Lawrence Berkeley National Laboratory
Recent Work

Title
Polyatomic Reaction Dynamics

Permalink
https://escholarship.org/uc/item/16d74281

Author
Carrington, Tucker

Publication Date
1985-07-01

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/16d74281
https://escholarship.org
http://www.cdlib.org/

LBL-20048
© 3.

‘Lawrence Berkeley Laboratory
UNIVERSITY OF CALIFORNIA

. Materials & Molecular :
5 Research Division R
POLYATOMIC REACTION DYNAMICS
T. Carrington g‘{ At kS ‘ " i \
(Ph.D. Thesis) TR e
. TWO-WEEK LOAT
\ This is a Library Circulatin,
July 1985 ’ which may be borrowed-f
s )
e r-
- x
\
QU
<
S
B
o

-2

Prepared for the U.S. Department of Energy under Contract DE-AC02-76SF00098



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



LBL-20048

Polyatomic Reaction Dynamics

Tucker Carrington

(PH.D.. Thesis)

Department of Chemistry, and Materials and Molecular Research Division
of the Lawrence Berkeley Laboratory, University of California

Berkeley, California 94720

July 1985



To the glory of God,

to whom I am thankful for loving parents and sisters
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"Worthy art Thou, our Lord and our God, to receive glory and honor
and power; for Thou didst create all things, and because of Thy
will they existed, and were created."

Revelation 4: 11

Great are the works of the Lord;

They are studied by all who delight in them.

The fear of the Lord is the beginning of wisdom;

A good understanding have all those who do His
commandments;

His praise endures forever.

Psalm 111: 2,10

Do you not know? Have you not heard?
The Lord is the Everlasting God, the creator of the ends
of the earth.

Isaiah 40: 28

Not to us, O Lord, not to us,
But to Thy name give glory
Because of thy lbvingkindness, because of Thy truth.

Psalm 115: 1
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Polyatomic Reaction Dynamics
Tucker Carrington

Abstract

I

It is difficult to sﬁudy the reaction dynamics of polyatomic
systems. One of the principal problems is the calculation of the Born-
Oppenheimer potential eneréy surface. In this thesis several useful
approximations to the full poﬁential energy surface are proposed and
applied. The reaction path approximation to the potential is used to
study the vinylidene-acetylene rearrangement. The reaction path
approximation is not sufficient when one or more of the vibrational
degrees of freedom is strongly coupled to the reaction coordinate. 1In
this case it is necessary to expand the potential about a two
dimensional surface (the reaction surface) rather than about a one
dimensional path (the reaction path). Assuming this form for the

potential the reaction surface Hamiltonian is derived. An even better

‘approximation to the full potential energy surface is obtained by

expanding the potential ébout the reaction surface in internal
coordinates. A Hamiltonian which allows two internal coordinates to
undergo arbitrarily large amplitude displacements is developed and

applied to studying malonaldehyde.



Chapter 1 Introduction

For many years theoretical chemists have pursued a complete
understanding of A + B-C --------- - A-B + C(C reactions., A variety

of classical, semiclassical and quantum mechanical dynamical methods now

1

.

exist for treating these problem§ and quantum chemists are now able to
calculate, from first principles, potential energy surfaces for these
simple systems., It is quite difficult, however, to use the techniques
that have been developed for three atom systems to study more complex
reactions. Application of the methods that have been used on few-
degree-of-freedom problems to study more complex processes requires’an
unmanageable amount of computation. It is important that dynamical
models which require as input a relatively small number of ab initio
calculations be developed.

To calculate the entire potential energy surface (i.e. the Born-
Oppenheimer electronic energy) of a molecular system with N atoms
requires an enormous amount of effort. The potential energy surface
dépends on 3N-6 coordinates and one would need about ten points on the
surfaée to characterize its dependence on each of these coordinates.

If each one of these calculations took only one second (and in fact they

3 years to

take much longer), then it would take 10386 . 1021 5, = 10/
calculate the potential energy surface for a molecule with nine atoms.
If the calculation had been started when the univefse was created it
would not be finished today.

The reaction path Hamiltonian was developed to enable theoretical

chemists to study the nuclear dynamics of polyatomic systems. Miller,



Handy and Adams derived the Hamiltonlian for a reacting. system assuming
that the potential energy surface was a multidimensional harmonic valley
about the steepest descent path (in mass-weighted éoordinétes).2 Many
interesting chemical problems have been studied using the reaction path
Hamiltonian. The vinylidene-acetylene rearrangement is studied using a
method based on the reaction path{Hamiltonian in Chapter II.

For some interesting problems a reaction path model is not
sufficient., If one or more of the yibrational modes is strongly coupled
to the reéction coordinate some regions of the reaction path will héve
large curvature and simple dynamical approximations based on a one
dimensional model are precluded. In Chapter III a model is developed
that is capable of treating problems with two strongly anharmonic
degrees of freedom. The poﬁential is expanded about a two dimensional
surface {(the reaction surface) rather than about a one dimensional path
(the reaction path).

The reaction path and reaction surface Hamiltonians can be used to
study the dynamics of polyatomic systems without extensive quantum
chemistry calculations. The intfémolecular dynamics of polyatomic
molecules can also be studied by writing the kinetic energy in terms of
internal coordinates (bond lengths and angleS) and thelr conjugate
momenta and approximating the potential with Morse and harmonic
oscillators.3 In Chapter IV a new Hamiltonian is derived for a
molecular system with two strongly coupled degrees of freedom entirely
in terms of internal coordinates and their conjugate momenta. This
internal coordinate version of the reaction surface Hamiltonian combines

advantages of the reaction surface idea with the desirable features of
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internal coordinates. The new Hamiltonian is used to study proton

transfer in malonaldehyde.



Chapter II The Vinylidene-Acetylene Rearrangement -- An Application

of the Reaction Path Hamiltonian

The Eole of vinylidene as a feactive intermediate is not well
understood. It is actually not known whether vinylidene exists as a
distinect chemical entity. Even if there is a shallow minimum on the
C2H2 potential energy surface at the vinylidene geometry, vinylidene may

rearrange to form acetylene so quickly that it can not be detected.

If this. is the case, it is unlikely that vinylidene is an important
intermediate ‘in organic reactions. Recent theoretical estimates of the

4,5,6 indicate

height of the barrier separating vinylidene and acetylene
that it is between 6.4 and 2.2° kcal/mole. On the basis of these
calculations, electronic structure theorists estimate that the true
barrier height is between four and zero kcal/mole. The rate constant
for thevunimélecular decomposition of‘vinylidene has been determined
using RRKM theory. It was found that for a barrier height of four
kcal/mole the rate constant varies from 10'! to 10'3s™! as the

excitation energy (i.e. the vibrational energy in excess of the zero

point energy) varies from zero to six kcal/mole.5
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Experimentally it is known that the radical anion H,CC~ exists?s8
as a stable species and that it has the vinylidene (ie., C2v)
equilibrium geometry.9 Burnett, Stevens, Feigerle and Lineberger have

done photodetachment experiments on H2CC',

H.CC + hy ——---- > HLCC: + e (2.1)

and have observed vibrational sﬁructure.10 They therefore conclude that
vinylidene does exist and they estimate that its lifetime is about 10—1M
s. They observe progressions in the CH2 scissors mode and the C-C
stretch., This structure is still evident at energies as high as 12
kcal/mole above the ground state of vinylidene. This implies that the
lifetime does not decrease drastically if these modes are excited.

In this chapter the results of a new (more thorough) quantum
chemistry calculation for the vinylidene acetylene system are presented,
and on the basis of this information the lifetimes of individual quantum
states of vinylidene-ére calculated using a multistate Feshbach
description of the metastable states. The lifetime of vinylidene
depends sensitively on the height of the barrier which separates
vinylidene and acetylene on the potential energy surface. The two most
recent theoretical calculationss'6 of the barrier height gave quite
different results. To obtain more accurate yalues of the barrier height

and the vibrational frequencies of vinylidene and acetylene a rather

large configuration interaction calculation was done using a triple zeta



6
plus polarization basis set. Osamura et al.5 determined the transition
state geometry with a singles and doubles‘cohfiguration interaction
calculation and a double zeta plus polarization basis set. At this
geometry they recalculéted the electronic energy with a triple zeta plus
polarization bésis set and found that the barrier height dropped from
8.1 to 6.4 kcal/mole; This large change indicates that it might also be
worthwhile to redetermine the transition state gepmetry with a triple
zeta plus polarization basis set. It is also importanf to have accurate
values of the vibratiohal frequencies bf vinylidene and acetylene. The
frequencies determine the zero-point correction to the barrier and
directly affect the calculation of the lifetime.

The dynamics of the vinylidene rearrangement are studied using a
detailed theory. The effect of coupling between the reactipn coordinate
motion and the other yibrational modes is included explicitly and
lifetimes of individual quaﬁtum states of vinylidene are determined.

The réte constant of the vinylidene réarrangement was previously
determined using a statistical theory (micfocanonical transition state
theory).5 Using the method described in thiskchapter one may determine
how the lifetime varies upon excitation of various vibrational modes of

vinylidene.

A. Potential Energy Calculations

The transition state geometry and the Born-Oppenheimer electronic



energy were determined with a triple zeta plus polarization basis set.
and configuration interaction which included single and double

excitations. The two lowest occupied self-consistent field (SCF)

‘molecular orbitals were held doubly oécupied in all configurations and

the twd highest lying virtual orbitals were deleted from the CI (these
four orbitals are all localized ip the core or carbon 13 region and are
not expected to play a significant role in describing the valence
electrons). Apart from these restrictions all single and double
excitations relative to the Hartree-Fock reference configuration were
included.

Analytic CI gradient methods11

were used to locate the acetylene
and vinylidene minima and the transition state. The geometries are
shown in Figure 1. At each of the three stationary points the Cartesian
force constant matrix was computed by finite differences of analytic
gradients. The vibrational frequencies obtained by diagonalizing the
force constant matrices calculated at the acetylene and vinylidene
geometries are given in Table 1.

The triple zeta plus polarization CI bond ;engths for vinylidene,
acetylene, and the transition state are all smaller than the results
obtained earlier with a double zeta plus poiarization basis set.5 The
C-C bond lengths are 1.3% shorter for all three structures, and the C-H
bond lengths decrease between 0.3% and 0.8%. The overall geometry of
the transition state does not change a great deal. Accurate

12 and

experimental values of the bond lengths of acetylene are available
comparison of these values with the calculated ones provides an

indication of the accuracy of the calculations. The triple zeta plus
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polarization values of the C-C and the C-H bond lengths in acetylene are
0.005 A and 0.003 A& shorter than the experimental \ralues.T7 The triple
zeta plus polarization results are closer to the experimentél numbers
than the earlier double zeta plus polarization values were.

The triple zeta Blus polarization CI calculation gives a bafrier
height of 6.3 kcal/mole. The DévidSon correction for unlinked -
clusters13 reduces the barrier height t§~5.u kcal/mole. These values
are very close to the ones obtained by Osamura et al. and it is
therefore reasonable to assume that further expansion of the basis set
and better treatment of electron correlation will not make the barrier
disappear completely. The true value of the barrier heiéht is probably
between two and four kcal/mole.

The known anharmonic frequencies (i.é., v=0 to v=1 energy
differences) are compared wi;h the triple zeta plus polarization -
frequencies in Table 1. The theoretical values of the acetylene
frequencies are in better agreement with the experimental frequencies
thaﬁ the double zeta plus polarization values calculated previously.
They are all between 3.6% and 7.5% higher than the experimental
frequencies. Much of the discrepency between the experimental and

theoretical values is due to the neglect of anharmonicity.

B. Dynamics of the Vinylidene-Acetylene Rearrangement

To study the dynamics of the vinylidene-acetylene rearrangement it



2 showed

is necessary to have a Hamiltonian. Miller, Handy and Adams
that if the potential energy surface is approximated by a
multidimensional harmonic valley about the steepest descent path and if
one neglects Coriolis coupling terms which couple the vibrational

degrees of freedom to each other and to the reaction path then for total

angular momentum J=0 the Hamiltonian is

1 F-1 >
5 [pg - kzl=1Qk P, B ()]
H(pg,s,P,,Q) = [ T ]2 +
1+ Z Q B (s)
Lo K CKF
F-1
1 2 1 2 2

» (5P, 3w ()9 Q ] + v (s).  (2.2)

Heré F is the number of internal degrees of freedom (for the vinylidene-
acetylene system F=6), (s,ps) are the reaction coordinate, the distance
along the steepest descent path from the transition state, and its
conjugate momentum, and (Qk'Pk)’ k=1,......F-1 are the coordinates and
momenta for motion orthogonal to the reaction path. Vo(s) is the
potential energy along the minimum energy path and wy(s) is the
frequency of the kth transverse vibrational mode. The functions Bk;F(s)
couple the reaction coordinate to the vibrational modes and are related
to the curvature of the reaction path and thé Bk,l(S) couple the

vibrational modes to each other and are Coriolis-like couplings related

to the twist of the vibrational modes about the reaction path. The
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functions B, ;(s) are given by

aLk(s)

B (s) 35

k,1

L}
o

Lk(s) _ (2.3)

where L, (s) is the kth eigenvector of the projected Cartesian force
.constant matrix (the reaction path direction is projected out of the
force constant matrix) at a distance s along the reaction path. The
normalized gradient vector is denoted by LF' Detailed diécussions of
the development and épplications of the reaction path Hamiltonian can be
found in earlier work.1u The quantities which specify the reaction path
Hamiitonian in equation (1.2), i.e., Vo(s), wk(s) and Bk,l(S) are
obtainable from quantum chemistry calculations along the reaction path.
It is uéeful to write the Hamiltonian in terms of action-angle
variables (nk,qk), k=1..,..f.,..F-1 for the vibrational modes. These

are defined in the usual manner,

(2n, + 1)
Q. = [ ——-;;ng- ] cosq, »
172 .
Pk = -[(an + 1)wk(s)] sing, .

