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CLOSED GEODESICS IN ALEXANDROV SPACES OF CURVATURE
BOUNDED FROM ABOVE

LONGZHI LIN

ABSTRACT. In this paper, we show a local energy convexity of W2 maps into CAT(K)
spaces. This energy convexity allows us to extend Colding and Minicozzi’s width-sweepout
construction to produce closed geodesics in any closed Alexandrov space of curvature bounded
from above, which also provides a generalized version of the Birkhoff-Lyusternik theorem
on the existence of non-trivial closed geodesics in the Alexandrov setting.

0. INTRODUCTION

Closed geodesics have been investigated mainly in the case of closed (i.e., compact and
without boundary) Riemannian manifolds, while various results were obtained for Finsler
manifolds and in the more general case of metric spaces with certain special properties
(known as Busemann G-spaces, see [Bul). These studies were initiated by Hadamard [Hadl],
Poincaré [Po] and Birkhoff [BI]. The method of finding non-trivial closed geodesics on
simply-connected manifolds by curve shortening map and sweepouts goes back to Birkhoff
in 1917: one pulls each curve in a sweepout (see Definition on the manifold as tight
as possible, in a continuous way and preserving the sweepout. See [B1],[B2], [Cx] and [CC]
(page 533) for more about Birkhoff’s ideas.

In this paper, we show the following local energy convexity of W12 maps into a CAT(K)
space (also known as an R domain, see [BBI| or subsection [1.1| below).

Theorem 0.1. Let ¥ be a compact Riemannian domain and (X, d) be an Alexandrov space of
curvature bounded from above by K. In an Ry domain of x € X, there exists p = p(z, K) >
0 such that for u,v € WH(3, X) with images staying in B,(z) C R, the following holds:

1
0.2) 1/ Vd (u,0)|? < E" + BY — 2E".
by
utv

Here B,(x) is the geodesic ball centered at x with radius p, w =

1s the maid-point map
and E is the 2-energy of maps into metric spaces (see subsectz'on.

We shall remark that Theorem provides a stronger (quantitative) version of a result
of Burago, Burago and Ivanov [BBI, Proposition 9.1.17]. Theorem allows us to use
Colding and Minicozzi’s width-sweepout construction of closed geodesics to produce closed
geodesics in another class of general metric spaces, namely, the (closed) Alexandrov spaces
of curvature bounded from above. Our main result is the following useful property of good
sweepouts in any closed Alexandrov space of curvature bounded from above: each curve in
the tightened sweepout whose length is close to the length of the longest curve in the sweepout
must itself be close to a closed geodesic; see Theorem [3.14] below and cf. [CMI]-[CM3], [LW],

proposition 3.1 of [CD], proposition 3.1 of [Pi], and 12.5 of [Al]. Moreover, as an immediate
1
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corollary of the existence of good sweepouts we present in section [3, we obtain a generalized
Birkhoff-Lyusternik theorem on the existence of non-trivial closed geodesics, cf. [LyS], [Ly].

Theorem 0.3. (Generalized Birkhoff-Lyusternik theorem) Let (X, d) be a closed Alexandrov
space of curvature bounded from above by K. Suppose that the ko-th homology group Hy,(X)
is nonzero for some ko > 1, then (X, d) admits at least one non-trivial closed geodesic.

In [CMI1], Colding and Minicozzi introduced the geometric invariant of closed Riemannian
manifolds that they call the width. They succeeded in using the local linear replacement
as Birkhoff’s curve shortening map to construct good sweepouts that produce at least one
closed geodesic, which realizes the width as its energy. In particular, there exist closed
geodesics on any closed Riemannian manifold. The argument only produces non-trivial
closed geodesics when the width is positive (see footnote . Their local linear replacement
process is a discrete gradient flow (for the length functional of curves), and it depends solely
on a local energy convexity for W12 maps into closed Riemannian manifolds (see Lemma
4.2 of [CMI1]), which controls the distance of curves in the tightened sweepout from closed
geodesics explicitly. (See [CM2] for 2-width of manifolds and sweepouts by 2-spheres instead
of circles to produce minimal surfaces on manifolds.)

Recall that any compact smooth Riemannian manifold is an Alexandrov space of curvature
bounded from above by some K (see Theorem. As mentioned, the local energy convexity
is crucial in the width-sweepout construction of closed geodesics. Therefore it is reasonable
that if we can find a similar energy convexity for maps into CAT(K) spaces, we can extend
Colding and Minicozzi’s width-sweepout construction to produce closed geodesics in any
closed Alexandrov space of curvature bounded from above by K, which is locally a CAT(K)
space. In theorem 2.2 of [KS] (see equation (2.2iv) of [KS]), Korevaar and Schoen provided
an energy convexity of W12 maps from a compact Riemannian domain into an NPC space
(when K = 0) for which the model spacdl]is R2. Since the model space for the case of K >0
is the standard Euclidean 2-hemisphere Sy, which is locally R?, it is perhaps not surprising
that a similar energy convexity should also hold locally. In fact, using the K-quadrilateral
cosine cosqxk that Berg and Nikolaev defined in [BN] we will be able to show that, with a
small image assumption, the same (up to a constant) energy convexity still holds for W12
maps into a CAT(K) space with K > 0. Namely, we have Theorem above (see section
for the proof).

We remark that in [Se] (unpublished) Serbinowski provides a local energy convexity for
maps into a CAT(K) space. His result is an analogue to and leads to the uniqueness
of the small-image solution to the Dirichlet problem from a Riemannian domain into an
Alexandrov space of curvature < K | yet we cannot use his version of convexity to control
the distance between curves directly and explicitly.

The paper is organized as follows. In section [If we collect some basic definitions and
properties of the Alexandrov spaces of curvature bounded from above and also the energy
of maps into metric spaces introduced by Korevaar and Schoen [KS|. In section [2| we will
prove the local energy convexity in CAT(K) spaces and we postpone the elementary proof
of the main Lemma [2.2] in Appendix [C| In section [3] we extend the delicate construction
of good sweepouts used by Colding and Minicozzi [CMI1] to our Alexandrov setting, while

1Also known as the K-plane, see footnote
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we show this sweepout construction satisfies the properties of the Birkhoff curve-shorting
process in Appendixes [A] and [B] Finally we give a proof of Theorem [0.3]in section 4]

Acknowledgement. The author would like to thank Professor William Minicozzi for his
continued guidance. The author would also like to thank the referee for the suggestion on
adding Theorem [0.3] to this paper.

1. PRELIMINARIES

1.1. Alexandrov space of curvature < K. In the 1950’s, Alexandrov introduced spaces
of curvature bounded from above in his papers [A1], [A2]. The terminology C'AT(K) spaces
was then coined by Gromov in 1987. The initials are in honor of Cartan, Alexandrov and
Toponogov. For the self-containedness of this paper, we will recall some basic definitions
here.

