UCLA

UCLA Electronic Theses and Dissertations

Title
Geometry of Calabi-Yau moduli

Permalink
https://escholarship.org/uc/item/14c7i2m4

Author
Yin, Changyong

Publication Date
2015

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/14c7j2m4
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA

Los Angeles

Geometry of Calabi-Yau Moduli

A dissertation submitted in partial satisfaction
of the requirements for the degree

Doctor of Philosophy in Mathematics
by

Changyong Yin

2015



(© Copyright by
Changyong Yin
2015
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In this thesis, we study the geometry of the moduli space and the Teichmiiller space of
Calabi-Yau manifolds, which mainly involves the following two aspects: the (locally, globally)
Hermitian symmetric property of the Teichmiiller space and the first Chern form of the

moduli space with the Weil-Petersson and Hodge metrics.

In the first part, we define the notation of quantum correction for the Teichmiiller space 7 of
Calabi-Yau manifolds. Under the assumption of vanishing of weak quantum correction, we
prove that the Teichmiiller space T, with the Weil-Petersson metric, is a locally symmetric
space. For Calabi-Yau threefolds, we show that the vanishing of strong quantum correction
is equivalent to that the image ®(7) of the Teichmiiller space 7 under the period map & is
an open submanifold of a globally Hermitian symmetric space W of the same dimension as
7. Finally, for Hyperkéhler manifolds of dimension 2n > 4, we find globally defined families

of (2,0) and (2n, 0)-classes over the Teichmiiller space of polarized Hyperkahler manifolds.

In the second part, we prove that the first Chern form of the moduli space of polarized
Calabi-Yau manifolds, with the Hodge metric or the Weil-Petersson metric, represents the
first Chern class of the canonical extensions of the tangent bundle to the compactification

of the moduli space with normal crossing divisors.
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CHAPTER 1

Introduction

Moduli spaces of general polarized algebraic varieties are studied exrensively by algebraic
geometers. However, there are two classes of moduli spaces where the methods of differential
geometry are equally powerful. These are the moduli spaces of curves and the moduli space
of polarized Calabi-Yau manifolds. The Weil-Petersson metric and Hodge metric are the
main tools to investigate the geometry of such moduli spaces, under which these moduli

spaces are Kahlerian.

In this thesis, we study the Teichmiiller space of polarized and marked Calabi-Yau manifolds
and the moduli spaces of polarized Calabi-Yau manifolfds with level m structure with m > 3.
Recall that a compact projective manifold X of complex dimension n with n > 3 is called
a Calabi-Yau manifold, if it has a trivial canonical bundle and satisfies H(X,Ox) = 0 for
0 < i < n. A polarized and marked Calabi-Yau manifold is a triple (X, L, ~y) of a Calabi-Yau
manifold X, an ample line bundle L over X and a basis v of the integral middle homology
group modulo torsion, H, (X, Z)/Tor. And, a level m structure of a Calabi-Yau manifold X
with m > 3 is a basis of the quotient space (H,(X,M)/Tor)/m(H,(X,Z)/Tor).

For the moduli space of polarized Calabi-Yau manifolds with level m structure, we have the
following theorem, which is a reformulation of [Szedr6i99, Theorem 2.2]. One can also refer

to [Popp77] and [Viehweg95] for more details about the construction of the moduli space of
Calabi-Yau manifolds.

Theorem 1.0.1. Let (X, L) be a polarized Calabi-Yau manifold with level m structure with

m > 3, then there exists a quasi-projective complex manifold M., with a versal family of



Calabi- Yau maniflods,
XMm — Mm, (11)

which contains X as a fiber, and polarized by an ample line bundle L4, on the versal family

Xm

m*

The Teichmiiller space T of polarized and marked Calabi-Yau manifolds is actually the
universal cover of the smooth moduli space M,, of polarized Calabi-Yau manifolds with
level m structure with m > 3. We denote by U — T the pull-back of the family 1.1 via the

covering map m,, : T — M,,, then we have

Proposition 1.0.2. The Teichmiiller space T is a simply connected smooth complex mani-
fold, and the family
U—rmT (1.2)

containing X as a fiber, is local Kuranishi at each point of the Teichmiiller space T .

Our result mainly involves the following two aspects: the (locally, globally) Hermitian sym-
metric property of the Teichmiiller space T of polarized and marked Calabi-Yau manifolds
and the first Chern forms of the moduli space M,, of polarized Calabi-Yau manifolds with

level m structure with m > 3.

In the first part, we define the notation of quantum correction for the Teichmiiller space
T of polarized and marked Calabi-Yau manifolds. Under the assumption of vanishing of
weak quantum correction, we prove that the Teichmiiller space T, with the Weil-Petersson
metric, is a locally Hermitian symmetric space. For Calabi-Yau threefolds, we show that
the vanishing of strong quantum correction is equivalent to that the image ®(7) of the
Teichmiiller space 7 under the period map ® is an open submanifold of a globally Hermitian
symmetric space W of the same dimension as 7. Finally, for Hyperkahler manifold of
dimension 2n > 4, we find globally defined families of (2,0) and (2n,0)-classes over the

Teichmiiller space of polarized Hyperkahler manifolds.

Fix p € T, let X be the corresponding Calabi-Yau manifold in the versal family &4 — T
and {1, - -+, pn} € H* (X, TH0X) be an orthonormal basis with respect to the Calabi-Yau



metric over X. Then we can construct the following smooth family of Betrami differentials

which describes the deformation of complex structures in a neighbourhood of p € T.

Our essential idea is to consider the strong quantum correction at any point p € 7, which
comes from the quantum correction of Yukawa coupling in the Kodaira-Spencer theory de-
veloped in [Bershadshy-Cecotti-Ooguri-Vafa94, Chapter 5]. It can be simply described as

the following identity of cohomology classes,

Y

[=@)] = [Q°()] - [exp(zti%)ﬁ

=1

where 2 is a holomorphic (n, 0)-form over X and Q°(¢) is the canonical family of holomorphic
(n, 0)-forms e®® Q) in a neighborhood of p € 7. And the weak quantum correction at p € T~
is defined as the lowest order expansion of the strong quantum correction [Z(¢)] with respect
to t, i.e.,

EMh = tititslpinpins).

irj k=1
When n = 3, i.e., for Calabi-Yau threefolds, vanishing of strong quantum correction implies
vanishing of quantum correction of the Yukawa coupling in physics literatures, the reader
can refer to [Bershadshy-Cecotti-Ooguri-Vafa94| for details about the quantum correction of

the Yukawa coupling in the Kodaira-Spencer theory.

We first have the following result which characterizes the Teichmiiller space 7 of Calabi-Yau

manifolds when the weak quantum correction vanishies at any point p € T .

Theorem 1.0.3. Let T be the Teichmaller space of polarized and marked Calabi-Yau man-
ifolds. Vanishing of weak quantum correction at any point p € T, i.e., [E(t)]; = 0, implies

that T, with the Weil-Petersson metric, is a locally Hermitian symmetric space.

Here, a locally Hermitian symmetric space is a smooth manifold satisfying VR = 0, i.e., its

curvature tensor is parallel, which is not necessarily complete. Moreover, for polarized and



marked Calabi-Yau threefolds, we found the following equivalent condition for the vanishing

of strong quantum correction at any point p € T .

Theorem 1.0.4. Let T be the Teichmiiller space of polarized and marked Calabi-Yau three-

folds and ® : T — D be the period map. Then the following are equivalent:

1. The strong quantum correction vanishes at any point p € T,

2. With respect to the Hodge metric, the image ®(T) is an open submanifold of a globally
Hermitian symmetric space W of the same dimension as T, which is also a totally

geodesic submanifold of the period domain D.

In Section 3.4, we study Hyperkahler manifolds. Let 7 be the Teichmiiller space of polarized
Hyperkéhler manifolds. A (irreducible) Hyperkdhler manifold is a compact and simply-
connected Kéhler manifold of complex dimension 2n > 4 such that there exists a non-zero

holomorphic non-degenerate (2,0)-form Q?? on X.

Fix p € T, let X be the corresponding Hyperkéahler manifold in the versal family & — T,
with dime X = 2n, and Q?° be a nowhere vanishing (2,0)-form over X. By explicitly
computing the Taylor expansions of the canonical families [H(e®®_0%9)] and [e®®, A"
029 we show that the strong quantum correction vanishes at any point p € 7. Therefore
the Teichmiiller spaces of polarized Hyperkahler manifolds are locally Hermitian symmetric
with the Weil-Petersson metric, which is affirmed without using the Torelli theorem for
Hyperkahler manifolds. Then, we show that these local expansions are actually global defined

on the Teichmiiller spaces.

Theorem 1.0.5. Fix p € T, let X be the corresponding Hyperkdhler manifold in the versal
family U — T and Q*° be a nowhere vanishing (2, 0)-form over X, then, in a neighborhood
U of p, there exist local families of (2,0) and (2n,0)-classes defined by the canonical families
[H(e®®1029)] and [e*® A" Q%0]. Furthermore their expansions are actually globally defined



over the Teichmiiller space T, i.e.,

N N
1
[Q>9] 4 E [0i2020)t; + §§ [iap; 1Q*0)tit; € H*O(X,),

i=1 i=1

N
nQQO +Z sz—l/\ QQU
=1

1
+EZ < Z [QpilJ..._lgpik_, A" Q2’0]ti1ti2 .. tzk> c H2n,O(Xt>

1<i1<...<i <N

are globally defined over T .

In the second part, we study the moduli space M,, of polarized Calabi-Yau manifolds with
level m structure with m > 3, which is called the Calabi-Yau moduli in this paper for sim-
plicity. We prove that the first Chern form of the Calabi-Yau moduli, with the Hodge metric
or the Weil-Petersson metric, represents the first Chern class of the canonical extensions of
the tangent bundle to the compactification of the Calabi-Yau moduli with normal crossing

divisors.

Over the Calabi-Yau moduli M,,,, we construct various Hodge bundles. The holomorphic
bundle H™ over M,,, whose fiber is the primitive cohomology group H, (X, C) at each point
p € M,,, carries a polarized Hodge structure of weight n. Then the holomorphic bundle
End(H™) — M,, defines a variation of polarized Hodge structure over M,,, which is defined

over Z. Then, with the Hodge metric, we have the following useful observation,

Theorem 1.0.6. Let M,, be the moduli space of polarized Calabi-Yau manifolds with level
m structure with m > 3. Then the holomorphic vector bundle End(H™) defines a variation
of polarized Hodge structure over M,,, which is defined over Z. Moreover, with the natural

Hodge metric over the Calabi- Yau moduli M,,,, the tangent bundle
TM,, — End(H"), (1.3)

is a holomorphic subbundle of End(H™) — M., with the induced Hodge metric.

Then, by the important results for the integrability of Chern forms of subbundles and quo-

tient bundles of a variation of polarized Hodge structure over a quasi-projective manifold as



given by [Cattani-Kaplan-Schimid86] and [Kollar85], see Theorem 4.1.2 and Theorem 4.1.3,
we can get that the first Chern form of the Calabi-Yau moduli are integrable with the in-
duced Hodge metric. More precisely, as a subbundle of the Hodge bundle End(H™) — M,,,
the tangent bundle T'M,, can be canonically extended, denoted by mm — M,,. And,
the same canonical extension was used by [Lu-Sun06], the reader can refer to [Lu-Sun06,

Remark 4.3].

—_——

Here, we want to emphasize that the canonical extension TM,, — M,, of the tangent
bundle is not the tangent bundle of the compactification of the moduli space, TM,, — M,,,.

By using the canonical extension mm — M,,,, we have,

Theorem 1.0.7. The first Chern form of the Calabi- Yau moduli M, with the induced Hodge
metric define currents over the compactification M, with normal crossing boundary divisors.
Moreover, let Ry be the curvature form of TM,, with the induced Hodge metric, then we
have

(‘—1)N [ k) = @)

211

where N = dim¢ M,,, and m the canonical extension of the tangent bundle T M,,.

Another direct and easy consequence is that the other Chern forms of the Hodge bundles on

the Calabi-Yau moduli with the induced Hodge metrics are all integrable.

In this thesis, we focus on Calabi-Yau manifolds. Actually our method only needs the
fact that the moduli space of the manifolds with certain structures are smooth and quasi-
projective and the period map is locally injective (the local Torelli theorem). So our results
can be easily extended to more general projective manifolds, including Calabi-Yau manifolds,
Hyperkahler manifolds, many hypersurfaces and complete intersections in projective spaces.

Here, we only summarize the results into the following theorem:

Theorem 1.0.8. Let M be the moduli space of polarized projective manifolds with certain
structure. Assume that M is smooth and quasi-projective. If the period map from M to

the period domain is locally injective, then the first Chern form of the moduli space M with



the induced Hodge metric defines currents over the compactification M with normal crossing
boundary divisors. Moreover, the first Chern form represents the first Chern class of the

corresponding canonical extension TM — M of the tangent bundle.

By a similar argument, one can show that the Chern forms of the moduli space M with the
Weil-Petersson metric define currents over the compactification M of the moduli space M,
and the first Chern form also represents the first Chern class of the corresponding canonical

extension of the tangent bundle.

This thesis is organized as follows. In Chapter 2, we review some necessary concepts and
results for the study of the moduli space and Teichmiiller space of Calabi-Yau manifodls.
In Section 2.1, we briefly review the construction of the moduli space and the Teichmiiller
space of Calabi-Yau manifolds, the local deformation theory of Calabi-Yau manifolds and
the construction of the canonical family of (n,0)-forms. In Section 2.2, we recall the formal
variation of Hodge structure and local period map for a variation of Hodge structure over
a connected and simply connected parametrized space. In Section 2.3, we summarize the
Weil-Petersson metric and Hodge metric over the moduli space and Teichmiiller space, which

will be used to investigate the differential geometry of the Calabi-Yau moduli.