In terms of these variables the reaction path Hamiltonian is
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F-1

1
H(pg,s,n,q) ~kz1 (n +3)wi(s) + V(s) +
1 F-1 1/2 5
3 [ps + k21=1 [(2nk+1)(2n1+1)wl(s)/wk(s)] cosq, sinq1 Bk,l(s)]
i 1/2 2
[1 + I [(2n_+1)/w (8)1''° cosq, B, . (s)]
Ko k k k k,F
(2.4)
where the diagonal elements B, , are defined to be®
’
awk(s)
B, .(s) = - 25 (2.5)
kK,1
2wk(s)

It is quite difficult to calculate Vo(s), w,(s) and Bk,l(s) as
functions of the reaction coordinate. For the vinylidene-acetylene
system these quantites have been compUted at the stationary points of
the potential energy surface, i.e., the local minimum that is
vinylidene, and the transition state (actually there are two
symmetrically equivalent transition states) between vinylidene and
acetylene. The functions V,(s), w.(s) and Bk,l(S) are approximated by
quadratic interpolation through these three points. For example, Vo(s)

1s approximated by the polynomial
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Vo(s) = As + Bs + Cs7, ‘ (2.6)

with the coefficients A, B and C chosen so that the barrier height and-
. the harmonic frequencies of vinylidene (s=0) and the transition states
match the triple zeta plus polarization valuesvgiven in the previous

section. The frequencies are interpolated similarly,

2 32

wk(s) = W + (W L. wk) s/ s , (2.7)

k k

where Wi and w *

K denote the harmonic frequencies of the mode k at

vinylidene (s=0) and the transition state (s= Ist ) , respectively.

The Bk;l(s) coupling functions occur at a higher order in
perturbation theory than the Bk,F functions and therefore it is probably
a reasonable assumption to retain only the direct coupling between the
reaction coordinate (labeled as mode F) and the vibrational modes. The
interpolative approximation to these coupling funétions is obtained by.
interpolating the eigenvectors and then using equation. (2.3) to

calculate B, F(s).' The result is
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where "1" and "r" label the eigenvectors of the."left" and "right "
ﬁransition states, (s= -s;t and +s*) and "v" labels the eigenvectors of
vinylidene (s=0)}.

The development of the reaction path Hamiltonian was motivated by
the desire to study molecular dynamics without full potential energy
surface calculations. Computing the reaction path and diagonalizing the
force constant matrix along it is much easier than calculéting an entire
potential energy surface. Even this however, is an arduous job. The
interpolative approximaﬁe version of the reaction path Hamiltonian

described above is much easier to construct than the full reaction path

~ Hamiltonian itself. Using this interpolative model Vo(s), wk(s) and

Bk,l(s) can be calculated from quantum chemisty calculations (energies
and force constant matrices) at stationary points on the potential
energy surface. Quantum chemists frequently calculate energies and
force constant matrices at stationary points and this interpolative
procedure can be used to construct a Hamiltonian which characterizes the
dynamics of a reacting system from this information. Although it may
seem rather crude to base a dynamical study on three potential energy

points, the semiclassical lifetimes we calculate depend on integrals of
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Vo(s), wi(s), and Bk,l(s) and noﬁ on the quantities themselves. The
functional forms are therefore probably not critical.

The simplest dynamical model of the unimolecular decay of
vinylidene is obtained by assuming that the reérrangement occurs by
tunneling and that the process is vibrationally adiabatic. This
corresponds to neglecting all the coupling elements, including the
Bk,F's’ so that the action variables Ny, K=1,.c00e0..F=1 are
conserved., With this approximation, thé reaction coordinate motion

takes place in an effective potential Vp,
F h
v (s) = V. (s) + E 35— W () (n + 1) . (2.9)

The lifetimes for the metastable states in the vinylidene well can be
computed using the WKB approximation. The WKB expression for the

lifetime of a state with energy E is

1  - S0
27T ’
where15
9E(n,, ... ,n.) _ v
r = 2] ! F /2n] 1n(1 + e 20, , . (2.10)
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® 1is the barrier penetration'integral,

s :
o = [3 [atv ) -E)]"%as (2.11)
-8

2

and the vibrational energy levels of vinylidene are obtained from the

WKB quantization condition,

8
(ng + Dn = [ 2 [2(E - v (s)

5

12 4s . (2.12)

The factor of 2 in equation (2.10) is due to the existence of two
equivalent barriers through which vinylidene may tunnel to decay.
Figure 2 shows the vibrationally adiabatic potential, Vn(s), and the
bare potential, Vo(s), and indicatés the classical turning points which
are the limits on the integréls in equations (2.11) and (2.12).

" The effects of the coupling elements may be included by using a
matrix version of the Feshbach appr‘oach.16 Let P be the projection
operator that projects onto the zeroth order (i.e., vibrationally
adiabatic) metastable states. The complex eigenvalues [Er - i(r/2)] of
the systém, which give the energies (Er) and the decay rates (2«I'/h) of

the coupled system, are determined by the secular equation
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U H, - E) = 0 ., (2.13)

det(Hpp +H Q QP

PQ(E + jie - H

where Q = 1 -~ P, and the determinaht is only over the P space. It is
common18 to neglect the real part of the optical potential (the second
term ih the arguement of the determinant), which is a level shift of the
real part of the eigenvalues, and to us¢ only the diagonal part of HQQ

in the imaginary part. Equation (2.13) then becomes

det(Hy, ~imi,q §(E =~ Ho) Hy, =~ E) = 0 .
Written out'more explicitly this readé
det (Hy | - 3 rm;h(s) Eép ) = 0
where
Tp n(E) = 2n<alHs(E -_HQZ) H|n>
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- ) 2mp <m|H|1E>K1E[H|n> .
(2.14)

The states llE> are the Q space states. They have quantum numbérs 1 for
‘the vibrational modes and total energy E such that the energy in the
reaction coordinate lies above the barrier. The real s&mmetric

matrix I' is a function of the energy E so equation (2.13) must be solved
iteratively, and for one complex eigenvalue at a time. An initial value

_ for the real part of the eigenvalue E,. is assumed and the matrix

r (E)) (2.15)

is diagonalized, the real part of the appropriate eigenvalue is then
taken as E, and the process is repeated until converged values are

obtained. The imaginary part of the eigenvalue gives the "width"

r = -EIm(Ecomplex

for that state.

The width matrix I describes a golden rule-like energy transfer



18
decay mechanism. To see this explicitly consider the one state case.
Equation (1.14) is then the determinant of a 1 x 1 matrix and the decay

rate of the state n is given by

2m 2
Pt = § S I<nH[1E> |

with E = E, = H which is recognized as the Fermi golden rule. State

n,n’ ,
n might, for example, correspond to a state with the reaction coordinate
mode in its ground state np = 0 and some of the transverse modes in
excited states n, > 0 for some k = 1,....F-1. The state [1E> that is
energetically degenerate with this state could be one for which lk =0
for k = 1.°..;F-1, but which has enough energy in the.reactive
coordinate to put it over the barrier. The decay mechanism that is
described by T is energy transfer from the transverse -vibrational modes
to the reaction coordinate.

In addition to decay by transfer of energy from the transverse
vibrational degrees of freedom to the reaction coordinate mode there is
also the possibility of decay by tunneling. This decay mechanism is
included by adding to the width matrix of equation (2.14) a diagonal

(i.e., vibrationally adiabatic) tunneling width,

r (E) = & r (E) + ] 2mp <m|H|1E>KIE[H|m> , (2.16)
n n 1



19
where rn(E) is the tunneling width given by equation (1.10). The matrix
rm,n of quation (2.16) describes unimolecular decay by both the energy
transfer and the tunneling mechanisms.- |

The matrix elements of the Hamiltonian are computed semiclassically

by using the Heisenberg correspondence relation,

-

2n

an
-F . -
H-,n = (Zn) fo dq1 .......fo qu exp(-iAn+q) HCl(n,q) ,

(2.17)

wheré n = %(n+*m), An = (n-m) . The action angle variables ng and qp for
the s degree of ffeedom are determined by the vibrationally adiabatic
potential. The Bk,F coupling element for the transverse mode which is
the CH2 scissors mode at the vinylidene geometry, is about an order of
magnitude bigger than the Bk,F's for any of the other modes. If only
coupling elements for this mode, designated mode k=1, are retained, then
there are off-diagonal elements in equation (2.17) only for k=1 and the
reaction coordinate mode k=F. The classical Hamiltonian is expanded in
powers of the coupling element Bi,F and only the lowest non-zero term is
kept for each matrix element. The diagonal elements in equation (2.17)
are simply the vibrationally adiabatic elgenvalues E(n1,.....nF) given
by equation (2.12). To first order in the coupling element B1,F the off

diagonal elements are

‘n cssessl . 2n 27T
2’ TF-1 -2 ‘
= (2w) f dq1 f dqg

MyeMpsnyWhp 0 0
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. . 12
x exp[-i An1q1] exp( lAnFqF] 3 Pg [-2 81,F(§)]

2 n, + 1 y
2
x [ —_;TTET_”] cos q, .
(2.18)
It is apparent that An1 =7 1 and Ang = O,¢2,iU,..... .. (The

superscripts in equation (2.18) are the diagonal quantum numbers) The
q, integral in equation (2.18) is easy and the integration over qp is
done by using the definition of qQp to convert it to an integration over

S,

3E(n) (° 1
a = [ ax . (2.19)
S TN
and equation (2.18) becomes
Ny,Ny, .. _
m2 m3 n nF o -[2n1 + 1]y2 [ ag(n)v / 2n] «x
10Ny 0p tha
S5 B, p(9)
f ds Ps(s) exp(-iAnF qF(s)) (2.20)

s [w1(s)]2
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with qp(s) given by equation (2.19) and
p.(s) = [elE~v_ (s)1]% . (2.21)
s n

Matrix elements second order in By p which are required when
An1 = F 2 are computed in a similar fashion. : i
To construct the width matrix T it is also necessary to have

matrix elements between a discrete metastable state {n> and a continuum

state [1E>. If AnFqF(s) is replaced by
3 1
£ - ax  — , (2.22
( En) £ ps(x) 5(s) ( )

1

then these matrix elements are also given by equation (2.20). The

density of states in equation (2.16) is given by

. (2.23)

Each zeroth order metastable state couples to only half the total
continuum states because of the AnF = even selection rule and therefore

there is a factor of % in front of the derivative in equation (2.23).
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The final expression for the discrete-continuum matrix elements can

also be obtained by substituting WKB wave functions into the golden rule
formula for the decay rate. Both approaches give the decay rate for the

one state case [ny=1,np=0> + |m =0,E> as

r/h = 2[

1 2 1. 1Y% -i
s{ 24s 1 ( —%12—8) ]2 pg(s)e 16(s) 5 (s)

This has the usual semiclassical form: the decay rate is equal to a
frequency times a probability, but in this case there is an extra factor

of two because there are two symmetrical barriers,
/K = 2(wF/2n) P .

In summary the lifetimes of individual vinylidene states are
calculated by diagonalizing the complex symmetric matrix in equation
(2.16). The width matrix is the sum of the Feshbach energy transfer
part, given by equation (2.1M), and the tunneling contribution given by
equations (2.10) and (2.11). The matrix elements between discrete ' -~
states and between discrete and continuum states are computed

semiclassically via equations (2.17) - (2.23).
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C. Results and Discussion

The lifetimes of the vinylidene states depend sensitively on the
height of the barrier separating vinylidene and acetylene. We have
therefore computed lifetimes for barrier heights of two, three and four
kcél/mole, and the results are gi;en in Table II. The numbers in the
column labeled VA are the vibrationally adiabatic results (equation
(2.10)) and the results of the full semiclassical model described in the
last section are given in the column labeled SC.

- Including the coupling between the zeroth order metastable states
affects the lifetimes significantly for the four kcal/mole barrier. The
SC values are in most cases not changed much if the Feshbach
contribution to I is omitted, the most important contribution to the
width matrix is therefore due to tunneling.

