (1-0TJ L FL(Ip) 

J.L V Up) = J.LL Up) 

(12) 

(13) 

The continuous functional relations [Equations (3) and (5)] are replaced by a finite set 

of algebraic equations (12) and (13). 

The quadrature method is analogous to the well-known pseudo-component pro­

cedure. However, in the quadrature procedure, the definition of the quadrature 

points is not arbitrary. Usually, six to ten points are sufficient to characterize a dis­

tribution for phase-equilibrium calculations. 

Unlike the method of moments, the quadrature method may be used with an arbi­

trary feed distribution function, FF(I) , analytical or not. Similarily. there are no res­

trictions on the molecular-thermodynamic model. 

Flash calculations using the quadrature method give values for the outlet 

streams' distribution functions. FV(J) and FL(J). at each feed quadrature point. Thus. 

while the method of moments gives an approximate but complete representation of 

composition for the outlet streams. the quadrature method gives these functions only 

at discrete points. but it does so exactly. 

Figure 3 shows results for a flash calculation for a semi-continuous mixture using 

the quadrature method. The feed contains 40 mol % CO2 while the remainder is a con­

tinuous dist.ribution of paraffins. At 510 K and 50 bar, the fraction vaporized is 0.640. 

The calculated vapor stream is rich in CO2 (52.1 mol %) while the liquid contains only 
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18.6 mol % CO2 , For the CO2 (1)-paraffin(2) interaction, we again use k 12=D.12. 

Calculated results for the liquid and vapor distributions are shown as solid points. 

The dashed curves are interpolations using cubic spline fits. Figure 4 shows additional 

results for the same mixture. 

On the left side of Figure 4, we compare computer-time requirements for flash 

calculations. The method of moments requires 1.50 CPU seconds while the quadra­

ture method requirement varies between 1.13 and 2.53 CPU seconds depending on the 

number of quadrature points chosen. 

The diagram on the right in Figure 4 shows the sensitivity of the calculated frac­

tion vaporized to the number of quadrature points. For more than 4 points, the frac­

tion vaporized does not change significantly. From the results shown in Figure 4, we 

conclude that, for this simple system, six quadrature points are sufficient to maintain 

both high accuracy and low computer-time requirements . 

. Extension to More Complex Mixtures 

In the discussion above, we have considered simple, unimodal distribution func­

tions for mixtures composed primarily of paraffins. We can extend our procedures to 

more complicated distributions as required for more complex mixtures. 

Cotterman, et.al.( 1984) showed that dew-point and bubble-point calculations 

could be performed for mixtures described not by one distribution function but by a 

sum of gamma distributions. For such mixtures, flash calculations can also be per­

formed using the method of moments; details are given in Appendix II. 

The quadrature method accepts an arbitrary distribution for describing composl­

tion. Therefore, there are no restrictions on the shape or modality of the feed distri­

bution. However, the more complex the distribution, the more quadrature points are 

required to represent integral properties accurately. 
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We are not restricted to systems containing only one homologou~ ~enes. An 

elegant method to characterize more complicated systems (avoiding multivariate dis-

tribulion functions) is to consider the mixture composed of various ensembles, as also 

proposed by Kehlen and R1:itzsch (1983). An ensemble is a collection of chemically-

.. similar components. For example, a hydrocarbon mixture may contain three homolo-

gous series: paraffins, aromatics and naphthenes; each of these forms an ensemble 

described by a particular distribution function. 

Figure 5 illustrates the ensemble concept. Within each phase of a semi-

continuous mixture, there is a distribution function for each continuous ensemble, 

weigh led by a mole fraction, 7]. Each ensemble is considered as a separate com-

ponent. Since the mole fractions in each phase must be normalized, for m ensembles 

and n discrete components, we write for the liquid phase, 

(14) 

We have similar normalization conditions for the vapor phase and for the feed. 

