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ABSTRACT OF THE DISSERTATION
Essays On Testing Conditional Independence
by
Meng Huang

Doctor of Philosophy in Economics

University of California, San Diego, 2009

Professor Halbert White, Chair

Conditional independence is of interest for testing unconfoundedness as-
sumptions in causal inference, for selecting among semiparametric models, and
for testing Granger noncausality, etc. This dissertation propose flexible tests for
conditional independence, which are simple to implement yet powerful in the sense

that they are consistent and achieve y/n local power.

In the literature, there are many tests available for the case in which the
variables are categorical. But there are only a few nonparametric tests for the
continuous case. On the other hand, in economics applications, it is common to
condition on continuous variables. Chapter 1 provides a nonparametric test for
continuous variables. The test statistic is a Wald type test based on an estimator
of the topological “distance” between the restricted and unrestricted probability
measures corresponding to conditional independence or its absence. The distance
is evaluated using a family of Generically Comprehensively Revealing (GCR) func-

tions indexed by a nuisance parameter vector.

Although the test in chapter 1 is easy to calculate and has a tractable

limiting null distribution, its consistency relies on the randomization of the choice

xiil



of the nuisance parameters. In chapter 2, I obtain a Bierens type Integrated
Conditional Moment test by integrating out the nuisance parameters. The test still
achieves /n local power and its consistency does not rely on the randomization
any more. Its limiting null distribution is a functional of a mean zero Gaussian
process. I simulate the critical values by a conditional simulation approach. As
an example of application, I test the key assumption of unconfoundedness in the

context of estimating the returns to schooling.

In applied microeconomics, many variables are categorical or binary. For
example, in the returns-to-schooling example, the conditioning variables usually
include a number of discrete variables such as sex, race, union or industry. However,
in previous chapters I assume the conditioning variables to be continuous. In
chapter 3, I extend the conditional independence tests to incorporate the case
of mixed conditioning random variables, using the frequency approach and the

smoothing approach.

Xiv



A Chi-square Test for Conditional

Independence

1.1 Introduction

In this chapter, I propose a nonparametric test for conditional indepen-
dence. Let X, Y and Z be three random vectors. The null hypothesis we want to
test is that Y is independent of X given Z, which can be denoted as

YLX|Z

Intuitively, this means that given the information in Z, X cannot provide addi-
tional information to predict Y. The notation and definition of conditional inde-

pendence is as given by Dawid (1979).

Dawid (1979) showed that some simple heuristic properties of conditional
independence can form a conceptual framework for many important topics in sta-

tistical inference: sufficiency and ancillarity, parameter identification, causal infer-

1



ence, prediction sufficiency, data selection mechanisms, invariant statistical models,

and a subjectivist approach to model-building.

In economics, conditional independence is often used as a part of the
identifying restrictions, as in the identification for nonseparable models. It is also
of interest for selecting among semiparametric models and for testing Granger
noncausality, as mentioned in Su and White (2008). Another potential application
of conditional independence testing is to test a key assumption identifying causal
effects. For example, if we are interested in estimating the effect of additional
year of schooling on income, but we are worried that unobserved ability will affect
both years of schooling and income, then OLS will generally fail to give us a
consistent estimator. Nevertheless, if we can find a set of covariates, say AFQT
scores, such that ability will be independent of schooling given the covariates, then
we can estimate the returns to schooling by various methods provided in the causal
inference literature. The conditional independence assumption is a key assumption
identifying the causal effect. Since ability is unobservable, we cannot directly test
this assumption using the proposed test. But if there is another set of observable
covariates satisfying certain conditions (see White and Chalak (2006)), we may
test an implied conditional independence assumption: the new set of observable

covariates is independent of schooling given the AFQT scores.

In the literature, there are many tests for conditional independence for the
case in which the variables are categorical. But there are only a few nonparametric
tests for the continuous case. On the other hand, in economics applications, it is
common to condition on continuous variables. Previous work on testing conditional
independence for continuous random variables includes that of Linton and Gozalo
(1997), Fernandez and Flores (2002), and Delgado and Gonzalez-Manteiga (2001).
More recently, Su and White have several papers (Su and White (2003), Su and
White (2007) and Su and White (2008), “SW”) attacking this question. Although



SW'’s tests are consistent against any deviation from the null, they are only able
to detect local alternatives converging to the null at a rate slower than 1/y/n and

hence suffer from the “curse of dimensionality”.

The test proposed here achieves y/n local power. The philosophy of the
test follows a series of papers of consistent specification tests in Bierens (1982),
Bierens (1990), Bierens and Ploberger (1997) and Stinchcombe and White (1998),
among others. Whereas Bierens (1982), Bierens (1990) and Bierens and Ploberger
(1997) construct tests essentially by comparing a restricted parametric and an
unrestricted regression model, the test in this paper follows a suggestion of Stinch-
combe and White (1998), basing the test on estimators of the topological “dis-
tance” between unrestricted and restricted probability measures, corresponding to

conditional independence or its absence.

This distance between the two probability measures is measured indi-
rectly by a family of moments, which use Generically Comprehensively Revealing
(GCR) functions such as the logistic cumulative distribution function (CDF) or
the normal probability density function (PDF) as the test functions, indexed by a
nuisance parameter vector vv. Under the null, all such moments are zeroes. under
the alternatives, the use of GCR functions makes the test consistent, because of
its property that any deviation from the null will result in nonzero moments for

essentially all choices of ~.

I estimate these moments by their sample analogs, using kernel smooth-
ing. A Wald type test statistic based on these estimators is obtained and its

limiting distribution is a Chi-square distribution.

The plan of the remaining paper is as follows. In section 2, I explain the

hypothesis and the basic idea of my test for conditional independence, and derive an



equivalent null hypothesis which is based on the topological distance between the
restricted and unrestricted models. I then suggest an estimator for that distance
and a test statistic based on that. In section 3, I establish asymptotic normality
of the properly centered and scaled moment estimators using extended U-statistic
theory, and prove the test is consistent. I use a simple plug-in bandwidth following
Powell and Stoker (1996). In section 4, I perform simulations to examine the finite

sample properties of the test. Section 5 concludes.

1.2 The Hypothesis and the Test Statistic

1.2.A The Hypothesis

Let X, Y, and Z be three random vectors, with dimensions dx, dy, and
dz, respectively. For convenience, I assume throughout that the sample observa-
tions {(X;,Y;, Z;);_, } are independent and identically distributed (IID). Analogous
results hold under weaker conditions, but I leave consideration of these aside here.

Formally, I make the following assumption:

Assumption 1.1 {W; = (X!, Y/, Z))'} is an IID sequence of random variables on
the complete probability space (Qw, Fw, Pw). X;,Y:, and Z; take values in Rx,
R¥ .and R, respectively, and dy = dx + dy + d.

We exploit the identical distribution assumption to drop the 7 subscript
when convenient, and we write W = (XY, Z). The null hypothesis to be tested
is that Y is independent of X given 7, i.e.



Hy:Y LX|Z, (1.2.1)

whereas the alternative is that Y and X are dependent conditioning on 7, i.e.

H,:Y L X|Z (1.2.2)

The definition of conditional independence is as given by Dawid (1979).
We say that Y is independent of X given Z, if for all x

fY|XZ(y | 2, 2) = fY|Z(y | 2), (1.2.3)

where fy|xz(y | =,2)and fy|z(y | z) denote the conditional density of ¥ given
(X,Z) = (z,2) and the conditional density of Y given X = x, respectively. The
intuition of the meaning of conditional independence is that given Z, X cannot
provide further information to predict Y. Note that (1.2.3) and the following three

expressions are equivalent to one another:

fxivz(@ [y, 2) = fxy (| y), (1.2.4)
fxviz(,y | 2) = fxiz(x | 2) frizi(y | 2), (1.2.5)

and
fxvz(@,y,2) f2(2) = fxz(2,2) frz(y,2). (1.2.6)

From (1.2.5) and (1.2.6) we see clearly that the definition is symmetric
for X and Y. So we use “X and Y are independent given Z”, “X is independent
of Y given Z”7 and “Y is independent of X given Z” interchangeably, and we use

“YV1X|Z and “X LY | Z7 interchangeably.



As mentioned in the introduction, there are many conditional indepen-
dence tests in the literature designed for categorical random variables. So in this

paper, I am particularly interested in the case for continuous random variables.

1.2.B  An Equivalent Hypothesis in the Form of Moment

Conditions

For testing the null hypothesis (1.2.1), what I will do is to test an equiv-
alent hypothesis which is a family of moment conditions. Since we can easily
estimate the moment conditions by their sample analogs, we can construct a test

statistic based on these estimators. I will first establish that equivalent hypothesis.

The idea is inspired by a series of papers of consistent specification tests:
Bierens (1982), Bierens (1990), Bierens and Ploberger (1997), and Stinchcombe
and White (1998), among others. Those tests are based on an infinite number
of moment conditions indexed by nuisance parameters. Bierens (1990) provides
a consistent test of specification of nonlinear regression models. Consider the
regression function g (z) = E (Y | X = z). Bierens tests the hypothesis that the
parametric functional form, f (x,0), is correctly specified in the sense that g (z) =
f(x,6p) for some 0, € ©. The test statistic is based on estimators of a family
of moments E [(Y — f(X, 90))67/)(} indexed by a nuisance parameter vector .
Under the null hypothesis of correct specification, these moments are zeroes for
all y. lemma 1 in Bierens (1990) shows that the converse essentially holds, due to
the properties of the exponential function, making possible a test able to detect

all deviations from the null.

Stinchcombe and White (1998) find that there is a broader class of func-

tions having this property. They extend Bierens’s result by replacing the exponen-



tial function in the moment conditions by any Generically Comprehensively Re-
vealing (GCR) function, e.g. nonpolynomial analytic functions, and by extending
the probability measures considered in the Bierens’s approach (Bierens (1990)) to
signed measures. Further, they point out that such specification tests are based on
estimates of topological distance between a restricted and an unrestricted model.
Following this idea, we can construct a test for conditional independence based on
estimates of the topological distance between unrestricted and restricted probabil-

ity measures corresponding to conditional independence or its absence.

We first restate the definition of GCR function from Stinchcombe and
White (1998). We let C(B) denote the set of continuous functions on a compact

set B C R and we write sp H,(I") to denote the span of a collection of functions
H,(T).

Definition 1 (Definition 3.6 in Stinchcombe and White (1998)) We say that
Hy, = {h:RW 5 R | h(w) =¢(@'v), vy € CRYW @ :=(1,w)} is generi-
cally comprehensively revealing if for all T' with non-empty interior, the uniform

closure of sp H,(I') contains C(B) for every compact set B C R,

Intuitively, GCR functions are a class of functions indexed by v € I' whose
span comes arbitrarily close to any continuous function, regardless of the choice
of I' as long as it has non-empty interior. When there is no confusion, we simply
call ¢ a GCR if the generated H, is a GCR. As stated in Stinchcombe and White
(1998), GCR functions include real analytic functions except for the polynomials,
e.g. exp, logistic CDF, sine, cosine, and also some nonanalytic functions like the

normal CDF or its density.

I now establish an equivalent hypothesis in the form of a family of moment

conditions following the argument of Stinchcombe and White (1998). Let P be



the joint distribution' of the random vector W = (X,Y,Z), and let @ be the
joint distribution of W with Y L X | Z. Thus, P is an unrestricted probability
measure, whereas () is restricted. To be specific, P and () are defined such that

for any event A,
P(A) :/1[@,% z) € AldFxyz(z,y, 2) (1.2.7)
and

Q(A) = / (2,9, 2) € AJdFy 4(y|2)dFxz(x, 2), (1.2.8)

where 1[-] is an indicator function, and dFy z(y | 2), dFxz(z, 2), dFxyz(z,y, 2)
denote the conditional or joint densities indicated by their subscripts and argu-

ments.

Note that the measure P will be the same as the measure @) if and only

if the null is true:

Q(4) = / (2,9, 2) € AJdFy1(y|2)dFx4(x, 2)

Ho / 1(z,y, 2) € AldFy|xz(ylz, z)dFxz(z, )
= P(A).

To test the null hypothesis is thus equivalent to test whether there is any deviation

of P from Q.

Let Ep and Eg denote expectations with respect to P and @), respectively,
and define

A, (7) = Ep(e(vo + X'y + Yy + Z'v3)) — Eqe(vo + X'y + Y, + Z'3)),

where v = (7,71, 75, 73) € RY4W is a vector of nuisance parameters. Under the

null hypothesis, A, () is obviously zero for any choice of function ¢ including

!The distribution of X is the measure F' := P o X! on (R, 3(R)) defined by (A € B(R)),
F(A)= PoX-1= P[X € Al.



GCR functions and for any choice of 7. To build up a test, we want A, (v) to
be nonzero under the alternatives. If A, (v,) is not zero under some alternative,
we say that ¢, can detect that particular alternative for the choice of v = ~,. An
arbitrary function may fail to detect some alternatives. Nevertheless, according to
Stinchcombe and White (1998), if W is a bounded random vector, the properties of
GCR functions imply that GCR functions can detect all alternatives for essentially
any choice of v € I' € R with I' having non-empty interior. “Essentially any”
~ € I' means that the set of “bad” 4’s, {y e "A, () =0and Y L X | Z} ie.
the v’s which cannot detect the alternative with the choice of test function ¢, has

Lebesgue measure zero and is not dense in I'.

This remarkable result implies that any deviation of P from () can be
detected by essentially any choice of v € I', provided we choose ¢ to be a GCR
function. In other words, to test Hy: Y L X | Z is equivalent to test that

Hy: A, () =0 for essentially all v € I' (1.2.9)

against

H, : Hy is false,

where ¢ is GCR and I' has non-empty interior.

Note that to get the result, we require W to be bounded. But as in
Bierens (1990) and Stinchcombe and White (1998), boundedness can be ensured
by replacing W by ® (W), where ® is a bounded one-to-one mapping such as
(W) =oWO W W) = [tan (WD) tan~ (WD), .., tan~t (W ))].
This replacement will not affect the conditional independence (or its absence)
since the sigma fields will not be affected by this transformation. We leave this

transformation implicit in this paper to make the notation simpler.
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A straightforward test would be to estimate A, () and to see how far
it is from zero. But if we proceed in that way, we will encounter a nonparametric
estimator fz of the density fz in the denominator of the estimator, making the

asymptotic normality of the estimator hard to prove.

For this technical reason, I replace ¢ by ¢* = ¢ f; to avoid fz appearing
in the denominator. To ensure the continued validity of the test, I need to show
that ¢* is still a GCR function under certain assumptions. For that purpose, I
extend Stinchcombe and White (1998)’s definition of generically comprehensively

revealing functions to permit multiplication by a function.

Definition 2 Let dy € N, and let ¢ : R — R and f : RW — R be measurable
functions. For T C R et H (') = {h: R™ — R | h(w) = p(@'7y) f(w),v €
I'}, where w € RW and @ = (1,w')'. We say that H,; is generically comprehen-
sively revealing (GCR) if for all T' with non-empty interior, the uniform closure of

sp Hy,;(T) contains C(B) for every compact set B C RW .

When H,y is a GCR, we also say that ¢ f is a GCR. The following propo-
sition shows that ¢fz is still a GCR if ¢ is a GCR and the density f satisfies

some conditions.

Proposition 1 Let Z be a dz x 1 sub-vector of the random dy x 1 vector W, and

suppose that fz, the density of Z, is continuous, positive, and bounded on supp(Z).

Let o be a GCR. Then ¢* = ¢of is a GCR.

I impose these conditions in the following assumption.

Assumption 1.2 f;, the density of Z, is continuous, positive, and bounded on

supp(Z).
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Then I conclude that a null hypothesis equivalent to conditional indepen-

dence is
Hy : A () =0 for essentially all vy € T, (1.2.10)
where
A7)
= Eple"(W;7)] — Eqlp"(W;7)] (1.2.11)

= Eplo(vo+ X'y + Y+ Z'v3) f2(2)]

—Eq [e(vo + X'y + Y vy 4+ Z'v3) f2(Z)],

¢ is a GCR, and I' € R with ' having non-empty interior. By “essentially
all” v € T', I mean that the set {y € ["A(y) =0and Y [ X | Z} has Lebesgue
measure zero and is not dense in I'. A () = 0 is a moment condition, as it is the
difference of two expectations. The null hypothesis of conditional independence is

thus equivalent to a family of moment conditions indexed by .

1.2.C Estimators of the Moments and a Wald Type Test
Statistic

Since we are testing whether A () is zero or not, it is natural to construct
a test statistic based on an estimator of A (7). In the following, I will use a sample
analog A,, () to estimate A (7), and then propose to use a finite collection of ’s

to construct a Chi-square test statistic.

First, Ie construct a sample analog to estimate A (7). Note that A () is
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the difference between two expectations:

A(v)

Ep[¢"(W;7)] — Eq [¢"(W;7)]

= Eplp(yo+ X7 + Y75+ Z'3) f2(Z)]
—Eq [p(vo + X'y +Y'v5 + Z'v3) f2(Z))]

= /s@(% + 2"y + Y7, + 2'3) f2(2)dFxy 2(,y, 2) (1.2.12)

- / ©(vo + 2"y + Y've + 2 v3) f2(2) friz(y|2)dy dFxz(x, 2)

Exyzle(vo+ X7 +Y v+ Z'v3) f2(Z)] - /QXZ(J% 2,7)dFx z(z, 2)

= Exyvzle(vo+ X' +Y'"yv +Z'v)f2(2)] — Exz l9x2(X, Z;7)]

where

gxz(r,27y) = / ©(vo + v + Yy + 273) f2(2) friz(y, 2)dy

= Elo(vo+ 27 + Y7y +2'75) f2(2)|Z = 2].