It is apparent that excitation of the reaction coordinate mode is
more effecﬁive in pfomoting reaction than excitation of the scissors
degree of freedom. Although it requires more energy to excite the
scissors mode to ny=1 than it does to excite the reaction coordinate
mode to ng=1, exciting the reaction coordinate mode has a bigger effect
on the decay rate. This is of course what one would expéct, we know
that the coupling between the scissors mode and the reaction coordinate
is weak and we have assumed that it can be treated approximately.

The Bk,F coupling elements for the scissors mode are an order of
magnitude bigger than the By p coupling elements for the other

orthogonal degrees of freedom. The lifetimes of vinylidene states with
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these modes excited should therefore be given accurately by thevsimple
vibrationally adiabatic approximation. The lifetime acutally increases
(by about a factor of two) if the C-C stretch is excited. This is due
to the fact that the frequency of the C-C stretch increases between
vinylidene and the transition state and therefore the effective barrier
height increases.

The results are consistent with the experimental results of Burnett
et al.?O The experimental values of the frequencies for the C-C stretch
and the scissors modes agree well with the frequencies we have
calculéted. The widths of the lines in the photoelectron spectrum
provide lower bounds on the lifétimes of.the states of vinylidene. They
estimate that the lifetime of vinylidene is about 0.013 ps. This
limiting lifetime is considerably smaller than, and thus consistent
with, all the lifetimes given in Table I1I.

The experimentalists10

suggest that the linewidth they observe has
contributions from sources other than the rearrangement of vinylidene to
form acetylene. It is nevertheless interesting to determine what
barrier height gives a lifetime of 0.013 ps.. It is clear from Table II
that the vibrationally adiabatic épproximation.is quite good for low
barriers, and using this approximation we find-that a barrier height of
1 kcal/mole corresponds to a lifetime of 0.017 ps for the ground state
of vinylidene. 1If the dynamical model is reliable the barrier height
for the vinylidene-acetylene rearrangement'must be greater than 1
kcal/mole. For a one kcal/mole barrier height, the vibrationally

adiabatic potential for a state with one quantum in the scissors mode

does not have a potential well at all. This state however 1s observed
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experimentally and therefore it seems certain that the barrier height is
really larger than 1 kcal/mole. Burnett et al, report a line width of
50 meV but the real line width for decay of vinylidene is probably
narrower than this.

The calculations indicate that vinylidene doesnindeed exist., It
appeérs to live at least 0.013 ps. and this lifetime is consistent with
a barrier height of at least 1 kc;l/mole. We estimate that the barrier
height is actually between two and four kcal/mole and that the lifetime
of the ground state of vinylidene is between 0.24 to 4.6 ps.. Exciting
the CH2 scissors mode decreases the lifetime by about a factor of two

and exciting the C-C mode actually increases it.
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Chapter III The Reaction Surface Hamiltonian

Significant progress towards understanding polyatomic reactions has

n.2,14,19-21 5

been made by utilizing the idea of a reaction pat
characterizing the entire potential energy surface as a multidimensional
harmonic¢ valley about the reaction path, this approach allows one to
obtain what is often a good approximation to the dynamically important
parts of the potential energy surface from a relatively modest number of
quantﬁm cheﬁistry calculations. One does not require the entire
potential energy surface of the N-atom system in 3N-6 dimensional space,
but instead it is necessary only to determine it along a'line,-the'
reaction path, and to calculate the force constant matrix along the
path., Usually the reaction path is chosen to be the steepest descent
path in mass-weighted coordinates, and use is made of the ability of
quantum chemists to evaluate the gradient of the potential energy
surface. The central assumption is that one can circumvent the
multidimensionality problem by assuming that the dynamics is dominated
by motion along a one-dimensional path (in 3N-6 dimensional space).
Miller, Handy and Adams have derived the Hamiltonian for a reacting
system in terms of the reaction coordinate (the distance along the
reaction path), local normal modes for motion orthogonal to the reaction
path and their conjugate momenta.2 The dynamics of many interesting

polyatomic systems can be studied by using this Hamiltonian. The

vinylidene-acetylene isomerization disucussed in the last chapter is a
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good example of a system that can be adequa;ely treated with the
reaction path model.22 Useful approximations can be based on a
perturbative treatment of the coupling between the reaction coordinate
motion and the transverse vibrations. Another standard approximation is
vibrational adiabaticity. By assuming that the 3N-7 harmonic degrees of
freedom orthogonal to the reaction path remain in the same adiabatic
quantum state (or classically conserve their action variables) along the
reaction coordinate, one can eliminate the harmonic degrees of freedom
and obtain a reduced equation of motion for only the reaction coordinate
degree of freedom.

The reaction path Hamiltonian is useful when the reaction
coordinate is not strongly coupled to any of the orthogonal vibrations
and when the potential is adequately described by a harmonic valley
about the reaction path. If there are two strongly coupled non-harmonic
degrees of freedom it is best to treat them both accurately. If there
is strong coupling between the reaction coordinate and an orthogonal
degfee of freedom then some regions of the reaction path have large
curvature. Large cufvature and large coupling mean that no simple
dynamical approximation will be useful. In addition, there are
fundamental problems that are introduced by large curvature. Reaction
path coordinates become multivalued and thus not well defined at
distances farther from the reaction path than the local radius of
curvature. Large curvature (i.e., small radius of curvature)23 means
that these multivalued regions are close to the reaction path and thus
not in a region of configuration spacé that can be safely ignored. It

is well known, for example, that reaction path coordinates are not
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suited to the description of the dynamics of heavy-light—heévy atom-
diatom collinear reacfions,Zu eg., I + HI ---=-—- + IH + i.

The problem is that, in this case, the reaction coordinate and the
orthogonal vibration are strongly coupled and, as a result, the reaction
path is very curved (and the skew angle is very small). There is no way
of describing this sort of reaction:without dealing with the full two-
dimensionality of the system. These difficulties arise in all hydrogen
atom transfer reactions, for example, the intramolecular hydrogen atom

transfer in malonaldehyde

/H : H'\\
0~ \o ‘ o/ To
! ! ; |
=
/ \C/ \ _‘ V4 . \
H | H - H | . H
H H .

The problems associated with the strong coupling between the reaction
coordinate and a'tranSverse degree of freedom can be avoided by treating
the strongly coupled degrees of freedom separatély. ’
It is not always satisfactoryvto assume that the potential energy
surface is well described by a harmonic:valley about the reaction path
and to treat the coupling perturbatively. In this chapter an extension
of the reaction path treatment is given where it is assumed that the
dynamics is dominated by motion along a hypersurface (in 3N-6
dimensional space). The fofmulae are given explicitly for a two
dimensional surface, which is called, in analogy to the reaction path,

the reaction surface. This formulation should be useful when the
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dynamics of a polyatomic system, although not dominated by motion along
a éne-dimensional-path,,is dominated‘by motion along a surface. The key
idea is that two degrees of freedom are allowed to undergo arbitrarily
‘large amplitude motion, i.e;, there are two reaction coérdinate—like
degrees of freedom, rather than just one., For atom transfer reactions
(like‘équation (3.1)) it is natural to take these two large amplitude
motion coordinates as ry and rs, éhe lengths of the bond being broken
and the bond being formed, although the methodology that is presented
here is applicable for any choice of the two reaction parameters. The
essential idea is that the important parts of the potential energy
surface are treated accurately. Harmonic approximations are only
introduced for the small amplitude degrees of freédom. Once the two
most ihportant degrees of freedom have been treated correctly for
arbitrarily large displacements, it should be a good approximation to
characterize the remaining degrées of freedom as harmonic¢ motion.

The methodology is developed so that ab initio quantum chemistry
calculations can be used as direct input, although it is of course not
necessary that this always be done. The first step is to give 5
prescbiption for determining the reaction surface, i.e., for finding
a(r1,r2), the nuclear Cartesian coordinates from which small amplitude
displacements will be measured. The potential is assumed to be

adequately described by an expansion about the reaction surface,

d+-K-d (3.2)

V(x)

|-

vix - a (r1.r2)) +
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where r; and Eé specify a point on the reaction surface, a(r1,r2) are
the 3N nuclear coordinates of the reaction surface, d is a Cartesian
displacement vector, and K is the force constant matrix evaluated on the

reaction surface

BZV(X) ]

9XIxX (3.3)

X=a

K(a) = [

There is no linear term in”the Taylor series expansion in equation (3.2)
because of the way the reaction surface is defined (see page 32).

This is obvioulsy a better approximation to the potential than a
harmoni¢ valley about a reaction path.‘ For a two degree of freedom
system (eg., collinear A + BC) this approximation is exact. It will
certainly be more difficult to determine the quantities required“to
construct this reaction surface approximation than it is to determine
the reaction path»approximétion to the potential. Application of the
reaction surface model requires calculation of the potential energy
surface and the force constant matrix over a two dimensional grid of
(r1,r2) values. This is certainly more difficult than calculating these
‘quantities along a line (which is all that is required for appiication
of the reaction path model), but it should still be a feasible
calculation for many interesting systems and it i3 considerably less
demanding than having to determine the potential energy surface over a
(3N-6) dimensional grid of values.

Normal coordinates for vibration orthogonal to the reacti¢n surface



31
are defihed to be orthogonal to the surface (and to the six 3N
dimeﬁsional vectors which correspond to infinitesimal rotations and
translations of the entire reacting system). Removing the reaction
surface coordinates frém the vibrational part of the Hamiltonian not
only facilitates a better approximation to the potential energy surface,
it also simplifies treatment of coupling between rqtation and large
amplitude vibrations.

The reaction surface Hamiltonian is derived by making use of
methods developed by spectroscopists to study the vibration-rotation
spectra of floppy molecules.25 The 3N-6 internal coordinates of the
system are the two reaction coordinate-like variables ry and r, and 3N-8
local normal mode coordinates for motion orthogonal to the reaction
surface. Euler angles are introduced in the usual way to describe the
overall rotationwof the molecular system. The Hamiltonian expressed in
terms of thése coordinates and their conjugate momenta is derived for
general nonlinear'gepmetries; modifications necessary for linear
reaction surface geometries are also described.

All dynamics that involve strong coupling between only two degrees
of freedom can be described exactly by the reaction surface model,
because two degrees of freedom can undergo arbitrarily large amplitude
motion, The dynamical phenomena that appear in collinear atom-diatom
reactions will be described exactly. Many polyatomic reactions
typically involve only two degrees of freedom in an intimate way and
should be described accurately by this approach. In many chemical
" reactions one bond is broken while another is being formed, it seems

intuitively obvious that an accurate description of these reactions will
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be obtained if these two important degrees of freedom are treated

exactly.

A. Defintion of the Reaction Surface

In this section we will show how to determine the reaction
surface. If mass-weighted coordinates are uséd, thé reaction path is
usually definéd as the minimum energy path through the transition.state
from reactants to products. The reaction surface is defined analagously
as the minimum energy surface sﬁbject to two constraints. One is at
liberty to choose any two chemically interesting coordinates for the two
constraint equations. For atom transfer reactions, such as Eqn. (3.1),
it seems reasonable to pick the length of the bond being broken and the
length of the bond being formed; but any two molecular parametérs can be
chosen as the two reac;ion parameters. The reaction surface is defined
by minimizing the potential energy (i.e., the Born-Oppenheimer
electrqnic energy) of the N atom system subject to the constraint of
fixéd values of ri and rs. One minimizes the potential energy for a
given pair of values (r1,r2), then changes ry and rs by é small
increment and rehinihizes the potential energy at the new pair of values
(r1,r2) and repeats this process to obtain the potential energy over a
two dimension;l grid of (r1,r2) points. The Cartesian coordinates of
the N atoms for these constrained minima are a(r1,r2), these are the

coordinates of the atoms on the reaction surface. At several points on
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the reaction surface it is also necessary to calculate the force
constant matrix

5
3V
K(r,,ry) = [ ]

axox
where x = Xj,, 1 = 1,...N, a = x,y,z denote the 3N Cartesian

coordinates. The potential energy on the reaction surface 1s denoted by
vo(r'1 .r'2) = V(a) (3.4)

Quantum chemists have developed technidues which enable them to
calculate gradients of potential energy surfaces analytically, i.e.,
without using a finite difference approximation.26 Using these methods,
it is possible to calculate the reaction surface potential and tﬁe
Cartesian coordinates of the nuclei on the reaction surface.v If the
increments are made systemétically from one point on the two dimensional
grid to another, then for most systems the minimizing geometry will
change gradually and subsequent minimizations will be fairly easy. The
reaction surface is of course independent of the coordinates that are
used to perform the constrained minimization.