In Chapter 3, we study the (locally, globally) Hermitian symmetric property of the Te-
ichmiiller space of polarized and marked Calabi-Yau manifolds. In Section 3.1, the definition
and criteria of Hermitian symmetric space are introduced. Also, we define the quantum
correction of the Teichmiiller space T, which originally comes from physics literatures. In
Section 3.2, we review the Weil-Petersson geometry of the Teichmiiller space 7, and derive
a local formula for the covariant derivatives of the curvature tensor VR in terms of the
flat affine coordinate ¢. Under the assumption of no weak quantum correction at any point
p € T, we prove that the Teichmiiller space T is a locally Hermitian symmetric space with
the Weil-Petersson metric. We remark that the results in Sections 2.1.2 to 3.2 actually all
hold for both Calabi-Yau and Hyperkéahler manifolds. In Section 3.3, for Calabi-Yau three-
folds, we show that vanishing of the strong quantum correction is equivalent to, with the

Hodge metric, that the image ®(7) of the Teichmiiller space 7 under the period map ® is



an open submanifold of a globally Hermitian symmetric space W with the same dimension
as 7. In Section 3.4, we construct a globally defined families of (2,0) and (2n, 0)-classes over

the Teichmiiller space T of polarized Hyperkédhler manifolds with dim¢ X = 2n.

In Chapter 4, we study the first Chern form of the Calabi-Yau moduli, with the Weil-
Petersson metric and Hodge metric. In Section 4.1, we review the essential estimates for
the degeneration of the Hodge metric of a variation of polarized Hodge structure near a
normal crossing divisor , which was used to derive the integrability of the Chern forms of
subbundles and quotient bundles of the variation of polarized Hodge structure over a quasi-
projective manifold. In Section 4.2, we construct various Hodge bundles over the Calabi-Yau
moduli M,,,. Then, by a key observation that the tangent bundle of Calabi-Yau moduli is a
subbundle of the variation of polarized Hodge structure End(H") — M,,, we prove that the
first Chern form of the Calabi-Yau moduli M,,, are integrable, with the Hodge metric, which
represents the first Chern class of the canonical extension mn — M,, of the tangent
bundle. In Section 4.3, By the isomorphism TM,, = (F")* @ F"!/F™ with the Weil-
Petersson metric over M,,, we show that the Chern forms of the Calabi-Yau moduli M,,
are integrable, equipped with the Weil-Petersson metric. Moreover, the first Chern form

represent the first Chern class of the quotient bundle (F)* @ Fn=1/(Fn)* @ Fr — M,,,

—_—

where (Fn)* @ Fr=1 — M, and (Fn)*® F» — M,, are the canonical extensions of the

Hodge bundles (F")* ® F"~' — M,, and (F")* ® I — M,, respectively.



CHAPTER 2

Calabi-Yau Moduli and Hodge Structure

In this chapter, we review some necessary concepts and results for the study of the moduli
space and Teichmiiller space of Calabi-Yau manifodls, including the construction of moduli
spaces, the variation of Hodge structure, the period domain, the period map, the Weil-

Petersson metric and the Hodge metric.

2.1 Locally Geometric Structure of the Moduli Space

In Section 2.1.1, we review the construction of the moduli space and the Teichmiilller space
of Calabi—Yau manifolds based on the works of Popp [Popp77], Viehweg [Viehweg95] and
Szendro6i [Szedr6i99]. In Section 2.1.2 and Section 2.1.3, the smooth family of Betrami
differentials ®(¢) and the canonical family of (n,0)-forms e®*® _Q over the deformation space
of Calabi-Yau manifolds are introduced. The results in Section 2.1.2 and Section 2.1.3 also

hold for polarized Hyperkéahler manifolds.

2.1.1 The Construction of the Teichmiiller Space

In this section, we briefly review the construction of the moduli space and Teichmiiller space
of polarized Calabi-Yau manifolds. A pair (X, L) consisting of a Calabi-Yau manifold X of
complex dimension n with n > 3 and an ample line bundle . — X is called a polarized
Calabi-Yau manifold. By abuse of notation, the Chern class of L will be also denoted by L
and thus L € H*(X,Z). Let {~,--- ,7n} be a basis of the integral homology group modulo
torsion, H,(X,Z)/Tor, with dim(H,(X,Z)/Tor) = N.



Definition 2.1.1. Let the pair (X, L) be a polarized Calabi-Yau manifold, we call the triple
(X, L, {7, - ,y~n}) a polarized and marked Calabi-Yau manifold.

We first recall the concept of Kuranishi family of compact complex manifolds, we refer to
[Shimizu-Ueno02, Pages 8-10], [Popp77, Page 94] or [Viehweg95, Page 19] for equivalent
definitions and more details. A family of compact manifolds 7 : W — B is versal at a point

p € B if it is satisfies the following conditions:

1. Given a complex analytic family ¢ : V — S of compact complex manifolds with a
point s € S and a biholomorphic map fo : Vi = +7'(s) — U, = 7 !(p), then there
exists a holomorphic map ¢ from a neighbourhood A/ C S of the point s € S and
a holomorphic map f : ¢™'(N) — W with :7}(N) C V such that they satisfy that

g(s) = p and f|,-1(5) = fo with the following commutative diagram

f

THN)—W
N—2 . B

2. For all g satisfying the above condition, the tangent map (dg)s is uniquely determined.

If a family 7 : W — B is versal at every point p € B, then it is a versal family on B. If a
complex analytic family satisfies the above condition 1, then the family is call complete at
p € B. If a complex analytic family 7 : X — S of compact complex manifolds is complete
at each point of S and versal at the point 0 € S, then the family 7 : X — S is called
the Kuranishi family of the complex maniflod X = 771(0). The base space S is called the
Kuranishi space. If the family is complete at each point of a neighbourhood of 0 € S and
versal at 0, then this family is called a local Kuranishi family at 0 € S. In particular, by
definition, if the family is versal at each point of S, then it is local Kuranishi at each point

of S.

Let (X, L) be a polarized Calabi-Yau manifold. A level m structure with m > 3 of a Calabi-
Yau manifold X is a basis of the quotient space (H,(X,Z)/Tor)/m(H,(X,Z)/Tor). For

10



deformation of polarized Calabi-Yau manifolds with level m structure, we have the following
theorem, which is a reformulation of [Szedrdi99, Theorem 2.2]. One can also refer [Popp77]
and [Viehweg95] for more details about the construction of the moduli space of Calabi-Yau

manifolds.

Theorem 2.1.2. Let (X, L) be a polarized Calabi-Yau manifold with level m structure with
m > 3, then there exists a quasi-projective complexr manifold M., with a versal family of
Calabi- Yau manifiods,

Xm,, — M, (2.1)

which contains X as a fiber, and polarized by an ample line bundle L, on the versal family

Xm

m*

The Teichmiilller space is the moduli space of equivalent classes of polarized and marked
Calabi-Yau manifolds. More precisely, a polarized and marked Calabi-Yau manifold is a
triple (X, L,v), where X is a Calabi-Yau manifold, L is a polarization on X and 7 is a
basis of H,(X,7Z)/Tor. Two triples (X, L,v) and (X', L', ") are equivalent if there exists a

bihomorphic map f: X — X with

!

'L = L,

fiy = v,

then [X,L,~7] = [X',L’,4] is an element of the Teichmiiller space 7. Because a basis v
of H,(X,Z)/Tor naturally induces a basis of (H,(X,Z)/Tor)/m(H,(X,Z)/Tor), we have
a natural map m,, : T — M,,, where T is the Teichmiiller space of polarized and marked

Calabi-Yau manifolds.

By the definition, it is not hard to show that the Teichmiiller space is precisely the universal
cover of M,, with the covering map =,, : T — M,,. In fact, as the same construction
in [Szedrdi99, Section 2], we can also realize that the Teichmiiller space 7 as a quotient
space of the universal cover of the Hilbert scheme of Calabi-Yau manifolds by special linear

group SL(N + 1,C). Here the dimension is given by N 4+ 1 = p(k) where p is the Hilbert

11



polynomial of each fiber (X, L) and k satisfies that for any polarized algebraic variety (X, L)
with Hilbert polynomial p, the line bundle Lo is very ample. Under this construction, the
Teichmiiller space is automoatically simply connected, and there is a natural covering map
Tm @ T — M. On the other hand, in [Chen-Guan-Liul2, Theorem 2.5 and Corollary 2.8],
the authors also proved that =, : T — M,, is a universal covering map, and consequently
that 7 is the universal cover space of M,,, for some m. Thus, by the uniqueness of universal

covering space, these two constructions of 7 are equivalent to each other.

We denote by U — T the pull-back of the family 2.1 via the covering map ,,, then we have

Proposition 2.1.3. The Teichmiiller space T is a simply connected smooth complex mani-
fold, and the family
u—r1T (2.2)

containing X as a fiber, is local Kuranishi at each point of the Teichmiiller space T .

Proof. For the first half, because M,, is a connected and smooth complex manifold, its
universal cover 7T is thus a connected and simply connected smooth complex manifold. For
the second half, we know that the family 2.1 is a versal family at each point of M,, and
that 7, is locally biholomorphic , therefore the pull-back family via 7, is also versal at each
point of 7. Then by the definition of local Kuranishi family, we get that &/ — 7T is local

Kuranishi at each point of 7. ]

Actually, the family 4 — 7T is local Kuranishi at each point is essentially due to the local
Torelli theorem for Calabi-Yau manifolds. In fact, the Kodaira-Spencer map of the family

u—T
kT = HYY(X,, T X,),

is an isomorphism for each point p € 7. Then by theorem in [Shimizu-Ueno02, Page 9],
we conclude that & — 7T is versal at each point p € 7. Moreover, the well Bogomolov-

Tian-Todorov Lemma ([Bogomolov78],[Tian87] and [Todorov89] ) implies that dim¢ 7 =
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N = b~ b1 We refer the reader to [Kodaira-Morrow06, Chapter 4] for more details about

deformation of complex structures and the Kodaira-Spencer map.

Note that the Teichmiiller space 7 does not depend on the choice of level m. In fact, let
my, mo be two different positive integers, U; — 7T; and Uy — T, are two versal families
constructed via level m; and level mqy respectively as above, both of which contain X as a
fiber. By using the fact that 7; and 75 are simply connected and the definition of versal
families, we have a biholomorphic map f : 71 — 75, such that the versal family U; — T;
is the pull- back of the versal family Uy — 75 by the map f. Thus these two families are

isomorphic to each other.

In this thesis, we call M,, with m > 3 the Calabi-Yau moduli for simplicity and 7 the

Teichmiiller space of Calabi-Yau manifolds.

2.1.2 Local Deformation of Calabi-Yau Manifolds

Fixp € T, let (X, L) be the corresponding polarized Calabi-Yau manifold in the versal family
U — T. Yau’s solution of Calabi conjecture assigns a unique Calabi-Yau metric g on X,
whose imaginary part w = Im g € L is the corresponding Kéahler form. Under the Calabi-Yau

metric g, we have the following lemma which follows from the Calabi-Yau theorem directly,

Lemma 2.1.4. Let Q be a nowhere vanishing holomorphic (n,0)-form on X such that

_1 n(n—1 J—
(—Vz)n(—n%g A=W,

Then the map ¢ : A% (X, T0X) — A"LYX) given by o(p) = @ is an isometry with
respect to the natural Hermitian inner product on both spaces induced by the Calabi-Yau

metric g. Furthermore, the map v preserves the Hodge decomposition.

With the Calabi-Yau metric g, we have a precise description of the local deformation of the

polarized Calabi-Yau manifolds. By the Hodge theory, we have the following identification

1,04 ~ 770,1 1,0
THOT = HOL(X, X)),
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where X is the corresponding fiber over p € T in the versal family 4 — 7. By the Kodaira-
Spencer-Kuranishi theory, we have the following convergent power series expansion of the
Betrami differentials, which is now well-known as the Bogomolov-Tian-Todorov Theorem

[Bogomolov78, Tian87, Todorov89].

Theorem 2.1.5. Let X be a Calabi-Yau manifold and {py, -+, on} € HON X, THOX) be a
harmonic basis. Then for any nontrivial holomorphic (n,0)-form Q on X, we can construct
a smooth power series of Betrami differentials as follows
Oty = thor = > oy Bt € AYY(X, TR, (2.3)
=1 cach v 12+6‘,'ZN1,221,’. N

where pq...;..0 = pi. This power series has the following properties:

1) 9®(t) = L[®(t), ®(t)], the integrability condition;

2) @ ¢; = 0 for each multi-index T with |I| > 1;

3) w12 is 0-exact for each I with |I| > 2.

4) it converges when |t| < e.

For more about the convergent radius, the reader can refer to [Liu-Rao-Yangl4, Theorem
4.4]. This theorem will be used to define the flat affine coordinates {t,--- ,ty} around any
point p € T, for a given orthonormal basis {p1, -, px} of H* (X, T X) with respect to

the Calabi-Yau metric over X.

2.1.3 Canonical Family of (n,0)-Classes

Based on the construction of the smooth family ®(¢) of Beltrami differentials in Theorem
2.1.5, we can construct a canonical family of holomorphic (n,0)-forms on the deformation
spaces of Calabi-Yau manifolds. Here we just list the results we need, the reader can refer

[Liu-Rao-Yang14, Section 5.1] for details.

