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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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Electromagnetic Form Factor Corrections to Collisional Energy Loss of Pions and Protons,

and Spin Correction for Muons

J. D. Jackson

Lawrence Berkeley National Laboratory, Berkeley, CA 94720

At very high energies, the collisioﬁal enérgy loss of hadrons passing through matter is
reduced relative to that of a point particle because of their extended electromagnetic
structures. For fermions, spin and magnetic moment effects work in the opposite direction.
Analytic and numerical results are given for pions, muons, and protons. The reductions are
small, but increase with energy. At 1 TeV, for example, the reduction is 2.7-3.4% for pions
and 1.4-1.9% for protons, depending on the material. The influence of form factors on the so-

called z3 effect at high energies is also addressed.

I. Introduction

Collisional energy loss divides naturally into two confributions, one from "soft"
collisions involving energy transfers from zero to an intermediate energy Tp and another for
"hard" collisions with energy transfers from Tp to the maximum Tpnax. For the soft collisions,
atomic binding effects are important; for the hard collisions, the electrons in the struck atom or
molecule can be regarded as free. The conventional (Bethe-Bloch) expressions are almost
totally insensitive to the exact choice of Tgbecause the dominant contribution to the "Bethe
logarithm" from one is lﬁ( To/eetf) and the other, In(Tiax/To)- -

The standard results (see, e.g., ref. [1]) treat the incident heavy particle as a spinless
point charge in its interaction with the atomic electrons. At high energies the maximum

momentum transfer in a collision with a free electron at rest can be large enough that the



extended size of the hadron's charge distribution begins to come into play. Table 1 gives

some representative values of both [Qnax]? and Tyax for pions and protons. The mean

square charge radius of the pion is {(r2)y = 11 (GeV)-2 [2], while that of the proton is (r2), =

17 (GeV)-2 [3]. From the expansion of a form factor, F(Q?) = 1 - (r2)Q%/ 6 + ... , we see

Table 1: Representative values of [Qmax]? and Tmax for pions and protons versus energy

Pions Protons
E(GeV) [Omax]? (GeV)? | Timax (GeV) | [Omax]? (GeV)2 | Tmax (GeV)
100 0.086 84 0.011 10
500 0.492 482 6.188 184
1000 1.003 981 0.549 537

that at high energies the extended charge distribution will have a softening effect on the

hardest collisions: the energy loss is reduced relative to that of point particles, although spin

effects can work in the opposite direction.

In this note I present for the record the results for the corrections (reductions) in

- collisional energy loss of pions with a simple propagator form factor [2] and of protons whose

electron scattering is described by the Rosenbluth formula [4] with the standard dipole form

factor [3]. These form factors describe the elastic electron scattering data (or equivalent)

adequately well beyond the range of Q2 considered here. A preliminary version of the results

was archived with the Particle Data Group [5].

I also include the correction to the muon's energy loss from its spin and the very small

high-energy z3 effect [6] with form factors, but only in the approximation of their expansion to

first order in Q2.




I1. Formulas
For a heavy particle of charge ze and mass M passing through a medium of atomic

number Z, the standard expression for energy loss in MeV cm?/g is

ZZ
_=CB7L(B,Z) ;  C=0307= (1)

where L(f, Z) is the "Bethe logarithm," given as the square bracketed expression in
equation (22.1) of the Particle Data Group [1]. Note that my constant C is related to Rossi's
[7] constant Cg by C = 4mec2CR, and to the PDG's K by C= KZ/A . |

The effect of a form factor is felt only in the hard collisions. Here the struck electrons
can be considered as free particles. Furthermore, the form factor effects only occur at
extremely high energies. We therefore put § — 1 and pjp = Ejzp throughout. The difference
in energy loss with and without a form factor F(Q2) in the Born approximation calculation is

then

A@-=£sz ‘Zf(l—TT )[IF(Q%IZ-M 2)

dx 2 max
0

where T= Q?2m, is the energy transfer, Ty is the intermediate energy transfer, assumed

very small compared to Tiyax ,and

2 2
B 2 mg prp 2 m, E,
s S

(3)

s = m62+M2+2meE]ab



The maximum momentum transfer squared is Qn%ax =2 me Thax . Equation (2) is valid for a
spinless incident particle with charge form factor F(Q?). Note that, because IF(Q?)l < 1, the
right-hand side of (2) is negative.

For protons, th¢ spin and magnetic moment complicate the expression beyond that
given by (2). In terms of the so-called charge and magnetic form factors Gg and Gy in the
Rosenbluth formula, the change in collisional energy loss for protons can be written

conveniently as the sum of two terms,

A9E| _ [ndE +[Ag§} @
dx |p dx | dx |,
where
Tmax »
dE C - dT T 2.2
A—] =— —t1-—]| |G -1 5
=L, f R L2 R (%)

2 |2 2
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(6)
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2

The first contribution has the séme form as (2); it corresponds to a spinless "proton" and is
negative. The second contribution results from the proton's spin and magnetic moment and
its associated form factor. Since IGpgd > IGgl , the second contribution is positive, a
consequence of the magnetic moment scattering increasing relative to the charge scattering at

large angles.