The constrained minimization procedure can be described by using
Lagrange multipliers.v Let x; be a set of coordinates which determines
the shape of the molecule. The x; could be a set of (3N-6) internal
coordinates or they could be Cartesian coordinates from which

translation and rotation have been projected out; they give the

configuration of the molecule but no information about overall
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translation or rotation. Let Ry(x;) and Ré(xi) be the functions that
express ry and r, as functions of the coordinates x;. To find the

constrained minima one must solve the fbllowing equations

r'1 = R1(X),
r, = R2(x).
3R, (x) 3R, (x)
vV(x) _ 1 _ 2
0 = 9x 11 ax 12 ox (3.5)

for x(r1,r2) = a(r1,r2), 11(r1,r2), and 12(r1,r2) (l1 and 1, are
Lagrange multipliers that have been introduced to accomplish the
constrained minimization). It is also desirable to obtain equations
which give the rate of change of the constrained minimum geometry,
ai(r1,r2), with ry and r2;.that is to obtain equations which are the
reaction surface analogﬁe of the equation which defines the steepest

descent reaction path. (The equation which defines the reaction path.is

/ m. % (3.6)

{=1,...,N, b=x,y,z.) This is done by setting Xy = ai(r1,r2), treating
l1 and 12 as functions of ry and r, and differentiating equation (3.5)
implicitly, first with respect to rq and then with respect to rp. The

derivatives with respect to ry give three simultaneous linear equations
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for

aa(r1,r2) 811(r1,r2) 812(r1,r2)
————————— , ——————— and —
3r1 ar1 8r1

the solution of which is as follows

Ba(rl,rz) oR 3R

2
ar, 3a b2 s Mo 1 /(M M, M 0]

311(r1,r2)

L _ 2

ar, = M/ (M My, - M,

31 (r.,r.) ’

212 " 2

3r1 - M12/("11"22 M12 )y
where

3R 3R .
I S B .
Miy = 3a -4 3a ’ 1,3 =1,2
3231 32R2 \2y
A - 11 sasa * l2 jasa  dada * (3.7)

The partial derivatives of a;(r,,r,), 1,(ry,r,) and 12(r1;r2) with
respect to r, are obtained from the derivatives with respect to ry by

interchanging the subscripts 1 and 2. Equations (3.7) for the
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derivatives with respect to ry and the corresponding set of equations
for the derivatives witﬁ respect to r, determine how the reacton surface
geometry changes as ry and r, vary. They could be used to determine how
the 3N-Carte$ian coordinates of the N-atom system change as the reaction
surface variables ry and ro change, and they generalize the gradient-
followingvalgorithm used to construct the reaction path. To détermine
ai(r1,r2) over the entire two dimensional surface these equations must
be integrated. |

- Clearly, determining the reaction surface wiil require more quantum
chemistry calculations than determining a reaction path, this however,
is the price that must be paid for a more accurate description of the
reaction dynamics. It‘is much easier to locate the reaction surface and
to calculate the potential as a function of position on this 2-D surface
than it is to determine the entire 3N-6 dimensional potential énergy

surface.

B. Derivation of the Reaction Surface Hamiltonian

It has been shown that a reaction_surface can be specified so that
a good approximation for the entire potential energy surface is obtained
efficiently from a relatively small number of quantum chemistry
calculations. In this section the kinetic energy is derived in terms of
the coordinates used to generate the approximate potential energy

surface, three Euler angles for rotation of the N-atom system and their
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conjugate momeqta. From the classical expression for the kinetic energy -
the classical and quantum mechanical reaction surface Hamiltonians are
derivéd.

The Hamiltonian is obtained from a straightforward extension of the
derivation of the original reaction path Hamiltonian.2 The reaction
path Hamiltonian itself is an application of the techniques developed by
Hougen, Bunker and Johns to calculate vibration-rotation energy levels
for triatomic molecules with large amplitude, floppy bending degrees of
f‘r-eedom.zs'27 Spectroscopists have also used these methods to study
molecules where several internal coordinatesvundergo large amplitude
motion.28

If the reaction parameters do not depend on the masses of the atoms
(and r, and r, which we have chosen do not) then the reaction surface
potential and the force constant matrices do not depend on the masses.
Because the reaction surface is mass independent, unlike the reacton
path (the steepest descent path in mass-weighted coordinates), which
depends explicitly on the atomic masses, it is best to avoid introducing
unnecessary dependence on the masses by not using mass-weighted
coordinates (which were used in the derivation of the reaction path
Hamiltonian). The masses, of course, will enter into the definition of
the normal coordinates for vibration.

In the following derivation, the components of 3N dimensional
Cartesian vectors will be represented by X{g» where 1 = 1,...,N denotes
atoms and a = x,y,2. Boldfacé vectors with an atomic subscript denote
three dimensional vectors, i.e., the components of"xi are X ;. The

Einstein summation convention will be used for the small letters a, b
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and ¢ (summation is implied over an index that occurs twice).

Let Xj, and x;, be the Cartesian coordinates of the N atoms in a
space-fixed system of éxes and a molecule-fixed system of axes,
respectively, ' The coordinates of the_ith particle with'respect to the
moving and space-fixed axis systems are related by

~

-1 '
X, = Rcom+S(x,e,¢) T X - (3.8)

where R, ., 1s a vector containing the space-fixed coordinates of the

m
centre of mass of the N-atom system, and S(x,8,¢) is the matrixvof
direction cosines which relates the orientations of the molecule- and
space~ fixed axis systems, and (x,e,¢)'are the Euler angles. The
coordinates in the molecule-fixed axis system are referred to a

reference configuration (the reaction surface). Displacements from the

reaction surface, d; are given by

x, - ai(r1,r2) + d, (3.9)

The molecule~fixed axis system is required to have its origin at the

centre of mass,

) =0 (3.10)

N
% m a (r,,r,

=‘|i

With equation (3.9) substituted into equation (3.8) there are 3N

variables on the left-hand side ( Xia ) and 3N+8 variables on the right-
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hand side.(RO, 8, ¢, X» dyg, r1; r2). In order to have the same

‘numbér of independent variables on both sides, it is necessary to

introduce eight constrainté for the 3N variables Xia- The kinetic

energy is simplified by chdosing the constraints to be

2

=o,

(3.11)

(3.12)

(3.13)

(3.14)

Relation (3.11) insures that the origin of the molecule-fixed system

moves with the centre of mass. Relation (3.12), usually called the

Eckart condition, assures that infinitesimal displacements do not

contribute to the angular momentum., The displacements d; are chosen to

be orthogonal to the reaction surface, as indicated by relations (3.13)

and (3.14). These conditions are satisfied by introducing, at each

point on the reaction surface, normal coordinates defined so that they

are orthogonal to the reaction surface and expressing the displacements
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di in terms of the local normal mode coordinates. In terms of the

normal mode coordinates Qk' the displacements are given by

Ly (ryory) Q

Throughout the rest of this chapter the indices k, 1 and m refer to
normal modes, and the indices i and j refer to atoms. There are 3N-8
vibrational coordinates Q (for linear surface configurations there will
be 3N-7). The elements of the (3N)x(3N-8) matrix Lia,k are functions
of rq and rs and are subjeét to the condition that the columns of L be
orthogonal to each other and to the reaction surface. This condition is
satisfied by choosing Lia,k so that it is the iath component of the kth
eigenvector of the projected force constant matrix. The projected 3N X.

3N force constant matrix Kp(r],rz) is defined by

K(r ) = Q1 -p(r1,x~2)>-|t‘"‘(x~1,ra)-(1—P(r1.ra)).T
where
2
3 V(ix) 12
K ey o= (22X a ,
ie,jp 1 2 axicaij J x—a(r1,r2)
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and where P(r1,r2) is-the 3N X 3N matrix which projects onto the two
directions tangent to the reaction surface at aia(r1,r2). This

projector is given by

> (v ) - § A 8a; . (ry,ry) [str. vy '] 92, (ry,ry) A
{e,jb "1 2 nm i arn 172 n,m arm J

where S(r,,r,) is the 2 X 2 overlap matrix of the two vectors

miZ . daib(r1,r2)/drn, n=1,2,

N | sa,(r. ,r.) da. (r,,r.)
itt1r 2 iv1r 2
Sn,m(r1’r2) =1 By or : or :
i=1 n m

If was previously believedz'uu that at each point (r1,r2) it was
necessary to project out not only the two dimensional plane tangent to
the reaction surface at (rl,rz), but also infinitesmal rotations and
translations. Diagonalizing the Cartesian force constant matrix will
always give six eigenvectors which correspond to translation and
rotation and which are orthogonal to the vibrational eigenvectors. This
is true whether or not the force constant matrix is calculated and
diagonalized at an extremum. The eigenvalues which correspond to the
translational and rotational eigenvectors will only, however, be zero at
extrema.

At arbitrary geometries the projected force constant matrix will
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have two zero eigenvalues corresponding to the two vectors onto which P
projects, at stationary points on the potential surface it will have in
addition six other zero frequencies for the translational énd
vibrational degrees of freedom. At any point on the reaction surface
_there are 3N-8 eigenvalues, denoted wk(r1,r2)2, k =1,...,3N-8, which
correspond to vibrations orthogonal to the reaction surface. The
components of the corresponding eigenvectors are Lia,k i=1,...,N,
a=x,¥,2, k=1,...,3N-8.

In terms of the internal coordinates rys s and Qk’ the potential

energy is given by

N8, 2 2
V(rgarp,Q) = Vo(rry) ¢ 1 5w (rar)” Q

k=1
(3.16)

where wk(rl,r-z)2 are the vibrational eigenvalues of the projected force
constént matrix. There are no terms lineab in the normal coordinates
because the reaction surface has_been constructed so that Vo(r1,r2) is
the minimum value of the potential for fixed values of rqy and rp.

In their original paper Hougen, Buﬁker and Johns (HBJ) made it
quite clear that the large émplitude coordinate they used ( p ) was the
‘bend angle of the reference configuration and that this is not the same
as the instantaneous value of the bend angle of the triatomic

molecule. HBJ chose the large amplitude motion coordinate in this way

so that equation (3.13) (with rqy = p ) would be satisfied. Other

researchers who have applied these techniques to study various
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moleculess1'50 have defined the large amplitude coordinates so that
equations like (3.13) are satisfied. To study NH3, for example, p is

chosen as the angle between the C3 axis and an N-H bond in the reference

configuration. Coordinates chosen in order to satisfy equation (3.13)

are called "least squares coordinates™ by Natansonzoe. The large

amplitudevmotion_coordinates we use are the instantaneous values of the
bond lengths ry and rs. This means that, unlike HBJ-type large
amplitude coordinates, our large amplipude coordinates do not
automatica;ly.éatisfy equation (3.13). We satisfy (3.13) by explicitly
constructing normal modes which are orthogonal to the reaction surface
and expressing displacements dy from the surface in terms of these
normal modes. It is because our large amplitude coordinates are the
instantaneous values of ry and r, that there is no linear term in our
expansion about the reaction surface.

Borrowing extensively from the spectroscopists and following the

29, we can derive the expression for

analysis of Wilson, Decius and Cross
the kinetic energy in terms of ryy oy Qk , their conjugate momenta and

the three components of the angular momentum, J Jy, and Jz. One

xt
obtains
3N-8 > " :
2T = § P + 2T , (3.17)
k
k=1
with

1

2T = (J=m) (1) 'e(dmm) ., | (3.18)
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where J and w are five dimensional vectors and I* is a 5x5 matrix.

8) = (nyJ ’JZ'pl" P )' Jx’J

y 1 "2 y
the total angular momentum vector for the reacting N-atom system and Pp
1

and JZ are the x, y and z components of
and pr.2 are momenta conjugate to the reaction surface coordinates ry and

r,. The components of the vector w are

a
T o= ) By P a8 = X,¥,2,r,r, (3.19)

with

a,b,c = X,Y,2

r oL .
B 1 - z ai,k L
kl or ai,1
i 1
r oL .
2 ai,k
) Bkl = % 3r2 Lai,l ’ (3.20)

and Pl is the momentum conjugate to the normal c¢oordinate Q. The
permutation symbol (or the unit antisymmetric tensor) €3pe is useful for
abbreviating many of the later expressions.

The matrix I*'is defined by
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(arb = )

X-Y:Z;r1.r2

- (3.22)

The matrices I°, b and ¢ are 5 X 5 matrices, the 2 X 2 blocks refer to

the two coordinates ry and rs, and the

spatial coordinates x, y and z,

3 X 3 blocks refer to the three

o Z [daai ] 2
I = m,
r1r1 dr'1 v i
da .
(o} ai 2
I = 7 ] m,
r2r2 dr2 i
oa, .
0 bi
I r.a - Cabe Z or i M
1 i 1
1° = e ) o1 a m
r.a abe or ci 14
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The 3 X 3 block of I° is the usual inertia tensor for the reference
configuration aib(rl'r2)' the 2 X 2 blbck is the overlap matrix given
above and the off-diagonal block is coupling induced by the angular
momentum of the reference configuration in the molecule fixed axis

system. Finally, the 5 X 5 matrices.b and ¢ are given by

d2a
ai ¥
b = =7 Y L. Q m?
r1r1 { dr12 K ai,k k i
d2aai A
b = -1 ! L Q m*
r2r2 i dr 2 K ai,k k i
2
da
_ bi % , -
br a €abe Z dr z Lci,k Qk oy - bar (a=x,y,z)
1 i 1 k 1
da,
bi b A
b = -e_ ) } L Q m?2 = b (a = x,y,2)
r2a abe i drz K ci,k "k i ar2 :
b = e e Ya 1 L Q m LN (a=x,y,z)
ab ace bde ci di,k "k i ba *e

i k
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The components of
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d2aai | :

= ~-71 L Q m? = b
> K i dr1dr2 al,k 'k 1 r2r1
c - E z dLai,k dL i,1 Q2 Q
r1r1 1 Kl dr1 dr1 k 1
c - Z z dLai,k dLai,l Q Q
Fals ik ¥ s k 1

dL
ci,l
= e Y L 2 Q, Q = ¢
abe { K bi,k dr1 14 1 an1
i1
e 1l L : Q Q = ¢

abe { Kl bi,k dr2 k 1 ar2

- eace ebde Z z Lci,k Ldi,l Qk Ql - Cba
i k1l
dL_. dL
k ai,l

= z Z all i 2 Q Q = c .