The first term of A (v) is a mean of ¢fz, where ¢ is chosen by us and f; can
be estimated by a kernel smoothing method. The second term is a mean of gx,
where the function gxz(z, z;7) is a conditional expectation that can be estimated
by a Nadaraya Watson estimator. Thus I propose to use the following estimator

to estimate A (7):

_ 1 n R 1 n .
Anly) = = [@(% + X7+ Y7 + Zhg)fz(Zi)} — = dxz(Xi Ziy)
i=1 i=1
1< n
= Y el H X+ Y0+ Ziv)—— Y KalZi- Z)
i=1 j=1,j#1

1 & 1 "
T Z [ Z (Vo + Xivi + Y va + Zivs) Kn(Zi — Z;)

ne=n-= 1 Py ¥
1 i n
- n (n — 1) Z Z {[90(70 + XZ{VI + }/;,72 + Z£73) (1.2.13)
i=1 j=1j#i

—(7 + Xz{% + Yj/’VQ + Zh?;]Kh(Zi —Zj)},
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where Kj,(+) is defined as

with K (-) a symmetric product kernel density function, d,, the dimension of u, and

the bandwidth A = h,, depending on n.

Intuitively, A, n(7) should be close to zero under the null and nonzero
under the alternatives for essentially all v € I". By choosing multiple v’s we can

get a vector of such estimators. For convenience, I denote the vector [A,, », (71),
Ay (Ye)s B, (7)) by Apn(Ty), where Ty = {7, 79, ..., 7, } is the set of chosen
~’s, and h = (hq, hs, ..., hs)' is the corresponding set of chosen bandwidths. The
choice of smoothing kernel K could in principle depend on - too, but here I
use the same kernel K as this choice will not affect the results significantly and
I want to keep the notation simple. Similarly, I define A(T'y) = [A(7,),A(7,),
oy A(v,)], ete. In the next section, I will show that after proper centering and
scaling, A, (I's) converges to an s-dimension normal distribution. Given Q, a

consistent estimator of the variance-covariance matrix, I can construct a Wald

type test statistic
Sp(Ty) = n [Aun(T)] Q7 [A,n(T)] - (1.2.14)

And the test is consistent if we choose I'y randomly from a distribution which is

absolutely continuous with respect to Lebesgue measure on I'.

1.3 Asymptotic Behavior of the Test Statistic

To show that the proposed test statistic S, (I's) follows a Chi-square
asymptotic distribution under the null, the key is to show /nA, (') is asymp-

totically normal. Note that A, ,(T,) is not an average of independent random
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variables because of the double summation. Indeed, it is a U-statistic of degree
two. I apply asymptotic theory from the literature on U-statistics (see Hoeffding
(1948), Lee (1990), Powell et al. (1989), among others) to show its asymptotic
normality. In particular, I apply the extended U-statistic theory developed in
Powell et al. (1989). The idea is to use the H-decomposition (Hoeffding (1948))
to decompose /nA, (') into three parts: its mean vector, Ay (T,); an average
of independent zero mean random vectors, 2H, , 1(I's); and a residual, R, n1(I's).
The first two parts constitute the “projection” of A, (). I first show that the
residual is small enough so that \/ﬁﬁn,h(f‘s) has the same limiting distribution as

its projection, and I then derive the asymptotic normality of the projection.

Before I proceed, I first list the assumptions I will use immediately:

Assumption 2 (Kernel function) Let ¢ > 2 be an even integer. The kernel K is
a product of a symmetric gth order univariate kernel k : R — R s.t. [ k(v)dv = 1,
Jvik(v)dv=0for j =1,2,..¢ — 1, and 0 < [ v?k(v)dv < cc.

Assumption 3 Z; takes values in the interior of the support of Z, i =1,2, ... .

Assumption 4 (Smoothness of the densities) The density of Z, f, is continuously
differentiable of order ¢ + 1; and all partial derivatives of fyz(y,z), fxz(y,2),

fxvz(z,y, z) with respect to z of order ¢ exist.

Assumption 5 ¢(-) is a bounded GCR function.

Assumption 6 (Bandwidth) The bandwidth h; = hy,,, for 1 = 1,2, ..., s , satisfies

(A 6.1) nh!”” — 0o as n — oo, and



15

(A 6.2) /nhi =0(1),i.e. by = o(n~Y29) as n — co.

Remark 1 [ impose Assumption 3 to avoid the boundary bias problem. I could relax
this assumption and use boundary kernels. For now I assume interior points to
simplify the problem. To ensure this condition, we may need to trim the data when
Z is boundedly supported. In that case, I use Ky(Z; — Z;)-1[Z; € Z.|-1[Z; € Z.]
with Z. C Supp(Z) defined by P[Z; € Z.] = 1 —¢, ¢ > 0 small, instead of
Ky(Z; — Z;), and modify all proofs accordingly.

Remark 2 In Assumption 4, we do not assume that the marginal distributions of

X and Y are smooth. In fact, X and Y could be discrete or continuous.

Remark 3 Assumption 5 is stronger than necessary. We only need certain mo-
ments of (Vo + X'vy + Y9 + Z'v3) f2(Z) bounded. For example, if ¢ is con-
tinuous, we don’t need it to be bounded since W is bounded. But Assumption 5 is
a convenient one to ensure those conditions, and we can easily choose a bounded

GCR function e.g. normal PDF., sin or cos.

Remark 4 In Assumption 6, (A 6.1) ensures that the residual R, n1(L's) is small,
while (A 6.2) is used to kill the bias of A,n(Ts) as n — oo. Together these

conditions imply that 2q > d.

1.3.A H-decomposition

We observe that A, n(Ts) = [Ann (V1) Ay (Va), - Apn. (75)] s a vector

U-statistic of degree 2, where each element of A, 1,(T'y) has the form
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_ 1 n n
Buatr) = oy 2 2 {lelno+ X + v + Ziong)
i=1 j=1,ji
—o(Vo + Xivn + Y] v + Zivis) Kn(Zi — Z;)} (1.3.1)
-1
n
- Z"ih(vvhm/j;’)/l)a
2/ w2

where k,(W;, Wj;,) is a symmetric kernel in W; and W; defined as

Hh(Wi, Wj; ’71)

1
5[90(%0 + Xivn + Yive + Ziys)

—(vo + Xivn + Y]V + Zivig)|En(Zi — Z5)

1
510 + X+ Yis + Zinns)
—o(vio + Xjvn +Y{ e + Ziv) | Kn(Z; — Zs)

= (W5, Wisv1),
and [ =1,2,...s, and Z(n 5) Ieans the summation is over different pairs of ¢ and
7.
The idea is to use H-decomposition, named after its inventor Hoeffding,

to decompose A, ,(T',) into three parts:
An,h(Fs) = Ah(l—‘s) + 2Hn,h,1(rs) + Rn,h,l(rs)> (132)

where

I .
Hypa(Ds) = =D Fna(Wa L), with {fn (Wi Ty} 11D,
i=1
Fna (Wi Ts) = kg (Wi Ts) — Ap (T) (1.3.4)

k1 (Wi Ts) = E [kn(Wi, Wi Tg) W] i # 7,
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and

Rn,h,l (Fs) = Anjh(Fs) — Ah (FS) — 2Hn,h,l (FS) . (135)

The subscript 1 in the above notations denotes that the item is a projection on the
first argument of ky, W;. The first part Ap(I's) is the mean part, which depends
on h. When h is small, It turns out that A, (') is equal to A(T's) plus some small
terms. 2H, n1(I's) is a leading term, which is an average of IID random variables
whose asymptotic behavior is straightforward to derive. And R,n1(I's) is the
remainder. Both H,, 1 (I's) and R, n1 (I's) have zero means and are uncorrelated

to each other. The projection An,h(Fs) is defined as

An,h<rs) = Ah(rs) + 2P[n,h,l (Fs) (136)
The idea is to first show the remainder is small so that the projection is the leading

term, and then to derive the asymptotics of the projection.

Remark 5 According to the U-statistic theory (e.g. Lee (1990)),

Ry () = An,h(7l) — Ap (7)) — 2Hpn (71)
—1
n

- > [fna (Wi, Wys ) (1.3.7)
2 ) (w2

s another U-statistic of degree 2 with the kernel
(Wi, Wi vp) = [sa(We, Wi ) = Eng(Waivi) — Fn i (Wyv1) — An (7)) -

And
ERyny (7)) = E[Fn2(Wi, Wi ,)] =0,

2
n(n —1) [
263
n(n —1)

Var [Roni1 (7)) = 2(n—2)& + fg}
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where

f% VAR{FE ['%h,Q(VVia Wj;’Yl)m/j]}
= VAR{E [kn(Wi, Wy;7v,) — An (7)) IWj] = E [&na(Wisv)] = Fna(Wi570)}
= VAR {’%h,l(WjQ ’71) -0- Rh,l(‘/VjQ ’71)}

= 0
and

& = VAR [Rp2 (Wi, Wis,)]

= Era(Wi, Wi ) — Rna(Wisv,) — Rna(Wyiv,) — An (7))

So for a fized h, the remainder R, n1(7;) has a smaller order variance than the

leading term 2H, n1(Ty).

1.3.B  /nA,n(I's) Has the Same Limiting Distribution As
Its Projection /nA, p(T)

We have seen that if h were fixed, A, ,(I's) would be a conventional U-
statistic and R, pn1 (Ts) = Apn(Ts) — An,h(Fs) would be 0, (n71/2). But now the
bandwidth vector h = h,, is going to 0 as n — o0, so we need the theory for the
extended U-statistics. I apply Lemma 3.1 in Powell et al. (1989) to show that
Ry, (L) is still o, (nil/ 2) it we properly control h,, so that it does not shrink

too fast. I summarize the result precisely in the next lemma.

Lemma 2 Under Assumptions 1-5, if each hy (I = 1,2, ..., s) satisfies assumption

6.1, i.e. nhfz — 00, and hy — 0 as n — oo, then v/n |A,n(Ts) — An,h(Fs) =

op(1).
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1.3.C Asymptotic Distribution of A, ,(T)

Given the asymptotic equivalence of A, ,(T'y) and Amh(f‘s), the remaining
task is to show that An,h(Fs) has a /n limiting normal distribution with mean
A(Ly). Note that both Ay(I's) and H, n1(I's) depend on h. When h is fixed,
Amh(f‘ s) is obviously normal, but with a bias depending on h. Using Taylor
expansion, | can separate the parts independent of h and the parts associated
with h in Ay (T's) and H, n1(I's). I then use a higher order kernel K and control
the rate of h to shrink fast enough so that the parts associated with h will vanish
asymptotically, as is the case in Powell et al. (1989).

I now discuss the results in detail. In the following lemma, I first show
that Ap(I's) = A(I's) + O(h?), where ¢ is the order of the kernel K and h? =
(hY,h3,...,;h)". Then I show that H,pn1(Is) =n~t> " {k1 (Wi Ts)—

E k(Wi To)]} + Op(h?), where

1
ri(Wisy) = 590(70 + X;’Vl + Y;/% + Zz{’yB)fZ(Zi)

1

-3 / ©(vo + X + v + Zivs) frz(y, Zi)dy (1.3.8)

1
+5 / ©(vo + 2"y F Y + Zivs) fxvz(x,y, Zi)dady

1
—5 / ©(vo + 2"y + Y9 + Zivys) fxz(x, Zi)de.

Under Assumption 6.2, /nh{ — 0 for [ = 1,2, ..., s, which makes both the sec-
ond term of Ap(I's) and the second term of H,n1(I's) vanish asymptotically. The
leading term of H, 1 1(T's) is an average of IID random variables independent of
h, which obeys the Lindeberg-Levy Central Limit Theorem. The following lemma
summarizes the facts that the projection \/ﬁAmh(Fs) is asymptotically normal

with mean zero under the null and diverges under the alternatives.

Lemma 3 Under Assumptions 1-5 and if each hy (I = 1,2, ..., s) satisfies assump-
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tion 6.2, i.e. \/nhi = 0, then Ay (Ts) = E [A,n(Ts)] = A(T,) + 0 (n™/?) and
Honi(Ls) = n 300 {ki(Wis Ts) — E [si(Wi; D))} + 0, (n71/2), hence

Vid,n(Ts) = VoA (Ty) + 20712 i {r(Wi;Ts) = E[m(Wi; T)l} +0p (1) -

So
Vit (Aun(T) = AT)) 5 N (0,9)
where
QL k) = oa (v, 7k) = deov [k (Wisp), k1 (Wis )] - (1.3.9)

If in addition Hy holds, then A(Ty) =0, /nA, n(T) 24N (0,€), and
cov [k1(Wis ), s1(Wis vi)] = E (AW v) AWis )]
where

1
AWiy) = S F lo(vo + X + Y7o + Zivs) f2(Z:)| X5, Y5, Zi] (1.3.10)
1
_§E lo(vo + Xiv1 + Y{ve + Zivs) f2(Z:)| Xi, Zi]

1
+5E [o(vo + Xivi + Yive + Zlvs) f2(Z:)| Z3)

1
_§E [90(70 + Xz(’h + }/;/72 + Z;’Y?))fZ(ZmY;, Zi] .

From the H-decomposition and the results in lemma 2 and 3, we can
conclude immediately that /nA, n(T) is also asymptotically normal with mean
zero under the null and diverges under the alternatives. I state these results in the

following theorem.

Theorem 4 Under Assumptions 1-6,

VA, (L) = VaA (L) + 2072 Y " {mi(Wis L) = E[sa (Wi )]} + 0, (1) -

i=1
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So
\/ﬁ (An,h(rs) - A(Fs)) i} N (07 Q) )

where § is defined as in (1.3.9). If in addition Hy holds, then A(T's) =0 and
cov [ (Wi yp), 1 (Wi vp)] = E AW ) AW )]

hence

VB n(Ts) 5 N(0,4E [A(Wi T A(Wi; T,)')).

The consistency of A, ,(T's) as an estimator of A(T,) is a by-product of

the previous theorem, which is stated as a corollary in the following.

Corollary 5 Under Assumptions 1-6, A, (L) = A(Ty).

1.3.D A Consistent Variance-Covariance Matrix Estimator

To construct a Chi-square test statistic based on theorem 4, we need a
consistent estimator for the variance-covariance matrix €2. Similar to the case in
Powell et al. (1989), the U-statistic theory we used before also suggests a natural
estimator for the asymptotic variance. Note that

1

Elky (Wiv)] = §Exyz[s0(% + Xiv1 + Y + Zivys) f2(Z)] (1.3.11)
1
—3 / ©(vo + 21+ Yy + 2v3) fy2(y, 2) fxz(x, 2)dydadz

1
+§ / o(vo + 513/71 + y/’Yz + 2/73>fXYZ<-T7 Y, 2) fz(2)dxdydz

1

—3 / ©(vo + 2"y +Yve + 2 vs) fxz (2, Z) fy 2 (y, 2)dadydz

= Exvzle(vo + Xim + Y + Z{v3) f2(Zi)] — Ex,z [9(X, Z;7)]
= A7),
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SO

Q = 4deov [k (Wi Ts)ri (Wi Ty
= AFE [k (W;; T )k (Wi; Ty)'] — 4A(T,) A(TS)".

I can use
n

fna(Wi ) =(n—1)"" Z kn (Wi, Wj; L)
J=Lj#i

to replace the unknown 1 (W;;T's), then the proposed estimator of € is

~

Q = 47171 Z [/%h,l(Wi; Fs)'%h,l(m; Fs)/] - 4An,h(rs)An,h(Fs)/

i=1
= 4p7! Z { [(n —1)7! Z kn(Wi, W;; T) (1.3.12)
i=1 =15

X [(’fl — 1)_1 Z /{h(VVZ’, WJ;FS)] } — 4An7h(F8)An,h(Fs)/-

j=1,j#i

The following theorem establishes the consistency of Q.

Theorem 6 Under Assumptions 1-6, 5.

As An,h(Fs) £ 0 under the null hypothesis, I can immediately get another

estimator of €2 which is consistent only under the null:

Corollary 7 Under the Assumptions 1-6 and Hy,

Q

A [ (Wi T )iina (Wi T,

=1

Q.

I

Remark 6 Since E [/n (A, (v) — A)] = E [Bs(W;; )] v/nh? + o(y/nh?)
= O (y/nh?) , the order of the kernel K (-) will affect the bias of the mean. And
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since we require nhi? — oo, \/nh through \/ﬁthZ will explode. Hence we require
the order q is bigger than %Z to make the bias term vanish asymptotically. On the
other hand, the choice of K (-) does not affect Q, the leading term of the variance.

So it looks reasonable to use higher order kernel to reduce the bias. We may even

14-cosu—2cos? u
Tu?

consider an infinity order kernel like koo (u) = . Then we will need to
modify our theorems and proofs. And of course we need to assume accordingly the

higher smoothness of the densities.

Remark 7 The asymptotic variance-covariance matrixz of \/Lﬁ Yo k(Wi Ty)
would be cov [k1(Wy; Ts)ri (Wi T's)']. Now that

1
_ n
\/ﬁAn,h<Fs) = \/ﬁ 5 Z Kh<Wi7 Wj; Fs)

(n,2)

= %Z{nil Z lih(Wi,Wj;Fs)}

J=1,j7#i
1 .

= %Zfﬁh,l(wfz’;rs)-
i=1

Due to the dependence between {kn1(Wi; )}, , the asymptotic variance-

covariance matriz of \/nA, n(Ts) turns out to be four times bigger than that of

\/Lﬁ Z?:l “l(w/z? FS)'

1.3.E The Chi-square Test Is Consistent

\/ﬁAmh(Fs) is asymptotically normal with mean zero under the null and
diverges under the alternatives, so I can use these facts to construct a Chi-square

test statistic. As proposed in the previous subsections, the test statistic is

=
o)
I
S
>
3
E
}1
o
>
1
T

nn(Ts)] - (1.3.13)
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It has a limiting Chi-square distribution of degree s if {2 is not degenerate. Let’s

impose the following assumption:
Assumption 7 ) is positive definite.

This and the consistency of () ensures that () is positive definite with

probability approaching one.

The following result defines a Wald type test statistic.

Corollary 8 (Chi-square Test) Under Assumptions 1-7,
n [Ann(Ts) = AT Q7 [An(Ty) — AT)] 5\ (s)
If in addition Hy holds, then

Su(Ts) =1 [Apn(T)] O [An(Te)] 2 x2 (5)

Thus S, (I's) is a Wald type test statistic whose asymptotic null distribu-

tion is a Chi-square distribution with degree s.