The form factors for the pion and the proton are taken to be




F(Q2) = —IT 7
MQY= s (7)
Gu(Q 2 2 )2 (8)
GHQ2) = mQ7%) _ Fp(Q2)=( 2Hp 2)
§ Ky + Q

where & = 2.79285 is the proton's magnetic moment in nuclear magnetons. The mass
- parameter for the pions is chosen to be py = 0.736 GeV [2] and that for th¢ proton,
Kp = 0.8426 GeV or (p,p)2 = 0.71 GeV2 [3].
Since the integrands in (2), (5), and (6) are not singular as T-1 at small T, the
intermediate energy transfer Ty can be set to zero with negligible error. The results for the

change in energy loss are then

AdE

= - §z21n(1+x,’;ax) " 9)

n

where X%y = 2 MeTmax/tir? . For protons the dipole form factor yields

. _ P
B = L2 e ag,)es . CIm o
1

max. 2
6 (1 +xb. )

where xPrax = 2 meTimax/tip? , and

[A?ﬂ = S2A@ -1 LGk +VELGE) | Y
Xi2 2 '

where A = up2/4M2, v'= M?U,%/2me?Ejap2, and



2 2
L(x) = A +7Lx) b1(1+7\,X A Ax N x(3+2x) (12)
(1-0)* L+x)] (1-0)2 20021+ %) 6(1-A)(1+x)?
X2(3 + Xx)
In(x) = ———= (13)
6 (1+ x)°

For muons, a small correction to the standard Bethe formula results from the Dirac
current of the muon. A simple Feynman diagram computation, appeal to the result given in

Rossi [8], or specialization of (11) to £ = 1 and Hp — o gives the correction,

2 m2 \7?
[A@- - -C—(T"’”") O ISP TS N (14)
U dX | muon 8 \Elap 8 2meEj,p 8

III. Results
Figure 1 displays the reduction in energy loss for pions and protons and the spin
correction for muons in units of C as functions of the energy of the incident particle. Since the
méin "Bethe logarithm" in (1) is in the range of 13 - 22 for Ej,p = 100 - 1000 GeV, the
reduction is less than 1 % for pions of energies less than 200 GeV and protons of less than
700 GeV. At 2 TeV, the reduction is 4-5 % for pions and 3-4 % for protons. The difference
between the dashed curve and the solid curve for protons shows the magnitude of the

positive magnetic moment contribution, [A dE/dx];.

Figure 1 goes here




At extremely high energies, of course, radiative losses from bremsstrahlung and pair
production dominate. Extensive computations have been made of energy loss by
bremsstrahlung and pair production for muons [9]. The dominant scaling with incident
~ particle mass M is as (mM/M)2 for bremsstrahlung and as my/M for pair production, each
" times an insensitive 1ogarithm. With such scaling, I find that in iron, for example, the
combined radiative energy loss for pions (protons) equals the collisional .loss at roughly 500
GeV (4.5 TeV). Even for protons, as the energy increases radiative processes obviously
dominate the energy lossés before the form factor corrections to the collisional losses become

appreciable.

IV. 23 Correction with Form Factor
The so-called z3 correction to energy loss is given at high energies by an expression
similar to (2), but with the difference between the second-order McKinley-Feshbach-Dalitz
| cross section [10, 11] and the lowest order result for the elastic scattering of an electron by a
point Coulomb field. The second-order cross section is the relativistic Rutherford expression

times
X=1-B*sin®02 + nz aPsin®2(1-sin6/2)
The first two terms are the well-known lowest order result for a spin 1/2 incident electron. -

The remainder gives the z3 correction to the energy loss for a point charge incident on a free

electron [6],

(14)

Tm.'zx
@}0 _nozZC| dr|( T\? T | _ noazC
dx |3 2B A



With mo/2 = 1.15 X 10 -2, this correction is tiny for I;articles with |zl = 1. What happens if the
incident particle has extended electromagnetic distributions? It seems clear that, since the
second-order diagram hastwo softened external vertices, the z3 contribution to the scattering
cross section will be reduced more than to the z2 contribution. The new integrand for (14)
will surely be smaller than for a point particle.

Since the z3 effect is very small already, we content ourselves with an expansion of
the form factors to first order in Q2 in an extension of Dalitz's calculation. This approximation
make tractable an otherwise fairly horrendous computation. The calculation follows closely
that of Dalitz (in some ways simpler); we present only the result. The extension of (2) to

include the z3 terms, but with the form factor expanded only to first order in Q2 , is

[ dE (15)

dx

(I-x)+7 ocz[ (1-x) + %x(\/}— x)

z%+7° 3

1
_ ch177(3Tm.%1)( <I’2>[ C,IX
0

where x = T/Tpax.. The 22 part of (15) is just what (2) gives if IF(Q2)2 is expanded to first
order in Q2. The full high-energy z3 correction, to first order in {r2) [the sum of (14)and the z3

part of (15)] is

dE

dE|' _ mnaz'C
dx

noz2C
2 2

2

16
1 -EO‘Z) meTmax} =

8 202 |
1'45 <T >Qmax:| (16)

For pions (spinless "protons") at 100 GeV, the form factor reduction is 17% (3%). At 500
GeV (beyond the range of validity), the reduction is 96% (57%). The only reliable message
at very high energies is that the z3 contribution to the energy loss is well below the point-

charge result (14).
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FIGURE CAPTION
Figure 1. Reduction in collisional energy loss for pions and protons from the hadronic
electromagnetic form factors, and spin correction to muon energy loss, versus incident particle
energy in GeV. Units of energy loss are C=0.307 Z/A MeV cm2/g. The dashed curve ]
represents equation (10), the reduction for a spinless "proton.” The solid proton curve is the

sum of (10) and (11).
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