A metric d of the metric space (X, d) is called intrinsic if for every P,Q € X

d(P,Q) = inf { Length (£) },

where the inf is taken over all rectifiable curves £ joining the points P and @, and Length(L)
is the length of £ measured in the metric d.

A curve £ in a metric space (X, d) joining a pair of points A, B is called a shortest arc if
its length is equal to d (A, B) .

A metric space is said to be geodesically connected or a length space if each pair of points
in it can be joined by a shortest arc.

An Rk domain (also known as a CAT(K) space) of the metric space (X,d) is a metric
space with the following properties:

(i) Rk is a geodesically connected metric space.
(ii) If K > 0, then the perimeter of each triangle in Ry is less than 27 /v/K.
(iii) K-convexity: BEach triangle AABC C Rk and its comparison triangle AABC in
the K -plan have the CAT(K)-inequality: d (B, D) < dg_planc(B, D), where D is
the point in the arc AC such that d (A, D) = d_plane(4, D).

A metric space (X,d) is an Alexandrov space of curvature bounded from above by K if
each point of X is contained in some neighborhood that is an PRx domain.

To see the candidates for such Alexandrov spaces of curvature bounded from above and
relate the curvature in the sense of Alexandrov and the sectional curvature of a Riemannian
manifold, we have the following theorem due to Alexandrov and Cartan.

Theorem 1.1. ([Al], [Ca]) A smooth Riemannian manifold M is an Alezandrov space of
curvature bounded from above by K if and only if the sectional curvature of M is < K .

2The K-plane is the 2-dimensional model space of constant Gaussian curvature K, i.e., R? if K = 0, the
standard Euclidean 2-hemisphere Sk of radius 1/ VK if K > 0 and the hyperbolic plane of curvature K
if K < 0. The comparison triangle means AABC has the same length of corresponding side as AABC,
measuring in respective metric. See [BBI].
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1.2. Energy of maps into metric spaces. Let (X, g) be a n-dimensional compact Rie-
mannian domain, dy be the distance function on ¥ induced by g and (X, d ) be any complete
metric space. A Borel measurable map f: ¥ — X is said to be in L*(%, X) if

[ 2. Qi < o0

)

for some ) € X. By the triangle inequality, this definition is independent of the choice of Q.
For e > 0, let ¥, = {n € ¥ : ds(n,0%) > €}, Sc(n) = {£ € ¥ : ds(n,§) = €}, do,(§) be

the (n — 1)-dimensional surface measure on S¢(n) and w,, be the area form of the unit sphere.
For u € L*(3, X), construct an e-approximate energy function e, : ¥ — R by setting

for n € X,

1 / d*(u(n), u(§)) doy.(§)
(12) 66(’]7) = w?’l Se(n) 62 en—l
0 forne X — ..

Define a linear functional E, : C,.(X) — R on the set of continuous functions with compact
support in Y by setting

ﬂﬁﬁiéﬁﬂw

Definition 1.3. ([KS], 1.3ii) The map u € L*(%, X) is said to have finite energy or equiva-
lently u € W'2(X, X) if
(1.4) E" = sup limsup E(f) < oc.
0<f<1,fEC(E) €0+

The quantity E" is defined to be the energy of the map u. It is shown in [KS|] that if u
has finite energy, then in fact there exists a function e(n) € L}(X) so that e.(n)du,(n) —
e(n)dpgy(n) as measures. The function e(n) is called the energy density of u and we write it
as |[Vul? ( |v/|*> when n = 1) as an analogue of the Riemannian case. In particular

Energy(u) = E" = / |Vul?dy (= / |u/|?dy when n = 1).
> s

Remark 1.5. By definition, if u,v € WH(X, X) then the pointwise distance function
d(u,v) € WH(Z R) (see also theorem 1.12.2 of [KS]). For closed curves a, 3 € Wh2(S! X),
the fact that d (a, 8) € WH?(S* R) allows us the define the distance between o and 3 in
Wh2(S X) by setting

dist(a, B8) = |d (e, B)|wr2 .
Note that the Sobolev embedding C°(S', R) — W?(S!,R) implies two W'? curves that
are W2 close are also C° close (cf.(3.13)) .

2. LOCAL ENERGY CONVEXITY IN CAT(K) SPACES

This section is devoted to prove Theorem Equation (2.2iv) of [KS| already gave the
case of K = 0 (with any p > 0). Our idea then follows from [KS] to prove the case of
K > 0. We first provide a local distance convexity in the standard Euclidean 2-hemisphere

Sk and then apply Reshetnyak’s majorization theorem to get the local energy convexity
for W12 maps into a CAT(K) space with K > 0. In [BN], Berg and Nikolaev defined the
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so-called K-quadrilateral cosine cosqg in an Alexandrov space of curvature < K which has
the property that |cosqx| < 1. As we shall see in the following, this quantity is much related
to the local distance convexity in Sg.

Lemma 2.1. ([BN]) Consider a quadruple Q = {A, B,C, D} of order points (see Figure
[), A # B and C # D, in Sk R? if K = 0). Let k = VK and ds, be the dis-
tance function in Sk. Let ds, (A, B) = a, ds,.(C,D) = b, ds,.(A, D) = z, ds, (B,C) =
Y, ds,.(A,C) = h and ds,. (B, D) = i. Then the limit of the K-quadrilateral cosine equals
to the 0-quadrilateral cosine as K — 0, i.e.,

lim coqu(lTél, C@)
K—0

cos ka + cos ky cos kx cos kb + cos ka cos kb — cos ky cos kh — cos kx cos ki — cos kh cos ki

pum 1‘
K50 (1 + cos kb) sin kx sin ky
2 b2 - h2 Y
:COSQO(ﬂ, C?) _ et 27y .

Based on Lemmal[2.1] the following lemma follows directly from an elementary computation
(see Appendix |C| for the detailed computation) .

Lemma 2.2. For any © € Sk, there exists T = 7(K) > 0 such that if {A,D,C,B} C
B,(x) C Sk is an ordered sequence and E,| F are the mid-points of the shortest arcs AB and
CD respectively, we have the following distance convezity:

1

4
We will next recall Reshetnyak’s majorization theorem in 1968 for an Alexandrov space of
curvature bounded from above, which is a far reaching generalization of the K-convexity
that was established by Alexandrov.

Theorem 2.3. ([Re]) Let (X,d) be an Alexandrov space of curvature < K. In an Rk
domain of X, for every rectifiable closed curve L with length less than 2%/\/? if K >0,
there is a convexr domain V in the K-plane and a map ¢ : V — Rk such that p(0V) = L, the
lengths of the corresponding arcs coincide, and dg_piane(n, &) > d (@(n), ¢(§)), forn, & € V.