We write a phase-equilibrium criterion for each ensemble k: 

( 15) 

The material balance for the flash is, for each ensemble k, 

( 16) 

The chemical potential for each ensemble is calculated using the same equation 

of stale; however, we use a different set of parameters for each ensemble. ~{ultiple 

ensembles may be incorporaled into both the method of momenls and the quadrature 

method. The discussions in Appendices 11 and 1lI include mulliple ensembles. 
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Figure 6 presents results for a flash calculation using the quadrature method for 

a semi-continuous mixture containing distributions of aromatics and paraffins at 570 

K and 50 bar. Table 2 gives mole fractions of components in each phase (all kij=O). 

Ten quadrat.ure points are used to describe the composition of each continuous 

ensemble: these points 'need not be the same for all ensembles. Calculated results for '" 

the liquid and for the vapor are shown as points. The dashed curves represent. int.er­

polat.ions. The heavy. solid curve shows the sum of the individual ensembles. 

Comparison of the Quadrature Method to the Pseudo-Component Method 

In the next examples. phase-equilibrium calculations using the quadrat.ure 

method are compared to those using the pseudo-component method first, for a mix­

ture of paraffins at 5 bar and second, for a mixture of CO2{l) and paraffins(2) at 20 bar 

where the interaction parameter, k 12 , is a function of molecular weight. 

For t.he first example, Figure 7 shows the composition of a 24-component feed 

mixture of normal paraffins. Using all 24 components. Table 3 shows the bubble-point. 

and dew-point. temperatures as well as a flash result at 480K. All kiJ are set to zero. 

These calculations were repeated using first, a six-point quadrature method and then, 

using the pseudo-component method with three different lumping criteria for defining 

pseudocomponents. Calculated bubble points agree within 10 K for all methods but 

calculated dew points. where the characterization of the high-molecular-weight tail is 

important, show a large range. Results from the quadrature method are very close to 

those from the exact 24-component result. By contrast, results using the pseudo­

component method depend on how the pseudocomponents are chosen. The quadra­

ture method eliminates the arbitrariness required in defining pseudocomponents. 

For the flash calculation, all melhods give a similar fraction vaporized because 

that fraction is not sensitive to delails in the composition distributions. Using similar 

programming schemes, computer-lime requirements are reported. The exact 
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calcul,d.ion. using all 24 components. requires 1.2 epe seconds while the six-point 

quadrature method and the six pseudo-component methods require 0.45 epe seconds. 

For the second example. the paraftn distribution shown in Figure 7 is mixed with 

CO 2 to produce a feed with 40 mol % CO 2 . Binary interaction parameters bet'ween 

CO,{l) and paraftns(2) were fit to binary vapor-liquid equilibrium data to obtain a k 12 

as a function of molecular weight. I: 

k 12 = 0.100 + 0.10ge.:rp (-0.007874 I) (17) 

Equation (17) glves an adequate representation of binary CO2-paraff.n equilibria for 

normal paraffins between butane and eicosane. Table 4 gives results of bubble-point. 

dew-point and flash calculations at 20 bar. As in the previous example. bubble-point 

temperature and fraction vaporized are not sensitive to the calculation method. How­

ever. dew-point temperatures depend strongly on how the "heavies·' are characterized. 

In both of the previous examples. flash-calculation computer-time requirements 

for the quadrature method and for the grouping schemes are a factor of 3 less than 

those for the 24-component calculation. A 6-component quadrature method calcula­

tion requires approximately the same computer time as a lumped 6-pseudocomponent 

method. By introducing interaction parameters for all binary pairs containing CO 2 , 

computer times double for all schemes. 

These simple examples illustrate the advantages of the quadrature method over 

conventional lumped-pseudocomponent methods for !lash calculations. For engineer­

ing applications. the quadrature method may be incorporated without signiflcant 

modification into existing numerical algorithms for flash calculations and for design of 

staged separation operations. 
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Comparison of Calculaled and Experimenlal Results for Nalural-Gas Condensalion 

To illustrate the application of the quadrature method to real mixtures, flash­

calculation results are compared with experiment for a gas-condensate system. 

Hoffmann, Crump and Hocott(1953} report dew-point and flash results in the retro­

grade region for a reservoir-gas sample at 367 K. These authors give quantitative ana­

lyses for lighl hydrocarbons to Cs and for dislillation cuts such thal each cul 

corresponds to a lo normal paraffin in the range C7 lo C22 . In addition, liquid densities 

and liquid-vapor ratios are tabulated. 