Let X be an n-dimensional Calabi-Yau manifold and {py,--- , oy} € H* (X, T10X) a har-

monic basis where N = dim H*! (X, T19X). As constructed in Theorem 2.1.5, there exists

14



a smooth family of Beltrami differentials in the following form
Z%t + D ot = D gt 1R € AMN(X,TRY)
|1]>2 vi+try>1

for t € CV with |t| < e. Tt is easy to check that the map
O, A%X, Kyx) — A°(X,, Kx,) (2.4)

is a well-defined linear isomorphism. We can write down this map explicitly in the local
coordinate systems. Let {z*}”_, and {w®}"_; be local holomorphic coordinate systems on

X and X; respectively. For the Beltrami differential ®(¢), we write it locally as

D(t) = (D(t ))acrﬁ ® ai = cpad—ﬁ ® a%

If 0 = f(z)dz* A -+~ Nd2" € A°(X, Kx), the isomorphism is defined as
e®® 15 = f(2)(dzt + ®(dzY)) A -+ A (d2" + D(d2™)). (2.5)

This map is well-defined, in fact, we need to verify that (I) this map does not depend on the
coordinate system {z%}"_,, and also (II) e®*® o is a section of A™°(X,, L;). (I) is obvious.

For (II), since

_ Ow 8wo‘ ow®
a =7 B B
dw = 5.8 87’ Az’ = 5.7 (dz" + ®(d=")),
we can write e®®) o as
e®® 45 = %dw1 A Adw™. (2.6)
det (825 )
By the natural diffeomorphism Gy = (w',--- ,w") : Xg — X}, we can regard f as a function

(GyH*(f) on X;. Now it is obvious that e®®) o is a well-defined section of A™°(Xy, L;).

Proposition 2.1.6. For any smooth (n,0)-form Q € A™°(X), the section e*®)_Q € A™0(X;)
is holomorphic with respect to the complex structure Jog induced by ®(t) on X, if and only
if

0Q + 9(P(t)0Q) = 0. (2.7)
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Proof. This is a direct consequence of the following formula, which is [Liu-Rao-Yangl4,
Corollary 3.5],
e 0 _d (e*® Q) = 90 + A(P(t) Q).

In fact, the operator d can be decomposed as d = 9, 4 9, where 9, and 9, denote the (0, 1)-
part and (1,0)-part of d, with respect to the complex structure Jp() induced by ®(t) on X;.
Note that e®®_Q € A™°(X,) and so

at<€q>(t)JQ> = U.

Hence,

G_CI)(t)_Igt (G(I)(t)_IQ) = 00 + (P (1)),
which implies the assertion. O
Theorem 2.1.7. Let 2 be a nontrivial holomorphic (n,0)-form on the Calabi- Yau manifold

X and Xy = (X4, Jow)) be the deformation of X induced by the smooth family ®(t) of Beltrams

differentials on X as constructed in Theorem 2.1.5. Then, for |t| < e,
Q(t) := e, (2.8)

defines a canonical family of holomorphic (n,0)-forms on X; which depends on t holomor-

phically.

Proof. Since Q is holomorphic, and ®(¢) is smooth, by Proposition 2.1.6, we only need to
show that
A(P(t).Q) =0

in the distribution sense. In fact, for any test form n on X,

N
* 1 I * 1 1 _
((t)29,0™) = lim > et | 0,00 | = Jim. Z;tisoiﬁ + > oy | =0,

1<k 2<|1|<k

as p; €2, 1 < ¢ < N are harmonic and ¢;€) = 0Y; are 0-exact for |I| > 2 by Theorem
2.1.5. ]
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Corollary 2.1.8. Let Q°(t) := e®*®_Q be the canonical family of holomorphic (n,0)-forms
as constructed in Theorem 2.1.7. Then for |t| < €, there holds the following expansion of

[Q€(t)] in cohomology classes,
N

Q0] = [+ Y _lpisti + O(It), (2.9)

i=1
where O(|t|*) denotes the terms in @H"’“(X) of order at least 2 in t.
=2

2.2 Variation of Hodge Structure and Period Map

In this section, we review the definition of formal variation of Hodge structure and the period
domain. Then we proceed to the study of local period map ® : S — D, for a variation of
Hodge structure parametrised by a simply connected base S. This map associates to s € S

the Hodge filtration over s € S. For more details, the reader can refer to [Voisin02].

2.2.1 Definition of Variation of Hodge Structure

Let Hg be a real vector space with a Z-structure defined by a lattice Hz C Hg, and let H¢

be the complexification of Hg. A Hodge structure of weight n on H¢ is a decomposition

n
He = @ HEMF, with H'HF = HEnk,
k=0

The integers h*"~* = dime H*"* are called the Hodge numbers. To each Hodge structure

of weight n on H¢, one assigns the Hodge filtration:
He=F'>..-DF" (2.10)
with F* = H"0 & - @ H*" % and f* = dim¢ F* = Y , k""", This filtration satisfies that
He = F* @ Frk+1 for 0 < k < n. (2.11)

Conversely, every decreasing filtration (2.10), with the property (2.11) and fixed dimensions

dime F* = f* determines a Hodge structure { H*"~*}7_. with

HFn=k — pkn -k,
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A polarization for a Hodge structure of weight n consists of the data of a Hodge-Riemann

bilinear form @) over 7Z, which is symmetric for even n, skew symetric for odd n, such that

Q(H""F H"™ ") =0 unless k=n—r, (2.12)

Qv 1) >0 ifve HPF v £0. (2.13)

In terms of the Hodge filtration He = F° O F' D ... D F™, the relations (2.12) and (2.13)

can be written as

Q (F*, Fr 1) =0, (2.14)

Q(Cv,v) >0 if v+£0, (2.15)
where C is the Weil operator given by Cv = i?* "¢ when v € H*"% = Fk n Fn—k,

Definition 2.2.1. Let S be a connected complex manifold, a variation of polarized Hodge
structure of weight n over S consists of a polarized local system Hy of Z-modules and a

filtration of the associated holomorphic vector bundle H :

DFFIDFFD ... (2.16)

by holomorphic subbundles F* which satisfy:
1. HEnF = FF @ Frktl g5 O bundles, where the conjugation is taking relative to the
local system of real vectorspace Hg := Hyz @ R.

2. V(FF) C QL ® F* 1 where V denotes the flat connection on H.

We refer to the holomorphic subbundles F'* as the Hodge bundles of the variation of polarized

Hodge structure. And for each s € S, we have the Hodge decomposition:
H,=@HM"  HEF = HEH (2.17)
k=0
where H*"~* is the C* subbundle of H defined by:
HEF = PF oy ok,
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2.2.2 Definition of Period Map

In this section, we defines the local period map for the variation of Hodge structure. Starting
from a variation of polarized Hodge structure of weight n parametrised by a simply connected
complex manifold S, we can construct the period domain D and its dual D by fixing a point

s € S as reference point.

The classifying space or the period domain D for polarized Hodge structures with Hodge

numbers {hF"=k}1_ is the space of all such Hodge filtrations
D={F"C---CF’=Hc|dimF" = f* (3.15) and (3.16) hold} .
The compact dual D of D is
D={F"C---CF’=Hc|dimF" = f" and (3.15) hold} .

It’s easy to see that the classifying space or the period domain D C D is an open subset of
the compact dual D. Now, we can define the local period map ¢ : S — D for the variation

of Hodge structure.
Definition 2.2.2. The period map
p:S—=D
s the map which to s € S associates the subspace
QFf_l QFfQ

)

i.€., the filtration of fibers of the Hodge bundles over s € S.

2.3 Weil-Petersson and Hodge Metric over Calabi-Yau Moduli

There are various metrics over the moduli space and Teichmiiller space of Calabi-Yau man-
ifolds, among which the Weil-Petersson metric and Hodge metric are the main tools to
investingate the geometry of such moduli spaces. In this section, we review the definitions

of Weil-Petersson metric and Hodge metric over the moduli space and Teichmdiller space.
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2.3.1 The Weil-Petersson Geometry

The local Kuranishi family of polarized Calabi-Yau manifolds © : X — S is smooth by
the Bogomolov-Tian-Todorov theorem [Tian87, Todorov89]. One can assign the unique
Ricci-flat or Calabi-Yau metric g(s) on the fiber X := X in the polarization Kéhler class
[Yau78|. Then, on the fiber X, the Kodaira-Spencer theory gives rise to an injective map
p:T.S — HYX,T'X) = H*(X,T'°X), the space of harmonic representatives. The
metric g(s) induces a metric on A%}(X, TH°X). The reader may also refer to [Wang03] for

the discussion. For v,w € TS, one then defines the Weil-Petersson metric on S by

g (v, ) = /X (V). p(1)g(a) A0l (5). (2.18)

Let dim X = n, by the fact that the global holomorphic (n,0)-form 2 := Q(s) is flat with

respect to g(s), it can be shown [Tian87] that

Q)R {w))
0(2.9)

gwp(v,w) = (2.19)

Here, for convenience, we write Q(-,-) = (v/—1)"Q(-, -), where @ is the intersection product.
Therefore, @ has alternating signs in the successive primitive cohomology groups HPY C

HP p4q=n.

The formula (4.5) implies that the natural map H*(X,T'°X) — Hom(H™", H""!) via
the interior product v — v1( is an isometry from the tangent space 7,5 to (H™%)* @ H"~ 1.
So the Weil-Petersson metric is precisely the metric induced from the first piece of the Hodge
metric on the horizontal tangent bundle over the period domain. Let F™ denote the Hodge

bundle induced by H™°. A simple calculation in formal Hodge theory shows that

wwp = Ric(F") 00log Q(2, Q2) 0. 9) + 5. 0) , (2.20)

where wyy p is the 2-form associated to gy p. In particular, gy p is Kéhler and is independent

of the choice of €. In fact, g p is also independent of the choice of the polarization. Next,

we define
_ QN(@QQ)
K, =—0, Q) =-—="7
i = —0;log Q(, Q) S.0)
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and
D;Q) = 9,00 + K;Q

for 1 < i < N. And it is easy to check that D;Q) is the projection of 9;) into H" 1!

with respect to the quadratic form @(, -). And if we denote the Christoffel symbol of the

k

Weil-Petersson metric by I7;, it is easy to check that

D;DiQ) = 9; D) — Tl Dy + K;D;Q,

is the projection of 9;D;Q into H" %2 The reader can refer to [Lu-Sun04] for details of

these notations.

2.3.2 Period Map and the Hodge Metric on Calabi-Yau Moduli

For any point p € T, let (X, L,) be the corresponding fiber in the versal family &« — T,
which is a polarized and marked Calabi—Yau manifold. Since the Teichmiiller space is simply
connected and we have fixed the basis of the middle homology group modulo torsions, we
identify the basis of H,(X,Z)/Tor to a lattice A as in [Szedrdi99]. This gives us a canonical
identification of the middle dimensional cohomology of X, to that of the background manifold
M, that is, H"(M) ~ H"(X,). Therefore, we can use this to identify H"(X,) for all fibers
over 7. Thus we get a canonically trivial bundle H™"(M) x T.

The period map from 7 to D is defined by assigning to each point p € T the Hodge structure
on X, that is

©: T =D, p=o(p)={F"(X,)C- CF(X,)}

The period map has several good properties, and one may refer to [Voisin02, Chapeter 10]
for details. Among them, one of the most important is the following Griffiths transversality:

the period map ® is a holomorphic map and its tangent map satisfies that

D, (v) € @Hom(F;/F;H,F;’_I/F;) forany peT and veT)"T,
k=1
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with F"+! = 0, or equivalently, ®,(v) € @,_; Hom(EF, Fi~1).

For the Calabi-Yau moduli M,,, we have the following period map:
o, : M,, — D/I, (2.21)

where I' denotes the global monodromy group which acts properly and discontinuously on
the period domain D. By going to finite covers of M,, and D/I", we may also assume D /I’

is smooth without loss of generality.

In [Griffiths-Schmid69], Griffiths and Schmid studied the so-called Hodge metric on the
period domain D which is the natural homogeneous metric on D. We denote it by h. In
particular, this Hodge metric is a complete homogeneous metric. By local Torelli theorem
for Calabi—Yau manifolds, we know that &+, ® are both locally injective. Thus the pull-
backs of h by &7 and ® on 7 and M,, respectively are both well-defined Kahler metrics by
[Griffiths-Schmid69] and [Lu99]. By abuse of notation, we still call these pull-back metrics
the Hodge metrics. For explicit formula of the Hodge metric over moduli space of polarized
Calabi-Yau manifolds, especially for threefolds, the reader can refer to [Lu99], [Lu01-1] and
[Lu01-2] for details.
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CHAPTER 3

Quantum Correction and Moduli Space of Calabi-Yau

manifolds

In this chapter, we define quantum correction for the Teichmiiller space 7 of Calabi-Yau
manifolds. Under the assumption of vanishing of weak quantum correction, we prove that
the Teichmiiller space T, with the Weil-Petersson metric, is a locally Hermitian symmetric
space. For Calabi-Yau threefolds, we show that the vanishing of strong quantum correction
is equivalent to that the image ®(7T) of the Teichmiiller space 7 under the period map ® is
an open submanifold of a globally Hermitian symmetric space W of the same dimension as
7. Finally, for Hyperkédhler manifold of dimension 2n > 4, we find globally defined families

of (2,0) and (2n, 0)-classes over the Teichmiiller space of polarized Hyperkéhler manifolds.

3.1 Hermitian Symmetric Space and Quantum Correction

In this section, we review the concepts of (globally, locally) Hermitian Symmetric spaces
and define the notation of quantum correction for the Teichmiiller spaces. In Section 3.1.1,
we review the definitions of locally Hermitian symmetric spaces and globally Hermitian
symmetric spaces. In Section 3.1.2, we define the notation of quantum correction for the
Teichmiiller space of polarized and marked Calabi-Yau manifolds, which originally comes
from the quantum correction of Yukawa coupling in the Kodaira-Spencer theory developed
in [Bershadshy-Cecotti-Ooguri-Vafa94]. The definition of quantum correction also applies to

the Teichmiiller space of polarized Hyperkahler manifolds.

