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ABSTRACT OF THE DISSERTATION

Trees, Refining, and Combinatorial Characteristics
By
Geoff Galgon
Doctor of Philosophy in Mathematics
University of California, Irvine, 2016

Professor Martin Zeman, Chair

The analysis of trees and the study of cardinal characteristics are both of historical and
contemporary importance to set theory. In this thesis we consider each of these topics as well
as questions relating to (almost) disjoint refinements. We show how structural information
about trees and other similar objects is revealed by investigating the determinacy of certain
two player games played on them. The games we investigate have classical analogues and
can be used to prove structural dichotomies and related results. We also use them to find
generalizations of the topological notions of perfectness and scatteredness for spaces like 2%
and P.\ and form connections to when a submodel is e.g. “T-guessing” for a certain tree 7T'.
Questions surrounding generalizations of the cardinal characteristics t (the tower number), b
(the distributivity number), and non(M) (the uniformity number for category) in particular
are considered. For example, we ask whether or not (k) can be defined in a reasonable way.
We give several impediments. Generalizations of a combinatorial characterization of non(M)
in terms of countably matching families of functions become central for our investigation,
and we show how characteristics relating to these generalizations can be manipulated by
forcing. Similarly, the question of in which contexts can outer models can add strongly
disjoint functions is considered. While Larson has shown [45] that this is possible with a
proper forcing at wy, and it is a corollary of a result of Abraham and Shelah [2] that it is

consistently impossible at wy, we note with Radin forcing that if £ has a sufficient amount of

vil



measurable reflection, then it can be done at x. Turning to the theory of disjoint refinements,
we generalize a recent result of Brendle [62], and independently Balcar and Pazak [4], that
any time a real is added in an extension, the set of ground model reals can be almost disjointly

refined to the setting of adding subsets of k, and consider related topics.
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Introduction

Set theory is a broad and rapidly expanding branch of mathematics, including as any suf-
ficiently developed field does a host of sub-fields and specializations, recurring themes and
unifying ideas, sophisticated arguments, and deep connections to diverse areas. The investi-
gation of independence phenomena in various contexts—that is of mathematical statements
which cannot be settled in a particular mathematical theory—remains of central importance
to the field. An important tool in the investigation of independence phenomena is forcing, a
technique discovered by Cohen [14] and subsequently developed by Solovay and many others
for producing “generic” sets. Cohen’s first use of forcing was to generate new reals, resulting
in the consistency of the negation of the Continuum Hypothesis (C'H) from the consistency
of the Zermelo-Fraenkel axioms with choice, ZFC'. Because Godel had previously established
the consistency of the CH with ZFC' [32], ZFC does not settle the CH. However, it would
be a woefully inadequate characterization to equate this sort of investigation with contem-
porary set theory. Indeed, some of the most exacting and subtle arguments and techniques
of the modern theory have been used to establish results of ZFC'. For example, while it was
realized early on that much of the combinatorics of regular cardinals is easily manipulated
by forcing (see for example Easton’s theorem [21]), with the development of Shelah’s pcf
theory (initiated in [58] but spread over many papers) especially, the combinatorics of sin-
gular cardinals has been seen to more immutable. This thesis includes independence results

established via forcing as well as ZF'C' results which are proven by purely combinatorial



means. However, we will see in some cases that while a particular result is true in ZFC, the

proof we find may easily be viewed through a forcing-theoretic lens.

Trees—partial orders where the set of predecessors to every element is well-ordered—are a
central combinatorial object. In chapter 1 we investigate trees and a natural generalization,
P.\-forests, through the lens of two-player games. In particular, we formulate games that
can be played on these objects, some of which may be viewed as natural generalizations of
the classical cut-and-choose #-Game of Davis [18], and use these games to extract structural
information about these objects, give new ways of looking at old constructions, and provide
a platform for independence results. These things are often accomplished by investigating
when one of the players has a winning strategy in a game of a particular length. When the
games are played to lengths § > w, it is often the case that they can be non-determined,
in that neither player has a winning strategy. We will see that while sometimes games may
appear similarly formulated, they can behave quite differently, and that looking from the
perspective of one game over another may be advantageous. For example, it is not difficult
to observe through the lens of our cut-and-choose type game that only an inaccessible is
required to establish the consistency of Vaananen’s generalized Cantor-Bendixson theorem
for the space “'wy, which was originally achieved with a measurable in [69]. Because the
bodies of trees and forests are closed in certain topologies, trees and forests can sometimes
be said to code closed subsets in these settings. Questions and topics motivated by this
observation, such as the generalized Cantor-Bendixson theorem just mentioned, will provide
a starting point to our investigation in chapter 1, but much of the material may be viewed

independently of this context.

In chapter 2 we consider several related topics largely surrounding (almost) disjoint refine-
ments. The theory of disjoint refinements has an extensive literature and questions regard-
ing refinements by countable sets in particular, starting of course with the Boolean algebra

P(w)/ < w, have received considerable attention. In this chapter we investigate some anal-



ogous questions for spaces like P(k)/ < k. For example, for many years it was known that
adding certain types of reals, e.g. Cohen reals or more generally unbounded reals, means
that the collection of ground model reals can be almost disjointly refined in the extension
[33]. In the past decade, two independent proofs, one due to Brendle [62] and the other to
Balcar and Pazdk [4], were given to show that the set of ground model reals can be almost
disjointly refined as long as any real is added in the extension. Here we give partial gener-
alizations to this result for adding subsets of k. For example, for k regular we show that if
2<F = k and the extension V[G] is obtained by a k-strategically closed forcing, then ([x]%)"
can be almost disjointly refined in V[G]. If additionally e.g. 2% = k™, then generally in any
1%

outer model M adding a new subset of £ (not adding subsets of x of smaller size), ([x]*)

can be almost disjointly refined in M.

Throughout this thesis several generalized cardinal characteristics appear. For example, in a
minor proposition in chapter 1 the (un)bounding number for , b(x), is used to compare two
different topologies defined relative to x over P,A. For a comprehensive outline of much of
the classical material on cardinal characteristics on w, a good resource is [10]. The study of
generalized cardinal characteristics is a rapidly expanding one (see e.g. [17],[29],[28],[12],[56]
and many others), and in the final two chapters topics which can be motivated partially by

this study are investigated.

In chapter 3 a starting point is the generalization to spaces like [k]"/ < Kk of two cardinal
characteristics, the tower number t and the distributivity number b for subsets of w. t and
h are characteristics that one could say are both related to how structures determined by
the processes of thinning infinite subsets of w look. Here we show that these characteristics
behave quite differently when looking at subsets of k for k > w (and related settings) and
consider the question of whether or not h(x) can be defined in a useful way. In unpublished
works it has been asserted that it can be [44], [12], however we believe that this question is as

yet unresolved. Impediments to this include the facts that if  is uncountable and cf(x) > w,



then there exist countably many open dense sets in [k]"/ < k with empty intersection, while
if c¢f(k) = w there exist wi-many open dense sets in [k]"/ < k with empty intersection.
These facts were proven independently by Balcar and Simon [5] using purely combinatorial
arguments, while the arguments we give here use forcing terminology. Several related topics
are also considered. For example, we give other impediments, prove the existence of base
trees in certain situations, and prove some ZFC results about e.g. towers in [x]**) /Z, for &
singular, where Z, is the ideal of bounded subsets of x. The existence of base trees in certain

situations is used in proving some of the results about disjoint refinements in chapter 2.

A guiding topic in chapter 4 is the consideration of generalizations of a purely combinatorial
characterization of non(M), the uniformity number for category, due to Bartoszynski [8],
namely the minimal cardinality of a collection of functions F' C “w which is countably
matching. That is such that for every g € “w there exits f € F with |{n € w : f(n) =
g(n)}| = w. We give some independence results about generalizations of this quantity. The
question of when cardinal-preserving outer models can add functions in “x which are strongly
disjoint from all ground model functions becomes central, and we will see that it depends
highly on the cardinal. For example, it was shown by Larson [45] that there’s a proper
forcing which adds a function in “*w; which is modulo-finite disjoint from all ground model
functions, while it is a corollary of a result of Abraham and Shelah [2] that it’s consistent
(forcing over L) that there’s a collection of functions in “2wy of size ws which is wi-matching
in any outer model not collapsing wy. While this sort of consistent behavior may occur for
small accessible cardinals other than w;, we show here that for certain large cardinals it
cannot. For example, if x has a sufficient amount of measurable reflection to ensure that
performing Radin forcing at x preserves its regularity, then Radin forcing adds a function
f € "k which is modulo-finite disjoint from every ground model function in "x. We also
consider briefly how guessing principles weaker than <), such as & and ¢, interact with

these function families.



The preliminary sections of each chapter often include notation and some classical back-
ground. While the chapters can largely be read separately, it is the case that some of the
preliminary notation fixed in earlier chapters will be used in later chapters. Not being able to
investigate all potentially interesting questions which arose during the writing of this thesis,
at the end of each chapter is included an “unconsidered directions” section. Being listed as
a question in one of these sections does not indicate difficulty or central importance, and
the reader will undoubtedly notice some obvious unlisted questions. However, these sections

may still be useful in providing future directions.



Chapter 1

Trees and forests via games

1.1 Background and initial observations

In this section we give some essential background definitions, introduce and fix notation, and
review relevant aspects of the classical setting as well as some straightforward generalizations
to other settings. Proofs of standard results are often not given. However, this chapter is
meant to be largely self-contained so some proofs of standard results, especially when they
provide contextual support, will be explained in at least some detail. A standard reference

for any background material which has been omitted is [35].

1.1.1 Notation and conventions

e Typically 0, k, \, i, etc. denote cardinals, while «, 5,7, d, etc. denote ordinals, however
this is not an absolute convention. Ord will denote the class of all ordinal. x will
typically denote a regular cardinal in this chapter, and this distinction may sometimes

be omitted.



e In this chapter P\ indicates [A\]<", that is the collection of subsets of \ of size < &,
not necessarily those that are, for example, transitive below A, as it is sometimes used

to indicate.

e %y denotes the set of functions from § to v. We will sometimes use, e.g. 2 and *2

interchangeably—the former often, however, also refers to |*2|.

o If z €76, we write length(z) = lh(xz) = 7. Often in this chapter 6 = 2. We call *2 the
r-Cantor space and "k the k-Baire space. An element of either may be referred to as

a k-real.

o If f: X — Y is a function from X to Y and A C X, we denote the pointwise image
of Aby fas f"A={y €Y : there exists z € X such that f(z) =y}. Fory € Y, we

use [~Hy] ={x € X : f(x) = y} to denote the complete f-preimage of y.

e For an ordinal «, let cf(«v) denote the cofinality of a. Let succ(ar) denote the collection
of successor ordinals in «, that is succ(a) = {y € a : there exists § € o with §+ 1 =
v} =A{y € a:cf(y) = 1}. Let lim(a) or acc(a) denote the set of limit ordinals in
a, that is lim(a) = acc(a) = {y € a : cf(y) > w}. More generally, if X C Ord then
acc(X) = lim(X) = {y € X : X Ny C ~vis cofinal in v} and nacc(X) = {y € X :
X N~ C ~vis bounded in 7}. These need not be sets if X isn’t, but the meaning here
is clear. For p a regular cardinal, let Cof(u) denote the class of ordinals of cofinality
w. Here of course then by Cof(u) N K, for example, we mean {«a € k : cf(a) = u}. We

frequently use interval notation as is typical for certain sets of ordinals, for example if

Ben, [B,7)={0:8<d<~}, (B,y) ={d:B€d €}, etc.

1.1.2 General definitions

Definition 1.1.1. Say that a cardinal k is a (strongly) inaccessible cardinal, or  is an

inaccessible cardinal, if and only if x is a regular uncountable limit cardinal such that for

7



every cardinal p < k, 2 < k. We often omit the “strongly” and just write inaccessible.
Sometimes-called “weakly” inaccessible cardinals will be referred to as (uncountable) regular

limit cardinals.

Definition 1.1.2. Say that x is a weakly compact cardinal, or s is weakly compact, if and
only if x is uncountable and satisfies the partition property x — (x)?, that is the property
that for every partition of [x]? into two pieces, there is a homogeneous set of size k, i.e. every

F : [k]?> — {0, 1} is constant on some [A]? for A € [k]".

Definition 1.1.3. Let P be a forcing poset and let x be an uncountable cardinal. Say that
P has the k-chain condition (P is k-c.c.) if and only if all antichains in P have size < k. If
k = w; we often say that P has the countable chain condition, and write P is c.c.c.. Say
that P is k-closed if and only if every decreasing sequence of conditions in P of length < x
has a lower bound. In the particular case where x = w;, we also say that P is countably
closed, or o-closed. Say that P is (k, 0o)-distributive if and only if forcing with P adds no
new sequences of ordinals of length < k. If P is separative, this is equivalent to saying that
every collection of < k-many open dense subsets of P has nonempty intersection. Say that

P is k-directed closed if and only if every directed set of size < k in PP has a lower bound.

Definition 1.1.4. Let P be a forcing poset and « be an ordinal. Define a two-player game
Go(P) as follows. Players Even and Odd take turns playing conditions ps € P for every stage
B € a. Even plays pg at all limit stages (including 8 = 0, where Even must play py = 1p) as
well as at all stages of the form 3+ 2, while Odd plays at all other stages. At round 3, pg is
a legal move if and only if pg < p, for every v € 5. Say that Even wins a run of the game if

she can play legally at stage (3 for every [ € a.

Definition 1.1.5. Let P be a forcing poset and 4 be an ordinal. Say that P is (< 0)-
strategically closed if and only if Even has a winning strategy in G, (P) for every o € § and

say that P is d-strategically closed if and only if Even has a winning strategy in Gs(P).

Fact (Folklore) 1.1.6. Let s be a regular cardinal. Then all s-directed closed posets are

8



r-closed, all k-closed posets are k-strategically closed, all x-strategically closed posets are

(< k)-strategically closed, and all (< k)-strategically closed posets are (k, c0)-distributive.

Definition 1.1.7. For sets X, Y, let Fn(X,Y, < p) denote the forcing consisting of partial
functions from X to Y of cardinality < p, ordered by reverse inclusion. If x < A are
cardinals, let Col(k, \) denote the forcing consisting of partial functions from k to A of size
< k. In the case (typically) where ) is inaccessible, let Col(k, < A) denote the Lévy collapse.

That is, Col(k, < A) = {p: |p| < . pis a function, dom(p) C A x &, and for every (¢, 8) €

Note 1.1.8. In the case where & is regular and A > & is inaccessible, Col(k, < A) is k-closed
and \-c.c., so it is straightforward to see that cardinals below x are preserved, all cardinals
in [k, \) are collapsed to k, and A is k™ in the extension. For more basic facts about this

and the other forcings in 1.1.7, see for example [35].

Definition 1.1.9. For an infinite cardinal x and a stationary subset S C kT, O,+(S) asserts
the existence of a sequence (A4, : a € S) such that for every o € S, A, C a, and if Z € P(kt)

then {« € S: ZNa = A,} is stationary. If S is omitted, we usually take S to be lim(x™).

Definition 1.1.10. Let x be regular. We say that a set M with |M| = & is internally
approachable of length  if and only if there exists a sequence (M, : a € k) such that
|M,| < k for every a, if & € f € k then M, C Mj, for every a € k, (M, : v € a) € M,
and M = |J M,. In the context of submodels of Hy with M < Hy we will assume that
M, < Hy FOG: every a and we will also talk about an internally approachable chain, which

will refer to the (M, : a € k) sequence itself (with M, < Hy), and in this case we will insist

that it is continuous and may insist that for every a € x, (M, : v € a) € My41.

Definition 1.1.11. Let x be regular. If we weaken the requirement in 1.1.10 that for every
a € R, (M, :v € a) € M, and instead insist only that for every a € s, M, € M, then
M is said to be internally unbounded, and if additionally we insist that (M, : a € k) is

continuous, then say that M is internally club.

9



1.1.3 Topology, box topologies, and trees

Definition 1.1.12. A topological space (X, 7) is perfect if and only if it contains no isolated
points. We also say that (X, 7) is dense-in-itself in this case. A subset of a topological space
is perfect if and only if it is closed and contains no isolated points. We often suppress the
collection of open sets 7 when discussing a topological space and write simply, for example,

X. We will only deal with Hausdorff topological spaces.

Definition 1.1.13. A topological space X is scattered if and only if every nonempty sub-
space contains an isolated point. A subset of a topological space is scattered if and only if

every nonempty subset of this set contains an isolated point.

Definition 1.1.14. Let X be a topological space and £ C X. Say that E is sk-compact
if and only if every open cover of E in X has a subcover of size < k. So for example,

compactness is w-compactness and Lindeloff-ness is wi-compactness.

Notation 1.1.15. Let X be a topological space with A C X. Denote the topological closure
of A as A, that is the intersection of all closed sets A’ C X with A C A’. Let A° denote the
complement of A in X, X \ A. We will sometimes also use A to denote a set other than the

topological closure of A, however each time this is done it will be clear what is meant.

Definition 1.1.16. If ((X,, 7,) : @ € \) is a sequence of topological spaces, then for Kk < AT,

the k-box topology over [[ X, is the topology for which O = {[] O, : O, € 7, and |{« :
€A aEM

O, # Xo}| < K} is a base. Typically we are interested in the case where A is indeed a

cardinal. The reader interested in cardinal invarients (which are considered in other parts of

this thesis) associated with k-box products in a general setting may consult [15].

Observations 1.1.17. 1. The w-box topology over ((X,,7,) : @ € A) is the usual prod-

uct topology.

2. The A"-box topology over ((X,, 7o) : @ € A) is the (full) box topology.

10



3. If k is regular then the k-box topology over 2% is generated by basic open sets of the

form Ogy = {x € 2% : z [ lh(s) = s} for s € “2 with « € k.

4. The k box topology over 2% is zero-dimensional. That is, it has a basis of clopen sets

(sets which are both closed and open).

Definition 1.1.18. By identifying each € P(k) with its characteristic function, we can
define topologies over P(k) via topologies over *2; in particular we can define the k-box
topology over P(k). Specifically, for each z € P(k), let x, € "2 denote the characteristic
function of . Then say that A C P(k) is open if and only if {x, : z € A} C "2 is open. We

will sometimes conflate e.g. #2 and P(k), for example by writing things like for z € "2 and

x(p)=1, p €.

Definition 1.1.19. A tree is a partial order T = (7', <r) such that for every s € T,
s={s €T :s <z} is well-ordered by <. We will usually confuse T with 7" when <r is
understood. Let the height of s in 7" indicate the order type of 5, denoted htr(s). Let the
a™ level of T' be denoted by Lev,(T) = {s € T : hty(s) = a}. Let the height of the tree T

be the supremum of the height of its nodes, that is ht(7T') = sup{hty(s) : s € T'}.

Definition 1.1.20. Let (7, <r) be a tree. Say that a tree (71, <;) is a subtree of (T, <r) if
and only if 77 C T and <;=<7 N(T} x T1), that is if <; is the ordering induced by <7 over

T;.

Definition 1.1.21. Let (77, <;) and (73, <) be trees. Say that an injection F': T} — T3 is
a tree embedding, or just an embedding, if and only if f preserves the tree structure of 77,
i.e. if and only if for every s1,s9 € T, $1 <; s9 if and only if f(s1) <5 f(s2). Note that if F’

is an embedding from 77 into 75 then F"T} is a subtree of 15 which is isomorphic to T7.

For concreteness and notational consistency and simplicity, in what follows we almost ex-
clusively deal with trees which are subsets of <®2, the complete binary tree of height x,

and phrase definitions and results in these terms. So for example, if T" C <*2 is a tree,
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Levo(T) = {s € T : Ih(s) = a} and ht(T) = sup{a € x : Lev,(T) # 0}. This limitation,
for example, means that we will often formally not be working with trees with nodes that
have more than two successors, or which have splitting at limits. Trees which do not have
splitting at limits are sometimes said to have unique limits. Examples of naturally occurring
trees which don’t have binary splitting are subtrees of <"k, which can sometimes be said
to code closed subsets of the x-Baire space. However, suitable modifications to definitions,
arguments, and results via for example embedding considerations will typically be possible

to give and evident to the reader.

Definition 1.1.22. Let ' C <*2 be a tree with s € T. Let T | s = {§ € T : Ja €
Ih(s) such that 8" = s [ @ or lh(s") > lh(s) and s’ [ lh(s) = s} denote the natural restriction
of Ttos. faer,let T [a={seT:lh(s) € a} C <*2 denote the restriction of 7" up to

level a.

Definition 1.1.23. Let T' C <2 be a tree. Say that 7' is pruned if and only if for every

s € T and « € k with lh(s) € «, there exists ' € T with l1h(s') = a and ¢ [ lh(s) = s.

Definition 1.1.24. Let T' C <"2 be a tree. Say that a node s € T is cofinally splitting in T
if and only if for every a > Ih(s), there exists {s,s”} C T such that lh(s") > a, 1h(s") > «,
s Ta=s¢"1a s [lh(s)=s"[1lh(s) =s, and neither s’ nor s” is an initial segment of
the other node. Say that a tree T' is cofinally splitting if and only if every s € T' is cofinally
splitting in 7. Cofinally splitting trees are necessarily pruned, of course. Say that T is
(locally) everywhere splitting if and only if for each s € T, s "0€ T and s "1 € T. If T is

everywhere splitting and pruned, then 7" is of course cofinally splitting.

Definition 1.1.25. Let T C <"2 be a tree. Denote the body of T by [T] = {b € "2 :b |
a € T for every o € k}. If b € "2 is such that for every a € k, b [ @ € T, then we say that
b is a branch through 7. If ¢ € 72 for some v < & is such that for every a € v, c | a € T,
then c is said to be a path through T". So with this nomenclature, not all paths are branches

(only the cofinal paths are branches), but every branch is a (cofinal) path. Sometimes we
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may also write partial branch for path.

Definition 1.1.26. Let 7' C <"2 be a tree. For {s,s'} C T, define the meet of s and ¢,
that is s A §’, to be the unique node of maximal length at most min{lh(s),lh(s’)} in 7" which
is comparable with both s and s’. There is such a node because T has no splitting at limit

levels.

Definition 1.1.27. Let T" C <"2 be a tree. Say that T is a k-tree if and only if 0 <
|Levo(T')| < & for every a € k. To avoid confusion, note that some authors instead use the
term k-tree (in particular for kK = wy) to indicate just a tree of cardinality and height x (see

for example [38]).

Definition 1.1.28. Say that a regular uncountable cardinal x has the tree property if and

only if every k-tree has a branch. A k-tree with no branches is called a k-Aronszajn tree.

Definition (Todorcevié [66]) 1.1.29. Let T C <2 be a tree. A function f: T — T is
regressive if and only if for every s € T, f(s) = s | a for some a € 1h(s). T is called a special
tree if and only if there exists a regressive function f on T such that for every s € T, f~1[s],
that is the complete f-preimage of s, is the union of (< k)-many antichains in 7" (collections

of incomparable nodes).

Fact 1.1.30. If x = p* for some cardinal p, then T' C <2 is special if and only if T is the
union of (< k)-many antichains in 7". This is also equivalent in this case to the existence of

a function g : T — p such that for any path ¢ C T, g [ ¢ is injective.

Definition 1.1.31. Let 7' C <*2 be a tree and x be a regular non-inaccessible cardinal. Say
that T is a k-Kurepa tree (sometimes we ignore the x if it is clear from context) if and only
if T is a k-tree with |[T]| > «T. If k is inaccessible, the complete binary tree of height x
would satisfy this requirement, so additionally in this case we insist that for every a € k,

ILeva(T)| < |a] + w.
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Definition 1.1.32. Let 7' C <*2 be a tree and x be a regular non-inaccessible cardinal. Say
that T is a weak k-Kurepa tree (again sometimes we ignore the & if it is clear from context)

if and only if for every o € k, |Lev,(T)| < k and |[T]| > k.

Definition 1.1.33. Let T' C <"2 be a tree. Say that T is a Jech-Kunen tree if and only if
T is a k-Kurepa tree and |[T]| € [x",2"%). That is, Jech-Kunen trees are Kurepa trees whose

bodies have cardinality strictly between s and 2.

Fact (Erdos-Tarski [22]) 1.1.34. Let x be a regular uncountable cardinal. Then x is

inaccessible and has the tree property if and only if x is weakly compact.

Proposition 1.1.35. If x is regular and 7' C <2 is a tree, [T] C 2" is closed in the k-box
topology. On the other hand, if £ C 2" is closed in the x-box topology then the tree induced

by E, Tg = {s € <"2: Ja € K,z € E such that z [ « = s} C "2 is a tree and [Tg| = F.

Proof. Letx ¢ [T]. Then for some o, x [ a ¢ T'. Then O,,N[T] = 0, so [T]¢is open and [T7] is
closed. Next, for any F' C 27 it is clear that Tg is a tree and E' C [Tg]. Suppose E is closed. If
x € [Tg| then for every a € k, x [ « € Tp = {s € <"2: Ja € K,z € E such that z [ a = s}.
That is, [ @ = y | o for some y, € E. If x € E, then for some A € P.x and f € 42,
Of ={z € "2 : z(a) = f(a) for every a € A} N E = (. However because & is regular, for

some v € K, sup{A} C v, but v € EN Oy, C £N Oy, a contradiction. O

Definition 1.1.36. Let T C <2 be a tree and k be regular. Say that T codes a closed
subset of 2% if and only if Tjz; = T'. This is true if and only if for every s € T', there exists
xs € [T] such that x | 1h(s) = s.

Observation 1.1.37. Let 7' C <2 and 7" C <2 be trees coding closed subsets of 2%. If

[T)=[T"] then T =T".

Proposition 1.1.38. If x is either w or a weakly compact cardinal and 7" C <*2 is a tree,
then the definitions for T being pruned and T' coding a closed subset of x are equivalent.

This is not necessarily the case if x is not weakly compact.

14



Proof. Suppose first that « is either w or a weakly compact cardinal. If 7' C <2 is pruned
then for any s € T, T' | s is a k-tree of height &, so [T [ s] # (. Thus the definitions for T
being pruned and T coding a closed subset of k are equivalent in this case. For examples of

where this equivalence can fail for other x, see 1.1.62 below. O

1.1.4 Sequential convergence

Definition 1.1.39. Let k be a regular cardinal and X be a set. Say that T = (z, : o €
k) C X2 converges if and only if limsup(Z) = liminf(Z) = lim(7). Identifying X2 with P(X),
as usual limsup(Z) ={z € X : {f € k: x € 23}| = k} and liminf(Z) = {z € X : [{f € k:

x & xp}| < K}

For k regular, it is clear that (x, : @ € k) C P(X) converges in the sense of 1.1.39 if and only
if for every « € X, taking z,(x) = 0 to mean = & z, and z,(z) = 1 to mean z € z,, there
exists € k such that for every ' € [, k), xz () is a constant, either 0 or 1. Because & is
regular, this means that for any Y € P, X, there exists 5 € x such that for every g’ € |3, k),
zg | 'Y is constant. If | X| = &, then in particular if (y, : v € k) = X is an enumeration of X,
all initial segments of X according to this enumeration are fixed. That is, for every a € &
there exists 7 € x such that if 5,8 >y, 2 [a=25N{ys:0 € a} =25 [ a =25 N{ys:
d € a}. This criterion of fixing all initial segments of X is clearly equivalent to convergence
in the sense of 1.1.39, and is invariant under re-enumeration by regularity. To summarize,
identifying X with  in this setting, T = (z, : @ € k) C "2 converges if and only if for every
a € k there exists v € k such that if 3,5 > v, 25 | @ = 25 | «. In this case lim(Z) can
be described explicitly via first defining by recursion f € "k by setting f(a) to be minimal
with the property that for every 5,8 > f(a), 25 [ (a +1) =zg [ (a+1) and f(a) > f(n)
for every n € o and then defining lim(7) € "2 by setting lim(Z)(a) = 2 (a). Note that

Im(Z) [ (¢ + 1) =z5 [ (a4 1) for every § > f(a).
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Proposition 1.1.40. Let x be a regular cardinal. Then E C 2" is closed in the k-box

topology if and only if every convergent sequence (z,, : a € k) C F converges to z € E.

Proof. Suppose first that E is closed. Let (z, : a € k) C E be a convergent sequence with
limit z. Towards a contradiction, suppose =z ¢ E. Because E is closed and & is regular, there
exists 7 € k such that O, N E = (). However, by definition 2.,y [ (v +1) =2 | (y+ 1),
and xs(,) € F, a contradiction. Next, suppose that E is closed under convergent sequences.
Let x ¢ E. If for every a € k there existed y, € E such that y, [ @ = = | a, then
(Yo : @ € k) € E would be a convergent sequence in E with a limit outside of E (namely
x). So there exists a € k so that fornoy € Eisy [ a=x [ a. That is, O,;n N E = 0. So

E€ is open, and E is closed. O

1.1.5 Topological Cantor-Bendixson process

Definition 1.1.41. For X a topological space, let X, denote the a'® derived set (or a'®

Cantor-Bendixson derivative) of X. This is defined by recursion on « as follows. First,
Xo = X. For successors, X, = {z € X, : z is a limit point of X,}. By a limit point in
this context, we mean that for every open set O C X,,, if z € O then O N X, # {z}. For a
a limit, X, = [ X. There must exist a minimal ag such that X,, = X,,+1, and this ag
is called the (gsgtor—Bendixson) height of X, htep(X). Let I,(X) = Xo \ Xay1- Lo(X) is
called the o' (Cantor-Bendixson) level of X. If x € I,,, then the Cantor-Bendixson rank of

x, rankop (), is a.

Proposition 1.1.42. For every «, X, is closed. If ap = htep(X), then X, has no isolated
points, so X, is a perfect subset of X. Furthermore, X,, = 0 if and only if X is scattered.
More generally, X \ X,, is scattered, and in this way one may verify that every topological
space can be written as the disjoint union of two sets, the perfect kernel of X, Ker(X) = X,

and the scattered part of X, Sc(X) = X \ X,,.
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Proof. Tt is not difficult to see that every X, is closed, and X,, has no isolated points, so
Ker(X) is perfect. Furthermore, if X is scattered then every I, # ), so X,, = . On the
other hand, suppose X,, = (), and assume towards a contradiction that we could find a
nonempty Z C X where Z had no isolated points. By induction, no points of Z would ever
be removed in the Cantor-Bendixson process, so Z C X,,. Thus X,, = 0 if and only if X is
scattered. Also, Sc(X) is a scattered subset of X, because again any A C X with no isolated
points never has any points removed, i.e. A C Ker(X), so no such A could be a subset of

Sc(X). O

1.1.6 Cantor-Bendixson process on trees 7' C <“2 with two appli-

cations

We give here a slightly modified version of the typical (see [42], for example) Cantor-
Bendixson process on trees T C <“2 in order to make the connection with later material
more apparent and to highlight the connection that these trees have with closed subsets of
2¢. The modifications are not very substantial, but do lead to differences (for example 1.1.59

wouldn’t necessarily hold with the typical version).

Definition 1.1.43. Let T" C <“2 be a tree. Define the pruned part of T to be the subtree
of T formed by removing any node which does not have extensions to every level in w. That

is, 7" ={s € T : Lev,(T | s) # 0 for every n € w}.
Proposition 1.1.44. Let T' C <“2 be a tree. Then if 7" denotes the pruned part of 7', T’

is a pruned subtree of T

Proof. Clearly T" is a subtree of T'. For trees T C <“2, being pruned is equivalent to not
having terminal nodes, so suppose towards a contradiction that there exists a terminal node

seT' thatiss 0T and s~ 1¢ T'. Because s € T', Lev, (T | s) # 0 for every n € w.
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But then necessarily either Lev, (T [ s 7~ 0) # () for every n € w or Lev, (T | s ™ 1) #

() for every n € w, a contradiction. ]

Definition 1.1.45. If T C <“2 is a tree, let T, denote the o'® derived tree (or at" Cantor-
Bendixson derivative) of T'. This is defined by recursion on «. First, let Ty be the pruned

part of T. So, Ty, = T if and only if T" codes a closed subset of 2¥. For successors, first

let TV

wt1 be the collection of nodes in T;, which are cofinally splitting in T, that is T, =

{s € T,, : s is cofinally splitting in 75, }. Clearly T}, is a tree. Then let T}, be the pruned
part of T/ ;. For o limit, let T,, = () T. There must exist a minimal o € wy such that
Ty = Tog+1, and this is called the éez;ltor-Bendixson height of the tree T, ag = htep(T).
If T,,, # 0, we call T,, a splitting or perfect tree, while if T,,, = () we call T a scattered
tree. Let Ker(T) = T,, denote the kernel of the tree T', and let Sc(T') = T \ Ty, denote the

scattered part of the tree T

Observation 1.1.46. Let T" C <“2 be a tree. Then Ker(7) C T is a cofinally splitting
subtree of T" and Sc(7T) is a disjoint union of trees with varying roots formed by “upward
cones” in T (if we imagine that T is growing upwards). This is because for s,s" € T, if
s' ['1h(s) = s, and s € Sc(T'), then s’ € Sc(T'). So we may say that T = Ker(7') USc(T) is a

decomposition of T" into a cofinally splitting subtree (the kernel) and a scattered part.

Observation 1.1.47. Let T' C <“2 be a tree. Then T, is a pruned tree for every ordinal «.

Proof. For « =0 or o = v + 1 for some ordinal v, this is assured by construction. So, let «

be a limit ordinal, and suppose (by recursion) that 7, is pruned for each v € a. We need to

show that T, is pruned. Fix s € T, and n > Ih(s). Note that (Lev, (T, [ s) : v € a) is an

a-length C-decreasing sequence of finite sets with Lev, (T, [ s) = [ Lev, (7, [ s). Then if
vea

Lev,(T, | s) = 0, that is if there are no nodes in T, on level n extending s, we must have

that for some v € a, Lev, (T, [ s) = 0, which is a contradiction. O

Proposition 1.1.48. Let 7' C <“2 be a pruned tree. Then for every ordinal «, [T,] = [T]a-

As a consequence, it is not then difficult to see that htep(7) = htep([T]), Ker([T]) =
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[Ker(7T')], and Sc([T]) = [Sc(T")]. This final equality involves an abuse of notation as Sc(7")
is not typically a tree. By [Sc(T")] we mean {b € [T] : In € w such that b [ n € Sc(T')}, that
is the set of branches through 7" which eventually include a node in Sc(7"). In particular, [T
is perfect if and only if Ty = Ty, ) = T and [T7] is scattered if and only if Thy, ) = 0 =

[Tt s (1) -

Proof. In 1.1.59 we prove this as well as the extension of the result to where s can also be

a weakly compact cardinal. O]

Observation 1.1.49. As a corollary to this proposition, it is easy to see that «ag =
htop([T]) = htep(T') € wy because T' is countable. However, one may also argue abstractly
that scattered subsets of a topological space X are always of cardinality less than or equal
to the weight of X, w(X)—that is the minimal cardinality of a basis for X’s topology—and
so the Cantor-Bendixson height of such a scattered subset must be less than w(z)". For
example, if £ C 2% is scattered then |E| < w because the w-box topology over 2¢ is second
countable, witnessed by the countable collection {O; : s € <“2}. Explicitly, let £ C 2¢ with
|E| = wy. Let ' = E\|JO, where O = {O; : s € <“2 and |E N O] < w}. Because there
are only countably many O,’s, |E'| = w;. We argue that E’ has no isolated points. Let
x € E'. For any O, with z € Oy, we find y € E' N O, with y # x. By the definition of O,
|IENOg| =wi,s0 ([ENO)\JO| =wy, and (ENO,)\JO = E'n(Os\ JO), so there

must exist some y # x with y € ' N O,.

Theorem (Cantor-Bendixson [13]) 1.1.50. Let E C 2% be closed in the w-box topology.
Then E = Ker(E)USc(E), where Ker(E), if nonempty, is a perfect subset of 2% of cardinality

continuum and Sc(E) is an at most countably infinite (scattered) subset of 2.

Proof. We have seen that perfect subsets of 2 are exactly those sets which can be written
as the bodies of cofinally splitting trees T' C <“2. It is then not difficult to see that if £ C 2%

is perfect and nonempty, |E| = |[Tg]| = 2¥. Let E C 2* be closed. We know generally
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that |Sc(£)| < w and so for closed E C 2¥, E = Ker(E) U Sc(F) is a partition of F into a
countable scattered component and a perfect subset of 2*, which is necessarily of size 2¢ if
it’s nonempty. Note that closure is necessary here because for closed F, perfect subsets of

FE in the induced topology are, in fact, perfect subsets of 2, but generally this is false. [l

Theorem (Mansfield [48]) 1.1.51. Let V. C M be models of ZFC, T C <“2 be a tree
with T € V, and (Thopyry = 0)Y. Then ([T))V = ((I)M. That is, M cannot add branches

to trees whose bodies are scattered in 'V .

Proof. Suppose towards a contradiction that there exists b € ([T])M \ ([T])V. Note that
TV = TM for every a, because the Cantor-Bendixson derivative process on trees as we have
defined it is an absolute process. Working in M, we prove by induction that b € [T,] for
every o, which is a contradiction if Ty, () = 0. First, b is in the body of the pruned part
of T, that is b € [Ty]. For limit stages, b € [T,] if and only if b [ n € T, for every n € w,
if and only if b [ n € T for every n € w, f € a, i.e. b e [T,] if b € [Ts] for every 5 € a.
For successors, suppose b € [T,]. Towards a contradiction, if b & [To14], then if T, is the
cofinally splitting part of Ti,, b & [17,.,] and so for some n € w, b [ n & T}, which means
that b | n is not cofinally splitting in T,. Then for some m > n no splitting along b occurs
above m, that is there do not exist s; # sy € T, with s; | m = so [ m = b | m and neither

§1 nor s, an initial segment of the other. However, in this case b € V' because it is definable

from {b | m,T,} C V. O

Remark 1.1.52. If there exists z € (*2)M \ V| for any T C <%2 a tree with 7' € V, if
Thiopr) 7 0, then |([T)M \ ([T7)V] = 2¢. That is, continuum-many branches are added to
trees whose bodies contain perfect subsets. On the other hand, no branches are added to

trees whose bodies are scattered.

Proof. Working in M, if [“2| > (|“2])V, then clearly |[T]\ ([T])"| = 2¥. On the other hand,

suppose [“2| = (|“2|)V and fix y € “2\ (¥2)V. For for each x € “2NV, define x, € 2
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by z,(n) = x(n) + y(n) (modulo 2). Clearly z, ¢ V, and viewing z, as a prescription for
defining a branch through 7" in the natural way, distinct x’s give rise to distinct x,’s, none

of which can be in V', so M contains 2 many branches through 7" which aren’t in V. ]

1.1.7 Cantor-Bendixson process on trees 7' C <2

Here we give a natural extension of the Cantor-Bendixson process given above for trees

T C <¥2 to trees T C <K2,

Definition 1.1.53. Let T" C <*2 be a tree. Define the pruned part of T to be the subtree
of T' formed by successively removing nodes which do not have extensions to every level in
until a stabilization point is reached. That is, let 7% be defined by recursion so that 7° = T,
Tot = {s € T*: Levg(T* | 5) # 0 for every 8 € }, and T* = (| T7 for a a limit. Then

vEQ
for some minimal o, T = T and call 77 = T the pruned part of 7.

Observation 1.1.54. Let T' C <*2 be a tree. If 7" denotes the pruned part of T' as defined
in 1.1.53, then it is clear that 7" is indeed a pruned subtree of T', and it is not difficult to
see that any branch through 7" is a branch through 7", i.e. [T] = [T"]. Furthermore, by a
pigeonhole argument, it is also not difficult to see that if 7" is a k-tree for regular x, then this

process only takes one step, that is 7/ =T = {s € T : Levg(T | s) # () for every 3 € k}.

Definition 1.1.55. For T' C <2 a tree, let T}, denote the o'® derived tree (or o' derivative)

of T'. This is defined by recursion on «. First, let Ty = T” denote the pruned part of T.

For successors, first let 77, denote the cofinally splitting part of 7. Then let T, be the

pruned part of 77, ,. So at each stage we first remove all nodes in the tree which do not

have cofinal splitting above themselves, then take the pruned part of the resulting tree. For

« limit, let T, denote the pruned part of 7!, = ﬁﬂ Tj. There must exist a minimal g such
€a

that T,, = Toy+1, and this is called the height of the tree T, ag = htep(T). If, as is often

assumed when working with the x-Cantor space, 2<% = k, then oy € k™ of course.
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Definition 1.1.56. If T C <*2 is a tree, let Ker(T) = {s € T : s € T, for every a} and
let Sc(T) = {s € T : there exists « such that s € T, \ T,41}. For any s € Sc(T), let

rankop(s) = a denote the unique « such that s € T, \ Th1.

Observation 1.1.57. Let T' C <"2 be a tree. Then Ker(7T) C T is a cofinally splitting
subtree of T" and Sc(7T") is a disjoint union of trees with varying roots formed by “upward
cones” in T (if we imagine that T is growing upwards). This is because for s,s" € T, if
s' ['lh(s) = s, and s € Sc(T'), then s’ € Sc(T'). So we may say that T'= Ker(7") U Sc(T) is a

decomposition of T" into a cofinally splitting subtree (the kernel) and a scattered part.

Observation 1.1.58. Let T' C <*2 be a tree. By construction we have ensured that T, is a

pruned tree for every ordinal a.

1.1.8 Comparing the topological and tree processes

If T'C <#2 is a tree coding a closed subset of 2% and x is either w or a weakly compact
cardinal then we have a strong correspondence between the Cantor-Bendixson process on T’

and the topological Cantor-Bendixon process on [T7].

Proposition 1.1.59. Let  be either w or a weakly compact cardinal and let 7' C <*2 be a

tree coding a closed subset of 2%. Then [T, = [T4] for every ordinal a.

Proof. Let k be either w or a weakly compact cardinal. First, T, denotes the pruned part
of T in either case, and so [T']y = [T = [To]. Next, suppose that [T], = [T,]. We need to
see that [T)a+1 = [Tat1]. Suppose [T]s \ [T]as1 # 0 and let © € [T], \ [T]a+1. Then for
some (8 € K, Oy 3N [T]o = {x}. Because T, is pruned and « is either w or a weakly compact
cardinal, T, codes a closed subset of 2. Therefore x | § € T, is not cofinally splitting in
T., thatis x [ € Ty \ Toq1, 0 © € [To] \ [Tot1]- Thus [T]o \ [T]as1 C [Tw] \ [Ta+1]- On the

other hand, suppose = € [T,] \ [Tay1]. Then for some 5 € k, z [ S €T, but = | 5 & Tyhya.
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Suppose first that = [ 3 € T}, then = [ B is not cofinally splitting in 7,,, which means
necessarily that for some v € k, Oy, N [T], = {x}, ie. € [T]o \ [T]at1. On the other
hand, if [ 8 € T}, | \ Tay1, then for some v > 3, x [ v € T, so again for some 7' > 7,
Outy N[T]o =4z}, ie. ® € [T]a \ [T)ax1. Thus [Thi1] = [T]at1. Next, let a be a limit, and
suppose that [T,] = [T, for every v € . If x € [T],, then x € [T], = [T,] for every v € «,
sox €[ T, =T, =[T.]. On the other hand, if x € [T,], then z € [T!],soz [ B € () T,
for ever;eg . Then z € [T))| = [T], for every v € «, and so x € [T,. s O
Corollary 1.1.60. Let x be either w or a weakly compact cardinal and let T° C <%2 be
a tree coding a closed subset of 2. Then htog(T) = htep([T)]), Ker([T]) = [Ker(T)], and
Sc([T]) = [Sc([T])]. This final equality involves an abuse of notation as Sc(7) is not typically
a tree. So by [Sc(T)] we mean {b € [T] : Ja € & such that b [ a € Sc(T)}, that is the set of

branches through 7" which eventually include a node in Sc(7).

Proof. Let T be as in the statement of the corollary. By definition htop([T7]) is the minimal
ordinal g such that [T]a, = [T]ag+1- By 1.1.59, [Th,] = [Tae+1]- Because both T, and
T,,+1 are pruned, and so code closed subsets of 2%, we must then have that T,,, = T,,+1,
so ag < htep(T). The argument is similar in the other direction, so htog(T) = hteg([T]).
Next, Ker([T)) = [Thiea () = Thion(n)] = [Ker(T)]. And so also Sc([T]) = {o € [T] : 2 ¢
Ker([T))} ={z € [T] : « & [Ker(T)]} ={z € [T] : 38 € xsuchthat x | § € Sc(T)} =
[Sc(T)]. O

If a regular k is neither w nor a weakly compact cardinal, then there isn’t necessarily,
for example, the correspondence between the Cantor-Bendixson process on trees and the
topological Cantor-Bendixson process that we’ve observed in 1.1.59. We give some examples

to illustrate this point.

Example 1.1.61. For T' C <"2 a pruned tree, not necessarily is htop([T]) = htep(T), as is

the case for trees T' C <“2 or where k is weakly compact.
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Proof. Suppose k = w; for example, and consider the subtree T" of <“*2 where we fix a single
xo € “12 and let T be formed by initial segments of this xqy along with pruned Aronszajn
trees splitting off from initial segments of zy cofinally. It is clear then that Ty = T, i.e.

htep(T) = 0, but also that [T] = {xo}, i.e. htep([T]) = 1. 0

Example 1.1.62. For T' C <"2 a tree, not necessarily does [Tiy. )] = 0 imply that

Thtopr) = 0. If £ is weakly compact or w, however, then this implication does hold.

Proof. It is clear that if  is either w or a weakly compact cardinal, then [Ty, (] = @ implies
that Th, ) = 0. On the other hand, suppose that & is not weakly compact. Suppose first
that x does not have the tree property. Then there exists a pruned x-Aronszajn tree T C <2.
Note that htep(T) = 0, [Ty] = 0, but Ty = T # (). Next, suppose « has the tree property,
but is not strongly inaccessible. There are two cases, either x = pu* for some cardinal p, or

k is a regular limit where for some u € K, 2" > K.

First assume that k = u™. We produce a subtree of <*2 which is cofinally splitting but has no
branches. The nodes in each level of our tree (which is a multiple of 1) will be identified with
properly decreasing sequences (in D) of elements of [u]#. Consider all sequences of length 1.
That is, consider all elements of [u]* \ {u}. There are 2# = |[u]#|-many of these. Let each
of these sequences be identified with a node in the p*"-level of <*2. Proceed in this manner,
putting each proper subset of size u of each node as a “successor” on the (u + p)-level.
Then look at the induced tree. At limit levels which are multiples of u, simply take the
intersections of nodes along paths of the relevant length. If this intersection is of size < p,
then there is no node extending the nodes along that path. Because all proper decreasing
sequences in [p]* must be of length < &, this tree has no branch. On the other hand, it is
not hard to see that if « € p* and x € [u]*, then there is a sequence (x5 : § € a) C [u]* such
that if £ € ¢, then x, is a proper subset of z¢, and zy = . It is also clear that if z € [u]*,
then there exist x1,xs € [x|* so that x1 # x5 # x. So the tree we’ve constructed is cofinally

splitting and has no branches.
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Next, consider the case where k is a regular limit, has the tree property, but there exists
i € K such that 2# > k. A literal translation of the construction above will not work
here, because decreasing subsets of p of size p have their order types bounded by pu* < k.
However, a similar construction works, we just have to send nodes from each level higher
up. So, take u such that 2# > k. Let (z, : a € k) C [u]* \ {©}. Identify as before each z,
with a node in the p'"-level of <#2. However, instead of proceeding as above here, further
pair each z, with a node on the a'"-level above the previously specified node. So now there
are k nodes in the tree on level u, and above each of these z, nodes is a unique path to
another node (which we may also think of as an z,-node) on the (u + «)®-level. So even
now at the first stage, the tree is of height k. Note, however, that there are no branches.
This feature will persist through all ;*-many steps of the construction. Next, we proceed
as above, working at each node zg (on level u+ ), finding (y, : @ € k) C [xs]* \ {zz} and
identifying them with k-many nodes on level u+ 3+ i, then extending each by a unique path
of length « to a node on level 4+ 5+ p+ . Now just continue this process. At limits take
intersections when possible. As mentioned, this requires y-many steps. It is clear that the
tree constructed will be cofinally splitting, and that the tree T' constructed has no branches
may be seen as follows. Suppose we had a branch x € [T]. Then in particular, z | p € T,
so is some x,. It must then by that x | (u + «) is also then the unique node on level p + «
above z,. Proceeding, = | (u+a+p) € T, so is identified with some yg € [2,]*\ {za}. And
again, = [ (u+ o+ p+ B) is also then the unique node on level p + «a + p + ( above z,
and yg. We can continue in this manner, noting that at limits we have taken intersections.
However, this is a contradiction because we can only travel less than a sum of (< u™)-many

ordinals each which is less than x, which is less than s by regularity. O]

Example 1.1.63. Let " C <"2 be a tree coding a closed subset of 2*. Not necessarily does
[T scattered, i.e. Sc([T]) = [T], imply that [Ti.,m] = 0, as was the case when k = w.
However, the converse does always hold, that is if [Tiy. )] = 0, then [T] is scattered.

Moreover, if £ is w or a weakly compact cardinal then if [T is scattered, [Tw, ] = 0
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(which is also equal to Ty, (1) by 1.1.62).

Proof. We saw in 1.1.61 a case where Kk = w; where [T] = {zo}, so in particular [T] is
scattered, but T = Ty, (1), and so [ThtCB(T)] # (). The same construction works as long as
k is not weakly compact by positioning cofinally splitting trees with empty bodies cofinally
along a single branch (we constructed such trees in Example 1.1.62). On the other hand, if &
is either w or a weakly compact cardinal, by a consequence of 1.1.59, if [T is scattered then
[Thte ()] = 0. Next, for general regular x, suppose [Th. ] = 0. If [T] were not scattered,
let A C [T] with A dense-in-itself and nonempty. Then A C [T is also dense-in-itself, and so
perfect. It is not difficult to see that Ty C T'is a cofinally splitting subtree of T', so no nodes
from Tz will ever be removed in the tree Cantor-Bendixson process, i.e. Ty C Ty (1), SO

AC [Thie (], & contradiction if the latter is empty. O

It is also the case that some generalizations to the x uncountable setting of aspects of the
situation when x = w never hold, no matter what x > w is. Consider in particular the
perfect set property for closed subsets of 2¢, that is the Cantor-Bendixson theorem 1.1.50.
We have the following impediment to any (direct topological) generalization in the x-Cantor

space.

Example 1.1.64. Let T'C <*2 be a tree. Not necessarily does [T] not being scattered imply
that |[T]| = 2%, as was the case with kK = w. In particular, there always exist topologically

perfect subsets of 2% of size k. This is even true for singular x (still with the x-box topology).

Proof. Let T C <*2 consist of nodes with only finitely many 1’s. That is, T = {s € <F2:
{a € 1h(s) : s(a) = 1}| < w}. One may observe that [T| = {z € 2" : {a € k: x(a) = 1}| <
w}, so |[T]| = k. Furthermore, [T] is closed and dense-in-itself. This is true generally in the
k-box topology even for s singular with £ = {z € 2" : [{a € k: z(a) = 1}| < w} C 27, as

follows. If z ¢ E, then [{a € k: x(a) = 1}| > w. Let A € [k]¥ be such that z(a) = 1 for
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every a € A. Then O, 4 N E =0, so E is closed. Furthermore, if A € P,k and = € E, then

Oz1a N E # {z}, so E is dense-in-itself. O

1.2 Games played on subsets of 2" and on trees T' C ~"2

We describe two games of two players which can be used, in particular, to characterize
perfectness and scatteredness for (closed) subsets of 2° and their trees, respectively. One
of the games is played on arbitrary subsets F C 2% while the other is played on trees T' C
<f2. The former game is the straightforward generalization of the one given by Vaaninen
originally in [69], while the later game is reminiscent of the classical cut-and-choose-type
x-Game of Davis [18], but played on trees and generalized to the xk-Cantor space. Generally
speaking, Vaananen’s game when played to length w has a close affinity with the topological
Cantor-Bendixson process, while the cut-and-choose-type game when played to length w has
a close affinity with the Cantor-Bendixson process on trees. As we have seen, when « is w or a
weakly compact cardinal we have a correspondence between these processes, and so between
the games. In this and the following sections, we explore also specific ways that these games
can diverge, structural information that winning strategies for the different players in the
cut-and-choose-type game give us about the underlying tree, generalized dichotomy theorems
in the spirit of the Cantor-Bendixson theorem for closed subsets of 2, the perspective that
the games can give to old results, generalizations of these games to spaces other than 2% and

to objects other than trees, and assorted other topics.

1.2.1 Vaananen’s game

Definition (Vaininen [69]) 1.2.1. Let s be regular. For £ C 2%, xy € E, and § < &,

define the game of length § starting at zy played on E, G(E, x¢,§). There are two players, 1
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and II. Player I plays increasing ordinals in x and player I plays points in £. The game
is initialized at xq € E. Player [ plays first a; € x and player 1 must respond and play
x1 € E such that x; # x¢, but x1 | @y = 2o | ay1. Player I then plays as > «q, and player 11
must respond with xo # x1, 19 With x5 [ s = x1 | ap. The game proceeds in this manner,
with the additional requirement that at limit stages player I plays first and must play the
supremum of the ordinals he has played already. So, at stage 3, player I plays oz and player
IT must play xg € E such that 3 # x, and 23 | a 41 = 2, | oy for every v € 3. Player

11 wins a run of the game if she can play legally at stage (8 for every 3 € 4.

Definition (From [69]) 1.2.2. Say that a closed E C 2" is §-perfect if and only if player
I1 has a winning strategy in G(FE, x¢,0) for every zop € E. Say that E C 2" is d-scattered
if and only if player I has a winning strategy in G(FE, z¢,0) for every xq € E. Define the
d-kernel of E, Ker(FE,d), to be the set of xy € F such that player /1 has a winning strategy
in G(E,x¢,0), and the d-scattered part of E, Sc(F,d), to be the set of xy € E such that

player I has a winning strategy in G(FE, xo, 9).

Fact 1.2.3. By the Gale-Stewart theorem (see [27]), G(F,zo,w) is determined—that is,
either player I or player I1 has a winning strategy in G(E, z¢,w). This is because the game
can be reformulated in such a way that membership in the payoff set for player I is decided
in a finite number of steps, i.e. the payoff set for player I is open. It may be however that

for § > w+ 1, G(T, x¢,6) is undetermined. We will elaborate on this in later sections.

Proposition 1.2.4. The game of length w characterizes perfectness and scatteredness: for
E C 2" E is dense-in-itself if and only if player 1 has a winning strategy in G(E, z¢,w) for
every rg € E and FE is scattered if and only if player I has a winning strategy in G(E, zo,w)
for every xg € E. That is, F is w-scattered if and only if E is scattered, and for E closed,
E is w-perfect if and only if E is perfect. Moreover, for £ C 2% Ker(E) = Ker(E,w) and

Sc(F) = Sc(E,w).

Proof. For all of these statements, it suffices to show that if £ C 2% Ker(F) = Ker(FE,w)
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and Sc(E) = Sc(F,w). First, note that Ker(F) is dense-in-itself and it is not difficult to
see then that player 1 can play all w-many moves in G(Ker(E), zg,w) for any = € Ker(FE)
regardless of the w-many ordinals that player I picks along the way. So Ker(F) C Ker(E, w).
On the other hand, suppose that zo € E'\ Ker(FE). Then zg € Sc(£). It suffices to see then
that zo € Sc(F,w). Because xy € Sc(FE), there exists ag such that g € E,, \ Eagt1, 1-€.
rankop(zg) = ap. Recall that here we are referring to the topological Cantor-Bendixson
process with respect to E. Then there must exist 8; € x such that O,y N Ea, = {20}
Let I play [, as his first move. If I[ is able to play, she has to play some z; € E with
rankop(x1) < ap. Proceed in this manner, and observe that because there does not exist an
infinitely descending sequence of ordinals, after finitely many steps player I is not able to

play, i.e. this describes a winning strategy for player I and so xg € Sc(F,w). O

Proposition (from [69]) 1.2.5. For closed E C 27, if Ker(E, r) # (), then |E| = 2%. This
is by virtue of <#2 embedding into Tk, and E = [Tg]. For any ¢ € «, if Ker(E,0 + 1) # 0,

then <(*12 can be embedded into T, so |E| > 2°.