In our calculations, lhe reservoir-gas mixture is considered to be a semi­

continuous mixlure of discrete light hydrocarbons (C1-C4 ) and a conlinuous 

"heavies" fraction. Using the quadralure method, nine quadrature points are chosen 

lo represent lhe heavies distribulion. The composilion data of Hoffmann el.al. are 

converted lo molar distribulions by dividing the mole fraction of each distillation cut 

by the width of the molecular-weight range covered (in this case, 14). Table 5 gives 

compositions and the top portion of Figure 8 shows the heavies distribution in the feed 

with the specified quadrature points. The molar distribution at each quadrature point 

is obtained by interpolating between the midpoints of the culs. 

We use once again the equation of state discussed earlier. To describe'the 

heavies, we use equation-of-slate constants fit to vapor pressures of. normal alkanes. 

Binary interaction parameters, ki.i' are set equal to zero for all pairs except the 

methane-heavies pair where we use 0.085, obtained by matching the calculated dew­

point pressure at 367 K to the experimental value, 264.66 bar. Table 5 shows calcu­

lated and experimental liquid compositions at the dew point. 

Hoffmann el.al. report flash results at six pressures between 35.5 and 200.9 bar in 

the retrograde region. Upon specifying the feed composition, the compositions and 

relative amounts of the vapor and liquid streams are calculated at each pressure. Cal­

culaled and experimental results are in good agreement; Table 6 gives typical results 
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at an intermediate pressure. 

Figure 8 shows the distributions of heavies in the equilibrium phases. The bars 

represent experimental distributions; the smooth curve is an interpolation between 

calculated values of the molar distribution at quadrature points. The lower portion of 

Figure 8 shows a predicled bimodal dislribulion in the liquid phase, barely evident in 

the feed distribution. Calculations at other pressures give similar results. 

Figure 9 presents calculated and experimental equilibrium ratios [~ = Yil Xi] for 

each component as a function of pressure at 367 K. 

As a final example, Figure 10 shows the liquid yield, or liquid-vapor ratio, as a 

function of pressure at 367 K. Since experimental results are presented as volume 

ratios, our calculated molar ratios are converted to volumetric units. Vapor volumes 

are corrected to standard conditions of 15.5 °c (60 of) and 1.013 bar using the ideal­

gas law. Experimental liquid densities are tabulated at system T 'and P. Table 7 com­

pares calculated and experimental results. 

At constant temperature, a reduction of pressure through the retrograde region 

produces two dew points. Figure 10 shows the measured dew point at 254.66 bar. 

Assuming that no solid phases are formed, a second dew point is encountered at 0.015 

bar. ]n between these two dew 'points, there is an observed maximum in the liquid­

vapor ratio, correctly predicted by the flash calculations. 

Similar comparisons between calculated and experimental results have been 

reported using pseudo-component calculations (Starling, 1966; Katz and Firoozabadi, 

1978). 

Using our modified Redlich-Kwong-Soave equation of stale, the quadrature 

method works well for natural-gas mixtures where the average molecular weight of the 

heavies is below (about) 400. For prediction of phase equilibria in higher-molecular­

weight systems. typical of crude oils. a better molecular model is needed. Toward that 

end. current work is in progress to apply the perturbed-hard-chain theory (Donohue 
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and Prausnilz. 1979) t.o semi-continuous mixtures for phase-equilibrium calculations. 

Conclusions 

Continuous thermodynamics provides a convenient procedure for calculating 

phase equilibria for ill-defined mixtures where concentrations are nut given by stan­

dard discrete variables bul instead. by a continuous distribution function of some 

characterizing continuous variable. Toward application of continuous thermodynam­

ics in process design. two procedures are here described for performing flash calcula­

tions. The first procedure. using the method of moments, is mathematically attractive 

but may introduce intolerable errors in the material balance. The second procedure. 

using the quadrature method. is less elegant but probably more useful for engineering 

work. Both methods appear to have possibly important advantages over the tradi­

tional pseudo-component method because continuous thermodynamics avoids arbi­

trariness in the definition of pseudocomponents without an increase in computational 

requiremen ts. Continuous thermodynamics may be particularily useful for calculating 

those thermodynamic properties (for example. isobaric dew-point temperature) that 

are often sensitive to the arbitrary definition of pseudocomponents. 