23



3.1.1 Hermitian Symmetric Space

First let us review some basic definitions of symmetric spaces, the reader can refer to
[Kobayashi-Nomizu69, Chapter 11] or [Zheng00, Chapter 3] for details. Let N be a Rie-
mannian manifold, p € N, and 7, > 0 the injective radius at the point p. Consider the

diffeomorphism s, from the geodesic ball B, (p) onto N defined by

sp(exp,(X)) = exp,(—=X), VX € B,,(0) C T,N. (3.1)

The map s, is called the geodesic symmetry at p. It has p as an isolated fixed point, and

(8p)sp = —id. In general, it is not an isometry.

Definition 3.1.1. A Riemannian manifold N is called a locally Riemannian symmetric
space, if for any point p € N, the geodesic symmetry s, is an isometry on Brp(p). N
1s called a globally Riemannian symmetric space if, for any point p € N, there exists an

isometry in its isometry group I(N) whose restriction on B, (p) is s,.

Clearly, globally Riemannian symmetric spaces are locally Riemannian symmetric spaces.
Applying the theorem of Cartan-Ambrose-Hicks [Cartand6, Ambrose56, Hicksbh9, Hicks66]

to the map s, and the isometry I = —id at T,,N, we immediately get the following lemma

Lemma 3.1.2. A Riemannian manifold N is a locally Riemannian symmetric space if and
only if \7R = 0, i.e., the curvature tensor is parallel. Also, if a locally Riemannian sym-
metric space is complete and simply-connected, then it is a globally Riemannian symmetric
space. Two locally Riemannian symmetric spaces are locally isometric if they have the same

curvature at one point.

Now, let us consider the complex case,

Definition 3.1.3. A Hermitian manifold N is a locally Hermitian symmetric space if, for
any point p € N, s, : exp,(X) — exp,(=X),VX € T,N is a local automorphism around p
of N, i.e., s, leaves the Levi-Civita connection V and complex structure J invariant. It is
called a globally Hermitian symmetric space if it is connected and for any point p € N there

exists an involutive automorphism s, of N with p as an isolated fized point.
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Similarly, in terms of the curvature tensor, we have the following characterization of locally

Hermitian symmetric spaces.

Theorem 3.1.4. A Hermitian manifold is a locally Hermitian symmetric space if and only
of
VR=0=V.J. (3.2)

where V is the Levi-Civita connection associated to the underlying Riemannian metric.

Corollary 3.1.5. Let N be a Kdhler manifold , if N is a locally Riemannian symmetric

space, then N is a locally Hermitian symmetric space.

For the Riemannican curvature tensor, Nomizu and Ozeki [Nomizu-Ozeki62] and later No-

mizu, without assuming completeness, proved the following proposition.
Proposition 3.1.6. (Nomizu and Ozeki [Nomizu-Ozeki62], Nomizu) For a Riemannian

manifold (N, g), if VER =0 for some k > 1, then VR = 0.

3.1.2 Quantum Correction

In this section, we will define the notation of quantum correction for the Teichmiiller space of
polarized and marked Calabi-Yau manifolds. Our motivation for quantum correction comes
from the Kodaira-Spencer theory developed in [Bershadshy-Cecotti-Ooguri-Vafa94, Chapter
5].

The physical fields of the Kodaira-Spencer theory are differential forms of type (0,1) on X
with coefficients (1,0)-vectors, i.e., sections ¢ € C*(X, T*"' X @ T'0X) with

d(1pu2) =0,

where €2 is a nowhere vanishing (n, 0)-form normalized as in Lemma 2.1.4. Then the Kodaira-

Spencer action is given as follows

R25(0.0lp) = 5 [ 0220 0w+ 5 [ (@A @+ W +0)0
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where A is the coupling constant. The Euler-Lagrange equation of this action is

B(-2) + 20w +9) A (10 + )2 = 0.

They also concluded that the Kodaira-Spencer action is a closed string theory action at least
up to cubic order. In a properly regularized Kodaira-Spencer theory, the partition function

should satisfy
W eIt D) :/Diﬂes(/\wﬂf)_ (3.3)

The effective action W (), plt, t) is physically computed in [Bershadshy-Cecotti-Ooguri-Vafa94]
in the flat affine coordinate ¢t = (¢, 2, ,tx). The term Wy(\, p|t, ) in front of A\~? satisfies

Wo(A, |t T) = N2 So(ip, ¥t 1), (3.4)

where ¢(t) and Wy(A, plt, t) satisfy

0 _
gg) li=0 = i,  O(PQ2) + %((w + (1) A (@ + ()2 =0 (3.5)
and
P Wo(plt, T
% = Cignltistz ). (3.6)

Here Wy(¢|t,t) may be viewed as the effective action for the massless modes from which
the massive modes will be integrated out. It is quite amazing that integrating the massive
modes has only the effectivity of taking derivatives of the Yukawa coupling. For example
the four point function give rise to V;Cjji, the five point function to V,V,;Cj;, and the six
point function to V,V,V;C;;,. Thus all the discussion suggests us to define the quantum
correction of the Yukawa coupling as

o0

Z Cijk,slr" ,SNtil o 'ti\?" (3'7)

s1+-+sy=1

On the other hand, besides the canonical family of holomorphic (n,0)-forms, we can define

the classic canonical family as

Q(t) = exp() _ tir) Q2 € A"(X). (3.8)

i=1
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Proposition 3.1.7. Let T be the Teichmiiller space of polarized and marked Calabi-Yau
threefolds. Fix p € T, let X be the corresponding fiber in the versal family U — T, Q
be a nontrivial holomorphic (n,0)-form over X and {p;}X., be an orthonormal basis of

HON (X, T X)) with respect to the Calabi- Yau metric. If the cohomology class
N
E@®)] = [2°(8)] = [2°(8)] = [2°()] = [exp(D_ tips) 102] = 0,
i=1
then the quantum correction of the Yukawa coupling vanishes, i.e.,

o0
S S
E Gy sy 3 10 =0,

S1+-+sy=1

N

Moreover, Y tititipisprs€] =0 if and only if the first order quantum correction of the
irjk=1

Yukawa coupling vanishes, i.e.,

Z Cijk,sl,n-,sNt? st tsj\]fv - 0
s1+-+sy=1
Proof. From the definition of Yukawa coupling, with the flat affine coordinate t = (t1, - ,tn),

we have

D3Q°(t)
y . = [ QM)A ——-L
Cijr(tr,t, - s tw) /X (A at;0t;0ty,

o al
— | omn—L Y tip) Q4 E
/X (&) A ot;0t;0ty, (exp(izl pu) 0+ (t)> ’

N
where Z(t) = Q°(t) — exp(D>_ t;p;) €. Direct computation shows that
i=1

o° al
Y varvs tipi) | = piap; Q,
S, (eXp(; i) ) i 1Pk

thus the term

N
/ Q< 815 825 o1, <eXP(iZIti%>JQ>

has order zero with respect to t. Thus the quantum correction of Yukawa coupling satisfies

o
> Gttt = [ 20 AZ(0)
X

s1+-+sy=1
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Therefore, [Z(¢)] = 0 implies that the quantum correction of the Yukawa coupling vanishes.
Moreover, we have
Z Cijk’7517...7sNt‘il st t?\;\f = O’
51+"'+8N:1

/ QA (,OiJ(,OjJ(,O[JQ +/ goz_nQ VAN QOJ'_IQOIJQ =0 for any 1 < ’l,j < N and |[‘ = 2;
X X

!

!

/ ©i QAN pjapr2 =0, forany 1<4,j<N and |I|=2;
X

(as @i QA @2 = QA ;i p;apr Q) ;

— MH(pjupa) =0, forany 1<j<N and |I|=2;

(as {lpi}Y, is abasis of H*'(X));
N

< Z titjtk[goiJngkJQ] =0.
i,5,k=1

[]

Lemma 3.1.8. Under the conditions as Proposition 3.1.7, the form =(t) are identically zero,
i.e., =(t) = 0 if and only if [pi, ;] =0 for all 1 < 4,5 < N. And, for |t| <€, there holds the
following expansion of [Z(t)] in cohomology classes,
N
E®] = > titstrlpinpinaQ] + O(t["). (3.9)
irj k=1

where O(|t|) denotes the terms of order at least 4 in t.

Proof. From the construction of the smooth family 2.3 of Beltrami differentials, see [Morrow-Kodaira71,

page 162] or [Todorov89], we have

1—x
pr = —50 G > lenw)  for |K|[>2. (3.10)

I+J=K
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Thus we have

N
E(t)=0 <= [exp Z ot | —exp (Z gol-ti> N=0
i=1

=1

N
— Z prt!h = Z wit;
1=1

1]>1
— ;=0 for |I|>2

<~ J|pi,pjl=0 for 1<i,7<N by Formula(3.10).

Moreover, by the property that ¢;1Q = 9¢y; for |I| > 2 by Theorem 2.1.5, the cohomology

class of the quantum correction satisfies

E®)] = ||exp | D wrt"| —exp <Z %ti) e,

1]>1
- N N
= Z (pijaDtit; + Z (0iv0jkaQ + @i sttty + O([t]*)
i,j=1 i k=1
N
= ) titjteleinenaQ + O(Jt*).
i k=1

]

Thus the lowest order quantum correction has the form vaj vy Litjti[wiap;ra82], so we have

the following definitions,

Definition 3.1.9. We define the cohomology class [Z(t)] to be the strong quantum correction
for the Teichmailler space T at p € T and the cohomology class
N
EMh = tit;trlpiapinae),
ij, k=1

to be the weak quantum correction for the Teichmaller space T atp € T.

Remark 3.1.10. For Calabi- Yau threefolds, by Proposition 3.1.7, vanishing of strong quan-
tum correction at any point p € T implies that the quantum correction of Yukawa coupling
vanishes at p € T. Moreover, vanishing of weak quantum correction at p € T s equivalent

to that the first order quantum correction of Yukawa coupling vanishes at p € T .
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3.2 Quantum Correction and the Weil-Petersson Metric

In Section 3.2.1, we derive a local formula for VR in the flat affine coordinate of the Te-
ichmiiller space with the Weil-Petersson metric. In Section 3.2.2, under the assumption of
vanishing of weak quantum correction at any point p € T, we prove that 7T is a locally Her-
mitian symmetric space with the Weil-Petersson metric by using the formula of VR. The

results in this section also hold for the Teichmiiller space of polarized Hyperkahler manifolds.

3.2.1 Property of the Curvature Tensor

To simplify the notation, we abstract the discussion by considering a variations of polarized
Hodge structure H — S of weight n with ™° = 1 and a smooth base S. Also, we always

assume that it is effectively parametrized in the sense that the infinitesimal period map
®, . : T.S — Hom(H™", H" ") @ Hom(H" "' H" %) @ - - (3.11)

is injective in the first piece. Then the Weil-Petersson metric gy p on S is defined by formula
(4.5). In our abstract setting, instead of using HP4 in the geometric case, we will write H1

directly for simplicity.

Theorem 3.2.1. For a given effectively parametrized ploarized variation of Hodge structure
H — S of weight n with h™° = 1 and smooth S, the Riemannian curvature of the Weil-

Petersson metric gwp on S satisfies:

1. Its Riemannian curvature tensor is

Q(Dy D (t), DyD;Q4(1))
Rigyi = 99kt + Gugrj — %m%ﬂﬁm |

2. The covariant deriwative of the Riemannian curvature tensor is

o p _ QWYL DD
YR Q). W)

Vor — QDD VVVW)
’ Q(e(t), 2e(1))
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The main idea of the proof is that, when we use the canonical family [2°(¢)] of (n, 0)-classes
constructed in Corollary 2.1.8 to express the Weil-Petersson metric, the flat affine coordinate
t = (t1,-- ,ty) is normal at the point ¢ = 0. Since the problem is local, we may assume
that S is a disk in CV, where N = dim H™ ™!, around ¢ = 0. The first part of the above
theorem for the curvature formula of the Weil-Petersson metric is due to Strominger. See

[Wang03] and [Lu-Sun04].

Proof. Let Q¢(t) be the canonical family of holomorphic (n, 0)-forms constructed in Theorem
2.1.7, so we have

N
Q) = Q4> tipiaQ+ Yt o+ ) AFD(1)0
=1

[1]>2 k>2

N N
1
= QF ) ot o D it (i Qo+ 500)

i=1 ij=1

1
+§ Z tit it (Pin; spr s + ;305 + ijia) + O(| ¢ |*)

Tig<k
N
= a0+Zaltl++Zaltl+
i=1 |I|=k

And the coefficients satisfy @(ao,ag) = 1,©(ai,aj) = —0;; and @(ao,ai) = @(ao,aj) =

Q(as, ar) = 0 for [I| > 2. For multi-indices I and J, we set q; 7 := Q(ar,a;). Then we have

q(t) - = Q(1), (1))

_ 1 _
- 1 Ztiti +) g1 i FititT T

Z’?j?le

1 . 1 L ]
+ D grplwantitsbitits + Y s gtitetidit + O(t°),
2,5,k 0,r a5,k r

where

Qi = QpinpraQd, pjapQ),

1~
ik 5ir = gQ(SOiJSOkJQ, ©; 10122 + @1 2 + 01051 20),

1~ -
Qikrji = gQ(SOiJSDerQ + Qi aPir 2+ 0001, a0 82).
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Thus, the Weil-Petersson metric can be expressed as
ga = =00 log q = q *(0kq0iq — qOk0;q)
= (1+2 Z titi + - )[titg — (1 — Ztit_i)(—5kl + Z Gk jitit;
i { 4,3

+3 gzttt + Y quetitdi )]

,7,T 1,7,T

= O+ On Z titi + tity, — Z Gk jitit; + Z qz‘k,jTrtitj_tr + Z qikr,ﬁtitra +--
7

irj i\gr ijr

As a result, the Weil-Petersson metric g is already in its geodesic normal form at ¢ = 0, so

the Christoffel symbols at the point ¢ = 0 are zero, i.e. Ffj(()) =0 forany 1 <i,j,k < N.
So the full curvature tensor at ¢t = 0 is given by

azg -

Ry7(0) = kL

l]kl( ) atzatj

Rewrite this in its tensor form then gives the formula in the theorem.