As the sample size goes to infinity, A, (I's) goes to A(Iy) = [A(v,),
A(vy), .. A(v,)). Under the null, A(T;) is zero. under the alternatives, each
element of A(Ty), A(4,), is nonzero for essentially all v, € T', since the GCR
function can detect any difference between the restricted and unrestricted proba-
bility measures for essentially all v, € I'. That means S, (I's) goes to infinity for
essentially all I'y € I under the alternatives. The test is thus consistent against
all alternatives with probability one if we choose I's randomly from a distribution

which is absolutely continuous with respect to Lebesgue measure on I'.
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Proposition 9 Under assumptions 1-7 and assume ¢ is a GCR function, then for

essentially all 'y € T',

lim Pr(5,(T) € R) = lim Pr(|S,(I's)| > C,) =1 (1.3.14)

n—o0

where R represents the rejection region of the test, and C, represents the critical

value of a test of size a.

1.3.F The Symmetry Problem

We observe that A, ;(v) (hence A, L(Ty)) is not symmetric in X and
Y, whereas the hypothesis Y 1 X | Z is. From the previous subsection, we see

X f d
that VT (B () = A1) = VA (Bus(7) = Al)) +0 (1) % N(O, 73 (7)) where
02 (v) = 4V AR [k, (W;;~)]. Note that Y and X are symmetric in both

1
k1 (Wisy) = 5@0(% + Xiv1 + Yo + Zivys) f2(Z)

1
-5 /90(70 + Xy + Y v + Zivs) frz(y, Zi)dy (1.3.15)

1
+3 / o(vo + 2y +Yve + Zivs) fxvz(x,y, Zi)dxdy

/90(70 + xl% + Yi/% + Zz{%)fXZ(xa Z;)dx

DN | —

Elo(vo + Xim + Y7o + Z{v3) f2(Z:)] — E [9x2(Xi, Zi; )]

P
2
1

) i
= Elp(vo + Xiv + Y72+ Zivs) f2(Z:)]

- / (Vo + 271 + Y2 + 2'3) frz(y, 2) fxz (2, 2) dedydz
= Elp(vo+ Xiv + Y72 + Ziv3) f2(Z)] — E gy 2(Yi, Zi3¥)] -

In fact, if we construct another estimator A, () by switching the roles
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of X and Y, we will find that this is asymptotically equivalent to A,, (7). Define

~ 1 n n
A = ST > {letvo + Xim + Y72 + Zivs)
i=1 j=1,j#i
—o(Yo + Xjvy + Yy 4 Zins| Kn(Zi — Z)}- (1.3.16)

Inspecting the proofs in the previous subsections, we can see that

Vid,(v) = VAAR) + Vi2Houa () + o (1)

n

= VA + 02y {m(Wiy) = B m(Wi )]} + 0, (1).

i=1
The leading term, /nA(y) +n~ 23" {ki (W) — E [k1(Wi; )]}, is the same
as in \/nA, (), which follows from the symmetry of A(y) and ;(W;;~) in X
and Y. As a result, /nA,(v) has the same asymptotic distribution as v/nA,, ()
under both the null and the alternatives. Further, the asymptotic correlation of
VA, () and /nA, () is 1. So, if we consider a weighted average of A, () and
A, (7), the resulting new test statistic would have the same asymptotic distribution
as v/nA, () under both the null and the alternatives for any choice of the weights.
For a symmetry of the test statistic, we may take the average of /nA, ,(v) and
VA, (7). But to make the notation simpler, we don’t do this here.

1.3.G The Bandwidth Selection

Although theoretically speaking the specific choice of bandwidth h will
not affect the first order results as long as it satisfies the order restrictions in
assumption 6, in practice we need some guidance on how to select h. Ideally we
should select h that would give us the greatest power given particular size, but
that procedure would be complicated enough for another study and only make

difference in the higher order results. Therefore, for the purpose of this study, I
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provide a simple “plug-in” estimator of the MSE-minimizing bandwidth proposed

by Powell and Stoker (1996).

Since the test statistic is based on A, (), which is an estimator of

A (7y), it is reasonable to choose h which minimizes the mean squared error (MSE)

Of An,h(’)’) .

After some tedious yet straightforward calculation, I get

MSE [An(7)] = (An() = AM))* + VAR [A,4(v)]
= {E[Bs(Wv)]h? + o(h")}* + VAR [A,4(v)]
= {E[Bs(Wy;v)]}2 h* + o(h*) + VAR [A, (7))
= {E[Bs(Wy; )]} h* 4 o(h*) (1.3.17)

+4n" 'V AR [ky (Wi y)] + 4n'Co (v) R + o(n~'h)
—4n" 2V AR [k (Wi )] + 20 2E [§ (Wi ) B9

+o (n72h7%2) — 2n72A (v) + o(n7?),
where Bj is defined in (1.6.6), and 6 (W;) is defined by

E [[|sn W, Wi )I* Wi] = 8 (Wisy) B + 6" (Wi i),
where E ||6* (Wi, h;y)|| = o (h™%).

The term 4n 'V AR[T(W;;v)] — 4n 2V AR [k, (Wi;4)] does not depend
on h. The term 2n2A (v)* must be of smaller order than 4n~'Cyh?, and 4n~'Cyh?
of smaller order than {E [Bs (W;;~)]}* h2 otherwise there would be a contradic-
tion. So the leading term of MSE [A,, ,(v)] which involves & is

LMSE [A,(v)] ={E[Bs (W)} 1%+ 2n2E [§ (Wis )] k™%, (1.3.18)
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By minimizing L_MSFE [An,h('y)} , we obtain the optimal bandwidth

. Lj .dfé[EB[j((WMZ:))]]}Q] 1/(2q+dz) | {%} 2/(2q+dz) = ([H 2/(2q+dz)) (1319)

Under the condition 2¢q > dz, which is implied by Assumption 6, the right-hand

remainder term is o(n~'), but necessarily greater than O (n™2?). h' could be
approximated by its leading term
dy - E[6 (W 1/(2q+dz)  1172/Qetdz)
htt = { z- B0 (W) 2} : [—] = O (n~?/rd2)) - (1.3.20)
q-{E[Bs (W)} n
Now (A 6.1) is satisfied:

n (h**)dz =0 (nl’QdZ/(z‘”dZ)) =0 (n@q’dZ)/(Qq*dZ)) — 00, given 2q > dy.
And so is (A 6.2):
N (h++)‘1 =0 (n1/2f2q/(2q+dz)) -0 (n7(2qfdz)/2(2q+dz)) = o(1), given 2q > dy.

But E [0 (W;;~)] and E [Bs (W;; )] are unknown since the densities are unknown.
So T use a simple plug-in estimator of A" proposed by Powell and Stoker (1996).
Let ho be an initial bandwidth. Suppose B [k,(Wi, Wj;7)*] = O (hg"—2d2> for
some 7 > 0, and let p = max{n + 2dz,2q+ dz}. If hy — 0 and nhf — oo, then
by Proposition 4.2 of Powell and Stoker (1996),

1

6 =0 (ho) = S by b (W, W) S E (W) (13.21)
n (n,2)
and
. A - A
Bs = nrho (7) no (7) for some positive T # 1 (1.3.22)

(Thg)q — hg
L E[Bs (Wi;v)].

The estimator Bs suggested in (1.3.22) is a “slope” of two point (hd, A, , (7)) and

(ThS, Ay -ho (7). To get a more stable estimator Bs, we could use a regression of

Ay po () on h{ for various values of hy.
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Thus the proposed bandwidth selection is

A

dy -8
q- B2

1/(2q+dz)
h =

1 72/(2a+dz)
: { ] . (1.3.23)
n

Remark 8 In practice we can choose q large enough such that p = max{n + 2dz,

2q+dz} = 2q+dz, then we can choose the initial bandwidth hg = o (n~/(a+dz)),

Remark 9 Powell and Stoker (1996) mentioned one technical proviso: A,(v;h)
is not guaranteed to be asymptotically equivalent to A,(y;h*+) since the MSE
calculations used to derive the form of h* held h fixed in calculating the moments of

A, n(7y). The suggested straightforward solution is to discretize the set of possible

scaling constants, replacing h with the closest value, ﬂ’, i some finite set.

1.4 Monte Carlo Experiments

In this section, we perform some simple Monte Carlo simulation experi-
ments to examine the finite sample performance of our nonparametric conditional

independence test.

For all the simulations, I generate {(X;,Y;, Z;);_, } IID. The bandwidth I
use is a value close to h, and I use hg = n~V/B2etd2)] and + = 0.5 when calculating
h by (1.3.23). T choose ¢(-) to be the standard normal PDF, and k(u) the sixth

order Gaussian kernel. In the following experiments, I only choose one -, i.e. I let

Iy ={~}.
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1.4.A The Distribution of Test Statistic

We consider the following DGP to study the distributions of the test

statistic under the null and under the alternatives.

DGP 1:

€x ox 0 40

€y ’ 0oy 01

We are testing
Hy:Y L X|Z.

Note that when g = 0, the null is true; otherwise the alternative is true.

Under the Null

Let 8 =0 in DGP 1. Hence the null hypothesis holds.

Although selecting v at random from a smooth density will deliver a
consistent test with probability 1 (Bierens (1990)), in practice we should avoid
to choose v which makes |y, + X/v; + Y7, + Zl75] too large or too small. The
reason is that the value of p(u) will be very close to zero if |u| too large and
©(u) will be close to linear if |u| too small, in which cases the test will not have

good power. In our simulation, we choose v which make |y, + X/, + Y/v, + Z!v4|
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around one. To be specific, we choose

Yo m 1= Ltd({;);};;l) ! std({;}?ﬂ) ! std({i}?ﬁ)

The QQ plot (figure 1.1) shows that the distribution of 7,,(y) = %
is approximately standard normal. Other choices of ¢ give similar results. We also
examined other DGP’s under the null, but results are not reported here because

the resulting figures are similar.

Under the Alternative

Now let 5 = 0.2887 such that

_cov(X,Y|Z) 43 05
Prviz 0X|z0Y|Z 24/46% +1 o

In this case the alternative is true.

The QQ plots (figure 1.2)shows that the distribution of T}, () is still close
to normal but the mean of our proposed statistic is not zero. In fact, the mean

increases with the sample size n.
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1.4.B Size and Power Study
DGP 1

In this section, we use DGP 1 to study the finite sample size/power of

the test against conditional mean dependence. We use
cov (X, Y|Z) Bo B 44

Pyyiz = =
x,y|Z O'X\ZO'Y|Z ox /ﬂ203(+0%/ 9 /4ﬁ2+1

to indicate the strength of the dependence for X and Y, conditional on Z. Since

X|Z and Y|Z are normal, p, |, does represent the dependence between X and

Y, conditional on Z.

We want to plot the power of test against p from —0.9 to 0.9. To do that,
we choose

Pxv|z
2
2 (1 B pX,Y|Z>

Figure 1.3 shows the power of the test when choosing ¢(-) as standard

8= such that p_ 1, = —0.9,-0.8,...,0.9

normal PDF and k(u) the sixth order Gaussian kernel. The size and power looks

not bad when the sample size is as big as 500.

DGP 2

DGP 2 is a modification of the first one by choosing ex and €y to be
student t distribution of degree 3:

€x ~ 23, ey ~ 13, ex L ey.

Then the results showed in figure 1.4 are a little worse than the previous normal

distribution case.
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DGP 3

DGP 3 is again a modification of the first one by choosing ex and ey to

be centered Chi square distribution:
EXNQ(X%—I), EYN(X%—l), GXJ_Ey.

Then the results showed in figure 1.5 are a little better than previous two cases.

1.5 Concluding Remarks

In this chapter, I proposed a nonparametric GCR test for conditional
independence. The basic idea is to test if the topological distance between a
restricted and an unrestricted probability measures corresponding to conditional
independence or its absence is zero. The test statistic has a simple closed form
and hence easy to compute. The limiting null distribution of the test statistic is a

Chi-square distribution.

I use a collection of «’s for constructing the test statistic. ~ is a nuisance
parameter “present only under the alternative”; it is also described as “identified
only under the alternative”. Although Bierens (1990) points out that selecting ~
at random from a smooth density will deliver a consistent test with probability
1, this method will introduce a degree of arbitrariness into both the size and the

power of the test. In chapter 2, I will study how to “integrate out” ~.

In the assumptions, I assume the conditioning variables to be continuous.
But in applied microeconomics, many variables are discrete. I will discuss how
to deal with mixed data in chapter 3. Another limitation is that I assume IID

data. But the IID assumption is not suitable for time series. For example, I1D.
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assumption fails when we want to test nonlinear Granger causality. We may extend

this approach to a time series framework in the future.

1.6 Appendix: Proofs

Proof of Proposition 1: 1t suffices to verify that ¢* satisfies our extension
of the GCR definition. By assumption, H,, is GCR, so that for every 7" with non-
empty interior, sp H,(7T') is uniformly dense in C'(B) for any compact B. Let B be
a given compact set belonging to supp(Z). Then for every such T, all g € C'(B),
and all € > 0, there exists hypr € sp H,(T') such that

sup |g(w) — hgepr(w)| <e.

weB
By assumption, there are constants Cf, p and Cy such that 0 < CpL g < fz(2) <
Cy < oo for all z € supp(Z). It follows that with f(w) = fz(z), we have 0 <
CrLp < f(w) < Cy < oo for all w € B. Because 0 < Cp g < f(w), it follows that
if g € C(B), then also g/f € C(B). Let ¢* = fp. Then there exists h’

g/fe. BT —
fhgtenr € sp Hy«(T) such that

sup g(10) = e ()] = sup lg(u) = F(why ()]

sup [ f(w)lg(w)/f(w) = hgyp.cnr(w)]l
Cu sup [[g(w)/ f(w) = hgyper(w)]]

weB
< CU €.

IN

As B,T,g, and € are arbitrary, the definition is verified, and the result follows. R

Proof of Lemma 2: Lemma 3.1 in Powell et al. (1989) shows that if
E ||kn(W;, W;; Ty)||” = o(n),then \/n (An,h('y) - An('y)> = 0,(1). Now we need to
find the condition on h such that E ||rn(W;, W;;T)||* = o(n) satisfied.
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We first show that E|rs, (Wi, Wj;~,)|? = o(n) for | = 1,2, ..., s, if nh{? —

oo and h; — 0 as n — oco. We observe

Ep(vo + Xivy + Y7, + Zivs) Kn(Zi — Z))[

1
= / #* (Yo + 271 + Y72+ 2173) 73

X fxyz(®,y, 21) fz(z2)dxdydzdz
1
= /WSOQ(% + a7y + Y+ 217s) [K ()]
X fxvz(z,y,21)fz(z1 + uh)drdz dydu

O(rs)

21 — 22

K2

and

2
E (o + Xivy + Y] vy + Zivs) Kn(Z; — Z;)|

2
= F {90(70 + Xz{’h + Yj/'YQ + Zz{’Ys)Kh(Zz’ - Zj)}
21 — 29

)

K(

2 1
= [ ot an T yrt avs) i
XfXZ(OC, Z1)fyz(y, 22)d$d21dyd22
1
= [ Ot o+ i+ ) K )

X fxz(x,21) fyz(y, 21 + uh)dxdz dydu

1
O(hTZ)’

where in the second last step we use h — 0.

Since

/{h(Wia W]7 7)

1

5 [o(vo + Xiv1 + Y79 + Zi3)
—o(yo + Xivy + Yva + Ziys)| Kn(Zi — Z;)

1
"’5 [80(70 + X]I"Yl + Y;'/”Yz + Z]/"Y?,)

—o(vo + Xjm1 + Y/ v + Ziys)| Kn(Z; — Z3),
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we have
Elkn(Wi, Wy v)|?
< 2E|p(o + X1 + Y12+ Zing) Kn(Zi — Z)|°
2B (o + Xy + Y] va + Zivg) Kn(Zi — Z3)|°
2
+2E "P(’Yo + Xy + Yy + Ziys) Kn(Z — Zz)|
2
+E (o + Xy + Y7y + Zirvs) Kn(Z; — Z))|
1 1
- ¢ (hTZ) =0z
(if nh%” — 00) = o(n)

So Bl (Wi Wi LI < 3B (W W)l = Olnd). Aud i
nhi? — oo for 1 = 1,2,...,s = o(n), E ||k (Wi, W; T)||> = o(n). [

Proof of Lemma 3: (a) Show that A, (Ty) = E [A,n(T)] = A(Ty) +

O(h?).
Using Taylor expansions, we get
E [p(yo + X;’Yl + Yz'/% + Zz{’Ys)Kh(Zi - Zj)]
= EA{E[p(vo+ Xy, + Y7 + Zins) Kn(Zs — Z;)|Wil}
= B [90(% + Xiv1 + Y7 + Zivs) / K(u)fz(Zi + uh)dU]
= Elp(y+ X{v + Y79+ Zivs) f2(Z:)] + hCi(y) + o(h?)
with

dz q ) )4
Ci(y)=E {90('70 + Xy + Y v+ Zys) Y P L (Z’zﬂ/a (Zo) } } /uqk(u)du,

s=1



and similarly

E [p(yo + Xivy + Y] vy + Ziys) Kn(Z; — Z;))

= Elgxz(Xi, Zi; )] + Co(v)h? + o(h?)

with

Co(y) = E {/ e(v0 + Xim + Y72 + Zivs) ZZ {8% (£)/9 (Z"s)q} dy}

q

s=1

x / wk(uw)du.

So

An(v)

E [Anu(7)]

= Ef{lo(vo + Xivi + Y7 + Zivs) Kn(Z; — Z;)
—o(vo + Xivy + Yve + Ziv3) | Kn(Zs — Z;)}

= Elo(vo+ Xiv + Y7+ Zivs) f2(Z)] + Cr(v)h? + o(h?)
—{E [9x2(X, Z;7)] + Co(7)h" + o(h?)}

= A7)+ C3(v)h? + o(h?)

with
C3(v) = Ci(y) — Ca().
It follows that

E[A,n(Ts)] = A(L) + C5(Ts)h? + o(h?)

hence the result.

(b) Show that Hypi(Ts) = £ 0 {4y (Wi T,) — E [ (Wi T)]}
+0,(h?).