For retrograde condensation in a gas-condensate system. there IS good agree­

ment between calculated and experimental phase compositions and liquid yields. 

While the computational procedures discussed here are general. application to 

nigher-molecular-weight systems will require a molecular-thermodynamic model which 

is better than that used in this work. Efforts toward that end are in progress. 

The procedures discussed here may be useful for computer-aided design of 

separation operations and for simulation of reservoir behavior for enhanced oil 

recovery. Computer programs for performing flash calculations using continuous 

thermodynamics will be made available upon request. 
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Nomenclature 

Equation-of-state attractive-energy parameter 

Equation-of-state molecular-size parameter 

Functions derived from equation of state 

Molar distribution function 

Distributed variable (taken here as molecular weight) 

Equilibrium Ratio 

Binary interaction parameter 

Statislical momenl of dislribulion function 

Number of continuous componenls 

Number of discrete components 

Absolute pressure 

Gas constant 

Number of Quadrature Points 

Absolute temperalure 

Tolal volume 

Molar volume 

Quadrature-point weighting factor 

Discrete-componenl mole fr·aclion in liquid 

Discrete-component mole fraclion in vapor 

Discrete-co'mponenl mole fraction in feed 

Compressibility factor 

Discrete components 

Continuous components 

Quadrature points 

Stalistical moments 

Feed slream 

Liquid stream 

Vapor stream 
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Gamma-distribulion-function paramelers 

Gamma function 

Chemical potential 

Continuous-component mole fraction 

Fugacity coefficient 

Fraction of feed vaporized 
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Table 1 

Flash-Calculation Results Using the Method of Moments 

P T ( Vapor Liquid 

(bar) (K) 
Yeo! Mean Variance xeoz Mean Variance 

10 422 0.688 56.5 88.1 363 3.6 l11.B 954 

50 512 0.635 52.2 94.4 596 lB.7 105.8 943 

Table 2 

Flash-Calculation Results for a Semi-Continuous, Multi-Ensemble 

Mixture Using the. Quadrature Method 

Mole % 
Component 

Feed Vapor Liquid 

C1 38.5 50.0 12.0 

C2 4.5 5.6 1.9 

C3 3.0 3.6 1.6 

C .. 2.0 2.2 1.7 

paraffins 36.0 29.4 50.9 

aromatics 16.0 9.3 31.9 
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Table 3 

Comparison of the Quadrature Method to the Pseudo-Component Method 

for a Paraffin Mixture at 5 bar 

Flash Calculation 

"Heavies" Bubble Dew T=480 K 

Point Point 
Ch aracteriza tion 

(K) (K) ( CPU (sec) 

All 24 components 436.3 539.2 0.559 1.25 

6-Point Quadrature 
437.0 540.3 0.557 0.45 

Method 

6 Pseudocomponents 
445.2 535.9 0.566 0.45 

(equal number) 

6 Pseudocomponenls 

(equal molar) 
440.2 513.4 0.565 0.45 

6 Pseudocomponents 

(equal mass) 
444.9 524.8 0.524 0.45 
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Table 4 

Comparison of the Quadrature Method to the Pseudo-Component Method 

for a CO2-Paratlin Mixture at 20 bar 

Flash Calculation 

"Heavies" Bubble Dew T=450 K 

Point Point 
Characterization 

(K) (K) ( CPU(sec) 

All 24 components 267.7 569.8 0.498 2.30 

6-Point Quadrature 
267.7 570.0 0.500 0.75 

Method 

6 Pseudocomponents 

(equal number) 
267.7 566.7 0.491 0.75 

. 
6 Pseudocomponents 

267.7 
(equal moles) 

551.2 0.495 0.75 

6 Pseudocomponents 

(equal mass) 
267.7 561.2 0.487 0.75 
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. Table 5 

Dew-Point Results (or a Natural-Gas Mixture at 367 K 

(Calculated Dew Pressure = 264.66 bar) 