K11 drT dr2 k 1 r2r1

(3.24)

the angular momentum in molecule-fixed coordinates are

2 _ 2. %
Jx = (J K™) cosqy
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- (P - %
Jy = (J K2) sian

J_ = K (3.25)

where J is the magnitude of the angular momentum, M is its projection
onto the space fixed Z-axis and K is its projection onto the body-fixed
z-axis.? The coordinates conjugate to these momenta are Qgs Ay and

Qg - J and M are constants of the motion and the Hamiltonian is not a
function of qy or agy. Because of the isotropy of space, the Hamiltonian
is also indépendent of M. The classical Hamiltonian for total angular
momentum J is given in terms of the coordinates‘(r1,r2;Qk,qK) and

conjugate momenta (pr1’pr2'Pk’K) by

‘ *
H(l"1 'Pr.1 'r2’pl"2 ika’Pk’qK:K) = T + Vo(r.l ,r‘2) +

3N-8 >

k

2

) ) (3.26)

(P

-

' 2
+ w(r,,r,)”Q
oy k' 12

with T" given by Equations (3.18) - (3.24).
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C. Modifications for a linear reference geometry

These equations must be modified for points on the reaction surface
which correspond to linear geometries of the reacﬁing sSystem. If,‘for
.example, the distances A--B and'B-—C are chosen as the two reaction
coordinate-like’degrees of freedom, then the minimum geometry for an
atom-diatom reaction |
A + BC =-==--- + AB + C will often be linear. Watson3C first solved
this problem for ordinary molecules and Miller, Handy and Adams2 gave
the necessary modifications for the reacton path case. The kinetic
energy in terms of the coordinates and velocities is obtained as before,
the only difference being that there are now only two rotational degrees

of freedom and 3N-7 normal coordinates of vibration instead of 3N-8,

where w = (w 3r1/3t.3r2/3t) ) and w_, w, and w_ are angular

x*Wys¥zs X' "y z

velocities. When the reaction surface configuration is linear,
I° = 0 and it is possible to show that

rna
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and hence that

I = 1% v2b + b (19 (3.27)

I - (PP (%) (12 )]

by using sum rules like those derived by Amat and Henry55'51. For a

linear configuration both I° and b are singular,

o)

I ab = D €.b (a,b = x,y,2)
where

2
D - ) (azi) ™
i
and
€ap ° E ®azc ®bze - %ab T $az%bz

and the z axis is taken as the molecular axis (i.e., apy = sz a, ).

The b matrix elements are,



bz r
1
/s
bz r
"2
o yz aaiz Q
i 3r1 k
y aaiz .
i arz K
8aiz .
xi,k ar1 k
da
iz
in,k ar Qk
2
2
3 ag

2 “zi,k "k
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_ _3N-T 2N o dsa_, ain,k .
ket 1e1 B 9Ty Am K
;TN 2%a_,
b = = m, * L_. Q
a2 k=1 -1 b ar 2 Ehk K

(3.28)

Proceeding as before one obtains the same sort of kinetic energy

expression
N
2T = ) P + T (3.29)

where TX is given by equation (3.18) and ¥ is given by equation (3.27),
but for the linear configuration, the matrices b and 1° are four by
four matrices. The matrices are constructed by taking the matrix
elements given ébove aﬁdveliminating the columns and rows corresponding
to the z degree of freedom. The z components of the vectors J énd ¥ are:

also removed. The indices of the vectors and matrices are

(x,y,r‘1,r'2).
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D. Quantum Mechanical Hamiltonian Operator

The quantum mechanical operator corresponding to the classical
Hamiltonian of Eqn. (3.26) can be obtained by using the Podolsky
transformation,31'29 where rys o and Qk are replaced by multiplicative

operators and pr.1,pr2 and Pk are replaced by the differential operators

h 3
Ppn 1 ar. n=j,2
n n
H o - -
Pk"’ 1 sa— k-1,...,3Nv8 .

Jd J,, and Jz are operators which obey the usual commutation relations

X’ y
for body-fixed angular momenta., If the volume element is

drldr2d01d02...,dQ 3N-8 dxd¢desineg

then the Hamiltonian operator is given by
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-1 - ’
V(rry) %u"“ (d-x) w2 (1) (d-1) u* (3.30)
where

1

, X -
g uo=-det((I) ") .

E. Elementary Dynamical Approximations

Starting from equation (3.26) or (3.29) for the kinetic energy in
terms of the reaction surface variables and their conjugate momenta, one
can obtain a hierarchy bf zeroth ordér Hamiltonians to be used for
pefturbative calculations by neglecting various couplings. As a first
approximation, it is reasonable to neglect the dependeﬁce of I* on the
normal coordihates Qk' Because we have removed the large amplitude
motion from the vibrational part of the problem this approximétion is
not téo severe., The Qk's will always be very small, this would not have
been.the case if we had not treated the reaction surface degrees of
freedom Separately. If in addition to neglecting the dependénce of I*

on the Qk' the LAY are assumed to be negligible then the term T* becomes

*

2
1 0 1 -1
T = —= + - +
> J(I)d 3 pr(S(r1,r2)) o 2 E p




(3.31)

where P is a two dimensional vector of momenta conjugate to the

reaction surface variables. The Hamiltonian then has the form

H(r1.r‘2.p.r, P, .Qk.Pk.qK.K)=H12(r, sT5sPL sP ) o+

1 2 1 T2
3N-8
1 2 2 2
+ 1z S ¢ oW rr)® Q) s
k=1
_ Hr'ot(qK’ K,r,,rz ) Hcoup ' (3.32)
where
H  (r,p) = 1 p. S(r ,r )—lp + V(r,,r.)
127 "*r 2 *r 1772 r o1 2

1 o -1
Hrot(qK'K r) = 3 J I (r1,r2) J
2 aabi
coup - 2 §=1prn eabc E ar 301 oy Ja

Hy, is the Hamiltonian for the two reaction surface degrees of freedom

on the two dimensional potential energy surface Vo(r1,r2), Hhot is the

55
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Hamiltonian for a rigid (in general asymmetric) rotor of molecular
geometry aib(r1,r2)f Hcoup is coupling due to the angular momemtum of
the reference configuration. If w, b and ¢ (the Q dependence of i* is
in b and ¢) are neglected, one finds that the Hamiltonian of the entire _ -
system is the sum of a Hamiltonian for two dimensional motioﬁ on the
reaction surface, a Hamiltonian for vibration orthogonal to thiq/ .
surface, a Hamiltonian for rigid rotation and a term which depends on
the angular momentum of the reaction surface in the molecule-fixed axis
system,

The orientation of the molecule~fixed axes with respect to the
molecular system can be.chosen to minimize the coupling term in equation
(3.31) or to diagonalize the moment of inertia tensor on the reaction
surface, but it is not possible to both minimize the coupling and to
diagonalize the moment of inertia tensor simultaneously.

If the frequencies wk(r1,r2) are sufficiently slowly varying
functions of ry and rs, it is reasonable to aésume that the 3N-8

vibrational degrees of freedom behave adiabatically. To do this the

variables (Qk'Pk) are replaced by the action—angle variables,

Q, = [(an + 1)/wk(r1,r2}]Z sinq_ ,

k

P = [(2nk + 1)wk(r1,r2)]% cosq, . (3.33)
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If derivatives of the freqdencies with respect to r; and r, are
neglected, the Hamiltonian bécomes

1 -1 _ v
H o= 5p.5(r) g+ Vp(r,ry) + Ho oo+ Hcoup’

(3.34)

’

where V is the vibrationally adiabatic effective potential

3N-8
Volrar,) = Y (r,r,) 4 £=1 Aw (r,,r5) (o + %)

If the orientation of the molecule-fixed axes with respect to the.
molecule is chosen so that at each point (r1,r2) on the reaction surface
the moment of inertia tensor is diagonal, and if rotation is also
adiabatic, then Hrot also becomes a potential energy-type term. If the
réaction surface geometry ai(r1,r2) is a symmetric top (or if the energy
levels of an asymmetric top are approximated by using a symmetric top

model in the usual way),32 then

_ 1 1) - k21 . 2
Hoo = Eplriry) = 3 [A(r) + B(r)] [J(J*+1) - K°] c(r) K

(3.35)

Where A(r r2) B(r, ré) and C(r1'r2) are the three principal rotation
12727 ’

constants for geometry aib(r1,r2), and C is the most distinct of the
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three. With this approximation for the rotational energy levels (and if
the reaction surface geometry is a symmetric top there is no additional
approximation), the complete Hamiltonian is equal to the sum of a
Hamiltonian for a two dimensional problem in an effective potential and
a coupling term,

It is important to remember that despite the drastic approximatidns
we have made (neglecting = , b and ¢ completely), the coupling between

the two reaction surface degrees of freedom is fully retained. The

.. approximations introduced above all involve the neglect of coupling

between the_large amplitude motion coordinates and the other degrees of
freedom; there have been no approximations to the direct interactions
between the tﬁo large amplitude degrees of freedom: Equations (3.31) -
(3.35) provide a zeroth order picture for the dynamics which includes
all of the coupling between the two chosen coordinates ry and r,. Two
degrees of freedom are treated exactly and the effects of otheb degrees
of freedom-and rotation are treated in an approximate manher.

Both the "reduced dimensionality transition state" model of Bowman
and the bending corrected rotating linear model used recently by Walker
and Hayes,33 which use collinear A + B-C -=------ +A-B + C
reactive scattering calculations to approximate the 3D process, can be
derived from the zeroth order approximation to the reaction surface
Hamiltonian given above. For linear configurations the coupling due to
the angular momentum of the reference configuration is absent, and so
for J = 0, the zeroth order approximation to’the reaétion surface

Hamiltonian implies that one should carry out collinear reactive

scattering calculations on the effective collinear potential energy
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surface,

Vo(r1,r2) + nwb(rl’PZ) ,

where wb(r1,r2) is the bending frequency at the general collinear
geometry (r1,r2). Bowman has done this calculation, and the results are
in excellent agreement with the accurate values of full 3D scattering
calculations. It is encouraging to see that the results obtained when
the adiabatic bending energy is allowed to vary with both ry and r, are
much better than the_résults one gets if the bending energy is only
éllowed to vary along the reaction path. This is a simple test, but it
demonstrates that the reaction surface model will give more accurate
resuits than the reaction path model.

It ié clear that by neglecting either the Qk dependence of I* or

L instead of both, or that by neglecting only certain components
Of.!v, b and ¢ one could obtain a Setter approximation to the
Hamiltonian.

In addition to neglecting completely the Q) depenedence of I* one
could choose to neglect some of the terms of the retained components of
the b and ¢ matrices. Each component bab and Cap is a sum over normal
coordinates Qk' Contributions from the more strongly coupled
" vibrational modes could be kept and the others discarded.

The effects of b, ¢ and x could be included by using perturbation

theory. Since the potential energy is described correctly only to
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secopd order in Qk, it makes sense to include the coupling terms only to
second order in the small amplitude variables Qk and Pk, If Hcoup is
neglected the pertubative expansion for T* is,

A T A (3.36)
o] 1 2,
where
TO* - 3 3O 2 B, (8(rr, )7
To- T a7
T, = -3 .(1°)"1 . E3L R E NI ¢ SO B C 1

The matrix ¢ does not appear in these equations because if Hcoup = 0,

I, ao = 0 and 1¥ is given by equation (3.27). Rayleigh-Schrodinger
n

perturbation theory or distorted wave scattering theory could be used to

include the effécts of the perturbation terms.
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F. Conclusions

The principal goal of this chapter was to derive a Hamiltonian
adapted to studying the dynamics of polyatomic systems with two strongly
coupled non-harmonic degrees of freedom. This Hamilﬁonian is given in
equation (3.26). The Hamiltonian has been derived in terms of the
reacﬁién surface variables (r1,r2.Qk) (and their conjugate mqmenta) tol
facilitate approximation of the potential energy surface. Thé kinetic

-energy in terms of these coordinates is exact, the potential energy is
approximatedvby an expansion about the reaction surface., Because two
degrees of freedom are allowed to undergo arbitrary large amplitude
motion, the reaction surface Hamiltonian model will be able to provide
an accurate description of a much wider class of dynamical phehoména in
polyatomic systems than is possible with a reaction path model. H atom
transfer reactions between two heavy molecular fragments where the
reaction path typically has regions of large curvature have motivated
this work, but the approach is developed generally and should have many
useful applications,

We have treated the large and small amplitude coordinates'
separately; the special coordinates ry and r, are removed from the
vibrational part of the problem. Because the Hamiltonian has been
derived in a manner that facilitates the separation of the reaction
surface degrees of freedom from the small amplitude vibrations it is
natural to devise dynamical treatments based on a "system-bath"

notion. The "system" is the two large amplitude degrees of freedom and
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the "bath" the remaining harmonic modes. Treating the system accurately
- whether.one i{s looking for eigenvalues, or calculating reaétive
scattering S matrices - is tantamount to dealing with a collinear atom-
diatom system, something that can be dealt with quite accurately and
efficiently using a variety of existing methods. The bath degrees of
freedom will be dealt with approx?mately and the simplest approximation
has been givenvabove. Basing the system-bath description on the |
reaction surface Hémiltonian is a major advance over earlier work of
Miller and Schwartz3u where the two dimensional system itself was
treated via a reaction path approximation, i.e., a réactioh path plus
one harmonic mode orthogonal to it.