37
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Kh,l(vVi; ’Y)

E [ (W, Wy ) [Wi

= %{w(% + X + Y2 + Zivs) f2(Z:)
+hBy(X;,Y;, Zi;y) + o(h?)}

—%{/ e(vo + Xiv1 + Y2 + Zivs) frz(y, Zi)dy
+h1By(Xi, Zi;y) +o(h?)}

+%{/ (Yo + 271 T Y72 + Zivs) fxvz(2,y, Z;)dady
+hB3(Zi;y) + o(h?)}

—%{/ e(vo + 2"y + YV + Zivs) fxz (2, Zi)da
+h?By(Y;, Zi;y) + o(h?)}

= Hl(WZ,')’) +hqBS(XZ7§/z7Z7,77> +O(hq)
where

fﬁ(VVz‘;"Y)

1
590(70 + X;’Vl + Y;/% + th&)fZ(Zi)
1

-3 / ©(vo + Xiv + v + Zivs) frz(y, Zi)dy (1.6.1)

1
+5 / o(vo + 2"y F Y + Zivs) fxvz(x,y, Zi)dady

1
D) / ©(vo + 1’/71 + YZ‘I’Y2 + Zé%)fXZ(xa Zy)dx,

dz
8qf Zz 0 Zz‘s I
Bi(X:,Yi, Ziv) = (v + X+ Y{va+ Zivs) Y { e 21!/ e

s=1

X /uqk(u)du, (1.6.2)

dz
1 aqf Yy, Zz
By(X;, Zisy) = /90(70 + Xy Zivs) D a—gy(zz(, i Lay

s=1

X /uqkz (u) du, (1.6.3)
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Define

then

So
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1 97[p(vo + 7y1 + Y72 + Zivs) [xvz(z,y, Z;
Bs(Zi:7) /Z B T s) vzl N dzay

X/uqk (u) du, (1.6.4)

1 04 / Y/ 7! 7.

Bu(Yy, Zi;v) /Z 0 [p(vo + 2’1 +aégi;q- s) fxz(x, Z;)]
< [ wth u) duda, (16.5)

1
Bs(X3,Yi, Zisy) = §[Bl<XiaY;>Zi§7)_BQ(XhZi;'Y)

+B3(Zi;y) — Ba(Yi, Zi3 )] - (1.6.6)
th(Wisy) = kaa(Wisy) — s1(Wis ) (1.6.7)

- h'qB5(Xla}/;JZZ)7) +O(hq>7

Elta(Wis )] = Elrna(W;v)] = E s (Wi )]

= Ap(v) —A(v).

Hona(y) = %Z%h,l(Wi;’)’)
= 23 {ma(Ws7) - A () (16:8)
= 23 Wi - BV}

J% Z {ta(Wisy) — E [th(Wi )]},
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where
3 (W) = B (W)}
= LS B Y 2 BB, Y Ze) ) + o000
= 0,(h%) + 0, (h).
So .
Hona (L) = %Z {r(WisT) — E [k (Wi L))} + Op(h?).

(c) Show that under assumption (6.2) v/nH,pn1(Ts) -5 N (0, Qy), hence
Vit (Bun(Te) = An(T,)) = v (Aua(Ty) = AT)) +o0(1) 4 N (0,9),

Under assumption (6.2), v/n(h?) = o(1), so An (Ty) = A(T,) + o(\/Lﬁ)
and Hyn1(Ts) = 3 3000 {si(Wis Ts) — E [k (Wi T5)]} + 0p(75)- Then
An,h(Fs) - Ah (Fs> + 2]—In,h,l (Fs>
= AT+ 2 Y VL) = Bl (Wil + o(72)

The leading term of H, n1(I's) converges to a multivariate normal distribution by

applying the Lindeberg-Levy Central Limit Theorem. Hence
Vit (Bun(T,) = AT,))
2 n
= T Zl {r1(Wi;Ds) = Bl (Wi T} + 0p(1)
4 N(0,9Q)

where

Q) = oa (vi7k) = deov [ (Wi vy), k(Wi )] - (1.6.9)
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If in addition Hy holds, then A(T'y) = 0 and

1
k1(Wisy) = 5@(% + Xiv1 + Y + Zivys) f2(Z)

1

—3 / ©(vo + Xiv1 + "2 + Zivs) frz(y, Zi)dy  (1.6.10)

1
+3 / ©(vo + 2"y + v + Zivs) fxvz(x,y, Zi)dxdy

1
—3 / ©(vo + &'y + Y Vo + Zivs) fxz(2, Z;)dx

1
(under Ho) = SElp(yo + Xin + Y7, + Z00) [ Z)IX,, Vi 2

1
_§E lo(vo + Xy + Y9 + Zivs) f2(Z)| X, Zi)

1
+§E lo(vo + Xiv + Y7o + Ziys) f2(Z:)| Zi]

1
—5E lo(vo + Xiv + Y Ve + Zivs) f2(Z:)|Yi, Zi]

A(Wis 7).

So

cov [k (Wi 7,), k1 (Wis vy,)]
(under Ho) = E[A(Wi; ) AWi )] -

Proof of Theorem 4: It follows directly from the H-decomposition and

lemma 2 and 3. [}

Proof of Corollary 5: 1t follows from theorem 4. [ |

Proof of Theorem 6: The proof is similar to the proof of theorem 3.4

in Powell et al. (1989). I have shown that A, ,(T) R A(Ty) in previous corol-

lary, so I only need to show the consistency of % Yo [Bra (Wi Ts)fpa (Wi Ty)'] for
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E [k1(Wy; Ty)ki (Wi Ty)']. First, I show that E [||#s1(Wi; Ts) — ﬁhyl(VVi;Fs)Hz} =
o(1).

E [[lfina (Wi Ts) = rna (Wi T)||]
= B{E s W) — mua Wi
=1
1 & ’
= 2B |\ D W W) = E (Wi, Wy )| W]
= T S
1 & ’
= lzlE —— Z {kn (Wi, Wisv,) — E [kn(Wi, Wj?’)’z)|m]}>
- J=1,j#1
S [ 1 n
= lzlE 1) > LW, Wiy, — E[ﬁh(VWqu;’YzNWz‘]}Q]
=L j=Lj#i
cross product
terms are zeros
]_ K]
= ml_zlE [{kn(Wi, Wi ) — E [sn(Wi, Wi 7)) Wil }]
]_ S
= 2 B [ Wi W) — B (Wi W) WAL W}
1 s ..
= HHE{VAR [kn (Wi, Wiy ) IWil}, § #1
]_ K]
- L1z (B [kn (Wi, Wi 3,))? = E{E [kn (Wi, Wy ,) Wil })
L g . .
< — I;E[/@h(WZ,Wj ¥)1°, equality holds if f E [ky (Wi, W;;~,)|Wi] =0
1
= mEHfih(WiaWj;Fs)HQ
1 1 1
= n—lO <MTZ) =0 (nhdz) =o(1),

where in the last step I use the assumption (A 6.1).
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Secondly,

E ||kn1 (Wi Ty) — ry (Wi T2
= |fta(Wi T

= Z [th(Wi§’7’l)]2

=1

= S0, =0 (1)

=1

where in the last step I use the assumption (A 6.2) i.e. y/nh] — 0.
So.

E|fpa (Wi Ts) — ke (Wi Fs)“2
= E|[fn1(Wi;Ty) — kit (Wi; To)] + [kna (Wi Ts) — k0 (W5 T)] 1
< Eans(Wi;Ty) — kna(Wi; TP + E || kng (Wi; Ty) — k1 (Wi T

= 0p(1)
which implies
E|fny (Wi To)ana(Wi; Ts) — w1 (Wi; D)k (Wis T)'[|] = o (1)

where for a matrix A, ||A|| = [trace (A’A)]"?. Using Markov’s inequality and the
SLLN, I obtain

1< 1<
— Y Rpa(WiTo)kp (Wi Ty) = — Wi T)ki (Wi T)' 1
n;/‘éh,l( )&, ( ) nzfﬁ( )k ( )" +0p (1)

=1

5 Bk (Wi D)k (Wi )]

hence

a5 0



Proof of Corollary 7: Q — Q = 47, n(T) A n(Ts) = 4A(T,)A(T,), by
Corollary 5. And under the null, A(T'y) = 0. |
Proof of Corollary 8: The results follow from theorem 4 and 6. |

Proof of Proposition 9: The result follows from corollary 8 and that under

the alternatives A(T's) # 0 for essentially all I'y C T [



1.7 Figures
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Figure 1.1: QQ plot of T, under the null vs. standard normal
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QQ plot of T,, under the alternative vs. standard normal
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Figure 1.3: Power functions of Chi-square test for DGP 1
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Figure 1.4: Power functions of Chi-square test for DGP 2
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Figure 1.5: Power functions of Chi-square test for DGP 3
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An Integrated Conditional
Moment Test for Conditional

Independence

2.1 Introduction

In chapter 1, I proposed a nonparametric test for conditional indepen-
dence. Suppose we have the data for three random vectors X, Y and Z. The
null hypothesis we are testing is that Y is independent of X given Z. The idea
of the test in chapter 1 follows a series of papers of consistent specification tests
in Bierens (1982), Bierens (1990), Bierens and Ploberger (1997) and Stinchcombe
and White (1998), among others. The test statistic is based on an estimator of the
topological “distance” between restricted and unrestricted probability measures
corresponding to conditional independence or its absence. The distance is eval-

uated using a family of Generically Comprehensively Revealing (GCR) functions

50
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indexed by a nuisance parameter vector. The use of GCR functions makes the
test consistent. Under the null, the limiting distribution of the test statistic is a

Chi-square distribution.

Although the test statistic in chapter 1 is easy to calculate and has a
tractable limiting null distribution, its consistency relies on the randomization of
the choice of the test parameters. In this chapter I obtain a Bierens type Integrated
Conditional Moment (ICM) test by integrating out the nuisance parameters. The
test still achieves y/n local power and its consistency does not rely on the ran-
domization any more. Its limiting null distribution is a functional of a mean zero
Gaussian process. I simulate critical values using a conditional simulation approach
suggested by Hansen (1996). T also examine the use of convenient case-independent

upper bounds suggested by Bierens and Ploberger (1997).

One potential application of conditional independence testing in eco-
nomics is to test a key assumption identifying causal effects. Suppose we are
interested in estimating the effect of X (e.g. schooling) on Y (e.g. income), and

X and Y are related by the structural equation
Y = BO + ﬁlX + U7

where U (e.g. ability) is an unobserved cause of Y (income) and /3, and (3, are
unknown coefficients with 3, representing the effect of X on Y. Since X is typically
not randomly assigned and is correlated with U (e.g. unobserved ability will affect
both the schooling and the income), OLS will generally fail to consistently estimate
B. Nevertheless, if we can find a set of covariates Z (e.g. AFQT scores) such that
given Z, U and X are independent, i.e.

UlX)|Z, (2.1.1)
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we can estimate 3, consistently by various methods: covariance adjustment,
matching, methods using the propensity score such as weighting and blocking, or

combinations of these approaches.

Assumption (2.1.1) is the key assumption for identifying f;; this is called
a conditional exogeneity assumption by White and Chalak (2006). This enforces
the “ignorability” or “unconfoundedness” condition, also known as “selection on

observables” (Barnow et al. (1981)).

Note that assumption (2.1.1) cannot be directly tested since U is unob-
servable. But if there are other observable covariates V satisfying certain conditions

(see White and Chalak (2006)), we have
ULX|Z=V1X]|Z
so we can test (2.1.1) by testing its implication,
ViX|Z (2.1.2)

Section 5 of this paper applies this test in the context of the study of the returns

to schooling.

The plan of this chapter is as follows. In section 2, I state the hypotheses
to be tested and explain the basic idea of the test. In section 3, I develop an ICM
test and discuss its local and global properties. I derive the asymptotic distribution
of the test statistic and simulate the critical values. In section 4, I report some
Monte Carlo results which show the test performs well for finite samples. In section
5, I apply the ICM test in the context of the study of the returns to schooling,
testing the key assumption of unconfoundedness. Section 6 concludes and discusses

directions for further research.



23

2.2 The Hypotheses and the Idea of the Test

2.2.A The Hypotheses

As in chapter 1, let X, Y, and Z be three random vectors, with dimensions
dx, dy, and dz, respectively. Istill assume the sample observations {(X;,Y;, Z;)\_, }
are independent and identically distributed (IID) and drop the i subscript when

convenient. Formally, I keep Assumption 1.1 in chapter 1:

Assumption 1 {W; = (X/,Y/, Z})'} is an IID sequence of random variables on

the complete probability space (Qw, Fw, Pw). X;,Y:, and Z; take values in Rx,
R¥ .and R, respectively, and dy = dx + dy + d.

The null hypothesis is that X and Y are independent given Z, whereas
the alternative is its negation. Using the same notation introduced in chapter 1,

we are testing

Hy:Y LX | Zvs. H:Y L X | Z (2.2.1)

Conditional independence can be defined via conditional densities or den-
sities, as given by Dawid (1979). The following four equations are equivalent to

each other and each defines that X and Y are independent conditioning on Z:

fY|X,Z(y | z,2) = fY|Z(y | 2), (2.2.2)
fxvz(@ |y, 2) = fxv(@ | y), (2.2.3)

Ixviz(z,y | 2) = fxiz(x | 2) fyiz)(y | 2), (2.2.4)
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and
fXYZ($ay>Z) fZ(Z) = fxz(ﬂf,z) Ty z(y, Z) (2-2-5)

where f.|. denotes the conditional densities and f. denotes the densities.

2.2.B The Idea of the Test

One way to test conditional independence is to compare the densities in its
definition to see if the equality condition holds. For example, Su and White’s (2008)
test essentially compares fxyz(x,y, 2)fz (2) to fxz(x, z) fyz (y, z). But to do that,
they estimate fyyz(z,v,2), fz(2), fxz(x,z), and fyz (y,z) nonparametrically,
so their test has a power against local alternatives only at a rate of n=1/2p=9w/4,
the slowest rate of the four nonparametric density estimators i.e. the rate of
fxyz(z,y,z). This is a rate slower than 1/,/n and hence suffer from the “curse
of dimensionality”. The dimension here is dy = dx + dy + dz, which is at least

three and potentially high.

To achieve a rate of 1/4/n, I do not compare the density functions directly.
Instead, I use a family of “average” indexed by a nuisance parameter vector « to in-
directly measure the distance between fxyz(z,y,2)fz (2) and fxz(z, 2) fyz (y, 2),
so that for each given =, the test statistic is based on an estimator of an average
which could achieve 1/4/n rate just like what a semiparametric estimator would
do. This idea is analogous to Bierens (1982), Bierens (1990) and Stinchcombe and
White (1998)’s specification tests, among others.

In chapter 1, I have established a pair of hypotheses equivalent to (2.2.1),
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ie.
Hy: A(y) = Ep(¢" (v + X'y + Y, + Z'3))
—Eq(¢"(vo + X7 + Y75 + Z'v3)) (2.2.6)
= 0,Vyel
VEersus

H! : A(5) # 0, for essentially all 4 € T.

P denotes the (unrestricted) joint distribution of the random vector W = (XY, Z),
@) denotes the (restricted) joint distribution of W with Y L X | Z. Ep and Eg
denote the expectations with respect to P and @) , respectively. The function we

choose to measure the distance of P from @ is

0 =pfz,

where ¢ is a univariate Generically Comprehensively Revealing (GCR) function.

And the index parameter vector is

¥ = (Yo, V1, Y25 v3) € T C R4

with [' having non-empty interior. “Essentially any” « € I' means that the set of
“bad” 4’s, {y € I"A, (v) =0and Y L X | Z}, has Lebesgue measure zero and is

not dense in I'.

To understand the moment conditions given in the equivalent null hy-

pothesis, we notice



26

A7)
= Eple"(W;v)] — Eq[¢" (W3 )] (2.2.7)
= Eplp(y+ X7 + Y7+ Z'3) f2(Z)]

—Eq [p(vo + X'y + Yy + Z'3) f2(2)]

= / ©(vo + 271 + Yy + 2v3) f2(2)dFxy 7 (2, y, 2)
- / (Yo + T + Y + 28 f2(2) fa(l2)dy dFxz(a, 2)
= / ©(vo + 2"y F v + 2 v3) f2(2) fxvz(x,y, 2)dedydz

— / ©(vo + 2"y + Yy + 2 v3) frz(y, 2) fxz(x, 2)dedydz.

Instead of comparing fxyz(z,y,2)fz(2) to fyz(y,2)fxz(x,z), we are now com-
paring their transformation [ ¢(vy + @'y, + y'vs + 2'v3) fxvz (2, y, 2) f2 (2) dydadz
and [ o(vo + @71 + Y79 + 2'v3) fxz(x, 2) fyz (y, 2) dydzdz. Before the transfor-
mation, the density functions fxyz(z,v,2)fz(z) and fyz(y, z) fxz(z, z) are func-
tions in (z,y, z), the data points, so that those functions can only be estimated

/2.

at a nonparametric rate which is slower than n~ After the transformation,

Jo(yo+ 2" + ¥+ 2vs) fxvz(@,y, 2) fz (2) dydzdz and [ (v + 2"y +y'v, +
2'v3) fxz(x, 2) fyz (y, 2) dydzdz are now functions in vy = (7, V1, Vs, 7V3). For each
~, the transformation is an average of the data, so that semiparametric techniques
could be used here to get a n~'/? rate. Essentially, we are comparing two functions
by comparing an infinite number of their weighted averages. And the two com-
parison are equivalent because of the properties of the test functions we choose.
Intuitively, a family of GCR functions indexed by = is a class of functions with a
span that comes arbitrarily close to any function. If we choose GCR functions as
our test functions that run though an index space I' and couldn’t detect any dif-
ference between P and @), then P and () should agree for any function. Moreover,

the index space ' could be “small” as long as it has non-empty interior.
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2.3 Integrated Conditional Moment Type Test

In chapter 1, I estimate A () by its sample analog A,, () and choose a
finite collection of «’s to construct a Chi-square test statistic. The consistency of
the Chi-square test is due to randomization of the choice of 4’s, which introduces a
degree of arbitrariness into both the size and the power of the test. In this section,
[ will integrate out -« to get an Integrated Conditional Moment (ICM) type test
statistic, following Bierens (1990), Bierens and Ploberger (1997) and Stinchcombe
and White (1998).

2.3.A The Test Statistic

As I have showed, testing Hy : Y L X | Zvs. H, : Y L X | Z is

equivalent to testing
Hj : A(vy) =0 for v €’ where I" has a non-empty interior.