Mole % 

Component Vapor Liquid 

specified calculated experimental 

C1 91.35 51.99 52.00 

C2 4.03 4.53 3.B1 

Cs 1.53 2.47 2.37 

C. 0.B2 1.90 1.72 

Heavies 2.27 39.12 40.10 

Table 6 

Flash-Calculation Results at 367 K and 138.87 bar 

Mole % 

Component Feed Vapor Liquid 

specified calculated experimen tal calculated experimental 

C1 91.35 92.17 92.1B 35.72 34.19 

C2 4.03 4.03 4.03 4.0B 3.62 

Cs 1.53 1.51 1.57 2.72 2.87 

Col 0.B2 O.BO 0.7B 2.52 2.57 

Heavies 2.27 1.48 1.44 54.96 56.75 
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Table 7 

Liquid-Vapor Ratio for Retrograde Condensation 

in a Natural-Gas Mixture at 367 K 

Liquid-Vapor Ratio 
Pressure 

calculated experimental 

(bar) {mol/mol )x103 {m3 / m 3)x106 {m3/m 3)x10e 

0.015t O. 

35.48 11.04 88.61 B4.69 

69.94 13.65 94.9B 95.14 

104.41 14.50 96.02 95.32 

138.87 13.78 86.80 B7.35 

173.33 11.47 67.98 69.83 

200.90 8.48 48.39 50.92 

264.661 O. O. o. 

t Dew point of gas mixture 

Vapor volumes corrected to standard conditions [15.5 °c (60 OF) and 1.013 bar] 

using ideal-gas law. For the liquid, conversion from molar to volumetric units is 

based on experimental density data. 
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vapor 

constant 
feed 

T 8 P ~ 

-
I 

liquid 

Must satisfy: 

I. Material Balance 

-

(J) 
Q) 

o 
E 

(J) 
Q) 

o 
E 

I 

I 

7]FFF(I) = '7}VFV(I) + (1- !)7}LFL(I) 

F(I) = distribution function 

I = distributed variable 
(e.g., molecular weight) 

7} = mole fraction 

, = fraction vapori zed 

2. Phase Equilibria 

for all I 

fL(I) = chemical potential 

FIGURE 1 

FLASH CALCULATION FOR A CONTINUOUS MIXTURE 
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Feed: 40% CO2 , 60% paraffins (continuous). 

0.012 
P = 50 bar Feed: 
T = 512 K /' - specified 

.... sum of liquid 
0.008 and vapor 

Vapor (calcd) 

0.004 Liquid (calcd) 

0 

0.008 

0.006 

P = 10 bar 
T = 422 K 

50 100 150 
Molecu.lar Weight 

Error in material balance indicated by 
shaded area. 

FIGURE 2 

FLASH CALCULATION RESULTS FOR A 

SEMI-CONTINUOUS MIXTURE USING 

METHOD OF MOMENTS 

200 
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Feed: 40°10 CO2, 60°10 paraffins (continuous) 

0.012 

0.008 

0.004 

T = 510 K P = 50 bar e :: 0.639 

vapor 
liquid 

°10 C02 
52.1 
18.6 

100 

• quadrature point 

Feed (specified) 

Vapor 

Liquid 

150 200 
Molecular Weight 

FIGURE 3 

FLASH CALCULATION RESULTS FOR A SEM 1-

CONTINUOUS MIXTURE USING THE 

QUADRATURE METHOD 



FIGURE 4 

FLASH-CALCULATION RESULTS USING THE 
QUADRATURE METHOD 
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For a mixture of paraffins. naphthenes and aromatics 

• (1) fLp = .. (I) fLp-
• (I) .. (1) fLN = fLN 
I (I) .. 

(1) fLA = fLA 

Three distributions for phase I. 

PARAFFINS 

H -

1 

NAPHTHENES AROMATICS 

-H -

I I 

We can then find the corresponding distributions for 
phase ". 