(0) = 6,0k + diu0k; + Qi 5i-

By using the well-known formula:

0
VR = g Riga — DB — TR

ijqls

. T4q _T9p_
ikl FrjRiqkz Frle'jkaa

0
Vrltga = Gl

at the point t = 0, we have
0 0
Vi Ri73(0) = a_trRiij(O); Vr Ri7i(0) = a—ﬂRm(O)-

as FZ(O) =0 for any 1 <14,7,k < N. And, from the formula of Riemannian curvature for

Kahler manifold
82% B 27997 99;%

R~ = L 2= 3.12
R 9,0 oty Ot (3.12)
3, _
each term of V, Rz; or ViR 7 includes first derivative of g;; as a factor, except 6t?3%“étr ,
3, _
858%%5, thus it is zero at ¢ = 0 from the expression of g,;. So we have
g,:
VTR-T 7 O - —_kl 0 = {;1...77,
zykl( ) 3t23tj8tr ( ) qZkr,]l
a3g -
V?Rf’o :%OI R T pa
z]kl( ) 8t18t](‘3tr( ) qzk,jlr
Rewrite this in its tensor form, we get the formula. O
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3.2.2 Quantum Correction and the Weil-Petersson Metric

In this section, we consider the locally Hermitian symmetric property of the Teichmiiller

space T of polarized and marked Calabi-Yau manifolds.

Theorem 3.2.2. Let T be the Teichmailler space of polarized and marked Calabi-Yau man-
ifolds. Vanishing of weak quantum correction at any point p € T, i.e., [E(t)]; = 0, implies

that T, with the Weil-Petersson metric, is a locally Hermitian symmetric space.

Proof. Fix p € T, let X be the corresponding fiber in the versal family &4 — 7. If the weak
quantum correction vanishes at point p € T, i.e.,

N
E®h = ) titjtelpiopsaQ] =0,

i,5,k=1

then [p; 10k Q] + (w202 + [prapij2Q] = 0 for any 1 < 4,5,k < N. So, from Theorem

3.2.1, we have
&gy 1~ S
VrRﬁkZ(p) = m(p) = Qikrg1 = gQ(SDiJSOkTJQ + Ok i I + ©r i), a0 02) =0,
8391& 1~
ViR54(p) = 87518—585(17) = Qi ir = gQ(%‘J%JQ, 0520128 + 110 2 + 02 0Q2) = 0,
i,e., VR =0. So 7T is a locally Hermitian symmetric space by Lemma 3.1.2. [

On the other hand, by the definition of locally Hermitian symmetric spaces, the following
condition can also guarantee the locally Hermitian symmetric property for the Teichmiiller

space T.

Theorem 3.2.3. Let T be the Teichmiiller space of polarized and marked Calabi-Yau man-
ifolds and Q°(t) be the canonical family of holomorphic (n,0)-forms constructed in Theorem
2.1.7. If the Weil-Petersson potential @(Qg,Q_g) only has finite terms, i.e., a polynormial
in terms of the flat affine coordinate t, then T, with the Weil-Petersson metric, is a locally
Hermitian symmetric space. Furthermore, if T is complete, then T, with the Weil-Petersson

metric, is a globally Hermitian symmetric space.

33



Proof. Because of Proposition 3.1.6, to prove a Kéhler manifold is a locally Hermitian sym-
metric space, we only need to show its curvature tensor satisfies V"R = 0 for some positive
integer m. If the Weil-Petersson potential Q(2°(t), Q¢(¢)) only has finite terms, i.e., it is a
polynomial of the flat affine coordinate t = (¢1,%,- -+ ,ty). Then, in the flat affine coordinate

t, the coefficients of the Weil-Petersson metric and its curvature tensor

g = —0:0log Q(QO(t), (1))
P95 gpqagz'a 99,5
ot Ot ot ot

Rijki

is a polynomial of variable (t1,t2,- -+ ,ty,t1,t0, - ,In).

On the other hand, from the proof of Theorem 3.2.1, the flat affine coordinate ¢ is a normal
coordinate at the point ¢ = 0. So we know that the Christoffel symbols vanish at the point
t =0, ie., FZ(O) = 0 for any 1 < 4,5,k < N. Thus, at the point ¢ = 0, the covariant
derivative V,, 7' = 0,T for any (0,m)-tensor T'. Therefore, for a large enough integer m, we
have V" R(0) = 0. Thus the Teichmiiller space T is a locally Hermitian symmetric space

with the Weil-Petersson metric. O

In particular, we have the following corollary,

Corollary 3.2.4. If the canonical family of (n,0)-classes [Q°(t)] constructed in Corollary
2.1.8 has finite terms, i.e., a polynormial in terms of the flat affine coordinate t, then T,

with the Weil-Petersson metric, is a locally Hermitian symmetric space.

Proof. The proof follows directly from Theorem 3.2.3. m

3.3 Quantum Correction and Calabi-Yau Threefolds

In Section 3.3.1, we review some basic properties of the period domain from Lie group and
Lie algebra point of view. In Section 3.3.2, for Calabi-Yau threefolds, we show that vanishing

of strong quantum correction is equivalent to that the image ®(7) of the Teichmiiller space
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T under the period map ® is an open submanifold of a globally Hermitian symmetric space

W with the same dimension as 7T .

3.3.1 Period Domain

Let us briefly recall some properties of the period domain from Lie group and Lie algebra
point of view. All results in this section are well-known to the experts in the subject. One
may either skip this section or refer to [Griffiths-Schmid69] and [Schmid73] for most of the

details, here we use the summary in [Chen-Guan-Liul3, Section 3.1] to fix notations.

A pair (X, L) consisting of a Calabi—Yau manifold X of complex dimension n with n > 3
and an ample line bundle L over X is called a polarized Calabi—Yau manifold. By abuse
of notation, the Chern class of L will also be denoted by L and thus L € H*(X,Z). The
Poincaré bilinear form @ on H (X, Q) is defined by

Qu,v) = <—1>"“‘2”/ wAw
X

for any d-closed n-forms u, v on X. Furthermore, () is nondegenerate and can be extended to
H.(X,C) bilinearly. Let f*=3%" h"""and F* = F¥(X) = H(X) @ --- & HE: (X)),
from which we have the decreasing filtration H} (X,C) = FY > ... D> F". We know that
dime F* = f*, (3.13)
H2(X,C) =FtgFr k1 and HEFH(X) = FFnFrk, (3.14)
In terms of the Hodge filtration, then the Hodge-Riemann relations are
Q (F*, F*1) =0, and (3.15)

Q(Cv,v) >0 if v#0, (3.16)

where C' is the Weil operator given by Cv = (\/—1)%_”@ for v € H;j;”_k(X). The period
domain D for polarized Hodge structures with data (3.13) is the space of all such Hodge

filtrations

D={H}(X,C)=F’2D--- 2 F"[(3.13),(3.15) and (3.16) hold} .
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The compact dual D of D is
D={H}(X,C)=F"D--- D F"[(3.13) and (3.15) hold} .

The period domain D C D is an open subset. Let us introduce the notion of an adapted
basis for the given Hodge decomposition or Hodge filtration. For any p € 7 and f* = dim F;

for any 0 < k < n, We call a basis
C=A{C0, G Qe Gy e eyt e, Gy Cpig, Cpon }
of H"(X) an adapted basis for the given filtration
F°>...DF" ' DF",

if it satisfies F* = Spang{(p, -+, {1} with dimcF* = f*.

The orthogonal group of the bilinear form @ in the definition of Hodge structure is a linear
algebraic group, defined over Q. Let us simply denote H = H"(X) and Hg = H"(X,R).

The group of the C-rational points is
Gc ={g9 € GL(H)| Q(gu, gv) = Q(u,v) for all u,v € H},
which acts on D transitively. The group of real points in G is
Gr = {g € GL(Hg)| Q(gu, gv) = Q(u,v) for all u,v € Hg},

which acts transitively on D as well.

Consider the period map ® : 7 — D. Fix p € T and the image O := ®(p) = {F) C --- C
Fz? } € D may be referred as the base points or the reference point. A linear transformation
g € Gc preserves the base point if and only if gF} = F¥ for each k. Thus it gives the

identification
D~ G¢/B with B={gec G¢| gF: = Flf, for any k}.
Similarly, one obtains an analogous identification

D~Gg/V =D with V=GrnNB,
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where the embedding corresponds to the inclusion Gg/V = Gr/Gr N B C G¢/B. The Lie

algebra g of the complex Lie group G¢ can be described as
g={X € End(H)| Q(Xu,v)+ Q(u, Xv) =0, for all u,v € H}.

It is a simple complex Lie algebra, which contains gy = {X € g| XHg C Hg} as a real form,
ie. g=go®igo. With the inclusion Gr C G¢, go becomes Lie algebra of Gr. One observes
that the reference Hodge structure {H}" *}7_ of H"(M) induces a Hodge structure of
weight zero on End(H"(M)), namely,

8= @Qk,—k with gk’_k = {X S g’XH;’”—T C H;-Hﬁ,n—'r—k}'
kEZ

Since the Lie algebra b of B consists of those X € g that preserves the reference Hodge
filtration {F C --- C F}}, one thus has
o= D
k>0
The Lie algebra vy of V is vg = goNb = goNbNb = goNg»°. With the above isomorphisms,

the holomorphic tangent space of D at the base point is naturally isomorphic to g /b.

Let us consider the nilpotent Lie subalgebran, := @;>;g~%*. Then one gets the holomorphic

isomorphism g/b = n_. Since D is an open set in D, we have the following relation:
TooD =T5hD=b@g /b g/b=n,. (3.17)
We define the unipotent group N, = exp(n,).

Remark 3.3.1. With a fized base point, we can identify N, with its unipotent orbit in D
by identifying an element ¢ € Ny with [c] = ¢B in D; that is, Ny = N, ( base point ) =
N,B/B C D. In particular, when the base point O is in D, we have Ny N D C D. We can
also identify a point ®(p) = {F) 2 F) 2 --- 2 FJ'} € D with any fived adapted basis of the
corresponding Hodge filtration, we have matrixz representations of elements in the above Lie
groups and Lie algebras. For example, elements in Ny can be realized as nonsingular block

upper triangular matrices with identity blocks in the diagonal; elements in B can be realized

as nonsingular block lower triangular matrices.
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3.3.2 Quantum Correction and Calabi-Yau Threefolds

For any p € T, let (X, L) be the corresponding fiber in the versal family X — 7, which is
a polarized and marked Calabi—Yau manifold. The period map from 7 to D is defined by

assigning each point p € 7 the Hodge structure on X, that is

¢:T — D, p— ®(p) = {F°(X,) 2 2D F"(X,)}.

In [Griffiths-Schmid69], Griffiths and Schmid studied the Hodge metric over the period do-
main D. In particular, this Hodge theory is a complete homogenous metric. Consider the
period map on the Teichmiiller space ® : 7 — D. By local Torelli theorem for Calabi-
Yau manifolds, we know that the period map ® is locally injective. Thus it follows from
[Griffiths-Schmid69] that the pull-back of the Hodge metric over D by ® on T is a well-
defined Kahler metric. We will call the pull-back metric the Hodge metric over Teichmiiller
space T, still denoted by h. For explicit formula of the Hodge metric over moduli space
of polarized Calabi-Yau manifolds, especially for threefolds, the reader can refer to [Lu99],

[Lu01-1] and [Lu01-2] for details.

Theorem 3.3.2. Let T be the Teichmiiller space of polarized and marked Calabi-Yau three-

folds and ® : T — D be the period map. Then the following conditions are equivalent:

1. The strong quantum correction vanishes at any point p € T .

2. With respect to the Hodge metric, the image ®(T) is an open submanifold of a globally
Hermitian symmetric space W of the same dimension as T, which is also a totally

geodesic submanifold of the period domain D.

This theorem also implies that, under the assumption of vanishing of strong quantum cor-
rection at any point p € T, the Teichmiiller space 7T is a locally Hermitian symmetric space
and its image ®(7) under the period map & is a totally geodesic submanifold of the period
domain D, both with the natural Hodge metrics. Moreover, assuming the global Torelli the-

orem in [Chen-Guan-Liul3] for Calabi-Yau manifolds, another consequence of this theorem
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is that the period map ® embed the Teichmiiller space T as a Zariski-open subset in the

totally geodesic submanifold W.

Proof. Fix p € T, let X be the corresponding Calabi-Yau threefold in the versal family
U — T and ¢, - ,on € H*(X,T'°X) be an orthonormal basis with respect to the
Calabi-Yau metric. The orthonormal basis 1, -+, px will be used to define the flat affine

coordinate ¢ around p € T by Theorem 2.1.5. Also, fix a nowhere vanishing holomorphic

(37 O)—fOI'Hl Q2 over X and i = 902—'9 € HZI(X)? then [QL [771]’ T [nN]a [ﬁl]a T [ﬁN]? [Q] is
a basis of H3(X) adapted the Hodge filtration of X.