(dSK<A7 B) - dSK<C7 D)>2 < dgK<A7 D) + déK(B,C) - 2d§K<E7F)

Remark 2.4. In particular, for an ordered sequence of points {A, D, C, B} in an Alexandrov
space of curvature bounded from above by K > 0, let 0 < A\, < 1 be given. Define A, to
be the point which is the fraction A of the way from A to B (on the geodesic v4 ). Let D,
be the point which is the fraction v of the way from D to C (along the opposite geodesic
vYp,c). By Theorem , there exists an ordered sequence of points {A, D, C', B} C Sk which
are the consecutive vertices of a quadrilateral. We can construct the corresponding points
in SK : o . . . o .

A=01-MNA+XB, D,=(1—-v)D+vC.
Then by Theorem

d(A,B) =ds, (A, B), d(C,D)=ds,(C,D

d(A, D) = dg,( C

d(Ax,D,) <ds, (A\,D,) .
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We call {A, D,C, B} the subembedding of {A, D,C, B}.

Lemma 2.5. Let (X,d) be an Alezandrov space of curvature < K. In an Rk domain of
x € X, there exists p = p(x, K) >0 such that if {A,D,C,B} C B,(x) C Rk is an ordered
sequence and E, F are the mid-points of the shortest arcs AB and C'D respectively, we have

i (d(A,B) —d(C,D))* < d*(A,D)+d*B,C) —2d*(E, F).
Proof. Equation (2.2iii) of [KS] gives the case of K = 0 (with any p > 0). For K > 0,
let o = min{d(z,y)|y € 0MRk} and p = min{7/4, o} where 7 is from Lemma Let
{A,D,C,B} C Sk be a subembedding of {4, D,C, B}. We see first of all that A, D,C and
B have to be in a geodesic ball of radius at most 4p < 7 in Sk and thus satisfy the condition
of Theorem . Then by Theorem and Remark , letting A =v = 2, we obtain

(2.6)

(A, B) ~ d(C, D)) = (ds,.(4,B) ~ ds,,(C. D))"
< &, (A, D)+d3, (B.C) - 243, (A,,Dy)
(2.7) < d*(A, D)+ d*(B,C) - 2d*(Ay, D1)
completing the proof. O

Remark 2.8. For general A\, v € [0, 1], a similar distance convexity still holds with coeffi-
cients in terms of A and v.

Proof. (of Theorem [0.1) For u,v € WH*(3, X) with images staying in B,(z), set {A =
u(€),B=v(¢),C =v(n),D =u(n)} as in Lemma 2.5, we have:
1

(2.9) 7(d (u(n), v(n)) = d (u(€), v(9))* < d*(w(&), u(n) + & (v(€), v(n)) — 2d°(w(&), w(n)),

where w(&) = “32(¢) is the mid-point of the geodesic connecting (&) and v(§).

Multiplying by f(n) (where 0 < f < 1 and f € C.(X)), averaging on the subset
{In—¢&| < e} of ¥ x ¥ and integrating over ¥ (as in 1.3 of [KS| and see (1.2)), then first
of all we conclude that w € W?(X, X). By theorem 1.6.2 and theorem 1.12.2 of [KS|] we
obtain that for any f € C.(X),0 < f < 1:

1 [rwa@or < [ nvap s [ 9o -2 [ fval

Hence by definition ([1.4]), we have an analogue to (2.2iv) of [KS]:
(2.10) Z/ Vd(u,0)? < B + B — 2"
>

O

Remark 2.11. An immediate corollary of (2.10]) is the uniqueness of the solution to the
Dirichlet problem into a CAT(K) (with K > 0) space with small image assumption, see [Se]
and cf. theorem 2.2 of [KS].
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Corollary 2.12. ([Se]) Let (X,g) be a Lipschitz Riemannian domain and (X,d) be an
Alexandrov space of curvature bounded from above by K > 0. Fix a point ) € X, Let
¢ € WS, X) with ¢(X) C B,(Q) where p = p(Q, K) is given by Theorem[0.1 Define

W, ={ueW"(S,X) | u(E)CB,(Q) and tr(u)=tr(¢)}.

Then there exists a unique u € W(;’z which satisfies

E" = / |Vul?dy = Ey = inf E.
%

1,2
v€W¢

3. EXISTENCE OF GOOD SWEEPOUTS BY CURVES

Throughout the rest of this paper, we will let (X,d) be a closed Alexandrov space of
curvature bounded from above by some K. Using the compactness of X, we let

(3.1) p=inf {p(z,K)} >0,

where p(z, K) is as in Theorem Fix a large positive integer L and let A denote the space
of piecewise linear maps (constant speed geodesics) from S* to X with exactly L? breaks
(possibly with unnecessary breaks) such that the length of each geodesic segment is at most
p defined by (3.1), parametrized by a (constant) multiple of arclength and with Lipschitz
boundﬁ L. Let G C A denote the set of (possibly self-intersecting) closed geodesics in X of
length at most pL?. (The constant speed of a curve in A is equal to its length divided by
27; and its energy is equal to its length squared divided by 27. In other words, energy and

length are essentially equivalent, see (3.5) and (3.13))) .

3.1. The width. In [CMI], Colding and Minicozzi introduced two crucial geometric con-
cepts: sweepout and width. We will recall and extend these definitions to a closed Alexandrov
space of curvature bounded from above.

Definition 3.2. A continuous map o : S* x [-1,1] — X is called a sweepout in X, if for
each s the map (-, s) is in WH2(S*, X), the map s — o(+, s) is continuous (in the induced
metric as in Remark from [—1,1] to W'?(S', X), and finally ¢ maps S' x {—1} and
S! x {1} to points.

Let Q2 be the set of sweepouts in X. Given a map ¢ € €2, the homotopy class 25 is defined
to be the set of maps o € ) that are homotopic to ¢ through maps in €.

Definition 3.3. The width W = W (&) associated to the homotopy class €5 is defined by
taking the infimum of the maximum of the energy of each slice. That is, set

(3.4) W = inf max Energy(o(-,s)),

o€l se€[—1,1]

3Note that a W12 curve is also a C1/2 curve but not necessarily Lipschitz continuous, here the Lipschitz
bound denotes the bound of the speed and is equivalent to the square of the C'/2 bound of the curve. See
(13.13)).
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where the energy is the energy of maps into metric spaces given in subsection [1.2 namely,

(3.5) ) 2
/Slf(d (0(n—€s).0n,s)) +d (0(77,8),0(77+6,S))) .

2¢2

Energy(o(-,s)) = sup limsup
FEC.(SY) em0*
0<f<1
We write Energy(o(-, s)) = E(o(-,s)) = [q |0'(x, s)|*dz. We shall see that a sweepout in
X induces a map from sphere S? to X and the width is always non-negative and is positive
if & is in a non-trivial homotopy clas{.