Material Balance for each phase 

FIGURE 5 

FLUID-PHASE EQUILIBRIA FOR A SYSTEM 

CONTAINING THREE ENSEMBLES 
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T= 570K P= 50ber != 0.701 

FEED 

0.004 

0.002 

0 

• Quadrature point VAPOR 

0.004 

0.002 

0 

LIQUID· 

0.004 

Total 
0.002 

o~~~.~~~~~~~~~~~~ 
o 100 150 200 250 300 350 

Molecular Weight 

FIGURE A 

QUADRATURE METHOD FOR MIXTURE 

CONTAINING CONTINUOUS DISTRIBUTIONS 

OF PARAFFINS AND AROMATICS 



c: 
0 -~ 

-0 
~ -en 

£:) 

~ 

c -0 
~ 

-32-

Assumed feed composition for a 24-component 
system: C4 - C27 

0.012 

-

0.008 !-

-
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~ 

~ I I I I 
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~ 
I I I I 
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Molecular Weight 

FIGURE 7 

COMPARISON OF THE QUADRATURE METHOD 

TO PSEUDO-COMPONENT METHOD FOR 

PHASE-EQUILIBRIUM CALCULATIONS AT 5 BAR 
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30 FEED 

• Quadrature Points 

20 

10 

Specified 
~ - Experimental 

30 VAPOR 

20 

10 

6 LIQUID 

4 
--Experi mental 

2 

O~-L--~--~--~--~~~ 
60 100 150 200 250 300 

Molecular Weight 

FIGURE 8 

CALCULATED AND EXPERI MENTAL DISTRI BUTtON 
OF HEAVIES FOR RETROGRADE CONDENSATION 
IN A NATURAL-GAS MIXTURE AT 367 K AND 

139 BAR 

(Data of Hoffmann, Crump, and Hocott) 
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10.0~~~~~~-------

1.00 

0.10 

C1 

C2 

.~ : ::::~: 
• Experimental data of 

Hoffmann, Crump 
and Hocott 

- Calculated 

"Heavies" 
• 

0.01--~~~~~----~~ 
20 40 80 200 

Pressure (bar) 

FIGURE 9 

CALCULATED AND EXPERIMENTAL EQUILIBRIUM 
RATIOS IN THE RETROGRADE REGION FOR A 
NATURAL-GAS MIXTURE AT 367 K 
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100 

75 

50 
• Experimental data of 

Hoffmann, Crump 
and Hocott First 

- Calculated Dew 
Point 

25 

! Second Dew Point (0.015 bar) / ' 

a a 50 100 150 200 250 
Pressure (bar) 

Vapor volume corrected to standard conditions: 
15.5°C (60 F) and 1.013 bar. 

,FIGURE 10 

CALCULATED AND EXPERIMENTAL LIQUID-VAPOR 
RATIO IN THE RETROGRADE REGION FOR A 

NATURAL-GAS MIXTURE AT 367 K 
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Appendix I 

Equation of Stale (or Semi-conlinuous Mixlures 

To perform phase-equilibrium calculations, we use one equation of state to 

describe both vapor and liquid properties. Equation (7) is applied to semi-continuous 

mixtures via mixing rules for parameters [l and b. For a system with n discrete com­

ponents and m continuous components (or ensembles), we obtain for the liquid phase: 

(1-1 ) 

(1-2) 

where xi and TIl are liquid-phase mole fractions for the discrete and continuous frac­

tions. Similar relations hold for the vapor phase. 

Expressions for a and b for pure components were fit to vapor-pressure data 

(Zwolinski and Wilhoit, 1971) for several homologous series (or ensembles) of hydro­

carbons. Table 1-1 lists lhe homologous series considered. For our purposes here, 

these series represent average properties of the paraffInic, aromatic and naphthenic 

constituents of petroleum mixtures. For each ensemble, the following relations 

represent the data: 

(1-3) 

(I-4) 

where J is molecular weight. The temperature dependence of ao{T) and a leT) is given 

by: 

(1-5) 

(1-6) 

where T is in kelvins. Table 1-2 gives all constan ls for specified ranges of temperature 

and molecular weight. For low-molecular-weight fluids, the Soave(1972) expressions 

are used lo find parameters a and b. 