Step 1: we give the expansion for the classic canonical family [Q2°°(¢)]. Let’s assume

[piam] ]
: =A | |,
[piamn] 7]

for some N x N-matrix A;, then, from the identity [;_7;] = 6;;[€2], we have

(i €] 0 e Q] Q]
(i m] _ Onxn A 7] _E 7] | (3.18)
[pi-1] Onwy € | | [ 7]
el | 0] [[©] | [€]]
where &= (0,01, 0) () = [ln] -+ lawl] 011 = [ fal] o Lol =
[[%Jm],--- 7[901‘J77N]]T and ;7] = [[s@wﬁl],--- ,[sDiJﬁNﬂT-

Moreover, if we define A(t) = 31 t;A;, then it is easy to check that

N N [im1] 7]
Z tzt][@z_IQOJ_IQ] = Z ti(tl, ce 7tN) = (tl, T 7tN)A(t) :

ij=1 i=1
[piann] 7 n]
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And, from the identity [¢;7,] = 6;;[€2], we know that

N N N
1 1
g E tit]’tk[g@iJg@ngOk_lQ] = 5 (E tlg@)J( E tjtk[gijgOkJQ]>
=1

ijik=1 k=1
| N 7]
= gyt v A() Zti%> :
]
3
_ %(tl, A
tn

Therefore, the classic canonical family

Q“(t) = exp Z tipi) Q2 =Q + Z tipi o + — Z tit;piap; K2 + Z titjtrpiap; spr S,

=1 Ta=1 z]kl

has the following expansion

2

S)

[Q“(t)] = |1, (ty,--- )y m (e ) AR, (e ) A (b )T (3.19)

S

<)

[€2]

Step 2: Let’s construct a globally Hermitian symmetric space W C D with the same
dimension as the Teichmiiller space 7. Define O := ®(p) to be the base point or reference
point. If we define F; := Q*(a%) € g~ 1! then a = spanc{FE, Fs, -, Ex} is an abelian Lie
subalgebra, see [Carlso-Miiller-Stach-Peters03, Lemma 5.5.1, Page 173]. So we can define

N
W .= eXp(Z TZEl) N D,
i=1

which is a totally geodesic submanifold of D and a globally Herimitian symmetric space with

respect to the natural Hodge metric. Let’s define a map p : CV — D given by
N
7) = exp(Y B
i=1
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where 7 = (71, -+, 7n) is the standard coordinate of CV. Then the Hodge-Riemann bilinear
relations define a bounded domain 3 C CV, which is biholomorphic to W via the map p. As

the Els commute with each other, thus, for any z,w € J, we have

p(z)(p w = = eXp Zzz i eXp sz i) = €XpP Z(Zz - wz)Ez> =1

<— z; =w; for 1§2§N,

i.e., p is one-to-one, which means that it defines a global coordinate 7 over W.

Step 3: 1 = 2. First we show that there exists a local coordinate chart U, around p € T
such that ®(U,) C W. For any point p € U, with the flat affine coordinate ¢, there is a
unique upper-triangle matrix o(t) € Ny, i.e., an nonsingular upper triangular block matrices

with identity blocks in the diagonal, such that

o(t) 19, 1. 1, 0] (3.20)

is a basis of H?(X5) adapted to the Hodge filtration at Xp.
Also, we know that [Q¢(t)] = [e*) JQ)] is a basis of F?(Xp), so [[2Q°(t)] € F?(X5),1<i< N
by Griffiths’ transversality. By the assumption of the vanishing of strong quantum correction

at p € T and Formula 3.19, we have

2]
0] = Q7O = |1, (0 tw) (e ) AR, gt ) A (B )T ﬁ
T
(€]

And, for any 1 <7 < N, we have

a0e(t) al N
=71 = [piaQ] + Y t5lpinp; 2] + Zttk [piap; 1601 20)]
! Jj=1 jk 1
WYil . [%‘Jﬁl]
= [+ (t,-- o tw) | +§(t1,---,tN)A<t> : :
Yi NN [iamy]
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which implies that

220
= [+ AD + 55, ) AG) [
[
-
= O, Lo (), 2AT () (11, ty)T v
u
(]

Thus {[Q°(t)], [ag;(t)] e [agtc]gt)]} is a basis of F?(X5) as they are linearly independent, which

implies that the unique matrix o(t) € N, has the form

(1 (t1, tn) Mt AR (t e AW (b, )T
U(t) _ I A(t) %AT(t)(tlv e 7tN)T ’
I *
L I .

where * represents an unknown column vector. Meanwhile, we know o(t) € Gg, i.e.,

1 1

-1 -1
O’(T)T NxN O'(t) _ NxN 7
Invun Inyn

—1 —1

which implies that

-[ (t,--- ,tn) %(th... JEN)A(?) %(th“' N )A) (t, - 7tN)T-
o(t) = ! Alt) ATt tn)T
I (ty,--- ,tN)T
L I |
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Direct computation shows that

o(t) = exp , (3.21)
Onsn (E1, - tn)T

0

i.e., ®(p) € W for any point p € U,, which implies that ®(U,) C W.

Now we prove that ®(7) C W by an open-closed argument. For any point ¢ € T satisfying
®(q) € ®(T) N W, by the same argument for the point ¢ € T, there exists a neighborhood
U, of ¢ such that ®(U,) C W, i.e., ®U,) C ®(7T) N W. By the local Torelli theorem for
Calabi-Yau manifolds, ®(U,) C ®(7) N W is an open neighborhood of ®(¢q) as 7 and W
having the same dimension, thus ®(7) N W C ®(7) is an open subset of ®(7). On the
other hand, W = exp(zij\;1 7,.E;) N D C D is a closed subset of the period domain D. The
closedness of W C D implies that ®(7) N W C ®(7) is also a closed subset. Therefore,
Q(T)NW =&(T), ie., ®(T) C W as &(T) is connected and ®(7) NW is not empty.

Step 4: 2 = 1. We only need to show that the strong quantum correction vanishes at point
p € T. Assume the flat affine coordinate of p € U, is t where U, is a local coordinate chart

around p € T, then we know the canonical family of (3, 0)-classes is given by

[Q°(t)] = [e*W1Q) € F3(X5).

Moreover, from the fact that ®(p) € W, there exists 7 = (71, -+ ,7n) € 3 such that
[€2]
- (]
O(p) = exp(d k)
i=1 gl
(]
1 () 3 AR g i) A )T (9]
B Inun A(T) ;AT(T)(H; 77—N)T l
]NXN (7—17 ;TN) [ﬁ] ’
1 ]
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which is a basis adapted to the Hodge filtration over X5. In particular, we know the first

element in the basis

2

SIEES)

<

€ FP(Xp) = H(Xp).

Thus, by the fact that H**(X5;) = C and [Q(t)] € H*°(X}), there exists a constant A € C
such that

Ap(t) = AQ°(@))].
Also, we have
Pripsox) (A5(t) = Prysoox) ([Q°(1)]) = [€2],

so A5(t) = [Q°(t))]. Thus

Pryza(x)(Q%(t)) = Pryzaix (A5(t)) = Z”M’ (3.22)
and, from Corollary 2.1.8,
[Q°(t)] = [@] + Z tilm] + A(t), (3.23)

where A(t) € HY*(X) @ H*3(X). Then, project to H*'(X), we have

N N
> il =) wlnl,
i=1 i=1
which implies that 7, = ¢;, 1 <i < N as {[i;]}}; is a basis of H*!(X). Therefore,
€]
c 1 1 T [n] cc
[Q (t)] = (17(t1="' 7tN)>§(t17"' 7tN)A<t)7§(t17 JtN)A(tth? JtN) ) N [Q (t)]v
' ‘ 7]
(2]
by Formula 3.19, i.e., the strong quantum correction vanishes at p € T. O
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3.4 Example: Compact Hyperkahler Manifolds

In Section 3.4.1, we review some preliminary results about Hyperkahler manifolds and the
period domain of weight 2. In Section 3.4.2, we construct the canonical families of (2,0) and
(2n,0)-classes by using the canonical families of smooth forms e®® .02 and holomorphic
forms e®® A" Q20 In Section 3.4.3, we prove the expansions of the canonical families of

(2,0) and (2n,0)-classes are actually globally defined over the Teichmiiller space T .

3.4.1 Preliminary Results

In this section, we will review some preliminary results about Hyperkahler manifolds and

the period domain. We define Hyperkéahler manifolds as follows,

Definition 3.4.1. Let X be a compact and simply-connected Kdhler manifold of complex
dimension 2n > 4 such that there ezists a non-zero holomorphic non-degenerate (2,0)-form
029 on X, unique up to a constant such that det(Q*°) # 0 at each point x € X and
HY(X,0x) =0. Then X is called a Hyperkdhler manifold.

The conditions on the holomorphic (2,0)-form Q*° imply that dime¢ H*(X, Ox) = 1. A pair
(X, L) consisting of a Hyperkéhler manifold X of complex dimension 2n with 2n > 4 and
an ample line bundle L over X is called a polarized Hyperkédhler manifold. By abuse of
notation, the Chern class of L will also be denoted by L and thus L € H*(X,Z). Let w = w,

correspond to the Calabi-Yau metric in the class L, then
Hy' (X, T"X) = {p € H™(X, T"°X)|[pw] = 0}

And we know that if ¢ € Hy"'(X,T"°X) is harmonic, then ¢_w is a harmonic (0, 2)-form.

Thus we have the identification

Hy' (X, T"X) = { € H*(X, TV X)|pw = 0}
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Furthermore, the primitive cohomology groups satisfy:

1,1 ~ 1,1 _ 1,1 2n—1 __
Hp'r (X) - Hpr(X)_{neH (X)|77/\w _O}

2 _ 2,0 1,1 0,2
H,(X) = H*(X)® H, (X)® H"(X)

The primitive cohomology group HgT(X ) carry a nondegenerate bilinear form, the so-called

Hodge bilinear form

O, B) = — /X 2 AGNB, B e HL(X), (3.24)

which is evidently defined over Q.

We consider the decreasing Hodge filtration H2 (M, C) = F° > F' D F? with condition
dimcF? =1, dimcF'=by,—2, dimcF°=b, — 1. (3.25)
Then the Hodge-Riemann relations are

Q(F*, F*F) =0, (3.26)

Q(Cv,v) >0 if v#0, (3.27)

where C' is the Weil operator given by Cv = (v/—1)*"?v for v € HE>F(M) = FF 0 F2-F,
The period domain D for polarized Hodge structures with data 3.25 is the space of all such
Hodge filtrations

2 0 1 2
D= {H2(X,C)=F"2 F"' D F?(3.25), (3.26) and (3.27) hold}.
The compact dual D of D is
D={H2(X,C)=F"2> F'D> F*(3.25) and (3.26) hold}.

The period domain D C D is an open subset. We may identify the period space D with the

Grassmannian of positive 2-plans in L*, and this gives us
D = 50(by —3,2)/50(2) x SO(by — 3),
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which implies that the period domain D is a global Hermitian symmetric space.

Let 7 = T be the Teichmiiller space of the polarized (irreducible) Hyperkéahler manifold
(X, L), which is a smooth complex manifold. The reader can refer to [Verbitsky09] or
[Huybrechts04] for the construction of Teichmiiller space and moduli space of polarized Hy-
perkédhler manifolds. The following result follows from [Verbitsky09] or [Chen-Guan-Liul3,
Chen-Guan-Liul4],

Theorem 3.4.2. The period map
o: T —>D

18 1njective.

3.4.2 Local Family of (2,0)- and (2n,0)-Classes

In this section, we derive the expansions of the canonical families [H(e®® ,Q>°)] and [e?®) A"
029, where Q%*° is a nowhere vanishing holomorphic (2, 0)-form over the Hyperkiher mani-

fold X. First we have the following Bochner’s principle for compact Ricci-flat manifolds:

Proposition 3.4.3. (Bochner’s principle) On a compact Kdhler Ricci-flat manifold, any

holomorphic tensor field (covariant or contravariant) is parallel.

The proof rests on the following formula, which follows from a tedious but straightforward

computation [Bochner-Yanob3, Page 142]: if 7 is any tensor field,
A1) = IvrI*.

Therefore A(]|7]|?) is nonnegative, hence 0 since its mean value over X is 0 by the Stokes’

formula. It follows that 7 is parallel.

Then we consider the canonical family of smooth (2,0)-forms Q20(t) = ¢®®_0%° whose

harmonic projection has the following expansion,
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Theorem 3.4.4. Fixp € T, let (X, L) be the corresponding polarized Hyperkihler manifold,
Q20 be a nonzero holomorphic nondegenerate (2,0)-form over X and {p;}1, be an orthonor-
mal basis of H%l (X, TYOX) with respect to the Calabi-Yau metric. Then, in a neighborhood

U of p, there exists a canonical family of smooth (2,0)-forms,
QCQ O( ) D(t) QQ O

which defines a canonical family of (2,0)-classes

[\DI»—t

[HQ00))] = [2%] + Y it +

N
i=1

N
> i 1070 tit;. (3.28)
=1

Proof. Let us consider the canonical family of smooth (2, 0)-forms

N N
20,020 = Z%‘JQQ’W + %Z (i 020 + 035 020) £

i=1 i,7=1 (329)
+Z (QD[_IQQO + Z QOJJQOKJQ2 0)
J+K=I

11]>3

We claim that

Claim 3.4.5. Suppose, for any multi-index J, K with |J| > 2, the harmonic projection

H (py20x 10*0) = - Q20 for some constant ¢, then we have
H <¢JJ¢KJQ270 A AP0 A A"—1W)> = c- A\"Q*0 A APQ20, (3.30)
Proof. By the Hodge decomposition, we have

00?0 = Q20 4 day + d* .