Proof. We sketch the proof (for some details see [69]). For the second statement, first fix
0 € k. Find zy € E so that player /I has a winning strategy, 7, for G(E,xo,d + 1).
Repeatedly apply 7 using different stimuli from player I to build an embedding of <°2 into
Tg. If Ker(E, k) # () then we can do the same thing, and we’ll be building an embedding of

<#2 into Tg, and so because E is closed, we’ll have |[Tg]| = 2. O

1.2.2 A cut-and-choose game played on trees T C <2

The Vaananen game when played on closed subsets £ C 2" has player I/ choosing elements
from the body of the tree T at each stage. We define here a similar game which intuitively
also captures something of what it might mean for a tree to be s-perfect or k-scattered, for

example, but which is not played on the body of a tree but on the tree itself. While there are

29



close connections between the Vaananen game, this game, and perfectness and scatteredness,
especially when k = w, the games can be dramatically different when x,d > w as we will
see. The game may be viewed as a sort of generalization of the classical cut-and-choose-type

«-Game of Davis [18].

Definition 1.2.6. Let x be regular, T' C <¥2 be a tree, and sq € T. Define the two player
game of length § < k starting at s¢ played on T', G(T', so,9), as follows. It is notationally
convenient to call the first round the 0" round. Player I starts and plays a level of the
tree ap > lh(sg). Player I then responds with a splitting pair of nodes on the same level
{s9,sY} C T extending sy which agree up to level ag. That is, player IT plays {s),s{} C T
such that 1h(s)) = 1h(s?) > aq, s) | ag = s? | ao, s [ 1h(sg) = s | Th(se) = so, and s) # s.
At all successor rounds, player I both plays a level and chooses a node. So, at the next
round player I chooses s; € {s9,s%} and a level a; > 1h(s;). The game proceeds in this
manner. At limit stages /3, player I plays first and plays ag > sup{«, : v € §} and player
11 must respond with a splitting pair of nodes {sg , sf } C T extending the path through the
tree constructed so far which agree up to level ag. That is, such that Ih(sh) = Ih(s}) > g,
so ag = s7 ag, st £ s0 and sb | Ih(s,) = s Ih(s,) = s, for every v € 3. Player I

wins a run of the game if she can play legally at stage [ for every g € 9.

Definition 1.2.7. For T' C <2 a tree and § < k, say that T is d-perfect if and only if
player 11 has a winning strategy in G(7', so,d) for every so € T. Say that T is J-scattered
if and only if player I has a winning strategy in G(T, sg,0) for every sy € T. Define the
d-kernel of T', Ker (T, §), to be the set of sy € T such that player /] has a winning strategy in
G(T, s9,0), and the d-scattered part of T', Sc(T, d), to be the set of sy € T such that player

I has a winning strategy in G(7, s¢, 0).
Fact 1.2.8. By the Gale-Stewart theorem, for every so € T', G(T), sp,w) is determined.

Remark 1.2.9. As with Vddnénen’s game, it may be however that for § > w+1, G(T), sy, )

is undetermined.
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Observation 1.2.10. Ker(7,0) C T is a tree while if s € Sc(T,0), then s’ € Sc(T,0)
for every s € T with s [ lh(s) = s. So in the case where § = w for example, T =
Ker(T,w) U Sc(T,w) is a decomposition of the tree T' into an w-perfect subtree and an

w-scattered part.

Proof. First observe that for si,s, € T, if so [ lh(s;) = s1, and sy € Ker(T,d), then
s1 € Ker(T,§), because player 1] can use a winning strategy in G(7, s9,d) to generate a
winning strategy in G(T, s1,9). So Ker(T, ) is a tree. On the other hand, if player I has a
winning strategy in G(7), s,0) for some s € T', then it’s not difficult to see that player I has
a winning strategy in G(T, s, ) for every s’ € T extending s. This is because, for example,
the first move by I in the latter game is a legal move for I7 in the former game, and then

the games may be played in parallel. O

Proposition 1.2.11. Let 7" C <"2 be a tree. Then similarly to how Vainédnen’s game
can be used to characterize perfectness and scatteredness of [T], G(T, sp,w) can be used
to characterize perfectness and scatteredness of 7. That is, Ker(T,w) = Ker(T), so also
Sc(T,w) = Sc(T). If k is either w or a weakly compact cardinal and T is pruned then, by
1.1.60, [Ker(7T,w)] = Ker([T]) and [Sc(T,w)] = Sc([T]). By [Sc(T,w)] we mean of course as
before {b € [T] : 3a € k such that b [ a € Sc(T,w)}.

Proof. We show that Ker(7T,w) = Ker(7T) and Sc(T,w) = Sc(T'). Note that Ker(T) is a
cofinally splitting subtree of T, so for any s € Ker(T'), player II has a winning strategy
in G(Ker(T), s,w). Thus Ker(7T) C Ker(7T,w). On the other hand, suppose s € Sc(T).
We need to show that s € Sc(T,w). Suppose that rankcg(s) = 79, S0 Yo is minimal such
that s € T, \ Ty,41. Suppose first that s ¢ 77 ;. Then for some 3y € k, s € T), is
not cofinally splitting above (3. Let player I play ag = Sy in this case. Then player 1]
responds with {sJ,s!} extending s splitting above 3y, and so necessarily not both of s

and s are in T.,. Let player I choose such a node and proceed as above, noting that
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rankop(s1) < rankcp(s). If, on the other hand, s € T ., then necessarily for some ) €
with By > 1h(s), Levg, (T} 4, [ s) = 0, and let player I play 5;. Then if player /1 plays
{50, s} extending s splitting past By, neither s§ nor s? is in T .. If one of them is not in
T.,,, choose this node and proceed as above, noting that rankcp(s1) < rankeg(s). If both s
and s are in T, then have player I choose one of them as s; and play £; such that s; is
not splitting above 3 in T.,. Then in the next round if player IT plays {s, s]} extending
s1 splitting above 1, necessarily one of s} or si is not in 7,,. Choose such a node as s
and note that rankcp(s2) < 79, and proceed as above. If player 11 were able to play all of
her moves, then (rankcp(sy,) : n € w) would be a non-increasing sequence of ordinals which

never stabilizes, which is impossible. So this describes a winning strategy for player I. Thus

Ker(T,w) = Ker(T) and Sc(T,w) = Sc(T). O

1.2.3 The behavior of the two games when 6 = k

We observed in 1.2.4 that Vaananen’s game when played to length w characterizes the
end result of the topological Cantor-Bendixson process, while we observed in 1.2.11 that
our cut-and-choose-type game when played to length w characterizes the end result of the
Cantor-Bendixson process on trees. We shall see here that when the games are played to

length 6 = Kk, there are some easy conditions in which players I or /1 have winning strategies.

Proposition (converse to 1.2.5, see [69]) 1.2.12. Let x be regular, E C 2% be closed,
and zy € E. Then player 1] has a winning strategy in G(E, x¢, k) if and only if there exists
an embedding of <2 into T such that zq is a branch through the subtree of T induced by
this embedding. That is, player /1 has a winning strategy in G(FE, xg, k) if and only if Tg

contains a subtree isomorphic to <2 with z( as a branch.

Proof. A winning strategy for player 11 in G(E, zo, k) can be used by repeated application

to build a copy of <*2 in T having z( as a branch, as in 1.2.5 (essentially noted in [69]). On
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the other hand, it is clear that player /1 has a winning strategy in G(FE, xo, k) if there exists
an embedding of <*2 into Tx such that zq is a branch through the subtree of T induced
by this embedding, by playing branches though T which are also branches through the

pointwise image of this embedding. O]

Proposition 1.2.13. Let « be regular, 7' C <*2 be a tree, and sy € T. Then player 11 has
a winning strategy in G(T), so, k) if and only if there exists an embedding of <2 into T" with

so contained in the image of this embedding.

Proof. Suppose first that player /1 has a winning strategy 7 in G(7, sg, k). An embedding
from f from <2 to T with f(0)) = so can be built by recursion via iterated application of 7.
For example, suppose player I plays ag = lh(sg), so 7({ap)) = {s0,s%}. Then let f({0)) = s
and f((1)) = s9. Allow two different games to then be played, where player I chooses s; = s)
and plays a; = lh(s;) and where player I chooses s; = s and plays a; = 1h(s;), and player T
vesponds with 7((ao, {58, 50}, (s8, 1)) = {sb, 51} and 7({ag, {8, 52}, (s3, an))) = {sib, 51,
respectively. Then set f((00)) = si, f({01)) = si, f({10)) = sP, and f((11)) = si'. There
are now four runs of the game to be considered. It is clear that f can continue to be built in
this manner so that it is a total embedding of <*2 into T" with f(f)) = so. On the other hand,

clearly if T' contains a copy of <¥2 containing sq, then player I has a winning strategy in

G(T, sg, k). O

Proposition 1.2.14. Let s be regular, T' C <2 be a tree coding a closed subset of 2%, and

sp € T. Then if |[T | so]| < &, player I has a winning strategy in G(T', s, k).

Proof. This proof is a simple diagonalization—at stage a + 1 player one “takes care of” the
a™ element in [T | so]. Let (v, : @ € k) = [T | 8] be a surjective listing of elements in
[T T so]. At each stage a+1 € &, player I is presented with a pair of splitting nodes {s§, s{'}.
At most one of these nodes is an initial segment of z,, and let player I choose the other node

to be s411. Suppose towards a contradiction that player I is able to play all k-many moves.
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Then the two players will have constructed a branch x € [T | so]. However, then for some «,
T = X, but at stage a+1 player I chose s,1 in such a way that z [ lh(sa11) # Za | Th(Sas1),

which is impossible. O

Proposition 1.2.15. Let x be regular, £/ C 2" be closed, and xy € E such that there exists

B € k with |Oy15 N E| < k. Then player I has a winning strategy in G(E, zo, k).

Proof. This proof is similar to the one above. First list surjectively (ys : 0 € k) = O, 15N E.
Let player I play ay = [ first, and generally at stage 6 + 2 play as,o large enough so that
ys and x5, disagree before as o (unless ys = 541, in which case play arbitrarily). If player
I1 is able to play all k-many moves, then (rs | asi1 @ § € k) is a coherent set of nodes
through T, i.e. players have built a branch y € [Tg], so there must exist some § € &
for which y = y5. However, then at stage o + 2, player I chose a2 large enough so that
Ys | 12 = Tsia | sy 7 Tsy1 | asio, which is a contradiction (in the case where ys = 541,

then there is an immediate contradiction as well). O

1.3 Adding branches through 7" C <"2

Unlike when k = w, where one can undertake an absolute combinatorial process (the tree
Cantor-Bendixson process) to exactly characterize when outer models can add branches to
trees T' C <¥2 (see 1.1.51), when x > w the question of when outer models can add branches
to trees T C <72, and by what means, is significantly more complicated. Using the tools
we have developed so far we make some observations in this direction and also show how
using games can yield results of the folklore. The following is an analogue in the spirit of

Mansfield’s theorem for trees T C <F2.

Proposition 1.3.1. Let 7" C <%2 be a tree, V' C M be transitive models of ZFC, T € V,

and (Tyen(r) = 0)" Then ([T])¥ = ([T))".
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Proof. As we have noted before, the Cantor-Bendixson process on trees T' C <#2 is absolute,
so in particular (7,)" = (T,)* for every ordinal . This proof is then the same as in 1.1.51.
Explicitly, suppose towards a contradiction that b € ([T])™ \ V. Working in M, clearly
b & [Thep(r)) because Tio () = 0. Find the minimal v + 1 such that b & [T,14]. This must
be a successor, as follows. If 7 is a limit, then 77 = (] T, and [T] = [T}], so b ¢ [T’,] implies
that for some 0 € k, b [ 6 ¢ T", but then for some 7;76576 v, b 16 ¢&T,,, acontradiction. So,
suppose that v + 1 is minimal with b & [T},,,]. Then b ¢ [T7,,] so for some 3 € k, b | 3 is
not cofinally splitting in T',. Because b € [T,], without loss of generality we can then take

B large enough so that no splitting along b occurs above b [ 8 in T,. However, then b is

definable from b | 8 and T’,, both of which are objects in V', a contradiction. m

Note 1.3.2. In 1.3.1 we see that outer models cannot add branches to scattered trees
T C <%2. However, this is a very limited result, and indeed unless x is w or weakly compact,
[T] being scattered is not necessarily equivalent to T being scattered. Outside of these
situations then, the body of a tree being scattered often has little bearing on whether or not
branches can be added to the tree. For example, we can have [Tiank. (1) = () but branches
can be added (for example if kK = w; and there exists T' C <“'2 a pruned Suslin tree). Indeed,
in this case a branch is even added by a c.c.c. forcing, the tree itself. On the other hand, we
can have [Tranke ] = 0 (With Trankep(r) 7 0), but branches can’t be added any cardinal-
preserving outer model. For example this will be the case if T is a special Aronszajn tree.
We could also have [Tiank. 1) # (), but branches can’t be added by any cardinal-preserving
outer model. For example, take [T] = [Tiankop(r)] = {20} by forming T by taking the tree

generated by o along with a cofinally branching sequence of special Aronszajn trees.

By the note above, the body of a tree in the 2%-setting being scattered seems to have little
bearing on whether branches can or cannot be added to the tree in outer models, unless
r happens to be weakly compact. However, with the more general notion of x-scattered,

we can say that certain forcing extensions can’t add branches to certain trees. We prove
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the following proposition 1.3.3, which is a result in the folklore, using the framework of the
cut-and-choose-type game. A similar argument can be used for Vadnanen’s game played on
[T], and because the existence of a winning strategy for player /7 in either game of length
yields similar structural information about the tree, the conclusions are the same. We also
give a natural generalization in 1.3.7, again using the cut-and-choose-type game, but using

a slightly different argument which emphasizes a difference between the two games.

Proposition (folklore) 1.3.3. Let x be regular, 7" C <%2 be a tree, and P be a k-
strategically closed forcing notion. Then if forcing with P adds a branch to 7', T must

contain a copy of <*2, i.e. Ker(T,x) # 0.

Proof. Let k be regular, T C <"2 be a tree, P be k-strategically closed, and G be (V,P)-
generic. Suppose that ([T])V€\ ([T])V # 0. In V, we show that player I has a winning
strategy in G(T,0, k). Without loss of generality, suppose b is a P-name for a new branch
through T, i.e. 1p IF “b € [T]and b ¢ V”. The recurring idea in this version of the
argument is that of “candidate” branches for b, which because P is k-strategically closed,
can be built through 7" in V. First, note that for every p € P, there exists a unique maximal
B, € k and corresponding s, € Levg, (T') such that p I- b | By = sp. Such a 3, exists
because T' does not split at limit stages, and all conditions force that b is a branch through
T. Call a <-decreasing sequence of conditions (p, : a € k) a candidate sequence for b if
(Bp. : @ € k) C k is non-decreasing (this is always true, of course) and unbounded in k.
If (po : @ € k) is a candidate sequence for b then (s,, : o € k) is a coherent collection of
nodes with unbounded rank in 7', and call the unique b, € [T] such that b, [ 8,, = s,, the
candidate branch for b corresponding to (p, : a € k). Because P is k-strategically closed,
candidate sequences and branches for b abound. For example, at every odd round 8 + 1 in
the G, (P)-game Odd can always play pgy1 which fixes the value of b ] Yp+1, and Even is
always able to respond, in particular at limit stages, so as long as sup{ys41 : § € K} = k&,

the two players will have built a candidate sequence and branch. We use this observation
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to define a winning strategy for player IT in G(T,(), ). Suppose player I plays ag. Via a
winning strategy for Even in the G, (P) game, build a candidate sequence (p? : a € k) and
branch by € T. Find the minimal dy € k which is either a limit or of the form & + 2 such
that 85, > ao. Then, let pj ., < p§ be such that Sph 4, £ by | 6p§o+1’ which is possible
because all conditions force that b is not in V, so we can strengthen any particular condition
to find one which fixes an initial segment of b which is different than the corresponding initial
segment of by € [T] N'V. Now, suppose that instead of playing pgo 41 at stage oo + 1, Odd
plays ps, .1 < p3,. Even can follow her winning strategy in this run of the game to produce
then a candidate sequence (p¥ : « € &+ 1) 7 (pl, : a € [d + 1,k)) and corresponding

« «

candidate branch b; € [T] such that by | 3, = s, for i € {0,1}, o € x. Let player I/

play then {s§ = by [ 3,1 s} =0 | p§o+1}’ which is a splitting pair that splits above .

So+1’
Player I then chooses s; = sJ or s; = s! and plays a; > ﬁp%ﬂ' Player I can continue
as before, namely if s; = s, then return to (p% : @ € k) and find the minimal §; which is
either a limit or of the form & + 2 such that 85, > a; and proceed as above. If s; = Y,
then return instead to (p? : a € § + 1) © (pl : a € [d + 1,k)) and find the minimal &,
which is either a limit or of the form & + 2 such that 5 > a3, and then again proceed
as above. It is clear that player I1 can follow this strategy at successor stages. At limit
stages, either the two players have played along a particular candidate branch which was
built previously via Even’s winning strategy in G,(PP), in which case it is clear that player
II can offer a splitting pair whose common part extends the path that the two players
have constructed so far and is of arbitrarily large height, or cofinally often player I has
chosen the node corresponding to the “new” candidate branch’s restriction. However, Even
is still able to follow her winning strategy in G (IP), so this is also not an issue. Specifically,
suppose the two players have played up to stage n € lim(x) in G(T,0,«) in such a way
that player I has chosen the “new” candidate-branch restriction cofinally often. Then for

some £ € lim(n) U {n} we will have a descending sequence of conditions which is of the form

Pl raedh+1) " laelo+1,6+1)" ... (PL:a€ld,+1,0,+1)) ... for
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v € £ Then Even plays pﬁup{%ﬂeg} < p? for every v € &, a € sup{0, : v € £} according to
her winning strategy in G, (PP), which forces in particular that b | sup{B,; @7 € &} agrees
Y

with the path constructed so far. So player I can proceed in this case also. O

Note 1.3.4. As mentioned earlier, this result can also be proved looking through the frame-
work of Védndnen’s game played on [T]. To illustrate, let’s see how this would work in the
(notationally simpler) case where IP is k-closed. So, let P be k-closed, G be (V,P)-generic,
T C <52 be a tree in V, and fix a name b for an element of ([T1])VI¢)\ ([T])V. We show that
Ker([T], k) # 0. It may be, of course, that for some particular xy € [T], player I even has a
winning strategy in G([T], zo, k), so the first step is to find a suitable x, at which to start the
game, where actually player IT will have a winning strategy in G([T], zo, ). This is done as
above, with a candidate branch. So in V' using the s-closure of P, construct (p, : { € k) and
(o(§) : € € wy) so that pe IF b(&) = zo(€). That is, pe I bl (€4+1) =1 | (£+1). Let player
I play (. Note that pg, IF b (B1+1) =m0 | (f1+1). Because b is a name for a branch not
in V, there exists o > 8, and p} < pg, so that p I- b(ar) # zo(). Without loss of generality
suppose p; fixes b (v + 1). As before, build a descending sequence (p% : £ € k) below p}
and a candidate branch z; € ([T])" so that p{ I b(¢) = z1(£). Note that z; | 81 = 2o | fi,
but z1(a) # xo(a). Let player I1 play z,. Suppose player I plays 2 > ;. Note that
péQ b (Ba+ 1) =z1 [ (B2 +1). We can proceed as above. At limit stages we have built a
sequence of length < k, e.g. p> ... >pg >pb > ... ZpéQ > 2> 2ph >
for a« € . There is a lower bound for this sequence, p”, and player Il can construct a
candidate branch in V for b below p”, x, which necessarily will be distinct from all previous
branches z,, played (because it agrees with each x,, up to level 5,41, and they split between

successive 3,11 and B,0 levels).

When xk = w, because all forcing posets have the property that a finite <-decreasing sequence
has a lower bound (namely the strongest element in the sequence), the above method of proof

provides an alternate proof of Mansfield’s theorem 1.1.51 for the case of forcing extensions.
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At no point is it necessary to use the absolute Cantor-Bendixson analysis of trees, as was

required before:

Corollary (Alternate Mansfield Proof for Forcing Extensions) 1.3.5. Let V C V[G]
where G is (V,P)-generic for some P € V and there exists z € (“2)VI¢\ (¥2)V. Then for
T C <“2atreein V, ([T))V = ([T))VI¢ if and only if T contains a copy of the complete

binary tree <“2 (if and only if [T] is not scattered, etc.).

Proof. By 1.3.3 if a branch is added to T then using b a name for a new branch, player I7
has a winning strategy in G(T,0,w). By repeatedly applying this strategy it is not difficult
to see that T contains a copy of <“2. On the other hand, if T" contains a copy of <“2 then a

new branch will be added to T" in V[G] (because reals are added). O

In the early 1970s Silver proved that from the existence of an inaccessible cardinal, one may
force a model where there are no Kurepa trees. A crucial step in this argument has since
become known as Silver’s lemma, which says in particular that o-closed forcings can’t add
branches to wi-trees. The straightforward generalization is as follows, and is easily seen to
be an immediate corollary of 1.3.3, which says that a larger class of forcing notions don’t add

branches to trees T' C <*2 which satisfy the weaker requirement of not containing a copy of

<Ii2'

Corollary (Silver’s Lemma) [61] 1.3.6. Let s be regular such that there exists p € &

with 2# > k. Then k-closed forcings do not add branches to k-trees.

Proof. By 1.3.3 if any branches are added to T" after forcing with P then 7" contains a copy

of <2, which is impossible if T is a k tree and there exists u € k with 2* > k. O

More generally, we can generalize 1.3.3 and observe that for any 0 which is either a limit

ordinal or the successor to a limit ordinal, if a forcing notion is d-strategically closed and adds
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a branch to a tree, then this tree has a nonempty d-kernel, which gives structural information
about the tree. Typically ¢ will be either a regular cardinal y, or of the form g+ 1. In terms
of the consequence of the d-kernel of a tree being nonempty that the tree contains a copy of
the binary tree of height §, the following proposition (in one form or another) is probably

folklore.

Proposition 1.3.7. Let T" C <%2 be a tree, let 6 < k be either a limit ordinal or the
successor to a limit ordinal, let P be a d-strategically closed forcing notion, and suppose that

forcing with P adds a branch to 7. Then Ker (T, ) # 0.

Proof. Note that if 6 = w, we have already shown this—G (T, (), w) is determined, and if player
I has a winning strategy then by 1.2.11, Ty, (1) = 0, so by 1.3.1 no branches are added to 7.
More generally, let 6, P, etc. be as stated. We use the same terminology as in 1.3.3. Let bbea
name for a new branch through 7. We describe a winning strategy for player 17T in G(T, 0, 0).
Suppose player I plays o first. Find py € P such that 3,, > «y. Suppose that Odd plays
¢1 = po as his first move in G5(P). Even responds following her winning strategy in Gs(IP)
with g,. There must exist py, py < go such that s, [ min{8,, By} # sy | min{ B, , By},
because otherwise for G some (V,P)-generic with ¢ € G, we’d have bY € V. Let player 11
play {sg = sy, [ min{By, By}, s) = sy | min{fB,, B }} as her response to ag in G(T,0,9).
Player I responds with s; € {s9,s} and a;. Whether or not s; = s or s; = s, there
exists p} < pp or pf < py such that 3, > a;. Let Odd play this p} as g3 in Gs(P).
Even responds following her winning strategy in G5(P) with g4. As before, there must exist
P1,pi < qu such that sy [ min{ By, By} # spr [ min{ By, Byr}. Let player I1 respond then
with {s§ = sy | min{By, By}, s1 = sy | min{B,, B }} in G(T',0,0). Note that {sj,s;} is
a splitting pair extending s; (which splits above «;) by construction. Player I1 can continue
to proceed in this way. Note that at limit stages 1 € J, Even is able to play an appropriate g,
in the appropriate G5(PP)-game, so certainly the partial path constructed through 7" by the

two players up to stage n in G(T', (), 0) can be extended in 7', and then g, can be strengthened

40



to a condition which fixes the value of b up to oy, and this condition must split into two
conditions which fix different initial segments of i), and then player I1 can use these different
values to offer {s],s!} and proceed. It is clear that if ¢ is either a limit ordinal, or the

successor to a limit ordinal, this procedure works. O

1.4 A Cantor-Bendixson theorem for the x-Cantor

space

1.4.1 Vaananen’s Cantor-Bendixson theorem

In [69] Vadndnen proves the following theorem, which we phrase in terms of the space 2“1

instead of wi™* as he does (the proofs are identical).

Theorem (Theorem 4 in [69]) 1.4.1. Assume Z(w). Then if E C 2*' is closed, E =
Ker(E,wy) U Sc(E,w) with |Sc(w)] < w;.

Here Z(w) is a hypothesis asserting the existence of a certain type of strong ideal over wy
(which is equiconsistent with a measurable cardinal). One may observe that it is straight-
forward to generalize the argument in 1.4.1 to any uncountable regular cardinal x where
the appropriately similar assertion of the existence of a certain type of strong ideal over ™
holds. Indeed, this is also noted in a comment by Szirdki and Vééndnen (Remark 2.5 in
[64]), where they extend these Cantor-Bendixson results beyond closed subsets and use the

following generalization of Z(w), Z~(k):

Definition (from [64]) 1.4.2. Let Z~ (k) denote the hypothesis that there exists a (< £™)-
complete, normal, non-principle, ideal Z over k™ such that the collection of Z* sets has a
C-dense subset in which every C-descending sequence of length less than x has a lower bound

in this subset.
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Fact 1.4.3. 7~ (k) is consistent modulo large cardinals. For example, if we Lévy-collapse
a measurable cardinal A\ to ws, in the extension the poset Lévy-collapsing j(A) to wq with
countable conditions densely embeds into P(\)/Z, and this poset is o-closed. Here j is the
elementary embedding witnessing the measurability of A with respect to an ultrafilter U and
T is the ideal generated in the extension by the dual to U. This gives us a K C Z* which
is dense modulo Z and has the property that every descending modulo Z w-sequence has a
modulo Z-lower bound. This result is standard in the theory of precipitous ideals (see for
example [35] for background). In this model C'H holds, and indeed the existence of such
an ideal implies CH. Consider K’ = {Y : 3X € Kst. (X\Y)U (Y \ X) € I}. Then
K’ is C-dense, and also has the property that any countable modulo Z-descending sequence
in K’ has a modulo Z-lower bound, and indeed that any countable C-descending sequence
in K’ has a C-lower bound, because [ is (< ws)-complete (so wy-sized, and so in particular

countable, unions of measure zero sets are of measure zero).

Using the same argument as in Vaananen’s proof of 1.4.1, it is straightforward to show the

following. For completeness, we describe later (see 1.9.27) how this method works:

Proposition 1.4.4. Assume Z~ (k). Then if £ C 2% is closed, £ = Ker(E, k) U Sc(E, k)
with [Sc(E, k)| < k.

As above, we can use a measurable cardinal to force a model where, for example, Z(w)
holds, and because the ideal given by Z(w) is precipitous, the consistency strength of Z(w)
is exactly that of a measurable cardinal (see e.g. [35]). On the other hand, if 7" C <+2
is a Kurepa tree then |[T]| > T yet clearly player 1] cannot have a winning strategy in
G([T], zo, k) for any xy € [T] because then by 1.2.5 T contains a copy of <*2, which is
not true of a Kurepa tree. So even in the case where G([T], zo, ) is determined for ev-
ery xg € [T], we would then necessarily have |Sc([T],x)| > «*. Therefore because the

nonexistence of Kurepa trees in, for example <“'2, is equiconsistent with the existence of

42



an inaccessible cardinal (see e.g. [35]), VAdnanen’s Cantor-Bendixson dichotomy as in 1.4.1
has consistency strength somewhere between that of an inaccessible and a measurable car-
dinal. Noting exactly this in [69], VA&nédnen asks what the exact consistency strength is.
More recently, Sziraki and Vadndnen again ask (in particular) what the exact consistency
strength of Vaananen’s Cantor-Bendixson theorem is, noting that it is somewhere between

an inaccessible and a measurable cardinal (see [64]).

1.4.2 A tree decomposition

Here we resolve the above consistency question by showing in particular that for a regular
cardinal xk and an inaccessible cardinal A > &, in the Lévy collapse of A to ™ with conditions
of size < k, not only are there no Kurepa trees T' C <"2 in the extension, but Vaaninen’s
Cantor-Bendixson dichotomy holds. So the consistency strength is exactly that of an inac-
cessible. We phrase things in terms of our cut-and-choose game in order to emphasize that
there is also a decomposition of all trees into a k-kernel and k-scattered part in this model,
so that the Cantor-Bendixson dichotomy of Vaananen will follow as a corollary. However the
same argument could be used directly to show, e.g. Vaananen’s dichotomy. The outline of
the argument is straightforward: Because k-closed forcings not only do not add branches to
k-trees, but also do not add branches to trees which don’t contain a copy of <*2, in the ex-
tension obtained by Lévy collapsing A to ™, any tree which has more than k-many branches
must contain a copy of <#2, which means that player /1 will have a winning strategy in some
G(T, so, k), while otherwise player I will have a winning strategy by diagonalizing against

the < k-many branches.

Theorem 1.4.5. Let k be a regqular cardinal and let A be a strong inaccessible cardinal with
k< X Let P = Col(k,< \). Then if G is (V,P)-generic and T C <"2 is a tree in V[G],
T = Ker(T,k)U Se(T, k). Furthermore, [Ker(T, k)] = Ker([T], k) and [Sc(T, k)] = Sc([T], k)
with |[Sc(T, k)]| < k.
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Proof. Let k be a regular cardinal and A > x be an inaccessible cardinal. Let P be the Lévy
collapse of A to k*, that is P = Col(k, < A). For any missing details of the following argument
(e.g. about product forcing, etc.) see for example [35]. It is straightforward to see that for
any v € [k, A), P, ={peP:dom(p) C v xk}and P" = {p € P:dom(p) C (A\ ) x k} are
such that [P is isomorphic to the product P, x P7. Let G be (V,P)-generic and let 7' C <*2
be a tree in V[G] which does not contain a copy of <*2. We show that (|[T]| < x)"[¢]. Note
that (<#2)V = (<*2)VI¢] because P is k-closed. Viewing T' as simply a subset of <#2, we
can fix a nice name for T, T. T is of the form [J{{5} x A, : s € <2} where each A, is an
antichain in P. Because P is A-c.c., every |A4,| < A. If we want to include a tree relation
or be more general, we can simply e.g. view for some 6 € A\, T' = (4, X) as a tree over §
where X C § x )—the argument is the same. In any case, there exists v € [k, A) such that
for every s € <"2 and every p € A, dom(p) C v x k. We may view V|G| as V[Gy][G1],
where Gy is (V,P,)-generic and Gy is (V[Go|,[P?)-generic. Note that T € V[Gy] and also
that because P, is k-closed, every (< k)-decreasing sequence in P¥ in V[Gy] is in V' and so
has a lower bound, i.e. (P7 is x-closed)VI%!. Because T does not contain a copy of <*2 in
V[Gy], we may then apply 1.3.3 and conclude that ([T])VI¢! = ([T])VIGll%], However, A
is inaccessible in V[Gy], so (|[T]| < \)VI%l and so because all cardinals in V[Go] strictly
between x and A are collapsed to  in V[Go][G1], (|[T]] < &)Vl Now working in V[G],
let T C <2 be a tree and let so € T. If |[T | so]| < k, then by 1.2.14 player I has a
winning strategy in G(7, so, k). On the other hand if |[T' [ so]| > &, then we have seen
that T' | sy must contain a copy of <2, so by 1.2.13 player II has a winning strategy
in G(T, s, k). Therefore T = Ker(T, k) U Sc(T, k), as desired. Next, suppose towards a
contradiction that |[Sc(T, x)]| > *. Then because |<*2| = k, there must exist some sy € T
such that sq € Sc(T, k) and |[T | so]| > xk*. However, then T | sy contains a copy of <+2
so in fact sy € Ker(T, k), a contradiction. Finally we show that [Ker(7, k)] = Ker([T], k)
and [Sc(T, k)] = Sc([T],k). Let xy € [Ker(T,k)]. Suppose player I plays «; as his first

move in G([T],zo,k). Then zy | oy € Ker(T, k), so a copy of <2 can be built inside of
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T T (xo | o). By successively choosing branches through this copy, it is straightforward to
see that player I1 has a winning strategy in G([T], xg, k) when player I chooses a; first. So
[Ker(T, k)] € Ker([T], k). On the other hand, suppose that xy € [Sc(T, k)], that is suppose
there exists oy such that zy [ a; € Sc(T, k). We need to show that zy € Sc([T], k). However,
because |[Sc(T, k)|| < &, |[T' | (zo [ a1)]| < K, so by 1.2.15, z¢ € Sc([T], k). So in particular,

Vééndnen’s Cantor-Bendixson dichotomy holds in V[G]. O

1.5 Tree structure implications of player [/ having a

winning strategy in the cut-and-choose game

In the previous sections we have seen in several cases where Vaananen’s game and our cut-
and-choose game behave similarly—in suitable models they can both provide a framing for
Cantor-Bendixson-type theorems, when played to length w they both characterize perfectness
and scatteredness for closed subsets of 2 or 2" for k weakly compact, and when played to
length k player II having a winning strategy in either game is just a restatement of the
condition that a tree embeds a copy of <#2, while player I in both games can sometimes
have a winning strategy via a diagonalization process, for example. We will see in this section
however that the games can in fact behave quite differently from one another, for example
we will see that strong structural requirements are exerted on the tree if player I is to have
a winning strategy in the cut-and-choose-game which aren’t necessarily required for player I
to have a winning strategy in Vaananen’s game. The specific case where = w and kK = w;
in 1.5.4 and 1.5.8 has been independently proven and investigated by Konig, see [43], using

a different sort of game. We first need some definitions.

Definition 1.5.1. Let « be regular and p be a cardinal less than . Let T%, C <2 denote
the tree comprising all s € <#2 such that [{« € lh(s) : s(a) = 1}| < p. Note that [T] = {b €

"2 {a : b(a) = 1}| < p} and that T is an everywhere splitting tree coding a closed subset
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of 2%.

Definition 1.5.2. Let © < x < AT be cardinals with x4 and s regular. Say that a set
X C P\ is p~closed if and only if for every C-increasing sequence (z, : o € pu) C X,
U zs € X. Say that a set X C P\ is a p-club if and only if it is p-closed and cofinal in
Bep

P\, that is for every y € P\, there exists x € X with y C X. In the case where k = ™,

we will consider p-clubs in [Z]* for non-ordinal sets Z.

We are interested in the structural properties that a tree T" C <*2 must satisfy if player [
has a winning strategy in the cut-and-choose game. We have seen what the tree must satisfy
if player I is to have a winning strategy in the game of length w. The most natural game
to consider is then the game of length w + 1, and more generally of length p + 1 for p a
regular cardinal less than . In these games there is a final round of play where player 11
must be able to extend the path constructed over the first p-rounds, i.e. this path needs to
not be maximal, in particular. Intuitively then, for player I to have a winning strategy in
G(T,0, ;u+ 1), he must be able to enforce locally along the way that the path constructed by
the two players up to stage p will be maximal in 7. If player I is not able to do this, then
player I might win that particular run of the game, because the path jointly built by the
two players up to stage p might be extendable in 7. The way that we make this intuition
precise involves the use of submodels (of e.g. Hy) of a certain type, which we call guessing
models, whose existence allows player I to, in a sense, “act locally but affect globally.” The
formulation of definition 1.5.3 came up naturally when investigating how PFA might affect
the determinacy of the cut-and-choose game, because using models as side conditions is a
common way to attempt to ensure properness of certain forcing notions and the apparent
interaction requirements between the side conditions and the working part of the forcing

conditions seemingly necessitated by these forcings led to the definition as in 1.5.3.

Definition 1.5.3. Let T C <"2 be a tree, let 6 be a regular cardinal sufficiently larger

than , and let M < Hjy be an elementary submodel with 7" € M and |M| < k. Let
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oy = sup(M N k). Say that M is T-guessing, or say that M guesses T, if and only if for
every s € Levy,,(T) such that s [ f € M for cofinally many 5 € 0y, there exists b € [T|N M

such that b | 65y = s.

Theorem 1.5.4. Let k be reqular, let y € k be a reqular cardinal, and let T C <F2 be a
cofinally splitting tree. Then player I has a winning strategy in G(T,0, u + 1) if and only
if there exists a p-club C C [Hgl" of T-guessing submodels M < Hy of size p for some

sufficiently large 6.

Proof. Suppose first that there exists a u-club C C [Hg|* of T-guessing submodels M < Hy.
We produce a winning strategy for player I in G(T,0, 4+ 1). The idea is simply to have
player I diagonalize against all branches contained in any relevant model, of which there
will be at most p-many. First, fix f : u — p X p to be a surjection so that for every
(&, vy € px p, |[f7HE v)] Nsuce(p)| = p. For every M € C, let 6y = sup(M N k) and
fix epr @ — Oy to be a strictly increasing function whose range is cofinal in ;. Also, let
gy i — M N [T] be a surjection. In the course of defining a winning strategy for player
I, we are going to construct a C-chain of models My C M; C ... in C—at stages f + 1 in
the game, player I is going to check whether {sj,s}} C Mg and define Mgy and sgi1, gy
accordingly. At limit stages 3 where player I only plays ag, this will be defined in conjunction
with Mg. First, choose M, € C arbitrarily and let player I play ag = en(0). Player 17
responds with {s), s} splitting above ag. Player I plays in round 1 as follows. Either
{s9,5%} C My or not. Suppose first that {s9, s} C My, let M} = My and consider f(1). If
f(1) = (1,&) for some & € por f(1) = (0,€) for some & € p, consider gy, (&) € My N [T or
g, (§) € My N [T), respectively. For at least one i € {0,1}, gar, (€) | Th(s?) # s? (or in the
case where f(1) = (0,€), gar,(€) | 1h(s?) # s?). Let player I choose such an s; € {s), s?} and
play a; = sup{eas, (1), enr (1),1h(s1)}. If any of these conditions fails, let player I choose s;
arbitrarily and play the same a;. On the other hand, suppose that {s, s%} is not a subset of

M. In this case find M; € C with MyU{s),s{} € M; and proceed much as above: consider
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first f(1). If f(1) is of the form (1,£) for some £ € u or of the form (0,&) for some £ € p,
consider gy, (§) € My N [T] or ga,(§) € My N [T], respectively, and then for at least one
i € (0,1}, g (€) 1 Th(s) # 52 (or in the case where f(1) = (0,€), g (€) | Th(s) # ).
Let player I choose such an s; € {s0,s{} and play a; = sup{eas (1), ear, (1),1h(s;)}. If any
of these conditions fails, let player I choose s; arbitrarily and play the same «;. Player 11

responds with {s}, s]} extending s; splitting above a.

Player I proceeds in this fashion. At limit stages 5 € u, we have constructed a C-increasing
sequence (M, : n € B) C C. Let Mg € C be such that |J M, C Mg, and let player I play
ag = sup{en, (8),a¢ : £ € B,m € B+ 1}. Player 11 refpﬁonds with {Sg,sf} extending the
path of length sup{e, : n € [} constructed so far splitting above a. Now at successor
stages 0 + 1 € u, player I chooses an element from a splitting pair {SO’B , sf } and plays some
agy1. First player I defines Mz, accordingly based on whether or not {sg , sf } € Mg. Then
player I looks at f(5+1) and if it is of the form (7, ) for some v € 542 and £ € p, player [
chooses sgy1 € {55, 7} 50 as to be incompatible with the & branch through 7" in M, under
the enumeration gy, . Player I also plays agy1 = sup{eas, (8+1),1h(sp41) : 7 € 542}, Now,
suppose that the two players play py-many rounds. We need to see that they have built a path
through 7" which cannot be extended. Suppose first that for some 5 € p, for every v € [5, ),
M, = Mpg. By construction sup{a, : € u} = dpy,, and towards a contradiction assume
that s € Lev(;MB (T') extends the path constructed. By hypothesis s [ ( € My for cofinally
many ¢ € pu and Mg is T-guessing, so there must exist § € p such that gy, (§) I ou, = s.
However, at some sufficiently large round v+ 1 € [3, u), we have f(y + 1) = (5,€), and
so player I chose s,;; to not be an initial segment of gy, (§), which is a contradiction. On
the other hand, suppose that there are y-many distinct M,’s in (M, : a € p). Because C
is p-closed, M,, = |J M, < Hy. Note that dp, = sup{n, : @ € p} = sup{ag : 8 € pu}
in this case. Again?eslilppose towards a contradiction that s € Levs,,, (T') extends the path

constructed. By hypothesis s [ ¢ € M, for cofinally many ¢ € oy, and M, is T-guessing,

so for some b € M, N[T], b | dp, = s. Then for some &,¢ € p, ga(C) | dn, = s (that is
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b is the ¢*" branch of M;). However at some sufficiently large round v + 1 € [¢, 1) we have
f(y+1) = (£,¢), and player I chose s,11 to not be an initial segment of g, (), which is a

contradiction.

Next, suppose that 7 is a winning strategy for player I in G(T,0,u + 1). For simplicity
initially, suppose that p<* = u. Let M < Hy with {T',7,u} C M, |M| = p, and <*M C
M. We show that M is T-guessing, which suffices because the collection of such models
constitutes a p-club in [Hgl*. Fix s € Levs,,(T) such that s [ § € M for cofinally many
B € dp;. Either s [ 5 is a splitting node for cofinally many 3 € M Ny, or not. Now because
we have assumed T is cofinally splitting, this will be true, but even if not the task is easy in
this case, as follows. Note that working in M there exists o € k such that for every o > «,
there is a unique node s, in Lev,(T) such that s’ [ & = s [ . So by elementarity, there
exists a branch b € [T] N M such that b | 4y = s. Therefore we may assume that s [ § is a
splitting node for cofinally many 8 € M N dy;. Construct in V' a run of the game T where
player I is playing according to 7 and which is maximal below s according to M. Here is

what we mean by this. First,

T = <<{a0}7 {58’ 3(1)}>7 <{a17 31}7 {3(1)7 S%}% <{O¢2, 32}7 {5(2)7 S%}% SRR <{O¢§, Sf}>>

Here by player I playing according to 7 in T, we mean that oy = 7(0), {a1,s1} =
T(({ao}, {50, 51}), {2, 52} = 7({{an, {s0, 81}), ({on, s1}, {sg, 51}))), etc.. It may be that
the final move made by player I, which we have written here as {ag, s¢}, is simply {a¢},
which will be the case if £ is a limit ordinal. We also insist that all ordinals and nodes played,
as well as initial segments of 7, are in M and that s, = s [ 1h(s,) for every n < &—that is
we insist that this is a play along s. Finally, we insist that this play is maximal along s, by
which we mean that no matter what move player /1 makes next in M, 7 dictates that player

I choose a node incomparable with s. Specifically, if £ is a successor, then
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{(1/5, SE} = T(<<{Oz[)}, {387 S(IJ}>7 R <{(1/5_1} or {aé—h S§—1}> {38_1’ S§_1}>>)

and no matter what pair {sg, sﬁ} C M player II plays, 7 dictates that player I chooses
Se1 € {55,855} so that seyy # s | Ih(seyr). Similarly if € is a limit, for {a¢} =
((({ao}, {s9,59}),...)), no matter what pair {s5, s$} C M player II plays, 7 dictates that
player I chooses s¢y1 € {s5, 5} so that s¢yy # s | Ih(seyr). Now, because 7 is a winning
strategy for player I in G(T,0,u + 1), we can indeed build such an T and it must be that
¢ € i, because all plays made are along s, so if £ = u at stage p player 11 would be able to
play, a contradiction. That is, by following 7 playing along s, which is cofinally splitting in
M below §,7, we have ensured that player 11 can always play in M at limit stages. Because
<EM C M, T € M and is maximal along s in the sense that we have described. We show
that in this case a branch extending s, b € [T] N M, can be defined from Z, 7, s [ ag € M. If
w<* > 1 however, proceeding literally as above will not allow us to guarantee that such an @
exists in M. However, this problem can be solved by assuming that M < (Hy, <, ...) where
< is a predicate for a well-ordering of Hy. In this case given s € Levs,, (1), one can build
the unique “<-minimal” maximal run 7z according to 7 below s, which is done as above
but at each stage letting {sg , sf } be the the <-minimal splitting pair along s below level 0y,
which is a legal move at round 3, and 7 choosing along s, etc. as before. Furthermore, even
though s ¢ M, for some sufficiently large ¢ € M N édy (¢ larger than ag, for example) we
will have s | ( € M and Ty = Ts¢. But T4 € M by elementarity. Now, working in M, let
b be a path of maximal length such that b | a = s | a; with the property that for every
node in b having an immediate predecessor which splits in T, if player I were to play this
splitting pair, 7 would choose the node outside of b. Specifically, b has the property that for
every s’ € b such that 1h(s") € succ(x), lh(s’) > ag, and for the unique s” € b, i € {0, 1} with
s"i=g,{s" 0,5 "1} C T and if player II played {s§ = s" ™ 0,55 = s” ™1} as her
next move in the run of the game following 7, that 7 chooses s¢y1 # s'. We need to show

that b € [T] and b | dpy = s. First suppose that b & [T, that is sup{lh(s’) : s’ € b} € k.
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Because this ordinal must be in M, sup{lh(s’) : s’ € b} € d5;. The collection of s [ & € M is
cofinal below s, so if for every o € sup{lh(s’) : s € b}, s [ @« = b | a, this is a contradiction
because b is maximal. Then for some a € sup{lh(s’) : ' € b}, b [ @ # s | o. Find the
minimal such « + 1 (this ordinal necessarily is a successor), which is in M because M can
define the splitting point between b and some sufficiently large s [ . Suppose without loss of
generality that s(a) = 0, so b(a) = 1. But then when presented with the one point extension
{s§ =151 (a+1),s5 =b| (a+1)}, by the definition of b we have that 7 chooses along s,
which is a contradiction. Thus b € [T]. Furthermore, by the same argument we just gave, it

must be that b [ 0y = s, as desired. n

Sometimes it is easy to see that player I has a winning strategy in G(7T,0,u + 1)—for
example if 7" is isomorphic to a subtree of 7Z . In this case player I is offered a splitting pair
{s§,s{} at every round o+ 1, and can simply choose s,+1 € {s§, s{'} to be one so that there
exists § € (sup{lh(s,) : v € a},1h(s,)) with s,(8) = 1, which must exist. This must be a
winning strategy because if player I1 could play at the u'® round in particular, she must
play {sf,s|} with [{a € Ih(s!) : sf'(«) = 1}| > p for i € {0,1}, which is a contradiction.
Somewhat surprisingly perhaps it turns out that, in the case of trees with levels of size < p,
these are exactly the trees in which player I has a winning strategy. To prove this, we define
first a game similar to G(T, sg, ¢), but which is more difficult for player I to win and does not

share all of the properties of G(T', s, d), for example the connection to the Cantor-Bendixson

process on trees 1.2.11, that we have discussed.

Definition 1.5.5. Let s be regular, T C <*2 be a tree, and sy € T'. Define the two player
game of length § < k starting at so played on T', G5(T, so,0) to be the same as G(T), sg, 9)
except that at every round /5 € 9, player [ is forced to play as = sup{lh(s,) : v € f}. That
is, player I no longer chooses levels at any stage—he only chooses nodes at successor stages
(and at limits e.g. plays the supremum of the levels played already). Accordingly, when

describing play in this game we often ignore any ordinal plays by player I and just imagine
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that at successor stages player I chooses a node, and at limit stages does nothing.

Remark 1.5.6. For y < r, it may be that Go(T,0, u + 1) and G(T,0, u + 1) behave quite
differently. For example, suppose T = {s € <*2 : [{a € [p,k) : s(a) = 1}| < w}. Then
T is an everywhere splitting tree coding a closed subset of 2%, and it is easy to see that
player 1T has a winning strategy in Go(7T,(, 4+ 1), while player I has a winning strategy in

G(T,0,u + 1). Indeed, player I has a winning strategy in G(T,0,w + 1).

Proposition 1.5.7. Let k = pu* with u regular, and let 7' C <2 be a cofinally splitting
tree such that for every a € k, |Lev,(T)| < p. Then player I has a winning strategy in

G(T,0, 4+ 1) if and only if player I has a winning strategy in Go(7T, 0, 1 + 1).

Proof. Player I can use a winning strategy in Go(T, 0, 1 + 1) to define a winning strategy
in G(T,0,u+ 1), so we only need to see the other direction. Let 7 be a winning strategy
for player I in G(T,0,n + 1). This argument resembles the diagonalization across models
method used in 1.5.4. The idea is simple: diagonalize against every node at the levels of
the tree dictated by 7 as long as player /1] is playing below these levels, then follow 7 when
player IT plays above. Suppose 7(0) = ag. Let fo : u — Lev,,(T') be a surjection so that
| £~ [s] N suce()| = p for every s € Leva, (T). As long as player IT plays {s5,s5} so that
Ih(s§) = lh(s3) < aq, let player I choose seyq € {s5, 55} so that s is not an initial segment
of f(§+1). If player II plays all of her moves below level oy, then this describes a winning
strategy for player I by diagonalization. Otherwise, let 5, be minimal so that the splitting
point of {s§°, sfo} is at a level > «p. In this case, let player I play sg,4+1 corresponding to
the play that 7 would dictate following a first play by player IT in G(T, 0, un+1) of {sgo, sfo}
following 7(0) = a. That is, suppose 7((0, {s5°, s%°})) = {a1, 51} and let s5,41 = s1. Next,
let f1 : p — Levy, (T) be a surjection so that |f~1[s] N succ(u)| = p for every s € Lev,, (T).
Much as before, as long as player IT continues to play {s5, s$} so that lh(s§) = Ih(s}) < ay,
let player I choose seyq € {s5,5} so that s¢y; is not an initial segment of f(¢ 4 1). Here

of course, & > [y + 1. Let B; > [y be minimal so that the splitting point of {sgl,s/fl}
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is at a level > «;. As before, let player I play sg,4; corresponding to the play that 7
would dictate in G(T, 0, u + 1) following (0, {s2°, s7}), (s1, {so*, s'})). That is, suppose
T(((0,{s5°,5%°1), (s1, {s0", s }))) = {2, 55} and let 55,1 = so. If at some limit stage 7 in
playing Go(T, (), 1+ 1) we have reached a limit stage v < v in the G(T, 0, u+1) game, player
I simply proceeds to diagonalize against all nodes in Levaw, (T') until player I1 plays a pair of
nodes which splits at or above level c.,,. It is clear that player I can proceed in this manner.
Towards a contradiction, suppose that player IT is able to move, say {s,s|'}, at stage p.
There are two cases, either the game we have been playing in parallel in G(7T,0, u + 1) has
run to stage p+ 1 also and player 11 is able to play here, which is a contradiction because we
assumed that 7 is a winning strategy, or for some minimal £ € p, sup{lh(sg) : 5 € p} < ae.
Suppose first that sup{lh(sg) : 8 € p} = ae. If £ is a successor, then by minimality player
I in Go(T,0,u + 1) eventually has begun the stage of his strategy where he diagonalizes
against all nodes in Lev,, (T'), which is a contradiction. So we may assume that £ is a
limit ordinal. Because p is regular, it cannot be that sup{lh(sg) : § € p} = ag, so we
may assume that sup{lh(sg) : f € p} < ae. Furthermore, by minimality it cannot be that
sup{lh(sg) : B € u} < sup{a, : v € &}, so sup{lh(sg) : B € u} > sup{e, : v € £}, and again
because p is regular it must then be that sup{lh(sg) : 5 € u} > sup{e, : v € £}. However,
this means also that player I in Go(T, (), 1+ 1) eventually has begun the stage of his strategy

where he diagonalizes against all nodes in Lev,, (T'), which is a contradiction. O

Theorem 1.5.8. Let p < k be regular and let 7" C <*2 be a cofinally splitting tree. Then

player I has a winning strategy in Go(T, 0, u+ 1) if and only if T is isomorphic to a subtree
of TZ,.

Proof. As mentioned previously if 7" is isomorphic to a subtree of T2, then player I has a
winning strategy in Go(T,(, n+ 1) by choosing “a node with a new 17 at each stage. On the
other hand, let 7 be a winning strategy for player I in Go(T, (), u+1). We build an embedding

J from T into T%,,. This embedding will be the union of a sequence of coherent embeddings
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(fs:T1(B4+1) =T, I (B+1): 8 € Cof(u) N k) induced from a sequence of maps (fs :
Levs(T) — Levg(T%,) : B € Cof(u) N k). By coherent we mean that if 5 € 8’ € k are both
of cofinality j, then fg/(s) = fs(s) for every s € T | (8+1). Furthermore, these embeddings
will preserve length, that is for every s € T and 3 € Cof(u) N [Ih(s), ), h(fs(s)) = lh(s).
Clearly then if f is the union of the fs for § € Cof(y) Nk, f will be an embedding from
T into TZ,. To simplify the setting, note that if 7 is a winning strategy for player I in
Go(T, 0, 1+ 1) then we can easily form a winning strategy 7’ for player I in Go(T", 0, + 1),
where 7" is obtained from 7' by adjoining a copy of T%, splitting above any node which
doesn’t split in 7', and so we may assume without loss of generality that T is everywhere
splitting. So, let 8 € Cof(u) Nk and let s € Levg(T"). We first define the canonical maximal
run of the game 7, following 7 below s by recursion. This is similar to the construction
used in 1.5.4 but is done in a more uniform way. Depending on whether or not the final
round is a successor or a limit, T5; = (B, {s9, s9}), (s1, {58, 51 }), -+, (se—1, {57 857D, (s¢))
or T; = ((0,{s), s1}), (s1, {80, 51}), -+, (89, {88,81}), ... : v € &), respectively. This T; has

several special properties:

1. Every splitting pair in this run offered by player /1 is on a successor level and the two
nodes in the pair agree up to their predecessor, that is for every v € £, there exists

oy, €  such that {sg,s]} C Leve, 11(T) and s§ | a, = 5] [ .

2. This run is below s in the sense that for every v € &, s | (a, +1) € {s],s]} and

Sye1 =5 [ (ay +1).

3. This run follows 7 in that for every v € & 7({(0,{s§,s0}),..., (D or s,,{sd,s1})) =
Sy+1. This 0 for player I'’s play in round 7 indicates that if v is a limit, player I does

not choose a node.

4. This run is canonical in that for each v € £, o, is minimal with the property that there

exists a splitting pair as in properties 1. and 2. on level o, + 1 such that 7 chooses
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along s. That is, a, is minimal such that there exists {sj,s{} C Lev, 41(T) as in

properties 1 and 2. with 7(((0,{s),s3}), ..., (0 or s,,{sg,s1})) = s | (@, +1) = s,41.

5. This run is maximal below s in that for every {s5,s}} C Levs,1(T) as in properties 1

and 2. for 6 € f offered by player /1 in round &, 7 chooses sgp1 # s [ (0 + 1).