Remark 3.6. The e-approximate length function of o converges to a L' function, which
coincides with the speed function of o, as € — 07, namely (see lemma 1.9.3 of [KS]),

iy Ao —¢),0(n) +d(a(n),o(n +¢€))

— |5 1
e—0+ ¢ = lo'|(n) aenesS.

Throughout the rest of this paper we will use |o’| to denote the speed function of a curve o
in X.

3.2. Curve shortening W. The curve shortening is a map ¥ : A — A so that (see also
section 2 of [Cr])

(1) W(~) is homotopic to v and Length(¥(v)) < Length(vy).

(2) ¥(y) depends continuously on 7.

(3) There is a continuous function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 so that

(3.7) dist?(v, ¥ (7)) < ¢ (Length2('y) — gengthQ(\IJ('y)))
Length?(¥ (7))
(4) Given ¢ > 0, there exists 6 > 0 so that if v € A with dist(y,G) > ¢, then
Length (W(7)) < Length () — .
We will use local linear replacement to define the curve shortening map W which is identical
to [CMI]: fix a partition of S* by choosing 2L? consecutive evenly spaced pointsﬂ

1 ™ p
(38) Lo, T1,T2,...,Tar2 = To € S s so that ]x] — xj-i-l‘ = ﬁ S ﬁ .

U(7) is given in the following three steps:

Step 1: Replace v on each even interval, i.e., [x9;, T2j10], by the linear map with the same

endpoints to get a piecewise linear curve v, : S — X. Namely, for each j, we let ~, (2, 225 10]
Jra]

be the unique shortest (constant speed) geodesic from y(xg;) to y(22j42).
Step 2: Replace 7, on each odd interval by the linear map with the same endpoints to get
the piecewise linear curve 7, : S! — X.

Step 3: Reparametrize v, (fixing v,(zo)) to get the desired constant speed curve ¥(y) : S —
X.

It is easy to see that ¥ maps A to A and has property (1); cf. section 2 of [Cr]. The proof
of properties (2), (3) and (4) for ¥ is virtually the same as [CM1]. We shall remark that there

1A particularly interesting example is when X is a topological 2-sphere with 71 (X) = {0} and the map
induced by a sweepout from S? to X has degree one. In this case, the width is positive and realized by a
non-trivial closed geodesic with index 1, see footnote 2 of [CMI].

®Note that this is not necessarily where the piecewise linear maps have breaks.
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is a difficulty in the proofs of these properties: the second fundamental form (smoothness) of
the manifold is used in the Riemannian case in [CMI1], while we don’t have the smoothness in
an Alexandrov space of curvature bounded above. But note that the local energy convexity
in Theorem [0.1| requires only that the two curves both stay in a small region, while the key
lemma 4.2 in [CMI] requires that the two curves have the same endpoints. This fact allows
us to get around this difficulty (see ((A.7))). For the completeness of this paper, we include
the proofs of properties (3) and (4) in Appendix |A|land the proof of property (2) in Appendix
Bl Throughout the rest of this section, we will assume these properties of ¥ and use them
to prove the main theorem.

Combining properties (3) and (4) of ¥, we have the following key lemma, which is crucial
in producing the desired sequence of good sweepouts.

Lemma 3.9. Giwven W > 0 and € > 0, there exists 6 > 0 so that if v € A and
(3.10) 2 (W —6) < Length® (U(v)) < Length? (v) < 2m (W +0),
then dist(V(7), G) < e.

Proof. It W < €%/6, then & = €/6 gives Length (¥(vy)) < 2e. This tells us the bound on
distance of ¥(y) to a point curve (e.g., its mid-point) which is a trivial closed geodesic in G.
Assume next that W > ¢2/6. The triangle inequality gives

(3.11) dist(U(7), G) < dist(¥(y),7) + dist(y,G) .

Since ¥ does not decrease the length of v by much by the assumption, property (4) of ¥
bounds dist(vy, G) by €/2 as long as 0 is sufficiently small. Similarly, property (3) of ¥ allows
us to bound dist(W(7), ) by €/2 as long as § is sufficiently small. O

3.3. Defining the good sweepouts. Choose a sequence of maps 67 € Qs with
, 1
(3.12) max _ Energy (67(-,s)) < W + =.
J

s€[—1,1]

Observe that and the Cauchy-Schwarz inequality imply a uniform bound for the
length and uniform C'/2? continuity for the slices, that are both independent of j and s.
They follow immediately from the following: for any small § > 0, [z,y] C [0,27] we pick
feC.(0,2r]),0 < f <1, with f =1 on (z,y) and supp (f) C [x — 0,y + 0] C [0, 2], then

(3.13)
(67 (2,5),67(y,5)) < Length? (67(, 9)|iey)
(/y+5 s d(67(n—€,5),0(n,s)) +d(67(n,s),67(n+¢€5)) dn)

-5 2¢

= lim limsup
=0t o+

[ (P20 P ),

<|y — x| lim li
<ly (13‘61111 im sup 5e3

=0t o+ -6
= |y — x| Energy (c}j(-, s)|[$,y]) < |ly—z|(W+1).

In order to get started and be able to use the properties of ¥, we would like all the initial
curves to be in A. We will replace the 7’s by sweepouts ¢/ that, in addition to satisfying
(3.12)), also satisfy that the slices o/(+,s) are in A. We will do this by using local linear
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replacement similar to the construction of U. Namely, the uniform C'/? bound for the slices
allows us to fix a partition of points yo,...,yn = yo in S! so that each interval [y;, y;1]
is always mapped to a geodesic ball in X of radius at most p. Next, for each s and each
j, we replace 67 (-, s) by the linear map (geodesic) with the same endpoints and call

My yiga] . ,
the resulting map 67(-, s). Reparametrize 67(-, s) to have constant speed to get ¢’(-,s). It

is easy to see that each o7(-,s) satisfies (3.12). Furthermore, the length bound for o7(,s)
also gives a uniform Lipschitz (speed) bound for the linear maps; let L be this bound and
N < L2

We can see from the proof of property (2) for ¥ in Appendix |B| that ¢/ is continuous in
the transversal direction (i.e. with respect to s) and homotopic to & in , cf. [Bl], [B2],
section 2 of |Cr] and appendix B of [CMI].

Finally, applying the replacement map ¥ to each o/ (-, s) gives a new sequence of sweepouts
7 = U(c7). (¥ depends continuously on s and preserves the homotopy class Qs; it is clear
that W fixes the constant maps at s = +1.)

3.4. Almost maximal implies almost critical. We will show that the sequence 7/ =
U(a7) of sweepouts is tight in the sense of the Introduction. Namely, we have the following
main theorem.

Theorem 3.14. Given W > 0 and € > 0, there exists § > 0 so that if j > 1/ and for some
S0

(3.15) 21 Energy (7 (-, s0)) = Length® (Y (-, 50)) > 21 (W —6),
then for this j we have dist (77 (-, s9), G) < €.