All dynamical phenomena that appear in collinear atom-diatom
systems will be described correctly by the reaction surface
Hamiltonian. For bound two dimensional systems, questions of regular or
chaotic spectra and the general nature of highly vibrationally excited
statés have receivéd considerable attention.35 Collinear (two
dimensional) atom-diatom reactions exhibit both Feshbach (energy
transfer), and potential (tunneling) r'esonances.36 Model two
dimensional potentials have been extensively studied to determine the
extent of mode specificity, i.e., is the unimolecular decay rate a
function only of the total energy or do states with the same energy
decay at different r'ates?37 Because thé reaction surface Hamiltonian
describes the dynamics of two dimensional systems exactly it is well
suited to describing these phenomena in polyatomic systems and to
studying\the effects of the other degrees of freedom.

Many chemical reactions involve only two important degrees of
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freedém, the length of the bond being broken and the length of the bohd
being formed. If these two important degrees of freedom are treated
accurately, it should be possible to study a great variety of

interesting chemical phenomena.
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Chapter IV A New Large Amplitude Motion Internal Coordinate

Hamiltonian and Application to Malonaldehyde

Malonaldehxde is small enougn that usefully accurate ab initio
calculations can be performed, but largevenough that its chemical
properties are interesting and representative of larger polyatomics.
Malonaldehyde contains a ring closed by a hydrogen bond, and it has been
shown that two equivalent hnsymmetrical planar equilibrium
configurations exist in the vapour phase (see equation (3.1))38,
Malonaldehyde has been studied carefully both experimentally and
theoretically by se?eral groups and is emerging as a prototype for the
intramolecular dynamics of polyatomic mo]._eczlxles.:3’8’39'u0

A one dimensional cut between the two wells (which correspénd to
the two equilibrium configurations) through the.potential energy surface
has the form of a simple double well potential. Using a one dimensional
semiclassical expression it is a straightforward matter to deduce the
apparent barrier height from the observed splitting. Spectroscopists
studying systems Qith double well potentialé often a$Sume a one
dimensional model and determine a barrier height from the splitting

between the lowest two energy levels.“1

In a polyatomic molecule
intramolecular proton tunneling is not, however, a simple process

involving only the motion of the proton, but a multidimensional process;

the molecular framework must adjust as the proton tunnels™?, and there

is direct coupling between the proton motion and the molecule's other
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degrees of freedom. If coupling to othér degrees of freedom
significantly alters the sblitting thenvusing é one dimensional formula
to calculate the barrier height from the observed splitting will not be
a reliable procedure. In this paper we devise a method for studying the
effect of the other degrees of freedom on the splitting and apply it to
malonaldehyde.. it is reasonable to expect that coupling to other
degrees of freedom will.reduce the tunneiing splitting (because the
molecular framework must adjust as the proton tunnels). This is
Qbserved by Graf et al.u3 who conclude that the coupling of the proton
with the motion of the nuclear framework is important.

Many polyatomic systems can be analaysed efficiently and accurately
by using the idea of a reaction path. One assumes that the potential
energy surface is weil described by a multidimensional harmonic valley
about the reaction path. This works well when the dynamics ;s dominated
-by motion along the reaction path. The reaction path is usually chosen
to be the path of steepest descent. If the curvature of the path is not
too big, quantum numbers for the vibrations orthogonal to the bath are
approximately conserved during the course of a reaction or molecular
rearrangement. If however there are two strongly coupled.degrees of
freedom (and the curvature is big), it is necessary to treat them both
accurately and to expand the potential about a two dimensional surface
(called the reaction surface) rather than expanding about a one
dimensional path.u“ The frequencies of the vibrational modés drthogonal
to the reaction surface depend on the values of the two reaction surface
coordinates (which have been removed from the vibrational part of the

problem). Two coordinates which undergo large amplitude motion are
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described correctly for arbitrarily large displacements and the
remaining degrees of freedom are treated as small amplitude (i.e.
harmonic) motion. In this way the part of the problem that requires an
accurate solution is separated from the part which may safely be treated
approximately.

It is well known that proton,transfer reactions involve two
strongly coupled degrees of fr'eedom.uS A reaction surface rather than a
reaction path model must be used to describe the dynamies. In order to
explain the distinctivé features of the spectrum of hYdrogen bonded
systems it is necessary to include the coupling between the two degrees
of freedom, and it ié too strong to be treated as a weak perturbation.
Linear hydrogen bonds (where it is assumed that the proton is tansferred
along a straight line) can be treated successfully either by solving a

two dimensional problem exactlyu6

or by an adiabatic separation of
motions.us'w'u8 Kato et al. have studied malonaldehyde using a
reaction Egggvmodel. They include only coupling between the reaction
coordinate énd the other degrees of freedom due to thevvariation of the
frequencies of the orthogonal modes along the reaction path. They
demonstrate that the frequency of the OH stretch changes by about 1000
cm'1 between the equilibrium geometry and the transition state. This
implies that the direct coupling between the reaction coordinate (which
at the malonaldehyde equilibrium geometry corresponds to the 0-0
stretch) and the 0-H stretch, which they have neglected, is quite
strong. There is much less variation in the values of the other

frequencies which indicates that the coupling between the reaction’

coordinate and these modes is fairly small. Accurate results for
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malonaldehdye will only be obtained by including the strong coupling
between the important degrees of freedom. Indeed Kato‘et al. point out
that the vibrationally adiabatic approximation théy use wili fail if the
curvature of the reaction coordinate is large, and this is exactly the
case for malonaldehyde. Proton ;ransfer in malonaldehdye involves the
motion of a light particle between two heavy ones. If only the two
oxygen atoms and the hydrogen atom were involved and if the proton
transfer.was a linear process then tﬁe situation would be analogous to a
heAVy-light-heavy atom diatom problem. It is well known that reaction
path coordinates are not useful for solving this sort of problem because
of the large curvature of the reaction coordinate. In this case the
dynamics is not dominated by motion along the reaction path, and the
most dynamically important region of the poténtial energy surface for
the calculation of the tunneling splitting is not the neighbourhood of
the transition-state, but is some part of the surface deep in the corner
betweeﬁ the two wells,

In this chapter the proton transfer in malonaldehyde is studied by
using an internal coordinate version of the reaction surface
Hamiltonian. The two most important degrees of freedom are treated
exactly and the effects of the other internal coordinates are included
perturbatively. In Section A the calculation of the reaction surface
potential is described. The Hamiltonian for a system with two strongly
coupled degrees of freedom which are allowed to undergo large amplitude
motion i{s derived entirely in terms of internal coordinates in Section
B. The Hamiltonian is quite general and should be useful for a variety

"

- of problems. Once the reaction surface potential and the configuration
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of the molecule or reacting system on the reaction surface are known the
Hamiltonian can be constructed from Wilson's G matrix. The calculations

are described and the results are presented in Section C.

A. Calculation of the Reaction Surface

The reaction surface is obtained by minimizing the potential energy
vsurfacé of the system subject to the constraint of fixed vlaues of ry
vand rs (the lengths of the bond being broken and the bond being
formed). ‘The Hondo program developed by Michel Dupuis and coworkers was
used to minimize the potential energy for pairs of values (r1,r2) over a
two dimensional grid. The Born-Oppenheimer electronic energy and the
values of 3N-6 internal coordinates (N is the number of atoms, which in
this case is nine) which specify the configuration of the molecule on
the reaction surface were determined for more than one hundred values of
(r1,r2). Because the surface is symmetric about the line ry = r, we can
obtain energies and geometries for points with r1.< rs from energies and
geometries at points with ry > rp by reflection. This gives us a total
of more than two hundred points on the surface. The force constant
32 v
adtadc

from the reaction surface was calculated at sixteen points. The

matrix where dt and d, are internal coordinate displacements

calculations were done at the SCF level with a minimum basis set. The

equilibrium geometries and energies that we obtained are identical with



69
earlier results done at this level of theor'y.57 The barrier we obtain
is about six kcal/moie larger than the best available theoretical
estimate™? (an MP4 calculation at equilibrium and transition state
geometries optimized at the MP2 level of theory), and the equilibrium
frequencies are about five per cent higher than the best theoretical
frequencies (which are SCF frequencies with a double zeta plus
polarization basis set). The tunneling splitting in malonaldehyde
certainly depends sensitively on the potential energy surface. The
minimum basis SCF calculation can not be expected to provide anything
more than the basic shape of the reaction surface. Accordingly, we have
scaled our reaction surface so that the geometries of malonaldehyde at
the stationary points of the reaction surface coincide with the MP2

49 and

geometries calculated by Frisch, Scheiner, Schaefer and Binkley,
so that the electronic energy at the stationary points is equal to the

values they obtained.

B. The Hamiltonian

The standard methods used to calculate the vibrational energy
levels of polyatomic molecules?d will not work satisféctor;ly'if tﬁo or
more degrees of freedom are strongly coupled, If vibrational
displacements are large and the potential is strongly anharmonic,
perturbative schemes based on a zeroth order picture, which does not

include accurately the large amplitude motions, will not give reliable
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results. Hougen, Bunker and JohnszS(HBJ) originally developed'an
approach which uses perturbation theory to treat the effects of small
amplitude vibrations but treats the large amplitude motions
accurétely. In the standard treatment of rigid moleucles the
vibrational displacements of the atomic nuclei are measured with respect
to a rigid reference configuration of the nuclei. Following HBJ several
problems with large amplitude motions have been treated by defining a
non-rigid reference configurationvof the nuclei which follows thevlarge

ampl { tude motions.27'50'51'28’52

In this way most of the anharmonicity. .
is removed from the vibrational part of the problem. The derivation of
the HBJ Hamiltonian essentially follows from the definition of the

coordinates. The Cartesian coordinates of the atoms.in the molecule-

fixed frame are given by

R, = ai(p) + d

"where the ai(p) represent the reference configuration from which small
amplitude Cartesian displacement vectors are measured.

Rectilinear displacements from the equilibrium geometry are not
well suited to the description of large amplitude motion; this motion
must be taken care of specially via the introduction of a non-rigid
reference configuration. As the potential energy of a molecule or a
reacting system depends only on the relative positions of the atoms and

is most simply expressed in internal coordinates, it also makes sense to
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measure displacements from the reference configuration in terms of
internal coordinates, Rather than specifying the instantaneous
configuration of a molecule by giving 3N Cartesian components of a
reference configuration and 3N Caftesian components for the

25, we specify the configuration by

displacement from that configuration
giving the values of the large amplitude curvilinear coordinates, the
values of the small amplitude internal coordinates as a functions of the
values of the ;arge amplitude coordinates and internal coordinate
displacements from this position. Instead of

Ri - ai(r1,r2) + di where all the vectors have 3N Cartesian

components we have qQ =T for the large amplitude coordinates i =

i
1,2 and q; = ai(r) + d, {=1,.....3N-8 for the small amplitude

i
coordinates with ai(r) the value of internal coordinate q; when the
large amplitude coordinates have the values r., The large amplitude
coordinates are true curvilinear coordinates (in malonaldehyde we have
chosen the length of the bond being broken and the length of the bond
being formed) and the small amplitude coordinates are linearized
internal coordinates. It would be simple to rewrite the Hamiltonian
derived below for n rather than two large amplitude coordinates. The
potential energy of a molecule is better represented by a quadratic
expansion in QiSplacements of internal coordinates from the equilibrium
configuration than by a quadratic expansion in Cartesian displacements
from the equilibrium configuration. It should also be true that the
< 3N-6 dimensional potential energy surface for a system undergoing some

sort of large amplitude motion will be better described by a quadratic

ekpansion in internal cdordinate displacements about the reference
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configuration than by a Cartesian expansion about the same reference

configuration. We have chosen the large amplitude coordinates so that

v = Vo(r1,r2) + = d F(r1,r2) d

where d is a vector of 3N-8 internal coordinate displacements and F is a
3N-8 by 3N-8 matrix whose elements depend on the values of the reaction
surface degrees of freedom rys rs. An expansion'in terms of internal
coordinateé is intuitiveiyvmore appealing becéuse iﬁ is easier to think
of the force constant for a stretch changing as one moves frém reactants
to products, than it is to follow the evolution of the elements of the
Cartesian force constant matrix.