Because cf(3) = p, similar arguments to those in 1.5.4 show that £ € u. Define f5(s) € #2
to be the function which maps a, to 1 for every v € £ and maps all other ordinals in 3 to
0. Note then that fg : Levg(T) — Levg(T%,). Next, let s € T' [ f+ 1. T is pruned, so there
exists s’ € Levg(T) with s’ | Ih(s) = s. Define fs(s) = fs(s') | Ih(s). We need to see that
this function is well defined. Suppose {s,s"} C Levg(T) with s’ | lh(s) = s” [ lh(s) = s.
Let 1h(s" A ") = 0. Without loss of generality suppose that (s'As”) ~0=4¢"T(d+1) and
(Ns")"1=5"1(d+1). Let the 04;97"5 and af{”s be defined in the usual way according to
Ty and Tyr, respectively. Note that for some v € £, the canonical maximal runs following 7
below s’ and s” agree up round ~ with af; = af]// for every n € ~, but differ at round v, where
exactly one of the {ai, 0@”} will be equal to §. This is because at that round, 7 will choose

N

exactly one of {(s' A s”) 70, (s" As”) 7 1}. To illustrate, without loss of generality suppose
that 7 chooses (s’ A s”) ™ 0. Then Ty = ((0,{s),s%}), (s1, {sb,s1}),..., (s, or 0, {sg =
(s As") 720,87 = (8 AS") 1Y), (5901 = (8 A8") 70, {sg™, s, ) while Tor =
(40, {3 8910, (51, {5b 511 {5y 00 B, {7 # (' AS") 0,67 £ (5 AS) TH), (4 = o |
I(s7), {5474, $07H 1), Then fu(s) 16 = fo(s") 16, but f5(s')(8) = 1 and fy(s")(6) = 0.
However, by assumption lh(s) < & so fs(s) = fs(s') | Ih(s) = fs(s”) | lh(s). Therefore
fo:T T (B+1) — T2, 1 (B+1) is well defined, and so to show that it is an embedding we need
only to see that it is injective. For this it suffices to show that if {s’, s"} C Lev( (T | (8+1))
for some ¢ € B+ 1, fa(s') # fs(s"). However, by the same argument as we just gave for
why f5 is well defined, one may observe that fs(s') | Ih(s' A s”) = fz(s") | Ih(s’ A s”) but
f3(s)(h(s" A 8")) # fs(s")(h(s" A 8")). Now, if B € 3’ € k are both of cofinality y, then

for s € T | (B+1), let s € Levg(T) with ¢’ | lh(s) = s and let s” € Levg(7T') with
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s” 1 lh(s") = s’. By the uniform way that we have defined the Ty and Ty runs, it is clear in
particular that fz(s') = fs(s'), so in fact fs(s) = f5(s') | Ih(s) = fa(s") | Ih(s) = fa(s).
Finally then, letting f be the union of these f_g embeddings, f: T — TZ, is an embedding,
as desired. O

Corollary 1.5.9. If u € k are regular cardinals and 7" C <*2 is a cofinally splitting tree with

|Levo (T)| < p for every o € £ (so we must then have k = u™), the following are equivalent:

1. Player I has a winning strategy in G(T,0, u + 1).
2. Player I has a winning strategy in Go(7T, 0, + 1).

3. There exists a pu-club C C [Hy]" of T-guessing submodels M < Hj for some sufficiently

large 6.

4. T is isomorphic to a subtree of TZ,,.

Proof. Follows immediately from 1.5.4, 1.5.8, and 1.5.7. O

1.5.1 Determinacy of the cut-and-choose game

Let k be a regular cardinal and let 7' C <"2 be a tree. As remarked previously, it is true that
G(T,0,w) is determined, but it may be that G(T,0,0) is undetermined for some § > w + 1.
Similarly if 7' codes a closed subset of 27, for every zo € [T], G(|T], x¢,w) is determined,
but it may be that G([T],z¢,0) is undetermined for some 6 > w + 1. In this section we
give several examples of both of these situations, and later also give examples (with trees
coding closed subsets of 2% of course) where the determinacy of the cut-and-choose game
and Vaananen’s game are quite different. The structure theorems 1.5.4 and 1.5.8 make it
easy to construct, for example, trees where G(T, 0, u+ 1) is undetermined. However, we also

give some examples in this section of (weaker) results, such as 1.5.12 and 1.5.13, in order
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to illustrate different methods. Our first example of an undetermined tree (and closed set

which it is coding) is a slight generalization of one given by Véénénen in [69].

Example 1.5.10. Let p € s with p<* = pu. Let S C Cof(u) N K be stationary such
that (k\ S) N Cof(u) is also stationary. Let T' = {s € <*2 : {a € lh(s) : s(a) = 1} C
S is closed under p-sequences}. Note that T is an everywhere splitting tree coding a closed
subset of 27. Then G(T,0, 4+ 1) is undetermined and for every xq¢ € [T], G([T], o, n+ 1) is

undetermined.

Proof. Suppose towards a contradiction that 7 is a winning strategy for player I in G(T, (), u+
1). Let {T,7,u} € M < Hy with 6 sufficiently large, <#M C M, and |M| = u. Let
f o — oy be a strictly increasing cofinal map. Have the two players play a run of the game
in M where at every stage v € p, player 11 selections {s], s]} C M so that lh(sjAs]) > f(7)
and there exists 5 € (v, h(s] A s])) with s](5) = s](5) = 1. Clearly this is always possible
and because 7 is a winning strategy, it must be that d,; € S, as otherwise player 11 would
win this run of the game. However, the collection of §,; for such models M is unbounded
and closed under increasing sequences of length p, but this is impossible as we assumed S is
stationary. If 7 is a winning strategy for player I1 in G(T, 0, u + 1), the proof is similar: fix
a model M containing all relevant objects of size p closed under sequences of length < p and
have player I play a sequence of ordinals in M which are cofinal in d,; and pick a node in the
splitting pair with a 1 above the path constructed so far. Then necessarily d,, € S, which
is a contradiction as (k \ S) N Cof(p) is stationary. The proof to show that G([T], zo, p+ 1)
is undetermined is similar—one must just make sure that the relevant players again play

objects in M. O

It is necessary for the above example to work that the tree has certain large levels, e.g.
|Levg( (T)| = 2#. An everywhere splitting tree coding a closed subset of 2° has |Lev,(T)| >

a+ w for every o € k. A natural question then is if we can have (u + 1)-undetermined trees
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with levels of the smallest possible cardinality. Suppose for concreteness that y = w and
k = wi. Of course if T' C <“12 is an w;-tree, then player /] cannot have a winning strategy
in G(T,0,w + 1) because e.g. by repeated application of this strategy within a countable
model, one can build a copy of <“2 cofinal in T [ dps, so |Levs,, (T)| = 2¢. Similarly for
Vaananen’s game. So for wi-trees, player /I never has a winning strategy in the games of
length 6 > w + 1, and so whether or not player I has a winning strategy is of interest. In

[69], Vddnénen proves the following:

Example (from [69]) 1.5.11. Let P be the forcing from a model of 2¥ = w; to add a
Kurepa tree T with countable conditions due to Stewart [63] and written up by Jech [37].
Then if G is (V,P)-generic and 7" is the Kurepa tree added, in V[G] for every zq € [T, player

I does not have a winning strategy in G ([T, zg,w + 1).

It is not difficult to see that the tree built as above is also such that G(T,0,w + 1) is
undetermined. The idea is that at countable limit stages in the construction of the tree,
certain maximal paths are extended generically, in such a way that player / cannot predict

which ones will be. With this intuition, one might also expect the following.

Example 1.5.12. Suppose (2 = w;)V and let G be (V,Fn(wi,2, < wi))-generic. Then
there exists an wi-tree T € V[G] such that T C <12, V[G] = V[T], and G(T,0,w + 1) is

undetermined.

Proof. Let G be (V,Fn(wy,2,< wy))-generic and let fo € “12 be defined by fg(a) = 1 if
and only if for some p € G with a € dom(p), p(a) = 1. Work in V[G]. Define T C <2
by recursion. If s € Lev,(T), let {s 70,5 7~ 1} € Leva1 (7). If a € lim(wy), let Lev,(T')
consist of every s € “2 such that s [ 8 € Levg(T') for every 8 € a and either for some 5 € «,
s(y) = 0 for every v € [B, ), or if s(8) = fa(a + B) for every f € a. It is not difficult to
see that T is an everywhere splitting w;-tree—7T is formed by taking direct limits at every

limit stage except for possibly adding a single additional path, by consulting f;. Working
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now in V', suppose towards a contradiction that 7 is a name for a winning strategy for player
I in G(T, 0,w+1). Tt is not difficult to see that we can construct by recursion a sequence

((Pn, Ony Sny {54, sT}) = n € w) such that

1. (p, : n € w) C Fn(w,2,< wy) is <-decreasing and dom(p,) € Ord such that

{an,h(s,)} € dom(p,) for every n € w,

2. {sg,s7} C T%, is a splitting pair extending s,,_; € 7%, with Ih(s{ A st) > dom(p,),

and

3. Pn I 7L<<<a0’ {387 5(1J}>7 <{a17 Sl}v {Sé, S%}% SRR <{an—1’ Sn—1}> {38_17 S?_1}>>) = {anv Sn}'

Let p, = U pn € Fn(wy,2, < wy), suppose a = dom(p,,), and let s = |J s, € “2. If p/, < p,,
is deﬁnednlea; P,(B) = pu(B) for every 5 € «, and p (a + ) = s(g)eufjor every f € a (so
that dom(p/,) = a + «), then one may observe that in fact p/, forces that 7 is no longer a
winning strategy for player I in G (T, (), w+1), because it fixes an initial w-run of the sequence
constructing a path of length o which is made no longer maximal in 7' by consulting fg,

i.e. player IT will be able to play in the w'® round. It is also clear that V[T] = V[G] in this

case. L]

It is well known that for x a successor, adding a subset of x with functions of size < k, i.e.
forcing with Fn(k, 2, < k), forces ¢, (and indeed forces {,(S) for any S C k stationary in
V). Working again in the specific case where k = wy, if 2¥ = w; then a strategy for player
I'in G(T,0,w + 1) may be coded by a subset of wy. ¢, then allows one to act in much the
same way as in 1.5.12 to decide at limit stages in the construction of an undetermined tree

which cofinal paths to make no longer maximal.

Example 1.5.13. Suppose that ¢, holds. Then there exists an everywhere splitting w;-tree

T C <12 such that G(T,0,w + 1) is undetermined.
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Proof. Suppose that O, holds (so also |<“*2| = wy) and let (A, : a € lim(w;)) witness this.
Note that for any tree T C <12, a strategy 7 for player I in G(T,0,w + 1) is a function
which takes a countable (and if the tree is cofinally splitting and the strategy is winning,
finite—because in this case player I winning cannot occur if the path constructed to stage w
is not maximal) string of objects which are either ordinals or nodes or pairs of these objects
and returns a pair (except at stages 0 and w) consisting of a node and an ordinal. The
collection of all such strings of objects then has size w;, and so 7 may be coded as a partial
function from w; to wy via bijections g, h from dom(7) — wy and rng(7) — wy. Via a further
bijection f from w; X w; — wp, 7 may be coded as a subset of w;. First, build 7" C <«12
by recursion. If s € Lev,(T), let {s ™ 0,s ™ 1} C Lev,1(T). At limit stages a, if A, C «
is the code (via f, g, h, etc.) for a partial strategy for player I in the natural game on the
tree constructed so far, G(T | «,(,w + 1), and furthermore this partial strategy is sufficient
to construct an w-length run of the game cofinal in T' [ « with player I following 74, the
partial strategy corresponding to this code, then choose one such run of the game and if
s C T | « is the resulting path of length «a, let s € Lev,(T) too. Just as in 1.5.12 then,
this tree is constructed by splitting everywhere and taking direct limits at every limit stage
except for possibly adding a single additional path, by consulting (A4, : o € lim(w;)). Let
7 be a strategy for player I in G(T,0,w + 1). Then via f, g, h, etc. 7 may be viewed as a
subset of wy, X,. By elementarity, it is not difficult to see that for any M < Hy a countable
submodel with {7, f, g, h, etc.} C M, X, Ndy is a code for a partial strategy for player I
in G(T | 0pr,0,w + 1) which is capable of constructing a cofinal (in T' | d/) w-length run of
the game with player I following 7x ns,,. The collection of d); for such M is club in wy, so
there must exist some such d;; so that As,, = X, N dy. However, then an w-length run of
the game with player I following 7 is possible which ends up along a cofinal path s CT' [ d,,
which is not maximal, i.e. s € Levs,,(T). So because T is cofinally splitting, no matter what

7 chooses as «a,, player I loses.

One may also construct such a tree from ¢,, in a slightly different way, using the same
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idea that is used to construct from <>:51 a Kurepa tree. In that case, the Ojl—sequence is
used to build a tree where on a club of limit levels 4, “so many” cofinal paths in T' [ § are
made no longer maximal (but still countably many) that in the end |[T]| > we. One way to
be precise about this is with a discontinuous sequence of countable elementary submodels,
each containing certain relevant objects, which is what we do here. While it is not the
case that ¢, is sufficient to construct a Kurepa tree (for example, ¢, holds in the Lévy
model where an inaccessible is collapsed to wy with countable conditions, but there are no
Kurepa trees), we can use a {,, sequence to build a tree where on a club of limit levels
0 “enough” cofinal paths are made no longer maximal. So, as before fix our ¢,, sequence
(Ay : a € lim(w;)) and functions to code strategies as subsets of wy, f, g, h, etc.. Form
a sequence of countable submodels (M, : « € lim(w;)) such that for every a € lim(w,),
{f,9,h,(As : @ € lim(wy)), + 1, ete.} € M, < Hp and (Mjs : § € aNlim(w;)) € M,. Let
T C <“12 be the everywhere splitting wi-tree formed by recursion on limit levels by letting
Levo(T) = {xz : @ € MyNP(a) and x, | f € Levg(T) for 5 € lim(w;) Na} for a € lim(wy).
Let 7 be a strategy for player I in G(T, (), w+1), corresponding to X, C w;. Then in particular
for some stationary S C lim(lim(w;)), X; N = A,. However, {T | a, A,, ...} € M, and so
M, can construct within itself an w-length run of the game with player I following 7 cofinal
in T' | « such that the path built by the two players is an element of M,. But then this path

is not maximal in 7', so 7 is not a winning strategy. O

Remark 1.5.14. The same ideas as in 1.5.13 can be used to build, for u regular and a
Ou+-sequence, a pt-tree T C <i"9 where player I does not have a winning strategy in

G(T,0, pn+ 1).

In 1.5.12 and 1.5.13, it may have seemed important that at limit stages of the tree’s con-
struction we had some device to decide which cofinal paths to extend, either a sequence
built generically in a certain way (as in 1.5.12) or a sequence which is able to guess partial

strategies for player I for the tree built so far and make sure that they cannot be partial
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strategies of a winning strategy (as in 1.5.13). Indeed, even if the O, sequence is weak-
ened to something like &, , the proofs as stated in 1.5.13 will apparently no longer work.
However as mentioned, due to the structure theorems 1.5.4 and 1.5.8 it is, in fact, very easy
to construct trees where, e.g. player I does not have a winning strategy. We give some

examples.

Example 1.5.15. There exists a pruned everywhere splitting wi-tree 7' C <“12 such that

player I does not have a winning strategy in G(T,0,w + 1).

Proof. Fix (C, : a € lim(w;)) such that C,, C « is cofinal and otp(Cy) = w. Let T C <12
be the tree induced by the characteristic functions for these C, viewed as subsets of wy, that
is T" = {s € <12 : Ja € lim(w;) such that x¢, | lh(s) = s}. Let T be formed from 7"
by adjoining a copy of TS}, to every non-splitting node. Because the order type of every
Cy is w, for every a € wy, [{xc, [ @ : B € lim(wi)}| < w, so it is not difficult to see that
T is a pruned everywhere splitting w; tree. Note that for any countable model M < Hy
with "€ M, T | 6y € M and x¢;,, | m € Levs,,. However if for some b € M N [T,
b | 0m = Xc;,, | Om, then the unique ordinal 3 such that otp{a € f:bla) = 1}) = w
must be in M, but this ordinal is d,;, a contradiction. Thus M is not T-guessing, so by
1.5.4, player I does not have a winning strategy. If one wants to define such a tree by
recursion on levels, this is easy also: if a € Lev,(T), let {s 70,5 ™ 1} C Levay1(T) and for
a € lim(wy), let Lev,(T") consist of a single s € 2 such that s | 5 € Levg(T) for every 5 € «
and otp({f € «a : s(B) = 1}) = w, which we will always be able to find, along with every

s € “2 such that s | § € Levg(T) for every 5 € o and for some 3 € «, s(y) = 0 for every

v € B, a). O

Example 1.5.16. Let p~* = p and let k = p*. Then there exists a pruned everywhere
splitting tree T C <*2 with |Lev,(T")| < p such that player I does not have a winning

strategy in G(T,0, u + 1).
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Proof. Fix (C, : a € Cof(u) N k) such that C, C «a is a club in « of order type p. Let
T = {s € <*2: Ja € Cof(u) N k such that yo, [ lh(s) = s}. Note that |Levs(T")| < p for
every § € k because |d|* < u. Let T' be formed from 7" by adjoining a copy of T%, to every
non-splitting node. If M < Hy with {u,T,etc.} C M, |M| = p, and <*M C M, note that
(XCsM ['dp) | B € M for every B € &y, but clearly no branch in M can extend XCs,, | Om-

So by 1.5.4, player I does not have a winning strategy in G(T',0, u + 1). O

Example 1.5.17. Let p~* = pu and p < k. Then there exists a pruned everywhere splitting
tree T C <#2 with |Levs(T)| < |0]* for every ¢ € [ut, k) such that player I does not have a

winning strategy in G(T,0, u + 1).

Proof. Fix a p-stationary set S C [Hy]* of models M < Hy with {u, k,etc.} C M, |M| = u,
and <¥M C M. By p-stationary, we mean that S has nonempty intersection with every
p-club C' C [Hg]*. For every § € Cof(u) Nk, let Df = {M Nk :dy =3 and M € S}. Fix
(Co : o € Cof(u) N k) such that C, = {CM . M € D3} C [a]* where for each CM € C,,
CM C M Nkisaclub in a of order type p. Let T" = {s € <*2 : for some o € Cof(u) N
kand M € D3, xcn | 1h(s) = s}, and let T be formed from 7" by adjoining a copy of
T*, to every non-splitting node. For every 6 € [u*, k), because |D§| < |[§|* and p<* = p,
[Levs(T)| < [6]*. Now if M € S, then (xc;,, [ om) [ B € M for cofinally many 8 € dr, but
no branch in M can extend XCs,, I dar, so by 1.5.4 player I does not have a winning strategy
in G(T,0,u + 1). The reader interested in whether or not |D5| can be made to be of small
size, depending on S, will be led to the notion of skinny stationary subsets of P.\, which

has been recently explored in [49]. O

For T C <%2 a tree, a node s € T on a level of cofinality > §, and a winning strategy 7
for player I in G(T,0,0 + 1), the idea of a <-minimal maximal run of the game following 7
below s as used in 1.5.4 can be used to show that player I never has a winning strategy in

trees with many branches.
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Proposition 1.5.18. Let x be regular and 7' C <*2 be a tree with |[T']| > |T'|. Then player

I does not have a winning strategy in G(T, 0, k).

Proof. 1t |[T]| > |T|, we can find a cofinally splitting subtree 77 C T with |[T"]| > |T|, so
assume without loss of generality that T is cofinally splitting. Suppose towards a contradic-
tion that player I has a winning strategy 7 in G(T,0, ). Fix a sufficiently large 6 and fix
(Hyp, <, ...), where < is a well-ordering of Hy so that {T', 7, etc.} C Hy. For every b € [T
as in the proof of 1.5.4, we can construct the <-minimal maximal run of the game ¥}, ac-
cording to 7 along b. Specifically, T, = ({({ao}, {s), s1}), a1, 51}, {s0,51})s- - -, ({ae, se})),
where g = 7(0), {a1,51} = 7({ao},{sd,s%})), etc.. It may be that the final move
made by player I, which we have written here as {ag,s¢}, is simply {a¢}, which will
be the case if { is a limit ordinal. As before, s, = b [ lh(s,) for every n < &—
that is we insist that this is a play along b. We also insist that this play is maximal
along b, by which we mean that no matter what move player I/ makes next, 7 dic-
tates that player I choose a node incomparable with b. Specifically, if £ is a successor,
then {ag, sc} = 7({({ao}, {58 1), ag1} or {agrsei} {57, si1) and no mat-
ter what pair {sg, sf} C M player I1 plays, 7 dictates that player I chooses s¢4q € {sg, sf}
so that sey1 # b | 1h(sgq1). Similarly if € is a limit, for {ag} = 7({({{aw}, {s], s7}),...)), no
matter what pair {sj, 55} player IT plays, 7 dictates that player I chooses s¢ 1 € {s5,53} so
that seyq # b [ lh(sey1). Finally, we insist that 7 is <-minimal in the sense that at every
round 7 € &, player IT plays the <-minimal splitting pair {s{, s7} so that player I following
7 continues to play along b. Note that £ € k because T' is cofinally splitting,  is regular,
and we have assumed that 7 is a winning strategy for player I in G(T,0, k). Now to each
b € [T], consider 7;, and let s, be the maximal path along b determined by T (that is if £
is a successor, s, = s¢, and if £ is a limit, s, = |J s,) and o, = «g, that is the final ordinal
played by player I in T;. Because |[T]| > |T| agiﬁ{{s,a} :s € T and a € k}| = |T, there

must exist some {s,a} and a subset A C [T] with |A| > |T| such that for every b € A,
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{sp,p} = {s, a}. However, suppose that {b,t'} C A. By <-minimality, it is clear then that
in fact T, = Ty (the <-minimality is necessary, because without it two plays of the game
could end up having the same final round but different intermediate rounds). By maximality,
we must then have Th(b A ') € [lh(s), «). However, because |Lev,(T)| < |T| < |A|, we must
have for some A" C A with |A’| > |T'| that for every b € A, b | a = &' for some §' € Lev, (T,

which is a contradiction. O

1.5.2 Digression on the determinacy of trees without branches

Suppose that p € k are regular cardinals and T' C <*2 is a cofinally splitting tree. By 1.5.4,
if player I has a winning strategy in G(7, (), 1+ 1) then there exist some T-guessing models
M of size p. For any such model M, any s € Levs,,(T') such that s [ f € M cofinally can
be extended to a branch in [T]. So in particular, [T] # (. Therefore, if [T] = () then player
I does not have a winning strategy in G(T,0, u + 1) for any regular p € k. Examples of
such trees were given in 1.1.62. Here we see then that the examples in 1.5.15 and 1.5.16 are
redundant because if T' is a k-Aronszajn tree then player I does not have a winning strategy
in G(T,0,u+ 1), and if p=* = g and kK = p*, then there exists a k-Aronszajn tree (for a

construction using Todorcevié¢’s method of minimal walks, see [66]).

Also if |Lev,(T)| < p for every a € k, then if player I does not have a winning strategy in
G(T,0, 40+ 1), by 1.5.8 and 1.5.7, T' does not embed into 7% ,. For example, if x = y* and
T is a r-Aronszajn tree, then 7' does not embed into 7% ,. We originally observed this by

another method, as follows. We first need a preliminary proposition.

Proposition (From [47], Anticipated by [39]) 1.5.19. Let « be regular and let 7" C <*2
be a tree coding a closed subset of 2%. Then [T] C #2 is k-compact if and only if T is a k-tree
which does not contain any k-Aronszajn subtrees. The proof is the same in the k-Baire

space, that is if T' C <"k instead.
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Proof. We observed this proposition independently. We give the relevant direction for us now,
that is that if 7' isn’t a k-tree or contains a k-Aronszjan subtree then [T7] isn’t k-compact. The
interested reader may consult [47] for the reverse direction. Note first that if 7" isn’t a k-tree
then the open sets generated by the nodes on a level of size > & constitute an open cover of [T]
of size > k with no (< k)-sized subcover. Next, suppose towards a contradiction that there
exists S C T a k-Aronszjan tree. Let B={t € T : t ¢ S and for every o € 1h(¢),t [ « € S}.
Because [S] = 0, for each x € [T] there exists a unique «, € kK so that z [ «, € B.
Furthermore, if 21, x5 € [T| with 21 # x9, then x; | a,, and 3 [ ay, are either incomparable

or the same. Therefore {O,q, : © € [T]} is a disjoint open cover of [T]. However, because S

x

has height x and Tir) = T, {a, : ¢ € [T]} C & is unbounded. So {Oyjq, : « € [T} is then an

open cover of [T of size k which has no (< k)-sized subcover. O

Proposition 1.5.20. Let i € x be regular cardinals. Then 7%, has no k-Aronszajn subtrees.

Proof. We show that if 7" C TZ , is a k-tree coding a closed subset of 2% such that for every
t €T’ b € [T'] where bi(a) = t(a) for every o € 1h(t) and b;(a) = 0 for every a € [lh(t), k),
then [T"] is k-compact. This suffices by 1.5.19, because any k-Aronszajn subtree of T is a
subtree of such a k-tree T” coding a closed subset of 2. Let O = {O;,_ : @ € k} be an open
cover of [T"], where for every a € k, t, € T" and O;, = {z € "2 : x | lh(t,) = t,}. For each
a €k, let O, ={0; € O:1h(t) < a}. Because T" is a k-tree, |Q,| € k. Suppose towards a
contradiction that no @, is an open cover of [T”]. Then in particular, for every a € Cof(p) Nk,
there exists b, € [T"] such that b, & O, for every O, € Q,. Define b/, € #2 by b/, () = b,(0) for
every 0 € awand b (0) = 0 for every § € [a, k). Then b/, € [T'] and it must also be that b/, & O,
for every O; € Q,. Define f : Cof(u) Nk — & by f(a) =sup{B+1 € x: b, () =1} € a,
and the corresponding f : {b, : a € Cof(u) N} — T’ by f(b.,) =¥, | f(a). Because f
is regressive on a stationary set, for some stationary S C Cof(u) Nk, f”S = {£} for some

¢ € k. But |Levg(T")| € k so for some A € [S]® and t € Leve(T"), f(b),) = t for every

a € A. However, then for some b € [T}, for every a € A, b, = b, but then b & J O, a
0:€0
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contradiction. O

Remark 1.5.21. Suppose « is regular. An argument similar to the one in 1.5.20 can be
used to show that very thin trees always have branches. Specifically, if T C <"2 is a tree of

height k such that for some p € k, |Levy(T)| < p for every a € k, then [T] # 0.

Proof. Assume without loss of generality that 7" is pruned, so that (|Lev,(T)|:a € k) C K
is a non-decreasing sequence of cardinals. It must then be that if p is minimal such that
|Levy(T)| < p for every o € R, p is a regular cardinal. For every a € Cof(u) N &, fix
So € Levy(T). Because |Lev,(T)| € p, there exists § € a such that lh(s, A s) € § for every
s € Levy(T) \ {sa}. Let f(a) = B, and so there must exist a stationary S C Cof(u) Nk
such that f”S = {¢} for some £. But then for some A € [S]* and 3¢ € Leve(T), sq [ £ = S¢.
However, if {a,f} € A with o € (3, then we must have sg | o = s,, because otherwise
€ > 1h(sa A (sg [ ), but this is impossible because 3¢ is an initial segment of both s, and

sg | a. Therefore by = {s € <"2: for some o € A, s = s, [ 1h(s)} € [T], as desired. O

1.5.3 Comparison with Vaananen’s game

Because strategies for player [ in Vaananen’s game involve objects which are large—player 17
is playing branches through a tree instead of splitting pairs in the tree—player I sometimes
can have a winning strategy in Vaananen’s game but not in our cut-and-choose game. Of
course, we have also seen some examples where this doesn’t happen, like in the model
obtained by Lévy collapsing A to ™ with conditions of size < k where the two players play
games of length x, or for shorter games as in 1.5.10 and 1.5.11. On the other hand, in
1.5.18, we saw that in particular for k-Kurepa trees, or even weak x-Kurepa trees, T', player
I does not have a winning strategy in G(T,0, ). Consistently much different behavior can

be exhibited by Vaananen’s game:
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Theorem (from [69], method due to Woodin) 1.5.22. The ezistence of a Kurepa
tree T C <“12 coding a closed subset of 2“' such that player I has a winning strategy in

G([T), xo,w + 1) for every xy € [T] can be forced from a model of 2¥ = w.

The proof of 1.5.22 uses an augmented version of the forcing to add a Kurepa tree with
countable conditions as in 1.5.11. This augmentation takes the form of forcing ordinal-
valued “rank” functions, which are strictly decreasing along initial plays along branches
when following a winning strategy, and in a sense these rank functions may be viewed as
having an affinity with the maximal plays along nodes and branches in our cut-and-choose
game which were used to show e.g. 1.5.4, 1.5.8, etc.. However as mentioned earlier, an
analogous argument to 1.5.22 clearly cannot work for the cut-and-choose game, and indeed
upon careful inspection one will notice that when using countable conditions one may no
longer, for example, be able to ensure that the forcing is o-closed, while if attempting to use
finite conditions one may not be able to ensure using a c.c.c. or properness argument that

e.g. wj is not collapsed either.

1.6 k-topologies over 2*

By identifying elements of P(x) with their characteristic functions as in 1.1.18 it makes sense
to consider d-scattered subsets of P(k), d-perfect subsets of P(k), etc.. We now discuss one

way of extending these definitions and associated analysis to subsets of P,A (in particular).

1.6.1 P.)\-forests and the x-box topology over 2*

In the 2% context of previous sections it was natural to consider the x-box topology. In

1.1.35, as long as k is regular, we saw that the k-box topology over 2" is characterized
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by saying that closed sets are exactly those sets which are bodies of trees in <®2. More
generally if K < AT, it is natural to consider the x-box topology over 2*, and we can observe
an analogy to this characterization in these settings (even if k is singular), with the tree
being replaced by another type of object. When A (or more generally an arbitrary set X) is
clear from context, we use 729X to denote the x-box topology over 2*, and will use notation

OX is a collection of open subsets of 2*,

which relies on the understanding that formally 72
i.e. 789X C P(P())). Here of course \ is always fixed or clear from context, and again we
often identify 2* with *2 with P()) for notational convenience or where most appropriate. A
natural generalization of a tree to an object whose levels do not need to be identifiable with
ordinals but can be arbitrary elements in P\ is the following, which seems to have been
originally termed a (binary) mess by Jech ([36]). It, or related objects, have also been called
(K, A)-trees ([25]), (k, A, 2)-forests ([23]), or (the downward closures of) P,A-lists ([70]). Not

being initially aware of any of this nomenclature, we chose the term P,\-forest, which we

will adopt here. Again, in most of the following, A could be replaced with an arbitrary set

X.

Definition 1.6.1. Given a cardinal x and an ordinal A, define a P.\-forest to be a set of

functions F satisfying each of the following conditions:

1. For every f € F, f: dom(f) — 2 with dom(f) € P,A.

2. If fe Fand z Cdom(f), then f [z € F.

For F' a P \-forest and z € P, let Lev,(F) = {f € F : dom(f) = z}. Say that F is
a pruned P\-forest if for every f € F and z € P, A such that dom(f) C z, there exists
g € Lev,(F) with ¢ | dom(f) = f. As with trees, we will often deal only with pruned
P, \-forests, and may even omit this adjective. We also will often only deal with P, \-forests
where for every z € P\, F, # (. If f € F,let F' | f be the P\ forest defined by taking all

extensions of f and closing downward. That is, h € F' | f if and only if for some g € Lev,(F)
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with dom(f) C z € P\, dom(h) C z, and ¢ [ dom(f) = f, g [ dom(h) = h. So F is pruned
if and only if Lev,(F [ f) # 0 for every f € F and z € P,\.

Definition 1.6.2. Let F' be a P, \-forest. Say that a node f € F' is cofinally splitting in
F if and only if for every z € P.A with dom(f) C z, there exists {g1, 92} C F such that
dom(g1) 2 2z, dom(gs) 2 2z, 1 [ 2=¢g2 | 2, g1 | dom(f) = g2 [ dom(f) = f, and there exists
p € dom(gy) Ndom(gy) with g1(5) # g2(B). Say that F' is cofinally splitting if and only if

every f € F'is cofinally splitting in F'.

Definition 1.6.3. For F' a P \-forest, let [F'] C 2* denote the body of F, [F] = {b € *2:
Vze PA\b | z€F,}.

Definition 1.6.4. For F' a P )\-forest, say that F codes a closed subset of 2* in 780X if
and only if Fjpj = F. Here Fjp is the P A-forest generated by [F], that is Fim = {f :
for some b € [F],b [ dom(f) = f}. This is true if and only if for every f € F, there exists
xy € [F] such that z; [ dom(f) = f. When the context is clear, we will abbreviate this to

just “codes a closed subset” or “codes a k-closed subset.”

Definition 1.6.5. Let ' be a P \-forest. Define the pruned part of F' in a similar way
to as was done for trees in 1.1.53. That is, the pruned part of F' will be the subforest of
F' formed by successively removing nodes which do not have extensions to every level in
P.)\ until a stabilization point is reached. So F¢ is defined by recursion with F* = F,
Fotl ={f e F*: Lev,(F* | f) # 0 for every z € P,\}, and F* = (| F” for v € a. Then

for some minimal o, F4+! = F*and call F/ = F* the pruned part of F.

Observation 1.6.6. If F’ is the pruned part of F', it is clear that F’ is a pruned P\
forest. Furthermore, by an induction on the F®’s, it is not difficult to see that any branch
through F'is a branch through F’, i.e. [F] = [F’]. In the special case where x is regular and
|Lev,(F)| < k for every z € P,\, just as with trees the pruning process terminates after one
step, that is F'' = F’. This may be seen as follows. Suppose otherwise, and choose f € F

such that there exists zy € P,A with dom(f) C 2y and Lev, (F' | f) = (. Let the set of
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every extension of f to level z; in F' be written as {ge : £ € u} C Lev., (F' | f). Because
none of these extensions remain in F!', it must be that for every & € u € k, there exists
z¢ D zp with Lev, (F | g¢) = 0. However, let z = |J 2 € P.A. If f € Lev,(F | F), then for

Eep
some & € u, f [ 2y = ge. But then necessarily f [ z¢ € Lev,,(F' [ g¢), a contradiction.

Just as with trees in the case where AT = k (but now even including the case where « is

singular), we can characterize the k-box topology over 2* by means of forests.

Proposition 1.6.7. Let K < AT. Then F C 2% is closed in the x-box topology if and only if
for some P A\-forest F', E'= [F]. In particular, if Fjz denotes the P,A-forest generated by F,
then [Fg] = E. More generally, let 4 < A*. Then a set £ C P, is closed in the topology

over P,\ induced by the x-box topology over 2%, 789X | P A if and only if E = [Fg| N P,A.

K

Proof. This is purely definitional. First, let £ C 2* be closed in the x-box topology. Consider
Fg as above. If x ¢ E, for some z € P\, Oy, N E = 0. But then z | 2 & Fg, so x ¢ [Fg|.
On the other hand, suppose that E' = [Fg|. Then if x & [Fg], for some z € P\, x | z & Fp,
s0 Oy, N E = . More generally, suppose E C P, is closed in TBOX ) P,\. Then for some
E C P()) closed in 729X E = EN P, = [F5] N P,\. However clearly Fp C Fg,s0ifb ¢ E
with b € P, then b & [F] and so b & [Fg|. Thus E = [Fg| N P,A. On the other hand, if
E = [Fg] N P, then E is closed in 72°% | P,\ because Fj is a P, forest and so [Fj]| is
closed in 729X, ]

Here we give some examples and make some observations about the k-box topologies over

22, For illustration, we often use the characterization in 1.6.7.

Observation 1.6.8. A union of less than cf(x)-many closed sets in 72°% is closed.

Proof. Let 6 € cf(k), and let (E, = [F,] : a € §) be a sequence of closed subsets of 2* in

780X Let E = |J FE, and consider Fg. As usual Fg is a P \-forest, and E C [Fg]. So let
aEd
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b€ [Fg|. If b ¢ E, then for every a € 0, b & [F,], so there exists z, € P, A with b [ z, € F,.
However, if z = |J z,, then z € P, A and b | z &€ F, for every a € §. But then b & [Fg], a

a€d
contradiction. 0

Observation 1.6.9. If k; < ko < AT then TEIOX is a proper subset of 7',]320}(.

Proof. Let k1 < ko < AT and let Ey = [Fg,] be closed in T,EOX. Here we use F, to indicate
the P, A-forest generated by E;. Let Fy = {b [ z :b € Ey,z € P,\} be the P, \-forest
generated by F; and suppose that b € [Fy]. We need to see that b € [Fg,|. However, if
y € P, A then y € P, so there exists b, € E such that b, [ y =b [ y. But then b [ y € Fg,
as well, so b € [Fig,]. Thus 75°% C 729X Next, let By = {b € *2: [{a € X : b(a) = 1}| < k1 }.
That is, under the identification of 2* with P(\), By = P, \. We argue that E, is closed
in 720%, but not in 729%. If Fg, is the Pi,A-forest generated by Es, then if b € [Flg,]
necessarily [{a € A : b(a) = 1}| < Ky, as otherwise for some z € P\ with |2| = &3
we would have b(a) = 1 for every a € z, but then there couldn’t exist i/ € FE, with
'] z=0b]z So Ey = [Fg,]. On the other hand, if Fj is the P,, A\-forest generated by Es,
that is Fy = {f : dom(f) € P, A and f € ©™(H2} then [F}] = 2* # E,. So E, is not closed

in 729% but closed in 720X, O

Observation 1.6.10. If x is a limit cardinal and F is closed in 729X then E can be written
as the intersection of cf(x)-many subsets of 2*, each of which is closed in a TEOX for some

me k.

Proof. Let E = [F] be closed in 729X, Let (1, : a € cf(x)) be an increasing cofinal sequence
of cardinals in k. For each a, let F,, ={b [ z: b € E,z € P, A}. By the same argument as in

1.6.9, for a € B, [Fp] C [Fy,] and [F] C [F,] for every a € cf(k). So clearly [F] C [\ [F.]-

acct(k)
On the other hand, suppose b € [\ [Fy,] and z € P, A. Then for some «a, z € P, A, and
acct(k)
b € [F,], so there exists b, € E with b, [ 2=0[z2 Thenb [z € F,s0 [F]= () [F.]. O
aect(k)
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Proposition 1.6.11. In 1.6.9 we saw that for x; < ko < AT, there exists £ C 2* which is

closed in 729% and not closed in 789X, So for & a successor cardinal, this shows that we can

K2 K1

find subsets closed in 759X

>2% which aren’t closed in T}?OX for any p € k. This is also true for

7_BOX

limit cardinals &, that is there exist £ C 2* which are closed in 729% but not closed in 7;

for any u € k.

Proof. Let k be a limit cardinal, and let (i, : a € cf(k)) be an increasing cofinal sequence
of cardinals in k. Partition  into cf(k)-many sets of size k, (A, : o € cf(k)). Define
E={be?2:3a € cf(k)st. b(B) = 0for B & A, and [{B € A, : b(B) = 1}| < pa}-
Note that |E| = k<". Let F ={b | z:b € E,z € P,A}. If b € [F], then suppose b ¢ E.
Then either b(51) = 1 and b(fB2) = 1 for 51 € A,, and B2 & A,,, in which case there
cannot exist byg, g,3 € F such that byg, g3 [ {f1, B2} = b [ {51, B}, or for some a € cf(x),
{B € A, : b(B) = 1}| > pa, in which case for some z € P\ with |z| = u, and b(8) = 1
for every g € z, there cannot exist b, € E with b, [ 2z =0 [ 2. Thus b € F, so E is

closed in 789X, On the other hand, if © € & then for some o, u < jo, and if we set

F,={bly:be E,ye P, A} then for any 8 > a, bg € [F,] where bg(y) = 0 for v & Ag
and bg(y) = 1 for v € Ag, i.e. bg = 14,. However, clearly bg ¢ E. So E is not closed in

BOX
7, for any p € k. O

Observation 1.6.12. If E C 2* is such that |E| < p for any cardinal y, then E is closed in

TOX.

Proof. Enumerate £ = (b, : a € 0) for some 6 € p. Let F, ={b[y:y e P,A}. As usual,
E C [F,]. On the other hand, if there were a b € [F,] \ E, then for every a € ¢, there exists
Ba € X with b(Ba) # ba(Ba). If 2 ={Bs : a € 6}, then z € P\, s0 b | z € F,,. However, this
is impossible. So [F,] = E. O

Observation 1.6.13. The observation in 1.6.12 is sharp— that is for every cardinal u < A,

there exists £ C 2* of size p which is not closed in TI?OX.
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Proof. For regular cardinals p, one can consider £ = {b € *2: 33 € pus.t. b(y) = 1if vy €
B and b(y) = 0if 8 < ~}. This set is of size p, and if F is the P,\-forest generated by FE,
b e [F]\ E where b(f) = 1 for every § € p and b(f) = 0 for u < 8. However, this argument
does not work if 4 is singular, because if u is singular this b is not an accumulation point of

E in 780X

.. However, one can consider instead more generally for any u, F = {be?2:38 ¢

st b(B) =1and b(y) =0if v # B}. Then |E| = p, and one may easily verify that if F
is the P,\-forest generated by F, that b € [F]\ E, where b € *2 is such that b(3) = 0 for

every 3 € \. n

1.6.2 The s-sequentially closed topology over 2*

We saw in 1.1.40 that for  regular the x-box topology over 2* is characterized by saying that
closed sets are exactly those which are closed under the limits of k-sequences of elements.
Here we define for s regular, analogous x-sequentially closed topologies over 2* and give some
examples of how they can be both the same, or different, from the k-box topologies. The
k-box topology is also defined for x singular, but of course because here we are only defining
the k-sequentially closed topology for x regular, when the two are discussed simultaneously

it is assumed that s is regular.

Definition 1.6.14. Let x be regular and x < A*. Define the x-sequentially closed topology

75€ over 2* by saying that E C 2* is (k-sequentially) closed in 75€ if and only if F is

closed under all convergent k sequences, i.e. for every convergent (x, : a € k) C FE,
lim({z, : @ € K)) € E. If A C P()) is closed in 75€ we often say that A is k-sequentially

K

closed.

Proposition 1.6.15. The x-sequentially closed topology 75¢ over 2* is indeed a topology

and it has the following properties.

1. If k = AT, then 75¢ is the (full) box topology over 2}, that is 75¢ = P(P(\)) = 750X,

K
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2. If k = ), then 75¢ = 780X,

3. If A C P(\) with |A| < &, then A is k-sequentially closed, and indeed the union of

fewer than k-many k-sequentially closed sets is x-sequentially closed.

Proof. 1t is straightforward to see that the union of two k-sequentially closed sets is k-

sequentially closed, the arbitrary intersection of x-sequentially closed sets is k-sequentially

SC

closed, and () and 2* are both k-sequentially closed, so 75¢ is a topology. Suppose x = AT

and take A C 2*. Then any k-convergent sequence (r, : @ € k) C A eventually has every
coordinate in ) fixed to a particular value, so lim({z, : @ € k)) = x5 € A for some sufficiently

large 8. So in this case 75¢ = P(P())). In this case it is clear that 729X = P(P())). Next,

K

suppose that k = A. In 1.1.40 we saw that 75¢ = 789X Finally, note that clearly any
singleton {z} C 2* is k-sequentially closed, and if (A, : a € ) € P(P(\)) with v € k is a

sequence of k-sequentially closed subsets of 2%, then |J A, is x-sequentially closed. This is
acy

because for any convergent (x, : @ € k) C (J Aa, there must exist some € v and a cofinal
acy

sub-sequence (zo, : § € k) C Ap by regularity, which must then converge in Ag. So then

also, if |A| < k, A is k-sequentially closed. ]

Proposition 1.6.16. If x < ), then the x-box topology over 2* is a proper subset of

B

the k-sequentially closed topology over 2* (that is, 729X C 75€). More generally, for any

p € (kT AF], 7BOX ) P, is a proper subset of the topology over P, induced by the

r-sequentially closed topology over 22, 75¢ | P\ (that is, 729% | PN C 75€ | P,A).

Proof. Tt suffices to show the more general statement, so let u € (x*, A\*]. To show 729X |
P C 75€ | P, definitionally it suffices to show 729% C 75¢. So take E C P()) closed
in 789X, Then E = [Fg]. Suppose (7, : a € k) C [Fg] is convergent with limit z. Then
for any z € P\, x, | 2z equal to z | z for all sufficiently large ov. But then x [ z € Fg for
every z € P\, so @ € [Fg]. Thus E is closed in 75¢. Next, consider £ = P+\ C P,

K

We show that E is closed in 75¢ | P,A, but not in 729% | P,\. First, Fp = {f : dom(f) €
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P and f € 92} so [Fg]N P = P\ # E, ie. E isnot closed in 729X | P,\. On the
other hand, E C P,\, so to show E is closed in 75¢ | P, it suffices to show that E is closed
in 75€. Suppose (z, : @ € k) C E is convergent with limit z. If |z| > ™, then because
x = liminf({z, : a € K)), there must be some 7 € k so that a x*-sized subset of x is a subset

of z,, which is impossible. Thus x € P+ A = E. O

Proposition 1.6.17. In 1.6.16 we saw that as long as u € (k7, AT], 789X | PA C 75€ | P,

K

In contrast, if p < x*, then 729% | P,A = 75¢ | P,A. This may be viewed as a generalization

of 1.1.40.

Proof. Let u < % and let E C P,\ be closed in 75 | P,A\. We need to see that F is

K

closed in 729% | P,A. So, let b € [Fg| N P,A. Fix M < Hy to be an internally unbounded
submodel with |M| = k, K C M, witnessed by (M, : o € k) such that for every a € &,
M, < Hy with {k,b, E, Fg, p, \,etc.} C M,, M, € M, |M,| < k, if a € § then M, C Mjg,
and M = |J M,. Note that (A, = M,NX: «a € k) C M, and then by elementarity because
b € [Fg|, (fl(f]: every a € k there exists b, € EN M with b, [ A, =b [ A,. We show that
(bo : o € K) converges to b. If 5 € b, then e M (asbe ENM C PAXandk C M,k € M)
and so for all sufficiently large M,, 8 € M,, so 8 € b, for these a. On the other hand, if
B ¢ b, then either 8 ¢ M in which case because b, C M (as b, € ENM C P,\ as above),
B & by for every a, or f € M, in which case for all sufficiently large M,, 5 € M, so 5 & b,
for all these a. It is clear then that lim((b, : @ € K)) = b and so because E is of the form
EN P, for E closed in 75€, b € E. So E is closed in 720X | P\, as desired. This argument

as written only of course makes sense for k > w, however if K = w then every countable

elementary submodel M < Hy is such that <“M C M, so we can proceed as above. O

Observation 1.6.18. Let x; < ky < AT be regular. If u < k], by 1.6.17 and 1.6.9,

TSIC I P\ C TSZC [ P,A. However in general, and in strong contrast to TEIOX and TEQOX,

: sc scC sc sC
neither 7.7 C 7.7 nor 7.7 C 7.7
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Proof. Let E = P, \. Unless ry = A", in which case 7.¢ C 75° = P(P())), E is not closed
in 75€, witnessed by (o : a € ky) C E, which converges to ko € E. On the other hand, F

KR )

is closed in 75¢

", as follows. Let (z, : o € k1) € E converge to z. It must be that || < kg,

because otherwise by the pigeonhole principle there would exist o € k1 with |x,| > k2, which
is impossible. So it is not the case that 75° C 75¢. Similarly, {a : @ € 1} is not closed

; S

in TSIC, however it is closed in 75¢, because any convergent ky-length sequence consisting of

2

elements of {a: @ € K1} must be eventually constant. O

BOX

In 1.6.7, we saw that closed sets in 707" | P, A can be characterized a similar way as closed

sets in 780X

BOX can be. Considering 75¢ | P, A, we have the following proposition.

Proposition 1.6.19. Let x < AT be regular and g < AT such that either cf(u) #  or
cf(u) = k and b("k/ < k) > p. Here b("x/ < k) denotes the (un)bounding number for
"k modulo the ideal of subsets of size < k. That is, the smallest cardinality of a collection
of functions F' C "k such that for any g € "k, there exists f € F such that [{a € & :
f(a) > g(a)}| = k. Then E C P, is closed in 75¢ | P, if and only if for every convergent

(o : @ € k) C E with im((z, : @ € k)) € P, lim((z, : @« € K)) € E.

Proof. 1t is always true that if £ C P, is closed in 75¢ | P,\, for every convergent (z, : a €
ky C E with lim({z, : a € k)) € P\, lim((z, : a € k)) € E. For the other direction, first
suppose that cf(u) > k. We argue that if (x, : o € k) C P, converges to z, then x € P,\.
However this is clear because x C |J 24, |za| < p, and cf(pu) > & so | J za| < p. Next
suppose that cf(u) < k. Similarly, v?f:mcan argue that if (z, : a € k) C Pii:i converges to x,
then z € P,\. To every v € x, let o, € k be minimal such that for every 8 € [, k), v € 2.
For each a € &, let A, C x, be the collection of all v € x such that o, = a. Then (4, :a €
k) is C-increasing, |J A, = z, and |A,| < p for every a.. Note that (otp(A,) : a € k) C p is
ack

then <-increasing. However, because cf(y) < &, it cannot be that sup{otp(4,) : @ € K} = p.

But then otp( |J Aa) = otp(z) < u. So, suppose cf(1) = k and b("x/ < k) > p (for example

ack
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this will always be true for p = k). Let E C P, be such that for every convergent
(o : @ € k) C E with im((z,, : € k)) € P, im((z, : @ € k)) € E. Let £/ = EUlim(E),
where lim(E) = {z € 2"\ E : forsome (z, : a € k) C E,lim((z, : a € K)) = z}.
Equivalently then, lim(F) = {z € [A\]*: for some (z, : a € k) C E,lim((z, : @ € K)) = x}.
If we show that for any convergent (z, : o € k) C E’ with limit z, there exists a convergent
(!, : a € k) C E with limit x, then we will be done, because not only then will £ be closed
in 75¢ but £’ N P,\ = E. So, suppose that (z, : « € k) C E’ is convergent with limit z.
Then any cofinal subsequence is also convergent with limit x, and without loss of generality
we may therefore assume that (z, : a € k) C lim(E). So for every a € k, there exists a
convergent (yg : 8 € k) C E with limit z,. Note that  C |J y§. Foreveryy € | y5\x,
there exists 0, € x such that for every 6 € [0, k), v & x5. aAﬁ similarly then, forczfzee’;y such
d, there exists & € & such that for every ¢ € [§5, k), v € y¢. Define f, € "k by f,(n) =0
if n € 6, and f,(n) = &, for n € [0,, k). Suppose that g € "k such that f, <* g, that is so
that for some v € x for every v/ > v, f, (') < g('). Consider (yg, : a € k) C E. Then
v & limsup((yy, : @ € «)). Similarly, suppose § € x. Then there exists 75 €  such that
for every v € [y5,K), 0 € x,. And again then, for each such 7, there exists (, € x such
that for every ¢ € [¢y, k), 6 € y/. Define f; € "r by fs(n) = 0if n € 75 and f5(n) = ¢,
for n € [ys,x). Again, if g € " is such that f; <* g, then ¢ € liminf((yy,) : @ € £)). Let
F={f:ve€ %J yg \z}U{fs : 6 € x}. Note that |F'| < u, and so because b("r/ < k) > p,
a,B€k

there exists g € "k such that for every f € F, f <* g. However, it is then not difficult to

verify that lim((y§,, : @ € k)) = z, as desired. O

Remark 1.6.20. The extra conditions in the characterization of closed sets in 75¢ | P,\ in
1.6.19 are not superfluous—that is if, for example, cf(u) = k and k" < pu, then there exists
E C P, such that for every convergent (z, : @ € k) C E with im((z, : a € K)) € P\,
lim({z, : @ € K)) € E, but E is not closed in 75¢ | P,\.

Proof. Let cf(u) = k and v* < p. Fix A C pand B C pu such that |A] = |B| = k"

Y
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AN B =0, and via bijections between "k and A and B, identify ordinals in A and B with
functions in "k, i.e. for each v € A, f, € "k, if v # ( then f, # f¢, and {f, : v € A} ="k,
and similarly for each 0 € B, f5 € "k, it § # £ then f5 # fe, and {f5 : 0 € B} = "k. Fix
(To : o € K) C [p]* such that if & € § € p, then |z, \ 25| = p, 25 C 4, and () z, = A.
For every o, € k, let yi* = {y € A : f,(a) < B}. Note that that for egiﬁ a € K,
lim({yg' : B € K)) = A C 1, For each a € 5, let (2§ : 8 € k) C Pu(z, \ A) be C-increasing
such that lim((z§ : B € k)) = z, \ A. This is possible because cf(u) = k. Also for 3 € &,
let ygo = {0 € B: f;(8) > B}. Finally, for a € (0,x) and § € &, let y§ = y5* U 25 and
for = 0 and 8 € klet yj =y Uyz" Uz Let E = {y§ : o, 8 € x}. Note that for
each a € K, (y§ : B € k) C P, is convergent with limit z,, and lim((z, : @ € k)) =
A e P,A\ E. Thus E is not closed in 5¢ ) P,\. We need therefore only to see that F
contains the limit of all of its k-convergent sequences which happens to be in P,\. Suppose
that (w, : @ € k) C E. Then either a cofinal subsequence of (w, : a € k) is a cofinal
subsequence of (y§ : 3 € k) for some «, in which case lim((w, : @ € K)) = 74 € P, or a
cofinal subsequence of (wq : a € k) is of the form (yf,) : @ € dom(g)) for some g € dom(g)
with dom(g) € [k]®. There are two cases, either ¢ =* 0, that is on a co-bounded subset
of dom(g), g(or) = 0, or there exists v € A with [{# € dom(g) : f,(8) < g(B)}| = & and
{p € dom(g) : f,(B) > g(B)}| = k. In the former case, without loss of generality we may
assume that (w, : a € k) is a cofinal subsequence of (y§ : § € ), that is for some g € *x
increasing with g(«) > «, we have w, = yg(a) for every o € k. Then there exists § € B such
that [{a € r: fs(a) < g(a)}| = {a € Kk : fs(a) > g(a)}| = k. But then § € limsup((wq :
a € k) \ liminf((w, : @ € K)), so (w, : @ € k) is not convergent. In the latter case, choose

7 € Awith [{8 € dom(g) : f,(8) < g(8)}| = x and |{8 € dom(g) : £,(8) > g(A)}| = . But

then similarly v € limsup((w, : @ € )) \ liminf((w, : @ € k)), which is impossible. O
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1.6.3 Cantor-Bendixson process on P, \-forests

Just as we did for trees, here we give a Cantor-Bendixson process on P\ forests.

Definition 1.6.21. Let F' be a P \-forest. Let F, denote the o' derived forest (or a'!
derivative) of F'. This is defined by recursion on a. First, let Fy = I’ denote that pruned
part of F (as in 1.6.5). For successors, let F, | denote the cofinally splitting part of F,,, that
is F) ., ={f € F,: f is cofinally splitting in F, }, and let F,;; be the pruned part of F_ ;.
So at each stage, we remove all nodes which aren’t cofinally splitting, and then look at the
pruned part of the resulting forest. If a is a limit, let F,, be the pruned part of () F,. There
must exist a minimal oy such that F,, = F, 41, and we call this the (Cantgre—%endixson)

height of the forest, oy = htop(F'). Note that by construction we have ensured that F, is

pruned for every a.

Definition 1.6.22. For F' a P \-forest, let Ker(F) = {f € F : f € F, for every a} and
let Sc(F) = {f € F : there exists a such that f € F, \ Fo41}. For any f € Sc(F), let
rankop(f) = a denote the unique « such that f € F, \ F,1, that is the Cantor-Bendixson

rank of f in F.