The proof bases on the following facts:

A aB, = Z VaSDA By (ESO)AP,EQ = (1) Zgﬁavawp@q, (3.31)
a,B

and their conjugate, which can be found in [Morrow-Kodaira71]. From the formula
V(ieAp)=VaAnp+aAV}, (3.32)
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and VQ?° = 0, which comes from the Bochner principal 3.4.3, we have
V(o A A"Q20 A ATTI020) = Va A ATQ20 A ATTI020,
From the formulas 3.31 and their conjugate, we have

d(ag A ATQHOAATTEO20) = dag A ATQPO A ATTIO20,

d* (g A AP0 A ATTIO20) = dFap A A0 A ATTIQ20,
Thus we have

070K Y A A0 A ATTI020

(3.33)

= ¢ A"QPP AATQ20 4 d(ag A APQPY A ATTEQ20) 4 dF (g A ATQEY A ATTIQ20),

which implies our claim.

Direct computations show that

(7501 J20) A ATQ20 = (97 1020) A (151 1Q20) A AT1020

as a smooth (2n, 2)-form. Therefore, for any multi-index J, K with |.J| > 2, we have

/ (070 1%0) A QHOA ATTIOZ0 A APTIQ20
X

- / (07 3020) A (0 2Q20) A API020 A AP-I020
X

1 __
= —/ (7o A" Q2O A (@ a0%0) A AVT1Q20
nJx

1 __
= —/ O A (praQ*0) A APIQ20
nJx

(3.34)

1 _ —
= —/ Oy A (2020 A AVT1Q20) (as pr Q0 AAIQ20 s d-closed).
nJx

= 0.

On the other hand, by Claim 3.4.5 and the Stokes’ formula, we have

V- / (s 20 AQPO AATTTOPO A ATTIQ20 = ¢ / AP0 A APQ20
" X

So we have ¢ = 0, i.e., H ((¢s10r10%°)) = 0 for any multiple-index J, K with |J| > 2.

Next, for the (1,1)-form ;0% we claim that
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Claim 3.4.6. 1. ;%% 4s harmonic for 1 <i < N.
2. For any multi-index I with |I| > 2, @7 0%Y is 0-exact, which implies that
H(p;0*%) = 0.

Proof. 1. As ¢; is harmonic and Q?° is parallel with respect to Levi-Civita connection. So,

from the formula 3.31 and
V(i Q%) = Vi %0 + 0, . VO,
we have

d(QOZ'JQ2’0) = ngi_IQQ’O = O,

d* (ia2*0) = d*; 20*° = 0,

i.e., ©;10% is harmonic for 1 < i < N.

2. As Q*Y is a nowhere vanishing holomorphic (2, 0)-form, so we can define 2**° € A°(X, A?T10X)
by requiring (Q%° Q*2%) = 1 pointwise on X. Actually, in a local coordinate chart {z1, 2o, -+ , 2o, },

we can assume

2n
QQ’O = Z al-jdzi A de with Qi = —Qgj;
ij—l
9*2’0 Z sza N 8_2] with sz = —bﬂ
i,7=1
Then, if we define matrices A = (a;;) and B = (b;;), then det(A) # 0 and
2n
(@20, Q20 = " ayby = tr(AB") =
ij=1

so0, locally, the matrix B can be defined by

And it is easy to check that this definition is independent of the local coordinates and

VQ*20 = 0 by the Bochner’s principle 3.4.3. Then, by Theorem 2.1.5, we have

0ra A" Q0 = Ox1y, 1] > 2,
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which implies that
(,DI_IQQ’O — /\nfl£2>t<2,0J<g01J A" QQ,O) — /\nle*Z,O_Iawl — a(/\nle*Z,O_lwI),
by formulas 3.31 and 3.32. O

Thus, the harmonic projection of the family of (2, 0)-forms e®® Q20 is given by

N N
1
H (€q>(t)_|92’0) = QQ’O -+ E QDZ‘JQZOti + 5 E H (QOZ'J(,DJ'JQZ’O) tﬂfj

i=1 i=1

Theorem 3.4.4 is proved. O

Corollary 3.4.7. Fix p € T, let (X, L) be the corresponding polarized Hyperkdhler mani-
fold, Q*° be a non-zero holomorphic non-degenerate (2,0)-form over X and {gpi}ij\il be an

orthonormal basis of H%l (X, T X) with respect to the Calabi-Yau metric. Then, in a

neighborhood U of p, there exists a canonical family of holomorphic (2n,0)-forms,

Q°(t) = o A" Q>0

which defines a canonical family of (2n,0)-classes

N 2n
[Qc<t)] = [/\nQQ’O] +Z [QOzJ A" 92’0] th%Z < Z [gOilJ...JgDikJ A" Q2’0} tiltiz s tlk) .
i=1 Tk=1 \1<i1<..<ip<N

(3.35)
In particular, the expansion implies that the Teichmiiller space T is a locally Hermitian

symmetric space.

Proof. From the Proposition 2.1.7, we have the harmonic projection
H(e2® A" 020 € H™0(X,).

And from Theorem 3.4.4, we know that

H(e®_0%%) € H*(X,),
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therefore, we have
H[A"H(e2® 102%)] € H*0(X,).
Because of dim¢ H?*™°(X};) = 1, there exists A € C such that
H(e?® 5 A" Q*0) = XH[AH(e®® 10%0)]. (3.36)
On the other hand, we have
Prygzno(xy (H(e®® 5 A" Q20)) = Prygzno(x) (HA"H(e®® _10*0)]) = A"Q*0 (3.37)
Thus A =1, i.e.,

[Q(t)] = [e®P1 A" Q20) =

N N
1
A" (QZ,O -+ ;QOZ'_IQZOQ -+ 5; ((PiJ(ijQ2’O) tﬂz)]
N

2n
= [/\HQZ’O} + Z [QOlJ A" Q2’O} t; + %Z ( Z [QOZ'l_I...JQOikJ A" QQ’O} tiltig s tlk) ,

i=1 "k=1 \0<i;<...<ig
by the formula 3.34. Thus, [Q°(¢)] is a polynomial in terms of the flat affine coordinate
t = (t1, -+ ,tn). So, by the Corollary 3.2.4, the Teichmiiller space 7T of polarized Hyperkéhler

manifolds is a locally Hermitian symmetric space. O]

3.4.3 Global Family of (2,0)- and (2n,0)-Classes

In this section, we will show that the flat affine coordinate ¢ is globally defined over the
Teichmiiller space 7T, so do the expansions of the canonical families of (2,0) and (2n,0)-

classes.

Fix p € T, let (X, L) be the corresponding polarized Hyperkdher manifold. Fix a nowhere
vanishing holomorphic (2,0)-form Q?? over X and a basis of harmonic form n;,--- ,ny €
HLN(X). Then [Q2°), (1], -+, [ow], [229] is a basis of H2(X,C). We normalize this basis
such that Q([Q*"], [229]) = —1 and Q([n], [n;]) = 6;;. And there exists an orthonormal basis
{pi N, C HOY(X, TH0X) such that ; 00%° = n; for 1 <4 < N, which will be used to defined

the flat affine coordinate ¢ around p € T by Theorem 2.1.5.
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Let O = ®(p) be the base point or reference pint, we can parameterize the period domain
D. Let ¢; = (0,---,1,---,0) with 1 <i < N be the standard basis of CV. Here we view e;
as a row vector, then we can define

Oei 0

1,1

Ei=10 0 e'| €9

1

0 0 O
It follows that E;E; = 0if ¢ # j and
001
Ef=10 0 0,
000
which implies that
N Lo(m,o ) 5 i]il 77
exp(z tiE;) = |0 Inxn (2, ,7)"
i=1
0 0 1

Let 3 C CV be the domain enclosed by the real hypersurface

N LN
2 2| _
1_Z|Tiy +Z’Z”|_O'
i=1 i=1
Let 7 = (71,-+- ,7n) be the standard coordinates on CV, then the map p : J — D given

by p(t) = exp(31, 7,E;) is a biholormorphic map. This is the Harish-Chandra realization
[Harish-Chandra56] of the period domain D. Moreover, from the the global Torelli theorem
(cf. [Verbitsky09] and [Chen-Guan-Liul3, Chen-Guan-Liul4]) for Hyperké&hler manifolds,

we know that the map
pltod: T — 23, (3.38)

is an injective map. So the coordinate 7 = (7,---,7n) are global coordinates on the
Teichmiiller space 7. We call it the Harish-Chandra coordinate. We know that, in a neigh-
borhood of p € T, there is another flat affine coordinate ¢. Actually, these two coordinates

coincide, and we have the following theorem:
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Theorem 3.4.8. Fizp € T, in a neighborhood U of p, the global Harish-Chandra coordinate
T coincide with the flat affine coordinate t. So the flat affine coordinate t is globally defined
and the expansions of the canonical families of cohomology classes 3.28 and 3.35, i.e.,

N N
1
(%] + Z[%’JQZ’OM + 52[%J%‘J92’0]ti%‘ € H*'(Xy),
i=1

=1

N
/\nQ2O +Z O AT QQO
=1

1
+EZ ( Z [SpilJ...JgpikJ A" QQ’O]tiltig .. tzk> c HQH’O(Xt).

1<in<...<ip<N

are globally defined over the Teichmailler space T .

Proof. Let t be the flat affine coordinate of ¢ € U, where U, is a local coordinate chart and

7 be the Harish-Chandra coordinate of ¢ € U,. We only need to show that ¢ = 7. From the

definition of 7, we know that

[029] [020]
N [m] L o(rm,omv) 38T ]
expY_mE) | 1 | =10 Iyen (e, 7a)T I
Tl oo 1 7
| [©229]] | [©229]]

is a basis of H?(X,) adapted to the Hodge filtration of X,. Consider the first element in the

basis, we have

N

By(t) = [0 + 3 _milm] + ZT [20] € H2O(X,).

i=1

On the other hand, from Theorem 3.4.4, we know that

N N
) 1
[H(Qc’2’0(t))] = 920 E QOZJQ2O tl + = 5 E [QOiJQOjJQZO} Lit;
= =1

N
= [0 Zn,t+ ZtQQN ] € H*'(X,),
i=1 =1
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in the flat affine coordinate ¢. Thus, by the fact that H*°(X,) = C, there exists a constant
A € C such that

B,(t) = A[H(Q™°(1))].
Moreover, we have
(9] = Prisoqx (By(1)) = APrgac ([H(QP0(1)0]) = A2*),

so A =1, i.e., B,(t) = [H(Q%*%(¢))]. Thus we know t; = 7;, 1 < i < N, as [Q*°], [m], -+, [nv],

[©29] is a basis of H?*(X). O
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CHAPTER 4

Remarks on Chern Classes of Calabi-Yau Moduli

In this chapter, we prove that the first Chern form of the Calabi-Yau moduli M,,,, with the
Hodge metric or the Weil-Petersson metric, represents the first Chern class of the canonical
extensions of the tangent bundle to the compactification of the moduli space with normal

crossing divisors.

4.1 Chern Forms of the Hodge Bundles

In Section 4.1.1, some essential estimates for the degeneration of Hodge metric of a variation
of polarized Hodge structure near a normal crossing divisor was reviewed, which was used to
derive the integrability of the Chern forms of subbundles and quotient bundles of a variation

of polarized Hodge structure over a quasi-projective manifold in Section 4.1.2.

4.1.1 Degeneration of Hodge Structures

In this section, we consider a variation of polarized Hodge structure over S, where S is a
quasi-projective manifold with dim¢S = k. For the definition of variation of Hodge structure,
the reader can refer to Section 2.2. Let S be its compactification such that S — S is a divisor

of normal crossings.

Let (U,s) C S be a special coordinate neighborhood, i.e., a coordinate neighborhood iso-

mophic to the polycylinder A such that

l
Smug{sz(sh'”7517"',Sk)EAk|HSZ’7&0}:(A*)lXAk7!},
=1
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where A, A* are the unit disk and the punctured unit disk in the complex plane, respectively.

Consider the period map
d: (AM x AP — T\D,

where I is the monodromy group. Let U be the upper half plane of C. Than U’ x A*~ g

the universal covering space of (A*)! x A¥~! and we can lift ® to a mapping
d:U' x A — D.

Let (21, , 25,541, -+ , 8k) be the coordinates of U! x A*~! such that s; = > for 1 < i <.
Corresponding to each of the first [ variables, we choose a monodromy transformation ~; € T',

such that

©<21;"' 7Zi+1,"'2l751+1,"' ,3k>:%‘(¢(21;"' 7Zia"'zlvsl+17." 7Sk))

holds identically for all variables. And the monodromy transformations ~;’s commute with
each other. By a theorem of Borel(see [Schmid77], Lemma 4.5 on p. 230), after passing to
a finite cover if necessary, the monodromy transformation 7; around the punctures s; = 0 is

unipotent, i.e.,

(i =)™ =0

[’}/ia ’Yj] - Oa
for some positive integer m. Therefore, we can define the monodromy logarithm N; = log~;
by the Taylor’s expansion

1 (i — 1) :
N; =log v; = Z(—l)J —, V1<i<],

Jj=1 J

then N;,1 < i <[ are nilpotent. Let (v)) be a flat multivalued basis of H over Y N S. The

formula

N 1<
@) = exp (5 D log i) (w)()
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give us a single-valued basis of H. Deligne’s canonical extension H of H over U is generated

by this basis (v)(cf. [Schmid77]). And we have

Proposition 4.1.1. If the local monodromy is unipotent, then the cononical extension is a

vector bundle, otherwise it is a coherent sheaf.

The construction of H is independent of the choice of the local coordinates sis and the flat
multivalued basis (v,). For any holomorphic subbundle A of H, Deligne’s canonical extension
of A is defined to be A := H N j. A where j : S — S is the inclusion map. Then we have the

canonical extension of the Hodge filtration:

H=F'>F'>...2>F">0,
which is also a filtration of locally free sheaves.