Proof. Let ¢ be given by Lemma[3.9] By (3.15)), (3.12)), and using that j > 1/4, we get
(3.16) 21 (W — 6) < Length? (77(-, 50)) < Length? (67 (-, s50)) < 27 (W +6) .
Thus, since 77 (-, 89) = V(07 (-, s0)), Lemma 3.9 gives dist(77(-, s9), G) < e. O

4. GENERALIZED BIRKHOFF-LYUSTERNIK THEOREM

4.1. Parameter spaces. Instead of using the interval [—1,1], as parameter space for the
circles in the definition of sweepout (see Definition and assuming that the curves start
and end in point curves, one could have use any compact set P and require that the curves
are constant on 9P (or that 9P = )). Then we let Q7 be the set of continuous maps
o : S'x P — X so that for each s € P the curve o(-,s) is in WH*(S! X), the map
s — o(+,s) is continuous from P to W?(S!, X) and finally ¢ maps 0P to point curves.
Given a map 6 € Q7 the homotopy class QF C Q7 is defined to be the set of maps o € QF
that are homotopic to & through maps in Q7. Finally the width W = W (5) is

(4.1) W = inf max Energy(o(-,s)).

geQ?; SEP

Theorem holds for these general parameter spaces and the proof is virtually the same.
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4.2. Generalized Birkhoff-Lyusternik theorem. The following is devoted to the proof
of Theorem [0.3]

Proof. We will divide our proof into two cases. In the case of the fundamental group m(X) #
0, we can choose a non-contractible closed curve oy : S' — X. Then by the definition of
width (see Definition we see that W > 0. It follows immediately from Theorem [3.14]
that there exists at lease one non-trivial closed geodesic in X if we apply the width-sweepout
construction procedure as in section [3

In the case of m(X) = 0, i.e., X is simply-connected (or 1-connected), then it’s well
known that Hy(X) = m(X)/[m(X), m(X)] (see e.g. [Hatl, Theorem 2A.1], page 166) and
thus H;(X) = 0. Then by the assumption of the theorem, there exists the first nonzero
k1-th homology group Hy, (X) # 0 for some integer k; with 2 < k; < ky. Therefore by the
Hurewicz theorem which states that the first nonzero homotopy and homology groups of
a simply-connected space occur in the same dimension and are isomorphic (see e.g. [Hatl,
Theorem 4.32], page 366), we have

Thus there is a non-contractible map
wo - Sk1 — X

from the k;-sphere S¥1 to X for k; > 2. Note that S*! is equivalent to S' x B¥~!/ ~ where
~ is the equivalence relation (0y,y) ~ (6a,7) where 61,60, € S! and y € 9B* 1. Here B*~!
is the closed unit ball in R*~'. We use this decomposition of S¥ to define the width of X.

Take P = B*1~! as the parameter space as in subsection and define the width W as in
. We see directly from the fact that wy is non-contractible that W > 0. Again, it follows
immediately from Theorem that there exists at lease one non-trivial closed geodesic in
X if we apply the width-sweepout construction procedure as in section [3| 0J

APPENDIX A. ESTABLISHING PROPERTIES (3) AND (4) OF W

To prove property (3) of ¥, we will use the following equivalent way to construct W(vy) :

(A;) Follow Step 1 to get .

(B1) Reparametrize 7. (fixing the image of xq) to get the constant speed curve 4.. This
reparametrization moves the points z; to new points Z; (i.e., ve(z;) = 7.(Z;)).

(Az) Do linear replacement on the odd #; intervals to get 7.

(B2) Reparametrize 7, (fixing the image of xy) to get the constant speed curve W(v).

One sees easily that this gives the same curve since 7, is just a reparametrization of v,. We
also see that each of the four steps is energy non—increasindﬂ. Thus property (3) follows from
the triangle inequality once we bound dist(7,v.) and dist(7.,7.) in terms of the decrease in
length (as well as the analogs for steps (As) and (Bs3)).

The bound on dist(7,7.) follows directly from the next corollary of Theorem .

6This is obvious for the linear replacements, since linear maps minimize energy. It follows from lb for
the reparametrizations, since for a curve o : 8 — X we have Length?(¢) < 27 Energy(c), with equality if
and only if its speed is a constant = Length(c)/(27) almost everywhere.
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Corollary A.1. There exists C' so that if I is an interval of length at most p/L, o1 : I — X
18 a curve with Lipschitz bound L, and oo : [ — X s the minimizing geodesic with the same
endpoints, then

d’iStZ(Ul,Ug) S C(Eal — Egz) .

Proof. Let ¥ = I C S! and note that w = &202 has the same end points as o7 and o5. Since
d (o1, 00) € Wy (I,R) (see theorem 1.12.2 of [KS]) and from Theorem , the Poincaré
inequality and ([2.10]) imply

diStZ(O'l,O'Q) S C([)/‘Vd((?’l,(fg)’Qd/L S C(Eol —EUQ) ,
1

where we used the minimality of o5 . O

Applying Corollary on each of L? intervals in step (A1), we get that
C
(A.2) dist®(y,7.) < C(E" — E™) < o (Length?(y) — Length*(¥(v))) .
T

This gives the desired bound on dist(7,7.) since Length(¥ (7)) < pL2.

To bound dist (e, 7. ), we will use that . is just the composition 4.0 P, where P : S! — S!
is a monotone piecewise linear malﬂ and let L be its Lipschitz bound as well. Using that
the (piecewise constant) speed of 7. is |V.| = |(F. o P)'| = |7, o P| - |P'| < L* (Note:
|7, o P|(x) denotes the speed of 4, at point P(z)) and the (constant) speed of 7, = |7.| =
Length(7.)/(27) < L (away from the breaks), and also that the integral of P’ is 27, we have

/ 2 2
47
/sl ( ) sl( ) g g1 \ |7, o P| " Length®(3.) Jg el "

Energy(y.) — Energy(%e) Energy(y) — Energy(¥(v))
A.3 =27 - <27 )
(A-3) Energy(7.) Energy (¥ (7))

Now divide S! into two sets, S; and S,, where S is the set of points within distance
(7 [q |P'—1]*)*/? of a break point for J.. Since P(zq) = o, we have |P(z)—z| < (1 [q |P'—
1/?)¥/2. Since . and 7, agree at xy = 2572, the Wirtinger inequalit bounds dist?(¥,,.) in
terms of

a4 [ viGerars [

~ ~ 2 - ~
(G PYI+ 1) +/ Vd (50 P4

Sa

where we used that the fact in the proof of Lemma (see last part of Appendix

implies

(A5) | wdGeo PR < [ (G P+ IR

S1

"The map P is Lipschitz, but the inverse map P~ may not be if 7, is constant on an interval.
8The Wirtinger inequality is just the usual Poincaré inequality which bounds the L? norm in terms of the
L? norm of the derivative; i.e., fo% f2dt <4 f027r(f’)2dt provided f(0) = f(27) = 0.
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We will bound both terms on the right hand side of (A.4) in terms of [, [P" — 1> and
then appeal to (A.3)). To bound the first term, we have

1/2
(A.6) / (|(%op)’|+w;y)2 < (L* + L)*Length(S;) <8 L° (7? |P’—1\2) .
S1 St

We see that if (1 [, [P —1[)Y? > 2 = m_—;’””, we are done since in this case Sy = 0.