Observation 1.6.23. Let F' be a P, A-forest. Then Ker(F) C F is a cofinally splitting
subforest of F' and Sc(F') is a disjoint union of “upward cones” in F. This is because for
f,f € F,if f' | dom(f) = f, and f € Sc(F), then f' € Sc(F). So we may say that
F = Ker(F)USc(F) is a decomposition of F' into a cofinally splitting subforest (the kernel)

and a scattered part.

1.6.4 Comparing the topological and forest processes

Just as for inaccessible k, k is weakly compact if and only if x has the tree property, modulo
inaccessibility we can characterize a stronger type of compactness with a stronger type of

tree property.
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Definition 1.6.24. Let x be a regular uncountable cardinal. Say that  is A-strongly
compact if and only if every k-complete filter generated by a collection of size at most A
over a set S can be extended to a k-complete ultrafilter over S. This property is often
called A\-compact instead of A-strongly compact. See for example [36] and [41]. Say that & is
strongly compact if and only if x is A-strongly compact for every A > k. Equivalently, if S is
an arbitrary set, every s-complete filter over S can be extended to a k-complete ultrafilter

over S.

Definition 1.6.25. Let k be a regular uncountable cardinal. Say that x has the A-strong
tree property if and only if for every P,A-forest F' with 0 < |Lev,(F')| < & for every z € P,
[F] # 0. Say that s has the strong tree property if and only if x has the A-strong tree

property for every A > k.

Observation 1.6.26. If x has the A-strong tree property, then if I’ is a pruned P\ tree

with |Lev,(F)| < & for every z € P\, F codes a r-closed subset of 2*.

Fact (see [36], [25], or [70]) 1.6.27. If an inaccessible x is A<"-strongly compact, then
r has the A-strong tree property. Similarly, if £ has the A-strong tree property, then x is
A-strongly compact. So also for x inaccessible, x is strongly compact if and only if x has the
strong tree property. In typical cases also then, where A<* = \, k is A-strongly compact if

and only if k has the A-strong tree property.

Remark 1.6.28. Examining any proof of the equivalence for inaccessible x and A > « with
A<" = X of k having the A-strong tree property and x being A-strongly compact, using for
example the filter characterization of strong compactness as in [25] or the infinitary language
compactness-theorem characterization as in [36], one may observe that w has the strong tree
property in that every pruned P\ forest has a branch. This follows, for example because
all filters can be extended to ultrafilters, or from the usual compactness theorem, etc. This
fact seems to have been proven several times independently, the earliest of which as noted

by Jech [36] might be due to Rado [55].
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In analogy to the case with trees, if I is a P,\-forest coding a s-closed subset of 2* and &
is A<"-compact or w, then we have a strong correspondence between the Cantor-Bendixson
BOX

process on [F| (the topological process with respect to 7.°°%) and the Cantor-Bendixson

process on F.

Proposition 1.6.29. Let x be either w or AX<"-strongly compact and let F' be a P,\-forest

coding a r-closed subset of 2*. Then [F], = [F,] for every ordinal a.

Proof. Note that Fy denotes the pruned part of F, so [Fy| = [F] = [F]o. Next, suppose
that [F], = [F,]. We need to see that [F|o41 = [Fay1]. First suppose x € [Flo \ [Flat1-
Then for some z € P.A, Oy, N [F], = {z}. Because F, is pruned and « is A-compact,
F, codes a k-closed subset of 2*. Therefore it must be that | z € F, is not cofinally
splitting in Fy,, so x [ z € F, \ Faq1. Consequently z € [F,] \ [Fut+1]. On the other hand,
suppose & € [F,] \ [Fat1]. Then for some z € P, x | z € F, \ F,y1. Suppose first
that [ 2 € F/,,. Then z [ z is not cofinally splitting in F,, and so for some 2’ € P\
with 2 D 2z, Oyp N [F,] = Oge N [Fla = {2}, so © € [F]s \ [Flat1- Next suppose that
] z€F, ;\ Fupi. Then for some 2’ € P with 2/ D z, Lev./(F.,, | (x [ 2')) = 0, which
means that z | 2’ is not cofinally splitting in F,,, so again for some z” € P.\ with 2" D 2/,
Oy N [Fo] = Ogpor N [Flo = {2z}, and so € [Fa \ [Flat1- Next, let o be a limit and
suppose that [F,] = [F], for every v € a. If x € [F],, then x € [F,] for every 7 € «, so
z €[ F, = F]] =[F,]. On the other hand, if x € [F}] then x € [F]] so for every z € P\,
x| zwéaﬂ F,. But then z € [F,| = [F], for every v € a, so © € [F],. O
vea
Corollary 1.6.30. Let k be either w or A<*-strongly compact and let F' be a P,\-forest
coding a r-closed subset of 2*. Then htep(F) = htep([F]), Ker([F]) = [Ker(F)], and

Sc([F]) = [Sc(F)]. By [Sc(F)], we mean of course {b € [F]: 3z € P,Asuch that b [ z €
Sc(F)}.

Proof. Let ag = htep([F)), s0 [Flay = [Flag+1- By 1.6.29, [F,] = [Fay+1], and so because
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both F,, and F,,,; code k-closed subsets of 2% we must have that F,, = F,,4+1. So
ap < htep(F). On the other hand, if F,,, = F,,+1 then by 1.6.29, [F|a, = [Flag+1- Thus
htep(F) = htep([F]). Then Ker([F]) = [Flucp(r) = [Frtos(ry] = Fheesr)] = [Ker(F)].
Similarly, Sc([F]) ={z € [F] iz € Ker([F])} ={zx € [F] : x & [Ker(F)]} ={z € [F]: 3z €
P, such that = [ z € Sc(F)} = [Sc(F)]. O

1.7 Games played on P )\-forests

Here we describe a natural analogue to the cut-and-choose game played on a tree T' C <"2

which is played on a P.\-forest F'.

Definition 1.7.1. Let k be regular, I’ be a P \-forest, and fy € F'. Define the two player
game of length § < & starting at fy played on F, G(F, fo,d) as follows. Player I starts
and plays a level of the tree Ay € P\ with dom(fy) C Ay. Player I1 then responds with
a splitting pair of nodes on the same level {f0, f’} C F extending f, which agree up to
level Ag. That is, player IT plays {fJ, f2} C F such that dom(f)) = dom(fY) 2 Ay,
T Ag = 2] Ao, fO ] dom(fo) = fP | dom(fy) = fo, and fO # f2. At successor rounds,
player I both plays a level and chooses a node. So at the next round player I chooses
f1 € {3, f} and plays a level A; D dom(f;). The game proceeds in this manner, and at
limit stages (3, player I plays first and plays Az € P, A with Ag O |J A, and player 1] must
respond with a splitting pair of nodes {f5, f'} C F extending tfeﬂ path through the tree
constructed so far which agree up to level Ag. That is, such that dom(f}) = dom(f/) 2 Ag,
o1 Ag=fI 1 Ag, f§ # f7, and f7 | dom(f,) = f | dom(f,) = f, for every v € . Player

11 wins a run of the game if she can play legally at stage S for every 5 € §.

Definition 1.7.2. Let F' be a P\ forest and 6 < k. Say that F' is d-perfect if and
only if player II has a winning strategy in G(F, fy,0) for every fo € F. Say that

F is d-scattered if and only if player [ has a winning strategy in G(F, fo,0) for every
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fo € F. Let Ker(F,0) = {fo € F : Player II has a winning strategy in G(F, fy,d)} and
Sc(F,0) = {fo € F : Player I has a winning strategy in G(F, fy,d)} be the d-kernel and

d-scattered parts of F', respectively.

Remark 1.7.3. As usual by the Gale-Stewart theorem, for every f, € F, G(F, fo,w) is
determined. Ker(F,0) C F is a P A-forest, while if fy € Sc(F,d), then fj € Sc(F,J) for
every fi € F with dom(f]) 2 dom(fy) and fi | fo = fo. So in particular, if § = w,
then F' = Ker(F,w) U Sc(F,w) is a decomposition of F' into an w-perfect subforest and an

w-scattered part (which is not, of course, strictly speaking a forest).

Proposition 1.7.4. Let F' be a P, forest. Then Ker(F,w) = Ker(F) and Sc(F,w) = Sc(F).

Proof. Because Ker(F') is a cofinally splitting subforest of F', it is clear that Ker(F) C
Ker(F,w). On the other hand, suppose f € Sc(F). We need to see that f € Sc(F,w).
Suppose rankcp(f) = 70. Suppose first that f ¢ F! ;. Then for some 20 € P, f € F,,
is not cofinally splitting above zy. Let player I play Ay = zo in this case. Then player
IT responds with {f7, f{} extending f splitting above zy, and so necessarily not both of
f§ and f) are in F,,. Let player I choose such a node and proceed as above, noting that
rankcp(fi1) < rankeg(f). 1If, on the other hand, f € F ., then necessarily for some
20 € P with 2z 2 dom(f), Lev,,(F! ,, | f) = 0. Let player I play Ay = z in this
case. Then if player IT plays {fJ, f{} extending f splitting above 2y, neither fJ nor f} is
in Ffr0 4+1- 1f one of them is not in F,; have player I choose this node and proceed as above,
again noting that rankcp(f1) < rankep(f). If both f§ and f? are in F,, then have player [
choose randomly and play A; such that f; is not splitting above A; in F.,. Then in the next
round if player IT plays {fa, fl} extending f; splitting above A;, necessarily one of f§ or f}
is not in F,,. Have player I choose such a node as f>, and so again rankcp(f2) < rankep(f).
Player I can proceed in this fashion, and if player II were able to play w-many moves, then
(rankcp(f,) 1 n € w) would be a non-increasing sequence of ordinals which never stabilizes

(ordinals repeat at most once), which is impossible. So f € Sc(F,w), as desired. O
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1.7.1 The behavior of the game when § = &

Just as in the case with trees T C <"2, if F' is a P,A-forest then winning strategies in

G(F,0, k) can give structural information about F. We need some preliminary definitions.

Definition 1.7.5. Let x be regular and F' be a P \-forest. If B € P(A\) \ P\, let ' | B
denote the P,B-forest generated by F. That is, F | B = {f € F : dom(f) € P.B}. Let
[F | B] denote the body of F' | B, that is {x € B2: 2 | 2 € F | B for every z € P,B}.

Definition 1.7.6. Let x be regular, F' be a P \-forest, 6 be a regular cardinal sufficiently
larger than k, A, and M < Hy with {k, A\, F,etc.} C M. Say that M is F-guessing, or say
that M guesses F, if and only if M N P,(M N \) is cofinal in P,(M N A) and for every
b e [F | (MnM)such that b | 2 € M for cofinally many z € P.(M N \), there exists
b [F]N M such that b [ (M N A) =b.

Theorem 1.7.7. Let k be reqular and F be a P.\-forest. Then player I has a winning
strategy in G(F,0, k) if and only if there exists a k-club C C [Hyl® of F-guessing submodels

M < Hy of size k for some sufficiently large 0.

Proof. This proof is very similar to that of 1.5.4. Suppose first that there exists a x-club
C C [Hy|" of F-guessing submodels M < Hy. Without loss of generality, assume that
these are in fact elementary submodels of (Hy, <, F, s, .. .) where < is a predicate for a well-
ordering of Hy and k C M for every M € C. Fix f : kK — k X Kk a surjection so that for every
(& v) € k= K, |fTH{& V)] Nsuce(k)| = k. Also for every M € C, let ey : £ — M N A and
gu : Kk — M N [F] be surjections. In the course of defining a winning strategy for player I,
we are going to construct a C-chain of models My C M; C ... in C, where at stages §+ 1 in
the game, player [ is going to check whether {foﬂ, ff} C Mp and define Mgy and fgi1, Agt1
accordingly. At limit stages 3, Ag will be determined from Mpg. First, choose M, € C and
let player I play Ay € My such that ey, (0) € Ag. Player IT responds with {fJ, fi} splitting
above Ay. Either {7, fa} € My or not. If {f2, fi} C My, let My = My and consider f(1). If
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f(1) = (1,&) or f(0) = (0,&) for some & € k, consider gy, (§) € MiN[F] or gar, (&) € MiN[F],
respectively. Let player I choose f1 € {f0, f2} so that e.g. gar, (€) | dom(fy) # fi. Let player
I play A; € M, such that {ep;(1),en, (1)} Udom(f;) C Ay. If {f2, f} is not a subset of
My, find M, € C such that My U {fJ, f°} C M, and proceed as above, choosing f; to be
incompatible with gy, () or g, () as dependent on f(1). Otherwise, just let player I play
f1 arbitrarily. Play proceeds in this fashion. At limit stages S € k, we have constructed a
C-increasing sequence (M, : n € 5) C C. Let Mg € C such that |J M, C Mg and let player
I play Ag € Mg containing all ordinals in {ex, () : 7 € B+ 1n}»66and J Ae. At successor
stages 0+ 1 € &, player I defines Mg based on whether or not { foﬁ , j‘fﬁﬁ} C Mg, considers
f(B+1), and if via some gy, for v < B, f( + 1) labels the {™ branch through F in M,,
chooses fz41 to be incompatible with this branch. Player 1 also plays Asy, sufficiently large
in Mg, to ensure that, in particular, the first (54 1)-many ordinals in every M, for v < f+1
as determined by the ej, maps are covered by Ag,;. Suppose towards a contradiction that
the two players play x-many rounds. We have a C-increasing sequence (M, : a € k) C C. If
for some 3 € &, for every v € [8, k), M., = Mg, then My is F-guessing and by construction
we have built some b € [F | (M N \)]. However, then because M is F-guessing, there
must be some b € [F] N Mg with b | (M N A) = b. However, we would have chosen a node
incompatible with b at some sufficiently large successor stage, which is impossible. On the
other hand, suppose that there are k-many distinct M¢’s in (M, : o € k). Then because C is
k-club, M, = |J M, < (Hy, <, F,k,...). Note that M, NA = |J (M,NA\). By construction,
we will then h;\ezz built some b € [F | (M, N\)], which becausea?\;,{ is F-guessing must be an
(M, N A)-segment of some b € [F] N M,;, but then this b is in every sufficiently large M, and

we would have chosen a node incompatible with b at some sufficiently large successor stage,

which is impossible.

Next, suppose that 7 is a winning strategy for player I in G(F,0,k). Let M <
(Hp, 7, <, F,K,...) such that |M| = k, K C M, and M is internally unbounded. We show

that M is F-guessing. Note first that the collection of such M is k-club in [Hy|", as follows.
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Suppose that (M, : o € k) C [Hy|" is a C-increasing sequence of internally unbounded
submodels, witnessed by {(Mg : 8 € k) : a € k}, as indicated. We need to see that
M = |J M, is internally unbounded in particular. For each «a € k, let N, € M, be of

aER

the form ME‘“ for some B € k such that vga My C Mg“. Note that (N, : o € k) C M
is C-increasing, |N,| < & for every «, and if € M, then there exists «/ such that z € M,
for every o > o/, and so for each such « there exists ag such that x € Mg’jﬁ. Let f € "k
be defined by f(«) = ag for every a@ > o (and be 0 otherwise). Find a v € (o, k) such
that f”y C ~. Then by construction, z € N,. So M is internally unbounded. Now, in
order to show that our M < (Hy,7,<, F,k,...) is F-guessing, similar to as in 1.5.4, we
use the idea of the <-minimal maximal run of the game below a path following 7. Specif-
ically, fix b € [F | (M N A)] such that b | z € M for cofinally many z € P.(M N \) (of
course because M is internally unbounded, M N B,(M N A) is cofinal in P, (M N A)). With-
out loss of generality, we may assume that b | z is cofinally splitting below M N X for every
z € P.(MnNM\), because otherwise within M we could define a branch through F' agreeing with
bon M N\ by elementarity. Construct a run of the game 7 where player [ is playing accord-
ing to 7 and player I plays the <-minimal pair at all times and which is maximal below b.
So, @ = (({Ao}, {£0, £, {AL fi} S0, A1), LAz, o} ASS £21), - ({Ae, fe}) or ({Ac}))
satisfies the following conditions. Ay = 7(0), {Ay, fi} = 7({{Ac}, {3, f})), etc.. That
is, player I is following 7. Furthermore, {fJ, f{} is the <-minimal pair splitting above
Ag (in F' [ (M N A) where f0 = b [ dom(f°) for some i € {0,1} with the property
that with {A}, i} = 7({ A}, {f3, f°}), fi = b | dom(fi), etc.. And more generally
forn € & {fJ,f'} € F | (M nNA)is the <-minimal pair splitting above A, extend-
ing the path constructed where f7 = b [ dom(f) for some i € {0,1} so that with
{Aper, fond = T(({AL AL D, A S S D), fyrn = b 1 dom(fye). Fi-
nally, Z is maximal below b in that whichever {f5, f*} C F | (M N \) player II chooses
at stage ¢ extending fe (or the path constructed, if ¢ is a limit ordinal) splitting above

A¢ where f = b | dom(f) for some i € {0,1}, player I chooses fer1 € {fS, f°} so that
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b | dom(fey1) # fer1. Of course because 7 is a winning strategy for player I in G(F, 0, x),

we must have £ € k.

It is not immediately apparent that T € M, because it is defined in particular using b ¢ M.
However, let z € M N P.(M N A) so that Ac € z and b | 2 € M. Indeed, we have by
recursion, for example, that each of the A, for n < ¢ is in M because {r,b ] 2,4} C M.
Then 7 is definable from {7,b | z, <<} C M by letting it be the <-minimal maximal run of the
game below b | z following 7. It is clear that 7 can be defined this way and that all relevant
parameters are in M, so that T € M. Now, let b € *2N M be defined from 7 in the usual way.
That is, first for v € z let b(y) = (b | 2)(v). If v & 2, suppose first that Lev,upy (F [ (b ]
z)) = {f,}. Let b(7) = f,(7) in this case. Otherwise, Lev.u(,y(F [ (b | 2)) = {fY, f1} where
we may assume fg(y) =0 and fﬂ} (7) = 1. Suppose that player /1 offers {fg = 2, ff = fyl}
as his next move following . Then let b(y) =i € {0, 1} such that f! & 7(z™ {£5, f51). That
is, choose b so that it agrees with the function that 7 does not pick when offered a splitting
one point extension following Z from b | z to level z U {y}. By elementarity, b € M and
clearly b € *2. First we show that b [ (M NA\) = b. If not, then choose the minimal v € M N\
such that b(y) # b(7y). But then {f$ =b | (zU{y}), /> =b | (zU{y})} is a splitting pair in
M along b above A¢ which when offered by player /1 following 7 is such that 7 chooses away
from b by definition, but then chooses along b, which contradicts the maximality of Z. Next
if b ¢ [F], by elementarity there exits z € M N P,(M N A) such that b [ z ¢ F. However, we

have b [ 2 =b | 2, so this is impossible. Therefore M is F-guessing. O]

1.8 Adding branches through P, \-forests

In much the same way as we proved Mansfield’s theorem 1.1.51 for trees T' C <“2, we can
show that outer models cannot add branches to P,A-forests if they (equivalently their bodies)

are scattered.
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Proposition 1.8.1. Let V' C M be two models of ZFC, I be a P\ forest with F' € V,
and (Fytopr) = 0)V. Then ([F])Y = ([F])™. That is, M cannot add branches to P, forests

which are scattered in V.

Proof. Note that (P,\)Y = (P,A)M, so F € M is indeed still a P,\-forest. It is not difficult to
see that as we defined it in 1.6.21, the Cantor-Bendixson derivative process on F' is absolute,
so in particular (F,)V = (F,)™. Suppose towards a contradiction that b € ([F))M \ V.
Working in M, clearly b & [Fi.,r)], because Fypry = 0. Find the minimal v + 1 such
that b & [F,11]. Note that this is indeed a successor, because if b € () [F5], then b [ z € F,
for every 0 € v and z € P\, but then b € F!, so necessarily b € [F,]. 6161: any case, b & [F! ],
so for some z € P\, b [ z is not cofinally splitting in F,. Because b € [F},] then, there must

exist 2’ D z with 2’ € P, such that b | 2’ has a unique extension in F, to every level 2" D 2/,

namely b [ 2. But then b is definable from {b | 2/, F,} C V, a contradiction. m

In a similar fashion to how we were able to show for more general scattered trees T' C <"2
that branches can’t be added by outer models, we can show that outer models cannot add

branches to P,\-forests F' if they are scattered.

Proposition 1.8.2. Let V C M be models of ZFC, F be a P \-forest with F' € V', and
(Frankep(r) = 0)V. Then ([F])Y = ([F])™. That is, M cannot add branches to P, forests
which are scattered in V. However, unless (P, \)" = (P.A\)*,in M, F will no longer be a P, \-

forest in M, but we can still interpret ([F])™ as {b€*2:b | 2 € F for every z € (P,\)V}.

Proof. In M, first let F' be any (V, P,\)-forest, by which we mean that, relative to (P.\)Y,
F is a P \-forest. So, F is a collection of functions with domains in (P.\)" to {0,1} such
that if f € F and z C dom(f) with z € (P,\)Y, f | 2 € F. Say that F is V-pruned if and
only if every f € F has an extension to every level z € (P,\)V. Say that a node is f € F is

V-cofinally splitting in F' if and only if for every z C (P, \)V with 2 O dom(f), there exists
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{91, 92} C F such that dom(g;) 2 z, dom(gs) D z, g1 | dom(f) = go | dom(f) = f, and there
exists § € dom(g;) N dom(gs) with g;(5) # ¢2(B). Say that F' is V-cofinally splitting if and
only if every f € F is V-cofinally splitting in F'. Define the V-pruned part of F' by recursion.
Let FO = F, Fott = {f € F : f has an extension to every level z € (P,\)V of F*}, and
F* = (| F?. For some minimal «a;, F° = F* ¥l and call this F’** = F’ the pruned
part ofv?. It is clear that, for example, ([F])™ = ([F'])™. Define the Cantor-Bendixson
process on F' relativized to V' in the natural way. So let F, = F’ denote the V-pruned
part of F. Let F/,, = {f € F, : fis V-cofinally splitting in F,,}, and let F,,; be the
V-pruned part of F/ ;. For limits, let F,, be the V-pruned part of (| F, = F. Call the
minimal ay with F,, = F,,+1 the V-Cantor-Bendixson height of F, tﬁat is ap = htep(F).
By construction, every F, is V-pruned. Throughout, when context is clear, we may omit the
V-prefix. It is not difficult to see that this process is absolute between V' and M, in the sense
that (F,)V = (F,)™ for every «, where this latter (F,,)" denotes the V-Cantor-Bendixson
derivative as above. Now the proof proceeds as usual. Working in M, suppose towards a
contradiction that we have some b € [F|\ V. By recursion, we argue b € [F,] for every «,
which is impossible as F, = () eventually. For limit stages, if b € [F,] for every v € «, then
blz€eF,foreveryy€a,z€ (P, sob|z€ ) F,,ie be|[F,]=|F,]. Next, suppose
b € [F,]. We want to show b € [F,41]. If not, Zlel:n b & [F..,] so for some z € (P\)Y,
bl z¢F.,.,, ie there exists 2’ D z, 2/ € (P,\)" such that for every gi,9» € F, with
glZ=glZandg [ 2=g¢2 [ 2=0] z for every v € dom(g;) Ndom(gs), g1(7) = g2(7)-
However, then in V we can define b € *2 via b(y) = (b | 2')(7) for v € 2/, and b(y) = b, (7),
where b, € Fligyy, for v € 2. Because b | (2’ U {v}) € F.iuqy for every v, we must have

b(y) = b,(y) for every such v, i.e. b= b, a contradiction. O

Remark 1.8.3. If (P,\)Y = (P.A)M, then F is actually a P,\-forest in M. Additionally,
in M if (P,\)Y is cofinal in (P,\, C), i.e. if every subset of size < k of X in M is covered by
a subset of size < k of X in V, then we can consider the induced P.\-forest, F, in M, from

F. Thatis, F = {f : f € *2, z € P.), and there exists 2’ € (P.\)" with z C 2’ and f., €
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Lev, (F) with f = f. | z}. So F is formed by closing F' downwards in the natural sense.
It is straightforward to see that F is indeed a P,\-forest, and in fact [F| = [F], where the
latter is interpreted again as the set of functions from A to 2 where the restrictions to all

z € (P,A)Y liein F. In this case then we also have that if (Frankeyr) = 0)Y, ([F))M\V = 0.

As in the case for trees, unless x is A<"-strongly compact or w, whether or not the body
of a P M-forest F' is topologically scattered has potentially little bearing on whether or not
branches can be added through F' in outer models. However, just as we did for trees in
1.3.7, using the cut-and-choose game, we can say that certain forcing extensions can’t add

branches to certain forests.

Proposition 1.8.4. Let ' be a P\ forest, let § < & be either a limit ordinal or the successor
to a limit ordinal, let P be J-strategically closed, and suppose that forcing with P adds a
branch through F. Then Ker(F,d) # (.

Proof. Due to the equivalence of Ker(F,w) with Ker(F') and Sc(F,w) with Sc(F'), by 1.8.2 we
are done if § = w. More generally, let b be a name for a new branch through F. Working in
V', we describe a winning strategy for player 17T in G(F,(,d). Suppose player I plays Ay first.
Find py € P such that for some B, € P, A with B, 2 Ay, there exists f,, € Levg, (F') such
that pg I b | By, = fpo- Suppose that Odd plays ¢ = po as his first move in G5(P). Even
responds following her winning strategy in Gs(IP) with go. Because it is forced that b is not in
V', there must exist p, py < gz such that for some By, v € P\ with By, v 2 By, there exist
fv, € Levg, ,(F) and fyy € Levp, ., (F) with pf IF b | By = fono 05 IF b1 By = forrs
and fy # fy. Let player IT play {f) = for | By po, f{ = forr | By pr} as her response to
Ay in G(F,0,0). Player I responds with f; € {fJ, f} and A;. Whether or not f; = f or
fi = f0, there exists p| < pl or pf < pll such that e.g. for some By € P with B 2 Ay,
there exists fE with p/ I- b BE = fE' Let Odd play e.g. p/ as ¢s in G5(P). Even responds

following her winning strategy in Gs(P) with g4. As before, there must exist pj,p! < q4
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such that for some By ,n € PA with By v 2 Br, there exist f € Leva,1 ,p,l,(F ) and
for € Levg, ,(F) with p) |- b | By = fos DiIFb [ By o = for, and for # fy. Let
player IT respond then with {f§ = fy | By oo, fi = for | By} It is clear that player
IT can proceed in this fashion. At any limit stage n € ¢, Even is able to play a g, in the
appropriate run of G5(P), and so the partial function constructed by the two players up to
stage 1 can be extended to the limit level. Then ¢, can be strengthened to a condition which
fixes the value of b up to any level A, played by player I, and this condition must split
into two conditions fixing different values of b beyond level A, and player I can offer these
different values as {f, f{'} and proceed (i.e. depending on which player I picks, have Odd
play the appropriate splitting condition, etc.). It is clear that if § is a limit ordinal, or the
successor to a limit ordinal, this describes a winning strategy for player IT in G(F,0,0), as

desired. O

As a corollary to 1.8.4, we have the following weakening, which has been identified several
times and has been called a generalized Silver’s lemma (see Proposition 2.1.12 in [70], or [25],
for example), because it says that sufficient closure of a forcing notion means in particular

that branches cannot be added through forests with small enough levels.

Corollary 1.8.5. Let s be regular, n € k be minimal such that 2”7 > k, F' be a P, \-forest,
and P be an (n+1)-strategically closed forcing. Then if forcing with P adds a branch through
F, for some z € P\, |Lev,(F)| > 2".

Proof. Without loss of generality, we may assume that F' is pruned. By 1.8.4 there exists
a winning strategy 7 for player IT in G(F,0,n + 1). Because k is regular, and n € &
is minimal such that 27 > k, we must have that 2<7 € k. Let M < Hy be such that
<2 C M, {r,F,k,\etc.} C M, and |M| < k. The idea is simple: By having player [
provide different stimuli corresponding to elements in <"2, we can construct in M sequences

of plays with player 7 following 7 such that because 7 is a winning strategy in G(F, (), n+1),
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every branch through <72 corresponds to a game where player I is following 7, and so the
resulting functions will be able to be extended, and then by elementarity we will be able to
witness incompatibility within M N A, so that |Levyy(F)| > 27. More specifically, build
by recursion in M a sequence of nodes in F, (f, : s € <"2) C M which correspond to
the choices offered by player IT in G(F,0,n + 1). Player I will always play the minimal
possible level, i.e. player I just chooses nodes. So, fy = 0. If 7(0) = {f2, 2}, let fo = f
and fi = f{. I 7((0,{f0, /11, (fr = f0)) = {fo. fi} let foo = fo. fo = fi, and if
(0,415, 1), (fr = fo)) = {fs" fi'}, let fio = f&', fir = fi'. Proceed in this manner, and
note that because <72 C M, every f, € M. (fs: s € <72) C M satisfies the properties that if
s’ is an initial segment of s, f; [ dom(fy) = fy, for every s € <72 dom(f_~,) = dom(f ~,) and
there exists v € dom(f ~,) such that f - (v) # f,~,(7), andifIh(s) € lim(n), fi = U fs
Fix b € "2. Because 7 is a winning strategy, if A, = |J dom( fs},), there exists f; Eﬁ/[ellél\(jib(F)
such that f, [ dom(fyy) = fp, for every v € n. Furjcinermore, if by # by are both in "2, then
for some minimal v+ 1, by [ v = by [ v but bi(y) # ba(v). Then {fy1(v+1), fori0+1} S M
and so by elementarity there exists £ € dom(fy,j(4+1))(= dom(fy,(v+1))) N M such that
Jor1341) (&) # frarv+1)(§). But then if we consider {gs : b € "2} C Levyna(F) where for each
be 2, gy € Levyna(F) is such that g, [ (ApsN M) = fy | (Ay N M), if by # by then gy, # Gb,,

so |Levana(F)| > 2", as desired. O

1.9 Localized games and a Cantor-Bendixson theorem

for P+ )\

If E C P+ A (and typically closed in 729%) then it is straightforward to consider Viininen’s

game played on a localized subset of E by restricting play to a x-sized domain set.

Definition 1.9.1. Let « be regular, 6 < x, E C P+ X\, B € [A\]" and ap € EN P(B). Define

the two player game of length § starting at ay played on ENP(B), G(FE, B, ag, ), as follows.
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Enumerate B = (8, : v € k). The game is initialized at ay. Player I plays an increasing
sequence of ordinals in x, while player I plays points in £ N P(B). At limit stages player [
must play the supremum of the ordinals he’s played already, and at stage 3 generally player
I plays ap and player 11 must play ag € E N P(B) such that ag # a, for every n € 8 and
agN{By v € ay1} =a,N{By v € ayy1}. Player II wins a run of the game if she can

play legally at stage [ for every 5 € 4.

Note 1.9.2. Whether or not player I or /I has a winning strategy in G(FE, B, ag,d) is

independent of the enumeration chosen for B.

Proof. Consider two enumerations of B, B = (3, : v € k) and B = (0, : 7 € k). Suppose
without loss of generality that player I has a winning strategy 7 in G(E, B, ag, k). We
describe a winning strategy 7 for player I in G(E, B, ag,d). Suppose @7 = 7({ap)). Find
oy € kosuch that {8, : v € ar} C {d, : v € a1} and let 7({ap)) = aa. Suppose player
IT responds with a;. Then agN {6, : v € a1} = a1 N{0y : v € au}, s0o ag N {B, : 7 €
ar} =a;N{B, : v € ai}, and so (ag, a7, a;) is a valid sequence of moves in G(E, B, ag, 9).
Suppose 7({ao,1,a1)) = @z. As before, find ay > oy so that {8, : v € &} C {J,

v € ay} and let 7({(ag, 1,a1)) = ag. Player I can proceed at successors in G(E, B, ao, k)
in this manner. Similarly, at limit stages £, if player I1 can respond in G(E, B, agp, k) to
(ao, o, ai, 0, ..., 0 = Sup{% :n € &}) with ag then a¢ is a legal move for player 17
following the (ag, @y, ay, . .., % = sup{ay, : n € £}) sequence in G(E, B, ao,6). So, because
7 is a winning strategy in G(E, B, ag,d), T must be a winning strategy in G(FE, B, ao,?).
Next, suppose player I has a winning strategy 7 in G(E, B, ag,§). We describe a winning
strategy for player I in G(F, B, ag,w1). Suppose player I plays a; first. Find a7 such that
{B,:v€ar} 2{0,: 7€ ai}. Let I play a7 in G(E, B, ap,w;) as his first move. Then
if 7({ao, 1)) = a1, a1 is a legal move for player II following (ag, a1) in G(E, B, ag,6). Let
7({ag, 1)) = a1. As before, we can proceed in this manner, using the moves that player I1

makes following 7 in G(E, B, ag,§) to yield legal moves for player I1 in G(E, B, ag,0). So
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because player 11 can play a d-sequence of moves in G(E, B, ag, §), she can do so no matter

how player I plays in G(E, B, ag, ). O

Due to the nature of 739X | P+ \ (which is equal to 75€ | P+ A by 1.6.17), many of the results

about Vaananen’s game which we explored in the early sections of this chapter generalize to

the P+ setting. In order to proceed, we need some natural definitions.

Definition 1.9.3. For E C P+ ), define the local d-kernel of E, Ker;(E, ), to be the set of
ap € E such that player I1 has a winning strategy in G(FE, B, ag, d) for some B € [A]" with
ap € ENP(B). Define the local é-scattered part of E, S¢;(E, d), to be the set of ag € E such
that player I has a winning strategy in G(E, B, ag, ) for every B € [A]" with ag € ENP(B).
Say that a k-closed E is locally d-perfect if and only if £ = Ker;(E,§) and say that E is

locally d-scattered if and only if E'= S¢;(F, ).

As we might expect, if w = § < k we have the usual correspondence between topological

perfectness and scatteredness and local w-perfectness and w-scatteredness:

Proposition 1.9.4. If £ C P+ then Ker)(F,w) = Ker(F) and S¢;(E,w) = Sc(£). Here

P_i X is equipped with 720X | P\

K

Proof. Note that Ker(FE) is dense-in-itself. Fix ay € Ker(E). Let M < Hy such that
|M| = k, M is internally unbounded, x C M, and {ag, k, A, E,etc.} C M. Let B = M N A.
We show that player I/ has a winning strategy in G(E, B, ag,w). Let (8, : v € k) be an
enumeration of B. Suppose player [ plays «;. Because M is internally unbounded, there
exists Ay € M N P,(B) such that {#, : v € oy} C A;. By elementarity and because
Ker(E) is dense-in-itself, there exists a1 € M N Oyya, N E with a; # ag. Let player 171
play such an a;. Player I responds with as, and again there exists Ay € M N P,(B) such
that {8, : v € az} C Ay and also such that for some § € Ay, a1(0) # az(d). As before, by

elementarity and because Ker(£) is dense-in-itself, there exists ay € M N Oy, 14, N E with
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ay # a; (and necessarily as # ag). By proceeding in this manner, it is clear that player
IT has a winning strategy in G(E, B, ap,w). So Ker(F) C Ker;(F,w). On the other hand,
let ap € Sc(E). Fix B € [A]® such that ap € P(B). We need to see that player I has a
winning strategy in G(E, B, ag,w). Suppose & = rankcp(ag), i.e. a9 € Eg, \ Eg,41. Find
Ay € P, such that B,y N 04, = {ao}. Let oy € k be such that AyN B C {B, : v € oy}
and let player I play ay. Player I1 responds with a; € E'N P(B) such that a; # ap but
a1 N{By vy €a} =aoN{B,:v € ar}. But then necessarily rankcp(a1) = & < &. Player

I can proceed in this manner, and so this describes a winning strategy. O

Remark 1.9.5. In the case where k = w, if E C P, \ is closed in 739% | P, ),
E = [Fg| N B, A where Fg is the P, \-forest induced from E. Then Ker(E) = Ker(E,w) by
1.9.4. Additionally, Ker(Fg) = Ker(Fg,w) by 1.7.4. Moreover, because Ker(Fg) is a cofinally
splitting subforest of Fy, which codes an w-closed subset of P, A, [Ker(Fg)|NP,, A is a closed
dense-in-itself subset of E, so [Ker(Fg)|N P, A C Ker(E). On the other hand, it is straight-
forward to see that Fike(s) C F is a cofinally splitting subforest, so Fker(ry C Ker(Fg). To
summarize then, we have Ker(F) = Ker(F,w) = [Ker(Fg)| N P, A = [Ker(Fg,w)] N P, A.
Similarly then, Sc(E) = Sc(E,w) = [Sc(Fg)]N Py, A = Sc(Fg,w)]|N P, A, where e.g. [Sc(Fg)]

is the set of b € [Fg| such that for some z € P\, b [ z € Sc(Fg).

If F'is a P \-forest we can also define the local d-kernel and the local d-scattered parts of F’

in the natural way.

Definition 1.9.6. Let F' be a P, forest with § < k. Let the local d-kernel of F', Ker;(F, d),
be the set of f € F such that for some B € [A]" with dom(f) C B, player /] has a winning
strategy in G(F' | B, f,d). Similarly let the local §-scattered part of f, Sc;(F,¢), be the set
of f € F such that for every B € [A]* with dom(f) C B, player I has a winning strategy in
G(F | B, f,9).

Remark 1.9.7. It is straightforward to see that Ker;(F §) is a P, \-forest and if f € S¢;(F,J),
every g € F with dom(f) C dom(g) and g [ dom(f) = f is also in S¢;(F, 9).
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Just as with the tree decomposition 1.4.5 which holds in the Lévy model obtained by col-
lapsing an inaccessible 6 >  to k1 with conditions of size < k, in this model we also have

a (local) forest decomposition.

Proposition 1.9.8. Let x be a regular cardinal and let 6 be a strong inaccessible cardinal
with k < 0. Let P = Col(k, < #). Then if G is (V,P)-generic, in V[G] if F is a P,\-forest,
F = Ker/(F, k) USc(F,K).

Proof. Let f € F and suppose that for some B € [\]* with dom(f) C B, |[(F' | f) | B]| > ™.
Let B = (f3, : v € k) be an enumeration of B via h € ®B a bijection with h(vy) = 3, for every
v €k Letg: [(F ] f) | B] = "2 be defined via this bijection, that is g(b)(vy) = 0if b(3,) =0
and g(b)(y) = 1if b(3,) = 1. Let f be the natural partial function on & corresponding to
f via h. That is, dom(f) = (h™')"dom(f) and f(y) = 0 if f(h(y)) = 0 and f(y) = 1 if
f(h(v)) = 1 for every v € dom(f). Consider Tynpsyp € <F2. That is, s € Tyrpipp if
and only if for some b € [(F' [ f) | B], g(b) [ 1h(s) = s. It is clear that |[Ty/r )5 > KT, s0
by 1.4.5, there exists an embedding e : <*2 — Ty p)p. By restricting to an upward cone
of <#2 if necessary, we may assume that this embedding is such that e(()) 2 f. We show that
player I has a winning strategy in G(F | B, f, k). The idea is simple: player I plays nodes
in /' | B corresponding to nodes coming from e”<%2, which is possible because the latter
is a subtree of Ty ((rir)p], and will so be able to play x-many rounds. Specifically, suppose
first that player I plays Ag € P,B such that dom(f) C Ay. Let 7y € £ be minimal such
that Ao C {8, : 7 € 70} Find {s§,s7} C ¢"<"2 such that 5§ [ 7o = s | 7, Ih(sf) = In(sY),
and there exists 8 € k such that s3(3) # s9(3). Define {f, f°} C F | B from {s9,s9}
via h in the natural way. So for example, dom(f?) = A”dom(s0) = dom(f?) = A"dom(s?)
and fO(3,) = 0 if s9(y) = 0 along with f0(3,) = 1 if s0(y) = 1 for every v € dom(s).
Then {f2, f°} is a splitting pair of nodes in F' | B extending f splitting above Ag. Have
player IT play this pair. Player I responds next with A; € P,(B) and chooses f; € {f, f}.

Let 71 be minimal such that Ay C {8, : v € 11}. Player II can find a splitting pair
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{s_(l), s_(l)} C €"<%2 extending e.g. 3_8 (in the case where f; = f) splitting above 7;. Let

player IT play {f3,fi} € F | B corresponding to {8, : v € v} via h in the natural
way, i.e. dom(f3) = h" dom(s_(l)), etc. Because player I can always choose nodes in F' | B
corresponding to nodes in €¢”<"2, player II can continue playing in this fashion (at limits
too, of course). So f € Ker;(F, ). On the other hand, suppose that for every B € [\|® with
dom(f) C B, |[(F | f) | B]] < k. Choose such a B. We show that player I has a winning
strategy in G(F | B, f,k). As before, let B = (8, : 7 € k) be an enumeration of B via
h € "B a bijection with h(y) = 8, for every v € k. Let g € *[(F' | f) | B] be a surjection.
Player I simply has to diagonalize against the £ element in [(F' | f) | B] at stage £+ 1, and
also insist that if the two players do play k-many rounds, that they construct a function with
domain B. Specifically, at successor rounds £ + 1, let player I play A¢yq = dom(fe) U{h(§)}

and choose feyq € {f5, f£} such that for some 8 € dom(fei1), fer1(B) # g(€)(8). At limit

rounds &, let player I play Ac = {h(§)} U |J A¢. If the game lasts x-many rounds then

=3
"= U fe € [(F 1 f)! B], but this is impossible because then for some § € &, f' = g(¢),
(ER
and so for some § € dom(fesr) € B, f/(8) = fenr(8) # 9(€)(5). a

We also have the natural analogue to Vaananen’s dichotomy 1.4.4 in the Lévy model for

closed subsets of P+ \.

Proposition 1.9.9. Let s be a regular cardinal and let # be a strong inaccessible cardinal
with k < 6. Let P = Col(k, < 0). Then if G is (V,P)-generic, in V[G] if E C P+ is closed
in 729X | P\ E = Ker)(E, k) USc/(E, k) where for every B € (A%, |Sc;(E, k) N P(B)| < k.
Proof. Suppose a € E and there exists a B € [\]" such that « C B and for every A € P, B,
|Oy.1a N E N P(B)| > k™. Here x, indicates the characteristic function of a, viewed as a
subset of A. So by O,,14a N EN P(B), we mean {b€ ENP(B):bNA=anA}. We show
that player /1 has a winning strategy in G(F, B,a, ). The idea here is simple: because

E N P(B) is closed in 729% | B, which is isomorphic to 729X over 2% via some bijection
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of k with B, no matter what player I makes as his first move in G(F, B, a, k), for some
sufficiently large A, |Oy,1a N E N P(B)| > k™, and so we can embed a copy of <*2 into
the tree induced by E N P(B) above a | A. Specifically, let h : kK — B be a bijection, so
h(y) = B, for every v € k and B = (8, : v € k). Suppose player I plays a; first. Note

that |Oy,1(8,4ea:y N E N P(B)| > k*. Also, Oy, (8,+eca;y N E N P(B) C 52 is closed in

7_BOX r

. B2 and so by 1.4.5 there exists an embedding e : <*2 — T0,, 1 (5,mcayyNENP(B) S <B9,

Here by <P2 we mean the collection of functions which have domain {3, : v € +'} for
some 7 € k and codomain {0,1}. However, it is then not difficult to see that player
IT has a winning strategy in G(E, B, a, ) following I’s initial move of «;, because a is a
branch through a subtree of TOXar{mwem}ﬂEﬂP(B) C <B2 ijsomorphic to <¥2. On the other
hand, suppose that for every B € [A]" such that a C B there exists A € P,B such that
|Oy.1a N E N P(B)| < k. We show that player I has a winning strategy in G(E, B, a, k).
Enumerate B = (3, : 7 € k). Let player I play oy such that [Oy,18,:veaiy N ENP(B)| < k.
Let g : K = Oy, 1{8,vear} N E N P(B) be a surjection. At stages { + 2, let player I choose
Qero > epq large enough so that agcyr N {By 1 7 € agra} # g(§) N{B, 1 v € agia}, unless
aer1 = g(§), in which case let player I play arbitrarily. If the two players play x-many rounds,
then they will have built a branch through TOXar{ 8 veay ) NENP(B) C <B2 not equal to any
element in Oy, {4,:yea,} N ENP(B), which is a contradiction as this set is closed in 729%(B).
Thus E = Ker(E, k) USc,(F, k). Furthermore, if B € [A]®, then |S¢;(E, k) N P(B)| < k as
follows. Suppose otherwise, so that |Sc;(E, k)N P(B)| > k™. For every a € S¢;(E, k)N P(B),
there exists A, € P,B such that |O,,ja, N £ N P(B)| < k. However, 2<* = & so there
must exist some A € P,B such that [{a € S¢;(E, k) N P(B) : A, = A}| > k*. But then

|Oya1aNENP(B)| > |0y,14aNSc(E, k) N P(B)| > k*, a contradiction. O

We might expect that there is a further relationship between the local forest decomposition
in 1.9.8 and the dichotomy in 1.9.9, in particular in the Lévy model. The reader might

also question why in the definition of, for example, the d-local kernel of a P A-forest F', we
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only require that there exists B € [A|* with dom(f) C B such that player I has a winning
strategy in G(F | B, f, k), not that there exist many such B. Indeed, the following definition

(and its natural generalizations) is natural:

Definition 1.9.10. Let F be a P, forest with § < s. Let Ker}(F, §) be the set of f € F such
that for some B € [A]® with dom(f) C B, player 1] has a winning strategy in G(F | B, f, ).
So Ker}(F,§) = Ker;(F,§) with the notation from 1.9.6. Similarly, let Sc}(F,d) be the set
of f € F such that for every B € [A\]® with dom(f) C B, player I has a winning strategy
in G(F | B, f,0). So Sc/(F,6) = Sc;(F,§) with the notation from 1.9.6. More generally,
let Kerf™"™"(F,§) be the set of f € F such that for a s-stationary set of B € [\]® with
dom(f) C B, player I] has a winning strategy in G(F | B, f,6), let Kerf™""(F, ) be the set
of f € F such that for a k-club set of B € [A]* with dom(f) C B, player /] has a winning
strategy in G(F | B, f,9), and Ker) (F,6) be the set of f € F such that for every B € [\]*
with dom(f) C B, player I has a winning strategy in G(F | B, f,d). Define Sc{™™"(F,§),
Sci s (F §), and Scj (F, ) similarly.

Remark 1.9.11. By definition, Scj'(F,§) C Sci™"*(F,6) C Scf"™P(F,§) C Sc(F,d) and
Kerj(F,6) C Ker[™(F, §) C Ker™™"(F,§) C Ker](F,5). Furthermore, Keri(F,§) is a
P\ forest for every i € {3, k-stat, k-club,V} and also for every i € {k-stat, k-club,V}, if
f € Scj(F,9), every g € F with dom(f) C dom(g) and ¢ | dom(f) = f is also in Scj(F, ).
Also, Sci'(F,8) NKer) (F, ) = Sc] (F,8) NKerf (F, ) = () and S/ (F, §) N Ker[™ > (F, ) =
Sc P (F§) N Ker™™(F, §) = §).

One may also of course define the similar analogues for the Vadnanen-type game.

Definition 1.9.12. Let £ C P ). Let Kerj(E,§) be the set of ag € E such that for
some B € [A]" with ap € E N P(B), player I has a winning strategy in G(F, B, aop,d). So
Kerj (E,8) = Kery(E,§) with the notation from 1.9.3. Similarly, let Sc}(E, ) be the set of
ag € E such that for every B € [A\]* with ay € E N P(B), player I has a winning strategy
in G(E, B, ag,6). So Sc(E,8) = Sc;(F,d) with the notation from 1.9.3. More generally,
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let Ker{™"*(E,§) be the set of ag € E such that for a k-stationary set of B € [A]® with
ag € P(B), player I has a winning strategy in G(E, B, ag, ), let Kerf™™"(E, §) be the set
of ay € E such that for a k-club set of B € [A|* with ap € P(B), player /I has a winning
strategy in G(E, B, ag,0), and Ker} (E, §) be the set of ay € E such that for every B € [\]*
with ag € P(B), player I] has a winning strategy in G(E, B, ag,d). Define Sc™""(E, §),

SciS4(F, §), and Sc¢j'(E, §) similarly.

Remark 1.9.13. By definition, Scj(E,d) C Scf**(E,0) C Scf™(FE,5) C Sc/(E,9)
and Kerj(E,5) C Kerf*™(F,0) C Kerf™(E,§) C Ker/(E,d). Also, Scj(FE,d) N
Ker/(E,d) =S¢/ (E,d) NKerj(E,d) = () and Scj " (E,§) NKerf ™ (E,§) = Sc[™(E,§) N
Ker[™""(E, §) = (.

Observation 1.9.14. The proof of 1.9.4 actually shows that Ker(E) C Kerf ™" (E,w).
So in fact Ker(E,w) = Kerf*"(E, w) = Ker" " (F,w) = Ker(E). And similarly then,
Sci (B w) = Se (B, w) = S¢) (B, w) = Sc(E).

Because the determinacy results in 1.9.8 and 1.9.9 which hold in the Lévy model rely simply
on limitations on the structure of trees T C <*2 in the Lévy model, the following natural

analogues follow by the same arguments.

Proposition 1.9.15. Let k be a regular cardinal and let § be a strong inaccessible cardinal
with Kk < 6. Let P = Col(k,< 6). Then if G is (V,[P)-generic, in V[G] if E C P+
is closed in 79X | Py, E = Kerj(E, x) USc)(E, k) = Kerf™"™(E, k) U Scf™™(E, k) =

K

Kerf " (E, k) U Scf " (E, k) = Ker] (E, k) U Scj (E, k).

Proof. The proof here is identical to that in 1.9.9, using the fact that for any ag € F and
B € [A]® such that ag C B, player I has a winning strategy in G(FE, B, ag, ) if and only
if for every A € P,B, |Oy,;1a N EN P(B)| > k", and player I has a winning strategy in
G(E, B, ag, k) if and only if for some A € P,B, |Oy,;a N EN P(B)| < k. So if there is

a single B € [A]" such that ag C B and for every A € P,B, |O,,;aN EN P(B)| > k™,
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then ay € Kerj(E, k), if there is a k-stationary set of such B, ag € Kerf*"(E, x), if there
is a k-club of such B, ay € Kerf™™"(E, ), and if for every B € [A\* with ay € P(B),
|0y.14 N EN P(B)| > k" for every A € P.B, ay € Ker)(E, x). Furthermore, because e.g. if
there is not a s-club of B € [A]" with ap € P(B) and |O,,;14 N EN P(B)| > k" for every
A € P,B, the set of B € [A\|* with ap € P(B) and |O,,jaNENP(B)| < k for some A € P.B

is k-stationary in [\, so ag € Sc™™(E, k). O

Proposition 1.9.16. Let s be a regular cardinal and let § be a strong inaccessible cardinal
with k < 0. Let P = Col(k, < #). Then if G is (V,P)-generic, in V[G] if F is a P,\-forest,
F = Ker] (F, k)USc) (F, k) = Ker{"*(F, ) USci " (F, k) = Ker{ " (F, k) UScy™" (F, k) =
Ker] (F, k) USc}(F, k)

Proof. This proof is identical to that in 1.9.8, using the fact that for any f € F and B €
[A]" with dom(f) C B, player 1] has a winning strategy in G(F | B, f, ) if and only if
I[(F | f) | B]| > k™ and player I has a winning strategy in G(F | B, f,k) if and only
if |[(F ] f) 1 B]|] < k. So the prevalence of B’s of these types determines whether or
not f € Kerf™"™(F k), Ker™ ™ (F, k), etc.. And again, if e.g. f ¢ Ker™"(F, k), then

necessarily f € Scf " (F k). O

In the remainder of this section, we explore some connections that these games have to one

another. A few more definitions are useful.

Definition 1.9.17. Let F' be a P, forest and B € P(\) \ P.A. Say that B is a reflecting
set (for F') if and only if for every b € [F | B], there exists b € [F] such that b [ B = b. Say
that B is a O-reflecting set (for F) if and only if for every b € [F | B], there exists b € [F]

such that b(y) = b(7) for v € B and b(y) = 0 for v ¢ B.

Observation 1.9.18. Let F' be a P\ forest such that |Lev,(F)| < & for every z € P\

Then if M < Hy is F-guessing with kK C M, B = M N X is a reflecting set for F.

102



Proof. Let B = M N A and suppose b € [F | B]. By definition M N P.B is cofinal in P,B
and because |Lev,(F)| < k for every z € P.A and k C M, if z € M N P,B, Lev,(F) C M.

So necessarily for every b € [F | B], there exists b € [F] N M such that b | B = b. O

Proposition 1.9.19. Let F' be a P, forest coding a closed subset of P.+A with k<F = k.

K

Then there exists a x-club of O-reflecting sets for F' in [A]".

Proof. Let M < Hy such that <*M C M, |M| = &, and {k, A, F,etc.} C M. We show that
B = M N\ is a O-reflecting set for F, which suffices. Let b € [F' | B]. Then for every
A € P.B, by elementarity there exists by € M N[F]N P+ ) such that by | A =0b [ A. Define
b € *2 by b(vy) = b(y) for every v € B and b(y) = 0 for v & B. If b ¢ [F], then there exists
z € P\ such that b [ 2 ¢ F. However, b [ (: N B) =b | (zN B) € F, and so there exists
b.np € M N[F]N P XA with b,np [ (2N B) =0b [ (2N B). However, supp(b.np) € B and

supp(b) C B, so in fact b,np | 2 = b | z, which is a contradiction because b,np € [F]. O

Observation 1.9.20. If k<* = k and F is a P \-forest, then Ker(F, k) C Kerf™™"(F, k).

Proof. Let f € Ker(F, k). Suppose M < Hy is such that <*M C M, {f, K, \, F,etc.} C M,
and |M| = k. Let B= M N A. By elementarity, there exists 7 a winning strategy for player
IT'in G(F, f,k) in M. It is not difficult to see then that player /1 has a winning strategy in
G(F | B, f,k) by following 7 (because <*M C M). The collection of such B is k-club. [

Proposition 1.9.21. Let F' be a P, forest coding a closed subset of P.+A with k<F = k.

Then Ker[™"'(F, k) C Ker(F, k).

Proof. Let f € Ker/™™(F r). By 1.9.19, there must exist B € [\ such that dom(f) C
B, player II has a winning strategy 7 in G(F | B, f,x), and B is a O-reflecting set for
F. We argue that player /] has a winning strategy in G(F, f, k) which we define from
7. Suppose player I plays Ay € P\ such that dom(f) C Ay. Let Ay = Ay N B. Let

T((Ay)) = {f0, f9}. Because F codes a closed subset of P+ A and B is O-reflecting, there
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exists {0, 00} C [F]N Py A with 8 [ dom(f§) = £§, b | dom(f) = f7 and bj(7) = b(7) = 0
for every v € B. Let player IT play {f0 =10 | Ao Udom(f0), fO =% | Ay Udom(f9)}. This
is a splitting pair extending f which splits above Ay. Player I then chooses f; € {f, f)} and
plays A;. Without loss of generality assume that f; = fJ. Let A, = A; N B. Suppose that
(o, {78 F90, (T = 8, A1) = {7, FT}. Asain there exists {bl, b}  [F] 1 Pys A with
bh 1 dom(fL) = fL, b | dom(f) = fI and bl(v) = bl(y) = 0 for every v & B. So player IT
can play {fl = b} | AyUdom(fd), fI = b! | AyUdom(f})}. This is a splitting pair extending
f1 which splits above A;. It is clear that player 11 can continue in this manner, and at limit

stages d € r if player I plays A; € P, extending J dom(f¢), then in the F' | B-game, we
¢es

need only consider 7({(Aq, {3, 1), ({f1i, A}),-.., (A5 = As N B))) = {f2, f{}, where in
particular f_é =U f_g € F | B, so necessarily f; = |J fe € F because f_g can be extended to
a branch througélféF which is 0 outside of B, and tléqeig branch can then be restricted to level
U Ae¢, extend f_g and f_f to branches through F' which are 0 outside B, and restrict these

£ed
branches to level As forming {f, 2} which extend f} and split above As. O]

Observation 1.9.22. Let F' be a P\ forest coding a closed subset of P+ \ with k<% = k.
By 1.9.20 and 1.9.21, Ker[™*(F, x) C Ker(F,x) C Kerf ™ (F k) C Ker™*(F,x). So
Ker™" ([, k) = Kerf ™ (F, k) = Ker(F, k).