.. , 
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The cross terms in the mixing rules are given by a geometric mean correcled with 

8 binary inleraction parameter, k 

a(i,j) = a*(i,i)a*{j,j)(l-~J) 

a (i.I) = a*{i,i )a*(I.1)( l-ku ) 

a (J,r) = a*(I,I)a*(r,r)(l-k~) 

(1-7a) 

(I-7b) 

(I-7c) 

For discrete-discrete cross terms, interaction parameter k ij is set to a constant 

value. For discrete-continuous interactions. kiJ is constant for the method of 

moments (Appendix II) but. for the quadrature method (Appendix 1II). kiJ may be 

expressed as a function of molecular weight by fitting binary vapor-liquid equilibrium 

data. Interactions between continuous components usually are adequately described 

by the geometric mean approximation; in that event. k Il+ is set equal to zero. 
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Table 1-1 

Ensembles for Vapor-Pressure Correlation 

Moleeular-Weight Temperature Average RMS 

Ensemble % Deviation in 
Range Range(K) 

Vapor Pressure 

Paraffin 58-563 223-723 3.91 

(n-alkanes) 

Aromatic 78-303 298-673 1;99 

(alkyl-benzenes) 

Naphthene 84-309 298-673 4.48 

(alkyl-eye loh exan es) 
. 

" 
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Table 1-2 

Constants for Equation-or-State Parameters t 

(Equations 1-3.4.5 and 6) 

b (cm 3 / mol) 
Ensemble 

b o b 1 

Paraffins -12.400 1.6000 

Aromatics -30.848 1.4547 

Naphthenes -37.145 1.6013 

0.0 (bar-em 6/mol 2 ) 

Ensemble 
ada) aJl) 0.62 ) 

Paraffins 194.83 -1.8659 5.5602xl0-3 

Aromatics 933.28 -4.9650 9.0332xl0-3 

Naphthenes 434.99 -4.9395 10.0650x10-3 

0.1 (ba.r -em 6/ mol 2 ) 

Ensemble 
ala) aft) a I2) 

Paraffins 100.650 :".112970 3.8206xl0-5 

Aromatics 85.466 -.067780 6.9715xl0-7 

Naphthenes 91.903 -.078747 5.7932x10-6 

t Ranges of molecular weight and temperature are given in Table 1-1. 
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Appendix n 

Flash Calculations Using the Method of Moments 

Phase-equilibrium criteria for semi-continuous mixtures may be re"written in 

terms of fugacity coefficients, 'Pi' For each discrete component: 

(II-i) 

For each continuous component (or ensemble): 

T}{FI(I)'P[(I) = TJfFf(I)'Pf(l) (1I-2) 

where superscripts V and L refer to vapor and liquid phases. 

Fugacity coefficients are determined in a manner similar to that for chemical 

potential. For each discrete component, the fugacity coefficient in each phase. for a 

mixture containing n discrete components and m continuous components. is 

Rllnf/'" = R7!n-v- + RTb(i2.. + abli.2..[ln v+b - _b_] 
, v-b v-b b 2 v v+b 

(1J-3) 

where v is the molar volume and Z is the compressibility factor. For each continuous 

component. 

R1!n r{Je (1)= R1!n ~ + RTE-(I) + a~£L!ln v +b_ - _b_] 
v-b v-b b 2 v v+b 

2 [~ . ~ J ] v +b - b ~xia(I.'t)+LTJI F,,(r)a(I.r)dr In-- - RnnZ 
, I /+ V 

(ll-4) 

Applying Equation (11-4) to both phases V and L. the ratio of rp" (I) in the two 

phases may be expressed as an explicit function of molecular weight. I: 

In rpf(I) = Cp) + Cp>. J 
rpl(I) 

(11-5) 

where CAP' and CP' are combinations of terms from Equation (11-4) for each ensemble 

k which are independenl of the variable J 

This result allows us to relate the dislribulion-function paramelers in the vapor 

and liquid phases lo each other. If each ensemble in the liquid phase is described by a 

., 
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gamma distribution function (with parameters 7t. at and pi). the vapor composition is 

61so described by gamma distribution functions with 

(11-6) 

a[= a; (11-7) 

(ll-a) 

'7i = exp (CP) + CP)-Yf)[ \ L]D.1 
TJ t 1-CJ ) p ~ 

(II-g) 

Equations (II-6 to 9) permit an exact solution to the phase-equilibrium criterion 

[Equation (U-2)] for each continuous fraction. 