If the total angular momentum is equal to zero, then the kinetic

energy is given by

s o T~
\-1 /ar or
syp2r e (8 B\ feE) 1 e aqy [F0OF) [3E
S AT c G 3q 2 L3t 3t x y 3q
1 b ot ot

(4.1)

P. is a two dimensional vector of momenta conjugate to the two réaction
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surface degrees of freédom ryy o pq is a 3N-8 dimensional vector of
momenta conjugate to the 3N-8 small amplitude internal coordinates. The
matrices - Gb, G1 x,iy, and z all depend on the coordinates r, q. From
equation (4.1) it is easy to obtain an expression for the kinetic energy
of a system where ry, r, undergo arbitrarily large displacements,

‘ withéut ever referring to the Cartesian coordinates of the atoms. The r
and q coordinates are treated differently. Displacement vectors d are

defined according to

q = a(ri,rz) + 4a . ’ (4.2)

Each of these vectors is a 3N-8 dimensional vector. The components of a
are the values of the 3N-8 small amplitude internal coordinates on thé
reaction surface and the components of d are intérnal coordinate
displaéements from the reaction surface,

Normal coordinates Q are defined by the transformation

d = L(r1,r2) - Q (4.3)

There are 3N-8 normal coordinates and they represent vibrational motion

orthogonal to the reference configuration. The matrix L is composed of

the eigenvectors of y“1 Fb ., where the matrix Fb is part of the
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internal coordinate force constant matrix which is partitioned in the

same way that the G matrix is (see eqn (4.1)),

F - |, (4.4)

and the matrix y 13 the lower right hand block of G"1,

-1 t -1

y = (Gb : G1 g G1) | (4.5)
The coordinates Q are chosen so that when %% = 0 the kinetic¢ energy
will be diagonal in %% . In a standard GF matrix calculation one can

eliminate some internal coordinates from the problem (i.e. treat them as
rigid) by setting the corresponding velocities equal to zero. To
consturct normal modes for motion orthogonal to the surface (i.e. motion

ar or ar 3r2

1 2 1
withﬁ— = 0 and 5t 0), one should put ==— = =— = 0

at at

in equation (4.1) to obtain the correct G matrix. Determining the
normal coordinates which represent motion orthogonal to the reference
configuration i{s somewhat tricky. In the last chapter we suggested
projecting the reaction surface out of the Cartesian force constant

matrix to obtain a matrix whose eigenvectors would represent vibrations

orthogonal to the reaction surface. It is simpler to determine the
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eigenvectors as wé have suggested here, by diagonalizing y_1 Fb. To do

this one needs to know only the G matrix for the molecular system (which
is readily obtained from the tables of Wilson, Decius and Cr'oss)29 and
there is no need to project out anything. The normal coordinates we
have defined here are linear combinations of internal coordinate
displacements, if for some reason it was preferable to work in Cartesian
coordinates, as we did in the last chapter, the Cartesian eigenvectors
which represent motion orthogonal to the reaction surface could be
obtained from the matrix L (see equation (4.11)).

If the reference configuration is chosen so that the small
amplitude coordinates do not vary with the large amplitude motion
coordinates as originally suggested by Hougen, Bunker and Johns then
G1 = 0 and our prescription for obtaining the local normal mode
coordinates reduces to that of HBJf If G1 = 0 then y-1 = Gb and L is
obtained by diagonalizing Gbe « Our reaction surface is defined so
that all the small amplitude coordinates have their equilibirum values
for each pair (r1,r2). This means that G1 is not zero and to define
local normal modes for vibration orthogonal to the surface we must
diagonalize y-1 Fb and not Gbe.

In terms of the normal coordinates Q the potential energy is

3N-8

1 2 2
V = Vo(r1.r2) + k£1 3 wk(r1,r2) Qk . (4.6)

To obtain the kinetic energy in terms of (r1,r2). Qk. and their
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conjugate momenta one must transform equation (4.1). The relationship

between the 3N-8 old coordinates q and the new coordinates Q is given by

qQ = a(r,,r,) + % L (rry) @ (4.7)

In terms of the old coordinates and momentum the kinetic energy is

1 .
T = 2 [pr,o pq] G p »

and in terms of the new coordinates and momenta it is

1 -1 -1,t r
T = 5 (P..py [ary 6 HY] »

where

1 o | o O O 0 O""""O
r - 0 1 O O O O 0-0-0..0.0
V‘ "2 L
aa L
V1 = ﬁ 5;- Q ,
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= 3—a e . ‘
v, = 35 + Q . (4.8)

v, and v, are (3N-8) by 1 dimensional vectors. After doing the matrix

multiplication one finds that

g gr1t . 01(1,'1)‘:
T =3 (p_,Py) Pr

1] -

e rQ 1t t | rgr.t+r.c W hHt .
rg+ (L )G 150 e b o e p
1 whe,r-+L g | Pa
where
-1 . ’
r, = L - (v112) (4.9)

(7172) is a (3N-8) by 2 dimensional matrix composed of the two column
vectors v, and Vo The complete expression for the Hamiltonian in terms
of the two special coordinates ry and r, and the 3N-8 small amplitude

internal coordinates and their conjugate momenta is

3N-8
T w(m?a? . (4.10)
L .

1
H = T + Vo(r1,r2) + 5 1

The Hamiltonian is derived completely in terms of internal coordinates

without any reference to Cartesian coordinates. To construct the
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Hamiltonian it is necessary only to know the G matrix for the molecule
and the vector a(r1,r2) and V,(rqy,r,). To construct an HBJ-type
Hamiltonian in Cartesian coordinates one either needs to project the
large amplitude motion coordinates out of the Cartesian force constant

2,44

matrix y» Or to define the reference configuration so that only the

large amplitude coordinates vary and to calculated L where

(S, here is a vector of 3N-6 internal coordinates)
from the eigenvectors of GF and then to convert L to 1 where 1 is the

matrix of eigenvectors of the Cartesian force constant matrix?! via
y | _
l = M2A L (4.11)

where M is a diagonal matrix of the atomic masses and A is the matrix
which transforms 3N-6 internal coordinates to 3N Cartesian

displacements3

To construct ;he Hamiltonian in equation (4.10) it is not necessary to
define the large amplitude motion coordinates, as HBJ do, and to know A,
nor {s it necessary to project the large amplitude motion out of the
Carteslian force constant matrix, HBJ also write out the Hamiltonian in

terms of internal coordinates, but to do so they require the matrix A
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and the derivative of A with respect to the large amplitude coordinate,
and even after converting to internal coordinates the reference
configuration 1s still referred to a Cartesian axis system. The
essential difference between our Hamiltonian and the standard one is
that from the beginning we work in terms of internal coordinates, so
that there are no traces of an or%ginal Cartesian coordinate system in
our final result. To incorporate rotations, we would have to include
Euler angles which determine the orientation of the molecule fixed
Cartesian axis system with respect to the space fixed Cartesian axis
system, but this is a different matter. The formula for the kinetic
energy given in équation (4.9) does not depend on the choice of the
referénce configuration (or reaction surface). If we had chosen the
reference configuration, as HBJ suggest, so that the small amplitude

.internal coordinates had constant values, then G1 and 3¢, i=1,2
would be identically zero. This would simplify the form of the kinetic
energy but introduce a linear term in the potential energy expansion.,

The kinetic energy expression in equation (4.,9) isvexact for
J = 0. All applications of the reaction path Hamiltonian,have been
carried out for J = 0 and Coriolis éoupling terms like L "y' n_ in

z
equation (3.18) and br1,x' br1,y’ br1,z in equation (3.24) have always
been neglected.1u The Hamiltonian obtained in this chapter is exactly
correct for J = 0 -- no Coriolis-like couplings have been neglected.

The relationship between the internal coordinate large amplitude
motion Hamiltonian derived in this chapter and the HBJ approach has been

“emphasized. It is also possible though, to view the development of this

Hamiltonian as an extension of small amplitude internal coordinate
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methods.z'57 Intramolecular vibrational energy transfer has been
studied by several groups by expanding the potential to second order in
internal coordinate displacements from the equilibrium configuration and
expanding the (coordinate dependent) elements of Wilson's G matrix about
the equilibrium configuration. The coordinate dependencé of the G
matrix elements couples the internal degrees of freedom,_and the more
complete the expangion of the G matrix elements is, the more accurately
the coupling is treated. What we have done in this chapter is to
include exactly the dependence of the G matrix on what we believe are
the two most important degrees of freeom in the problem. The remaining
coordinate dependence is treated by expanding the G matrix in
essentially the standard way. Other workers have 1nconporated the
coordinate dependence of the G matrix by expanding it about a point (the
equilibrium configuration) we have expanded the G matrix about a two
dimensional surface (thé reaction surface) and thereby have included the
functional dependence of the G matrix on the two reaction surface
degrees of freedom accurately.

The exact Hamiltonian is of course too complicated to use in actual
calculations, but it is now in a form in which it is amenable to
realistic approximations. The r and q degrees of freedom are direétly
coupled by the G1 matrix elements.‘T They abe also coupled by P1 , this
.is coupling induced by motion along the reaction surface, it arises from
the dependence of a and the local normal mode directions on ry and rs.
The most severe approximation would be to neglect G1 and T

1
entirely. With this approximation
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N |-

T = ~ (pr,va) g 0 ’ (u.12)

where I is a 3N-8 by 3N-8 identity matrix. Even if we drop both

P1'and G1 completely the strong coupling between the ry and rs degrees

of freedom is still accounted for exactly because the zeroth order

picture includes all coupling between rq and rs. With I‘1 = 0 and G1

the Hamiltonian is

2
3N-8 P
- 1 | K el m2a?
H = 3P, 8P, * V(r,ry) + k§1 [5— + z9@®7 ] .

(4.13)

The frequencies of the orthogonal modes do not vary much with ry and ro,
therefore it is reasonable to assume that the orthogonal modes are

adiabatic. With this additional assumption the Hamiltonian becomes

H = % P. 8P, * [VO(P) + (m+ %) - w(r1,r2) A ]

(4.14)

The Hamiltonian now depends on only two coordinates.
If r, and G, are negelected in the off-diagonal blocks of the
matrix in equation (4.9) but evaluated at Q = 0 in the lower right hand

corner of the matrix, then the Hamiltonian becomes

0
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1 1 1
H = 5 P. 8P, * Vo(r1,r2) * 3 PQ A PQ t 3 QAQ ,
(4.15)
with A = 6 w 2(r) and
i,J i,J i
A = r1° g (T t)o + 1.°6° (L"1)t .
1 1 1 1 :
-1 o] t,o -1 (o} -1.,¢t
(L) G~ (r,”)" + L G~ (L),

where the o superscript means evaluated at Q = 0. Remember that

-1 -1,t -1 -1 -1 -1.t
L Gb (L ) = L (y  + G1 g 01) (L ) ,
and therefore that
-1 o) -1)t - I + L=1 G1o 8—1 G1o (L—1)t

If equation (4.15) is rewritten in terms of new coordinates Z given by
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X Q = 2Z , where X is a matrix composed of the eigenvectors of
A A, then (neglecting a small term introduced by the transformation,"

which is zero if the transverse motion is adiabatic) it becomes

1 ' 1 1 .
Ho= 3 P8P * V(rpmy) + 53 Ppe Py v 52 702
(4.16)
where
, . 2
A 13 = Gi,j w, and
w'iz are the eigenvalues of A A. This can be reduced to a two

dimensional problem by assuming adiabaticity and one obtains

1
H = >P. 8 P

r r t Vplrarp) v (mv) - W A

(4.17)

If the Q motion is adiabatic and the additional coupling introduced (A-
I) is small, then the Z motion should also be adiabatic and indeed

the wi' are also slowly varying functions of riy and ro. Because there

are only two degrees of freedom it is fairly easy to solve for the
eigenvalues of the Hamiltonian in equation (4.17). A great deal of
coupling has however been incorporated into the effective potential

v r1,r2) + (n+ %)+« w K. The effects of G, and r, are partially

o( 1

»
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included through the effective frequencies w'i. Coupling introduced by

the off-diagonal blocks in equation (4.,9) and the Q dependence of

I‘1 and G1 in the bottom right block can be included using perturbation

theory.

C. Calculations and Results

A polynomial in ry and ro with fifteen terms which included terms
of up to fourth order was fit to the reaction surface potential using
the least squares method. This fit was scaled so that the geometry of
malonaldehyde at the stationary points of the reaction surface coincided
with the MP2 geometries calculated by Frisch, Scheiner, Schaefer and
Binkleyug and so that the electronic eneféy at those statidnary points
was equal to the MPU4 values they obtained (at their MP2 geometries).

The 2 by 2 g matrix is given by

1 1 1
+ - cos(¢)
. ™ "o g}
g = 1 . 1 1
— cos(¢) +
mH . mH mo

where my is the mass of hdyrogen, my the mass of oxygen and ¢ is the

angle between the bond lengths ry and p2.29

We want to solve the two dimensional problem on the reaction surface
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exactly, so the full functional dependence of g must be retained. The
angle ¢ 1s a function of the position on the reaction surface,
¢ = ¢(r1,52)f A polynomial in ry and r, with ten terms was fit to
" ¢» The quantum mechanical energy levels of the two dimensional

Hamiltonian

1
m )
0 H p + VO(P)_-

weré determined variationally.