Proposition 1.9.23. Let E C P+ \. The Kerf(E, x) C [Kerf™™"(Fg, k)] N P+ A. Here Fg
is the P,\-forest induced by F.

Proof. We give a sketch of the proof. Let a € Kerj(E, ). So for some B € [\]* with
a € P(B), player II has a winning strategy in G(E, B,a, k). Let B’ € [A\]" with B C B'.
We argue that player IT has a winning strategy in G(Fg | B', xa | 2, k) for every z € P, B’,
which suffices. This is because by repeated application of a winning strategy for player 1
in G(E, B, a, k), if we assume that player I plays oy € k large enough so that {5, : v €
a1} D anz, where B = (8, : v € k) is an enumeration of B, we can define an embedding

e: "2 = Tipyp C <B'9 such that e(P) D xq | 2. But then it is not difficult to see by
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always choosing splitting pairs from the pointwise image of this embedding, that player 17

has a winning strategy in G(F | B, x, | 2, k). O

Proposition 1.9.24. Let F' be a P \-forest coding a closed subset & C P+ A with k<" = k.

Then [Ker(F, k)] N P+ A € Kerf ™ (E, k).

Proof. We give a sketch of the proof. Let a € [Ker(F, k)] N P+ A. Suppose M < Hy is such
that <*M C M, {a, f,k,\, F,etc.} C M, and |[M| = k. Let B=MNA\, and (0, : v € k)
be an enumeration of B. We show that player /1 has a winning strategy in G(F, B, a, k),
which suffices. Suppose player I plays «;. Then x, [ {8, : v € au} € Ker(F, k), so by
elementarity player /1 has a winning strategy in G(F, x, [ {8y : v € a1},K), 7 € M. By
repeated application of this strategy, where player I plays so as to ensure at each stage & that
Be € dom(feyq), it is not difficult to see that there exists an embedding e : <*2 — F' [ M
such that e(®) 2 x, [ {8, : 7 € aq} with the additional property that for every b € "2, if
fo= U e(b | a), dom(f,) = B. That is, f, € [F' | B]. Because B is O-reflecting for F', each
of th:se; fp» branches is the B-characteristic function for a subset b C EN B. But then it is

not too difficult to see that if player I plays elements of the form b € £ N P(B), player I1

has a winning strategy in G(FE, B, a, k), as long as player I plays «; first. O]

To summarize, if k<% = k and F is a P M-forest coding a closed set & C P.+\, then
Ker{ ™ (F k) = Ker™ " (F k) = Ker(F,x) and [Ker(F, k)] N P A € Ker ™ (E k) C
Ker](E, k) C [Ker(F, k)] N P+ A. That is, Kerj(E, k) = Ker{™™(E, ) = Ker™ " (E, k) =
[Ker(F, k)] N P+ A.

Remark 1.9.25. In the Lévy model, if F' is a P \-forest coding a closed subset £ C P+
then £ = Ker(E, k) USc/(E, k) = Kerf™™(E, k) U Scf " (E, k) = Kerf™"(E, k) U
Scrstt (B k) with Ker?(E, k) = Kerf**™(E, k) = Kerf " (E, k) = [Ker(F, k)] N P X =
[Kerf™*(F k)] N P A = [Kerf ™ (F, k)] N Per A and F = Kerf™"™(F, k) U Scf™™(F, k) =

Ker{ "™ (F, k) U Scf™"*(F, k), so necessarily then, for example, [Kerf"™ (F k)] N P =
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Kerf (B k) and [Scf™"(F, k)] N P A = ScF™ (B, k). By [Sc™™(F, k)] N P A
we mean of course the collection of b € [F] N P+ such that for some z € P.A,
blze Scf'CI“b(F . k). These equalities may be viewed as natural generalizations of 1.4.5. Ad-
ditionally, just as in 1.4.5, one could also prove these statements in 1.9.16 as a consequence

of the corresponding ones in 1.9.15, or vice versa.

1.9.1 How Z (k) could be used : an illustration

When we proved 1.4.5, we did not follow Vadnédnen’s method of using Z~(k), though we
noted in 1.4.4 that one could. For completeness, here is an example (following the idea in
[69]) to illustrate how this method works, in the more general setting we have described here.
The hypothesis of a strong ideal over k™ is a natural one to consider as we will see, because
it allows one to “take intersections” at stages of the game < k&, yielding a winning strategy

for player I1.

Observation 1.9.26. If E C P+ \ is closed and |E| < &, then Sc} (F, k) = E.

Proof. This is the usual diagonalization argument. Fix ap € F and any B € [A]" with
ap € P(B). Enumerate B = (8, : v € k). We need to see that I has a winning strategy
in G(E, B,ap,w). Let g : Kk — E N P(B) be a surjection. At stage £ + 1 € k let player
I play agiq > ag such that ac N {8, : v € agr1} # acN{B, : v € g1} for every ¢ € &

and if ag # b(§) also such that ae N {B, : v € ag1} # 9(§) N{B, : v € ae1}. If player

11 can respond to every move, then the two players will have built a convergent sequence
(ag : £ € k) C EN P(B). Suppose this sequence converges to an element in £ N P(B), so
for some ¢ € k, it converges to g(d) such that g(6) N {8, : v € aer1} =aeN{By : 7 € a1}
for every ¢ € k. However, at stage 0 if a5 # ¢g(d) then as N {B, : v € ass1} # g(0) N {5, :

7 € agy1}, which is a contradiction. On the other hand, if as = g(d), then at stage § + 2,

as1 NA{By 17 € asya} = g(0) N{By : v € asya} # as N {By : 7 € ass2}, which is also a
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contradiction. O

Lemma 1.9.27. Suppose Z~ (k) holds. If E C P,+A is such that for some B € [A\]* we have
|EN P(B)| > k%, then EN P(B) NKer(E, k) # (). In particular, player I has a winning
strategy in G(E, B, ag, k) for some ay € E N P(B). Note that we do not require that F is

closed.

Proof. Fix B € [A]* such that |[EN P(B)| > x* and choose E' C E such that |[E' N P(B)| =
k7. Enumerate B = (f, : 7 € k). Via Z7(k), let Z be a normal (< kT)-complete ideal
over E' N P(B) such that the collection of Z*-sets has a C-dense subset, K C Z*, in which
every C-descending < k-length sequence has a C-lower bound in K. We first argue that if
X € I, there exists a € X such that for every O, , a basic open neighborhood (relative to
B) containing a, O,, N X € Z*. Such an «a is called an Z-point for X. By O, ,, we mean
the set of b € P(B) of the form (aN{p, : v € n}) Uc where c € P(B\ {5, : v € n}), that is
the set of b € P(B) which have the same intersection with {3, : v € n} as a does. Because
7~ (k) implies that 2<" = k, there are only k-many basic open neighborhoods. So if there
were no such a € X, to every a we could assign O, so that O,,, N X € Z. However, then
we would have written X as a k-sized union of sets in Z, which is impossible because 7 is
(< kT)-complete. So, let ag € E'NP(B) be an Z-point for E'N P(B). We show that player
I has a winning strategy in G(E, B, ag, k). Suppose player I plays a;. By assumption on
ag, Oupoy NE'NP(B) € Z*. Find X; € K so that X; C Oy, N E' N P(B). Because
X, € I7, there exists an Z-point for X; in X;. Let player II play such a point, a;. Next,
suppose player I plays ay > 1. We may proceed as above. Namely, because a; is an Z-point
for X1, Ou,.0,N X1 € ZT, so we can find Xy € K with Xy C O, o, N X;. Player I1 may then
play ay; an Z-point for X,. At limit stages p, player I must play o, = sup{a, : v € p}. Fix
(pe = € € cf(p)) C p cofinally increasing such that y is a successor ordinal for every £ € cf(u).
By construction we will have (X, : £ € cf(u)) a descending cf(u)-sequence of Z"-sets in K,

having been constructed by I1 during the course of play. So there exists a C-lower bound in
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K for this sequence, call it X ,. By construction X, C Oauzrl»%g for every &, so player I1

can proceed by choosing a, an Z-point for X,,. This describes a winning strategy for I7. [

Lemma 1.9.28. Suppose Z~ (k) holds. Let E C P+ be closed. If B € [A]" and a €
E N P(B), then either player I has a winning strategy in G(E, B, a, ) or player 1] has a
winning strategy in G(E, B, a, ). Furthermore, set of points a € E'N P(B) such that player

I has a winning strategy in G(F, B, a, k) is of cardinality < k.

Proof. Fix B € [A]*. First, suppose that |ENP(B)| < k. Because ENP(B) C P+ \is closed,
by 1.9.26, S¢;/ (ENP(B), k) = ENP(B). So we may assume that |EN P(B)| > x*. Suppose
towards a contradiction that the cardinality of the set of a« € ENP(B) such that player I has
a winning strategy in G(F, B, a, k) is > 7. By 1.9.27, there then exists a € ENP(B) in this
set such that player IT has a winning strategy in G(F, B, ag, k), which is a contradiction.
Therefore the cardinality of the set of @ € ENP(B) such that player I has a winning strategy
in G(E, B,a, k) is < k. Then let A C ENP(B) be the collection of a such that player I does
not have a winning strategy in G(E, B, ag, k), so |A] > «*. First, note that A is closed in
P+, as follows. Suppose (a, : @ € k) C A is a convergent sequence with limit a. We need
to argue that a € A, so we need to see that player I does not have a winning strategy in
G(E, B,a, k). Enumerate B = (f, : v € k) and suppose towards a contradiction that player
I does have a winning strategy, starting with a;. Because (a, : @ € k) C A converges to a,
there exists @’ € A such that anN{f, : v € a1} = d'N{p, : v € oy }. But then it is not difficult
to see that player I also has a winning strategy in G(F, B, d’, k), which is a contradiction by
definition of A. So A C P+ is closed. Let ag € A. We show that player I has a winning
strategy in G(E, B, ag, k), which suffices. Suppose player I plays a;. Let A = Oap.0n N A,
that is A is the subset of A consisting of @ such that aN{B, :y € ay} =anN{B, : v € a}.
Note that A is a closed subset of P.+\. Suppose first that |A| > . By 1.9.27, player I1
has a winning strategy in G(A \ {ao}, B, a1, ) for some a; € A\ {ag}. But then player

II can play a; and then proceed in G(E, B, ag, k) according to her winning strategy in
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G(A\{ao}, B, a1, k). So suppose |A| < k. Then by 1.9.26, player I has a winning strategy in
G(A, B, ag, k). We argue that this is impossible, because it gives rise to a winning strategy
for player I in G(FE, B, ag, k), as follows. Suppose that player 1 plays a; in response to ay
in G(E, B, ag, k). There are two cases, either a; € A, i.e. a1 € A, or a1 € A. If a; € A, then
by definition player I has a winning strategy in G(E, B, a1, k), and player I can proceed
according to this strategy in G(FE, B, ag, k). So we may suppose that a; € A. Indeed, if at
any stage £ € k player /1 plays ac € A, player I will be able to win the game as above. So
player 11 must play every a¢ € A. But then this run of the game G(E, B, ag, k) corresponds
to a run of the game G(A, B, ag, ), and player I can play according to his winning strategy

in this latter game. []

Proposition 1.9.29. Suppose Z~ (k) holds. Let £ C P\ be closed. Then E =
Ker](E, k) USc) (E, k) = Keri*"(E, k) U Scf (B, k) = Kerf™P(E, k) U Scf™"™(E, k) =
Ker(E, k) USc](E, k). Moreover, for every B € [, |Sci*"™(E, k) N P(B)| < & (for exam-

ple).

Proof. By 1.9.28 if B € [A]® and a € E N P(B), then either player I or player I/ has a
winning strategy in G(E, B, a, k). If player 1] has a winning strategy in G(F, B, a, k) then
player I1 also has a winning strategy in G(F, B', a, k) for every B’ € [A]" such that B C B’.
So Kerf " (E, k) = Ker](E, x) (in particular). So for example, if a € EN P(B) is then such
that for a k-stationary set of B € [\]*, player II does not have a winning strategy, then
a € Sc** (B, k). Of course in fact here a € Sc ™ (E, k), etc.. Tt is clear then by 1.9.27

that, e.g. for every B € [A|%, |Sc/™*™(E, k) N P(B)| < k. O

1.10 Unconsidered directions

1. Does there exist an (w + 1)-undetermined closed subset [T'] C 2** with 7" an w;-tree in

ZFC? We have seen in the cut-and-choose game that this is easy to produce.
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. A natural generalization of a of P, A-forest is a coherent functional system where the
codomain is some v larger than {0, 1}. Is it useful to analyze these objects with games

also?

. Is it possible to give more structure theorems for when player I or I/ have winning
strategies in G(F, 0, u) or G(F, (), u+1)? For player 11, what about reasonable structure

statements that aren’t too closely tied to the game for G(F, 0, k)?

. What are the canonical constructive examples of e.g. P\ forests which are undeter-

mined (in various ways)?

. Can the different definitions of local games can be separated nontrivially (e.g.

Ker[**(F, k) 2 Kerf'd“b(F, K), etc.)?

. Are there things to be said in these contexts for games where player I1 offers more
than just a splitting pair (and player I can then choose e.g. more than just a single

node)?
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Chapter 2

Disjoint refinements

2.1 Background and initial Observations

2.1.1 Definitions and background

Definition 2.1.1. Let sk be a cardinal and Z be an ideal over k. Say that A C Z% is
Z-almost disjoint if and only if AN B € Z for every distinct A, B in A. If A\ B € Z,
say that A is modulo Z-contained in B, and write A Cz B, or A C* B when Z is clear.
For S C Z7, say that S can be Z-injectively almost disjointly refined if and only if there
exits Ag = {as : s € S} C Z7 such that as € P(s) for every s € S and if s # ' then
as Nay € Z. We will often refer to e.g. an Z-almost disjoint refinement and mean an Z-
injective almost disjoint refinement. When 7 is understood, we will also refer just to almost
disjoint refinements, etc.. Often in this case Z =< k, that is the ideal of subsets of k of size

<k, and A C [k]".

Definition 2.1.2. Let x be a cardinal and Z be an ideal over k. Let ref(x/Z) denote the

smallest cardinality of a set X C [k]" which cannot be Z-injectively almost disjointly refined.
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Again, we will often say just refined, almost disjointly refined, etc. when Z is clear from
context. Let ref(k) = ref(k/ < k). More generally, if A C ZT does not have an almost
disjoint refinement comprising a set of elements from A, let ref(A/Z) denote the smallest

cardinality of a subset of A which does not have such an almost disjoint refinement.

Definition 2.1.3. Let  be a cardinal and Z be an ideal over . Let MAD(x/Z) denote the
spectrum of cardinalities of maximal Z-almost disjoint subsets of k. That is, MAD(x/Z) =
{\: 3A C [k]" Z-maximal almost disjoint with |A| = A}. Similarly, let AD(x/Z) denote the
spectrum of cardinalities of Z-almost disjoint subsets of k. Let MAD(k/ < k) = MAD(k)
and AD(k/ < k) = AD(k). Note of course that, for example, AD(x) = {u : for some A >

11, A € MAD(k)}.

Observation 2.1.4. There exists an almost disjoint family A C [w]“ of cardinality 2*. More

generally if 2<% = k then there exists an almost disjoint family A4 C [k]* of cardinality 2*.

Proof. Let f: <2 — k be an injection and note that 4 = {{f(b | ) : o € K} : b € "2} is
almost disjoint. For a less standard argument in the e.g. the w-case, say, let f:w — w X w
be a bijection. For every real slope 6 € R, let ay denote the set of n such that f(n) is less
distance 2 from the line y = fz. It is clear that {ap : 6 € R} C [w]¥ is an almost disjoint

collection of size 2%. O]

Note 2.1.5. While 2<% = k is sufficient to guarantee that 2® € AD(k), it is neither necessary
nor optimal. For example, if 2“7 > 2¥ and 2 < N, , then 2** € AD(w;). See [9], for
example, for a proof. Also in [9], Baumgartner gives methods to manipulate e.g. MAD(k).
For example, if V = GCH and G is (V,Fn(wy, 2, < w))-generic, then in V|G|, MAD(w;) N
(wr,24] = {wa}. It is known that if p is any singular limit of cardinals in MAD(x) then p €
MAD(k), see [52] for example. So in particular, if sup(AD(k)) is singular then sup(AD(k)) €
AD(k). We do not know, however, whether it is consistent that e.g. sup(AD(k)) &€ AD(k)
if sup(AD(k)) is a regular cardinal. For a more recent detailed investigation into the size of

(maximal) almost disjoint families in a general setting, see [53].
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2.2  Almost disjoint refinement in [k]"/ < K

2.2.1 Almost disjoint refinement by countable sets

Aspects of the basic question of which collections of subsets (in particular) admit an almost
disjoint refinement (in whatever the relevant sense is) have been studied by many individ-
uals over several decades. We will not give a complete, or even a partial, survey of these
developments here. However, the following early theorem and still-open question 2.2.3 have

received significant attention.

Theorem (Balcar, Vojtas, [7]) 2.2.1. If U is a uniform ultrafilter over w, then U has an

almost disjoint refinement.

Definition 2.2.2. Say that an ideal Z over w is tall if and only if for every x € [w]*, there

exists y € ZN [w]” with y C x.

Open question 2.2.3. Let Z be a tall ideal over w. Does ZT have an almost disjoint

refinement?

Note 2.2.4. It is not too difficult to see that the statement in 2.2.3 is consistent, as follows.
Suppose that MAD(w) N (w, 2¥] = {2¥}. Let Z be a tall ideal, and enumerate Z* = (x, : a €
2¥). At stage a, suppose we have constructed (a, : v € a). Because MAD(w) N (w,2¥] =
MAD([z4])*/ < w) N (w,2¥] = {2¥}, there exists some 2, € [74]* With |2, N (2, Nay)| < w
for every v € a. Let a, C z, with a, € Z N [w]“. We can proceed in this fashion, so that

(aq : @ € 2¥) is an almost disjoint refinement of Z.

2.2.2 Observations regarding ref(x)

The following proposition 2.2.6 is folklore, and has seemingly been proven by many individ-

uals independently. In order to motivate the diagonalization technique used, first consider
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the following (perhaps more apparent) observation.

Observation 2.2.5. Let S C [w]* be such that |S| < min{2¥,t"}. Then S has an almost
disjoint refinement. Here t denotes the tower number, that is the smallest cardinality of a

C*-decreasing chain of elements of [w]* with no pseudointersection (that is with no C*-lower

bound).

Proof. Let S = (s, : @ € \) for some A € min{2¥ t*}. Define (a, : @ € A\) by recursion.
At stage £, we have defined (a, : v € €) and (s) : v € &) C s, for every o € [£,\) a C*-
decreasing sequence of subsets of s,. First, because A < t, for every a € [, \) we can find
s C 8o such that s% is a C*-lower bound for (s7 : v € £). Let (al : ) € 2*) be an almost
disjoint collection of infinite subsets of s?. For every a € [€ 4+ 1, \), for at most one 7 is
s C* af, so because A < 2¢, for some 7, for every o € [€+1,X), [s5\ af| = w. Let ag = a/
and s8 = s\ a?s for every a € [€ 4+ 1, A). It is clear that we can proceed in this fashion, so
defining (a, : o € A) such that a, C s, for every a € \. We need to see that this collection
is almost disjoint. Fix v € £ € . By construction, a, = a3, while ag C sf Cr sl = sg\afiﬂ.

So |ay, Nag| < w. O

Proposition 2.2.6. Let S C [w]¥ be such that |S| < 2¥. Then S has an almost disjoint

refinement.

Proof. Suppose A € 2¢ and (z, : a € \) C [w]¥. Fix (A, : a € A) so that for every a € A,
A, C [x4]” is an almost disjoint family of size A* (for the following argument we could
also choose A, to be an almost disjoint family of maximal size size (i.e. 2“) as long as
cf(2¥) > A). To each a € A, remove from A, any a which for some § # « is an element of
{a € A, : lanxg| = w} provided that [{a € A, : |a Nz = w}| < AT. Note that there
are fewer than AT-many of these a which are removed. So without loss of generality, assume
that if a € A, then for 8 # «, if |[a N x| = w then [{a € A, : [aNag| = w} = AT. We

construct an injective almost disjoint refinement by recursion. At stage a € A, choose the

114



minimal §, < « such that [{a € As, : |a Nz, = w}| = AT. Then let @), € A;, such that
la;, N 24| = w and a;, # a; for every £ € a. Set a, = v, Na;,. Because A* > A, we can
build (a, : @ € X) this way. We need to see that for o« € 8 € A, |an Nag| < w. First, if
6p = 0o then ajy # ai,, 50 |aq Nag| < w. Suppose dg € d,. Then by minimality of d,, we
must have [{a € As, : [N x| = w} < AT. Then by hypothesis |aj N x4| < w, so necessarily
laq N ag| < w. Similarly, if 0, € d then [{a € As, : l[aNzs| = w}| < AT, s0 |a, Nxs] < w

and as a result |a, Nag| < w. O

Corollary 2.2.7. Let k be a cardinal. Then ref([x]Y/ < w) = ref([x]*) = 2¥. More

generally for any u > k, ref([u]”) = ref(x).

Proof. Because [k]" C [u]", ref([u]") < ref(x). On the other hand, suppose A € ref(x) and
suppose X = (z, : a € Ay C [u]". Let Xo = {z, € X : |z, N x| = k}. We can almost
disjointly refine {x, Nz : o € Xo} in [29]". Then take the minimal 3; such that x5 & X,
and let Xy = {z, € X \ X¢ : |za Nzp| = k}. As before, we can almost disjointly refine
{zoa Nzg, : 24 € X1} in [xp,]". It is clear that we can proceed in this fashion, and the

resulting (a, : @ € \) will be an almost disjoint refinement of (z, : @ € A) C [u]". O

Proposition 2.2.8. For any cardinal s, sup(AD(k)) < ref(x). If sup(AD(k)) ¢ AD(k) or
sup(AD(k)) = 2% then sup(AD(k)) = ref(k).

Proof. Trivially ref(k) < 2" and ref(k) < M if A € AD(k), so if sup(AD(k)) < ref(k),
then of course if sup(AD(k)) ¢ AD(k) or sup(AD(k)) = 2%, sup(AD(k)) = ref(x). The
proof here is identical to that in 2.2.6. Let A = sup(MAD(k)), let u© < A be a cardinal,
and let (z, : a € p) C [k]". Because u < A, there exists (A, : a € p) such that for
every a € p, Ay C [2,]" is an almost disjoint family of size pt. Next, for any a # [ if
a € A, is such that |a Nzs| = k and |[{a € A, : l[aNzs| = K} < pt, remove a from
A.. So without loss of generality we may assume that for any a € A, and § # «, if

laNxg| = k then |{a € A, : laNxg| = k}| = pt. Build our almost disjoint refinement
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(ao : « € p) by induction as in 2.2.6. At stage « choose the minimal §, < « such that
Ha € As, : laNx,| =k} = u™, pick some a,, € As, which hasn’t been chosen before, and

set aq = al, N x,. As before, (a, : @ € p) is an almost disjoint refinement. ]

2.2.3 Almost disjoint refinement when adding x-reals

For V' C M two models of ZFC, a natural question that one can ask (as long as [k]"\V # 0 in
M) is whether or not [£]"NV admits an almost disjoint refinement in M. For the case where
k = w, this question was asked by L. Soukup and answered by Brendle, and independently
by Balcar and Pazak, in the affirmative. The methods used are quite different, and we

generalize both of them in this chapter.

Theorem (Brendle [62], Balcar and Pazak [4]) 2.2.9. If V C M are models of ZFC

and there ezists x € ([w]*)YM \ V, then [w]* NV has an almost disjoint refinement in M.

Because P,wNV = P,wNM, (P(w)/ < w)V is a subalgebra of (P(w)/ < w)™. We investigate

the following analogous question and several related ones:

Question 2.2.10. Let V C M be models of ZFC with (P.k)Y = (P.x)M and ([x]*)M\V #

(. Under what circumstances does ([£]*)" have an almost disjoint refinement in M?

2.3 Regular subalgebras and semidistributivity

2.3.1 Definitions and basic observations

Suppose V' C M are models of ZFC'. If ([k]®)" is to be almost disjointly refined in M, then
certainly it must be the case that not for every y € ([x]*)™ does there exist z, € ([£]*)" with

z, C y, because then if a € ([x]*)™ is an element of any almost disjoint collection A € M,
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for some z, € [a]® NV, there exists {20, 2!} C ([z,]*)V with 20 Nzl = (). But then there
cannot exist a’ € A with (for example) @’ C 2%. One may also observe that any in extension
M with this property, so long as (P.k)" = (P.x)M, (P(k)/ < k)" is a regular subalgebra of
(P(k)/ < k). Indeed, in any extension M with this property, there is a dense embedding

(P(k)/ < k)Y — (P(k)/ < k). The following definitions are relevant.

Definition (Hrusdk [34]) 2.3.1. Suppose V' C M are models of ZFC. Say that M is
(k, A)-semidistributive over V', or just (x, A)-semidistributive if V' is clear, if and only if for
every y € ([\J*)M, there exists z, € ([\]*)V such that z, C y. If Pis a forcing notion, similarly
say that P is (k, \)-semidistributive if and only if (necessarily) V[G] is (k, A)-semidistributive

over V.

Definition 2.3.2. Let A and B be Boolean algebras with A a subalgebra of B. Say that A

is a regular subalgebra of B if and only if any of the following equivalent conditions holds:

1. Every maximal antichain in A remains maximal in B.

2. For every b € BT, there exists a, € AT such that for every z € A", if x <, a3, then

x Ab=# 0. This qy is called a pseudoprojection or a reduct of b.
3. Every predense subset in A is a predense subset in B.

4. If G is a (V, B)-generic filter, then G N A is a (V, A)-generic filter.

If j : A — B is an embedding, say that j is a regular embedding if and only if j”A C B is a
regular subalgebra of B. Similarly, say that j is a dense embedding if and only if j”A is a

dense subalgebra of B. If A C B is dense, it is clear that A is a regular subalgebra of B.

Note 2.3.3. As noted, if M is (k, k)-semidistributive over V' then there exists j : (P(k)/ <
k)Y — (P(k)/ < k)M a dense embedding, via j(([a]<x)") = ([a]<x)™ for every a € (P(k))V.
So in particular, if M is (k, )-semidistributive over V and (P.k)" = (Pyx)M, then (P(k)/ <

\%4

k)Y is a dense, and so regular, subalgebra of (P(k)/ < x)M.
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Example 2.3.4. P = Fn(w, 2, < w), i.e. Cohen forcing, is (w1, w; )-semidistributive.

Proof. This is a simple consequence of P being countable. If y € ([wy]“*)VI¢] then fixing
y a P-name for y, for every a € y there exists p € G so that p IF a € 3, so because
|P| = w, there exists p € G so that for uncountably many o € wy, p IF o € 9. And so

z,={a:plka €y} Cywith z, € (Jwi]**). O

Example 2.3.5. Many common forcings to add reals are (w, w )-semidistributive, and in cer-
tain models are even (w1, wy )-semidistributive. For example, Hechler forcing, Mathias forcing,
Laver forcing, the Random Real forcing, and Sacks forcing are all (w,w;)-semidistributive.
In some models these forcings may be (wy,w;)-semidistributive. For example, if PF' A holds

then Sacks forcing is (wq,ws)-semidistributive (see [34] for details).

2.3.2 (P(k)/ < k)V a regular subalgebra of (P(k)/ < k)M

Suppose V' C M are two models of ZFC with (P.k)¥ = (P.r)M and ([s]*)M \ V # 0.
Balcar and Pazdk’s argument in [4] for 2.2.9 begins by observing that in this case for k = w,
(P(w)/ < w)¥ is a not a regular subalgebra of (P(w)/ < w)™. Assuming (2<% = )", this

also holds for x generally, as well as the analogous statement with the bounded ideal.

Proposition 2.3.6. Let x be a cardinal in V with (2<% = k)V. Let Z; = Pk, that is the
ideal of subsets of k of size < k. Let Z, = {z € P(k) : sup(z) < k}, that is the ideal of
bounded subsets of k. Note that x is regular if and only if Z; = Z,. Let M O V be any outer
model. Then if (Z;)V = (Z;)™ but (Z;))M \V # 0, (P(x)/Z;)V is not a regular subalgebra of
(P(k)/T;)™, for each i € {0,1}.

Proof. Fix i € {0,1}. Work initially in V. Fix a bijection f : <"2 — k with the properties
that for any ¢ € <"2, sup({f(t | «) : @« < 1h(t)}) < K, and for every a € k&, there exits

p € k such that for every t € <¢2 with lh(¢) > 5, f(t) > «. First note that this is
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possible, as follows. Suppose first that « is regular. Then both conditions are satisfied
by any bijection f automatically, the first because if © € P,(<"2), then sup{f’z} < &
and the second because if o € r, sup{y : for some 8 < a,1h(f7'(B)) = v} < k, both by
regularity. On the other hand, suppose & is singular. Then not necessarily are both conditions
automatically satisfied, though we can ensure that they are for a particular bijection f.
Because 2<% = k and k is singular, for every v € k, 27 < K, i.e. k is a strong limit. Fix
(lto : @ € A) a continuous increasing cofinal sequence of cardinals in x such that for every
a € A\, 20 = ... By recursion define f as follows. Let f [ SH02 : SH02 — 1. be a
bijection. And generally at stage £ + 1 € ), having defined f | <F¢2 — p¢.; a bijection, let
[ (Sren2\ SHe2)  SHen2\ S — e o\ peqr be a bijection. At limit stages € € (0, ),
having defined f [ <Fe2: <H2 — e a bijection, let f | #€2 : #€2 — e \ pe be a bijection.
Such an f satisfies our two requirements. Next, let = € (Z;7)M \ V. Identify z with its
characteristic function x, € %2, ie. x € "2. Let y = {f(z | @) : a € k} € (Z;H)M. We
show that y has no reduct in V. Let z € (Z;))V. Let T C <¢2 be the tree induced by
f7Uz], that is T = {t € <*2 : forsome s € f~'[z] and @ € (Ih(s) + 1), s | a = t}. If
for any a € k, Lev,(T) = (), then necessarily z Ny € Z;, because of the first property of
f. On the other hand, if for any a € &, |Lev,(T)| = &, then there exists 2’ € ([f~![z]]*)
such that z’ is an antichain and lh(s) > « for every o € 2. However, then |f"2' Ny| < 1,
so z cannot be a reduct in this case either (as f”2’ € (Z;")V and f”z' C z). So we may
assume that |Lev,(T)| € (0,x) for every a € k. Suppose first that © ¢ [T]. Then for
some o € k, x | @ & T. Let 2/ = {s € T : lh(s) > a}. Necessarily "z’ € (Z;})V, and
|f"2 Nyl = 0. So we may assume that z € [T]. Then necessarily for every a € &, there
exists a, € Lev,(T) such that f’{s € f71[z] : lh(s) > aand s [ @ = a,} € (Z;")", because
x| a€Llevo(D), y\{fl 1 8):Be€a}t e TN y\{flB):8€ea}C fse
f7Yz] i 1h(s) > a and s | a = au}, and (Z;)V = (Z;)M. If for any « € k there exists distinct
a,b € Levy(T) such that f"{s € f71[z] : lh(s) > aand s | a = a} € (Z;7)V and f"{s €

f7Uz] : 1h(s) > aand s | a = b} € (Z;)Y, then without loss of generality e.g. z= | o # a,
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so |f"{s € f7'z] : Ih(s) > aand s | @« = a} Ny| = 0. Then for each a € k, there exists
a unique a, € Lev,(T) such that f"{s € f7'[z] : Ih(s) > a and s | a = a,} € (Z;")V. Let
z € ("2)V be defined by z | @ = a, (it is clear that for o € B € k, ag | @ = a,,). Necessarily
of course we have z = x which is a contradiction, though to be explicit because x &€ V', for
some a € k, x [ a # z | . But then f"{s € f7[z]:lh(s) > aand s | a =z | a} € (Z;))V

and f"{s € fYz]:1h(s) > aand s | a« =z | a} Ny € Z;, so y has no reduct in V. O

2.3.3 Density observations

We saw in 2.3.6 that if 2<% = k then in particular no outer model preserving the ideal of
subsets of k of size < k but adding a new subset of x can be (k, k)-semidistributive, because
(P(k)/ < k)Y is not a regular subalgebra of (P(x)/ < ). In this section we make some
observations about how the density properties of a forcing notion P can influence whether

or not P is (k, x)-semidistributive. We first need a definition.

Definition 2.3.7. For a forcing notion P, let the density of P, d(IP), denote the smallest

cardinality of a dense subset of P.

Proposition 2.3.8. If d(P) = &, then P is (k*, k*)-semidistributive. More generally, if
G is (V,P)-generic and there exists p € PN G such that d(P [ p) = &, then V[G] is an

(k*, kT)-semidistributive extension of V.

Proof. This proof is much the same as 2.3.4. Suppose G is (V,P)-generic and there exists
p € PN G so that d(P [ p) = k. Choose D C P | p dense with |D| = k. Let & be a name
for an element 2 € ([x*]%")VIE). Then for every a € x, there exists p; € G with p; IF « € 4,
so there exists py € GG with p, < p; and p; < p. But D is dense below p, in particular, so
there exists p3 < py with p3 € DNG. Therefore x = {a € kT : dg € DN G with ¢ IF « € i}.
Because |z| = kT and |D| = k, there must be ¢ € DN G with [{a : ¢ IF o € &}| = kT.

However, this set is in V. O
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Proposition 2.3.9. Let x be a cardinal and P be a separative forcing notion. Then if G
is (V,P)-generic and there exists p € P N G such that for every ¢ < p, d(P | ¢) = &, and

(k is regular)VI¢l then V[G] is not a (k, x)-semidistributive extension.

Proof. Let k be regular, P be separative, and let G be (V,P)-generic with p € PN G such
that for every ¢ < P, d(P | q) = k. Let D C P | p be dense of size k and enumerate
D = (p, : @ € k). By recursion, define E C D as follows. First let py € E. At stage 5,
having determined whether or not each of (p, : v € ) is in E, if for some v € 8, p, € E
and p, < pg, let pg € E. Otherwise let psg € E. It is not difficult to see that £ is dense
below p, and so of size k. Enumerate £ = (p!, : a € k). By construction if o € § € x then
=(pl, < pjs). Let @ be a name for the set z = {a : p), € ENG}. We argue that z € ([K]")VIC]
and for no y € ([x]*)" is y C x. First, suppose towards a contradiction that z € (P.x)" (¢
By regularity of  in V[G], for some ( € k, x C 3, and the set of conditions s € E such that
for some v € K\ B, s < pl, or for every y € K\ f, s L p.,, is dense below p. So there exists
some such s € G, and so then necessarily for some o € ¥, s = p;,. Either p|, < p/ for some
v € K\ B or for every v € k\ 3, p, L pl. We cannot have p/, < p!, for some v € '\ 3, because
x C B and so a < v, which means that =(p;, < pl,). Therefore for every v € x\ 3, p, L p..
However, then EN (P | pl) C {p;:d € 5} C P | pl, is dense, a contradiction because we
assumed d(P | p.) = k. Thus = € ([x]*)VI¢]. Next, suppose towards a contradiction that
for some y € P(xz) NV with y unbounded in , y C x. Then for some r € G, r; IFy C .
There exists 9 € G with ro < r; and ry < p. Because F is dense below 7y, there exists some
q € ENG with ¢ < ry,ri,p. So in particular, ¢ Iy C @. But then ¢ I- pl, € G for every
v € y. Because P is separative, we must have that ¢ < p£/ for every v € y. However, g €
so for some « € k, ¢ = pl,. However, because y is unbounded in « there exists v € y\ (a+1),

and by construction of E, =(pl, < pl), a contradiction. ]

Corollary 2.3.10. Suppose |P| = w;. Passing to P’s separative quotient we may assume

that P is separative. Let G be (V,P)-generic. The set of conditions p such that there does

121



not exist ¢ < p with d(P | ¢) < d(IP | p) is dense because there are no infinitely descending
sequences of ordinals. So there exists such a p € G. If d(P | p) = w, then necessarily V|G|
contains a Cohen real over V. If d(P | p) = wy, then as long as w; remains regular in V[G],
V]G] is not (wy,w;)-semidistributive by 2.3.9. In 2.3.5 we saw that e.g. if PF'A holds in
V' then Sacks forcing is (wq,w;)-semidistributive (and doesn’t collapse w; and doesn’t add a
Cohen real), so necessarily we must have that 2, the size of Sacks forcing, is greater than
wy, as indeed is the case here. Additionally, in the context of refining (P(w;)/ < wp)Y in
VI[G], as 2.3.9 shows that any (w;,w;)-semidistribtive forcing of size w; not collapsing w;
must add a Cohen real, there are no (wq,w;)-semidistributive forcings adding a subset of w;
of size wy; which don’t add reals. This improves that consequence of 2.3.6 in the particular
case where |P| = w; and the C'H holds in V', because the C'H is not required to hold in V'

here.

2.3.4 Using a chain condition

We saw in 2.3.10 that for V' a model of ZFC', there cannot exist a forcing notion P € V' such
that |P| = w; and for some G (V,P)-generic, (P(w;) \ V # O)VIC (P, w)" = (P,,w)"E,
and V[G] is (w;,w;)-semidistributive over V. Note of course that if (P, ,w;)V = (P,,w;)""!
then w; remains uncountable in V[G]. Using a different method, we can strengthen this

result and show that this holds for any P which is ws-c.c. as follows.

Proposition 2.3.11. Let P be ws-c.c., add a new uncountable subset of wy, and not add
reals. Then P is not (wy,w;)-semidistributive. More generally, if P is x*-c.c., adds a new
subset of k of size k, but doesn’t add any subsets of k of size < k, then P is not (k, k)-

semidistributive.

Proof. We prove something more general. Let & be a name for a new element of *2. Let A

be sufficiently larger than k. Because P is kT-c.c, if N < (H,,P,#,...) with |[N| = x and
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k C N, if G is (V,P)-generic, then G is (N, P)-generic (because 1p is a master condition for
every such N). So N|G]|NV = NNV. Consider the tree T C <*2 in V where Lev,(T)
consists of the functions f € 2N N. This tree is indeed a tree and has cardinality and
height . Fix a bijection g : T — & in V. Because i € N[G], i% | a € N[G] for every
a € K, and so because P doesn’t add subsets of  of size < k, ©¢ [a € V,s0 2% | a € N.
Therefore 2% € [T]. Consider y = {g(i% | a) : a € r} € ([x]%)VIE). If there existed z C y
with z € ([k]*)V, then g~'[z] C T is a set of comparable nodes with unbounded height. But

then 2% € V as it can be defined from g~![z], a contradiction. O

2.3.5 No (w;,w;)-semidistributive extensions and -CH

We saw in particular in 2.3.6 that if the C'H holds in V then if M O V is any extension
not adding reals but adding a new subset of wy, (P(w;)/ < w;)V is not a regular subalgebra

of (P(w1)/ < w)™. Consistently we can also have this result for generic extensions if

V = 2¥ = 29 = wy, in particular if V = PFA.

Observation 2.3.12. Let a(k) denote the minimal cardinality of a (nontrivial) maximal
antichain in P(w;)/ < &, that is a(k) = min((M AD(k) N (k,2%]). Then for V' C M transitive
models of ZFC with (P.r)Y = (P.r)M, if (Ja(k)V| < a(k))M, then (P(k)/ < )V is not a
regular subalgebra of (P(k)/ < k). So also, of course, M is not a (k, k)-semidistributive

extension.

Proof. By hypothesis some maximal antichain in (P(k)/ < k)" is made no longer maximal

in M. O

Fact (Originally [67]) 2.3.13. If PFA holds in V, then if M is a generic extension of
V which contains a new subset of wy, either M contains a new subset of w or wy is not a

cardinal in M.
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For a recent nice, short, proof of 2.3.13 using guessing models, see [16]. So if PF'A holds in
V, by 2.3.13 because (a(w;) = w)Y, any forcing not adding a real but adding a new subset of
w; must not yield in particular an (wy, w; )-semidistributive extension, because (P(k)/ < )V

will not be a regular subalgebra of (P(k)/ < x)VI¢.

2.4 Refining ([x]")" in V[G]

2.4.1 A method using diagonalization

In this section we generalize 2.2.9 to cardinals Kk > w in certain specific contexts. In order
to motivate the general idea behind the proof of 2.4.10, an initial discussion of some aspects
of our proof for 2.2.6 is perhaps helpful. In our proof for 2.2.6, we first split up every set
we wanted to refine into an almost disjoint family of larger size than the collection of sets
to be refined, then used a cardinality argument to thin out each of these families so that if
any element of one of these families intersected nontrivially an element of the set we wanted
to refine, then in fact a large collection of elements of that family did this also. Once this
was done, we were able to assign sequentially to each element of the set we wanted to refine
some element which hadn’t been assigned at any previous stage from an almost disjoint
family from the earliest such coordinate whose family contained many elements intersecting
this element nontrivially. It is readily seen that an important feature of this process is the
dichotomy present in an element in an almost disjoint family intersecting a set which is to
be refined: either it does so trivially, or a large collection of other elements in that almost
disjoint family also intersect that set nontrivially. The way this dichotomy was able to be
ensured in 2.2.6 was because of the presence of almost disjoint subsets of w larger than the
length of the process. If, however, such a situation is impossible because for example we want

to refine e.g. 2“-many sets, the question becomes how to ensure that we have a similar sort of
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dichotomy. In the context of outer models adding reals, this is indeed exactly what happens
in certain settings, as we saw in our chapter on trees and forests: Mansfield’s theorem in
particular says that branches can only be added to trees T" C <“2 if those trees contain a
copy of the complete binary tree <“2, and if that is the case, then if one branch is added
to T', in fact 2“-many branches are added, while otherwise the body of the tree remains in
the ground model. Indeed, this dichotomy (more specifically the perfect set property for G
subsets of 2¢) and associated diagonalization is exactly what Brendle uses in his proof of
2.2.9. Our proof of 2.4.10 is a “worked-out” version of Brendle’s argument. We need a few
preliminaries. Unless otherwise stated, we assume that « is regular, and this may sometimes

not be noted explicitly.

Lemma 2.4.1. Let x be a regular cardinal with 2<% = k. Then there exists A C [k]" a
collection of almost disjoint subsets of x such that A is closed in the x-box topology and
Ty = <F2. Here as usual Ty = {s € <*2: for some a € A,a | lh(s) = s}. So in particular,

[T4] = A and |A| = 2~.

Proof. 1f we fix any injection f : <*2 — &, we will be able to produce A C [x]® an almost
disjoint family of size 2% by letting A = {x; € [s]" : b € "2} where if b € "2, z, = {f(b | a) :
a € k}. However, we have no guarantee that A is k-closed and T4 = <#2. In order to do this,
we need to choose our injection f carefully. Partition s into k-many disjoint subsets of x of
size k, (o @ a € k) C [k]". Construct f by recursion. Having built f [ <*2: <*2 — J x5 an
injection, enumerate “2 = (s, : v € A) for A < k. At stage v € A, let f(s,) € z, be sﬁjgh that
f(sy) > f(sy | n) for every n € a and f(sy) > f(ss) for every § € . Because k is regular,
this is possible, and we can proceed to build f : <2 — k an injection in this fashion, which
has the property that if {s,t} C <#2, lh(s) < lh(¢), and ¢ [ Ih(s) = s, then f(s) < f(¢). In
other words, f is increasing along paths. Now, as before for b € "2 let x, = {f(b [ @) : @ € K}

and let A = {z}, : b € "2} C [k]*. We show that A is k-closed and T4 = <*2. To see that

Ty =2 <#2, it suffices to show that T4 is cofinally splitting and has no maximal paths of length
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w1 € k. It is not difficult to see that T is cofinally splitting, so we need only to see that T4 has
no maximal paths of length p € k. Take (s, : @ € p) C Ty with (J, : @ € p) such that for
every a € pu, lh(s,) = 04, and for o € § € p, §, < 95 and s [ 0, = so. We need to see that
U sa € T4. For every a € p, there exists x,, € A such that x;, [ 0, = So. Sofor a € 5 € p,
axi: [ 00 = @b, | 0. Thatis, {f(bsg [7) v € K} [ 6a={f(ba [ 7):7v €K} | Jo Because f is
increasing along paths, (f(bg | 7) : v € k) is an increasing sequence of ordinals, so for some
minimal +/, we have f(bs [ ;) > 0, for every +; > 7" and so for every v € 7/, f(bs [ ) € da.
Similarly, for some minimal ", we have f(b, [ 7{) > d, for every 7/ > 4" and so for every
v €7, f(ba | 7) € da. But then because {f(bg [ 7) : v € K} [ da ={f(ba [ V) : 7 € K} | da,
we must have v/ = +”. So, for every a € p, let v, € k be minimal such that f(b, | 71) > da
for every v1 > 7, and for every v € 74, f(ba | 7) € do. Then for every a € 5 € p, for
every v € Yo, f(ba [ v) = f(bg | v). So in fact, b, [ v = bg | 7 for every v € v,. Because
(Vo : 0 € p) is <-increasing, if s/, = by [ Yo (Or s, = by | (7o — 1) in case 7, is a successor)
we have that (s/, : o € p) C <#2 is C-increasing, and if s = |J s, then for any b € "2 with

acp

b [ Ih(s) = s, it is not difficult to see that z, [ |J 6o = U Sa € T4, as desired. In order to
see that A is k-closed, it suffices to show that [;j]#g A. O’ifeﬁe argument is very similar to the
above, except i = k in this case. Specifically, let b € [T4]. So for every a € k, there exists
1, € A such that 2, [ o = b | a. Then for every o € 8 € &, Ty, | @ = xp, | a. That is,
{fbg I v):ve€r}a={f(ba |7):v€r} | a Because f is increasing along paths as
before, we must have that for some v,, f(bg [ 7) € « for every v € v,, f(bg | 7v) > « for
every v > Yo, f(ba | 7v) € a for every v € 7,, and f(b, [ ) > « for every v > ~,. Note that
(sl : a € k) as defined before is a (cofinal in this case) subset of a branch b € [<*2], and it

«

is not difficult to see that z;, = b. O

Definition 2.4.2. In standard terminology, a G5 subset of e.g. the Cantor space 2“ refers
to a set which is a countable intersection of open sets (in the w-box topology). Analogously,
say that B C "2 is Gy, if and only if B is formed taking the intersection of k-many open

sets. Here of course we mean open in the x-box topology.
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Observation 2.4.3. Let s be regular. Let O C "2 be open in the x-box topology. Then
there exists an antichain Ao C <*2 such that O4, = O. Here of course for X C <72,
Ox = {b € "2 : for some s € X,b | lh(s) = s}. Such an Ap is not unique, and we may
take, for example, if « € k, some Ag such that lh(s) > « for every s € Ap. Furthermore, if
O, C O are open subsets of <#2 then we may take Ao, to be a refinement of Ap,, namely

if s € Ao,, then there exists t € Ap, such that Ih(t) < s and s [ lh(t) = t.

Proof. Because k is regular, {Og : s € <#2} forms a basis for the k-box topology over
%2, where Oy = {b € "2 : b | lh(s) = s}. For {s1,s9} C <72, either s; | lh(sy) = so,
so [ 1h(s1) = s1, or for some S € lh(sy) N1h(ss2), s1(8) # s2(B). It is not then difficult to
see that if O = |J O, for some A C <¥2, we can take A to be an antichain. Furthermore

s€A
if @ € K, because for any s € <*2 with a > lh(s), Os = |J Oy where A" = {s' € <F2:

SIEA!
Ih(s') = a and ¢’ [ Ih(s) = s}, we may assume that e.g. 1h(s) > « for every o € A. Tt is also
straightforward to see that if Oy C O; are open subsets of <*2, then we may take Ao, to be

a refinement of Ap, such that, for example, Ao, N Ap, = 0 (that is if, for example we have

for some s € Ap,, Os C Oq, we will have, e.g. {s 0,51} C Ap, and s € Ap,). O

Definition 2.4.4. Say that a tree T C <%(<"2) codes a G, subset B C "2 if and only if

1. (A, = {s(a) : s € Levo1(T)} : a € k) is a sequence of antichains in <*2 such that if
« € 8 € k then Ag refines A, and A, N Ag = (). Note that this implies in particular

in conjunction with the other requirements that lh(s) > « for every s € A,

2. For o € k and 5 € Levy(T'), let 57 s € Lev,41(T) if and only if s € A, and for every

B € a, s [1h(s(3)) =5(6).

3. For o € lim(k), Levo(T) = {5 € *(<*2) : 5 | v € Lev,(T) for every v € a}. That is,
Lev,(T) = [T | a.
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4. B = () Og4,. Because the A,’s are refining each other, (O 4, : @ € k) is a C-descending

aEk
sequence Of open sets.

Note 2.4.5. As we have defined it in 2.4.4, any tree T C <%(<"2) coding a Gy, subset
B C <f2 is quite simple, in the sense that there are no maximal paths of limit length < k.
Any maximal path of length < & is of successor length o+ 1, and the final coordinate in this

path corresponds to some s € A, such that O;, N O4,,, = 0.

Definition 2.4.6. Let 7' C <%(<*2) code a G, subset B C 2. Define the coded body of T,
[[T]] € *2, by b € [[T]] if and only if there exists b € [T] such that b € Op(o)- In this case

aER

in fact {0} = ] Opy)-

QER

Lemma 2.4.7. Let x be regular and let B C *2 be Gy,,. Then there exists a tree T C <#(<%2)

coding B such that [[T]] = B.

Proof. Suppose for some (O, : @ € k) a sequence of open sets, B = ()| O,. Because a
(< k)-sized intersection of a collection of open sets is open, without lo(slse Hof generality we
may assume that for o € 3, Og C O,. It is not difficult to see by recursion along the lines of
2.4.3 that we can choose a sequence (A, : a € k) C <"2 of antichains such that if « € § € K
then Ajg refines A, and A, N Az = () such that O, = O4, for every a € k. It is not then
difficult to see then that we can form a tree 7" C <%(<"2) satisfying all the conditions in
2.4.4. If b € B, then to every A, there exists a unique s, € A, such that b [ lh(s,) = s,
but then b € [T] where b(a) = s, for every a € x, and so b € [[T]]. On the other hand, if

b € [[T]] then for some b € [T], {b} = N Opo)- But then clearly b€ () O,, ie. be B. [

QER aEk

Note 2.4.8. Let B C *2 be closed, so [Tg] = T, where Ty C <"2 is the tree generated by
B as usual. Then B is G5, and we may take the tree T C <®(<*2) with [[T]] = B to be

canonical in the sense that we can take A, = Lev,(Tg).

Observation 2.4.9. Fix y € []*. Then BY = {a € "2 : |aNy| = K} is Gs,.
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Proof. Note that if a € k, O, = {a € "2 : otp(aNy) > a} is open. This is because if = ¢ O,,,
then for some € K, (N [B,7)) N (yN[5,7)) =0, i.e. OygNOy =0. Next, BY = [ O,

ack

so BY is Gy, . [

We are now ready to generalize 2.2.9 to the context of adding new subsets of .

Theorem 2.4.10. Let k be a reqular cardinal with 2<% = k. If P is k-strategically closed,
G is (V,P)-generic, and ([s]*)VICI\ V # 0, then ([x]%)" can be almost disjointly refined in
VIG].

Proof. First, if (2¢)V is no longer a cardinal in V[G], by 2.2.8 ([]*)" can be almost disjointly
refined in V[G]. So assume that (2%)V = (2%)VIC. In V[G], enumerate ([s]*)" = (7, : a €
k). In V, for every a € k, fix a bijection f, : x, — k. Identifying z, with s via f,,

~

choose A, C [z4]" to be a closed in the xk-box topology with Ty & <*2  which is possible
by 2.4.1. So in particular, [T4] = A C %2 and |A| = 2. For every y € ([s]®)", let
BY ={ae€ A, :|anyl =k} Because BY = {a € "2 : |aNy|l =k} NA,, by 2.4.9
BY is the intersection of a Gj, set with a closed set, so BY is Gs,. By 2.4.7, there exists
TY C <F(<*2) a tree coding BY with [[T¥ ]] = BY . Note that we have ([[T%]] = BY )V
and ([[T¥ ]] = BY )V, Because P is k-strategically closed, by the discussion in the previous
chapter, ([T¥ )V 2 ([1¢])V if and only if TY contains a copy of <*2. And in that case,
([T VI V| = 2% Otherwise, ([T¥. )V = ([T¥.])V. It is not difficult to see that this
implies also that ([T ]])V¢ # ([T ]])V if and only if T¥ contains a copy of <"2. And in
that case, |([[T2]))V€1\ V| = 2%. Otherwise, ([T ]])V¢) = ([[T¥]])". This is exactly the
sort of dichotomy which is required to run the analogous argument to that in 2.2.6 or 2.2.8.
So, by recursion we define in V[G] a sequence (a, : a € 2%) C [k]" such that if « € § € 2¢
then |a, Nag| < k and for every a € 2%, a, € [z,]". At stage «, find the minimal ~, such

that =([[7;=]] € V). It is clear that we can do this, because if @ = ~, then Bj> = A,

and Ty, = <2, so by 2.4.8 it is not difficult to see that 777> contains a copy of <"2, and
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so [([T==]))VI€T\ V| = 27. Next, choose some a, € [T 1]\ V such that aj, # af, for any
v € a, and set a, = x4 N ag,. Again, because if =([[T7= ]] C V) then |([[Tfja]])V[G] \ V| =2~
it is clear that we can continue this procedure and define (a, : a € 2%) such that for every
a € 2", a, € [14]". Let a € B € 2% If 7, = 95 = 7, then because at stage 8 we set aj3 # aj,
and A, consists of almost disjoint sets, |aj N a;,| < & so necessarily |ag N aq| < k. On the
other hand, suppose first instead that 7, € v5. Then a, € [T} ]]\ V and (T2 ]] € V. So
a, & [[Tx".]], but then |a, N x| < K so necessarily |asz N a,| < & too. Similarly, if 5 € v,
then aj; € [[Tffﬁ]] \ V and [[Tfjﬁ]] CV. Soay¢ [[Tjjﬂ]], i.e. |ajh Nwa| < K, so necessarily

lag Nay| < k. O

Note 2.4.11. An inspection of the proof of 2.4.10 shows that 2<% = k itself is not necessary,
it is only used to guarantee the existence of an almost disjoint collection A C [£]* which is
k-closed and such that T4 contains a copy of <#2. Indeed, in the case where 2<" = k we
could identify <"2 with x and so consider trees T'C <"k in place of 7' C <#(<#2). Similarly,
the property that M = V|G| adding a new subset of £ but not adding subsets of x of size
< k needed to have over V' which is satisfied if G is (V,P)-generic for P a r-strategically
closed forcing, is that for a tree T C <"(<%2) € V, branches are added to T" only if 7' contains

a copy of <*2, in which case 2"-many branches are added.

Note 2.4.12. As indicated previously, in the context of an outer model M almost dis-
jointly refining ([k]*)", we would want M to be (< &, k)-distributive. Because PP is (k, 00)-
distributive if and only if Odd does not have a winning strategy in G,(P), while P is -
strategically closed if and only if Even does have a winning strategy in G, (P), the result in

2.4.10 is in some sense not so far from being sharp.