The material balance for each discrete component is given by Equation (2) and 

for each continuous component by Equation (16). We use Equation (16) to develop 

relations between distribution-function parameters for the feed. vapor and liquid 

streams using the first and second statistical moments of each distribution function 

(here chosen to be gamma distribution functions). 

The first moment. the mean, is written 

The second moment is 

-
Ml = JIF(I)dI = ap + I' 

7 

-
M2 = J J2 F(I)dJ = ap2 + {ap+-y)2 

7 

These relations are substituted into the material balance. Equation (9). to obtain two 

equations for each continuous fraction. After some simplification. we write 

(II-lO) 

(11-11) 

The zeroth moment gives the overall balance 

(11-12) 

Shift parameter -y is the same in all streams 

(II-13) 
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Selection of the first and second moments is arbitrary; other moments could have 

been chosen. In addition. this formulation assumes that the composition distribution 

in each stream is described by a two-parameter gamma distribution function or a sum 

of gamma distributions. 

While other distribution functions may be used to improve the material balance 

through additional parameters. they Will not allow an exact solution to the phase 

equilibrium criteria as given by Equations (II-6 to 9). However. approximate relations 

between distribution-function parameters in equilibrium phases can be derived by 

equating moments of equilibrium Equation (11-2). analogous to the procedure used for 

the material balance equation. 
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Appendix In 

flash Calculations Using the Quadrature Method 

The quadrature method is based upon approximating a continuous distribution 

function by a sum over s quadrature points. For a semi-continuous mixture with n 

discrete components and m continuous components (or ensembles). the normaliza­

tion condition for the liquid stream is written 

(JII-1) 

Similar equations apply to the feed and vapor streams. The quadrature points. Ip. and 

the weighting factors. w.t (~). are the same in all streams; their selection is discussed 

later. 

The phase-equilibria criterion, Equation (15). must be satisfied at each quadra­

ture point p for each continuous component k: 

(III-2) 

In terms of fugacity coefficients, 'h, 

(III-3) 

An expression for the fugacity coefficient, derived using Equation (7) . is given by 

(III-4) 

where 

(III-5) 

and 

(III-6) 
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Parameters b (Ip) and a Up.Ip ) are evaluated at the quadrature points using constants 

for the appropriate ensemble. Cross coefficients for equation-of-state constant a are 

given by a geometric mean corrected with binary interaction parameters, kiJ [see 

Equations (7)]. 

Equations (IJI-4)-(II1-S) are written for each equilibrium phase to relate FIUp ) to 

Fl(Ip)' Fugacity coefficient expressions for discrete components are derived by anal­

ogy to Equation (11-3). 

Finally, we write a material balance at each quadrature point for each ensemble 

(III-7) 

To specify quadrature points and weighting factors, we select the type of Gaus­

sian quadrature (determined by the range of the variable I) and the number of qua­

drature points. Using molecular weight as the distributed variable, we choose a semi­

infinite integration method, Laguerre-Gauss quadrature, for which ~J<OCJ. This 

integration method works well when the "tail" of the function to be integrated 

decreases exponentially or faster. For smooth distribution functions with only one or 

two modes, we find that six to ten quadrature points is usually sufficient forfiash cal­

culations. 

Laguerre-Gauss quadrature requires that the quadrature points be scaled to 

match the distributed variable. This is easily done by scaling the tabulated quadra­

ture points by a constant value. We choose this scale factor by plotting the logarithm 

of FF(I) as a function of J. For many distribution functions, the tail of the distribution 

produces a linear region on semi-log coordinates. The negative inverse slope of this 

linear region is the quadrature-point scale factor. 

As an example, for a gamma distribution [Equation (8)] with mean 100, variance 

800 and shift 50, the negative "inverse slope of lnF(I) plotted versus J is approximately 

19. To represent adequately the maximum of this distribution function, we use a lower 

value of 10 to scale quadrature points to the range of (1-1). 

Results are not very sensitive to the value of the scale factor provided that factor 

is of the correct order of magnitude. For multimodal distributions, the scale factor 

should be chosen to produce quadrature points in the molecular-weight range where 

the distribution function has the most curvature. 

," 
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