If we in addition choose I' to be compact, it turns out that \/nA,, ,(v) converges
to a Gaussian process with a mean function /nA (7). Under the null, that mean
function is a zero function. In other words, if we view A, (), the estimator of
A (9), as a random function in v, we are testing if its mean function A () is zero

onl.

Based on /nA, (), I can construct an integrated conditional moment
test statistic
— 2
My =0 [ [Bun(r)] ds (),
r
where g is a probability measure on I' which is chosen absolutely continuous with

respect to the Lebesgue measure on I'. As introduced in chapter 1, I use the sample
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analog A, ;(7) to estimate A ():

1 n n
Anp(y) = nin—1) >0 ) {le(ro + X + Y72 + Zivs)
i=1 j=1 i

—p(vo + Xivy + Yve + Zivs| Kn(Zi — Z5) },

where K}(-) is defined as
1 u
K, = —K(+
W) = oK),
with K (-) a symmetric product kernel density function, d, the dimension of u, and

bandwidth A = h,, depending on n.

The test statistic M, uses an L? norm to integrate out . We could also
use other norms to do this. For example, we can use a uniform norm to get another
test statistic supp |An7h(7)‘. Intuitively, which norm is better will depend on the

underlying data generating process which is unknown.

2.3.B Asymptotic Distribution of the Test Statistic

The proposed ICM type test statistic M, is a functional of A, ;(v). To
derive its asymptotic distribution, the key is to show that /n [Amh('y) - A (7)}
converges to a Gaussian process. In chapter 1 I have showed that under certain
assumptions, for a finite collection of 4’s, T's = {v{,79, -, ¥s} C I', The vec-
tor A n(Ts) = [Apn (V1) Apiy (V2)s - An. (7,)] is asymptotically normal after
proper centering and scaling, i.e. /n (A, n(Ts) — A(Ty)) 4 N (0,9). If we in
addition choose I' to be compact, we can further show a stronger result, i.e. the
weak convergence of v/n [A, 4(-) — A(+)] to a Gaussian process on I' with a mean
function zero. We keep assumptions 2-6 in chapter 1 and restate those assumptions

here

Assumption 2 (Kernel function) Let ¢ > 2 be an even integer. The kernel K is
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a product of a symmetric gth order univariate kernel k : R — R s.t. [ k(v)dv = 1,
Jvik(v)dv =0for j =1,2,..¢ — 1, and 0 < [ vk (v)dv < oco.

Assumption 3 Z; takes values in the interior of the support of Z, i =1,2, ... .

Assumption 4 (Smoothness of the densities) The density of Z, fz, is continu-
ously differentiable of order ¢; and all partial derivatives of fyz(y, 2), fxz(y, z),

fxyz(x,y, z) with respect to z of order ¢ exist.

Assumption 5 ¢(-) is a bounded GCR function.

Assumption 6 (Bandwidth) The bandwidth h = h,,, satisfies
(A 6.1) nh?? — co as n — oo, and

(A 6.2) \/nh? = o(1), i.e. h=o0o(n"Y9) asn — co.

In addition, we need the compactness of I' which is stated in the following assump-

tion:

Assumption 7 The index parameter space I' is compact with non-empty interior,

which is a subset of Rtdw

To show the weak convergence result, we first show the leading term of
Vi [App(-) = A(+)] converges to a zero mean Gaussian process and then show
that the remainder term is negligible. I still use U-statistic theory and Taylor
expansion to get the leading term as what I did in chapter 1, and the summarized

result is as follows.
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First, A, 4(7) is a U-statistic of degree 2:

_ 1 n n
An(r) = ——=D > {lelvo+ Xiv + Y7 + Ziy)
n(n—1) i=1 j=1,j%i
(o + Xiv1 + Y7 + Zivs) Kn(Zi — Z5) } (2.3.1)
1
= T Z k(Wi Wis ),
n (n,2)
2

where r;,(W;, Wj;4) is a symmetric kernel

1
ywm+ﬂ%+Ww+Z%)

—o(o + Xjv1 + Y] + Zivs] Kn(Zi — Z))

K:h(VVia VVja ’7)

1
+§ [80(70 + Xg/'% + le% + 23/'73)
—o(o + XJ/"Yl + Y;I’Yz + Z]/"V:s)} Kh(Zj — 7Zi)

= H’h(VV]7VVH’7)

As in chapter 1, we use H-decomposition to decompose An,h('y) into three parts

such that
Apn(Y) = Bn(Y) + 2Hnpn 1 () + Runa () (2.3.2)
where
An() = E [Awn(y)] = E (Wi, W;)]
Hpi () E%zﬂMﬂww—Awm (2.3.3)
kn1(Wisy) = E [kn(Ws, Wi v)|Wil, i # 5 (2.3.4)
and
Ropni(v) = Ann(y) — An(y) = 2H, 51 () (2.3.5)

and uncorrelated with H,, 5, 1 (7).
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The first two terms A, ,(v) and H, 1(7y) constitute the projection of A, ()
and the remainder R, ;,1(7y) is a smaller term if assumption 6.1 holds, which is
shown in detail in the proof of lemma 2 in chapter 1. Using Taylor expansion, I
have shown in the proof of lemma 3 in chapter 1 that A,(vy) = A () + O(h?) and
Hopoa () = 5 2 {ri(Wisy) = B[k (Wisv)]} + Op(h?), where

1
ki(Wisy) = 590(70 + Xiv1 + Yo + Zivys) f2(Z)

1

) /90(70 + XY+ Zivs) fyz(y, Zidy - (2.3.6)

1

+§/90(70 +x7 +y72+Zi73)fXYZ($»ya Zi)dxdy

1

=5 [ ¢+ am + ¥, + Zig) fcale, Zido

O(h?) and O,(h?) should be smaller terms if assumption 6.2 holds.

To summarize, I have shown that under assumptions 1-6,

VAL, () = VR[ALAY) + 2Huni () + Roni ()]
= VnA(y)+ % Z {ki(Wisy) — E[ra(Wis )]}

+small terms.

Define
N = <= 30 (Wism) = ElaWa )]} 237

which is the leading term of \/n [A, () — A (v)]. Iwill first show that ¢, () con-
verges to a zero mean Gaussian process and then show that /n [A, 1 (7) — A (7)]
converges to the same zero mean Gaussian process. The results are given precisely

in the following theorem.

Theorem 1 Under assumptions 1-7,

(a) ¢, (v) = Z(v)
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(0) Vi [Ann(v) = A ()] = Z(7),

where v €', and Z is a Gaussian process on I' with a mean function zero and a

covariance function
cov (Z(m), Z2(72)) = deov[ ki (Wisy1), k1 (Wi )] (2.3.8)
= 0A (’717’72) :
C,(v) is as defined in (2.3.7), App() is as defined in (2.3.1), and ki (W) is

as defined in (2.5.6). If in addition that Hy holds, then

To(v) =Vl u(y) = Z (7).

Remark 1 The theorem looks fine for {X;,Y:, Z;} a strictly stationary and abso-

lutely regular with mizing coefficients v, s.t. lel/(“_l)wj < 00.
]:

Moreover, by applying the continuous mapping theorem (Billingsley
(1999), p.20), I get the following corollary:

Corollary 2 Under assumptions 1-7 and assuming Hy holds, let m : C'(T') — R*

be |||, continuous and m (z) = 0 if and only if x = 0. Then
m[T(y)] = m[Z(7)].

where v €I and Z (7y) is the zero mean Gaussian process with covariance function

defined by (2.5.8).

For example, we could choose m to be the L? norm to get an ICM test statistic

M, =m[To(v)] = / To(y)1 dps () (2.3.9)

= n/ [An ()] dp (7):»/[3(7)]2@ ()

r r
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where u() is a probability measure on I' which is absolutely continuous with

respect to the Lebesgue measure on I'.

2.3.C Calculate the Critical Values

Under the null, the ICM type test statistic M,, has limiting distribution as
a functional of a zero mean Gaussian process, whose covariance function depends
on the data generating process. Hence the asymptotic critical values will depend
on the data generating process and cannot be tabulated. In this section, I will use
the conditional Monte Carlo approach suggested by Hansen (1996) to simulate the
asymptotic null distribution. Additionally, I will give convenient case-independent

upper bounds as suggested by Bierens and Ploberger (1997).

Simulate the Asymptotic Null Distribution

In this subsection, I applied the Monte Carlo approach provided by
Hansen (1996) to simulate the asymptotic null distribution of the test statistic.

*

The idea is to construct T, (v)* which follows a zero mean Gaussian process con-

ditional on W;. The conditional covariance function is

cov [Tn (1), Tn (o) [ {Wi}i4]

4N .
= O3 hna (Wi (W)
=1

5-A (717 72) .

I have shown in corollary 7 of chapter 1 that under the Assumptions 1-6 and the
null hypothesis,

~ P
aa (Y1,Y2) = oa (Y1,72) -
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So T, ()" should have the same unconditional limiting distribution as 7,,(+) under
the null, and we can simulate a large enough sample of 7,,(v)*’s to approximate

the limiting null distribution of T,,(«).

A candidate T, (v)* can be generated by generating {v;}. , to be IID

standard normal random variables and setting
2 n
To(v)" = —= ) fna(Wisv)vi. (2.3.10)

The following proposition states that T, (7)* has the same limiting distribution as

T, (7) under the null.

Proposition 3 Under assumption 1-7 and Hy, T,(v)" = Z () where v €I’

and Z () is the zero mean Gaussian process with covariance function defined by

(2.5.8). Hence M = m.[T,(v)"] = / Ty) P ds (7) = / Z) P du ().

Figure 2.1 shows the empirical PDF of M,, and M are pretty close.

Thus theorem 2 of Hansen (1996) is applicable to our case and we can

simulate a large enough sample of M’s to approximate the distribution of M,, =

m[T,(v)] = / [T,,()])? dpe (). To be specific, I execute the following procedure .J

T
times for j = 1,...,J to get{Mj*};]:l:

n

e generate {v;;};_, IID N(0, 1) random variables
e sct

L) = —=) fna(Wiv)vy

[nil Z /*”vh(Wqu;’Y)] %}
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o set MJ* =m/|T, / (v)
r

This gives a simulated sample (M%*, o MY *), whose empirical distribu-
tion should be close to the true distribution of the actual test statistic M,, under
the null. Then we can compute the percentage of {MJ*} _, which exceed M, to
get the simulated asymptotic p value. We reject the null hypothesis if the size of
test is greater than the simulated p value. As argued in Hansen (1996), J is under
the control of the econometrician and can be chosen to be large enough in order

to get a good enough approximation.

Upper Bounds of the Critical Values

Although the conditional Monte Carlo approach is straightforward, it
needs simulation. Bierens and Ploberger (1997) suggested case-independent upper
bounds demanding lighter computation. Their results can be applied here. I

restate theorem 7 in Bierens and Ploberger (1997) in terms of our test:

Theorem 4 (Theorem 7 in Bierens and Ploberger (1997)) Let €; be IID N(0,1)
and let

7 —sup—ZS.

m>1 1

Forn >0, under the Hy and assumptions 1—7,

n—oo

lim Pr {Tn >77/5'A(777)d:u(7):| < P[W>n],
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where

- 4% S lEna (Wi ) = 4 [Ann(v)]

1 g A
- 1 Z lih(Wi7Wj;7) —4 [An,h(7)]2
=1

i= j=1,j#i

Bierens and Ploberger (1997) simulated W using 10,000 replications, and
they derived the 10%, 5%, and 1% quantiles:

Pr (W > 3.23) = 0.10; Pr (W > 4.26) = 0.05; Pr (W > 6.81) = 0.01.

Using the upper bounds, we would reject the null hypothesis at 5% significance

level if

T, > 4-26/6A (v, 7) dp () -

2.3.D Global and Local Alternatives

The global alternatives which our conditional independence test is against

could be defined as

Hf : fZ(Z)nyz(fE,y,Z) - fYZ(yv Z)fXZ<I7Z) ta (y,.I,Z) (2311>

where a (y, 7, ) is a nontrivial nonzero function. Then under HS, we have

A(y)

= /@(’Yo + &'y, + Y+ 23) f2(2) fxvz (. y, 2)dedydz
- / (Yo + v, + Y vs + 23) frz(y, 2) fxz(x, 2)dedydz

= /s@(% + 2’y + Y vy + 2ys)a (y, @, 2) dedydz, (2.3.12)
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which should be nonzero for essentially all v € I" because of the property of the

GCR function ¢. Form the proof of the theorem 1, we can see

lim Pr(M,, € Rejection Region) = 1. (2.3.13)

n—00

That is the test is consistent. As the sample size increases, the test will eventually

detect the alternative HS from the null hypothesis.

The local alternative can be defined as the following:

HE - f2(2) fxvz(x,y,2) = fyz(y, 2) fxz(z, 2) + a(y,z,2) /[v/n, (2.3.14)

where a (y, x, 2) is a nontrivial nonzero function. As argued in section 2, HEX could

be equivalently defined as

HE - A(y) = e, (v) v/, (2.3.15)
where
Co () = / (Yo + 2 + Y ve + 2 ) (y, x, 2) dedydz.
The properties of GCR functions make ¢, (7) to be nonzero for essentially any

choice of ~.

The following result summarizes the asymptotic properties of our test

statistic under the local alternatives (2.3.15).

Proposition 5 Under assumptions 1-7 and under the local alternative HE,

To(y) = VvVl u(y) = Z.(v),

where v €I' and Z. is a Gaussian process on I' with a mean function c, (v) and a

covariance function

cov (Ze(71), Ze(v2)) = deov[ ke (Wisyy), k1 (Wisvy,)]  (2.3.16)

= oa(Y1,72) -
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Moreover,

M= miml = [EePdee) = [Z@Pdae). @

r

2.3.E The Relationship Between the Chi-square and ICM
Tests

The proposed Chi-square test in chapter 1 and the ICM test in this chap-
ter are related. The Chi-square test statistic S, (I's) = n [An,h(f‘s)] 'Ot [Amh(l“s)}
is a quadratic form based on a finite number of A, (v,)’s with Q! as the weighting
matrix. M, is an average over a continuum number of [T, ()]*’s. In practice when
we cannot get a closed form integral, we use Monte Carlo integration method for
this high dimensional integral so that the approximation errors shrink at a faster
rate. In that case, the integral is approximated by an average. If we choose pu to
be a uniform distribution over I', M, becomes an average of many [T,,(y)]*’s for
different ~’s. Then this practical M, is a quadratic form with a large s and with
the identity matrix as the weighting matrix. In other words, M,, exploits more v’s

than S, but ignores the heteroskedasticity and dependence among A, (v;)’s.

A variant ICM type statistic which takes care of the diagonal

heteroskedasticity of the variance covariance matrix of €2 would be based on

T \/ﬁAn,h (7)

"=
Hence we could use

M,

- . 2
m [T = [ [Tun)] du )
r
as an alternative ICM test statistic and simulate its critical values by the same

way as for M,,. The results for the variant statistic are summarized in the following

corollary:
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Corollary 6 (a) Under assumptions 1-7 and assume o, (7) > 0,

Py A S fAen(y)  A()
g \/_O'A(v) \/_{%(7) oa(7)

where v €1, and Z is a Gaussian process on I' with a mean function zero and a

= Z(v),

covariance function

cov (2(71),2(72)> = UAJ(A’YSYZZ(Z’)YQ) (2.3.18)

Pa (Y1,72) -

If in addition that Hy holds, then

(b) Under assumptions 1-7, assume &, () > 0, and assume Hy holds, let m :

C () = R be |||, continuous and m (z) = 0 if and only if t = 0. Then
m | Tu(y)| = m | 2(7)] .

(¢) Under assumption 1-7 and assume &, (7y) > 0,

where

-2 I . ‘
Tn(V) == a_n (7) \/ﬁizl"ih,l(vqu/)vm

with {vi;};_, IID N(0,1) random variables. Hence

5t =m (L)) = [ [T ] dutn = [ [260] auty).

r r

Figure 2.2 shows the empirical PDF of M, and MT’; are pretty close.

M,,, which is based on T,(v) = /nA, (), is easier to calculate since
it needs not to calculate 6 (v), and it could get a sharper bound for the critical

values since g (7) is typically very small. But the Monte Carlo results in the next

section suggest that M,, which is based on T, (v) = %, gets a little better

power for most experiments.
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2.4 Monte Carlo Experiments

In this section, I perform some simple Monte Carlo simulation experi-
ments to examine the finite sample performance of the ICM conditional indepen-

dence test.

For all the simulations, I generate {(X;,Y;, Z;);_,} IID. The bandwidth I
use is a value close to h given in chapter 1 (1.3.23), and I use hy = n~1/[3(20+dz)]
and 7 = 0.5 when calculating h. As in chapter 1, I choose ©(+) to be the standard

normal PDF| and k(u) the sixth order Gaussian kernel. The number of replication

is 100, and the number of simulated M or M} is 100.

2.4.A Size and Power Studies
DGP 1

I first generate the sample of {(X;,Y;, Z;);_,} using the DGP 1 in chapter
1. DGP 1 is the following data generating process

Y = BX+Z+e

X = Z+7%+ex

where
€ o5 0 40
Tl ~nfo | ¥ =N o,
€y 002 01
and

7Z ~ N(0,0%) = N(0,3).
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The null hypothesis we are testing is
Hy:Y 1 X|Z,

which is true only when 5 = 0. As in chapter 1, we use

cov (X,Y|Z) 43

Prvlz = 0X|z0Y|Z B 2¢/46% + 1

to indicate the strength of the dependence for X and Y, conditional on Z, which

is suitable since X |Z and Y'|Z are jointly normal. The power functions are plotted

against p from —0.9 to 0.9.

Although selecting + from any I', which is a compact set having a non-
empty interior, should deliver a consistent test, in practice we should avoid choosing
I' which would make |y, + X/v; + Y/v, + Zlv4| too large or too small. This is
because the value of ¢(u) will be very close to zero if |u| is too large and p(u) will
be close to linear if |u/ is in a too small range. In both cases the test will not have a
good power. In the simulation, I choose I which makes |y, + X/v; + Y7, + Zl74|
around one. To be specific, I choose v ~unif(I') where I' = [v__,.,.., — 0.5, Yeenter +
0.5] with
vtozl—{ SR
e std({Xutin,)  std({Yi}o,)  std({Zi}))

1 1
fycenter,l ~ <Std({Xlz}?1)’ Std({X%}:Ll))
1
Veenter2 7 (m>
N 1
Yeenter,3 = Std({Zi}?:J .