Note 2.4.13. The coding of G, subsets of 2% by trees T C <"(<"2) as used in 2.2.9 works
in the case where kK = w, in which case 2<% = w and so we can consider T' C <“w. Because
any such tree either contains a copy of <“2, in which case |[[T]]| = 2 or not, in which case

I[[T]| < w, this establishes the perfect set property for Gs subsets of 2 “from the ground

7

up.
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2.4.2 A method using base trees

As mentioned, Balcar and Pazdk’s argument in [4] for 2.2.9 begins by observing that
(P(w)/ < w)Y is a not a regular subalgebra of (P(w)/ < w)™. In 2.3.6 we generalized
this and showed that if (2<* = k)" then (P(x)/ < k)V is not a regular subalgebra of
(P(k)/ < k)M. We also showed that this held with Z, the bounded ideal. Balcar and
Pazék’s argument for 2.2.9 proceeds by using the fact that a large maximal antichain from
V must be made no longer maximal in M, and refines a base tree in V. In order to imitate
this argument in a general setting with s, we need then to have the existence of base trees
in this setting. In this thesis’ chapter on tower and distributivity numbers, we prove the

following, in particular:

Proposition 2.4.14. Let k > w be regular with MAD (k)N (k, 2] = {2"}. Then there exists
a tree (T, C) such that T C [x]", ht(T) = w, Lev,(T) is a MAD family in [k]*/ < & for every
n € w (with Levy(T) = {k} for concreteness) and such that for every x € [k]*, there exists

teT with t C z.

Proposition 2.4.15. Let k be singular with cf(k) = w, 2* > k, and MAD(x) N [2¥,2"] =
{2%}. Then there exists a tree (7', C*) such that 7' C [k]*, ht(T") = wy, Lev,(T') is a MAD
family in [k]*/ < k for every o € wy (with Levo(T") = {k} for concreteness) and such that

for every = € [k]", there exists t € T' with ¢ C x. Here we could replace the ideal < k with

7.

Using 2.4.14, it is straightforward to generalize Balcar and Pazak’s argument to prove the

following.

Theorem 2.4.16. Let V C M be models of ZFC where in V, k > w is a reqular cardinal
with 2<% = k and MAD(k) N (k,25] = {25}. Then if there exists x € ([c]*)M \ 'V, ([x]*)"

can be almost disjointly refined in M. As usual, assume (P.k)V = (Per)M.
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Proof. By 2.2.8, we may assume that (2%)V = (25). By 2.3.6, (P(k)/ < x)V is not a
regular subalgebra of (P(r)/ < k), so there exists in V' a maximal almost disjoint family
A C ([k]%)V such that A is no longer maximal in M, witnessed by z € ([k]*)™. That is, for
every a € A, |z Na| < k. Because in V', MAD(k) N (k, 2] = {27}, and any maximal almost
disjoint family of size < k in V' remains maximal almost disjoint in M, |A| = 2%. In V,
let (T, C) be a base tree as in 2.4.14. We construct from 7" another base tree (7",C) in V'

V' can be almost

which we can almost disjointly refine in M, which suffices to show that ([x]*)
disjointly refined in M. This is because for every x € ([x]*)V, there exist 2*-many nodes in 7"
which are subsets of z, so we can define by recursion in V' an injection f : [k]®" — T" so that
f(z) € [z]" for every z, and then pass via this injection from an almost disjoint refinement
of T" to an almost disjoint refinement of ([x]*)V. First, fix in V for every ¢ € [s]* a bijection
b; € 'k, with by(a) = a for every a € k. Note in particular that b, '[A] C [t]" is not a
maximal almost disjoint family in [t]* in M, witnessed by b; '[z]. Begin by setting Lev,(T") =

U b, '[A] = A. If Lev,(T") has been defined, let X,,,; be a common maximal almost

teLevo(T)
disjoint refinement of Lev,(7”) and Lev, . (T), and let Lev, 1 (T") = |J b;'[A]. Because

X,11 and A are both MAD, it is not difficult to see that Leanrl(tTe’))(n;s1 MAD. We can
proceed by recursion to define (77, C), whose levels are all in particular maximal almost
disjoint families in [k]"/ < k in V which refine the levels of (T, C), so (7", C) is a base tree.
In M, for every t € T' let a; = b, *[2] € [t]*. If t; and ¢, are incomparable in T", then already
|tNt'| < Kk, so we may assume without loss of generality that ¢, [ 1h(t;) = 1, i.e. to Ct;. We
may assume in fact that ¢, is actually a direct successor to t; in 7”. However, a;, = bt_ll[z] is
almost disjoint from every element in b{ll [A], and by construction every successor to t; in 17"

is a subset of such an element, so |a;, Nta| < k. Then |a;, Nayg,| < k, and so (a; : t € T') C [K]*

is an almost disjoint refinement of 7”7 in M. m

Note 2.4.17. If in V, for example 2<% = k and 2" = k™, then the hypotheses of 2.4.16
hold and so we see that the ground model x-reals can be almost disjointly refined in any

extension adding a new subset of x (not adding a subset of smaller size). This is a more

132



powerful result in this setting than e.g. in 2.4.10 where we insisted that the outer model be

obtained by a x-strategically closed forcing.

2.5 Strongly splitting and unbounded k-reals

2.5.1 Strongly splitting x-reals

In 2.4.10 and 2.4.16 we saw that under some cardinal arithmetic assumptions, the almost
disjoint refinement of all ground model x-reals can be carried out in a large class of extensions.
In the case where k = w, much before 2.2.9 was proven in its general form, it was known that
adding certain types of reals allows an almost disjoint refinement of the set of ground model
reals to be given in the extension. Perhaps the first example of this is due the Hechler [33]
where he observes that anytime M 2 V contains a Cohen real over V, then ([w]“)” can be
almost disjointly refined in M. In this section we note that this argument generalizes to other
k, isolate the relevant combinatorial property that the real must have, and consider some
of its basic properties. This line of questioning has independently recently been considered
by Farkas, Khomskii, and Vidnyansky [24] (in the case where £ = w), who use the terms
e.g. “mixing real” and “injective mixing real” instead of “strongly splitting” as we use here.

They also observe, for example, 2.5.5.

Proposition (Hechler [33]) 2.5.1. Let x be regular and 2<" = k. If G is (V, Fn(k, 2, < k))-

v

generic then ([k]")" can be almost disjointly refined in V|[G]

Proof. Let k be regular and 2<% = k. Let P = Fn(k,2,< x) and let G be (V,P)-generic.

In V[G], let r = |J p € [k]* be our k-Cohen real. We first argue that if {z,y} C ([x]*)",
peG

then |’z Ny| = k. Here f, € "k is the unique order preserving bijection from & to r, i.e.

K

the enumerating function for . Work in V and let {z,y} C [k]®. For every a € &, let
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D, ={qeP: forsomef > a,qlF g €yn f}//x}. We argue that D, is dense. If p € P,
without loss of generality assume p € 72 for some v € k. Find 6 > ~ such that § € x, and
then find n > a with n € y where we can extend p to ¢ such that dom(q) € s and the §**
element of the domain of g is n. Then g IFn € yN fT”x. Next, because 2<% = k in particular,
2% € AD(k), so we can fix in V (a, : a € 27) C [£]" an almost disjoint family. In V[G],
enumerate ([5]%)Y = (2, : a € 27). For every a € 27, {aa, 20} C ([£]7)Y, 50 2o N flay € [24]".
However, for o # 3, |a, Nag| € K, so because f, is in particular an increasing injection from
K to K, |fla, N flag| € k, and so (z, N flas : @ € 27) is an almost disjoint refinement of

(20 a € 2°) = ([6]")V. O

Observation 2.5.2. In 2.5.1 the relevant combinatorial feature of the x-Cohen real r is
that for every {z,y} C ([s]®)", |y N f”z| = k. The other necessary ingredient in the proof
is that (|([x]")Y| € AD(x). That is, as long as we have a s-real r with that property
and (|([x]*)V] € AD(k), ([s]®)V will be able to be almost disjointly refined in e.g. V[G].

Accordingly, consider the following definition.

Definition 2.5.3. Let k be a regular cardinal and V' C M be models of ZFC'. In M, say
that r € [k|" is a strongly splitting k-real over V' (or just strongly splitting if the context is

clear) if and only if for every {z,y} C ([x]®)", |y N fz| = k.

Proposition 2.5.4. Let k be a regular cardinal, V' C M be models of ZFC', and r € M be
a strongly splitting s-real over V. Then if z € ([5]*)V, f”z € [k]* is also a strongly splitting

k-real over V.

Proof. In the following we sometimes identify sets in [£|® with their enumerating functions,
so for example z(a) = fi(a). For two sets {x,y} C [k]", let g(z,y) = fly € [k]". Let
z € ([&]%)Y, {z,y} C ([k]F)V, and r € [k]* be a strongly splitting k-real over V. We need to
see that |y N fp, x| = k. Note that f}, @ = g(g(r,2),z). First, it is not too difficult to see

that g(g(r, 2),x) = g(r,g(z,2)) = fl9(z,x) = fI(fx). This is because g(r, g(z,2))(a) =
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r(g(z,x)(a)) = r(z(z(a))) = g(r,z)(z(a)) = g(g(r, z),x)(a) for every a € k. Then note
that f/z € ([x]")" so because r is strongly splitting, [y N f/(f/=)| = |y N ff.2] = &, as
desired. O

Intuitively, because a strongly splitting x-real has the property that the subset of its points
prescribed by any ground-model subset of x of size k intersects any other ground model
subset in a set of size k, it must be that these points contain a gap structure between them
which is unanticipatable by ground model functions, in particular one which can not be

dominated by a ground model function. This is indeed the case, as follows.

Proposition 2.5.5. Let « be a regular cardinal, V' C M be models of ZFC, and r € M be a
strongly splitting x-real over V. Then f, € "k is unbounded with respect to (“#)". That is,

there does not exist g € (“x)" such that f, <* g, i.e. such that [{a € k: f,.(a) > g(a)}| < k.

Proof. Suppose towards a contradiction otherwise. Because x is regular, we may assume
without loss of generality that there exists g € ("x)Y such that for every a € &, f.(a) < g(a)
and ¢ is strictly increasing. The idea here is to use g to dictate the gap structure of two
subsets of k in such a way that f,. could never use one subset to intersect the other nontrivially.
Working in V| define g € "k by setting g(0) = ¢(0), for « € lim(k), g(o) = sup({g(B) : B €
a}), and for successors a+ 1, gla + 1) = g(g(a)). Let = = {g(a + 2k) : « € lim(k) and k €
wh € [k]" and y = {gla+2k+1) : a € lim(k) and k € w} € [k]". We argue that
yN f’xr = (. Suppose gla + 2k) € z. Then f.(g(a + 2k)) € [g(a + 2k), g(g(a + 2Kk))).
However, g(g(a+ 2k)) = gla+ 2k + 1)), and it is clear that y N[, g(a+2k+ 1)) = 0. Sor

cannot be a strongly splitting s-real, a contradiction. O]

Observation 2.5.6. Let x be regular and r be a strongly splitting x-real. Then r is a

splitting -real, in that for every z € ([£]*)Y, [xNr| =k and |z \ r| = &

Proof. Let r be a strongly splitting x-real and let x € ([k]®)V. Then in particular | f’xNx| =

k = |rNz|. On the other hand, suppose for some 3 € x, x\ 3 C r. Then f/ € (*k)" defined
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by fi(a) = f.(a+ )+ 1 is such that for every a € &, fi(a) > f,(a), which is impossible by

2.5.5 because f, is unbounded. So |z \ 7| = & too. O

Note 2.5.7. Because strongly splitting x-reals have enumeration functions which are un-
bounded in *k by 2.5.5, in extensions by e.g. forcings which are *k-bounding, meaning that
no new unbounded functions in "k are added, the collection of ground model subsets of k of
size kK could be not be shown to be almost disjointly refined by the argument of 2.5.2. An
example of this sort of forcing is Sacks(k) for inaccessible x, which is a k-closed, "k-bounding
forcing adding a new subset of x (see [40] for where this forcing was first formulated as a
natural analogue of the Sacks forcing on w). However, by 2.4.10, we know of course that

even in an extension by Sacks(k), we will be able to almost disjointly refine ([x]*)".

Note 2.5.8. Hechler also notes in [33] that the union of < t-many subsets of [w]* which
can each be almost disjointly refined can be almost disjointly refined. It is straightforward
to show using his argument that finite unions of subsets of [k]® which can each be almost
disjointly refined can be almost disjointly refined, and indeed because if cf(k) = w there are
no countable towers, countable unions of subsets of [k]* which can each be almost disjointedly

refined can be almost disjointly refined.

2.5.2 Unbounded k-reals

By Hechler’s argument, as long as in an outer model with a strongly splitting k-real
(([x]")Y| € AD(k), ([x])V will be able to be almost disjointly refined. In the case where
k = w, by a separate combinatorial argument to those establishing 2.2.9, this can be improved
by arguing directly that if an unbounded function in “w is added, then ([w]*)" can be almost
disjointly refined, as follows. In [7] the following fact is established: If @ = {g, : n € w} is
a partition of w into infinitely many finite or infinite pieces such that there are an infinite

number of them of cardinality > k for every k € w, then if Z is the ideal generated by
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{z € P(w) : for some k for every n € w, |z Ng,| < k} U{g, : n € w}, ZT can be almost
disjointly refined. If in some outer model a strictly increasing unbounded f € “w with
f(0) = 0 is added, it is not difficult to see that @ = {[f(n), f(n + 1)) : n € w} is such a
partition as above, and for any z € ([w]*)", because f is unbounded, it must be that e.g.
limsup({|x N q,| : n € w}) = w. So by the fact, ([w]*)" can be almost disjointly refined in
the extension. Balcar and Vojtas’ proof of this fact uses in a critical way the existence of
a Base Tree for the collection of sets [w]”. Because we have analogues to this under certain

cardinal arithmetic assumptions, we can prove something similar.

Proposition 2.5.9. Let £ > w be regular with MAD(k) N (k,2%] = {2"}. Then if {gs :
f € K} is a partition of x into sets of size <  such that limsup({otp(gs) : § € k)) > w,

{z € [k]* : limsup({otp(x N gp) : B € Kk)) > w} can be almost disjointly refined.

Proof. This proof follows Balcar and Vojtés’s proof for the case where k = w, see [7]. As
in 2.4.14, let (T, <) be a tree such that T C [k]®, ht(T) = w, Lev,(T) is a MAD family
in [k]"/ < k for every n € w (with Levo(T) = {x} for concreteness) such that for every
x € [k]", there exists t € T' with ¢ C z. We may assume that every node in 7" has 2" many
immediate successors. Let (z, : a € 2%) = {z € [x]* : limsup((otp(z N gp) : f € K)) > w}.
First, note that if By C T with |By| < 2%, then for every = € [k]" there exits t € T\ By
such that ¢ C x and for every s € By, either [t Ns| < k or t C s. This can be seen by first
finding ' € T with ¢’ C x, then looking at the 2"-many successors of ¢’ in T" and eliminating
any successor which has some element of By at or below it. Next, for every a € k, let
co € [K]" be such that for every 0 € c,, w < |x4 N gs]. This is possible by regularity of
and limsup({otp(z N gg) : f € k)) > w. By recursion we define a, € [z,]" and ¢, C ¢, with
to € T such that a, C | (¢gsNxa) with |aq, Ngs| < 1 for every § € k and if & € § € K then
lao Nag| < k and t,, #ﬁit; First find ¢y € T such that to C ¢y and let ay € [5U (g5 N xa)]"
Eto

with |a, N qs| < 1 for every 5 € k. At stage o € 2%, for every  # v in a we have defined

ag, a, tg, and t,. Let By = {t3 : f € a} € PaoT, and find ¢, € T \ By such that ¢, C ¢,
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and for every § € a, either |t, Ntz < k or t, C tz. Because ht(T) = w, and § # 7y
implies that tg # t,, X, = {f € a : t, C tg} is such that |X,| < w. Then for every

d € ca, (zaNgs)\ U as| =w, because |ag N gs| < 1 for every 5 € Xy and 6 € k. So, let

BEXa
ao € [U ((gs Nwa) \ U ae)]® such that for every ¢ € t,, |aq Ngs| < 1. Then if 5 € X,,
BELa £eXa

by construction ag Na, = 0, while if 5 € a\ X,, then |t, Nt5] < Kk, and so because a, and
ag intersect each ¢s interval in at set of size at most 1, |a, N ag| < k. Proceeding, we can

produce (a, : o € 2%) an almost disjoint refinement of (x, : o € 2%). O

Corollary 2.5.10. Let V C M be models of ZFC where in V and M, k > w is regular
with MAD(k) N (k,2%] = {2}. Then in M if there exists f € "k such that for no g € ("x)"

is {a € k: f(a) > g(a)}] < &, ([£]F)" can be almost disjointly refined.

Proof. Work in M. Without loss of generality, assume that f is strictly increasing and
f(0) = 0. For every a € &, let q, = [f(«), f(aw + 1)). Because f is unbounded with respect
to (*k)Y, it is not difficult to see that {q, : a € k} is a partition of x into sets of size < & such
that limsup((otp(gs) : B € k)) = K, so in particular limsup({otp(gs) : 8 € Kk)) > w. Next,
fix z € ([k]¥)V. Towards a contradiction, if limsup({otp(z Ngg) : B € K)) < u < kK, then
fo € ("k)V defined by f,(0) = z( + u) is such that for every «, f(a) < f.(«), which is a
contradiction. Thus limsup({otp(z Ngs) : B € K)) = K, so in particular limsup((otp(z N gs) :
B € k) > w for every x € ([5]*)V. Then by 2.5.9, z € ([k]®)" can be almost disjointly

refined in M. O]

2.6 Unconsidered directions

1. Can the approach in 2.3.10 be improved using e.g. a classification of posets of size w;

to push the result further up?

2. If AD(k) has a maximum element (< 2%), is ref(x) equal to this element necessarily?
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In other words, is ref(x) deducible from AD(k) in ZFC? Can there be a difference
between injective almost disjoint refinement and (possibly non-injective) almost disjoint

refinement in certain settings?
. Does adding a strongly splitting x-real imply that we have added a xk-Cohen real?

. Are we ever not able to carry out an almost disjoint refinement of ground model x-reals
in some (< k, k)-distributive extension adding a new subset of k7 Can we even have
such an extension V' C M which is (k, k)-semidistributive or where (P(x)/ < x)" is a

regular subalgebra of (P(k)/ < x)M? What about when k = w;?
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Chapter 3

Tower and distributivity numbers

3.1 Towers over k: initial observations

Definition 3.1.1. Let « be a cardinal, A C P(k), and Z an ideal over x. Typically A C ZT.
Say that (z, : @ € \) C Ais a tower in A modulo Z if and only if for a € f € N\, 25\ 2, €Z
and there does not exist x € ANZ* such that for every a € A\, x\ 2, € Z. In a slight abuse
of notation we also refer to these as towers being in A/Z. As usual, we write z3 Cj z,, or
xg C* x, when there is no confusion, if 3\ x, € Z. Such an z is called a pseudointersection
of (x4 : @ € A\) with respect to Z. As an example, if kK = w, A = [w]¥, and Z is the ideal
of finite subsets of w, then these towers are the usual towers considered in the theory of

cardinal characteristics of the continuum, the study of P(w)/ < w, etc..

Observation 3.1.2. If (z, : @ € A\) C A is a tower, then if (ag : § € cf()\)) is increasing

and cofinal in A, (74, : B € cf())) C A is also a tower.

Observation 3.1.3. If A € cf(k) is regular then there is a tower of length A in [£]® modulo
7 the ideal of sets of cardinality < x, that is a tower in [|®/ < k. Note that by 3.1.2, if X is

not regular than any tower of length A\ contains a sub-tower of length cf(\).
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Proof. Let A € cf(k) be regular. Partition x into a A-sized disjoint collection of k-sized

subsets, (A, : a € ). Let z, = x\ |J A,. We show that (z, : @ € \) C [&]" is a tower.
YEQ

First, if « € 8 € A then x5 C z,. Suppose towards a contradiction that there exists = € [x]*

with x C* z,, for every a. Because A € cf(k), there exists a € A with [xt N A,| = k. However,

then =(z C* z,41), a contradiction. O

Observation 3.1.4. There does not exist a tower of length cf(x) in [k]*/ < k.

Proof. Let (§, : a € cf(k)) be an increasing cofinal sequence of ordinals in x and let (z,, :

a € cf(k)) C [k]® be C*-decreasing. Note that for every a € cf(k), | ) #,| = . For each

YeEQ
such a, let A, € () x, be a set of ordinals of order type 6,. Let x = |J A,. Note that
YEQ acct(k)
x € [k]" and for any a € cf(k), 2\ zo € |J A, so that x C* z,. O

yEQ
Proposition 3.1.5. Let A € (cf(k), k) be regular. Then there exists a tower of length A in

[k]"/) < K.

Proof. Let A\ € (cf(k), k) be regular and fix (u, : a € cf(k)) C k an increasing cofinal
sequence of regular cardinals with ug = 0 and p; > A. For every a € cf(k), let A, =
(e, 1o - A). To avoid confusion, we write p, - A to indicate the ordinal comprising A-many
copies of 1, placed one after another. Now, for every 5 € A\, let x5 = | (Aa\ [Has o B))-
So xg is the union of all the A,’s each without an initial segment uolé)ef(on)ua - 8. Note that
(xg : B € N) C[k]" is C-decreasing. We argue that (xs : § € A\) has no pseudointersection.
Suppose towards a contradiction otherwise, and fix x € [k]" so that © C* x5 for every § € .
Without loss of generality we may assume that * C 2o = |J A,. Because uy > A > cf(k)
is regular, there must exist some « € cf(k) with [N A,| ZO;ZC .f(KI)Jet a; be the minimal ordinal
with this property. Because A < pp, there exists ;1 € A such that |z N [pay, fa, - 51)| > 1.
Again, let 5, be minimal with this property. We proceed in this manner, defining by recursion

increasing sequences (., : v € cf(k)) C cf(k) and (B, : v € cf(k)) C A. For example, at the

next step we choose o € cf(k) to be the minimal ordinal with the property that |[xtNAa,| > 12
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and ap > aq, and [ to be the minimal ordinal with the property that |20 [tay, flas - 52)| > 12
and f > (1. Similarly, at limits v € cf(k) we can choose c, to be the minimal ordinal with
the property that a,, > a, for every v € v and |r N A,, | > p,, and then choose 3, € A to
be minimal with the property that 3, > j, for every v € v and |& N [ya. s fla,, = By)| > fiy-
Because cf(k) < A, f = sup{f, : v € cf(k)} € X\. However, in this case |z \ z3| > p, for

every v € cf(k) so ~(x C* x3), a contradiction. O

3.2 Tower number definitions

Taken together, 3.1.3, 3.1.4, and 3.1.5 mean that for k > w in order to define a non-degenerate
tower number for [k]®/ < K, we need to limit our consideration only to towers of length > k.
For example, if cf(k) > w then 3.1.2 implies that there are countable towers in [k]"/ < k,
while if c¢f(k) = w then 3.1.5 implies that there are towers of length wy in [x]*/ < k. There are
two natural ways then to define the tower number, t(x), one which is similar to the natural
generalization of the pseudointersection number over w, p, to the pseudointersection number
over k, p(k), and one which simply asserts that the towers must be of a certain minimum

length.

Definition 3.2.1. Let t;([x]*/ < k) = t1(k) = t(x) denote the shortest regular length > s+

of a tower in [k]"/ < k.

Definition 3.2.2. Let p([x]®/ < k) = p(k) denote the smallest cardinal A such that there
exists a collection {z, : @ € A\} C [k]|® with the k-strong intersection property (k-SIP), and

no pseudointersection. Here the x-SIP means that for any A € P, | () zo| = k.
acA

Definition 3.2.3. Let t;([k]"/ < k) = t3(k) denote the smallest cardinal A so that there is

a tower with the x-SIP in [k]®/ < k of length .
Note 3.2.4. Note that t;(w) = t3(w) = t and p(w) = p. Furthermore if x is regular, because
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generally every tower in [k]"/ < k with the x-SIP has length > k™, and because for regular

k any tower of regular length > ™ has the x-SIP, t;(k) = ta(k).

Note 3.2.5. For regular k, both t;(x) and t3(x) have been defined in the literature (and as

in 3.2.4, they are equivalent). See [60] and [28],[12], respectively, for examples.

Definition 3.2.6. Let the (un)bounding number at k, b(k), be defined as the minimal
cardinality of a set F' of functions f : K — k such that there does not exist g € “k with
f <* g for every f € F, where f <* g if and only if [{o € k: f(a) > g(a)}| < k. Let the
dominating number at x, 9(k), be defined as the minimal cardinality of a set F' of functions
f : kK = k such that for every g € "k, there exists f € F' with ¢ <* f. Cummings and Shelah

[17] were perhaps the first to consider these characteristics in detail.

Definition 3.2.7. If x is singular it is also reasonable to let Z, be the ideal of bounded
subsets of k and consider tower numbers relative to this ideal. In this setting, we can let
t([k]f®) /T,) denote the tower number for cofinal cf(k)-sized subsets of x (which are not
necessarily of order type cf(k)) modulo Z,. Similarly, in an abuse of notation, we can let
t(“"")x /T,) denote the tower number for cf(k)-sized subsets of x which have order type cf(x)
(here we are identifying the functions with their images). Just as in 3.2.1 to avoid degenerate
cases we insist that the length of these towers is regular and > cf(x)™. Similarly, one can

consider +(P(k)/Zs), t([k]*/Z2), where p € [cf(kT), k) is a cardinal, etc..

3.3 Tower number results

The following proposition has also been observed independently by several individuals ([28],

[60], for example).

Proposition 3.3.1. If x is regular then t(x) < b(k).

143



Proof. The case where k = w, that is t < b, is a standard result in the theory of cardinal
characteristics of the continuum. In what follows we discuss the distributivity number b (the
smallest cardinality of a set of open dense subsets of [w]¥ with empty intersection), and it
is straightforward to see that t < . For completeness, we show that h < b, implying in
particular that t < b. Let A € h and let (f, : @ € A\) C “w. Without loss of generality,
assume that every f, is increasing. For each o € A, let D, C [w]“ be the set of all = € [w]*
where there exists N € w such that for every n > N with n € x, for every m € x with m > n,
m > f(n). That is, D, is the collection of infinite subsets of w where eventually always is
it the case that z(n + 1) (the (n + 1)** element of x) is greater than f,(x(n)). Because any
infinite subset of w can be thinned out to an element of D,, and D,, is open by construction,
D, is an open dense subset of [w]¥. Because A\ € b, there exists x € (| D,. Let g € “w be
defined by g(n) = z(n + 1). Then for each o« € A\, x € D, so for str)l\e N € w, for every
n € w such that z(n) > N, g(n) = z(n+ 1) > f(z(n)) > f(n). So f, <* g for every a, so
A€ b,and so h < b. Next, let kK > w be regular. We prove by induction that every regular
A € (k,t(k)) (so there do not exist towers of length A) is such that A € b(k). Because it is
not difficult to see that x € b(k), this implies that t(rk) < b(k). So, let (fo : @ € A) C "k.
Without loss of generality assume that each f, is increasing and furthermore by induction
because p € b(k) for every 1 € A that if & € § € A that f, <* fz. That is, there exists ¥ € &
such that for every v > 7, fo(v) < fz(7y). Define C,, C & to be the set of closure points for
fa, that is Cy = {y € k1 fv C~}. Note that C,, is a club in &, and if a € 3, then f, <* fs,
so in fact Uz C* C,. Because there do not exist towers of length X there is some C' C* C,
for every a € \. We may assume without loss of generality that C'is also a club, because by
taking its closure we would still have a set almost contained in every C,. Define g € “k by
g(B8) = C(B+1) for every 5 € k. Note that for « € A\, C' C* C,, so there exists 7 € k such
that if v > 7% and v € C, then v € C,. Find 77 > 7 so that C(7j) = 77 and C,(77) = 7. Note
that if n > 7 then f,(n) < Cu(n) < C(n) < C(n+1) =g(n). So fo <* g for every a € A.
Thus A < b(k). O
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Proposition 3.3.2. Let Z, be the ideal of bounded subsets of x. Then t("x/T,) =
t(cf(k)) = t([k]™) /T,). So in particular if cf(k) = w, then t = t([x]*/T5) = t(“K/Ty).

Proof. Tt is straightforward to see that t(““")k/T,) = t(cf(x)), as follows. First, suppose
A € (cf(k), t("™k/T,)) is regular. Fix (us : 8 € cf(k)) C & a cofinal sequence of ordinals. Let
(To 1 € N) C [cf(k)]® be C*-decreasing. To each x4, let T, € “")k be defined by 3 € z, if
and only if pg € Ty, and Ty C {ug : B € cf(k)}. Then (T : a € \) C Mg is Cj-decreasing,
and there exists T € " such that T C} T, for every a. Then define z € [cf(x)]™ by
B € z if and only if s € 7, and note that  C* z,, for every a. So t("x/T,) < t(cf(x)). On
the other hand if A € (cf(k), t(cf(x))) is regular, let (T5 : @ € A) C Mg be Ci-decreasing.
Without loss of generality Z, C 7y for every a. Then define (z, : a € \) C [cf(r)])
by € z, if and only if Zo(f8) € T, (that is we're just using Ty as a coordinate system).
Then (z4 : @ € \) is C*-decreasing, and so there exists x € [cf(k)]"™) with z C* x, for
each a. Letting T C Ty be defined by Zo(5) € 7 if and only if 8 € x, we see that T C} T,
for each a. So t(""k/T,) = t(cf(k)). The proof that t([x]“")/T,) = t(cf(r)) is a little
less straightforward—when translating between the [x]*) and [cf(x)](*) settings, we can
no longer use without modification a fixed coordinate system as we did in the previous
argument because elements in [x]®) do not need to have order type cf(x). To see that
t([]*") /T,) < t(cf(k)) is easy, however, because towers comprising elements in [£](®*) which
all happen to have order type cf(k) are still towers in [k]|®) /T,, and (") k/T,) = t(cf(k)).
To show that t([x]“") /Z,) = t(cf(x)), we first prove a lemma, which is that for any a €
Cof(cf(r)) N [cf(k), cf(k)T), t([a]®™) /T,) = t(cf(k)). Here of course T, when used in this
setting refers to the ideal of bounded subsets of a. First, let’s see that this lemma suffices.
Suppose we've shown that t([a]®) /Z,) = t(cf(k)) for every a € Cof(cf(k)) N [cf(k), cf(k)T).
Let A € (cf(k), t(cf(k))) be regular and suppose that (z, : a € \) C [r]**) is Cj-decreasing.
Note that otp(xg) = ¢ € cf(k)™ with cf(d) = cf(k) (because xg is unbounded in x). Consider

(o Nz : a € \). This is still Ci-decreasing, and to each z, Ny we associate T, € [§]°*)
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in the natural way. That is, T, = {7"(xo N ) : f € x4 Nz} where 7 is the Mostowski
collapse for xy. This gives an isomorphism for our purposes between (z, N zg: a € ) and
(T : o € \) C [0](%) | which is Cj-decreasing, so by the lemma there exists 7 € [6]f%) with
x C} x4 for every a € A\. We may assume T C 7. Then simply let z = (771)"z € [x]*)

and note that x C} z,, for each a € X\ as well.

So, it suffices to prove the lemma. First, is easy to see that t([a|®)/Z,) < t(cf(k)). For
the other direction, let A € (cf(x), t(cf(k))) be regular and let (x5 : 3 € \) C [a]™) be C}-
decreasing. If « is of the form 5+cf(k) for some 3, then zy\ § is of order type cf(k) in «, so by
a similar argument as for why t(“") /Z,) = t(cf(k)), we’ll be done. So suppose « is not of this
form. Because cf(a) = cf(k), we can fix f € “®™q an increasing continuous cofinal function
so that cf(f(y+ 1)) = cf(k) for every v € cf(k) and f(0) = 0. Let A, = [f(7), f(v+ 1)).
Note that in particular, the A, partition a into cf(x)-sized blocks. To each zz associate
75 € [cf(x)]™ via v € 75 if and only if 25N A, # (. Note that (T5 : 8 € \) C [cf(k)]"
is C*-decreasing, so there exists T C* x3 for every S € A\. This T corresponds to a cofinal
sub-collection of intervals A, where modulo bounded, every x5 contains an ordinal in every
interval. By changing each 23 on a bounded set, we may assume that each 23 has non-empty
intersection with every interval labeled by Z. We are going to produce cf(x)-sub-sequences
of each z3 which have < cf(k)-many elements in each relevant interval, and which are C}-
decreasing. So, for simplicity, by ignoring all intervals not labeled by Z, we may assume not
only that each x5 has nonempty intersection with every interval labeled by Z, but also that
7 labels all intervals. That is, without loss of generality suppose that for every g € A and
v € cf(k), x5 N A, # 0. Choose for each v € cf(k) a bijection e, € 41cf(k). For every 3 € A,
let f§ € Mcf(k) be defined by f§ = min{e (A, Nxg)}, i.e. fJ picks the minimal labeling of
an element in A, Nz by e, at each coordinate . Because the zg’s are Cj-decreasing, the
fg’s are <*-increasing. Specifically, if § € § € A, there exists 7 € cf(x) such that for every
Y=, asNA, CagnA,so fI(y) < fA(y), ie. (f): B €N C“Wef(k) is <*-increasing.

By 3.3.1 for every regular p, t(i) < b(p), so there exists g € “"cf(x) such that f§ <* g for
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every 3 € X. Now, to each x5 associate Tg C x5 by 75 = | e '[(ef(zs N A,)) Ng(v)].
That is, for each v, g N A, is the collection of ordinals invzi;f(:ﬁ) A, such that e,’s label is
less than g(v). Because f§ <* g, |zg| = cf(x), and |zz N A,| < cf(k) for each v € cf(k),
so otp(zg) = cf(k). Furthermore, if 5 € § € A, then for every v € cf(k) sufficiently large,
zs N A, C x3N A, and it follows then that 7z N A, C g N A,. That is, (ZTg : f € A) is
C3-decreasing. The same argument for why t(“)x/Z,) = t(cf(x)) can be used to show that
t(f®a/Ty) = t(cf(k)) for cf(a) = cf(k), and so by hypothesis there exists T € “®a C [a]*)

with T C} 75 C 23 for every 3, as desired. n

Proposition 3.3.3. Let x be singular. If t(cf(k)) > s, then t(k) < t(cf(k)) and t([x]*/Z2) <
t(cf(k)). Here just as for t(k), we must insist in the definition of t([k]"/Z;) that the towers

must be of length > k to avoid degenerate cases.

Proof. Suppose t(cf(k)) > kT. The proof for t([r]"/Z;) < t(cf(k)) is straightforward.
Specifically, let A € (k,t([k]"/Z;)) be regular. We need to see that A € t(cf(k)). Let
(To 1 € N) C [cf(k)]®) be C*-decreasing. Let (us : 8 € cf(k)) C & be a continuous cofinal
sequence of cardinals with pg = 0. For each o € A, define 7, € [«|" by To = U [, +1)-
Then (7, : a € \) C [k]" is Ci-decreasing. By hypothesis, there exists T Cj xijzfaor every .
Let # = {B € cf(k) : TN [ug, pp1) # 0} € [cf(x)]F®. Then # C* z, for every a € A, as
desired. The argument for why t(x) < t(cf(x)) is slightly more complicated, as follows. Let
A € (k,t(k)) be regular and fix (v, : @ € \) C [cf(x)]") C*-decreasing. Define as before
for each a € A\, T, € [k]" by Tq = U [us, p+1). The T,’s are Ci-decreasing, so they're

BETq

C*-decreasing and so there exists T € [k]"

such that T C* x, for every a. However, it is
not necessarily the case that T C; x, so we can’t define = directly from T as we did above.
Instead, define (25 : 8 € cf(k)) C [cf(k)]™ by 25 = {y € cf(k) : [T N (1, 1) > ps}. Tt
is straightforward to see that indeed |z3| = cf(k) and clearly if 5 € 0 € cf(k), z5s C 2z5. So,
because there are no towers in [cf(x)]%(") / < cf(k) of length cf(x), there exists z € [cf(k)]f*)

with z C* 25 for every € cf(k). We show that in fact z C* z, for every a € A. So, fix
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a € \. T C* T,, so there exists A € P,k such that T\ A C T,. Let 8 € cf(x) be minimal such
that |A| < pg. Note that z C* 25, so there exists 3 € cf(x) such that z \ 3 C z5. Note as
follows that in fact 2\ 8 C 25. Let v € 2 with v > 8. Then v € 23, 50 |T N [y, fiy11)] > p15.

And |A] < pg, so (T\ A) N [fy, prys1) # 0. However, then Ty N [fy, pys1) # 0, s0 v € 2. O

3.4 Distributivity number definitions

Definition 3.4.1. Let A C P(x) and Z be an ideal over k. Say that D C A is open dense
(or dense open) in A/T if and only if for every a € A there exists b € D with b C a (D is

dense) and if a € D and b\ a € Z, then b € D (D is open).

Definition 3.4.2. The distributivity number b is defined to be the minimal cardinality of

a collection (D, : « € ) where each D, C [w]” is open dense in [w]*/ < w and (| D, = 0.
ach

Definition 3.4.3. If k is singular, just as in the case with towers we can let Z, be the
collection of bounded subsets of x and consider open dense collections in [x]*/Z,, [x]") /T,,

ofv) ;| Ty, etc.

3.5 Distributivity number results

The following is analogous to 3.3.2.

Proposition 3.5.1. Suppose cf(k) = w. Just as in the case for t, h([x]“/Z2) = h(“k/Z2) = b.

Proof. We first describe two methods (using the same idea) for showing that h(“x/Zy) < b.
Let A < h(“k/Z,) and (D, : o € \) such that D, C [w]“ is open dense. Fix (i, :n € w) C K
an increasing cofinal sequence of regular cardinals. Let E, = (U [] [#ns tnt1)) $C “k,

x€Dy nET
where the | indicates closure under Cj with respect to the “x space. Clearly each E, is
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open. We need to see that it’s dense. If T € “k, then there is some 2’ € D, such that
for some @’ € T[] [ptn, tins1), @ C T, so that 2/ € E,. So because A < h(“x/Z,), there

nex’

exists T € (| E4. Then for every a there is z, € D, with T C} 2 € [] [tn, fns1) for
some . %ﬁgn if we let € [w]* be defined by n € z if and only if T %egf;n,unﬂ) # 0,
x C* 24, 80 ¢ € () Dy. Thus h(“k/I5) < bh. Next, we describe another similar method
for showing that [;Y(E:/i/hg) < h. Let A\, (D, : o € \) be as above. Fix A C “k a maximal
almost disjoint family. Let E, = {z, : @« € \,z € D4,a € A} |C “k, where for x € D,
and a € A, x, C a € “k is defined by a € z, if and only if & € a and there exists n € x
such that a(n) = «. That is, x, is the copy of x in a. By construction E, is open, and
it is also dense, as follows. If T € “k, then there exists a € A with |a Nz| = w. Let
x ={n € w: Ja € anzsuchthat a(n) = a} € [w]“. Then there is 2’ € D, with
' C x, so that 2/, C T. So because A < h(“k/I,), there exists T € (| E,. So for every
a € A, there exists a € A and z, € D, with T C} (x,),. However, Zjl/\ of these a’s must
be the same, because if a; # ap, then |z, N z4,| < w for any z,2" € [w]*. Thus for a
single a € A, T C} (x4),. Letting 2 = {n € w : Ja € T such that a(n) = a} € [w],
we see that x C* x,, so © € D, for every a. The other direction, h < h(“k/Zy), is
straightforward. Let A < b, and let (E, : @ € ) be such that E, C “k is open dense. Let

M newr={enN{u, :necw}:x € E,N|lzN{u, :n € w} =w}. As a subset
f [{pn :n € W}, Eq | {tn : n € w} is open dense, and so because [{u, : n € w}]¥ is

isomorphic for our purposes to (W], (| Fa | {tn : n € w} # 0, which suffices.
€A

Next, we show h([x]“/Z,) = b. Unlike as in the case for t([k]|®) /), this is no more difficult
than case above. If F C [k| is open dense, then E | “k, i.e. considering only cofinal w-
sequences, is open dense with respect to “x. It follows that h = h(“x/Zy) < h([k]¥/Z,). For
the other direction, the proof is very similar to what we've already done for “k. Let A < h

and (D, : a € \) where D, C [w]* is dense open. Againlet E, = ( U [][tn, tns1)) $C

x€Dy NET
where here the | indicates closure under Cj in the space [k]°. If 7 € []“, let 2/ C T

be
cofinal w-sequence, so by the same initial argument, there exists 2 € E, such that 2’ C 2’
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Thus every E, is open dense, and so there exists T € (] E,, but then as before there must

€A

be for every a some z, € D, such that T C} 2% € [] [tn, fint1), SO letting x € [w]* be
NETq

defined as n € z if and only if TN [y, finy1) # 0, © C* x4, ie. (| Do # 0. O

aEA

We have seen that in order to define t(x) in a non-degenerate way we have to exclude towers
of length < k. This is because, for example, if cf(k) > w there exist countable towers in e.g.
[k]"/ < Kk, while if cf(k) = w there exist towers of length w; in e.g. [k]"/ < k. The following
theorem shows that the exactly analogous behavior occurs for h(x). While it was not too
difficult as in 3.1.5 to build, for example, a tower of length wy if c¢f(k) = w in [K]*/ < &, if we
want to build a sequence of wj-many open dense sets in [k]"/ < k with empty intersection,
we will have to ensure that all possible paths of length w; through the associated tree of
maximal antichains need to be towers, which is perhaps more of a challenge. We prove this
fact, and the slightly easier case where cf(k) > w where we find an w-sequence of open dense
sets in [k]"/ < k with empty intersection, by an idea which may be motivated by the basic
theory of precipitous ideals, in partcilar the “tree of maximal antichains” characterization
of precipitousness. 3.5.2 has been proven independently by Balcar and Simon [5] using

forcing-free purely combinatorial arguments.

Theorem 3.5.2. If cf(k) > w, there exist countably many open dense sets in [k]*/ < k with
empty intersection. Similarly if cf(k) = w, there exist wy-many open dense sets in [k]"/ < Kk
with empty intersection. For both of these results the ideal < k can be replaced with Z,, the

ideal of bounded subsets.

Proof. Let cf(k) > w. Let Z denote the ideal of subsets of x of size < k, and Z, denote the
ideal of bounded subsets of k. It is a fact of the folklore that Z and Z, are never precipitous.
This is seen as follows. Consider first Z. For any [Y]r € P(k)/Z, there exists [Y']z < [V
such that if fy : Y — k and fyr : Y/ — k are the unique order preserving bijections,

then fy/(a) € fy(«) for every a € Y’. This may be seen by removing the limit points of
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Y (in its order topology) to form Y’. That is, let the 3" element of Y’ be the (8 + 1)
element of Y, Y'(8) = Y(B + 1), for every § € k. By density then, if G is (V, P(k)/Z)-
generic, there exists ([Y,]z : n € w) € G such that fy,, (o) € fy,(a) for every o € Y, 44.
Therefore ([fy,|~v/c : n € w) C *V/G is an infinite descending sequence of ordinals in the
ultrapower of V' by GG. The argument for 7, is the same, the point is that in both cases when
refining Y to Y’, we simply have to remove xk-many elements and we will get a new element
in the forcing. When viewing P(k)/Z as a forcing, we mean of course (P(k)/Z) \ {[0]z}.
Next, we we more or less follow one half of the argument establishing the “tree of maximal
antichains” characterization of precipitousness. It is the same argument for Z or for Z,.
Fix Z for concreteness. First note that if A C []" is a maximal antichain, by which we
mean if z € [k]* then there exists a € A such that |a N z| = &k, and if a1,a2 € A, then
la1 Nag] < K, then if D = {b € [k]* : Ja € Ast. b C* a}, D C [k]" is open dense. We
may denote D = A |. Also for A as above, let A" = {[a]z : a € A}, so A" C P(x)/T.

A tree of maximal antichains is a sequence (A], : n € w) of maximal antichains in P(k)/Z

such that A; _; refines Aj,. A branch through a tree of maximal antichains is a sequence of
conditions (p, : n € w) C P(k)/Z so that p,+1 < p, and p, € A, for every n. Because 7
is never precipitous, [k|z = 1 IFp(q)z ““V/G is ill-founded”. We can then choose terms F,
sothat IF F, : ks = V., IF E, € V, and IF [Fn.+1]NV/GE[Fn]NV/G- In the final statement E is
the name for the €-relation defined in the “V/G ultrapower. Let A_; = {k}. We construct
by recursion a tree of maximal antichains A/ from A, C [k]". First let 4y be a maximal
antichain so that for every a € Ay, there exists f0 € V such that [a]; IF fO = F,. Now we
proceed to construct A;. For every a € Ag, form a maximal antichain of elements, b, in [a]*
so that for every b € Ay, there exists f} € V so that [b]z IF f = F} and with the additional
property that for every o € b, f}(a) € f%(a). This is possible by density. Because it is

forced that [F1]ey,qE[Fplrv/q, and some [b]7 < [a]z fixes the values of F} and Fy, to f; and

0

-, we can refine b to some 0 C b which forces on a G-measure one set, which we can assume

is just O/, that fi(a) € f2(a). Note that if we form maximal antichains below every a for
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a € Ay, Ay will constitute a maximal antichain, and A] refines Aj,. Proceed in this manner,
and construct a tree of maximal antichains A/, so that for every a € A, there exists fI' € V'
with [A]7 - f* = F, and if b € A,41, a € A,, and [bz < [a]z, then b C a and for every
a €b, i (a) € f*(a). Note that {A, |: n € w} is a countable collection of open dense
subsets of [k]|". If there existed b € [ A, |, then for each n there exists a unique a, so
that [blr < [a,]z (1.e. (Jan]z i n € w)nieswa branch through the tree). Furthermore, because
cf(k) # w, there exists a € () a,. But then (f! (a) : n € w) is an infinite descending
€-sequence in V', which is imgsgsible. The argument for Z, is the same.

Next, suppose that cf(k) = w. Because there are no countable towers in the case where
cf(k) = w, every countable collection of open dense sets in this setting has open dense
intersection. We show that there are w;-many open dense sets in [k]"/ < k with empty
intersection. The proof is a natural extension of the above, but requires some extra work.
For A, B € [k]", say A C5* B if and only if there exists v € x such that A\ v C B and for
every 6 € A\ 7, fa(d) < fg(d). First, we show that if G is (V, P(k)/Z)-generic, then there
exists ([Ya]z : @ € wy) C G such that a € § € w; implies that Y C5* Y,,. We build this w;-
length C5* descending sequence in G by recursion. Note initially that for any [A]r € []|*/Z,
{[B] € [k]"/Z : B C§* A} is dense below [A]z. So at successors, we can extend the sequence.
Furthermore, C}* is transitive, i.e. A C3* B C¥* C implies that A C5* C. So, having defined
([Yolz : a € B) C G for B € lim(wy), to define ([Y ]z : a € 8+ 1) C G for § € lim(wy) it
suffices to show, by considering a ladder in type w to f3, that, e.g. given ([Y,|r : n € w) C G,

we can find Y,, C5* Y, for every n with [Y, ]z € G. We prove something stronger, namely if

only Y,,.1 C* Y, we can find such a Y,,. It suffices to show that the following set is dense:

D = {[Y]z : For every n, Y C5* Y, or there exists an n such that |[Y NY,| < k}.

Let [Y'|]z € P(k)/Z. If there is an n € w such that |Y' NY,| < k we're done, so suppose

Y’ NY,| = k for every n. The sequence (Y'NY,, : n € w) is C*-decreasing. Define Y € [Y']*
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as follows. First, fix (k, : n € w) C k a cofinal sequence of regular cardinals. Let the first
ko-many elements of Y be the first xo-many successors of Y’ NYy. Note that this collection
is bounded in . Next, let the subsequent xi-many elements of Y be the first x;-many
successors of Y N (Yy N'Y;) which are above Y;(kg), the ' element of Y7, and also above
the sup of the ordinals previously added to Y. Again, this collection of ordinals is bounded
in k. In the next step, take the first ko-many successors of Y/ N (Yo NY; NY5) which are
above Y3(r1) and also all ordinals added previously. Proceed in this manner. Note that the
Y which results is a subset of Y’ and is of size k. Furthermore, for any given n € w,if 6 € Y
and 6 > Y (k,—1), then in fact § € Y,, and moreover fy(0) < fy, (§). This is because for every
¥ > Kn-1, Y () > Y, (), because we are only taking successors of subsets of Y,, subsequently.
Therefore we can proceed at limit stages of the construction, yielding ([Y,]r : @ € w1) C G
such that a € # € w; implies that Y C5* Y,. Note then that ([fy,]sv/¢ : o € wi) C *V/G

is an wi-length descending sequence in the ultrapower of V by G.

So, fix P(k)/I-terms F, for @ € wy in V such that I F, : k — V, IF & € V, and
I+ [FB]KV/GE[FQ]W/G for every @ € € w;. Note that P(k)/Z is o-closed so that we
may do this. Now, as before let A" | = [{x}|z. We construct a tree of maximal antichains
by recursion. Let Aj be maximal such that for every [a]r € Aj, there exists fO € V such
that [a]z IF f© = F. Next, form A by constructing maximal antichains modulo Z in [a]*/Z
of b’s so that for every [b]z € A/, there exists fl € V such that [b]z IF f! = F} and with the
additional property that for almost every a € b, f}(a) € f)(«). Here by almost every we
mean that there exists B € P,b such that for every a € b\ B, f} («) € f(«). This is a weaker
property than we used in the case where our tree only had to be of length w, and it allows us to
get through the limit stages. For limits, by considering ladders to each /5 € lim(wy), it suffices
to e.g. show how to construct A/,. A/, will comprise maximal antichains corresponding to
each branch in the tree constructed so far. Fix ([a,]7 : n € w) a branch through the tree,

with corresponding (f; :n € w) C V fixing the values of (F), : n € w) with the additional

property that for every n € m € w, for almost every a € ap, fi* (o) < f (o). There
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are no countable towers in [k]"/Z, so there exists (in fact there exist many) [ay]r < [an]7
for every n. It is forced that [F]sy @ E[Fy]ev e for every n, and by using the o-closure
again we can find [b]z < [ay]z and fi° € V such that for every n € w, for almost every
a €, fi'(a) < f2 (a). We can keep doing this, fixing then maximal antichains of such [b]7’s
(meaning that if [b]7 is in such an antichain, then [b]z < [a,]7 for every n and moreover that
for every [c]z < [a,]z for every n, there exists [b]z in the antichain such that [bN¢| = k)
below every branch ([a,]z : n € w), along with corresponding fi”’s. Because any ¢ € [x]"
will intersect at least one a € A, for every n in a set of size k, and any branch through
the resulting “non-trivial intersection tree” will have had a corresponding antichain added
at level w, the union of these antichains will be maximal in P(k)/Z. Iterating this process,
we can define a tree of maximal antichains, (A, : « € wy). As before, {A, |+ a € w1} is
an wq-sized collection of dense open subsets of [k]®. Suppose towards a contradiction that
there existed b € [ A, J. Then for each « there exists a unique a, such that [blz < [as]z7.
Now (a, : a € wf}ewgl [k]" is C*-decreasing such that if & € 5 € wy, then for almost every
Y € ag, fas(7) < fao (7). We show that this implies that (a, : @ € wi) is actually a tower in
[k]*/Z, which is a contradiction. First, b C* a, for every «, so fix u € k regular so that for
wi-many « € wi, there exists A, € P,k so that b\ A, C a,. Then if A =JA, € [r]|=*,
b\ A C a, for all such a. Let the collection of all such a be B € [w;]**. For every v € n € B,
let A,, € Pix be such that for every a € a, \ Ay, fo,(a) < fa,(a). Again there exists
B’ € [B]** and i/ € k regular such that for every v € n € B’, |A,,| < i/. Then letting
A=A, fory €n e B, A € [k]5“r*. However, then for each 3 € b\ (AU A’), for
vyene€ B, fu,(B8) < fo,(B). This is then an w;-length descending sequence of ordinals,

which is impossible. Again as before, the argument for Z, in place of Z is the same. m

Note 3.5.3. Extracting some of the procedures in the above proof provides an alternate way
to that in 3.1.5 of generating towers of length wy in [k]"/ < k in the case where cf(k) = w.
One simply needs to build a C*-decreasing wq-sequence (a, : @ € wy) C [k]® where for

each a € f € wy, fs <* fa, i.e. there exists Ag, € P,k such that for each 0 € ag\ Aga,
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faz(6) < fa,(0). This can be done by diagonalization, and ensures that (a, : @ € wy) is a

tower.

3.6 An application to base trees

The letter h was chosen to represent the distributivity number for [w]¥/ < w because it is
the minimal height of a certain type of tree of maximal antichains which forms a base for
the space [w]“. This type of tree is called a base tree, or base matrix. The following theorem

is due to Balcar, Pelant, and Simon [6].

Theorem 3.6.1. There exists a tree (T, C*) such that T C [w]|*, ht(T) = b, Lev,(T) is a
MAD family in [w]*/ < w for every a € § (with Levy(T) = {k} for concreteness) and such

that for every x € [w]”, there exists t € T with t C x.

We can use 3.5.2 to prove in some cases that base trees exist for e.g. [k]*/ < k.

Observation 3.6.2. The proof of 3.5.2 shows in particular that:

1. If cf(k) > w, there exists (A, : n € w) such that for every n € w, A, C [k]" is a MAD
family in [k]"/ < k (or in [k]"/Z,) such that (T" = |J A,, C) is a tree and for every
new
be [T], N b(n)=0.

new
2. If k > w and cf(k) = w, there exists (A, : @ € wp) such that for every a € wy,
A, C [k]" is a MAD family in [k]"/ < k (or in [k]"/Z;) such that (T'= |J Aa, CF) is

acwl
a tree and for every b € [T], (b(«) : v € wy) C [K]" is a tower.

Using these observations, we can with some additional assumptions prove the existence of

base trees in other settings, in the usual way.
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Proposition 3.6.3. Let x > w be regular with MAD(k) N (k,2"] = {2*}. Then there exists
a tree (T, C) such that T C [x]", ht(T') = w, Lev,(T) is a MAD family in [k]*/ < & for every
n € w (with Levy(T) = {x} for concreteness) and such that for every x € [k]*, there exists

t €T with ¢t C x.