On the other hand, suppose (7 [g [P — 1|*)/? < %5 note that if z € S, then F.(z)
and 7, o P(x) stay within the p-neighborhood between two break points (although 4. and
Fe o P might not have the same endpoints) and |3, o P| = |7.| < L in this neighborhood.
Thus, we can bound the second term by applying Theorem [0.1] Namely, by summing up the

integral over each piece of S5, we have

1 - -
1| vaGer AP
Sa

) ~ ’:)//e (@] P + ;)//e
< Energy ((3e o P)ls,) + Energy (7ls,) — 2Energy ((—> ‘52)

2
> o P\P' ~11\ 2
— [1GenPPe [ me-z ('W ) |+|%|)
SQ 52 52 2
~! DI &2])2 2
2 - 2 ’
So S1

completing the proof of property (3).

To prove property (4) of W, suppose it is not true, namely, there exist ¢ > 0 and a sequence
v; € A with Energy(W(v;)) > Energy(y;) —1/j and dist(;, G) > € > 0; note that the second
condition implies a positive lower bound for Energy(y;). Observe next that the space A is
compactﬂ and, thus, a subsequence of the v;’s must converge to some v € A. Since property
(3) implies that dist(y;, ¥(;)) — 0, the ¥(~;)’s also converge to v. The continuity of ¥, i.e.,
property (2) of U, then implies that W(y) = 4. However, this implies that v € G since the
only fixed points of ¥ are (possibly self-intersected) closed geodesics. This last fact follows
immediately from Corollary and . However, this would contradict that the v;’s
remain a fixed distance from any such closed geodesic, completing the proof of (4).

APPENDIX B. THE CONTINUITY OF ¥

Lemma B.1. Let v : S' — (X,d) be a W% map with Energy(y) < pL. If v. and 7. are
given by applying (A1) and (By) to vy, then the map v — 7. is continuous from W12 to A
equipped with the W% norm as in Remark[1.5,

Proof. 1t follows from (3.13) and the energy bound that d (y(z2;), v(22j42)) < p for each j,
and thus we can apply step (A;). Now suppose that ! and 7? are non-constant curves in
A (continuity at the constant maps is obvious). For i = 1,2 and j = 0,1,2,..., L*> — 1, let

i i i i L2-1 5 ~i i
ay = d (V' (w25), 7 (T9542)). Let S* = %ij() aj be the speed of 7;, so that [(7;)'| = S
except at the L? break points. Since, by Remark [L.5] W2 close curves are also C° close, it

9Compactness of A follows since o € A depends continuously on the images of the L? break points in the
compact metric space X.
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follows that the points 7.(22;) = v(x2;) (identity map) are continuous with respect to the
W12 norm. Thus the a“s are continuous functions of 4%, and so is each S*. Moreover, the
local energy convexity in Theorem n 0.1 implies that the 7¢’s are indeed W2 close on each
interval [xq;, T2j10] if the 4*’s are (since 7e|[x23 v2343] ’s also stay within a p-neighborhood and
the right-hand side of the energy convexity for them is just a continuous function of S%s).
Thus, we have shown v — 7, is continuous.

To show 7. — 7, is also continuous, it suffices to show that the 5%’s are close when the
7%’s are. Since the point xy = w972 is fixed under the reparametrization, this will follow
from applying Wirtinger’s inequality to d(3},52) — d (3 (x0), ¥2(z0)) once we show that
Jo1 IVA (3L, 32)]? can be made small.

The piecewise linear curve 7 is linear on the intervals

(B.2) Ii = [Sl S Za;] .

€<j <j
Set I; =1 jl NI ]2 . Observe first that since the intervals I JZ in 1) depend continuously on

¢, the measure of the complement S!\ [Ufialf j] can be made small, so that

(B.3) / V(L) < / (1G] + 1G2Y)? < 4 L2 Length (S'\ [U13))
ST\ [UI;] ST\ [UIj]

can also be made small. We will divide the I;’s into two groups, depending on the size of ajl.
Fix some € > 0 and suppose first that ] < ¢; by continuity, we can assume that a7 < 2e.
For such 7, we get

B4 [ vaEial<e [ af e [ 1@ P2 e <ser.

I;
Since there are at most L? breaks, summing over these intervals contributes at most 6e L3.
On the other hand, suppose now &} > €; by continuity we can assume that a? >¢/2. In
this case, 7. can be written on I; as the composition 7} o P! where |(P!)'| = 27 S'/(L%d}).
Furthermore, P-1 and P-2 both map I; into [xa;, T9;4+2| and arguing as 1) we have

i/IJWd Gl /!W LoPf 2o PP < ;/(I(vi)’\-l(le)’\—I(vf)’\-l(Pf)’\)Q-

This can be made small since the speed |(P!)’| is continuous in 7" and the (piecewise constant)
speeds |(7!)'|’s are close when ~’s are. Therefore, the integral over these intervals can also
be made small since there are at most L? of them. U

APPENDIX C. PROOF OF LEMMA [2.2]

If (X,d) has curvature bounded from above by K > 0 in the sense of Alexandrov, then
(X, ‘ﬁd) has curvature bounded from above by €, so that the local distance convexity in

Lemma 2.2 is homogenous w.r.t. K. Hence, it suffices to assume the metric space has
curvature bounded from above by € which is sufficiently small.
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1/2 a

: —7 [ —=

D
C 1/2 b w 1/2b

AE=BE=1/2 a, CF=DF=1/2 b, AD=x, BC=y,EF=g, ED=c, AF=d, BF=e, EC=f

FIGURE 1.

Suppose now K > 0 is sufficiently small. Let ds,. (A, B) = a, ds, (C,D) = b, ds, (A, D) =
x,ds, (B,C) = y,ds,.(E,F) = g,ds, (E,D) = ¢, ds, . (A, F) = d, ds,.(B,F) = e and
ds,(E,C) = f (see Figure[l]). In the rest of this section we aim to prove the following that
gives Lemma : for a,b,z,y small enough (i.e., under small region assumption), we have
the following inequality:

1
(C.1) Z(a—b)2 <zt +yt—2¢°.