The size and power does not look bad when the sample size is as small
as 100, and it looks pretty good when the sample size reaches 200. The “non-

standardized” results in figure 2.3 correspond to M,, and the “standardized” results
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in figure 2.4 correspond to M,,. The power functions show that M, performs better
than M, in this experiment. The reason might be that the standardized ICM test
M,, has more reasonable weights than M,, when summing up 7},’s, just like GLS is

more efficient than OLS.

DGP 2

The DGP 2 I simulate and test is the DGP 2 in chapter 1, a modification of
the DGP 1. This time I am focusing on the outcome of the fat tailed distributions.

So I choose ex and €y to be student ¢ distribution of degree 3:
Ex ~ 2t3, €y ~ tg, €x 1 €y .

The power functions of M, is plotted in figure 2.5 and the power functions of M,
is plotted in figure 2.6. We can see the power is a little worse than the previous

one with normal distributions.

DGP 3

The following DGP is the DGP 3 in chapter 1, which is again a modi-
fication of DGP 1. This time I choose both ex and ey to be centered chi-square

distributions:

GXN2(X%—1>,EyN<X%—1),€XJ_Ey.

The power functions of M, is plotted in figure2.7 and the power functions of M,
is plotted in figure 2.8. The power looks a little better than that of DGP 1 which

uses normal distributions:
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2.4.B Comparison to Other Tests

In this section I will compare the standardized ICM test to other con-
ditional independence tests by some simulations. Su and White’s (2008) test es-

sentially compares fxyz(x,y,2)fz(2) to fxz(z,2)fyz(y,z) and can detect local
d d d

alternatives at a rate of n"2h~ 1 ~. Su and White’s (2007) test essentially

compares fy|x,z(y|x,2) to fy|z(y|z) and can detect local alternatives at a rate

dx+dy

of n=2h~ 7. My test compares [ o(vy + 2"y, + 'y, + 2s) fxvz(@,y, 2) 2 (2)

dydxdz to [ @(ve + @'y + y've + 2'v3) fxz(x, 2) fyz (y, 2) dydedz and can detect

local alternatives at a rate of n=1/2

. We first compare all three tests using DGP1.
Figure 2.9 shows the power functions when the sample size is 100. SW 2007 per-
forms better on the negative correlation part while my test is better on the positive
correlation part, and both tests performs better than the SW 2008. Figure 2.10
and figure 2.11 show the power functions when the sample size is increased to 200
and to 500, respectively. We can see the power of my test improves faster than the

power of SW 2007, which again improves faster than the power of SW 2008. This

result is consistent with the rates of local alternatives these tests could detect.

I also compares the power function of my test to the power functions of
other tests, and the results are shown in figure 2.12, where the “t-test” represents
the t-test for 8 = 0, “LG 1997 CM” represents the Cramer-von Mises type test
statistic of Linton and Gozalo (1997), “LG 1997 KS” represents the Kolmogorov-
Smirnov type test statistic of Linton and Gozalo (1997), “DG 2001 CM” and “DG
2001 KS” represent the Cramer-von Mises type test statistic and the Kolmogorov-
Smirnov type test statistic of Delgado and Gonzalez-Manteiga (2001), respectively.
Although our test loses power compared to the t-test, which is reasonable since
t-test uses more information, it performs better than other nonparametric tests

when the sample size is 500 for DGP1.
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2.5 Application to Returns-To-Schooling Exam-
ple

As stated in the introduction, one potential application of the test is to
test a key assumption identifying causal effects. In this section, I will provide an

example to demonstrate this.

In the literature of returns to schooling, the most widely investigated
structural equation is a Mincer (1974) type semi-logarithmic human capital earn-

ings function:

InY; = B, + 5,5 + By EX P, + BsEX P2 + Uy, (2.5.1)

where the subscript ¢ stands for individuals, InY; is log hourly wage, .S; is years of
completed schooling, EX P; is years of work experience, EX P? is work experience
squared, and U; is the residual term with a mean of zero. 3, is the effect of

additional year of schooling on wage. Our goal is to consistently estimate ;.

However, direct estimation of Mincer functions suffers from the well
known ability bias problem, which is caused by the dependence of schooling on
unobserved ability. To make this explicit, let U; be defined as U; = A; + ¢; and

rewrite the Mincer equation (2.5.1) as
InY; = By + B,Si + BoEXP; + B3 EX P? + A; + ¢, (2.5.2)
where A; stands for unobserved “ability”.
Over the years, one method empirical researchers have adopted to tackle

the ability bias issue is to find proxies of ability, for example IQ or AFQT scores,
and include those as regressors (e.g. Griliches and M. (1972), Griliches (1977), and
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Blackburn and Neumark (1993)). In much empirical work, other terms affecting
earnings are also included in the regression. Hence, the following empirical wage

equation is often estimated

where T'S; stands for ability proxies e.g. IQ or AFQT scores, and X; includes

EXP,, EXP? and other regressors like tenure, region, sex, race, union, etc.

If the conditional independence assumption
AL S| (TS X) (2.5.4)

holds, regression on the empirical wage equation (2.5.3) will then deliver a consis-
tent estimator of 3, the effect of schooling on wage in the Mincer function (2.5.2).
In fact, assumption (2.5.4) is the key assumption to identify ;. It is called a
“conditional exogeneity assumption” by White and Chalak (2006). That enforced
the “ignorability” or “unconfoundedness” condition, also known as “selection on
observables” in the literature. If assumption (2.5.4) holds, even if the separability
of Mincer function (2.5.2) does not hold, we can still identify 3, and consistently

estimate it by various methods.

We cannot test the conditional independence assumption (2.5.4) directly
since A is unobservable. However, following White H. and Chalak K. (2005), if we
could find TS5 s.t.

TSy = f(ATS, X,n) (2.5.5)
n L S|(ATS X),

where f denotes some function form, then

ALS|(TS,X)=TS, LS| (TS, X).
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Thus we can test the implied conditional independence condition

From (2.5.5), we get some guidance about how to choose T'Ss. A candidate for TS,
could be a vector of variables that are driven by A, T'S, X and some error term 1.

Intuitively, T'S and TSy could be error-ridden proxies for ability.

Now I would like to test (2.5.6) using some data set. The data I use are
from the National Longitudinal Survey of Youth 1979 (NLSY 79). In particular, I
use the data from the survey year 2000 and restrict the sample to white males®. I
use the age-adjusted standardized AFQT in year 1980 as T'S. T'S; includes math
and verbal scores for preliminary scholastic aptitude tests from 1981 high school
transcripts. To satisfy (2.5.5), I use years of schooling beyond high school as S, so
that T'S; should not be affected by S. X consists of actual experience in survey year
2000 and total tenure with employer in survey year 2000. To implement the test,
I choose ¢(+) to be the standard normal p.d.f.; and k(-) the sixth order Gaussian
kernel. For the same reason stated in the Monte Carlo section, - is chosen from
a uniform distribution so that |y, + X!y, + Y/v, + Zl75] won’t be too big or too
small. At a size of 5%, I cannot reject the null hypothesis (2.5.6). That provides
some evidence supporting the empirical wage equation (2.5.3) used by empirical

researchers.

I To restrict the sample so that it is suitable to estimating wage equation for survey year 2000,
I drop those who were enrolled in high school or college in survey year 2000, and I exclude those
who were in active forces or self-employed or working in family business in survey year 2000. I
also drop those whose hourly wage was not in the range ($1, $1000].
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2.6 Concluding Remarks

In this chapter, I develop a flexible test for conditional independence,
which is simple to implement yet powerful. It is consistent against any deviation

from the null and achieves \/n local power.

Throughout the chapter, I assume the used data are IID. But the IID
assumption is not essential for the results. We may extend the approach to a
time series framework so that we could test, say, nonlinear Granger causality.
Another extension could be to alter the test so that it could be used on mixed
variables of Z. This need arises because in applied microeconomics, many variables
are categorical or binary while for the current version of conditional independence
test, Z is assumed continuous. A third extension could be further studies about the
bandwidth selection problem. Currently I choose the bandwidth to minimize the
mean square error of A, (7). But ideally, one should choose optimal bandwidths
considering the size and power tradeoff. That could be another topic for further

research.

2.7 Appendix: Proofs

Proof of Theorem 1: (a) Obviously for a finite number of v’s, {¢,(7v,),
C,(72), . (. (7,)} is asymptotically normal. Also, we assume v €' C Rtdw
with T" a compact (hence totally bounded) set. To complete the proof, I need to
show that ¢, (7) is stochastic equicontinuous (Andrews (1994), Billingsley (1999)).
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To prove that, I use theorem 4-6 in Andrews (1994). Note that

1
k1(Wisy) = 590(70 + Xiv1 + Y, + Zivys) f2(Z)

1

~3 /90(70 + X1+ Y Ve + Zivs) fyz(y, Zi)dy

1

‘|‘§/<P(70 +x7 +y72+Zi73)fXYZ($7ya Zi)dxdy

1

=5 [ ¢+ am + ¥ + 2y el Z) o,

by theorem 6 in Andrews (1994), I only need to verify that each of the four terms

satisfies Ossiander’s L? entropy condition.
For the first term

O (Wiv) = o(vo+ Xim +Yive + Zivs) f2(Z;)
= o (Wisv) f2(Zs),

then it is a type IV class if I can verify that

E {[fz(Zz-)]2 sup o (Wisvi) = w(WmNQ} < Co" (2.7.1)
Ya:llvi—lI<é

for any « €I, for any > 0 in a neighborhood of 0, and for some finite constants

C > 0and vy > 0, where ¢ (W;;v) = p(vo+X]v1+Y/v,+Z!73). Under assumption

5, ¢ (Wy;7y) is differentiable in . Given that E || f4(Z;) sup.er 9 [0 (Wisy) /0v] H2

< 00 and I is bounded, I can show that (2.7.1) holds by mean value theorem and

Cauchy-Schwarz inequality.

Similarly, T can show that the other three terms in x1(W;;~y) also belong
to type IV class. Hence (,(v) = Z ().

(b)second, I show that the difference between these two terms is o, (1),

uniformly in -y, so that they have the same limiting distribution. I want to verify
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that

super Vit (A1) = A 01)] = <= 32 46a(Wi ) = Elsa(Wa 1)} = o, (1).

Note that

Vi [Ban(y) — A(y)] - % S {ma(Wiy) = Bl (Wi )]}

= VAL () = A+ 7= D (W) = B (Wal} + ViR (7).
The first term is

Vi [Ay (v) = A(7)] = Vn[Cs(v)h? + o(h?)]

with

ety = B ettt X+ Y+ 20 [ 2] (57) £2(20 0| Ko}
—E U p(vo+ Xin +y' 12 + Zhg)% (g—;) frz(y, Zi)qu(U)dydU} ,
so that
sup [v/n [An (7) = A ()]

vyel

= sup [v/nCs()h? + v/no(h?)|

vyel
= op(1)
since C5(7y) is continuous in v and I is bounded, and /nh? = o0, (1) under assump-

tion 6.2. Similarly, we can see that the other two terms are also o, (1), uniformly

in ~. [

Proof of Corollary 2: The result follows from theorem 10 and the contin-

uous mapping theorem. [ |
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Proof of Proposition 3: The proof is similar to that of theorem 2 in
Hansen (1996). [

Proof of Theorem 4: This is the theorem 7 in Bierens and Ploberger

(1997).
[ |
Proof of Proposition 5: 1 have proven that under assumptions 1-7,
2 n
(a) Cu(y) = Tn Z {k1(Wisy) = Elsa(Wis v} = 2 ()
=1
and

(0) Vn [Anp(v) = A ()] = Z (7).

Inspecting the proof, we can see immediately that T,,(v) = nA, 1(v) = Z. ()
under the local alternative, with a mean function ¢, (7) and a covariance function

the same as Z ()’s. Hence the result follows. [

Proof of Corollary 6: (a) Since

\/_Anh( ) VnA(y)
sup
v | on() oa (7) )
< sup x/ﬁAnh('ﬂ B \/ﬁAn,h(v)' 4 sup Vilan(y) \/M('Y)'
T4 () oa () v | oa(y) an ()
oa ('7) 1lsa VI, n () | V" Apn(y) VAR
= P15, () ! L oA () '+ L oA () an () ’

It’s sufficient to show that sup, |6, () — oa (¥)] = 0,(1) and G, () > 0, where
the former is implied in the proof of consistency of € (theorem 6 of chapter 1) and

the latter is assumed.
(b) Similar to corollary 2.

(c) Similar to proposition 3. [
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2.8 Figures

4000 . .
—PDFofM,
—PDFofM;
3000+
L
()
o
8 2000
a
£
L
1000+

Figure 2.1: Conditional simulation for the asymptotic null distribution of M,
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Figure 2.2: Conditional simulation for the asymptotic null distribution of M,
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size of the test = 5%
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Figure 2.3: Power functions of non-standardized ICM test (M,,) for DGP 1
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Figure 2.4: Power functions of standardized ICM test (M,,) for DGP 1
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size of the test = 5%
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Figure 2.5: Power functions of non-standardized ICM test (M,,) for DGP 2
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Figure 2.6: Power functions of standardized ICM test (M,,) for DGP 2
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Figure 2.7: Power functions of non-standardized ICM test (M,,) for DGP 3
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Figure 2.8: Power functions of standardized ICM test (M,,) for DGP 3
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Figure 2.9: Comparison to SW 2007 and SW 2008, sample size 100
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DGP 1 size of the test = 5%

1
0.9
)
c 08
@
-
$ 0.7
IC
§ 08
05
%
E 0.4
£ piaf
5 ——Huang 2009
0.2 —— SW 2007
a4 -
0 1 1 1 \ L \y 1 | = 1 I~
-08 -06 -04 -02 0 02 04 06 0.8
Px vz

Figure 2.10: Comparison to SW 2007 and SW 2008, sample size 200
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DGP 1 size of the test = 5%
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Figure 2.11: Comparison to SW 2007 and SW 2008, sample size 500

91



Empirical Rejection Frequency

0.4

0.3

0.z

0.1

92

DEP 1 size of the test = 5%

Huang 2009
— — — SN 2007
— 5w 2008
— - — - -L& 1997 CM
L | —— —LG1997 KS
— — — Dz 2001 CM
L | — — - -DG 2001 KS
5%

Figure 2.12: Comparison to other tests, sample size 500



Conditional Independence Tests
for Mixed Discrete and

Continuous Conditioning Random

Variables

3.1 Introduction

In applied microeconomics, many variables are categorical or binary. For
a conditional independence test, the conditioning variables are usually a mix of
continuous and discrete variables. For example, in the returns-to-schooling exam-
ple we discussed in the first two chapters, the conditioning variables usually include

a number of discrete variables such as sex, race, union, or industry etc.

However, in previous chapters I assume the conditioning variables to be

93
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continuous, which makes the test difficult to directly apply. In this chapter, I
extend the conditional independence test to incorporate the case of mixed condi-

tioning random variables.

A straightforward way to do this would be using frequency estimators to
handle the discrete variables. This means we split the sample into a collection of
subsets (“cells”) according to the value of discrete random variables and calculate
the test statistics for each cell. For example, if the conditioning variables include
one discrete variable, say sex, we can divide the data into two cells: the data for
the male and the data for the female. If the conditioning variables include sex
and race, we can divide the data into the subsamples for white males, black males,
white females, black females, etc. Then we can apply the conditional independence
tests introduced in previous chapters to each cell and get a test statistic based on

that.

Li and Racine (2003, 2004 etc.) instead advocated the method of smooth-
ing the discrete variables, which originates in the work of Aitchison and Aitken
(1976). The idea is to use smooth estimators over different cells. The frequency
approach could be viewed as a special case of the smoothing approach, where
the frequency approach chooses zeroes as the smoothing parameters for discrete
random variables. Li and Racine argued that although smoothing may intro-
duce some estimation bias, it may also reduce the finite sample variance hence
reduce the finite-sample mean squared error. Li and Racine (2003) suggested a
cross-validation (CV) smoothing method to estimate an unknown distributions of
categorical and continuous data. Racine and Li (2004) extended that method to
estimate regression functions. Hsiao et al. (2007) applied that method to model
specification test with mixed discrete and continuous data. In this chapter, I apply

their idea to my conditional independence test.
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The plan of this chapter is as follows. In section 2, I state the hypotheses
I want to test and summarize the testing idea from the previous chapters. In sec-
tion 3, I modify the test statistics introduced in previous chapters by the frequency
approach, so that we can apply the test for the case where the conditioning ran-
dom variables are mixed discrete and continuous. In section 4, I use a smoothing
approach to deal with the mixed data. In section 5, I report some Monte Carlo

results. Section 6 concludes.

3.2 The Hypotheses and the Idea of the Test

As in previous two chapters, we let X, Y, and Z be three random vec-
tors, with dimensions dy, dy, and dyz, respectively. For convenience, I still assume
that the sample observations {(X;,Y;, Z;)\_, } are independent and identically dis-
tributed (IID). As introduced in chapter 1 and 2 , the null hypothesis is that X
and Y are independent given Z, and the alternative is that they are dependent
given 7, i.e.

Hy:Y LX | Zvs. H:Y L X | Z (3.2.1)

In chapter 1, I established equivalent hypotheses in the form of moment

conditions, i.e.