Proof. Let k > w be regular with MAD(x) N (k,2%] = {2"}. Asin 3.5.2 fix (A4,, : n € w) such
that for every n € w, A, C [k]" is a MAD family in [k]"/ < k such that T" = (|J A,, C)

new

is a tree and for every b € [T'], [ b(n) = (. We build our base tree T' C [x]" by recursion.
Let Levo(T) = {x}. At stages Tffwthe construction 2k + 1 for k € w, let Levog1(T) be a
MAD family which refines both Levyg(7) and Ay. This is of course possible by e.g. choosing
representatives for {{[s Nt] : t € Levok(T)} : s € Ax}. Without loss of generality, also
assume that Levy(7") is a MAD family of size 2. At stages of the construction 2k + 2 for
k € w, let Bogy1 denote the set of x € [k]" such that |{t € Levor1(T) : [t Nz| = K} = 27
Let (b, : o € 2%) = Bagpy1 be a surjection. To every b, € Bayq, let <tg : B e 28y =
{t € Levopy1(T) : [t Nby| = k} be an enumeration. We make sure that Levy, o(T") includes
elements which are subsets of each b,. This can be done by recursion. At stage o € 2%, choose
some t§ which has not been chosen before and let b,Nt5 € Levayy2(T). Then let Levog,o(T)
be an expansion of {b, N3 : a € 27} to a MAD family refining Levag (7). Proceed in
this manner, to build 7. It suffices to show that |J Boxy1 = [k]". Suppose towards a
contradiction otherwise, and fix x € [k]" so that |{thwLev2k+1(T) ctNaz| = Kk} < 27 for
every k € w. Consider T, = {t € T : [t Nx| = k}. It is not difficult to see that (T, C)
is a subtree of T of height w (because every level in T" is a MAD family), and furthermore
that if T/ = {t Nz : t € T, }, for each n € w, Lev,(T.) is a MAD family in [z]*/ < k. By
assumption, because there are no MAD families in [k]"/ < k of size x for k regular, we must
have |Lev,(T))| € k for every n € w. Because « is regular then, there must be some p € &

such that |Lev, (7})| < u for every n € w. Let y C = denote the set of £ € x where for every

n € w, there exists ¢’ € Lev,(77) such that £ € #'. Note that |y| = k because < k-many
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ordinals in = are not covered by elements of Lev, (77.) for every n € w, and because k is
regular, so in particular of cofinality > w, < k-many ordinals in x are not covered by nodes
on every level. Because every level is of size < p, and if {s',t'} C Lev,(71), | Nt| < &,
and because k is again regular (so in particular of cofinality > p), there exists some p’' €
so that the cardinality of z, the set of ordinals ¢ in y so that for some n € w there exit
s # t' in Lev, (7)) with ¢ € ¢ Nt'is < y/. But then there is some ¢ € y \ z, which has the
property that for every n € w there is a unique t,, € Lev, (T.) with £ € t/,. Then there is a
branch b € [T] with €& € (1) b(n). However, by the way that 7" has been defined (e.g. so that

new

Levogy1(T) is a refinement of Ay), this induces a branch ¢ € [T”] such that () ¥'(n) = 0,

new

which is a contradiction. ]

Note 3.6.4. If k is regular and 2" = k™ then MAD(k) N (k,2%] = {27}, and so there is a

base tree as described in 3.6.3. This case has also been noted in [5].

Proposition 3.6.5. Let x be singular with cf(k) = w, 2 > k, and MAD(k)N[2¥, 2] = {2"}.
Then there exists a tree (T, C*) such that T C [k]®, ht(T) = wy, Levy(T) is a MAD family
in [k]"/ < Kk for every a € wy (with Levo(T") = {x} for concreteness) and such that for every

x € [K]", there exists t € T with ¢ C z. Here we could replace the ideal < x with Z,.

Proof. Let k > w with cf(k) = w. Asin 3.5.2 fix (A, : & € wy) such that for every o € wy,
A, C []" is a MAD family in [s]*/ < k such that (T'= |J A, C*) is a tree and for every
be[T], (bla) : @ € wy) C [K]" is a tower. We build our bzzgltree T C [k]" by recursion. Let
Levo(T) = {k}. At a stage a € lim(w;) of the construction suppose we have built T' | «.
For every b € [T | a, let B, = {z € [k]" : @ C* b(y) for every 7 € a}. Because there are
not towers of length w, every By # (). Moreover, if by # by, then By, N By, = () and every B,

is closed under C*. It is not difficult to see that (] Lev,(T) = |J Bs, and because the

VEa be[T o]
countable intersection of open dense sets in [k]*/ < k is open dense, |J DB, is open dense,
be[T ]
so we can let Lev,(T") be a maximal antichain in |J B, (which is therefore maximal in

be[T o]
[k]"/ < k). Note that we may then have splitting at limits. At successor stages 2a + 1,
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let Levoy1(7) be a MAD family which refines both Levy,(T') and A,. At successor stages
20+ 2, let By, 41 denote the set of x € [k]* such that |{t € Levoa1(T) : [t Nz| = k}| = 27,
Let (bg : B € 2%) = Bya41 be a surjection. To every bg € Bay1, let (tg vy e 28 ={te
Levoat1(T) = [t Nbg] = K} be an enumeration. We make sure that Levo,io(T") includes
elements which are subsets of each bg. This can be done by recursion. At stage § € 27,
choose some tg , which has not been chosen before and let b N tf € Levoat2(T). Then let
Levaa42(T") be an expansion of {bz N tfﬁ : € 2%} to a MAD family refining Leva,41(7).
Proceed in this manner to build 7'. Again, it suffices to show that |J Bas+1 = [k]*. Choose

acwy

x € [k]*. Because () Levo(T) 1S [ Aa d= 0, for some minimal o € wy, x & Lev,, (T) .
Because Lev,, (1) Ciiwrlnaximal, this ?ri;lies that there exists ¢ # ¢ in Lev,,(T") such that
1t Nz| = [t N x| = k. Continuing, there must exist some minimal a‘” > aq such that
9 Nax & Lev,o(T) | and some corresponding (% £ #OV in Lev, o (T) extending ¢
with [0 N (£#9 N2)| = ¢V N (9 N2)|] = k and some minimal o™ > ay such that
' Nx & Lev,u (T) | and some corresponding #1% = #/(1Y) in Lev,ay (T) extending ¢ with
N (tY N)| = [N #F P Nx)| = k. For ay = sup{a'”?, oM}, we can then find distinct
nodes {09 $00 ¢{10) “and ¢ in Lev,, (T) such that 9+ extend +@, [t N (0 Nz)| =
tO A (#0 N z)| = K, t19 00 extend ¢V, and [t10 N (Y N2)| = [£19 N (# Y N a)| = k.
We can proceed in this manner to build an embedding e : <“2 — T with e() = {x} such
that if s, € "2 then lh(e(s)) = lh(e(s’)) = an—1 and |e(s) Nz| = le(s') Nz| = k. If
a = |J ap, then it is not difficult to see then that [{t € Lev,(T) : [t Nx| = Kk} > 2¥.
new

Because MAD(k) N [2¢¥,2"] = {27}, we must then have, again because Lev,(77) is MAD in

[z]", that [{t € Lev,(T) : [t Nx| = k}| = 27, as desired. O
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3.7 Defining h(k)

While it is straightforward to define t(x) in a nontrivial way as in 3.2.1 or 3.2.3, it is not as
clear how one might be able to define h(k) in a nontrivial way. In analogy with 3.2.3, one
natural possibility for a definition of h(x) would be to say that it’s the smallest cardinality
of a collection of open dense subsets of [k]* (with respect to the ideal Z =< &, for example)
such that every subset of size < x has open dense intersection, but the intersection of the
entire collection is not open dense. Call this property that a collection of open dense subsets
can have the k-SIP. A first step in showing that this definition is reasonable is to try to see
that for x regular, k < h(k). We will see in 3.7.4 that without further qualification, even

with k being regular this is not enough to yield a reasonable definition.

Suppose (D, : « € k) is a collection of open dense sets in [k]"/ < k with the x-SIP. We may
assume that Dg C D, for every o € f € k. It may even be that each D, is of the form
U A, | for some A, C [k]" a maximal antichain. If this is the case, we may further suppose
that if o € B, then Ag is a refinement of A,, that is for every b € Ag, there exists a unique
a € A, with b C* a. So we have a tree of maximal antichains. However, there do not exist
towers of length k, so the only way for () A, | to be empty would be if this tree had no

ack

branches. We first give an example with x = w; where this does not happen.

3.7.1 An example with the xk-SIP which works

Let k = w;. We build a tree of maximal antichains (A, : « € wy) in [w1]“'/ < w;

of height w; such that (] A, | is open dense. This tree is a natural one to consider,
acwl

and corresponds to T2}, so is not fully trivial in the sense that there are many maximal

paths through the tree of countable length, which correspond to towers of antichain ele-

ments. Let Ay = {w;}. Let A; = {lim(w;),succ(w;)} = {a!?,afV}. Proceeding, we have
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Ay = {lim(lim(w,)), suce(lim(w; ), lim(succ(w; ) ), suce(suce(wy )} = {a'%, a0V @19 qith}
etc. for every n € w. Here when we write, for example, lim(succ(w;)), we mean the set of
ordinals a where the image of o in the Mostowski collapse of the set of successors of « is a

limit ordinal. That is, succ(w;) N« is cofinal in « with respect to succ(wy).

Lemma 3.7.1. () A, | is open dense, and there exits A, C [w;|“* which is a countable
new

partition of w; (and so is a maximal antichain because cf(w;) = w; > w) with A, refining

every A,. That is, (A4, : @ € w+1) is a tree of maximal antichains in [w;]“!/ < w; of height

w + 1. This tree is also normal (there is no splitting at level w).

Proof. Let A, ={ ) a®™ :bec“2st. |[{n:b(n) =1} <w}. Thatis, A, is the countable
collection of the igteeisections of nodes along branches which are eventually 0 in the tree
constructed up to stage w. First, note that if a branch is eventually 0, this corresponds
to taking, for some A € [wy]*", lim(A) N lim(lim(A)) N.... Each of these lim"(A) sets is
a club relative to A, so this intersection is a club relative to A, that is ) a®™ € [w,]*
if b € “2issuch that |{n : b(n) = 1}| < w. On the other hand, for 7;1‘; b € “2 with
[{n : b(n) = 1}| = w, it can be seen that () a®®'™ = (), as follows. First, we argue that if
A € [wi]¥t, a = A(By), that is a is the B efeerb;lent of A, and o = succ(A)(3y), that is a is the

ih element of succ(A), then 8, < ;. Clearly of course, because succ(A) C A, B < 3. Note
that this suffices, because if b € “2 with [{n : b(n) = 1}| = w, as for n < m, a®®"™ C "
because b has an infinite number of 1’s, for any a € () a®™, we would have an infinite
<-descending sequence of ordinals 3, such that a = T(Lf(;m (B,) which doesn’t stabilize, a
contradiction. Note that a € succ(A) by assumption. So if « = A(f1), f1 = 11 + k for some
7 € lim(wy). Because A(7y1) ¢ succ(A), succ(A)(y1) > A(y + 1). But then proceeding up
to k, succ(A)(y1 + (kK —1)) > A(5y). Thus By < 1+ (K — 1) < 31, as desired. This implies
that A, is a partition of wq, as each A,, partitions wy, so for every a € wy, o determines a

branch through (A, : n € w) via the unique a* € A,, for each n with a € a°. Because « is in

the intersection of the nodes along this branch, this branch must contain only finitely many
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1’s. Being a countable partition of wy, A, is a maximal antichain, and we have seen that it

refines every A,,. It is also straightforward to show that (] A, = A, |. O

new

Continuing the construction, at successor stages in w; as done initially we split each node
in Apg into its relative limit points and relative successor points to define Ag;;. At limit
stages 7 € wy, we proceed as we did for v = w. That is, if we have built (Az : B € )
the tree of maximal antichains, we can define A, = {( a®'® : b € 72 such that |{B €
v b(B) = 1} < w}. Just as in the case where v = (j,e’th is not difficult to see that A,
is a countable partition of w; refining every Az and (Agz : § < =) constitutes a tree of
maximal antichains of height v 4+ 1 which is normal. Proceeding in this manner, we can
define (A, : @ € w;) a tree of maximal antichains of height w;. We argue that [ A, |
is open dense. Let T' C <“12 be the natural representation of (A, : @ € wy) as C;egilbtree
of <“12. It is clear to see that T' = {s € <12 : [{a € lh(s) : s(a) = 1}| < w} = T} so
that [T] = {b € “2: {a € wy : b(a) = 1}| < w}. For such b, (b(a) : a € wy) C [wy]** is
C-decreasing, and so because there are no towers of length wy, there exists = € [w|*" with
x C* b(a) for every a. Here of course by b(a) we mean, for example, a®®*Y(a). Indeed,
in this discussion 7" and the tree of maximal antichains will often be conflated, but it will
be clear what is meant. Accordingly, define A, = {z € [w]** : & C* b(a) for every a € wy }.
Unlike in the case of the countable branches we considered previously, we will see that there

isn’t a single generator for any such A,. For by # by, clearly Ay, N Ay, = 0, and every A,

is open (closed under C*) by construction. Furthermore, clearly |J A, € ] Aa |- We

argue that in fact |J A, = [ A J, and moreover that [J Abbei[sT]dense. CY]FG’iwrlst, suppose

re [ Aa Tlieag ]:v dete?rer;uilrles a branch through T, af([iT]so necessarily this b is such

that T?g € w :bla) =1} < wand x € A,. So indeed, |J A, = () Aa }. To see

that J Ap is dense, we will need the fact proved in this thbees[Q’ chapthwé)n trees that T

Contal;i[g }no Aronszajn subtrees. By definition, (J A, is open. To see that it’s dense, let
be(T)

x € [w1]“*. For every a € wy, because each A, is a maximal antichain there exists a, € A,

161



with |a, N x| = wy. Furthermore, the collection of every such a, in each level a determines
a subtree of height wy, T, C T. Because T contains no Aronszajn subtrees, there exists
b€ [T,]. Then (x Nb(a) : @ € wy) C [wy]*" is C*-decreasing, so there exists y C* x N b(«)
for every «, but then there is ¥/ € A, with ¢ C x, as desired. Note that because there are
no maximal antichains in [wy]*'/ < w; of size wy, and |[T]| = wy, it is not the case that
every A, is generated by a single element of [w]“'. So if we choose a maximal antichain in

U A, and consider the resulting tree of maximal antichains, which is now of height w; +1,
be(T)

it is no longer normal, in that on level w; we have distinct nodes with the same collection of

predecessors.

3.7.2 An example with the x-SIP which doesn’t work

Observation 3.7.2. Let k be regular. Let T' C <#(2%) be a tree of maximal antichains in
[k]/ < K of height k. Let (A, : @ € k) be the antichains on each level. If there exists S C T
which is a k-Aronszajn tree, then () A, | is not open dense. On the other hand, if () A, |

aER ackr

is not open dense, then there exists S C T a subtree of height s such that [S] = 0.

Proof. First, suppose that there exists S C T which is a k-Aronszajn tree. Then for each
a €K, |[A,NS| < k. Let z, = {J € Kk : there exists a € SN A, such that § € a} € [r]".
Note that if & € 8 € &, then for each a € S N Ag, there exists a unique a’ € SN A, with
a C* a'. So, because |S N Ag| < k, x3 = {0 € K : there exists a € S N Ag such that § €
a} C* {J € k : there exists a € SN A, such that 0 € a} = x,. That is, (x, : @ € k) C [K]"
is C*-decreasing. Because there are no towers of length r, there exists x € [k]* with x C* z,,
for every a. Suppose towards a contradiction that () A, | is dense. Then there exists

ack

y € () Ay } with y C x. Because y € [ A, |, for every a € k there exists a unique
aEKR ack

a, € A, with y C* a,. However, y C z C* z,, and z, is a union of < k-many antichain

elements. So there exists some a € SN A, with [aNy| = k. We must then have a, =a € S.
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But then (a, : « € k) € [S] is a branch, a contradiction. Next, suppose that () A, | is not

ack

open dense. Find x € [k]" such that there does not exist y € (] Ay | with y C* x. Define
ack

T, C T to be the tree comprising on each level « the nodes a € A, such that |x Na,| = k.

It is clear that T, is a tree, and because each A, is maximal, ht(7}) = . However, [T,] = (.

For if b € [T,], then (x Nb(a)) C [k]" is C*-decreasing so there is ' C* x N b(a) for each «,

ie. ' € (| An } and 2’ C* z, a contradiction. O

aEk

In our particular example with k = w; and T = T2}, above, where the levels of T" had < k-

many elements to start with, containing a x-Aronszajn subtree was equivalent to containing

a subtree of height x with no branches. So the two observations in 3.7.2 were full converses

of one another, which allowed the argument that [ A, | was open dense to go through.
aER

However, it is not always the case that a k-tree of maximal antichains doesn’t contain a

k-Aronszajn subtree.

Proposition 3.7.3. Let x be regular and suppose exists a k-Aronszajn tree. Then there

exists a k-Aronszajn tree of maximal antichains in [k]"/ < k.

Proof. Let T C <"2 be a normal k-Aronszajn tree, and let f : T — k be a bijection.
Associate to each s € T the set Ny = {s' € T': ¢’ | lh(s) = s}, that is N; is the collection
of nodes in T extending s (including s). If a € &, then A, = {Ns : s € Lev,(T)} is a
partition of  \ f”(T | «) of size < k, and so is a maximal antichain in [k]*/ < k. Strictly
speaking of course it is {[f"Ns|<x : s € Lev,(T)} which is the maximal antichain, but can
ignore this distinction. It is clear that if o € § € k then {N; : s € Levg(T')} is a refinement
of {Ns: s € Lev,(T)}, so (A, : « € k) is a tree of maximal antichains in [k]"/ < k of length
k. However, because every path through this tree corresponds uniquely to a path through
T and vice-versa, there are no branches through this tree (because all paths through 7" are

of length < k). O

Note 3.7.4. We see in 3.7.3 that for those regular x without the tree property, there is a
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collection of k-many open dense sets with empty intersection with the property that any
subcollection of size < k has open dense intersection, i.e. a collection with the x-SIP. So for

these k, the naive definition of h(rx) is not suitable.

3.8 Unconsidered directions

1. Generally does exist a tree of maximal antichains 7" in [k]*/ < k of height x such that
(] Aa | is not open dense? This would, of course, be a barrier to a formulation of a
ackR
workable definition of h(x). We have seen this can be done if there exists a k-Aronszajn

tree, but this isn’t necessarily the case (of particular interest here is where « is weakly

compact).

2. Can there exist a tree T' of maximal antichains in [k]*/ < k such that [ A, | is open
ack

dense, but there exists a subtree of T" of height x with no branches? In particular, can

[T] = 07 Necessarily we have seen that T’ cannot contain k-Aronszajn subtrees.
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Chapter 4

Matching families of functions

4.1 Notation and background

The notation nm(x) and noncem,,(M) (k) was introduced by Blass et al. in [11].

Definition 4.1.1. Say that a family of functions F' C 7§ is k-matching if and only if for
every g € 70, there exists f € F such that |[{{ € v : f(§) = g(&)}| > k. Similarly define
(< k)-matching. Let nm,(7d) and nm_,(74), respectively, denote the minimal cardinality
of such a collection. If v = §, we write nm,(7y) or nm,.(y). We also use nm(x) to denote

nm, (k).

Definition 4.1.2. Let x be regular. An interval partition of x is a partition II of x into
intervals [or, 8). A chopped k-sequence, or a chopped k-real, is a pair (z,II), where x € *2.
Say that y € “2 (cofinally) matches z if and only if there are k-many intervals I € II where
x | I =y [ I. Weoften identify IT with the set of its left endpoints, {i, : @ € k}. The
enumerating function for this set is normal. Let non..m,(M)(k) be equal to the minimal

cardinality of X C *2 such that for every (y,II) there exists x € X such that x matches
(y, 11).
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Definition 4.1.3. Say that a family of functions F' C 7§ is k-disjointing if and only if for
every g € 76 there exists f € F such that [{€ € v: f(§) = g(§)}| < k. Let cv,(75) denote
the minimal family of such a collection. If v = ¢, we write cv,(v). We also use cv(k) to

denote cv, (k).

Fact (Bartoszynski) 4.1.4. non(M), the uniformity number for category, that is the
smallest cardinality of a non-meager set, is equal to nmg(w). This is also equal to

NONomh (M) (w). See [8].

Fact (Bartoszynski) 4.1.5. cov(M), the covering number for category, that is the smallest

cardinality of a set of meager sets whose union is R, is equal to cv(w). See [8].

Note that nongem,(M)(w) and nm(w) give purely combinatorial characterizations of the
uniformity number for category, which can have several advantages. For example, it might
allow one to better understand how certain (iterated) forcings might affect this quantity.
The generalizations to other (regular) x in 4.1.1 and 4.1.2 is natural. Similarly cv(w) gives
a purely combinatorial characterization of the covering number for category, and the gen-
eralization as in 4.1.3 is natural. The following more standard definitions are useful for

context.

Definition 4.1.6. Say that a family of functions F' C 7§ is k-cofinal or k-dominating, if and
only if for every g € 79, there exists f € F such that |[{{ € v: g(§) > f(§)}| < k. Call the
cardinality of the smallest such collection 0, (7). If v = 0, we also write 0, (7). In the case
where kK = 7, we write 0(k). For s regular, this is the cofinality of "k under the eventual

domination relation.

Definition 4.1.7. Say that a family of functions F' C 70 is k-unbounded if and only if for
every g € 74, there exists f € F such that [{€ € v: f(§) > g(£)}| > k. Call the cardinality
of the smallest such collection b, (7). If v = 4, we also write b, (7). In the case where k = 7,

we write b(k).
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4.2 Matching observations

Observation 4.2.1. Let A > x. Then nm, (")) > ™.

Proof. Let F' C "X\ with |F| < k. Let F = (f, : @ € k) be a surjection and let g € "k be

defined by g(§) = min(A \ {fc(§) : ¢ € £}). It is clear that g is not k-matched by F. O

Observation 4.2.2. Let A < k. Then nm, (*A) = X for every 1 <~ < k.

Proof. Tt is clear that if F' C ")\ is of size < A then there exists g € "\ with ¢ disjoint from
every f € F. On the other hand, note that if fe(«) = £ for every a € k and £ € A, then

F ={fe: &€ A} C"\is k-matching. O

Observation 4.2.3. nm,("x") = nm(k)

Proof. Any collection of functions in *x* which is k-matching must be x-matching for *x C
*kT, so nm, (") > nm(k). On the other hand, let F' C *k be k-matching. We produce a
k-matching F' C k™ of equal cardinality. Fix for every a € k™ a surjection e, : kK — «a. For
f €%k and a € kT, define f, € "« in the natural way. That is, fo(§) = ea(f(§)) for every
€k Let ' ={f,:a€r™, feF}. Notethat |F|=|F'|, and if g € "kT, then for some
a, g € "a. However, then because F' is k-matching in "k, {f, : f € F'} C "« is k-matching

in "o, so for some f € F, |[{f € a: fo(B) = g(p)}| = ~k, as desired. O

Proposition 4.2.4. Let p be an infinite cardinal. Then nm(u™) = b(u™).

* is cofinally

Proof. Clearly nm(ut) > b(ut) because any cofinally matching family in #*
unbounded. For the other direction, let F C #* " be cofinally unbounded. Fix for every
a € pt a surjection e, : p — «. For every f € F, form p-many functions {f, : a € u} C
“ T below f by letting fo(8) = ess)(a) for every a € pand 8 € pu*. So f, takes f3 to

the o™ element of f(3) according to efp). Let F' = FU{f, : @ € pu, f € F}, such that

167



|F'| = |F'|. Furthermore, if g € "t then find f € F such that [{5: f(8) > g(8)}| = u*,
and note that for every such [ there exists o € pu such that g(f8) = fo(5). Then there exists

« € p such that for gt-many such g, f,(8) = g(B), that is g is cofinally matched by f,. O

Proposition 4.2.5. Let p be an infinite cardinal. Then nm(y) > nm,,(p*).

Proof. For every a € [u, "), fix e, : ¢ — « a bijection. Let F C #u be p-matching.
For every f € F, form f, € “a in the natural way according to e,. That is, f,(8) =
ea(falezt(B))) for every B € a. Note that for every o € [u,u™), {fa : f € F} C %« is
p-matching. Let F' C #"ut denote the set of functions h where for some a € [, ) and
feF, hla=f,and forevery B € ut\a, h(8) =0. Then |F'| = |F| and if g € # " then
for some «a € [, ut), ¢"a C «, and so for some f € F, f, matches g [ @ on a set of size p.

Thus F’ is p-matching. ]

The following two propositions are proven in [11].

Proposition 4.2.6. Let s be regular. Then nm(x) < none,m, (M) (k).

Proof. Let X C "2 be combinatorially non-meager in the sense of nonc,m,(M)(k), with
| X | = noneomp(M)(k). We produce a cofinally matching family of functions of equal car-
dinality in "k. To each x € X, let f, € "k be defined by f(«) is the order type of the
segment of 1’s in z directly preceding the o' 0. If there is no such 0, define f,(a) = 0.
Fix g € "k. We define a (y,II) such that if x matches (y,II) then f, cofinally matches g,
which suffices. Build (y, IT) by recursion. Let y | [iq,%q+1) consist of (i, + 1)-many 0’s, each
preceded by exactly ¢(i,)-many 1’s. Find z € X such that z matches (y,II). Note that by
construction of y, the it" 0 occurs in I, = [iy,ia11). For any I, € [l such that z [ [ =y | I,
we must also have that the it" 0 of z occurs in I, (because it can’t occur before then and
there are (i, + 1)-many 0’s in I,). And all such 0’s are preceded by ¢(i,)-many 1’s. Thus

fu(ia) = g(ia), so f, cofinally matches g. O
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Proposition 4.2.7. Let x be regular. Then nongy,(M)(k) > 2<%

Proof. In fact something stronger holds. In particular, if we define non! , (M)(k) to be
the minimal cardinality of an X C "2 such that for any (y, IT) there exists at least one I € II
such that z | I = y | I, then non! , (M)(k) > 2<". For every § € &, if 2 € °2 define
(y,, 11, = Ils) as follows. Let Ils consist of k-many copies of § next to each other, and let
y. | I be z (shifted to interval I) for every I € IlI5. To each x € X we can consider the set
of 2’s restrictions to each of the k-many d-blocks in II,. One of these restrictions for some
x € X must be (a shift of) z. Because |X| > k by a simple diagonalization, if we then define

Y C <f2 from X to be the collection of the xk-many restrictions of each element x € X of

length 0 according to Ils for each 0 € &, then |Y| < |X| and YV = <+2. O

4.2.1 Some combinatorial observations

Intuitively, for a family of functions to be matching it needs to be dense in some sense. The

following condition captures something of what needs to not occur for a family to be dense.

Definition 4.2.8. Say that a family of functions F' C 7 is xk-non-overlapping if and only
if for every g € v,v € 6, |{f € F: f(B) = v}| < k. For example, if F' C “'wy, then F is

wi-non-overlapping if and only if for every a,d € wy, |[{f € F': f(a) =} < w.

Proposition 4.2.9. Let x < p and suppose F' C #p is kT-non-overlapping. Then F is not

r-matching.

Proof. First, if K = p then |F| < k so F cannot be k-matching by the usual diagonalization.
Next, suppose g = k. We need to see that if F C * 'kt and F is xT-non-overlapping,
then F' is not x-matching. Without loss of generality we may enumerate F' = (fe : £ € k™).
The idea is to stratify x* into a continuous increasing collection of x*-many closed and

separating (with respect to functions in F') sets of ordinals of size k, (A, : a € k') by
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means of an elementary chain of suitable submodels, and diagonalize. Specifically, construct
a continuous x*-length chain of elementary substructures of (Hy, €, <.k, (fe : £ € KT),...)
of size k containing k as a subset, My € M, € ... € M, € ..., and let A, = M, N k™ for
each a € k™. By elementarity, if { € A,, then f{A, C A,. Furthermore, if {3,7} C A,
then kK C M, and {v : f,(8) =~} € M,, so {v: f,(8) = v} C M, because F is x'-non-
overlapping. That is, for every n ¢ As, f)/A; N As = 0. Now, let g"Aq C A; \ Ao, with the
additional requirement that for every £ € A; \ Ao, [{a € Ay : fe(a) = g(@)}| < &, which is
possible as in the case where k = u, because we can diagonalize against k-many functions in
e.g. "k. Proceed in this manner—because the (A, : a € k1) sequence is continuous, g will
have domain x*. We show that ¢ is not x-matched by any function in F. Take some f,.
There is a unique £ € k1 (or £ = —1) such that o € Ay \ Ae (notationally then include the
case where A_; = (). Note that A¢;q, and all subsequent A,’s, are closure sets for f, and by
construction of g, g will be totally disjoint from f, on %\ A¢. If £ is a limit, then we must
have f”A¢ N A¢ = 0, because otherwise £ wouldn’t be minimal. So in this case g is totally
disjoint from f,. If £ is not a limit, i.e. £ =n + 1, then by construction we’ve ensured that
H{y e A\ A, 1 9(7) = fa(7)}| < k. And on A, ¢ is disjoint from f,, because g”" A, C A,
and f/A¢ N Ae = 0. We can proceed by induction on cardinals p to finish the proof. For
successors, suppose the statement holds for p. We need to see that if F' C nt ut and F is
xt-non-overlapping, then F is not xk-matching. This is the same argument as above, namely
stratify pu* into a continuous chain of p*-many closed and separating sets of ordinals (with
respect to the functions in F') each of size p by means of a suitable continuous chain of
submodels, and diagonalize as before to define g, using the induction hypothesis to ensure
that, for example, if £ € A; \ Ay, [{a € Ay @ fe(o) = g(a)}| < K, etc. The case with
limits is similar to the previous case with limits. Suppose for every A < pu, the statement
holds. Let F' C #u be xT-non-overlapping. We need to see F is not k-matching. Enumerate
F = (fe:&{<p),and let (ko : a € cf(u)) be a continuous sequence of cardinals cofinal in p

such that kK < kg. Stratify p into a continuous increasing sequence of closed and separating
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sets of ordinals (A, : « € cf(p)) such that |A.| = ko and Kk, C A, in the usual way, by
means of a suitably chosen continuous chain of submodels. Then define ¢ € #u in such
a way that g” Ay C Ay \ Ap with the additional requirement that for every £ € A; \ Ay,
Ha € Ay : fe(a) = g(a)}| < K, etc. This is possible because we're essentially looking at
k1-many functions in "°xq, but the density condition allows us to consider only kg-many in

some copy of kg, which can be taken care of by the induction hypothesis. O

In more general function spaces, we have the following easy observation.

Observation 4.2.10. If FF C #§ and w < k < pu < 6, then if F' is k™-non-overlapping, F is
not xk-matching. On the other hand, if w < 9§ < p, then it is easy to find a disjoint collection

of functions F' C #) of size ¢ which is p-matching.

Proof. Because F is k*-non-overlapping, |{f € F : f"unNu # 0} < p. The first statement
then follows from 4.2.9. On the other hand, if w < ¢ < plet fe := ¢ for every £ € 6 and note

that this collection is p-matching. O

We can also reformulate statements like nm,(\) < A using a sort of partition matrix which

codes the behavior of a matching family.

Observation 4.2.11. The existence of an F' C *X with F' = (f¢ : £ € \) which is k-matching
(that is nm,(A) < \) is equivalent to the existence of a system {A, 3 : a, 5 € A} such that
for every a € A\, (J{Aap: B €A} =\, Aug N Asp = 0 whenever 8 # 3, and if g € 2\,

there exists a € [A]" such that ({Aag@) @ @ € a} # 0.

Proof. Let each A, consists exactly of the £ € A such that f¢(a) = 8. Note also that
the density considerations of 4.2.9 show that not for every «,f is |Aap| < k. This can
alternatively be seen by performing the diagonalization procedure with submodels using the

{Aap o, € A} system as a predicate in place of the enumeration of F. m
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In 4.2.5 we observed that nm(x) > nm,,(p"). We will see that in many cases this inequality
can be strict (for example in the Laver model, that is performing an ws-stage countable
support iteration of Laver forcing over a model of GCH, nm,,(w) = wsy, but nm,,(w;) = wy).

If a situation like this occurs, one may make observations like the following:

Observation 4.2.12. Let nm(u) > pu* and suppose that F = (fe : € € ut) C # put is
p-matching. Then there are many g € #* pt such that some fe € F' p-matches g, but no

fe € F pu-matches g. For any such g, in fact p*-many fe p-match g.

Proof. Suppose towards a contradiction that only {fe, : v € p} € F p-match g on sets

Ae, € [pt]", respectively. Let A = |J A¢ and note that F' [ A={f | A: f € F} C4u*
V€

cannot be p-matching, because nm,, (1) = nm,,

(Ap) > p*. So there exists b’ € Au* such no
function in F' | A g-matches h'. But then if h € #" i is defined by h(8) = B'(5) for 6 € A

and h(6) = g(9) for § € A, then h is not u-matched by any function in F, a contradiction. [J

Note 4.2.13. In this situation as in 4.2.12, not only does F have to contain p™-many
functions which g-match such g, but in fact the associated matching sets {Ae, : @ € u*}

must be such that | |J Ag,|=p".

acpt

Proof. Suppose towards a contradiction that for some 8 € u* for every £ € u* we have that
g | [B, ") is not p-matched by fe | [8,4"). But then F' | 8 C #u' is not p-matching, so
there exists h € ** u* with h(a) = g(a) for every a € [3, uT) such that & is not g-matched

by F', which is a contradiction. O

4.2.2 Cofinal and disjointing observations

Observation 4.2.14. For function spaces “k for regular s, in terms of the cofinality, it

does not matter if we use the eventual domination ordering or the everywhere domination
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ordering. That is, for x regular, d,(x) = 9,(7) for every p <~ (in particular for y = 1, that

is the everywhere domination ordering).

Proof. Clearly 0,(v) < 01(). Let FF C *k be cofinal and to every f € F adjoin f, for
every « € k defined by f,(8) = max{c, f(5)} for each 5 € k to F. This new family is now

everywhere dominating if F' is eventually dominating, and is of the same cardinality. O]

Observation 4.2.15. As observed initially for regular x, 9(k) = 01(x). However, this
observation doesn’t directly apply to 0.+ (" &) and (" k). But it is still the case that

0t (FTR) = 01(" k)

Proof. First note that 9,(*x) = 9(k) < 9.+ (" k). To see this, suppose F' C *" x is modulo
< k-sized sets cofinal, and form F’ by first splitting ™ into xT-many blocks of size k,
{[0,K), [k, k + K),...} = {lo : @ € KT}. Then let F’ consist of f | I, (but viewed as a
function with domain k) for every f € F and « € k*. Then |F'| = |F|, and for g € "k
let § € "k be given by §(8) = ¢(0) if 8 is the left-endpoint of some I, and g(3) = g(«)
if 3 is of the form is + a for some is the left-endpoint of I5 for some § € k™ and a € k.
Then there exists f € F such that f eventually dominates g. But then there is some
' € F’ which totally dominates g. On the other hand, if we have a modulo < k-sized

*"1c and add a cofinal family of functions for every initial segment

sets cofinal family in
of every function in this family, then we will have an everywhere cofinal family. That
is, 91(" k) < 0+ (""K) - 3 01(“k). However, 0,(%k) = 01(k) for every a € [k, K1), so
0,1(" k) 0 (" R) ~01(/~£5){€§Iﬁ0,{+(”+/€) et (TK) = 0 (FTR). S0 0,4 (5 K) = 01(" k). O
Note 4.2.16. Quantities like 9(* k) are in some sense more interesting than e.g. d(x). For
example, the possible consistency of 9(“'w) < 2“! is an old open problem. However, certain

things are known—for example that if 9(“*w) < 2 then 2¥ > w3 and if 2¥ < 2** and

29 < N, then d(“'w) = 2! (see e.g. [35]). This of course is in strong contrast to e.g. (k)
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for regular x, which as shown in [17] can, along with b(x), under some mild constraints,

behave in quite an arbitrary way.
Note 4.2.17. Just as with 9(k) for regular &, it is clear that cvy(k) = cv(k).

Note 4.2.18. A disjointing family in e.g *2 is also disjointing in "k, so in particular cv(*2) >
cv(k), etc..

rt

Note 4.2.19. As is the case with 3(k), evi(* k) = cv,+ (*' k).

Proof. This is as in 4.2.15. Take a family in * k which is eventually disjointing. To each
function in this family add a cv(“k) family to all initial segments. In this way, observe that
cvi(FTR) < ever (FTR) - S evi(®k). Then because cvy(%k) = cvy(k) < cv(® k) for every

aErT
o € [k, k1), we have evy (" k) = cv,+ (77 k). O

4.3 Some forcing observations

Observation 4.3.1. Let x be a regular uncountable cardinal. Then the value of b(x) cannot
be increased by k-c.c. forcings. So by 4.2.4, if K = p* then nm(x) = nm(u") cannot be

increased by k-c.c. forcings.

Proof. Let P be r-c.c. and let G be (V,P)-generic. In V| let F' C *k be an unbounded
collection. In V[G], if g € "k because P is k-c.c. there exists h € ("P.(k))" such that
g(a) € h(a) for every a € k. If fj, € (*k)Y is defined by f;(8) = sup(h(3)) + 1 then for some

feF, {Ber: f(B)> fuB)} =r And{B € r: f(B) > fu(B)} S{B€r: f(B)>yg(B)},
so F' is still unbounded in V[G]. O

Note 4.3.2. The same argument in as in 4.3.1 shows that 9(x) cannot be increased by k-

c.c. forcings. On the other hand, 3(k) < 9(* k), so if 9(k) is increased by a x*-c.c. forcing,
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o(k™) remains unchanged, but 9(* k) may be increased. So for example if k = w, under
MA+4+-CH,d =0(“"w) = 2¥ = 2“1, So it’s consistent that 9(“'w) > ?(“*wy) (if, for example,
we start with a model of GCH and force M A + 2% = ws). Generally, using e.g. the posets

in [17] it is easy to obtain similar results at any regular k.

The following forcing is standard, but it is useful to illustrate because of a version with side

conditions that we will use later.

Proposition 4.3.3. nm,(w) = 2* under Martin’s Axiom (MA).

Proof. Suppose MA holds and let F' C “w with |F| < 2¥. We show that F' is not countably
matching. Enumerate F' = (f: : £ € pu). Let P be the poset consisting of p = (f,, 4,),
where f, € <“w, i.e. f, is a finite partial function from w to w and A, € P,(u), i.e. a finite
collection of ordinals in u. Say ¢ = (f;, 4,) < (fp, Ap) = p if and only if f, [ dom(f,) = f,,
A, C A, and for every a € dom(f,)\dom(f,), for every £ € A,, f () # fe(). Because any
two conditions with the same finite function are compatible, P is c.c.c. (in fact it’s Knaster).
Furthermore, D,, = {p € P: n € dom(f,)} and B = {p € P : fe € A,} are dense for every
n € wand £ € u, so by MA there exists a filter G C P having nonempty intersection with
each of these sets. Then if fq = UG fp, fa € “w, and if fe € F there exists ¢ € B: NG, so
pe

that for every n € dom(f¢g) \ dom(f,), f(n) # fe(n), i.e. fe doesn’t countably match fo. So

F isn’t countably matching. O]

Observation 4.3.4. For regular x, it is consistent that nm(x) < cv(k). Moreover, it is
consistent that non.,,,(M)(k) < cv(k). In particular, if k<" = k, Fn(F(k),2,< k)) |-
non.,,,(M)(k) = k*, where F(r) is any cardinal larger than x, while if cf(F(k)) > &,
k<" =k, and e.g. 2" = kT, then Fn(F(k),2,< k)) IF cv(k) = 2% = F(k). This is because
in fact Fn(F(k),2,< k) IF M A p(Fn(k, k, < r)). That is, in the generic extension by
Fn(F(k),2,< k)) there exist generic filters for any collection of fewer than 2% many dense

subsets of Fn(k, k, < k).
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Proof. First let’s show that Fn(F(k),2, < k)) IF nonem,(M)(k) = kt. View Fn(F(k),2, <
k)) as Fn(F(k),2,< k)) X Fn(k",2,< k)). Because Fn(F(k),2,< k)) |- k<% = k if this is
true in V', it suffices to show Fn(k",2, < k)) IF nonggm, (M) (k) = k. View Fn(s™,2, < k))
as a kT-length iteration with < k-supports of Fn(k,2,< k)), P+, which may be done as
the former is able to be densely embedded into the latter, and list (fe : & € k™) the generic
functions added at each stage (the generic s-reals). We show that {fe : £ € K™} constitutes
a combinatorially non-meager set, i.e. for any (y,II) € V[G], where G is (V,Fn(x", 2, < k))-
generic, there exists £ € k1 such that f; matches (y,II). Let (y,II) be coded by a subset
X C k. If A, is a maximal antichain in {p € P+ : p Ik a € X} for each @ € kK, then
X ={a:GNA, #0}. By astandard A-system argument which may be employed because

<F = g, each A, is of size < k, so the supports of all possible p are bounded below some

K
£ <kt. Then X = {a: (GNP NA, | £} also, where A, [ E={p [ &:pe€ A} Thus
X € VI]Gg], so (y,II) € V[G¢]. However, density arguments show that fey; then matches
(y,II), because below every condition and 7 € k we can find a condition forcing that fei4
agrees with y on some < k-sized interval starting above 7. Next, we need to see that if
cf(F(k)) > Kk, k<" =k, and e.g. 2 = kT then Fn(F(k),2,< k)) IF cv(k) = F (k). We argue
that Fn(F(x),2, < k)) IF MAcp)(Fn(k, x, < k). Let G be (V,Fn(F(x),2, < k))-generic,
and let (D¢ : £ < ) for § < F(k) be a sequence of dense subsets of Fn(x, x, < ) in V[G].
Code (D¢ : € < 6) by X = {(&,p) : £ € 6,p € D¢} C 6 x Fn(k,k, < k). By assumption
|0 x Fn(k, k, < k)| < F(k). View Fn(F(k),2,< k)) as Fn(F(k), k, < k)), and furthermore
view this as an F(k)-sized product of Fn(k, k, < k) factors with < k-supports. For every
y € § x Fu(k, k, < k), let A, be a maximal antichain in {p € Fn(F(),2,< x)) :plFy € X}.
Because k<" = k, |A,| < k. Note that X = {y € 6 x Fn(k,r,< k) : GNA, # 0}. If
I is the union of the supports of p € A, for every y, There will then be a < F(x)-sized
sub-product which adds X. That is, there exists I C F(x) with I € V, |I| < F(k), and
X € VI[GNFn(l,k,< k)]. But then the subsequent forcing with Fn(F(x) \ I, k, < k) adds

a generic object for (Dg : £ < 0). O
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In the second part of the argument above for 4.3.4 we viewed Fn(F'(x), 2, < k)) as a product,
while in the first part of the argument we viewed it as an iteration. The reason for viewing
it as a product in the second case was because the set of relevant supports, which was of
size < F(k), could be cofinal, (i.e. in the case where F(k) is singular). If we viewed this
as an iteration it wouldn’t be clear that we would have added a generic object for a set
of this size, while when looking at it as a product, we’re allowed to change the “order” in
which we add generic objects for sub-products (which can be defined in the ground model)
arbitrarily. On the other hand, in the first case we needed to localize the addition of an
object of size k in a kT-length iteration, which presents no such difficulty, and viewing
Fn(k™,2,< k) as a kT-length iteration makes distinguishing the (fe : £ € 1) apparent.
An alternative method to showing the result of the first argument under some additional
cardinal arithmetic assumptions, i.e. Fn(F(k),2,< k)) IF nongm,(M)(k) = kT, is to show
that in any such extension, "2 NV is combinatorially non-meager. So assuming this set is of
size kT in the extension, we’d be done. The way to prove this is analogous to the situation
on w. That is, argue that any (y,II) in the extension is present in the generic extension by a
k-sized subproduct (which exists in V' and so is isomorphic to Fn(k, 2, < k)), and then argue
generally that any (y,II) added by Fn(k,2, < k) is cofinally matched by some x € *2N V.
This is done by enumerating all of the (p,d) : p € Fn(k,2,< k), € k pairs in order type x
(which is possible because K< = k), and then constructing an = € V such that below every
p, for any 0 € k there is a ¢ which forces that = agrees with y on an interval of Il starting

above 4.

We could also show directly that if x is an infinite regular cardinal with 2<% = k and
P = Fn(\ 2,< k), if 2° = kT in V, then if G is (V,P)-generic, V[G] E nm(x) = . And
moreover generally if A\ > kT, then in any case V[G] = nm(x) = . This is as above,
namely first suppose V = 2% = kT. We show that (“x)" is k-matching in V[G]. In V[G],
if g € "k, then as a k-sized object by usual arguments there is I C A with I € V| |I| < &,

and g € V[GNFn(l,2,< k)]. So it suffices to show that if G’ is (V, Fn(k, 2, < k))-generic
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and g € ("x)VI¢] then ¢ is xk-matched by some f € V. Enumerate Fn(x,2,< k) X &
as ((py,&) : v € k). We construct an f € V such that no p € Fn(k,2,< k) can force
“g is not matched by f past {7, for any £ € k. First, consider (pg,ng). Find ¢o < pg such
that qo fixes the value of ¢ | (§ +2). Let f | [0,& + 2) to be equal to this value. Note
that go F —(¢g is not matched by f past &). Next, consider (p;,&;). Find ¢; < p; such that
¢ fixes the value of ¢ | [§o+2,& +2+ & +2). Set f ] [+ 2,8 + 2+ & + 2) to be equal
to this value. We can proceed in this manner, building f € (“x)" because & is regular. For
every p € P and £ € k, we have found ¢ < p such that ¢ forces that f agrees with ¢ at

V' is k-matching in V[G], and if 2 = T in V is of size k™.

a location past £&. Thus ("k)
Alternatively, and we may do this any time A > s, regardless of what the value of 2% is in
V, Fn(\, 2, < k) E nm(kx) = k*. This is because any set of k-many x-Cohen reals is itself
a k-matching family in V[G], as follows. Let A > x*. Then Fn(\,2, < k) is isomorphic to
Fn(\ k,< k) x Fn(k™, k, < k), so it suffices to show that Fn(x",k, < k) IF nm(k) = k™.
View Fn(k™, k, < k) as the (< k)-support product of k™-many copies of Fn(k, k, < k). This
(< k)-support product may be densely embedded into a x*-length iteration of Fn(k, k, < k),
taking direct limits at cofinality x (e.g. (< k)-support). Let (fe : £ € k') enumerate the
k-Cohen reals added by these factors. Let G be (V,Fn(k™, K, < k))-generic, and suppose
g € ("/@)V[G]. By usual arguments, g will appear in the extension by a generic for some
stage P, with 7 € k™ of the iteration (or thinking as a product, in the extension by some

< kT-sized sub-product). But then for £ > 7, f¢ will match (by density considerations) every

g € (k)] on k-many coordinates. So our (f¢ : £ € k*) is k-matching.
Observation 4.3.5. For regular f, it is consistent that nm(u™) < nonem,(M)(p). In

the case where u = wy, this is observed in [11].

Proof. By 4.3.1, nm(u™) is unchanged by p*-c.c. forcings. On the other hand, by 4.2.7
non.,,,(M)(pt) > 2¢. So starting from a model with regular p and e.g. 2<# = p,

and adding many p-Cohen reals via Fn(\,2,< p), in the extension nm(p™) < A <
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non oy (M) (p). O

4.4 Con(nmy(wi) > w)

In this section we show that if PF'A holds then nm,(w;) = ws. The poset used for this
result is (in a sense which we will explain) the natural one to use, and the main difficulty is
not in formulating the definition of the poset, but in verifying that it’s proper. The method
of doing this here is due to Paul Larson [45], which is where we believe this result first
appeared. Before defining the forcing, we give some motivation. First, note that the direct
translation of the poset in 4.3.3 does not work, in that forcing with this translation collapses

w1, as follows.

Note 4.4.1. The direct translation of the nm,,(w) forcing to nm,,(w;) collapses w;.

Proof. Let P consist of p = (f,, A,) where f, € <“w; and A, € P, (w;), where here F' C “'w;
and F' = (fe : £ € wi). Say ¢ = (fg. Ag) < (fp, 4p) = p if and only if f; [ dom(f,) = f,,
A, C Ay, and for every a € dom(f,) \ dom(f,), fy(a) # fe() for every £ € A,. Note that
De = {p € P:3In € wndom(f,) s.t. f,(n) > &} is dense for every £ € wy. So if G is

sufficiently generic, G adds a cofinal w-sequence to (w;)". O

The issue in this example is that using finite conditions will yield a function in e.g. “*w; which
grows too quickly (in that its pointwise image on any infinite ground model set is cofinal in
wy). In this setting for the purpose of forcing particular types of structures to exist, side
conditions are often used to ensure that certain cardinals aren’t collapsed, stationary sets
are preserved, etc. Typically for a condition p € P, the side conditions will limit the set
of conditions ¢ € P such that ¢ < p. This might have the effect of ensuring some sort of
properness or that a chain condition holds. In the case of properness, it is natural to consider

side conditions consisting of some collection of submodels (e.g. of a particular H,), so that

179



the existence of a model M in the side condition of an element p € P could ensure that p
is (M, P)-generic or -strongly generic. This approach was first developed by Todorcevi¢ in
the 1980’s [65]. In initial applications, the type of side conditions used to ensure properness
are typically finite €-chains of countable elementary submodels of H,. The interaction
requirements between the working part of the forcing and the side conditions serve to make
sure that, for example, if we wanted to show that p is (M, P)-strongly generic, that for any
extension ¢ < p, we can define a ¢ [ M € M NP such that the effect on the forcing that ¢
has with respect to M is the same as the effect on the forcing that ¢ [ M has with respect
to M. Precisely, that is that for every r < ¢ | M, if r € M, then r || ¢. An example of this
sort of interaction requirement would be to say that if we’re forcing a function f, : A — B,
if a € dom(f,) N M, then we must have f,(a) € M. The addition of M to the side condition
of p and the interaction requirements typically will ensure that p is (M, P)-generic. With

this in mind, the first forcing to try is the following.

Example 4.4.2. ' = (f¢ : £ € wy) € “wy. Let P consist of p = (f,, 4y, M,) where
fp € ““wy, A, € P,(w), and M, is a finite €-chain of countable elementary submodels
of (Hy,, €,<,(fe : £ € wy),...). Also insist that if M € M, and « € dom(f,) N M, then
fola) € M. Say that ¢ = (fg, Ag, Mg) < (fy, Ap, M,) = p if and only if f [ dom(f,) = f,
A, C A, M, C M, and for every a € dom(f,) \ dom(f,), fy() # fe() for every & € A,,.

If we attempt to show that the partial order P from 4.4.2 is proper, the standard thing to
do is choose some M < (Hyp,&€,=<,(fe : £ € wy),P,...) with p = (f,, 4, M,) € M, and
define pM = (f,, Ay, M, U{M N H,,}) € P, note that p” < p, and try to show that p* is
(M, P)-generic. So fixing D € M dense, for ¢ < p™, without loss of generality assume q € D,
we want to define ¢ [ M € M and then find r < ¢ | M with r € DN M such that r || ¢. If we
set ¢ | M = (f, | M, A, N M, M,N M), then ¢q [ M € P. However, it is not necessarily the
case that ¢ < ¢ [ M. This is because while f, | foiar = fornr, Agmr € Ay, and Mg € My,

we also need that for every a € dom(f,) \ dom(fy;n), i.e. a € dom(f,) \ M, f,(a) # fe(e)
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for every & € Ay, which isn’t guaranteed. However, M is countable so no matter what
Agiar looks like, there are only countably many possible functions f¢ that we need f; to avoid
on coordinates not in M. So, in an attempt to fix this problem, we can additionally require
that every condition ¢ = (f,, A4, M,), for any a € dom(f,) with o € M for some M € M,,
that f,(a) # fe() for every £ € M. Because this is a countable set, we’ll still be able to
expand the partial functions associated with conditions, and will still be able to add ordinals
to A, at will. One can verify that this condition will ensure ¢ < ¢ [ M, and so one can find
r <q | M with r € DN M so that r “looks like” ¢. It is not clear however that " < ¢
(though 7" < r). Indeed, for v’ < g it is required that for every o € dom(f,) \ dom(f,),
fr(a) # fe(a) for every £ € A, Certainly if £ € Ay = A, N M, then because r < ¢ [ M
we have no problems, so assume £ € A, \ M. We have no restriction over the value of f¢(a),
and £ ¢ M, but certainly fe(a) could be in M, and f,(«) € M). While this may seem like a
fundamental problem, it turns out that this definition of the forcing still works, we just need
to be a bit more careful with choosing e.g. r. This is important point from Larson’s proof,
which we give below. The reader may notice that the key lemma here in 4.4.3 and as written
by Larson differ slightly, and that is because a slightly stronger version than what Larson
gives in [45] is required. The following is exactly the forcing we just described, re-written so
that it adds a function from w; to w; which has finite intersection with every function from
wy to wy in the ground model (instead of a fixed w;-sized collection of them). Of course this

is immaterial for the application of PF A, but is a more natural setting to consider.

Theorem (Larson [45]) 4.4.3. Let P be the forcing consisting of conditions p =

(fp, Ap, M) satistying the following conditions

1. fp is a finite partial function from w; to wy,
2. A, is a finite collection of functions in “'wy, e.g. A, € P,(“'wy),

3. M, is a finite €-chain of countable elementary submodels of H,,,,
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4. if « € M Ndom(f,) for some M € M,, then f,(a) € M, and

5. if M € M,, and a € dom(f,) \ M, then for every f € “*wy N M, f () # f(a).

The ordering on P is such that ¢ = (f,, 4, Mg) < (fp, 4y, M,) = p if and only if

3. M, € M,, and

4. for every a € dom(f,) \ dom(f,) and f € A,, f,(a) # f(a).

Then P is proper (so in particular wy is preserved) and if G is (V,P)-generic, there exists

f € (“1w)VIE such that for every g € (“'w;)V, [{a € wy : f(a) = g(a)}] < w.

Proof. 1t is straightforward to show by density arguments that forcing with P adds a function
f=U/fe wy w{” which has finite intersection with every ground model function. We need

peEG
to show that IP is proper. Fix some large Hy and let M be a countable elementary submodel

of (Hgp,<,P,...). Let p = (fp, Ap, Mp) € M and let ¢ = (f,, Ay, M, U{M N H,,}). Tt is
clear that ¢ € P and ¢ < P, so it suffices to show that ¢ is (M, P)-generic. So, let D € M be
dense. We need to see that D N M is pre-dense below ¢. Let r = (f,, A, M,.) < gq. Define
rIM=(f | M,A- 0N M, M,NM). It is a standard argument to show that » [ M € P. We
first prove the main lemma of the argument, which is as follows. There exists o € lim(wy)
such that for every F' € P, (“'w), there exists v’ = (f., A, M) < r [ M with v’ € D,
fr € a x a, and for every (3, € dom(f)) \ dom(fyiar), fir(Br) # f(By) for every f € F'.
One difference between this lemma and Larson’s in [45] is that we insist not only that
dom(f,») C «, but also that rng(f,r) C «a. First, let’s see that this lemma suffices—suppose

we have proven it. By elementarity we may apply it in M (because r | M and D are both in
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M), and fix such an « € lim(w;) N M. Working again outside of M, then there exists ' € D
with the desired properties, with respect to I’ = A,. Even though 7’ is not necessarily in
M (as A, is not in M necessarily), because f» C a X «, f. € M, so again by elementarity
there exists " < r [ M in M N D such that f,» = f,,. Then in particular, we must have
f(B) = f(B) # f(B) for every 8 € dom(f,») \ dom(f.jar) and f € A,. This is exactly
what we wanted. In particular, we show that r” || r. Let s = (f.» N f, A U Ay My UM,
It is not difficult to see that s € P, what we need to see is that s < r” and s < r. First,
note that if § € dom(fs) \ dom(f.») and f € A,», that is § € dom(f,) \ dom(f,») and
f € A, then f.(B) # f(B), because f(f) € M and necessarily 8 ¢ M in this case and we
designed our conditions specifically to act in this way (note that M N H,, € M, C M,).
On the other hand, suppose 8 € dom(f,.~) \ dom(f.) and f € A,.. We need to see that
fr(B) # f(5). This is where the lemma is used, to take care specifically of such 3, because
if 5 € dom(f,~) \ dom(f,) then 8 € dom(f,») \ dom(fra), and f € A,, so by the lemma
frr(B) = fr(B) # f(B). Therefore s < 7’ r, so P is proper. It suffices then to verify the

lemma.