Based on Lemma we first provide three key observations.
Lemma C.2. For x,y sufficiently small and some o, 8 € R, we have:
W (2? +y* = 2¢°) = Sa® + Ty’ + U+ V — Rg* + O(2°¢%) + O(y*¢*) + O(g" + 2™ + y*),

where

(1) W = E(2 4 cos ka + cos ’;b) (P+d?+ e+ f2— 1(a® +b?) — 2axg — 2Byg)
+ 2k2(cos Ea + costb) — %(cos kc+ cos kd + cos ke + coskf),

B2+ coska +cos kb) (2 + & + e + 2 — L(a® + b?) — 2axg — 2Byg)
2k?

(2) R = 2
+ 6k*(cos 5 a—l—coskb) (cos kc + cos kd + cos ke + coskf),

(3) S = (2+cos a-+cos £b)(e? + f2 —2Byg) + k*(cos Ea + cos %b)—l—%(coskc—i—coskd—
cosk:e—coskf)

(4) T :k%(Q - c;;)%a +cos 5b) (e + d? — 20w g) + k?(cos Ea+cos £b) — & (cos ke +cos kd —
cos ke — coskf),

(5) U =Fk*(2+cosba+coskb) (P4 &+ e* + f2 — 1(a® + b%) — 2axg — 2Byg) ,

(6) V =8(cosEa+1)(cosEb+1) — 4(coskc + 1)(cos kd + 1) — 4(cos ke + 1)(cosk f + 1)
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Proof. Apply Lemmal2.1{to {A, E, F, D}, we can choose K sufficiently small to be determined
later so that for some o (with k& = V'K, |a| sufficiently small)

(C.3)
a+ (ia2 + }lbz — & —d*)/(2xg) = coqu(ﬁ, ﬁ) = coqu(EZl, ﬁ)
(C.4)

coS ga + cos kg cos kx cos %b + cos ga cos gb — cos kg cos kd — cos kx cos kc — cos kccos kd

(14 cos £b) sin kx sin kg

(C.5)

coS gb—i—cos kg cos kx cos %a + cos X k

5(1 COS 5

(14 cos £a) sin kz sin kg

b — cos kx cos kd — cos kg cos kc — cos kc cos kd

By Taylor series expansions for sine and cosine (in z and ¢) and using (C.3)-(C.4)), we have

i(cﬁ +12) — & — &+ 2awg| (1+ cos gb)(lm _ %(k‘x)?’ +0@) (kg — %(kg)?’ +0(g%))

=2zg](cos ga)(l + cos gb) + (cos gb)(l - %(k;x)Q + i(kx)‘l +0(z%)(1 - %(l{:g)2 +
1

+0(¢%)) — (coskd)(1 — %(kg)Q + !

+0(z°%)) — cos kccos kd] .

1
24
(k)"

(kg)*

i(kg)4 4+ 0(g°%)) — (cos ke)(1 — %(kx)2 +

Combining the terms in 2% and ¢? yields
K kovia o 1oo 0o 2 2 kol oo
E(l —|—COS§b)(C +d° — Z(CL +b%) — 2axg) — k* coskd + k cosgb g

4 1
S {%(1 + cos gb)(CQ +d? — Z(a2 + b%) — 2axg) — k? cos ke + k? cos gb} z?

k 1 k k
+k*(1 + cos §b)(02 +d* — Z(CLZ +b%) — 2axg) + 2(1 + cos 5@)(1 + cos §b)

—2(1 + cos ke)(1 + cos kd) + O(z*g*) + O(z* + ¢*).
Similarly, using ((C.3))-(C.5)), we have

4 1
{%(1 + cos ga)(c2 +d* — Z(QQ + b%) — 2axg) — k? cos ke + k? cos ga} g

o

4 1
=— {%(1 + cos ga)(c2 +d? — Z(a2 + b%) — 20xg) — k* cos kd + k? cos —a] z?

\)

k 1 k k
+k*(1 + cos 5@)(02 +d* — Z(CLQ + b%) — 2axg) + 2(1 + cos Ea)(l + cos §b)
—2(1 + coskc)(1 + cos kd) + O(2°¢*) + O(z* + g*) .
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Therefore,

k4 k k 1 k k

[5(2 +cos a + cos 5())(02 +d? — Z_L(az +b?) — 2axg) + k*(cos 50+ cos §b

— cos ke — cos kd)] g°
K k k 1 k k

——[2 (2 v v 2 2 (42 AN 9 2 v v
[6( +0052a—|—cos2b)(c +d 4(a +b°) — 2axg) + k (cosza+00526
k k 1
— cos ke — cos kd)]2® + k*(2 + cos 50+ cos 51))(02 +d? — Z(a2 + b%) — 20z9)
k k
+4(1 + cos 5@)(1 + cos 56) —4(1 + cos ke)(1 + cos kd) + O(z*g*) + O(z* + ¢*).

Similarly, in {B, F, F,C'} we have for some § (with |3| sufficiently small)

4

k k 1 k k
[E(Q + cos 24 + cos 5())(62 + 2 - Z—l(a2 +b*) — 2Byg) + k*(cos 50 + cos 51)

— coske — coskf)]g”

4

1
=— [%(2 + cos ga + cos gb)(e2 + f2 - Z(CLQ + b%) — 2Byg) + k*(cos ga + cos gb

1
—cos ke — cos k:f)}y2 + k*(2 + cos ga + cos gb)(e2 + 2 - L—l(a2 + b?) — 28yg)

k k
+4(1 4 cos 5@)(1 + cos §b) —4(1 4 coske)(1 + coskf) + O(y*g*) + O(y* + g*).

Adding up the above two equations then yields

k* k k 1
[E(Q + cos 50 + cos 56)(02 +d? e+ f2 - é(a2 +b%) — 20xg9 — 2By9)

k k
+k%(2 cos 5@ + 2 cos §b — cos ke — cos kd — cos ke — cos k:f)}g2

4

k k k 1 k k
=— [E@ + cos 50 + cos §b)(C2 +d? — Z(&Z + b?) — 2axg) + k*(cos 5@ + cos §b

— cos ke — cos kd) | 2”

4
1
— [%(2 + cos ga + cos gb)(e2 + f2 - Z(a2 + b%) — 2Byg) + k*(cos ga + cos gb

—cos ke — cos k:f)}yQ

k k 1
+k*(2 + cos 50 cos 51))(02 +d*+e*+ f2 - §(a2 + b%) — 20z — 2By9)

k k
+8(1 + cos 5@)(1 + cos §b) —4(1 + coske)(1 + cos kd) — 4(1 + cos ke)(1 + cosk f)

+0(2°¢°) + O(y¢*) + O(g* + z* + y*) .

The lemma follows immediately by rearranging the terms above and using the definitions of

W.R,S,T,U. O
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Remark C.6. For fixed a, as z,y — 0 (and thus ¢ — 0,b — a, and ¢, d,e, f — 1a), we
have%%land%—)l.