Purely quantum mechanical terms in the Hamiltonian due to the fact
that the determinate of g does not commute with p. which are introduced
when one transforms the classical Hamiltonian to a qﬁantum mechanical
Hamiltonian have been neglected. The exact quantum mechanical

Hamiltonian is

H = Ig(r)lx’ P. l:;(r')l-,’g g(r) p, lg(r)lx v rry)

1
2
(4.19)

where Ig(r)l is the deﬁerminate of g(r). It is known that energy levels
shift by only a small amount when the complete quantum mechanical
Hamiltonian is used.53 We are particularly interested in the splitting
between the lowest ;wo energy levels and it certainly seems reasonable

to assume that the splitting is negligibly affected by the extra purely
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quantum mechanical terms.

We used products'of harmonic oscillator basis functions centered in
the interaction region to solve for the eigenvalues of the Hamiltonian
in equation (4.18). To obtain convergence we used a basis set with 676
functions. Because the g matrix elements énd the reaction surface
potential are both written as polynomials in r and rs the calculation
of the Hamiltonian matrix elements‘c;n be done analytically.

The frequencies of the nineteen vibrational modes orthogonal to thé
- reaction surface were computed at 16 points én the reaction surface by

diagonalizing y-1 F A fifteen term polynomial symmetric in ry and ro

b
was fit to each of these frequencies. Frequencies which correspond to
normal modes with different symmetries may cross, therefore one must fit
the frequencies of each symmetry group separately. For each frequency
the fit was then adjusted so that at the stationary points of the
surface the frequency was equal to the best available theoretical
frequency for malonaldehyde less 16%. The frequencies calculated by.
Frisch, Scheiner, Schaefer, and Binkley are done at the SCF level and
SCF frequencies are typically about 10% too high. Assuming adiabaticity

of the orthogonal degrees of freedom we then solved for the eigenvalues

of

H = % p. g(r) p  + [VO(P) + (=0 + %) Kw(f1,r2)]

(4.20)

Vo(r1,r2) + Rw/2 1is an effective potential which includes approximately
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the contribution of the other modes.
As explained in the previous section the effect of additional
coupling due to the dependence of a on r can be included by solving for

the eigenvalues of

To calculate the matrix A (which is required to compute the w’i) as

a function of r one needs to know L-1, aa/8r1, 3a/3r2 and G1° as

functions of ry and rs. L—1 was determined at 16 points by

diagonalizing y-1 F L—1(r2,r1) was determined from L“(r1,r2) by

b*
symmetry, so that L"1 was known at a total of 32 points. A polynomial

with ten terms was fit to each element of L“(r1,r2). The values of the
internal coordinates on the reaction surface, a were fit with a fifteen

term polynomial which was then differentiated to obtain %% and %% .

G1° was combuted from the formulae of Wilson, Decius and Cl‘oss.29 2The
frequencies w’i(rI,rZ) obtained from diagonalizing (A A) were fit using
the least squares method and the same polynomial form that was used to
fit the frequencies w;(rq,ry).

The effects of the coupling of the off-diagonal block (in equation

(4.9)) were included by first order perturbation theory. G, is expanded

to first order about the reaction surface
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- Q (4.22)

The constant term G does not. affect the energy levels to first

oo

order. The G matrix elements coupling 4 and_r2 with the six torsions

were neglected. The matrix l'1 was calculated by fitting L and

differentiating the fit., The first order correction to the lowest two

energy levels is given by

' o ot
[laraz e _o(zir) x oy ,(F) B, (8T, +

SRS 27l IN .
G (L )7IX )7 py o g (Zir) xp_q H(rP) *

(F) p, (X (1, g+

Jaraz e gz, ,

_1 .
L Gl p. ¢ g (Zir) Xxpoy o(F) . (Lzm

where X is the transformation matrix in equation (4.16) .
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* 1— L ] ‘ [ ] - l 4 . )
[p, <Py 72 + s (z- A - D], (n=0 + %) Ww'(r) o _ (Z;r)
and
1 3n-8 1 . .
[sp. 80 + Volryary) o+ L 3 v 1(")] Xp,2(F) = By 5xy o(r)

81,2 ére the two lowest eigenvalues of the two dimensional problem.

In addition to direct coupling between the r and Q degrees of
freedom dué to the off-diagonal blocks of the matrix in equation (4.9),
there is non-adiabatic coupling. We have determined the eigenvalues of
the Hamiltonian in equation (4.10) approximately by neglecting the off-

diagonal coupling and evaluating the matrices I, and G1 at Q= 0, (to

1
obtain equation (4.16)), assuming adiabaticiy of the Z coordinates,
solving the two dimensional problem exactly and then including the off-

diagonal coupling with first order perturbation theory. It was assumed

that the eigenvalues of equation (4.16) were given by

Ey2 = &, * (a+h)-win

where € 5 are the eigenvalues of
1
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1
Hps = 3 P.BP. * Vo(r1,r2) !

and that the eigenfuctions of equation (4.16) were given by

1,2, n 7 X1,2(F) #(Zir)

These approximate eigenvalues and eigenfunctions will be accurate if the
non-adiabatic coupling is small.

If n = n” then all the non-adiabatic coupling elements which depend
on the first derivative are equal to zero and therefore the energy
levels are not shifted by non-adiabatic coupling to first order. The
off diagonal non-adiabatic coupling elements (n # n*') will only be large
if the frequencies of the orthogonal modes vary appreciably as a
fuﬁction of their position on the reaction surface; this is not the casé
so the adiabatic approximation is certainly a good one.

If the reaction surface potential is scaled to reproduce the most
reliable theoretical calculations available for malonaldehdyeu9 we find
that the zeroth order splitting (calculated using the Hamiltonian in
equation (U.2Q) ) between the two lowest energy leveis is 70.0 em .
Including the coupling in A (by solving for the eigenvalués of the

Hamiltonian in equation(4.21) decreases the splitting to 60.2 em™1,

This is considerably bigger than the experimental result of Baughcum et
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al.38(d) of 21.583264 em™'. If the reaction surface potential is scaled
so that the barrier height is 6.8 kcal/mole, i.e. é.S kcal higher than
the value predicted by Frisch, Scheiner, Schaefer, and Binkley then we

- find that the zeroth order splitting drops to 21.6 cm'1. Coupling

decreases it slightly to 17.1 cm". To first order the effect of the

off-block perturbation is to increase the splitting about 1 cm-1, for
both the surfaqe scaled to the barrier height of FSSB and for the
surface with the barrier height of 6.8 kcal/mole (2.5 kcal/mole higher
than the yalue predicted by FSSB). The perturbation theory results

1 da Ja

depend somewhat on the way L , =— , = and G, are fit. The
3r1 3r2 1

effect of the off-block perturbation on the splitting is
1+ 1 em.
It should be emphasized that even the zeroth order result includes
the strong coupling between the two most important degrees of freedom
exactly. The effects of the other degrees of freedom are relatively

small because the most important part of the problem has been soived

accurately.

D. Conclusions

It appears that a barrier height of 6.8 kcal/mole gives a splitting
" close to that observed by Baughcum et al. This is quite close to the
value they obtain by working backwards from their experiment;l

results. The agreement of our results with the microwave spectra is

encouraging, however, it should be noted that the potential energy
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surface we use is approximate. Although our scaling proceduke
undoubtedly produces a surface which is pretty good, the basic topology
of the reaction surface potential is
still determined by an SCF mimimum basis set calcﬁlation.

Allowing the molecular framework to adjust as the -hydrogen atom
tunnels (by including the other modes adiabatically (via eduation
(4.20)) decreases the tunneling splitting as expected. If the effect of
the direct coupling in“the off-diagonal block and in the matrix A is
included in the calculation the tunneling splitting decreases slightly.
Our. . calculations show that the dynamics of the hydrogen atom exchange in
malonaldehyde is dominated by motion on the reaction surface. We
believe that many chemical phenomena involve only two strongly coupled
large amplitude degrees of freedom and that treating this strong
coupling accurately will be sufficient.

We have derived a Hamiltonian which will be useful for studying the
dynamics of polyatomic systems where two internal coordinates interact
strongly. The Hamiltonian is entirely in terms of internal coordinates
and their conjugate momenta, and can be constructed easily if the Wilson
G matrix for the molecule is known. We believe that it is simpler to
construct this Hamiltonian than other Hamiltonians which have been
proposed for studying proﬁlems with large amplitude
motion325'27'28'50'51'28'52 and that it will facilitate the study of

many interesting problems. -
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Chapter V . Cbnclusion

In order to study'the dynamics of polyatomic systems one must make
approximations. Much effort has been expended in the development of
exact quantum mechanical and semiclassical methods for treating simple
systems and it is now time to begin applying approximate versions of
' these.theories to more complicated pbocesses.

In order to study the nuclear dynamics of a polyatomic system one
must knéw the:Born—Oppenheimer electronic energy. Determining the
entire potential energy surface for a large system is virtually
impossible and it does not seem likely that computers will be big enough
‘and fast enough to do the job in the near future. Clearly then, one
must approximaﬁe the potential energy surface and several useful
approximations have been proposed in this thesis. For many chemiéal
Systems the potential energy surface is adequately repregented by a
multidimensional harmonic valley about the steepest descent path. With
this approximation for the potential, the full Hamiltonian has been
derived by Miller, Handy and Adams.2 The vinylidene—acetylene
rearrangement was studied with phis approximate Hamiltonian in Chapter
II. It is not hard to upgrade this approximation, so thét the potential
is approximated by a multidimensional eXpansion about a two dimensional
surface, and this was done in Chapter III. In Chapter IV it was noted
that an expansipn about the two dimensional surface (the reaction

surface) in terms of internal coordinates gives a better representation
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of the full potential than an expansion in Cartesian coordinates and
proton transfer in malonaldehyde was studied using this approximation to
the potential.

The results presented here show clearly that it is fruitful to
apply reaction path and reaction surface models to the study of
polyatomic molecules. The reaction surface Hamiltonian and the internal
coordinate large amplitude motion Hamiltonian derived in chapter IV
should enable chemists to study many interesting polyatomic systems

without inordinate computational effort.
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Table 1. Predicted Triple Zeta plus Polarization harmonic vibrational
frequencies or vinylidene, acetylene and the transition state.

Species Frequency Experiment - Normal-mode
em™ ! description
Vinylidene 3312 . CH asym. str.
3217 CH sym str.
1719 1650 ¥ 120 CC stretch
1289 1120 7 100 CH, scissors
800 out of plane
22 CH, rock
Transition 3469 CH stretch
state 2673 CH stretch
1898 CC stretch
951 . CCH bend
607 out-of-plane
10124 reaction
' coordinate
Acetylene 3605 3373 CH asym. str.
: 3492 3295 CH sym. str.
2102 ' 1974 CC stretch
788 729 CCH bend
654 612 - CCH bend

- —— - — — - i - e ——— . — —— S P P WD WD D - D AP T WD = - ———— —~ - —— -

a Reference 12
b Reference 10
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Table 2 Vinylidene lifetimes

- — — - — - ——— - —_ . . . = — - — - — — —— — - = ——— — D = S - D P P T ———— - ———

Classical barrier Vinylidene Excitation Lifetime
height State energy (ps)
(kcal/mole) ng ny (kcal/mole) VA sC
2 0 coe 0. 0.24
0 1 3.5 0.12 0.12
3 0 0 e 3.2 0.76
0 1. 3.8 0.70 0.47
1 -0 1.8 0.21 0.18
y 0 0 4.7 4.6
0 1 3.5 9.1 1.8
1 0 1.1 1.3 0.31
1 1 5.4 0.34 0.29

- - D - —— — — — — - —— — — —— — — - ———— — —— - - — -
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Figure 1.

Figure 2.

Figure 3.
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Figure Captions

Triple zeta plus polarization configuration interaction
geometries for vinylidene, acetylene, and the transition

state., Distances are in- & .

The potehtial energy as a.function of the reacfion
coordinate in the vicinity of vinylidene (s=0) and the two
symmetrically eqqivalent planar transition states. The
solid curve is the potential V (s) (from equation (1.6)) for

a barrier height of two kcal/mole, and the dashed curve is

‘the vibrationally adiabatic potential (equation (1.9)) for

the ground state n=0. The dotted curve is the vibrationally
adiabatic potential with one vibrational quantum of
excitation in the CH, scissors mode. The horizontal line
indicates the ground vibrational state in the vibrationally
adiabatic potential (n=0), and the classical turning points

are indicated.

The reaction surface potential energy surface. The»contours
are -266.42,-266.415,-266.41,-266.405,-266.40,-266.395,-
266.39,-266.38,-266.37,-266.37,-266.36,-266.35,-266.34,-

266.33,-266.32,-266.31,-266.30.

&
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Figure 4, A plot of the potential along a straight line between the

two wells,

Figure 5, A plot of the effective adiabatic potential along a straight

line between the two wells.
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