Let N be a linear combination of N;, 1 <i <[, then N defines a weight flat filtration W,(N)
of H (cf. [Deligne71], [Schmid77]) by

OC"'VVi_l(N)CM/Z'(N>CWZ'+1(N)C"'CH.

Denote by W/ := W.(Zizl N,) for j =1,--- 1, we can choose a flat multigrading

H = Z Hg,,.. 3,5
B1, B

such that l
Wi, =D Heokre
Jj=1 ki <B;
Let h be the Hodge metric on the variation of polarized Hodge structure H. In the special

neighborhood U, let v be a nonzero local multivalued flat section of a multigrading component

Hy, ... iy, then (V)(s) := exp(%\}(}gﬁm)v(s) is a local single-valued section of H. And,

there holds a norm estimate (Theorem 5.21 in [Cattani-Kaplan-Schimid86])

- —log | s1 |k /o, —log | s2 |
<C 1/2 /2. (=1 ki/2 4.1
175) In< O S oA S (o [ D2 ()
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on the region
E(Ny, - N = {(s1, -+, 80,0+, 88) € (A x AR s [< - | s [< €}

for some small € > 0, where (' is a positive constant dependent on the ordering of { Ny, No, - -+ , N;}
and e. Since the number of ordering of { Ny, Ny, .-+, N;} is finite, for any flat multivalued
local section v of H, there exist positive constants Cy and My such that

l

13(s) ln< Co(]] —log | s ™, (4.2)
i=1
in the domain {(s1, -+ ,s;,---,5) | 0<| s; |[<e(i=1,---,1),|sj|<e(j=1+1---,k)}.

Moreover, since the dual H* is also a variation of polarized Hodge structure, we then know

that, for any flat multivalued local section v of H, there holds

l l
C'(I] ~tog | s N <l 0(s) ln< C" ([ [ —1og | s ™, (4.3)

i=1 =1

where C" and C” both only depend on €.

4.1.2 Chern forms of the Hodge bundles

By the norm estimate in Section 4.1.1, E. Cattani, A. Kaplan and W. Schmid get the
following result for the Chern forms of Hodge bundles over the quasi-projective manifold S,

which is Corollary 5.23 in [Cattani-Kaplan-Schimid86].

Theorem 4.1.2. Let S be a smooth variety, S D S be a smooth compactifiction such that
S — 8 = D is a normal crossing divisor. If H is a variation of polarized Hodge structure
over S with unipotent monodromies around D, then the Chern forms of Hodge metric on
various Hodge bundles F?/F9 define currents on the compactification S. Moreover, the first

e~ —

Chern form represents the first Chern class of the canonical extension FP/F1 —s; S.

Base on this result, the proof of [Kollar85, Theorem 5.1] gives us the following result for any

subbundle of the variation of Hodge structure H.
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Theorem 4.1.3. Let S be a smooth variety, S O S be a smooth compactifiction such that
S — 8 = D is a normal crossing divisor. Let H be a variation of polarized Hodge structure
over S with unipotent monodromies around D and A be a vector subbundle of H. Then the
first Chern form of A with respect to the induced Hodge mtric is integrable. Moreover, let

Ry be the curvature form with the induced Hodge metric over A, then we have

<2_—7r12)n /S (trRyy)" = e (D)™,

where n = dimg S.

4.2 Chern Forms of the Calabi-Yau Moduli with the Hodge Metric

In Section 4.2.1, we construct various Hodge bundles over the Calabi-Yau moduli M,,. In
Section 4.2.2, by a key observation that the tangent bundle of the Calabi-Yau moduli is a
subbundle of the variation of polarized Hodge structure End(H™) — M,,, we get that the
first Chern form of the Calabi-Yau moduli M,, are integrable with the Hodge metric.

4.2.1 Calabi-Yau Moduli and Hodge Bundles

For a polarized Calabi-Yau manifold X, the polarization L, which is an integer class, defines

a map
L:H"(X,Q) — H""*(X,Q), A+— LAA.

We denote by H} (X) = Ker(L) the primitive cohomology groups, where the coefficient ring
can be Q,R or C. We define Hj"*(X) = H" %N HJ.(X) and denote its dimension by

hEn=F_ Then we have the Hodge decomposition
H'(X)=H(X)®-- & Hy"(X).
It is easy to see that for a polarized Calabi-Yau manifold, since H*(X, Ox) = 0, we have
HIO(X) = HMO(X),  HIM(X) = BN (X),
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The Poincaré bilinear form @ on H}, (X, Q) is defined by

Qo) = ()" [ une

for any d-closed n-forms u, v on X. Furthermore, () is nondegenerate and can be extended to
H,, (X, C) bilinearly. Moreover, it also satisfies the Hodge-Riemann relations 2.12 and 2.13.
Therefore, the primitive cohomology groups of the fibers of the versal family X, — M.,
of Calabi-Yau manifofds defines a polarized variation of Hodge structure over the moduli

space M,,,, which is denoted by H™ in this thesis.

Actually, the flat bundle H" contains a flat real subbundle Hg, whose fiber corresponds to the
subspaces H), (X,,R) C H} (X,); and Hg, in turn, contains a flat lattice bundle H7;, whose
fibers are the images of H} (X,,Z) in H} (X, R). Moreover, there exist C*-subbundles
HP® C H"™ with p + ¢ = n, whose fibers over p € M,,, are HP9(X,). For 0 < k < n,
F* = @;5, H*"" are then holomorphic subbundles of H™.

As the holomorphic bundle H™ defines a variation of polarized Hodge structure over M,,,
which is defined over Z. Thus, by the functorial construction of variation of polarized Hodge
structure, the holomorphic bundle End(H") — M,, defines a variation of polarized Hodge
structure over M,,, which is defined over Z. And then, we have the following main theorem

in this section.

Proposition 4.2.1. Let M,, be the Calabi-Yau moduli, then End(H") defines a variation
of polarized Hodge structure over M,,, which is defined over Z. Moreover, with the induced

Hodge metric over the Calabi- Yau moduli M,,, the tangent bundle
TM,, — End(H"), (4.4)
is a holomorphic subbundle of End(H"™) — M., with the induced Hodge metric.

Proof. By Griffiths’ transversality, we have the tangent map of the period map ®,,, : M,, —
D/T satisfies that
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(Pn)s(v) € @Hom (F]f/F]f“, sz_l/FIf“) forany pe M,, and v € TpLOMm

k=1

with F*™ = 0, or equivalently, (®,,).(v) € @,_oHom(F}, Fi~') C End(H}). There-
fore, the image of the tangent bundle Im((®,,).) is a subbundle of the holomorphic bundle
End(H™) — M,,.

Moreover, by the local Toreli theorem for Calabi-Yau manifolds, the map (®,,). is injec-
tive. So we can view the tangent bunlde T'M,, as a subbundle of the holomorphic bundle

End(H™) — M,, via the tangent map (®,,)..

4.2.2 Chern Forms of Calabi-Yau Moduli with the Hodge Metric

As the Calabi-Yau moduli M,, is quasi-projective, see Theorem 2.1.2, we know that there is
a compact projective manifold M,, such that M,, — M,, = D is a normal crossing divisor.
Also, the local mondromy of the variation of polarized Hodge structure around the divisor is
at least quasi-unipotent. Thus after passing to a finite ramified cover if necessary, the local
monodromy becomes unipotent. Therefore, without loss of generality, we can assume the
Hodge bundles have canonical extensions, which are vector bundles over the compactification

M., of the Calabi-Yau moduli M,,, due to Proposition 4.1.1.
By Proposition 4.2.1, the tangent bundle of the moduli space T'M,,, is a holomorphic sub-

bundle of the variation of Hodge structure End(H") — M,,. So we can make the canonical

extensions to both TM,, - M,, and End(H") — M,, to get

—_——

T M, End(H")

N

M, ———= M,,.
This is the same canonical extension of the tangent bundle used by the paper [Lu-Sun06],

the reader can refer to [Lu-Sun06, Remark 4.3].
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And we know the canonical extension End(H™) — M,, is generated by the basis

(v))(s) := exp 27T\/_Zlog siN;)(v)(s)

where (v.)(s) is a flat multivaued basis of End(H") locally. And, by the Estimate 4.2, we
know that the Hodge norm of the basis (v)(s) have at most logarithmic singularities over the

divisor D. Moreover, by the claim on [Zuo00, Page 297], the subbundle T'M,,,(— log D) —

End(H™) is generated by those local sections, whose Hodge norms have at most logarithmic
singularities over the divisor D. Thus, the canonical extension f/\\//lm — M,, and the log
tangent bundle T M,,,(— log D) have the same local generating sections, which implies that
the canonical extension ﬁ/\/lm — M,, of the tangent bundle TM,,, — M,, is the same as
the log tangent bundle of the compactifiction, i.e., TM,,(—1log D) — M,,.

In this paper, we will continue to use the canonical extension mm — M,, of the tangent
bundle which is not the tangent bundle T/M,, of the compactification of the moduli space.
And, by Theorem 4.1.2 and Theorem 4.1.3, we have

Theorem 4.2.2. The first Chern form of the Calabi- Yau moduli M, with the induced Hodge
metric define currents over the compactification M., with normal crossing boundary divisors.

Moreover, let Ry be the curvature form of TM,, with the induced Hodge metric, then we

(%)N/TM"L (trRy)N = er(T M)

have

where N = dim¢ M,,

Proof. By Proposition 4.2.1, with the Hodge metric, the tangent bundle T'M,,, of the Calabi-
Yau moduli M,,, is a holomorphic subbundle of the variation of polarized Hodge structure

End(H™) — M,,. So T 'M,, has the canonical extension, which give us a holomorphic vector

bundle TM,, C End(H™) over M,,,. Therefore, by Theorem 4.1.3, the first Chern form of

TM,, = M,, define currents over the compactification M,, of M,,, which represent the
first Chern class of the vector bundle 7:./\\//1m — M,, with the induced Hodge metric. O
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4.3 Chern Forms of the Calabi-Yau Moduli with the Weil-Petersson

Metric

In this section, by the standard isomorphism TM,, = (F")* ® F"~!/F™ under the Weil-
Petersson geometry of the Calabi-Yau moduli, we get that the Chern forms of Calabi-Yau

moduli M,,, are integrable with the Weil-Petersson metric.

For each fiber X = X, we assign the Calabi-Yau metric ¢g(s) in the polarization Kéhler
class. Using the fact that the global holomorphic n-form Q = Q(s) is flat with respect to

g(s), it can be shown that the Weil-Petersson metric has the following expression

Q(i,9,7,00)
QQ,Q)

Here, for convenience, we write @(, ) =K/=1)"Q(-,-), where @ is the intersection product.

gwp(v,w) = — (4.5)

The reader can refer to Section 2.3.1 and [Lu-Sun06] for details of the definition.

Formula (4.5) of the Weil-Pertersson metric implies that the natural map H'(X,Tx) —
Hom(F™, F"~'/F") via the interior product v — ,Q is an isometry from the tangent
bundle TM,,, with the Weil-Petersson metric to the Hodge bundle (F")* ® F"~!/F™ with
the induced Hodge metric. So the Weil-Petersson metric is precisely the metric induced from

the first piece of the Hodge metric on the horizontal tangent bundle over the period domain.

More precisely, for the Calabi-Yau moduli M,,,, we have the following period map from the

moduli space to the period domain of Hodge structures:
¢, : M,, — DT, (4.6)

where I' denotes the global monodromy group which acts properly and discontinuously on
the period domain D. By going to finite covers of M,, and D/I', we may also assume D /T’

is smooth without loss of generality.

Thus, the differential of the period map gives us the infinitesimal period map at p € M,,:

(®n)s : T,M,, — Hom(F™, F"~'/F") @ Hom(F" ' /F", F"?/F" Y@ ...
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is an isomorphism in the first piece. By using this isomorphism and Theorem 4.1.3, we have
the following result, which is [Lu-Douglas13, Theorem 6.3]. Our proof is different and much

simpler.

Theorem 4.3.1. The Chern forms of the Calabi- Yau moduli M, with the Weil-Petersson

metric define currents over the compactification M,, of M,,,. Moreover, the first Chern form

represent the first Chern class of the quotient bundle (F™)* @ Fn=1/(F")* @ F" — M,,.

Proof. Equipped with the Weil-Petersson metric, the tangent bundle T'M,,, of the Calabi-

Yau moduli M,, is isomorphic to
(Fn)* ® Fn—l/Fn ~ (Fn)* ® Fn—l/(Fn)* ® Fn’

which is a quotient of subbundles of the variation of polarized Hodge structure End(H") —
M,,,. Here the Hodge bundles F*’s are all equipped with their natural Hodge metrics. So,
by Theorem 4.1.2, the Chern forms of TM,, define currents over the compactification M,,
of M,,,. Moreover, the first Chern form of the tangent bundle T'M,,, with the Weil-Petersson

metric represent the first Chern class of the canonical extension

P S

As a corollary, we have the following result on the Chern numbers,

Corollary 4.3.2. Let f be an invariant polynomial on Hom(T M.,,,TM,,) and Ry p repre-
sent the curvature form of the Weil-Petersson metric on the Calabi- Yau moduli M,,. Then

we have

/ tr(f(Rwp)) < oo (A7)

Proof. The proof follows directly from Theorem 4.3.1. m

As pointed out in the introduction, it follows from Theorem 4.1.2 easily that the first Chern

form of all of the Hodge bundles with Hodge metrics also represent the Chern classes of
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their canonical extensions. Finally note that the Kahler form of the Weil-Petersson metric

is equal to the first Chern form of the Hodge bundle F™ with its Hodge metric,

wwp = c1(F")m,

so we easily deduce that the Weil-Petersson volume is finite and is a rational number, as

proved in [Lu-Sun06] and [Todorov89] by computations.
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