Hy: A(y)

Ep(¢* (7o + X' + Y v+ Z'v3))
—Eo(@ (7o + X' + Y vy + Z'v3)) (3.2.2)

= 0,Vyel

versus

H. : A(v) # 0, for essentially all v € T.
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We restate the notations here: P denotes the unrestricted joint distribution of the
random vector W, whereas ) denotes the (restricted) joint distribution of W with
the null holding. Ep and Ey represent the expectations with respect to P and
Q@ , respectively. The distance between P and () is measured using a family of
tests functions ¢* = ¢fy indexed by v = (74,71, V9, 73) € I' C RY4W  where
¢ is a univariate Generically Comprehensively Revealing (GCR) function and T
has non-empty interior. “Essentially any” ~ € I" means that the set of “bad” +’s,
{yeliA,(y) =0and Y £ X | Z}, has Lebesgue measure zero and is not dense

in I". Note that A () is an estimatable moment:

A(y)

Ep[¢*(W;y)] — Eq [¢"(W;7)]

= Eplp(vo+ X' + Y5+ Z3) f2(2)]
—Eq [o(vo + X'+ Y'vy + Z'v3) f2(Z)]

= / e(vo + v+ Y72 + 2v3) f2(2)dFxyv 2 (7, Y, 2) (3.2.3)

- / ©(vo + 'y +Yve + 273) f2(2) friz(y|2)dy dFxz(x, 2)

Exyzle(vo+ X' +Y v+ Z'v3) f2(Z)] - /QXZ(% 2;9)dFxz(, 2)

= Exyzle(vo+ X'y + Yy + Z'v3) f2(2)] — Exz 9x2(X, Z;7)]

where

9xz(x,277) = / (Vo + &'y + Y v+ 2 v3) f2(2) friz(y. 2)dy  (3.2.4)
Eo(yg+ 27, + Y7y + 293) f2(2)|Z = 2].
I use a sample analog A, ;(7) to estimate A (), and construct a Chi-square test

in chapter 1, an Integrated Conditional Moment (ICM) test in chapter 2. In this

chapter, I will modify A, ;(«) so that it is suitable for the mixed continuous and
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discrete conditioning variables, and then we can construct a Chi-square test or an

ICM test in the same way as before.

3.3 Mixed Data and the Frequency Approach

3.3.A Mixed Discrete and Continuous Conditioning Ran-

dom Variables

In this chapter, we allow the conditioning random variables to be mixed

continuous and discrete. Let the conditioning random variables Z be denoted by
7 = (ZC/, Zd/)/7

where Z¢ is a vector of d; categorical random variables and Z¢ is a vector of d,
continuous random variables. Let z¢ be the s-th component of 2¢ (s = 1,2, ..., dg),
which can assume ¢, different values, where ¢, > 2 is a positive integer. We assume
that Z4 has finite support, so 2¢ € Dga = {zgl, z;{Q, s zfics}. We denote the joint
density of Z by f7(z) = fz (zc, zd).

3.3.B  Summarized Assumptions

I keep assumptions 5 and 7 in chapter 2 and modify other assumptions

to incorporate the discrete conditioning random variables.

Assumption 1 {W; = (X/,Y/, Z!)'} is an IID sequence of random variables on
/

the complete probability space (Qw, Fw, Pw). The random vector Z = (ZC'7 Zd’)

where Z? is a vector of d; categorical random variables and Z¢ is a vector of d,
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continuous random variables. dy = d. + d; X;,Y;, and Z; take values in R,

R and R% x HgilDZgz, respectively, dy = dx + dy + dz.

Assumption 2 (Kernel functions for continuous conditioning variables) Let ¢ > 2
be an even integer. The kernel K¢ is a product of a symmetric ¢th order univariate
kernel k : R — R s.t. [k(v)dv = 1, [v/k(v)dv = 0 for j = 1,2,...¢ — 1, and
0 < [vik(v)dv < .

Assumption 3 Z{ takes values in the interior of the support of Z¢ i =1,2, ... .

Assumption 4 (Smoothness of the densities) The density of Z¢, fz., is contin-
uously differentiable of order ¢; and all partial derivatives of f7 (z), fyz(y,z2),

fxz(y, z), fxyz(z,y,z) with respect to 2¢ of order ¢ exist.

Assumption 5 ¢(-) is a bounded GCR function.

Assumption 6 (Bandwidths for continuous conditioning variables) The band-

width for the continuous kernel, hy = hy,, for s = 1,2, ..., d., satisfies
(A 6.1) nll% h, — co as n — oo, and

(A 6.2) /nhl = 0,(1),i.e. hs,=0,(n %)) as n — .

Assumption 7 The index parameter space I' is compact with non-empty interior.
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3.3.C The Frequency Approach

Our test is based on the distance of the restricted and unrestricted joint

probabilities. The distance is indirectly measured by

A7) =Exyzle(vo+ Xy +Y' v+ Z'v3) f2(Z2)] — Ex z l9x2(X, Z;7)] (3.3.1)

where
9xz(x,29) = Ele(vo + 2"y + Y + 273) f2(2)|Z = 2]
We thus need to estimate A () to construct the test statistic. To do that, we

can estimate fz(z) and gxz(x,z;7), then use a sample average to estimate the

expectations.

Discrete Conditioning Random Variables

A special case would be that the conditioning random vector is discrete.
That is, d. = 0 and Z = Z?. Then f; would be the probability density function

of Z and can be estimated by the leave-one-out estimator

f2(Z:) = fra(Z]) = - i ] Y 12 =17
J=Lji

The conditional mean gxz can be estimated by

A 1 ¢
9x2(Xi, Z7) = — > o(ro+ X+ Y12+ Zva)1(Z; = Zi) .
j=1,j#i

Hence the estimator of A () would be

_ 1 <& . 1<
Anly) = = [@(% + X7+ Y7 + Zhg)fz(Zi)} — =Y dxz(Xi Ziy)
i=1 i=1

1 n_oon
N mZ 3" {lo(vo + Xim + Yivg + Ziys)
=1 j=1,j#i

—o(yo + Xim + Y7o + Ziv311 (Z; = Zy)}.
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Remark 1 If Z s discrete, there is no need to use a density weighted expectation

(see the reasoning in chapter 1). So we can instead based our test statistic on

A, (v)
= Eplp(W;v)] — Eq [p(W;7)]

= Exyvzle(vo+ X' +Y'"v +Z'v)] — Ex 7 [9px2(X, Z;7)]
where
Jorxz(T,2,7y) = /w(% + 2"y + y've + 2'vs) friz(y, 2)dy
= Elo(vo+a"y +Y' v+ 2'y3)|Z = 2].

And we can then estimate A, (7y) by

_ ] & 1 <.
Bpnn(n) = = 0o+ Xim +Yv+ Zivg)l = ~ Y Gexz(Xi Zi7)
i=1 i=1

1 n
= - > lelve + Ximy + v + Zivs)]
i=1

n

1 1
T ; STl (Z=2) [ (n—1)

X Y (o + Xim + Y]y + Zva) 1 (Z; = Zi) | .

=1
Mixed Conditioning Random Variables

Now suppose we have mixed discrete and continuous Z. The leave-one-

out version of the nonparametric kernel estimator of f7 (Z;) would be

. 1 i .
) = Y K 41 (2 = ),

and the estimator for the conditional mean gxz(X;, Z;;) would be

i 1l 5 (¢
Ix2(Xi, Ziyy) = n—1 Z SO(YO‘FX{%+Yj,72+Zh3)Kh(Zi —Z;)1 (Zfl = sz) :

j=1j#i
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Hence the estimator of A () would be

_ 1 <& . 1IN
Anp(y) = n Z [‘P('Yo +Xin + Yy, + Zz{’YS)fZ(Zi):| T Z Ix2(Xi, Zi; )
i=1 i=1
1 n n
= ——— " > {le(ro + X + Vi, + Ziv,) (3.3.2)

n(n—1)4= &
i=1 j=1,j7#i
— (Yo + X + Y72 + Zivs| K5 (ZF — Z)1 (Z] = Z])},
where K (-) is defined as
1 U

with K¢(-) a symmetric product kernel density function, d, the dimension of u,

K;(u) =

and the bandwidth h = h,, depending on n.

The frequency estimator A,, ;(7) is a linear combination of the estimators
defined in chapter 2 for each cell. If we split the sample into a collection of cells
according to the value of Z¢ and denote the number of observations in each cell as

n,a =Y., 1(Z¢ = 2%, then the estimator for each cell is

Appaa(y) = ﬁ ;jg;#{[w(% + X{71 + Y72 + Zvs)
—o(vo + Xivy + v, + Zins| Kn(Z; — Z;)1 (28 = 28 = %) }.
Note that
An,h(’)’)
) (nl— 1) ;jgj:#{[@(% + Xin + Y2 + Zi7s) (3.3.3)

—o(vo + Xivy + Y]y + Zins| Ki(Z — Z;)1 (28 = Z7)}
= Z An,h,zd (7) - fzd (Zd) : fzd (Zd)
Zd

where ), denotes the summation over the set %, D 7d,

fzd (zd) = %Z 1 (Zfl = zd) )
i=1
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and
1

n—1

fza (%) = [n 1(Z;l:zd)—1].

j=1
Both fa (2?) and fpa (27) are estimators for fza (27), so that A, ,(v) can be
approximately viewed as a linear combination of the estimators for each subsample

with the weight [z (24)]”.

3.4 Discrete Kernels and The Smoothing Ap-

proach

Li and Racine (2003, 2004, 2007 etc.) recommend using a smoothing
method to deal with the mixed data instead of splitting the sample into a number

of cells. I apply their idea to our test in this section.

3.4.A Discrete Kernels

Now we modify the product kernel K}, to be
Ky =K K

where K¢ is a product kernel with a smoothing parameter vector A and K¢ is a
product kernel with a smoothing parameter vector h. K¢ is introduced for discrete
variables Z¢ while K¢ is a high-order-bias-reduction kernel for continuous variables

Z¢ as before.

We use the kernel functions suggested by Racine and Li (2004) which
have a simple form and treat ordered and unordered discrete random variables

separately. Let Z¢ = (Z% Z"). Z® denote categorical random variables which
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have no natural ordering while Z? denotes discrete random variables which have a
natural ordering. Correspondingly, the kernel for Z¢ is defined as k¢ (Zlds, ’8) =1
if Z¢ = 22 and k¢ (Z2,29) = A, if Z¢ # 24, and the kernel for Z¢ is defined as

Jid (Zd ~d) — 1if Z¢ = 3% and k¢ (Zd ~d) - it Z4 #4302\, € [0,1].

s

187 S 187 s

Then the product kernel K¢ is

K§(28,27) = HkA (Z, 2 H kx( i»f)
| s= dd-‘rl
[P P
- |
_571 SZJd+1

Note that here we allow the smoothing parameters \’s to be different for different
discrete random variables. If we also allow the smoothing parameters h’s to be

different for different continuous random variables, we get the kernel

Kyn (Zi, 2)
= Kil K¢
= KA (28,2) - K§ (ZF — 2°) (3.4.1)
_ =d d ~d C
- Hk)\ 157 s) H k)\ ( 189 s> H h s

s= dd+1
dg de

| e R
— H As _ 11 hsk(

_s:l s=dg+1 s=1

3.4.B The Test Statistic

Replacing the kernel K} defined in previous chapters by the new one, we

can see that the estimator for A (7) becomes
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n

1 R 1 .
Appn(y) = n Z [90(70 + Xinm + Y.+ Zz{VS)fZ(Zi)} T ZQXZ(Xi7 Zi; )
i=1

=1

1
T oa(m—1) > D> Aletro + Xim + Yz + Zin) (3.4.2)
i=1 j=1,j#i

—o(vo + Xivy + Y7o + Ziv3l Kan(Zs, Z;)}
When A takes the value zero, Ky ,(Z;, Z;) becomes K (Zf — Z;)1 (Z]C'l = Zid) and

Ay n(7y) becomes the frequency estimator.

Based on \/ﬁﬁn, An(7y), I can construct an integrated conditional moment

test statistic in the same way as in chapter 2:

M, =n / [Ran (]2 dii ().

r

where p is a probability measure on I' which is chosen to be absolutely continuous

with respect to Lebesgue measure on I'. Under the null, we expect M,, is close to

Zero.
A standardized version of the ICM type statistic introduced in chapter 2
1s
. . N 2
W= m (L) = [ [T)] du),
T
where -
- nip, p (Y
() = Y22eal)
oa ()

with a consistent estimator of variance

oa(v,y) = 62 (%)

- 4% Z [t (Wi M = 4 [Anpn(7)]

2

1< 1 < A
= 3 S w4 [Baaa)]’
i=1 j=1,j#i
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3.4.C U-statistics Theory and the H-decomposition

Since K, = K{ - K¢ is still symmetric, A, » »() is still a U-statistic of
degree 2:

1 n n
Apn(Y) = —/—— Z Z [o(vo + Xiva + Y72 + Zivs)
n(n—1) i=1 j=1,j#i
—p(vo + Xiv1 + Y72 + Zivs)| Kan(Zi, Z;)
1
= —— > (Wi, Wyi9),
n (4,9)

2

with

1
kWi, Wiy) = 5 lo(vo + Xy + Y7o + Zivs3)

—o(vo + Xim + Y]y, + Zins)| Kan(Zi, Z;)
1

+5 [$(v0 + X + Y + Zj7s)

—o(vo + Xg/"h + Y;/% + ZJ/"Y?,)] K/\,h(Zj, Z;).

We still use H-decomposition to decompose An, An(7y) into three parts:

Apan(Y) = Dan(¥) + 2Ho a1 (¥) + Rupp1 (7), (3.4.3)
where
Axn(Y) = E [Apxn(7)] (3.4.4)
1~ . _
Hoani () = HZK/\”LJ(W”'Y)’ with {&xn1(Wi;~)} 1ID
=1
Rt (Wi ) = ana(Wisy) — Axn () (3.4.5)
Exn1(Wisy) = E [ran(Wi, Wi ) [Wil i # 3,
and

Roant () = Apan () = Aan () = 2Hppn0 (77) - (3.4.6)
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The subscript 1 in the above notations denotes that the item is a projection on
the first argument of k), Wi. H,an1 () and R,y p1 () have zero means and

are uncorrelated. I define the projection An,,\h('y) as:

~

Apan(Y) = Dsn(y) + 2Hp a1 (7)- (3.4.7)

The mean Ay, () is not random (although it depends on (A, h)), and Hy xp1(7)
is just an average of IID random variables whose asymptotic behavior is straight-

forward to derive.

3.4.D The Bias Term

We first show that under the null Am An(7y) is close to zero if we choose
the smoothing parameters h and A\ small enough. To do that, we add a suitable

assumption for A.

Assumption 8 (Bandwidths for discrete conditioning variables) The bandwidth
for the discrete kernel, A\, = \,,, satisfies A\, = 0,(n"V/2) for s = 1,2,...,dy, as

n — 0Q.

Because we will use sy 51 (W;; ) later to calculate the variance term, we first find

the leading term of ky 51 (Wi;7y):

K1 (Wz‘§ ’7)
= E[mn(Wi, Wy ) |[Wi]

de dg

s=1 s=1



107

where

I‘il(Wz‘Q ')’)
1

. 1 1 1
2% (Wisy) — égXZ(Xh Ziy) + égZ(Zi§'7> - §gYZ(Y¢, Zi; )

1
= 590(70 + X1 + Y v + Zivys) f2(Z)
1

) / (Vo + Xiv1 + Y72 + Zivs) fyz(y, Zi)dy (3.4.8)

1
+§ / 90(70 + Ty Yy + Zz"Y?,)fXYZ(xy?Ja Zi)dﬁdy

1

—3 / ©(vo + 2" + Y Ve + Zivs) fxz (2, Z;)dx

—_

(under Hy) = =FE[p(vo+ X[y, + Yive + Ziv3) f2(Z:) Wi

[\)
—_

-5 [90(70 + Xz{’yl + Yi/% + Zz{73)fZ(Zi)|Xia Zi] (under Hy)

=N

+5E lo(vo + Xiv + Y7o + Zivs) f2(Z:)| Zi]

1
5B [o(vo + Xivy + Y v + Ziv3) f2(Z)|Yi, Zi] (under Hy).

Note that
Elm(Wiy)] = A7),
So the bias term would be S°% [ B (Wi v)h] 3% [BE (W;;4)As] +s.0.. The

following proposition summarized the result.

Proposition 1 Under Assumptions 1-5 and hs — 0 and Ay — 0, Ayu(y) =
A () + 3% B (Wiy)he + %, BE (Wi v)As + s.0. If in addition Hy holds,
then A () = 0. If we furthermore assume hs satisfies (A 6.2) and \ satisfies as-
sumption 8, then Ay n(y) =0 (\%) Axu(7), A (), BE,(Wis~y), and BE (Wi;7)
are defined as in (3.4.4), (3.3.1), (3.7.2) and (3.7.3), respectively.

Remark 2 The leading term of the bias for the discrete variables is of order

Zfil Xs, which is determined by those data which are differ from z% only for one
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element AND by distance 1. When we smooth around z?(say it’s a vector with
dimension dg, for example those are discrete characteristics of the subjects), those

4 in one value of its variable (say

close to z% in the sense that only differ from z
only the sex is different) should carry more information about z%. If they differ
for, say, two variables, the term is of order A\, where Z% # 2% and Z% # 22,
then it is of a smaller order. And if they differ for, say, one variable but by by

distance 2, the term is of order \> which is of a smaller order.

3.4.E The Variance Term

According to Lee (1990) pp 12 Theorem 3, the variance of the U-statistic

An7/\,h (’)’) 18

-1

VAR [Auan(y)] = Z {2(n —2) VAR [ry g0 (Wi 7))

+V AR [k n(Wi, Wi )]}

After some calculation, we get

VAR [kxn1 (Wi )]
d

= VAR[1(Wi )]+ Y _ 200V [k1(Wis ), BE (Wi )] b
s=1
dgq
+ 200V [k (Wi ), B (Wi )] As + s.0.
s=1

de dg
VAR [k (Wi )] + > Ce (M) hi+ ) Chl, (7) A + s.0.
s=1 s=1

and

d
T 1

VAR [k n (Wi, Wi v)] = E[0 (Wi )] H o T80
s=1 ¢
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So the variance of A, x »() would be

VAR [Apan(7)]

de dg
= An"'WAR[k (Wi )]+ 407" " Co (v B+ 407" ) Cll () A

s=1 s=1

de
+2n 2B [§ (Wi 7)) H hi + s.0.. (3.4.9)
s=1 79

Details of the calculation are in the appendix. As long as assumptions 6 and 8 are

satisfied, the leading term of the variance would be

VAR [Appn(v)] = 4n"'VAR [k (Wi;y)] 4 s.0.(Assumption 6 and 8). (3.4.10)

3.4.F Asymptotic Distribution of the Test Statistic
Am an(7y) is different from a conventional U-statistic since its kernel

kan (Wi, W;; ) depends on the smoothing parameters A and h, which are shrinking
to zero as n — 0o. As shown in previous chapters, we need the theory for extended
U-statistics. Lemma 3.1 in Powell et al. (1989) shows that if E ||sx,(W;, Wj;y)||> =
o(n),then /n (An,h('y) - An('y)> = 0,(1). When calculating the variance term,
we have already gotten that E [k3,(W;, W;;~)|[W;] = O, (I%,h;"). With as-
sumption 6.1, that will make F ||rx,(Wi, Wi;~)||” to be o(n). Intuitively, if the
bandwidth for the continuous variables does not shrink too fast, the remainder
term will be of smaller order. I summarize the result precisely in the following

lemma:

Lemma 2 Under Assumptions 1-5, and assumption 6.1 i.e. nH?;lhs — 00 as

n — oo, and hy — 0 as n — oo for s = 1,2,....d., and assumption 8 i.e.