So, let p = (f,, A,, M,,) € P with D C IP dense. We show that there exists o € lim(w;) such
that for every F’ € P, (“'w;), there exits r = (f,, A,, M) < pwithr € D and f, C a X «
such that for every 8 € dom(f,)\dom(f,), f.(8) # f(B) for every f € F'. Suppose towards a
contradiction that this fails. Then for every a € lim(wy), there exists F,, € P, (“'w;) such that
for every r = (f, Ar, M;) < p, r € D, with f, C o x a, there exists 3, € dom(f,) \ dom(f,)
and f € F, such that f.(5,) = f(8). By adding functions to the F,’s, we may assume
without loss of generality that (|F,| : a € lim(w;)) is non-decreasing, so in fact we may
assume that for some n € w, |F,| = n + 1 for every o € lim(w;). Then we can enumerate
each F,, = (F! : i € n). So for every r as above, there exists 3, € dom(f,) \ dom(f,) and
i, € n such that f,.(8,) = for(B,). The next step of the argument is one which prevents
immediate generalizations to other settings, as we will see. Let U be a uniform ultrafilter

over wy. Because we are diagonalizing modulo finite sets, we will only need this ultrafilter
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to be closed under finite intersections, which of course it is. In any case, note that for every
r < p with r € D, for U-measure-one many «’s we have f, C a X «, and for each such a we
have (3, and i, as indicated, and |dom(f,) X n| < w, so we must have that for U-measure-one
many «’s, (83,,4,) is constant. In this case, f.(8,) = fi(8,) on these a’s. So if ri,ry < p
with 71,79 € D and (B,,,4r,) = (Bry,ir,) = (B,17), then because the intersection of two U-
measure-one sets is non-empty in particular, we have f,., (8) = fi(8) = f.,(8). That is, f,,
and f,, take the same value at 3. The idea is to use this fact and the density of D to find
a condition below a certain strengthening of p obtained through this fact in D which yields
a contradiction. We add (n + 1)-many functions to A,. For every i € n, define h; € “'w;
by letting h;(8) = f.(B) if such an r < p with » € D exists with 8, = 5 and i, = i. By
what we just argued, this is well defined, because any two such r’s are such that the f,’s
agree on . Otherwise set h;(8) = 0. Note that p’ = (f,, A, U{h; : i € n}, M,) € P and
P < p. However, if r < p’ with r € D, then by assumption for some large enough o we’ll
have f,.(8,) = fir(B,) = h;.(B,). However, this is a contradiction because r < p’ < p and

Br & dom(f,), but h;, € Ay, so we cannot have f.(5,) = h;,.(5,). O

Corollary 4.4.4. If PF A holds then nm,,(w;) = 2* = ws.

Proof. Let P be as in 4.4.3. By 4.4.3, P is proper. Fix (fe : £ € wy) € “*wy. It is clear that
De={peP: fe € A,} is dense for every £ € wy. Furthermore, £ = {¢ € P: £ € dom(f,)}
is also dense for every £ € w, as follows. Suppose first that for no M € M, is £ € M.
Then if M € M, is maximal, just let f,({) € M avoid every f(§) for f € M (and avoid
f(&) for every f € A,). There are only countably many functions to consider. On the other
hand, suppose for some M € M, we have £ € M. Let M be the minimal such model
in M,. If there are no models in M,, below M, simply let f,({) € M avoiding f(§) for
every f € A,. On the other hand, suppose M’ is the model in M,, directly preceding M.
Note that B = {f(§) : f € “'wp N M'} € M, and so there exist infinitely many ordinals

in (M Nwy) \ B. Simply let f,(£) be equal to one of these ordinals avoiding f(&) for every
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f €A, So E¢ is dense. By PFA, there exists a filter G with GN De # 0 and GN E¢ # 0
for every € € wy. But then it is not difficult to see that if f = |J f,, f € “*w; and for every

peG

€ € wy, for some p € G, fe € Ay, so for every § € wy \ dom(fe), f(B) # fe(5). That is,

Hoewr: fle) = fela)}] <w. 0

Note 4.4.5. If we allow the models appearing in the side conditions of P to be elementry
submodels of some larger H,, etc. then IP is still proper, and so preserves wy, and adds a
function g € "k which is disjoint from every ground model function x — x modulo finite

sets. Here of course « is collapsed to wy.

The one-step forcing in 4.4.3 is a proper forcing (so preserves w;) which adds a function
f € “w; which is disjoint modulo finitely many coordinates from every function in (“1w;)V.
One might ask whether there are other types of forcing extensions (in particular) which can

accomplish this or similar things, or if in certain settings it is impossible. Here we partially

address both of these questions.

4.4.1 The result at w;

How close to being canonically proper is the forcing in 4.4.37 That is, could similar results

be achieved by forcings satisfying stronger requirements than properness?

Proposition 4.4.6. Let P be c.c.c.. Then forcing with P does not add a function in “'w;

which is disjoint modulo finitely many coordinates from every function in (“1w;)".

VIG] Because

Proof. Let G be (V,P)-generic and suppose ¢ is a name for a function in (“*w;)
P is c.c.c., for every a € w; we may fix a maximal antichain A, consisting of p € P such
that for some g, p IF g(a) = . Because A, is countable, working in V' we may form

F : w; — P, w; such that in V[G], for every a € wy, g(a) € F(a). In V, enumerate

F(a) = (FI' : n € w). Let h, € “'w; be defined by h,(a) = F. For each o € wy, there

185



exists n, such that g(a) = h,, («), so for at least one n € w, for uncountably many o we

have n, = n. But then [{a € wy : g(a) = h,(a)}] = wy. O

Note 4.4.7. If M is a (< wy,w; )-distributive extension of V—that is if V' C M and M adds
no countable sequences of ordinals in w}—then in M there does not exist a function in “'w,

which is disjoint modulo finitely many coordinates from every function in (“1w;)".

Proof. This is clear, because e.g. if fe M, flweV. ]

Proposition 4.4.8. Let P be the composition of an (< wy,w;)-distributive forcing with a
c.c.c.. forcing, that is of the form ((< wy,w;)-distributive) x (c.c.c.). Then forcing with P
does not add a function in “'w; which is disjoint modulo finitely many coordinates from
every function in (“w;)V.

Proof. Write the extension by P as V[G1][Gs] and choose g € V[G1][Gs]. By the argument as
in 4.4.6, there is a function ¢’ € V'[G4] which agrees with g on uncountably many coordinates.
Because all initial segments of ¢’ are in V, there must then exist a function ¢’ € V' which

agrees with g on an infinite set. ]

Proposition 4.4.9. Let P be of the form (c.c.c.) * (wy-strategically closed). Then forcing
with P does not add a function in “*w; which is disjoint modulo finitely many coordinates
from every function in (“1w;)".

Proof. Write the extension by P as V[G;][G2] and let g € V[G1][G2]. The idea here is to
build a candidate function for g in V[G4], which is possible because V[G1][G2] is an extension
by an w;-strategically closed forcing of V[G4], and then use the observation as in 4.4.6. In
particular, work in V[G;] and let § be a name for g. We show that the set of conditions

V' countably matches ¢ is dense. So, choose

forcing (over V[G4]) that some function in (“'w;)
any condition and using the strategic closure as explained in the chapter on trees, build

a candidate sequence (f, : @ € wy) C V[G;] and a corresponding <-decreasing sequence
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of conditions below this condition (p, : @ € w;) such that p lFyg) fo [ @ = ¢ [ a. Let
f(B) = fs+1(B) and note that f € V[G;]. In V because V[G,] is a c.c.c. extension, as
in 4.4.6 there exists g, € “*w; such that {8 € wy : g.(8) = f(B)}| = wi. Then for some
sufficiently large o (large enough so that g, and f agree infinitely often before «), p, fixes
the value of f [ o to be ¢ | @, so we have that p, IFyie,) {6 € a: g.(B) = 9(B)}] = w, as
desired. O

Note 4.4.10. Let P be a forcing of the form ((< wi,w;)-distributive) x (c.c.c.) %
(wy-strategically closed). Then forcing with P does not add a function in “‘w; which is
disjoint modulo finitely many coordinates from every function in (“w;)Y.

Proof. Write the extension by P as V[G4][G2][G3] and let g € V[G41]]|G2][G3). Because all
initial segments of functions in V[G,] are in V, and by 4.4.9 there exists ¢’ € V[G;] which
countably matches g, there exists ¢” € V' which countably matches g (i.e. ¢” agrees with ¢

on a sufficiently large initial segment). O

4.4.2 A potential barrier at w,

A natural question to ask is whether a result like 4.4.3 can be pushed up to e.g. wo. That
is, can there exist a forcing P preserving ws which adds a function from wsy to wy which is
disjoint modulo (for example) countably many coordinates from every function in (“2w,)"?
An inspection of the proof of 4.4.3 reveals that a key component is that the uniform ultrafilter
chosen over wy is closed under intersections of finitely many elements. To be able to prove an
analogous lemma at w,, something like e.g. if p = (f,, 4y, M,) € Pand D C PP is dense, then
there exists o € wy N Cof(w;) such that for every F' € P, (“?ws), there exists r € D with
r <pand f, C axa where for every 8 € dom(f,)\dom(f,), f.(5) # f(B) for every f € F,

one would need something stronger. Here M, might be e.g. a countable €-chain of suitable

submodels of size wy, etc.. Proving a statement like this in a way analogous to 4.4.3 would
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require then a o-complete uniform ultrafilter over wo, which does not exist. One might also
attempt to diagonalize functions in “>ws modulo finite sets by using finite conditions and
incorporating e.g. finite side conditions comprising models of two types. However, similar
problems seem to occur. In the presence of a measurable cardinal k, one could however
construct a forcing with side conditions of size < x which is analagous to the forcing in 4.4.3,
and use the normal measure to obtain a similar combinatorial lemma. However, because
k is a limit cardinal, we will not have a cardinal "gap” and this forcing will just add a
function which is disjoint from all ground model functions modulo sets of size < x, which of
course could be obtained by the usual k-closed diagonalizing forcing without side conditions.
Another immediate generalization of the forcing in 4.4.3 if x is A-supercompact, that is if
there exists a uniform normal ultrafilter over P.\, would be to use models of size < x and
< k-sized conditions to force the existence of a function from A to A directly which is modulo
sets of size < k disjoint from all ground model functions. However, A would be collapsed to
Kk, so this could easily just have been done with the forcing of pure functions of size < &,
so in this sense there is no advantage to that approach. The intuition that large cardinals
might allow strong diagonalizations while preserving cardinals, however, is not misplaced, as

we will see in the subsequent section.

With some accessible cardinals other than w; though, it turns out that in strong contrast
with wy, there are settings in which an analogous situation to 4.4.3 cannot occur. Namely,
it is consistent that if an outer model has the same wy, then if g is a function from ws to ws
in the outer model, there exists f : ws — ws in the ground model which matches g on an
uncountable set of coordinates. So not only can we not diagonalize modulo finite sets, we
cannot diagonalize modulo countable sets in this setting. This observation is a corollary of
a stronger result of Abraham and Shelah, using some basic combinatorial methods already

considered, e.g. those used to prove 4.2.4.

Definition 4.4.11. Let x be a regular cardinal and let C be a collection of closed unbounded
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subsets of k. Say that C' C k a closed unbounded set is fast with respect to C, or is a fast
club, or is a diagonalizing club, if and only if for every D € C, C' C* D, i.e. if and only if
for some v € k, if § € C'\ 7, then § € D. Say that C can be diagonalized if and only if there

exists C' C k fast with respect to C.

Observation 4.4.12. Let s be a regular cardinal. The following are equivalent:

1. b(k) > A

2. Every collection of closed unbounded subsets of k of size < A\ can be diagonalized.

Proof. Suppose first that b(k) > A and let C = (C, : @ < \) be a sequence of closed
unbounded subsets of x. Identify each C, with its (normal) enumerating function, and let
g € "k dominate every C,,, which is possible because A < b(k). Let C ={f € k: ¢'8 C B}.
Note that C' is a club. We show that C diagonalizes C. Fix C, € C. Find v € k such
that g(8) > C,(B) for every 5 > ~. If £ is such that ¢"§ C & and £ > g(y), we want to
see £ € C,. However ¢"¢ C ¢ and g > C, after g(7), so C”¢ C & too and is necessarily
cofinal, so ¢ € C, by closure. On the other hand, suppose that every collection of closed
unbounded subsets of k of size < A can be diagonalized. Fix (f, : a € A\) C *k. Without
loss of generality assume every f, is increasing. For every a € A, let C, = {{ € k: fl¢ C &}
Note that if h, € "k is defined by ho(§) = Co(€ + 1), then it is not difficult to see that for
every £ € K, fo(§) < ho(§). Every C,, is club, so we can find a fast club C' C x with respect
to (Cy : a € N). Let g(§) = C(£ + 1) for every £ € k. Fix a € A. There exists € k such
that C'\ f C C,. Find £ > § such that h/§ C & and ¢"’¢ C £ Then for every ¢ € [£, k),
fa(0) < ha(6) < g(5). O

Suppose we are in the case where k = p*. By the argument of 4.2.4, if FF C "k is an
unbounded collection (modulo < k), then by adding p-many functions below each f € F,

we can form a x-matching family F’ C “k of the same cardinality. Via bijections e, : & — K
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for every a € [k, k™), as in 4.2.5 we can form x-matching families F C “«. Extending these
functions arbitrarily, we can form a s-matching family F” C " k™ of the same cardinality.
That is, if K = pt, from an unbounded family of functions in “x, we can form a k-matching
family in * k% of the same cardinality. As a consequence, b(ut) < nm,+ (). If p = w,
then this says that b(w;) < nm,, (w2). By the observation in 4.4.12, if there is a collection
of closed unbounded subsets of x of size < A which cannot be diagonalized, then there is an
unbounded collection of functions in “x of size < A, and so if K = u™, a collection of functions

K

in "kt of size < A\ which is k-matching. So whether or not there can exist a function which

is disjoint modulo sets of size <  from a collection of functions of a particular size in * k™t
can depend on whether or not a collection of closed unbounded subsets of x of that same
size can be diagonalized. In this context, this is useful because it is sometimes possible to
write down certain combinatorial properties or a device (via extra functions, etc.) which
would prevent a collection of closed unbounded subsets of k from ever being able to be
diagonalized, even in outer models, assuming e.g. certain cardinals are preserved. This basic
idea is a common one—for example, using the absolute nature of the combinatorial device
of a specializing function for a special Aronszajn tree T on wy, if wy is preserved no branches

can ever be added to 7. This method is used by Abraham and Shelah in [2] to prove 4.4.13.

Here we are thinking that A > ws.

Theorem (Abraham-Shelah [2]) 4.4.13. It is consistent via forcing (from ZFC') that
there is a collection (R, : e € E), where E is a set of size wy and for every e € E, R, is a
graph on A satisfying the following two conditions and there are clubs C¢ C w; and functions
fe : Ce — E for every £ € A such that if £ # ¢ and C¢ N C¢ is cofinal in some ¢ € wy, then

fe(0) = fe(0) = e and R.(&, (). Thinking of R, as a subset of A x A, that is (£, () € R..

1. For every X € P, () there exists e € F such that X is a complete subgraph in R,.

2. If X is a complete subgraph of R, then |X| < w, and this remains true in any outer

model of V.
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Now, it is clear that because all complete subgraphs of every R, are countable, and if two
clubs C¢ and C; share an accumulation point ¢ then the graphs corresponding to that
accumulation point according to fe and f, are the same, R, for some e, and (£, () € R., that
there cannot be an uncountable subfamily of (C¢ : £ € A) which has a common accumulation
point. So their intersection must be finite, and because the property that all complete
subgraphs of every R, are countable persists in every outer model, it must be true that any
uncountable subcollection of (C¢ : £ € A) in any outer model also has finite intersection. If
K is regular with A > x and (C¢ : € € \) is a collection of club subsets of £ which can be
diagonalized, then in particular the intersection of some > x*-sized subcollection contains
a club. In our case here in the context of 4.4.13, Kk = wy so if (C¢ : £ € \) is as in 4.4.13,
any uncountable subcollection of (C¢ : € € A) in any outer model also has finite intersection,
so certainly does not have an intersection containing a club. So as long as A\ remains larger
than w; in the outer model, (C¢ : £ € A) remains a collection of clubs which cannot be

diagonalized. So we have the following.

Corollary 4.4.14. Let V be the model obtained in 4.4.13 with A > wy. Then if V C M,
(wy = wi)M, and (|A| > wi)M, there exists (f¢ : £ € ) C “2w, in V which is wi-matching in
M. So in particular, M does not contain a function from ws to wo which is disjoint modulo

countably many coordinates from every function in (“2w,)V.

That is, it is consistent that an analogy to 4.4.3 is impossible at wy. The proof of 4.4.13 uses
a technique introduced by Abraham which uses a preparation of the ground model by first
adding Cohen subsets, and then uses these subsets to guide a subsequent construction (to
ensure a degree of distributivity of a certain forcing). Another example of where this method
is used is [1]. It is not outright unreasonable to expect that an analogous forcing with suitable
ground model conditions (e.g. assuming ¢+ (Cof(y)), etc.) for regular p could sometimes
be carried out to produce in particular as was done in 4.4.13 an unbounded B C #* pt of size

A > pt which remains unbounded in any outer model preserving p with |A| > pt, and so
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we would have a p*-matching family of functions in W of cardinality A which remains

i -matching in the outer model.

4.4.3 Strong diagonalizations are possible at large cardinals

In this section we continue with with the question of when outer models can add a function
g € "k which is strongly disjoint from every ground model f € (®x)V. This might mean for
example that there exists A < x such that modulo < A-many coordinates, g is disjoint from
f. We saw in 4.4.3 for k = w; that this is possible with a proper forcing, and accordingly
then if PF A holds that nm,,(w;) > wy, but in 4.4.14 that for K = w, this is consistently
impossible. As mentioned, a uniform ultrafilter over w; is used as a device to show that
the forcing used in 4.4.3 is proper, and there is some intuition behind the idea that with
cardinals carrying measures with a greater additivity, one might be able to carry out such a
diagonalization. Indeed, we have the following basic observation about Prikry forcing. For

the definition of Prikry forcing and its basic properties see e.g. [35].

Observation 4.4.15. Let xk be a measurable cardinal and let P be the usual Prikry forcing at
k. If G is (V,P)-generic, then there exists f € (“x)"[¢! which is disjoint modulo finitely many
coordinates from every g € (“s)V. Indeed, if A = (a,, : n € w) C & is the Prikry sequence
added, there exists f € (“k)VI such that f is disjoint modulo finitely many coordinates

from every g € ("k)V.

Proof. Let f: A — k be given by f(a,) = any1. Fix g € ("k)V. We argue that the set of
conditions forcing that g doesn’t agree with f on a cofinal segment of x (that is on a cofinal
segment of A) is dense. For any p = (0o, ..., 00, 4,) € P, let ¢ = (Bo, ..., Bn, ApNC) <* p.
Here let C' C k be club such that for every 6 € k, C'(§ + 1) > sup{g(8) : 8 < C(J)} and
C(0) > B,. Then if G is (V,P)-generic with ¢ € G, for any m > n + 1, if a,,, = C(7) then

ami1 > C(y+1) > g(an), i.e. g doesn’t match F' on an infinite subset of A. O
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This observation is not sufficient for what we want however, because it is not clear how
to extend the function f in 4.4.15 to have domain x while still remaining strongly (in this
case modulo-finite) disjoint from every ground model function in k. In order to arrange
such a situation, one might not want to add just a cofinal sequence to x of smaller order-
type, but instead add e.g. a club to x while maintaining its regularity. This is exactly
what Radin forcing carried out over s with a sufficient degree of measurable reflection can
accomplish, and we show in 4.4.19 that this works. For background in Radin forcing and for

the definitions and the formalization that we use here, see Gitik’s [30].

Definition 4.4.16. Let V = (V(a) : @ € Ih(V)) be a j-sequence of ultrafilters in A for some
j:V — M with cr(j) = . In this setting these are ultrafilters over V. Recall A is such

that if F € A, then for every a € lh(ﬁ), F(a) concentrates on AN V(7

Definition 4.4.17. Let Ry be the set of finite sequences (di, ..., dy, (~, v, A)) such that

1. Ae OV and A C 4,
2. A N Vﬁ(dn)Jrl - @,

3. For every m € [1,n], either d,, is an ordinal or d,, = (k(d,), ﬁn, A,,) for some F, ¢ A,

A, C A, and A, € ﬂﬁn, and

4. For every i < jin [1,n], k(d;) < k(d;), and if d; is (k(d;), ﬁ’j, A;), then A;NVgy41 = 0.

Every time a (k(d,,), F,, A,,) object appears, this gives rise to a Radin forcing, R (dn) Foo )

Definition 4.4.18. Let ¢ = (dy, ..., d,, (k, V,A)) and p = (e1,...,em, </<;,‘7,B>>. Say ¢ < p

if and only if the following conditions hold.
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3. There exist iy < ... < i, in [1,n] such that for every k € [1,m], either e, = d;, or

— —

er, = (k(ex), Fe,, Be,), and in this case d;, = (k(d;,) = k(ex), Fu, = ﬁek7Cdik>7 with

i

C, CB

i, — €

4. If iy,... i, are as above, then for every j € [1,n], if i,, < j, then d; € B or d; =
(Ka;, ﬁdj, Cyq,) where (kq;, ﬁdj) € B and Cy;, € BNV,qg,). On the other hand, if j < iy,
then for the least k such that j < iy, necessarily ey is of the form (x(eg), ﬁek, B, ) such
that if d; is an ordinal then d; € B,,, and if d; = (k(d;), Fy,, Cy,), then (k(d;), Fy,) €
B, and Cy; C B, N V@)

Say that ¢ is a direction extension of p, ¢ <* p, if and only if ¢ < p and n = m, i.e. we
can shrink each measure one set in each measure object but can’t add new elements of the
Radin club in direct extensions.

Proposition 4.4.19. If Ry is a Radin forcing where s remains regular (for example if
cf(Ih(V)) > k' or if there exists a (weak) repeat point), then if G is (V, R )-generic, there
exists f € ("k)VI such that for every g € ("k)V, [{a: f(a) = g(a)}| < w. That is, Ry; adds

a function in *x which is co-finitely different from all ground model functions in “.

Proof. In V[G], let f € "k be defined by f(«a) = Cg(a+1), where Cg is the Radin club. That
is, f takes « to the (a + 1)** element of the Radin club. Suppose towards a contradiction
that for some g € (“x)V, {a : f(a) = g(a)}| > w. Let A = {a, : n € w} be such that for
every n € w, a, € anpy and f(a,) = g(ay,). Let p = sup(A). Because Cg is closed, we
have Cg(p) = sup{f(ay) : n € w}. First note that we must have Cg(u) = p. Otherwise
p < Cg(p), and we have that Cg(p) N g”’pu C Cg(p) is cofinal. This is because for every n,
g(ayn) = Co(a, + 1) and Cg(ay, + 1) — Ce(p). However, working in V', Co(p) N g"n € V
is a set of cardinality < Cg(p), which is a measurable cardinal. This is a contradiction,
so Cg(pn) = p. Without loss of generality, by replacing g | u with ¢ € (*u)Y where

g (B) = g(p) if g(B) € p and 0 otherwise, so ¢ € V and because g matches f on A, ¢
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matches f on A, we may assume for simplicity that g € (“u)". Now, choose p € G such that
for some d € p, k(d) = pu, and p IF Cg(p) = p. We show that the set of conditions ¢ < p
such that ¢ IF “g doesn’t match f cofinally below 1" is dense. This will be a contradiction,
because then such a condition is in GG, but g does indeed match f cofinally below u. So,
fix r = (dy,...,dg, (1, ﬁu,Au),dk+2,...,dn, (K, V,A)) < p. Note that if ¢ C pu is club,
then A, N (CU{(p,F,) : p € C}) € F,(a) for every a € Ih(F,). This is because F, is
j-derived. Explicitly, F,(0) concentrates on ordinals and is normal, so C' N A, € F,(0),
and generally for a € lh(Fl), {{p, ﬁp) cp e CA(p, ﬁp) € A} € ﬁu(a) if and only if
F,laei{{p,F):peCA(pF,)eA,)}). However, u € j(C) and F, | a € j(A,), so this

is clear.

We define a C' C p club which forces that above k(dy), the Radin club outpaces g. Specifi-
cally, let C' C u be a club so that for every v, C(y+1) > sup{g(8) : 8 < C(7)}. One way to
construct such a C'is to build a continuous €-increasing elementary chain of substructures of
(Hg, €,<,9, 1, . ..) for some large 0, (M, : o € p), such that M,Nu € p for every a, and con-
sider C' = {M,Np: a € p}. Then g(B) € M., for every 8 < C(y), so C(y+1) > sup{g(B) :
B < C(y)} Next,let g = (dy,...,dg, {1, FL, Al diya, s dy, (R, V,A)) <* r, where we have
only shrunk A4, to A}, = A, N(CU{{p, E):pe C}). Let G be (V,Ry;)-generic containing g.
As before Cg (1) = p, and note that if § € p is such that C(0) € (k(dg), ), then Cg(6) € C,
because all such ordinals must be added to the (u,Fl,AL) component. So Cg(d) = C(v)
for some v € p, and Cg(d) > §. Then Cq(0 + 1) > C(y+ 1) > sup{g(B8) : 5 < C(v)}, so
Ca(0+1) > C(y+1) > g(6). Because the 6 € p such that C(0) € (k(dg), ) constitute an

end-segment of u, and f and g disagree on this end-segment, we have a contradiction. [

Note 4.4.20. If G is (V,Ry)-generic as in 4.4.19, then in V[G] if we let P be Col(wy, < k)
and let H be (V[G],P)-generic, then there exists in V[G][H] a function in “?>w, which is co-
finitely different than every ground model function in “?w,. Here wy is of course collapsed,

but because P is o-closed no reals are added, for example.
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Proof. In V[G] let P = Col(wy, < k), i.e. P is the product of P, consisting of the set of
countable partial functions p, : w3 — « for a € k with countable support. Then P is
o-closed, and so (w,o0)-distributive, and k-c-c. We see that k = w;/ AT Because any
countable subset of x which exists in V[G][H] exists in V[G], we retain the property that f
is co-finitely disjoint from every ground model function, and in particular because V[G] did

not add reals (it does not add bounded subsets below the first measurable, for example),

V[G][H] does not add reals. O

Intuitively it may seem more difficult to have a cardinal-preserving extension with a function
in "x which is e.g. modulo-finite disjoint from all ground model functions in "« for some
k > wy than it is for kK = w;. While this works for the w,’s, the straightforward regressive
argument gets stuck at singulars. So there isn’t necessarily a conflict between situations like

those in 4.4.14 and 4.4.19.

Observation 4.4.21. Suppose V' C M is an outer model where all cardinals in [w;,w,] are
preserved. Then if there exists g € (“rw,)* such that for every f € (“»w,)V, {a € w, :
)M

fla) = g(a)}| < w, then for every k € n, there exists gr € (“wi)™ such that for every

fe@wp)V, Ha€wr: fla) = gr(@)} <w.

Proof. Let g € “rw, be as given. Find o € w, such that ¢"a C « with |a| = w, ;. Via a
bijection e : w, 1 — a in V, g | a can be transformed into a function in “~~'w, 1, which
must be modulo-finite disjoint from all functions in (“~'w,_1)V. If k € n — 1, we simply

proceed in this manner, and if kK =n — 1 we’re done. n

The argument in 4.4.21 gets stuck at X,, however: If g € "X, is modulo-finite disjoint from
every function in (*X,,)V, this does not mean automatically that for some M € (Py R,)"

we have ¢ M C M, as would be required for the regression step.
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4.5 Relationship to some guessing principles

4.5.1 Preliminaries

The existence of a set of functions in “'w; of size w; which is countably matching (that is
nm,,(w;) = wi) is implied by several common guessing principles (weakenings of <»). In this

section we explore this, for which we first need some definitions.

Definition 4.5.1. The “club” principle, &, formulated by Ostaszewski [54], asserts the
existence of a sequence (4, : a € lim(w;)) C P, (wy) such that for every o € lim(wy),

A, C « is cofinal and for each x € [w]*", there exists a € lim(w;) such that A, C x.

Fact 4.5.2. It is equivalent in the definition of & to assert that for each X € [w]*!, the set

of a € lim(w;) such that A, C X is stationary.

Note 4.5.3. For a given infinite cardinal p and stationary subset of u*, S, one can define
&+ (S) in the natural way, that is asserting the existence of a sequence (A, : a € S) such

that for every a € S, A, C « is cofinal and if z € [ut]*", {a € S : A, C x} is stationary.

Fact [54] 4.5.4. &,+(S5) along with 2* = p* is equivalent to {,+(9).

Because & + —C'H is consistent [59], & can be seen as a sort of “cardinal arithmetic free”
version of . However, & can exhibit quite different behavior from <. For example, Kunen’s
argument that {~ is equivalent to <, where {~ is the version of <} which allows countably
many guesses at each coordinate, does not work for & and indeed the corresponding version
of & is consistently different than &. This also applies to other natural weakenings of &
where one might expect equivalence, such as only having to guess modulo finite [20]. If
we forgo the requirement in & that every A, has to be a cofinal subset of «, and instead
insist only that every uncountable subset of w; is guessed by some A,, we have the following

principle $ (read as “stick”), introduced in [3].
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Definition 4.5.5. The stick principle T asserts the existence of a sequence (A, : a € w;) C

[w1]“ such that for every x € [wq]“!, there exists a € wy such that A, C x.

Observation 4.5.6. If the C'H holds then |[w;]| = wy, so ¥ is a consequence the CH as

well as of .

Note 4.5.7. It is reasonable to treat T as a cardinal characteristic in the natural way,

defining ¥ to be the minimal cardinality of a collection of countable subsets of wy, Z C [w;]*,

such that for every x € [w;]*?, there exits z € Z with z C . With that meaning, ¥ as in

4.5.5 is the assertion that ¥ = w;.

Note 4.5.8. In the presence of the C'H, & and T are certainly not equivalent because T is
a consequence of the C'H, while in the presence of the C'H as noted & and <) are equivalent,
and C'H+—< is consistent (Jensen’s original argument [19] kills all Suslin trees, so destroying
all & sequences, without adding reals). Even in the absence of the CH, & and T are not
equivalent. For example, in [20] a model is given for =C'H + —é + &g,, where &g, is the
version of & where it is only required that for each x € [w]*" there exits o € lim(w;) such
that |A, \ | < w. By starting with a &g, sequence and adding to each A, all subsets which

differ by only finitely many elements, we can produce a ! sequence, so &g, implies ¢

4.5.2 Observations

Observation 4.5.9. If M A(Fn(w,2,< w)) holds then ? = 2¥. So in particular, = is

consistent.

Proof. Let P = Fn(wy, 2, < w), that is the poset for adding w;-many Cohen reals with finite
conditions. We need to see that if there exist generics for every collection of (< 2¥)-many
dense subsets of P, T = 2¢. Fix x < 2% and let (A, : @ € &) C [wy]*. Tt is clear that

for every o € K, D, = {p € P : 3y € dom(p) N A, : p(y) = 0} and for every o € wy,
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D!, ={p € P: 3y € dom(p) \ a} are dense subsets of P. So if G is a filter hitting each of
these and x = {v € w; : p(y) = 1 for some p € G}, € [w]** but =(A, C xz) for every

o € K. L]

We have seen that as with ¥ = w;, nm,(w;) = w; is a trivial consequence of the C'H.

However, it is not difficult to see that nm,,(w;) = w; is also an immediate consequence of ¢ .

Observation 4.5.10. If ? holds then nm,,(w;) = w;.

Proof. Let $ = w; be witnessed by (A, : a € w;). Fix e : w; xw; — w; a bijection. For every
a € wy, if e71[A,] C wy xw is the graph of a partial function, let g, : w; — w; be an arbitrary
extension of e 1[A,] to a total function on w;. Note that (g, : @ € wi) C “'w; is countably
matching, because if f € “'w; then identifying f with its graph we have e” f € [w]*!, so for

some «, A, C €”f, but then necessarily g, countably matches f. O

As in 4.5.10, not only does ? imply that nm,(w;) = wy, but that there exists a sequence of
wi-many countable partial functions which is countably matching. While one might think
perhaps then that T has some relationship with nm, this is false. In 4.5.9 we see that by
adding e.g. wy-many Cohen reals we will have a model where $ = ws, but as in 4.3.4 nm = w,
in the extension. On the other hand, & holds in the countable support iteration of length
wy of Laver forcing over a model of ¢ [51], while Laver forcing adds disjointing functions so
nm = wy (and even b = wy, see [10]). With respect to quantities in Cichoii’s diagram, this
is as good as one could hope for, because it’s an early result of Truss [68] that T implies
that either cov(M) or cov(£). Here £ stands for Lebesgue—so if  holds then the real line
can be covered by either w;-many meager sets or wi-many Lebesgue-measure zero sets. So
the Laver model (forced over a model of ) is one where in particular nm > nm,,(w;). Of
course there are easier ways to separate these two quantities, or indeed nm,,(w;) from any

cardinal characteristic of the continuum implied by M A to be 2¢.
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Observation 4.5.11. It is consistent that M A + —=C'H holds along with nm,,(w;) = w;.

Proof. Start with a model of the GC'H and force M A+2% > w; with a c.c.c. forcing, forming
V[G]. Working in V[G] if g € “*w; then for some F € (“1P,,w;)", for every a € w we have
g(a) € F(a). By choosing in V surjections from w to F(«) for every o and defining in the
natural way the f, functions choosing for each a the n'® element of F'(a) according to the

o™ surjection, for some f, € (“'w;

)V we have |[{a € wy @ fu(a) = g(a)}] = w;. Then for
some vy € wy, f, | v countably matches g. But then the set of all functions f in “'w; such
that for some v € wy, f [ v = f | v for some f € ("w;)" and f(B) = 0 for every 3 > 7 is

countably matching, and of size w;. O

So, in the same way that & or T may be viewed as weakenings of <» which are consistent
with ~C'H or some weak forms of M A 4+ —CH, the assertion that nm,(w;) = w; may be

viewed as a weakening of e.g. T which is consistent with M A + -CH.

Note 4.5.12. Just as in 4.4.9, if in V| A C P,k has the property that for every z € [k]",
there exists a € A such that a C z, then A retains this property in any extension by P a
k-strategically closed forcing. So in particular, a ¥ sequence remains a ? sequence after

forcing with an w,-strategically closed forcing.

Proof. Let P be s-strategically closed. Suppose f is the name for a new function in #2 with
r-sized support. Build as in 4.4.9 a candidate sequence of functions (f, : @ € k) C V and a
corresponding <-decreasing sequence of conditions (p, : « € k) such that p, IF fo [ a = f i
a. Let g(a) = fay1(a) for every a € k and note that we may ensure by construction that
{€k:g(B) =1} =2 C K is unbounded, and g € V, so for some a € A we have a C z.

But then for some sufficiently large o, a C «, s0 po IFa C {f € ac: f(B) = 1}. O
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4.5.3 Maximal almost disjoint families of functions

In [10], the notation a.(x) is used to indicate the minimal cardinality of a family of functions
F C "k which is maximal with respect to being x-almost disjoint—so if {f,g} C F, [{a €
Kk f(a) = g(a)}| < k. If the subscript e is excluded from a.(x), then a(x) indicates as
usual the minimal cardinality > s* of a family of k-sized subsets of x which is maximal
with respect to being x-almost disjoint. In analogy with our notation for nm, we have the

following.

Definition 4.5.13. For p < & let a¥(k) denote the minimal cardinality of a family of

functions F' C “k which is maximal with respect to being p-almost disjoint.

Observation 4.5.14. If F' C "k is maximal with respect to being p-almost disjoint, then

clearly F' is p-matching. So necessarily nm,(x) < a#(x).

Just as the assertion that nm,(w;) = w; is implied by significant weakenings of &, so is the
assertion that ay'(wi) = wi. First, let &7, () for S C u* stationary denote the principle
that asserts the existence of a sequence ({Ag : o € } : B € S) such that for every o € x and
peS, Af C Bis cofinal and if v € [F]*" there exists 8 € S and « € & such that Af C .

If S is omitted it is assumed to be lim(u™).

Observation 4.5.15. & implies that a'(w;) = w;.

Proof. Let ({Aj:n € w}: B € lim(w;)) witness & . Note that {Aj : a € k} C 3 can be
almost disjointly refined (see the disjoint refinements chapter in this thesis for more details).
So without loss of generality, if 8 € lim(w;) and ny # no, [Aj' N AR?| < w, and we may also
assume that every Aj has order type w, so in fact if (ny, 81) # (n2, B2), |AG N AR| < w.
Fix bijections e : w; X wy — wy and h : w X w; — w;. By recursion define fj-1,) € “'w;
by first looking at e '[Aj-1(4)] and checking to see whether it is the graph of a partial

function. Identify as usual e '[Aj-1(,)] with this partial function here. If it is a partial
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function, set fy-1(a)(8) # fa-1(y)(B) for every v € a and § ¢ dom(e '[Ay-1()]), while set
fr-10)(B) = e HAp-1()](B) for every € dom(e ' [Ap-1(0)]). It is clear that we can proceed
in this manner, and by construction { f4-1(o) : @ € w1} € “'w; is w-almost disjoint. Moreover,
if g € “lwy, then identifying g with its graph, ¢”g € [w;]“* and so for some S € lim(w;) and

n € w, A C €"g. But then it is not difficult to see that fy,(,g)) countably matches g. O

The argument in 4.5.15 is possible because in the & sequence we insist that every Az is
cofinal in f3, so that for distinct 5y, B2, we may assume that |Ag N Ag,| < w. The following

definition is then natural.

Definition 4.5.16. Define Tad to be the assertion that there exists an almost disjoint stick
sequence, that is that there exists (A, : @ € wy) C [w;]“ such that for every = € [w;]|*“" there

exists @ € wy with A, C z and if a # § are in wy, |A, N Ag| < w.

Observation 4.5.17. The argument in 4.5.15 shows that Tad = a¥(wy) = w; and
& — Tad. Moreover, by the results in the refining chapter of this thesis, if 2* > w;
then in particular any w;-sized collection of countable subsets of w can be almost disjointly
refined, so it is straightforward to see that $ + ~CH — Tad. This may be done by first
thinning out every element of a § sequence to have order type w, grouping together elements
with the same supremum, then almost disjointly refining each of these collections. So the

equivalence of Tad with ¢ is equivalent to whether or not the C H implies Tad as it does 7.

We do not know whether the C'H implies Tad. In any case however, it is straightforward to
show that Tad is closer to the C'H than < is (and so under the presence of the C'H, than &,

&, &, ete. are).

Observation 4.5.18. From a model of C'H + —<}, one can force a model of CH + Tad+—|<>.

Proof. Suppose V' |= CH + =<, for example suppose V is Jensen’s original model [19] for

this. Working in V, let (A, : @ € wy) C [w]¥ be a maximal almost disjoint family of
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countable sets, so that for every av € 8 € wy, |Aqa N Ag| < w, and if = € [w;]¥, there exists
a € wy such that |z N A,| = wy. First, note that no c.c.c. forcing can add a ¢ sequence,
as follows. Towards a contradiction, suppose V|G| = ¢ and let p € G and f be such
that p IF f is a diamond sequence. Working in V', for every a € wy, let A, = {X C « :
dg < p such that ¢ IF f(a) = X}. Because P is ccc, |A,| < w. Because of the Kunen
equivalency of ' (where we're allowed countably many guesses at each coordinate) and <,
it suffices to argue that (A, : @ € wq) is a ' sequence. So let C' C w; be a club and
Y Cw;. Weneed a € C such that Y Na € A,. In V|G|, Y must be guessed at an ordinal
in C, so there exists ¢ < p, ¢ € G, and a € C such that ¢ IF Y Na = f(a). Then by
construction, Y Na € A,. So, as long as we perform a c.c.c. forcing, —< will still hold in
the extension. So, let P be any c.c.c. forcing which is (w, w;)-semidistributive and force with
P, forming V[G]. So for example, P could be Hechler forcing, Random forcing, or Cohen
forcing (which is even (wy, w; )-semidistributive). Working in V[G], for every o € wy, ([4a]*)Y
can be almost disjointly refined (for details see the refinement chapter in this thesis) into
(AP : B € w) C A,, where we may assume that every A” has order type w. So necessarily
{AP :, 8 € w} C [wi]* is an almost disjoint collection. Moreover, if z € [w;]*!, because P
is (w,w )-semidistributive there exists z’in[z]* NV. But then for some a € wy, [A,N2'| =w
and A, N2’ € V, so for some B € wy, A’ C A,Na’ C x, as desired. This argument wouldn’t
work with any (w,w;)-semidistributive extension. For example, Sacks forcing over a model

of the CH adds < [46]. O

If in the final model in 4.5.18 we wanted to strengthen —<{} to the nonexistence of Suslin
trees, we would need a ccc forcing adding a real which doesn’t add a Suslin tree over a model
where the C'"H holds and there do not exist any Suslin trees. We do not know if this is

possible.
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4.6 Unconsidered directions

1. Is Tad equivalent to ¥? That is, does the CH imply Tad?

2. Is b(k) < nm(k) for k£ a regular limit consistent? If x = w this may be accomplished
in the Random model, so one might search perhaps for an analogue to Random forcing
(and so perhaps for an analogue to the ideal of Lebesgue measure zero sets) at k. In
particular, we might want a forcing which is k-c.c., (“x)-bounding, and < r-closed.
There has been recent progress in this direction, with Shelah obtaining such a forcing
at weakly compact x [57] and Friedman and Laguizzi obtaining such a forcing at s

inaccessible [26].
3. Is nm,(wy) < a¥(wy) consistent?

4. Can nm,,(w;) be consistently larger than any cardinal characteristic of the continuum

(for example b)?

5. Can nm,, (ws) be consistently larger than 2¢7 In particular, consistently is there a
cardinal-preserving forcing which adds a function in “?wy which is modulo-countable

disjoint from every function in (“2w,)"?

6. Is it consistent that for some large k, nm, (k) > k7 Given 4.4.19, one might look at
extender-based Radin forcing in the sense of Merimovich [50], as used recently by Gitik

and Ben-Neria to control the splitting number at s [31].

204



References

Uri Abraham. “On forcing without the continuum hypothesis”. The Journal of Sym-
bolic Logic 48.3 (1983), pp. 658-661.

Uri Abraham and Saharon Shelah. “On the intersection of closed unbounded sets”.
The Journal of Symbolic Logic 51.1 (1986), pp. 180-189.

S. Broverman et al. “Topologies determined by o-ideals on w,”. Canadian Journal of
Mathematics 30.6 (1978), pp. 1306-1312.

Bohuslav Balcar and Tomas Pazak. “Quotients of Boolean algebras and regular sub-
algebras”. Archive for Mathematical Logic 49.3 (2010), pp. 329-342.

Bohuslav Balcar and Petr Simon. “Disjoint Refinement”. The Handbook of Boolean
Algebras, Volume 2 (1989), pp. 333-384.

Bohuslav Balcar, Petr Simon, and Jan Pelant. Fundamenta Mathematicae 110.1 (1980),
pp. 11-24.

Bohuslav Balcar and Peter Vojtas. “Almost disjoint refinement of families of subsets
of N”. Proceedings of the American Mathematical Society 79.3 (1980), pp. 465-470.

Tomek Bartoszynski. “Combinatorial aspects of measure and category”. Fundamenta
Mathematicae 127.3 (1987), pp. 225-239.

James E. Baumgartner. “Almost-disjoint sets, the dense set problem, and the partition
calculus”. Annals of Mathemtical Logic 9.4 (1976), pp. 401-439.

Andreas Blass. “Combinatorial Characteristics of the Continuum”. Handbook of Set
Theory (2010), pp. 365-489.

Andreas Blass, Tapani Hyttinen, and Zhang Yi. “Mad families and their neighbors”.
Preprint (2007), pp. 1-29.

A.D. Brooke-Taylor et al. “Cardinal Characteristics at x in a Small u(x) Model” (2015).
arXiv: 1511.02687.

Georg Cantor. “Uber unendliche lineare Punktmannichfaltigkeiten”. Mathematische
Annalen 23.6 (1884), pp. 453-488.

Paul Cohen. “The independence of the continuum hypothesis”. Proceedings of the
National Academy of Sciences of the United States of America 50.6 (1963), pp. 1143
1148.

205


http://arxiv.org/abs/1511.02687

[15]

W. W. Comfort and Ivan S. Gotchev. “Cardinal invariants for xk-box products” (2013).
arXiv: 1311.2330v1.

Sean Cox and John Krueger. “Indestructible Guessing Models and the Continuum”
(2015). arXiv: 1510.05297.

James Cummings and Saharon Shelah. “Cardinal invariants above the continuum”.
Annals of Pure and Applied Logic 75 (1995), pp. 251-268.

Morton Davis. “Infinite games of perfect information”. Advances in Game Theory.
Annals of Mathematical Studies 52 (1964), pp. 85-101.

Keith J. Devlin and Havard Johnsbraten. The Souslin Problem. Vol. 405. Lecture Notes
in Mathematics. Springer-Verlag, 1974.

Mirna Dzamonja and Saharon Shelah. “Similar but not the same: Various versions of
& do not coincide”. The Journal of Symbolic Logic 64.1 (1999), pp. 180-198.

William B. Easton. “Powers of regular cardinals”. The Annals of Mathematical Logic
1.2 (1970), pp. 139-178.

Paul Erdés and Alfred Tarski. “On some problems involving inacessible cardinals”.
FEssays on the Foundations of Mathematics (1961), pp. 50-82.

Monroe Eskew. “Coherent Forests”. Proceedings of the American Mathematical Society
143.6 (2015), pp. 2705-2717.

B. Farkas, Y. Khomskii, and Vidnyansky Z. “Almost disjoint refinements and mixing
reals” (2015). arXiv: 15610.05699.

Laura Fontanella. “The Strong Tree Property at Successors of Singular Cardinals”.
The Journal of Symbolic Logic 79.1 (2014), pp. 193-207.

Sy-David Friedman and Giorgio Laguizzi. “A Null Ideal for Inaccessibles”. Preprint
(2016), pp. 1-13.

David Gale and F. M. Stewart. “Infinite Games with Perfect Information”. Contribu-
tions to the Theory of Games. Annals of Mathematical Studies 28 (1953), pp. 245—
266.

Shimon Garti. “Pity on A” (2011). arXiv: 1103.1947.

Shimon Garti and Saharon Shelah. “The ultrafilter number for singular cardinals”.
Acta Mathematica Hungarica 137 (2012), pp. 296-301.

Moti Gitik. “Prikry-Type Forcings”. Handbook of Set Theory (2010), pp. 1351-1448.

Moti Gitik and Omer Ben-Neria. “On the splitting number at regular cardinals”. The
Journal of Symbolic Logic 80.4 (2015), pp. 1348-1360.

Kurt Godel. The consistency of the continuum hypothesis. Princeton University Press,
1940.

Stephen H. Hechler. “Generalizations of Almost Disjointness, c-sets, and the Baire
Number of SN — N”. General Topology and its Applications 8 (1978), pp. 93-110.

Michael Hrusdk. “Life in the Sacks model”. Acta Universitatis Carolinae. Mathematica
et Physica 42.2 (2001), pp. 43-58.

206


http://arxiv.org/abs/1311.2330v1
http://arxiv.org/abs/1510.05297
http://arxiv.org/abs/1510.05699
http://arxiv.org/abs/1103.1947

Thomas J. Jech. Set Theory. Third Millenium Edition, Revised and Expanded.
Springer, 2002. 1SBN: 3540440852.

Thomas J. Jech. “Some Combinatorial Problems Concerning Uncountable Cardinals”.
Annals of Mathematical Logic 5 (1973), pp. 165-198.

Thomas J. Jech. “Trees”. The Journal of Symbolic Logic 36.1 (1971), pp. 1-14.

Renling Jin. “The differences between Kurepa trees and Jech-Kunen trees”. Archive
for Mathematical Logic 32 (1993), pp. 369-379.

Istvan Juhész and William Weiss. “On a Problem of Sikorski”. Fundamenta Mathe-
maticae 100.3 (1978), pp. 223-227.

Akihiro Kanamori. “Perfect-Set Forcing for Uncountable Cardinals”. Annals of Math-
ematical Logic 19 (1980), pp. 97-114.

Akihiro Kanamori. The Higher Infinite: Large Cardinals in Set Theory from Their
Beginnings. Springer Monographs in Mathematics, 2003. 1ISBN: 9783540888666.

Alexander S. Kechris. Classical Descriptive Set Theory. Springer-Verlag, 1995. ISBN:
9781461286929.

Bernhard Kénig. “Local coherence”. Annals of Pure and Applied Logic 124.1-3 (2003),
pp. 107-137.

Giorgio Laguzzi, Benedict Lowe, and Ilya Sharankou. “Unpublished: Questions on
Generalized Baire Spaces”. Apr. 2015.

Paul B. Larson. “The nonstationary ideal in the P, extension”. The Journal of
Symbolic Logic 72.1 (2007), pp. 138-158.

Richard Laver. “Random reals and Souslin trees”. Proceedings of the American Math-
ematical Society 100.3 (1987).

P. Liicke, L. M. Ros, and P. Schlicht. “The Hurewicz Dichotomy for Generalized Baire
Spaces” (2015). arXiv: 1506.03364.

Richard Mansfield. “Perfect Subsets of Definable Sets of Real Numbers”. Pacific Jour-
nal of Mathematics 35.2 (1970), pp. 451-458.

Yo Matsubara and Toshimichi Usuba. “On Skinny Stationary Subsets of P,\”. The
Journal of Symbolic Logic 78.2 (2013), pp. 667-680.

Carmi Merimovich. “Extender-based Magidor-Radin forcing”. Israel Journal of Math-
ematics 182.1 (2011), pp. 439-480.

Heike Mildenberger. “The club principle and the distributivity number”. The Journal
of Symbolic Logic 76.1 (2011), pp. 34-46.

E.C. Milner and Karel Prikry. “Almost disjoint sets”. Surveys in Combinatorics 123
(1987), pp. 157-172.

James Donald Monk. “The size of maximal almost disjoint families”. Dissertationes
Mathematicae 437 (2005), pp. 1-47.

A. J. Ostaszewski. “On countably compact perfectly normal spaces”. The Journal of
the London Mathematical Society 14.3 (1976), pp. 505-516.

207


http://arxiv.org/abs/1506.03364

[65]
[66]
[67]
[68]
[69]

[70]

Richard Rado. “Axiomatic treatment of rank in infinite sets”. Canadian Journal of
Mathematics 1 (1949), pp. 337-343.

Dilip Raghavan and Saharon Shelah. “T'wo inequalities between cardinal invariants”
(2015). arXiv: 1505.06296.

Saharon Shelah. “A parallel to the null ideal for inaccessible lambda” (2012). arXiv:
1202.5799.

Saharon Shelah. “Jonsson algebras in successor cardinals”. Israel Journal of Mathe-
matics 30.1 (1978), pp. 57-64.

Saharon Shelah. “Whitehead groups may not be free, even assuming CH. IL.” Israel
Journal of Mathematics 35.4 (1980), pp. 257-285.

Saharon Shelah and Zoran Spasojevi¢. “Cardinal Invariants b, and t.”. Publications
de UInstitut Mathématique (Beograd) 72 (2002).

Jack H. Silver. “The Independence of Kurepa’s Conjecture and Two-Cardinal Conjec-
tures in Model Theory”. Aziomatic Set Theory. Proceedings of the Symposia in Pure
Mathematics 8 (1971), pp. 383-390.

Lajos Soukup. “Nagata’s conjecture and countably compact hulls in generic exten-
sions”. Topology and its Applications 155.4 (2008), pp. 347-353.

D. H. Stewart. M. Sc. Thesis. University of Bristol, 1966.

Dorottya Szirdki and Jouko Vaanédnen. “A dichotomy theorem for the generalized
Baire space and elementary embeddability at uncountable cardinals” (2015). arXiv:
1508.05539.

Stevo Todorcevié. “A note on the Proper Forcing Axiom”. Contemporary Mathematics
31 (1984), pp. 209-218.

Stevo Todorcevi¢. “Partitioning pairs of countable ordinals”. Acta Mathematica 159.1
(1987), pp. 261-294.

Stevo Todorcevi¢. “Some combinatorial properties of trees”. Bulletin of the London
Mathematical Society 14.3 (1982), pp. 213-217.

J. K. Truss. “The noncommutativity of random and generic extensions”. The Journal
of Symbolic Logic 48.4 (1983), pp. 1008-1012.

Jouko Véanédnen. “A Cantor-Bendixon Theorem for the Space wi"”. Fundamenta

Mathematicae 137.3 (1991), pp. 187-199.
Christoph Weif. “Subtle and Ineffable Tree Properites, PhD Thesis”. 2010.

208


http://arxiv.org/abs/1505.06296
http://arxiv.org/abs/1202.5799
http://arxiv.org/abs/1508.05539

	ACKNOWLEDGMENTS
	CURRICULUM VITAE
	ABSTRACT OF THE DISSERTATION
	Introduction
	Trees and forests via games
	Background and initial observations
	Notation and conventions
	General definitions
	Topology, box topologies, and trees
	Sequential convergence
	Topological Cantor-Bendixson process
	Cantor-Bendixson process on trees T ⊆<ω2 with two applications
	Cantor-Bendixson process on trees T ⊆<κ2
	Comparing the topological and tree processes

	Games played on subsets of 2κ and on trees T ⊆<κ2
	Väänänen's game
	A cut-and-choose game played on trees T ⊆<κ2
	The behavior of the two games when δ=κ

	Adding branches through T ⊆<κ2
	A Cantor-Bendixson theorem for the κ-Cantor space
	Väänänen's Cantor-Bendixson theorem
	A tree decomposition

	Tree structure implications of player I having a winning strategy in the cut-and-choose game
	Determinacy of the cut-and-choose game
	Digression on the determinacy of trees without branches
	Comparison with Väänänen's game

	κ-topologies over 2λ
	Pκλ-forests and the κ-box topology over 2λ
	The κ-sequentially closed topology over 2λ
	Cantor-Bendixson process on Pκλ-forests
	Comparing the topological and forest processes

	Games played on Pκλ-forests
	The behavior of the game when δ=κ

	Adding branches through Pκλ-forests
	Localized games and a Cantor-Bendixson theorem for Pκ+λ
	How I-(κ) could be used : an illustration

	Unconsidered directions

	Disjoint refinements
	Background and initial Observations
	Definitions and background

	Almost disjoint refinement in [κ]κ/<κ
	Almost disjoint refinement by countable sets
	Observations regarding ref(κ)
	Almost disjoint refinement when adding κ-reals

	Regular subalgebras and semidistributivity
	Definitions and basic observations
	(P(κ)/<κ)V a regular subalgebra of (P(κ)/<κ)M
	Density observations
	Using a chain condition
	No (ω1,ω1)-semidistributive extensions and ¬CH

	Refining ([κ]κ)V in V[G]
	A method using diagonalization
	A method using base trees

	Strongly splitting and unbounded κ-reals
	Strongly splitting κ-reals
	Unbounded κ-reals

	Unconsidered directions

	Tower and distributivity numbers
	Towers over κ: initial observations
	Tower number definitions
	Tower number results
	Distributivity number definitions
	Distributivity number results
	An application to base trees
	Defining h(κ)
	An example with the κ-SIP which works
	An example with the κ-SIP which doesn't work

	Unconsidered directions

	Matching families of functions
	Notation and background
	Matching observations
	Some combinatorial observations
	Cofinal and disjointing observations

	Some forcing observations
	Con(nmω(ω1)>ω1)
	The result at ω1
	A potential barrier at ω2
	Strong diagonalizations are possible at large cardinals

	Relationship to some guessing principles
	Preliminaries
	Observations
	Maximal almost disjoint families of functions

	Unconsidered directions

	References