Lemma C.7. For a,b,x,y, k small enough, we have

k‘2
U—Rg* > 792 — 4k*(2|lalzg + 2|Blyg) -

Proof. Let | - | denote the Euclidean distance in R® and ZEF'D = 0 (see Figure [2). Then

1 k 1 2 k 1
no__ - . v no_ - . _Zan2( mo_
|FF'| = k(l COS2b), |FF”| k(l coskgq) 7. sin (29), |EF"| ksmkg,
and
1 k EY\ 1
|EF')? = |F'F")? + |EF")? = 5] (1 — cos §b — 2sin? (§g>) +1 sin®(kg).
Thus,

|CE|* + |DE> — (|CF)* + |DFJ?)
= (|CF'| + |EF'| cos0)? + (|EF’| sin )?
+(|CF'| — |EF'| cos0)* + (|EF'|sin0)* — 2|CF'|> — 2| FF'|?
(C.8) =2(|EF'] - |[FF']?)
2

B k (kN L, kO’
= (1 — cos §b— 2sin (§g>) + sin“(kg) — (1 — cos §b>
2. B kY ok 4k

=13 {sm (kg) — 4 (1 oS 2b) sin (29> + 4sin (29)}

k k
=2 (cos 56) 9>+ 0(g") > (COS §b) g%,

for b, g small, which also implies |EF'| > |FF'|.

Similarly, for n > 2,
(OB +|DEP" — (CF[* + | DFP)
= [(|CF'| + |EF|cos0)? + (|[EF|sin0)?]"
(C.9) + [(|CF/| — |EF'|cos0)* + (|EF'| sin@)ﬂn —9 [lC’F’|2 + |FF’H"
>2 [(|CF']? + |[EF' )" — (ICF'[? + |FF'|?)"] > 0.
Now, note that

_2 resin k[DE] f—g resin KICE]
¢=  arcs 5 , f = arcs 5 ,

and

1 2 . kE|CF)| 2 . k|DF|
—b = —arcsin [ ——— | = — arcsin .
2 k 2 k 2
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b2 & b2 . & .
¢] ////‘5555%% B D F
P F
1/k 1/k 1/k
o (@]
FIGURE 2.

and (C.8]), (C.9)) then imply: for z,y small enough (thus g is small enough),

1
2 2 _ Ly
c+f 5

=|CEP +|DE — (ICF|’ + |DFP’) + Y Cuk**=* (|CE[" + |DE|™ — (|CF[*" + |DF|™"))

n=2
k
—b) g°.
> <COS2 ) g

Similarly, d® + e* — 1a® > (cos 5a) ¢°.

Therefore,

1 k k
(C.10) C+d+et+ [P - 5((12 + %) > (cos 0+ cos §b) g°.
Recall the facts that as =,y — 0
(1) G+ d+ e+ 2= 3@ + ) — §(a®+07),
(2) coskc+ coskd + coske + coskf — 2(cosEa+ cos£b).

One observes that in a small geodesic ball B, (thus a, b, z,y are small enough), we have:

(1) cosfa+coskb > 2

(2) A+ d®+e*+ f2—1(a® +b%) —20m9 — 20yg < 3,

(3) coskc+ coskd + coske + coskf > 3 (cosEa+ cos£b) .
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Therefore, using (C.10|) and the definition of R, we obtain that for a,b, z,y small, k <1 :
U — Rg?

k k 1
= k2 (2 + cos §a + cos §b> <02 +d* 4 e+ f2— §(a2 +b%) — 20xg — 2ﬁyg> — Rg?

15k> k k k* k k k k
> L L 2 (K ® ud 2 s x® 2
Z—3 (2+cos2a+cos2b>g (4 (2+cos2a+6082b>+3k: (0032a+0052b))g

—k? <2 + cos ga + cos gb) (2axg + 2Pyg)

1 11 k k
> )2 (_3 8 (COS 20T §b)) g — 4k (2|alzg + 2(yg)

/{32
> 9> — 4k (2|alzg + 2|B|yg) -

Lemma C.11. V > 0 for a,b, x,y small enough.

Proof. By the triangle inequality, we know (e +b) <c+d < 3(a+b)+z+g,5(a+b) <
e+f < %(a—l—b)—l—y—I—g,c—kf >b,andd+e>a. Ifc> %b, f> %bandd > %a, e > %athen
one easily sees V' > 0. Now without loss of generality we suppose that there exists ¢ > o > 0
such that

1 1 1 1
c:§b—a, d:§a+§, e>§a—§, f>§b+a.

Assume now k = 1, then for a, b small:
1 1
V' =8(cos Ja+ 1)(cos éb +1) —4(cosc+1)(cosd+ 1) — 4(cose + 1)(cos f + 1)

1 1 1 1
=8 cos §b — 4(cosc+ cos f) + 8cos 54~ 4(cosd + cose) + 8(cos —a)(cos =b)

2 2
—4(cosc)(cosd) — 4(cose)(cos f)

1 1 1 1 1 1
>8 cos §b — 4(cos(§b —0)+ Cos(ib +0)) + 8cos 30~ 4(COS<§Q +) + COS(ia —9))

1 1 1 1 1 1
+8(cos Qa)(cos §b) —4 cos(§b —0) cos(§a +¢)+ cos(§b +0) cos(ﬁa - g)]

1 1 b —-b
=8(1 — cos o) cos §b + 8(1 — cosg) cos ¢ + 4(cos ot + cos 2 5 )
a+b b—a a+b b—a
—2 | cos( +¢— o)+ cos( + ¢+ 0) + cos( — ¢+ 0)+ cos( —g—a)}
a+b b—a
>4(1 — cos(s — 0)) cos +4(1 — cos(s + o)) cos > 0.
One sees that the above argument works for all £ > 0, completing the proof. 0

Remark C.12. From the proofs of these lemmas we also see that for a, b, z, y small enough,

W, S, T,R > 0.
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Proof. (of Lemma [2.2)) Combining previous lemmas we get

k‘2
W (2*+y*—24°) > Sx2+Ty2+7 ¢*—4k*(2|a|zg+2|Blyg)+0(2%g*)+0(y°¢*)+O (g +a" +y*).

Now using nothing but the facts

(1) 0 < k* <W < 4k? for a,b, z,y, k sufficiently small

(2) % — 1 and % — 1 uniformly as z,y — 0 (see Remark ) ,

3) la—bl <z +y,
we obtain for a, b, x,y sufficiently small:

3 1

(C.13) v+ —2¢% > Z<x2 +92) + 1—6g2 — 4(2|a|zg + 2|Blyg) .
Now choose K sufficiently small so that max{|a|, |8} < 135 and thus by Cauchy-Schwarz
inequality

1
4(2|alzg + 2|Blyg) < 1—6(962 +y7+ %),
and therefore . . .
2?4y’ —2¢" > 5@2 +y) > Z(ﬂﬁ +y)* > Z(a - b)%,
completing the proof of Lemma [2.2] O
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