Ao = 0,(n"12) for s =1,2,....dg, then /i |Apn(y) — Ann(y)] = 0,(1).
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To summarize, I have shown that under assumptions 1-6, and assumption

8 that

VD an(Y) = Vr[Asa(y) + 2Hu w1 (Y) + Roana (7))
— VA () + = 3 (W) = B (Wi )]}

+small terms.

If we further assume assumption 8 holds, the results will hold uniformly in ~.

Define the leading term to be
2 n
Co(y) = 7n Z {x1(Wisy) — E[si(Wis )]}, (3.4.11)
i=1

we can show that (,(v) converges to a zero mean Gaussian process and thus
Vi [App(y) — A ()] converges to the same zero mean Gaussian process. The

results are given precisely in the following theorem.

Theorem 3 Under assumptions 1-8,

(@) Co(v) = Z ()

(0) Vi [Anpan(v) = A ()] = Z(7),

where v €L’ with " a compact set having a non-empty interior, and Z is a Gaussian

process on I with a mean function zero and a covariance function
cov (Z(m), Z(va)) = deov[ ki (W), i (Wiy)]  (34.12)
= OA (717 '72) ’

where C,(y) is as defined in (5.4.11), N, n(7y) is as defined in (3.4.2), and
k1 (W) is as defined in (3.4.8). If in addition that Hy holds,

T,(v) = Vnlun(v) = Z (7).
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According to corollary 2 in chapter 2, we will get

M= [ [BuasPdn) 2 [ 1200 du ().

r r
so we can still use the conditional Monte Carlo approach as in chapter 2 to simulate

the asymptotic null distribution of the modified ICM test.

As discussed in chapter 1 and 2, h, the smoothing parameter for the
continuous kernel, needs to shrink to zero fast enough as the sample size increases
so that the bias term associated with A will vanish asymptotically. On the other

hand, h cannot shrink too fast so that the variance term won’t blow up.

The rate requirement for the smoothing parameter of the discrete kernel
is only that A\, = 0,(n"'/2). So A has to shrink fast enough to kill the introduced
bias asymptotically. Unlike h, the shrinking rate of A does not have a upper bound
since since it will not blow up the variance term even if we let it be zero. Note
that when A = 0, the discrete kernel reduces to an indicator function so that the

frequency approach could be viewed as a special case of the smoothing approach.

Li and Racine (2003, 2004) argued that although smoothing may intro-
duce some estimation bias, it may also reduce the finite sample variance to reduce
the finite-sample mean squared error. They suggested a cross-validation (CV)
smoothing method to select the smoothing parameters. But here we cannot ap-
ply the cross-validation method directly since we are not estimating a density or

regression function.
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3.5 Monte Carlo Experiments

In this section, I perform some simple Monte Carlo simulation experi-
ments to examine the finite sample performance of the conditional independence
tests for mixed discrete and continuous conditioning variables using frequency and

smoothing approaches.

For all the simulations, I generate {(X;,Y;, Z;);_,} IID. The bandwidth
for the continuous kernel I use is a value close to h as given in chapter 1 (1.3.23). If
not indicated otherwise, the bandwidth for the discrete kernel, A, is a value close to
h? in DGP2 since I want the bias associated with A to be of the same order as the
bias associated with h; and I set A in DGP 1 the same as in DGP 2. I choose ¢(+)
to be the standard normal PDF, and k¢(u), the kernel for the continuous variables,

to be the sixth order Gaussian kernel. The number of replications is 100.

3.5.A DGP 1: A binary conditioning random variable

I first generate DGP 1 where the conditioning random variable is binary,

as in the following data generating process

Y = BX+2Z2%+e

X = Z%+ex
where
€ o2 0 40
Yl ~nNfo | X —N|o, ,
ey 002 01
and

7% =0, withPr (2 =1) = 0.3,

Z% =1, withPr (2 =1) = 0.7,
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As for the DGP 1 in chapter 1 and 2, I use

cov (X,Y|Z) 43

0X|z0Y|Z 2¢/46% + 1

to indicate the strength of the dependence for X and Y, conditional on Z. Be-

Pxvy|z =

cause X|Z and Y|Z are jointly normal, the conditional correlation represents the

dependence between X and Y given Z.

I use the frequency approach to test the conditional independence and
plot the power of test against p from —0.9 to 0.9. The size and power does not
look bad when the sample size is as small as 100, and it looks pretty good when
the sample size reaches 200. The “standardized” results in figure 3.1 correspond
to M, and the “non-standardized” results in figure 3.2 correspond to M,. Again

the simulation results show that M,, performed better than M, in this experiment.

I also use the smoothing approach with a positive smoothing parameter
for the discrete kernel. The results for ]\Zln and M, are reported in figure 3.3 and
figure 3.4, respectively. The size and power looks similar to the results from the
frequency approach. We can only notice a very tiny improvement of the test power
over some area. Figure 3.5 shows how the power function of M,, will change when
we change the choice of A, the bandwidth for discrete variable, where the sample
size is 200. Note that when A = 0, the smoothing method becomes the frequency
method. The results show that smoothing may improve the power slightly for this
DGP.
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3.5.B DGP 2: Mixed discrete and continuous conditioning

random variables

DGP 2 generates two conditioning variables, where one is binary as in

DGP 1 and the other is continuous:

Y = BX+29+Z°+ey
X = Z+(2-2% 2+ (29 + ex

where
€ 0% 0 40
T ~nNfo | 7F —nN o, ,
€y 0 cr%/ 01

and

Z* =0, withPr (2% =1) = 0.3,
Zz% =1, withPr (2% =1) =0.7,
Given Z% =0, Z°"N(-2,4),
Given Z% =1, Z°"N(2,4).

This DGP has more cells than the previous one.

I first use the frequency approach to test the conditional independence
and plot the power function for p from —0.9 to 0.9. The “standardized” results
in figure 3.6 correspond to M, and the “non-standardized” results in figure 3.7
correspond to M,. The power becomes good when the sample size increased to

200 and the dependence is moderate.

I then use the smoothing approach with a positive smoothing parameter
for the discrete kernel. The results for M, and M, are reported in figure 3.8 and
figure 3.9, respectively. The size and power looks similar to the results from the

frequency approach while there is very small improvement of the test power over
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some area. Figure 3.10 shows how the power function of M, will change when
we change the choice of A\, where the sample size is 200. This results show that
when we select the correct bandwidth for the discrete variable (in this case 0.04),
smoothing may significantly improve the power. But when we choose a too big

discrete bandwidth, the size of the test could be way off.

3.6 Concluding Remarks

In this chapter I extend the nonparametric test for conditional indepen-
dence to incorporate the case where the conditioning random variables are mixed
discrete and continuous. The frequency approach divides the sample into a col-
lection of cells according to the value of the discrete conditioning variables, and
constructs the test statistic based on a linear combination of estimators for all
cells. The frequency approach is easy to calculate and performs well in the simula-
tions. Another method would be to use kernel smoothing for both continuous and
discrete variables. This can incorporate the frequency method as a special case.
The two tests have the same asymptotic distributions as long as the bandwidth
of the discrete kernel shrinks to zero faster enough. The smoothing approach may
increase the power for finite samples especially when the number of cells is rel-
atively large. Nevertheless the choice of the bandwidth of the discrete kernel is
challenging.
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3.7 Appendix: Proofs

Proof of Proposition 1:

Ay ()
= Elran(Wi, Wj57)]
= EA{E [ran(W;, Wy y)|[Wi]}

= E{rmni(Wisv)}

de dg
- E {ﬁl(Wﬂ Y+ > Be (Wi y)hd + Y BE (Wi v)As + S.o}

s=1 s=1
dq

A+ S E[B (W) B+ S E [BL (W) A+ 5.0

s=1 s=1

To calculate the last second step in above derivation, we notice that
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K1 (Wis )

E [k n(Wi, Wy ) |Wi)
%E [o(vo + Xim + Yive + Zivs) Kan(Zi, Z5)|Wi]
—%E [0 + Xivi + Y7o + Zivs) Kan(Zi, Z3) W]
+%E [0 + Xjv1 + Yive + Zivs) Kan(Z;, Z) W]

1
—§E [90(70 + X],"h + Yz‘/% + Zj/'”Ys)K/\,h(Zj’ Zz)m/z]

N | —

{w*(m; v) + Z [Bf (Wi v)hd] + Zd [BY {(Wis )] }

s=1 s=1

de dg
9xz(Xs, Zi;y) + Z [BS (Xi, Zi;y)h?] + Z (B3 (X, Zzﬂ’))\s]}
s=1 s=1
1 de dgq
29 92(Zs) + 3 [Beu(Zi)hi] + 3 [Bi(Ziv)As]

s=1 s=1

—_

[\ —
—N— ——

[\

s=1 s=1
de dg

s=1 s=1

dc dd



(under Hy) =

where

gXZ(va§'7)

(under Hy)

92(Zi; )

avz(Yi, Zi; )
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H1(M/i§ ’)’)
- 1 1 1
3¢ (Wisy) — QQXZ(Xu Ziy) + §QZ<Zi§7> - §gYZ<Yi7 Zi; )
1
590(70 + Xz('h + }/;/72 + Zh:a)fZ(Zi)
1
~3 / (Yo + Xivy + Y2 + Zivs) fyz(y, Zi)dy (3.7.1)

1
+5 / ©(Yo + 271 + yve + Zivvs) fxvz(x,y, Z;)dxdy
1

-5 / ©(vo + &'y + Y79 + Zivs) fxz(x, Zi)dx

1

—Eo(vo + Xivy + Y ve + Zivs) f2(Z;) W]

[\

1
—=Elo(vo + Xivi + Yive + Zivs) f2(Z:)| X5, Zi] (under Hy)

N

—Ep(vo + Xiv + Y7 + Zivs) f2(Z:)| Z3)

— DN

—=Elo(vo + Xivi + Yve + Ziv3) f2(Z:)|Y;, Zi] (under Hy)

[\)

= / ©(vo + v + Y7y + 23) frz(y, 2)dy
= Elo(vo+ "y + Y vy + 2'v3) f2(2)| Z = 2]
= Elo(vo+ X +Y' v+ Z')f2(2)|X =x,Z = 2],

= / ©(vo + 2"y + Yo + Zivs) fxvz(x,y, Zi)dady
= Elo(vo+ Xiv +Yive + Zivs) f2(Z:)| Zi]

Ty
/ ©(vo + &'y + Y7o + Zivs) fx z(x, Zi)da

TL

(under Hy) = E[p(vo+ X{v + Yy + Zivs) f2(Z:)|Yi, Zi]

B (Wi;7) = @(vo + Xiv + Y72 + Ziv3)

7 (25, Z8) 19 (Z5,)"
q!

/ wlk(uw)du,




B{ (Wi;¥) (v +
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X+ Y+ Zis) O (16 (20, 2%) f2(25, %))

2d

without natural ordering

or

(Yo + Xy + Vv, + Zivg) O [1a (|28 — 2]

=1) f2(Z{,2)])

~d

with natural ordering,

with

1, (Z¢

i)

L(|zt - =1) =

Bis(XZa Z’La 7)

Bg,s(Xlu Z’La 7)

or

Bg,s(Zi; 7)

/ w?k (u) du

L(Zi # 2) 11 1(Z5, = =)
s'#s

i.e. Z% and 2% only differ for the sth element,

L8 =1z 7 2) 112 = 24)

only the sth variable is dlfferent by distance 1,

/ w?k (u) du

Yu
X / ©(v0 + X1 +y've + Zivs)

01 Z;)/0(Z¢)1
fYZ(y7 ‘)/ ( zs) dy,

YL
Z [13 (Zf, zd)
Zd
v ! ! / d
X / (Vo + Xivi T Y2+ Zivs) fyz2(y, Z7, 2 )dy}
YL
without natural ordering
Z (1, (|28 = 27| = 1)
»d
Yu / / / d
X / (Vo + Xivi + Y2 + Zivs) frz(y, Z;, 2 )dy}
YL

with natural ordering,

(Yo + 271 + Y72 + 2, 73)fxyz (2.9, 2) [0(ZL)") 4

S
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By (Zsy) = > [1.(2f, 2%
Zd
X/ﬂ%+ﬂ%+y%+ﬁ%+fﬁmhﬂ%%Z&WmM

without natural ordering

or = Z[ls (|zf -2 =1)

~d

&/M%+f%+y%+Zﬁé+WﬁMwA%%£meM

with natural ordering,

By (Yi, Zi;v) = /uqk’(u)du

[ [Pt Vi Z e 2O Y],
. q!
Bfll,s(Y;7 Zi; 7) = Z[ls (sz7 Zd)
2d
Ty
X/ 00 + &'y + Yive + Z59s + 298) fxz(w, Zf, 20 da]
xr
without natural ordering
or = Z[ls (|28 -2 =1)
Zd
Ty
X/ P(vo + &'+ Yive + Z5s + 28) fxz(w, ZF, 27 da)
zr
with natural ordering,
1
(3.7.2)
and
1

2
(3.7.3)
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Note that

E [k (Wi; )]

Bl (W) = 32 loxz(Xe, Zs V)] + 3B lo2(Zis )] = 5B lov i, Zi )

N =N

/ ©(vo + 2"y + Yy + 2 v3) f2(2) fxvz (2, y, 2)dedydz

) /90(70 + 2y + Yy + 2s) frz (Y, 2) fx 7 (2, 2)dydadz (3.7.4)

1

+§/90(70 + &'y, + Y v, + 2vs) fxvz(n,y, 2) f2(2)dedydz

1

—3 / ©(vo + 2"y +Yve + 2 vs) fxz(, 2) fyz(y, 2)dedydz

= / ©(vo + 27y + Yo + 2'y3) f2(2) fxvz(w, y, 2)dedydz

- / o(vo + v + Y vy + 2'3) fxz(x, 2) fyz(y, 2)dzdydz
= Eple"(vo+ XM +Y v+ Z'v3)] — Eq [¢" (70 + X'y + Yy 4+ Z'3))]

= A(),

where we use
Elo*(Wisy)] = El9z(Zi;7)]
and

Elgxz(Xi, Zi;v)| = Elgyz(Yi, Zi;7)] -

Proof of (3.4.9): According to Lee (1990) pp 12 Theorem 3, the variance
of the U-statistic A, () is

-1

VAR [An(v)] = Z {2(n = 2) VAR [kxpn1 (Wi; )]

+VAR [fi)\,h(Wia Wj§ 7)]} )
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where

(Wi, Wisy) = % [p(v0 + Xiv1 + Y72 + Zjvs)
—o(o + Xivi + Y[y + Ziv3) ] Kan(Zi, Z5)
+% [‘P(’Vo + X]/"h + Yj/% + Zg/"Y?))

—p(vo + X]/"Yl + Y7y, + 25‘73)} Kan(Zj, Zi)

and

:‘i,\,h,1(VV¢; v)
= Elran(Ws, Wy )W

de dd
= m(Wisy) + ) [Be (Wi ] + > [BE (Wi v)A] + s.0..

s=1 s=1

VAR [k n1(Wi; )]

de
= VAR[s(Wiy)] + 3 2COV [y (Wis ), BS, (Wi )] b
s=1
dgq

+ Z 200V [k1(Wi; ), BE (Wi )] As + s.0.

s=1

de dg
= VAR[m(Wi )]+ D Co (M hi+ > Ci(7) As + 5.0,
s=1

s=1
where

Co.s (v) = 2C0V [k (Wi ), Bs (Wi )]

and

Cl, (v) = 2COV k1 (Wi ), BE (Wi 7).

E [R5, (Wi, Wi y)|[W;] =6 (Wi )
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VAR [k (Wi, Wy )]
= F [”i,h(mvvvj;’ﬂ} - A,\,h(’)’)z

= F [(5 (Wl,’)’)] lj[his — A)\,h('Y)2 + s.o.

de
= E[0(Wi;v)] H his + A%*(5) + s.0.
de
= B[] + 50 if h=0(1).

s=1""%

VAR [Apn(v)] = ﬁ {2(n —2) VAR [kxn1 (Wi )]

+VAR [/i)\7h(Wi7 Wj; 7)]}

= 4n""WAR [k p1(Wis )] — VAR [kap1 (Wi )]

n(n—1)
+2n 2V AR [kan(W;, Wy )] + s.o.
= 4n"'V AR [Exna (Wi )]
+2n 2V AR [k 0 (Wi, Wy )] + s.0.
de
= A0 WAR k(W) + 401> G5, (7) b

s=1

_IZC’SS ) As + s.0.

dc

1
2n 2 E [6 (W;; —
+2n ) I;Ih

Proof of Theorem 3: Replacing the kernel K}, in chapter 2 by K j, defined
in (3.4.1), and using the results in the proof of proposition 1 and the proof of (3.4.9),
we find that the proof of theorem 1 in chapter 2 still goes through. |
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Figure 3.1: Power functions of M, for DGP 1, frequency approach
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Empirical Rejection Frequency
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Figure 3.3: Power functions of M, for DGP 1, smoothing approach
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size of test = 5%
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Figure 3.5: Power functions of M,, for DGP 1, different bandwidths for the discrete

variable
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Figure 3.6: Power functions of M, for DGP 2, frequency approach
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Figure 3.7: Power functions of M, for DGP 2, frequency approach
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